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Abstract

This thesis is concerned mainly with the interplay between 1dentities involving power se-
ries (which are called g-series) and combinatorics, in particular the theory of partitions.
The thesis includes new proofs of some g-series identities and some ideas about the gen-
erating functions for the rank and crank, a new proof of the triple product identity and a
combinatorial proof of a g-elliptic identity.
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Chapter 1

Introduction

1.1 Partitions

1.1.1 Partitions and sets of partitions

A partition is a sequence of positive integers, for example each of the four sequences
(4,4,1), (8,5,3,2), (6,6,6) and (1) is a partition. Repetition, as in the first and third
of these four sequences, is allowed. What is not permitted is for the sequence to be
increasing, for instance (1,4, 4) is not a partition, nor is (4, 1,4). The Greek letter A is
used to denote a partition, if A = (4,4,1) then \; =4, Ay =4 and A3 = 1.

Thus a partition A is defined as being a finite, nonincreasing sequence of positive
integers: A = (A, Ag, .., Ax), & is therefore (the letter used to denote) the number of parts,
which can also be written as k = #()), some authors use |\| for the number of parts.
The partition A is said to be composed of, or consist of, the parts, or entries, ); (where
1 < 1 < k). The weight of a partition, wt(])), is defined to be the sum of the parts of ),
some authors use ||A|| for the weight, or we may say simply “a partition of n” instead of
“a partition of weight n” (this may also be written as A I n). For example A = (4, 4, 1)

is a partition of 9 having three parts. The empty partition, @ = (.), has weight zero and is
composed of zero parts.



The set of all partitions, P, occurs frequently 1n the thesis and so do certain subsets of
it. Of particular interest are D, D, D, and O, where

D :={\ € P : X > A1}, the set of partitions into distinct parts,

D, := {A € D : #(A\) = 0 mod 2}, the set of partitions into an even number of
distinct parts,

D, := {A € D : #(\) = 1 mod 2}, the set of partitions into an odd number of
distinct parts,

O :={) € P: ;=1 mod 2}, the set of partitions into odd parts.

The empty partition is an element of each of the sets P, D, D, and O but is not in D,,.

If H and H are two sets of partitions and ¢ : H — H then the map ¢ is said to
be weight preserving if wt(¢(A)) = wt(A), for all A € H. In this thesis any bijection
between two sets of partitions is assumed to be weight preserving, unless it is stated
otherwise.

Whenever H, say, is a set of partitions and there are m sets such that H is the disjoint
union of the H; then H = H; U Hy U ... U H,,, will be called a decomposition of H
(and where the union is not disjoint the word decomposition will not be used). Thus, for
example, the set of partitions into distinct parts can be decomposed into D = D, U D,.
For any H C P, the number of partitions in H of weight n will be written as p(H, n).
For n € N, the convention is p(H, n) := 0 (the set N is understood to include 0, also
used is the notation N* := N\ {0}). The total number of partitions of weight n is written
simply as p(n), or p_1(n), as is explained in section 1.2.3. The function p(n) is called the
partition function.

The hat sign,7, is used to indicate that an entry hasbeen omitted.
Thus (5,5, 3,3,2) = (5,5,3,2), (7) = 0, (A1, A2, o0y Ai, ooy Ag) iS X with ); omitted and
(A1, Az, oy Ny 2 /\}, ...y Ak) 1S A with parts ); to A; omitted (which could, of course, be
written as (A1, A2, ..., Adi—1, Aj+1, ---y Ak ), but the hat is used to emphasise the omission).

1.1.2 'The graph of a partition

Any nonempty partition can be visualised as the set of rows of coordinates in the bot-
tom right quadrant of the plane where the ith row contains ); entries. This is called the
graphical representation or the Ferrers graph (or simply the graph), Gy, of the partition.

Before describing this explicitly, an example will help to illustrate the idea: Iif A = (4,4, 1)
then g,\ 1S
® & 9 o

(in order to be completely unambiguous it would be necessary to distinguish between the

set {(1,-1), (2, -1), (3, 1), (4, 1), (1, -2), (2, ~2), (3, ~2), (4, ~2), (1, —3)} and the
diagram above, but it 1s clear what 1s happening).



Now, given a nonempty partition A = (A, Ag,...,Ag), for each ¢ in the range
0 < i < )\ let 6, (%) be the maximum [ for which A; —¢ > 0. The formal definition 1s that
the graph is the set of dots with integer coordinates (%, j) in the plane such that (Z, ) € G.
ifand only if 0 < 7 < Ay and =6, () < 7 < 0.

The dual, or conjugate, of a partition is the partition whose graph 1s the one
obtained by rotating the graph of the original partition around the falling diagonal (the
set {(1,—1),(2,—2),...}). Visually, the dual is obtained by interchanging each row with
its corresponding column in Gy. In terms of the set, Gx» := { (1, —J) : (4, —1) € Ga}. The
dual of X will be denoted by X'. In the case A = (4,4,1) the dual is X' = (3,2,2,2). It
follows immediately that the dual induces a weight preserving involution on 7,
wt(X') = wt(A) and \" = A for any A € P. If A is such that X' = ) then ]\ is said to

be a self-dual, or self-conjugate, partition. Thus, for example, (4, 4, 1) is not self-dual but
(4,1,1,1) is.

1.2 Power Series

1.2.1 Generating functions and notation

Given a sequence {a, }, itis often desirable to find an expression, F'(g), whose coefficients
are the elements of the sequence, i.e. F(q) = ag+a,q+...+a;¢* +.... When this happens
the g-series F'(q) is said to be the generating function for the sequence {a, }. For example,
suppose a,, = 1 whenever 0 < n < 100 and a,, = 0 for all other n. The generating for

this sequence is (1 — ¢'%) /(1 — q). A power series in the parameter q is called a g-series.
The following standard notation will be used frequently throughout:

For z and g € C, define

n

(2;Q)n 1= H(l —2¢"'), neN

=1
and
(239)0 := | (1 — 26" ")
1=1

(the condition |g| < 1 is assumed in a nonterminating power series, this ensures conver-

gence). In this thesis, the subscript n is assumed to be a nonnegative integer, which need
not actually be the case.



The identity ()
N 1)
(Z, Q)fl (an; Q)m (1.1)

clearly holds for any n € N*, and leads by extenston to a definition of (z; q), for any
real n. In particular, (z; ¢)g = 1. For m € Z, the sequence p,,(n) is defined by

Y pm(n)g" = (g, 0)2. (1.2)

nei

It follows that, for any m, p,,(n) = 0 whenever n ¢ N (in fact the subscript m need
not even be an integer, but in practice it always is). The product 1/(g; ¢)« is sometimes

written as P(g) or simply as P (which should not be confused with the set P).
The square bracket notation is defined, when z # 0, as

(25 q] := (2 @)oo (275 @) co-
It 1s elementary, provided that z # 0, that

27 q) = —27%2; g (1.3)

and that

[2g;q) = —27"[2; g (1.4)

Now, an expression in z and ¢ (such as (2; g)n, for some given n) can be seen as a power
series 1n q, whose coefficients are expressions in z, for example,

(210)s = (1= 2) + (—z+ 2)g + (—z + 2°)¢* + (&* - 2°)¢°
and 1t can also be seen as a power series in z whose coefficients are expressions in g,
(z;q)s=1—(14+qg+¢)z+(g+ ¢ + ¢%)22 — 32>

This suggests it might prove helpful to find a general expression for (2;q), as a power

series 1n 2, so the question is, what is the coefficient of z* in (2; ¢),? With this in mind it
1s now helpful to introduce the g-binomial coefficients.



1.2.2 The g-binomial coefficients

The g-binomial coefficients are defined as

mq = (gﬁfgﬁ“_} (1.5)

The subscript g can be dropped safely from the expression on the left, except in chapter 3
where the subscript is g2. The g-binomial coefficients are introduced at this stage because

they appear in the expression for (z; q),,, but before addressing that a few properties of
the g-binomial coefficients are worth mentioning: Clearly,

[n] (¢; 2)n

il (@ 0)i(aa)n—s

_ g Dn-i(0" 15 9);
(45 9)i(g5 @)n—s
n—i+l. 4\,
- ["’] _ @ a) (1.6)
¢ (2; 9):
Now, it can easily be shown that

(n] n-1] . ;in-1
R

This is (3.3.3) in [2], and it follows from this identity that, when ¢ and n are both nonnega-
tive integers and 0 < ¢ < n, [7] is in fact a polynomial, of degree ni —32. The g-binomial
coefficients are also called Gaussian polynomials. Note that the identity [7] = [ ".]
follows from the definition (1.5) of the g-binomial coefficients.

Closely related to the role the g-binomial coefficients play in the expansions for (2; q),,
and (z; g)7%, that is in identities (1.9) and (1.10) below, is the fact that they are the gen-
erating functions for partitions where both the largest part and the number of parts are

forbidden to exceed a given pair of nonnegative integer values, a and b, say. This is dealt
with in the following

Lemma:

LetU(a,b) := {A: A\ < a,#()\) < b}, thus U(a, b) is the set of all partitions whose
graph lies inside a rectangle of length a and height b. Then

wt(A) _ a+b
Z q _[ . ] (1.8)

A€U(a,d)

Briefly, the proof involves the inductive step that firstly [“J’z‘l] should be the generating
function for partitions having less than b parts, none of which exceed a (i.e. partitions in
U(a,b— 1)), and secondly g°[***7*] should be the generating function for partitions into

precisely b parts, no part exceeding a (clearly (1.8) holds whenever either a or b is 0).
This is explained in (3.4.1.) in [2] and also in [16].
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It follows from (1.8) that the g-binomial coefficients are symmetric, in the sense that
if [*] = a(0) + a(l)g + ... + a(ni — i%)g™~* then a(k) = a(ni — i — k). It has also
been shown, in [16], that the they are unimodal, which is to say that if k¥ < =42 then

a(k — 1) < a(k). 2
i3] = (3)

Furthermore,
the familiar binomial coefficient, as maybe seen by applying 1’Hopital’s rule to (1.6).
The following identity, due to Euler, states that the coefficient of z* in (z;q), is
(_1):‘ [f:] q(iz—i)ﬂ,

n
(z0)n = ) _(-1)'2° [’:’] gl* -9/ (1.9)
i=0
and the coefficient of 2* in the reciprocal is given by a result of Rothe,
1 = n+i-1
= ‘ . 1.10
(2; @)n ;z[ i ] (1.10)

For a proof of the above two identities, see Theorem 3.3 in [2], or see [3] where they are
derived from the g-binomial theorem.

Now, since (q; q),, can be defined for any real n, it follows that [’:] can be defined
for ¢ and n any real numbers. In fact the sums on the right in (1.9) and (1.10) can be
replaced by sums with ¢ ranging over all integers, for if n is a nonnegative integer and
i € Z\ {0,1,...,n} then a limiting argument applied to (1.5) and (1.1) gives [?] = 0
(which is to be expected, as (*:) = 0 for all such 2).

The limiting case as g — 1 in identity (1.9) is the familiar expansion for (1 — 2)" and
likewise, ¢ — 1 in identity (1.10) gives the expansion for (1 — z)~™. This illustrates a
general principle, the limit as ¢ — 1 in any identaity involving g-binomial coefficients 1s
an 1dentity involving ordinary binomial coefficients.

1.2.3 Partitions and g¢-series

It 1s now possible to give an outline of the connection between g-series and partitions. For
instance, it H is the set {@, (1), (1, 1), ...} C P of partitions with each part equal to 1 then

1

———— 2 3 ree
- l1+g+q¢°+q +

= 3 g,

AEH
What this means is that (1 — g)~* is the generating function for p(H, n),

Y p(H,n)g*=(1—q)7.

n>0



More generally, if H were to be the set of all partitions composed of elements from a
given subset {ay, s, ..., ¢} € N*, then it would follow that

()5

= AEH

which is to say that
!

> _p(H,n)g" =[]0 -¢)"

n>0 1==1
This includes the case H is the whole of P (as can be seen by taking | = oo and, for
example, o; = 1) SO

= wit(A)
t=1 AEP
which i1s to say that
> p(n)q" = (g;9) - (1.11)
n>0

Putting m = —1 in (1.2) gives p(n) = p_1(n). In fact, p_(n) is the number of ordered
m-tuples of partitions,
Z qwt(l)

(q’ AEP™
In particular, if m = —2 then p_g(n) 1s the number of ordered pairs of partitions. The

behaviour of p_s(n), in particular some of its congruences (and an explanation for these
congruences, namely the birank) is the subject of the second half of chapter 5.

Some subsets of P have already been defined. Concerning these, it is not hard to show

that
H (1— q2t-1) =Y ¢

=1 AcO

which is to say that

) " p(O, ng" = (a9 )] (1.12)
n>0
and ~
[[a+d) =3 ¢"™
=1 A€D
which is to say that
ZP(D: n)qn — (""q; ‘I)m (1.13)
n>0
and finally, p; (n) = p(D., n) — p(D,, n), or equivalently,
Y (p(Deyn) = p(Doy 1)) g™ = (¢; Q)co- (1.14)

n>0

So (g; @)oo maybe called, with a slight abuse of terminology, the generating function for

partitions into distinct parts where those having an odd number of parts are counted neg-
atively.



1.3 A bit of history

1.3.1 Elementary Identities
In the mid eighteenth cenury Euler observed that

o0

[Ja-d)=1-q¢-P+F+d -2 — " +...

1—1

The product []:2, (1 — ¢*) is sometimes called the Euler product (the notation (g; g)co is @
twentieth century development).

He went on to demonstrate that

[ -d) =3 ()™ 5, (1.15)

1=1 mecZ,

This 1s called the pentagonal number theorem, because a number n is said to be pentagonal
if and only if n = w for some integer m. Euler was probably aware that (g; ) 1S
the generating function for p(D., n) — p(D,, n) but there is no evidence to suggest that he
considered looking for a combinatorial proof that

(-1)™ if n = mEmil)

2 (1.16)

De,n) — p(D,,n) = :
p(De; 1) = p(Doy 1) { 0 if 7 is not pentagonal

and Franklin was the first to find one (Legendre apparently suggested that there might be a
combinatorial proof, though he did not give a proof himself). Franklin’s proof is described
in section 2.1. Briefly though, Franklin’s proof involves decomposing D into the union
of three sets. Between the first two sets there exists a bijection (or at least a bijection can
be defined) and the third set contains no partitions of weight n unless n = ﬂa—',;‘—Jr—ll for
some 1nteger m, whence it contains exactly one partition of weight n (which has an even
number of parts precisely when m is even, as will be explained).

Franklin’s proof, as outlined above, involves pairing off elements of a given set and
counting those that remain is an instance of a proof by involution. In chapter 4 a new proof

of the Jacobi triple product identity is presented. This proof also involves an involution.
The triple product identity states

[2;4](¢; 9) oo = Z(—l)“z“q“25' By (1.17)

ncZ

This 1s not to say that involutions are the only approach to g-series identities. For
example given certain 1dentities it is possible to find a bijection from the set whose gen-
erating function 1s the expression on the left to the set with generating function the set on
the right, as opposed to an involution which ‘stays on one side of the equation’.

10



As an 1llustration of this, consider

— 1
~Ua=y

=1
SO
1

CH
Thus by (1.13) and (1.12), p(D, n) = p(O,n). This suggests that there might a weight
preserving bijection between the set of partitions into distinct parts and the set of partitions
into odd parts. In fact, there is more than one. One of these, the bijection that was found
by Sylvester, is described in section 2.2 and is related to the bijection in section 3.1.
Now, having established that p(D, n) = p(O, n), it is clear that p(O,n) = 0 mod 2
if and only if n is not a pentagonal number (by virtue of (1.16), and the obvious fact that
p(D.,n) — p(D,,n) = p(D,n) mod 2). Hence it seems reasonable to ask if the set O can
be decomposed into two sets in such a way as to ensure that the number of elements of

O (i.e. partitions, into odd parts) of weight n in one of the sets is the same as the number
of elements of weight n in the other set, unless n is a pentagonal number (just as D can

be decomposed into two such sets, D, and D,, which is where the identity (1.16) comes
from). |

The question is then, what property of partitions in © is it that ‘almost half’ of
them have that could give rise to an involution on O? The Franklin involution reverses
mod 2 the parity of the number of parts of a partition in D. As, clearly, the first part of
any nontrivial partition in O has first part congruent to 1 mod 2, the proposed involution
on O clearly will not have this effect. The Franklin involution on D also has the effect
of reversing the parity mod 2 of the number of parts of any partition in D on which it
acts. This cannot be the case for the involution on O, as for any partition A € O,
the number of parts in the partition has the same parity as the weight of the partition:
#(\) = wt(\) mod 2.

Instead 1t transpires that the place to look is the residue of the first part, of a partition
in O, mod 4. This to say that an involution on O is presented that has the effect of taking

partitions with A; = 1 mod 4 to those with \; = 3 mod 4, and vice versa. This is done
in section 3.1.

(—4; @)oo = (1.18)

11



1.3.2 Congruences in the Euler product

In 1918 the Indian mathematican Ramanujan wrote a letter to Hardy. The letter included,

amongst other things, the following congruences in the partition function which he (Ra-
manujan) had conjectured,

p(5n 4+ 4) = 0 mod 5, (1.19)
p(7n+5) =0mod 7, (1.20)
p(11n 4+ 6) = 0 mod 11, (1.21)

of which he later gave proofs, which can be found in [29].
The first two of these are entirely elementary, the following is a sketch of a proof of
(1.19): Dividing both sides of the triple product identity (1.17) by 1 — z gives

2, q
{ ](q, Z(—-l)"z N
| nEZ
1—2z (271 =27 (z72-2%) , (27°—2%)
“1—z2 1=z 9t Ty 91— 9t

which is equal to

1~ (z+1+2 g+ (22 +2+1+27 +27 )P — (B + 2+ 241427+ 272+ 27) g+,

and it follows that

§n2+n !

(24;)oo(27' % Q) oo(@ Do = D _(-1)* (2" + 2" + .. +27")g 2 (1.22)
n>0
and then setting z = 1 in (1.22) gives,
(6:0)% =) _(-1)"(2n+1)g 7" (1.23)

n>0

Two power series, ag + a1q + a2q? + ... and by + b1q + bag? + ..., are said to be congruent
modulo 7 if and only if a; = b; mod r for all <.

Now for any prime 7, (1 — ¢)" = 1 — ¢" mod r by the binomial theorem, so for
i =1,2,..., (1 —¢) = (1 — ¢'") mod r. Taking products over all ¢ in the positive
integers gives

r is prime = (q; ¢)%, = (¢";¢") oo mod 7. (1.24)

12



The generating function for p(n),

Y p(n)g" =

= (g; q)m

together with (1.24) gives,

1 (g;9)% o
;p(n)q (Qa Q)m (q q ) a5
" )2.(4:)
. ‘Lq 459 )0
gp = —'"‘“"—""'"'“'""“"(q ,q5)m mod 5

and it follows, by (1.23) and (1.15), that

S p(n)g = (@) +90@) (Bl + 9h(@") + PG |

dd
n->0 (qS q5)

where ayg, a1, B, f1 and 5, are five particular power series (which can of course be deter-
mined explicitly, but it’s not necessary to actually do this). The point is that if ¢(n), say,
1s the coefficient in the above expression then clearly t(5n 4 4) = 0 mod 5.

Not only did Ramanujan conjecture the congruences (1.19), (1.20) and (1.21), he also
made conjectures for higher powers of 5, 7 and 11. He conjectured that

rz=>5%o0rll= p(n)=0modz™, if 24n =1 mod z™. (1.25)

Ramanujan was correct to conjecture (1.25). In fact he conjectured that (1.25) was true
for £ = 5, 7 and 11, which is not actually the case. Chowla noticed that whilst p(243) is
divisible by 49, it is not divisible by 343 (so (1.25) fails form = 3,if £ = 7).

The correct statement for powers of 7 is

p(n) =0 mod 7'"™/2+1 if 24n =1 mod 7™ (1.26)

The brackets here denote the floor function (the greatest integer no more than m/2), i.e.
|m/2] is m/2 if m is even or (m — 1) /2 if m is odd.
The corrected version of (1.25) was proved by Atkin, [4].

13



Chapter 2

Franklin and Sylvester

2.1 The Franklin bijection

This section outlines Franklin’s combinatorial proof of (1.16)

(=1)™ if p = mBmtD)

2 )

De,n) — p(Do, n) =
P(De;n) — p(Do, 1) { 0 if n 1s not pentagonal.

Franklin’s approach was to construct a function ¥ defined on most partitions into distinct
parts that satisfies the following conditions

F is weight preserving:  wit(F (X)) = wi(A),

F reverses the parity of the number of parts:  #(F'(A)) # #(A) mod 2,
F' is an involution: F(F(\) = A

The reason for the word most should become clear shortly.

It 1s necessary to introduce some more (standard) notation before outlining his idea,
which appears in 14.5 in [1], and as theorem 1.6 in [2], as theorem 19.5 in [6], in [7],
in chapter III of [8], as 19.10 in {20], as theorem 15.5 in [25], as 256 in [26], as §100 in
[27], 1n chapter 5 in [31] and in [12]. For a partition into distinct parts, the slope, o)) or
simply o, of the partition is the maximum value of i for which A, — A\; = 7 — 1. Also, for
a partition into distinct parts, s{\), or simply s, is the smallest part of the partition. The
o and s here defined (on partitions into distinct parts) are analogous to (but not the same
as) the X and S defined (on partitions into odd parts) in section 3.2 and to the o and s

defined (on partitions into nested parts) in subsection 3.4.2. The sets A and B are defined,
provisionally at this stage, as

A={A:0(A) < s3(A\)}
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and
B ={\:0(A) > s(A)}.

It is now possible to tentatively define F' : D — D as the map that removes the slope and
places it as the smallest part if A € A, orif A € B then F does the opposite, removes the
smallest part and adds 1 to the appropriate number of entries at the start,

F()) = (A = 1,000, Ag = 1, Agg1y ooy Ae—1, Ak, 0)  if (X)) < 8(A)
T et L A LA e Moy B 0 () 2 s()

where the hat, -, indicates omission.

Clearly F is weight preserving, and F'(A) has either one part more than A or one part
less. Furthermore F reverses the inequality o(A) < s()) (meaning o()) < s(A) if and
only if 7(F())) > s(F()))) and from this it follows that F/(F(A)) = A. Hence F satisfies
the above conditions. But there are some ‘exceptional’ partitions on which it is impossible
to define F', it is necessary to establish precisely which partitions these are.

For any nonempty partition in D, the inequality o(\) < #(A) will hold,
since the slope of such a partition cannot exceed the number of parts in the
partition. If A = (\q, Ag, ..., A) is such that o(X) < #(X), i.e. there exists some ¢ such
that 1 < ¢ < k for which there is a strict inequality \; < A;—; — 1, then there 1s no
problem in defining F'()\) (although F()\) itself might be a partition having slope equal to
number of parts). Thus it is only necessary to consider A = (A1, Ag, ..., Ax) € D for which
a(A) = #()), i.e. partitions of the form A = (A\;,A; — 1, A1 — 2,.., A1 — k + 1). Any
such partition satisfies eitherk < \y =k, k=M -k, k=M —k+1lork> A —k+ 1
These four cases are now considered:

Case 1: o(\) = #(\), k < Ay — k: In thiscase A = (A, M — 1,..., A1 — K + 1), and
s0 8(A) = M\ — k+1and o()\) = k. Thus, since A, — &k > &, s(A) > o()) and so A € A.
Hence F()\) = (A — 1, A\ — 2,..., \1 — k, k) is well defined, since A\; — k& > k ensures
that the penultimate entry exceeds the last entry (and %, being the number of parts, 1s a
positive integer implies that the last entry in F'(A) is positive).

Case 2: o(A) = #(A), k=X —k: Asincase 1, A = (A, A1 — 1,.., A1 — k + 1),
and so s(A) = A\ — k + 1 and ¢()\) = k. Thus, since Ay — k = k and s(A) > o(}),
if F(\) were indeed defined, then A\ would be an element of A. This would give
F(A) = A — 1L, A —2,..,A1 — k, k) but, since \y — k = k, F(A) is not permitted
on account of the last two entries being equal. Hence, in this case, F'(A) is not defined.
Since these partitions are those having length £ and A, = 2k, they are of the form
A = (2k,2k — 1, ...,k 4+ 1). Hence, if X is the set of partitions in D for which F is not
defined then @, (2), (4,3), (6, 5,4),... € X. Note that this illustrates why the set A was
initally defined only provisionally, there are some elements A € D for which o()) < s())

but for which the map A — F'()) can not be defined. Case 3 now demonstrates that the
same is true for some of the partitions that should, it seems at first, belong in B.
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Case 3: o(A) = #(A), k= A —k+1: Again A = (A, Ay —1,...,\; —k+1),and so
s(A\) = A1 — k+1and o(\) = k. Since A\ — k + 1 =k, it follows that s()\) = ¢(A) and
so A should be an element of B, provided that F'()) is indeed defined. This would imply
that A\ has length k and so F'()\) should have length k — 1,i.e. F(A) = (A1 + 1, A1, A —
1, .., A —k+2). Now wt(A) = A+ (A —1)+...4+ (A1 —k+1) = kX, — (5 ) and similarly
wt(F(A)) = (k—1)A1+1—(*7?). But this gives wt(A) —wt(F(A)) =M —2k+2 =1
(since \; = 2k — 1) and so wt(F())) # wt(X). Hence for these such partitions, F
is not defined. These partitions have length k¥ and A\; = 2k — 1, so are of the form
A= (2k-1,2k-2,...,k). Hence (1), (3, 2),(5,4,3), ... € X.

Case 4: o(A) =#(A), k> A —k+1: Again A = (A, M —1,..., Ay —k+1),and so
$(A) =AM —k+1lando(A) = k. Now \; —k+1 < k and so s(A) < o(A), hence A € B.
There is no problem here, as F(A) = (A1 +1, A;, A1—1, ooy A{ =542, A1 =8, ..., A1 —k+2).

Thus no problems arise from cases 1 and 4, from cases 2 and 3 it is seen that the set
of exceptional partitions on which F is not defined is X = {0, (1), (2), (3,2), (4,3),...}.

Clearly D is the disjoint union of the set of nonexceptional partitions and X, the set of
exceptional partitions, and '

X={(2k,2k—-1,.,k+1):k>0}U{(2k+1,2k—1,...,k+1): k > 0}.

The set X can be split into X, and X, where X, := D. N X and X, := D, N X. Note
that X, = X, U X2 and X, = X} U X? where

X! = {(4k, 4k —1,...,2k +1) : k > 0},

X?={(4k + 3,4k +2,...,2k + 2) : k > 0},
X} = {(4k + 2,4k +1,...,2k + 2) : k > 0},
X? = {(4k + 1,4k, ...,2k + 1) : k > 0}.

It follows that
Z qwt(,\) — Z q6k9+k 2.1)
AEX] k>0
(because 4k 4+ 4k — 1 4+ ... + 2k + 1 = 6k? + k) and
Z qwt(A) _ Z q6k2+11k+5, (2.2)
AeX? k20
Z q‘b‘Jt(/\) — Z qﬁk2+7k+2, (2.3)
AeXx] k>0
Z qwt(x) — Z q6k2+5k+1. (2.4)
AeX32 k>0
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The sets A and B having been provisionally defined above can now be properly de-
fined,

A={A:0(A) <s(A): A& X}

and
B:={\:0(0) >s(A\): A& X}.

Having thus defined A and B, it is correct to say that F' : A — B is a bijection.

It might seem unfortunate that establishing which set, A or B, a particular nonex-
ceptional partition is an element of is not the same as establishing whether the number
of parts 1n that partition is even or odd. Given that the motivation for the above was to
prove (1.16), and yet what has actually been accomplished is the construction of a map
that alters the relationship between the slope and the smallest part of the partition, what
was the point? Looking at the map A — F'()\) again, however, two observations can be
made: Firstly it is clear that F' reverses the parity of the first part of the partition, because
the first part is either increased or decreased by 1, and secondly F reverses the paritiy of
the number of parts, for again this number is either one more or one less in F'(A) than
in the original A. The first of these observations, it will be shown leads to identity (2.5)

below, but before that the train of thought in the second observation needs to be followed
through.

The set A can be written as the disjoint union of Ay and A; where
Ai:={r € A:#(\) =1 mod 2}

and similarly for B. Justas F' : A — B isa bijection, so toois F : (4gUBo) — (A1UB).
As has been noted, (—1)#®) £ (—1)#FQ) and since A € Ap U By = (—1)*M = +1
and A € A; U B; = (—1)#X) = —1, it follows that to determine p(D,, n) — p(D,, n) for
some given n it suffices to consider only those partitions in D that are also in X (because

any nonexceptional partition, A, can be paired off with F(\) which has the same weight
and opposite sign). Thus

SO = §T (L) ENgu L §T (1)) 4 5T (1) #) gt

AED AEAQUBy AEAUBy AEX

SO
Z(__:l)#(l) qwt(k) — Z qwt(k) _ Z qwt(l) 4 Z(__l)#(k) qwt(k)
AED AEAoUBo AEA1UB) AEX

and the expression reduces to a sum over X . Now the sum over X is equal to the (sum of
the) sums over the four subsets,

Z(__l)#(A) qwt()\) — Z qwt(.\) n Z qwt()x) _ Z qwt(}\) _ z qwt(A)

AeX deXx1 xeXx3 xex) AEX?2

which, from (2.1), (2.2), (2.3) and (2.4) isequal to 1 — g — g% + ¢® + .... This is the
combinatorial proof of (1.16).
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Now, the first observation about F’ was that it reverses the parity of the first part. This
means that, as well as thinking of F' as a map from the set of nonexceptional partitions (in
D) having an even number of parts to those having an odd number of parts, it is equally
valid to consider 1t as a map from the set of nonexceptional partitions having first part
even to those having first part odd. So if D, denotes the set of partitions in D having first
part even and D, the set of such partitions with first part odd, then

Z(_l)z\lqwt(l) — Z (_1)A1qwt()t)+ Z (_1)A1qwt(.\)+Z(_1)A1qwt(x)

AED AEDL\X AED\X AeX

SO

Z(_l)l1qwt(,\) — Z qwt(h) . Z qwt(}\) +Z(_1)A1qwt(l)

A€D AED\X XD \X AeX

and, similarly to the above case, this becomes
Z gt _ z 7t 4 Z et _ Z ¢ =1 g+q?—¢ +..
Aex} AEX? AEX] AEXZ

hence
+1 ifnzﬂig—ﬂ)-andmzﬂ

p(D,,n) —p(D,n) = —1 ifn= 20" andm < g 2.5)
0 1if nis not pentagonal

2.1.1 The generating function for p(D,,n) — p(D,, n)

Let D(k) be the set of partitions into distinct parts with first part k. The generating
function for p(D(k), n) is

D _p(D(k),n)q" = ¢* (1 + ¢ 1)1 + ¢*2)...(1 +q)

n>0
= q*(—¢; @)k-1
and summing over £ € N* gives

> o(D,n)g" =1+ Y a*(—a; @)1

n>0 k>0

(so the sum on the left is equal to (—g; q), the generating function for p(D, n), see (1.13)
above). Similarly,

D (p(Deyn) = p(D;,,n))g" =1+ Y (~1)¢*(~g; g1 2.6)

n>0 k>0

which, by (2.5) isequalto 1 — g + ¢% — ¢® + ...

18



2.2 Sylvester’s bijection

The equality between the generating functions for the sequences p(D,n) and p(O, n)
is identity (1.18). The formula for the difference between the number of partitions in
O with first part congruent to 1 mod 4 and those with first part congruent to 3 mod 4,
p(Oy,n) — p(Os,n), will be given later (3.8). But first a combinatorial proof that
p(D,n) = p(O,n) is presented. '

Sylvester constructed a weight preserving bijection from the set of partitions into odd

parts to the set of partitions into distinct parts. The bijection, T : D — O, described here
is the inverse of Sylvester’s.

A good way to illustrate the nature of the map T is through an example of how it acts
on the graph of a given partition. Let A = (19,18,17,16,15,12,9,5,2). Below is the
graph of A, or at least what would be the graph if the letters, which are used here because

they make the description of T' slightly clearer, were replaced by dots.

a a w w w b b b b z z =z ¢ ¢c ¢c y d 2z e
a a w w w b b b b xr T T ¢ ¢ ¢ Yy d =z
aaw'wqwbbbb:ca:a:cccyd

a a w w w b b b b z z ¢ ¢ c y

a a6 W w b b b b z z z ¢ ¢ c

a a w w w b b b b z z =z

a a4 w w b b b b

a ¢ w w w

a a.

So instead of dots the columns of odd height are composed of letters from the start of
the alphabet (each dot in the first such column is replaced by an a, each dot in the second

such column 1s replaced by a b, and so on). The columns of even height consist of letters
from the end of the alphabet, z for dots in the columns (or column in this case) of height
one, y for each dot in the columns of height three and so on.

Now, the ‘double block’ of 9 as is transposed to give two columns of as, both
of length 9. This can be written as (2,9]a) — (9,2|a). Likewise (4, 7[b) — (7,4/b),
(3,5]c) = (5,3]¢), (1,3]d) — (3,1]d) and (1,1]e) — (1,1]e). The block of 24 ws is
halved in height and doubled in length, (3, 8|w) — (6, 4|w), similarly (3, 6]z) — (6, 3|z),
(1,4ly) — (2,2]y) and (1, 2|2) — (2, 1|2). The resulting blocks are stacked in such a
way that the left most column has the e at the top, to its right are two columns, both with

ds at the top and so on to the last pair of columns with as at the top (see below). Also the
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ws, Z8, ys and zs are aligned so to produce one row starting with the letter z at its left, the

next row starts with y, the next row after this starts with 2 and the last one starts with w,

as shown below,

€ <
d d d
C C ¢C
CCIC
C C C
b b b
b b b
b b b
b b b
a a aq
a a a

o

o O o O

a

a

y ¥y
y ¥ Z
C T
c

C

b b b
b b b
b b b
b a b
a o a
a a a

I T T T T

I rF T I T

L T I T T

a

a

Q

a

E & &

Now, raise the column with e at the top to the point (1, —1) and slide the z column along,
so it starts at (1, —2). Then raise the next two columns so the two top ds occupy the points

(2, —2) and (3, —2) and slide the next row in so the first y is at (4, —2). Then raise the
fourth and fifth columns so the two top cs in these colums are at (4, —3) and (5, —3) and

slide the row starting with z along so that the first z is at (6, —3). Then raise the next
two columns so that the two top bs occupy (6, —4) and (7, —4) and slide the row of six
ws along so the leftmost of these is at (8, —4) and finally insert the remaining four as as

shown,

D O "o T O O 0 DD
v B T« (I~ T~ R o Y o S o S o S -~ DR o
Q H o T TS0 00 AN

02 N OO T OO0 S

8 8 O o ot T O O O T I

I~ T« N« T~ B~ T - R I

8 N o ooy >R 8 OBR

8 & 8 8 B B

f &8 E 8 KB B

E 8 8 8

E 8 8 8

E & & E

E & & €&

E & E
E & E
E B E
& & &

This diagram (viewed as a collection of dots, not letters) is the graph of T'()),
so T'(A) =(17,17,17,13,9,9,7,7,7,5,5).
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The map 1" has some interesting properties. In the above example, the first part of
T(A) is 17 and T'(A) has 11 parts. Now (17 — 1)/2 4+ 11 = 19, which is A, the first
part of the original partition. This 1s true in general. It is also true that the number of
sequences of consecutive integers in A is the number of distinct odd numbers in T'()\).
This is an exercise in chapter 7 of [17], which also defines the bijection of Sylvester. An
immediate consequence is that the number of partitions of n into odd parts (repetition
allowed), where there are k£ distinct parts is the same as the number of partitions of n
into distinct parts where the are k£ sequences of consecutive numbers, a proof based on
generating functions is given in [2]. As an aside, it is worth noting that the partitions for
which T'(A) = A are those of the form (2n — 1,2n — 3, ..., 3, 1).

There 1s another weight preserving bijection from D to O. It is defined by breaking
each even part, n = a2° of A, into 2° copies of a (where a is the largest odd divisor of
n). Thus (19,18,17,16,15,12,9,5,2) — (19,9%,17,118,15,34,9,5,12) = (19,17, 15,93, 5,34, 118),
where the powers denote multiplicities.
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Chapter 3

A combinatorial approach to some

partition identities

3.1 The three identities

The following identities are to be proved in this chapter. The identities are not new, but
the proofs given here are.

Z("l)n 2) =1- qu?ﬁ(l —-q"), (3.1)
n>0 q 4" Jn m>0
Z =1+gq ) (=1)mg?mBmt2(1 4 gim+2), (3.2)
n>0 ( Q! 2)"' ,,nz;:ﬁ
Y @)= Y (1)1 4 gL, (3.3)
n>0 m >0

The proofs presented here involve considering partitions into odd parts and partitions into
distinct parts.

Identity (3.1) is equivalent to identity (23.2) in [11], due to the fact that

Z (""q qz)m

m>{

This is so because each side of the above equation is the generating function for p(QOy,n)—
p(Os,n) (see (3.8) below). Identity (3.2) is equivalent to (26.96) and (27.97) in {11].
The approach taken here is different from that of Fine. Whereas he uses the Hyper-
geometric series to prove (3.1) and (3.2) (and lots more besides), here all that is used are
combinatorial arguments (adapting the Franklin bijection) and ¢-binomial coefficients.
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3.2 A combinatorial proof of a result of Fine

There is, as indicated earlier, an expression similar to (1.16) but involving partitions into
odd parts. It was found by Fine using hypergeometric series, see 23.7 in [11]. In this
section a weight preserving involution, (¢, is constructed that acts on most of the partitions
into odd parts. It also has the property that (on all the partitions on which 1t is defined)
it reverses the residue mod 4 of the first part of the partition (this is the raison d’etre
of the map G). Just as the Franklin bijection depends on whether the partition satisfies
o(A) < s(A) or not, it is necessary to know if a certain inequality holds (for a given
partition) in order to determine the action of G on that partition. In order to discuss the
terms in this inequality it 1S necessary to introduce some new notation.

For A a given partition (into odd parts), let £ be such that A, > 2t—1 but Ay < 2¢-1,
e(\) := A; — 2t + 1 and define d()) as the maximum [ such that A, ,; = 2t — 1. Also for
i from1totlet zx(2¢ — 1) := #{l: Ay = 2i — 1} and ,(27) := A\; — Ajy1. Now, define
r(A), £(A) and S(X) by

r(\) = 2t — 1 ffe()\) = 0,
2t if e(A) > 0,

$() := min(j : z2(j) > 0),

) dA)+1 ife(M) =0,
S) = { e(A)/2 ife(A) > 0.

In order to define G on a given partition A € O it is necessary to know if £(A) < S(A)
or £(A) = S()). But, whereas in the case of the Franklin map there were only two

possibilities, for & there are eight possibilities. Any given partition, A € O, is in precisely
one of the following sets,

Ay ={A: BA)<S(), EA)=20, r()\)=0mod?2},
Az :={A: Z(A) <S(), Z(A)=20+1, r(\)=0mod 2},
Az:={A: EA) < S(A), (AN =20  r(\)=1mod?2},
Ag:i={A: E(A) <S(A), Z(AN)=20+1, r(A)=1mod 2},
By :={A: E(A) > S(N), S(A) = 2s, r(A) = 0 mod 2},
By :={A: ¥(A) 2 S(), SN =2s+1, r(A)=0mod 2},
By:={A: EA)=>28(0), SN =2s  r(A)=1mod?2},
By:={A: E(A) >5(), S5(A)=2s5+1, r(A)=1mod?2}.



Depending on whether A\ € A;, Ay, As, A4, By, By, By or By, G(A) is defined (for

most such partitions) as

(M1 —40—2,.., g —40 = 2, Ag41 — 40,..., s — 40,20 + 1,..., 2 + 1, Aitlyeees Ak),s
\—v———/
20

(M =40 — 2,0, A — 40 — 2,28+ 1, .0, 2t + 1, Mgy, ooy Akct)s

O A A
2041
(/\1 -} 40 — 2, cony /\a- + 4o — 2, Ag'..l..l -+ 40', ceey At -+ 40’, ..... vy At—l—ZﬂH—ls ey /\k),
(A1 4+ 40 + 2,...,At -+ 40"']‘2, ...... ) At+2a+2:---:'\k—1):

()ll e 43 -}- 2, aesy )\3 — 45 - 2, /\3+1 — 43, casy At — 43, 2t — 1, crey 2t — 1, ’\H-l! cony /\k),

25

(M —48 =2, dg— 45 — 2,28 — 1,00, 28 — 1, Mgy, oony Ake1, ARy 28 + 1),

23541

(’\1 + 4s + 29 “ee) /\t—l -+ 43 + 2, ...... ] At+23+1, ceny )tk_l, )\k, 28 + 1).

The six dots,,......, are used to emphasise the omission of some entries, which can be seen
by looking at the subscript. Writing A = (17,17,17,13,9,9,7,7,7,5,5), for example,
gives As = 9, 50t = 5. Now, e¢(\) = 0 and d()\) = 1. The sequence z,(j) starts
(0,0,0,0,2,...) and so has first nonzero entry at j = 5, giving £(A) = 5. Since e(A) = 0,
it follows that S(A\) = d(\) + 1 = 2 (and so s = 1). Hence £()\) > S(A), r(A) = 9is
odd but S(A) is even. This is case By, and G((17,17,17,13,9,9,7,7,7,5,5)) = (17 +
6,17 +4,17+4,13+4,9,9,7,7,7,5,5) = (23,21, 21,17,7,7,7,5,5).

Clearly G reverses A; mod 4. It is also a weight preserving involution. Thus, to find

an expression for p(Oy, n) — p(Os, n) it is only necessary to consider the partitions for
which G is not defined, these fall into four families, 9, (7), (13%), (19°),...,((6n + 1)")

and (1), (3*), (57),...,((2n + 1)37*1) and (12), (3%), (58).....((2n + 1)37**2) and (5), (11%),
(173),....((6n + 5)"*1).
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Thus, if Oy :={A € O : A\ =1mod4} and O3 := {)\ € @ : \; = 3 mod 4}, then
it follows that p(O1, n) — p(Os,n) = 0 unless n = m(3m + 1) /2 whence,

_ (3.4)
-1 fm=-4,-8,-12,...,or 3, +7,%11,..., or 2,6, 10, ...

Whereas the Franklin map 1s a fairly intuitive construction, as can be seen by considering
the effect it has on the graph of the partition (this is done in all the references mentioned
in section 2.1), the map GG seems somewhat contrived. The idea behind G is simply that
for A\ € O, G(A) = TFT'()\) (except for the exceptional partitions, for which the
Franklin bijection is not defined). In fact, for A € D, #A = r(T'(})), o(A) = (T ()))
and s(A) = S(T'(N)).

Finally note that (3.4) implies

{ 1  ifm=0,4,8,.., or£1,45 49, ... or -2, -6, —10, ...

Y (0(01,n) = p(O)y,n))g" =1+q+ ¢ +¢° —q" — ¢'2 — ¢'5 — g2 + ¢ + ... (3.5)
n>0

3.3 A different approach

In this section a, rather long-winded, proof of (3.1) is given. The proof involves the
concept of the hook, defined below, of a partition into odd parts.

The following identity will be needed, it follows from (21.21) in [11],

Z qi [1:] — ("‘Q; Q)n- (36)
q°

1=0

Now, recall that U(a, b) is the set of all partitions having no more than b parts, the
largest of which is no greater than a. Similarly, let 4" = U/ (2a, b) be the set of partitions
into not more than b even parts, the largest of which is no greater than 2a. It follows from

(1.8) that
Z qwt(.\) — [a + b] (3.7)
a |

e

The next step is to obtain the generating function for p(0y, n) — p(O3, n).

For A € O, letey, := (—1)*~1/2, By considering the graph of all such ) it can be
seen, where O(k) denotes the number of partitions into precisely k odd parts, that

D ad" V= 1-®*+¢*+. )1 - D+ ¢V 4 ) (1 - gt + )
AEO(k)

qk

 (—a% %)k
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hence (taking ey = 1),

2 2, ed™? = 2 CEoh (-—q qz)k

k20 A€O(k) k>0
and so,
> (p(01,n) = p(Os,n))q" = ) | —5—— = q2 . (3.8)
n>0 - m>0 m
As was seen in section 2.1.1., similar arguments give (2.6) which, to recap, states,
Y (D, n) - p(D,,n))g" = Y _(-1)™q™(~q; )m-1. (3.9)

n>0 m>0

Now the sum on the left of (3.8) is the sum over partitions in @ of (—1)~7 g@t®,

The number of parts of such a partition is congruent mod 2 to its weight. S0 ¢ — —g 1n
identity (3.8) gives

- m
Z(_l)hﬁ—l+#(3)qwt(/\) — Z(__l)m____g:___. (3.10)

AEO m>0 ('—q 3 qz)m

Now, define A(A) := (A; — 1)/2 + #(XA). This is a sort of modified hook (the hook is
usually A\; — 1 + #()), but here hA()) is only defined for partitions into odd parts). A
partition, A, has h()\) = m if and only if both (A) A; = 241 and (B) #(\) = m — ¢, for
some ¢ for which m > ¢ > 0. For a given 7, summing over all partitions (into odd parts)
which satisfy both (A) and (B) gives (using (3.7)),

— 1
Z unt(A) . qm+t[ | ]
1 g2

and summing over ¢ gives from 0 to m — 1 gives

E qwt(k) — fi_:l qm+:[ . ] 2
q

h(l)'"m 1={}
and by (3.6) this becomes

Y ¢ = ¢™(~q; )
h(A)=m

considering the partitions with h(\) = 1, 2, ... gives the following identity

Z zh(A)qwt(A) - Z zmqm(_q; Q)m—l

AEQ? m>0
where O* := O \ §. Setting z = —1 and taking h(Q) = 1 gives
Z(—l)hmqwtm =1+ Z(—l)"‘qm(-q; @)m-1- (3.11)
ACO m>(

The sum on the right of (3.11) is that in (3.9). As was noted at the end of chapter 2, the

sum on the left of (2.6) (and so (3.9))is1 — ¢+ ¢°> — ¢° + .... So, given (3.10), (3.1) is
proved. Note that, having done all this, (3.1) follows directly from ¢ — —¢ in (3.5) and
(3.8) (so actually there is no need to invoke (3.6) or the hook of a partition).
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3.4 The second and third identities

In this section identities (3.2) and (3.3) are proved. The method of proof requires in-
troducing the (new) concept of nested partitions. Then it is shown that the generating
function for nested partitions with those 1nto an odd number of parts counted negatively
is the sum on the left hand side of (3.2). Next, using two elementary identities ((3.12) and
(3.16) below), it is shown that this simplifies to ¥ ¢*™*1(¢?%; ¢*),» which is essentially the
sum on the left in (3.3). This being so means that if (3.3) were to be proved, then so
would (3.2). The proof of (3.3) relies on the fact that the sum on the left of this identity
is also related to nested partitions: it 1s the generating function for nested partitions into
distinct parts, again those into an odd number of parts being counted negatively. Finally
an involution is defined for most such nested partitions, proving (3.3) (and so also proving
(3.2)).

Having outlined the method of this section it 1s now necessary to introduce the two
g-binomial elementary identities required here, this 1s done in the next subsection. Note
that the two identities form part of theorem 3.4 in [2]| where they are proved, and attributed
to Gauss (the proof given here of (3.12) is different to that in [2]).

3.4.1 Two g-binomial identities

The first identity is

m .

- 1

Zq'[nﬂ} :{n+m+ ] (3.12)
0 ? ™

This is a consequence of the lemma 1n section 1.2.2, It follows from that lemma (identity
(1.8)) that the generating function for partitions with no more than n + 1 parts and first

part no greater than m is ["*™*'], which is to say that
n+m+ 1
Z qwt()&) — [ ] (3.13)
AeU(m,n+1) m

Now, if U;(m,n + 1) is defined to be the set of such partitions having first part A\; = 1
then it is clear that U(m, n + 1) is the disjoint union of the sets U;(m, n + 1) (as ¢ ranges

from 0 to m). So
E q‘wt(f\) — Z ( Z qwt(A)) (3.14)

AeU(mn+1) =0 \del;(m,n+1)

and a partition in U;(m, n + 1) has (by definition) a first part of size ¢ and no more than n
additional parts. Hence

Y W =g Y g, (3.15)

A€l;(mn+1) AcU(in)
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the sum on the right in the above equation is clearly equal to ["}*] (by (1.8), again). Thus

(3.15) becomes
" in+1
> 9 t(*)=q’[ z. ]
A€U;(mn+1)

which, together with (3.14), implies that

Z wi(}) _i i["'l‘f]
q = q T b

reU(mn+1) =0

Finally, the fact that the sum on the right in the above equation is (by (1.8), once again)
equal to [“*2*1] implies the veracity of identity (3.12), as desired.
The second identity is

i(-—l)’E [n] = { (%)m i n=2m, (3.16)

- 0 if n is odd.

This, like the previous identity, is proved in [2] where it is part of theorem 3.4.

3.4.2 Nested partitions

A nested partition is here defined as a sequence, A = (A, [M], --., [Ax]) Where (for 7 such
that 0 < ¢ < k) A; 2 Aiy1 > 0. For i > 0, the entry {)\;] signifies the pair ()\;, A; — 1),
and will be called a nested entry (so the only non-nested entry is Ag). The weight of A is
defined as wt(A) = Ao — kK + 2 Zf__,__l Ai where k, clearly, is the number of (nested) parts.
A typical nested partition is A = (9, [9], [9], [6], [4], [4], [1], [1], [1]). Now k = 8 but there
are 14 rows in the graph, each nested entry greater than 1 is represented by two rows, the

second entry in the second row has an empty dot in its place, thus the graph for A defined
above 1S

@ o ¢ © 6 o e © o
e o ¢ & o o e e o
® O ¢ & & ¢ o o o
® © e & © & °o o o
o cC & @ © e © o o
e o ®e © o @

® O o e ¢ o

e o o o

® O * »

e o e o

® O @ ©

@

o

®
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so wt(A) = 71 (the number of black dots). Let A denote the set of all (nonempty) nested
partitions. For A € A, define i()\) := Aq + k (this is the hook for nested partitions). Now
F(A) =a+b+cwherea = A, b=#{i >0: ;> 1}andc=#{j > 0: )\; = 1}.
Such a partition is said to have type (a, b, ¢), for instance, in the above example ) has type
(9, 5, 3). Considering all nested partitions of type (9, 5, 3)

12
wt(d) _ 27 _
Y [ng

A—(9,5,3)

To see this, consider the graph for (9, [2], [2], [2], 2], [2], [1], [1], [1]), which has weight 27.
There is a 7 by 5 rectangle that can be filled (by pairs of dots) in various ways. Every

nested partition of type (9,5, 3) arises this way. This is basically the same idea as that in
section 3.3 where 1t was observed that for a partition in O to have a given value for its
hook, it must satisfy two conditions. Now

n
_(:_é?:_&_g_)__ =q"(1-¢" " +¢" 7+ . )1 =¢" 2 4+ ¢" %+ )1 —qg+ ¢ +..)
3 n

which implies

2 oo (~q qz)n = 2 (=D

n>0 ACA

So the approach is: for a given [, investigate all partitions with A(A) = [ and sum over /.
Suppose [ = a + b+ c¢. Then there are a dots 1n the top row (of the graph), 3b (nonempty)
dots for the b nested parts that are > 1 (because there are three dots for each such part)
and c dots for the c parts that are equal to 1. In the above example a + 3b + ¢ = 27. Also

there is, in general, a (a — 2) by b rectangle that may be filled with pairs of dots. So,
counting those partitions where £ is odd negatively gives

w c a a+b-—2
Z (—1)kq () (—1)b+eg +3b+c[ . ]
A—¥(a,b,c) q?
for a fixed, summing over b gives
{—a l-a
w _ a-+b—2
Z( Z ( l)k t(,\))__( l)lalzq%[ ] _
b=0 * A—(a,b,c) g2
By (3.12) this can be written as
{—a 11
2 ( 2 (-—1)"’q“’t“’") = (-1)""¢ [z - ]
b=0 \ A—s(ab,c) @1q
and summing Over a gives

> (t( > (-—1)%“1*("))) N E Sl

a=1 6=0 A— (a!bic) a==] l —a
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Now, by (3.16) the expression on the right is ¢°™*+!(¢?; ¢*),, when | = 2m+-1 and 0 when
lis even. Thus, forl =2m +1

Y (1) = g (g% ),y
MA)=l
so summing over [ gives
> (D)5 =3 ™ (¢’ ¢")m.
A€A m>0
Thus identity (3.2) has been shown to follow from identity (3.3) (by ¢ — ¢* and then
multiplication by g).

In order to prove (3.3), it is necessary to consider nested partitions into distinct parts.
Let B be the set of these partitions, thatis B = {A € A|i > 0 = \; > A1} U {0}. Note
that A\g = A1 is allowed. Now,

0(q; ¢%)n = g"(1 — gD (1 — g2y (1  g()+(0))

— Z (_l)kqwt()t)

AEB(n)
where B(n) := {\ € B : \p = n} (with B(0) = {0}). Summing over n gives
Y Mg ) =) (-1)F g™, (3.17)
n>0 A€B
This means that proving
Y (—1)kge =) " (—1)mgmiemEA (1 4 g2t (3.18)

AEB

is equivalent to proving (3.3) (and so (3.2)). In order to prove (3.18) it is necessary
to construct a map A — . This map plays the same role as A — F(\) (Franklins’
bijection) defined on normal (i.e. not nested) partitions into distinct parts in chapter 2

and A — G(A) defined on (normal) partitions into odd parts earlier in this chapter. In
particular, wt(\') = wt(}X), o(\) < s(A) € o(A') > s(\') (o and s for nested partions
are defined below), A = X' — X" = ), and ) is defined for most such partitons.

The proof is similar to Franklin’s. Define

20, —1 ifk>0
szs(k):{ook ifk=0

and, if ¢ is defined to be 0 if Ag # A; and as the maximum j such that \g — A\; = j — 1 if
Ag = /\1 then

g=0c(\) =2+ 1.
Now, define X" by
/\r - (AO _ 1’ [/\1 — 1]: reey [At - 1], [1\;‘.'.1], T [/\k], [‘i + 1]) ifo- < S,
(Ao + 1, A1+ 1] iy Aaa + 1L [AN] s [Ae—a), Ak) i 0 > s,

Note that if A = (n) (which happens if k = 0) and n > 1 then \' = (n, [1]). The only
other partition where k < 1 and X’ is undefined is the empty partition.
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All that needs to be done 1s identify the exceptional partitions (for which & > 0). Now
if o(A) < s(A) then 21 + 1 < 2A; — 1507+ 1 < Ag. The only possible problem (in the
case o < s)isati+ 1 = A — 1. For the penultimate entry in )\ is either [Ae] or [Ap — 1]
and the last is [¢ + 1], which is not a problem if 7 + 2 < Ax. However if ¢ + 2 = A,
then the last entries in A" could be [A\x — 1] followed by [i + 1]. This would occur if and
only if ¢ = &, which is equivalent to saying that A, = A,y + 1forallp =1,2,...,,k -1
(and that Ag = A;). This reduces the set of possible exceptional (for the case o < s)
partitions to those of the form (n,[n],[n — 1},...,[m]). In short, what is required is to
find all such partitons satisfying both (a) 0 < sand (b) 1 +1 = A — 1. But (for such
partitions), i =n—m-+1, Ar =mso s =2m—1and o = 2n - 2m++ 3. Hence (a) gives
n < 2m — 2 and, more importantly, (b) becomes n = 2m — 3. Clearly, for ¢ < s, the
only problematic partitions are (3, {3]), (5, (5], [4]),....(2m — 3, [2m — 3], ..., [m]). These
partitions have k = m — 2 and wt()\) = (m — 1)(3m — 5) (for m > 2).

Now, if o(A) 2 s(A) then 2), —1 < 2¢+ 150 A\, — 1 < i. Clearly ¢ < k with equality
at (and only at) those partitions mentioned above that have successive entries differing by
precisely 1 (except Ao = A1). So Ay — 1 < k and (from the definition of )), problems
occur precisely when equality holds. This happens whenm — 1 = n — m <+ 1 and so
(for s < o) the exceptional partitions are those of the form (2, [2]), (4, [4], [3]),...,(2m —
2, [2m — 2], ...[m]). These partitions have £ = m — 1 and wt(A\) = (m — 1)(3m — 1) (for
m > 1).

Let B' be the set of non exceptional partitions. Now, A — )’ is indeed a weight
preserving involution on B’ with g(A) < s()\) & s(A) < o()) and so

Z(_l)kqwﬂA) — z (__l)kqwt()k) + Z(__l)kqwt(.\)

\EB A\eB\B' AEB’
— Z (_1)kqwt(k) =14+ q + Z(___l)m-2q(m—1)(3m—5)
AEB’ m>2
4+ Z (_1)m—1q(m—1)(3m—1) -
m>1

This proves (3.3), and so (3.2) is proved too.



3.5 Two identities, one old and one new

3.5.1 An identity of Subbaro and Vidyasagar
In [30] Subbaro and Vidyasagar prove the following identity:

e ) L e (R B D)

n>0 Jn+1 m>0

(it is (1.5) in their paper, they use a and z instead of z and g). Their proof involves alge-
braic manipulation of power series such as these and relies on the triple product identity,

and (a version of) what is known as the quintuple product identity. What follows here is a
direct, combinatorial, proof of the above 1dentity.

Firstly, for n € N consider the set S(n) defined by
S(n) = {u = (Mo, M1, M1, M2y W2y «ery Ty W) : W = Ty 2 oo > Ty 2 0}

(the reason why an arbitrary element of this set 1s denoted by p, whilst its parts are labelled
m; will become clear shortly). The elements of S(n) can be viewed as partitions having
the property the second part is equal to the third, the fourth part equal to the fifth, and so
on. Viewed in this light it is seen that the dual of an element of S(n) is a partition into
odd parts, the biggest of which does not exceed 2n + 1 (the largest part of the dual of an
element u € S(n) is 2n + 1 if, and only if, 7, # 0). It follows that

(where the weight is the sum of the parts of p, wi(y) = mo + 2my + 272 + ... + 2my,).

In fact, since the first part (i.e. m) of an element of S(n) is the number of parts of the
element’s dual,

1 v t(u)
= ) g
(zq,q )n—l-l 1ES(n)
hence
z2nqn9+n 0 o
oo = D Ay
(ZQ:Q )n-l-l 4ES(n)
which 1implies that

Z( l)n(z 2) “Z( l)n( Z zwﬂ+2nqwt(ﬂ)+ng+n : (3.20)
n>0 $ 9" )n+1 n>0 x€S(n)

Now if T'(n) is defined to be the set of all ordered pairs with first part an element of
S(n) and second part the sequence (2n,2n — 2, ..., 4, 2),

T(n) :={7= (g, (2n,2n-2,...,4,2)) : p € S(n)}
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(so T'(0) consists of all pairs ((mp), @), T'(1) consists of all pairs of the form ((mg, 71, 71), (2))
etc) and, for m = ((mwo, 71, 71, -ey Tny Tn), (20, 20~ 2, ..., 4, 2)) € T'(n), the statistics k()
and l(m) are defined as

k(m) = n, U(r) := 7o + 2n
and the Weight, Wit(7) as

Wit(r) := wt(r) + n® + n.

then it follows that

(_1)n Z ,mo+2n qwt(fr)+n2+n — Z (_l)k(fr) () th(':r). (3.21)
TES(n) T€T(R)

Hence, defining T to be the union of all T'(n),
T = {m = (70, 1, T1y <oy Tny W), (21,20 — 2, ...,4,2) : 0 > 0}

it follows that, after summing over n in (3.21), (3.20) becomes

Z(_l)k(w) zl(?r)th(ar) — Z(__l)n

€T n>0 (2¢; ¢*)nt1

2
z2n qn +4+n

So, in order to prove (3.19), it suffices to show that

el m>0

Proof of (3.22): Aninvolutionm — 7 is to be defined on (most of) 7". The involution will
be Weight preserving, i.e. Wt(m ) = Wit(r). The involution will also have the property
that I(7') = I(r), but k(x') # k(r) mod 2 (ensuring that (—1)"(”’) # (—=1)km), As
usual there will be a small subset X C T’ containing the exceptional elements on which it
is impossible to define the involution, and the sum on the left of (3.22) reduces to a sum
over X (on account of most elements 7 being paired off with a corresponding ™).

As usual the 1nvolution depends on whether or not an inequality of the
form o(w) < s(w) is satisfied. In this case the two statistics are given, for

= ((g, 1, M1y ooy Tny Tn), (20, 20 — 2,...,2)), by

o(w) :=max(r:m, =m) and s(x):=m,
and define the sets A an B as
A={r€T:o(r)<s(r)} and B:={reT:o(n)> s}

A bijection between these two sets, or at least bijection that works for all elements except

those that give rise to the expression on the right side of (3.22)) is required. This would
be an involution on 7. The proposed involution, A = X, is defined as
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'
T =

(Mo — 2,m — 2, M = 2,00, g — 2,5 — 2,751 — L, Mp4q — 1,..,70, — 1,1, — 1, 0, 0),

(2n +2,2n,...,2)) ifre A
((71'0 -+ 2, T1 + 2,71'1 + 2, eery Ny + 2;773 + 2: ((FEN] -+ 1: Ts4+1 + 1: veey T—1 -+ 1:7Tn—1 + 1):
(2n — 2,2n — 4,...,2)) ifr € B

It is now necessary to establish for which # € T the map 7 — 7 is not defined on:

Firstly, for # € B it is clear that if o(7) < n then the map # — 7 is defined
(by definition the slope o(7) cannot be greater than the number of parts, n). If 7 is
such that o(7) = nthenm, < n, forif m, = m > n (and o(7) = n) then 7 =
((m,m,m,..m,m),(2n,2n — 2,..4,2)) and then o(7r) =n < m = s(w) and so 7 €
A. For 7 such that o(7) = n, 7 — 7 is defined if and only only if 7, < n. Thus

the elements ((0),9), ((1,1, 1), (2)), ((2,2, 2,2, 2), (4, 2)), ... are those in B for which the
map is undefined. These form Xy where

Xo = {((n,n,n,...,n,n),(2n,2n - 2, ..., 4,2)) }.

Secondly if m € A then the definition of o implies that 7, > n,4; and so 7, — 2 >
Ts+1 — 1, which is required (at least if o(7) < n). Furthermore, for 7 € A, s(7) > o(r)
and so m, — 1 > o, so there is no problem unless o(w) = n. If # € A is such that
o(m) = n then the first half of the sequence 7 ends (..., T, — 2,0, 0) = (..., Tn — 2,1, N).
Thus, for # € A, there is a problem if o(7) = n and 7, < n + 2. So suppose that 7 is
such that o(7) = n and m, < n+ 1, in this case o(7) = n > 7, = s(w) so o(w) > s(w)
and ©# € B. If, on the other hand, 7, = n + 1, so s(x) = n + 1 and o(7) = n then
s(m) > o(w) and ™ € A, and it is impossible to define the map = — 7 . These are the

elements ((1), ), ((2, 2, 2), (2)), ((3, 3, 3,3, 3), (4,2)), ... . Defining
Xi={((n+L,n+1l,n+1,..,n+1,n+1),(2n,2n - 2,...,4,2))},

it is clear these are the elements of A for which there is a problem. If X is the set of
elements 7 for which the map is undefined then X = X,y U X,;.

Now
Z(_l)k(ﬂ') A7) th(ﬂ') — z (_1)4':(1:') A7) th(fr) n Z (_1)1:(-.7) ) th(f.r)
neT TeT\X ne€X

and the sum over T'\ X is 0, so

Z(_l)k(ﬂ') HmgWilm) — Z (— l)k(ar) 2(m) W)
weT wEX

which 1s equal to
Z (_l)k('rr) zl(ﬂ') th(':r) 4 Z (_l)k(vr) zl(ar) th(vr)
TE X X1

and the first sum is equal to 1 — 23¢° +2°¢'® +... and the second to 2q — 2*¢® +27¢*! +....
This proves (3.19).
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3.5.2 A new identity

The following identity is, I believe, new:
n . n
S ()P =1 (3.23)

It is proved in a similar way to (3.19) above:
Let pu = (mg, 71, M1, «.e, Tny Ty ) as above. The set U is now defined to be

U={r=(u(2n—1,2n-3,..,3,1)): p € S(n),n € N}

For example, ((0), 0), ((4),9) and ((5, 5, 5, 3, 3), (3, 1)) are all elements of U.
The statistics K (7) and L(x) are defined, for r € U, as

K(m) =n, L(m) = mp + n.
The weight, W () is defined to be

W (r) = mg + 2my + 2w + ... + 2w, + n°.

Thus (3.23) is equivalent to

Z(_l)ﬁ'(r) 2EmgW(m) — 1. (3.24)
aelU

What is required is a weight preserving involution on U, * — 7 , for which K (7' )= K (=)
and L(n' ) # L(w) mod 2. The only element of U on which the map is undefined should
be w = ((0), d).

With this in mind the sets A and B are defined by

A={reU:m =0} and B:={relU:m,#0}

Once this has been done, the map 7 — 7 can be defined (the trick here is to notice that
the first entry of the second part of any element 7 is 2n — 1 and the length of the first part
1s2n+ 1).

So, for m = ((mo, 71, 1y .oy Tny M), (20— 1,2n -3, ..., 3, 1)) € U, the map is defined
as m — 7 where 7 is given by

(mo+1,m+1l,m+1,. ., ma+1,71+4+1),(2n-3,2n-5,...,8,1)) if 7 € A4,
(mp—-1,m—-1m-1,.,mp - 1,7, - 1,0,0),(2n+1,2n-1,...,3,1)) if r € B.

For instance, if 7|'-_—.((7, 6, 6, 6, 6, O, 0), (5, 3, 1)) then 7€ A and 7I"=((8, 7, 7, 7, 7), (3, 1))
It is clear that the only element for which the map is undefined is 7 = ((0), @). It is also

clear that the map has all the desired properties and so (3.24) is proved, and so therefore
is (3.23).



Chapter 4

An involutive proof of the triple product

identity

The triple product identity states that

[—2;9)(¢; Q)0 = Y 2"q 7 (4.1)

(this is (1.17), but with z replaced by —z).

Now, the set D has already been defined as the set of strictly decreasing sequences
of positive integers, i.e. D is the set of partitions into distinct parts. The set Dy is now
defined to be the set of decreasing sequences of nonnegative integers (the set Dy is not to
be confused with D,, the set of partitions into an odd number of distinct parts, which does
not appear in this chapter). Clearly D € D,. The weight of a sequence in Dy is defined
to be the sum of the parts of the sequence and for a = (@1, ag, ..., ax) € Dy, #(a) := k,
the number of parts (these defintions are the same as for sequences in D).

It follows that
Z ZHelgui(e) — [z g]
acDg
and that
Y 2 # O geth) = [—z71g; g].
BeED
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This means that if J := Dy x D x D, and for # = (o, B,7) € J (where

a = (o, as,....0), B =(B,Pz...0) and v = (11,7%,...,77m)), then by setting
c(r) := #(y) = m and d(7) := #(a) — #(B) = k — [ allows the triple product identity
(4.1), to be stated as

Z(_ 1)c(7r) zd(vr) qwt('zr) — Z L q(n3_n) /2 (4.2)

red nes

where the weight of w i1s defined as the sum of the weights of its three parts:
wit(w) = wit(a) + wi(B) + wi(y).

A crucial step in this proof of the triple product identity, as in the case of Franklin’s
proof of the pentagonal number theorem, 1s finding (for any given = € J) two statistics
s(w) and o(w) and a map 7 — 7 (which is a weight preserving involution) such that the
inequality s(m) > o(x) is satisfied precisely when s(n') < o (7).

It will be seen shortly that whether or not the inequality 1s satisfied is, in some cases,
dependent on whether or not 8; > 7 + 1l — k (because this is s(7) > o(w)). It will
also be seen that, in some cases, it will be necessary to know whether or not o = 0
and whether or not 8; = 1. Because of this it 1s necessary to adopt the following two
conventions: Firstly, the first part of the empty sequence @ is O (it is perhaps better to say
that the weight of the first part of @ is 0). For example, if 8 = @ (and v is some other
sequence) then By > v + 1 — k is equivalent to & > 4, because 8 = ) = B; = 0 and
| = 0, B being the first part of S and [ its length. Secondly, that the last part of an empty
sequence is neither Qor 1,i.ea =0 = ax # 0or 1.

Now, for 7 = ((a1, @2, ..oy @), (B15 B2y -3 B1)s (715,725 -3 Ym)) € J, the two statistics
are defined by

o0 ifﬂ1>’Y1+l—k,a’k=0,ﬁ=@,’)’=@,

3(7"):= Ym ifﬁ1>'}’1—I—l——k,ak=0,,3=0,'y;éﬂ),
By else

and

max(r:a; —o,=r—1) iff >y +l—-k o =0,8=0,
o(r) =
v +1—k else.

Thus, if the set T is definedas T :={n: fy >+l - k,ap =0, =0} thenw € T
implies that s(w) 1s either oo or the last entry in -, depending on whether or not v = §,
and that o () is the maximum r such that @y — o, = 7 — 1 (s0 o(x) is the slope of the
first part of o, when w € T'). Conversely, 7 ¢ T = s(n) = Brand o(7w) = v; + | — k.



The action of the map @ — 7 is dependent on which subset of J it is that 7 is a
member of, the subsets being defined as

Ay = {7 :8(r) > o(w), o # 0,5 # @},

Ay = {m : s(7) > o(n),ar # 0,8 = 0},
Az := {7 : 8(7) > o(n),ar = 0, B # 0},
Ay = {m:s8(m) > o(w),on = 0,8 = @},
By = {m: s(w) < on), b =1},
By :={r:s(m)=0(n),B=0,n ¢ T},
By :={m:s(n) <o(m),B=0,r ¢ T}U {s(7) < o(n), B # 1, B # 0},
By :={n:s(r) < o(r),® € T}.

The set Bs is defined as the union of two sets, specifically Bs = B3 U B3* where
B = {r : s(r) < o(x), =0, ¢ T}

and
B3* :={m:s(r) < o(m), B # 1,8 # 0}.

Now, it is clear from the above definitions that if
A={reJ:s(r)>0o(r)} and B:={r € J:s(n) < o(n)}

thenJ = AUB and A = A; U A5 U AgU A4. Tt needs to be shown that B can be likewise
decomposed.

Clearly B={r € J:s(w) <o(n),#0U{r € J:s(n) < o(rn), B =0} and the
first of these two sets is By U B3*. The second setis {w € J : s(7) < a(7),8 = 0} =
(freJ:s(x)Lo(n),B=0,r¢TIU{n € J:s(m) <o(r),=0,7 €T} and the
first of these two sets is By U B3. The second set is By, because # € T = 8 = 0 so the
second part of any element in By is empty. Hence B = B; U By U By U B,

It is now possible to define, provisionally at least, an involutionw — 7 on J. Depend-

ing on which subset of J it is that 7 = (e, 8,7) = ((@1, -y &), (B1y ey B1)y (Y1, oy Ym )
is a member of, 7 is defined as:

((O.’1 —1,...,0r — 1): (162 + 1, ey 461 + 1: 1): (ﬂl — [+ k, Yigooey ’}'m)) T E A1

((@r =1, — 1), 0, (K, Y15 ooy Ym)) T € A,
(a1 —1,.yak1 = 1), (Be+ 1, B+ 1), (B — L+ ky ¥y ey Tm)) T € As
o ((@r =1, .., 05 — 1, 0541, ey @), B, (Y1, --e) Ymy ©)) T E Ay
(1 +1,hyar+1),(m+l=FkB —1,., 81— 1),(Y2y oy Tm)) 7 € By
(1 + 1,y +1),0, (12, 0y Tm)) © € B,
((al +1,.., 0+ 1, 0), (")/1 + 1 — k,ﬁl — 1, ...,ﬂz — 1), (“'}fg, ...,’Ym)) T € By
(01 +1,...,05 + 1, 541, ey @k), 0, (11 40 Y1) T € By
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The element 7 may be written as 7 = (8, 4, T) = ((81, -y 61 ), (41, ovy po1.),(T1, ooy Tar)).
For instance if 7 is such that ¢ T then s(w') = pp and o(n)=n+L-K.

Now, by checking each of the eight cases it 1s easy to see that whenever it is defined
the map m — 7 is weight preserving, wt(r) = wt(r). It is also easy to see that
#(1) = #(y) £ 150 e(r) = ¢(x) & 1 which implies that # — 7 reverses the sign,
(—1)"(‘"") £ (—1)5"), It is also easy to see that the difference in length between the first
and second sequence is unaltered in each of the eight cases, 1.e. that K — L = k — [ so
d(n') = d(x).

What remains to be checked is that this is actually an involution #” = , that w € A;
implies that 7 € B;, and to find the exceptional elements of J on which the map is not
defined. This can be done by looking at each of the eight cases one at a time, before doing
this it is shown that T = A4 U Ba.

Note that, since w € T' = o # 0 (and 8 # 0), T N A; = 0. Similarly an element
of A has o # 0so TN Ay = 0, and TN Az = 0 because 8 # . Now suppose
that, for some ™ € Ay, the element m were to be such that 8; < vy, + 1 — k. Then
By <m+1—k=m¢T,so(again, since f; < 71+ 1 — k) s(7) < o(r), which can’t
happen for € A4. Soif w € A4 then 81 > v + | — &, which together with o, = 0 and
B =0, impliesthatw € T. Hence TN A =T N Ay = A4. Similarly if r € T then 8 =
so 7 is not in By or B3*, and neitheris it in By or B3. Hence TN B = TN By = By
(becauser € By=>n €T = B =0),s0T = A4 U By,

Now let S be a subset of J having the property that if # € S then * — 7 is defined
(i.e. the map is defined on all elements of S). Let S be the set defined by

S = {x : 7 € S}, ie S isthe image of S under the map = — #’. Now for the eight
cases:

Case 1, m € A;: From the definition of A;, any element 7 in this set is such that the
last entry of its first part is nonzero, i.e. ay 7 0. Hence for 7 € A, either a = §, in which
case the first part § of 7 is also empty, or ax — 1 > 0 and § € D, (because o € D and
each entry in ¢ is 1 less than the corresponding entry in a).

For any # € A; B # 0, and if B is a singleton 8 = (B;) then u = (1) € D.
If, on the other hand, B has more than one element then B = (5,,8,,...,3;) where

B> B> .. >B50 Bo+1>F+1>..>HF+1>1 and it follows that
p=(Br+1,0+1,..,.6+1,1) € D.

Forany 7 € Ay, ® ¢ T so s(m) = f1+I—k and o(m) = 7. The fact that s(x) > o(7),
together with # ¢ T', implies that 8y — -+ % > v, (which ensures that 5; — [+ k > 0, even

ify=0)andso7 = (81—l + Kk, Y1y, ¥m) € D. Thus § € Dy, £ € D and T € D and
O T = (0, u, 7) € J,1.e. foreach 7 € A4, 7 is defined. What remains to be established
is in which subset of J it is that  lies.

Clearly pr, = 1,som ¢ T, and B; > B2 s0 B2+ 1 < By and so (since, as always is the
case, k—1=K—L)By+1 < (B1 —!+k)+L—K whichistosay that u; <7, +L— K.
It follows that, in this case, s(7 ) < o(7') som € By, i.e. A, C B;, and sothat 7' = .
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Case 2, m € A,: Firstly note that, for any # € A,, the first part is nonempty. For
7w € Ay = 7w & T, s0s(w) = By and o(7) = v + 1 — k. Thus s(m) > o(n) implies that
B > v +1—k, whichis k > 7, (since B = @, for m € Ay). If there were to be an element
r € A, witha = 0, so k = 0, then £ > 7, would imply 0 > ~;. This can’t happen as
v > 0 (with equality if and only if v = @), so any element of A3 has nonempty first part.

Now, a={(ay, ...,ax) €D (butnot Dy, since ay #0) and so 6 =(a; —1,...,ax—1) €Dp.
Clearly © = @ and since & > 711, 7 = (k,71,.--,Ym) € D (as in case 1, if y = @ then
k>~ = k> 0andsoT = (k) € D). Hence, for any 7 € A,, 7 is defined.

Clearly 1 = @ and K = k (the length of the first sequence 1s unaltered). So, since
=k ;=7 +L~— K (because p; = 0and L = 0). The factthat yy = + L — K
ensures thatw ¢ T,sopy =71+ L — K = s(r) =o(nr'),and © € By. Itis clear that
A, C By, and also that 7 = .

Case 3i, w € A3 and B = (B1): It 1is necessary to  check that
r = (a1 —1,...,0¢-1—1),0,(B1—1+k,7,...,¥m)) is actually defined (i.e. T isin J)
for all such elements 7:

Now 7 € Az = ag = 0 = ox_; — 1 > 0 (note that oy, = 0 ensures that & # @, so
there is no problem in removing the last entry from a).

Since m € A, it follows that w ¢ T'. Thus s(7) = B; and o(w) = vy, + 1 — k. Hence
s(w) > a(w) = P1—1l+k > 7 (asincase 1, this ensures that if v = @ then §; —1+k > 0
and so (81 — |+ k) € D). When v # @ this ensures that 7 = (8 —l +k, 11, ---, Tm) € D.

Thus for all # € Az with 8 a singleton, the map © — 7 is defined. Now it is shown
that for suchw, 7 € Bj:

Clearly 51 > 0s00 < (B, — !l + k) + L — K which, since # ¢ T, means that
s(m)=m=0<n+L—K= o(n ), hence s(n') < o(x). Clearly = 0@ (and 7 ¢ T)
son € Bi. ltisclearthatw = .

Note that in the above case B haslength1so! = 1.

Case 3ii, 7 € Agand B # (B1): Asincase 3i, 6 = (a1 — 1,...,ax,_1 — 1) € Dy and §
is always defined (because, again, @ # 0). Also asin case 3i, 7 = (81 — L + k, 71, v, V)
is a partition in to distinct parts, even if y = 0.

Since, in this case, 8= (f,..,0) and [ > 2, it must be the case that
p=(B2+1,....,8+1) € Dand that pu # Psom ¢ T.Now p, =Fi+1>landn ¢ T
implies that s(7') = py = fo+land thato(r ) =n+L—K = g —l+k+L—K = §,.
Since 81 > Ba, it follows that 82 + 1 < S; and so s(ar') < a(7'). The last inequality,
together with puz, > 1, implies thatw € B3*.

Hence, any ® € As with two or more entries in the second part is such that 7' is
defined and an element of B*. It is clear that 7 = .

Hence for any ™ € As, it is the case that # € Bz so A3 C Bs, and that 7" = 7.
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Case 4i, 7 € A4 and v = : An element 7 in the set A4 for which v = ( must be of
the form 7 = ((ay, g, ..., 0),9,0). Conversely, any element which is of this form has
s(7) = 00 > o(m) and is thus in Aj.

Now any such element m of A4 has o(w) < k, because the slope cannot
exceed the number of parts. For m such that ¢ = o(7w) < k it is the case that

r = ((a; —1, .0 — 1,041, ., 0),0, (0)). Note that 0 > o(x) —k =0o(n) +1 -k
and so, since 1 =0and 11 = o(7), pu > 71+ L — K. Thus i1 > 1y + L — K, together
with dx = a =0and = 0, gives7 € T.

Now s(7) = T = o = o(r) which is the slope of a. The slope of & is less than or

equal to the slope of § which is o(x'). Thus s(z') < o(n'), which together withw € T
implies that # € By. For such 7 it is clear that w7 = .

If, on the other hand such an element 7 of A4 is such that the slope of the first part is
equal to its length, then 7 = ((k, k — 1,...,1,0),0,0) for some & > 0. Clearly the map
m — 7 is not defined on these elements (note that the sequence (k,k — 1,...,1,0) has
length k£ + 1).

Case 4ii, w € A4 and y5#0: For such, it is the case that s(7) = vy, and that o = o)
is the slope of a. Since s(m) > o(m), it follows that 7 = (v, ..., ¥m, o) € D. Note that
there are at least two elements in 7, as opposed to case 41 above where 7 was a singleton.

It appears that there is a problem, if o(7) = k i.e. if the slope of o were to equal its
length then, for since o = 0, it would follow that g = —1. It is necessary to investigate
whether there are any elements for which this happens:

Suppose 7 is such that, forsome ¥ > 0, 7 = ((k -1,k - 2,...,1,0),0,v) € A4 (and
vy = (Vs Ym) 7 0). Since # € A4 = 7 € T, it must be the case that 8; > y; +1 — k
which, as 8 = 0, is to say that £ > ;. Clearly 7, > v, (with equality if and only if
m = 1). But s(w) > o(7) = v > k. So this would give & > v; > v, > k, which
implies the contradiction £ > k. Thus no such memebers of A, exist , i.e. if w € Ay is
such that v # @ then there must be some entry in « which exceeds by more than 1 the
following entry (the slope 1s 1s less than the length).

The fact, in this case, o(7) < k (as has just been shown) ensures that §g = a3 = 0.
Clearly 1 = . As was shown above, k > ;. Thus 0 > «; + 0 — k which is to say that
uy > 7 + L — K and it follows that € T. As in case 4i, the slope of 7 is at least
that of 7 and so * € By, and it is easy to see that 7 = 7. As stated earlier, an element
7 € A4 having y = § maps to an element # € B, for which 7 = (71) is a singleton, and

an element 7 € A4 having v £ @ maps to an element 7+ € B, for which there are at least
two entries in 7.
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Case 5i, m € By and v = 0: The action of the map 7 — 7 involves, for 7 € By, the
removal of the first entry in . Thus the map map is not defined for 7 € B; when vy = (.
Thus, it is necessary to estabish which elements of B, have third part empty:

If r € B; hasy = @ then s(7) < o(7) = B <l -k, as vy = 0. Now since [ is
a partition into distinct parts, it follows that its first part is at least the number of parts:
B, > l. Thus problematic elements of B; satisfy both ; <l —kand §; > [, 1.e. are such
that k£ = 0 so a = (. This implies that 8; = I, which happens if and only if the number of
entries in 8 is the number of parts, 8 = (I, —1,...,2,1)sox = (@, ({,! - 1,...,2,1),0)
for [ a positive integer. It is clear that the map 7 — 7 is not defined on such elements.

Case 5ii, # € By and v # O: Firstly (ay, ...,ax) € Dy so either a = §, in which case
§ =0, ora=(a,..ar) #0and § = (a1 + 1,...,ax + 1). Either way 6 € Dy (and the
last part of 4 is nonzero).

Since ¢ T, it follows that s(w) = By and (7)) = v +1 — k. Now s(r) < o(w)
implies y1 + ! — k > B1 — 1 and 4 € D. Note that 7, + 1 — k > B; — 1 ensures that
v +1—k > 0 and that if the second part of 7 is a singleton, § = (1) then u = (1 +1—k).
Clearly p is nonempty.

Now T = (Y2, -, YTm) € D (so 7 is empty if and only 1if -y 1s a singleton).

Thus for each 7 € B; which has ¥ # @, 7 exists and has 6x # 0 and p # 0 (either
of which imply © ¢ T). Now, for such m, y1 > 72 (if 7y is a singleton then vy, = 0) so
vy +l—k > v+L—K = u > 71+ L— K which, sincen’ ¢ T, implies s(7') > ().
Thus # € A,, and it is clear that T =T.

Case 6, 7 € Bs: Since 7 ¢ T, it follows that s(7) = B; and o(7) = 71 + | — k. Thus
k =y (since B = 0). Now if ¥ = (71, ) ¥m) # O then § = (a1 + 1,...,ax + 1) € Dy
and the last entry, g = o + 1 > 0, clearly p = @ and 7 = (79, ..., Tm) € D. Hence the
map 7 — 7 is defined and ' € A,. Itisclear that 7t = .

Suppose, on the other hand, that an element ™ € By is such that the third part y = 0.
Then, as above, k = 71 so k = 0, i.e. a = 0. Since the other other two parts are empty
too, it follows that the only such element of B, is 7 = (0,0, 0) and that this is the only
element of B, for which the map 7 — # is undefined.

Case 7i, 7 € B%: Firstly 7 €T, so s(w) =Py and o(7) =+, + ! — k. Since s(7) <o (),
it follows that 8; < 71 + 1 — k, and since 8 = 0 (so 5, = 0 and | = 0) this implies that
1 — k> 0.

Now it is impossible for an element © € Bj to have v = . For, as shown in the
remarks at the start of Case 41, any element 7 € J of the form 7 = ((«y, ..., 0), #, @) has
s(m) = oo and thus s(r) > o(7) (in fact it was shown that such elements are necessarily

in A4). Hence w € B3 = v # 0. Thus there is no problem in removing the first entry in
the third part, for any w € Bj.
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Thus for any such 7 the map is defined, specifically 7 — 7 where,
r = ((ay +1,...,ax + 1,0), (11 — k), (72, -, Tm)). Clearly 6x = 0. It also follows that
p=(y1—k)#0,som ¢ T.Thuss(r)=m—-k=m+l-kando(r)=y+L-K
(as in case 5ii, if v = (1) then y2 = 0). Since 7 > ¥, it follows that T € Ag and it is
clear thatw = .

Case 7ii, # € B3*: For any m € Bs, the map m — 7 involves removing the first entry
from 7, as happened in case 5i (and case 6). This is a problem if y = §. It is thus necessary
to establish whether there are any elements 7 of B3* which have third part empty:

Suppose 7w € B3* is such that vy = 0. Then 7« € T so s(w) = f; and
o(r) = 1 +1 — k =1 — k. Thus the fact that s(7) < o(7) ensurses that §; < [ - &.
As noted in case 5i, a partition into distinct parts has first part no less than the number
of parts, 8; > [ but since # € B3* = f; > 1, it follows that in this case 8; > [. Thus
an element of B3* having v = 0 must satisfy both 8 < I — k and 8, > [, which is
impossible. Thus w € B3* = v # 0.

It remains to investigate what happens when w € B3* and «y # 0:

Clearly § = (o + 1, ..., + 1,0) € Dy, and so dx = 0. Since 7 ¢ T, it follows that
s(r) = Prand o(7) =y +1 — k. Thus s(7) < o(mw) = 7 +1 — k > By — 1. From the
definitionof BX*, By > landsou=(y +1—k,p1 —1,...,81—1) € D. Clearly u # 0,
son ¢ T. Note that third part of 7 is empty if and only if v = ().

Thus 7 is defined for all # € B3*. For these such 7, since 7 & T, it follows that
s('n") =m=m+l—kando(r) =71 =1+L~—-K (@usualy = 0 = v = 0).
Clearly v; > 72 and so s(7' ) > o(m ). Hence for these such 7, ¥ € Agand 7" = .

Looking at case 7i and case 7ii together, it is seen that for any = € Bs, m is defined
and is an element of Az. Hence B; C Aj, and it is clear that 7 = .

Case 8, m € By: Firstly, no element # € By has v = (. For if there were such an
element with v = § then the fact that 7 € T would imply that s(7) = 0o > o(w) (this
was explained in the remarks in case 41, and also 1n case 7).

Since any m € By is an element of T and has y # (), it follows that s = s(7) = v,
and o () is the slope of . Since 7 € T, it must be the case that 8; > -, + | — k. Hence
(since B = 0) k > 7, and clearly 71 > vy, (with equality if and only if m = 1), Thus
k> Yn.

Som = ({1 + 1, ., + 1,041, 00, @), 8, (11, ooy Ym—1)), i.€. the map 7 — 7' is
defined for all m € By.

Clearly the length of the first part of 7 is left unchanged, i.e. 4 has the same number of
parts as o does. Hence k = K and this, together with 73 = 7 (unless y¥ = (7)) implies
that K > 71. If, on the other hand, v = (1) then 3 = 0, so clearly K > 7. Either way
K>y =0>n+0—-Ksopu; >7+L—K (because g = §). Now k > +,, means that
the last element of « is left unchanged, so g = ax = 0. Thus # € T. All that remains
to do is show that s(7') > o(7 ):
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Now if 7 has last part empty, i.e. 7 = @, then (since r €T) s('n") =00 > cr('zr'). If,
on the other hand, 7 # @ then s(7 ) = Tar = Ym—1 and o(7') is the slope of §, which is
$ = Y. THUS Vo1 > Ym = s(7 ) > o(n0).

Thus, for all # € By, 7 is defined and since s(n) > o(7 ), 6k = Oand p = 0 it
follows that #° € A4. Hence B, C A, and itis clear thatw = .

Looking at the above eight cases it can be seen that whenever w € J is such that 7 is
defined then sois © and in fact 7 = .

From case 3 it is seen that A; C Bs and from case 7 that B, C Ajz. This, together
with 7" = m, implies that A; = Bs and B' = Aj3. This can’t be done for the other three
pairs of sets, because B;, B, and A, are not defined (since they contain elements on for
which the map is not defined). To remedy this, the following sets are now defined:

Xy ={reJ :n=((kk-1,..,1,0),0,0), k > 0},

Xo:=1{(0,0,0)},
X ={reJ:7=0,(1-1,..,2,1),0),l > 1}.
Now, given that # = 7 (whenever 7 is defined), it follows from cases 1 and 5 that
Arl = B \X_ and that (B1 \.X-_..)Ilr = A,.
Similarly, again given that # = m (whenever 7 is defined), it follows from cases 2
and 6 that A; = Bz \ X and that (B; \ Xo) = As.

Finally, given that ¥ = 7 (whenever 7 is defined), it follows from cases 4 and 8 that
(As\ X;) = Byand that By = As \ X5



What all this means is thatif # ¢ X := X, U XoU X_ then 7 and 7 can be paired off
with each other. Recall that the map © — T is weight preserving, 1.e. 'wt(':r') = wit(r),

and also d(7') = d(m) but (—=1)%™) # (—=1)4™). Thus the map preserves everything apart
from the sign, so the contribution made by a given 7 in the sum

Z ( _ l)c(ﬂ) zd(*:r) qwt(':r)
weJ

is cancelled out by the contribution made by 7 , and so the above sum reduces to a sum
over X . To be precise,

Z(_l)c(*:r) zd(‘ﬂ') qwt(ﬂ) — Z (_1)6(‘?!') zd(‘ﬂ') qwt(ﬂ') 1 Z (___ l)c(‘:r) zd(?l') qwt(ﬂr)

weJ r€J\X r€EX
= 3 g 3 ) gutte) 4§ (1)) ko) it
xEJ\X rE€J\X wTEX
c(:r)w:n e(x)odd

and since, for 7 € J \ X, ¢(r) is even if and only ¢(r') is odd, the first two sums cancel
out and so

Z (—1)em) Zm) grot{m) — Z(_l)c(w) 24(m) grot()

wEJ nE€X
_ Z (__1)1:.(71') zd(ﬂ') qwt(ﬂ)
mEXoUA LUX
— Z (_I)C(ﬂ‘) o, d(7) qwt('n') + Z (__1)c(1r) o, 4(7) qwt(ﬂr) 4 Z (_l)c(n') »d(m) qwt(fr)
w€Xo TEX 4 neEX -

which, since ¢(w) = 0 for all m € X, becomes

— Z zd(ﬂ') qwt(fr) + Z zd(a‘) qwt(*n') + Z zd(qr) qwt(s-r)

T€Xo nEX 4 weEX~
-1+ Z zk'H k+k—1+...4140 + Z z——! [+1-1+4...4241
k>0 i>1
._i; —
=14 g 4 3
k>0 i>1
k+1 — (o1 Z (=12=(=1)
k>0 I>1
2_ 2
=1+Zz”'q":"+ 2hg T
n>0 n<0
and so
2
Z(_l)c(ﬂ)zd(ﬂ)qwt(ﬂ‘) — z » qn ;n -
wEJ n>0

This proves (4.2), and so (4.1).
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Chapter 5

Ranks and biranks

5.1 A generalisation of an identity of Fine

The following new identity is a generalisation of an i1dentity due to Fine:

3 (@270 Ont” (az"g; g)nt” s (—1)mamgmgm’ g G5.0)
(¢ Dn m>0 (9; Q)m(t$m:Q)m |
Convergence is ensured by stipulating that |a| < 1, |¢| < 1, |z] < 1 (and, as usual for
infinite series, |g| < 1).
This identity is now proved by showing that the coefficient of ¢* on the i ght is the
same as that on the left:
Firstly the coefficient of t* on the right is the coefficient of ¢* in the finite sum

24m

}k: (—1)ma™tmz™’ g™
0 (2; @)m(t2™; @)oo

Now, putting 7 — oo and z = tz™ in the identity of Rothe, (1.10), gives

t‘ _,L.mt

(tmm, q) 00 >0 (q; Q) {

and so the coefficient of * on the right of (5.1) is the coefficient of ¢* in

k 2 mitm k
(—l)mamt’“mm g 2 thpm . (—]_)ma M q #l pm(l—m)
Z ( (q; Q)m Z (Q; Q)I) - Z ( (q, q)m Z (q’ Q)I— )

m=>0 >0 m=0

and the coefficient of t* in this is

i (—-l)mammmzqﬁf; gm{k—m) N Zk: (_l)mamwkmq-—i——“"ggm
“ (¢; O)m @& Dk-m )] = (@6 Dm(G Dk-m
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which, in terms of g-binomial coefficients, 1s

Z( o +[$] (5.2)

m=0

(q, Q)k

Finally, by putting z = ax®q in identity (1.9), it can be seen that the coefficient of t* on
the left of (5.1) is

(amkq; )k 1 : km M dm [k]
CHPEE ] ) mzﬂ,( Jharz e m|’ (5:3)

Identity (5.3) shows that the coefficient on the right of (5.1) equals the coefficient of ¢
on the left of (5.1), proving (5.1) as required.

5.1.1 The above identity and partitions

When z = g is put into in (5.1) the resulting special case is

m2 7
3 (04" " _ 5~ (=1)mamimg T

n>0 (q; q)”‘ B m>0 (q; Q)m(tqm; Q)m

which is due to Fine, it is identity 25.94 in [11]. Fine uses this identity to find the gener-
ating function for the rank. This is done here too, but in more detail than in Fine’s book.
Before doing this it is of course necessary to define the rank of a partition, this is done
in the next section, but first it should be noted that putting ¢ = ¢ into the above identity

g1ves (g™ .
ag"""; ¢)aq”" g
- ~1)" 1 — m+1
;20 (¢; 9)n (a; Q)m 2;)( )ha ( ")
and for h a nonnegative integer putting ¢ = ¢* and rearranging gives
2n+hl o, 1 3m245m
Z[ ]ff = ——— ) (=1)"g 7 M1 — g, (5.4)
Sel o (% Do 553

5.2 The rank generating function

The partition function, p(n), is known to satisfy certain congruences: including (1.19),
(1.20) and (1.21) above which, to recap, state

p(5m + 4) = 0 mod 5,

p("m + 5) = 0 mod 7,
p(11m + 6) = 0 mod 11.

These can be proved by considering the generating function, (g; ¢)2! of p(n), how to do
this for (1.19) was outlined in section 1.3.2. Now proving that p(5m + 4) = 0 mod 5
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by invoking the generating function is an instance of a non-combinatorial proof: It has
been established that 5 divides p(4), p(9), p(14), ... but the proof does not describe how to
write the set of partitions of weight 4, 9 or 14 etc as the disjoint union of five equinumerous
subsets.

Suppose that there were to be a mapg: P — Zs with the property that for
n = 4 mod 5, it were the case that

T E€Zyg=>HF{AEP :wt(d)=n and g(A) =z} = %P(")

then there would indeed be five equinumerous sets.

The first person to actually invent a statistic with the properties described above was
Dyson. He defined, in [9], the rank of a partition as the first part minus the number of
parts:

rk(A) := A1 — #(\) (5.5)

or, equivalently, 7k(}) := A — k where A = (A, Ag, ..., Ax). The rank of the empty
partition is taken to be zero, k(@) = 0. The rank is therefore a map from P to Z, not Zy,
but reduction mod 5 remedies this.

To do this it helps to introduce the following standard notation:
N(m,n) :=#{A € P:wt(A) =n and rk(\) = m} (5.6)

and
N(r,m,n) :=#{A € P : wt(A) =n and rk(A) = r mod m}. 5.7)

Thus N(m,n) is, by definition, the number of partitions of weight n having rank m
and N(r,m,n) is defined to be the the number of partitions of weight n whose rank is
congruent to 7 mod m.

If r = r mod m then N(r',m,n) = N(r,m,n), so it suffices to find N(r, m,n) for
0 < r < m. By considering the dual, A" of a given partition ), it is easy to see that
rk(\) = —rk()). Hence N(m,n) = N(—m,n) and so N(m — r,m,n) = N(r,m,n).
Hence it transpires that it suffices to determine N(r,m,n) in the range 0 < r < [m/2].

It is clear that

N(r,m,n) = Z N(t,n)

=rmodm
and that

and also that



As an example, consider the partitions of weight 9: There are six such partitions
having rank congruent to 0 mod 5;

(2:2:1:131:1:1): (313:3): (4:3;1:1):

(4! 21 2! 1)’ (5! ]".l' 11 1) 1)’ (7! 2)'

Hence N(0,5,9) = 6. Likewise N(1,5,9) = 6, because there are six partitions of weight
9 having rank congruent to 1 mod 5;

(3,1,1,1,1,1,1), (2,2,2,1,1,1), (4,3,2),

(4,4,1), (5,2,1,1), (8,1),

and so it also follows that N(4,5,9) = 6, as the dual of any of the above partitions has
rank congruent to 4 mod 5. Finally N (2,5,9) = 6 (and so, by looking at the duals,
N(3,5,9) = 6) because of the following six partitions;

(1,1,1,1,1,1,1,1,1), (3,2,1,1,1,1), (2,2,2,2,1),

(5,2,2), (5,3,1), (6,1,1,1).

S0
N(0,5,9) = N(1,5,9) = N(2,5,9).

Dyson, noticing equalities such as the one above, conjectured that
N(0,5,5m +4) = N(1,5,5m +4) = N(2,5,5m + 4) (5.8)

which is both a proof, and a combinatorial interpretation of the statement p(5m + 4) =
0 mod 5. Dyson also conjectured that

N(0,7,7m + 5) = N(1,7,7m+5) = N(2,7,7m + 5) = N(3,7,7m + 5) (5.9)

which is likewise related to the congruence p(7m + 5) = 0 mod 7. Dyson stated his
conjectures in [9]. Later they were proved by Atkin and Swinnerton-Dyer, |5).

5.3 The generating function

Let P denote the set of all partitions. The generating function for the Dyson rank alluded

to earlier 18 1 \
w — & n

qn(3n+1) /2

(5.10)

The generating function for the rank was first presented in [5}, in a slightly different form
to (5.10) above.
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Identity (5.10) is now proved by writing the expression on the right as a power series
in z, where the coefficients are g-series, and then using (5.4) to show that this is the same

as the expression on the left of (5.10).
Now, the expression on the right of (5.10) is

(1 — Z) nqn(aﬂ—l_l)/z
(45 9)os (1-—z+ 2, (1 1 —2q )

and the sum in the above expression 1s

n(3n+1)/2 qn(3n+1)/2 qn(3ﬂ.+1)/2

q
2, (VG = ) T T T
= ORI S

B qn(3n+1)/2 qn(3ﬂ+1)/2 qn(3n+1)/2 qn(3n+1)/2
=L T P T T X T

7 even n ecven n odd n odd

Z q(3n3+u)/2 N q(an?—n)/z
1 —2zq™ 1l —zq™™

Z q(3n2+n)/2 B z-—-l q(3n2+n)/2 ~ Z q(3n2+n)/2 - z__l q(3n2+ﬂ)/2
1 — 2zq® 1 —2z"1g" 1 — zg™ 1— z-1gn
- Z qem2—5m+1 - q6m9—5m+1

(B(Ere)

m>0 ™ A>Q

zh q6m2_5m+1+h(2m—1)) 4z (z (z z—h 6m? —5m+1+h(2m-—1)))

m>0 ™ A>0

— zh ( q6m2+(2h+1)m)) . ( z—-—h ( 6m9+(2h-1)m) )
> > P IEA DI

h>0 m>0

h>0 m>0 h>0 m>0

1l — 2g"

S0



Multiplying through by 1 — 2z gives

n qn(3n+1) /2
(-2 ¥ (rf—
nczZ\{0} 7"
- () - (S ()
h>0 m>0 h>0 m>0
— (Z B ( Z qem’-‘+(2h-5)m_h+1)) + (Z z7" ( Z qﬁ”‘a+(2h-7)m-h+2) )
h>0 m>0 h>0 m>0
— ( Z SRl ( Z qﬁm“+(2h+1)m)) 4+ (Z H—ht1 ( Z qem=’+(2h-1)m) )
h>0 m>0 h>0 m>0
+ (Z Ml ( Z q6m2+(2h-5)m-h+1) ) _ (Z ,—ht1 ( Z qem=+(2h—7)m_h+2) )
h>0 m>0 h>0 m>0
and so
qn(3n+1) /2
(1-2)) (-t
nez b= zq
=1+( ) 2" ( > qe”"+(2h+1)m)) - (Z 2 ( 2 qﬁ”"’ﬂ%-—l)m))
( h>0 m>0 h>0 m>0
— (z L ( Z q6m2+(2h-5)m-h+1) ) -+ (Z z7h ( Z qﬁm2+(2h-7)m—-h+2) )
h2>0 m>0 h>0 m>0
_ Z h ( Z 6m’+(2h—-1)m)) (Z —h ( Z emf-'+(2h+1)m))
Z q + 2 q
( h>0 m>0 h>0 m>0
R (Z (% qemw_nm_.m)) _ ( > (¥ qﬁmw._s)m_m)) a1
h>0 m>0 h>0 m>0

The above expression is clearly invariant under 2 — 2z~!. When z = 1 the whole

thing is equal to 1 and so, dividing by (2; 9) o implies that, the left of (5.10) is invariant
under z — z~! (which is to be expected as the rank of each partition is minus the value
of the rank of its dual) and equal to P(q) = (q; ¢)=! when z = 1.

Now, for h > 0, the coefficient of 2" in the expression on the right of (5.11) is

Z qﬁm2+(2h+1)m . Z q6m2+(2h-—5)m-h+1 _ Z qem"+(2h-1)m 1+ Z qﬁm'-'+(2h-7)m-h+2

(note that if the h in the above expression were replaced by |h|, then it would also hold
for negative h). This is equal to

z q6m2+(2h—7)m—h+2(1 - qﬁm-—l . q6m+h—-2 4 qu+h-—2)
m>0
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2
=q Z qﬁm +(2h+5)m+h (1 . q2m+1 - q6m+h+4 n q8m+h+6)
m>0

— qh+1 ( Z q2mh_q6m2+5m(1 _ q2m+1) _ Z q(2m+1)h_q6m2+11m+4 (1 _ q2m+2))
m_>0 m_0

) qm( YoM gt = Y (1 Q"*l))

a3=2m s=2m~p1
m2>0 m>0

— qh+*1 Z(_l)sqhs+§’—iﬂ (1 _ q3+1)
s>0

and the coefficient of 2% on the right of (5.11)is 1 —2¢% +2¢7 + ... + (-—1)32(]3’_}& + ...
It has been shown that the coefficient of 2® in

1S

2 B
(g, ; (1)t T (1 - ¢**1) ifh>0, (5.12)
y dJo0 54
1 352 8
1+257(=1)%¢%) ifh=0. 5.13
(q;_Q)m( g( ) ) ©-13)

54 Ranks

If a partition A has rk(A) = h, where h > 0 then it must have first part \; = n + h + 1
and number of parts #(A) = n + 1 parts some n > 0. Conversely whenever it is the case
that, for some fixed h, there exists some n such that Ay = n+ k + 1 and #(A) =n+1
then it must be the case that 7k(A) = h. Thus the graph of a partition having rank A has
n 4+ h + 1 dots in the top row and h + 1 dots in the left column, as shown

this leaves and nn + A by n rectangle “inside’ that is to be filled with some partition. Thus,
by lemma (1.8) summing over all such partitions gives

U = ginh [2n + h]

n

and summing over all n gives

~12n+h
Z qwt(k) =qh+1zq2 [ A ] _ (5.14)

rk(A)=h n>0
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For partitions having rank 0 there 1s a problem as the empty partition has not been
counted. This is easily remedied; for A = 0 identity (5.14) becomes

z g =1+ quz" [Qn] (3.15)

rk(A)=0 n>0

Now the expression on the right of (5.14) is ¢**! multiplied by the expression on the
left of (5.4), soforh > 0

h+

wi(A) _
2 ¢ (q, @)oo

rk(A)=h

Y (-1)™q Bt (] _ g, (5.16)

m>0

and by (5.12), it is seen that for A > 0, it is indeed the case that summing ¢*® over all )\
having rank h is the coefficient of 2" in the expression on the right of (5.10). This being
the case, it must also hold for A < 0, for it has been shown that this expression is invariant
under z — 2.

It remains to check the case h = 0: Because

D) = (¢ q)m (1+22 -0

MC: Q)m —

it follows that (5.15) together with A = 0 in (5.4) and (5.13) imply that ¢***) summed
over all partitions having rank zero is indeed the coefficient of z° in (5.10). This proves

(5.10).

5.5 The Birank

The rank was invented to explain congruences in the sequence p_,(n), that it does so is
seen from (5.8) and (5.9). There are similiar congruences in sequences having the form
pi(n) where k # —1. In particular, for z = 2,3 or 4,

po(n+2)=0mod 5 (5.17)

which, given that p_,(n) is the coefficient of ¢* in (g; ¢)52, can be proved by an argument
similar to that used to prove (1.19).

There is, so far at least, a relative shortage of Dyson-type ranks related to such se-
quences, but [14] looks at the sequence p_o4 (n). What follows here is about the sequence
p_o(n): a birank is introduced related to the congruences in (5.17). The behaviour of
the birank modulo 2, 3, 4, 6 and 8 1s investigated, as well as modulo § which is perhaps
the most interesting case as this gives rise to actual congruences in the sequence p_s(n).
A paper on the mod 5 case, which is dealt with in theorem 4 below has recently been

published [19].



The birank of an ordered pair of partitions, 7 = (A, u) is here defined to be the number
of parts of the first partition minus the number of parts of the second partition:

b(mr) := () — #() (5.13)

or, equivalently, b(7) := k — I where A = (A1, Ag, ..., Ag) and p = (uq, p2y ..y 11).
The following notation is analogous to that for the rank ((5.6) and (5.7)),

R(m,n) = #{r € P?: wi(x) = n and b(7) = m}, (5.19)

where the weight of the ordered pair 7 = (A, p), is defined to be wi(w) := wi(\) +wt(p),
and

R(r,m,n) := #{w € P? : wt(r) = n and b(r) = r mod m}. (5.20)

Clearly b()\, u)=—b(p, A) and so R(m, n}=R(—m,n) and R(m —r, m,n)=R(r, m, n).
In this respect the birank introduced here 1s similar to the rank of Dyson.

As with the rank, it is necessary to look at the generating function for the birank.
Fortunately this is easier than for the rank. It 1s clear that

) wi(n 1
7r§2 #g = (245 @)oo (2716; @)oo (5.21)
which 1s to say that
> ) _ R(m,n)2"¢g" = m_ 522,
meZ n>0 s 4 ) oo * @)oo

In the next section, the behaviour of the birank is investigated by substituting suitable
values for z into (5.22). The approach is (for a specified value of k) to put z = w, where

2rs

w is some root of unity, usually w = e™* 1n which case it follows that

Z Z R(m,n)w™q" = R|0,k] + wR[1,k] + ... + w*R[k — 1, k] (5.23)

meZ n>0

where R|[r, k] is defined as

R[r,k] =) R(r,k,n)q¢"

n>0

=Y Y R(s,n)q"

S=it »>0

— Z qwt('.fr)

b{x)=xr

(here = means congruent mod k).

>4



8.6 The behaviour of the birank

The following theorems hold for n any natural number, bar the exceptions listed.
Theorem 1:

R(0,2,2n) > R(1,2,2n), R(0,2,2n+1) < R(1,2,2n+1). (5.24)
Theorem 2:
R(0,3,3n) > R(L, 3, 3n),
R(0,3,3n+1) < R(1,3,3n+1), R(0,3,3n+2) < R(1,3,3n+2).  (5.25)
The only exception is R(0, 3,5) = R(1, 3, 5).
Theorem 3:

R(0,4,4n) > R(2,4,4n), R(2,4,4n+ 2) > R(0,4,4n + 2),

R(0,4,2n) > R(1,4,2n), R(2,4,2n) > R(1,4,2n),
R(0,4,2n+1) = R(2,4,2n+ 1) < R(1,4,2n +1). (5.26)

With two exceptions, R(0,4,2) = R(1, 4,2) and R(0,4,4) = R(2,4,4).
Theorem 4:
R(0,5,5n) > R(1, 5,5n) = R(2,5, 5n),

R(1,5,5n 4+ 1) > R(0,5,5n + 1) = R(2,5,5n + 1),
and the following equalities (which imply (5.17)),

R(0,5,5n + 2) = R(1,5,5n + 2) = R(2,5, 5n + 2),

R(0,5,5n 4+ 3) = R(1,5,5n+ 3) = R(2, 5, bn 4+ 3),

R(0,5,5n+4) = R(1,5,5n 4+ 4) = R(2,5, 5n + 4). (5.27)
The only exception is R(0, 5,6) = R(1, 5, 6).
Theorem J3:
R(0,6,n) > R(2,6,n),
R(0,6,2n) > R(3,6,2n), R(0,6,2n+1) < R(3,6,2n+1). (5.28)
With exceptions: n = 1,2,4 => R(0,6,n) = R(2,6,n)andn =1,3,5,7= R(0,6,n) =
R(3,6,n).
Theorem 6:

R(0,8,n) > R(4,8,n), R(1,8,n)> R(3,8,n). (5.29)

The first inequality failing only at n = 1, the second only at n = 0.
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In the following proofs, repeated use will be made of the triple product identity,

25 4)(g5 @)oo = Z(-—l)“q"f‘ﬁﬂ- (5.30)

nc

This is identity (4.2), proved in chapter 4.
The triple product is useful here because it be used to obtain dissections of g-series.

A dissection of a series, F'(g), is an expression of the form
F(g) = Fo(q") + ¢F1(q") + ... + 0" Faa(q").

For example,
1 1 2
L + q n q
l—q 1—-¢3 1—-¢ 1-—¢°

is the 3-dissection of 1/(1 — q).
When looking at dissections of certain g-series, the following notation will prove use-

ful:

[, b, ..., 2; 4] := [a; q]b; q]...[z; q].

Theorem 1.
It is necessary to consider only R(0,2,n)— R(1,2,n). Putting z = —1in (5.22) gives

Y R(m,n)(-1)"¢" = mf

meEZ n>0
and so
Y ) R(m,n)(-1)"¢" = (g;4*)%
meZ n>0
which is to say that
3" Y R(m,n)¢* - ) ) R(m,n)¢" = (¢; @)%
m even n >0 m odd n>0

so, by (5.23) (with k = 2, since w = —1),
R[0,2] — R[1,2] = (g;¢%)2. (5.31)

Thus it is necessary to show that the coefficient of ¢g" in (q; ¢?)% is positive if n is
even and negative if n is odd. Now

(4;0°)% = [g; 4]

SO
2)2 [q: 2] (q2: qz)oo

(2% 4% oo
and so, by the triple product identity (g — q2 in (5.30) and then set z = q),

(g;¢° Z( 1)*g™

uez

(2;
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(@ ,qz) (Z z ann)

n odd
2 2
(- T )
o0 n=2Im n=2m-—)
mel mé&l

(g% q2)m (Z g — Z q(2m—1)2)

me7Z mecZ

C; ,q2) (qu -g) ¢ "4'“)

mez mel
This is the 2-dissection of (q; ¢%)%.. This, together with (5.31), gives

;[R(O: 2: n) - R(lg 2, ‘n)]q" — (q , Z)M (Z q4m —q ;qdm —4m)

which is equivalent to

Z[R(O 2,2n) — R(1,2,2n)]g* = o ,q2)m Z ™

n>0

and

Z[R(Oi 21 2n + 1) o R(]-) 23 2n - 1)]q2n+1 Z q4m’—4m

e " (9%¢)oo ,qﬂ)m o

and it is clear that the above two equations may be written as

S[R(0,2,20) — R(1,2,2n))¢" = —— 3 @

= (9 Do 5=

and

;[R(l 2.2n+ 1) — R(0,2,2n+ 1)]g" = w q)m

All the coefficients of both these g-series are positive, which proves theorem 1.

Z q2m"" —2m

mci

Theorem 2.
Again, there is only one thing to look at, namely R(0,3,n) — R(1, 3,n).

s .

z =w, where w = €3 in (5.22) gives

Z Z R(m,n)w™q" = —— 1

meZ n>0 (wq s Q)m(w_lq; Q)m

so, by (5.23) (here k = 3),

R[0,3] + wR[1,3] + w’RJ2,3] = %3__;2_
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Now

ﬂ2 L]
(@D =Y ()¢ 7,

nc

which is identity (1.15) and is equivalent to (1.16), the latter having been proved by using
the bijection of Franklin in section 2.1. The above identity may be written as

125 0°)(2% 4% o0 = Z(—l)“qa“"%m (5.33)

nc’

which is also an instance of the triple product identity, specifically ¢ — ¢° and then set

z = ¢ in (5.30). The sum on the right, over all integers n can be split into three seperate
sums, i.e. (5.33) may be written as

9;¢°)(¢%; ¢°) oo

= Y (g ) (1) gt y ngta

n——3m n=3m—1 n=-3mi1
272 =3m VIm2 —15m 2Tme =21m
m A —— m  —— 2 m ——
=) ()" 7 =g (-1 7 - ) (-1)"g 3
meZ, mez med,

and putting ¢ — ¢°7 in (5.30), followed by the appropriate value of 2 (z = q'?, 2z = ¢°
and z = ¢° for the first, second and third sums) gives

45 2°)(@% %o = [0'% 4" (e*"5 0™ Voo — ala"s €' N(0™; 07 ) oo — @°l0%; 4" (0”5 07 ) oo

and so |

3] = vy e @ _ g’
[4%,4%,0%¢*"}  [d3,¢% a'%4%)  [¢5, ¢° q'%; %)

which, together with (5.32), implies that

;g

1 q q*
0,3] +wR[1,3] + w?R[2,3 = — e
R[0, 3] 1,3] 2,3] [23,45,0%¢*)  [@%,4¢°% q'%;¢%"] |[qb, ", q'%; ¢%7]

but w? = —1 — w and R[2,3] = R[], 3], so

1 q q°
R(0,3,n) — R(1,3,n T3 6 9.2 T3 98 19 o971 " TF o 9 o
;[ )~ (1,3, mlg” T 13650%97 @ a5d (P a5 e

which implies the following three results, from which (5.25) follows,

1
R(0,3,3n) — R(1,3,3n)l¢" = —————,
nz?ﬁ[ ( ) — R( )lg IRCrS
1
[R(1,3,3n+1) — R(0,3,3n +1)]g" = ———
nz:zo ) (g, @3, q*; ¢°]
1
[R(la 3: In + 2) — R(O, 3, 3n - 2)]qﬂ‘ _——_—
;go 4%, ¢3, ¢*; ¢°]
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Theorem 3.
The quintuple product identity can be stated n the form,

[ qlla27%8%)(g; @)oo = ) _ 227" D2 (1 — 2q™). (5.34)

A proof (of an equivalent version of (5.34)) can be found in 3.2 in [18].

The quintuple product identity will be used to find the 2-dissection of the Euler prod-
uct, which is needed when looking at the behaviour of the birank mod 4.
Starting with (1.15),

2

(GDo= ()¢ 7

neé,
ﬂz 1L ﬂ-2 15 ﬂ2 T ﬂ2 11
D G B D W G ) e S Co i e S S G ) i 3
n=—4m n=4m-+1 n=—4m—1 n=4m--2
__ Z q24m2-2m . z q24mf-’+14m+2 - Z q24m=-’+mm+1 + Z q24m‘~’+2ﬁm+7_
meZ meZ meZ meZ
m{3m-—1 m{3m-1
=3 (@@ T (1= (@)(@)™ - ¢ 3 (@®)*™(¢") ™5 (1 - (¢°)(¢")™)
meZ meZ

and so, putting ¢ — ¢'° and z = ¢ and then z = ¢® in (5.34), gives

(2; 9)oo = [¢%; ¢ °1a"%; *21(¢"% ¢*%) oo — dld®; 2"%)lg*; ¢*%)(0%®; ¢'%) o (5.35)

Now, putting 2z = 7 in (5.22) gives

Z Z R(m,n)i™q" = 1

L (325 9)oo (17163 @)oo
_ (6% 0%)w
(¢*; 4*)oo
but,
Y Y R(m,n)i™q" = R[0,4] +iR[1,4] — R[2,4] — iR[3, 4]
m n>0
= R[0,4] — R[2, 4]
thus
Z[R(Oa 4,n) — R(2,4,n)]q" = (qz; 94)::::- (5.36)
n>0

Now (g; 9°) is the generating function for partitions into distinct odd parts, those parti-
tions having an odd number of parts being counted negatively. Such a partition of an even
integer will have an even number of parts, and conversely a partition of an odd number
will have an odd number of parts. Furthermore the only positive integer for which no
such partition exists is 2. This proves that n # 1 = R(0, 4, 4n) > R(2,4,4n) and that
R(0,4,4n) < R(2,4,4n). It also proves that B(0,4, 2n + 1) = R(2,4, 2n + 1).
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It has already been seen, by putting z=—1 into (5.22), that R[0, 2] — R[1, 2] =(g; ¢%)2..
Since R[0,2] = R[0,4] + R[2,4] and R[1,2] = R[1,4] + R[3,4] = 2R][1, 4], it follows
that

D _[R(0,4,n) + R(2,4,n) — 2R(L, 4,n)]¢" = (g;¢*)%. (5.37)

n>0
Adding (5.36) to (5.37) gives

2 _R(0,4,n) = R(1,4,n)]¢" = é— ((qz; 0*)oo + (g; q”)ﬁo)

n>0

Lol ((-—q; oo + (6 q2)m) Gl L

9 (2% ¢*) o
_ (89w [—4:2*](¢*; ¢*) oo + [g; ¢*](; 9'4)00

2 (2% ) o

Putting ¢ — ¢*, and then 2 = —q and z = ¢ into (5.30), it is seen that

R{0, 4] — R[1,4] = 118D (Z g 3 (- 1yrgenton)

2 (7% 9%) 0 \ & e
and soO ( 2)
R[0,4] — R[1,4] = ;220 ™ p8n?-2n (5.38)
(9% 4*) o ;

which, together with ¢ — ¢'° and z = —¢® in (5.30), shows that
. 6. 4161416, 16
(q yq )m(q4;q4)m
and so (; 9)oolg™?; 42)(g%; '6)
949)00lq 59 1\9 30" )o
R[0,4] — R[1,4] = 2= 22 11 /X
, | (q2; qz)m(q4; q4)m[qﬁ; qlﬁ] (5-39)
now the expression on the right is (g; ¢). multiplied by a function of g%, so with the
2-dissection of the Euler product (5.35), this becomes

R[0,4] — R[1,4] =

9% ¢"1lg"%; ¢%(a"% 9% 4% ¢"%)la%; ¢*%)[g"?; ¢32)(q'%; 16)2,

(02; 4®) oo (a*; ¢*) o [45; 46} QWW- (5.40)
SO
R0,4 - R4l = ——— o (27¢")

9% ¢ 2a%, % %%~ 1 (0% ¢®)oold: %) oo
This proves identities (5.42) and (5.43) below.



For the two other identities, the process is very similar. Subtracting (5.37) from (5.36),
instead of adding them together, gives

D _[R(1,4,n) — R(2,4,n)]¢" = %((qz; 7)o — (& qz)i,_,)

n>0

e (370 — (g:0°)) -—————Egiigg:

_ (68 [~ 4'1(0% 60 — 45 ¢")(9"; ¢
2 (4% ¢*)
and so, similarly to (5.38), this gives

R[1,4] — R[2,4] = q_(.(gg.%;)i_ annﬂ_ﬁn

nc
which, together with ¢ — q'¢ and 2 = —¢* in (5.30), shows that

R[1,4] — R[2, 4] = CETE o (Gl Y

(6% ¢%) o (¢*; ¢*) o (5-41)

Now all that needs to be done, as above, is replace (g; g)oo by the right hand side of (5.35)
and simplify. This results in

__ﬁ_ﬁm)__f__ — I
(425 9%)o(4®; %) o 1a%; '¢)2[¢8, ¢'2; ¢3%]?

from which (5.44) and (5.45) below follow.

R[1,4] - R[2, 4 =gq

HZZO[R(O 4,2n) — R(1,4,2n)]q" = m (5.42)
;[R(1,4,2n+ 1) - R(0,4,2n + 1)|g" G"q%q;?(q)T)' 5.4%)
> IR(2:4,20) = R(L 4, 20" = qm (5.44)
;[R(l,zi, on +1) — R(2,4,2n + 1)lg" Tqi(_%% (5.45)

This concludes the proof of theorem3 (5.26), and also shows directly that
R(0,4,2n+1) = R(2,4,2n+1).
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Theorem 4.
Putting w = €*>™/5 in (5.22) gives

m_ 1" ___ 1
ZZR(m’ g = (Wq; ) oo(w1¢; ) oo

meZ n>0

(w q, Q)m(w q; 9)oo(; 7)o
(2% ¢°)oo

the term on the right, by ¢ — ¢° and z = wq in the other version of the triple product
identity, namely (1.22), is equal to

1+ w+wt)g— (w+w)g® —q"..)

(45 4%) o
1 - n
= Bt ( > (1) 4 (Wt w g Y (—1)gP 5")
0% 0%)oo \ & £t

which by suitable values in (1.22) is equal to

1
[a°; ¢%5]

(%5 4%) oo

(¢°;¢q q°)oo

+ (w+w™)

([qm, q”°] + (w+w™)alg; qz"’]) [qw, 7

but,

> > R(m,njw™g" = R[0,5] + wR[1,5] + w’R[2,5] + w’R[3, 5] + w* R[4, 5).

meZ n>0

Thus (Since UJZ — ] —w — OJ3 — w4, and R[]., 5] = R[4, 5] and R[Q, 5] — R[3, 5]),

1 - q
RI0,3] = RI2,5] + (o + ") (RIS — 28D = gy + (0 + ™) g
This (and the irrationality of w + w™") proves (5.46) and (5.47), and so proves (5.27),
1
R(0,5, R(2,5 4

ﬂzy) |R(0,5,n) — R(2, ,m)|q" [q g%’ (5.46)
Z [R(la 5, 1) — R(Qa 9, n)]qﬂ = [qlo?q%] ' (5.47)
n>0 ’

Theorem 5.
The proof uses the well known expansion for (g; ) oo, i.€. Euler’s Pentagonal Number
Theorem. Also needed is that ¢ — ¢* and then z = —q¢ in (5.30) gives

(q2; q2)m(qs; qa)ga — an(‘&n—l)/‘z

(95 9)oo(g8; 2%) oo = (9.43)
and that ¢ — ¢2 and then z = —g in (5.30) gives
2
q’ n_n?
( Q) =) (-1)% . (5.49)

nc?
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and finally ¢ — ¢ and then z = —q in (5.34) gives

(6% 6%)%. (2% @%) o " gn2 .
(25 0)o (9% 4%)co =2("1) 7" (144", :29)

Now, putting w = €>™/6 in (5.22) gives

YD R(mn)™q" = 1 65000

e n>0 (Wg; Do @0 (5 9)0 (a5 4%) 00
but

) ) ~R(m,n)w™q" = R[0, 6]+wR]l, 6]+w?R[2, 6]+w°’R[3, 6]+w* R[4, 6] +w’ R[5, 6]
= R|[0,6] + R[1,6] — R[2,6] — R[3, 6]

(259)0(d%; %) 00 ©-o1)

= R[0, 6] + R[1, 6] — R|[2,6] — R[3,6] =

Putting w = €*/3 in (5.22) gives

R SN S (1))
> 2 R(mn)u™ (Wg; Do 0)0 (€% ¢%) 0

mecZ n>0

but

Z Z R(m, n)w™¢" = R0, 6]+wR][1, 6]+w’R[2, 6]+w’R(3, 6]4+-w*R[4, 6]+w° R[5, 6]

meZ n>0

— RI[0,6] — R[1,6] — R[2, 6] + R[3, 6]

= R[0,6] — R[1,6] — R[2, 6] + R[3,6] = ____.(;‘g; Zl;‘;. (5.52)
Also ) (a2
Rm,n —1)™ n:-—-———-—-——m—-—-q-iq——-??—-
,;Z,,Zzo )= (-6:9)5% (6%
o ry)2
= R[0,6] — 2R][1, 6] + 2R|[2,6] — R[3,6] = -(-gg';‘g__%;'_%_m (5.53)
The identity
Znez qﬁn2+n

R y Q, Tt) — y Uy =
,,;[ (0,6,7) — R(2,6,n)lq" = =St 5—

follows from multiplying both equations (5.51) and (5.52) by (¢°; ¢°)co, adding the sum,
using (5.48) (and the pentagonal number theorem), and dividing by 2(g3; ¢3). This
proves the first part of (5.28), the rest comes from

Z[R(O? 6, 71) — R(3, 0, n)]qﬂ _ M

n>0 (q2; qg)m
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which follows in a similar way from (5.51) and (5.53) and then (5.49) and (5.50).
Theorem 6.

Putting w = €2™/8 in (5.22) gives

m._n 1 4; 8 00 3 _
f;z;;_-oR(m, n)w™q" = =T %‘;g)"‘"?:'((w 2; 2)oo(W°; 9)oo(g; Q)m)

which, by (1.22) is equal to

(0% ¢°)oo (1 +(V2-1)g— (V2 -1)¢® — ¢® — q'° + )

(95 9) o

_ (056 (Z a(n)g" ™2 1+ V2 3 n)qn(n+l)/2)

(q, Q)m n>0 n>0

where a(n) = 1ifn = 0,2,5,7mod 8 else = —1, and B(n) = 1if n = 1,6 mod 8,
= —1if n = 2,5 mod 8, else = 0. But, by ¢ — ¢* and z = ¢ in the triple product identity
this becomes

(0% %) ( la;°)la® a'°)(a% %)%, 2. 161,16, 1
CH)™ ([qa;qa](q4; 0°)o0 (4% ¢'%) oo +Q\/§[q ' ﬁl(q 6,q 6)00) |

But

2 Z R(m,n)w™q"

= R[0,8] + wR(l, 8] +iR[2,8] + w’R[3, 8] — R[4, 8] + w®R([5,8] — iR][6, 8] + w'R[7, §]
= R[0,8] — R[4,8] + V2(R][1, 8] — R[3,8)).

This implies
> _IR(0,8,n) — R(4,8,n)]¢" = (050 5.54
~ 9% 4'%][¢3; 8] 5:>%)
and
R(1, 8, R(3,8 - 9
nzzo[ ( n) ( n)] (QJ 2)m(q ’qlﬁ)M[q qlﬁ] (5.55)

which together imply (5.29).



5.7 Related Identities

There is another approach to the birank, based on the following observation:

Z #(A) wt(A) — Z

AEP n>0 (q’ q)n

(5.56)

This implies that, summing over all ordered pairs having birank congruent to 7 mod k,

> ™=} h(s,k)h(t k) (5.57)
b(m)=gr sti=pr
where ,m s
h(s, k) :=
( ) ; (QJ Q)kn-i-s

This suggests that it may be worthwhile looking at the sum of 2™ /(q; q),n, summed over
the (positive) values of m that satisfy a certain congruence. This in turn leads to the well

known identity
Y=
(g; @)m '

m:_,o (zi Q)m

which follows from n — oo in (1.10). It follows from this that for n any natural number,

2m/n
[l (Z (q:) ) |} (CaTuhaih (5.58)

din

andw ;= e

where the product on the left is over all positive integers coprime to, and not greater than,
n (and u is the mobius function). For instance, if n = 6 then w = e% and (5.58)

becomes

Wz w222 ) ( w’z | w02 ) (2%; ¢%)oo(2%; ¢%)
1+ + + ... )1+ + +o )= 2
( (g;9)1  (g;9)2 (:9)1  (g;9)2 (25 @)oo (2%; 4%) o

Now, consider the case n = 3. It follows from (5.56) that

b() wt(ﬂ‘) L
ﬂ'ez’PE o (; (q’ q)“) (; (QJ Q)n) (5-59)

which 1s equal to

(h(0,3) + zh(1,3) 4 2%h(2,3)) (h(0, 3) + 27 h(1, 3) + 272h(2, 3))

(this is true 1n general, but there’s no point writing it like so unless n = 3).
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Now, putting z = g and expanding out gives the expression
h(0,3)% + (1,3) + h(2,3)* — h(0,3)A(1,3) — h(1,3)A(2, 3) — h(2,3)h(0, 3)

which by (5.58) is equal to [g; ¢°]. This is equivalent to (5.32), it can be written as

3n+1 q3n+1 q3n+2
(; (q; Q)an) (; (2;9)3n +1) (; (Q;Q)3n+1) (; (Q;Q)3n+2)
- g t? L CH™
(; (QJ Q)3n+2) (; (Qa Q)3n) B (q3;q3)m'

Now for the case n = 4. Putting z = ¢ into (5.58) gives

(h(0,4) +ih(1,4) — h(2,4) — ih(3, 4))(h(0,4) +ih(1,4) — h(2,4) — ih(3,4)) = [¢°; ¢*]
which is (5.36). It may be written as
h(0,4)? + h(1,4)* + h(2,4)* + h(3,4)* — 2h(0,4)h(2,4) — 2h(1,4)h(3, 4)

= (¢%;¢") oo,

Or as

So (5.58) can be used to help understand the birank, the above two identities are maybe
not very interesting in themselves because (5.58) is probably not very interesting (but, as
just explained, can be a way of tackling the birank).

Now for the interesting part: It follows from (5.40), together with (5.57), that

h(0,4)% + h(1,4)* + h(2,4)? + h(3,4)?
_ (0, 4)h(1,4) — h(1, 4)h(2, 4) — h(2, 4)h(3,4) — h(3, 4)A(0, 4) =
L Rl

(4% ¢*) oo
and from (5.41), together with (5.57), that

h(0,4)h(1,4) + h(1,4)h(2,4) + h(2,4)h(3,4) + h(3,4)h(0, 4)

—9h(0, 4)h(2,4) — 2h(1, 4)h(3,4) = q%.;_?__;ﬁ[__qz; 1% 4'%) .

and these two identities do not follow from (5.58).

66



5.8 Other Ranks

In this section, the 5 dissection of the Euler product is required. It is
(& Do = T C T D R S U T C i
4% g%} [9%%; %]
which follows from lemma 6 in [5|. This chapter has dealt with the existence of a 2
dimensional rank’, namely the birank. The aim here is to briefly describe a 4 dimensional
rank, i.e. one defined on members of P*. This is not an unnatural avenue to persue, given
the following easily proved congruence:

(35.60)

pa(5n + 3) = py(5n 4+ 4) = 0 mod 5. (5.61)

So what ‘super-rank’ can be used to explain this congruence? One answer is: For
& = (A(1), A(2), A(3), A(4)) any ordered 4-tuple of partitions, define the super-rank s(k)
as s(k) = 2#A(1) + #A(2) — #A(3) — 2#A(4). If w = €*™/5 then

Z ZR* (m, n)wm 1 — (q;Q)

g = — — .
meZ no (w?q; @) (wg; @) (w1g;9)(w2gq;q9)  (¢5;q%)

where R*(m, n) denotes the number of members of P* having weight n and whose super-

rank is m. So, by (5.60),
> D R(mn)uw™q" =

meZ, n>0
"% ¢®°)(¢; ¢%°) . (%) 2 [9°; ¢*1(g%; ¢*°)
4% ¢%°](¢°; ¢°) (¢% ¢°) [9'%; *°](q5; q°)
But, for this super-rank,

R*(0,5] — R*[2, 5] + (w + w*)(R*[1, 5] — R*[2,5)) =
4% ¢*1(¢®; %) ! (9%:4%) 2 [°; 4%°](g”°; ¢%°)
(4% ¢%°)(¢% ¢°) (4% ¢°) 9% ¢%)(¢% ¢°)
Hence, for all n, R*(1,5,n) = R*(2, 5, n) (which is not immediately obvious) and

1
> IR (0,5,5n) — R*(1,5,5n))¢" = —
n>0 [Q: 95]2
S IR (1, 5,50 + 1) — R*(0,5,5n+ 1)]¢" = [] ——
n>0 il5 (1-¢')

(where the product is over all 7 coprime to 5)

SIR*(1,5,5n+2) — R*(0,5,5n + 2)]¢" = ———

>0 4% ¢°)
implying that R*(0,5,5n) > R*(1,5,5n), R*(1,5,5n + 1) > R*(0,5, 5n + 1) and
R*(1,5,5n + 2) > R*(0,5,5n + 2) except for R*(0,5,2) = R*(1, 5, 2). The equality
R*(0,5,5n + j) = R*(1,5,5n + j) for j = 3 or 4 also follows. This equality, together
with R*(1, 5,n) = R*(2, 5, n), implies (5.61).
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5.9 Summary

It is worth noting that the only tools used in this paper have been the Jacobi Triple Product
Identity, the Quintuple Product Identity and elementary results about algebraic indepen-
dence (v/2 is irrational, for example). This appears to be perhaps somewhat ironic, given
that the super-ranks are a generalisation of Dyson’s rank, and there is no equally elemen-
tary proof of his identities (see [5]). The appearance is deceptive. Whereas the Dyson
rank involves both the first part and the number of parts of a partition, the super-rank of
this paper is defined only in terms of the number of parts (of each partition in the ordered
pair or k-tuple). An example of a proper generalisation would be: for an ordered pair of
partitions, define a rank as “Dyson rank of first partition plus twice Dyson rank of second
partition”. Does this rank explain the congruence p_2(5n + 2) = 0 mod 5? Just as there
are other statistics similar to the rank, the crank for example, for ordinary partitions, there
may well be other super ranks for ordered pairs (or triples or whatever) of partitions.

Finally, is there some combinatorial proof of these equalities and inequalities? Either
a bijection that proves (say) R(1, 5, 5n) = R(2,5,5n) or indeed some argument showing
that (0, 5,5n) > R(1, 5, 5n).
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Chapter 6

A g-elliptic identity

6.1 The identity.

The aim of this chapter is to present a new approach to the following identity, which is

stated as a
Theorem : Suppose that that ay, ...,an and b4, ..., by are nonzero complex numbers
for which

a;as...aNy = blbng (61)

and no two b; are g-equivalent, which is to say that the ratio of two distinct b;s is not an
integer power of g, 1.c.

i # j = b; # biq’ (6.2)
for any integer t. When these conditions are satisfied the following identity holds;

i [aflbr; Q][aglbr; Q]---[G'Elbr;q:'
& [b71b,; g)[b7 br; g].-[b-07 15 g)... [0r B ; g

(the ... indicates that the term [b,b1; q] is omitted). The standard proof (which can be
found in [18]) of this involves analytic arguments, but my aim here is to present an invo-
lutive approach to this identity for the cases N = 3 and IV = 4. For both these cases a
bijective proof of an identity that follows from (6.3) and the Jacobi triple product identity
is given. The triple product identity, which was proved in chapter 4, states

20](6:9)e0 = 3 (=127 T (6.4)

ncs

= () (6.3)

Now, let 7 = (my, T2, ..., Tn) be an ordered n-tuple of integers, so 7 can be viewed as an
element of Z" or as a row matrix, The transpose of 7w will be written in bold, 7. In this
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chapter o(w) will be defined as o(7) := m + 72 + ... + 7y, the sum of the parts and the
weight of 7 is defined as

6.2 Thecase N =3.

The identity obtained from (6.3) by choosing particular values for (ay,as,as)
and (by, be, bs) is the same as that which is obtained by chosing (Aai, Aag, Aas) and
(Aby, Aba, Ab3), where A is any nonzero scalar. In particular, we can divide through by b,
say. Having done this (6.1) ensures that when four of the five other entries are set, the last
one is also determined. So if instead of (a1, aq,a3z) and (by, bo, b3) in the above theorem
one picks (a1, az, a3) and (1, by, b2) then (6.1) ensures that az = byby/(a,a,). It follows
that there is the following equivalent version of the theorem (in the case N = 3):
Whenever no two of 1, b; and b, are g-equivalent, the following identity holds:

[afli‘?][‘3513q][ala2bf1bz_1;‘ﬂ n lay lbl:‘?][a'zlth][alazbg : q|
(675 q)[b3 "5 4] [b1; q][b1b3 *; ]

[o1"b2; al{a; b qllarazbi 5 q] _
[B2; q][b7 " ba; q] =0. (6.5)

By using [271; g] = —2z7}[2; q], i.e. identity (1.3), this can be written as

+

b b, 101 s alloz 5 dlla102bi by s q] e [ay b; gllay "by; glfaranby s q)

[bla Q][b2: Q] by [bla QI [b_1b2= Q]
[a7 " ba; g}{a; " by; g)[ara2b7 5 4] _
’ [b2; g} (b7 bo; g =" (©:0)

and multiplication by [by; q][ba; q][b7 "b2; g] gives
bibalat”; allaz; gllarazby b7 q](b7 'by; g]

:j[al *b1; qlla; "bu; gl{a102b; ; g][be; g]

+[a7'b2; gllas ' bo; qlfara2b7 Y ¢)[br; q) = (6.7)
Multiplying through by (g; q)5, and using the Triple Product Identity (1.17) gives

blsz(-—l)fa quL Z(-q)ga q"—r“ Z( 1)kah al b hbg q—r- Z(-l)"b"‘bzq—"—

f€Z gEL h€Z kez

2 S 0 e e T T 19698 TR T () el ety g R 3 ()

1 JEZ geZ heZ ke,
- ~ h3_p 2_
+ (- arlof e T Y (~1)%a; b T Y (~Utakalbrhe T Y (-1)kekeT T =0, (68)
fez geZ hel keZ
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This in turn can be written as an expression involving three sums, each of which is over
all elements of Z*. To do this, let Wy, W, and W3 be sets of ordered 4-tuples (so each W;
is the set Z*). Thus (6.8) becomes (with, form € Wy, Wy or Wa, 1y = f, mp = g, 13 = h,
T4 = k),

Z ( l)a(w) aﬂl (%) #2(“) bﬂa(‘ﬂ') bﬂ»d(‘ﬂ‘) wi(m)

mEW1
_ Z (— 1)7(m gt (7) a’? (x) b (7) bt () gtm)
nreWe
+ Z( 1)‘7(“)671(”") TB(W)bTS(W)b 74(7) wt(ﬂ') =0 (6.9)
TEWs

where
f—‘l(ﬂ-) = —f + h, Mz(ﬂ) = —g+ h, #3(71-) =—h—k+1, ﬂ4(ﬂ') = —-h+k+41,

n(m)=—f+h, w(m)=-g9+p, v(r)=F+g—1, v(r)=—-h+k+1,
Tl(ﬂ'): ""f+h1 7-2(7]-) = _g+h’a Tg(ﬂ') — _h‘l’k, 7'4(71') -T—"f—l-g

What is required is a means by which an element of one of the three sets can be paired
off with a particular element of one of the other sets in a ‘nice’ way. What this means
precisely will become clear later, but first it 1s helpful to decompose each of the three sets

by defining W7 := {7 € W; : o(7) = = mod 2} (z = 0 or 1). It is now possible to define
six maps (three pairs of maps),

Xi: Wy =Wy,  xp: Wy — WY,

x?:Wf—}Wé’, xé:W:?—)»Wf,
Xs: Wy = W3, x3: Wi wl (6.10)

Thus, the notation x’ has been used to denote a map from a subset of W; to a subset of W;.
In fact, for xI (7) to be defined it is necessary that 7 € W; and that either o(7m) =0 mod 2

and (z,_?.) e {(1,2),(2,1),(3,1)} or o(m) = 1 mod 2 and (3, 5) € {(1,3),(2,3),(3,2)}.
Also, x? (w) may be written as 7 and similarly, the transpose of X () may be written in
bold, 7 .
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The maps are defined by
7 = Alw + ¢ (6.11)

where the A{’s are four by four matrices and the c;’s are column matrices. They are

1 -1 -1 -1 1
1l -1 1 -1 -1 1
2 __ Al __ ~ 2..*"".: 1:
M=RA=5l 1 a9 |
-1 -1 -1 1 1
1 -1 -1 1 1
1] -1 1 =1 1 1] 1
A3='— 3 __ _
179 -1 -1 1 1 | *T2) 1|
-1 =1 =1 =1 3
1 =1 -1 —1 1
1] -1 1 -1 -1 1
A; == , Cs = ,
7ol -1 -1 1 -1 3 1
1 1 1 -1 0
1 —1 -1 1 1
1|l -1 1 -1 1 1] 1
A3=A2="‘ y 5 =C3 =~
21 -1 =1 1 1 ©2=%=31 ;1 |
1 1 1 1 —~1

Thus, for example, X3 ((f, 9, b, k)) = G(f —g—h+Ek+1), 3(—f+g—h+k+1),1(—f -
g+h+k+1),5(=f—9—h—Ek+3)).

AS an examp]e, take 1 = (-—3, 7, 10, 2) < Wlﬁ_ Now, 'ﬂ" = X%(ﬂ') = ('— 10, O, 3, —5).
What is nice is that wi(w) =6 +21 +45+1 =73 and wt(nr ) =55+ 0+ 3 + 15 = 73,
the map is weight preserving. Furthermore, p;(r) = —(-3) + 10 = 13 and
1/1(7r') = —(—10) + 3 = 13. In fact UT(W') = p.(7) for T € {1,2,3,4}. The other nice
thing is that x3(x3(7)) = x3(—10,0,3,—=5) = 7, or 7 = 7. What all this means is that
(-3,7,10,2) € W7 and (—10,0, 3, —5) € W, can be paired off with each other. From
(6.9), (—3,7,10, 2) contributes

(—1)7) ) ) o) gyt
in the first sum, whilst (—10,0, 3, —5) gives
(__1)3"(1r') () a;’s(fr ) b;fa(vr ) bzzq(«,-r')qwt(,,‘ ) = 4 al3a3pT 1! b7 g™

1

in the second sum (and so, since the second sum in (6.9) is preceeded by a minus sign,
the expressions cancel each other out).
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There is nothing unusual in the choice of 7 in the above paragraph. It is always the
case that

T € W2 = wit(xi(w)) = wt(w).

This follows from the fact that

-
DN |
N
DO | =
N
-

+
o

I

~

|

e
 —

4

el
N—”

e
|
TN

b | -
T
iy
-
Yo

|

~

|
e
p —
4+
prad
N—
N—e_

5 > 5 T g

Indeed, for any 7, the map defined on 7 is weight preserving; wt(x{f (7)) = wi(w). Fur-
thermore, since

Al(Alr +d) +cj=mn

it follows that that X} (X} (%)) = m, or w = 7 so the maps are involutions. Equally
straightforward are (for 1 < D < 4),

vp()2(m)) = pp(n), wp(xa(w)) = vp(m),

(O3 (m) = pp(w), wp(xs(r)) = 1p(r),
o(Oa(m)) = vp(m), vp(x3(m)) = mp(w).

It remains to investigate the effect of the relevant map on the panty of the sum
of the parts of a given 4-tuple. This has been dealt with implicity in (6.10). In
stating, for example, that xZ : W — WJ and not just x7 : W) — Wp, it is implicit
that o(x3(7)) = o(r) mod 2. In fact, it is easy to verify that the maps X2, X5, X5 and x2
preserve parity whereas x;i and x1 reverse parity. Or more succintly,

;= jmod 2 <= (X (r)) % o(r) mod 2. (6.12)

This implies cancellation occurs, since the expression in (6.9) involves sums that are
alternately preceeded by plus and minus signs.
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6.3 Thecase N = 4.

The following notation will be used in the proof of the theorem when N = 4. For
w = (1, M, W3, T4, Ts, Tg, T7) € 27, define

(51(7[') = 271'5 — 27?3 + 27!'7 — 1,

0o(T) 1= —m — T — M3 — T4 + Mg + W7 + 1,
03() i= —m — Wy — M3 — Wy + W5 — W7 + 2,
04(7) 1= —m — Mg — W3 — Wy — W5 — e + 3.

Let #(n) := #{y € {1,2,3,4} : dy(w) = 0 mod 3}. It can be shown that for any
7 € Z', either #(7) = 4 or #(7) = 1. Without specifying at this stage what the subscript
{ is, define U} to be the set {m € Z7 : §;(w) = 0 mod 3}. For y = 2,3 or 4, define U’
to be the set {w € Z" : §;(7) = 0 mod 3,4;(7) # 0 mod 3}, the last condition ensuring
that no 7 occurs in more than one of the four sets. Thus, for a given 7 € Z7, either
#(r) = 4 and so # € U; and none of the other three sets, or there is precisely one y
such that é,(7) = 0 mod 3 (because #(7) # 4 = #(7) = 1) and this is the y for which
x € UY. So any w € Z is a member of precisely one U}.

When N = 4, the theorem can be stated as: whenever no two of 1, by, b, and by are
g-equivalent the following identity holds;

[a7*;qlaz s gllag” ,qllalazaab“bglb;‘;q]
[bl JQ] [b2 :Q] [b3 :-Q]

a7 " b; qllag 'by; g [03 'by; Q][alazaab_lbs ' 4]
[bl 3 Q] [blb 3 Q] [bl 3 Q]

a7 by; g[ag ' bo; g)[a3 ' bo; )fa1a0a3b7 18515 g
[b2) Q] [bﬂlb% Q] [b2b3 ) Q]

+[a1 'bs; q][az 'bs; g)[az "bs; gllarazasb; bt q] iy (6.13)
[bs; g} (b7 *bs; g][b3 "bs; ] | |

which, using (1.3), can be rearranged to give

_l_

+

[a7h; q)laz"; dllaz?; gla1azasbi b b3 g
—Bibhobar—a 1At 1 EI7S VAL e 91 2 73 34
10205 (b3; qJlb2; allbs; ]

bobs [a7 by; qlaz b1; q)la3 hy; g){a1a2a3b5 105 g]

b [b1; q][by " be; g][b7 1bs; q]
b3 [a7"by; q[ag " bs; ql[a3 " bs; gfara0asti oz g]
b2 [b2: Q] [bl 1b2: Q][bﬁlb& q]
[a'l 1b3: Q][ 1b3: (I][ 1b3: Q][a’la'2a3b bé-l: Q]
g1 =2 S8 ST 230, :
bs; Q)65 bs; q)[b3 " bs; ] ©14)
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Multiplication by [b1; q][bz; a][b3; g][b1 " b2; g}[b7 ' bs; g][b7 bs; g] gives

—bibobsar?; ql[ast; dllast; g)larazashy 1b; b3t gl by be; q)[bT bs; g) (b5 1bs; g

b _ _
b2 3[31 Lby; qllas to1; q)[az b1; gl [a1azasby tb5 T q][bo; gl[bs; q)[bs b3 g]
1
b - _
gy s s llenanasb 057l s

+[a71bs; ql[a3 bs; q][az bs; qlaraaasby *b5 " ; q][by; gl[ba; g] (BT ba; q) = 0. (6.15)

Multiplying through by (g; g)., and using the triple product identity (1.17) gives

— ¥ (1)} (M ghe () aa ) s ()i (m) ()

Tl

+- Z (—1)7) a2 g2 (m) gra(m) pra(m) pus(m)pus(m) pwt()
w€U2
— Z( 1 o (‘:T) 7'1 (7!') 7'2(71') 7'3(?1') bfd(ﬂ) b’!‘s(ﬂ') b‘Tﬁ(ﬂ') wt(ﬂ-)
nels
1 Z cr(ar) af‘ () pz () Ps () bpat(?r) bps (7) bpﬁ(ﬂ') wi(r) _
wely
where Uy, Us, Us and Uy are four sets of ordered 7-tuples, 7 = (k,l,m,n,p,r,s) € Z7,

and
ﬂl(ﬂ') = —k + n, F‘Z(ﬂ') = —{+n, HB(W) = —m + n,

p(my=-—n—p—r+1, ps(m)=-n+p—s+1, p(w)=-n+r+s+1,
n(r) = —k+n, mr)=—l+n, vr)=—m+n,
) =k+l+m=—2, p(r)=-n+p—-s+1, wr)=-n+r+s+1,
() = —k+n, n@E)=—l+n p)=-mtn,
@) =-n+p—s, @) =k+l+m-1, w(r)=-n+r+s+1,
pn(m)=—-k+n, polr)=-l+n, ps(r)=—-m++n,
pa(m)=-n+p—s, ps(m)=-—-n+r+s, ps(m)=k+14+m.

Now, consider an element in any one of the four sets, w € U;. By earlier remarks there is
a unique y such that 7 € U/. For this y define ¢¥ := §,(7) /3.
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There are sixteen maps,
X;:Ui = U7  (i=1,2,30r4),
xi: Ui = Uy, x2:U; 2 UL,
U= U, x3:U;3 U3,
x1:Uf = Uy, xa:Ug = Ui,
VU= US, U= U3,
Xa:U: = U:,  x5:U2 = Uj,
x2:U2 U2, x3:U} U2
They are given by
xi(r) = (k,l,m,n,p— 68,7 +6",5 — &),

2(m) = xa(m) = (k+ 8,1+ 8, m+ 8, n+ 6 p+ 8, r+ 6% 9),
xi () = (k+61+8m+8,n+6,—p+ 8 +1,5+68,71),
xi(w) = (k+ 041+ 8, m+ 8, n+ 6, —p—8*+ 1,51+ 6%,

im)=((k+641+3,m+6n+8 —r+6°+1,—s+6+1,p),
xi(w) = (k+ 6,1+ 6m+6,n+d8s,—-p—06+1,-r—+1),

va(r) = x3(w) = (k + 8%, 1+ 8°,m+ 8, n+86%,p—&,r,5 + 6,
Ya(m) = (k + 6%, 1+ 8%, m+ 8%, n+ 8% r—6%p,—s+ 6% +1),
Xﬁ('n‘) = (k+53,l+63,m+63,n+63,r,p—63,-——-s—63+1),

x3(7) = x3(7) = (k + 6%,1 + 8%, m + 6°,n + 6%, p,r — 6%, 5 — 62).

It is a straightforward task to show that the maps are weight preserving involutions and
that

pp(x1(7)) = pp(n), vp(x3(w)) = vp(w),
to(x3(m)) = 7o(7), pp(Xs(7)) = Tp(7),
vp(Xi(7)) = po(m), pp(xa(r)) = vp(x),
m(xi(m)) = up(x), pp(xz(7)) = rp(7),
po(Xi(m)) = pp(7), wp(xs(7)) = pp(x),
o (xa(%)) = vp(7), wvp(x3(n)) = 7p(m),
pp(x2(m)) = vp(x), vp(xi(r)) = pp(x),
pp(x3(m)) = 7o(7), To(Xi(7)) = pn(m).

It remains only to check that cancellation occurs. This is so because for any
(i,5) € {1,2,3,4} the statement (6.12) is true.
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