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ELLIPTIC RECONSTRUCTION
AND A POSTERIORI ERROR ESTIMATES
FOR FULLY DISCRETE LINEAR PARABOLIC PROBLEMS

OMAR LAKKIS AND CHARALAMBOS MAKRIDAKIS

ABSTRACT. We derive a posteriori error estimates for fully discrete approxi-
mations to solutions of linear parabolic equations. The space discretization
uses finite element spaces that are allowed to change in time. Our main tool is
an appropriate adaptation of the elliptic reconstruction technique, introduced
by Makridakis and Nochetto. We derive novel a posteriori estimates for the
norms of Loo (0, T;L2(RQ)) and the higher order spaces, Loo(0,T; HY(22)) and
H'(0,T;L2(Q)), with optimal orders of convergence.

1. INTRODUCTION

Adaptive mesh refinement methods for variational problems have been the object
of intense study in recent years. The main objective of these methods is to reduce
the computational cost in the numerical approximation of PDE solutions. Their
usefulness is especially apparent when the exact solution has strong, geometrically
localized variations or exhibits singularities. A posteriori estimates have proved to
be a particularly successful mathematical tool in devising efficient adaptive versions
of many numerical schemes. In addition, a posteriori estimates provide a new point
of view in the theoretical investigation of a scheme’s behavior. This is especially
important for problems where “reasonable discretizations” do not always perform
as expected.

In the context of finite element methods (FEM), the theory of a posteriori esti-
mates for linear stationary problems is by now rather mature [2}, 80, and references].
The situation for nonlinear and time dependent problems, however, has not yet been
as thoroughly explored. Even for the linear parabolic equation, in spite of impor-
tant advances made in the early '90s [14] [15] and subsequent ones [0, [0, 27], many
issues have yet to be tackled. Such issues are, for instance, the derivation of optimal
order estimates in various norms via the energy or other direct methods, the use of
nonresidual based estimators to control the elliptic part of the error, and estimates
for various time discretization methods.

In this paper we address some of these issues in the context of fully discrete
linear parabolic problems where mesh modification in time might occur—as it is
natural to expect in adaptive schemes for time-dependent problems. Our main tool
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in deriving the estimates is an appropriate adaptation to the fully discrete case of
the elliptic reconstruction technique introduced by Makridakis and Nochetto for
the model problem of semidiscrete finite element approximations [24]. A main
characteristic of this approach, which contrasts with other direct techniques found
in the literature, is that we can virtually use any available a posteriori estimates for
elliptic equations to control the main part of the spatial error. Thus one can take
full advantage of a well-established theory, instead of trying to adapt the estimates
case by case. This follows from the fact that, in deriving the estimates, instead
of comparing directly the exact solution with the numerical one, we construct an
appropriate auxiliary function that fulfills two fundamental properties: (i) we know
how to estimate its difference to the numerical solution via known a posteriori
results, and (ii) it satisfies a variant of the original PDE with a right-hand side that
can be controlled a posteriori in an optimal way.

In this paper, we combine the elliptic reconstruction technique with a posteriori
energy estimates for the parabolic equation. Although residual-based a posteriori
estimates using energy methods have been established [0, @, 27], it is not imme-
diately known how to use elliptic estimates other than the residual-based ones in
them. For comparison’s sake, in this paper we will derive residual based energy
estimates; but we emphasize the fact that the techniques presented in this paper
can be relatively easily used to derive estimators for parabolic problems where the
“elliptic part” of the error is controlled by nonresidual type estimators, such as
estimators based on the solution of local subproblems, for instance.

The main new results in this paper are optimal order a posteriori estimates, via
energy techniques, in the following spaces (anticipating the notation that we will
introduce in §L.1)):

(8‘) Lo (07 T? Lo (Q))7

(b) Lo (0, T; H5(Q)) and H (0, T; Lo(9)).

In particular, we successfully address the open problem of obtaining optimal a
posteriori error bounds via energy methods in Lo (0,7;La(2)) for fully discrete
schemes. As a by-product we also recover known results, such as optimal order
estimates for the Lo (0, T; H(2)) norm.

Energy methods have been used by other authors for Backward Euler fully dis-
crete approximations to parabolic problems [27] [6] [@]. While these results are of
optimal order in Ly (0, T; H'(£2)), they are not so in Lo (0, T; Lo(f2)). Picasso [27]
and Zhiming Chen and Feng Jia [9] manage to bound, at each time step, the spatial
indicators by the error (lower bound); their technique is based on the “bubble func-
tions” technique introduced by Verfiirth for elliptic problems [30]. Also Bergam,
Bernardi and Mghazli [6] have established lower bounds, and their estimators have
the additional feature of decoupling the space and the time discretization errors.

We stress that for our analysis we do not require any extraneous conditions on
the variation of the meshes and the corresponding finite element spaces, between
successive time-steps, that may be hard or impossible to enforce in practical com-
putations. In fact, our analysis allows us to even obtain estimates in the higher
order energy norms (as mentioned in (Il) above). The direct approach, which works
well in deriving the lower order energy estimates [27, 9], will not work here, unless
one imposes severe mesh conditions or makes quite strong a priori assumptions.
Our approach permits to override this difficulty; see §£10] for a technical discussion
about this point.
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Note that the elliptic reconstruction approach is not restricted by the method
used for the stability analysis—in this case it being the energy method. Indeed, in
a different paper [20] we show how the elliptic reconstruction can be used in the
context of duality techniques for parabolic equations, that were first employed by
Eriksson and Johnson [I4] to derive a posteriori error estimates for the discontinuous
Galerkin schemes. The results therein are of optimal order, up to a logarithmic
factor, in Lo (0, T; Lo (€2)), and the Backward Euler scheme—which we study here—
is the lowest order member in this class of methods.

Various other a posteriori estimates for semidiscrete and fully discrete approxi-
mations to linear and nonlinear parabolic problems in various norms are found in
the literature [1l 4, Bl [1T), 16, 25 26] 3T, 32]. In particular, Babuska, Feistauer, and
Solin [] have derived estimates in Lo (0, T;La(9)); see also Babuska et al. [T, [5].
Verfiirth [31], 32] showed estimates in L,.(0,T;L,(£2)), with 1 < r, p < oo for certain
fully discrete approximations of certain quasilinear parabolic equations. Lakkis and
Nochetto [21] used ad-hoc geometric energy norms to derive conditional a posteriori
estimates for quasilinear equations such as the mean curvature flow of graphs. De
Frutos and Novo [11] proved a posteriori error estimates of the p-version of space
discrete schemes for parabolic equations; a similar function to the elliptic recon-
struction and its improved approximation properties is used by Garcia-Archilla and
Titi [I7]. Finally, for applications of suitable reconstructions to time discretizations
of various type, we refer to [3] 23].

1.1. Problem setting and notation. Let us now focus our discourse by intro-
ducing the fully discrete scheme which will be the object of our analysis.

We start with the exact problem. Let €2 be a bounded domain of the Euclidean
space RY, d € ZT and T € R*. We assume throughout the paper that Q is a
convex polygonal domain, noting that our results could be extended to cover certain
nonconvex domains, such as domains with reentrant corners in d = 2, by using
weighted a posteriori estimates for elliptic problems [22]. Since the difficulties in the
analysis below in the case of other boundaries are mainly coming from the elliptic
part of the error, the reader interested in a posteriori error estimates for curved
boundaries is referred to Dorfler and Rumpf [12]. We will consider the problem of
finding a finite element approximation of the solution u € Lo (0,T;Hg(Q)), with
Oru € Lo (0,T;La(€2)), to the linear parabolic problem

<8tu7 ¢> +a (u, (rb) = <fa ¢> 3 V(rb € H%)(Q)a

) and u(0) = g,

where f € Lo(Q x (0,T)) and g € H)(2), and a is a bilinear form on H}(£2) defined
by

(2) a(v,9) == (AVo, V), Yo, € Hy(Q),

where “V” denotes the spatial gradient and the matrix A € Lo, ()¢ is such that
(3) a(p,¢) < Bl [0l,, Vo0 € Hy(),

(4) a(p,0)>algli, VeeHi %),

with o, 3 € RT. Whenever not stated explicitly, we assume that the data f,g, A
and the solution u of the above problem are sufficiently regular for our purposes.
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Here and subsequently, for a given Lebesgue measurable set D C R?, we use the
common notation

(5) (6.9)p = / o(@)(@) duz),
D
(6) 161 = 19ll = (6 )17,
(7) 6], == | D*¢]|,, for k € Z* (with D'¢:= Vg, etc.),
k 1/2
®) 16l = (||¢|%+Z|¢§,D) for ke Z*,
j=1

where du(x) is either the Lebesgue measure element dx, if D is has positive such
measure, or the (d — 1)-dimensional (Hausdorff) measure ds(x), if D has zero
Lebesgue measure. In many instances, in order to compress notation and when
there is no danger of engendering confusion, we drop altogether the “differential”
symbol from integrals; this applies also to integrals in time. We use the standard
function spaces Ly(D), H*(D), HE(D) and denote by H™*(D) the dual space of
H(l)(D). We omit the subscript D whenever D = 2. We denote the Poincaré
constant relative to 2 by C; and, in view of the Poincaré inequality, we consider
||, to be the norm on H{(Q). The energy norm |-|, is defined through

9) 6], == a(6,9)"%, Vo € HY(Q).

It is equivalent to the norm |-|; on the space Hj(2), in view of @) and @). In
particular, we will often use the following inequality:

(10) 8, < a2 ¢l Vo € HY(Q).

In order to discretize the time variable in ({I), we introduce the partition 0 = ¢y <
t1 <.+ <ty =Tof [0,T]. Let I, := (tn—1,tn], and we denote by 7, :=t, — t,_1
the time steps. We will consistently use the following “superscript convention”:
whenever a function depends on time, e.g., f(x,t), and the time is fixed to be
t = tp,n € [0: N], we denote it by f™(x). Moreover, we often drop the space
dependence explicitly, e.g., we write f(¢) and f™ with reference to the functions in
the previous sentence.

We use a standard FEM to discretize the space variable. Let (7,)nejo:n] be
a family of conforming triangulations of the domain Q [8, [10]. These triangula-
tions are allowed to change arbitrarily from a timestep to the next, as long as they
maintain some very mild compatibility requirements. Our use of the term “com-
patibility” is precisely defined in Appendix [AL it is an extremely mild requirement
which is easily implemented in practice.

For each given triangulation .7,, we denote by h,, its meshsize function defined
as

(11) hn(x) = diam(K), where K € 7, and « € K,

for all x € Q. We also denote by .¥, the set of internal sides of 7,. These are
edges in d = 2 or faces in d = 3 that are contained in the interior of 2. The interior
mesh of edges, ¥, is then defined as the union of all internal sides |, o, E. We
associate with these triangulations the finite element spaces:

(12)  V':i={pc H(Q):YK € T, : ¢|, €P'} and V":=V"NH}Q),
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where P’ is the space of polynomials in d variables of degree at most ¢ € 77
Given two successive compatible triangulations ,_; and .7, we define h,, :=
max (N, hy,—1) (see Appendix [Aland [Bl). We will also use the sets %, := 3, N%, 1
and ¥, := ¥, UX,_;. Similarly, in § we will use S, = S, NShq N PINE
2n =¥, UX¥,1U E’n+17 iLn = maX;e[—1:1] thri‘

1.2. Definition (fully discrete scheme). The standard backward Euler-Galerkin
method for the discretization of problem () associated with the finite element
spaces V", leads to the following recursive fully discrete scheme:

let U° := 1%(0),
(13) for each n € [1: N] find U"™ € V" such that
T, (U =U " 6n) +a (U, ¢n) = (f" 0n), Vo € V"

Here the operator I° is some suitable interpolation or projection operator from
HY (), or Ly(€), into VO.

In the sequel we shall use the continuous piecewise linear interpolant in time of
the sequence (t,,, U™) which we denote by U (t) for ¢ € [0, T] (see §2-4I for the precise
definition).

1.3. A posteriori estimates and reconstruction operators. Our method con-
sists in associating with U an auxiliary function w : [0,7] — Hé(Q), in such a way
that the total error

(14) e=U—-u

can be split as

(15) e=p—¢

where

(16) e=w—-U, p=w-u

satisfy the following two properties:

1. The error € is easily controlled by a posteriori quantities of optimal order.

2. The error p satisfies a modification of the original PDE whose right-hand
side depends on € and U. This right-hand side can be bounded a posteriori in an
optimal way.

In order to successfully apply this idea we shall choose the function w to be a
suitable reconstruction of U. The choice of this reconstruction is dictated by the
elliptic operator at hand, and the precise definition of this elliptic reconstruction
process is given in §2.21 We reap the benefits of our choice of w by deriving optimal
order estimators for the error measured not only in Ly(0,7;H'(Q)), but also in
Loo(0,T;5L2(2)), as well as in Lo (0, T; Hy(Q2)) and H (0, T; Lo (). All the effects
of mesh modification will be reflected in the right-hand side of the equation for
p. In addition, our choosing w as the elliptic reconstruction will have the effect of
separating the spatial approximation error from the time approximation as much
as possible. We show that the spatial approximation is embodied in ¢ which will
be referred to as the elliptic reconstruction error, whereas the time approximation
error information is conveyed by p, a fact that motivates the name main parabolic
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error for this term. The splitting ([B)—(I6) of the error is already apparent in the
spatially discrete case [24].
The PDE satisfied by p can be written in the following variational form.

1.4. Lemma (Main parabolic error equation). For each n € [1: N], and for each
¢ € Hy(9),
(17) (Oip, &) + a(p,d) = (Ore, ¢) + a(w — Wnaé_ﬁ) ) i
+ (P f" = f o)+ 1 (PRUTT = U ¢) on .
Here Py denotes the L2-projection into V.
A proof of this result is given in §2.6

1.5. Deriving the estimates: A general overview. Identity (I7) along with
the properties of the elliptic reconstruction will allow us to obtain a posteriori error
estimates in different norms. We start from the aforementioned splitting of the
error

(18) le®lx < le®lx + lp®)llx

where X is any suitable space of functions on Q. The choice of X depends on
the applications that are in mind, and on the ability to bound the terms on the
right-hand side. In this respect, the following two observations are fundamental.

1. The first term, |[e(t)||y = [|w(t) —U(t)|/yx, can be bounded by appropriate
a posteriori error estimates for elliptic problems. To see why this is possible we first
observe that, at a fixed time t,, the elliptic reconstruction, w™ = w(t,), is defined
so that it is the exact solution of the elliptic problem

(19) find v € H3(Q) s.t. — div (AVw) = A"U",

where A"U™ is the result of the discrete elliptic operator A™ on U™ with respect to
the subspace V™ (see §2.11 for the detailed definitions).

Second, we observe that U™ is the finite element solution in V™ of the same
elliptic problem ([9). Note that, while A™v is not straightforward to compute for a
general v € V", it becomes so when v = U". In fact, the “right-hand side” A"U™
of the elliptic problem can be expressed via known terms, by using the discrete
parabolic equation (see [I]) further), as follows

(20) AU = Py — (U = BgU™ )

Therefore, to obtain an a posteriori estimate for this term, it is enough to as-
sume that a posteriori error estimates for problem (I9]) are provided for the X-norm,
through estimator functions that depend on U™, A"U™, the triangulation parame-
ters and the polynomial degree—many such estimator functions are available from
standard a posteriori error analysis for elliptic problems [2, [7],[8], B0} e.g.]. Note that
lle(®)|| x exclusively contains spatial error effects which motivates our choice of the
name “elliptic reconstruction error” for e.

2. The second term, ||p(t)||y = ||w(t) — u(t)] y, is estimated by an appropriate
use of (I7)) and techniques inspired from the analysis of parabolic PDE’s. In this
paper we will illustrate the use of energy methods, leaving the study of duality
methods to a subsequent paper [20]. The right-hand side suggests that the resulting
estimators will include quantities measuring the space error, the time error, the



ELLIPTIC RECONSTRUCTION FOR DISCRETE PARABOLIC PROBLEMS 1633

variation of f, and the effect of mesh changes with respect to n. Since all the time
effects are included in this term, we refer to p as the “main parabolic error”.

1.6. Comparison with the direct approach. Identity (I7) can be appreciated
if we compare it with the error equation that one obtains from a direct comparison
of uw and U. In the direct approach the error relation is given by

(21) <6te7 ¢> +a (6, ¢) = <atU7 (b) +a (Un) ¢> - <fa ¢> +a (U - Una ¢> .
Using the fact that U is the solution of the fully discrete scheme, one sees that

<ate7 ¢> +a (6, (b) = <atUa ¢ - ¢7L> +a (Un7 ¢ - ¢n)
(22) —{f" ¢ — dn)
—{f—f"¢)+a(U—-U"¢), for ¢, € V",

A comparison between (7)) and (22)) demonstrates the two main differences in
the corresponding approaches. Equation (22]) has all the information from the
numerical scheme “built-in”, in particular it satisfies the Galerkin orthogonality
property; therefore the error (and stability) analysis is dictated by the choices of
both ¢ and ¢,,. In the case of elliptic reconstruction, the Galerkin orthogonality
property is not used explicitly in the analysis. The fact that U is a solution of the
discrete scheme is used only tmplicitly through the reconstruction w: it is used first
to estimate € and Oie (this estimate comes “for free” from the elliptic a posteriori
theory precisely because of the definition of w); second, it is used to derive (IT),
which then allows us to estimate ||p||y and [|d;p| s, in terms of time and data
approximation estimators, and spatial estimators dictated only by e.

A second important difference between these two approaches is the presence of
the term a (U™, ¢ — ¢,,), which is suboptimal in Ly(Q), in ([Z2). Because of this
term, the direct approach fails to provide optimal order a posteriori estimators in
Lo (0,75L2(9)), [0, 27]; the same problem can appear also in a different context
[6]. On another hand, it is interesting to note that, the presence of this term is also
the reason why the direct approach fails to lead satisfactory a posteriori results in
the higher order energy norms; see §4.10 for the details.

Concerning the time discretization error, note that the term a (U — U",¢) in
[22)) is very similar to the term a (w — w™, ¢) in ([IT).

1.7. Outline. The rest of the paper is organized as follows. We introduce the
necessary discrete and continuous operators in order to define the reconstruction w
in §2] and state some of its basic properties needed in the sequel.

In §3] we provide the a posteriori analysis in Lo (0,7;Ls). The estimators in
Theorem are of optimal order and residual type. We carry out the analysis
with a particular class of “elliptic” estimators in mind. As mentioned earlier, other
choices are possible, but in order to use them, the arguments related to the terms
involving mesh-change effects must be appropriately adapted.

Next, in §4l we show a posteriori estimates of optimal order in the higher order
energy norms Lo, (0, T; Hy(R2)) and H' (0, T; L2(2)). This case is of particular inter-
est as a simplified situation for a class of nonlinear degenerate parabolic problems
where lower order energy estimates are not available [2I]. In this section, we also
discuss briefly why the direct approach cannot be applied successfully in this case

(§L.10).
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Finally, in §5] we complement the theory with some numerical experimentation.
In particular, we show that the estimators derived in §3lhave the expected, optimal,
experimental order of convergence in the numerical test.

In the Appendix we collect some useful facts about the concept of compatible
triangulations in §Al elliptic regularity inequalities in §B.1l interpolation operators
and inequalities in §§B.2HB.3] and our convention on the constants labeling in §B.4l

We refer the reader interested in the practical aspects of our estimators to a
forthcoming paper in which detailed numerical experiments, including comparisons
with estimators derived by duality methods, as well as numerical investigation of
the effect of mesh modification via a posteriori estimators, are included [20].

2. THE ELLIPTIC RECONSTRUCTION: DEFINITION AND PRELIMINARIES

We introduce basic tools and the elliptic reconstruction. Although the definitions
in the first part of this section are independent of the time discretization and could
be applied to any finite element space, we still use the space V™ defined in the
Introduction.

2.1. Definition (Representation of the elliptic operator, discrete elliptic operator,
projections). Suppose a function v € V™. The bilinear form can then be represented
as

(23)  a(g)= > (—div(AVV),¢)x+ > (Ju],0)y. Yo € Hi(Q),

Ke7, EcYy

where J[v] is the spatial jump of the field AVv across an element side E € %,
defined as

(24)  JW]|g (x) = [AVU] g (x) == ;ILI(I) (AVu(z + evg) — AVu(x —evg)) - v,

where vy is a choice (which does not influence this definition) between the two
possible normal vectors to E at the point .

Since we use the representation (23] quite often, we now introduce a practical
notation that makes it shorter and thus easier to manipulate in convoluted compu-
tations. For a finite element function, v € V" (or more generally for any Lipschitz
continuous function v that is C?(int(K)), for each K € .7,), denote by Aev the reg-
ular part of the distribution — div (AVv), which is defined as a piecewise continuous
function such that

(25) (Acv, @) = > (—div(AVv),¢), Vo € Hy(Q).
KeZ,

The operator Ag is sometimes referred to as the elementwise elliptic operator, as it
is the result of the application of —div (AV-) only on the interior of each element
K € 9,. This observation justifies our subscript in the notation. We shall write
the representation (23)) in the shorter form,

(26) a(v,¢) = (Aav,d) + (J[v], ¢)5, , Vo € Hy().

Let us now recall some more basic definitions that we will be using. The discrete
elliptic operator associated with the bilinear form a and the finite element space V"
is the operator A™ : V* — V" defined by

(27) (A™0,¢n) = a(v,¢n), Voo €V,
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for v € V™. The La-projection operator is defined as the operator P : Ly(Q2) — v
such that

(28) <P(?va ¢n> = <va ¢n> ’ v¢n € an
for v € Ly(9); and the elliptic projection operator PJ* : Hy(Q) — V™ is defined by
(29) a (Plnva ¢n) =a (1}, ¢n) , Vo, € v

The elliptic reconstruction, which we define next, is a partial right inverse of the
elliptic projection [24]. (We note that similar operators have been introduced by
Heywood and Rannacher [I8] [19] and Garcia-Archilla and Titi [17].)

2.2. Definition (Elliptic reconstruction). We define the elliptic reconstruction op-
erator associated with the bilinear form a and the finite element space V" to be the
unique operator 2" : V* — H5(Q) such that

(30) a (%", ¢) = (A", ¢), V¢ € Hy(Q),
for a given v € V™. The function Z"v is referred to as the elliptic reconstruction.

The single most crucial property of Z™ is that v — Z™v is orthogonal, with
respect to a, to V™:

(31) a(v—R",p,) =0, Vo, V"

From this property and recalling that ) is assumed to be a convex polygonal, we
obtain the following result whose proof uses standard techniques in a posteriori
error estimates for elliptic problems [2] [7, B0].

2.3. Lemma (Elliptic reconstruction error estimates). For anyv € V™ the following
estimates hold true:

)
n

B2 ol < S Aaw - A+ S| ikl

)

(33) "0 — o]l < Coz || (Aaw = A™0)B3 | + Croa || T 1A

n

where the constants Cy, ; are defined in Appendiz [Bl

2.4. Definition (Discrete time extensions and derivatives). Given any discrete
function of time—that is, a sequence of values associated with each time node
t,—e.g., (U™), we associate to it the continuous function of time defined by the
Lipschitz continuous piecewise linear interpolation, e.g.,

(34) Ut) :=l, 1)U +1,(1)U™, for t € I,, and n € [1: NJ;
where the functions [ are the hat functions defined by
t—th— t—1t,
(35) L, (t) == 7711171 (t) — 77“1%1(75), for t € [0,7] and n € [0: N],
n n+1

with 1x denoting the characteristic function of the set X. The time-dependent
elliptic reconstruction of U is the function

(36)  w(t) =Ly ()BT U 4 1,() %" U, for t € I, and n € [1: N].

We observe that w is a Lipschitz continuous function of time.
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We introduce the following definitions whose purpose is to make notation more
compact:

(a) Discrete (backward) time derivative
Uur — Unfl
(37) " = ——,

Tn

Note that OU™ = 0,U(t), for all ¢t € I,,, hence we can think of U™ as being the value
of a discrete function at t,,. We thus define U as the piecewise linear extension of
(0U™),,, as we did with U.

(b) Discrete (centered) second time derivative

au™t! — pun

(38) Q*U™ =
Tn
(¢) Averaged (La-projected) discrete time derivative

_ Un — PnUn—l
(39) oU" .= PpoU" = ——2— Vne[l:N].

Tn

The reason we introduce this notation is that 9U™, in general, does not belong to
the current finite element space, V', whereas 0U™ does.
(d) The Lo-projection of f™

(40) 7= By,

Since this is a discrete function of time, consistent with notation (34)), we denote
by f the piecewise linear interpolation of (771)"

2.5. Remark (Pointwise form). The discrete elliptic operator A™ can be employed
to write the fully discrete scheme ([I3)) in the following pointwise form:

(41) U™ (x) + AU () = [ (z), Vo € Q.
Indeed, in view of U™ + A"U™ — [ € V™, ([@3), and @), we have
(42)
<A”U" LU — ", ¢> - <A"U" rour— 1", Pg¢>
=a (U™, Py¢) + (r, " (U" =U""") = f*, Pi¢) =0,
for any ¢ € Hé(Q) Thus the function OU™ + A"U™ — 7” must be zero.
2.6. Proof of Lemma [I.4. The definitions in Definition 2.4 and [{Il) yield
(U™ + AMU™ — Py f", ¢) — 7, " (PRU™ — U1, )
(43) - <5U” + AN T ¢> —0,

for each ¢ € H3(Q) and n € [1 : N]. In view of the elliptic reconstruction definition
we obtain

(44)  0=(U",¢) +a(w",9) — (P f" ¢) — 7, (PeU" T = U""".9).

On the other hand () implies

(45) (Oep, &) + a(p, ) = (Ow, ¢) +a(w,¢) — (f, ),

from which we subtract equation (44 and obtain (7). O
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2.7. Definition (Residuals). The residuals constitute the building blocks of the
a posteriori estimators used in this paper. We associate with equations (II) and

1)) two residual functions: the inner residual, which is defined as
(46) R%:= AqU° — A°U°,
R" := AqU"™ — A"U™ = AqU™ — " + U™, forn € [1: N],

and the jump residual, which is defined as
(47) Jr = Ju"].

We note that, with Definition 2] in mind, the inner residual terms can be written
in the following, more familiar but also more cumbersome, fashion:

(48)  (RM¢)= 3 <—div (AVU™) — P f(tn) + w’¢>;{

-
KeT, "

3. A POSTERIORI ERROR ESTIMATES IN THE Lo (Ls) AND Ly(H') NORMS

We start by introducing the following error estimators that are local in time.
The full estimators, that will appear in Theorem B.2] are accumulations in time of
these local estimators. The accumulations, which can be of L1, Ly or Lo, type, are
anticipated by the first subscript in the estimators.

3.1. Definition (L. (L) and Lo(H') error estimators). We introduce, for n €
[0 : N], the elliptic reconstruction error estimators

(49) €oom = Co2 [ R" || + Cro.2 ’ IaNAS
C: C

(50) e L .y (A
@ a

n

and, for n € [1: NJ, the space error estimator

(51)  num = Con ‘ h3/2.m h3/20.m

iliaRn" + 01072 ‘

. +Clap ’
3

- A )
Sp\Xn

the data approximation error estimators for space and time respectively

h(Py 1) (f" Y )

Tn

Cs1
Ja

and the time error estimator

(52) Y2,n =

I L,
Bini= = / " g an

n

a(f" —oum)| for n € [2: N,
flnglfAOUOH for n = 1.

(53) 91 n «—

s

NI NI

We refer to Appendix [B for an explanation of the constants Cf ; involved here.
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3.2. Theorem (L, (Ly) and Lo(H') a posteriori error estimates). For each m €

[1: N] the following error estimates hold:

(54) max [[u(t) — U@ < [|2°U° - w(0)|| + max eocn +4(E2,, + E20)"
t€[0,tm] ne[0:m] ’ ’

1/2

tom 1/2 m
(55) (/O lu(t) — U(t)%) < ||2°U° — w(0)|| + (; (2, +€3.,._1) Tn)

+ 4(5)12,771 + g22,m)1/27

where
(56) gl,m = Z (al,n + ﬂl,n + nl,n) Tn,,
n=1
(57) éaz%m = nyg,nTn.
n=1

Proof. Following the general strategy of 1.5l the error is decomposed as follows:
(58) 1U @) = u(®)]| = lle@® < lle@®I + o)l -

To bound the first term, which is the elliptic reconstruction error, we apply Lemma
For the estimate in (54]) we use ([B3]) as follows:

e = -1+ bue)er| < max (e e )
< max [|€"]| € max €oon,
n€0:m] €[0:m]

for all ¢t € I, and all n € [1:m]. In an analogous way, we use (82) to obtain the
estimate of the elliptic reconstruction error for (BH]).

The second term on the right-hand side of (B8], which is the main parabolic
error, will be estimated via Lemma [3.3] which we establish next. O

3.3. Lemma (L. (L3) a posteriori estimate for the main parabolic error). For each
m € [1: NJ, the following estimate holds:

tm 1/2
9 (max lo0”+2 [ 1o at) <) + 482 + 65

We divide the proof of this result in several steps which constitute the paragraphs

§93.4H3.8

3.4. The basic estimate. To obtain L. (L) and Ly(H') estimates we employ
standard energy techniques. We replace ¢ in (7)) by the main parabolic error
p =w — u, and we integrate in time; thus we have

%wﬂf—gww?yémmwﬁa
< ' Owe(t), p(t +awt—w”, n
) E;LIK (1), (D) + a (w(t) — ™ p(2))]

H P = (PRUTT U  p(0) [ = (), p(1)] dt

=Y (In+ T2+ TP+ T = I,

n=1
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If we denote by t7* € [0,1,,] the time for which

61 Dl = llpE )| =: ||p
(61) G [l = Nl =: ol

we deduce that

Lz _ Ly e [
(62) S 11 = 5 ool + [ 1oz < A
2 2 o

Consequently we have

1 2 tm 5 1 5
(63) S0+ [ 1o < S ol + 24
0

We proceed by estimating each of the summands .#! appearing on the right-hand
side of (&0).

3.5. Time error estimate. In order to bound .2 in (60), which accounts for the
time discretization error, we use directly the elliptic reconstruction definition (30)
as follows:

72 = / "l (w(t) — W p(1)] dt

tn—1

tn
- / la (ln—1(t)2" U + 1,() 2" U™ — 20", p(t))| dt

tn—1

tn
:/ Lo (B) |a (271U — U™, p(1)) | dt

tn—1

tn
:/ Looa () [(AP1U"1 — A" p(t))] dt.

tn—1

Therefore

tn
(64) I2< / Lo (t) AU = AmU™ || |p(t)]] dt,

tn—1

which leads to
(65) ST IZ <Pl D b1
n=1 n=1

3.6. Spatial error estimate. To estimate the term .#! on the right-hand side
of ([60), which measures the space error and mesh change, we will exploit the
orthogonality property of the elliptic reconstruction (3I)). Observe that for each
n € [1: N| we have

t'll
st= [ Horeto) o) at
(66) e
7_71/ ’<%’RUTL o %nflUnfl L Unfl’p(t)ﬂ dt.

n
tn—1

Since Z"U™—U™ is orthogonal to V" with respect to a (-, -), the first term inside the
brackets is orthogonal to V* N'V*~!1. We can therefore use standard residual-based
a posteriori estimation techniques. Let ¢ : [0, 7] — Hy(£2) be such that

(67) a(x,¥(t) = (p(t),x), ¥x€Hy(Q),te[0,T].
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By (31), Definition [Z1] and the use of the interpolation operator 1" defined in
gB.3l it follows that

<%nUn 7%”71(]”71 U™+ Unfl,p(t»
=q (%nUn _ %n—lUn—l . 4 Un—l, ¢(t>)

(68) —a (%nUTL - %nflU’nfl —U" 4+ Unfl’q/}(t) o ﬂnw(t))

= (AU AU AU - U, () — T )

(= () — ()

Sin

for each t € I,,. Using the pointwise form of the fully discrete scheme (Il we can
rewrite these terms in a more compact form,

(69)
AU = AP = AU = U = (@4 AU = U = T T

=7 (0(@+ 40)U" = T") ) = m0R",

on each interval I,,. Here R" := (5 + Ag)U™ — ?n is the internal residual function
at time t,,. Likewise we have
(70) Jr—Jrt = r,00m.

Whence, with j € ZT being at our disposal, in view of the interpolation inequalities
in §B.2] we may conclude that

s [ wor,)

n—1

X (C’&j‘ - - )
Tn\Xn

Since ¢ > 1, we may take j = 2 in (7I)) and use the elliptic regularity (I27) to get
(72) S < max [|p(#)]| 7 n T,

(71)

h%aRn ]AIZ'L—I/28J7L ]AIZ'L—I/28J7L

+ Gy

.+
Xn

where 1 ,, is given by (&I)). Hence
(73) S A1 e
n=1 n=1

3.7. Data approximation and mesh change estimates. We now bound the
term .2 in (60). Here we exploit the orthogonality of the Ly-projection. Since
V™ C ker(Py —I) we have

S = / R = DU T U, plt) — ()]

tW,
< / [Py = (" + 7 U1, i (p(8) = Tp(1)))] dt
" . 1/2
< a V203,712 | (P = D) (f" + 77 U (/ lo(t), dt) :
tn,fl
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¢ 1/2
) 2
/ ,Oa> 72,717—71/2'
t

n—1

‘We can thus conclude that

) SR |

n=1 n=1

We conclude this paragraph by estimating the fourth term on the right-hand
side of (@0) in a simple way as follows:

tn
(76) i< (mpstotol) [ 0 = s
Thus
(77) S A<D BrinTa-
n=1 n=1

3.8. Proof of Lemma [3.3t last step. What remains to be done in order to
conclude the proof is to appropriately combine the results from §§3.5H3.7 with
inequalities (60) and (G3]). We can write

1 m 2 tm 5 1 2 m m
S0 [0 <5 ool 2167 Y O+ )

n=1

m £, 1/2
a3 ([ )
n=1

(78)

tn—1

We can now apply the elementary fact that, for a = (ag,...,am), b= (bo,...,bm)
€ R™*! and c € R, if

(79) la? < +a-b,
then
(80) la] < |c| + [b].

In particular, in reference to (78], we take

] t, 1/2 1
1 = — ", an= ol e=— 1l
B aw= sl a ( | |p|a) e= 5l

(82) bo =22 (Brn + B +110) s b = 22072,
n=1
for n € [1 : m], and obtain (B9)), which concludes the proof of the lemma. O

3.9. Remark (Relation to the semidiscrete case). The spatial error estimators con-
taining n’s should be compared with the ones corresponding to the (space) semi-
discrete scheme given by

5 \ 1/2

2h> ’

where one triangulation .7, is given for all (continuous) time ¢ € [0, T [24, Equation
(4.4)].

(83) (Hh?’at((at — Aa)un — P + "h5/28tj[u;L]‘
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3.10. Remark (Mesh change). We interpret the presence of the coarsest meshsize hin
in the estimator as a reflection of the discrepancy between the finite element spaces
V"1 and V”, which might be different in general. Mesh change, a delicate issue in
evolution problems, can lead to nonconvergent schemes despite the global meshsize
going to zero. This happens in an example by T. Dupont [I3] §4] for which

(84) maxsup h, — 0 ( but maxsup h,, /4 0) ,
nooQ [

yet the discrete solution does not converge to the exact solution.

4. A POSTERIORI ERROR ESTIMATES IN HIGHER ORDER NORMS

In this section we derive estimates in the seminorms corresponding to the spaces
H'(0,T;15(R)) and Lo (0, 7;H' (). The exposition of this section parallels that
of 3l We start by introducing a posteriori error estimators that are local in time
and which will be used in the subsequent main result. We warn the reader that
although some symbols for error estimators in this section are the same as those of
g3 the estimators themselves are changed; this notation is valid only in this section.

4.1. Definition (Error estimators for the Lo, (H')and H*(Ly) seminorms). We in-
troduce the elliptic reconstruction error estimator

Cs1 Cs1

(85)  eoom i= —t An R + =2 ||ni/2
« «
(86) Eoan = 06,2 ’ Bi@R” + 010,2 H}Ali/QaJn & + 01472 H}Ali/ZaJn 5 \2 s
the space error estimator
(87) Non = 06,2 ’ BiaR” + 010’2 ‘ flf’/zaJ” $ + 01472 ‘ ﬁf/zaJ” S8 R

the data space approximation error estimators

(83) = 2Cu |[hnd (B = D™ = 7" )

(89) oo 1= @72y (B = D" = 7"

)

b

and the data time approximation error estimator and the time error estimator

. 1/2
(90)  fon = (i / |f“—f<t>||2dt> o= == [T 20 e

We refer to Appendix [Bl for the definition of constants Cj, ; involved above.

4.2. Theorem (Lo, (H')NH"(Ly) a posteriori estimates). Suppose the exact solution
u of ([ satisfies

(91) du € Lo(0, T L2(92)),
(92) dpu(t) € Hy(Q) for a.e. t € [0,T],
(93) Vu € Lo (0, T; H (2)).
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Then the following a posteriori error estimates hold:
tom 1/2
([ 1w -l o) <|@0® - o),
(94) 0
1/2
+ 4(g12,m + é022,m) / + dm

(95) tl%atx] |U(t) —u(t)], < |%0UO _ u(o)’a + 4(é212,m n éa22,m)1/2 ten,
€[0,tm

where

m
@pl,m =2 ngﬁ%i{n] Yoo,m + Z Y1,nTn,

n=2
m
2 . E : 2 2 2
gZ,m T (92,71 + 52,71 + 772,71) Tns
n=1
m
Em = MAX Eoon, and (e),)% = E €3,
ne[0:m] ot !

Proof. Following the general strategy of §L.5] the error is decomposed as follows:
(96) U) —u(®)ly = le®)]y <le®ly + o)y,

where Y is either H' (0, ,,; La(Q)) or Loo (0, t,,; H5(€2)) and ||y is the correspond-
ing seminorm[] The first term on the left-hand side of @6l), which is the elliptic

reconstruction error, can be estimated in the residual-based context via Lemma[2.3]
as to obtain

(97) <l < {e;n, Y = HY(0, tyn; Ln(2))

Em, Y = Lo (0,t,; HS(Q)).

The second term on the left-hand side of ([@6) is estimated with the help of Lemma
43l which we state and prove next. O

4.3. Lemma (Lo, (H') N H'(Ly) estimates for the main parabolic error). For each
m € [1: NJ| the following a posteriori estimate is valid:

tom 1/2
2 2
max t —I—Z/ 0 )
o) (te[o,tm] ol +2 [ o
1/2
<0, +4 (& +E5) T

with reference to the notation of Theorem [£.2]

!In this section we deliberately use ||, instead of ||; as the norm for H§(f2) in order to keep
the exposition clear. The changes to replace |-|, by |-|; are straightforward.
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As in §3] the proof of this lemma is subdivided into several steps that constitute
§§4.0HAIl Since the arguments are very similar to those of §3] we condense the
discourse and stress only the main differences. To motivate the proof, we first
discuss the following semidiscrete case.

4.4. The spatially discrete case. The estimates of Theorem are based on
the energy estimate in higher order norms for problem () which reads

" 1/2
(99) (|u<t>|i+2 / |atu|2) < 1), + V21, 00

This estimate can be obtained by testing the PDE with 0;u and integrating in time.
For this case more regularity of u is required than in the lower order norms case of
g3l Sufficient regularity requirements on u are given by conditions (@II)—(@3]).

We stress that in some particular situations these stronger energy norms can play
an important role. For instance, an estimate that is based on nonlinear quantities
similar to these higher order norms has been derived from the error related to the
mean curvature flow of graphs [21]]; in that situation there is no reasonable way to
obtain estimates by testing the solution. The only approach that works is testing
with the time derivative of the solution.

Let us now turn our discussion toward the use of this energy estimate in the
semidiscrete case; namely only spatially discrete, with V” as a finite element space.
The semidiscrete case is simpler than, and motivated by, the more involved fully
discrete case which we will deal with in the next paragraphs. The semidiscrete
case has been extensively studied by Makridakis and Nochetto for the usual (lower
order) norms [24]. We further simplify our discussion by also assuming that f € V",

The starting point of the error estimate is, as in §3] the semidiscrete analog of
(@) which is given by

(100) (0ep, @) +a(p,¢) = (Ore, ), Vo € Hy(9).

(Compare with [24) Equation (3.2)].) Taking this identity with ¢ = d;p—which is
why we need to assume the extra regularity properties ([@I)—([@3)—and integrating
in time we obtain

T2 2 1 > [T
(101) | 1ol + 5 1o = 51002 = [ @rc.0u0).

We now have the choice to control the right-hand side in two different ways.
(a) We use a straightforward Ly (0, T; L2(Q2)) estimate that leads to

T - 1/2 - 1/2
/ <ate,atp>:</ |ate||2> (/ |atp|2>
0 0 0
T 1/2 T 1/2
(/ (f[vh,Ahatuh;Lm)F) (/ |atp|2> ,
0 0

where &[] is an elliptic error estimator function [24]. This could be, for instance,
but not necessarily so, the residual based estimators of Lemma

(b) An alternative estimate that is often useful when quadratic or higher finite
elements are employed or when only the energy norm |p|, can be controlled—in a

(102)
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nonlinear setting, for instance—involves an integration by parts in time as follows:

(103)
T
/0 (Bre, Bup) — (c(0), p(0))

T

— (04e(T), p(T)) - /O<a,?e,p>

T
< C’max|p|a< ax &V, Apdpupn; HH(Q)] +/£[Vh,Ah8t2uh;H1(Q)]> :
(0,77 (0,77 0

The extra time differentiation will not affect the order of convergence of the right-
hand side because the elliptic reconstruction error ¢ is purely elliptic in nature.
We note, however, that in order to make estimate (I03]) rigorous, it is necessary to
impose extra time-regularity assumptions on the approximate solution and to have
an H™'(Q)-norm elliptic error estimator function &[-,-;H™'(Q)] available. Such
estimators can be obtained with optimal order, using the duality technique, under
the assumption that the domain is smooth. This is an issue that is beyond the
scope of this paper, so we will limit our analysis to the first alternative.

4.5. The basic estimate for the fully discrete case. We now proceed with the

proof of Lemma [£3l The first step consists of taking ¢ = d;p in identity (7)) and
integrating by parts in time as follows:

/tmna 1242 = 210
N9l 510" = 5 16,
m tn
s / (Ore, Bup(8)) + a (w(t) — W™, Bup(t))
n=1"tn-1

(PR = BT = U, 04(t))
U= (), ()

1 m
= 5 PO+ D (I + 77+ I3+ I = I,

n=1

(104)

Introduce t¥, € [0,¢,,] such that

105 s = t* — t .
(105) P71 = Loty = o Jo(r),

Let m* € [1 : m] be the index for which ¢}, € I,,,~. We can write

i 1 1 =
106) [ ol 51T =5 IO+ Y (A g A A,
0

n=1
where
(107) i fé forne[l:m*—1],
" ftt""*_l Ii(t)dt for n=m*,

with I! being the same integrand as that of .Zi. To prove the lemma we must
bound " #F and 3" | ZF for each k € [1: 4].
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4.6. Time error estimate. We estimate the term due to time discretization. By
the definition of elliptic reconstruction ([B0]) we have

fﬁs[”|Mwm—wmamwna

n—1

t",
:/ L (1) [(AP1U1 — AU 9yp(1))| dt

tnfl
b 1/2
< (/ IERGIE dt) V1/3||AntunTt — AUt a2
tn—l

It follows that

m tn 1/2
(108) %$£§Z</ |www> O /.
n=1 t

n=1 n—1

The same bound applies to 2?21 J2.

4.7. Spatial error estimate. The spatial error estimator term can be bounded in
a similar way to the one in §3.00 First introduce the auxiliary function v : [0,7] —
Hy(£2) such that

(109) a(x,%(t) = (9ep(t), x), ¥x € Hy(Q).

Noting that Oie is a piecewise constant function of time, and in view of (BII),

([2])-([@30) (with j = 2), and ([IZ1), we can write
tn
si= [ a@e v a

tn—1

[ o (e v - irvw) a

tn—1

(110) -/ " (om u(t) - o)

tn—1

+ (007, p() — () dt

n

. 1/2
2
S(/ |5tp(t)|> MnTa’?,
tn—1

where 72, is defined in (87). Thus, upon summing in time, we conclude that

(111) iyg < i </tn

n—1

1/2
||<9tp(t)|2> NonTa! .

m* 1
n=1 n-*

The same estimate holds for >

4.8. Data approximation and mesh change estimates. We conclude the es-
timates in this section by bounding the last two terms in (I04) regarding data
approximation and mesh changes.
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The data space approximation error can be bounded as follows:

Zﬁ Z/ D(f" = m,U"1), 8p)

tn—1
m

<(P(;L - I)(fn - TnUn_l)vpn - pn—1>

I
(Mt

3
L

(B =D(f" = U™ = (B = D" = 70aU™), p")

|
(]

(112)

—

(B =)™ = mnU™ ), p™) — (B} = D' =), )

=S {0 (R = (" = mU™ )t =T )

n=2
< PO —I fm — T Uum- 1) _Hmpm>
—((Py = T)(f' —mU°),p° —11°°).
Owing to (I28)) and (I0) we may thus conclude that

(113) <o, (voo,m + D YiaTe + voo,1> ,
n=1

n=2

3 + 3

where the estimators +; ,, are defined in (88]) and (89) for ¢ = 1 and oo, respectively.
Likewise we obtain the following bound:

(114) Z /’;? S ‘pT|a (f}/oo,m* + Z ’Yl,n’rn + 700,1) .

n=1 n=2

The last term in (I04) is handled in a straightforward way, as in §3717 and the
following bound is readily derived:

m m 1/2
(115) Y at< Z(/ ||at,o||2> Byt
n=1 =1 tn—1

Also here, the same bound applies to Zle P

4.9. Proof of Lemma 4.3t Last step. As in §3.8] we appropriately collect the
results from the preceding paragraphs and we use (I04) and (I0G). We thus have

tm
2
S+ [ 10l < 5 ool + 216, um
0

1/2
+2 Z (/ ||5tP||2> (02, + Bo,n + M2,m) i/

-1

(116)

We can now proceed by using the same elementary fact used in §3.8] with

1 b i 1
W7 ap= |, an= / lowl?) . e= 10,
\/5 a - 2‘ |a

(118) bo = 2\/§£)l,ma by, =2 (02 n+ 62 n T N2, n) 1/2a

for n € [1 : m]. Some simple manipulations yield estimate (@8]). O
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4.10. The difficulty with the direct approach. We conclude this section by
exhibiting the main problem with the direct approach to derive energy estimates
in higher norms.

To see this we go back to equation (22) which we now take with ¢ = 0;e and
integrate in time. We are thus required to estimate the term

m tn
(119) 3 / o (U™, 0ye — T, 0c)
n=1"7tn-1

Since the only practical way to proceed seems to be by decreasing the number
of derivatives acting upon e — Ile—integration by parts in space being of no help
here—we perform a “summation by parts” in time as follows:

m
(a (Un,en _ Hnen) —a (Un,en—l _ Hnen—l))
n=1

=a(U" ™ —1"e™) —a (U° e —II'e?)

m—1
+ Z a (U” — Ut en —H”e”)

il
—_

=) a (U™, (" —1")e) .

n

Il
-

The difficulty, which should be apparent now, is how to control the last term. There
seems to be no practical way to do this without imposing strong assumptions on
(II"™ — TI"*1)e™. Note that this term vanishes if there is no mesh change.

5. NUMERICAL RESULTS

We present the results of a series of numerical experiments to exemplify some
of the practical aspects of the a posteriori estimates of Theorem The main
goal here is to approximate the asymptotic behavior of the various estimators and
compare this behavior with that of the norms.

5.1. Benchmark solutions. We perform the numerical experiment by approxi-
mating in each case either one of the following two exact solutions:

sin(nt) exp(—10|z|?) (slow),
-5 sin(207t) exp(—10 lz|?)  (fast).

(120) u(x,t) = {

These solutions are used as benchmarks for the problem with A = [} ¢]. The

right-hand side f of the problem is thus easily calculated by applying the parabolic
operator to each u. Therefore the exact errors are computable, and we can compare
them with the error estimators. The domain on which we compute this solution is
the square [—1, 1]2, and the time interval is [0, 1]. Note that the boundary conditions
are not exactly zero but of the order of 1076 so that special care has to be taken
with very small numbers. The initial conditions are exactly zero in both cases, and
there is no initial error to be computed.
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TABLE 1.
simulation problem ¢ k  hq 71 I (runs) Figure ‘
1 slow 1 2 05 0.04 6 m
2 fast 1 1 025 0.01 5
3 slow 1 3 0.125 0.08 4
4 fast 2 2 0125 0.02 4 @

5.2. Choice of parameters. Since we are interested in understanding the
asymptotic behavior of the estimators, we conduct tests on uniform meshes with
uniform timestep. For each numerical experiment we choose a sequence of mesh-
sizes (h(i) : i € [1: I]), to which we couple a sequence of stepsizes (7(i) : ¢ € [1 : I]),
7(i) = coh(i)*, with k equal either 1 or 2 and I, the number of runs, ranging from
4 to 6 in each of the 4 cases that we run. Table 1 summarizes the choice of the
various parameters for each of the 4 simulations.

5.3. Computed quantities. Note that we report numerical results for the esti-
mates of §8lonly. For each simulation and for each run i € [1: I], we calculate the
following quantities:

e the error norms

el 0,tmita)) A0 [elr,0,t,,m1 @) -

e the reconstruction error estimators
m
m .
MAX Eoo,n and (7(7) E €2,

1

)1/2

)

e the space estimator
m

T(Z) Z Mn,

1
e and the time estimator

T(Z) Z 01,na
1

for each time ¢, € [0 =to : 7(i) : ty = 1]. Of course, all the errors and estimators
depend on the run i, but for the sake of conciseness we do not add this index.
We deliberately ignore the estimators for data approximation (and mesh change),
B1,n and y2 p, as our examples are designed so as to make these estimators either
negligible or comparable with respect to one of those calculated. Indeed, we take
the mesh and stepsizes small enough as to resolve the data, and we keep the mesh
unchanged across timesteps. Therefore, 2, can be shown to be of order h?, and
B1,n to be of order 7 since the function f is smooth enough [20].

For each computed norm or estimator we look at its experimental order of con-
vergence (EOC). The EOC is defined as follows: for a given finite sequence of
uniform triangulations {.7,(;) }i=1,....r of meshsize h(i), the EOC of a correspond-
ing sequence of some triangulation-dependent quantity E(i) (like an error or an



1650 OMAR LAKKIS AND CHARALAMBOS MAKRIDAKIS

estimator) is itself a sequence defined by

~  log(E(i+1)/E(3))
121 EOCE(@4) = .
(121) ) = Yoghli+ 1)/h()
Since the timesteps 7(4) are coupled to h(i), this is well defined.

Finally we look at the inverse effectivity index for each error-estimator pair,
defined by

maXye(o:m) [|€(tm) ||
maXnG[O:m] €oo,n + T(Z) Z?:l (771771 + 91,71) ’

(rSlettn)?) "
(rm 2 ) Y () X0 (o + Or)

The initial estimator is zero in this case, and the data approximation and the mesh
change estimators are dropped from this study.

(122)

(123)

5.4. Remark (Effectivity index). Note that we prefer using the inverse rather than
the straight effectivity index; the reason for this choice is twofold. First, from
a practical aspect, since the effectivity index tends to be quite high in an initial
transient time, its inverse is nicer to visualize. Second, and more importantly, since
we are interested in obtaining a numerical realization for the constant C' appearing
in the estimates of the type |le]| < C&, where e is the error and & the estimator,
|le]| /& is a more straightforward indicator for C than &/ |le||, which is the (straight)
effectivity index.

We also observe that we take all the constants involved in the estimators, in-
cluding the interpolation constants, to be equal to 1. This, of course, is not true,
and a fine tuning of constants should be performed, but since our purpose here is
mainly to check that the asymptotic behavior of the error and the estimator is the
optimal one, the (inverse) effectivity index is to be understood only qualitatively in
this paper. Note also that the time estimator, involving 6 ,,, is in the denominator
of (IZ2) and ([I23).

Finally, we point out that from the theory, the inverse effectivity index must have
an upper bound that is independent of the problem at hand (i.e., of the solution).
In each numerical simulation, though, this upper bound is not necessarily reached
(in fact this happens only in the worst-case scenario), so different problems (i.e.,
different solutions of u) can lead to different inverse effectivity indexes in practice.

5.5. Conclusions. The main conclusion of our numerical tests is that the estima-
tors have the optimal rate of convergence which matches that of the error’s norm.
It is important to note that, in order to exhibit the optimality of the estimators for
different norms, a different coupling of the meshsize h and the stepsize 7 must be
chosen: for P! elements, it is necessary to take 7 ~ h? to see that the L, (Lg) error
norm has EOC 2 while the Ly(H") norm has EOC 1 (Figure [)). If the coupling
T &~ h is taken, for a problem where the time discretization error dominates, such
as (I20 fast), then both errors have EOC 1 (Figure [2)).

The same observations are valid for tests with P? elements, albeit the couplings
are 7 &~ h3 and T ~ h?, respectively, in this case (see Figures 3] and [M]).

In a different article [20] we conduct a more thorough numerical experimentation,
where mesh changes and data approximation effects are included.
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FIGURE 1. Numerical results for a problem with an exact solution
(([20) slow) with P! elements and 7 =~ h2. The abscissa represents
time which ranges in [0,1]. In the topmost row we plot the vari-
ous estimators, and in the second row we show the corresponding

EOC’s. Note that max e, has EOC 2 whereas (7 ZE%’H)UZ has
EOC 1. These are the leading terms in the total estimators (the 3
and 4 plots in the 3rd row) and match in EOC, respectively, the
Loo(Lg) error and the Lo(H') error, as shown in the first 2 plots
of the 3rd and 4th rows. Thus (54) and (G3)) are seen to be sharp
and optimal. The last two plots in the 4th row are the inverse
effectivity indexes for each norm.

1651



1652 OMAR LAKKIS AND CHARALAMBOS MAKRIDAKIS

2 \1/2

, rznn n , max, e ; 'r}:ne tn , <Tzn€2,n)
10 10 10 10
101ﬁ” 107 101% 10"

%

10‘3/ 1078 1072 1079
107° 107° 107° 107°

0 10 10 10 1

EOCKE n, ] EOC[max, ¢_ ] EOC[z, 0, ] EOC[(‘r):nsin)”z]

3 3 3 3

25 2.5 2.5 2.5

P
1.5 1.5 1.5 1.5
1 1 1 1 L,
0.5 0.5 0.5 0.5
0

]
”e”Lw(O,(;Lz(Q)) lele(O,t;H1(S2)) Total estimator for L (L,) Total estimator for L2(H1)

10 10 10 10

o
-
o
-
o
o
-

T

107 107 //': 107 107
10° 10°7° 10°° 107°
0 10 10 0 1
EOCell, (o, (o EOCllel, o1ty Inv. Eff. Ind. for L_(L,)  Inv. Eff. Ind. for L ,(H")
3 3 0.2 0.08

0.06

0.04

o - N
o = O NSO
o - N
o 2 o v o
o o
o o ~
& - o
o
o
S

o
-
o
-
o
o
-

FIGURE 2. Simulation with P! elements and 7 ~ h. Dominant
time discretization error is created by taking the problem with a
fast time-oscillating exact solution ((I20) fast). The abscissa rep-
resents time which ranges in [0, 1]. In the topmost row we plot the
various estimators, and in the second row we show the correspond-
ing EOC’s. Note that 7> 6, has EOC 1—reflecting the fact
that the error due to time discretization is of order 1—as opposed
to 2 in the previous example. This is now a leading term in both
total estimators (plots 3 and 4 in the 3rd row) which both have
EOC 1. This EOC matches that of the Lo, (Ls) error and of the
Lo(H') error, as shown in plots 1 and 2 of the 3rd and 4th rows.
Thus (G4) and (B5) are both sharp. The last two plots in the 4th
row are the inverse effectivity indexes for each norm.
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F1cURE 3. Numerical results for a problem with an exact solution
(([20) slow) with P? elements and 7 ~ h?; i.e., with an error due to
space discretization dominant. The abscissa represents time which
ranges in [0, 1]. In the topmost row we plot the various estimators,
and in the second row we show the corresponding EOC’s. Note that
max oo 5, has EOC 3, whereas (7Y 6§7n)1/2 has EOC 2. These are
the leading terms in the total estimators (plots 3 and 4 in the 3rd
row) and match in EOC, respectively, the Lo, (Lz) error and of the
Lo(H') error, as shown in plots 1 and 2 of the 3rd and 4th rows.
Here the estimates (54) and (BE) are both sharp and optimal. The
last two plots in the 4th row are the inverse effectivity indexes for
each norm.
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FIGURE 4. Simulation with P? elements and coupling 7 =~ h?. The
time discretization error is dominant because the exact solution is
((I20)) fast). The abscissa represents time which ranges in [0, 1]. In
the topmost row we plot the various estimators, and in the second
row we show the corresponding EOC’s. Note that 73 0., has
EOC 2, as opposed to 3 in the previous example, because of the
different coupling of the mesh and step sizes. The time estimator
is now a leading term in both total estimators (plots 3 and 4 in
the 3rd row), each having EOC 2. This EOC matches that of the
Loo(Lg) error and of the Lo(H') error, as shown in plots 1 and 2
of the 3rd and 4th rows. Thus (54) and (55) are both sharp. The
last two plots in the 4th row are the inverse effectivity indexes for
each norm.
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APPENDIX A. COMPATIBLE TRIANGULATIONS

Each triangulation 7, for n € [1: N], is a refinement of a macro-triangulation
A which is a triangulation of the domain  that satisfies the same conformity
and shape-regularity [§] assumptions made on its refinements in §Il A refinement
procedure is admissible if it satisfies the following criteria:

1. the refined triangulation is conforming;

2. the shape-regularity of an arbitrarily deep refinement depends only on the
shape-regularity of the macro-triangulation .Z;

3. if 7 and Z' are both refinements, then for any two elements K € .7 and
K e 9/,

(124) KNK'=0 oo KCK o K'CK.

Refinement procedures that satisfy these criteria exist. For example, the refinement
by bisection described in the ALBERT manual [28], which is known to work for
the space dimensions d = 1,2, 3,4, is admissible for simplex triangulations. All the
refinements by bisection of the macro-triangulation .# can be stored in a single
binary tree whose nodes represent a simplex.

We say that two triangulations are compatible if they are refinements of the
same macro-triangulation. A set of compatible triangulations can be endowed with
a partial order relation: namely, given two compatible triangulations 7 and 7’
we write 7 < 7' if .7’ is a refinement of .7. This partial ordering permits us to
define in the natural way the coarsest common refinement of .7 and 7', which we
denote by .7V 7', and the finest common coarsening, which we denote by 7 A J.
An immediate property of these definitions is

(125) h =max (h,h') and h =min(h,h),

where h, i/, h, b denote the meshsize of 7, 7', 7V 7', T N T, respectively.

APPENDIX B. INEQUALITIES

B.1. Elliptic regularity. The a posteriori estimates based in the Ly(§2) norms are
based on the duality argument of Aubin and Nitzsche and the elliptic regularity.
We therefore assume the coefficient matrix A defining the bilinear form a to be
regular enough and €2 to be a convex polygonal as to ensure that there exists a
constant Cy 5 such that if ¢ € Ly(Q2) and ¢ € Hy(Q2) are functions related by the
(dual) elliptic problem

(126) a(x.¥)=(,x), VxeHQ),
then
(127) Y eH(Q) and |1, < Cazld]l.

B.2. Interpolation inequalities. We will use the Clément-type interpolation op-
erator 1" : Hy(Q) — V™ introduced by Scott and Zhang [29] which, under the
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needed regularity assumptions of 1) and finite element polynomial degree ¢, satisfies
the following interpolation inequalities for j < £+ 1:

(128) [ (= )| < oy,
(129) |piz=i - )| < syl

where the constants C'3 ; and C5 ; depend only on the shape-regularity of the family
of triangulations.

B.3. Interpolation and mesh change. Since the triangulations .7, and 7,,_;
can be different when adaptive mesh refinement strategies are employed, we in-
troduce II", the Clément-Scott-Zhang interpolator relative to the finest common
coarsening of I, and 9,1, jn = I, N T, _1, whose meshsize is given by hy, =
max (hy,, hyp—1). Then the following inequality holds:

(130) |2 =) < Cry lol;

2 USn 1\ EnNSn 1
where the constant C7 ; depends on the shape-regularity of the triangulations and
on the number of refinement steps (bisections) necessary to pass from 7, to ;1.

B.4. Combining constants. We often use a combination of the constants intro-
duced in this Appendix or throughout the paper. Since many constants appearing
in theorems are products of basic constants, our convention is that whenever a con-
stant C ; appears with the index k being a nonprime integer, then Cj ; = C; ;C; ;
where k = il. If the index k is a prime, then the constant is a “basic” one and is
defined in the text. E.g., Cs 2 = C32C5 2, etc.
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