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Mathematical Models of Retinitis Pigmentosa: The Trophic Factor
Hypothesis
Journal of Theoretical Biology
Supplementary Material

Paul A. Roberts*!

ISchool of Life Sciences, University of Sussex, John Maynard Smith Building, Brighton, BN1
9QG, UK

S1 Justification of parameter values

e Retinal radial position, R: chosen to be 1.2 x 1072 m, the average radius of the human eye (Oyster, [1999).

o Eccentricity of the ora serrata, ®: chosen to be 1.33 rad, the extent of the retina along the horizontal meridian
in the temporal direction, as measured by (Curcio et al.[(1990).

o Trophic factor diffusivity, Dy: the protein RACVF has been found to come in four forms, two short forms,
RACVEF-S and RACVE2-S (produced by rods, but not by cones), and two long forms, RACVF-L and RACVF2-L
(produced by rods and cones; /Chalmel et al., 2007; [Léveillard et al.,2004). It is the short forms that enhance cone
glucose uptake and for which cones rely upon rods for a supply, and the first of these, RACVF-S, which is the
more effective of the two, RACVF2-S acting in an additive (as opposed to a synergistic) fashion (Chalmel et al.,
2007; Léveillard et al.,|2004). Therefore, we include only the RACVF-S form in our models. To the best of our
knowledge, no measurements have been published for the diffusivity of RACVF in any of its forms; however,
the molecular weight of RACVF-S has been measured to be 17 kDa (Léveillard et al.l 2004). The protein
myoglobin also has a molecular weight of 17 kDa (Zaia et al, [1992), and its diffusivity has been measured;
therefore, we assume that the diffusivity of RACVF-S is the same as that of myoglobin. Jiirgens et al.| (1994)
have measured myoglobin diffusivity to be 1.17 x 10~'! m?s~! at 22°C in diaphragm muscle. Using the Qjo
ruleE] with Q19 = 1.3, gives a value of 1.73 x 10~ m2s~—! at 37°C (body temperature, |Jiirgens et al., |1994),
which is the value we choose for Dy (see also, McGuire and Secomb), |2001).

o Rate of trophic factor decay, 1: to the best of our knowledge, this parameter has not been measured; however,
Eden et al| (2011) have measured the half-life dynamics for a range of proteins in living human cells. In
their experiments, cells were treated with the drug cisplatin, which reduces cell growth by 85%, such that
the measured reduction in protein concentration is mainly due to degradation, rather than cell growth-induced
dilution. Protein half-lives in the range 0.9-20.5 hr were measured, corresponding to exponential decay rates
in the range 9.39 x 1070214 x 1074 s~ 1. Similarly, [Doérrbaum et al.| (2018) measured protein half-lives in rat
primary hippocampal, neuron-enriched and glia-enriched cultures ranging from 17 hr—110 days, the majority
lying in the range 1-20 days, corresponding to exponential decay rates in the range 4.01 x 1077-8.02 x 10~°
s~!. These values are smaller than (though of a similar order of magnitude to) those measured by Eden et al.

*Corresponding author
E-mail address: p.a.roberts @univ.oxon.org (Paul A. Roberts)
10
1010 = (%)(72*71 ), where D (D») is the diffusivity at temperature 7} (73).



(2011). We assume the values measured by [Eden et al.|(2011) to be more typical of the human retina since they
were measured in human cells, taking the rate of trophic factor decay to be 5.13 x 107 s~! (the mean of the
rates corresponding to the half-lives measured by [Eden et al., [2011]).

Rate of trophic factor consumption by cones, 3: to the best of our knowledge, this parameter has not been
measured. We choose the rate of trophic factor consumption such that its dimensionless value is four orders of
magnitude greater than the rate of trophic factor decay, 1, ensuring that the trophic factor consumption term
dominates over the decay term, as would be expected biologically. Thus, we choose the dimensionless value
B* = 1.79 x 10°, which corresponds to a dimensional value of B = 4.62 x 10~'2 m?*photoreceptors ~'s~!.

Rate of trophic factor production by rods, a: to the best of our knowledge, this parameter has not been
measured. In the absence of further information, we choose ¢ such that the trophic factor production term
is of the same order of magnitude as (and hence balances with) the consumption term, as would be expected
biologically. This leaves a degree of freedom, and we choose & such that the mean trophic factor concentration
fa =1 x 10~* M, for numerical convenience. Thus, we choose & = 1.81 x 10~'7 Mm?photoreceptors 's~!.

Rate of trophic factor supply from treatment, &: to the best of our knowledge, this parameter has not been
measured. Therefore, we choose values on the order of magnitude of the critical treatment rate, &, as predicted
by numerical and analytical solutions to the steady-state problem (see Section 3.2.2).

Rate of mutation-induced rod degeneration, ¢,: the rate of rod degeneration in the healthy human retina has
been investigated by |Curcio et al| (1993)), who measured a 31% reduction in the total number of rods in the
central 28.5 degrees of vision between the ages of 34 and 90 yr, corresponding to an exponential decay rate
of 2.10 x 10719 s=!. Since the rate of rod degeneration is accelerated in RP we take this value as a lower
bound and assume that the rate of mutation-induced rod degeneration is two orders of magnitude higher, that
is ¢, =2.10 x 1078 s~1. This places the timescale of the resultant cone loss on the order of decades (see Fig.
9(a)), in line with in vivo progression rates.

Growth rate of cone OS (phases 1 and 2), it; and p: (Guérin et al.[(1993) measured cone OS regrowth in
rhesus monkeys following a 7-day retinal detachment period. In their study, rod and cone OS regrowth occurred
simultaneously. In the absence of further information, we assume cone OS regrowth dynamics are the same
whether rod OS are present or absent initially. RACVF treatment only aids cone regeneration since rods remain
unhealthy due to their expression of a mutant gene; therefore, we only consider cone regeneration here. As
described in Section 2, we found that cone OS regrowth is well-described by a two-phase model. Phase 1,
constant growth, occurs for cone OS lengths between 0 and 0.33 as a proportion of their full length, while
phase 2, hyperbolic growth, occurs for cone OS lengths between 0.33 and 1 as a proportion of their full length
(see Section 2 for more details). Cone OS length was zero immediately following reattachment (at O days) and
reached 33% of its healthy length after 7 days. Thus, we can directly calculate the phase 1 constant growth
rate as f; = 1.60 x 107! ms~!. The phase 2 growth term was fitted to the data using the Matlab routine
fminsearch, taking the data point at 7 days (33% length) as the initial condition and seeking to minimise the
mean squared error between the model and the remaining data points to give iy = 3.07 x 10712 ms~! (see Fig.
[ST). We note that it takes much longer to regrow a cone OS following the re-establishment of RACVF supply
than to completely shed it during RACVF deprivation since in the latter case shedding occurs in the absence of
regeneration while in the former case regeneration is accompanied by shedding for lengths greater than 33%,
slowing the recovery of OS length (which reaches 80% of the healthy length by day 150, |Guérin et al.,|1993).

Rate of trophic factor starvation-induced cone OS degeneration, 6;: while the rate of cone OS degeneration
due specifically to RACVF starvation has not, to the best of our knowledge, been measured, the rate of cone OS
shedding under healthy conditions in humans and a number of animal species has been measured. We assume
that, in the absence of sufficient RACVE, cone OS regeneration ceases, while cone OS shedding continues at
its healthy rate. |Kocaoglu et al.| (2016)) studied cone OS shedding in the living human eye. They found that
it takes between 12.67 and 16.7 days to shed (and hence renew) an entire cone OS. Based on the values given
in [Kocaoglu et al. (2016), we assume an average time of 14.5 days (1.25 X 100 s) to shed a full cone OS,
corresponding to a rate of § = 2.34 x 10~!! ms~!. These measurements agree well with the rates of cone OS
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Figure S1: Graph to show model fit to cone OS regrowth data from (Guérin et al.|(1993)). Mean data are plotted as
crosses, while the error bars demarcate the standard deviation. Phase 1 — constant growth: pL = p;; and phase 2
— hyperbolic growth: pt = p (1 — pk/pL), where dot( ") denotes the temporal partial derivative. Parameter values:
=1.60x 10" ms™!, gy =3.07x 1072 ms~! and p£ =2.93x 107> m.

regeneration measured by Jonnal et al.| (2010, 2012} and |Pircher et al.[(2011) in living humans, which balances
shedding to maintain a roughly constant OS length.

e Rate of trophic factor starvation-induced cone degeneration, J: the rate of cone degeneration due specif-
ically to RACVF starvation has not, to the best of our knowledge, been measured; however, given that cone
OS would be lost in about 14.5 days (see discussion above, |[Kocaoglu et al., 2016 and given that cones may
be assumed to be mostly healthy immediately following OS loss, taking further time for the rest of the cell to
degenerate, a half-life of 28 days seems reasonable. This results in a cone degeneration rate of 2.87 x 107 s~!
(noting that half-lives from 10-100 days all result in rates of degeneration of ~ O(10~7) s™1).

e Healthy cone OS length, 5%: Kocaoglu et al. (2016) measured cone OS lengths in the eyes of three healthy
human subjects, the average lengths being 25.5+1.7 x 107°m, 30.94+1.8 x 107 ® mand 31.6 £1.5 x 107° m.
We take the healthy cone OS length to be the mean of these values, 5~ = 29.3 x 10~® m. We note that while we
have chosen a biologically realistic value for this parameter for the dimensional model, the value chosen makes
no difference to the parameter values in the non-dimensional model due to the way in which the parameter is
cancelled out through non-dimensionalisation.

e Trophic factor threshold concentration, f.: the minimal RACVF concentration required to maintain cones
in health has not, to the best of our knowledge, been measured. In the absence of further information, we choose
two possible values for f.q;. The first value (fui = 3 x 1072 M) is taken to lie just below the minimum RACVF
concentration at steady-state under healthy conditions and in the absence of treatment (i.e. where p, = p,(0),
Pe = Pe(0) and € = 0), which occurs at the centre of the fovea (68 = 0 rad). The second value (fyi = 3 X 1073
M) is taken to be 10* times larger than the first value, lying just below the minimum trophic factor concentration
away from the fovea (6 > 0.13 x ® rad). See Section 3.2 for more details.

¢ Rod and cone profile parameters, B, By, B3, b1, by, b3: determined by fitting the functions p, = p,(0) and



pe = Pe(0) to|Curcio et al.| (1990)’s measurements of the mean rod and cone distributions along the temporal
horizontal meridian in healthy humans using the Trust-Region Reflective algorithm in Matlab’s curve fitting
toolbox.

Mean trophic factor concentration, f;: calculated as the mean RACVF concentration in the dimensional
model at steady-state under healthy conditions and in the absence of treatment (i.e. where p, = p,(0), p. = p.(0)
and & = 0).

Mean photoreceptor density, p4: calculated as the mean photoreceptor density across the retina under healthy
conditions, that is, the mean of 5,(0) + p.(60).

Degenerate patch boundaries (rods and cones), 6,,, 6,,, 6., and 6,: chosen to explore disease progression
following the loss of patches of rods and/or cones. Selected such that 0 < 6, < 6,, <O (rad) and 0 < 6., <
0., <O (rad).

Position of left- and right-hand limits of local treatment, Oy,, and 6Oye,,: chosen to explore the effects of
local trophic factor treatment upon cone degeneration and cone OS recovery. Selected such that 0 < Oyeqr; <
etreatz < O (rad).

Time at which treatment first applied, 7;;: chosen to explore the effect of trophic factor treatment at a given
stage of retinal degeneration. Selected such that 7. > 0 s.

S2 Asymptotic analyses (continued)

Here we consider St-st Cases 2-8 from Section 3.1. In each case the same approach is taken as in Appendix A. Where

the analysis differs from that in Appendix A we explain the difference, otherwise the results are simply stated.

In the sections that follow (S2.THS2.7) we will use the following parameters (in addition to those defined in

Appendix A), defined here for ease of reference:

o K = ee"ﬁ%*erl)

1
— 5o/ .
e B:=1+¢2 Dyer

s

2o (6,6,
o M:= e8 Df( 2 1).

S2.1 St-st Case 2: narrow patch of rod loss without treatment

In this case there is no centre-outer region, and the left-centre-inner and right-centre-inner regions coalesce into a

single centre-inner region (see Fig. A.1(b)).
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S2.2  St-st Case 3: wide patch of rod and cone loss without treatment

In this case, G(6) = H(6., —0)+H(6 —6.,) (and F(0) = H(6,, — 6)+ H(6 — 6,,) as before), where 6, = 6,
and 6., = 6,,. The asymptotics for the rod and cone loss case, both here and in is valid in the region 6 € (~
0.16,1 —¢).

We decompose into the same regions as in Appendix A (see Fig. A.1(c)); however, the left- and right-centre-inner
regions are 0(81/ 2) width in this case. This is because, in the absence of cones in the central region, we must seek a
dominant balance between the diffusion and decay terms. Thus, the new scaling on 0 in the left-centre-inner region is:
6’ = &1/2(6 — 6,,); while the new scaling on @ in right-centre-inner region is: 6’ = £~'/2(8 — 6;,); while the regular
perturbation expansion for f in the central region is

£(8) = fo(8)+£"2£1(8) +OC(e). (S11)

Perturbation expansions are not required for rods and cones in this region since they are absent here. The scalings on
0 and the regular perturbation expansions in the left-inner and right-inner regions are the same as in Appendix A.
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where the maximal and minimal labels above are the other way around to those in the rod loss only cases (which
estimate maximal cone degenerate patch width), since here, for the rod and cone loss case, we are estimating the
minimal cone degenerate patch width,
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S2.3 St-st Case 4: narrow patch of rod and cone loss without treatment

As in Section there is no centre-outer region, and the left-centre-inner and right-centre-inner regions coalesce
into a single centre-inner region (see Fig. A.1(d)).
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where Eqs. (S32) and (S33)) must be solved implicitly for 6, and Oyir, respectively. The maximal and minimal labels
above are the other way around to those in the rod loss only cases (which estimate maximal cone degenerate patch

width), since here, for the rod and cone loss case, we are estimating the minimal cone degenerate patch width,

e when fcrlt > A + > ecrltl < erl B
e when fcrit < Al + %s ecritl > erl;
e when foi > Ag + %, 6crltz > 6,;

L4 When fCrit < A8 + %7 BCI‘itz < 91‘2'

S2.4 St-st Case 5: wide patch of rod loss with global treatment

This case is the same as that in Appendix A, except that treatment is applied across the whole domain (7(6) = 1) at
rate £. Thus, we decompose the domain into the same regions as in the untreated case (see Fig. A.1(a)). We rescale

& =¢&72&/, where £’ = O(1), here and in Sections S2.7} dropping the dash.
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We calculate the critical treatment rate, &, as the minimal treatment rate required to prevent cone loss, that is, to keep
f > fuit local to the patch of rod loss. The minimum TF concentration is achieved at some 6 within the interval
Ocrit € [6r,,6r,]. Thus, Ei¢ and B can be found by setting & = &qip and 6 = B¢ in both Eqn. (S42)) and in the
. ’ . , _ .
equation obtained by setting fg .~ (6) = 0 from Eqn. (S42), to provide,
Critical treatment rate:

E it = BBe 2 0eri (fcrit _ 2%218—5*1\/3(9@—6,1) _ ;Ezleglx/a(ﬁrit—erz)) , (S46)

Eccentricity of the minimum TF concentration:
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2\/ae + ﬁBzeszecrit + 2\/56 ( )

solving Egs. (S46) and simultaneously.

S2.5 St-st Case 6: wide patch of rod loss with local treatment

This case is the same as that in Section [S2.4] except that treatment is only applied locally, within the degenerate rod
patch (T(6) = 1 — F(6)), rather than globally, across the whole domain. We decompose the domain into the same
regions as in the untreated and global treatment cases (see Fig. A.1(a)).
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fOL'enrrefcomp(G) = < = é ) 8_871\/5(9_9”) + L + < 2 é) egilﬁ(e_erZ), (SSS)

2¢; B 2chl ﬁBzeibze 2¢; B 2ch_1
Right-Composite:
(XB3Ge_b39 é Co ol m(a_
. 0) = —~ £TVEa0=6,), S56
f()nght—comp( ) ﬂBg@‘bﬁ + 2Df61 2C_1 e ( )
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Minimal Cone Degenerate Patch Left Boundary:

-1
(%) é € é é 2¢1 ferit é
Ocrit, = 6, it— — — —1 1— 1-— — —1- , (S57
crit; ; Tsgn <fcr1t 2¢; 2Dger > Jr 0og <( Df02> ( Dy & Dycs (S57)
Maximal Cone Degenerate Patch Right Boundary:
— —1 —
() é £ é: ‘5 2¢1 ferit é
Ocrit, = O, it— — — lo 1-— 1— - —1- , (858
crity = —sgn (fcrlt 26, 2Dsé ) \/Cfl og <( ch_2> ( D&, Z Dy ( )
o WhenfcritZC2/(2C1)+€/(2DfCI) erit, < 0;
e when fui < c2/(2¢1) Jré/(ZDfCl) erity > O3
e when fui > ¢2/(2¢ I)Jré/(z 1), 6 erity = 0,,;
o when foii < ¢2/(2¢1)+&/(2Df¢1), Berity, < 6.
Critical treatment rate:
gcrit — (fcrit _ ;iefgilm(ocritferl) _ Cfeel\/a(ecritorz)> X
C1 26‘1
1 1 . 1 !
— \/a(ecnt erl) 8 \/7 crit — 9r2 559
<ﬁBze_b29ﬂil 2Df(31 ¢ 2DfC1 ’ ( )

Eccentricity of the minimum TF concentration:

8—1\/><26 écrit >e_gl\/a((.)cm_(.)rl)+ écritb2 —1\/*( écrit_ >e£l\/a<9crit_6'2), (S60)
1

2Dycy ﬂBze_b290m 2¢4 2Df6‘1

solving Egs. (S539) and (S60) simultaneously for i and 6.

S2.6 St-st Case 7: narrow patch of rod loss with global treatment

This case is the same as that in Section[S2.1] except that treatment is applied across the whole domain (7(6) = 1) at
rate . Thus, we decompose the domain into the same regions as in the untreated case (see Fig. A.1(b)).

Left- and Right-Outer:
aB30e 30 4 &

$o(0) = =550 (S61)
Left-Inner:
fo(6) =A1e€‘ﬁ<“’1>+:+DfCl, (S62)
Centre-Inner:
fo(6) = Ase® VA0 4 g o8 VEAO—0) qu, (S63)
Right-Inner:
Fo(8) = Age e VAEO-0) L 2 : , (S64)

Dyc,

11



where:

1 _
a=(1+2) [2rr (o) ekt (2 m s )2
C1 2cy C1 ¢1 Dygcy Dycy

2
26‘1 ’

-1
A4=(1+ fl) [CZIN( 4o
C1l 2C1 C1
-1
w18 T
Cl 26‘1 C1

Left-Composite:

3=

)+ (& o ma )|

aB30e 30 1 &

c c c c
)+(24 5o )| Vo +5my/2k
C1 Df6'1 chl C1 26‘1 C1

(%)
2C1 ’

— el /cr(6-6,))
folffl—comp(e) - ﬁBzeibQG +Ale \/(T [
Centre-Composite is identical with the centre-inner.
Right-Composite:
aB3fe 70+ § —& '/ (6-6ry)
forightfz:omp (9) = ﬁBze—bze +A8€ “ 2%,
Minimal Cone Degenerate Patch Left Boundary:
£ -1 2 g ¢
ecritl = erl + ﬁlog <A1 (fcril - a - ch1>) for forit > A1 + + chl
Jerit = Age & VIl ~0) | g V1 Ceriy ) 4 5 s for ferie <Ay + + :
Dyc DfC]
Maximal Cone Degenerate Patch Right Boundary:
fcrit — A397£71\/a(6crit2*9r1) +A46871\/a(9cri12 V2> + é fOI' fcnt < A8 + + é
Dycy C1 DfC]
€ -1 e g C ¢
Ocrit, = 6, — ﬁ log <Ag <fcrit B D, >> for ferit > Ag Jr + D&

where Eqs. (S68) and (S69) must be solved implicitly for O, and O, respectively,

e when foi > A1+ 3 Cz + qu s Berit; < O3

e when fcrlt < Al + 62 + qu 6critl > Grl;
e when fcrlt > Ag + CZ + ch > 6cr1t2 > erzy

e when fcrlt < AS + Cz + fol Gcritz < Grz-

-1
1 2cy 1

! 1 1 -
! ) K71 < — — ) egilx/a(ocritferl) ,
1 Df6‘1 DfCl

12

Critical treatment rate:

5Crit = (fcrit - (1 +
1
1
(DfCI +< i

[

9]

C1

)

2]l

_ 1) +K71 C:'2:| eeil\/a(ecrilferl) _

Cize*eil\/cil(ecmferl )
26‘1

(S65)

(S66)

(S67)

(S68)

(S69)

(S70)

)x

(S71)



Eccentricity of the minimum TF concentration:

26‘1 C1l -1 (S ) Cl ‘gcrlt écrit
Ocrit = 6, — 1 — —K ——1 K- - , S72
crit Tl 2\/— ( < + El ) 2Cl C] + chl ch] ( )
solving Egs. and simultaneously for &qi; and Oy

S2.7 St-st Case 8: narrow patch of rod loss with local treatment

This case is the same as that in Section except that treatment is only applied locally, within the degenerate rod
patch (T(6) = 1 — F(6)), rather than globally, across the whole domain. We decompose the domain into the same
regions as in the untreated and global treatment cases (see Fig. A.1(b)).

Left- and Right-Outer:

063396_1739
0)= —— S73
fO( ) ﬁBze,bzg ’ ( )
Left-Inner: » .
fo(6) =Agef VaO=0) 4 2 (S74)
c
Centre-Inner:
fO(G) :Agefe—l\m(efe,-l)+A4egflﬁ(979r2)_,_i’ (S75)
) Dycy
Right-Inner: B
fo(8) = Age ' VAI(0-6r) L 2 (S76)
Ci
where:
-1 -2 ~
PR IR T B . sty (- G LT B T | -
C1l 2 C1 DfC1 C1l C1 DfC] 2 C1 DfCl
el &)
2 C1 DfCl
-1 -1 -
C1l K Cc2 é C1 (6] é
Ag=11 — — | == ——1 - — ,
! ( - 51) [ 2 (Cl chl)< Ci >+<51 Dfﬁﬂ

w==(5) [5G (V5 ) Gl Vi fa's (55

Left-Composite:

aBs0e bs6 -1 _
foleftfcomp( ) = W +A]€£ \/a(e erl )s (S77)
Centre-Composite is identical with the centre-inner.
Right-Composite:
aB30e 139 1 s
Foriincomp () = g 4 Age™€ VA0, (S78)

ﬁB2 e*bze
The Left- and Right-Composite solutions are the same here as for the narrow patch without treatment (Egs. (S3) and
(S6)), except that the expressions for A} and Ag are different.
Minimal Cone Degenerate Patch Left Boundary:

C
ecritl =0, +— \/— log < (fcnt >> for feit > A1+ f’ (S79)

Furit :A3e_£ lﬁ(ecml—ﬁl +Ay &£ ﬁ erig _erz)’ for Forit <AL+ z%, (S80)
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Maximal Cone Degenerate Patch Right Boundary:

—e ! e (0 — 1 (O, — C
ferie = Age© VT lria=0) 4 g Ve ey 9'2),f0rfcrit§A8+5£,

€ — C2 Co
ecritz = 9’2 - ﬁlog (AS ! (fcrit - E'l)) s for ferie > Ag + a,
where Eqgs. (S80) and (S8T)) must be solved implicitly for Oit, and Byir, respectively,

e when fcrit > Al + %’ ecritl < 9}’1;

e when fo <A+ %’ Ocrit, > 61,5

e when foi > Ag+ %, 6critz > 6,;

L4 When fcrit < A8 + %7 GCI‘itz < 91‘2'
Critical treatment rate:
ZC] C]

C1 ZC]

(S81)
1

(S82)

-1 —
écrit = (fcrit — <1 + 2) |:C2K2 ( _71 _ 1) +K16_‘2:| egil\/a(ecritferl) _ Cze‘g]\/a(ecrilerl)> X

K2 K

—1
ci c1 e /2T (Ousii—6r, ) 1
1 _ —1 _ 1\Yerit—Yry)
(( i 51> [ ( €1 )2Df61 chl}e 2Dser ¢

Eccentricity of the minimum TF concentration:

-1 -1 2
3 2 it ci 2 Eait | K ci
it =6, ———1 2 ——— 1 — - =) — ——
erit L) c1 o8 c1 D¢y + C1 c1 D¢y 2 Ci
f f

solving Eqgs. (S83) and (S84) simultaneously for & and 6.

S3 Supplementary figures
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(@) «10°  rod loss, fuu = 0.3 (b) «10? rod loss, furs =3 x 10°°

> 6
:bk _07'1 - 0(:7'it1
lm 41 -1 - _ecr'itg - 07-2
Tl
o) 2k
= 07
Cb:_4 L - - L -4 . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(c «102rod and cone loss, fe.i = 0.3 (d) «10-'rod and cone loss, f.it =3 x 107°
1 ‘ : : : 0p ‘ . ‘ ‘
< ol .
lﬂ-‘l [ -1 r \\\
Tl .
i?, 3F 2+t \\
> 5+ 3F \\
| 6 .
< -7 -4 P —
0 0 0.2 0.4 0.6 0.8 1

Figure S2: Distance between rod and minimum/maximum cone degenerate patch boundaries using the steady-state
model — wide rod degenerate patch (St-st Cases 1 and 3). Each panel shows the variation in the distances between
the left-hand rod and minimum cone degenerate patch boundaries, 68,, — ., , and between the right-hand rod and
maximum cone degenerate patch boundaries, ., — 6,,, with 6,, and 6,, respectively. (a) St-st Case 1(ii): rod loss
only with f. = 0.3; (b) St-st Case 1(i): rod loss only with f. = 3 x 107>; (c) St-st Case 3(ii): rod and cone loss with
furit = 0.3; (d) St-st Case 3(i): rod and cone loss with f.;;y = 3 x 107>. Note the different scales on the y-axes. The
maximum spatial extent of cone loss remains within the boundaries of rod loss in (b) and (d), but may exceed it close
to the fovea (centred at 8 = 0) in (a) and (c). Curves are plotted using Eqs. A.22 and A.23 in (a) and (b), and using
Egs. (S21)~(S24) in (c) and (d). The parameter € = 10~2. Remaining parameter values as in Table 2.
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Figure S3: Analytical estimates of the eccentricity of the minimum TF concentration using the steady-state model —
wide and narrow rod degenerate patch with rod loss only (St-st Cases 5-8). All plots show the normalised eccentricity
of the minimum TF concentration, O = (Bcrit — 6r,)/(6r, — 6,). (a) and (c) St-st Case 5, and (e) St-st Case 7 global
treatment; (b) and (d) St-st Case 6, and (f) St-st Case 8 local treatment; (a)—(d) wide patch; (e) and (f) narrow patch;
(a), (b), (e) and (f) Subcase (ii): furit = 0.3; (¢) and (d) Subcase (i): fuic = 3 x 107, (a)~(d) column 1: variation
in écn-t over (9,1 , 6,2) parameter space. (a)—(f) column 2: variation in écrit with rod degenerate patch centre position,
((-),1 + 9,2) /2; column 3: variation in écrit with rod degenerate patch left boundary position, 6,,; each curve represents
a constant rod degenerate patch width, 6, — 6,,. Ocri¢ increases monotonically with decreasing rod degenerate patch
width and with increasing rod degenerate patch centre/left boundary position in all cases. O remains close to 0 for
patches of width 6,, — 6, > 0.2 ((a)—(d)) and close to 0.5 for narrow patches ((e) and (f)). Analytical solutions are
obtained by implicitly solving Eqs. (S46) and (S47) in (a) and (c), Eqgs. (S39) and (S60) in (b) and (d), Egs. (S7I)) and
(S72) in (e), and Eqs. (S83) and (S84) in (f). The parameter € = 10~2. Remaining parameter values as in Table 2.
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Figure S4: Simulations of the effects of treatment upon RACVF and cone OS dynamics following the complete removal
of rods from the interval (6,,,6,,) — dynamic model (Dyn Case 4). Panels show TF concentration, f(6,7), and cone
OS length, pL(8,t), for global treatment (columns 1 and 2), T(0,t) = H(t — t.), and local treatment (columns
3and 4), T(0,t) = (1 —F(6))H(t — tit), following the removal of rods from wide (width O(1)) patches (rows 1
and 3), (a) (6,,,6;,) = (0.1,0.3) and (b) (6,,,6,,) = (0.2,0.4), and narrow (width O(¢)) patches (rows 2 and 4),
(@) (6y,,6,,) = (0.1,0.12) and (b) (6,,,6,,) = (0.2,0.22). Black and white horizontal lines mark the time point,
ferit, at which treatment is introduced. (a) Dyn Case 4(i): fiuit = 3 X 107°; (b) Dyn Case 4(ii): fui = 0.3. All
simulations span the period of ~2.2 years in dimensional variables. Treatment results in the complete recovery of
cone OSs in all cases. Egs. (7), (8) and (10)—(12) were solved using the method of lines, with 401 mesh points,
F(0)=H(6,, —6)+H(6—6,,) and G(8) = 1, and without mutation-induced rod degeneration. Parameter values:
& =6 x 10* and t = 4.53 (=1 year in dimensional variables). Remaining parameter values as in Table 2.
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