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It is assumed that the financial return r; follows a GJR process with the s-step-ahead conditional

variance given by:
hivs =w+ (@ + Mo 1) €ty 1 + Bhits (1)

The aim of this appendix is to calculate the conditional moments of the forward return r;; s and of

its conditional variance hy4s, as well as of the aggregated return and of its aggregated conditional

variance. Specifically, for ¢ = 1, 2, 3 and 4, and for z = r and h, we compute:

i =By (), ulh =B ((wt% - ,15}72) ) ’

(Z th+s> ] , Maglv)w =E; ((Z <$t+s - g&%)) ) ,
s=1 s=1

Tx,s =

(2

We focus on calculating the un-centred conditional moments; the centred moments will follow using

simple formulae. We denote by Fj the distribution function for D (0, 1), evaluated at zero, and set:

p=a+\p+ 3 (2)

and b = w(1 — )~'. For both the normal and the standardized Student ¢, Fy = 3, since the two

distributions are symmetric, thus for these two special cases ¢ becomes:
A
p=atg+p (3)

For S, U, U, w > 07 we define ﬂh,suvw = Et (ht+sht+s+uht+s+u+vht+s+u+v+w) and:

(i . . ik . . A ) .
’uglzysji)i = b ( IZH'SthrSJru) ’ Hg:,s]uv) = E; ( fﬁ+sh§+s+uht+s+u+v> y eg{) = E; (5t+shg+s+u> .

After deriving the formulae for the generic model, we allow the innovations distribution D (0, 1) to
take two specific functional forms that are commonly used in practice: the standard normal and the

(standardized) Student t.* When D (0, 1) is the standard normal distribution and the even moments
T

are given by ,ug%) =[] (2¢ —1). When D (0,1) is the standardized Student ¢ distribution, the odd
i=1
order moments are again all zero (provided the number of degrees of freedom v > the order of the
1\p(L,—
moment) and the even moments are given by: Mfr) =(v— Q)TW, if v > 2r.
2 2

4We shall only derive the expressions for the two special cases when a particular expression derived for the generic
case differs for one (or both) of the special cases; when no formulae for the special cases are mentioned, the generic
formulae apply.



A1l: Conditional Moments of Forward and Aggregated Returns

(a) First Conditional Moments of Forward and Aggregated Returns

n
Set Ry, = > 14+ for the aggregated return for s > 1. By the tower law of expectations:
s=1

By (rys) = By (p+etys) = p+ By | Erys1(6t1s) | = 1,
—_———
0
n n
E; (Rin) = E; (Z 7’t+s> = > Ei(ries) = np.
s=1 s=1

(b) Second Conditional Moments of Forward and Aggregated Returns

The second moment of the forward return is:
Ey (Tt+s) Ey {(M + €t+s)2] =p?+h+ ! (ht-l—l — B),

where we used the expression for the second moment of variance [Ll(li ,ugg h+ @t (ht+1 - l_z)

derived in Appendix A2 below. The second moment of the aggregated return is:

n 2 n n—s
Et (Rl?n) = Et(zrt+s> :E <Zrt+5+2227‘t+37}+3+u> . But

s=1 s=1u=1

Ey (er+s> = Z (1P +h+¢" ! (hepr —h)) =n (p®+h) + (b — h) (1 - ) (1 — "),

s=1 s=1
n n—s n n—s n n—s
2 (Z Z Tf+3rt+8+ﬂ> = Z Z By (T4 sTtysiu) = Z Z Ey (4 eiqs) (14 €tgsan)) = Yon (n —1) u2.
s=1u=1 s=1u=1 s=1u=1

Hence, the expression for the second moment of aggregated returns becomes:
Ei (RE) = n?u? + nh+ (hyy1 — h) (1 — ) H1— ).

(¢) Third Conditional Moments of Forward and Aggregated Returns

For the third moment of forward returns we write:
By (r}ys) = B {(N + Et-i—s)g} = E; (4® + 3pPerss + 3ueiis + €ps)
~(1 3/2 ~(1 3/2
= ud + 3##2,2 + Ey (Zt+sht4/rs> = u® + 3##1(1,2 + 7By <ht4/rs) :

For any GJR model with a symmetric innovations distribution the third moment of returns is:

By (riys) = w’ + 3#/121,2 =13+ 3u (h+ >~ (heg1 — b))

However, for the generic, skewed model, we need to approximate F; (h?ﬁ) using a second order

Taylor series expansion. In general, for a smooth function g (X):



9(X) = g (E (X)) + g (B (X)) (X = E (X)) + 1ag" (B (X)) (X = B (X))*.

Taking expectations we have: E; (g (X)) ~ g (E; (X)) +1kg" (B (X)) V; (X) . Setting g (X) = X3/2,
so ¢ (X) = %XI/Q and ¢" (X) = %X*I/Q and setting X = hyy s yields:

B (R02) = 1)+ 2 (112)

~(2)

T ) and fi; ; are given in the Appendix A2 below.

where the expressions for fip,,
We now compute the third moment of the aggregated returns:

n 3
E; (Z 7”t+s>
n n—s

= Z E: ( rt+s +3 Z Z [E: ( T‘t+s7’t+s+u) + Ey (Tt+s7"t+s+u)]
s=1 s=1u=1

Ey (R}))

n nNn—sn—s—u

+ GZZ Z E (ri4sTt4s4uTt+s+utv)

s=1u=1 v=1

where
STE(rt) = o (4 3R) +3u(1 = 9) (L= ") (b — B) 47 0 B (BL2)),
Z Z Et (T1§2+5Tt+s+u) = Z Z Et [(Mz -+ 2“6154,_5 + 5?4_5) (,U + 5t+s+u)]
s=1u=1 s=1u=1
= > ) (M3 + Mﬂgi) :
s=1u=1
1 _ _ _ n 7
= | R ) 4 - [ (= 1= )] e = )
and
Z By (revstipssn) = Z Z By (1 + evrs) (4 + 21804540 + €1 ysra)
s=1u=1 s=1u=1
B n n—s . ) )
= Z Z (/‘L + HEp s + E (6t+55t+s+u))
s=1u=1



and, letting f denote the density of the innovation distribution:

Eq (Et+85?+s+u) = E (Et—i-sEt-i-s-i-u—l (€?+s+u)) = 98}

= Ei(etrs (W (@4 Migrsru1) e rspu1 + Bhirstu—1)) = B (€r46E7 4 s1u1)

0
= "B (erpshigsi1) = " [ am + A / 2 f(2)dz | By (h?fs> :
The final expression for > Z_: Ey (re4sTfg4y) becomes:
s=1lu=1
21 —1 By (Tt+srt2+s+u> = n(nT_l)rU’ (,u2 + B)
X M[(l—sf’)l ne" (ht+1
+(1 - QD)_ n
+am+A f > (L=¢"*)E, (hffs)

z=—00 s=1

For the normal GJR we have 7, = 0 and it is easily shown that:

fo 2f(2)dz = f \/%236}(})(—%)612:—\/%.

Z=—00

Similarly, for the Student ¢ GJR, we have 7, = 0 and easily get:

0 0 vl _ v+l 3/9
3 _ 3 I(43h) ( 22> T2 (w22 T

z Z) = zZ 1 + dZ — T = v Y

z:[oo f ( ) z:‘[oo F(%) m(v—2) v=2 v (=1 (r=3) (5)
Finally, repeatedly applying the tower law, we have:
n n—sn—s—u n nN—sSsn—s—u
n —1)(n—2

Z Z Z E (74 sTt4stuTt4stuto) = Z Z p? g ( ),u?’.
s=1u=1 wv=1 s=1lu=1 v=1

(d) Fourth Conditional Moments of Forward and Aggregated Returns

The fourth moment of the forward returns is

~(1 3/2 ~(2
Ly (r?+s) =k (/1’4 + 4M3€t+5 + 6M2E%+s + 4/1'5?+s + €?+s) = U4 + 6!“’2/1’1(1; + 4/“-»3Et (ht-{-s> + /izlul(z,i’

where ﬂgi and [Lfl are derived in the Appendix A2 below and FE; (htJ/rs> is given above as a

function of these first two conditional moments of the forward variance. In the special case that



the innovation distribution is the standard normal, E} (rf +S) =put+ 6;12[1211 + 3,&222,, while for the

Student t GJR, E; (T’t+5) = pt 4 6,u2 (1) Z[L,(i)g. The fourth moment of aggregated returns is:
n mn—s
Ly (an) = Z Ey 7’t+s + Z Z Et Tt+s7°t+s+U) + By (Tt—i-sr?Jreru)) + 6L (Tt2+s7”t2+s+u)}
s=1u=1

n nN—sn—S—u

2 2 3
+ 12 Z Z Z (Et (rt+s”+3+urt+8+uﬂ) + B (Tt+s7“t+s+u7“t+s+u+v) + Ei (Tt+s7“t+s+u7“t+s+u+v))
s=1u=1 v=1
n nNn—Sn—S—un—S—u—v

+ 24 Z Z Z Z Ey (Tt—l—sTt+5+urt+s+u+v7”t+s+u+v+w)7

s=1lu=1 wv=1 w=1

where

M:

1 3 ~(2
(u4 + 6120 + 4pr. By (htis) zﬂﬁhl)

n
> B (riy)
s=1

s=1
n

= np® (0¥ +6h) +6u°(1 — @) (1= @) (heyr —h) + <4uTzEt <ht4/rs> + /f»zu@))
s=1

For the normal GJR,

n

> B (rfs) = npe® (12 +6h) +60°(1— )~ (1= ") (hers —h) +3 D if2),
s=1 ]

while for the Student ¢ GJR the sum above becomes:

S B (i) = nie? (5 + 6R) + 612(1 — @) 7 (1= ") (husa — B) +3°— 3 ).
s=1 s=1
Note that
Z Z By (rfyorevsin) = Z Z By (17 + 3 (WPerss + peiys) +etys) (0 + Srvsia))
s=1u=1 s=1u=1
—1 - _ _ _
= 2 2 sh) 4 320 [ (1) (- )] (e~ B)

n

+  ur Z (n—s)Ey (h?fs) ,

s=1



which for the normal and Student ¢ GJR models becomes:

n n—s

-1 - _ _ -
SN B (5 aressia) = ”("2);3 (12 +3R) + 32(1 = 9) ! [n = (1= ) (1= ¢")] (i1 — ).
s=1u=1

Z Z Et (Tt—&-srg—&-s-i-u) = Z Z Et ((,u + 5t+s) (#3 +3 (M2€t+s+u + ﬂé—?—&—s-&-u) + 5§+s+u))
s=1u=1 s=1u=1
n n—s

= Z Z (/‘ +3u° iy, i—i—u + ur By (htJ/rs+u) + 3pky (gt-i-sst?—l—s—&-u) + By (5t+55?+s+u)>'
s=1u=1

3/2 3/2 3/2 .
Now, E; (5t+s€?+s+u) = E; (Et+sEt+s+u—1 (Z?+s+uht4/rs+u)) =71,k (5t+sht.{_s+u) = Tz9§u/ ), which
for the normal and Student ¢ GJR models reduces to E; (5t+35§ s +u) =0, since 7, = 0.%> To solve for

03/2) e

h.s+u> ODtaining:

in the general case, we again use a second order Taylor expansion around fi

DS (ﬂg,iw)g/z + g(ﬂgiw) v (ht+s+u - MgiJru) + %(ﬁglm) s <ht+s+u - ﬂgzl,i+u>2’

which yields:

3 - 1/2 1/. -1
By (et4s87160) = 7,0(3/?) = 1 (uﬁfiﬂ) (Et (et4shirstu) + B (uﬁflﬂ) Ey (5t+sh$+s+u)> :

Since, conditional on the information available at time ¢, the indicator function I, is independent

of all (contemporaneous) e2¥ for any natural number k, we have

02 = E, (5t+s W+ (@ + M) €t stut + Bhitstu— 1)2> = 7922_1) + 2w¢9§a_1).

We also set:6
v = (4 (20X + A2) Fp) w0, + B2+ 26 (a0 + AFp) = 9% + (k0 — 1) (0 + MFp)® + kN2 (1 — Fp) .

A2, When D(0,1) is the

If D(0,1) is the standard normal distribution, v = ¢* + 2(a + %) + 32X
NPT
+3)"+3 (ﬁ) 2.

standardized Student ¢ distribution, v = ¢? + (35—:2 ) (

SEven though for the normal and Student ¢t GJR 7, =0, 9§3u/2> =FE (st+shfﬁ+u> is generally non-zero for these

models (and enters the expressions of higher moments computed below) and this is why we still consider the normal
and Student ¢ special cases in the derivation of 02:;’/ 2,
5Tt can be shown, using the Cauchy — Buniakowsky — Schwarz inequality, that the kurtosis is always greater than

or equal to 1, hence k. > 1 (see also Stuart and Ord, 1994, p. 109). Now it can be easily seen that v > 0.



u—1
Solving the recursion for Ggi), we have 9@ = y“_ng) +2wp Y A _19&1_].). But
j=1

u—1 u—l
3 ,ijlggz_j) =y ATl TR, (hf’f) =c(p =" (" =) B (ﬁf) ;
j=1 J=1

T=—00

0
where ¢4 = (Oﬂ'z +A [ 2Bf () da:) . Thus,

eg) = Et (5t+sh%+s+1) = Et (st‘i‘s (w + (a + AItjrs) 51%—0—3 + BhH—S)Q)

0 0
= (a (oz,uf) + QﬁTz) +A2a+N) / 2O f (z) dz 4+ 203 / 23 f (z) da:) E; (hfﬁ)

0
+ 2| war, + \w / 23 f (z)dx | E (h?_/é)

0
For the normal GJR, 7, = ug5) =0, f(2) = p(2), and [ 2°p(2)dz = —4\/%. Similarly, for

z=—00
the Student ¢t GJR, we again have have 7, = u,(f) =0 and f(z) = f,(2). After some algebraic
manipulation, we have: [ 2fy(2) = —% (Vil(;j(;?;);uis) Fﬁ(z)) Thus, the final expression for
Z=—00 2
Ggi/ 2 becomes:

o =2, e [0 B () ()

Al <C5v“*1Et (h?fs> + 2wey (@(90 —9) T (et =) + 'V“’l> E, (hfﬁ))

where . .
5 = (a,ug‘r’) + 2&@) +A(2a+)) / 2 f (x) dx + 28\ / 23 f (x) dx

and E} (h?ﬁ,) is given approximately, using a second order Taylor expansion for h?fi around



Ei (hiss), as: By (h?ﬁ) ~ %(ﬂ%i)l/z <15[Lgi — 7(/1212)2) We also have:

n n—s n n—s

Z Z By (Tt2+s7“tz+s+u) = Z Z E; [(M +errs) (u+ 5t+s+u)2}
s=1wu=1 s=1u=1
n mn—s 1 1
- Z Z ['u4 + /“LZ <ﬂ§L7i ﬂg,?s-ﬁ-u) + 2'LLEt (5t+56?+8+u) + Et (61%+35§+s+u)}7
s=1u=1
Et (Sg—kse?—&-s—ku) = Et (5%+sht+s+u) = Wﬂsi + C,OEt (8§+55%+s+u—1)
= Wﬁ;zl,i ((1 ) (1—e") - 901“1) + T B (st st1) 5
Ey (67 setrs1) = Bi(efshirsir) = Br (efs (w+ (0 + M) €745 + Bhirs))

= wiy) + k. (@ AFy + #518) )

Hence, the final expression for Ey (7, ,67,,.,) becomes:

By (2 ehara) = h(1— ") i) + 0" ke (a+ AFy + 57 16) fif).

The expressions for the normal and Student ¢t GJR are obtained by replacing x, = 3 and k, = 3 Ez:ig ,

respectively, and Fy = % in the expression above.

Next,

By (rfysrevstaltestute) = Bt (1 areesiuBersiusot (Mersurn)) = 1B (1 srevssa) = 1B (17)
Zf@”ﬁ»

By (revstiysealtvstute) = B (4 eees) (02 + Pegsyu)) = p' + H%ﬁi + bl

Ey (reysrivstutisture) = B (FeysirstuBrpsturo—1 (17 + 2080 fstuto + Erstuto))
= B (rersrirssu (17 + hissuso) )
= pt+ M2/1;(11728+u+v) + MQSZLH) + UE (ettstuPitstuto) + Bt (Ertsettstulitstuto) ,

By (ettstuhtistutv) = B (Bpps (Etrstubttsiuio)) = B (B (Et+ubty +uto)) 5

where t1 =t + s.

We showed that E; (e44shttstu) = 0&2 = cy" By (hfﬁ) Hence Ey, (g4, bty tuto) = cap’ 1By, (h?l/iu>



and thus we have: Ej (614 siuPtysiusv) = a0’ L Ey (E,g1 <h?ﬁu)) = cy LBy (h?feru) . Also,

E; (etrsetrstubivsture) = Fr(Errserpstubirsiuro) = Bt (e0rsBy (€n1uhty yuto))

= oy’ B (€t+sEt1 (ht1/+u)) = " B (5t+sh§ﬁ>+u> = cap? 108/,

Finally, repeatedly applying the tower law, we have that Ey (7447t s tulttstutolttstutorw) = 1

(e) Centred Conditional Moments of Forward and Aggregated Returns

The second conditional centred moment of the forward returns (i.e. the conditional variance of the
forward return) is:

2

M£s>) = By (¢f15) = Ei (huys) = M;Lli =h+ " (hy1 — h),

and for the aggregated returns it is:

n n n—s n
M2 = FE, (Z 5t+s> Z Mh st2 Z Z By (et45€t+stu) Z ﬂfi
s=1 %’_/ s=1

s=1u=1

= nh+(1—@) " (1=¢") (hipa — D).

The third conditional centred moment of the forward returns is:

2 = Bufet) = (122) = b (s(2) ™ o2 2) ).

( 5) = 0 in the special cases when the innovation distribution is either the standard normal, or

SO [y,

the standardized Student t. In general:

n 3 n n n—s
M) = E (Z st+s) =S B () 433N (B (Ferisra) + Br (Frrsiiara)]
s=1 s=1 s=1u=1
n n—sn—s—u
+ 6 Z Z Z Et (5t+35t+s+u5t+s+u+v)
s=1u=1 v=1
n n n—s
SOOI i EED D) DECA CHIC NN
s=1 s=1u=1
1 n 3/2 1/2 n n—s
S (5 ()" + 32 (1) > 33 Y B (ersscionn)-
s=1 s=1u=1

n—s

n n—
For the normal and Student ¢ GJR models, this expression simplifies to MT ) Z > B (8145871 s1u)-
s=1lu=1



The fourth conditional centred moment of the forward returns is:

so in the special case that the innovation distribution is the standard normal, ,u£« 2 = 3~§L22, while

for the Student ¢ GJR we have: u$3 = ;4,&22,

The fourth conditional centred moment of the aggregated returns is:

4
n
M) = E (Z5t+s>
s=1
n n—s

= Z€t+s+ Z Z (Bt (64 setrstu) + B (5t+s€t+s+u)) +6E; (5?+35?+s+u))
1 1
n n— Sfl suu

2 2 2
+ 12 Z Z Z By (5t+set+5+u5t+8+uﬂ) + By (5t+85t+s+u5t+s+u+v) + Ey (5t+35t+s+u5t+5+u+v)
s=1lu=1 v=1
n nN—SnN—S—un—S—u—v

+ 2422 Z Z Ey (€t+s€t+s+u5t+s+u+v€t+s+u+v+w)

s=1lu=1 wv=1 w=1
n n—s n n—sn—s—u
= Kz Z Nh 5 )+ Z Z 4Et €t+36t+s+u) + 6E; (5t+s5t+s+u + 12 Z Z Z Et €t+35t+s+u5t+s+u+v)-
s=1 s=1u=1 s=1lu=1 v=1

In the special case that the conditional distribution is the standard normal,

n n—s n n—sn—s—u
=3 Z K + 6 Z Z E; (745t o) T 12 Z Z Z By (ettsStbotustistuto):
s=1u=1 s=1lu=1 v=1

while for a Student ¢ GJR we obtain,

n n—s n nN—Sn—s—u

MT(%VZ - 3; — i Z Fh,s + 6 Z Z Et €t+85t+s+u + 12 Z Z Z Ei 5t+s5t+s+u5t+s+u+v)

s=1u=1 s=1lu=1 v=1

(f) Standardized Conditional Moments of Forward and Aggregated Returns

The skewness of the forward returns is:

= () = (122) () = e (s o)) )

= g (a2 () )

10



Note that, if we used only a first order Taylor series expansion, we would obtain 7, s =~ 7, and that

Trs = 0 for both the normal and Student ¢ GJR.

The kurtosis of the forward returns is:
4 2 2 1
/M("s) <Mr,s) "'fz,UJgL i (;UJ% i) )
so in the special cases that the conditional distribution is standard normal kj , = 3u(2) (ugi) ,

-2
while for the Student ¢ GJR we obtain: rj s = 37— 4u2 i (,ug )> . Finally, the skewness and kurtosis

of the aggregated returns are:

Ty = MY (M,%)ig/ * and K, = MY (M,%)fz.

)

A2: Conditional Moments of Forward and Aggregated Variances

(a) First Conditional Moments of Forward and Aggregated Variances
Applying the conditional expectation operator to (1), the first un-centred conditional moment of

the forward variance may be written:

M}(ngl =2 ﬂgi =nh+(1—¢) ' (1—¢") (hig1 — D)

or equivalently, in recursive form: M }(1120 =M ,Slr)l_l +h+ 90"_1 (ht+1 — B).

(b) Second Conditional Moments of Forward and Aggregated Variances

The second moment of the forward variance is:
i) = E ((w F(a+ M, ) et i+ 6ht+5_1)2)
— WP+ 2wpfif) (¢ (ke — 1) (0 + AR’ + 1 X2y (1= R)) i)
- ji 1 (@2 4 2w (4 05 (B — B))) 475 hE
i=
When ~ = 1, the expression for the second moment of the forward variance becomes:
i) = (s — 1) (w® + 2wph) + 20k (1 — ¢*Y) (hery — h) + h3,,.
For v # 1 (and v # ¢ ), we introduce the following additional notation:

11



a1 = (w? 4 2wph) (1 — N7 e = 2w (hts1 — h) (o — ) land  e3 = c1 + co.

Now the expression for the second moment of variance may be written:
~(2) _ B2 . s—1 s—1
Pps = €1+ (hiyq —e3) v~ 4 o™

The second moment of the aggregated variance is given by:

W = 5

n 2 n
(; ms) ] = Yl 2% 3 A
where

ﬂg’sit) = By (hess (W (@ + M 1) Epsrut T Bhisstu-t))

= Wil + @iy = ity + ¢ (A6 — ity )

Hence

A= 3 et (= )7 o) ®)

=nc; + (h%-&-l — 03) (1 — ’}/)_1 (1 — ’Yn) + 02(1 - 80)_1 (1 - ‘Pn) ’

and
n n

S (n—8) A =3 (n—8) (h+ ¢ (hes1 — b))
s=1 s=1 (6)

=2kt (1= ) i (=9 (=" (b — ).
Next we evaluate the double sum term in (4). We have:

SN ) = (1 — ) ) A (1 — )

s=1u=1
=p(l—p)" (e =™ ) + (e —e) (L—9) " (L—¢") + (hfyy —c3)
[(1 —) A=) = (=) (" - 'y”)]
and
Z i Spuﬂg”l’*)s = vll-9)" Z (1=¢"7%) (A + 9" (heyr — 1))
s=1u=1 —1
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Thus the final expression for M }(127)1 is:

W) = ner + (R = es) (1=9) 7 (1= ") + a1 = 9) ' (1= )

+2h (MR + (1= 9) 7 = (1= ) (1= ") (a1 = 1))
n(er—exp" )+ (2 —er) (1—9) 7 (1= ¢") + (hiyy — es) (8)
(=T 1= = (e =17 (" =)

—2hp(1 =) (n (R =" (hua = B)) + (L= 9) 7" (e = 28) (1= ™)) .

+20(1— )~

(¢) Third Conditional Moments of Forward and Aggregated Variances

We now consider the third moment of the forward variance:

'a’(fi = Et [(w + (a + )‘It:rsfl) 6%—}-5—1 + ﬁht+571)3]

= w3 + 3w2pf)_| + 3w [k (a2 + A (2a+ ) Fo) + B2 + 26 (a+ AFO)lgg%;_l

gl
+ [pé“ (a3 4 3aX (a+ A) Fy + A3 Fp) + 3Bk, (a? + X (2a + A) Fy) + 358% (a + AFp) + /53] ggf}g_l
s—2
i ~ ~(2 s—
= ;) K (wg + 3W290“§zl,i—z’—1 + 3‘”7“2,2—@'—1) +eg R,
where

cg = pd (o +3aX (a+ \) Fy + N Fy) + 38y — 82 (28 + 3 (a + AFp)) .

For the special case where innovations are normally distributed, we have Fy = % and ,u,(f) = 15.

2
Similarly, when innovations are Student ¢ distributed, fy = % again, and u,(zﬁ) = 15%.

For ¢ # 1 (and cg # 7, ¢ # p, and v # 1), we have that:

[Lgfi = w (w2 + 3wph + 3701) (1— 06)71 + (3w2g0 (ht+1 — 71) + Bw’ycz) (p— 06)71s0871

+ cecy 3wy (—es + hig) (v —ce) L

where

c16 = hiyq — w (w? + Bwph + 3yer) (1 — cg) T — (3w?p (hyg1 — h) + 3wy (—c1 + hiyy)) (o — c6) L

13



(3)

For cg = 1 and 7 # 1, the expression for fi; . becomes:

~(3
fins (w 3wl By ) + b

|
=ML

i=0
= h{,+(-1Nw (w + 3how + 3ycr) + 3w [we (hey1 — h) 4+ vea] (1 — @) (1- gps’l)

+ 3wy (i —cs) (1—7y) " (1= .

For ¢g # 1 and v = 1, we have that:

ﬂg = WPl—c) (1) + 3w @Z (h+ "% (heg1 — 1))
s—2 ) - - . -
+ 3W’YZ (cé (s—i—2) (w2 + 2wiph) + 2¢h (1 — 8057172) (hts1—h) + hfﬂ)) + Cg_lh?ﬂ
i=0
= (w® + 3w?ph + 6wyph (hys1 — h) + 3wyhi,) (1 — )" (1—ch)
+ [Swch (ht+1 — 71) — 6wyph (ht+1 — B)] (p— c6)_1 ((psfl — cg_l)

+ 3wy (w? + 2wiph) ((1 —c6) t(s—2) — (1 —cg) 2 (1- 02_2)) + g thd .

For the third moment of aggregated variance we write:

n 3 n n—s
Mi(LSv)z = b ((Z ht+s> ) ZEt (hi1s) +3ZZ Ey (hi higstu) + Br (husshiygrn)]
s=1 s=1 s=1u=1
+ GZZ Z Et (ht+sht+s+uht+s+u+v)
s=1lu=1 v=1
LY (W ) £ 63 S )
s=1 s=1u=1 s=1lu=1 v=1
where
ﬂi(zz,’sit) = B (hirs (W (@ + My oru 1) Evstut + Bhirsiu1)) :‘*’[‘1(12,25 +90ﬂ22,;1(1¢_1) 9)

= hii+ " (i) — i)

14



and

4
w? 4 (0% + 20N gy oy + N ) St T BPhE

(1,2
/1“517513 =B | hews | 42w (@ + Mipgyy1) Esput + 208t siu
) (10)
+26 (@ + A1) 5t+s+u 1 Ptspu—1
= W) + 20, )+ i1y Z 7 (2] + 2wl ) + R
Finally,
/1217;211,) =Lk (ht+sEt+s (ht+s+uht+8+u+v)) =FE; (ht+sEt+s (ht+s+uht+s+u+v)) :
We have already shown that
_(1,1 1 1
Mé ) = By (hgsheyssu) = hu2l+<p ( 2 — hii )),
thus: 7 () @ _7=0)
B, (hty+ulity +uto) = hﬂh,u + " (lu’h u hﬂh,u)
where ,u,( ) = Ey, (hy+u) and ,u,( ) = Ey, (h# ,,). Since
1 U, S— 1, AS— u u — S— s—
hiif) + " ( ) — hii, )) = (¢" ) b+ (hw 1=+ 200" (o =) (0" =y 1))ht+1

4 BQ (1 _ S08—].)

we have:
By, (htysuhtyvus) = ("7 1 hiyer + B V) + 2w — ) 7! (‘Pu_l —VU_I)) hiy st
_ o+ 2ws0h90 v —61)7“1
+ B (1- : _ )
—2weth(p — )"t — A% (1 — L)
and the expression for ,ugl ;u’i) now becomes:

15



ﬂgzl,;z’i) = (¢"7"7") Bt (hishiyoin)
+ (he" (1= ¢¥) + 2wt (o — ) T (9 - 7“‘1)) Ey (higshitst1)
c1+ (chpﬁ(go —y)t - c1> Ayt )

+ E2 (1 _ (pufl) 4 (PU B B fy,
2w h(p — )" — A2 (1 — ")

_ 2 ~(1 ~(2 ~(3
But By (hessh?yoin) = Br (hevs (w0 + (0 M) hs + Bhers)”) = w2l + 2007 + i)

and Et (ht+sht+s+1) = Et (ht+5 (w + (Oé + >‘It_+s) €t2+s + /Bht—i—s)) = wﬁgi + @ﬂgfi

(1,1,1)

Hence the final expression for fi; .’ 7 is:

_(1,1,1 _ el (2 (3
B = (°71) (W2Af2) + 200if2) + Vil )
1

+ (P (1= %) + 2wt (o — ) " (! - 7“’1)) (wﬂﬁl,
o+ (260807_1(%0 —9)7t - Cl) yut (1)

—2wp h(p — )" = A% (1 — ")

W =
+
AS)
=
RS
O

N——

4 BQ (1 o QOu_l) 4 S07}

(d) Fourth Conditional Moments of Forward and Aggregated Variances

For the fourth moment of the forward variance we write:

fs = Ei [(W +(a+ M) efen + 5ht+sfl)4}

~(1 ~(2 ~(3 ~(4
= wh+ 4oy + 6w+ dweefi))_ |+ erfi

s—2
; (1 _(2 (3 _

- a (w4 + 4w3ap,ug;_j_1 + 6w2*yu§“i_j_1 + 4‘*’06/‘2,2»—3'—1) +c lhf}H

0

e

where

= (R (A1 (000 4 aN) 4 6020 4

_|_

4 [ug% (& + Fy (A + 3 (a®X + aX?))) + B2 (a + /\Fo)}

+ 6k.67 (a® + N Fy + 2a\F) .

When the innovations are normally distributed, ,u,(zg) = 105, and when they are Student ¢ distributed

v—2)3

(8) _
pe” =106 g
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Finally, for the fourth moment of aggrregated variance we write:

W = Y3 (4 (A + ) + a2

s=1 s=1u=1
n n—sn—s—u ( ) ( ) ( ) n nN—SnN—S—uUun—Ss—u—uv )
21,1) |, ~(1,21) . ~(LL2 _(1,1,1,1
+ 1222 Z ( hsuv +p hsuv + hsuv)+24zz Z Z hsuvw’
s=1lu=1 v=1 s=1lu=1 v=1 w=1
with
3,1 _ e _(4) -3
A = By (B (@ (0 Mipppurt) Sespucs + Bhussra-)) = hiife) + " (A5 = Bifl))
(1,3 3
M;z,su) = E (ht W (@ + Mgy 1) Errsru—t + BPitstu1) ) ;
_ 3~ (1,1) (1,2) ~(1,3)
= Wil +3 (CUQO,U,h s(u—1 )+7Mh s(u— 1)) +06'uh ,s(u—1)
S o) (L) (1.2) 4)
1.2 4
= C] ( h,s + 3w (w@'uhs(u ji—1) +’y'uhs(u j— 1))) +06'uhs7
7=0
i = B (K A 2 h ?
e = B (Mips(w+ (@4 M giy1) Eigsrut + Bhitsiu-1)
(2 (2.1 2 (4
= wzﬂgg + QW‘PNEL,S(L 1) +’W§Ls (u—1) Z'Y (w /‘( ) + 2wipjiy s(zt j—l)) + 7“/;2;,
7=0
ﬂf”;’i) = Ei (hysBrvs (hirsyubirsruio)) = B (hisBrrs (g siuhirsiuto)) -

~(2,1,1)
h,suv *

~(1,1,1)

hosuy W€ obtain the following expression for i

By analogy with

B+ (o) (A + 2wl + 27
+ (A et 2w o — )T (T = ) ) (B + i)
c+ (2W<P7L(<P -7 - Cl) e _(2)

Hp s

+ BQ (1 _ SD’I,L—l) + ()O’U - B 7
—2wph(p =) = B2 (1 - ")

~(1,2,1) ~(1,1,2)

Using the tower law we can also solve for o suw > Fop sy 80 ,u(l’l’l’l)

h,suv

(e) Centred Conditional Moments of Forward and Aggregated Variances
The second centred moment of the forward variance, i.e. the conditional variance of the forward

conditional variance is:

17



2y = e (e = 2)") = 2 = (182"

The second centred moment of the aggregated variance, i.e. the conditional variance of the aggre-

gated conditional variance is:

n 2 n n n—s
2 =m0 () ) =30 (o (32)7) 20 (- i)

s=1 s=1 s=1u=1
SRR D IS W CHINE) 9 WIESTLAEL B Wi i
s=1u=1 s=1 s=1u=1 s=1u=1
o M = a2 =3 ()"~ 23 3 il (1)
s=1 s=1u=1

s=1 s=1
= nh?+ (i1 —h) (1= ¢%) " (1—=¢™) +2h (hys1 —h) (1 — )" (1 — ™)
and
n mn—s 1 1 n n—s _ _ B _
S A = S (et (s B)) (R o (e — ) (13)
s=1u=1 s=1u=1

_ %n (n =12 45 (s = B) (1= )7 [n = (1 =) (1= )]
+ h(hr—h)(1—o)" [90(1 —o) 1" - ns@”}

+ (e =) =) (1= 6D T (1= ™) = (- ) e (1= ")

For v # 1, the expression for the second moment of the aggregated variance is given by (8). For
v = 1, consider the first formula above for M}(L%z The expressions for the last three sums do not

depend on v and hence remain the same as in the v # 1 case, while

3 Mfi = > [(s—1) (w® +2wph) + 20h (1 — ¢* ") (hug1 — B) + hi,4] (14)
s=1 s=1
1 _ _ _
= 5n (n— 1) (w? + 2wph) + 2¢h (hyy1 — h) (n —1-p)ta- w")) +nhZ,

18



and
n—s

NE

s=1u=1

A W SEERIEERY ) STED SEST ] I
s=1 =1

and

3
3

S = 90”‘3 [(s = 1) (w® + 20ph) + 20k (1 = 0*71) (herr —h) +hiy]  (16)

w
Il
-

m

= (w + 2weph) (1 —p) ! [n —(1-p)ta- Lp”)} —2nh (hey1 — h) "

+ [2905 (ht—i-l ) + ht+1] (1 ‘P)_l (1—¢").

The third centred moment of the forward variance is:

3
s = B ((hw ~ i) ) = i — 32+ o ()’ (a7)

and the third centred moment of the aggregated variance is:
n 3
= (S o))
s=1

n e (A A () A

_ 20 _ 3@ 20) L o(-(0) Fohsu
B ;<“"’S_3”’“S“h ( ) >+BZZ 1) (1) (LDY _ 70200 o)

s=1lu=l ('u’h slu’h ,S+u Mh su) h slu’h ,S+u — Hy s+uiu’h s

n n—sn—s—u ~(1,1,1)  ~(1) ~ ( 1) (1) (1»)
+ 6 Z Hh, suv Mh s (s+u)v Hp (s+u) h,s(u+v)
i _~(D) ~(1,1) + 27 ~(1) ~(1) (1)
s=ru=L U= Hp, (s—l—u—i—v)'u’h su Fh, 'uh,( ) h,(s+u+v)
The fourth centred moment of the forward variance is:
4
= D o2 2 o34
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Finally, the fourth centred moment of the aggregated variance is:

n 4 n
i = 5 (3 (i) ) =3 ((re-2)')
s=1

s=1

(B (= 12)° (e ) )+Et( b = i80) (hessia = i820) ) )

+

n n
Z Z ~(]_) 2
s=1u=1 +6E; <ht+5 — Mh,s) (ht—l—s—‘ru ,uh s+u
B ((hevs = A)” (e — ),) (
t t+s = Hp g t+stu — Hp siq t+st+utv — ,Uh s+u+v
n n—sn—s—u T i 9
o123 Y | B (ht+s - Mgl) (ht+s+u - M%,Lu) (ht+s+u+v iy, s+u+v>
s=1 v=1 2

=1 u=1
~(1 ~(1 1
+Ey (ht+s - Mgl) (ht+s+u - M%,Qu) (ht+s+u+v - ﬂé,imw)

n N—SnN—Ss—un—Ss—u—v (ht+s _ ﬂ;},i) (ht+s+u _ ’a;:iJru)
+ 2422 Z_‘; Z E,

~(1) ~(1)
w=1 ( t+stutv T Hp gty httstutotw — Foh, stutv+w

=1 u=1

(4 )

Performing the necessary algebaraic calculations yields the formula for M from Theorem 2.
The standardized moments (i.e. skewness and kurtosis) of the forward and aggregated variance

distributions are now easily obtained from the central moments, as defined in Section 2.1.

A3: Limits of the Moments of Returns

This appendix derives the limits of the conditional moments of the forward and aggregated returns
of the generic GJR model as the time horizon increases. When they differ from the generic result
we state results for the two important special cases, namely the normal GJR (i.e. D(0,1) is now
the standard normal) and also the normal GARCH(1,1) (i.e. D(0,1) is the standard normal and
A =0). When D(0,1) is the standard normal, 7, = 0, Fy = 5 and x, = 3 and ¢ and 7 become (for
the normal GJR):

3

A A\
gpza+2+5andfy:cp2+2<a+2> +ZA2' (18)

Moreover, for the normal GARCH(1,1), A = 0 and the two constants above simplify further:

p=a+pfandy=¢*+2a% = (a+ ) +2a°%. (19)

We assume ¢ € (0,1) and ¢ # 7.
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(a) Limits of the Forward and Aggregated Conditional Variance
Both the forward and aggregated variance limits, expressed in daily units, are equal to the long-term

variance, which we have denoted by h. That is,

lim ) = lim i) = lim (h+¢" " (s — ) =h

S§—00

and

(b) Limits of the Forward and Aggregated Conditional Skewness

The forward skewness limit is:

1 @ (~m\2\| _1 @) (e ~(1)) 72
iy e = Ji [ (5 9022) )| = g (58 w2t )

¢ ifye(0,1),
where lim [L,(fi = ve D)
5—00 ’ .
oo if y € [1,00).
Hence:

Lr. (543 (w2 + 20ph) (1= 7)1 (R) ) ity € (0,1),
A e =

sgn (1) 00 if y€[1,00).

For the normal GJR and the normal GARCH(1,1), 7.5 = lim 7, = 0.
S§—00

For the limit of the aggregated skewness set:

% (7‘ +3 (aTz—i—/\ [ a:3f(a:)da:> (l—ap)_1>
c13 :% ((owz—l—)\ fo x?’f(x)dx) (1—90)1> =ci2— %

We hayve:
@ (a2 372
i T = Jim 2 (25) = i 264
e [ n WY2 | 5, ()2
=l ¥ tim [n92 55 (51— ) (5 hs) +an(ma) )|
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Write L = lim S, L; = lim Si,, and Ly = lim S, with
n—00 n— 00 n—0o0

13 SZZ:l (2% _ Spnfs) ( (u211)3/2 + 3u( )( ](12)—1/2>

STL - n3/2 )
n 3/2 ~1/2
C13 82:21 (?Tg - gon—S) <5 (félfgxn (ﬂ&)) + 3,&&,22 <11Sr;si£n (ﬂ£15)> )
S 372 :
= c12 n—s . ~(1 3/2 _(2) _a —-1/2
o (3 ) (‘5(““ (7£2)) " +92 mas, (7)) )
S = n3/2

Case 1

Cclg = % < 0, then cj4 — ¢"® < 0 for any s. Also, if 7, < 0, then S1, < S, < S, for any
s.7 Hence, if L1 = Lo then L = L1 = Lo, by the squeeze theorem. We now prove that L; = Lo.
Setting Lyax = nlingo <1I%13§Xn [Lgi> = max (71, ht+1) and Ly = nILHQO <1r§nsi£1n ﬂgi) = min (71, ht+1)

we may write:

. - . — —sy ~(2
Ly = ci3 |5LY2 T}Ln;o (n V201 =321 — )t (1 - )) + 3Lm1r{ nhm n=3/2 Z c14 — ,1,L§1 z,]
and the first term above is zero. For v # 1,
n n
Do(eu—@" ) = Y (e =" ) e+ (i —es) v+ et )
s=1 s=1

= ncici4 +cla (h%-i-l — 63) (1 — ’y)_l (1 — ’yn) + (62614 — Cl) (1 — (p)_l (1 — (pn)

(hier —es) (o =) (9" —7") —nea™ "
For v =1,
n s —1) (w? + 2wph
£ tum el = § gy | OB
s=1 s=1 +20h (1= * 1) (heps — B) + ji 4
=1hn(n —1)cis (w? + 2wphg) b — ¢ (w? + 2wph) (1 — @)
(A=0) " (1= =7t (n = 1)] +2erapho (i1 = B) (n= (1= 9) " (1= ™)
~2¢ph (her1 = h) [(1 —p) T (1 —p") - ns@”‘l} + i) (”014 — (=) (1 - w”)) :
Hence

"If 7. > 0, then Sa,, < S, < S1... However, the limit does not change: the proof above still applies, only that
S2,n and S1,, swap place above.
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0 if v € (0,1),
Ly =4 sgn(c13)sgn (cia (w? + 2wph)) oo ify=1,

sgn (cis)sen | (0 =)™ = el =)71) (B —es)| o0 i € (1,00).

Now, for v € [1,00), sgn(hi; —cs) =1, sgn ((cp — ) — (1 - ’y)*l) = —1 and
sgn (w2 + Qw@ho) =1,

SO

0 ify € (0,1),
L= 7€ (0,1)
sgn (c12) 00 ify € [1,00) .

Analogously it can be shown that Lo is the same limit, hence L1 = Ly and finally:

0 ity € (0,1),
lim T,, = 7e@D
n—oo

sgn (cig)oo  ify €[1,00).

Case 2

c14 > 0: In this case 3 an integer § > 1 such that ¢4 — ¢"7° > 0 for Vs > § and
c14 — " ¥ <0forVs>s>1. It can be easily seen that if ci4 > ¢, then § = 0.

1)

Write Sn—5(1)+5'¢(1),51n—5£%+5511a Sgn—;Sén—FS()

where

“w Zi: (c14 — @"7%) (5(/12172)3/2 X 3~(2) (Mg’l)—lm)

n n3/2
CON3/2 oy /1 —1/2
s Y (e — ") (5 (NSD + i (ﬂgi) >
5(2) . s=5+1
no = n3/2 ’

and

: 3/2 —1/2
_ n—s ~ (1 - (2) X 5 (1
s szzjl (014 7 ) (5 <1rélsa§Xn (,Um,s >) + 3firs (1r§nsl£n ('uns)) >

1 _
Sl,n - n3/2 ’
13 Z (c1a — ") 5( min (ﬂﬁ}s ) ) v + 3,}& ) < max (ﬂgls)>> o
S(Q) B s=3+1 1<s<n <s<n
2n n3/2 ’
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If we solve further for S @

St

Define: ff’b

st = o

. 1,8
and since f;*

Now fithm =

f2§+1,n

)

1 We have:

3/2 3 }
5< max (ﬂ](lli) n—3/2 (5014 _ (pn—s Z 908_8>

B 1<s<n ’ s=1
- oy 5 ) s @)
: ~ —3/2 ~ _,.n—3§ 5—5~
+3 (12181%1 (uh15>> n (014 S; Hps =@ = ¥ :“h,s>

b b
_ ~(2 _s~(2
=Z¢i1¢22%lmﬂjﬁzzwm%ﬂm
S=a S=

—-1/2

max. (ﬂg{i>>3/2n3/2 [5014 — fllﬂ +3 (121371 (uﬂ))

j=1,2,3 are all constant w.r.t. n we have lim Sﬁl =0. Also

n—oo
@ ) (112321” (ﬂé{i))smnﬂﬂ ((n —§)cia — s+1 n)
Sy = €13 - ~1/2
A CH) IR C A

(1—¢)? (1 — " %). Also, for v # 1, we have

n

D (a4 (b — )y + e

s=5+1
= -dadt (M=) (1= (1=9"") tep’1=p) 7 (1-¢"7),

fzf‘l-l,n

Z " (er 4 (hipg —e3) v+t

s=5+1
= ca(l—¢) " (1=¢" )+ (hig—c3) V(e —7) " (" =" +ea(n—8) " .
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For v =1,

S = 3 ((s— 1) (w? + 2weh) + 20k (1 — ") (hess — B) + hiyy)
s=5+1
1 B B L B .
= 3 (w? + 2wph) (n — 8) (n — 5 — 1) — 2¢h (her1 — h) * (1 — )7 (1 — ")
+ (29071 (ht+1 - B) + ht2+1) (n—3),
3§+1m _ Z @n_sﬂgi _ Z o F ((S —1) (OJ2 + Zw(pib) + 2phg (1 — 905—1) (ht+1 — }_L) + h?—f—l)
s=5+1 s=5§+1

= (W4 2wph) (1- ) (p(1 =) (1= ") = 59" )

+ [20h (hes1 —R) + i ] (1 —9) " (1= " %) — (20 (heg1 — h)) (R —3) ™ L.

Hence:
(
0 if vy € (0,1),
G . 2 .
TLIL)II;O Sin = T}LH;O 557)1 = sgn (c13) 00 ify=1,

sgn {013 (h?_i_1 — 03) (7014(1 — ’y)*l + (¢ — 7)71)} oo ifye(1,00),

0 if y€(0,1),

sgn(Tz(a—i—vg@)%—)\ f xSf(x)dx>oo if v €[l,00).

Analogously, it can be shown that lim 527n is identical to lim 5’1’”. Finally, using min (S’ML, S’gn) <
n—00 n—0o0

S, < max (5’1’“, §21n> and the squeeze theorem,®
0 if ye€(0,1),
lim T, , = 0
oo sgn |7 (a+258)+ X [ 2°f(x)dx | oo if v € [1,00).
0 ; 0 ifye(0,1),
Normal GJR: 7. =0and [ 2°f(z)dz = —/2. Hence lim T,, =
T=—00 e —sgn (A) oo if y € [1,00).

Normal GARCH(1,1): 7, = A =0, and thus T, , = 1i_>rn T, =0.

81f ¢13 > 0, then S‘Ln <SS, < S’Q,n, whereas if 13 < 0, the inequality is reversed. However, this does not change the
proof above. Also sgn (—ci2 (¢ — ) + c13 (1 — 7)) = sgn (c12), for c14 < 0. Hence the limits of aggregated skewness
are the same, regardless of c14 being greater than or less than 0.
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(c) Limits of Forward and Aggregated Conditional Kurtosis

The forward kurtosis limit is:

(1)) 2 @ ) kwh™2 (w+ 2ph) (1 — ity e (0,1),
lim ks = K, lim <f‘h S) lim ,u
S—00 5—00 ’ 5§—00

00 if yel,00).

For the normal GJR and normal GARCH(1,1) the limit of the kurtosis of forward returns becomes:

3wh™2 (w4 2¢h) (1 — iy e (0,1),
hHm Rps =

00 if ye€[1,00),

where ¢ and 7 are now given by (18) and (19) for the normal GJR and normal GARCH(1,1),

respectively.

For the limit of the aggregated kurtosis, we write:

-2 -2 _
i Koo = tim (MEZ) MG = i (2 M) (e 2ME) = 2 i (n72M32)

where

n n—s
a= g (2 52) = (S S ),

s=1u=1

and

n n—s n n—sn—s—u
A3 == nh—>Iglo (n_2 Z Z Et (€t+85?+s+u)> + 3 nh—>nc:>lo (n_2 Z Z Z Et (€t+s€t+s+u5%+s+u+v)> .

s=1u=1 s=1lu=1 wv=1
Now, if v # 1,
Ar = lim 0~ (nc1 + ( @ - 03) 1= (1= +ea(l—) (1 (’On))

= ¢ lim n 7+ (A —c3) (1 —7) " lim n 2 (1—9") + (1 — @) lim 72 (1— 7).

n—oo n—oo n—oo

Otherwise, when v = 1:
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n n

S = ((s = 1) (w* +2wph) + 2¢ho (1 = ¢* 1) (hes1 — h) + hiy)
1

(0 + 2l + <2g0h (o~ B) — & (w? 4 20h) + h;l) n

—2ph (hey1 —h) (1 =)™ (1= ™).

V)
Il
—
Vo)
Il

N

So for v = 1, we obtain that A; = nan;O% (w2 + 2wg071)+ lim n~! (QQOB (ht+1 — ﬁ) — % (w2 + 2wcpﬁ) + hfﬂ)—

n—o0

li_>m n=22ph (hyy1 — h) (1 — ©) "t (1 — ™). Hence

0 if y€(0,1),
A1 =9 s (w? + 2weph) if y=1, (21)
00 if v e (1,00).

For As, using the derivations from the Appendix Al, we can write:

n n—s
Ay = 711% <n2 Z Z Ey (€§+55§+s+u)>

s=1u=1
n n—s n n-2
= lim <n2 [E ) [B(l - @U)ﬁﬁﬂ ths (@ + AR+ £718) YD w“lﬁglb :
s=1u=1 s=1u=1

For v # 1, the expressions for the two double sums in the expressions above were derived in the
Appendix Al. Using those results, we have:
In(n—1)h2+ (1 —¢) " 'h(hes1 — h)
— -\ —1 -1
- nh(hey —h) "+ (1 =) (1= ¢") — ho
(r-a-p 7 a-em)-¢

R (hess = ho) (1= )7 (1= ") — g™
o= lim n

e k. (0 + A+ k:.718) (1 — @) !
nev+ (A7) = es) (L=7) 7" (L= 7™ +ea(l = 9) 1 (1= ")
L\ el =) (=" = (B —es) (0 =) 7 (" — ") — neap ]
For v =1,
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o (n— 1) B2+ (1— 9) " (hess — B)
(n--9a-em)-¢
(hes1 —

nh(hy —

h)
ho)

T A=)~ ho

-t

(1-

") —np

Ay = lim n=2
n—oo

+hz (@ + AFp + k71 6) (1 -

o (w? + 2wph) n? + (2¢
—2¢h (hy1 —h) (1 —¢)~

+¢ (w? + 2weh) (

o)
h (hip1 —

T1—

- [0-

h)

sO)

— 1o (w? 4 2weph) + hZ, 1) n

— ") =g (n—1)]

—a¢hwﬂi—h)ﬁ1— o) (=g =] = (- )7 (1 - )

Thus:
1/ h? if v € (0,1),
Ay =4 1k [712 + s (@ + A+ r518) (1 — )7 (WP + 2w<pﬁ)} if v =1, (22)
00 if vy e (1,00).
Now
s=1u=1 s=1u= 1
where
03/ { hs+u 1/2 +wp(p —v)~ (Mﬁflﬂ) 1/2] 0B, (hfﬁ)
+ g( 21 u) 1/27“71 (C Ey (ht-{-s) +2wy(y — @) esBy (hiﬁ))
and
") [ 5+u 1/2 +wp(p—7)7 (ugiﬂ) 1/2] "R, (hi’ﬁ)
+ %( D) e g (s (W) + 290y — ) Mesls (22))

'~ p3/2)
We can now write: by s, < > 05" < by s pn, where, for v # 1

u=1
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bisn = Z <C4 [qu,Ln—s (ﬂﬁiiw —64)} v +wp(p—7) e [qu,1,n_s (ﬂgzl,?s+u’ (=) 04” _1/2>
B () A=) (1—¢")

s ( SRS R
8

+2wy(y —9) e [Qu,l,n—s (uﬁfl% (v =) 04)} g, (hfﬁ,)

) 1= (1=9"7),

and
b 3 Cq -QU,l,n—s (ﬁ%{l.;.w 04” v + wep(p — 7)71 3/2 -1 n—s
wsn = - ) ~1/2 By (ht+s) L=¢)" (1—¢")
Cq _Qu,l,n—s (Mh,erm —(p—7)eca ]
3 e :Qu,l,nfs (uﬁlﬂ’ —65)] 1/2Et (@ﬁ) +2wy(y — ) N R
T3 o :Qu,l,n—s (ﬂﬁiﬂ’_ (- ) 64)]— /2Et (hf’f) (1=7)"" (1=9""7)
and, for v =1
bispn = z <04 |:QU,1,n—s (ﬂﬁilﬂ, _04” 1/2 +welp—1)"tey |:Qu,1,n—s (ﬂﬁilﬂ, —c4>} —1/2)

B () (-0 (1= )

¢ e o O 0
)

ST st o e[ ()] (22
3 1/2 _ —-1/2
bu,s,n = Z (C4 |:Qu,1,nfs (/1511;4_”’ 04)} + w@(@ - 1) 164 {Qu,l,nfs (ﬂgl+u’ 04)] >

B (h2) 1= ) (1= ¢")

5 st (12 es)] B (D)
+ 8 (n=2) ( +2w(1 — 90)7104 [QU,l,n—s (ﬂgi—&-w _64)} _1/2Et (h%i) |

with

max z, ify >0,
o a<z<b
dz,a,b (CL‘Z, y) =

min z, ify<O0
atas) z Yy )
where z = u or z = s.
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n
Also, byin < > busn < byun where for v # 1
s=1

bul,n = %(1 - @)71 Z (1 - @n_s)

| C4Gs1,n (Et (hfﬁ) ,—C4> |:QS,1,n (qu,l,n—s (ﬂﬁilw 04) ,—C4>] i
+wp(p =) eads 1 (Et (@ﬁ) = (=) 04) }

| Joonn (orns (W~ 0 =) =)

13- Y (1)

_ C54s,1,n (Et (ht5-{-2s> ,—C5> [q&l,n (qml»"*S (ﬂsiﬂ’ _05) ’C5>] " }

+2wy(y — 9) " eads 1n (Et (hgﬁ) U c4>

I [QS,I,n (Qu,l,n—s (ﬂﬁlﬂ? -(r—¢) c4) (7= %) 64)} o

= %ll,ul,n(l — 90)71 (n —(1- cp)*l (1-— tp”)) + %lgml,n(l - ’y)*l (n —(1- 'y)*l (1— fy”))

with

. 1/2
Bt = eadsin (Be (h42) s =e1) g (qutn-s (i) oen) =)

+we(e — ) eadsan (Et (h?ﬁ) ;= (=) C4>

e (e (- 05 (50

and /2
5/2 ~(1 -
l2,ul,n = C54s,1,n (Et (ht_{_s) 7_C5> |:QS,1,TL (QU,l,n—s (M;L;Jrua _C5> 7C5)j|

+2wy(y — ©) " eads 1n (Et (h?f) ~r=9) C4>

~(1)

[qs’l’n <q“’1’”_s (Mh»sﬂ’ —(r—¢) C4> (=) c4>} o

Also
buun = %(1 - 80)_1 Z (1 — ")

s=1
C4Gs,1,n (Et (h?ﬁ) ,C4> [QS,l,n <Qu,1,n—s (ﬁi(llyiﬂﬁ 04) ,04)} i +we(p —7)tey
ot (Et (h?fs) (o =) 04) [qs,l,n (qu,l,n_s (uﬁfiw () c4) ,— (=) qﬂ 172 |
H-nT T =)
| C5(s,1,n (Et (h?ﬁ») 705> [C]s,l,n <QU,1,nfs <[L,(11;+u, —05) ,—65)} e + 2w7(7 — @)_104
| dsin (Et (ﬁ’ﬁ) (v =¢) 04) [QS,l,n (qu,l,n_s (uglw —(r—9) 04) —(r=9) @)} o |

= (1 — )" (n (- ta- gpn)) + 30y (1 — )" (n (-t — w))

with
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. 1/2
ll,uu,n = C44s,1,n <Et (h?J{ZS) 764) [QS,l,n (Qu,l,n—s (M§112+u’ 4) 7C4>]

+wp(e =) eagsin (Et (hf’f) (=) 04)

[q&l,n (qu,l,n,s (ﬂﬁ}lﬂ —(p =) c4) = (=) qﬂ ~1/2

and
lo0un = C54s.1.m (Et (hi/i) 05) [qs,Ln (Qu,l,nfs (ﬂﬁlﬂ, —C5> ,—05)} —1/2
+2wy(y — @)_lc4qs,1,n ( (%ﬁ) (=) 04)
[y O G G Py B CRS  |
For v = 1:

~ 1/2 _
C44s,1,n (Et (htJ/fS) ,—C4> |:QS,1,n <QU,1,n—s (Mél’l_yua 04) 7_C4>J + W‘P(SO - 1) 104
bun =3 / (1) —172
gs,1,n (Et (ht—i—s) 7C4> |:QS,1,TL (QU,l,n—s (luh,eru’ C4> 7_C4)i|
(-9 33 (=) 4 fna -1
- . —1/2
C5Qs,1,n (Et (ht—{-s) 7_C5> |:QS,1,n (qu,l,n—s (Mg’i_’_ua _C5> 705):|
_ N —-1/2
+2w(1 - ()0) C44s.1,n (Et (h?J/rQS> 3_64) [QS,l,n <Qu,1,nfs (HE};_HU _64) 7C4>}
= (1= @) (n= (1= @) (1= ¢") + lauan (0 1)

with 12
ll,ul,n = C44s,1,n (Et (h?4?9> >_C4) [QS,I,n (Qu,l,n—s (/15117?9+ua C4> 7_04):|

W ~1/2
"HU()O(QO 1) C44s1n < ( t+5> 7C4> [QS,Ln (Qu,l,n—s (,Uah’eru,CzL) ,_04)1|

qs,1,n (QU,l,n—s ('U’h,s—i-u’ —05) 705)}
_(1) -1/2
C4> [QS,Ln <QU,1,n—s (Mh}ﬁ.w _04) ,C4>} .

and
l2,ul,n = C54s,1,n ( ( t+3> , —C5 [
3 2
t

+2w(1 — cp)_ C49s1,n <Et ( J/rs> ’

Also,
bun = 31— ) 1 3 (1 ")
) s=1
C4qs,1,n (Et (h?-{-25> ,c4> |:QS,1,n (Qu,l,nfs (ﬂ,(ll,iw, 04) ,64)} V2 + we(p — 1)_1@1
ds,1,n (Et (@ﬁ) ,—04) [qs,l,n (qu,l,n—s (ﬁﬁlw 04) 704)} e
+3n(n—1)
C59s,1,n (Et (h?fs> ,05) [QS,Ln <Qu,1,n—s (ﬂﬁlﬂ, —05) 7—C5>] e
+2w(1 — ) ' eags1m <Et <hfﬁ) ,C4> [QS,l,n (QU,I,nfs (ﬂﬁlﬂ, —04) ,—04)} s

= 30 (1 — ) ! (n (-t 1— go”)) + Bl (n — 1)
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where /2
~ ~(1
ll,uu,n = C445,1,n <Et (h?J/fg) 764) [QS,l,n (Qu,l,n—s (ﬂ27i+uac4> 7C4>]

_ B —-1/2
+w(70(()0 - 1) 1C4(]s,1,n (Et (h?.{_i> 7_C4> |:QS,1,n <QU,1,n—s (M](llyi+ua C4) ,04):|

and 1/2
l2,uu,n = C5Qs,1,n (Et (hf.{_i> 7C5) [QS,Ln (Qu,l,n—s (,&S’L)H.u, _C5> 7_C5>}
_ N —1/2
+2w(1 - 90) 164(15,1,71 (Et (h?_{_zs) 764) [QS,l,n (Qu,l,nfs (Mgl,i+u> _C4) ,—C4>:| .

We have previously shown that

n—oo \ 1<s<n n—oo \ 1<s<n

Lyox = lim (max /]Si) = max (E, ht+1) i Lpin = lim ( min ﬂgi) = min (ﬁ, ht+1) .
Also, we have:

B (12) = g (5(2) "o 6) )

(5133/2 + 312 <01 + (B — cs) lim 7° 1 + ¢ lim @*1)) iy £1,

00—

= (s —1) (w? 4 2weph)

11 5h3/2 4 3071/2 lim ify=1,
8 5500 7 s—1 7 2
+290h (1 — @ ) (ht+1 — h) + ht+1
) & BRE43RTPe) ity € (0,1),
00 if ye[1,00).
1(_~75/2 71/2 :
1 1/2 5/2 Th°/“ + 15h*/%cy) if vy € (0,1),
i # (1222) = 3 () A 7)) ) = 4 7 )iy
800 8 800 % if 5 € [1,00) .
Hence, when v € (0,1), lim E} (h3/2) and lim E} (h5/2) exist and are finite.
’ T s 0o t+s S—¥00 t+s
Furthermore, we have that max E; (hif8> and 11<ni£1 E; (hifs>, ¢ = 3 and 5 are bounded. Thus,
H_)m (lj,uu,n) and li_}m (ljuin), 7 =1 and 2 exist and are finite. We get:
3 -1 -1
fhaun(l=¢) " (n=(1=¢) (1=¢")
lim n_zbulm = li_}m n2| * ! 1( ) -0
n—oo n—0o0 — — n
+§l2utn(1—7) (n (1= 1 ))
3 -1 -1
(1= ) (n— (=) (1= )
lim n_zbuu,n = h_)m n2| 4 ( ) ) =0.
n—oo n—oo — — n
a1 =7 (n= (=) (1= 9)
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n

Thus lim n=2 Y by,s,n = 0. This translates into:

n—00 =1

n n—s n

: —2 (3/2) . —2 _
Jim 072> D OGP < lim n7 D busn =0

s=1u=1 s=1
Similarly, it can be shown that:
n n—s

O—nlingon QZblmg hm n 2220(3/2.

s=1u=1

Finally, we obtain that lim n~2 Z Z 0$/% = 0 for v € (0,1).

n—00 s=1u=1

n—s

Similarly, it can be shown that lim n~=2 Z Z n—s—ug(¥2 _ ( for v € (0,1).

n—oo

n—s
Consider now: By, < > cp”*S*“H%Q < By s,n where, for any ~:
u=1

3 . 1/2 _ - -1/2
Bl,g,n = Z <C4 Qu,1,n—s (N;LllJruv _C4>] + (’JQD(SO - 7) 1C4 [Qu,l,nfs (Mgll,l+u7 (SD - ’7) C4>] )
Et( 22) sy re
—1/2 5/2 -
Cs Qu,l,n s uh sﬂ,c% Ey (htis) +2wy(y—¢) e 1/ omes s
+ 1) —1/2 3/2 (=) (80 - ),
QU,l,n s h ,s+u’ (7 - Qp) 04)} E; <ht+s)
3 1/2 _ N —1/2
Bu,s,n = Z <C4 Qu,1,n—s (:U'h l—i—u’ 4)} + WSO(@ - 7) 104 [QU,l,n—s (M;L{‘)g_,_ua - (90 - ’Y) C4>} >
Et( ?J/FQS S SOn—s—l
—1/2 5/2 -1
Cs q 1, 7*05>] Ey (h ) +2wy(y — @) e
n u,l,n—s s+u t+s (SD - 7) (C,On_s o ,yn—s)

qu Ln-s )+u7 —(v—¢) 04” _1/2Et (hffs)

Also,

n
Bul,n < Z Bu,s,n < Buu,n
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where, for v # 1:

3 _ . o
Bul,n - le,ul,n [(1 - 90) 2 (1 - ) - (1 - ()0) 1”90 1]

+ gZQ,ul,n [(w -y ((1 —p) T - - (- 7”))]

3 ~ . R
Buu,n = le,uu,n |:(1 - 90) 2 (1 - ) - (1 - 50) ln(p 1:|

+ S [0- 7 (=9 0 — e - = = 9M)]

And for v =1:
3- - n o
Bua = Jhain [1-9)7 (1= ¢") = (1-9) 'ne"|

+ Shunll -9 (n- -9 - ")

3. _ . o
Buu,n - zll,uu,n |:(1 - 90) 2 (1 - ) - (1 - SD) 1n30 1}

+ %E,uu,n(l - @)_1 (TL - (1 - @)_1 (1 - Son)> .

For v € (0,1) we obtained that lim (I uun), Im (jun), j =1, 2 exist and are finite. Thus:
n—ro0 n—oo

9 %ll,ul,n [(1 - @)_2 (1 - Qon) - (1 - (p)_ln@nil] + %ZQ,ul,n

lim n_zBulyn = lim n~ =0
n—o00 n— 00 -1 -1 -1
[ I (D (e BT C o) |
and
1 (1= )2 (1= 9") = (1= ) g | +
1uu, 2 14 w) ne 2,uu,
lim n_QBuuyn — limn 2| * e S 0.

n—00 n—o0 [(w )t ((1 —o) =) - (=T 7”))}

n

Thus lim n=2 Y By, = 0, yielding:

n—00 s—1
n n—s n

: -2 n—s—upn(3/2) . -2 _
Jim n723 3" < im0 Bus = 0.

s=1u=1 s=1
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Similarly, it can be shown that:

n n—s
(3/2)
O—T}Lngon ZBlsnghmn ZZ@”SUG .
s=1u=1
Finally, we have:
n n—s n n—s
: —2 n—s—u (3/2) _ 2 (3/2
nh_{gon lelcp 0 nh_}rrolon ZIZIH
s=1 u= S u=

therefore, Az = 0 for v € (0,1).

For v € (1, 00), we showed that A; = Ay = oo . Thus the kurtosis of aggregated returns will diverge

to plus infinity if we can show that As is bounded below. Setting c15 = 7, + 3(1 — @)7104, we have:

~ 1/2
n n—s %(Mgi ) ca(c1s + (72 — c15) " °7")
= lim n2 u— u_ 3/2
Ag = lim n Zgzl [ 22 AT Wl — )T (et =y )} E (htis)
s=1u= 1/2
—i—%( ;LIL)S,JFU) “leg (15 + (12 — c15) @574 By (hfﬁ)
It is reasonable to assume that sgn(7,) = —sgn (A) when 7, # 0 and A # 0, since a positive A

means that volatility is more responsive to negative shocks rather than positive shocks of the same
magnitude and translates into a negative skew of the aggregated returns. If sgn (7,) = —sgn (A) # 0,

then sgn (7,) = sgn (cg) = sgn (c17), and consequently

sgn (e (c15 + (12 — c15) " °7")) = sgn (04 (Tz +3(1—¢) lea (1 @n_s_u)» =1
For sgn (7,) = sgn ( ¢ )> sgn (cg) = sgn (c1p) and

sgn (65 [015 + " (1, — 015)]) = sgn (05 (Tz +3(1 — @)7164 (1 — @"75*“))> =1.
Furthermore, for either {7, = 0 and A # 0} or {7, # 0 and A = 0}, we still have

sgn (C4 (015 + (12 — c15) gp”_s_“)) = sgn (05 (015 + (12 — c15) @n_s_u)) =1

9This is a sufficient but not necessary condition.
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if sgn (7,) = sgn (,u@); hence all terms in A3 are positive if sgn (|A\| 4+ |72|) # 0. Finally, for
7. = A =0, A3 = 0. We have thus shown that As is bounded below (by 0) and hence the limit

lim K, , = oo for v € (1,00). For v =1, we can write:
n—oo

9B/2) = 204 <ﬂ§ll,i+u>1/2 (o — 1) <ﬂ21’2+u>—1/2: oL, (hff>
+ 2(/121,2+u>_1/2 (C Ey (ht-{-s) +20(1 — ) ey (hfﬁ)) , and
g el = 264 :(ﬂ;(f,iw)m +wp(ep 1)_1(/1512%)1/2: o e (h12)

+ 2<ﬂ§z{i+u>l/2¢”—8—u <C5Et (h?fs) +2w(l — 90)7104Et (hfﬁ)) ‘

Thus, for v = 1, the expression for Aj is:

— 204 (c15 + (12 — c15) " 57%) (uﬁll;ﬂ) e
A3 - nhan;o n72 Z Z [Nng,L)9+uSDU71 + w(l - (p)_l (1 - (pu)] Et (h?_{_25>

s=1u=1 _ -1/2
+3c5 (15 + (72 — c15) ") (Mz(lli+u> Ey (h?J/rzL«:)

Since ¢4, ¢5, and c¢15 do not depend on -y, we still have that sgn (¢4) = sgn (c5) = sgn (¢15) and that:

sgn (c4 (c15 4 (72 —c15) @"7°7")) =sgn (c5 (c15 + (12 —c15) " °7%)) = 1.

Now we write:

n n—s

A = lm S0 Son st (e ) (i) B (L)
i
> 3 lim [max (,u( ) )]_1/2 lim n_zz":”z_:s% (015 + (12 — 015)@”_5_“)Et <h5/2)
= gt [P (HFhstu pm Ly z t+s
> 3 lim [max ([L(l) )]_1/2 lim [min [ min [65 (615—1—(T —c15) g@"_s_“)]”
= 64 n—ooo [1<s<n \| Tstu n—oo [1<s<n |1<u<n—s z
i35 ((1(0) ok 7(62) ™))

Since ¢ € (0,1), both lim [ min [ min  [e5 (c15 + (72 — ¢15) (p”su)]” and lim [max (ﬁg;u)]

n—o0 [1<s<n [1<un—s
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are finite and we have shown above that they are positive, if 7, £ 0 or A # 0. In this case,

~(2

—~

7;
=
0 —

a3 ((19(a2) "

s=1u=1

7))

n n—s / -1 2+2 B /
_ nh_{gon_Qzlz 15(})21’21)1 2 (8 )(W we ) 7( 212)5 2

—1u=1 +2¢h (1 — ¢571) (41 — h) + hi,,

1/2
= 15(w2+2wg0h hmn22</} > (n—s)(s—1)

n—o0

> 15 (w2 + 2w<pl_1) lim [ min (,&g;u)] lim n~2 <

n—oo [1<s<n

2 ~(1) ) . .. . . .
where 15 (w + 2wgph) 11m Lr<nslgn (“h,eru ] is positive and finite. Thus A3 = oo for v = 1 and
7, # 0 and\or A # 0, while for y =1 and 7, = A =0, ¢4 = ¢5 = 0 and A3 = 0. This completes our

proof for the final expression for the limit of aggregated kurtosis given in Theorem 3.

For the normal GJR, 7, = 0 (but A # 0), thus the expression for the limit of the aggregated kurtosis

in his case simplifies to:

3 if v €(0,1),
lim K, = 7€ 0D
n—oo

oo ifye[l,00).
For the normal GARCH(1,1), we have 7, = A = 0 and the limit of the aggregated kurtosis is now

finite for v = 1, although different from the normal value of 3. Thus, for the normal GARCH(1,1),

we have:
3 ify e (0,1),
Dim Ko =4 3[1+3(1+a+8)(1+5a+p)] ify=1,
00 ify e (1,00) .
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A4: Limits of the Moments of Variances

This appendix derives the limits of the conditional moments of forward and aggregated variances
of the generic GJR model as the time horizon increases. In what follows we use the notation and

assumptions defined at the start of the Appendix; additionally, we assume cg # ¢, cg # 7.

(a) Limit of the Variance of Forward Variance

2
i 2 = i (2 - (i41))

§—00 S§—00

— E2 + —_ +h2 s—1
lim (a1 )7 (—es ) 1) . ity £ 1,
s—00 + [62 _ 9% (ht+1 B h)] 905_1 - S02(5—1) (ht+1 _ h)
' (2wh (hyp1 — h) + hi . — h?) + (s — 1) (w? + 2wph) '
lim - - - it y=1,
T 2R (W — 1) (hes1 — h) 9* 1 — 026D (hyyy — R

(1 —R?%) ify€(0,1),

00 if v e [1,00),

where ¢; — h? > 0 and h, | — c3 > 0.

(b) Limit of the Variance of Aggregated Variance

For v # 1, using (8) and (11) — (14), the expression for the variance of the aggregated variance can

be written as:10

M}(LQT)L =An+ BY" + C,
where

A= (a-7) (14200 -07).
B o= — (i) =) =" =200 (2 —es) =1 = (e -], and

Cn = [f(np" ¢").

Since ¢ € (0,1), li_}rn ©" = lim ny™ =0 and 3 C finite such that: lim C, = C.!* Thus, the limit

n—o0 n—o0

The n? terms cancel out.
"Showing that lim ne™ = 0 for ¢ € (0,1) is rather immediate. If we define y = 1/¢p, then y > 1. We now
n—o0

have lim ne™ = lim % = 0.
n— o0 n—oo ¥
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of the conditional variance of the aggregated conditional variance becomes:

sgn (A) oo, if~ye (0,1),
e sgn(B)oo if vy € (1,00),

where it can be easily seen that sgn (4) =1 and sgn (B) = 1.

For v = 1, the expression for the variance of the aggregated variance becomes:
M) = A'n® + B'n+C’

where 4’ = 3 [2<p(1 —o) 4 1} (w? + 2weph) > 0.'2 Hence: nlgl;o M,EQT)Z = oo for any 7.

As with the variance of aggregated returns, the conditional variance of the aggregated conditional
variance diverges to infinity when we increase the time horizon infinitely. It is meaningful to compute
the limit of the daily variance, i.e. the variance divided by time. However, unlike the daily (one-
period) variance of aggregated returns which converges to the level of (daily) unconditional variance,

the daily conditional variance of aggregated conditional variance diverges to infinity under certain

parameter conditions:'3
. n C, . .
pow ) dm (A BT ASQ) ity [ A e,
oo T lim (A’n—f—B’—i—%) ify=1, oo ifyell,o0).
n—oo

(¢) Limit of the Skewness of Forward Variance
- ~ ot (4@ (@)
i e = J (12 (02)

For v € (0, 1), we can write:
lim ( (3))
'u’h,s

lim Th.s — HOO—,
s—oo i (2) 3/2
lim (1)

where lim ugi = c¢; — h?. Using (17), we have:
5§—00 ’

1275 in the v # 1 case above, C' = f (ng™, ") and lim C’ = constant. B’ is a constant, but its value and sign
n— oo

are irrelevant for the limit above.

13Unlike the conditional variance of the aggregated returns, which only depends on (powers of) the ¢ parameter
which takes values only between 0 and 1, the conditional variance of the aggregated variance also depends on (powers
of) the v parameter, which can take any positive value.
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M, ify€(0,1) and cg € (0,1),
limTh7s: 1 Y ( ) 6 ( ) (24)

e oo ify€(0,1) and ¢ € [1,00),

where

w (w? + 3wph + 3yer) (1 — c6) " — 3hey + 203

M, = (Cl — B2)3/2

For v € (1,00), we can write:

lim (7—(3/2>s Mg)

lim Th,s = 57700 373
500 [lim ( L (2)>:| /
S—00 v /’Lh,s

where lim (’y*ufi) =1 (—03 + hfﬂ). Using (17), and observing that ¢ > 73/2, we have that,
S§—00 ’

for v € (1,00):

lim 73, 4 = 00 (25)
§—00

For v =1, we can write:

lim <5*3/2u§’l)

lim 7, s = —22= ,
s—o0 . (2) 3/2
lim (s=1u,;
5—+00 »8

where lim (s‘l ufi) = (w2 + 2wcpﬁ). In this case, the limit becomes:

5—00

lim 7, s = lim (5_3/2,&2375) =00 (26)

$§—00 [e.e]
Now, (24) - (26) give the limit of the conditional skewness of the forward conditional variance in

Theorem 4.

(d) Limit of the Skewness of Aggregated Variance

n—o0 o0

- ~ tim ® (Mm e
lim Ty, = nh_} [ hn hm) .
For v € (0, 1), we can write:

lim (n’g/QM}(Li)L)

lim Ty, = —2==°

n—o00 ’ 3/2°

- [ im (n1042))]
n—o00 ’
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where lim (n_lM}(jD = (a1 — h?) (1 +2p(1 — np)_l>. Also, we write:

n—o0

TL_S/QM}(L?T)L = L1—3L2+2L3+3(L4+L5—|—2(L6—|—L7—L8—L9)—Llo—LH)

+ 6(Li2 — Li3 — L1a — Li5 + 2L16) ,

where
n n n 3
~(3) ~(2) ~(1) ~(1)
Zl luh,s Z lu’h slu'h ] Zl <Mh,s>
_ 8= o s=1 _ 8=
Ly = n3/2 Ly = n3/2 Ls = n3/2
n n-s 2.1 n n—s ~(1,2) n n—s ~(1) 2 (1)
Z Z lu’l(z,su) Z lu’h,su Z (uh s) Mh Ss+u
L4 _ s=lu=1 L5 _ s=lu=1 L6 _ s=lu=1
- n3/2 ) - n3/2 ) - n3/2 )
n n—s 2 n n—s n n—s
~(1) ~(1) ~(1) ~(1,1) ~(1) (1,1)
z <Nh,s+u) h,s Z Z :U’h,slu’h,su Z Z Mh,s—l—u h,su
L7 s=1u= LS s=1u=1 Lg s=1u=1
- n3/2 ) - n3/2 ) - n3/2 )
n n—s n n—s n N—SnN—s—u
~(1) ~(2) =(1)  ~(2) ~(1,1,1)
Z Z h,s™h,s4+u Z Z h,s+ul"h,s Z Z :U'h,suv
Lap — s=1u=1 L — s=1u=1 Lo — s=lu=1 v=1
10 n3/2 ; 11 n3/2 ’ 12 n3/2 )
n Nn—sn—s—u n n—sn—
~(1) "’(171) ~(1) ~(171)
Z Z /’Lh,suh,(s+u)v Z Z Ky, (s+u)'u’h,s(u+v)
L1 — s=1lu=1 v=1 L s=lu=1 v=1
13 — n3/2 ) 14 — TL3/2 )
n n—sn—s—u n n—sn—s—
~(1) ~(1,1) Y1) (1) ~(1)
Z Z Mh (s+u+v)uh su Z Z Hp, suh (s+u)'u’h,(s+u+v)
L — s=1lu=1 v=1 L s=lu=1 v=1
15 = 372 ) 16 = n3/2 ’

Performing the necessary (tedious but straightforward) calculations and using the notation R;, Ri,

1€ {1,2,3....16} with ILm Ri = ILm Rz = 0, we have LQ = RQ, L3 = Rg,

h3 n? h3 n? h® n?
L6: 32 + Rg, L7ZEW+R7, L8:?W+R87
h3 2 cith n? cith n?
Ly = 5 353 + I, L10:17 3 + o, L11:17W+R11,

and

n
1 ¢cq

016(06 — 1)_ n3)2 + R1 if cg 75 1,

w w2+3w4pﬁ+3'ycl) 2 5 .
(Frdwdine) v LRy e =1,

Ly
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$ci6 g h,. n? .
L= Tz T 20 T if cg 7 1,

% (01 + @ (w2 + 3how + 3701)) n’%—?z + Ry if ¢ =1,

c on A n2 .
%ﬁ"‘clgﬁ—f‘ﬁ% if cg # 1,

_ _ 243h w+3701)
Lo =4 | (-t :
? o+ Ry ifes=1,

W (1 =) 4 wph?

— ch 7 7’L3
pyeig(ce — 1) 1(06 - ) 1(06 -7) 1n3f}2 + %dns/z .
~ : - B B , if cg # 1,
—l—%(l —p)” (2@(61 — h2) +h ((ht+1 —h) — w)) ni;/Q + Ris
Lz = (1—¢)
h3 n3

B+ B (e (14 9) — 2082 + B ((hesy — h) —w)) | 2oz + Faa ifeg =1,
+oy(1 =) 7" (W + 3wph + 3vcr)

3 nd  hy o 13 _ _ n?
L13 6 W‘Fg(—hﬁ—l—(l—@) 1(h (ht+1—h)+g0(61—h2))>W—FRK},,
R nd R . 1\ n?
L14=Em+?(—h+(ht+1—h) (1= )W‘FRMa

2

_ - - n
(1— )" (=22 + hhy1 + c19) —55 + Ris,

B h
2 n3/2

" 6 n3?

B R, ) N
L16:€W+?<—h+(ht+1—h) (1—@) )W—i_RlG

Performing the necessary calculations, we obtain the expression in Theorem 4 for the limit of the

conditional skewness of the aggregated conditional variance, where:

w (w? + 3wph + 3vc1)

3 . B .
N = 5 +3§ <01+<p(w2+3w<ph+3'ycl) + w?(1—7) 1+2w<ph>
w? + 3wph + 3yc _
+ 31—yt — ) (w + 2¢h)

+ 31-—¢) th [er (14 ) — 20h? + h ((heg1 — h) —w) — ¢ (2c1 — i_zg)] :
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For v € (1,00), we can write:

where

lim Th,n — _n—x ’ 572
n—o00 ) _ 2)
| lim (207 |
where
) _ 2 1 _ .
nh_}ngo (n 2M}(M)l) =3 {290(1 — ) Ty 1] (w2 + 2wcph) .
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