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ABSTRACT

The aim of the thesis is to classify certain geometric structures, called arcs, in a particular
setting, namely the projective plane of order seventeen. The main computing tool is the
mathematical programming language GAP.

First, subsets of the line PG(1,17) are classified. The results on the line PG(1,17)
classify sets of points on the conic on PG(2,17), since there is a one-to-one correspondence
between a set of points on PG(1,17) and a set of the same size on a conic in PG(2,17).

In the plane PG(2,17) the important arcs are called complete and are those that
cannot be increased to a larger arc. So far, all arcs up to and including size eight have been
classified, as have complete 10-arcs, 11-arcs, 12-arcs, 13-arcs and 14-arcs. In the plane of
order seventeen, the maximum size is eighteen.

Each of these arcs gives rise to an error-correcting code that corrects the maximum
possible number of errors for its length.

Cubic curves and the related (k;3)-arcs in PG(2,17) are also considered. A classifica-
tion of both complete and incomplete curves is determined.
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1. INTRODUCTION

A projective plane is an incidence structure of points and lines with the following properties.
(P1) Every two points are incident with a unique line.

(P2) Every two lines are incident with a unique point.

(P3) There are four points, no three collinear.

A Desarquesian projective plane PG(2,q) has as points one-dimensional subspaces and as
lines two-dimensional subspaces of a three-dimensional vector space over the finite field I,
of ¢ elements. A k-arc in PG(2,q) is a set of k points no three of which are collinear. A
k-arc is complete if it is not contained in a (k 4 1)-arc. A (k;3)-arc in PG(2,q) is a set of k
points in which no four points but some three points are collinear.

The main aims of this thesis

(1) To classify arcs of all sizes in projective plane PG(2,17).
(2) To classify those arcs which are contained in a conic.

(3) To classify cubic curves in PG(2,17), to determine which of them are complete as
(k; 3)-arcs, and for each incomplete (k;3)-arc to find the largest complete (k;3)-arc
which contains it.

(4) Each of these arcs gives rise to an error-correcting code that corrects the maximum
possible number of errors for its length.

Arcs in PG(2,q) for ¢ =2,3,4,5,7,8,9,11, 13 have been classified; see [10, chapter 14]. We
are looking at the plane of order seventeen, as it is the next in the sequence.

Outline of the Chapters

Chapter 2 is devoted to basic definitions and well-known results on finite fields, roots
of an element, projective spaces, the fundamental theorem of projective geometry, conics,
cubics, B-points, useful results from group theory and links with coding theory.

Chapter 3 contains the classification of all subsets of the projective line of order
seventeen. The basic tool is the fundamental theorem of projective geometry; there is a
unique projectivity of the projective line transforming three points to any three other points.

Chapter 4 contains the classification of complete k-arcs in PG(2,17). The main
theme of chapter 4 is to classify subsets that are k-arcs. In particular, we are interested
in the values of k& for which the arcs are complete. For k = 4,5,6,7,8, the k-arcs are
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completely classified. For all £ with £ < 18 there is a classification of complete k-arcs. The
basic tool is the fundamental theorem of projective geometry; there is a unique projectivity
of PG(2,17) transforming four points no three on a line to any other four no three on a
line. The parameters of the corresponding codes C' are found; for each C', the length n, the
dimension k and the minimum distance d are found.

Chapter 5 contains the classification of cubic curves in PG(2,q) and for PG(2,17)
in particular. The expression “complete cubic curve” means that the associated (k;3)-arc
is complete. We answer the question of which non-singular cubic curves in PG(2,17) are
complete as (k; 3)-arcs.

Appendix 1 contains a list of the programs written in GAP.

Appendix 2 contains the tables of the points of PG(2,17) written in numeral and
vector forms.

A brief history

Associated to any topic in mathematics is its history. Arcs were first introduced by
Bose (1947) in connection with designs in statistics. Further development began with Segre
in (1954); he showed that every (¢ + 1)-arc in PG(2,q) is a conic. An important result is
that of Ball, Blokhuis and Mazzocca showing that maximal arcs cannot exist in a plane of
odd order. In 1981 Goppa found important applications of curves over finite fields to coding
theory. As to geometry over a finite field, it has been thoroughly studied in the major treatise
of Hirschfeld 1979-1985 and of Hirschfeld—Thas 1991.



2. BACKGROUND

2.1 Finite fields

Definition 2.1. A field is a set K closed under two operations +, x such that
(1) (K,+) is an abelian group with identity 0;
(2) (K*, x) is an abelian group with identity 1, where K* = K \ {0};
B)zx(y+z)=zxy+arxz (r+y) xz=xxz+yxzforall z,y,zin K.

Definition 2.2. A finite field is a field with only a finite number of elements.
The characteristic of a finite field K is the least positive integer p, and hence a prime,
such that

for all z in K.

Definition 2.3. The set denoted by IF,,, with p prime, consists of the residue classes of the
integers modulo p under the natural addition and multiplication.

Theorem 2.4. The set F,, is a finite field with p elements.
Proof See [10, chapter 1].

Definition 2.5. Given an irreducible polynomial F'(¢) of degree h over F,, we define the set
F,, ¢ = p" with p prime, as

q — Fp[t]/(F)
= {ag+ait+---+ ap_1t"" | a; € Fy, F(t) = 0}.

F

Theorem 2.6. For any given q, the set IF, satisfies the following properties :
(1) the set F,, where ¢ = p", is a field of characteristic p;
(2) the elements x of F, satisfy x? — x = 0;
(3) there exists s in F, such that ™' =1 and
F,={0,1,...,s" %}

such an s is called a primitive element or primitive root of IFy;
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(4) the additive structure of F, is given by the group isomorphism

Fo=Z,x - X Zy;
~—_——
h

(5) the multiplicative structure of F, is given by the group isomorphism
Fo\ {0} = Z41.
Proof See [10, chapter 1].

Definition 2.7. Let f(z) = 2" — a, 12" ' — - -+ — ag be a polynomial of degree n over F,.
Then its companion matriz C(f) is the n x n matrix given by

0
cr=| T
ag aq Ce Qp—1

Definition 2.8. Let A be a root of f. Then f is primitive if the smallest power s of A such
that \* =1is s = ¢" — 1. It is subprimitive if the smallest power s of A such that \* € F, is
5:q”‘1_|_..._|_q_|_1.

Definition 2.9. An automorphism o of F, is a permutation of the elements of I, such that
(1) (z +y)o = z0o +yo,
(2) (zy)o = (zo)(yo)
for all z,y in F,.
2.2  Roots of an element

To solve the equation 2™ = c in F,, let d = (n,¢ — 1), e = (¢ — 1)/d and let s be a primitive
element of F,.

(1) 2™ = 1 has d solutions in F, namely z = 1, s¢, %, ... s(@le,

(2) 2™ =1 has the unique solution x = 1 when d = 1.

(3) 2™ =1 has n solutions when n|(¢ — 1); these are z = 1,s(@=D/n  sm=Da=1/n,
(4)

4) 2™ = ¢ has a unique solution when d = 1; this is x = ¢" where r,7’ € Z and

rm+r'(g—1)=1.

(5) 2™ = ¢ has n solutions when n|(q — 1) and cle=V/m =1,
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2.3  Projective Spaces

Let K be a field and V' be the (n + 1)-dimensional vector space K" over K, with origin
O. Let Vy = V' \ {O}. Two elements X,Y € Vj are related if X and Y belong to the same
one-dimensional subspace of V. This relation defines an equivalence relation on Vj. Let (X)
be the equivalence class of X € Vp, which is the set of X where t € K \ {0}. The set of
equivalence classes, denoted by PG(n, K), is the n-dimensional projective space over K. If
K =T,, then we will use the notation PG(n, q).

The equivalence class (X'), which is also denoted by P(X), is called a point of PG(n, K),
and X is called a vector representing P(X). If X = (zo,...,z,), and z; is the first nonzero
coordinate of X, then P(X) will be written as

(07...,0,1,[)’JZ‘+1/J]Z‘,...,C{]”/[E2‘).

Let W(m + 1, K) be an (m + 1)-dimensional subspace of V; then the set
T = {P(X) | X €W}

is an m-dimensional subspace, or m-space, of PG(n, K). A 1-dimensional subspace 7 is a
line; a mo is a plane and a w3 is a solid. The largest proper subspaces m,_; are hyperplanes
or primes.

Let u = (ug, . ..,u,) € K"\ {0}; therefore there exists ¢, where 0 < i < n, such that
u; # 0. Hence the solutions of the equation

U0£E0+U1ZE1+"‘+U”ZL’”:O

form a prime, which is denoted by 7(u). The vector u = (uq, .. .,u,) is called the coordinate
vector of the prime.

Definition 2.10. In PG(n,q), consider the points U; = (0,...,0,1,0,...,0), and U =
(1,...,1). The set {Uy,...,U,} is the simplex of reference which together with U forms the
frame {Uy, ..., U,, U}, where a frame is a set of n+ 2 points in PG(n, q), no n+1 in a prime.

In this work we mainly consider the case where n =2 and ¢ = p = 17.

2.4  The fundamental theorem of projective geometry

Denote by S and S” two spaces PG(n, K).

Definition 2.11. A collineation £ : S — S’ is a bijection which preserves incidence; that is,
if TI,, C I, then I1.£ C TI,€. where I, and II, are subspaces of PG(n, K). The group of
collineations of PG(n, K) is denoted by PI'L(n + 1, K).

Definition 2.12. A projectivity 8 : S — S’ is a bijection given by a matrix T, necessarily
nonsingular, where P(X') = P(X)g if tX' = XT, with t € K*. Write § = M(T); then
B = M(AT) for any A in K*. The group of projectivities of PG(n,K) is denoted by
PGL(n+1,K).
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Definition 2.13. With respect to a fixed basis of V(n+ 1, K'), an automorphism o of K can
be extended to an automorphic collineation o of PG(n, K); this is given by P(X)o = P(Xo0)
where Xo = (zg0, z10,...,1,0).

Note the following properties.

(1) If £ : S — S is a collineation, then £ = o3, where o is an automorphic collineation,
given by a field automorphism o, and [ is a projectivity.

(2) If {Py,...,Ppy1} and {Pg, ..., P, } are both subsets of PG(n, K') such that no n+1
points chosen from the same set lie on a prime, then there exists a unique projectivity
(3 such that P, =P;,f foralli=0,...,n+ 1.

(3) Forn = 1, the previous statement simplifies: there is a unique projectivity transforming
any three distinct points on a line to any other three.

(4) When K = Ty, it suffices to give the images of Py, ..., P, to determine (. Similarly,
for the case n = 1, the images of two points determine the projectivity.

2.5 Conics

Definition 2.14. Given a homogenous polynomial I in three variables xg, 1, 22 over F,, a
curve F is the set

F=v(F) = {P(X) | F(X) =0}

where P(X) is the point of PG(2, q) represented by X = (zo, x1, 2).
If F has degree two, that is,

2 2 2
F = apzy 4+ a2y + asx; + bazory + bixors + bor122,

then F is called a quadric. For ¢ odd, the discriminant of a quadric F is the determinant

2&0 bQ b1
D = bg 2&1 bo
b1 bo 2&2

A quadric F is non-singular if its discriminant D is non-zero.
Definition 2.15. For ¢ even, a conic C in PG(2,¢q) has a canonical form
v(zf + 2172),

that is
C={P(t —1,t*) |t €F,UuP(0,0,1)}.

Definition 2.16. A conic C is a non-singular quadric F.

Lemma 2.17. Every conic in PG(2,q) is a (¢ + 1)-arc.

Proof See [10, chapter 7].
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Corollary 2.18. A conic in PG(2,q) has other canonical forms as follows:
1) v(z2 + x179), all g;

(1)
(2)
(3)
(4)

x2 — x113), all q;

<

3) v(apx? + a173 + asx3), with apayay # 0, q odd;

(
(
(
4) v(zd + 23 +23), q odd.
Proof See [10, chapter 7).
Corollary 2.19. The projective group PGO(3,q) of a conic has order

| PGO(3,q) | = | PGL(3,9) | /(¢’ — ¢*)

= q(¢"—1)
= | PGL(2,q) | .

Proof See [10, chapter 7).

Corollary 2.20. In PG(2,q) with ¢ > 4, there is a unique conic through a 5-arc.
Proof See [10, chapter 7].

Corollary 2.21. PGO(3,q) = PGL(2,q).

Proof See [10, chapter 7].

2.6  Cubics

Definition 2.22. Given a homogenous polynomial F' in three variables xg, 1, x5 over F,, a
curve F is the set
F=v(F)={P(X): F(X)=0}

where P(X) is the point of PG(2,q) represented by X = (xo, z1, z2).
If F" has degree three, that is,

3 3 3 2 2 2 2 2 2
F = ApTy + a1T] + a2y + 3Ty T1 + AaToT2 + A5X7To + AT T2 + A7THTo + AgXTZT1 + A9ToX1 T2,

then F is called a cubic. The multiplicity of P on F, denoted mp(F), is the minimum of
intersection multiplicities of the line ¢ and F at P, denoted mp(¢, F), for all lines ¢ through
P. Then P is a singular point of F if mp(F) > 1 and a non-singular point of F if mp(F) = 1.
The cubic F is called singular or non-singular (smooth) according as F does or does not
have a singular point.

Definition 2.23. A non-singular point P of F is a point of inflexion of F if
I(P{pNF)>3.

Here, P is also called an inflexion; the tangent ¢p at P is the inflexional tangent.
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2.7 B-points

Definition 2.24. Let K be a k-arc and P a point of PG(2,q)\ K. Then if exactly ¢ bisecants
of K pass through P it is said to be a point of index 7. The number of these points is denoted
by C;.

Lemma 2.25. The constants ¢; of a k-arc K in PG(2,q) satisfy the following equations
with the summation taken 0 to n for which ¢; # 0 :

Yo o= @dHq+1-k (
Y ic = k(k—1)(g—1)/2, (
D i(i—1)ei/2 = k(k—1)(k - 2)(k - 3)/8. (

Proof See [10, chapter 9].

w N
~— N

Definition 2.26. Let K be a 6-arc and P a point of PG(2,q) \ K. Then, if exactly 3
bisecants of K pass through P, it is said to be a B-point or point of index 3.

Definition 2.27. The maximum value of k for a k-arc to exist is denoted by m(2,¢), and a
k-arc with this number of points is an oval.

2.8  Useful results from group theory

Definition 2.28. A group G acts on a set A if there is a map A x G — A such that given
g, ¢ elements in G and 1 its identity, then

(1) z1 ==z,

(2) (z9)g" = x(99")
for any x in A.

Definition 2.29. The orbit of  in A under the action of G is the set

G ={zg| g€ G}
Definition 2.30. The stabilizer of z in A under the action of G is the group
G.={9€G|xg=ua}.
Remark 2.31. The orbit of x is a subset of A, whereas the stabilizer of x is a subset of G.

Definition 2.32. The action of G on A is transitive if given any two elements x, y in A there
exists ¢ in G such that y = xg. In that case, there is only one orbit. The action is regular if
it is transitive and G, = {1} for all  in A.

The action of G on A is k-transitive if there is some element of G transforming any
ordered k-tuple of distinct elements of A to any other such k-tuple.
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Definition 2.33. Let the group G act on the set A.
(1) If y = xg, for x,y in G, then

(a) yG = 2G;
(b) Gy =g 'G.g.

(2) 1G.| = |G]/]2G].
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In Table 2.1 a list of groups of order up to 24 is given.

Tab. 2.1: Group of order up to 24

Order | Number Groups
1 1 1
2 1 Z
3 1 Zy
4 2 Zy, 7o x 1o
5 1 Z;
6 2 Zg, S
7 1 Z;
8 5 Zg, 2y x 2o, 2y x 1y x7Zy,Dy,Q,
9 2 Zy, 73 x 713
10 2 Z10,Ds
11 1 7y,
12 > Zy3,7¢ X Z3,Dg, Qs, Ay
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13

14

15

16

17

18

19

20

21

22

23

24

14

15

Zig, Zg x Lo, (Z4)*, 2y x (Z3)?,(Z2)*, Dsg, Qs
Dy X Zy, Qu X Zo, HH = Zg X 2o, Hy = Zs x 7y
Zy X7y, Hy = (Zy X Zo) X Zig, Hy = (Zy X Zs) X Zy
Zyy
Zis,Z¢ X Z3,Dyg,S3 X Z3, (Z3 X Z3) X Zs
Zyg
Zo, Z1o X Zig, D1g, Quo, 25 X Zy
2o, 27 )75
Zy2, D1
Zy;
2oy, 7y X Lo, Zig ¥ (Z2)2754,D127Q12,D6 X Zo
Ay xZo,Qs X 2o, Dy X Zs,Qq X Z3,S3 X 2y

SL(Q,S),Zg X Zg, Z3 X Dy
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The types of group that occurs are listed below.

cyclic group of order n;

3

= symmetric group of degree n;

3

alternating group of degree n;

U?an
I

3
|

= dihedral group of order 2n
= (r,s|r"=s"=(rs)*=1);
Q, = dicyclic group of order 2n
= (r,s|rm=1,m"%=¢s"=(sr™H)?);
G x H = the direct product of G and H;
G x H = a semi-direct product of G with H, where H

is a normal subgroup.

Lemma 2.34. Subgroups of order 16 in Table 2.1 are distinguished in pairs as follows:
(1) Hy has three elements of order 2;

2) Hy has five elements of order 2;

(2)
(3) the subgroup of squares in Hy is isomorphic to Zs;
(4)

4) the subgroup of squares in Hy is isomorphic to Zo X Zs.

Proof See [10, chapter 2].

2.9 Links with Coding Theory

The geometrical objects considered in this work can be viewed and studied as linear codes
defined over a finite field. Hence, results on their geometry can be translated to results in
Coding Theory. In order to understand these results, we introduce the basic concepts and
results concerning this theory.

An (n, M,d), code C'is a set of M words, each with n symbols taken from an alphabet
of size ¢, such that any two words differ in at least d places. A code (n,M,d), has the
following desirable properties:

(1) small n: fast transmission;
(2) large M: many messages;
(3) large d: correct many errors.

If the code is linear, it can more easily be used for encoding and decoding; in this case,
M = ¢* for some positive integer k, the dimension of the code, and C' is called an [n, k, d],
code. The Main Coding Theory problem is to find codes optimising one parameter with
the other two fixed. Mathematically, such a code can also be viewed as a set of n points in
PG(k —1,q) with at most n — d points in a subspace of dimension k — 2.
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Definition 2.35. An (n, M) code C over F, is a subset of Fy of size M. A linear [n, k], code
over [, is a k-dimensional subspace of Fy and size M = ¢". The vectors in the linear code
C' arc called codewords and we denote them by x = x125 ...z, where z; € .

Definition 2.36. A generator matriz G for an [n, k], code C is any k x n matrix G whose
rows form a basis for C. For any set of k independent columns of a generator matrix G, the
corresponding set of coordinates forms an information set for G. If the first k coordinates
form an information set, the code has a unique generator matrix of the form [Ij|A] where I},
is the k& x k identity matrix; such a generator matrix is in standard form.

Definition 2.37. The ordinary inner product of vectors u = uy ... u,,v =01 ...v, in FZ is
defined by
n
u-v= Z U;V;.
i=1

Definition 2.38. The dual of the code C' is the [n,n — k], linear code C* defined as

C’L:{VEIFZ|u-v:OVu€C}.

Definition 2.39. A parity check matriz H of a linear [n, k], code C is defined to be an
(n — k) x n generator matrix of C*.

Remark 2.40. From the previous definition, we deduce that
C={xeF,|Hx" =0}.

Theorem 2.41. If G = [I|A] is a generator matriz for C' in standard form, then H =
[—AT|I,,_;] is a parity check matrix for C*.

Proof See [10, chapter 2].

Definition 2.42. The (Hamming) distance d(x,y) between two vectors X,y in Fy is defined
to be the number of coordinates in which x and y differ. The distance d is a metric.
The minimum distance d of a code C'is the smallest distance between any pair of distinct
codewords.

Definition 2.43. The (Hamming) weight w(x) of a vector x in F} is the number of its
nonzero coordinates.

Therefore, if C' is a linear code, the minimum distance d is the same as the minimum
weight of a nonzero codeword. When the minimum distance d of an [n, k], code C'is known,
we refer to C' as a linear [n, k, d], code.

Let A; be the number of codewords of weight 7 in a code C'.

Definition 2.44. The list A; for 0 < i < n is called the weight distribution of C.
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Theorem 2.45. A linear code has minimum distance d if and only if its parity check matriz
has a set of d linearly dependent columns but no set of d — 1 linearly dependent columns.

Proof See [10, chapter 2].
Corollary 2.46. For any [n,k,d|, code we have
d<n-—k-+1.
Proof See [10, chapter 2].
Definition 2.47. A code is mazimum distance separable (MDS) when

d=n—-k+ 1.



3. THE PROJECTIVE LINE PG(1,17)

3.1 Introduction
The 18 points of PG(1,17) are P(xg, 1), z; € Fi7. So
PG(1,17) ={Uy =P(1,0)} U{P(z,1) | x € Fy7}.

Each point P(x, z1) with z; # 0 is determined by the non-homogeneous coordinate zo/x1;
the coordinate for Uy is co. Then, with Fy; U {oc}, each point of PG(1,17) is represented
by a single element of Fy7 U {co}. Thus

PG(1,17) ={P(t,1) | t € F1; U {o0};

here, P(00,1) = P(1,0). A projectivity £ = M(T) of PG(1,17) is given by Y = XT, where
X = (20,21),Y = (Yo, y1) and
a b
(0 0).

Let s = yo/y1 and t = xo/xy; then s = (at + ¢)/(bt + d). If Q; = P for i = 2,3,4 and P,
and @); have the respective coordinates ¢; and s;, then ¢ is given by

(s —s3)(s2—81) _ (L —13)(ta — ta)

(S — 54)(82 — 83) (t — t4)(t2 — tg) .

3.2 The tetrads
There are 18 points on the line PG(1,17) and they have non-homogeneous coordinates
00,0,1,—-1,2,—2,3,-3,4,—4,5,-5,6,—6,7,—7,8, —8.
The cross-ratio of four ordered points P, P, P3, P, with coordinates tq, t9, t3,t4 is

(t1 — t3)(t2 — )

P, Py, Py, Py} = {t1,t0;t3,t4} = .
{ 1,4 2,43, 4} {17 2543y 4} (tl _t4)(t2_t3)

If P, Py, P3, P, are distinct points, then P, and P, separate P3 and P, harmonically, written
h(P17P2;P37P4)7 if
{tlatQ;t?ntll} = —1.
So,
h(P17P2;P37P4) — h<P27P1;P37P4)'
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In this case, the permutations of the points only give three values of the cross-ratio, —1,2,1/2.
Let w be the cross-ratio of a tetrad in a given order. The tetrad is called harmonic (H) if
w=1—-w,w=w/(w—1)orw = 1/w. It is called equianharmonic (FE) if w = 1/(1 — w)
or w = (w—1)/w, and it is neither harmonic nor equianharmonic () if the cross-ratio is
another value. Consider the tetrad {co,0,1,¢} with ¢ € Fy7 \ {0,1}. Let

X1={ class of H tetrads},
Xo={ class of E tetrads},
X3={ class of N tetrads}.

Since 17 # 0,1(mod 3), there are no equianharmonic tetrads. So X3 is empty. The tetrad
{00,0,1,a} € X; for a = —1,2, —8. The tetrad {c0,0, 1,c} € X3 for

c=—-23-34,—4,5 —56,—6,7,—T,8.

As a tetrad of type N has six possible values of its cross-ratio, the class X3 is partitioned

into two subclasses C, with
c=-2,3,-5,6,-7,8.

and the other C3 with
c=-3,4,-4,5,-6,7.

If we now call the three classes C7, Cy and C5 where C7 = X, Cy, U C3 = X3, then the
tetrads within each class C; are projectively equivalent. So there are three projectively
distinct tetrads : one of type H and two of type N, called Ny and Ns.

1. Consider the tetrad H = {00,0,1, —1} chosen from the class C;. Then the projective
group of H is isomorphic to dihedral group of order 8.

2. The tetrad N; = {00, 0,1, —2} chosen from the class Cy. Then the projective group of
N is isomorphic to the direct product of Zs and Z,.

3. The tetrad Ny = {00, 0,1, —3} chosen from the class C3. Then the projective group of
Ns is isomorphic to the direct product of Z, and Z,.

3.3 The pentads

Under the group G(H) = (b,d), where b = %,d = i—j&, the points of PG(1,17) \ H are
partitioned into three orbits; they are

{2,-2,3,-3,6,—6,8, —8}, {4, -4}, {5, 5,7, —7}.

Under the group G(Ny) = (f, h), where f = 2 h = =2 the points of PG(1,17) \ N; are
partitioned into four orbits; they are

{-1,2,4,8},{3,5,6,—6},{—3,—4, -5, -8}, {7, -7}

Finally G(N;) = (k,1), where k = 3 | = =3 and the points of PG(1,17) \ N, are parti-
tioned into four orbits; they are

{-1,3},{2,—4,5,7},{—2,—-6,-7, -8}, {4, 5,6, 8}.
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Adding one point from each orbit to the corresponding tetrad gives eleven pentads to

be

{Cll, ag, as, CL4}, {a17 ag, as, a5}7 {a17 Az, Ay, a’5}7 {CLl, as, a4, a5}7 {CLQ, as, y, CL5}.

So we get Table 3.1.

Tab. 3.1: The pentads

No. The pentads CR of tetrads | Types of tetrad | Stabilizer
1 | {00,0,1,-1,2} | —1,2,-2,8,—4 | HHN, N\ N, | Zy = (}5%)
2 | {00,0,1,-1,4} | —1,4,—4,7,—6 | HN; Ny Ny Ny | Zy = (£7)
3 | {00,0,1,-1,5} | =1,5,=5,—2,—=3| H Ny Ny N1 Ny | Zy = (15%)
4 | {00,0,1,-2,—-1} | =2,-1,-8,=5,7| NyHH N Ny | Zy = (=2-1)
5 | {c0,0,1,-2,3} ~2,3,7,5,8 | Ny Ny Na No Ny | Zy = (152)
6 | {o0,0,1,-2,-3}| —2,-3,-7,7,—1| Ny Ny N1 No H | Zy = (=%2)
7 | {00,0,1,-2,7} —2,7,5,-2,3 | NNy Ny Ny Ny | Zp = (=2)
8 |{00,0,1,-3,—1}| =3,-1,6,—8,—7| No HN{HN; | Zy = (“£3)
9 | {00,0,1,-3,2} | —3,2,5,4,—6 | Ny HNy Ny Ny | Zy = (22)
10 | {00,0,1,-3,-2} | =3,-2—=5,5,—-1| Ny Ny Ny No H | Zy = (=2=2)
11 | {00,0,1,-3,4} | —=3,4,—7,-5,8 | Ny No Ny N1 Ny | Zp = (15%)

According to the types of the five tetrads, the pentads fall into four sets,

{1,4,8},{2,9},{3,6,10},{5,7,11}.

The pentads 6 and 10 are the same. Transformations can be carried out as follows:

(1) 1 —4 by

(2) 1—8 by

=z
1 )
1

(3) 2—9 by =t
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(4) 3—6 by é;t167

(5) 5—17 by £,

(6) 5 — 11 by =3

1

This gives the following conclusion.

Theorem 3.1. On PG(1,17) there are precisely four projectively distinct pentads, given in
Table 3.2.

Tab. 3.2: The distinct pentads

No. | New symbol | Canonical form Stabilizer
1 Pl {00,0717—1,2} G(Pl) gZ2 = <1_TI>
2 P2 {00,0,1,—1,4} G(PQ) 224: <;—;>
3 Ps {00,0,1,-1,5} | G(P3) = Zy = (172)
5 P, {00,0,1,-2,3} | G(Py) = Zy = (152)

3.4 The hexads

1. The group G(P;) partitions the set PG(1,17) \ P, into seven orbits; they are
{—2,3},{-3,4},{—4,5}, {-5,6},{—6,7},{—7,8},{-8}.

2. The group G(P,) partitions the set PG(1,17) \ P, into four orbits; they are

{-2,3,—-6,-8},{2,6,—3,—8},{—4},{5,—5,—-7,7}.

3. The group G(Ps) partitions the set PG(1,17) \ Ps into seven orbits; they are
{2,—6},{—2,-3},{3,8}, {4, —4},{-5,7},{6, -8}, {-7}.

4. The group G(P,) partitions the set PG(1,17) \ P, into seven orbits; they are
{-1,2},{-3,4},{—4,5},{-5,6},{-6,7},{-7,8},{-8}.

Therefore, 25 hexads can be formed ( the total number of all orbits) by adding one point
from each orbit to the corresponding pentad.
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Remark 3.2. The numbers of hexads and their stabilizers are given in Table 3.3.

Tab. 3.3: The stabilizers of hexads

Stabilizer | 1

ZzXZz

Zy | Ss | Dy

Number | 6

According to the types of the six pentads, the hexads fall into ten sets. This gives the

following conclusion.

Theorem 3.3. On PG(1,17) there are precisely 10 projectively distinct hexads, given in

Table 3.4.

Tab. 3.4: The distinct hexads

Symbol | Canonical form | Types of pentad Stabilizer
Hy  [{00,0,1,-1,2,-2} | PIPPP\PsP; | Zg x Zg = (=2, 2)
H, |{0,0,1,—1,2,-3}| P,PiP,P,PsP, I = (z)
Hy | {00,0,1,—1,2,—4} | P P,PP,P;Ps Zy = (242)
Hy |{00,0,1,-1,2,—6}| P,P,P;P,P,P;s Zy = (i72)
Hs | {00,0,1,—1,2,—7} | P,PsP,P,PsP, Zy = (£2)
Hy |{00,0,1,-1,2,—8}| PPLP,PLPP | Dg= (k2 22
Hr;  |{00,0,1,—1,4,—4} | PyP,PPyPyPy | Sy = (12 251y
H {00,0,1,—1,4,5} | PyPyP,PiP,Ps Zy = (171%)
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Symbol | Canonical form | Types of pentad Stabilizer

Hyg {00,0,1,-1,5, =5} | PsPsP3sP3PyPy | Zo X Zp = <_Tx, %>

HlO {OO’ 07 17 _27 37 _6} P4P4P4P4P4P4 S3 = <I_+2 46 >

3.5 The heptads
1. The group G(H,) partitions the set PG(1,17) \ H; into four orbits; they are
{3,-3,5,-5},{4,—4,8,-8},{6,—6}, {7, —7}.
2. The group G(H;) partitions the set PG(1,17) \ H; into 12 orbits; they are
{=2}, {3}, {43, {4}, {5}, { =5}, {6}, {6}, {7}, {7}, {8}, {-8}.
3. The group G(Hj3) partitions the set PG(1,17) \ Hj into six orbits; they are
{-2,-8},{3,8},{—3,—6},{4,5},{-5,6},{7, -7}
4. The group G(H,) partitions the set PG(1,17) \ H4 into seven orbits; they are
{=2,-3},{3,8}, {4, =4}, {5}, {-5,7}, {6, =8}, {-T}.
5. The group G(Hj) partitions the set PG(1,17) \ Hs into seven orbits; they are
{=2,7}, {3, =8}, {3}, {4, -5}, {—4,8}, {5}, {6, -6}
6. The group G(Hg) fixes the set PG(1,17) \ Hg.
7. The group G(Hr) fixes the set PG(1,17) \ H.
8. The group G(Hjg) partitions the set PG(1,17) \ Hg into six orbits; they are
{2,-2},{3,-8},{-3,-5},{—4,—6},{6,—7},{7,8}.
9. The group G(Hy) partitions the set PG(1,17) \ Hy into three orbits; they are
{2,-2,6,—6},{3,—-3,4,—4},{7,-7,8, -8}.
10. The group G(H,g) partitions the set PG(1,17) \ Hyo into two orbits; they are
{-1,-5,5,6,8,—8},{2,—-3,4,—4,7, -7}

Therefore, 49 heptads can be formed ( the total number of all orbits ) by adding one point
from each orbit to the corresponding hexad. In Tables 3.5 we list the additional points to
the hexads.
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Tab. 3.5: The additional points to the hexads

Symbol | Types of pentad

The additional points

H, PP P,P,P;Ps
H, P, P,P,P,P; P,
H, P, P,P; P PPy
H, PPy P3P Py Ps
H; P P3P, P,P;P,
Hg PP PP PPy
H; PBPRPRPPP,
Hg Py P3Py Py Py Ps
Hy PsPsPs Py Py Py

HIO P4P4P4P4P4P4

-3,-8,6,—7
[—2],3,4,—4,5,-5,6,—6,7,—7,8, -8
-2,3,-6,4,-5,—-7

[_3]’ 37 [_4]7 57 _57 67 -7

So far, the number of heptads constructed is 39, since each point in square brackets
gives an identical heptad to one already included.
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Remark 3.4. The numbers of heptads and their stabilizers are given in Table 3.6.

According to the types of the seven hexads, the heptads fall into ten sets. This gives

the following conclusion.

Theorem 3.5. On PG(1,17) there are precisely 10 projectively distinct heptads, given in

Tab. 3.6: The stabilizers of heptads

Stabilizer

Zy

Number

17

22

Table 3.7.
Tab. 3.7: The distinct heptads

Symbol Canonical form Types of hexad Stabilizer
T1 {00,0,1,—1,2,—2,—3} H1H2H1H3H2H3H4 Z2 = <—.T— 1>
15 {0070717—1727 -2, —8} H\H¢H HyH3HyHy I = <x>
T {00,0,1,-1,2,-2,6} | HiHyH,HyHyHsHy | Zo = (2)
Ty | {00,0,1,-1,2,-2, =7} | H{H,H,H,H HoHy |  Zy = (2)
T5 {007071,—1,2,—3,4} H2H2H2H2H4H4H4 Z2 = <1 —flf>
T6 {00,0,1,—]_,2, —3, —4} H2H3H3H8H4H9HQ ] = <[L‘>
T7 {0070717_172a_375} H2H3H2H7H8H3H8 Z2 - <§_i_3>
Tg {%,0,1,—1,2,—3,6} H2H2H4H8H10H9H8 [ = <$>




3. THE PROJECTIVE LINE PG(1,17) 25

Symbol Canonical form Types of hexad Stabilizer

Ty {00,0,1,-1,2, -3, =7} | HoH,HyHyHioHyHyo | Zo = (£2)

TlO {00,0,1,—1,2,—4,—7} H3H4H8H4H4H3H8 Zz = <2x—3>

3.6 The octads

. The group G(17) partitions the set PG(1,17) \ T3 into six orbits; they are
{3,—4},{4,-5},{5,—6},{6,—7},{7, -8}, {8}.

. The group G(T3) partitions the set PG(1,17) \ T3 into eleven orbits; they are
{31 {3}, {4}, {—4}, {5}, {5}, {6}, {6}, {7}, {7}, {8}.

. The group G(T3) partitions the set PG(1,17) \ T3 into six orbits; they are
{3, =5},{-3,5}, {4, -8}, {—4,8},{—-6},{7, -7}

. The group G(T}) partitions the set PG(1,17) \ T} into six orbits; they are
{3,5},{—3,—5},{4,8},{—4, -8}, {6,—6},{7}.

. The group G(T5) partitions the set PG(1,17) \ T5 into six orbits; they are
{-2,3},{—4,5},{-5,6},{—6,7},{—7,8},{-8}.

. The group G(T%) partitions the set PG(1,17) \ T into eleven orbits; they are
{=2}, {3}, {4}, {5}, {5}, {6}, {6}, {7}, {7}, {8}, {-8}.

. The group G(T%) partitions the set PG(1,17) \ T7 into six orbits; they are
{—2,-6},{3},{4,8},{—4,7},{-5,6},{-7, —8}.

. The group G(T%) partitions the set PG(1,17) \ Ty into eleven orbits; they are

{_2}7 {3}7 {4}7 {_4}7 {5}7 {_5}7 {_6}7 {7}7 {_7}7 {8}7 {_8}
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9. The group G(Ty) partitions the set PG(1,17) \ Ty into six orbits; they are

{—2,7},{3, -8}, {4, -5}, {—4,8},{5}, {6, —6}.

10. The group G(T}) partitions the set PG(1,17) \ T1o into six orbits; they are

{-2,6},{3},{-3,—5},{4, -6}, {5,8},{7, —8}.

Therefore, 75 octads can be formed ( the total number of all orbits ) by adding one point
from each orbit to the corresponding heptad. In Tables 3.8 we list the additional points to

the heptads.

Tab. 3.8: The additional points to the heptads

Ty {0,0,1,
T {00,0,1,
T {00,0,1,
T; {0,0,1,
Ty {00,0,1,
Ty {00,0,1,
Tio {00,0,1,

T; {o0,0,1,-1,2,-2,6}

~1,2,-2,-7}
~1,2,-3,4}
~1,2,-3,—4}
~1,2,-3,5}
~1,2,-3,6}
~1,2,-3, -7}
~1,2,—4,-7}

Symbol Canonical form The additional points
Ty |{o0,0,1,-1,2,—2, —3} 4,45, -7,-88
T {00,0,1,-1,2, -2, -8} 3,[-3|,4,—4,5,-5,6,—6,7,—7,8

3,—3,[-8],—4,—6,-7
37 [_3}747 [_8]7 [6]’ 7
[—2],5,6,—6,—7,—8

[—2],3,4,5,—5,6,—6,7,—7,8,—8

The number of octads constructed is 55, since each point in square brackets gives an

identical octad to one already included.
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Remark 3.6. The numbers of octads and their stabilizers are given in Table 3.9.

Tab. 3.9: The stabilizers of octads

Stabilizer

ZzXZz

Z,

Dy

Number

20

27

According to the types of the eight heptads, the octads fall into 17 sets. This gives the

following conclusion.

Theorem 3.7. On PG(1,17) there are precisely 17 projectively distinct octads, given in

Table 3.10.
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Tab. 3.10: The distinct octads

Symbol Canonical form Type of heptad Stabilizer
O1 | {00,0,1,—-1,2, -2, -3, -4} | VT Ty T1oToTsTs Zy = (—=2)
Oy {00,0,1,—-1,2,—2,-3,4} | T\TyTsT\ Ty TsTo Ty Zy = (£t
O3 {00,0,1,-1,2,-2,-3,5} | "TYTZT3T-T3T10Tho Zy = (2)
Oy |[{00,0,1,-1,2,-2, -3, —7} | VT ToT3TsTsTsTx I = {(z)
Os | {00,0,1,-1,2,-2, -3, -8} | VLYY, TsTsT\ T Zy = (1)
Os {00,0,1,—1,2,-2,-3,8} | TYTLyTToTx Ty T+ Ty Zy = (=2=1)
O7 | {00,0,1,-1,2,-2,-8, -4} | LG Ty ToTy | Zy x Zy = (Z252, £H)
Os {00,0,1,—-1,2, -2, —8,6} | Ty T TsTsTsTo I = (z)
Oy | {00,0,1,-1,2,-2, -8, 6} | ToyTyTyTxTsTsTxTs Zy = (5%)
O10 {00,0,1,-1,2, -2, -8, 7} | TyTyToTioTsTyoTsTy Zy = (ZtL)
On {00,0,1,-1,2,-2,-8,8} | Tyly Iy 5T T5T3 Zo X 7oy = (%, =1)
Oz {00,0,1,-1,2,-2,6, =7} | TyTuTsToyTyTsTxTx I = {(z)
O1s {00,0,1,-1,2,-2,-7,7} | TWTW Ty T\T,T,T,T, Dg = <g§jf , 142)
O {00,0,1,-1,2,-3,4,5} | TsT5TeTT5TsT1o Tk I=(2)
O15 {00,0,1,-1,2,-3,-4,5} | T TS TeToTr | Zg x Zg = (25, =24
O | {00,0,1,-1,2, =3, =4, =7} | TsToT1T10TxToTs Ty Zy = (=T
Os7 {00,0,1,-1,2,-3,6,8} | TTTsTxTsTsTxTx D, = (&L 2ol
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3.7 'The nonads

. The group G(Oy) partitions the set PG(1,17) \ Oy into five orbits; they are
{3,—5},{4, -6}, {5,—7},{6,—8},{7,8}.

. The group G(O3) partitions the set PG(1,17) \ O, into six orbits; they are
{3, 7}, {4, -6}, {5, -7}, {58}, {6}, {8}.

. The group G(O3) partitions the set PG(1,17) \ Os into six orbits; they are
{3, -5}, {4, =8}, {—4,8}, {6}, {6}, {7, -7}.

. The group G(Og) partitions the set PG(1,17) \ Og into ten orbits; they are
{33 {4}, {—4}, {5}, {5}, {6}, {6}, {7}, {8}, { =8}

. The group G(Os) partitions the set PG(1,17) \ Os into five orbits; they are
{3,5},{4,—5},{—4,—-7},{6,7},{—6,8}.

. The group G(Os) partitions the set PG(1,17) \ Os into five orbits; they are
{3, —4},{4, -5}, {5, —6},{6,—7},{7,—8}.

. The group G(Oy) partitions the set PG(1,17) \ O; into three orbits; they are
{—3,-5.6,—6},{3,4,5,8}, {7, —7}.

. The group G(Os) partitions the set PG(1,17) \ Og into ten orbits; they are
{31033 {4} {4}, {51 {5} {6} {7}, {-7}. {8}.

. The group G(Oy) partitions the set PG(1,17) \ Oy into five orbits; they are
{-3,8}.{3,7},{4,-7},{—4, -5}, {5,6}.

. The group G(Oyy) partitions the set PG(1,17) \ Oy into five orbits; they are
{-3,-7},{3,—6},{4,8},{—4,6},{5,—5}.

. The group G(Oq;) partitions the set PG(1,17) \ Oy; into three orbits; they are

{3,-3,6,—6}, {4,—4},{5,—5,7,—7}.
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12.

13.

14.

15.

16.

17.

The group G(Oj3) partitions the set PG(1,17) \ Oy into ten orbits; they are
(35 =33 {4 {43 {57 A=53 {=61, {7}, {8}, {8}

The group G(Os3) partitions the set PG(1,17) \ Oy3 into two orbits; they are

(3,-3,4,-4,5,-5,8, -8}, {6, —6).

The group G(0O14) partitions the set PG(1,17) \ Oy4 into ten orbits; they are
{=2} {35 {4}, {5}, {6}, { =6}, {7}, {7}, {8}, {-8}.

The group G(Os5) partitions the set PG(1,17) \ Oy into three orbits; they are

{-2,-5,6,-7},{3,—6,8,—8},{4,7}.
The group G(Os;) partitions the set PG(1,17) \ Oy into five orbits; they are
{—2,5},{3,6},{4,8},{-5, -8}, {—6,7}.
The group G(Oy7) partitions the set PG(1,17) \ Oy7 into two orbits; they are

{-2,3,5,-5,—6,7,—7, -8}, {4, —4}.

Therefore, 95 nonads can be formed ( the total number of all orbits ) by adding one point
from each orbit to the corresponding octad. In Tables 3.11 we list the additional points to
the octads.
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Tab. 3.11: The additional points to the octads

Symbol Canonical form The additional points
O, {00,0,1,—-1,2, -2, -3, —4} 3, 4], 5], [-8],[8]
O, {00,0,1,—1,2,—-2,—-3,4} 3,[—4], 5], [8], 6, [—8]
O3 {00,0,1,—1,2,—-2,-3,5} 3,[-8],18],6,—6,[—7]
Oy {0,0,1,-1,2,-2,-3,—-7} | 3,4,[—4],5, =5, [6], =6, [7], [8], [-8]
Os {0,0,1,-1,2,-2, -3, -8} 3,—5,—7,1[6], 8]
Og {00,0,1,-1,2,—-2,—3,8} [—4],4, —6,—7,[—8]
O7 {00,0,1,-1,2, -2, -8, —4} 6],4, [7]
Os {00,0,1,-1,2,-2,-8,6} | —3,3,4,—4,5,—5,[—6],[7],[-7],8
Oy {0,0,1,-1,2, -2, -8, -6} 8,[7],—7,—4,6
O1o {00,0,1,-1,2, -2, -8, 7} —7,—6,[8],6,—5
On {00,0,1,-1,2,—-2, -8, 8} —3,—-4,7
O12 {00,0,1,-1,2,-2,6,—7} 3,—3,4,—4,5,—5,—6,[7],8, -8
O3 {0,0,1,-1,2, -2, 7,7} —3,6
O14 {00,0,1,-1,2,-3,4,5} 2,3,[—4],-5,6,—6,7,—7,8, —8
O15 {00,0,1,-1,2,-3,—4,5} [—7],8,4
O | {00,0,1,-1,2,—-3,—4, -7} 5,6,4,—5,—6
O17 {0,0,1,-1,2,-3,6,8} —5,4
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The number of nonads constructed is 65, since each point in square brackets gives an
identical nomad to one already included.

Remark 3.8. The numbers of nonads and their stabilizers are given in Table 3.12.

Tab. 3.12: The stabilizers of nonads

Stabilizer | [ Zz Z3 Z4 ZS S3 Dg

Number (34|24 2 | 2 1 1 1

According to the types of the nine octads, the nonads fall into 17 sets. This gives the
following conclusion.

Theorem 3.9. On PG(1,17) there are precisely 17 projectively distinct nonads.

Remark 3.10. The distinct nonads and the classification of complementary nonads are
given in Tables 3.13 and 3.14.
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Tab. 3.13: The distinct nonads
Symbol Canonical form Types of octad Stabilizer

S | {00,0,1,-1,2,—2, -3, 4,3} 0,0,0,050,0505050, Zy = (=21)
Sy {00,0,1,-1,2, -2, —3,4,6} 0,0,050150,090,50504 Zy = (=)
Sy {c0,0,1,-1,2,-2,-3,5,3} 030,0,01,0501,090,405 I = (z)
S, {00,0,1,-1,2,-2,-3,5,6} | 030,04,014,01501,015016015 Zy = (2)
Ss | {00,0,1,—-1,2,—2,-3,5, 6} 030303050503030304 Dy = (22, =5-1)
Ss | {00,0,1,—1,2, =2, -3, -7,3} | 0,0,050704050,0,6015 I=(z)
Sy | {00,0,1,-1,2, =2, -3, -7,4} |  0,050150,5050,0,,0504 I = (z)
Sg | {00,0,1,-1,2, =2, -3, 7,5} |  04035050401101505050 14 I = (z)
So {00,0,1,-1,2,-2,—3,8,4} 050,07015,0501,01,0607 Zy = (=3235)
Sio | {00,0,1,-1,2,-2,-3,8, =6} |  0s03050,0,014,01,015015 I = (z)
Sii | {00,0,1,-1,2,-2,-3,8, =7} | 050401001609014,01701,015 I = (z)
Sip | {00,0,1,-1,2,-2,-8,6,—-3} |  03050,01001305040501 Zy = (252)
Sis | {00,0,1,-1,2,-2,-8,7,6} | 01050120:05012016016010 Zy = (377)
S | {00,0,1,-1,2,-2,6,—7, =3} | 0120,04,01501504,01504017 Zy = (%=T)
S5 | {00,0,1,-1,2,-2,6,—-7,—8} | 012080805015015014,01,014 Zs = (=)
Sie | {00,0,1,—1,2,-2,=7,7,6} | 013012012012015015015012015 Zs = (&2)
Sir {00,0,1,-1,2,-3,-4,5,4} | 01501401401501401401401,015 | Sg = (===, 552)
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Tab. 3.14: The classification of complementary nonads

Symbol Canonical form Types of octad complement Stabilizer
St {4,5,-5,6,—6,7,—7,8, —8} 050,0105050,0,050, Zo = (=2=1)
Sy {3, -4,5,-5,—6,7,—7,8, =8} | 020,01505090,0,,0405 Zo = (£
S| {4,—4,-5,6,—6,7,—7,8, =8} | 0100,050903501,01,050, I=(z)
Sy 1{3,4,—4,-5,—-6,7,—7,8, =8} | 012016040,0301,016015014 Zy = (2)
St {3,4,—4,-5,6,7,—7,8, -8} 030305050503030504 Dy = (22, =2-1)
S, {4,—4,5,—5,6,-6,7,8, —8} 04015070,60404050,05 I = (z)
St {3,-4,5,—5,6,-6,7,8, -8} 0,0100201,0150,050505 I =(z)
sS4 {3,4,-4,-5,6,-6,7,8, -8} 0501401,0304040150405 I=(x)
Sy 1 {3,-4,5,-5,6,—6,7,—7, -8} | 05010050504015040105 Zy = (=232)
Sty | {3,4,-4,5,-5,6,7,—7,—8} | 01501601401,0,050,0504 I=(z)
St {3,4,-4,5,-5,6,—6,7, -8} | 09060160170,01401,015015 I =(z)
Shy {3,4,-4,5,—5,—6,7,—17,8} 050120701102015070,0 Zy = (2552)
St [13,-3,4,-4,5,—5,—6,-7,8} | 03015010010012016050701¢ Zy = (37)

N {3,4,-4,5,-5,—6,7,8, =8} | 012017,0150,01,0,0,0150, Zy = (=T)
S {3,-3,4,—4,5,—5,—6,7,8} | 014012,0801,0501505015014 Zs = (=)
Ste |1 {3,-3,4,-4,5,-5,—-6,8, =8} | 019012013012015012012015012 Zs = (&3)
Stz 1 {-2,3,-5,6,-6,7,—7,8, =8} | 015015014015014014014014014 | S3 = (5=, T552)
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3.8 The partitions of PG(1,17)

The stabilizer G(S5;) of S; also fixes the complement S/. The nonad S; is projectively equiv-

alent to its complement S}, except that Sy is not equivalent to Sy and Sis is inequivalent to

l
12

This gives the following result on partitions into nonads.

Theorem 3.11. The projective line PG(1,17) has 17 projectively distinct partitions into
two equivalent nonads given by Table 3.15.
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Tab. 3.15: Partitions of PG(1,17) into two nonads

No. | Symbol | Stabilizer of partition
U {8581} | 22 x 2o = (57, =)
2| {S S} | 22 x Za = (£, 2)
3| {958} Zy = (5551)

4 {968} | Zax Zo = (35, 2)
5 | {8585} | Dis= (3553, =)
6 | {S6: 5} Zy = (551)

7| {SnS) Zy = (775)

8 | {55k} Zy = (577)

9 | {So; 512} Zy = (&%)

10| {510 510} Z> = (5551)

11 | {S11; 9} Zy = (242)

12 | {S9; 54} Zy = (1)

13 | {S13; 513} | Z2 X Zp = (355, =)
14 | {S14;S1,} | Dy = (=8 4T
15 | {S15; 515} | Ss = (355, =+7)
16 | {S16; 516} Dg = <%’ %ﬁ)
17 1 {87517} | De = (5% 5ot
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In Table 3.15, we note that, for the stabilizer groups which are generated by two
elements, the first generator transforms the nonad to its complement, while the second
generator fixes the nonad and its complement.

3.9 Transformations between the nonads and their complements
1. S — S, by 8z=6
2. Sy — S, by =%
3. 83— S by =38
4.8, — S| by =
5. S5 — SL by 2zti
6. S — S5 by =20

7.8, — S, by =2

10. 510 — SiO by —o—8
11. 511 — Sil by 3z+2

12. 512 e Sé by 3

13. 513 I 513 by —ots
14. 514 — 514 by 82-6

15. 515 e 515 by —x43

16. Sl6 I 516 by Azid

17. 517 — 517 by 4$+8.
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3.10 Links with Coding Theory
From Definition 2.47, an [n, k, d] code is mazimum distance separable (MDS) when
d=n—-k+1.

In the case that k =2 and d = n — 1 of an [n, k, d] code, the code C converts to a set K of
n points on the line PG(1,q).

The parameters n, k and d for tetrads, pentads, hexads, heptads, octads, and nonads
in PG(1,q) and the number e of errors that can be corrected are given in Table 3.16.

Tab. 3.16: The parameters n, k,d and e on PG(1,17)

Type |n|k|d]|e

tetrad |42 |31
pentad [ 5|2 [4 |1
hexad |6 |2 |5 |2
heptad | 7|2 |6 |2
octad | 82|73

nonad [ 9283
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4.1 Introduction

In PG(2,17), the projective plane of order 17, 6; = 18, 8, = 307, where

0, = |PG(n,q)| = ("' = 1)/(q — 1);

hence we have 307 points, 307 lines, 18 points on each line and 18 lines passing through each

point.

From Table 7.1, we may choose the points with the third coordinate equal to zero.

They form the following difference set:

1 2 4 46 59 63 74 97 111 123 143 150 179 197 268 278 287 303

Hence a regular array giving the lines of PG(2,17) is as follows:

1 2 4 46 59 63 74 97 111 123

2 3 5 47 60 64 75 98 112 124

3 4 6 48 61 65 76 99 113 125

307 1 3 45 58 62 73 96 110 122

143 150

144 151

145 152

142 149

Each row represents one of the 307 lines of PG(2,17).

By the Fundamental Theorem of Projective Geometry, any four points, no three

179

180

181

178

197

198

199

196

268

269

270

267

278 287

279 288

280 289

277 286

collinear, can be mapped projectively to any other four points, no three collinear.

303

304

305

302
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4.2 Stabilizer of the frame

The stabilizer of any 4-arc is the group of 24 projectivities found by shifting the 4-arc to its
24 permutations. Table 4.1 contains the stabilizer (it is isomorphic to S4) of the frame for
PG(2,q).

The matrix determining each elements of the S, is given by its rows. Let the numeral
form of the frame for PG(2,q) be a,b, ¢ and d; that is a = (1,0,0), b = (0,1,0), ¢ = (0,0,1)
and d = (1,1,1). The stabilizer of the frame are given in Table 4.1.

Tab. 4.1: The stabilizer of the frame

{abed}y| 1 0 0 0 1 0 0 0 1
fbacd}| 0 1 0 1 0 0 0 0 1 g
{cbady/ 0 0 1 0 1 0 1 0 0
{dbca}| 1 1 1 0 -1 0 0 0 -1
facbd}y[1 0 0 0 0 1 0 1 0
{adcb} | -1 0 0 1 1 1 0 0 -1
{abdc}|-1 0 0 0 -1 0 1 1 1
fcabd}y| 0 1 0 0 0 1 1 0 0
{dacb}| 0 —1 0 1 1 1 0o 0 -1
fbead}| 0 0 1 1 0 0 0 1 0
{dbac}| 0 0 -1 0 -1 0 1 1 1
{bdea| 1 1 1 -1 0 0 0 0 -1
{ebda}| 1 1 1 0 -1 0 -1 0 0
{adbcy|-1 0 0 0 0 -1 1 1 1

{acdb}|-1 0 0 1 1 1 0 -1 0
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{dabc} |0 =1 0 0 0 —1 1 1 1]¢
{cadb} |0 -1 0 1 1 1 -1 0 0
{deab}|0 0 -1 1 1 1 0 -10
{bdac}|{0 0 -1 =1 0 0 1 1 1

{cdba}|1 1 1 0 0 -1 -1 0 0

{beda}|1 1 1 =10 0 0 —10
{badc}|0 =1 0 -1 0 0 1 1 1
{cdab}|O0 0 -1 1 1 1 -1 0 0

{deba}|1 1 1 0 0 -1 0 —10

The frame points in PG(2,17) are 1,2,3,254. The two projectivities g; and go which
generate Sy, the stabilizer of the frame, partitions the points in PG(2,17) into 21 disjoint
orbits as follows.

1) 111,112,122.

2) 1,2,3,254.
3) 90,145, 155,171, 214, 253.
4) 107,197,198, 221,274, 307

4,5,63, 64,73, 74,132, 133, 211, 222, 230, 286.
6) 6,17,91,92,96,123, 124, 208, 228, 278, 279, 302.
7) 9,23,49,94,106, 114, 131, 152, 169, 173, 245, 248.

8

(
(
(
(
(5
(
(
(8) 19,28,41,50,81, 147, 184,210, 227, 233, 262, 289.
(

)
)
)
)
)
)
)
)
9) 21,59, 60, 86,93, 157, 170, 178, 242, 267, 303, 304.
(10) 40,46,47,54,72,149, 177,185, 196, 268, 269, 281.
(11) 44,52,71,153,156, 159, 191, 207, 225, 260, 294, 301.
)

(12) 45,66,74,75,82,179,180, 190, 194, 234, 246, 277.
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(13) 58,62,97,98,115,127, 135, 140, 150, 151, 261, 296.

(14) 102,110,113, 142, 143, 144, 205, 251, 252, 287, 288, 290.

(15) 7,33,39,55,68,85,95,119, 125,126, 128, 139, 175, 192,
193,213, 218, 235, 255, 270, 276, 280, 293, 299.

(16) 8,16,20,22,26,27,48, 51,57, 65,67,77,78,83,87, 116,
161, 195,217,240, 241, 256, 272, 300.

(17) 10,11, 15,29, 36,43, 61,100, 108, 117, 118, 134, 148, 160,
162, 165, 166, 212, 236, 243, 244, 271, 295, 208.

(18) 12,14,32,42,53,70,89, 104, 120, 146, 167, 176, 183, 187,
188,200, 219, 247, 259, 263, 264, 283, 291, 305.

(19) 13,31,38,69,79,80, 101,121,129, 138, 154, 158, 172, 199,
203, 215,216, 231,232, 237, 239, 266, 285, 306.

(20) 18,24,34,35,37,56,84,99, 130, 163, 164, 181, 189, 202, 209,

223,224, 226,229, 249, 250, 273, 275, 297

(21) 25,30, 76,88, 103,105,109, 136, 137, 141, 168, 182, 186, 201,

204, 206, 220, 238, 257, 258, 265, 282, 284, 292.

The first orbit consists of diagonal points and the second orbit is the set of the frame

points.



4. THE PROJECTIVE PLANE PG(2,17) 43

4.3 The 5-arcs

Let K be a k-arc in PG(2,q). For k = 4, the equations in Lemma 2.25 become

Co = (q_2)(q_3>7
€1 = 6<q - 2)7
Cy = 3,
Another way of calculating ¢y is by listing the points not on the bisecants of the 4-arc. The

points represented by the number ¢y are separated into orbits. Then 5-arcs are constructed
by adding one point from each orbit. This gives the following result.

Theorem 4.1. In PG(2,17) there are precisely four projectively distinct 5-arcs, given in
Table 4.2.

Tab. 4.2: The distinct 5-arcs

Symbol D-arc Stabilizer

A {1,2,3,254,7} Z4
Ay | {1,2,3,254,8} Zo
A [{1,2,3,254,10} Zo

As o [{1,2,3,254,12} Zo
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4.4 The 6-arcs

The number of the points on the bisecant of any 5-arc is L(5,q) = 10q — 20; that is, 150 for
q = 17. Hence there are 307 — 150 = 157 points of the plane not on the bisecants of any
of the four 5-arcs. Let K be a k-arc in PG(2,q). For k = 5, the equations in Lemma 2.25
become

o = (¢—4)(¢—5)+1,

10(q — 4),
Co = 15,

1

Another way of calculating ¢, is by listing the points not on the bisecants of the 5-arc. The
points represented by the number ¢y are separated into orbits. Then 6-arcs are constructed
by adding one point from each orbit. For a specific 5-arc, points of index zero are divided
into orbits by the stabilizer of that 5-arc. The points of index zero for every 5-arc as a
number of orbits with the size of the orbits in brackets are given in Table 4.3.

Tab. 4.3: The orbits

5-arc | ¢ Orbits

Ay | 157 [36(4),6(2),1(1)
Ay | 157| 72(2),13(1)
Ay | 157 | 72(2),13(1)

Ay 157 72(2),13(1)

We list in Table 4.4 the four distinct 5-arcs and the points added to the corresponding
5-arc chosen from each orbit to construct 6-arcs.
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Tab. 4.4: The points of index zero

H-arc

The additional points

A

11,12,13, 14, 16, 19, 20, 22, 23, 24, 25, 26, 28, 29, 30, 31, 35, 37, 39, 42, 43, 48, 56, 71,

76,77,85,88,95, 100,101, 105, 120, 121, 130, 139, 158, 159, 160, 164, 165, 233, 270.

Ay

12,13, 14, 15, 16, 18, 20, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 41, 44, 48, 49,
50,51,61,71,76,77,78,79, 84,87, 89,90, 94,99, 101, 105, 106, 114, 116, 125, 128, 137, 138,
139,141, 146, 147, 148, 152, 153, 154, 155, 158, 162, 163, 168, 171, 172, 176, 181, 182, 184,

188,189,191, 192, 200, 201, 209, 210, 212, 214, 219, 227, 229, 235, 244, 247, 299.

9,11,12,13,15, 16, 18,19, 20, 22, 23, 24, 27, 28, 29, 30, 33, 35, 37, 38,41, 43, 44,49, 51, 55, 56
61,67,68,70,71,77,79, 81,83, 84,87,95,99, 100, 106, 109, 114, 118, 121, 125, 126, 131, 134
137,152,154, 155,158, 159, 160, 161, 162, 164, 165, 167, 172,175,176, 181, 183, 184, 187,188

189,193,204, 210, 215, 224, 225, 236, 249, 250, 253, 256, 263, 275, 202.

Ay

171, [8], 9, [10], 11, 13, 14, 15, 16, 18, 19, 20, 23, 25, 26, 27, 29, 30, 31, 38, 39, 41, 48, 50, 52, 53, 56
57,65,67,68,69, 70,76, 77,79,83, 85,89, 90, 94,99, 101, 105, 108, 109, 114, 116, 120, 130, 131
134,136, 137,139, 141, 145, 148, 153, 154, 162, 166, 167, 171,172, 176, 181, 183, 203, 213, 215

217,218,219, 224, 226, 227, 235, 237, 243, 255, 258, 259, 264, 265.
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So far, the number of 6-arcs constructed is 295, since each point in square brackets gives
an identical 6-arc to one already included. The method to compute the transformations
between the 6-arcs is the following; By use of The Fundamental Theorem of Projective
Geometry there is a unique projectivity of PG(2,q) transforming four points no three on a
line to any other four points no three on a line. Two 6-arcs K; and K, are equivalent if
K1 = K5 and (3 is given by a matrix T and g = M(T) with

M(AT) = M(T), A € 7\ {0}.
This gives the following result.

Theorem 4.2. In PG(2,17) there are precisely 74 projectively distinct 6-arcs, given in Table
4.5.
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Tab. 4.5: Distinct 6-arcs

No. 6-arc Stabilizer | No. 6-arc Stabilizer
By | {1,2,3,254,7,14} Zo Buo | {1,2,3,254,7,24} I
By | {1,2,3,254,7,42} I Bao | {1,2,3,254,7,25} I
By | {1,2,3,254,7,85} 7o Boy | {1,2,3,254,7,26) I
By | {1,2,3,254,7,270} S4 Bay | {1,2,3,254,7,29} I
Bs | {1,2,3,254,8,24} Zo Bos | {1,2,3,254,7,30} Zo
Be | {1,2,3,254,8,34} | Zox Zy | Bay | {1,2,3,254,7,31} 7o
B; | {1,2,3,254,8,99} 7o Bos | {1,2,3,254,7,37} Zo
Bs | {1,2,3,254,8,154} | Zy x Zy | Bas | {1,2,3,254,7,39} I
By | {1,2,3,254,10,236} Dg Bor | {1,2,3,254,7,43} I
Bio | {1,2,3,254,12,183} Ss Bas | {1,2,3,254,7,48} 7o
By | {1,2,3,254,7,11} I By | {1,2,3,254,7,56} I
B | {1,2,3,254,7,12} I By | {1,2,3,254,7,71} I
Bis | {1,2,3,254,7,13} Zs By | {1,2,3,254,7,76} Zs
B | {1,2,3,254,7,16} I Bs | {1,2,3,254,7,88} I
Bis | {1,2,3,254,7,19} I Bss | {1,2,3,254,7,100} 1
Bis | {1,2,3,254,7,20} I By | {1,2,3,254,7,101} Zo
By | {1,2,3,254,7,22} I Bss | {1,2,3,254,7,105} I
Bis | {1,2,3,254,7,23} I By | {1,2,3,254,7,120} 7o
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{1,2,3,254,7,121}
{1,2,3,254,7,130}
{1,2,3,254,7,139}
{1,2,3,254,7,158}
{1,2,3,254,7,159}
{1,2,3,254,7,160}
{1,2,3,254,7,165}
{1,2,3,254,7,233}
{1,2,3,254,8,16}
{1,2,3,254,8, 18}
{1,2,3,254,8,20}
{1,2,3,254,8,27}
{1,2,3,254,8,35}
{1,2,3,254,8,36}
{1,2,3,254,8,50}
{1,2,3,254,8, 76}
{1,2,3,254,8, 77}
{1,2,3,254,8,94}

{1,2,3,254,8,101}

Z3

S3

Zy

{1,2,3,254,8,105}
{1,2,3,254,8,106}
{1,2,3,254,8,141}
{1,2,3,254,8,152}
{1,2,3,254,8,176}
{1,2,3,254,8,181}
{1,2,3,254,8,182}
{1,2,3,254,8,210}
{1,2,3,254,8,212}
{1,2,3,254,8,219}
{1,2,3,254,10, 18}
{1,2,3,254, 10,43}
{1,2,3,254,10,81}
{1,2,3,254,10,121}
{1,2,3,254,10, 164}
{1,2,3,254,10, 172}
{1,2,3,254, 10,263}
{1,2,3,254,12, 19}

{1,2,3,254,12, 224}
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4.5 The 6-arcs on a conic
The ten distinct hexads on PG(1,17) can be mapped to ten distinct 6-arcs on a conic. If the
points Uy = (1,0,0),U; = (0,1,0),Us = (0,0, 1) are on the conic, then the general equation
of the conic reduces to the following:

Tox1 + apToTs + a1z1x2 = 0.

Therefore, (ag,a1) = (=7,6),(—3,2),(—2,1),(=5,4) are the coefficients of the equations of
the conics containing the respective four 5-arcs

{U(h Ula U27 U37 U4}a {U07 U17 UQa U37 U5}7 {U07 Ul: U27 U37 U6}7 {U07 U17 UZ: U37 U7}7
where
Us=(1,1,1),U; = (—8,-6,1),Us = (—8,4,1),Us = (=8, —5,1),U; = (—7,6,1).

Substituting the point of each 6-arc in the corresponding conic shows the ten 6-arcs on a
conic as given in Table 4.6.
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Tab. 4.6: The distinct 6-arcs on a conic

New symbol Conic 6-arcs Stabilizers
B o1 — Twors + 6z1zs | {1,2,3,254,7,14} Zo
B, xory — Txoxe + 61129 | {1,2,3,254,7,42} 1
By Toxy — Txoxe + 62129 | {1,2,3,254,7,85} Zo
B, xory — Txoxe + 62129 | {1,2,3,254,7,270} S4
Bs xor1 — 3xoxe + 22122 | {1,2,3,254,8,24} Z,
Bg Tor1 — 3xoxe + 22129 | {1,2,3,254,8,34} Zo X 7o
B Tox1 — 3xoxe + 2m11 | {1,2,3,254,8,99} Zo
By xory — 3xoxe + 22129 | {1,2,3,254, 8,154} Zo X 7o
By zor1 — 2x0xe + 2122 | {1,2,3,254, 10,236} Dg
Bio xor1 — HToxe + dr129 | {1,2,3,254,12,183} Ss
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Remark 4.3. For the 74 distinct 6-arcs the B-points are given in Table 4.7.

Tab. 4.7: The B-points

6-arcs B-points c3 | G-arcs | B-points | c3
By 63 1| DBis — 0
By - 0| DBy 111 1
B3 122 1| By — 0
By [6,64,111,222,274,302 | 6 | DBy 64 1
Bs 124 1| By — 0
Bg 211, 288 2 | DBog 64,112 | 2
B 4 1| DBy 222,302 | 2
Bg 142,228 2 | Bos 63,288 | 2
By 74,93, 180,230 4 | Bag — 0
By 45,112,246 3| DBor 185 1
B — 0| Bog 6,102 | 2
By 122 1| By 112 1
B3 64,122,185 3| Bso 149 1
By 102 1] By (6,112,149 3




4. THE PROJECTIVE PLANE PG(2,17)

52

252
185
222, 302
105
112,222, 252, 302
123,185, 222, 302

111

222,302
185

222, 302

66

142,228, 274, 288
142,228
112,149, 211
124
4,149, 157
124,142, 149, 228

142, 228

185
111
185
252
185,274
124,150, 211
112

4,66, 288

4,122,142, 228
157,211, 274
142,228

247

111, 180, 290
185
122,290, 304
122,149
111,278
74,93,112, 149, 274, 290

74,93,122,127
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Bss 185,274 2 | B 135,267 2

Bsg | 66,112,142, 150, 185,228 | 6 | Byy | 112,115,135, 143,211,267 | 6

4.6 The T-arcs
Let K be a k-arc in PG(2,q). For k = 6, the equations in Lemma 2.25 become

o = (q—7)2+6—03,
cg = 3{5(q—7)+cs},
Cy = 3{15 - 03};

The constant c3 and hence ¢y, ¢; and ¢y are calculated. Another way of calculating cq is by
listing the points not on the bisecants of the 6-arc. The points represented by the number ¢
are separated into orbits. Then 7-arcs are constructed by adding one point from each orbit.
The 6-arcs for each pair (co, c3) are given in Table 4.8.
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Tab. 4.8: (co, c3)
6-arcs 3| Co
By, Bi1, Bis, Bao, Baz, Bag, B33, Ba1, Bus, Baz, Beo, Bes 0 | 106
Bi, Bs, Bs, By, Bi2, Bia, Bis, Big, Bi7, B1g, Bo1, Bar, Bag, Bso, Bsa, Bss, Bsr, Bag, | 1 | 105
Bus, Byg, Bag, Bs1, Bss, Bea, Ber
Bg, Bs, Bas, Baa, Bas, Bas, Bsa, B3g, Baa, Baa, Bsa, Bss, Bes, Beg, Bro, Br3 21104
Bio, Bis, Bs1, Bso, Bs2, Bs7, Bso, Be2, Bes, Bes 3 | 103
By, Bss, Bsg, Bus, Bss, Be1, Bra 4 1102
By, Bsg, Br1, Bra 6 | 100

For a specific 6-arc, points of index zero are divided into orbits by the stabilizer of that
6-arc. The points of index zero for every 6-arc as a number of orbits with the size of the

orbits in brackets are given in Table 4.9.
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Tab. 4.9: The size of orbits

6-arc Orbits 6-arc| Orbits |6-arc| Orbits
1 8(1),49(2) 21 | 105(1) | 41 | 106(1)
2 106(1) 22 | 106(1) | 42 | 52(2)
3 9(1), 48(2) 23 | 52(2) 43 | 105(1)
4 11(4),4(12),2(24) | 24 | 52(2) 44 | 52(2)
5 9(1), 48(2) 25 | 52(2) 45 | 106(1)
6 10(2), 21(4) 26 | 106(1) | 46 | 105(1)
7 9(1), 48(2) 27 | 105(1) | 47 | 106(1)
8 10(2), 21(4) 28 | 52(2) 48 17(6)
9 7(6),5(12) 29 | 105(1) | 49 | 52(2)
10 | 1(1),8(3),13(6) | 30 | 105(1) | 50 |1(1),34(3)
11 106(1) 31 [1(1),34(3) | 51 | 105(1)
12 105(1) 32 | 105(1) | 52 |1(1),34(3)
13 1(1), 34(3) 33 | 105(1) | 53 17(6)
14 105(1) 34 | 52(2) 54 | 52(2)
15 105(1) 35 | 105(1) | 55 | 26(4)
16 105(1) 36 | 52(2) 56 | 1(4),8(12)
17 105(1) 37 | 105(1) | 57 |1(1),34(3)
18 106(1) 38 | 17(6) 58 | 105(1)
19 105(1) 39 | 17(6) 59 | 1(1),34(3)
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20| 106(1) |40| 105(1) [60| 106(1)
61| 17(6) |67| 105(1) |73 52(2)
62 | 1(1),34(3)) | 68 | 1(1),34(3) | 74 | 1(4),8(12)
63| 26(4) |69| 26(4)
64| 105(1) |70| 52(2)
65| 106(1) | 71|1(4),8(12)
66 | 1(1),34(3) | 72| 17(6)

The number of 7-arcs constructed by adding one point from each orbit is

4848 — 604 = 4244.

This gives the following result.

Theorem 4.4. In PG(2,17) there are precisely 733 projectively distinct T-arcs.

Remark 4.5. The numbers of 7-arcs and their stabilizers are given in Table 4.10.

The ten distinct heptads on PG(1,17) can be mapped to ten distinct 7-arcs on a conic.

Tab. 4.10: The stabilizers of 7-arcs

Stabilizer

I |Zy|Ss

Z3

Number

644 | 75 | 2

12

4.7 The 7-arcs on a conic

Substituting the points of each 7-arc in the corresponding conic shows the ten 7-arcs
on a conic as given in Table 4.11.
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Tab. 4.11: The distinct 7-arcs on a conic

New simple T-arc Conic Stabilizer
Ci By U {42} | zoxy — Txozs + 62129 I
Cy By U{85} | zoxy — Twozs + 62129 Z-
Cs By U {153} | xoxy — Txows + 62129 Zo
Cy By U {168} | zoz1 — Txoxs + 62129 Zo
Cs By U {176} | xoz1 — Txoxe + 62120 I
Cs By U {85} | xoxy — Twozs + 62129 I
Cr By U {168} | xoxy — Txows + 62129 Zo
Cy By U {176} | zoxy — Txoxs + 62120 Zo
Co By U {206} | xoz1 — Txoxe + 62120 Zo
Cho Bs U {34} | zox1 — 3zozo + 21129 Zo

4.8 The 8-arcs

Let K be a k-arc in PG(2,q). For k = 7, the equations in Lemma 2.25 become:

co = (q—10)%+20 — cs,

e = 3{7(q—11)+ 3},

Cy = 3(35 — C3>;
The constant c3 and hence ¢g, ¢; and ¢y is calculated. Another way of calculating ¢ is by
listing the points not on the bisecant of the 7-arc. The points represented by the number ¢

are separated into orbits. Then 8-arcs are constructed by adding one point from each orbit.
This gives the following result.

Theorem 4.6. In PG(2,17) there are precisely 5441 projectively distinct 8-arcs.
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Remark 4.7. The numbers of 8-arcs and their stabilizers are given in Table 4.12.

Tab. 4.12: The stabilizers of 8-arcs

Stabilizer I Zz Z4

Dg D4 ZzXZz ZSNZZ

Number | 5027 | 389 | 4

4.9 The 8-arcs on a conic

The seventeen distinct octads on PG(1,17) can be mapped to seventeen distinct 8-arcs on

a conic. The 8-arcs in PG(2,17) on a conic are given in Tables 4.13.

Tab. 4.13: The distinct 8-arcs on a conic

Conic 8-arc Stabilizer
Toxy — Txoxe + 62129 | C7 U {85} I
xoxy — Txoxe + 62129 | C7 U {136} Zo
xoxy — Txoxe + 62129 | C1 U {153} I
xory — Txoxe + 62129 | C1 U {176} Zo
Tox1 — Txoxe + 62129 | C1 U {186} I
xoxy — Txoxe + 62129 | C1 U {206} Zo
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Conic 8-arc Stabilizer
Tox1 — Txxe + 62119 | C1 U {270} | Zg X Zo
xory — Txoxe + 62129 | Co U {168} Zo
xor1 — TToxe + 62129 | Co U {176} Zo
xox1 — Txoxe + 62129 | C3 U {168} | Za X Zg
Tox1 — Txxe + 62119 | C3 U {176} Zo
xory — Txoxe + 62129 | Cy U {176} I
xox1 — Txoxe + 62129 | Cy U {186} Zo
xor1 — TToxe + 62129 | Cs U {299} D,
Tox1 — Txoxe + 62179 | Cg U {136} Zo
xTory — Txoxe + 62129 | Co U {176} | Zg X Zg
Tor1 — 3Toxe + 22129 | Cpo U {241} Dg
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4.10 The 9-arcs on a conic

The seventeen distinct nonads on PG(1,17) can be mapped to seventeen distinct 9-arcs on
a conic as given in Table 4.14. The 9-arcs all lie on the conic v(zor, — Tzozs + 67122).

Tab. 4.14: The distinct 9-arcs on a conic

9-arc Stabilizer

{1,2,3,254,7,14, 42,85, 136} Z

{1,2,3,254,7,14,42, 85,153} Zs
{1,2,3,254,7,14, 42, 85,168} I
{1,2,3,254,7,14,42,85, 176} Zo

{1,2,3,254,7,14, 42,85, 186} Z

{1,2,3,254,7,14,42, 85,188} Zo
{1,2,3,254,7, 14,42, 85, 206} I
{1,2,3,254,7,14,42,85, 270} I
{1,2,3,254,7,14,42,85,301} I

{1,2,3,254,7,14, 42,136, 188} I
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9-arc Stabilizer
{1,2,3,254,7,14, 42,153,176} I
{1,2,3,254,7,14, 42, 153, 188} Zo
{1,2,3,254,7,14,42,153,270} Ss
{1,2,3,254,7, 14, 42, 186, 188} 74

{1,2,3,254,7,14,85, 168, 270} Dy
{1,2,3,254,7,14, 153,168, 176} Zo

{1,2,3,254,7,14, 168, 176, 301} Zs

Remark 4.8. It was computationally too difficult to classify all 9-arcs. It would have taken
approximately 3,000 hours.
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4.11 The algorithm to calculate k-arcs, k < 18

The strategy to compute the complete k-arcs is the following.

(1)

The way of calculating ¢y for (k — 1)-arcs is by listing the points not on the bisecants
of the (k — 1)-arcs.

The points represented by the number ¢y are separated into orbits.

The k-arcs are constructed by adding one point from each orbit.

For a given k-arc K, the set S of points not on the bisecants of K is found.
If S is empty, then K is complete. Otherwise K is incomplete.

All possible k-arcs from a given (k — 1)-arcs are listed.

The next step is to select the non-identical complete k-arcs among the total number
constructed.

Calculate the transformations between them. By use of The Fundamental Theorem
of Projective Geometry, there is a unique projectivity of PG(2,q) transforming four
points no three on a line to any other four points no three on a line. Two k-arcs K;
and K are equivalent if K5 = K5 and (3 is given by a matrix T and 8 = M(T) with

M(AT) = M(T), A € Fy; \ {0}.

A non-singular matrix T can be determined as follows.

Let T = (t;;), 4,5 =0,1,2, t;; € F,. As T is determined up to a constant, so dividing
the matrix by one of its entries leaves us needing only eight conditions to determine
the whole matrix. If x = (¢ 21 22),y = (Yo ¥1 ¥2), then the matrix T which transforms
x into y should satisfy the matrix equation 2T = Ay, where X is a constant; that is,

Totoo + T1t1o + Tato = Ay, (4.1)
Totor + 1t + xalar = Ay, (4.2)
Totoo + T1t1o + Totes = Ays. 3

By eliminating A from equations (1) and (2), and from (2) and (3) we get two homo-
geneous equations for each pair z and y:

y1(zotoo + T1t10 + Tatao) — Yo(Totor + x1t11 + @ator) = O,
Ya(wotor + T1tin + Totor) — y1(Totoz + Ttz + Xaley) =
The four points give us eight equations in the unknown ¢;;. They form a system of

homogeneous equations. There is always a unique solution of the system which gives
the entries of the matrix T. The solution of the system of homogeneous equations
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is a solution over F,. The calculations for finding such solution can be simplified by
inserting one middle step; that is, instead of shifting the 4-arc

{(aoal @2)7 (bobl bz), (Cocl Cz), (dOdl d2)}

to the 4-arc
{(agay a3), (bobyb3), (cocych), (dodydy)},
we can use the points of the frame

{(100), (010), (001), (111)}.

In general the procedure to find a matrix T which transforms the frame, in the above
order, to any given 4-arc, say

{(aoal a2), (bob1 bz), (6061 62), (d0d1 dz)},

is as follows:

(100)T Mag ay as),
(010)T == /L(bo b1 bg),
00T = v(cere),
where A\, i, v € F,. So
)\CLO /\CLl )\(12
T=| pby wpbr pbs
Vcy UVCp VCy
Also (111)T = p.(do dy d2), p € F,, which implies that
A

ap by co do
aq bl C1 dl . H = 0.

1%
az by co d
2 2 2 2 —p
The unique solution of the above system is.
A p_ v p
A B C D
where ABC'D # 0 and
do bo Co Qo do Co Qo bo do Qo b() Co
A= dl b1 C1 ,B: ay dl C1 ,C: ay b1 dl ,D: ay b1 (&1
d2 b2 Co Q9 d2 Co Qo bg d2 Q9 bg Cy
Therefore,
P P P
_D’ ILL _D’ v _D’
Aao ACLl AGQ
T=| Bby Bby Bby
CC() 001 OCQ
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This gives the following result.

Theorem 4.9. The numbers of projectively distinct complete k-arcs in PG(2,17) for k > 10
are given in Table 4.15.

Tab. 4.15: The numbers of the complete k-arcs

k 10 | 11 | 12 |13 (1415|1617 |18

Number | 560 [ 2644 | 553 | 8 | 1 | — | — | — | 1

Remark 4.10. The numbers of the complete k-arcs, k = 10,11,12,13,14 and their stabi-
lizers are given in Tables 4.16, 4.17, 4.18, 4.19, 4.20.

Tab. 4.16: The stabilizers of the complete 10-arcs

Stabilizer I Z2 A4 Dg Z3 Z2><Z2 Sg Z4 ZgNZz Q4 S4

Number | 343 | 178 | 2 119 8 917 1 1] 1

Let K7 be the complete 10-arc with group isomorphic to Dg in Table 4.16. Then G(K;)
is generated by g1, go where

0 0 16 13 13 13
g=\| 0 11 0 |, go=| 6 13 12
15 0 0 6 15 13

Then G(K;) has the following orbits on Kj: one orbit M; of size 9 and one orbit M, = {p}
of size 1. Then K; consists of M; on a conic C and P not on C. The number of the points
on no bisecant of M is ¢g = 19. So P is not unique and we can select it from any of these
ten points not on C.
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Let K5 be the complete 10-arc with group isomorphic to Zg x Zsy in Table 4.16. Then
G(K3) is generated by g1, g2 where

0 0 1 8 0 0
13 3 4 12 12 12

Then G(K3) has the following orbits on Ks: one orbit of size 8 and one orbit of size 2. The
group G(K,) stabilizes a line containing the orbit of size two, and partitions the line into
one orbit of size 8, two of size 4, and one orbit of size 2.

Let K3 be the complete 10-arc with group isomorphic to S4 in Table 4.16. Then G(K3)
is generated by g1, go where

0 12 0 16 0 0
a=116 2 8], =0 16 0
8 8 8 10 12 1

Then G(K3) has the following orbits on K3: one orbit of size 6 and one orbit of size 4.

Tab. 4.17: The stabilizers of the complete 11-arcs

Stabilizer | I | Zso

Number | 2569 | 75

Tab. 4.18: The stabilizers of the complete 12-arcs

Stabilizer I Z2 Z3 Z2XZ2 Z4 S3 D4 DG S4

Number | 337|152 | 17 18 1 120 2 3 |3
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Tab. 4.19: The stabilizers of the complete 13-arcs

Stabilizer | I Z2 Z3 Z4 S3

Number |1 4 | 1 1] 1

Tab. 4.20: The stabilizer of the complete 14-arc

Stabilizer | Dy

Number 1

Let K4 be the complete 14-arc with group isomorphic to D4 in Table 4.20. Then G(K,)
is generated by g1, go where

0 6 O 11 1 15
g=13 0 0 , go= | 12 12 12
2 12 16 0 0 2

Then G(K,) has the following orbits on K,: one orbit Oy of size 8, one orbit Oj of size
4 and one orbit O; of size 2. The group G(K,) stabilizes a line ¢ containing O; on a
conic C, and partitions the line ¢ into three orbits of size 4 and three orbits Oy, Os, O;
of size 2. Then K, consists of ten points on C, two of them on ¢, and eight points in
04 = {Rl, RQ, R3, R4, R5, R6, R7, Rg} on C. Let Ql, Qg, Qg, Q4 be the four pOiIltS in 05 not
on C. Let 01 = {Pl, Pll}, OQ = {PQ,PQI},O?, = {P3, Pé} on g, where

Py=0Q1QsN0=QQsN¥l, Po=0Q1QsNL=0Q2QsN{, Ps=0Q1Q2N1, Py=Q3QsNC

The tetrad O U Oq is a harmonic and the tetrads O; U O3, O3 U O3 are neither harmonic nor
equianharmonic. The tangents at P; and P| to C meet at R. The lines

RiR, RyR, R3R, R4R, RsR, R¢R, R;R, RsR, PiR, P|R;

are part of a pencil . However O) = C\ (O U Oy) is inequivalent to O4. The other eight lines
of the pencil meet C in Oy.
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4.12 Links with Coding Theory
From Definition 2.47, an [n, k, d] code is mazimum distance separable (MDS) when
d=n—-k+1.

in the case that k = 3 and d = n — 2 of an [n, k, d| code, the code C' converts to a set K of
n points on the projective plane PG(2,q).

The parameters n, k and d for k-arcs in PG(2,q) up to 14 and the number e of errors
that can be corrected are given in Table 4.21.

Tab. 4.21: The parameters n, k, d and e for k-arcs

k-arc|n|k|d|el| k-arc | n |k| d |e

4-arc |43 |2 |1 | 10-arc| 10| 3| 8 |3

H-arc | 5|3 |31 1l-arc|{11|3| 9 |4

6-arc |6 |3 (4|1 12-arc|12|3|10|4

T-arc | 713|512 13-arc |13 |3 |11 |5

-arc | 8362 14-arc| 143 [12|5

Q-arc |9 |3 |7 |3 18arc |18 |3 |16|7




5. CUBIC CURVES OVER A FINITE FIELD

5.1 Introduction

The main goal of this chapter is to answer the question:

Which non-singular cubic curves in PG(2,17) are complete as (k; 3)-arcs?
Over F,, plane cubic curves have properties familiar from the classical theory over the real
and complex numbers. When ¢ = 1 (mod 3), their properties resemble those of cubics over
the complex numbers; when ¢ = —1 (mod 3), the real numbers are the better analogy. When
g = 0 (mod 3), there is no suitable classical model.

Cubics with 3, 1,0 rational inflexions are treated in this order. The main difference
from some other treatments is that here two curves are equivalent if there is a projectivity
over [F, between them.

Let P, be the total number of projectively inequivalent cubics. Let n; for i =0,1,3,9
be the number of projectively inequivalent cubics with exactly ¢ rational inflexions.

Hence,

P, =ng +ns+ny + ny.

e () (2 (2)

Proof See [10, chapter 11, section 11].

Theorem 5.1.

Put

1 if z=1 (mod 3),
(3) =50 if =0 (mod3),
—1 if 2 =-1 (mod 3);
1 if c=1 (mod 4),
(—) =<0 if ¢=0 (mod 2),
—1 if ¢=—1 (mod 4);
1 if e=1 (mod 3),

-3
(—) =<0 if ¢=0 (mod 3),
—1 if ¢=—1 (mod 3);

From the above formulas and Theorem 5.1, the total number of projectively inequiva-
lent cubics over Fy; is 52; that is, Pj; = 52.
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Theorem 5.2. There exists a non-singular plane cubic curve over F, with nine rational
inflexions if and only if ¢ =1 (mod 3).

Proof See [10, chapter 11, section 5].

Remark 5.3. From Theorem 5.2, since 17 #Z 1 (mod 3), the number of projective inequiva-
lent curves with exactly nine rational inflexions is zero; that is, ng = 0.

Lemma 5.4. There are (¢ — 1,3) projectively distinct cubic curves with three collinear ra-
tional inflexions such that the inflexional tangents are concurrent. The polynomials are as
follows:

(1) (q_ 1a3> - 17
F=XY(X+Y)+ Z%

(2) (¢—1,3) =3,
F = XY(X+Y)+Z?,
F = XY(X+Y)+aZ?
F = XY(X+Y)+a*Z%
where o is a primitive element of IF,,.
Proof See [10, chapter 11, section 5].
Corollary 5.5. Quer Fyz, the polynomial F = XY (X +Y)+Z3 has three rational inflexions.

Remark 5.6. When ¢ = 0 (mod 3) the cubic curve F = v(F) in Lemma 5.4 is singular.
When ¢ = 1 (mod 3), the cubic curve F = v(F') has nine rational inflexions when e = 1 and
three rational inflexions when e = o, a?, where « is a primitive element of F,.

Theorem 5.7. A non-singular plane cubic over F, with three collinear rational inflexions
and non-concurrent inflexional tangents has three or nine rational inflexions and polynomial

F=XYZ+e(X+Y +2),

e#0,—1/27.
Proof See [10, chapter 11, section 5].
Lemma 5.8. The polynomial F = XY Z +e(X +Y + Z)3 is

(1) singular and irreducible if e = —1/27;

(2) equianharmonic if e = —1/24 ;

(3) harmonic if 216e2 + 36e + 1 = 0, which has two roots when 3 is a square.
Corollary 5.9. Over Fiz, the polynomial F = XY Z +e(X +Y + Z)3 is

(1) singular and irreducible if e = 5;

(2) equianharmonic if e = —5.
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5.2 Non-singular cubics with three rational inflexions

The classification of non-singular cubics with exactly three rational inflexions can be com-
pleted on the basis of the previous theorems. From Lemma 5.4, Corollary 5.5, Theorem 5.7,
Lemme 5.8 and Corollary 5.9, such a cubic F' has polynomial

F=XYX+Y)+2% or F=XYZ+e(X+Y +2)

as the three inflexional tangents are concurrent or not.

For a non-singular cubic curve F = v(F), let Kp be a complete (kg;3)-arc of largest
size containing the points of F. Table 5.1 lists, for each projectively distinct curve, the
polynomial of F, the size kr of Kp, the completeness or incompleteness of F as a (k; 3)-arc,
and the type of F, where GG, E, H are respectively the general, equianharmonic, harmonic
types when the inflexional tangents are not concurrent, and E the type when they are
concurrent as described in Table 5.1.
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Tab. 5.1: The canonical forms with three rational inflexions

No. F k | Description | Type | kg
1 XY(X+Y)+ 273 18 | incomplete | E | 22
2 | XYZ+(X+Y +2Z)® |12 incomplete | G | 25
3 | XYZ—-(X+Y+Z)*|21| complete G |21
4 | XYZ+2(X+Y +2Z)*|21| complete | G |21
5 | XYZ—-2(X+Y +2)%| 15| incomplete | G | 20
6 | XYZ+3(X+Y+Z2)3|15| incomplete | G |21
7T | XYZ-3(X+Y +Z)*|12 | incomplete | G |22
8 | XYZ+4X+Y +2)%|24| incomplete | G |25
9 | XYZ—-4X+Y +2)*| 12| incomplete | G | 22
10 | XYZ—-5(X+Y +2)%| 18| incomplete | E |24
11 | XYZ+6(X+Y +Z2)%| 15| incomplete | G |21
12 | XYZ—-6(X+Y +Z2)%| 18| complete | G |18
13 | XYZ+7(X+Y +2)3 21| complete | G |21
14 | XYZ-7X+Y +Z2)% |18 | incomplete | G | 22
15 | XYZ+8(X+Y +2)% 24| complete G |24
16 | XYZ—-8(X+Y +2)%|24| complete | G |24
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So, the number of projectively inequivalent cubics with exactly three rational inflexions
is 16; that is, ng = 16.

5.3 Non-singular cubics with one rational inflexion

The classification of non-singular cubics with exactly one rational inflexions can be completed
on the basis of the next theorem.

Theorem 5.10. A non-singular, plane, cubic curve defined over F,, with at least one in-
flexion has the polynomial.

F=2% + X?+cXY? +dY3,
where 4¢3 + 27d* # 0.
Proof See [10, chapter 11, section 8].

Remark 5.11. The curve F in Theorem 5.10 is general when c¢d # 0, harmonic when ¢ # 0
and d = 0, equinanharmonic when ¢ = 0 and d # 0, and singular when 4c¢® + 27d% = 0.

From Theorem 5.10 and Remark 5.11, Table 5.2 lists, for each projectively distinct
curve, the polynomial of F, the size kr of Kp, the completeness or incompleteness of F as
a (k;3)-arc, and the type of F as described in Table 5.2.

Tab. 5.2: The canonical forms with one rational inflexion

No. F k | Description | Type | kg
1 | Z%Y + X34+ XY?2+Y?3 | 18| incomplete | G | 22
2 | Z°Y + X3+ XY? -Y? | 18| incomplete | G |22
3 | Z%Y + X3+ XY?+2Y3 | 24| incomplete | G | 25
4 | Z2Y + X3+ XY? -2Y3 |24 | incomplete | G |25
5 | Z%Y + X34+ XY?2 4+ 3Y3 | 17| incomplete | G | 20
6 | Z%Y + X3+ XY? —-3Y3 | 17| incomplete | G |20
7 | Z%Y + X34+ XY?+4Y3 | 14| incomplete | G | 21
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No. F k | Description | Type | kg
8 | Z%Y + X3+ XY? —4Y?3 | 14| incomplete | G | 23
9 | Z%Y + X3+ XY? +5Y3 | 15| incomplete | G | 22
10 | Z%Y + X34+ XY? - 5Y3 | 15| incomplete | G |21
11 | Z2Y + X3+ XY24+6Y3 | 20 | incomplete | G |21
12 | Z%Y + X3+ XY? - 6Y? | 20 | incomplete | G |21
13 | Z2Y + X3+ XY247Y3 | 12| incomplete | G |23
14 | Z?Y + X34+ XY2 —7Y3 | 12| incomplete | G |22
15 | Z%Y + X34+ XY? +8Y? | 25| complete G |25
16 | Z%Y + X3+ XY? —8Y3 | 25| complete G |25
17 %Y + X3+ XY? 16 | incomplete | H | 20
18 Z%Y + X3 +2XY? 20 | complete H |20
19 Z%Y + X3 +3XY? 26 | complete H |26
20 Z*Y + X3 +6XY? 10 | incomplete | H | 22

So, the number of projectively inequivalent cubics with exactly one rational inflexion is 20;

that is, n; = 20.

5.4

In this section, a summary of the results for cubics with no rational inflexions is given.

Lemma 5.12. OQver F,, ¢ = —1 (mod 3), a non-singular cubic with no rational inflexions

has polynomial

Non-singular cubics with no rational inflexions

F=2°-3c(X?—dXY +Y?*)Z — (X? - 3XY? +dY?),
where X3 — 3X + d is irreducible.

Proof See [10, chapter 11, section 9].
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Lemma 5.13. The curve F in Lemma 5.12 is equianharmonic for ¢ = 0,2/e, harmonic for

c=(=1%+/3)/e, where e* = d*> — 4.

Corollary 5.14. Over Fy;, the curve F in Lemma 5.12 is equianharmonic for ¢ = 0, —6.

Remark 5.15. The polynomial X? — 3X + d of degree 3 is irreducible over F;;, where

d=43 44, +7.

From Lemma 5.12, Lemma 5.13, Corollary 5.14 and Remark 5.15, Table 5.3 lists, for
each projectively distinct curve, the polynomial of F, the size kr of Kp, the completeness

or incompleteness of F as a (k;3)-arc, and the type of F as described in Table 5.3.

Tab. 5.3: The canonical forms with no rational inflexions

No. F k | Description | Type | kg
1 | Z3—3(X?—-3XY +Y?)Z — (X?®—-3XY?+3Y3) | 15| incomplete | G |22
2 | 23 4+ 3(X2 —3XY +Y?)Z — (X® —3XY? +3Y%) | 24| complete | G |24
3 | Z3—6(X?-3XY +Y?)Z— (X3—-3XY?+3Y?3) |15 | incomplete | G |21
4 | ZP+6(X*=3XY +Y?Z — (X3 —-3XY2+3Y?) | 21| complete G |21
5 | 23 —8(X?—3XY +Y?)Z — (X3 —-3XY?+3Y3) |18 | complete G |18
6 | 2%+ 5(X? —3XY +Y?)Z — (X* —3XY2+3V%) | 24| complete | G |24
7T | Z%—-5(X?-3XY +Y?)Z — (X®—-3XY?+3Y?) |12 | incomplete | G |23
8 | Z3+2(X?—-3XY +VY?)Z — (X3 —-3XY?2+3Y3) | 24| complete G |24
9 |73 —-2(X?—-3XY +YHZ - (X3—-3XY?+3Y3) | 21| complete G |21
10 | 23— (X?=3XY +Y?*)Z — (X?—-3XY?+3Y?) | 15| incomplete | G | 22
11 | 234+ (X?=3XY +YH)Z — (X3 —3XY?+3Y3) |18 | complete E |18
12 | 23 —4(X? - 3XY +Y?)Z — (X? —3XY?+3Y?3) | 18| complete G |18
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No. F k | Description | Type | kg

13 | Z2+4(X? -3XY +Y?)Z — (X? —3XY?+3Y?) | 21| complete G |21
14 | 23— 7(X2 —3XY +Y?)Z — (X? — 3XY?2 + 3Y?) | 12 | incomplete | G | 23
15 | Z3+7(X? - 3XY +Y?)Z — (X3 —-3XY?+3Y?) | 12| incomplete | G |23
16 73 — X3 +3XY? - 3Y3 18 | incomplete | £ | 22

So, the number of projectively inequivalent cubics with no rational inflexions is 16;
that is, ng = 16.

5.5 Number of rational points on a non-singular cubics

Let N,(1) be the maximum number of points on a non-singular cubic over F,. From [10],
the range of the number N; of points on a cubic is

g+1-2G< Ny <q+1+2/q

From Tables 5.1, 5.2, 5.3,
Ni7(1) = 26, M7(1) = 10,

where Mj7(1) is the minimum number of points on a non-singular cubic over Fi7. So
m3(2,17) > Ni7(1) where m3(2,17) is the maximum number of points on a (k;3)-arc in
PG(2,17).

Theorem 5.16. In PG(2,17) there are precisely 19 projectively distinct complete non-
singular cubic curves.

The numbers of the complete non-singular cubic curves and their stabilizer are given
in Table 5.4.
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Tab. 5.4: The stabilizers of the complete non-singular cubic curves

Stabilizer Zz Z3 Z4 S3

Number | 2 | 9 | 2 | 6

5.6 Links with Coding Theory

A linear [n, k,d] code C' is called near-MDS, or simply NMDS, if
d=n—k.

in the case that k = 3 and d = n — 3 of an [n, k, d] code, the code C converts to a set K of n
points on the projective plane PG(2,q) with at least one line of the plane containing three
points of K.

The parameters n, k and d for k-arcs in PG(2,q) up to 26 and the number e of errors
that can be corrected are given in Table 5.5.

Tab. 5.5: The parameters n, k,d and e for (k;3)-arcs

(k;3)-arc | n | k| d |el|l (k;3)-arc | n |k| d| e

(11;3)-arc | 11| 3| 8 |3 [ (19:3)-arc |19 |3 | 16| 7
(12;3)-arc |12 (3| 9 |4 | (20;3)-arc |20 | 3 |17 | 8
(13;3)-arc | 13 3|10 [4 | (21;3)-arc |21 | 3| 18| 8
(14;3)-arc | 14| 3 | 11 |5 | (22:3)-arc | 223 | 19| 9
(15;3)-arc [ 15 [ 3| 12 | 5 | (23;3)-arc |23 |3 20| 9
(16:3)-arc | 16 | 3| 13 | 6 | (24:3)-arc | 24 | 3|21 10
(17;3)-arc | 17 | 3 | 14 | 6 || (25;3)-arc | 25 | 3 | 22 | 10

(18;3)-arc | 18 | 3 | 15 | 7 || (26;3)-arc | 26 | 3 |23 | 11
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Programming

The programs are written in GAP for use on a Windows machine. We classified the
types of heptads in PG(1,17) to compute the projectivities between them. So far, all arcs
up to and including size eight on projective plane PG(2,17) have been classified, as have
complete k-arcs, where k£ < 18. The complete non-singular cubic curves in PG(2,17) as
(k; 3)-arcs have been classified as well. We checked the programs on the case ¢ = 7.

6.1 Computing the points of PG(2,17)

=[10,1,01,0,0,1],[14,1.0]);
w:=[1,0,0];;
for i in [0..306] do
p:=uxt mod 17;
if p[3] <> 0 mod 17 then 2z := p * p[3]71 mod 17;
elif p[2] <> 0 mod 17 then z := p* p[2]~1 mod 17;
elif p[1] <> 0 mod 17 then z := p * p[1]71 mod 17;
fi;
Print(i + 1,p,”\n");
od;

6.2  Classifying heptads in PG(1,17)

a:=1[3,4,5,—-5,6,—6,—8];;
A:=a[l,2,3,4,5,6];;

B :=all,2,3,4,5,7);;
C:=a[l,2,3,4,6,7];;
D :=a[l,2,3,5,6,7];;
K :=a[l,2,4,5,6,7];;
F:=all,3,4,5,6,7];;
G :=al2,3,4,5,6,7];;
wa = [A,B,C,D, K, F,G;;
A51 = A[1,2,3,4,5;;
A52 = A[1,2,3,4,6];;
A53 := A[1,2,3,5,6];;
A54 = A[1,2,4,5,6];;
A55 = A[L,3,4,5,6]
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A56 := A[2,3,4,5,6];;
W A5 := [A51, A52, A53, A54, A55, A56); ;
A51 — 41 = A51{[1,2,3,4]};

A51 — 42 := A51{[1,2,3,5]}:;
A51 — 43 := A51{[1,2,4,5]}:;
A51 — 44 := A51{[1,3,4,5]}:;
A51 — 45 := A51{[2,3,4,5]}::

WAB51 — 4 := [A5]1 — 41, A51 — 42, A51 — 43, A51 — 44, A51 — 45];;
A52 — 41 := A52{ A

[1,2,3
A52 — 42 := A52{[1,2,3,5]}:
A52 — 43 := A52{[1,2,4,5]}:
A52 — 44 := A52{[1,3,4,5]}::
A52 — 45 := A52{[2,3,4,5]}::

W A2 — 4 :=[A52 — 41, A52 — 42, AB2 — 43, A52 — 44, A52 — 45); ;
AB3 — 41 := A53{[1,2,3,4]}::

AB3 — 42 := A53{[1,2,3,5]}::
AB3 — 43 := A53{[1,2,4,5]}::
AB3 — 44 := A53{[1,3,4,5]};:

A53 — 45 := A53{[2,3,4,5]}::

W AB3 — 4 := [A53 — 41, A53 — 42, A53 — 43, A53 — 44, A53 — 45]: ;

Y )

AB4 — 41 := A54{[1,2,3,4]}::
Ab4 — 42 := A54{[1,2,3,5]}::
Ab4 — 43 := A54{[1,2,4,5]}::
AB4 — 44 := A54{[1,3,4,5]}::
AB4 — 45 := Ap4{[2,3,4,5]}:

WAS4 — 4 := [Ab4 — 41, Ab4 — 42, A54 — 43, A54 — 44, AB4 — 45];;
AS5 — 41 = A55{[1,2.3,4]}:;

A55 — 42 := A55{[1,2,3,5]};
AB5 — 43 == A55{[1,2, 4, 5]}
A55 — 44 == A55{[1,3,4,5]};
AB5 — 45— A55{[2,3.4,5]}::

WAB5 — 4 := [A55 — 41, A55 — 42, A55 — 43, A55 — 44, A55 — 45];;
A5G — 41 = A56{[1,2.3, 4}:;

A56 — 42 := A56{[1,2,3,5]};
A56 — 43 := A56{[1,2,4, 5]}
A56 — 44 == A56{[1,3,4,5]};
A5G — 45 :— A56{[2.3,4.5]}:

WAB6 — 4 := [A56 — 41, A56 — 42, A56 — 43, A56 — 44, A56 — 45]; ;
WA —4:=[WA51 — 4, WA52 — 4, WA53 — 4, W A54 — 4, W A55 — 4, W A56 — 4] ;
Print("A—=",A,"\n");

for lin [1..6] do

Print(l,” =7, WAB[l],”"\n”);
od;

for iin [1..6] do

Print(i,” =", WA51]);
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AA = WA — 4]i];

for jin [1..5] do

AAA = AA[j];

if AAA[L] ="infinity” then

CR := (AAA]2] — AAA[4])/(AAA[2] — AAA[3])modlT;

Print(3,” =7, AAA,"CR =","\n");

else

CR := ((AAA[1] — AAA[3]) x (AAA[2] — AAA[4)))/((AAA[1] — AAA[4]) x (AAA[2] —
AAA[3]))modlT,

PT’ZTLt(], by — 77’AAA7 77CR: 77,’7\n7’);

[

od;

Primit (s s s s sk sk ok sk ok sk ok ok sk ok sk ok sk ok sk ok ok sk ok sk ok ok ok okokk, T\ )
od;

6.3 Computing the transformations between the b-arcs

s=[[10,0,1],[0,1,0],[1,0,0],[1,1,1],[3,8,1]],
[[0,0,1],[0,1,0],[1,0,0],[1,1,1],[2, 4, 1]];
w:=Size(s);;
forhin [1.. w-1] do
for j in [h+1 . . w] do
vi=[;

forilin [1 . . 5] do
fori2in [1. . 5] do
fori3in [1 . . 5] do
foridin [1 . . 5] do

if 11 <> 42 and 71 <> i3 and 71 <> 74 and 12 <> 3 and 2 <> 4 and
13 <> 14 then

n = [s[jl[i1], s[j1[i2], s[j]1s3], s[g][e4]}; ;

Add(v,n);

fi;

od;od;od;od;

for iin [1 . . Length(v)] do

t = wli];

al := t[4][1] = (¢[2][2] * ¢[3][3] — ¢[3][2] = ¢[2][3]);
a2 := t[2[1] * (¢[4][2] * ¢[3][3] — ¢[3][2] = ¢[4][3]);
a3 := t[3][1] * (¢[4][2] * ¢[2][3] — ¢[2][2] = t[4][3]);
b1 := t[1][1] = (¢[4][2] * ¢[3][3] — ¢[3][2] = t[4][3]);
b2 = t[4][1] * (¢[1)[2] * ¢[3][3] — ¢[3][2] = [1][3]);
b3 1= t[3][1] * (¢[1][2] * ¢[4][3] — ¢[4][2] = t[1][3]);
cl = t[1][1] * (¢[2][2] * ¢[4][3] — ¢[4][2] = ¢[2][3]);
c2 = t[2][1] * (¢[1][2] * ¢[4][3] — ¢[4][2] = t[1][3]);
c3 = t[4][1] * (¢[1][2] = ¢[2][3] — ¢[2][2] = [1][3]);
a:= (al — a2+ a3) mod 17;
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=[[1

b= (b1 — b2 + b3) mod 17;

¢ :=(cl =2+ ¢3) mod 17;

T :=[[a * t[1][1] mod 17, a * t[1][2] mod 17, a * t[1][3] mod 17],
(b t[2][1] mod 17, b * t[2][2] mod 17,b * t[2][3] mod 17],

2]

[c  t[3][1] mod 17, ¢ * ¢[3][2] mod 17,c x ¢[3][3] mod 17]J;
:=(s[h][1]* ) mod 17;

r2 =(s[h][2]* T ) mod 17;

r3:=(s[h][3]* T ) mod 17;

r4 :(s[h] [4]*T) mod 17;
=(s[h][5]* T') mod 17;

1f r1[3] <> 0 mod 17 then x1 :=r1 % r1[3]71 mod 17;
elif r1[2] <> 0 mod 17 then 1 := r1*r1[2]"1 mod 17;
elif r1[1] <> 0 mod 17 then 1 := r1*r1[1]"1 mod 17;
fi;

if 72[3] <> 0 mod 17 then 22 := r2 % r2[3] 1 mod 17;
elif r2[2] <> 0 mod 17 then 22 := r2 % r2[2]"1 mod 17;
elif r2[1] <> Omod1Tthenz2 := r2 % r2[1]~1 mod 17;

fi;

if 73[3] <> 0 mod 17 then 3 := r3 % r3[3] 1 mod 17;
elif r3[2] <> 0 mod 17 then 23 := r3 % r3[2]"1 mod 17;
elif r3[1] <> 0 mod 17 then x3 := r3 % r3[1]71 mod 17;
fi;

if 4[3] <> 0 mod 17 then 24 := r4 % r4[3]~1 mod 17;
elif r4[2] <> 0 mod 17 then x4 := r4 % r4][2]~1 mod 17;
elif r4[1] <> 0 mod 17 then 24 := r4 * r4[1]~1 mod 17;
fi;

if r5[3] <> 0 mod 17 then 25 := r5 % r5[3] "1 mod 17;
elif r5[2] <> 0 mod 17 then 5 := r5 % r5[2] "1 mod 17;
elif r5[1] <> 0 mod 17 then x5 := r5 % r5[1]71 mod 17;
fi;

if Set([x1, 22, 23, x4, x5])=Set(s[j]) mod 17 then
Print(h, T, 5,7 \n");

fi;

od;od;od;

In above programme |s| = 2, but we can choose |s| = n for any positive integer number

6.4 Computing the transformations between the 6-arcs

0,0,1],[0,1,0],[1,0,0],[1,1,1],[9 11, 1],[3.81]],
[[0,0,1],[0,1,0],[1,0,0],[1,1,1],[9, 11, 1],[10,15,1]]};;
w:=Size(s);;
forhin [1. . w-1] do
for jin [h+1 . . w] do

vi=[];
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forilin [1. . 6] do

fori2in [1. . 6] do

fori3in [1 . . 6] do
]

fori4in [1. . 6] do
if 711 <> 42 and 71 <> 43 and il <> 4 and 72 <> i3 and 12 <> 4 and
13 <> 14 then

n = [s[li1]; s[5][i2], s[4][23], s[5][i4]]); ;

Add(v,n);

fi;

od;od;od;od;

foriin [1 . . Length(v)] do

t == wli;

al := t[4][1] = (¢[2][2] * ¢[3][3] — ¢[3][2] = ¢[2][3]);
a2 := t[2)[1] * (t[4][2] * ¢[3][3] — ¢[3][2] = t[4][3]);
a3 = t[3][1] * (¢[4][2] * ¢[2][3] — ¢[2][2] = t[4][3]);
b1 := t[1][1] = (¢[4][2] * ¢[3][3] — ¢[3][2] = t[4][3]);
b2 := t[4][1] = (¢[1][2] * ¢[3][3] — ¢[3][2] = ¢[1][3]);
b3 := t[3][1] = (¢[1][2] * ¢[4][3] — ¢[4][2] = t[1][3]);
cl = t[1][1] * (¢[2][2] = ¢[4][3] — ¢[4][2] = ¢[2][3]);
c2 = t[2][1] * (¢[1][2] * ¢[4][3] — ¢[4][2] = t[1][3]);
3 = t[4][1] * (¢[1][2] = t[2][3] — ¢[2][2] * ¢[1][3]);
a:= (al — a2+ a3) mod 17;

b:= (bl — b2 + b3) mod 17;
¢:=(cl =2+ ¢3) mod 17;
T := [[a = t[1][1] mod 17, a * t[1][2] mod 17, a * t[1][3] mod 17],

[b* t[2][1] mod 17, b * t[2][2] mod 17,b * ¢[2][3] mod 17],
[ t[3][1] mod 17, ¢ * t[3][2] mod 17,c * ¢[3][3] mod 17]];
rl:=(s[h][1]*T) mod 17;

r2:=(s[h][2]* T ) mod 17

r3:=(s[h][3]* T ) mod 17

r4:=(s[h][4]*T) mod 17;

r5:=(s[h|[5]* T ) mod 17;

r6:=(s[h][6]* T ) mod 17;

if 71[3] <> 0 mod 17 then z1 :=r1 % r1[3]”1 mod 17;

elif r1[2] <> 0 mod 17 then 1 := r1*r1[2]"1 mod 17;
elif r1[1] <> 0 mod 17 then z1 := r1*r1[1]71 mod 17;
ﬁ.

if 2[3] <> 0 mod 17 then 22 := r2 % r2[3]”1 mod 17;
elif r2[2] <> 0 mod 17 then 22 := r2 % r2[2]"1 mod 17;
elif r2[1] <> Omod1Tthenz2 := r2 % r2[1]~1 mod 17;

fi;

if r3[3] <> 0 mod 17 then 3 := 3 % r3[3]"1 mod 17;
elif r3[2] <> 0 mod 17 then x3 := r3 % r3[2]71 mod 17;
elif r3[1] <> 0 mod 17 then x3 := r3 % r3[1]71 mod 17;
fi;
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if r4[3] <> 0 mod 17 then 24 := r4 % r4[3]”1 mod 17;
elif r4[2] <> 0 mod 17 then 24 := r4 % r4[2]"1 mod 17;
elif r4[1] <> 0 mod 17 then x4 := r4 * r4[1]~1 mod 17;
fi;

if 5[3] <> 0 mod 17 then 5 := r5 % r5[3] 71 mod 17;
elif r5[2] <> 0 mod 17 then x5 := r5 % r5[2]71 mod 17;
elif r5[1] <> 0 mod 17 then x5 := r5 % r5[1]71 mod 17;
fi;

if 76[3] <> 0 mod 17 then 6 := r6 % r6[3] "1 mod 17;
elif 76[2] <> 0 mod 17 then 26 := r6 % r6[2] "1 mod 17;
elif r6[1] <> 0 mod 17 then x6 := r6 * r6[1]~1 mod 17;
fi;

if Set([x1, 22, 23, x4, x5, 26])=Set(s[j]) mod 17 then
Print(h, T, 7,7 \n");

fi;

od;od;od;

Here in above programme |s| = 2, but in fact |s| = 74.

6.5 Computing the transformations between the 7T-arcs

s:=[[10,0,1],[0,1,0],[1,0,0],[1,1,1] [9 11,1][3,81],[10,15,1],
[[0,0,1],[0,1,0],[10,0],[1, 1, 1], [9 11, 1],[10,15,1],[5,14,1]]];;
w:=Size(s);;
for hin [1. . w-1] do
for j in [h+1. . w] do
vi=[];

forilin [1.. 7] do
fori2in [1. . 7] do
fori3in [1. . 7] do
foridin [1.. 7] do

if i1 <> 42 and 71 <> i3 and 71 <> 4 and 2 <> i3 and 2 <> 4 and
13 <> i4 then

n = [s[j][1], s[5][i2], s[4][23], s[5][i4]]; ;

Add(v,n);

fi;

od;od;od;od;

for iin [1 . . Length(v)] do

t:=vlil;

al := t[4)[1] * (¢[2][2] * ¢[3][3] — ¢[3][2] = ¢[2][3]);
a2 := t[2[1] * (¢[4)[2] * ¢[3][3] — ¢[3][2] = t[4][3]);
a3 := t[3][1] * (¢[4][2] * ¢[2][3] — ¢[2][2] = ¢[4][3]);
b1 := t[1][1] = (¢[4][2] * ¢[3][3] — ¢[3][2] = t[4][3]);
b2 := t[4][1] = (¢[1][2] * ¢[3][3] — ¢[3][2] = [1][3]);
b3 := t[3][1] * (¢[1][2] * ¢[4][3] — ¢[4][2] = t[1][3]);
cl = t[1][1] * (¢[2][2] * ¢[4][3] — ¢[4][2] = [2][3]);



6. Appendix 1

83

c2:= t[2)[1] * (¢[1)[2] + £[4][3] — t[4][2] * £[1][3]);
c3 = t4)[1] * ([1][2] * £[2][3] — ¢[2][2] * ¢[1][3]);
a:= (al — a2+ a3) mod 17;
b:= (bl — b2 + b3) mod 17;
¢:=(cl — 2+ ¢3) mod 17;

T := [[a = t[1][1] mod 17, a * t[1][2] mod 17, a * t[1][3] mod 17],

]
Il
=(s[h][2]
:=(s[h][3]* T ) mod 17;
r4d:=(s[h|[4]*T) mod 17;
r5:=(s[h][5]* T ) mod 17;
r6:=(s[h][6]* T ) mod 17;
r7:=(s[h][7]* T ) mod 17;
if 1[3] <> 0 mod 17 then z1 :=r1 % r1[3]”1 mod 17;
elif r1[2] <> 0 mod 17 then 1 := r1*r1[2]"1 mod 17;

]
elif r1[1] <> 0 mod 17 then z1 :=r1*r1[1]71 mod 17;
fi;
if r2[3] <> 0 mod 17 then 22 := r2 % r2[3]~1 mod 17;
elif 72[2] <> 0 mod 17 then x2 := 2 % r2[2] "1 mod 17;
elif r2[1] <> Omod17thenz2 := r2 % r2[1]~1 mod 17,
fi;
if r3[3] <> 0 mod 17 then 23 := r3 % r3[3]~1 mod 17;
elif r3[2] <> 0 mod 17 then x3 := r3 % r3[2]"1 mod 17;
elif r3[1] <> 0 mod 17 then x3 := r3 % r3[1]71 mod 17;
fi;
if r4[3] <> 0 mod 17 then 24 := r4 % r4[3]71 mod 17;
elif r4[2] <> 0 mod 17 then x4 := r4 % r4[2]~1 mod 17;
elif r4[1] <> 0 mod 17 then x4 := r4 * r4[1]71 mod 17;
fi;
if r5[3] <> 0 mod 17 then 5 := 75 % r5[3] 71 mod 17;
elif r5[2] <> 0 mod 17 then x5 := r5 % r5[2]71 mod 17;
elif r5[1] <> 0 mod 17 then x5 := r5 % r5[1]71 mod 17;
fi;
if 76[3] <> 0 mod 17 then 6 := r6 % r6[3] "1 mod 17;
elif r6[2] <> 0 mod 17 then 26 := r6 * r6[2] "1 mod 17;
elif r6[1] <> 0 mod 17 then 26 := r6 % r6[1] "1 mod 17;
fi;
if r7[3] <> 0 mod 17 then 7 := r7 % r7[3]”1 mod 17;
elif r7[2] <> 0 mod 17 then 27 := r7 % r7[2]"1 mod 17;
elif r7[1] <> 0 mod 17 then z7 := r7 % r7[1]71 mod 17;
fi;
if Set([z1, 22, 23, x4, x5, 26, 27])=Set(s[j]) mod 17 then
Print(h, T, 7,7 \n");
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fi;

od;od;od;

733.

Here |s| = 2, but in fact |s]|

Computing the transformations between the 8-arcs

6.6

m:=[ [0,1,0],[0,0,1],[14,1,0] J;;

[1,0,0];;

fi=[ ];;
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13 <> 14 then

[slg][i1], s[7112]; s[5][23], s[s]14]}; ;

Add(v,n);
fi;

n =

od;od;od;od;
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—
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b2 := t[4][1] = (¢[1][2] * ¢[3][3] — ¢[3][2] = ¢[1][3]);

b3 := t[3][1] = (¢[1][2] * ¢[4][3] — ¢[4][2] = t[1][3]);

cl = t[1][1] * (¢[2][2] = ¢[4][3] — ¢[4][2] = t[2][3]);

c2 = t[2][1] * (¢[1][2] * ¢[4][3] — ¢[4][2] = t[1][3]);

c3 = t[4][1] * (¢[1][2] * ¢[2][3] — ¢[2][2] = t[1][3]);
= (al — a2 + a3) mod 17;

a:= (

b:= (bl — b2 + b3) mod 17;
¢:=(cl =2+ ¢3) mod 17;
T :=

[[a * t[1][1] mod 17, a * t[1][2] mod 17, a * t[1][3] mod 17],

[b* t[2][1] mod 17, b * t[2][2] mod 17,b * ¢[2][3] mod 17],
[ t[3][1] mod 17, ¢ * t[3][2] mod 17,c * ¢[3][3] mod 17]];
rl:=(s[h][1]* ) mod 17;
r2:=(s[h]|[2]* T ) mod 17;
r3:=(s[h][3]* T ) mod 17;
r4:=(s[h][4]*T ) mod 17;
r5:=(s[h][5]* T ) mod 17;
r6:=(s[h][6]* T ) mod 17;
r7 (s[h][7]* T ) mod 17;
=(s[h][8]* T ) mod 17;

1f 7’1[3] <> 0 mod 17 then z1 :=r1 % r1[3]71 mod 17;

elif r1[2] <> 0 mod 17 then z1 :=r1*r1[2]71 mod 17;
elif r1[1] <> 0 mod 17 then 1 := r1*r1[1]"1 mod 17;

fi;
if 72[3] <> 0 mod 17 then 2 := r2 % r2[3]~1 mod 17;

elif r2[2] <> 0 mod 17 then 22 := r2 % r2[2]"1 mod 17;

elif r2[1] <> Omod1Tthenz2 := r2 *r2[1]~1 mod 17;
fi;
if r3[3] <> 0 mod 17 then 23 := r3 % r3[3] 1 mod 17;

elif r3[2] <> 0 mod 17 then x3 := r3 % r3[2]71 mod 17;
elif r3[1] <> 0 mod 17 then 23 := r3 % r3[1]"1 mod 17;

fi;
if 4[3] <> 0 mod 17 then 24 := r4 % r4[3]”1 mod 17;

elif r4[2] <> 0 mod 17 then 24 := r4 % r4[2]"1 mod 17;
elif r4[1] <> 0 mod 17 then 24 := r4 % r4[1]"1 mod 17;

fi;
if r5[3] <> 0 mod 17 then 5 := r5 % r5[3] 71 mod 17;

elif r5[2] <> 0 mod 17 then x5 := r5 % r5[2]71 mod 17;
elif r5[1] <> 0 mod 17 then x5 := r5 % r5[1]71 mod 17;

fi;
if 76[3] <> 0 mod 17 then 6 := r6 % r6[3] "1 mod 17;

elif 76[2] <> 0 mod 17 then 26 := r6 % r6[2] "1 mod 17;
elif r6[1] <> 0 mod 17 then x6 := r6 * r6[1]~1 mod 17;

fi;
if r7[3] <> 0 mod 17 then 7 := r7 % r7[3]”1 mod 17;

elif r7[2] <> 0 mod 17 then x7 := r7 % r7[2]71 mod 17;



86

Appendix 1

6.
6.7 Computing the transformations between the 9-arcs

[ ];;

)

if r8[3] <> 0 mod 17 then 8 := r8 % r8[3] "1 mod 17;

)

if Set([z1, 22,23, x4, x5, 26, 27, x8])=Set(s[j]) mod 17 then

Print(h, T, 5,7 \n");

fi;

od;od;od;
Here in above programme |s| = 8, but in fact |s| = 5441.

elif r8[1] <> 0 mod 17 then 28 := r8 % r§[1]~1 mod 17;

elif r8[2] <> 0 mod 17 then 28 := r8 % r8[2] "1 mod 17;
ﬁ.

elif r7[1] <> 0 mod 17 then z7 := r7 % r7[1]71 mod 17;

ﬁ.
u:=[1,0,0];;

f:

m:=[ [0,1,0],0,0,1],[14,1,0] J;;
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if 11 <> 42 and 71 <> i3 and 71 <> 4 and 2 <> i3 and 2 <> 4 and
13 <> 14 then

n = [s[j][1], s[5][i2], s[j][23], s[5][i4]}; ;

Add(v,n);

fi;

od;od;od;od;

for iin [1 . . Length(v)] do

t:=vlil;

al := t[4][1] * (¢[2][2] = ¢[3][3] — ¢[3][2] * [2][3]);
a2 := t[2][1] * (¢[4][2]  ¢[3][3] — #[3][2] * ¢[4][3]);
a3 := t[3][1] * (¢[4][2] » ¢[2][3] — ¢[2][2] * ¢[4](3]);
b1 := ¢[1][1] * (¢[4][2] + ¢[3][3] — #[3][2] * ¢[4][3]);
b2 := tAJ[1]  (¢[1][2] + ¢[3][3] — #[3][2] * ¢[1][3]);
b3 := [3][1] * (¢[1][2] + £[4][3] — ¢[4][2] * ¢[1][3]);
el := t[1][1]  (¢[2][2] + £[4][3] — ¢[4][2] * £[2][3]);
c2 := t[2][1] = (¢[1][2] + £[4][3] — #[4][2]  ¢[1][3]);
c3 = t{4][1] (t[l][?] * t([f]l[i] — 1[2[2] * ¢[1](3]);

a:=(al —a2+ a3
b:= (bl — b2 + b3) mod 17;
¢:=(cl =2+ ¢3) mod 17;
T :=[[a* t[1][1] mod 17, a * t[1][2] mod 17, a * t[1][3] mod 17],

(b t[2][1] mod 17, b« ¢[2][2] mod 17,b * t[2][3] mod 17],
[ t[3][1] mod 17, ¢ * t[3][2] mod 17,c * ¢[3][3] mod 17]];
rl:=(s[h][1]*T) mod 17;

r2:=(s[h][2]* T ) mod 17

r3:=(s[h][3]* T ) mod 17

r4d:=(s[h|[4]*T) mod 17;

r5:=(s[h][5]* T ) mod 17

r6:=(s[h][6]* T ) mod 17

r7:=(s[h][7]* T ) mod 17

r8:=(s[h][8]* T ) mod 17

r9:=(s[h][9]* T ) mod 17

if 1[3] <> 0 mod 17 then z1 :=r1 % r1[3]”1 mod 17;
elif r1[2] <> 0 mod 17 then 1 := r1*r1[2]"1 mod 17;
elif r1[1] <> 0 mod 17 then 1 := r1*r1[1]71 mod 17;
ﬁ.

if r2[3] <> 0 mod 17 then 22 := r2 % r2[3]"1 mod 17;
elif r2[2] <> 0 mod 17 then 22 := r2 % r2[2]"1 mod 17;
elif r2[1] <> Omod1Tthenaz2 := r2 % r2[1]~1 mod 17;

fi;

if 73[3] <> 0 mod 17 then 23 := r3 % r3[3] "1 mod 17;
elif r3[2] <> 0 mod 17 then x3 := r3 % r3[2]71 mod 17;
elif r3[1] <> 0 mod 17 then 3 := r3 % r3[1]"1 mod 17;
fi;

if 74[3] <> 0 mod 17 then 24 := r4 % r4[3]~1 mod 17;
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m:

elif r4[2] <> 0 mod 17 then x4 := r4 % r4][2]71 mod 17;
elif r4[1] <> 0 mod 17 then x4 := r4 % r4[1]~1 mod 17;
fi;

if 75[3] <> 0 mod 17 then 5 := r5 % r5[3] 71 mod 17;
elif r5[2] <> 0 mod 17 then x5 := r5 % r5[2] 71 mod 17;
elif r5[1] <> 0 mod 17 then x5 := r5 % r5[1]71 mod 17;
fi;

if 76[3] <> 0 mod 17 then 26 := r6 % r6[3] "1 mod 17;
elif 76[2] <> 0 mod 17 then 26 := r6 % r6[2] "1 mod 17;
elif r6[1] <> 0 mod 17 then 26 := r6 % r6[1] "1 mod 17;
fi;

if r7[3] <> 0 mod 17 then 7 := r7 % r7[3]”1 mod 17;
elif r7[2] <> 0 mod 17 then 27 := r7 % r7[2]"1 mod 17;
elif r7[1] <> 0 mod 17 then 27 := r7 % r7[1]"1 mod 17;
fi;

if 78[3] <> 0 mod 17 then 28 := r8 x r§[3] "1 mod 17;
elif r8[2] <> 0 mod 17 then 28 := r8 % r8[2] "1 mod 17;
elif r8[1] <> 0 mod 17 then 28 := r8 % r8[1]~1 mod 17;
fi;

if 79[3] <> 0 mod 17 then 29 := r9 % r9[3] "1 mod 17;
elif r9[2] <> 0 mod 17 then z9 := r9 % r9[2]~1 mod 17;
elif r9[1] <> 0 mod 17 then 29 := r9 % r9[1]"1 mod 17;
fi;

if Set([z1, 22,23, x4, x5, 26, 27, x8, x9])=Set(s[j]) mod 17 then
Print(h, T, 7,7 \n");

fi;
od;od;od;
6.8 Computing the transformations between the 10-arcs
[[0,1,0,[0,0,1],[14,1,0] J;;
w:=[1,0,0];;
E=[T;

for q in [0 . . 306] do

p:=u*m? mod 17;

if p[3] <> 0 mod 17 then 2z := p* p[3]~1 mod 17;

elif p[2] <> 0 mod 17 then z := p * p[2]~1 mod 17;

elif p[1] <> 0 mod 17 then z := p * p[1]71 mod 17;

fi;

Add(f,z);

od;
s=[[10,0,1],[0,1,0],[1,0,0],[1,1,1],[5 4, 1]
16,12,1],[7,10,1],[9,11,1],[10,15, 1], [13,3,1]],
(10,0,1],[0,1,0],[1,0,0],[1,1,1],[3,12, 1]
(5,811, [8,7,1],[9,4,1],[13,15,1],[16,5, 1] ]
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w:=>Size(s);;
forhin [1. . w-1] do
for j in [h+1 . . w] do

vi=[];

for il in [1 . . 10] do
for i2in [1 . . 10] do
for i3 in [1 . . 10] do

fori4 in [1 . . 10] do
if 711 <> 42 and 71 <> 13 and i1 <> 4 and 72 <> i3 and 12 <> 4 and
13 <> 14 then

n = [sllli1]; s[5][22], s[4][23], s(5][i4]);;

Add(v,n);

fi;

od;od;od;od;

for iin [1 . . Length(v)] do

t = vlil;

al := t[4][1] = (¢[2][2] * ¢[3][3] — ¢[3][2] = ¢[2][3]);
a2 := t[2)[1] * (¢[4][2] * ¢[3][3] — ¢[3][2] = t[4][3]);
a3 := t[3][1] * (¢[4][2] * ¢[2][3] — ¢[2][2] = t[4][3]);
b1 := t[1][1] = (¢[4)[2] * ¢[3][3] — ¢[3][2] = t[4][3]);
b2 = t[4][1] * (¢[1][2] = ¢[3][3] — ¢[3][2] = ¢[1][3]);
b3 1= t[3][1] = (¢[1])[2] * ¢[4][3] — ¢[4][2] = t[1][3]);
cl = t[1][1] * (¢[2][2] * ¢[4][3] — ¢[4][2] = [2][3]);
c2 = t[2][1] * (¢[1][2] * ¢[4][3] — ¢[4][2] = t[1][3]);
c3 = t[4][1] * (¢[1][2] * ¢[2][3] — ¢[2][2] = [1][3]);
a:= (al — a2+ a3) mod 17;

b= (b1 — b2 + b3) mod 17;
¢:=(cl — 2+ ¢3) mod 17;
T := [[a = t[1][1] mod 17, a * t[1][2] mod 17, a * t[1][3] mod 17],

(b t[2][1] mod 17, b * ¢[2][2] mod 17,b x ¢[2][3] mod 17],
[e* t[3][1] mod 17, ¢ * ¢[3][2] mod 17,c x ¢[3][3] mod 17]];
rl:=(s[h|[1]*T) mod 17;

r2:=(s[h]|[2]* T ) mod 17;

r3:=(s[h][3]* T ) mod 17;

r4:=(s[h][4]*T) mod 17;

r5:=(s[h][5]* T ) mod 17

r6:=(s[h][6]* T ) mod 17

r7:=(s[h][7]* T ) mod 17

r8:=(s[h][8]* T ) mod 17;

r9:=(s[h][9]* T ) mod 17;

if r1[3] <> 0 mod 17 then z1 :=r1 % r1[3]71 mod 17;
elif r1[2] <> 0 mod 17 then 1 := r1*r1[2]"1 mod 17;
elif r1[1] <> 0 mod 17 then 1 := r1*r1[1]"1 mod 17;
fi;
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if 72[3] <> 0 mod 17 then 22 := r2 % r2[3]”1 mod 17;

elif r2[2] <> 0 mod 17 then 22 := r2 % r2[2]"1 mod 17;
elif r2[1] <> 0 mod 17 then x2 := r2 % r2[1]71 mod 17;

fi;

if 73[3] <> 0 mod 17 then 23 := r3 % r3[3] "1 mod 17;

elif r3[2] <> 0 mod 17 then 23 := r3 % r3[2]"1 mod 17;
elif r3[1] <> 0 mod 17 then 3 := r3 % r3[1]"1 mod 17;

fi;

if 74[3] <> 0 mod 17 then 24 := r4 % r4[3]~1 mod 17;

elif r4[2] <> 0 mod 17 then 24 := r4 % r4[2]"1 mod 17;
elif r4[1] <> 0 mod 17 then 24 := r4 % r4[1]”1 mod 17;

fi;

if r5[3] <> 0 mod 17 then 25 := r5 % r5[3] "1 mod 17;

elif 5[2] <> 0 mod 17 then 5 := r5 % r5[2] "1 mod 17;
elif r5[1] <> 0 mod 17 then 5 := r5 % r5[1]~1 mod 17;

fi;

if 76[3] <> 0 mod 17 then 26 := r6 % r6[3] "1 mod 17;

elif r6[2] <> 0 mod 17 then 26 := r6 % r6[2] "1 mod 17;
elif r6[1] <> 0 mod 17 then 26 := r6 % r6[1]~1 mod 17;

fi;

if r7[3] <> 0 mod 17 then 27 := r7 % r7[3]71 mod 17;

elif r7[2] <> 0 mod 17 then 27 := r7 % r7[2]"1 mod 17;
elif r7[1] <> 0 mod 17 then 27 := r7 % r7[1]"1 mod 17;

fi;

if 78[3] <> 0 mod 17 then 8 := r8 % r8[3] "1 mod 17;

elif r8[2] <> 0 mod 17 then 28 := r8 % r8[2] "1 mod 17;
elif r8[1] <> 0 mod 17 then 28 := r8 % r8[1]"1 mod 17;

fi;

if 79[3] <> 0 mod 17 then 29 := r9 % r9[3] 1 mod 17;

elif r9[2] <> 0 mod 17 then 29 := r9 % r9[2] "1 mod 17;
elif 79[1] <> 0 mod 17 then 29 := r9 % r9[1]~1 mod 17;

fi;

if 710[3] <> 0 mod 17 then 210 := 10 % r10[3] 1 mod 17;
elif r10[2] <> 0 mod 17 then 210 := r10 * r10[2] "1 mod 17;
elif r10[1] <> 0 mod 17 then 210 := r10 * r10[1]~1 mod 17;
fi;

if Set([z1, 22, 23, x4, x5, 26, 27, x8, 29, £10])=Set(s[j]) mod 17 then
Print(h, T, /,"\n");

fi;
od;od;od;

6.9 Computing the transformations between the 11-arcs

m:=| [0,1,0],[0,0,1],[14,1,0] ];;
w:=[1,0,0];;
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f:=[];;

for g in [0 . . 306] do

p:=wux*xm? mod 17;

if p[3] <> 0 mod 17 then z := p * p[3]~1 mod 17;

elif p[2] <> 0 mod 17 then z := p * p[2] 71 mod 17;

elif p[1] <> 0 mod 17 then z := p* p[1]~1 mod 17;

fi;

Add(f,z);

od;
=[[[0,0,1],[0,1,0],[1,0,0],[1,1,1],[3,8,1],
9,11,1],[10,15, 1], [ 11,10, 1], [ 13,4, 1], [ 14, 16, 1],

16, ]
[0,0,1],[0,1,0],[1,0,0],[1,1,1],[3,8, 1],
5,4,11,[9,11,11,[10,5, 1], [ 10,15, 1], [ 11, 10, 1],
[ 16, 14, 1] 1};;

w:=Size(s)

forhin [1. . w-1] do

for j in [h+1 . . w] do

vi=[ J;;

for il in [1 . . 11] do

fori2in [1. . 11] do

for i3 in [1 . . 11] do

foridin [1 . . 11] do

if i1 <> 42 and ¢1 <> 3 and 71 <> 74 and 42 <> 43 and 2 <> i4 and
13 <> i4 then

n = [s[j][i1], s[5][i2], s[4][i3], s[7][i4]]; ;

Add(v,n);

fi;

od;od;od;od;

for iin [1 . . Length(v)] do

t:=vlil;

al := t[4][1] * (¢[2][2] * ¢[3][3] — ¢[3][2] = ¢[2][3]);
a2 := t[2][1] * (¢[4][2] * ¢[3][3] — ¢[3][2] = t[4][3]);
a3 := t[3][1] = (¢[4][2] * ¢[2][3] — ¢[2][2] = t[4][3]);
b1 := t[1][1] = (t[4][2] * ¢[3][3] — ¢[3][2] = t[4][3]);
b2 = t[4][1] * (¢[1])[2] * ¢[3][3] — ¢[3][2] = ¢[1][3]);
b3 = t[3][1] = (¢[1])[2] * ¢[4][3] — ¢[4][2] = [1][3]);
cl = t[1][1] * (¢[2][2] * ¢[4][3] — ¢[4][2] = ¢[2][3]);
c2 = t[2][1] * (¢[1][2] * ¢[4][3] — ¢[4][2] = t[1][3]);
c3 = t[4][1] * (¢[1][2] = ¢[2][3] — ¢[2][2] = [1][3]);
a:= (al — a2 + a3) mod 17;

b:= (b1 — b2 + b3) mod 17;

¢:=(cl — 2+ ¢3) mod 17;

T := [[a x t[1][1] mod 17, a * t[1][2] mod 17, a * t[1][3] mod 17],
[b=t[2][1] mod 17, b= ¢[2][2] mod 17,b % t[2][3] mod 17],
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[e*

t(3][1]

1:=(s[h][1]*T) mod 17;
r2:=(s[h][2]* T ) mod 17;
r3:=(s[h][3]* T ) mod 17;
r4:=(s[h][4]*T) mod 17;
r5:=(s[h][5]* T ) mod 17;
r6:=(s[h][6]* T ) mod 17;
r7:=(s[h][7]* T ) mod 17;
r8:=(s[h][8]* T ) mod 17;
r9:=(s[h][9]* T ) mod 17;
r10:=(s[h][10]* T ) mod 17;
r11:=(s[h|[11]* T ) mod 17;

if 1[3] <> 0 mod 17 then z1 :=r1 % r1[3]”1 mod 17;
elif r1[2

elif r1[1
fi;

if r2[3] <> 0 mod 17 then 22 := r2 % r2[3]~1 mod 17;

elif r2[2] <> 0 mod 17 then 22 := r2 % r2[2]"1 mod 17;

elif r2[1] <> Omod1Tthenz2 := r2 % r2[1]~1 mod 17;
fi;
if r3[3] <> 0 mod 17 then 3 := 3 % r3[3]71 mod 17;

elif r3[2] <> 0 mod 17 then x3 := r3 % r3[2]71 mod 17;
elif r3[1] <> 0 mod 17 then x3 := r3 % r3[1]71 mod 17;

fi;
if 74[3] <> 0 mod 17 then 24 := r4 % r4[3] 1 mod 17;

elif r4[2] <> 0 mod 17 then 24 := r4 * r4[2]"1 mod 17;
elif r4[1] <> 0 mod 17 then 24 := r4 % r4[1]1 mod 17;

fi;
if r5[3] <> 0 mod 17 then 25 := r5 % r5[3] 71 mod 17;

elif r5[2] <> 0 mod 17 then 5 := r5 % r5[2] "1 mod 17;
elif r5[1] <> 0 mod 17 then 5 := r5 % r5[1]71 mod 17;

fi;
if 76[3] <> 0 mod 17 then 26 := r6 % r6[3] "1 mod 17;

elif r6[2] <> 0 mod 17 then 26 := r6 % r6[2] "1 mod 17;
elif 76[1] <> 0 mod 17 then 26 := r6 % r6[1]~1 mod 17;

fi;
if r7[3] <> 0 mod 17 then 7 := r7 % r7[3]”1 mod 17;

elif r7[2] <> 0 mod 17 then z7 := r7 % r7[2]71 mod 17;
elif r7[1] <> 0 mod 17 then x7 := r7 % r7[1]71 mod 17;

fi;
if 78[3] <> 0 mod 17 then 8 := r8 % r8[3] "1 mod 17;

elif r8[2] <> 0 mod 17 then x8 := r8 % r8[2]~1 mod 17;
elif r8[1] <> 0 mod 17 then x8 := r8 % r8[1]~1 mod 17;

fi;
if 79[3] <> 0 mod 17 then 29 := r9 % r9[3] 1 mod 17;

t[3][1] mod 17, ¢ * ¢[3][2] mod 17,c * ¢[3][3] mod 17]];

] <> 0 mod 17 then x1 := 71 % r1[2]"1 mod 17;
] <> 0 mod 17 then z1 := 71 % r1[1]~1 mod 17;
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elif r9[2] <> 0 mod 17 then 29 := r9 % r9[2] "1 mod 17;

elif r9[1] <> 0 mod 17 then 29 := r9 % r9[1]~1 mod 17;

fi;

if 710[3] <> 0 mod 17 then 210 := r10 % r10[3] 1 mod 17;
elif r10[2] <> 0 mod 17 then x10 := r10 * r10[2]"1 mod 17;
elif r10[1] <> 0 mod 17 then 210 := r10 * r10[1]~1 mod 17;
fi;
if 711[3] <> 0 mod 17 then 11 := r11 % r11[3]~1 mod 17;

elif r11[2] <> 0 mod 17 then z11 := r11 % r11[2]"1 mod 17;

elif r11[1] <> 0 mod 17 then z11 := r11 *r11[1]71 mod 17;

fi;

if Set([z1, 22,23, x4, x5, 26, 27, 28,29, 210, x11])=Set(s[j]) mod 17 then
Print(h, T, 5,7 \n");

fi;

od;od;od;

6.10 Computing the transformations between the 12-arcs

:[ [07170]7[070’1]7[147170] ];;

u :[1’O’O]§§

E=[];

for q in [0 . . 306] do

p:=wux*xm? mod 17;

if p[3] <> 0 mod 17 then z := p % p[3]~1 mod 17;
elif p[2] <> 0 mod 17 then z := p* p[2]"1 mod 17;
elif p[1] <> 0 mod 17 then z := p * p[1]71 mod 17;
fi;

Add(f,z);

od;

:[[[070’1]’ [0’ 170]7[170>0],[1a 171]7 [27371]7
(3,8,1],[4,2,1],[6,5 1],[8 7, 1],[9 11,17,
(10,12, 11, [ 16,4, 1] ];
w:=Size(s);;
for hin [1. . w-1] do
for jin [h+1. . w] do
vi=[];;

forilin [1. . 12] do
fori2in [1..12]d
for i3 in [1 . . 12] do

for i4din [1 . . 12| do

if 11 <> 142 and 11 <> 143 and il <> 14 and 12 <> i3 and 2 <> 4 and
13 <> 14 then

n = [s[j][i1], s[5][e2], s[5][43], s[4][é4]]; ;

Add(v,n);

fi;
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od;od;od;od;

foriin [1 . . Length(v)] do

t:=vlil;

al := t[4)[1] * (¢[2][2] * ¢[3][3] — ¢[3][2] = ¢[2][3]);
a2 := t[2)[1] * (t[4][2] * ¢[3][3] — ¢[3][2] = t[4][3]);
a3 := t[3][1] * (¢[4][2] * ¢[2][3] — ¢[2][2] = ¢[4][3]);
b1 := t[1][1] = (¢[4][2] * ¢[3][3] — ¢[3][2] = t[4][3]);
b2 := t[4][1] = (¢[1][2] * ¢[3][3] — ¢[3][2] = [1][3]);
b3 := t[3][1] = (¢[1][2] * ¢[4][3] — ¢[4][2] = t[1][3]);
cl = t[1][1] * (¢[2][2] * ¢[4][3] — ¢[4][2] = [2][3]);
c2 = t[2][1] * (¢[1][2] * ¢[4][3] — ¢[4][2] = ¢[1][3]);
c3 = t[4][1] * (¢[1][2] = ¢[2][3] — ¢[2][2] = t[1][3]);
a:= (al — a2+ a3) mod 17;

b:= (bl — b2 + b3) mod 17;
¢:=(cl — 2+ ¢3) mod 17;

T := [[a = t[1][1] mod 17, a * t[1][2] mod 17, a * t[1][3] mod 17],

(b t[2][1] mod 17, b« ¢[2][2] mod 17,b * t[2][3] mod 17],
[ t[3][1] mod 17, ¢ * t[3][2] mod 17,c * ¢[3][3] mod 17]];
r1:=(s[h][1]*T) mod 17;

r2:=(s[h][2]* T ) mod 17

r3:=(s[h][3]* T ) mod 17

rd:=(s[h|[4]*T) mod 17;

r5:=(s[h][5]* T ) mod 17

r6:=(s[h][6]* T ) mod 17

r7:=(s[h][7]* T ) mod 17

r8:=(s[h][8]* T ) mod 17

r9:=(s[h][9]* T ) mod 17

r10:=(s[h][10]* T ) mod 17;

r11:=(s[h][11]* T ) mod 17;

r12:=(s[h][12]* T ) mod 17;

if 71[3] <> 0 mod 17 then z1 :=r1 % r1[3]”1 mod 17;

|
elif r1[2] <> 0 mod 17 then z1 := r1*r1[2]"1 mod 17;
elif r1[1] <> 0 mod 17 then z1 :=r1*r1[1]71 mod 17;
fi;
if 72[3] <> 0 mod 17 then 22 := r2 % r2[3]~1 mod 17;
elif r2[2] <> 0 mod 17 then 22 := r2 % r2[2]"1 mod 17;
elif r2[1] <> Omod1Tthenz2 := r2*r2[1]"1 mod 17;
fi;
if r3[3] <> 0 mod 17 then 3 := r3 % r3[3] 1 mod 17;
elif r3[2] <> 0 mod 17 then 23 := r3 % r3[2]"1 mod 17;
elif r3[1] <> 0 mod 17 then 23 := r3 % r3[1]"1 mod 17;
fi;
if 4[3] <> 0 mod 17 then 24 := r4 % r4[3] 1 mod 17;
elif r4[2] <> 0 mod 17 then 24 := r4 % r4[2]"1 mod 17;
elif r4[1] <> 0 mod 17 then x4 := r4 * r4[1]~1 mod 17;
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fi;

if 5[3] <> 0 mod 17 then z5 := r5 % r5[3] 71 mod 17;

elif r5[2] <> 0 mod 17 then x5 := r5 % r5[2]71 mod 17;

elif r5[1] <> 0 mod 17 then x5 := r5 % r5[1]71 mod 17;

fi;

if 76[3] <> 0 mod 17 then 26 := r6 % r6[3] 1 mod 17;

elif r6[2] <> 0 mod 17 then 26 := r6 % r6[2] "1 mod 17;

elif r6[1] <> 0 mod 17 then 26 := r6 % r6[1]~1 mod 17;

fi;

if r7[3] <> 0 mod 17 then 27 := r7 % r7[3]71 mod 17;

elif r7[2] <> 0 mod 17 then z7 := r7 % r7[2]71 mod 17;

elif r7[1] <> 0 mod 17 then z7 := r7 % r7[1]71 mod 17;

fi;

if r8[3] <> 0 mod 17 then 28 := r8 x r8[3]~1 mod 17;

elif r8[2] <> 0 mod 17 then x8 := r8 x r8[2] "1 mod 17;

elif r8[1] <> 0 mod 17 then 28 := r8 % r8[1]71 mod 17;

fi;

if 79[3] <> 0 mod 17 then 29 := 79 % r9[3]~1 mod 17;

elif r9[2] <> 0 mod 17 then x9 := r9 % r9[2]~1 mod 17;

elif r9[1] <> 0 mod 17 then x9 := r9 % r9[1]~1 mod 17;

fi;

if r10[3] <> 0 mod 17 then 210 := 710 % r10[3] "1 mod 17;
elif r10[2] <> 0 mod 17 then x10 := r10 * r10[2] 1 mod 17;
elif r10[1] <> 0 mod 17 then x10 := 10 * r10[1]~1 mod 17;
fi;

if r11[3] <> 0 mod 17 then z11 := r11 % r11[3]"1 mod 17;
elif r11[2] <> 0 mod 17 then x11 := r11 *r11[2]~1 mod 17;
elif r11[1] <> 0 mod 17 then x11 := r11 *r11[1]71 mod 17;
fi;

if 712[3] <> 0 mod 17 then 212 := r12 % r12[3]~1 mod 17;
elif r12[2] <> 0 mod 17 then x12 := r12 % r12[2]71 mod 17;
elif r12[1] <> 0 mod 17 then 212 := r12 % r12[1]"1 mod 17;
fi;

if Set([z1, 22,23, x4, x5, 26, 27, 28, 29, 210, x11, 12])=Set(s[j]) mod 17 then
Print(h, T, 7,7 \n");

fi;
od;od;od;
6.11 Computing the transformations between the 13-arcs
m:=[ [0,1,0],[0,0,1],[14,1,0] |;;
w:=[1,0,0];;
E=[1;

for g in [0 . . 306] do

p:=u*xm? mod 17;
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if p[3] <> 0 mod 17 then 2z := p* p[3]71 mod 17;

elif p[2] <> 0 mod 17 then z := p*p[2]~1 mod 17;
elif p[1] <> 0 mod 17 then z := p * p[1]~1 mod 17;
fi;

Add(f,z);

od;

Z000,0,1],[0,1,0],[1,0,0], [1,1,1],[23,1],
8, 1), [4,10,1),[7,4,11],[7.6, 1],
16,11, [10, 12,11, [ 16,15, 1]],
L10,1,00, (1,00 [1,1,1],[23 1],

19, [4,12, 17, [5, 14,11, [6,5, 1], [7, 15, 1],
o, 11 1], [ 11,10, 1], [ 14, 16, 1] JJ:

for hin [1. . w-1] do
for jin [h+1 . . w] do
vi=[;

for il in [1 . ]

fori2in [1 . . 13] do

for i3 in [1 . . 13]

fori4 in [1 . . 13] do

if 11 <> 42 and ¢1 <> ¢3 and i1 <> 14 and 2 <> ¢3 and 2 <> 4 and
13 <> 4 then

n = [s[g]e1], slg]li2], s[j][a3], s[j][e4]];

Add(v,n);

fi;

od;od;od;od;

foriin [1 . . Length(v)] do

t:=vlil;

al := t[4][1] « (¢[2][2] = ¢[3][3] — ¢[3][2] = ¢[2][3]);
a2 := t[2][1] « (t[4][2] = ¢[3][3] — ¢[3][2] = ¢[4][3]);
a3 := ¢[3][1] « (¢[4][2] = ¢[2][3] — ¢[2][2] = ¢[4][3]);
b1 := t[1][1] = (¢[4][2] = ¢[3][3] — t[3][2] = t[4][3]);
b2 = t[4][1] = (¢[1][2] * ¢[3][3] — t[3][2] = t[1][3]);
b3 = t[3][1] = (¢[1][2] * ¢[4][3] — t[4][2] = t[1][3]);
cl = t[1][1] = (¢[2][2] * ¢[4][3] — t[4][2] = [2][3]);
c2 = t[2][1] = (¢[1][2] * ¢[4][3] — t[4][2] = t[1][3]);
c3 = t[4][1] = (¢[1][2] * ¢[2][3] — t[2][2] = [1][3]);
a:= (al — a2+ a3) mod 17;

b:= (bl — b2 + b3) mod 17;

¢:=(cl =2+ ¢3) mod 17;

T := [[a = t[1][1] mod 17, a * t[1][2] mod 17, a * ¢[1][3] mod 17],
[b* t[2][1] mod 17, b« t[2][2] mod 17,b * ¢[2][3] mod 17],

[c  t[3][1] mod 17, ¢ ¢[3][2] mod 17,c * ¢[3][3] mod 17]];
]% [*T) mod 17;

2
3
S
s[h][2]* )modl?;

2]
Bl
=(sfh
=(sfh
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r3:=(s[h][3]* T ) mod 17;

rd:=(s[h][4]*T) mod 17;

r5:=(s[h][5]* T ) mod 17;

r6:=(s[h][6]* T ) mod 17;

r7:=(s[h][7]* T ) mod 17;

r8:=(s[h][8]* T ) mod 17;

r9:=(s[h|[9]* T ) mod 17;

r10:=(s[h][10]* T ) mod 17;

r11:=(s[h][11]* T ) mod 17;

r12:=(s[h][12]* T ) mod 17;

r13:=(s[h][13]* T ) mod 17;

if 1[3] <> 0 mod 17 then z1 :=r1 % r1[3]”1 mod 17;
elif r1[2] <> 0 mod 17 then 1 := r1*r1[2]"1 mod 17;
elif r1[1] <> 0 mod 17 then z1 := r1*r1[1]71 mod 17;
fi;

if r2[3] <> 0 mod 17 then 22 := 2 % r2[3]71 mod 17;
elif r2[2] <> 0 mod 17 then 22 := r2 % r2[2]~1 mod 17;
elif r2[1] <> Omod17thenz2 := r2 % r2[1]~1 mod 17,

fi;

if r3[3] <> 0 mod 17 then 23 := r3 % r3[3]"1 mod 17;
elif 73[2] <> 0 mod 17 then x3 := r3 % r3[2] "1 mod 17;
elif r3[1] <> 0 mod 17 then x3 := r3 % r3[1]71 mod 17;
fi;

if r4[3] <> 0 mod 17 then 24 := r4 % r4[3]71 mod 17;
elif r4[2] <> 0 mod 17 then x4 := r4 * r4][2]~1 mod 17;
elif r4[1] <> 0 mod 17 then x4 := r4 * r4[1]71 mod 17;
fi;

if 5[3] <> 0 mod 17 then z5 := r5 % r5[3] 71 mod 17;
elif r5[2] <> 0 mod 17 then x5 := r5 % r5[2]71 mod 17;
elif r5[1] <> 0 mod 17 then x5 := r5 % r5[1]71 mod 17;
fi;

if 76[3] <> 0 mod 17 then 26 := 76 % r6[3] "1 mod 17;
elif r6[2] <> 0 mod 17 then x6 := r6 * r6[2] 1 mod 17;
elif r6[1] <> 0 mod 17 then x6 := r6 * r6[1]~1 mod 17;
fi;

if r7[3] <> 0 mod 17 then =7 := r7 % r7[3]1 mod 17;
elif r7[2] <> 0 mod 17 then 27 := r7 % r7[2]"1 mod 17;
elif r7[1] <> 0 mod 17 then 27 := r7 % r7[1]"1 mod 17;
fi;

if r8[3] <> 0 mod 17 then 28 := r8 % r8[3] "1 mod 17;
elif r8[2] <> 0 mod 17 then 28 := r8 % r8[2] "1 mod 17;
elif r8[1] <> 0 mod 17 then 28 := r8 % r8[1]71 mod 17;
fi;

if 79[3] <> 0 mod 17 then 29 := r9 % r9[3] 1 mod 17;
elif r9[2] <> 0 mod 17 then x9 := r9 % r9[2]~1 mod 17;
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elif r9[1] <> 0 mod 17 then 29 := r9 % r9[1]"1 mod 17;

fi;

if 710[3] <> 0 mod 17 then 210 := r10 % r10[3] 1 mod 17;
elif r10[2] <> 0 mod 17 then 210 := r10 * r10[2]~1 mod 17;
elif r10[1] <> 0 mod 17 then x10 := r10 * r10[1]~1 mod 17;
fi;
if 711[3] <> 0 mod 17 then 211 := r11 % r11[3]~1 mod 17;

elif r11[2] <> 0 mod 17 then 211 := r11 % r11[2]"1 mod 17;

elif r11[1] <> 0 mod 17 then z11 := r11 *r11[1]71 mod 17;

fi;

if 712[3] <> 0 mod 17 then 212 := r12 % r12[3]"1 mod 17;

elif r12[2] <> 0 mod 17 then x12 := r12 * r12[2]~1 mod 17;

elif r12[1] <> 0 mod 17 then x12 := r12 * r12[1]~1 mod 17;

fi;

if 713[3] <> 0 mod 17 then 213 := r13 % r13[3] 1 mod 17;

elif r13[2] <> 0 mod 17 then 213 := r13 % r13[2]"1 mod 17;

elif r13[1] <> 0 mod 17 then 213 := r13 % r13[1]"1 mod 17;

fi;

if Set([z1, 22,23, x4, x5, 26, 27, 28,29, 210, x11, 212, £13])=Set(s[j]) mod 17 then
Print(h, T, 7,7 \n");

fi;
od;od;od;
6.12 Computing the transformations between the 14-arcs
m:=[ [0,1,0],[0,0,1],[14,1,0] |;;
w:=[1,0,0];;
E=[T;;

for g in [0 . . 306] do

p:=wu*m? mod 17,

if p[3] <> 0 mod 17 then 2z := p* p[3]~1 mod 17;

elif p[2] <> 0 mod 17 then z := p*p[2]~1 mod 17;

elif p[1] <> 0 mod 17 then z := p * p[1]71 mod 17;

fi;

Add(f,z);

od;

s=[[0,0,1],[0,1,0],[1,0,0],[1,1,1],[2 16, 1],
(5,2,1],(8,9,1],[9,10,1],[9,11,1],[10,5, 1],
(10,15, 1], [13,8 1], [14,12,1],[15,3, 111,
(10,0,1],[0,1,0],[1,0,0],[1,1,1],[3, 16, 1],
[5,13,1],(6,7,1],[8 2 1],[9,11,1],[9,12, 1],
[10,4,1],[10,15, 1], [11,6,1],[13,8 1] ]];
w:=Size(s);;

for hin [1. . w-1] do

for jin [h+1 . . w] do
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> 0 mod 17 then z1 :=r1 % r1[3]”1 mod 17;
<> 0 mod 17 then z1 :=r1 % r1[2]"1 mod 17;
<> 0 mod 17 then z1 :=r1 % r1[1]71 mod 17;
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fi;

if 72[3] <> 0 mod 17 then 22 := r2 % r2[3]~1 mod 17;

elif r2[2] <> 0 mod 17 then x2 := r2 % r2[2]71 mod 17;

elif r2[1] <> Omod1Tthenz2 := r2 % r2[1]~1 mod 17;

fi;

if r3[3] <> 0 mod 17 then 23 := r3 % r3[3] 1 mod 17;

elif r3[2] <> 0 mod 17 then 3 := r3 % r3[2]"1 mod 17;

elif r3[1] <> 0 mod 17 then 23 := r3 % r3[1]"1 mod 17;

fi;

if 74[3] <> 0 mod 17 then 24 := r4 % r4[3]~1 mod 17;

elif r4[2] <> 0 mod 17 then 24 := r4 % r4[2]"1 mod 17;

elif r4[1] <> 0 mod 17 then 24 := r4 % r4[1]”1 mod 17;

fi;

if r5[3] <> 0 mod 17 then 5 := r5 % r5[3] 71 mod 17;

elif r5[2] <> 0 mod 17 then 5 := r5 % r5[2] "1 mod 17;

elif r5[1] <> 0 mod 17 then 5 := r5 % r5[1]"1 mod 17;

fi;

if 76[3] <> 0 mod 17 then 26 := r6 % r6[3] "1 mod 17;

elif 76[2] <> 0 mod 17 then 26 := r6 * r6[2] "1 mod 17;

elif r6[1] <> 0 mod 17 then 26 := r6 % r6[1]~1 mod 17;

fi;

if r7[3] <> 0 mod 17 then 7 := r7 % r7[3]”1 mod 17;

elif r7[2] <> 0 mod 17 then 27 := r7 % r7[2]"1 mod 17;

elif r7[1] <> 0 mod 17 then 27 := r7 % r7[1]"1 mod 17;

fi;

if 78[3] <> 0 mod 17 then 8 := r8 % r8[3] "1 mod 17;

elif r8[2] <> 0 mod 17 then 28 := r8 % r8[2] "1 mod 17;

elif r8[1] <> 0 mod 17 then 28 := r8 % r8[1]~1 mod 17;

fi;

if 79[3] <> 0 mod 17 then 29 := r9 % r9[3] "1 mod 17;

elif 79[2] <> 0 mod 17 then 29 := r9 % r9[2] "1 mod 17;

elif r9[1] <> 0 mod 17 then 29 := r9 % r9[1]1 mod 17;

fi;

if 710[3] <> 0 mod 17 then 210 := 710 % r10[3]"1 mod 17;
elif r10[2] <> 0 mod 17 then 210 := r10 * r10[2]~1 mod 17;
elif r10[1] <> 0 mod 17 then x10 := r10 * r10[1]~1 mod 17;
fi;

if 711[3] <> 0 mod 17 then 211 := r11 % r11[3]~1 mod 17;
elif r11[2] <> 0 mod 17 then x11 := r11 * r11[2]~1 mod 17;
elif r11[1] <> 0 mod 17 then z11 := r11 *r11[1]71 mod 17;
fi;

if r12[3] <> 0 mod 17 then 212 := 712 % r12[3]"1 mod 17;
elif r12[2] <> 0 mod 17 then x12 := r12 * r12[2]~1 mod 17;
elif r12[1] <> 0 mod 17 then x12 := r12 * r12[1]~1 mod 17;
fi;
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if r13[3] <> 0 mod 17 then 213 := 713 % r13[3]"1 mod 17;

elif r13[2] <> 0 mod 17 then 213 := r13 % r13[2]"1 mod 17;

elif r13[1] <> 0 mod 17 then 213 := r13 % r13[1]"1 mod 17;

fi;

if 714[3] <> 0 mod 17 then 214 := r14 % r14[3] 1 mod 17;

elif r14[2] <> 0 mod 17 then 214 := r14 * r14[2]"1 mod 17;

elif r14[1] <> 0 mod 17 then 214 := r14 * r14[1]"1 mod 17;

fi;

if Set([z1, 22, 23, x4, x5, 26, 27, 28,29, 210, x11, 212, £13, x14])=Set(s[j]) mod 17 then
Print(h, T, 5,7 \n”);

fi;
od;od;od;

6.13  Computing the complete (k;2)-arcs

m:=[ [0,1,0,0,0,1],[14,1,0] ];;
w:=[1,0,0];;
f:=[];;
for q in [0 . . 306] do
p:=wu*xm? mod 17;
if p[3] <> 0 mod 17 then z := p* p[3]~1 mod 17;
elif p[2] <> 0 mod 17 then z := p * p[2]~1 mod 17;
elif p[1] <> 0 mod 17 then z := p * p[1]71 mod 17;
fi;
Add(f,z);
od;
l:= the set of lines
s=[[10,0,1],[0,1,0],[1,0,0],[1,1,1],[2 16, 1],
[5,4,1],(6,2,1],[7,12,1],[9,11, 1], [ 11,7, 1],
[ 16, 13, 1] ]];;
o:=([;;
for iin [1..1] do
10a:=sli]; vv:=[];;
w:=Difference(f,10a);
for jj in w do
ch:=([;;
11a:=[[1],£[2],£3],£[254],10a[5],10a[6],10a[7], 10a[8],10a]9], 10a[10],10a[11].jj];
for j in [1..307] do
13:=I[j];
if Size(Intersection(11a,13))=3 then
Add(ch,j);
fi;
od;
if Size(ch) = 0 then Add(vv,jj); fi;
od; if Size(vv)=0 then Add(o,10a); fi; od;
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6.14 Computing the complete (k;3)-arcs

m:=[ [0,1,0],[0,0,1],[14,1,0] |;;
w:=[1,0,0];;
f:=[];;
for g in [0 . . 306] do
p:=wu*xm? mod 17;
if p[3] <> 0 mod 17 then z := p % p[3]~1 mod 17;
elif p[2] <> 0 mod 17 then z := p * p[2]71 mod 17;
elif p[1] <> 0 mod 17 then z := p * p[1]71 mod 17;
fi;
Add(f,z);
od;
l:= the set of lines
s=[[[0,3,1],[0,11,1],[5,0,1],[10,5, 1], [14, 11, 1],
[10,2,1],[10,11,17,[3,16,1],[14,7, 1], [15, 6, 1],
[14,4,1],[7, 9, 1],00,0,1),[1,1,0],[1,4,1],[1,8,1],[2,4,1),[3,1,0],
3,9,1],[3,12,1],[5,13,1],[6,6,1],[7,13,1] |];;
o:=[J;;
for i in [1..1] do
10a:=s[i]; vv:=[];;
w:=Difference(f,10a);
for jj in w do
ch:=[J;;
1a:=[[0,3,1],[0,11,1],[5,0,1],[10,5 1], [ 14,11, 1],
[10,2,1],[10,11,17,[3,16,1],[14,7, 1], [15, 6, 1],
[14,4,1],[7, 9, 1],00,0,1),[1,1,0],[1,4,1],[1,8,1],[2,4,1],[3,1,0],
13,9,11,]3,12,11,[5,13,11,]6,6,1],[7,13,1] ,iil;
for j in [1..307] do
13:=I[j];
if Size(Intersection(11a,13))=4 then
Add(ch,j);
fi;
od;
if Size(ch) = 0 then Add(vv,jj); fi;
od; if Size(vv)=0
then Add(o,10a);
fi;

od;



7. APPENDIX 2

The points of PG(2,17) in numeral and vector forms
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Tab. 7.1: The points of PG(2,17) generated by (010,001, —310)

13

19

25

31

37

43

49

25

61

67

73

79

85

91

100

-8 —61

8§ —11

651

2 —41

7—-51

—741

—731

761

—641

—161

6 —41

-301

6 —061

5 —31

—411

14

20

26

32

38

44

20

26

62

68

74

80

86

92

010

—841

381

-4 =21

5 —51

4 —-51

571

-1 =21

871

—-531

801

5 —61

—710

-8 —41

1 -21

-3 =31

15

21

27

33

39

45

51

o7

63

69

75

81

87

93

001

-5 —61

6 —81

-7 =71

4 —-81

4 —-11

2 —-31

701

2 -61

-1 -71

—610

-8 —11

0-—-71

561

-7-11

1 -51

10

16

22

28

34

40

46

02

o8

64

70

76

82

88

94

—-310

-8 =51

—6 —31

-2 —-41

-6 —-71

3 —-51

1-11

120

—881

—-201

0—-61

371

-2 =51

811

361

431

11

17

23

29

35

41

47

93

29

65

71

7

83

89

95

0-31

4 -21

1 —-41

5 —41

—281

461

3 —21

0—-81

6 —31

310

-8 =31

231

471

-3 =81

8 =51

-1 —-41

12

18

24

30

36

42

48

o4

60

66

72

78

84

90

96

1-61

761

081

o271

621

8 —21

-7 =21

—621

1 -81

031

181

—111

281

—6 —41

451

501
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97 | 810 |98 | 081 |99 | 6—21 |100| —751 [101|—4 —81[102|—6 —61
103| -8 —21104| -7 —51|105| 481 |106| 671 [107| 211 |108| —331
109| —151 |110| —401 |111| 110 |[112] 011 |113| —311 |114|-3 —21
115 —711 |116| -3 —61|117| —861 |118| 8 —41 [119| 521 |120| 731
121 | -1 —31(122| 101 |123| 150 |[124| 071 |125| 251 |126| —441
127 -5 —51(128 | 4 —61 [129| —821 [130| 751 |131| —451 |132|—-4 —41
133| 551 |134| —481 |135| 661 |136| 841 |137|—5—21|138| —721
139 7—31 |140| 131 [141|—1—51[142| 401 |143| —410 |144| 0 —41
145| 541 |146|—5 —71(147| —231 [148| -1 —61|149| —801 |150| —210
151 0—21 |152| —781 |153| 6 —51 |154| 421 |155| 7 —61 |156| -8 —71
157 —211 |158 | -3 —11(159| 321 |160| 721 |161| 741 |162| —521
163| 7 —21 |164| -7 —41[165| 5 —71 |[166| —241 |167| —541 |168|—5—11
169 341 |170| —511 |171| -3 —41|172| 5 —81 |[173|—6 —51|174| 411
175| —351 |176| —431 |177|—-1—11]178| 301 |179| —510 |180| 0 —51
181 4 —71 |182|—2 —81|183| -6 —21|184| -7 —61|185| —811 |186|—-3 —71
187|—2 — 71183 | —251 [189|—4 —71[190| -2 —21[191 |—7 —81|192| —651
193 | —4 —11]194| 331 [195| —171 [196| 201 |197| 1 —10 [198| 0 —11
199 3 —11 [200| 3 —41 [201| 5—11 [202| 3 —61 |[203| —851 |204| —421
205 771 [206| 261 [207| 8 —81 |208| —611 |209|—-3 —51[210| 4 —31
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211 141 |[212]| -5 —81|213|—6 —81|214| —671 [215| 2 —81 [216| —661
217| 821 |218| 7 —41 |219| 5 —21 |220| -7 —31|221| 121 |[222] 711
223 | —381 |224| 641 |225| —561 |226| 851 |227|—4 —51[228| 441
229 | —5 —31[230| 171 |231| 2 —71 |232| —221 |233| 781 |[234] 611
235| —371 [236| 271 |237| 2 —21 |238| —771 [239| 241 |240| —551
241 | —461 |242| 881 |243| 6 —11 |244| 3 —71 |245| -2 —31[246| 161
247| 861 |248| 8 —71 |249| —261 |250| 8 —31 |251| 1 —31 [252] 151
253 | —4 —31[254| 111 |255| —321 |256| 7 —11 [257| 3 —81 |258| —681
259 6 —71 |260| -2 —11|261| 311 |262| —341 |263| —581 [264| 681
265| 631 [266| —181 |267| 601 268 210 [269| 021 [270|7 —81
271 —6 —11|272| 351 |273|—4 —61|274| -8 —81(275| —631 |276| —141
217| —501 [278| 510 |279| 051 |280| —471 |281| 221 [282|7 —71
283 —2 —61[284| —831 [285|—1 —81/286| —601 |287| 350 |288| 041
289 | —5 —41[290| 511 |291| —361 |292| 8 —61 [293| —871 [294|2 —11
205 3 —31 [296| 1 —71 [297| —271 |298| 2 —51 [299| 4 —41 |300| 531
301 —121 |302 701 303 260 304 061 305 831 306 | —131
307 —101
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