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Stochastic Homogenisation of
Free-Discontinuity Problems

FiLipPO CAGNETTI, GIANNI DAL MASO, LUCIA SCARDIA® &
CATERINA IDA ZEPPIERI

Communicated by A. BRAIDES

Abstract

In this paper we study the stochastic homogenisation of free-discontinuity func-
tionals. Assuming stationarity for the random volume and surface integrands, we
prove the existence of a homogenised random free-discontinuity functional, which
is deterministic in the ergodic case. Moreover, by establishing a connection be-
tween the deterministic convergence of the functionals at any fixed realisation and
the pointwise Subadditive Ergodic Theorem by Akcoglou and Krengel, we charac-
terise the limit volume and surface integrands in terms of asymptotic cell formulas.

1. Introduction

In this article we prove a stochastic homogenisation result for sequences of
[free-discontinuity functionals of the form

X

E.(w)(u) = _/;1 f (a), z, Vu) dx —i—/s - g (a), - ut —u, vu) dH" !
(1.1)

where f and g are random integrands, w is the random parameter, and ¢ > 0 is a
small scale parameter. The functionals £, are defined in the space SBV (A, R™)
of special R -valued functions of bounded variation on the open set A C R”. This
space was introduced by De Giorgi and Ambrosio in [22] to deal with deterministic
problems— for example in fracture mechanics, image segmentation, or in the study
of liquid crystals—where the variable u can have discontinuities on a hypersurface
which is not known a priori, hence the name free-discontinuity functionals [21].
In (1.1), S, denotes the discontinuity set of u, ut and u~ are the “traces” of u on
both sides of S, v, denotes the (generalised) normal to S, and Vu denotes the
approximate differential of u.
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Our main result is that, in the macroscopic limit ¢ — 0, the functionals E,
homogenise to a stochastic free-discontinuity functional of the same form, under
the assumption that f and g are stationary with respect to w, and that each of
the realisations f(w, -, -) and g(w, -, -, -) satisfies the hypotheses considered in the
deterministic case studied in [16] (see Section 3 for details). Moreover, we show
that under the additional assumption of ergodicity of f and g the homogenised limit
of E; is deterministic. Therefore, our qualitative homogenisation result extends to
the S BV -setting the classical qualitative results by PAPANICOLAOU and VARADHAN
[31,32], KozLov [28], and DAL MAso and Mobica [17, 18], which were formulated
in the more regular Sobolev setting.

1.1. A Brief Literature Review

The study of variational limits of random free-discontinuity functionals is very
much at its infancy. To date, the only available results are limited to the special
case of discrete energies of spin systems [2, 14], where the authors consider purely
surface integrals, and u is defined on a discrete lattice and takes values in {#1}.

In the case of volume functionals in Sobolev spaces, classical qualitative results
are provided by the work by PAPANICOLAOU and VARADHAN [31,32] and KozLov
[28] in the linear case, and by DAL Maso and Mobica [17,18] in the nonlinear
setting. The need to develop efficient methods to determine the homogenised coef-
ficients and to estimate the error in the homogenisation approximation, has recently
motivated an intense effort to build a quantitative theory of stochastic homogeni-
sation in the regular Sobolev case.

The first results in this direction are due to Gloria and Otto in the discrete
setting [26,27]. In the continuous setting, quantitative estimates for the convergence
results are given by ARMSTRONG and SMART [8], who also study the regularity of
the minimisers, and by ARMSTRONG, Kuusi, and MOURRAT [5,6]. We also mention
[7], where Armstrong and Mourrat give Lipschitz regularity for the solutions of
elliptic equations with random coefficients, by directly studying certain functionals
that are minimised by the solutions.

The mathematical theory of deterministic homogenisation of free-discontinuity
problems is well established. When f and g are periodic in the spatial variable, the
limit behaviour of E, can be determined by classical homogenisation theory. In this
case, under mild assumptions on f and g, the deterministic functionals E, behave
macroscopically like a homogeneous free-discontinuity functional. If, in addition,
the integrands f and g satisfy some standard growth and coercivity conditions, the
limit behaviour of E; is given by the simple superposition of the limit behaviours
of its volume and surface parts (see [13]). This is, however, not always the case if
f and g satisfy “degenerate” coercivity conditions. Indeed, while in [10,15,25] the
two terms in E, do not interact, in [9,11,20,33-35] they do interact and produce
rather complex limit effects. The study of the deterministic homogenisation of
free-discontinuity functionals without any periodicity condition, and under general
assumptions ensuring that the volume and surface terms do “not mix” in the limit,
has been recently carried out in [16].
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1.2. Stationary Random Integrands

Before giving the precise statement of our results, we need to recall some
definitions. The random environment is modelled by a probability space (€2, 7, P)
endowed with a group © = (t;),ezn (resp. T = (t;);err) of 7 -measurable P-
preserving transformations on €2. That is, the action of T on €2 satisfies

P(t(E)) = P(E) forevery E € 7.

We say that f: Q x R" x R™" — [0,400) and g: Q@ x R" x (R™\{0}) x
S"=1 — [0, 400) are stationary random volume and surface integrands if they
satisfy the assumptions introduced in the deterministic work [16] (see Section 3 for
the complete list of assumptions) for every realisation, and the following stationarity
condition with respect to t: for every z € Z" (resp. z € R"") we have

flo,x +2,8) = f(r;(w), x,&)  forevery (x,£) € R" x R"™*",
glw,x +2z,¢,v) =g(r;(w), x,¢,v) forevery (x,¢,v) € R" x R x sl

When, in addition, 7 is ergodic, namely when any t-invariant set E € 7 has
probability zero or one, we say that f and g are ergodic.

1.3. The Main Result: Method of Proof and Comparison with Previous Works

Under the assumption that f and g are stationary random integrands, we prove
the convergence of E, to a random homogenised functional Eyom (Theorem 3.13),
and we provide representation formulas for the limit volume and surface integrands
(Theorem 3.12). The combination of these two results shows, in particular, that the
limit functional Eho, is a free-discontinuity functional of the same form as E;. If,
in addition, f and g are ergodic, we show that Ehon, is deterministic.

Our method of proof consists of two main steps: a purely deterministic step
and a stochastic one, in the spirit of the strategy introduced in [18] for integral
functionals of volume type defined on Sobolev spaces.

In the deterministic step we fix @ € Q and we study the asymptotic behaviour
of E.(w). Our recent result [16, Theorem 3.11] ensures that E.(w) converges (in
the sense of I"-convergence) to a free-discontinuity functional of the form

Enom (@) (1) =/ Jhom (@, Vu) dx +[ ghom (@, [u], v,) dH" ",
A

S.NA
with
N
Jhom(w, §) == lim —nlnf/ f(w,y, Vu(y))dy, (1.2)
r—>0t 7 0, (rx)
ghom (@, &, v) := lim —— inf/ g, y. [W(»), v () dH" ' (v),
r—0tr S,NQY (rx)

(1.3)
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provided the limits in (1.2)—(1.3) exist and are independent of x. In (1.2) the in-
fimum is taken among Sobolev functions attaining the linear boundary datum &x
near 0 Q,(rx) (see (1.4) below), where Q,(rx) = rQ(x) is the blow-up by r of
the unit cube centred at x. In (1.3) the infimum is taken among all Caccioppoli
partitions (namely u € SBV,(Q; (rx), R™), see (f) in Section 2) attaining a piece-
wise constant boundary datum near 9 Q) (rx) (see (1.5)), and Q) (rx) is obtained
by rotating Q,(rx) in such a way that one face is perpendicular to v.

In the stochastic step we prove that the limits (1.2) and (1.3) exist almost
surely and are independent of x. To this end, it is crucial to show that we can
apply the Subadditive Ergodic Theorem by AkcoGLoU and KRENGEL [1]. Since
our convergence result [16] ensures that there is no interaction between the volume
and surface terms in the limit, we can treat them separately.

More precisely, for the volume term, proceeding as in [18] (see also [30]), one
can show that the map

(w, Q) — inf {/ f(w,y,Vu(y))dy: u € WI’P(Q, R™), u(y) = £y near SQ}
0
(1.4)

defines a subadditive stochastic process for every fixed & € R™*" (see Definition
3.10). Then the almost sure existence of the limit of (1.2) and its independence of
x directly follow from the n-dimensional pointwise Subadditive Ergodic Theorem,
which also ensures that the limit is deterministic if f is ergodic.

For the surface term, however, applying this general programme presents several
difficulties. One of the obstacles is due to a nontrivial “mismatch” of dimensions:
on the one hand the minimisation problem

inf i / g(w, v, [u], v)dH" e SBV e (Q) (rx), R™), u = utyx ¢, On 8Q‘;(rx)]
SL4OQ¥(rX)

(1.5)

appearing in (1.3) is defined on the n-dimensional set Q; (rx); on the other hand
the integration is performed on the (n — 1)-dimensional set S, N QY (rx) and
the integral rescales in r like a surface measure. In other words, the surface term
is an (n — 1)-dimensional measure which is naturally defined on n-dimensional
sets. Understanding how to match these different dimensions is a key preliminary
step to define a suitable subadditive stochastic process for the application of the
Subadditive Ergodic Theorem in dimension n — 1.

To this end we first set x = 0. We want to consider the infimum in (1.5)
as a function of (w, '), where I belongs to the class Z,,_; of (n — 1)-dimensional
intervals (see (3.9)). To do so, we define a systematic way to “complete” the missing
dimension and to rotate the resulting n-dimensional interval. For this we proceed as
in [2], where the authors had to face a similar problem in the study of pure surface
energies of spin systems.
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Once this preliminary problem is overcome, we prove in Proposition 5.3 that
the infimum in (1.5) with x = 0 and v with rational coordinates is related to an
(n — 1)-dimensional subadditive stochastic process (i, on € x Z,,_; with respect
to a suitable group (7)) sezn-1 (resp. (1)) scgn-1) of P-preserving transformations
(see Proposition 5.3). A key difficulty in the proof is to establish the measurability
in @ of the infimum (1.5). Note that this is clearly not an issue in the case of
volume integrals considered in [17,18]: The infimum in (1.4) is computed on a
separable space, so it can be done over a countable set of functions, and hence the
measurability of the process follows directly from the measurability of f. This is
not an issue for the surface energies considered in [2] either; since the problem is
studied in a discrete lattice, the minimisation is reduced to a countable collection
of functions. The infimum in (1.5), instead, cannot be reduced to a countable set,
hence the proof of measurability is not straightforward (see Proposition A.1 in the
Appendix).

The next step is to apply the (n — 1)-dimensional Subadditive Ergodic Theorem
to the subadditive stochastic process ji, v, for fixed ¢ and v. This ensures that the
limit

ceo@) = lim Her (@D

i—-+oo (=1 Ln=1(]) (10

exists for P-almost everywhere w € 2 and does not depend on /. The fact that
the limit in (1.6) exists in a set of full measure, common to every ¢ and v, requires
some attention (see Proposition 5.1), and follows from the continuity properties in
¢ and v of some auxiliary functions (see (5.10) and (5.11) in Lemma 5.5).

As afinal step, we need to show that the limitin (1.3) is independent of x, namely
that the choice x = 0 is not restrictive. We remark that the analogous result for
(1.2) follows directly by I"-convergence and by the Subadditive Ergodic Theorem
(see also [18]). The surface case, however, is more subtle, since the minimisation
problemin (1.5) depends on x also through the boundary datumu, .. To prove the
x-independence of gnom We proceed in three steps. First, we exploit the stationarity
of g to show that (1.6) is T-invariant. Then, we prove the result when x is integer, by
combinining the Subadditive Ergodic Theorem and the Birkhoff Ergodic Theorem,
in the spirit of [2, Proof of Theorem 5.5] (see also [14, Proposition 2.10]). Finally,
we conclude the proof with a careful approximation argument.

1.4. Outline of the Paper

The paper is organised as follows: in Section 2 we introduce some notation
used throughout the paper. In the first part of Section 3 we state the assumptions
on f and g and we introduce the stochastic setting of the problem; the second part
is devoted to the statement of the main results of the paper. The behaviour of the
volume term is studied in the short Section 4, while Sections 5 and 6, as well as the
Appendix, deal with the surface term.
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2. Notation

We introduce now some notation that will be used throughout the paper. For
convenience of the reader we follow the ordering used in [16]:

m and n are fixed positive integers, withn > 2, R is the set of real numbers, and
Ry := R™\{0}, while Q is the set of rational numbers and Qf := Q"\{0}.
The canonical basis of R” is denoted by ey, ...,e,. Fora,b € R*,a-b
denotes the Euclidean scalar product between a and b, and | - | denotes the
absolute value in R or the Euclidean norm in R”, R™, or R”*", depending on
the context.

= v = (X, ..., x,) € R" x12+~~~+x3 = 1}, S’fl = {x €
s"=1 . +x, > 0}, and S’;l = {x e "1 £xir) > 0}, where i(x) is
the largest i € {1, ..., n} such that x; # 0. Note that S".~' ¢ S, and that

sr=1 — ’SSnfl U ’S\nfl.

+ —
L" denotes the Lebesgue measure on R” and H"~! the (n — 1)-dimensional
Hausdorff measure on R”.
</ denotes the collection of all bounded open subsets of R”; if A, B € <7, by
A CC B we mean that A is relatively compact in B.
Foru € GSBV(A,R™) (see [4, Section 4.5]), with A € &7, the jump of u
across S, is defined by [u] :=u™ —u".
For A € o/ we define

SBVyc(A,R™) :={u € SBV(A,R™) : Vu=0 L"-almost everywhere,
H' 1 (S) < +00).
For A € o7 and p > 1 we define
SBVP(A,R™) :={u € SBV(A,R™) : Vu € LP(A,R™"),
H'H(Su) < +00).
For A € o/ and p > 1 we define
GSBVP(A,R™) :={u € GSBV(A,R™): Vu € LP(A,R™"),
H'H(84) < +ook;
it is known that GSBV?(A, R™) is a vector space and that for every u €
GSBVP?(A,R™) and for every ¢ € Cg(Rm,Rm) we have ¥ (u) € SBV?
(A, R™) N L*®(A, R™) (see, for example, [19, page 172]).
For every £"-measurable set A C R” let L°(A, R™) be the space of all (£"-
equivalence classes of) £"-measurable functions u: A — R™, endowed with
the topology of convergence in measure on bounded subsets of A; we observe
that this topology is metrisable and separable.
For x € R" and p > 0 we define
By(x):={y eR": |y —x| <p},
Q,(x) ={yeR": [(y—x)-e|l <p/2 fori=1,...,n}

We omit the subscript p when p = 1.
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(k) Foreveryv € S"~!let R, be an orthogonal 1 x n matrix such that Rye, = v;we
assume that the restrictions of the function v + R, to the sets S’ ! defined
in (b) are continuous and that R_, Q(0) = R,Q(0) for every v € S";
moreover, we assume that R, € O(n) N Q" " for every v € Q" N S"~!. A
map v — R, satisfying these properties is provided in [16, Example A.1 and
Remark A.2].

(1) Forx e R, p > 0,and v € " ! we set

Q;(x) = R,0,0) + x;

we omit the subscript p when p = 1.

(m) For & € R™*" the linear function from R” to R™ with gradient & is denoted
by £¢; that is, ¢ (x) := &x, where x is considered as an nx 1 matrix.

(n) Forx e R*, ¢ € R”, and v € $"~! we define the function Uy,c,v AS

o) ¢ f(y—x)v=0,
u =
x gty 0 if(y—x)-v<O.

(0) Forx e R" and v € S*~!, we set
IMy:={yeR":y-v=0} and M) :={yeR": (y —x) -v=0}

(p) For a given topological space X, #(X) denotes the Borel o-algebra on X. In
particular, for every integer k > 1, P* is the Borel o-algebra on R¥, while
A stands for the Borel o -algebra on st

(q) Foreveryt € R the integer part of ¢ is denoted by |7 ]; thatis, 7] is the largest
integer less than or equal to ¢.

3. Setting of the Problem and Statements of the Main Results

This section consists of two parts: in Section 3.1 we introduce the stochastic free-
discontinuity functionals and recall the Ergodic Subadditive Theorem; in Section
3.2 we state the main results of the paper.

3.1. Setting of the Problem

Throughout the paper we fix six constants p, cy, ..., cs, with 1 < p < 400,
0 <cp ¢ < 400, 1 < ¢3 < 400, and 0 < ¢4 < ¢5 < 400, and
two nondecreasing continuous functions o1, 03: [0, 4+00) — [0, +00) such that
(ea] (0) = 0'2(0) =0.

Definition 3.1. (Volume and surface integrands). Let F = F(p, c1, c2, 01) be the
collection of all functions f: R?xR™*" — [0, 400) satisfying the following
conditions:
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(f1) (measurability) f is Borel measurable on R"” xR"*";
(f2) (continuity in &) for every x € R” we have

|f(x, 60 = f(x, 8| < o1(&1 = &D(1+ f(x, &) + f(x, &)

for every &1, & € R™*,
(f3) (lower bound) for every x € R” and every & € R"™*"

c1l§l” < f(x, 8);
(f4) (upper bound) for every x € R" and every & € R"*"
fx, &) < (1 +[§17).

LetG = G(c3, cs, cs, 02) be the collection of all functions g : R" xR x§"~! —
[0, +00) satisfying the following conditions:

(g1) (measurability) g is Borel measurable on R"” xR x sn—1,
(g2) (continuity in ¢) for every x € R" and every v € S"~! we have

|g(x7 ;27 V) - g(xv g‘lv U)| = 02(';1 - {2')(g(-xv ;17 V) + g(xv 4-25 V))

for every ¢1, £ € Rff';
(g3) (estimate for [¢1] < |¢2|) for every x € R" and every v € S"~1 we have

g(x,¢1,v) < c38(x,82,v)

for every ¢1, {2 € Rff with [¢1] < [22];
(g4) (estimate for c3|¢1| < |¢2]) for every x € R" and every v € S"~! we have

g(-x9 {1, V) < g(x, &, V)

for every ¢, £ € R with ¢3(¢1] < 2213
(g5) (lower bound) for every x € R, ¢ € R, and v € sr-1

c4 =g, ¢, v);
(g6) (upper bound) forevery x e R", ¢ e Rff,and v € sl
8(x, &, v) = cs(1+ 11
(g7) (symmetry) for every x e R", ¢ e Rij, and v € sl
gx, &, v) =gx, =, —v).

Remark 3.2. As observed in [16, Remark 3.2], assumptions (g3) and (g4) are
strictly weaker than a monotonicity conditionin |¢|. Indeed, if g : R" xR’ xSt
[0, +00) satisfies

¢, 0 € Ry with [¢1] < 6] = g(x, ¢1,v) < g(x, 0, v)

for every x € R” and every v € S"~!, then g satisfies (g3) and (g4). On the other
hand, (g3) and (g4) do not imply monotonicity in |¢]|.
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Given f € Fandg € G, we considerthe integral functionals F, G: LO(R", R™)
x.o/ —> [0, +00] defined as

,Vu)dx ifulg € WhP(A,R™),
Fu, A) = fAf(x u)dx if ula ( ) G.1)
+00 otherwise in LO(R”, R™).
x, [ul, v) dH"™' ifuls € GSBVP (A, R™),
G, A) = /;mA g(x, [u] uw) [A ( ) 3.2)
+00 otherwise in LO(R”, R™),

Remark 3.3. Since [u] is reversed when the orientation of v, is reversed, the func-
tional G is well defined thanks to (g7).

Let A € o/ .For F asin (3.1),and w € LO(R", R™) withw|4 € WP (A, R™),

we set
m:P (w, A) = inf {F(u, A):ue LOR",R™), uls € W'P(A, R™), u = w near aA}.
3.3)

Moreover, for G as in (3.2), and w € LO(R”, R™) with w|s € SB Voc (A, R™), we
set

mw, A) = inf [GGu, A) 1w € LO®R",R™), uly € SBVpe(A, R"), u = w near A}.
(3.4)

In (3.3) and (3.4), by “u = w near 0 A” we mean that there exists a neighbourhood
U of 9 A such that u = w L"-almost everywhere in U.

If A is an arbitrary bounded subset of R”, we set m},,’p (w, A) = m;"’(w, intA)
and m%c(w, A) = mlz;c(w, intA), where int denotes the interior of A.

Remark 3.4. Let u € LO(R", R™) be such that u|s € SBVpc(A,R™), and let
k € N. A careful inspection of the proof of [16, Lemma 4.1] shows that there exist
pk >k and vy € L®R", R™) with v|4 € SBVjc(A, R™) such that

lokll oo ca,rmy <k, vk =u L"-almost everywhere in {|u| < k},
1
Gu. A) < (1 + E)G(u, A).

As a consequence we may readily deduce the following. Let w € LO(R", R™) be
such that w|s € SBVc(A,R™) N L°(A,R™) and let k € N, k > [[w| o4, rRm)
be fixed. Then

mbs (w, A) = irlzfm’é(w, A)= lim mk.(w, A), (3.5)

where

mb(w, A) :=inf {G(u, A): u € LOMR", R™), u|a € SBVpe(A, R™) N L(A,R™),
llullpoo(a,rmy < k, H" (S, NA) <a, u=w near BA},
(3.6)
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with o 1= c5/ca (1 + 2||w]||Loo(a.rmy) H'~1(Sy, N A). The fact that the inequality
H'L(S, N A) < « in (3.6) is not restrictive follows from assumption (g6) by
using w as a competitor in the minimisation problem defining m'& (w, A) for k >
lwllooca,Rm).

We are now ready to introduce the probabilistic setting of our problem. In what
follows (2, 7, P) denotes a fixed probability space.

Definition 3.5. (Random integrand). A function f: Q x R" x R™*" — [0, +00)
is called a random volume integrand if

(@) fis (7 @ B" ® A™*")-measurable;
®) f(w,-,+) € F forevery w € Q.

A function g: @ x R" x Rfj x S"=1 — [0, +00) is called a random surface
integrand if

(c) gis (T @ A" @ A" ® A)-measurable;
d) g(w, -, -, -) € G forevery w € Q.

Let f be a random volume integrand. For w € € the integral functional
F(w): LOR", R™) x of —> [0, +00] is defined by (3.1), with f(-, -) replaced
by f(w, -, ). Let g be a random surface integrand. For w € € the integral func-
tional G(w): LO(R", R") x o —> [0, +00] is defined by (3.2), with g(-, -, -)
replaced by g(w, -, -, -). Finally, for every ¢ > 0 we consider the free-discontinuity
functional E,(w): LO(R", R") x &/ —> [0, +-00] defined by

Eg(w)(u, A) :=
ff(w,f,w)dx +/ g(a),f,[u],uu)dH"—l if ul g€ GSBVP(A,R™),
A & S,NAN €
+o0 otherwisein LO(R", R™).

3.7

In the study of stochastic homogenisation an important role is played by the
notions introduced by the following definitions:

Definition 3.6. (P-preserving transformation). A P-preserving transformation on
(2,7, P)isamap T: Q — Q satisfying the following properties:

(a) (measurability) T is 7 -measurable;
(b) (bijectivity) T is bijective;
(c) (invariance) P(T(E)) = P(E), forevery E € 7.

If, in addition, every set E € 7 which satisfies P(T(E)AE) = 0 (called T-
invariant set according to [24]) has probability O or 1, then T is called ergodic.
Here and henceforth A denotes the symmetric difference of sets.

Definition 3.7. (Group of P-preserving transformations). Let k be a positive integer.
A group of P-preserving transformations on (2, 7, P) is a family (z;),czx (resp.
(t7),eprr) of mappings 7,: 2 — € satisfying the following properties:
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(a) (measurability) t, is 7 -measurable for every z € 7k (resp. z € Rky;

(b) (bijectivity) . is bijective for every z € Z¥ (resp. z € R¥);

(c) (invariance) P(t,(E)) = P(E), for every E € 7 and every 7 € zZk (resp.
z € Rby;

(d) (group property) top = idgq (the identity map on 2) and 1,4, = 7, o T, for
every z, 7’ € ZF (resp. z, z/ € RF).

If, in addition, every set E € 7 which satisfies P(t,(E)AE) = 0 forevery z € Zk
(resp. z € R¥) has probability O or 1, then (t2) ez (resp. (17) e ) is called ergodic.

Remark 3.8. In the case k = 1 a group of P-preserving transformations (7;);cz
has the form (7%),c7, where T := 11 is a P-preserving transformation.

We are now in a position to define the notion of stationary random integrand.

Definition 3.9. (Stationary random integrand). A random volume integrand f is
stationary with respect to a group (t;);cz» (resp. (7;);ern) of P-preserving trans-
formations on (2, 7, P) if

flo,x+2,8) = f(r(w), x, §)

forevery w € Q, x € R", z € Z" (resp. z € R"), and & € R"™*",
Similarly, a random surface integrand g is stationary with respect to (7;) ez
(resp. (t7)zern) if

glw.x+2z,¢8,v) =g(t;(w), x,¢,v) (3.8)
foreveryw € Q,x e R", z € Z" (resp. z € R"), ¢ e R, and v € st

We now recall the notion of subadditive stochastic processes as well as the
Subadditive Ergodic Theorem by AkcoGLU and KRENGEL [1, Theorem 2.7].

Let k be a positive integer. For every a, b € R¥, with a; <bjfori=1,...,k,
we define

[a,b) := {xeRk:ai <x; <bjfori=1,... k},
and we set
Iy = {[a,b):a,beRk,ai <bjfori=1,...,k}. 3.9)

Definition 3.10. (Subadditive process). A subadditive process with respect to a
group (z;), ¢z (resp. (7;),cgk), k > 1,0f P-preserving transformations on (2, 7, P)
is a function u: Q x Z; — R satisfying the following properties:

(a) (measurability) for every A € Zj the function w — u(w, A) is 7-measurable;

(b) (covariance) for every w € Q, A € Z;, and z € 7k (resp. z € R¥) we have
w(w, A+ 2) = pu(r(w), A);

(c) (subadditivity) for every A € Zy and for every finite family (A;)ie; C Zy of
pairwise disjoint sets such that A = U;c; A;, we have

wlw, A) < Zu(w, A;) forevery w € Q;

iel
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(d) (boundedness) there exists ¢ > 0 such that 0 < u(w, A) < cLKk(A) for every
w € Q and every A € Zy.

We now state a variant of the Pointwise Ergodic Theorem which is suitable for
our purposes.

Theorem 3.11. (Subadditive Ergodic Theorem). Let k be a positive integer and let
(t2),ezk (resp. (T;) ,cgrk) be a group of P-preserving transformations on (2, T, P).
Let v: Q x Iy — R be a subadditive process with respect to (t;),czx (resp.
(t2),erk)- Then there exist a T-measurable function ¢: 2 — [0, +00) and a set
Q' € T with P(Q)=1 such that

pl@,tQ)
,Jim G0 - p(w) (3.10)

forevery w € Q' and for every cube Q € TIy. If in addition (t;) .k (resp. (T;) cgrk)
is ergodic, then ¢ is constant P-almost everywhere

Proof. If the set of indices is Z¥, the proof can be found in [1, Theorem 2.7 and
Remark p. 59] (see, for example, [18, Proposition 1]). If the set of indices is R, the
existence of ¢ and Q2 satisfying (3.10) can be proved by considering the restriction
of the group to Z. Since ergodicity for (z;) .erk does not imply ergodicity for
(77) iezk, we have to prove the last sentence of the theorem when the set of indices
is R,

Let Q be the set of all cubes Q € T with vertices in QF, let ” be the set of
all w € Q such that the limit

w(w,1Q)

z—»lrlloo £k(tQ) @10
teQ

exists for every Q € Q, and let Q be the set of all € ©” such that the above
limits do not depend on Q € Q. Since w — u(w, Q) is 7-measurable, we have
Q" € T and the limit in (3.11) is a 7 -measurable function of w. This implies that
Q € 7 and that there exists a 7 -measurable function Q: Q — R such that

plw,1Q)
[_)ITOO W = ¢(w) (3.12)
teQ
for every w € Qand Q € Q. By (3.10) we have
P(ﬁ) =1 and ¢(w) = ¢(w) for P-almost everywhere w € Q. (3.13)

Fix w € Q, ze Rk and Q € Q. By covariance (condition (b) of Definition 3.10)
we have

p(rz(@),1Q) = p(w, 1(Q + 7)) (3.14)

for every t > 0. Given Q’, Q" € Q, with Q' cC intQ ¢ Q cc Q”, for ¢ large
enough we have

Q' CcO+% and Q+%2cC Q"
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By subadditivity and boundedness (conditions (c) and (d) of Definition 3.10) we
have

1@, 1(Q + %) < plw, 1Q) +cr* L4 + )\,
1w, 1Q") < p(, t(Q + ) + ct* LYQ"\(Q + 2)).

hence

we 1(Q+3) _ .10 LE(Q 4+ 2\0)

L)y T Lk e £ (Q) ’
p(@,10") _ po 1@ +5) | LHONQ+ D)
LkeQn = LReO) £K(Q)

Therefore by (3.12) and (3.14) we obtain

k i
lim su u(r(w), Q) E@(w)+C££](Q(\Q?)’

r»+o<l>) Lk 0)

teQ

R . (@), tQ)  LYQN\0)
v =il T e T o)

teQ

Taking the limitas Q' / Q and Q" \, Q we obtain

u(rz(w), 1Q) p(r (@), 1Q)

p(w) < ltlglg;of 500) < 1;11ng < ¢(w),
teQ teQ
which implies that 7, (w) € Q" and
(r;(w),10)
RE@) 19 o (3.15)

t—>1r-|{loo ﬁk(tQ)
teQ

Since the limit does not depend on Q € Q we have also 77 (w) € Q. By (3.12) and
(3.15) we have ¢(1;(w)) = ¢(w) for every w € Q and every z € R¥. This implies
that, for every ¢ € R, the superlevel sets of ¢,

={weQ: g =cl,

are invariant for t, for every z € R¥. Therefore, if () Rk 18 ergodic, we can only
have

P(E))=0 or P(E;) =1. (3.16)

Since E;; D E,, for ¢ < ¢z, by (3.16) there exists ¢p € R such that P(E;) =0
for ¢ > ¢ and P(E;) = 1 for ¢ < cg. It then follows that ¢ is constant P-almost
everywhere, and so is ¢ by (3.13). O
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3.2. Statement of the Main Results

In this section we state the main result of the paper, Theorem 3.13, which pro-
vides a I'-convergence and integral representation result for the random functionals
(E¢(w))e>o introduced in (3.7), under the assumption that the volume and surface
integrands f and g are stationary. The volume and surface integrands of the I'-limit
are given in terms of separate asymptotic cell formulas, showing that there is no
interaction between volume and surface densities by stochastic I'-convergence.

The next theorem proves the existence of the limits in the asymptotic cell for-
mulas that will be used in the statement of the main result. The proof will be given
in Sections 4-6.

Theorem 3.12. (Homogenisation formulas). Let f be a stationary random volume
integrand and let g be a stationary random surface integrand with respect to a group
(t7)zezn (resp. (t7);ern ) of P-preserving transformations on (2, T, P). For every
w € Q let F(w) and G(w) be defined by (3.1) and (3.2), with f(-,-) and g(-, -, -)
replaced by f(w, -, -) and g(w, -, -, -), respectively. Finally, letm};’fw) andm%c(w) be
defined by (3.3) and (3.4), respectively. Then there exists Q' € T, with P(Q') = 1,
such that for every w € Q', x e R", £ e R™*" ¢ e R, and v € S"1 the limits

L,

m g, (e, Qi(tx)) Mg W, OF (1))
and lim

t—+00 n {400 -1

exist and are independent of x. More precisely, there exist a random volume inte-
grand fhom: 2 X R — [0, 400), and a random surface integrand ghom : 2 X
Ry x S"1 — [0, +00) such that for every w € Q', x € R", £ e R"™*" ¢ e R,
and v e S

Lp 1,p
o mpy e, QX)) g, (e, 0:(0))
Jhom (@, &) —t_l)lrlloo = lim —2 >~

[ t— 400 th
3.17)
Ml (U 0} (1x)) My 0,20, O (0))
. G(w) \Hix,g,v> &t . G(w)\H0,5,vs ¥y
&hom(w, ¢, V) _tlulloo 1 - tilgloo m—1 ’
(3.18)

If, in addition, (t;) ez (resp. (t;)zern) is ergodic, then fhom and ghom are inde-
pendent of w and

1
Shom(§) = lim —n/ m}éfw)(ﬁs, 0:(0)) dP(w),
" Ja

t——+00

1— oo =1

1 c N
Shom(@.v) = lim —— /Q Ml ) (0.2.0. 7' (0)) dP (@)

We are now ready to state the main result of this paper, namely the almost sure
I"-convergence of the sequence of random functionals (E,(w))e~0 introduced in
3.7).



Stochastic Homogenisation of Free-Discontinuity Problems 949

Theorem 3.13. (I"-convergence). Let f and g be stationary random volume and
surface integrands with respect to a group (1;) ;czr (resp. (1;)crr) of P-preserving
transformations on (2, T, P), let E¢(w) be as in (3.7), let @' € T (with P(Q') =
1), fhom, and gnhom be as in Theorem 3.12, and let Epom (w) : LO(]R”, R™)yx of —>
[0, +00] be the free-discontinuity functional defined by

Ehom () (u, A)
i/ Shom (@, Vu) dx +/ 8hom (@, [u], Uu)dHn_l ifula€GSBVP(A,R™),
=1Ja S.NA

+o00 otherwise in LO(R", R™).

Let moreover EF (w) and Eﬁ’om (w) be the restrictions to Lf;c R*, R™")x o7 of E¢(w)

and Enom (), respectively. Then
E.(w)(-, A) T'-converge to Epom(w)(-, A) in LOR", R™),
and

EP(w)(-, A) T-converge to E{._(w)(-, A) in L! (R",R™),

hom loc
Jor every w € Q' and every A € <.
Further, if (t;);ezn (resp. (t;);ern) is ergodic, then Enom (resp. E
deterministic functional; that is, it does not depend on w.

P
hom

)is a
Proof. Let Q' € 7 be the set with P(2') = 1 whose existence is established
in Theorem 3.12 and let € Q' be fixed. Then, the functionals F(w) and G(w)
defined by (3.1) and (3.2), respectively (with f(-,-) replaced by f(w, -, -) and
g(-, -, ) replaced by g(w, -, -, -)) satisfy all the assumptions of [16, Theorem 3.8].
Therefore, by combining Theorem 3.12 and [16, Theorem 3.8] the conclusion
follows. 0O

Thanks to Theorem 3.13 we can also characterise the asymptotic behaviour of some
minimisation problems involving E.(w). An example is shown in the corollary
below.

Corollary 3.14. (Convergence of minimisation problems). Let f and g be sta-
tionary random volume and surface integrands with respect to a group (t;);ezr
(resp. (t;);ern) of P-preserving transformations on (2,7, P), let Q' € T (with
P(Q) = 1), fhom, and gnhom be as in Theorem 3.12. Let v € Q/, A € ,
heLP(A,R™), and let (ug)e=o0 C GSBVP(A,R™) N LP(A, R™) be a sequence
such that

/ f(a), f, Vug) dx +/ g(w, f, [uel, vug) dH"! +/ lug — h|P dx
A € SugNA € A

< inf f(a), {,Vu> dx + g(a),f,[u],v» dH" !+ lu —h|Pdx ) +ne
u A & SuNA & A

for some ng — 04, where the infimum is taken over allu € GSBVP(A,R™) N
LP(A,R™). Then there exists a sequence g — 04 such that (ug, )ken converges
in LP (A, R™) to a minimiser uo of

/ Shom (@, Vu) dx +/ &hom (@, [u], Vu)dHnil +/ lu — h|” dx
A SuNA A
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on GSBVP(A,R™)N LP(A,R™). Moreover

[roovu)axs [ oo ) arr [ e as
A € SueNA € A

converges to
/ Jhom (@, Vug) dx +/ &hom (@, [uo], Vuo) dHn_l +/ lug — h|P dx
A SupNA A
as € — 0+.

Proof. The proof follows from Theorem 3.13, arguing as in the proof of [16,
Corollary 6.1]. O

4. Proof of the Cell-Formula for the Volume Integrand

In this section we prove (3.17).

Proposition 4.1. (Homogenised volume integrand). Let f be a stationary random
volume integrand with respect to a group (t;)czn (resp. (t;);ern) of P-preserving
transformations on (2, T, P). Then there exists Q' € T, with P(Q) = 1, such
that for every w € , for every x € R", and & € R™*" the limit

mgh, (e, Q:(1x)

t——400 tn

exists and is independent of x. More precisely, there exists a random volume inte-
grand fhom: 2 x R™" — [0, 400), independent of x, such that

Jhom(@, &) = lim m;’(’;)(ﬂg,Q,(tx)) = lim M

t——+00 tn t—+400 tn

If, in addition, (t;),czn (resp. (t;).ern) is ergodic, then fhom is independent of @
and

. 1
fuon® = tim - [ mit e, 0,00 P @)
keN k"

1
—inf L / iyl (G, 04(0)) dP ().

The proof of Proposition 4.1 relies on the application of the Subadditive Ergodic
Theorem 3.11 to the function (w, A) — m},’{’w (g, A), which is a subadditive
process as shown below.
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Proposition 4.2. Let f be a stationary random volume integrand with respect to
a group (t;);ezn (resp. (t;).ern) of P-preserving transformations on (2,7, P)
and let F(w) be as in (3.1) with f(-,-) replaced by f(w, -, ). Let & € R™*" and
set

pne(w, A) == m;’(pw)(ﬁg, A) foreveryw € Q, A €1,

where m;’(pw) isasin (3.3) and L, asin (3.9). Then ¢ is a subadditive process with
respect to (t;) ez (resp. (T;);err) and

0 < ps(w, A) < c2(1 + E|P)L"(A) for every w € Q.
Proof. See [18] and also [30, Proposition 3.2]. O

We can now give the proof of Proposition 4.1.

Proof of Proposition 4.1. The existence of fyom and its independence of x follow
from Proposition 4.2 and [18, Theorem 1] (see also [30, Corollary 3.3]). The fact
that fhom is @ random volume integrand can be shown arguing as in [16, Lemma
A.5 and Lemma A.6], and this concludes the proof. O

5. Proof of the Cell-Formula for the Surface Integrand: A Special Case

This section is devoted to the proof of (3.18) in the the special case x = 0.
Namely, we prove

Theorem 5.1. Let g be a stationary random surface integrand with respect to a
group (t7)zezn (resp. (Tz)zerr) of P-preserving transformations on (2, T, P) and
let Q be the set of all w € 2 such that the limit

MG Wozvs OF(0))
lim

t—-+00 =l

teQ

)

exists for every ¢ € Qg, and v € Q" N S"=1. Then there exist @ € T, with @ C Q
and P(2) = 1, and a random surface integrand gnom : 2 < R x S" ! — R such
that

pe v
Mg U0,z,v, @7 (0))
Ghom (@, ¢, ) = lim 9 e X (5.1)

—+00 -1
foreveryw e Q, ¢ e R, and v € st—1

Remark 5.2. We observe that in general the set € defined in Theorem 5.1 is not
T -measurable.
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T,(A")

Fig. 1. Construction of the oriented n-dimensional interval T}, (A”)

The proof of Theorem 5.1 will need several preliminary results. A key ingredient
will be the application of the Subadditive Ergodic Theorem 3.11 withk =n — 1.
This is a nontrivial task, since it requires to define an (n — 1)-dimensional subaddi-
tive process starting from the n-dimensional set function A +— m?;c(w) (wo,z,v, A).
To this end, we are now going to illustrate a systematic way to transform (n — 1)-
dimensional intervals (see (3.9)) into n-dimensional intervals oriented along a pre-
scribed direction v € §*~ 1.

For every v € S"~! let R, be the orthogonal 7 x n matrix defined in point (k) of
Section 2 (see also [16, Example A.1]). Then, the following properties are satisfied:

e Rye, =vforeveryv e s,
o the restrictions of the function v — R, to the sets S'f] are continuous;
e R_,0(0)= R,Q(0) forevery v € S""1,

Moreover, R, € O(n) N Q" for every v € Q" N S"~1. Since Rye, = v, we
have that {Rye;};—1,... »—1 is an orthonormal basis of I1}. Let now M, be a positive
integer such that M, R, € Z"*". Note that, in particular, for every 7/ € Z"~! we
havethat M, R, (z/,0) € H‘d NZ",namely M, R, maps integer vectors perpendicular
to e, into integer vectors perpendicular to v.

Let A’ € 7,,_1; we define the (rotated) n-dimensional interval T,,(A’) as

Ty(A") :== MyR, (A’ x [—c,0)),

1
=3 151}1_1;)147](17/‘ —aj), (MyR, € Z""), (5.2)
see Fig. 1.

The next proposition is the analogue of Proposition 4.2 for the surface energy, and
will be crucial in the proof Theorem 5.1.

Proposition 5.3. Let g be a stationary surface integrand with respect to a group
(t7)zezn (resp. (T;)zern) of P-preserving transformations on (2,7, P), let G(w)
be as in (3.2), with g(-, -, -) replaced by g(w, -, -, "), let ¢ € (@6”, and let v €
Q" NS L. Forevery A’ € T, and w € Q set

1
pev(@, A') i= ——mi ) (wo.c v, Ty(A)), (5.3)
M,
where m%c(w) is as in (3.4), while M,, and T, (A’) are as in (5.2). Let (2, '?, ﬁ)
denote the completion of the probability space (2, T, P). Then there exists a group
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(Tzv’)z’eZ"*‘ (resp. (Tzv/)z’eR”*l) 0fP—presery\in&transformations on (2,7, P) such
that i, is a subadditive process on (2, T, P) with respect to (rz",)zleznq (resp.
(IZ",)Z/E]an ). Moreover

0< ,u;,u(a))(A/) <cq(1+ |§’|)£"_1(A/) for P-almost everywhere w € 2.
5.4)

Proof The 7- measurab1hty of the function @ +— u; (o, A") follows from the
T- -measurability of w — mG( ) (1o,¢,v, A) for every A € &/. This is a delicate
issue, which will be postponed to the Appendix.

Let now ¢ € Qf, and let v € Q" N §"~ !. By Proposition A.1, for every
€ Z,—1 the function @ — s, (w, A') is T -measurable. We are now going
to prove that there exists a group (t ,)Z regn—1 (resp. (T ,)Z rern—1) Of P- -preserving

/

transformations on (€2, ’T, P) such that
pew(@, A"+ 2) = pe o (th(w), A,

forevery w € Q, 7 € Z" ! (resp. 7 e R" 1), and A’ € Z,,_;.
We first consider the case of g stationary with respect to a discrete group
(7.)zezn. To thisend fix z/ € Z"~ ! and A’ € Z,,_1. Note that, by (5.2),

Ty(A'+2) =M,R, (A" +2') x [—¢,¢))
=MyR, (A, x [—c, C)) + M,R,(Z',0) = T, (A) + Z:;v

where z), := M, R,(z/,0) € Z". Then, by (5.3)

1
pev(w, A+ = M 1mG(w)(M0{ v (A" +27)
1
= Mn 1mG(w)(u0{VvT(A)+Z ). (5.5)
Given u € LO(R", R™), let v € LO(R", R™) be defined by v(x) := u(x + z},) for
every x € R". By a change of variables we have

/ g, x, [ul, v,) dH" " (x)
SuN(Ty (A +2))

= f g(w,y + 7, [v], vy) dH" " (p).
SyNT,(A)

Since z|, € Z", by the stationarity of g we have also g(w,y + z),, [v], vy) =
g(t (w), y, [v], vy). From these equalities we obtain

G(w)(u, intT,(A") +z,) = G (1 (0))(v, intT,(A")). (5.6)

Since z], is perpendicular to v, we have ug ,(x) = ug,c,v(x + z),) for every
x € R". Therefore, from (3.4), (5.5), and (5.6) we obtain that ., (w, A"+ 7) =

,u; v(Tz (W), A’). Thus, H¢,v 1s covariant with respect to the group ( )Z rezn-1 of

P- -preserving transformations on (€2, T, P) defined by



954 FiLippo CAGNETTI ET AL.

7
/ ﬁ«!
-

Fig. 2. An example with N = 2 in which T,,(A") # T,,(A}) U T, (A%)

(2) yegn1 = (T yezn1. (5.7)

Note that if g is stationary with respect to a continuous group (7;).cr», then the
same construction as above provides, for fixed 7' € R"~! a vector z; € R” such
that ., is covariant with respect to the group of P-preserving transformations
defined as in (5.7), with Z"~! replaced by R"~!. Moreover, in this case one can
simply define z,, := R,(z/, 0), namely the multiplication by the positive integer
M, is not needed.

We now show that i, , is subadditive. To this end let A" € Z,_1 and let
(AD1<i<N C Z,—1 be afinite family of pairwise disjoint sets such that A" = [ J; A.
For fixed n > Oandi = 1,...,N, letu; € SBVpc(intTU(Ag)) be such that
u; = ug,¢,y in a neighbourhood of 97, (A;) and

G (@) (u;, intT, (A)) = mrg(w)(uo,;,u, Ty (AD) + 1. (5.8)

Note that 7}, (A") can differ from (J; T, (A}) but, by construction, we always have
U; Tu(A)) C T, (A') (see Fig. 2).
Now we define
ui(y) ifyeT,(A), i=1,...,N,
uocv(y) if y € To(AN\U; Tv(A));

then u € SBV,(intT,(A")) and u = uo,¢,, in a neighbourhood of 87, (A"). More-
over, by the additivity and the locality of G (w) we have

u(y) ==

N
G(w)(u,intT,(A")) = Z G(w)(u;i, intT, (A}))

i=1
+ G () (uo,¢.v. int(T, (AN\ U; To(4))),  (5.9)
where we have also used the fact that S, N BTU(A;) = foreveryi =1,...,N.

Note that the last term in (5.9) is equal to zero because the jump set of ug ¢, is the
hyperplane ITjj, which does not intersect T, (A")\ |J; T, (A}); therefore

N
G (@) (u, intT,(A) = > G(w)(u;, intT, (A})).
i=1
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As a consequence, by (5.8),

N
Mgy 0.2.0- To(A)) <Y gy, (wo.c.0. To(AD) + N,

i=1

thus the subadditivity of i, follows from (5.3) and from the arbitrariness of 7.
Finally, in view of (g6) for every A’ € 7,_| we have

Bew(@, A) < ——G(@)(uo,z.v. intTy(A)
cs(1+1¢)) . v
< SUAIED pnt y 7, a7

v

=cs(1+ 1L,
and thus (5.4). O

To conclude the proof of Proposition 5.1 we need two preliminary lemmas.

Lemma 5.4. Let g € G, let G be as in (3.2), and let mg: be as in (3.4). Let &

g: Rj x S"=1 — [—o0, +00] be the functions defined by

pc v
, 0
meg (u0,§,v Qt( ) and

(6. = limin

tnfl
pc v
mg (u ) 0
g(¢,v) := limsup G va"’th( ))
t—+00 th—

Then s geq.
Proof. It is enough to adapt the proof of [16, Lemma A.7]. O

We will also need the following result.
Lemma 5.5. Let g € G, let G beasin(3.2), and letm%C beasin(3.4). Let g, g:R"x
Ry x S"=1 — [—o0, +00] be the functions defined by

; mbs (rx ¢, QY (X))

gx, ¢, v) = lzlgligo (5.10)

tn—]
and

c
mI(’; (Mtx,{,ln Q;)(tx))
t}’l—l :

g(x, ¢, v) := limsup (5.11)

t——+00
Then g and g satisfy (82). Moreover for every x € R" and ¢ € R the restriction

of the functions v — g(x, ¢, v) and v > g(x, ¢, v) to the sets S'_fl and S* " are
continuous.
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Proof. The proof of (g2) can be obtained by adapting the proof of [16, Lemma
A7].
To prove the continuity of v > g(x, ¢, v) on S’j__l, we fix x € R", ¢ € R,

v e §"7! and a sequence (v;) C §"! such that v; — v as j — +oo. Since the

function v — R, is continuous on S’}r_l, forevery § € (0, %) there exists an integer
Js such that

Ql(){fé)z(tx) cc Q;(I)C) ccC Q:{+5)t(tx), (5]2)

for every j > jsandeveryt > 0. Fix j > js,t > 0,and n > 0. Letu €
SBVpe(QF (tx), R™) be such that u = u;y ¢, in a neighbourhood of d Q) (tx), and

G(u, Q} (tx)) < mb (usx .0, O} (1X)) + 1.
We set

u(y) if y € Q/(tx),

U(y) = I/ltx,g,vI (y) lfy € Q‘(){-Hs)t([x)\Q;)(tx).

Then v € SB VPC(QHM)z(”‘)’ R™), v = u;x,¢,» in a neighbourhood of 8Q‘()'1i+6)z
(tx),and S, C S, U X, where
= {yedQl@): (v — ) v)((y —1x)-v;) <0} UM, N (Ql()]jJrS)t(tx)\Q}’(tx)).

By (5.12) there exists ¢ (§) > 0, independent of j and 7, with ¢(§) — Oas§ — 0+,
such that H"~1(Z) < ¢(8)¢"~!. Thanks to (g6) we then have

Mgy Wrxzvp Q115 (10) < G, O 15, (1)) < Glu, O} (tx))
+ ¢(®)es(1 + ¢!
< ml (s g0, OF (1)) + 1+ c(&es(1+ [

By dividing the terms of the above estimate by "~ ! and passing to the liminf as
t — 400, from (5.10) we obtain that

206, v (148" < g(x, ¢, v) + ¢@)es(1 + []).
Letting j — +o0 and then 6 — 0+ we deduce that

limsup g(x, ¢, vj) < g(x, &, v).

Jj—>+oo
An analogous argument, now using the cube Q:f _ a)t(tx), yields

g(x,¢,v) <liminf g(x, ¢, v)),

~ j—>+oo ™
and hence the continuity of g(x, ¢, -) in gi_l. The proof of the continuity in gf_l,
as well as that of the continuity of g are similar. O

We are now ready to prove Theorem 5.1.
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Proof of Theorem 5.1. Let (2, ’? ﬁ) be the completion of the probability space
(Q,7, P) By Proposition A.1 for ¢ € Qff and v € Q" NS"~ I fixed the function
W > mG(w) (uo,¢,v, Q7 (0)) is T -measurable for every t > 0, hence QeT.We
apply the Subadditive Ergodic Theorem 3. 1 1 to the subadditive process ¢, defined
on (£2 T fj\) by (5. i) Ehoosmg Q' 2\, 2)” !, we obtain the existence of a
set Q¢ , € T, with P(Q;,) = 1, and ofa T -measurable function g; ,: @ — R
such that

lim Mo v(@)(Q)

t—+00 =1

= grv(w) (5.13)

for every w € ﬁ;,u. Then, by the properties of the completion there exist a set
Q¢ € T, with P(;,) = 1, and a T-measurable function, which we still denote
by g¢,v, such that (5.13) holds for every w € 2 ;. Using the definition of ¢, we
then have

MG o tT(QD) om0, 1M, 0V (0))
gev(w) = lim — = lim —
t——+00 M =1 t—~+00 (tM,)"

for every w € Q¢ . Let Q be the intersection of the sets 2, for ¢ € Qf and
v eQ'NS"!. Clearly @ € 7 and P(Q) = 1.

We now consider the auxiliary functions 8 g: Q x ]Rg’ x §—1 [0, +00]
defined as

Mgy o) (10,20 OF (0))

8w, g, v): —ltlglﬁg pr , (5.14)
Mmoo, OF(0))
2, £, v) = lim sup —S@Q 60 2t T (5.15)

t—>+00 =1

and note that g(w, ¢, v) = g(w, {,v) = g¢v(w) for every w € §~2, ¢ € QF, and
ve@Q'n S"~! hence Qc Q.

By Lemma 5.4 for every w € € and every v € S"~! the functions ¢ >
g(w, ¢, v) and ¢ — g(w, ¢, v) are continuous on RY', and their modulus of conti-
nuity does not depend on w and v. This implies that

g(w, ¢, v) =2(w, ¢, v) forevery w € Q, ceR!, andv e Q" NS I,
(5.16)

and that the function w — g(w, ¢, v) is 7 -measurable on < for every ¢ € Rjj and
veQ' NSt

Let S’;l and g’fl be the sets defined in (b), Section 2. It is known that Q" NS" !
is dense in S"~!(see, for example, [16, Remark A.2]). Since S’j‘;l is open in the
relative topology of S*~! and is dense in /S\'fl , we conclude that Q" N S’fl is dense
in S _

Since, for fixed w € €2, the function g in (5.14) coincides with g in (5.10) (for
G = G(w)) evaluated at x = 0, while g in (5.15) coincides with gin (5.11) (for
G = G(w)) evaluated at x = 0, by Lemma 5.5, for every w € Q and ¢ € Rjj the
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restrictions of the functions v — g(w, ¢, v) and v — g(w, ¢, V) to the sets /S\'J’:l

and S"~! are continuous. Therefore (5.16) and the density of Q" N S%~" in S
imply that

8(@.¢,v) =g, ¢, v) forevery w € Q, ¢ € R, andv € S"~!, (5.17)

and that the function w +— g(w, ¢, v) is 7 -measurable on < for every ¢ € Rjj' and
ves1
Forevery w € Q,¢ e R, and v € S we define

Z(w, L) ifweg,

. ~ (5.18)
c4 if v € Q\Q.

ghom(w’ {7 V) =

By (5.17) we may deduce (5.1) for every w € ﬁ, CeRM andv € S"=1 Moreover,
we have proved that

o+ g(w, ¢, v) is T-measurable in Q for every ¢ € Ry andv € st

¢,v) —» g(w, ¢, v) is continuous in Rg’ X g’i_l for every w € Q.

Therefore the 7-measurability of the function w — g(w, ¢, v) in Q for every ¢ €
R and v € S"~! implies that the restriction of g to Q x Ry x gl_l is measurable
with respect to the o -algebra induced in Q x RE x /S\’j;l by 7 ® #™ @ #5. This
implies the (7 ® " ® %' )-measurability of ghom on X Rf}' x S~ thus showing
that gnom satisfies property (c) of Definition 3.5.

Note now that for every w € €2 the function (x, ¢, v) = ghom (@, ¢, v) defined
in (5.18) belongs to the class G. Indeed, for w € Q this follows from Lemma 5.4
while for w € Q\S~2 this follows from the definition of gnom. Thus, ghom satisfies
property (d) of Definition 3.5, and this concludes the proof. O

6. Proof of the Formula for the Surface Integrand: The General Case

In this section we extend Theorem 5.1 to the case of arbitrary x € R”, thus
concluding the proof of (3.18). More precisely, we prove the following result.

Theorem 6.1. Let g be a stationary random surface integrand with respect to a
group (t;);ezn (resp. (T;)zern) of P-preserving transformations on (2,7, P).
Then there exist Q' € T, with P(Q) = 1, and a random surface integrand
ghom: 2 X R x S"=! — R, independent of x, such that

mféc(w) (Urx,z,vs Q;‘}(I) (x))
r(r)n=1

ghom (@, £, V) = filToo , (6.1)
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foreveryw € @, x e R", ¢ € R v e S"" !, andforevery functionr : (0, +00) —
(0, +00) withr(t) >t fort > 0. Moreover, if (t;);eczn (resp. (1;);crr) is ergodic,
then gnom does not depend on w and

) 1 c v
ghom (¢, V) = t_l)ITOOW /Qm%@)(uo,;,u, 0,1(0) dP(w). (6.2)

The first step in the proof of the above statement is the following invariance
result. In the ergodic case this implies that the function gnom does not depend on w
(see Corollary 6.3).

Theorem 6.2. Let g be a stationary random surface integrand with respect to a
group (t;);ezn (resp. (T;)zern) of P-preserving transformations on (2,7, P),
and let Q, Q, and ghom be as in Theorem 5.1. Then for every z € Z* (resp. z € R")
we have .(Q) = Q, P(QN1_.(Q)) = 1, and

ghom(fz(a))v {7 V) = gh()m(wv g-s V) (63)
for every w € Qn t_Z(EZ), ¢t eRy,andv e st

Proof. We prove the theorem when the set of indices is R", the other case being
easier. To obtain the equality t, () = Qitis enough to prove the inclusion t, Q) c
Q. The opposite one can be obtained by using the group properties of (t;) crn.

Letze R, we Q,¢eRY,andv € S"~! be fixed. Since g is stationary, using
(3.8) and a change of variables for every t > 0 we obtain

M r (ayy 0,2,05 O (0)) = mgs(, (v, OF (2))- (6.4)

For every t > 3|z|, let u; € SBV,,.(Q;(0), R™) be such that u; = ug ¢, ina
neighbourhood of 0 07 (0), and

G()(ur, Q) 0)) < m, o.c.v, Q7 (0)) + 1. (6.5)

We now modify u, to obtain a competitor for a minimisation problem related to the
right-hand side of (6.4). Noting that Q;(0) CC Q} +312] (z) we define

_Juyy if y € 07(0),
v (y) = . v )
uzew(y) if y € Q,+3|Z|(Z)\Qt 0).

Clearly v, € SBVpC(Q;’H‘Zl(z),R’") and v, = u;, in a neighbourhood of
8Q}’+3|Z‘(z). It is easy to see that S, = S,, U X1 U X, where

T ={y€dQ/0:(y-v)((y—2)-v) <0} and

£y = 1Y N (QY4 31\ QL (0)).
Moreover [[v;]] = |¢| H"~'-almost everywhere on X; U X». Since 3|z| < ¢, we

have H"~1(21) = 2(n — Dz - v|t" 2 and H"~1(Z5) = (t + 3]z])" ' — ! <
3(n — Dz|(r 4+ 3]z])* "2 < 2"(n — 1)|z| " 2. Therefore (g6) gives

G(@)(vr. Q4312 < G@)(ur, Q) (0)) + M. 172,
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where M ; := cs(n—1)(242")|z|(1 +[¢]). This inequality, combined with (6.5)
and with the definition of mfc’f( )’ gives

mr();c(w)(uz,g,m Q;)+3|z|(1)) = mIéC(w) (uo,z,vs Q; 0) +1+ M, "2,
Using (6.4), with ¢ replaced by # 4 3|z|, from the inequality above we obtain

M ooy 0,005 Q13121 (0) < sy (o.2,0, Q7 (0) + 14 My "7

The same inequality, with w replaced by 7. (w) and z replaced by —z, gives
MG (0 0,205 OF 1312 (0)) < iy (W0 ¢, OF () + 1+ M 1",

Since 1"~ /(t 4+ 3]z])*~' — 1ast — +oo, dividing by r"~! we obtain

C C
My Wocws Q) om0, 0F(0)
lim sup : < lim sup g ,
f— 400 - t—>+00 "
teQ teQ
pc v
M (U020, Q7 (0)) my . (o) M0.zv> QF (0))
lim inf G) < liminf G( @)
1—+00 =l t— 400 =1
teQ reQ

By the definition of Q (see Theorem 5.1), from these inequalities we deduce that,
if w € Q, then 7;(w) € Q and

M r (a0y) U0,2.05 Q7 (0)) ; Mgy ) 0,205 Q7 (0)
= im .

lim (6.6)
t—>+4-00 =1 t—+00 =1
teQ teQ

This gives the desired inclusion rz(ﬁ) cQ.
The equality P(Q N LZ(Q)) = 1 follows from the fact that 7_; is measure
perserving. If w € Qn T_; (Q) then w, 7;(w) € Q and, by (5.1),

trom(@, 1) = im0 0.0 07O
om » S -

t—+00 =l

G(r(w))(”() ts QF (0))
tn 1

’

8hom (Tz(®), ¢, v) = lim
1——+00

By (6.6) this implies (6.3) for every w € Qn r_z(§~2). O

The next result shows that, in the ergodic case, the function ghon is independent of
.

Corollary 6.3. In addition to the assumptions of Theorem 6.2, suppose that the
group (t7)zezn (resp. (Tz)zern) of P-preserving transformations on (2, T,P)is
ergodic. Then there exist a set Qo e T with Qo c Qand P(Qo) = 1, and a surface
integrand gpom € G, independent of x, such that ghom(w, ¢, V) = ghom (¢, v) for
every w € SZO, ceRY andv € S~
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Proof. We start by showing that for every ¢ € Q' andv € Q" NS"~ ! there exist
Shom (¢, 1) € Rand a set 25V € T, with Q%Y C Q and P (V) = 1, such that

Shom (@, £, V) = ghom(L, v)  forevery w € Q5.

To this end we fix ¢ € Q and v € Q" N S"~! and for every ¢ € R we define
EF :={weQ: ghom(®, 7, v) > c}.

We now show that P (t,(ES")AES"Y) = 0 for every z € Z" (resp. z € R"). Note
that the invariance follows by showing that w € rz(Eg ") for P-almost everywhere
w € Ef " the other inclusion being analogous. To see this, we first observe that for
P-almost everywhere w € Eg’v we have that w € Eﬁ'” N rZ(SNZ). Hence, by (6.3),
we have that 7_,0 € ES”, and equivalently that » € 7,(ES"). Since (t;).ezn
(resp. (1;7);eRrn) is ergodic, we can only have

P(ESY)=0 or P(ESY)=1. (6.7)

Since Ef.l’v D Ef.z’v for ¢ < ¢, by (6.7) there exists c¢o(¢,v) € R such that

P(Ef’v) = Qfor ¢ > co(¢,v) and P(Eg’v) = 1 for ¢ < ¢o(¢, v). It follows that
there exists Q%Y C Q, with P(Q%V) = 1, such that

ghom (@, £, v) = co(¢,v) forevery w € QoY (6.8)

We define Qo as the intersection of all sets QLY for ¢ eQyandv e Q'NS" 1
Then Qo C  and P(Qo) = 1. We now fix wg € Qo and define gpom (¢, v) =
ghom(@o, ¢, v) for every ¢ € R{f' and every v € Q" NS"~ ! By (6.8) we have

ghom (@, £, V) = ghom(¢, v) forevery w € SNZO, teqQf,veQ'n st—1

The cgpclusion now follows from the continuity of (¢, v) — ghom(®, ¢, V) on
Ry x S"~! obtained in the proof of Theorem 5.1. O

We now state some classical results from Probability Theory, which will be crucial
for the proof of Theorem 6.1. For every ¢ € L'(2, T, P) and for every o-algebra
T’ c T, we will denote by E[v|7"] the conditional expectation of v with respect
to 7”. This is the unique random variable in L' (2, 77, P) with the property that

/ E[y|T (@) dP(w) = / Y(w)dP(w) forevery E € 7.

E E

We start by stating Birkhoff’s Ergodic Theorem (for a proof, see, for example, [29,
Theorem 2.1.5]).

Theorem 6.4. [Birkhoff’s Ergodic Theorem] Let (2, 7, P) be a probability space,
let T: Q — Q bea P-preserving transformation, and let Zp(T) be the o -algebra
of T-invariants sets. Then for every € L'(2, T, P) we have

hm Z V(T () = E[y|.7p(T)](w)

k—

for P-almost everywhere w € Q.
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We also recall the Conditional Dominated Convergence Theorem, whose proof can
be found in [12, Theorem 2.7].

Theorem 6.5. (Conditional Dominated Convergence). Let 7' C T be a o -algebra
and let (p) be a sequence of random variables in (2, T, P) converging pointwise
P-almost everywhere in Q2 to a random variable ¢. Suppose that there exists €
LY(Q, T, P) such that |px| < ¥ P-almost everywhere in Q for every k. Then
Elgr |7 1(w) — Elp|T'](w) for P-almost everywhere w € L.

We are now ready to prove the main result of this section.

Proof of Theorem 6.1. Let ghom and € be as in Theorem 5.1. We will prove the
existence of a set Q' € 7, with ' C Q and P(') = 1, such that (6.1) holds for
every w € .

We only prove (6.1) in the case of a discrete group (t;),<7z». If the set of indices
is R”, the existence of €’ such that (6.1) holds in €’ can be proved by considering
the restriction of the group to Z".

In the following, for every z € Z" the sub-o-algebra of invariant sets for the
measure-preserving map t; is denoted by £, C 7T ; thatis, %, == {E € 7T :
P(t.(E)AE) = 0}. Also, for given ¢ € R, v € "1, n > 0, we define the

sequence of events (E];’v’")jeN as

Mgy ) 0,205 Q1 (0)
kn—l

Ej’v’" = !w e ‘ — ghom(w, ¢, V)| < 7 for every integer k > j}.

We divide the proof into several steps. We use the notation for the integer part
introduced in (q), Section 2.

Step 1. Letus fix z € Z", ¢ € R\, v € S"=! and n > 0. We prove that
there exists a set S~2§’U"’ € 7, with ﬁi*”’” c Qand P(Ezg'”’”) = 1, satisfying the
following property: for every § > 0 and every w € s’iﬁ’”*" there exists an integer
Jo = jo(¢,v,n, z, w,§) such that

Elx peval 22 )(@) > 1 =6. (6.9)
Jo

To prove (6.9) we apply Theorem 5.1 and we obtain

lim x cvn(w) =1 forevery w € Q.
Jj——+o0 J

By the Conditional Dominated Convergence Theorem 6.5 there exists a set §~2§ " e
T, with Q""" ¢ Q and P($5"") = 1, such that

lim E[x  con]S2](@) = E[1].7](w) = 1 forevery w € Q5. (6.10)
J

J——+o0

Given w € Q5" and § > 0, the existence of jj satisfying (6.9) follows from
(6.10).
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Step 2. Let z, {,v,and nbe asin Step l and let 0 < § < ;11. We prove that there
exist a set Q5”7 € T, with Q5" Q5" and P(QS"") = 1, and an integer
mo =mo(¢, v, 1,2, w,08) > % satisfying the following property:

for every w € 5" and for every integer m > my there exists i =i (¢, v, 7, z,
w,8,m)e{m+1,...,m—+ £}, with £ := |5méd], such that

Mgy oy iz v, Qi)
kn—l

— ghom(@, £, v)| =< forevery k = jo. (6.11)

where jo = jo(¢, v, 1, 2, , §) is the integer introduced in Step 1.
To prove (6.11) we apply Birkhoff Ergodic Theorem 6.4 with ¥ := x ¢y and
J

T := 1., and we obtain that there exists a set Qﬁ’”'" € 7, with szﬁ’”’” - SNZ?V’" and
P(Q5"") = 1, such that

. 1
lim —
m—4+o00 m

Y X proa (Tiz (@) = Bl e F2) (@) (6.12)
i=1 J J

forevery j € Nandevery w € Q5" In particular, for a given w € Q""" equality
(6.12) holds for the index jo = jo(¢, v, 1, 2, w, ) introduced in Step 1. Therefore,
there exists an integer m = m(¢, v, 0, z, w, §) such that

1« .
- ZXE?”'”(QZ((‘))) > IE[XEj;.v,nlﬂz](w) —& forevery m >m. (6.13)
i=1 0

Fix now an integer m > mgq := max{2m, 2 jo, L%J + 1} and set £ := [5mé]. We

claim that
there exists i = i(§, v, n,z, w,8,m) € {m+1,...,m + ¢} such that 7;; (0) € Ej{(;wn.
(6.14)

Suppose, by contradiction, that (6.14) fails. Then, we have
C:=#{i eN, 1 <i<m: ypcun(ti:() =1)
JO
=#ieN1<i<m+: ) n(tiz(w) =1}
Jo

So, (6.13) with m replaced by m + £ gives

Z 1 m—+L

mil mrt ; XE%v’n(Tiz(w)) > E[XE%\/.Hfz](w) —d. (615

Therefore, using (6.9) and (6.15) we obtain

14
s> E[XEﬁ.v,nlfz](w) Tt
0

C4+m—C C4+m—10
- _
m—+ 4L m—+ L

= Elx geon] 7)) — 1+ 5. (6.16)
Jo
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Since m — € > 0, from (6.16) we deduce that £(1 — 28) < 2md. This, using the
fact that § < le’ gives £ < 4md. On the other hand, by definition £ = [Sméd]| >

S5mé — 1 > 4mé, sincem > % This contradicts the inequality £ < 4mé and proves

(6.14). As a consequence, by the definition of E;;v’",

MG 21 (@) (0,2, O} (0)
knfl

- ghom(":iz(a))v é‘a ])) S '7

for every integer k > jo. Since w € Q5" € &, and i, (w) € Ef.(;”’" C , thanks
to (6.3) and (6.4) we get (6.11).

Step 3. We show that the result we want to prove is true along integers. More
precisely, we prove that there exists Q' € 7, with Q' € Q and P(Q’) = 1, such
that

mpc);c(w) (thz, v Q;;”( (kz2))

kiirfoo n—1 = ghom(®, £, V) (6.17)
keN Mk

forevery w € Q,z € 72", ¢ € Qy.ve@Q'n S"~! and for every sequence of
integers (my) such that my > k for every k.

To prove this property, we define Q' as the intersection of the sets Qﬁ’”*” (in-
troduced in Step 2) for ¢ € Qf, v € Q" N S" 1 neQ,withn > 0,and z € Z".
It is clear that Q' C © and P(2") = 1. Let us fix w, z, £, v and (my) as required.
Moreover, let us fix § > 0, with 205 (|z] + 1) < 1, and n € Q, with n > 0. Let
mo = mo(¢, v, n, z, w, 8) be as in Step 2. For every k > 2mg let my, my € Z be
defined as

my =mg — 20 =)zl + 1] and iy = my 4200 — k)|z] + 1],

where iy = i(¢, v, n, z, ®, 8, k) is the index introduced in Step 2 corresponding to
m = k. Clearly m; < my < my. Moreover, since |z| < ||z| 4+ 1], we have that

m, ((k2) CC O, (kz) CC Qf (ix2). (6.18)
Let us now compare the minimisation problems for G (w) relative to the cubes

in (6.18). Forevery k letuy € SB VpC(Q;,Qk (kz), R™) be such that with uy = ug; ¢.»
in a neighbourhood of 9 Q,, (kz) and

G () (uk, Op,, (k2)) < migy, (ke vy O, (k2)) + 115 (6.19)

thanks to (6.18) the extension of u; defined as

ue(y) if y e 0, (k).

WOV s ) Iy € OB (k0\ QY (k2),



Stochastic Homogenisation of Free-Discontinuity Problems 965

belongs to SB Vpc(vak (ixz), R™) and satisfies vy = u;;; ¢,» in a neighbourhood of
BQ"W (ixz). By the definition of vy it follows that S, C §,, U E,l U E,%, where

%) = {yeaQ,, (kz): ((y—kz)-v)((y—ixz) -v) < 0},
Tf =Y, N (O, (k)\ Oy, (k2)).

Moreover |[vr]]| = |§|H”‘l-almosteverywhereon E;UE%.SinceZO(3(|z|+1) <1,
k < my,and iy —k < 5k8 by (6.14), we obtain |kz — ixz| < (ix —k)|z| < 5k8|z| <
5mid|z| < 7. Moreover, my — my = 2(ix — k)||z| + 1] < 10k8||z| + 1] <
10mié||z| + 1] < %, hence m; < 2my. From the previous inequalities we obtain
H'HED < 100 — DSlzim} " and HN(ED) = mp ! — w7 < 500 —

D218 |z + 1] m’,z_l. Then by the growth condition (g6) we have
G(w)(vk, QF, (ik2)) < G(@) Uk, Oy, (k2)) + Cy 28 m{t

where C; ; :=c¢55(n —1)(2+ 2"~1||z| + 1](1 4+ |¢]). This inequality, combined
with (6.19) and with the definition of m{;, , gives

My Wiz, c.v O ((12)) < M (i g Oy, (k2) + 1+ Co8m "
(6.20)

Thus, dividing all terms in (6.20) by n_azfl and recalling that m > my, we get

MGy Wirzv Qg (1) MG Wz Oy kD) Ces
! - mi~! mi T
6.21)

By the definition of m; and since mj > m,, a similar argument yields

My Ukz.tvs O kD)) Mgy iz e vy O ((52)
1 = P + n_l—i—ZC;,Z(S.

k ny my
(6.22)

Since m; — 400 as k — +oo and my > m, for every k, we have my > m; > jo
for k large enough, where jo = jo(¢, v, , z, ®, &) is the integer introduced in Step
l.Asw € Qi'”’” , gathering (6.11), (6.21), and (6.22) gives

pe v
MGy Ukz,g,vs Oy (K2))
‘ Glon 22 M ghom (@, 8, )| < 14— +2C,8
m
k k
for k large enough. We conclude that
. m%c(w) (Wrz,z,vs Q;)nk (kz2))
lim sup p—" — ghom (@, §, V)| < n+2C¢ ;6.
k—+00 k

keN
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Since this inequality holds for every § > 0, with 208 (|z|]+1) < 1,andevery n € Q,
with n > 0, we obtain (6.17).

Step 4. We show that (6.1) holds when ¢, and v have rational coordinates. Namely,
given w € Q' (the set introduced in Step 3), x € R", ¢ € Qg", ve@Qtn s*—! and
a function r: (0, +00) — (0, 400), with r(¢) > t for every t > 0, we prove that
(6.1) holds.

To this aim, we fix > 0. Then there exist ¢ € Q" such that |¢§ — x| < n and
h € Nsuchthatz := hg € Z".

Let (#;) be a sequence of real numbers with #; — +o00 and let s; := ./ h. By
the definition of m%c(w) for every k there exists i1y, € SB VpC(Q‘r’(tk)(th), R™), with
Uk = Usx,¢,v in a neighbourhood of BQ;’(lk)(th), such that

G (@) (lik, Q) ) (11X)) < Mgy (x5 Oy (16X)) + 1. (6.23)

We fix an integer j > 2|z| + 1 and define ry := [r(#) + 2ntx] + j. It is easy to
check that

O, ) (tex) CC Oy (Isk12).

As usual, we can extend iy to Q) (|sk]2) as

() ity € QY (tx)

W)= ) ity € 0 (LseJ\QY,, (11x)-

Then v € SBVpe(Qy, (Isk]2), R™) and ¥x = u|5,jz.¢,v in @ neighbourhood of
BQ‘,’k(Lssz). By the definition of vy it follows that §;, = S;, U f),i U f),% where

SEi={y €900 @) < ((r — 1) - v) (v = LseJ2) - v) < 0},
Sp =y, 1. N (QF (Lsk ]2\ Q) (1))

Moreover |[0]] = |¢| H" !-almost everywhere on f),l U f),% Since |(txx —
Lsel2) vl < lnx — gl + Iskz — Lselzl < non + |z| we have H*7H(%)) <
20— Dr)"2@mn + lzh and H' (S =}~ = r @) < (0 = D0 @) +
2nty + j )”_Z(Zntk + j). Then by the growth conditions (g6) we have
G (@) (k. 0L, (Isk)2)) < G(@) (g, OV (14))
+Ce(r(m) + 2n1 + )" @ty + ),

where C; := 2(n — 1)¢5(1 + [¢]). This inequality, combined with (6.23) and with
the definition of m%c(w), gives

Mgy oy W szt O (LskJ2) < MG g c.vs @) ) (X))
0+ Ce(1+3n)" 30 r@m)" ™"
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for k large enough so that 25t + j < 3nr(t;). Dividing all terms of the previous
inequality by r(z;)" ! and recalling that r; > r(f;) we get
MG Wisctz.cws O (LKD) MG Urrgv Q) (X))
r,’;_l - r(te) !
_n
()"t

Finally, since w € @',y € N,z € Z", and ry > r(fy) > tx > s > Lsg), we can
apply (6.17): By taking first the limit as k — +o0 and then as  — 0+ we obtain

+ + Ce (14 3m)" 231,

m}();c(w) (uth,;‘,ln Q;‘)(tk)(th))
r ()" '

ghom(a), {7 U) S hm lnf (624)
k—~+00
A similar argument leads to

. mgc(w)(uth,;‘,v’ Q;‘}(fk)(th))
lim sup =
k— 400 r(te)"

S ghom(a), é‘v U),

which, combined with (6.24), proves that (6.1) holds for every w € Q/, x € R”,
¢ eQ,andv e Q" ns—1,

Step 5. We conclude the proof. We now extend this result to the general case ¢ € R{f
and v € "L, To this end we fix w € €’ and consider the functions g(a), -, -, +)and

g(w, -, -, -) defined on R"” x Rf' x S"=! by (5.10) and (5.11), with g (-, -, -) replaced
by g(w, -, -, -). In view of Step 4 we have

g(w7xv gs U) :g(wvxvgv V) :ghom(w» §7 U) (625)

forevery x € R", ¢ € Qf,and v € Q" N S"~!. By Lemma 5.5 and arguing as
in the last part of the proof of Theorem 5.1, we obtain that (6.25) holds for every
x eR", ¢ eRj,andv € S"=1. This proves (6.1) for every w € @/, x € R”,
eRM andv e S 1.

Moreover, if (1;),ezn (resp. (t;);ern) is ergodic, then by Corollary 6.3 the
function ghom does not depend on w and (6.2) can be obtained by integrating (5.1)
on €2, and using the Dominated Convergence Theorem thanks to (5.4). O

Acknowledgements. F. Cagnetti wishes to thank Panagiotis E. Souganidis for suggesting
to consider the stochastic counterpart of [15]. The authors are grateful to Marco Cicalese
who drew their attention to the argument in [2, Proof of Theorem 5.5, Step 2] (see also
the previous result by BRAIDES and PIATNITSKI [14, Proposition 2.10]) which is crucial
in the proof of Theorem 6.1. F. Cagnetti was supported by the EPSRC under the Grant
EP/P007287/1 “Symmetry of Minimisers in Calculus of Variations”. The research of G.
Dal Maso was partially funded by the European Research Council under Grant No. 290888
“Quasistatic and Dynamic Evolution Problems in Plasticity and Fracture”. G. Dal Maso
is a member of the Gruppo Nazionale per 1’Analisi Matematica, la Probabilita e le loro
Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INAAM). L. Scardia
acknowledges support by the EPSRC under the Grant EP/N035631/1 “Dislocation patterns
beyond optimality”.



968 FiLippo CAGNETTI ET AL.

Open Access This article is distributed under the terms of the Creative Commons Attribu-
tion 4.0 International License (http://creativecommons.org/licenses/by/4.0/), which permits
unrestricted use, distribution, and reproduction in any medium, provided you give appropri-
ate credit to the original author(s) and the source, provide a link to the Creative Commons
license, and indicate if changes were made.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in
published maps and institutional affiliations.

Compliance with Ethical Standards

Conflict of interest: The authors declare to have no conflict of interest.

Appendix. Measurability Issues

The main result of this section is the following proposition, which gives the
measurability of the function w +— m%c(w)(w, A). This property was crucial in the
proof of Proposition 5.3.

Proposition A.1. Ler (€2, T, P) be the completion of the probability space (2, T,
P), let g be a random surface integrand, and let A € <. Let G(w) be as in (3.2),
with g(-,-) replaced by g(w, -, -,-). Let w € LO(R",R™) be such that w|s €
SBVpc (A, R")NL>®(A,R™), and for every w € Q letmg:(w)(w, A) beasin (3.4),

with G replaced by G (w). Then the function w —> m}();c(w)(w, A)is T -measurable.

The main difficulty in the proof of Proposition A.1 is that, although @ —
G(w)(u, A) is clearly 7-measurable, mch(w)(w, A) is defined as an infimum on
an uncountable set. This difficulty is usually solved by means of the Projection
Theorem, which requires the completeness of the probability space. It also requires
joint measurability in (@, u) and some topological properties of the space on which
the infimum is taken, like separability and metrisability. In our case (see (3.4))
the infimum is taken on the space of all functions u € LO(R", R™) such that
ulg € SBVpe(A,R™) and u = w near dA, and it is not easy to find a topology on
this space with the above mentioned properties and such that (w, u) — G(w)(u, A)
is jointly measurable. Therefore we have to attack the measurability problem in an
indirect way, extending (an approximation of) G (w) (u, A) to a suitable subset of the
space of bounded Radon measures, which turns out to be compact and metrisable
in the weak™ topology.

We start by introducing some notation that will be used later. For every every
A € o/ we denote by M (A, R™*") the Banach space of all R”*"-valued Radon
measures on A. This space is identified with the dual of the space Co(A, R™*") of
all R"*"-valued continuous functions on A vanishing on 3 A. For every R > 0 we
set

MK = {in € Mp(A, R™™): |u|(A) < R},

where || denotes the variation of p with respect to the Euclidean norm on R”*".
On M § we consider the topology induced by the weak™ topology of M, (A, R™*™).
Before starting the proof of Proposition A.1, we need two preliminary results.
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Lemma A.2. Let (A, S) be a measurable space, let A € o7, let R > 0, and let
h: A x A — R be abounded and S ® HB(A)-measurable function. Let H: A X
MZE — R be defined by

HOu 1) = /Ah(x,x)cum(x). (A.26)

Then His S ® %’(Mﬁ)-measurable.

Proof. Let H be the set of all bounded, S ® A (A)-measurable functions 4 such
that the function H defined by (A.26) is S ® %(Mﬁ )-measurable. Clearly H is
a monotone class (see, for example, [3, Definition 4.12]) which contains all the
functions of the form (A, x) = ¢ (L) (x) with ¢ bounded and S-measurable and
Y€ C?(A). Then the functional form of the Monotone Class Theorem (see, for
example, [23, Chapter I, Theorem 21]) implies that H coincides with the class of
all bounded and S ® Z(A)-measurable functions and this concludes the proof. O

Corollary A.3. Let A € <7, let R > 0, and leth: Qx A x Mf — R be a bounded
andT Q@ B(A)® %’(Mﬁ)-measumbleﬂmction. Let H: Qx Mﬁ — R be defined
by

Hw, 1) :=fAh<w,x,md|u|(x>.

Then H is T @ (M ﬁ)-measumble.

Proof. As apreliminary step, we consider the augmented functional H : Q x M f X
MZR — R defined by

Hw,v, ) = fAh(w,x,u)dmux).

By applying Lemma A.2 to H, with A = Q x MR A = (w,v),and S =T ®
%’(Mﬁ), we deduce that H is 7 ® %(Mﬁ) ® %’(Mﬁ)—measurable.

The claim then follows by noting that H (w, i) = H(w, i, ) and by observing
that (w, u) — (w, i, 1) is measurable for the o-algebras 7 ® ,%’(Mﬁ) and 7 ®
BME) @ BME). O

We are now ready to give the proof of Proposition A.1.

Proof of Proposition A.1. For every k € N let mkG(w)(w, A) be as in (3.6), with

G replaced by G(w). In view of (3.5), the function w +— mg(w) (w, A) is T-
measurable if

w > m’&(w)(w, A) 1is T -measurable (A.27)

for k sufficiently large. To prove this property we fixk > ||w/|| (4 rm) and observe
that there is a one-to-one correspondence between the space of rank one mxn
matrices and the quotient of Ry’ x S"~1 with respect to the equivalence relation
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(¢, v) ~ (=¢, —v). Therefore, thanks to (g6) and (g7), for every k € N we can
define abounded 7 ® Z(A) ® ™ *"-measurable function g : Q2 x A x R™*" — R
such that

Sr(w,x, L ®v) = g(w,x,L,v)

forevery w € Q,x € A, ¢ € R with [¢| < 2k, v € S"~!. This implies that

G(w)(u, A) =/ g(w, x, [u], v,) dH"~!

SuNA

= / G, x, [u] ® v,) dH"! (A.28)
S.NA

forevery u € SBV(A, R™) N L*(A, R™) with |lul| poc(a,rm) < k.
Let o := c5/ca (1 4+ 2[|wllpoo(a,rm)) H"~1(S,, N A) as in Remark 3.4. Given
an increasing sequence (A ;) of open sets, with A; CC Aand A; / A, we define

Xf={u e L'R",R™): ula € SBVpe(A, R™) N L=(A, R™),
lullLooa,mmy <k, H" 1Sy N A) <o, u=winA\A;}.

By (3.6) we have

lim inf G(o), A) =mg,, (w, A).

J—>+o0 uerk

Therefore, to prove (A.27), and hence the T -measurability of w m%c(w)(w, A)
it is enough to show that

wr— inf G(w)(u, A)is T -measurable. (A.29)

uGX;"

This will be obtained by using the Projection Theorem. To this end we consider
X ]k as a topological space, with the topology induced by the weak*-topology of

BV (A, R™), which is metrisable on X’ ]k .Indeed BV (A, R™) is the dual of a separa-
ble space (see [4, Remark 3.12]), and X’ Jk is bounded with respecttothe BV (A, R™)-
norm, since every u € X’ Jk satisfies

lullgyarmy = lullpia mmy + [Dul(A) < kL"(A) + 2ka.

Further, by virtue of Ambrosio’s Compactness Theorem for SBV (A, R™) (see [4,
Theorem 4.8]), the topological space X ]k is compact.

Let g @ 2 X X/’.‘ — 2 be the canonical projection of Q x X Jk onto 2. For
every t € R we have

weQ: inf Gw)(u, A) < z} =g ({(a), u) € x X G)u, A) < z}).

k
uEXj
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By the Projection Theorem (see, for example, [23, Theorem III.13 and 33(a)]),
(A.29) follows if we show that

(0, 1) = G(w)(u, A) is T ® %(;v]’f)-measurable, (A.30)

hence 7 ® B(X ]k )-measurable.

To prove this property we shall use (A.28). By a Monotone Class argument (see
the proof of Lemma A.2) we can assume, without loss of generality, that for every
w € Q and every x € R” the function & — g (w, x, §) is continuous.

In (A.28) it is convenient to express [¢#] ® v, and the restriction of H' 1 to
S, by means of the measure y := Du. By [4, Theorems 3.77 and 3.78] for every
B € #(A) we have

M(B)=/ U] ® vy dH"" and IMI(B)=/ L]l dH™ . (A3D)
S,NB

S.NB

hence

[[u]]

To write (A.28) as alimit of measurable functions, forevery u € My (A, R™*")
and p > 0 we consider the measure u” € Mp(A, R™*") defined by
w(B)

—1 n—1

H"1(B) =/ de. (A.32)
S.NB

u?(B) = for every B € B(A),

where w,_1 is the measure of the unit ball in R"~'. If u € SB Ve (A, R™) and
u = Du, by the Besicovich Derivation Theorem and by the rectifiability of S, (see
[4, Theorems 2.22, 2.83, and 3.78]) we deduce from (A.31) that, when p — 0+,

u?(B,(x) NA) = ([u] ® vy)(x) for H"!-almost everywhere x € S, N A,
(A.33)
[P (By(x) MA) — |[u](x)| for H"-almost everywhere x € S, N A.
(A.34)

Since & — gr(w, x, &) is continuous and bounded uniformly with respect to
x, by the Dominated Convergence Theorem it follows from (A.32), (A.33), and
(A.34) that for every u € X jk we have

o P
G(w)(u,A) = lim lim gk(a), X, WP (AN Bp(x)))
n—0+ p—0+ J 4 max{|u”|(A N By(x)), n}

dfp|(x), (A.35)

with u := Du. Let R := 2ka. Since the map u +— Du from BV (A, R™) into
Mp (A, R™*") is continuous for the weak™* topologies and the image of X Jk under

this map is contained in M= the claim in (A.30) is an obvious consequence of

(A.35) and of the following property: for every n > 0 and p > 0 the function
gk(w, x, uP (AN B,y(x)))

A max{|u?|(A N By(x)), n}

(w, ) — d|p|(x) is T®%(M§)—measurable.

(A.36)
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To prove this property we observe that

(x, ) — [P [(AN By(x)) is (jointly) lower semicontinuous on A X ./\/l§ .
(A.37)

This is a consequence of the equality
Il (Bp(x) M A) = sup {/ o(y —x)du(y) : ¢ € C(B,(0), R™™), |g| < 1}
A

and of the (joint) continuity of (x, u) +— fA o(y —x)du(y) on A x Mﬁ.
We also observe that the R”*"-valued function

(x, ) > u?(ANB,(x)) is B(A) ® %(Mﬁ)—measurable. (A.38)

Indeed, given anondecreasing sequence (¢ ;) of nonnegative functions in C, Ll (B,(0))
converging to 1, we have

1 .
WP(ANBy(x) = ———— lim [ ¢;(y —x)du(y),
Wn—1pP J=>too JA
and each function (x, u) — fA @;j(y—x)du(y)is (jointly) continuous on A x Mﬁ.
Since gi is 7 @ HB(A) @ HB"™*"-measurable, from (A.37) and (A.38) we obtain

that

gi(w, x, 1 (AN Bpy(x)))

(@, x, 1) — max{|u?|(A N B, (x)), n}

is 7TQ® AA® %’(Mﬁ)—measurable,

and (A.36) follows from Corollary A.3. This concludes the proof. O
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