University of Sussex

A University of Sussex DPhil thesis
Available online via Sussex Research Online:

http://sro.sussex.ac.uk/

This thesis is protected by copyright which belongs to the author.

This thesis cannot be reproduced or quoted extensively from without first
obtaining permission in writing from the Author

The content must not be changed in any way or sold commercially in any
format or medium without the formal permission of the Author

When referring to this work, full bibliographic details including the
author, title, awarding institution and date of the thesis must be given

Please visit Sussex Research Online for more information and further details



US

University of Sussex

On Blow-up Solutions of
Parabolic Problems

by
Maan Abdulkadhim Rasheed

Thesis submitted for the degree of Doctor of Philosophy

in the
School of Mathematical and Physical Sciences
University of Sussex
Brighton
England, UK
November, 2012



To The Memory of My Father,
Abdul-kadhim



Declaration

I hereby declare that this thesis has not been and will not be submitted in

whole or in part to another university for the award of any other degree.

Signature:

il



Acknowledgments

It would not have been possible to write this doctoral thesis without the
help and support of the kind people around me, to only some of whom it is
possible to give particular mention here. Above all, I would like to thank my
Supervisor Dr. Miroslav Chlebik, who supported me throughout my thesis

with his knowledge, patience and encouragement, and excellent guidance.

It is my pleasure to thank Dr. Omar Lakkis, who helped me with insightful
ideas and valuable suggestions about the Numerical Computational and Sim-
ulations of Blow-up Solutions, which can be a part of my future works. I was

very fortunate to receive his support and guidance during my research.

I thank also all faculty members for their constant assistance, help and
encouragement, specially, Prof James Hirschfeld, Prof Erik Burman and Dr.

Istvan Kiss. It was great to have such nice people around me.

My deepest debt of gratitude is to my late father, Abul-kadhim, who had
spent his years to support us and to provide us with only the best in life, and
to my mother, Seham, who had waited patiently for me and encouraged me

throughout the years of my doctoral studies.

A special thank to my brothers Mr. Ali and Dr. Rafad and to my sister Dr.

Sura for all their support and love they gave me while I was away.

I would like to thank my colleagues, first of all, Mr. Emad Baker, for his
valuable help on using LaTeX language. I would like also to thank Mr. Haider,
who I shared an office with during my Ph.D. studies, for creating a nice and
warm working atmosphere, and Mr. Muhammad Abdullahi Yau for many

interesting mathematical discussions.

My thanks to Mr. Mohammed Salim, who had helped me initially to get an
offer from Sussex university.

It was a pleasure to share life here in UK with wonderful people like Dr.
Abbas H. Ali, who has made my time in Brighton such an enjoyable and mem-
orable experience. Thanks Abbas. I thank also Mr. Wissam Fadhel and Mr.

Mohammed Hameed, I had spent really nice times with them here at Sussex



university, and all the friends, who I have met in Britain during my doctoral

studies.

I would like to thank the organizers of the 5th workshop on Blow-up, which
was held this year in Marseille-France, for their hospitality and nice gathering,
speciallly Dr. Pavol Quittner and Dr. Philippe Souplet. It was my pleasure to

participate in such an organized conference.

Finally, I would like to thank my close friends in Baghdad for their real
friendship, and all of those who supported me in any respect during the com-

pletion of the research.

This work was funded by the Iraqi government during more than three years.
Many thanks to my country that gave me this chance to get Ph.D. degree in

abroad.

Maan
Brighton
November, 2012

v



On Blow-up Solutions of Parabolic Problems
Maan Abdulkadhim Rasheed

Thesis submitted for the degree of Doctor of Philosophy
University of Sussex
November, 2012

Abstract

This thesis is concerned with the study of the Blow-up phenomena for
parabolic problems, which can be defined in a basic way as the inability to
continue the solutions up to or after a finite time, the so called blow-up time.
Namely, we consider the blow-up location in space and its rate estimates, for

special cases of the following types of problems:
(i) Dirichlet problems for semilinear equations,
(ii) Neumann problems for heat equations,
(iii) Neumann problems for semilinear equations,
(iv) Dirichlet (Cauchy) problems for semilinear equations with gradient terms.

For problems of type (i), (ii), we extend some known blow-up results of
parabolic problems with power and exponential type nonlinearities to problems
with nonlinear terms, which grow faster than these types of functions for large
values of solutions. Moreover, under certain conditions, some blow-up results
of the single semilinear heat equation are extended to the coupled systems of
two semilinear heat equations.

For problems of type (iii), we study how the reaction terms and the nonlinear
boundary terms affect the blow-up properties of the blow-up solutions of these

problems.

The noninfluence of the gradient terms on the blow-up bounds is showed for

problems of type (iv).



The study of blow-up is considerably more
difficult and interesting when the equations
involved are PDEs, and indeed, it has become

both a kind of industry and an art.

Prof. Juan Luis Vazquez, [64]
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Chapter 1
Introduction

Many physical and engineering problems can be modeled mathematically in the
form of evolution equations (partial differential equations depending on time).
We cannot obtain a well-defined solution for these equations without adding
suitable additional conditions (initial and boundary conditions). Since the last
century, many authors have studied the existence and uniqueness for the linear

types of these problems.

Nonlinear partial differential equations are more complicated and have more
properties than linear equations, these properties are related to important fea-
tures of the real world phenomena, on the other hand, these properties are

connected with the difficulties of the mathematical treatment.

In the last decades, partial differential equations became one of the most
active areas of mathematics research because it helped mathematicians to find

answers and explanations to many phenomena of the nonlinear world.

It is known that singularities occur in the solution of linear problems when
the problem has singular coefficients or singular data, the so called fixed singu-
larities. One of the most important properties of nonlinear partial differential
equations is the possibility of eventual occurrence of singularities starting from
smooth data (coefficient and initial or boundary conditions), the so called well
posedness in the small, meaning the existence and uniqueness and continuity

of the classical solutions can be established for small time.



1.1. Background

Singularities of nonlinear problems may come from the effects of nonlinear
terms, which occur in the partial differential equations or in the boundary
conditions, usually they depend on the time and the location, the so called
moving singularities.

One of the most remarkable type of these singularities is what we call the
Blow-up phenomena. Basically, in a nonlinear problem, blow-up is a form of the
spontaneous singularities appear when one or more of the depending variables

go to infinity as time goes to a certain finite time.

In this thesis we consider the blow-up phenomena for parabolic problems,

which we will describe in more detail in the next section.

1.1 Background

Blow-up phenomena occur in an elementary form in the theory of ordinary
differential equations, and it is equivalent to global nonexistence (see [49]), for
instance, the problem of reaction equation with positive constant initial value,

namely

ur = f(u), t>0, u(0)=a>0,

where f is positive and continuous. It is well known that, for any solution of

this problem, the condition

> du
—<oo, U2>1 (1.1)
v fu)
is the necessary and sufficient condition for the occurrence of blow-up in finite

time, see [31]. For the special case (the power type problem), namely

= u?, t >0,
te= } (1.2)

u(t)=a, t=0,

where p > 1,a > 0, it is easy to see that the unique solution to this problem

takes the form

wt)=——— T=— C=—— " (L3)
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It is clear that this solution is nonsingular if 0 < ¢ < T, and u(t) goes to infinity
as t — T—. We say that the solution of this problem blows up at ¢t = T Clearly,
the number p%l is the (algebraic) blow-up rate for this solution. On the other

hand, for the Cauchy problem for the heat equation, namely

u; = Au, r € R"t>0, } (1.4)

u(z,0) =up(x), =€ R,
it is known that the fundamental solution of this problem takes the form

o) = o [ el = (15)

which means, it decays like ¢~ %.

Fujita [25] has considered the initial value problem of a semilinear equation,

which is a combination of the two problems (1.2)), (1.4), namely

uy = Au + uP, re R" t>0,

' (1.6)
u(z,0) = ug, xr € R™

He proved that there are no global, nontrivial solutions of (1.6) whenever

1 n

p—1 = 2o
lutions, if the blow-up rate is smaller than the decay rate. Therefore, the study

while there are both global, nontrivial solutions and blow-up so-

of ordinary differential equations supplies basic ideas for the theory of blow-up

and singularities.

Starting from these examples above, for partial differential equations defined
in a domain () with some ¢ > 0, the concept of blow-up means the solution
cannot be continued globally in time at some or many points in €, because of
the infinite growth of some variables of the problem describing the evolution
process. In other words, blow-up occurs if the solution becomes infinite at some

or many points in Q in finite time.
In general, blow-up can be discussed in any normed space, however in this

thesis we deal with only Blow-up in L —norm, which can be defined as follows

Definition 1.1.1. For any parabolic equation, we say that the classical solution

u blows up in L* — norm or blows up (for short), if there exists T' < oo, called
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the blow-up time, such that u is well defined for all 0 < ¢t < T, while it becomes
unbounded in L* — norm, when ¢ approach to 7', that is

sup |u(z,t)| > 00 ast—T".
e

For a system of two coupled semilinear parabolic equations, namely
w = Au+ F(u,v), v =Av+ Gu,v), (x,t)e€Qx(0,7T),

we say that a solution (u,v) blows up in finite time, if there exist T < oo such
that either u or v blows up at ¢t = T', this means

sup |u(z,t)| = oo, or suplv(z,t)] = o0, ast— T,
e z€QN

while

sup{|u(z,t)| + [v(z,t)[} < C < oo, t<T.
e

Moreover, we say that u,v blow up simultaneously, if both of u,v blow up at

T, see for instance [44].

Remark 1.1.2. Tt is well known that for some problems, see [35], [56], the
solution stays bounded, while a space derivative may blow up in a finite time,
the so called gradient blow-up (GBU). For some other problems, the time
derivative becomes unbounded (blows up) when the solution reaches a certain
finite level in finite time, the so called guenching phenomena, see [12]. Clearly,

in these two cases, blow-up and global nonexistence are nonequivalent.

Blow-up solutions of partial differential equations have been investigated by
many authors specially after the important results by Kaplan [37], Fujita [25],
Friedman and McLeod [24] and some other authors. There is a very extensive
literature on the blow-up phenomena, however, there is as yet no complete

theory for many problems.

To study the blow-up phenomena for parabolic problems defined on a domain
Q, t > 0, with the initial function ug, it is natural to ask some important
questions, which have been discussed by many authors (see [31], [64]), such as

blow-up location and its behavior in space and time. In fact, as we will see,
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the qualitative properties of blow-up solutions are controlled by three criteria:
the size of the initial data ug, the geometry of the domain €2 and the type on
the nonlinearity of the function of solutions, which appears in the equation as

a reaction term or appears in the problem as a boundary condition term.
We can briefly, summarize these questions as follows:
1- Does blow-up occur?

It is known that the existence and uniqueness can be discussed in different
function spaces, and since blow-up is the inability to continue the solutions
in that function space up to or after a finite time, blow-up may occur in a
function space but not in another one, for instance, blow-up may occur for

classical solutions, while there exists a global weak solution L! (see [20, [49]).

To study the blow-up for classical solutions, the above question can be split

into two questions:
i-Which problems do have finite time blow-up solutions?

The answer depends on the form of the problem (the coefficients and the
nonlinear terms which appear in the equation or more generally its structural
conditions) and the form of the initial date. For example, consider the Dirichlet
problem for the semilinear heat equation defined in a bounded domain €2, with

smooth boundary and nonnegative initial condition, namely

w=Au+ f(u), (x,t) € Qx(0,7T),
u(z,t) =0, (x,t) € 0Q x (0,7T), (1.7)
u(z,0) = ug, x €,

where f € C!, positive for u > 0, convex function and satisfies the condition
. It has been proved in [37] that if ug is nonnegative and large enough,
then the nontrival solution to this problem blows up in finite time. For some
other problems, blow-up may occur due to the effect of the boundary conditions
even in case of the equation is linear and has smooth coefficients, for instance,

the problem of heat equation with nonlinear boundary condition, namely

uy = Au, (z,t) € Br x (0,7T),
% f(u),  we0By (18)

u(z,0) =ug, =€ Bpg.
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It has been shown in [34], that if f € C', positive nondecreasing for u > 0 and
satisfies the condition (|1.1]), then there is a finite blow-up time for any positive

initial data ug.
ii- Which solutions do blow up in finite time?

In case of the problem has a blow-up solution one may ask whether each
solution blows up in finite time. Problems may have both of global and blow-up
solutions for different initial data. For instance, we recall the results of Fujita
[25], which we have discussed before, we see that each nontrivial solution of
problem (|1.6) starting from nonzero initial data, blows up in finite time, if
1 < p <1+ 2/n, while the problem may have global or blow-up solutions, if
p > 1+ 2/n, depending on the size of wug.

2- When does blow-up happen?

The solutions of parabolic problems can be classified into four cases depend-

ing on the location of the blow-up time T, as follows:

(i) Bounded global solution: the solution stays uniformly bounded in

time.

(ii) Unbounded global solution: the solution blows up (becomes un-

bounded) when time goes to infinity (7" = 00).

(iii) Blow-up solution in finite time: the solution becomes unbounded in

finite time (7" < 00).

(iv) Instantaneous blow-up solution: the solution is unbounded at any

arbitrary small time, ¢ > 0 (7' = 0).

It is known that for problem , where f(u) = Au, A > 1 blow-up in infinite
time occurs, while if f is a superlinear function, then in this case we may have
bounded or unbounded global solutions (see [20] and the examples therein).
In general, by global solution we mean case (i) or (ii). The case (iii) is called
the standard blow-up case. For an example of (iv), consider problem (1.7)),
where f(u) = Ae*, A > 0, n > 10, with a singular initial data uy(z) > S(x) =
—21In |x|, up # S, it has been showed in [31] that u(x,t) = oo for any arbitrary
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small ¢ > 0, which means, the nonexistence of a locally in time, nontrivial

solution of this problem.

Remark 1.1.3. We may ask whether any estimate for the finite blow-up time
can be found. In general for many problems, it is not easy task, however, the
blow-up time estimates have been shown in the literature for some special cases

(see for instance [51]).

3- Where does blow-up happen?

The blow-up set B(ug) is a closed subset of  and it is a function of the

initial condition ug, it can be defined as follows

Definition 1.1.4. Let u blows up in finite time 7 > 0. Then zo € Q is a
blow-up point if u(z,,t,) — oo for some {z,,t,}>2, C Q x (0,T) such that
(Tn, tn) = (20, T) as n — oo. The blow-up set B(up) is the set of all blow-up

points.
The blow-up set can be only one of the following three cases

(i) Finite blow-up point: where B(ug) has only one point (single blow-up

point) or a finite number of points.

(ii) Regional blow-up: in this case B(ug) €  and the measure of B(ug) is

finite and positive.
(iii) Global blow-up: where B(ug) = Q.

It was shown in [24] that for problem (|1.7), where f is of power or exponential
type, if 2 = Br and ug is nonzero radially decreasing function, then the blow-
up occurs only at x = 0, therefore, in this case we have a single blow-up point,
while if f(u) = u?, Q@ = (—1,1), it was shown in [20], that for given any
integer k and —1 < 1 < --- < xp < 1, there is ug such that u blows up at
t =T < oo and B(ug) = {x1,...,x}. In [29], it has been shown that in case
of f(u) = (1 +u)log*(1+u), Q = R, ug is radially nonincreasing and satisfies
some additional assumptions, the blow-up set is exactly [—m, w|. Therefore, in

this case we have a reginal blow-up. Another example of regional blow-up is
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the problem (1.8)), it was shown in [34] that if f € C? and convex function,
then the blow-up in this problem occurs only on the boundary (0Bg). Global
blow-up may occur in some problems, for instance, in the problem of semilinear

heat equations with a gradient term (see the subsection 5.2.3).

Remark 1.1.5. In first and second cases the blow-up solutions are called lo-

calized blow-up.

4-How does blow-up occur?

In order to understand the space-time behavior of blow-up solutions near
the blow-up points as t approaches the blow-up time, we need to study two

aspects:

Blow-up rate estimate: It is the rate at which each blow-up solution u(z, t)

diverges as t approaches the blow-up time 7" and x approaches a blow-up point.

For Dirichlet and Cauchy problems for semilinear parabolic equations, blow-
up is said to be of type I, if the solutions blow up with the same rate as the
solutions of the corresponding ordinary differential equation, otherwise blow-
up is said to be of type II (see [53, [56]). For instance, it was shown in [24] for
problem , where f(u) = u?,p > 1, Q is a ball or convex domain, that there
exist two constants C, ¢ > 0 such that the upper (lower) blow-up rate estimate
to the positive blow-up solution take the following form

o(T —t)~Vr-1 < meag;u(x,t) <O(T —t)~Y®=D ¢ e(0,7).
It is clear that the above upper (lower) blow-up rate is the same rate as of
the solutions of the corresponding ordinary differential equation (1.2)),
therefore, the blow-up of this problem is of type I.

In the literature there are some different techniques used to derive the lower
(upper) blow-up rate estimates, some of these techniques depend on the rescal-
ing arguments, which means one rescales only space or both space and time
variables, the limiting equation obtained is either elliptic or parabolic. The
solutions of these new equations are bounded not only at the non blowing

points, but rather at the blow-up set, see for instance [7}, 33]. The other common
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technique relying on maximum principle arguments (applied to some suitable
auxiliary functions), see for instance, [24]. For the problems of parabolic equa-
tions with nonlinear boundary conditions, many authors have used the integral

equation methods to find the blow-up rate estimates, see for instance [306], [44].

Blow-up profile: It is the asymptotic behavior of each blow-up solution u, as
limits of w(z,t) when t — T~ near and at the blow-up point. More generally,
the ultimate goal being to describe the blow-up behavior of u at the final time

T, for = close to the blow-up point, the so called the final blow-up profile.

As already pointed out by Giga and Kohn [32] [33], the blow-up rate estimate
is crucial in studying the asymptotic behavior to problem (1.7]), where Q) is a
bounded, convex domain or R", f(u) = wu|u[P™!, and p is in the subcritical

Sobolov parameter range, namely

n—2

l<p< ™2 ifn>3,
b = (1.9)
l<p<oo ifn=1,2.
They have used the similarity variables and the asymptotic expansion to prove
that

lim (T — )"/ ® Dy (xg + yvVT —t,t) =0 or k,

T
uniformly for |y| < C, where k = (p — 1)~Y/®=1_ This means, if we restrict the
spatial domain to the (time-dependent) domain |z — 2| < Cv/T — t, then the

self similar blow-up profile is given by

k
u(fﬁ,t) ~ m, as t—T.

Clearly, if xg is a blow-up point, then the limit above cannot be zero. This limit
describes the asymptotic behavior of u in space-time domain prior to (zq,T),
for any xg € €). Furthermore, for Q2 = Bpg, u is positive, radially decreasing
solution, it is known [24], [55] that u blows up at only x = 0, moreover, the final

pointwise blow-up profile is given by

C
u(x,T)%| ‘L, as |z| — 0.
x|PT
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Outline of the Thesis

5-What does happen after blow-up occurs?

It is desirable task to study the possibility of continuation of the classical

blow-up solution in some weaker sence after the blow-up time. In general blow-

up of classical solutions of any problem has to be one of the following three

cases:

(i)

(i)

(iii)

Complete blow-up: In this case the solution cannot be continued again
after blow-up occurs. For instance, Baras and Cohen [2] have considered
the blow-up solution to problem , where f(u) = uP, and p is in the
subcritical Sobolov parameter range . They proved that a continua-

tion in any sense is not possible because it leads to the conclusion that

u(x,t) =00, ze€lt>T.

Incomplete blow-up: In this case the solution can be continued in weak
sense in some subset of , with some t > T. For instance, for problem
1) where f(u) = uP, p > Z—Jjg, n > 2, and  is convex, it has been

shown in [20] under some restricted assumptions on ug, that the problem

has an unbounded global weak solution.

Transient blow-up: In this case the solution becomes bounded imme-
diately after T. For instance, in [31] it was discussed a type of problems
that has a radial solution, which blows up at a momentary single blow-
up point peak at £ = T and then evolves immediately into a classical
bounded solution for the rest of time ¢t > T, such blow-up solution called

the peaking solution.

1.2 Outline of the Thesis

The aim of this thesis is to extend the known blow-up results to several

parabolic problems, and further, to address some of the standard blow-up ques-

tions, which have been discussed in the last section, namely, we consider the

blow-up sets and the blow-up rate estimates for these problems. Each of the

forthcoming chapters is devoted to study a specific type of parabolic problems.

10
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Chapter 2 considers the problems of semilinear parabolic equations with
zero Dirichlet boundary conditions, defined in a ball. Two spatial cases are
studied. Firstly, the heat equation with the exponential of a power type func-
tion. Secondly, coupled systems of two semilinear heat equations. Finally, the
ignition model system is studied as a special case of those systems. For these
problems, we extended the known blow-up results by Friedman and McLeod in
[24], showing that the blow-up occurs at only a single point, as a consequence
of deriving the pointwise estimates of their classical solutions. Moreover,by
using the maximum principle arguments (applied to some suitable auxiliary

functions) we derive the upper blow-up rate estimates for these problems.

Chapter 3 is devoted to study the problems for the heat equation (system)
with the exponential of power type functions as Neumann boundary conditions,
defined in a ball. For the scalar problem, we use the maximum principle argu-
ments to derive the blow-up rate estimate, while the integral equation method
is used to find the blow-up rate estimates for the system problem. Moreover,
depending on these upper blow-up rate estimates, as in the other studied cases
(see [44],146]), we show that the blow-up occurs only on the boundary for the

system problem.

Chapter 4 considers the problems of a semilinear equation (system) with
nonlinear boundary conditions, defined in a ball. We consider the spatial case,
where the reaction terms and the boundary conditions are of exponential type
functions. The integral equation method is used to derive the lower and the
upper blow-up rate estimate for the scalar problem and the system problem,
respectively, while the maximum principle arguments is used to derive upper
(lower) and lower blow-up rate estimate for the scalar problem and the system
problem, respectively. We show that the reaction terms have an important
effect on the upper blow-up rate estimates which become more singular than
those known for the cases where the reaction terms are absent, while under
certain assumptions the lower blow-up rate estimates take the same forms as
those known for the problem where the reaction terms are absent (see [40]).
Under some restricted assumptions on these problems, we prove that the blow-

up can only occur on the boundary.

11
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Chapter 5 is devoted to study the problems of semilinear parabolic equa-
tions with gradient terms. Two spatial cases are studied. Firstly, we consider
the zero Dirichlet problem for heat equation with the exponential function of
solutions and a negative sign gradient term function, defined in a ball. Sec-
ondly, we consider the Cauchy and Dirichlet problems for the system of heat
equations with power type functions of solutions and positive sign gradient
terms functions, defined in a ball or R™. For the first problem, we derive the
upper pointwise and the blow-up rate estimates using the maximum principle
arguments, while for the system problem, we use a technique that depends on
rescaling arguments, to derive the upper rate estimates for the blow-up solu-
tions and their gradients functions. These blow-up bounds take the same forms
as those known for the cases where the gradient terms are absent (see [24] [61]).
This shows that under certain assumptions these gradient terms have no effect

on the blow-up bounds.

In Chapter 6, we briefly summarize our main results and conclusions and

discuss some possible areas of further research.
This thesis contains two appendices:

In Appendixz A, we introduce the domain notation and symbols, which have
been used throughout the thesis, furthermore, we review the standard function
spaces and the definitions of superlinear functions, radial functions, uniformly

parabolic equations, classical and weak solutions.

In Appendiz B, we recall same maximum and comparison principles, which

we frequently use in this thesis.
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Chapter 2

Dirichlet Problems for

Semilinear Parabolic Equations

Introduction

It is well known that semilinear parabolic equations arise in many physical
situations, where diffusive phenomena and source terms have to be modeled. In
[39] Lacy presents a number of physical situations including chemical reactions

and electrical heating, where blow-up has physical significance.

The purpose of this chapter is to study the blow-up rate estimates and the
blow-up set for a semilinear parabolic equation (system) with zero Dirichlet
boundary conditions defined in a ball. In section one we consider the problem
of heat equation with a special reaction term, which is the exponential of a
power type function.The second section is devoted to study a general form of
systems of semilinear heat equations, and then we study the special case where
the reaction terms are of exponential type functions, as an example of our

results.

13



2.1. The Semilinear Heat Equation

2.1 The Semilinear Heat Equation

This section is concerned with the problem of the semilinear heat equation with

zero Dirichlet boundary condition:

u = Au—+ f(u), (x,t) € B x(0,7),
u(z,t) =0, (x,t) € 0B x (0,T), (2.1)
u(z,0) = up(x), x € Bg,

where f € C*(R)NC?(R\{0}) is positive and increasing function in (0, 00), ug €
C?(Bp) is nonzero, nonnegative, radially nonincreasing function, vanishing on

0Bpg. That is, it satisfies the following conditions

uo(r) = uo(|x]), = € Bk,

up(z) = 0, x € 0Bg, (2.2)
uor(|z]) <0, x € Bg.
Moreover, it satisfies
Aug(x) + f(up(z)) >0, =z € Bpg. (2.3)

Blow-up phenomena for reaction-diffusion problems in bounded domain have
been studied for the first time in [37] by Kaplan, he showed that, if the convex

source terms f = f(u) satisfying the condition

A U, (2.4)

v flu)
then diffusion cannot prevent blow-up when the initial state is large enough.

In fact, the dynamics of equation ({2.1)) can be understood as a competition

between the Laplacian term and nonlinear reaction term.

The problem of semilinear parabolic equation defined in a ball has been
introduced in |24} 147, 56, [66]. For instance, in [24] Friedman and McLeod have
studied problem ({2.1)) with , under fairly general assumptions on wug, f,
they proved that the solutions of this problem are positive, radially decreasing
and blow up in finite time at only a single point x = 0. They have considered
problem with two special cases of f, namely, the power type (f(u) =

14



2.1. The Semilinear Heat Equation

ululP7t, p > 1. Here u? = u|ulP™1), and the exponential type (f(u) = e*). For
the power type, they showed that for any o« > 2/(p — 1), the upper pointwise

estimate takes the following form
u(z,t) < Clz|™, x € Bgr\ {0} x(0,7),

which shows that the only possible blow-up point is = 0. Moreover, under an
additional assumption of monotonicity in time (2.3)), the corresponding lower

estimate on the blow-up profile can be established (see [50]) as follows
u(x, T) > Clz|~2®=Y € Bg. \ {0},

for some R* < R, C' > 0. On the other hand, it has been shown in [24] that

the upper (lower) blow-up rate estimates take the following form
o(T —t) V=1 < y(0,8) < C(T — ) V=Dt e (0,7).

For the second case (the exponential type), Friedman and McLeod showed
similar results, they proved that the point z = 0 is the only blow-up point due

to the upper pointwise estimate, which takes the following form

w(w, 1) < log C + zlog(%), (2.1) € Ba\ {0} x (0,T),

where 0 < o < 1,C > 0. Moreover, the upper (lower) blow-up rate estimate

takes the following form
loge —log(T —t) < u(0,t) <logC —log(T —t), te(0,7T). (2.5)

The aim of this section is to show that the results of Friedman and McLeod
hold true for problem , where f takes the special case f(u) = eulul”™ p > 1,
namely

up = Au + etlu”™ (xz,t) € Br x (0,7,
u(z,t) =0, (x,t) € O0Bgr x (0,T), (2.6)
u(z,0) = ug(x), T € Bpg.
In other words, we prove that x = 0 the only possible blow-up point for this
problem. Furthermore, we show that the upper blow-up rate estimate takes

the following form

1
u(0,t) <logC — 510g(T—t), te (0,7).
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2.1. The Semilinear Heat Equation

2.1.1 Preliminaries

Since f is a C! function, the existence and uniqueness of local classical solutions
to problem are well known, see (Ch. 7, Th. 6, [22]). Moreover, for the
regularity results ( u € C*'(Bg x [0,T)), see [56]. On the other hand, there
are various conditions in the literature which ensure that T" < oo, for instance,
it has been shown in [37] that if f is convex, then the codition (2.4]) is the
necessary and sufficient condition on f to achieve a blow-up solution.Therefore,
the solution of problem with conditions may blow up in finite time

for large initial data.

The next lemma shows some properties of the solutions of problem ([2.1)
with conditions (2.2]). We denote for simplicity u(r,t) = u(z,t).

Lemma 2.1.1. Let u be a classical solution of with . Then

(1) w(z,t) is positive and radial, u, < 0 in [0, R) x (0,T). Moreover, u, <0
in (0, R] x (0,T).

(ii) uy >0, (x,t) € Brx (0,T).

(iii) For f(u) = e*, u blows up in finite time for large initial data and the

blow-up set contains x = 0.

Proof of (i):
The proof that w is positive in Bg x (0, T) is followed directly by Proposition
B.11

Next, the aim is to show that the solution of problem (2.1)) is radial.

Define the function v as follows:
o(w,t) = u((|],0,...,0),8), (x,1) € By x (0,7).
Clearly, v is a solution to problem ([2.1]) with the initial function

vo(|z|) = uo((Jx],0,...,0),1t).
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2.1. The Semilinear Heat Equation

Since uyq is radial, it follows that
uo(z) = vo(x), x € Bg.

Therefore, v(z,t) is a solution to problem (2.1)) with wuy as well.

Since it is known that for any initial function uy the problem (2.1) has a

unique solution in Bg x (0,7), thus
u(z,t) = v(z,t), (x,t) € Brx (0,T).

By using Lemma [A.2.5] it follows that u is radial.
The final aim is to show that u, < 0, for (z,t) € Bg x (0,T) N {r > 0}.

Set z = r"u,. Since f € C'([0,00)) N C?(0,00) and u > 0 in Q x (0,7),
by parabolic regularity results (see Ch. 3, Theorem 13,[22]), we obtain

u € C**(Br x (0,T)) N C*(Bg x [0,T)). (2.7)

The first equation in (2.1)) can be written as follows:

1
Ut—erZf, (x,t) € B x (0,T)N{r > 0}.

Differentiating with respect to r

n—1 /

2 + 2r — 2z — [ (u)z =0, (x,t) € Br x (0,7)N{r > 0}. (2.8)

From the zero Dirichlet boundary condition in (2.1)) and since u > 0 in B X
(0,7, it follows that

z(z,t) = R" 'u,(R,t) <0, (x,t) € 0Bg x (0,T).
Moreover, from ([2.2), we have

2(z,0) = r"tug,(z) <0, x€ Brn{r> 0},
2(0,1) =0, te(0,7).

Also, by (27)

u, € C*1((0,R) x (0,T))NC([0, R] x [0,T)).

17



2.1. The Semilinear Heat Equation

Since f' is continuous, f'(u) is bounded in [0, R] x [0, 1], for t < T.
From above, it follows by the maximum principle that

u, < 0, for (x,t) € Bg x (0,T) N {r > 0}.
Proof of (ii):
Set v = wuy, by
v e C*(Bg x (0,T))NC(Bg x [0,T)).
Clearly, v satisfies

vy = Av + f (u)v, (xz,t) € Bgr x (0,T)
v(z,t) =0, (x,t) € 0Br x (0,T),
v(x,0) = Aug + f(up) >0, =« € Bp.

From Proposition [B.1.1] it follows that
v>0, (z,t)€ Brx(0,T).
Moreover, by Proposition [B.1.5] it follows that

— <0, on 0Bgx(0,T).

Proof of (iii):

Since the function f(u) = e* is convex on (0,00) (f" (u) > 0,Yu > 0) and
satisfies the condition ([2.4)), the solutions of problem (2.6)) blow up in finite time

for large initial function. On the other hand, from the comparison principle

B.1.2 it is easy to see that if u*, u are classical solutions (starting from ug) to

problems (2.6)) and (2.1]), where f(u) = u?,p > 1, respectively, then

u*>wu, in Bpgrx(0,T).

It is well known that x = 0 is the only blow-up point to problem ({2.1), ,
where f(u) = uP. Therefore, the blow-up solutions of problem ({2.6)) with ([2.2]),

blow up at = 0. Thus (iii) holds.
Remark 2.1.2. Since u > 0 in By x (0,T), we have

e =" in B x (0,T).
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2.1. The Semilinear Heat Equation

2.1.2 Pointwise Estimates

This subsection considers the pointwise estimate of the solutions of problem
(2.6) with , which shows that the blow-up cannot occur if x is not equal to
zero. In order to prove that, we need first to recall the following lemma, which
has been proved by Friedman and McLeod in (p. 428, [24]).

Lemma 2.1.3. Let u be a blow-up solution of problem with . Also
suppose that

uor(r) < —=dr,  for 0<r <R, whered > 0. (2.9)

Consider F € C?*(0,00) N CY([0,00)), such that F is positive in (0,00) and
satisfies
F',F">0 in(0,00). (2.10)

Also if it satisfies with f the following condition,
fF—fF >2FF in (0,00). (2.11)

Then the function J = r"tu, +er"F(u) is nonpositive in Br x (0,T) for some

e > 0.

Proof. Set z = r"lu,, c(r) = er™.

Since

u, € C*1((0,R) x (0,T))NC([0,R] x [0,T))
and F' € C?*(0,00) N C*([0,0)), it follows
J € C*((0,R) x (0,T))NC([0,R] x [0,T)).

By using ([2.8)), a direct calculation shows

n—1
Jy +

Jo=Jw = f(u)z+cF [+ Mcmr

n—1

+ ¢CF— cF"uz —2¢F'lu, —c'F = B.

r
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2.1. The Semilinear Heat Equation

Using u, = z/r" ! and z = —cF + J, it follows that

’ ’ 03 " 2CC/ ’
B o= b —cf P~ fF) = 5 F F 4 S F
— , — 2 / "
ol Aoy e
r r"
Where -
/ 2 _1 / 2 F 4 !

rn rin=

when ¢ = er™.

Clearly, b is a bounded function for 0 <r < R, 0 <t <T* < T.

Thus
1
T4 T~ b <0, (rt) € (0,R) x (0,T)
provided
, .2 2n—1) p -1, F
fF—fF — CIFF—%LCFFjL(C—n c)—>0
rn- rn r C

Since ¢ = er™, and with choosing € small enough the last inequality becomes

/

f(w)F(u) — f(u)F (u) > 26F(u)F (u), in (0,R) x (0,T).

From (2.11)), it is clear that the last inequality holds.

Since u; > 01in (0, R)x(0,T") and from the zero Dirichlet boundary condition,
it clear that
ur(R,t) <wup(R), te(0,T).

Thus

J(R,t) < R" ug,(R) +eRF(0)] < R"[-0 +ecF(0)] <0, te(0,T),
J(r,0) = 7" ug, (r) + er F(ug(r))] < r"[—6 + eF (up(r))] <0,

provided
4]

max(oﬂ] F(UO) ’

e <

Morevor, J(0,-) = 0.
From above and Proposition [B.1.3] it follows that

J <0, in [0,R]x(0,7).
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2.1. The Semilinear Heat Equation

Hence
J <0, in Bgrx(0,7T).

O
The last lemma has been used in [24] for the cases where the reaction term

is of power or exponential type functions, to prove that the blow-up can only

occur at a single point. The next theorem extends these results to the problem

[26) with 22).
Theorem 2.1.4. Let u be a blow-up solution of problem (@) with . Also
suppose that ugy satisfies . Then x = 0 is the only blow-up point.
Proof. Let
Flu)=¢e™", 0<d<1.

It is clear that F' satisfies (2.10). The next aim is to show that the inequality

(2-11) holds.

A direct calculation shows

f)Fu) — fu)F'(u) = puP~le@+Du _ spyp=te(+on (2.12)
= puP eI ).

On the other hand,

26 F (u)F (u) = 2e6puP ™ (2.13)
From (2.12)), (2.13) it is clear that (2.11)) holds true provided &,0 are small

enough.

Thus, by Lemma [2.1.3
J = Tnilur + €Tn€5up < 07 (7”, t) < (07 R) X (O’ T>’

or

— ;;; > er. (2.14)

Let G(s) = [ -3%.

S
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2.1. The Semilinear Heat Equation

It is clear that

d d [ du d " du d [ u U
e O ) iy RCCTC Ry (e S Ry
dr (u(r, 1)) dr /u edu? dr /Oo eduP du / eour W eduP

Thus, by (2.14)), we obtain

G(u(r,t)), > er.
Now, integrate the last equation from 0 to r
1
G(u(r,t)) — G(u(0,t)) > 557"2.

It follows X
G(u(r,t)) > 557‘2. (2.15)

If for some r > 0, u(r,t) — oo, as t — T, then G(u(r,t)) — 0, as t — T, a
contradiction to ([2.15). O

Remark 2.1.5. Under the assumptions of Theorem [2.1.4] it follows from ({2.15))
that the upper pointwise estimate for problem ({2.6) with (2.2 takes the fol-

lowing form

u(r,t) < log C + §1og<§|>, (2,) € By, \ {0}  (t0, T),

where Ry € (0, R) and ¢ty € [0,T) such that u(Ry, %) > 1.

2.1.3 Blow-up Rate Estimates

The following theorem considers the upper bound of the blow-up rate for prob-
lem (2.6) with (2.2)), following the procedure used in [24].

Theorem 2.1.6. Let u be a solution of (@ with and (@), which blows

up in finite time T. Then there exists a positive constant C' such that

w(0,1) < log C' — ]%log(T —1), te(0,T). (2.16)
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2.1. The Semilinear Heat Equation

Proof. Define the function F' as follows,
F(z,t) =w —af(u), (x,t) € Bgx(0,T),

where f(u) =e*, a > 0.

Since F € C*'(Bgr x (0,T)) N C(Bg x [0,T)), a direct calculation shows

F, — AF = utt—aflut—Aut~l—aAf(u),
= uy — Ay — af [uy — Aul +oz|Vu|2f”,
= f/ut—ozflf(u)—i-oqu\Qf”.

Thus
F,— AF — f'(u)F = a|Vul’f" >0, (x,t) € Bg x (0,T), (2.17)

due to f"(u) > 0, for u in (0, c0).
Since f' is continuous, f'(u) is bounded in By x [0,1], for t < T.

By Lemma [2.1.1}, w;(z,t) > 0, in Bg x (0,7, and since u blows up at z = 0,
there exist k > 0, e € (0, R), 7 € (0,7) such that

u(z,t) >k, (v,t) € B, x [1,7T).
Also, we can find a > 0 such that u;(x,7) > af (u(z, 7)), for x € B.. Thus

F(xz,7) >0 for x € B.. (2.18)

On the other hand, because of u blows up at only x = 0, there exists Cy > 0
such that
flu(z,t)) < Co< oo, in 0B:x(0,7T),

If we choose « is small enough such that £ > aCjy, then we get

F(z,t) >0, (x,t)€0B. x [r,T), (2.19)

By ([2.17), (2.18), (2.19) and Proposition [B.1.1] (starting from 7 instead of
0), it follows that

F(x,t) >0, (z,t) € B.x (7,T).
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Thus
u(0,t) > ae” O for T<t<T. (2.20)

Since u is increasing in time and blows at T, there exist 7* < 7 such that
1
u(0,t) > pe=0  for 7" <t<T,

provided 7 is close enough to 7', which leads to

e’ Ot > pu®t) o < < T (2.21)
From ([2.20)), (2.21)), it follows that
u(0,t) > aeP Ot for <t <T. (2.22)

Integrate (2.22) from ¢ to T’
T
/ (0, £)e 7O > o(T — p).
t

Thus

1
— ];e—f’“@’t)ﬁ > ofT —t). (2.23)
Since

u(0,t) = co, e POV 50, as t—T,
the inequality (2.23]) becomes

1

Thus
ePul(0,t) (T B t) <Cr, O = 1/(pa), t e [7’, T)

Therefore, there exist a positive constant C' such that
1
u(0,t) <logC — —log(T —1t), te(0,T).
p
m

Remark 2.1.7. Depending on the size of the initial data, at a large time
enough, the solution of problem is larger than or equal to the solution
of problem , where f(u) = eP*) and this can be shown by the compari-
son principle [B.1.2l However, from Theorem [2.1.6, we observe that the two
problems have the same upper blow-up rate estimate .
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2.2. Coupled Systems of Reaction Diffusion Equations

2.2 Coupled Systems of Reaction Diffusion

Equations

In this section, we consider the system of two semilinear heat equations with

zero Dirichlet boundary conditions defined in a ball:

w=Au+ f(v), v,=Av+g(u), (x,t)e Brx(0,7),
u(z,t) =0, v(x,t) =0, (x,t) € 0Br x (0,7, (2.24)
u(z,0) = ug(x), v(x,0) = vo(x), x € Bp,

where f,g € C'(R) N C*(R\ {0}), are positive and increasing superlinear
functions on (0,00), 1/f,1/g are integrable at infinity, moreover, the functions
g, f and ¢" are positive in (0,00), ug and vy are smooth, nonnegative,
radially nonincreasing functions, vanishing on 0 B, this means they satisfy the

following conditions:

uo(x) = uo(lz]), vo(z) = vo(|z]), = € Bg,
up(z) =0, vo(z) =0, x € OBg, (2.25)
uor(|z]) <0, vor(|z]) <0, x € Bp.

Moreover, we assume that they satisfy the following conditions
Aug+ f(vg) >0, Avg+ g(ug) >0, Vz € Bg. (2.26)

According to [11], the problem (2.24]) has been formulated from physical models
arising in various fields of applied sciences, for example, in the chemical reaction
process, the chemical concentration and the temperature are governed by a

coupled system of reaction diffusion equations in the form of ([2.24)).

The problem of a semilinear parabolic system defined in a ball was intro-
duced in |11} 23] 43, [61]. For instance, in [23] Friedman and Giga have studied
the blow-up solution to the system (12.24)) in one dimensional space, namely

Uy = Uge + f(V), V=V +g(u), (x,t)€(—R,R)x(0,7T),

where f, g are positive, increasing and superlinear functions, and wug, vy are

defined as in ([2.25) and suitably large. It was proved (under some assumptions
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on f,g), that the blow-up to this problem occurs at only a single point. They
have studied as examples of their results, two special cases of f, g; firstly, the

power model
f)=vplP~ g(u) = ulu|™", p=q, (2.27)

secondly, the exponential model

f(u) = Ae", g(u) = Be" A,B>0. (2.28)

Recently, in [61], it has been considered the positive solutions to problem
(2.24) in general dimensional space, where f, g are of power type functions,

namely
uw=Au+v", v, =Av+u?, (z,t) € Bpx(0,T) p,q>1. (2.29)

For this problem, it was proved single point blow-up for the radially decreasing
solutions. Moreover, it was shown that the lower pointwise estimates for the

final blow-up profiles take the forms

u(z, T) > e, o(,T) > e,
where
p+1 qg+1
o= , pB= )
pq—1 pq—1

On the other hand, the blow-up rate estimates for this problem have been
considered by many authors (see for instance [11]), it was shown that if the
condition ([2.26) is satisfied, then the upper (lower) blow-up rate estimates take

the following forms:
a(T—1t)" <u(0,t) < (T —1t)"% te€(0,7),
cs(T — )77 <u(0,t) < ey(T—1t)7, te(0,7).

Similar results were obtained for the second special case of problem ([2.24)),

where f, g are of exponential type , namely

up = Au + eP?, v =Av+e?,  (z,t) € Bgx(0,T), p,q>0. (2.30)
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For this problem, it has been shown in [I1] that the only blow-up point is x = 0

and the blow-up rate estimates take the following forms:
log e —loglg(T — t)] < qu(0,t) <logC' —log[q(T —t)], te€ (0,T),
log c —log[p(T' — t)] < pv(0,t) <logC' —log[p(T' —t)], t€(0,T).

The aim of this section is to study some conditions under which the blow-up
in problem ([2.24)) occurs only at a single point, furthermore, to derive a formula
for the upper (lower) blow-up rate estimates under some restricted assumptions
on f,g. Finally, the special case, where f, g take the forms as in (2.28)) (the so
called Ignition system, [T1]), will be studied in general dimensional space as an

example of the results of this section.

2.2.1 Preliminaries

Since f, g are C' functions, which means they are locally Lipschitz functions,
the local existence of the unique classical solutions to problem is guar-
anteed (see [40]). On the other hand, it is well known [27, 28] that T' < oo for
a large class of functions f, g, when the initial data (ug,vy) are suitably large.

Moreover, since (2.24)) is coupled system, only simultaneous blow-up can occur.

The next lemma shows some properties of the classical solutions of problem
(2.24) with (2.25)). We denote for simplicity u(r,t) = u(zx,t), v(r,t) = v(x,t).

Lemma 2.2.1. Let (u,v) be a classical solution to the problem , [2:25).
Then

(i) w andv are positive and radial, u, < 0, v, < 01in [0, R)x(0,T). Moreover,
ur <0, v, <0in (0,R] x (0,7).

(ii) ug >0, v, >0, (z,t) € Bgx(0,7T).
(iii) If (u,v) is a blow-up solution, then x =0 is a blow-up point.
Proof. The proofs of (i) and (ii) are similar to the proof of Lemma with

using some of maximum principles from Appendix B, for parabolic systems.
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2.2. Coupled Systems of Reaction Diffusion Equations

From (i) we conclude that the blow-up sets for u and v coincide with some
intervals [—a, a] and [—b, b] respectively, where a,b < R. This means, the blow-

up set for (u,v) contains r = 0. Thus (iii) holds. O

2.2.2 Blow-up Set

In this subsection we show under some assumptions that the only possible

blow-up point to problem ([2.24)), (2.25) is = = 0.

Theorem 2.2.2. Let (u,v) be a blow-up solution of problem with (2.25).
Suppose that

uor(r) < =07, vor(r) < =dor  for 0 <r < R, where §;,0o >0. (2.31)

If there exist two functions F,G € C*([0,00)) such that F,G are positive in
(0,00) and their first and second derivatives are nonnegative in (0,00), more-
over, they satisfy with f, g the following conditions

/OO dv < 00 v _du < oo, for s>0
s F) CJe G ’ ’

—~
<
N~—

!
—~
4
SN~—
|
~~
—
<
N~—

@

:(u) > 25G(u)g’(u), zn (0, R) x (0,7T), } (232
(v) > 2eF(v)F (v), n (0,R)x (0,7),

Q ~
—
£
=
S
~—
|
Q
—
£
T

for some € € (0,1), then the blow-up set has only one point x = 0.

Proof. We follow the procedures of Friedman and McLeod used in [24] for the
scalar problem ([2.1)).

Since both u and v are radial, we denote for simplicity
u(r,t) =u(x,t), wv(rt)=v(x,t).

Clearly, the system ([2.24]) can be written as follows:

w =+ 2+ f(0), (rt) € (0,R) x (0,T), } (2:33)

Ut - /U’/'T + n_lvT +g(u)7 (r7 t) E (O’ R) X (07T)'

T
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2.2. Coupled Systems of Reaction Diffusion Equations

Set
Jy = 1" +er"Gu),  Jy=r""tu, +er"F(v).

By parabolic regularity results

Uy, v, € C*H(0,R) x (0,7)) N C([0, R] x [0,T)).
Since F, G € C?([0,00)),

Ji, Jo € C*1((0,R) x (0,T)) N C([0, R] x [0,7)).

Denote for convenience

Thus
Ji =wy +c(r)G(u), Jo=wy+c(r)F(v).

A direct calculation shows

Wit :Tnilurta
Wiy :Tn_lurr + (TL - 1)rn_2ur7
Wiy =1 My 4 (0 — 1)1 20y + (0 — 1) (0 — 2)r" 30,

+ (n — 1)r" 2u,,.

This leads to

—1
n Wiy — Wie = 7" e+ (0 — D" 2y, + (0 — 12",

w1 +
n—1 n—2
=" Uy — (0 — 1)y

—(n—1)(n—2)r"3u, — (n — 1)r" u,,.

From ([2.33)), it follows that

Uppy = Uty —

Thus
n — 1 ’
Wiy — Wiy = waf (V).

W1t +
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2.2. Coupled Systems of Reaction Diffusion Equations

In the same way we can show

n—1 ’
Woyr — Worr = W1 g (u)

Wy +

Also it is clear

[e(r)G(u)], = C(T)G/ (w)uy = er"G () (upr + n u, + f(v)),

[e(r)G(u)], = er"G (w)u, + enG(u)r"

[e(r)G(w)], = e(n — D)r" G (w)u, + en(n — 1)G(u)r" 2,
[c(r)G ()] = er™(G (W)ttyy + u2G" (u)) + G (w)u,nr™
+enG(u)(n — 1)r" 2 + enr™ G (u)u,.

From above, it follows that

n —

- L = Jw = £ (0)l s — e F(0)] 4+ &G (u) F(0)

Jie +
— 2eG (w)[r" ] — er"G

1

Using the relation " 'u, = w; = J; — er"G(u), we obtain

n —

1 /
J1t + Jlr — Jlrr S f (’U)[JQ — STnF(’U)]

r

+erG (u) f(v) — 26G (W)[J; — er"G(u)]
Thus

n —
Jir +

1
Jhn — Jlr,« — le — CJQ S —67””]‘.], (234)

r

where

’

H = F(o)f (v) = f(0)G (u) — 26G () ().

From our assumption (2.32), it follows that H > 0 in (0, R) x (0, 7).
Thus

n —

1
Jie + Jip — Jipr — b1 — ey < O, (I,t) < (O, R) X (O,T)

r

where, b = —2¢G (u),c = f (v).
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2.2. Coupled Systems of Reaction Diffusion Equations

In the same way we can show that

n —

1
Jgt + ; JQT — JQW — dJQ — th < 0, (l’,t) c (0, R) X (O,T),

where, d = —2¢F' (v),h = ¢ (u).

Clearly, ¢, h,d and b are bounded functions on (0, R) x [0,¢] for any fixed
t € (0,T), moreover, ¢, h > 0.

Also,
Jl([),t) == JQ(O,t) - 0, t e [O,T)
By (2.31)), we obtain

J(1,0) = 7" Hug, (1) + erGug(r))] < "6, + eGlug(r))],

Jo(r,0) = " g, (1) + erF(vo(r))] < 1[0y + eF (vo(r))].
Since wu, v are increasing in time in the domain Bg x (0,7"), it follows that
u > ug,v > v, (x,t) € Brx(0,T),

and from the zero Dirichlet boundary conditions, it is easy to see that

ur(R,t) <wup(R) <0, wv.(R,t) <wvp(R) <0, te(0,7T).

Thus

Ji(R,t) < R" Mug,(R) +erG(0)] < R"[~6, +eG(0)],
Jo(R,t) < R" uo,(R) 4+ erF(0)] < R"[—6, + eF(0)],

Y

te(0,7)
te(0,7).

Therefore, each of the functions Ji(r,0), Jao(r,0), Ji(R,t), Jo(R,t), are non-
positive, for r € (0, R), t € (0,T), provided

) 01 9o
e < min{ : }.
max o,z G (o) maxo,g £'(vo)

From above and Proposition [B.2.1] it follows that

Jl, J2 < O, (.I',t) € BR X (O,T) (235)
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2.2. Coupled Systems of Reaction Diffusion Equations

Define

* du < dv
G*(s) = —.  F*(s) = )
9=/ Gw "O=/ 7
From ([2.35)), it follows that

Clearly,

Lo =4 [yt [ = -

oo

Thus
G*(u(r,t)), > er.

Now, integrate the last equation from 0 to r

67“2.

G*(u(r,t)) — G*(u(0,t)) >

DO | —

It follows that )
G*(u(r,t)) > 5&?7’2.

In the same way we can show that

1
F*(v(r,t)) > 557"2.

(2.36)

(2.37)

If for some r > 0 u(r,t) — oo or v(r,t) — oo as t — T, then G*(u(r,t)) — 0

or F*(v(r,t)) — 0 as t — T, a contradiction to (2.36)), (2.37).

[]

Remark 2.2.3. Theorem implies that any point x # 0 does not belong
to the blow-up set. Therefore, under the assumption of Theorem the

blow-up set of the problem ([2.24]), (2.25) has only a single point x = 0.

In section [2.2.4 we study an example for the assumptions assumed in the

last theorem.

2.2.3 Blow-up Rate Estimates

The following theorem considers the lower (upper) bounds on the blow-up rate
estimates for problem ([2.24), (2.25) with some restricted assumptions on f, g.
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2.2. Coupled Systems of Reaction Diffusion Equations

Theorem 2.2.4. Let (u,v) be a solution to . (2-25), which blows up at
only one point (x =0). Assume there exsits v > 1 such that

glu) <vf(v), f(v) <vg(u), (x,t) € Brx(0,T). (2.38)

Then there exist positive constants cq, co,c3 and ¢4 such that

Gt (T —t) <u(0,t) <Gy e T — 1), te€(0,T), (2.39)
Fil (es(T —t) <v(0,t) < Fy Y ea(T —t)), te(0,7), (2.40)

where
Gi(s) = /:o %, Fy(s) = :O %. (2.41)

Proof. We first consider the lower bounds.

Set
U(t) =u(0,t), V(t)=wv(0,t), tel0,T).

Since (u,v) attains its maximum at x = 0, we obtain
AU(#) <0, AV()<0, 0<t<T.
From it follows that
Ut) < f(V(t), Vi(t)<g(U(t)), 0<t<T. (2.42)
From and , it follows that
Ui(t) <vg(U(1)), Vi) <4 f(V(H), 0<t<T.

Thus

U(t) Vi(t)
gU@) =7 Fway ST 0<teT (243)
Clearly,
CdGi(w(0,t) _ d [ du —_d [T (dujdt) . d "
it 0t Juor 9(0.0) ~ dt ), a(u(0.0)™ dt/Tgm(o,t))dt’

which leads to
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2.2. Coupled Systems of Reaction Diffusion Equations

where G defined as in (2.41)). From the last equation and equation ([2.43)), it

follows that

< 0<t<T. 2.44

Integrate (2.44) from ¢ to T’

Clearly, G1(u(0,7T)) = 0.

Thus
Gi1(u(0,t)) <~(T —t), 0<t<T.

Since (G is decreasing, by the last equation
u(0,t) > G ((T —t), 0<t<T.
For v in the same way we can show that

v(0,t) > F7*(y(T —t)), 0<t<T.

Next, we consider the upper bounds.

As in the proof of Theorem [2.1.6] define the functions @, H as follows
Qz,t) =uw —0f(v), H(x,t)=v, —0g(u), (z,t)€ Bgrx(0,T),
where 6 > 0. By parabolic regularity, we have
ug, v, € C*Y(Bg x (0,T)) N C(Bg x [0,T)),
and since f, g € C%(0,00) N C([0,00)), it follows that

F,G € C*(Bg x (0,T)) N C(Bg x [0,7)).

A direct calculation shows

Qr —AQ = uy — Hflvt — Auy + A f(v),
= Uy — Aut — Gf/[vt — AU] + 9|VU|2fH,
= fo—0fg(w)+0|Volf".
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2.2. Coupled Systems of Reaction Diffusion Equations

Thus
Qi —AQ — f(v)H =0|Vu|’f >0, in Brx(0,T),

due to f” is a positive function in (0,00). In the same we can show that
H,— AH — g (w)Q = 6|Vul|’g >0, in Bgx(0,T).

Since f', ¢ are continuous functions, f (v), g (u) are bounded in By x [0, ] for
t<T.

By Lemma [2.2.1], us,v; > 0, in Bg x (0,7, and since u, v blow up at x = 0,
there exist k1 > 0,ky > 0, ¢ € (0, R), 7 € (0,T) such that

Ut(l',t) Z kl) Ut(xat) Z kQa (I’,t) € Ea X [Ta T)
Also, we can find 6 > 0 such that
u(z,7) > 0f(v(x, 7)), v(x,7) > 0g(u(z, 7)), forz e B..

Thus
F(z,7) >0, G(z,7) >0 forxz € B..

Since, u, v blow up at only x = 0, there exists C,Cy > 0 such that
flo(z,t)) < Cp < o0, glu(z,t)) < Cy <oo, in 9B.x (0,T),

If we choose 6 is small enough such that

bk

0 < mln{ Cl ) ?2}7

then, we can get
F(z,t) >0, G(z,t) >0 (2,t) € 9B. x [1,T),

From above and by Propositionm (starting from 7 instead of 0), it follows
that

F(z,t) >0, G(z,t) >0 (x,t) € B. x (1,T).
This leads to

u(0,t) > 0f(v(0,t)), v, >0g(u(0,t)), for 7<t<T. (2.45)
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2.2. Coupled Systems of Reaction Diffusion Equations

By ([2.38)), we obtain

>

u(0,t) > —g(u(0,t)), v > Qf(v(O,t)), T<t<T. (2.46)

2
2

Since
B dG1(u(0,t))  u(0,1)

dt - g(u(0,1))
From ({2.46)) and the last equation, it follows that

_dGw0.t) L8
dt vy
Integrating the last inequality from ¢t to T
r 6
/ —dG1(u(0,t)) = G1(u(0,t)) — G1(u(0,T)) > ;(T —1t).
t
Thus 0
Gi(u(0,t)) > =(T —t), 7<t<T. (2.47)
Y

Since (G is decreasing, from , it follows that
u(0,1) < Gl‘l(%(T —1), 7<t<T.
Thus, there exist ¢, > 0 such that
u(0,t) < Gyl ex(T — 1), 0<t<T.
Similarly, we can find ¢4 > 0 such that
v(0,t) < Fy ' (es(T —1), 0<t<T.
O

In next section, we study an example for the assumptions assumed in the

last theorem.
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2.2. Coupled Systems of Reaction Diffusion Equations

2.2.4 The Ignition System

Theorems [2.2.2] and [2.2.4] can be applied to a large class of functions f,g,

including the following forms

f(v) = Ae”,  g(u) = Be", (2.48)

where A, B are positive constants. To show that the condition (2.38]) holds for
such type of system, we prove the following lemma, which has been proved in

[23] for one dimensional space.

Lemma 2.2.5. Let (u,v) be a nontrivial solution to problem . (2-23),
where f, g take the forms of . Then there exist M > 1 such that

e’ < Me", e*<Me’, (x,t)€ Brx(0,T). (2.49)
Proof. Define
J=Me"—¢€", (x,t)€ Bpx(0,T).
Clearly, J € C?1(Q x [0,T)). A direct calculation shows
Jy = Me"u; — e’vy,
VJ = Me"Vu— Vve’, (2.50)
AJ = Me"Au+ Me*|Vu|*> — e’ Av — e'| Vo).

Thus

J—AJ = Me"[uy — Au) — e'[v, — Av] + €| Vo* — Me* |Vl
= (MA - B)e"™ +€’|Vu|]* — Me"“|Vul. (2.51)

From ([2.50)), we obtain

1

Vu = Vet

[Vve’ + VJ.
This leads to

|Vu|?> = (€| Vv]? + 2"V - VJ + |VJ|?].

M2e2u
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2.2. Coupled Systems of Reaction Diffusion Equations

Therefore, (2.51)) becomes

2v

J,—AJ = (MA- B)e"™ + [¢¥ — A‘Zeu]yvuﬁ
2e" 1
—[Mequ —+ WVJ] . VJ
Since
. 621} o, J
¢ Mev ¢ Mev’

the last equation can be rewritten as follows:
Jy—AJ—=b-VJ—cJ=(MA—-B)e*™ >0, (x,t)€ Bgx(0,T)

provided M > B/A, where

2" 1
b= Vot 5Vl =

e'U
M€U|V1J|2.

It is clear that, ¢ is bounded in By x (0,¢], for t < T.
Moreover, J(R,-) = M —1> 0 and J(-,0) = Me" — e > 0, provided M

is large enough.

From above and Proposition [B.1.3] we deduce that
J >0, (x,t)€ Brx(0,T).

Similarly, we can show that the function H = Me" — e" is nonnegative in
BR X (O, T) [l

The next theorem shows that Theorem can be applied to the ignition
system (problem (2.24)), (2.25)) with (2.48])) with appropriate choice for F,G.

Theorem 2.2.6. Let (u,v) be a blow-up solution to problem . (2-23),
where f, g are given as in (2.48), (uo,vo) satisfies . Then there exist only

a single blow-up point. Moreover, the pointwise estimates take the following

forms:

2 2
u<logC — alog(r), v<logC — alog(r), (r,t) € (0,R] x (0, 7).
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Proof. Let

F(v) =¢e*, G(u) =€, a€(0,1). (2.52)
In order to make use of Theorem we need to show that F, G satisfy the
condition (2.32)).

A direct calculation shows
fF—fG = Ae’[e™ — ae™]. (2.53)

By (2.49) X

e’ > Me“, (x,t) € Bg x (0, 7).

Thus (2.53) becomes
A 1

fF—fG > Me“[mea“ — ae™]
> A[ 1 ] 2au>2 2au_2 GG’
2 7l ale®®™ > 2eqe™™ = 2¢

provided o < %, ¢ is small enough such that

<ALy
— 9M oM« '

3

In the same way we can show that

! ! B 1 /
gG—gF > M[W — a)e*®” > 2eqe®™ = 2eFF (2.54)

provided
B 1
< — —1].
2M aM>
Thus the condition (2.32)) is met. Therefore, according to Theorem [2.2.2] we

conclude that = 0 is the only blow-up point.

€

The next aim is to derive the pointwise estimates. As in Theorem [2.2.2

define the functions G*, F™* as follows

G*(s):/f%, F*@):/ﬁ%, s> 0.

From (2.52)), we get
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Therefore, (2.36]), (2.37) become

1 > 5T—2 1 > gr—Q
ae T 27 e T 727
Thus
e < 2 v 2 (e (0.R] x (0,7)
~ aer?’ ~ aer?’ ’ ’ ’
or

2 2
u<logC — alog(r), v <logC — o log(r), (r,t) € (0,R] x (0,7).
[

The next theorem considers the blow-up rate estimates for problem ([2.24)),

(2.25)), where f, g take the forms of ([2.48)).

Theorem 2.2.7. Let (u,v) be a blow-up solution to ignition system (problem

) , where f,g take the forms of ) Moreover, assume that
(uo, vo) satisfies . Then the upper (lower) blow-up rate estimates take the

following forms
log C —log(T —t) < u(0,t) <logCy —log(T —t), te(0,7),

log C5 —log(T —t) < v(0,t) <logCy —log(T —t), te(0,7),

where C1,Cy, C3 and Cy are positive constants.

Proof. Define the functions G, F as in Theorem [2.2.4] as follows:

< du * dv
Gl(s):/ Bow’ Fl(s):/ Aevds.

It is obviously that

Moreover,
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Therefore, from ([2.39) it follows that
—log(Bey (T —t)) < u(0,t) < —log(Beo(T —t)), te(0,T).
Thus, there exist C', C; > 0 such that
log C7 —log(T —t) < u(0,t) <logCy —log(T —1t), te(0,T).
In the same way, depending on , there exist C3, Cy > 0 such that

log C5 —log(T —t) < v(0,t) <logCy—log(T —t), te€(0,7).
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Chapter 3

Neumann Problems for Heat

Equations

The problems of heat equation with nonlinear boundary conditions have been
formulated from many physical models arising in various fields of the applied
sciences, for example, in the chemical reactions, heat transfer and population
dynamics. Also the problem of two heat equations coupling the nonlinear
Neumann boundary values, describes some cross boundary flux. See [50] and

the references therein.

The main objective here is to establish estimates on the blow-up rates and
find the blow-up set for such type of problems defined in a ball. In the first
section of this chapter we consider the scalar problem, while the problem for
the system is studied in section two. The nonlinear boundary conditions, which

we consider in this chapter are the exponential of power type functions.
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3.1 The Heat Equation with a Nonlinear Bound-

ary Condition

In this section we consider the problem of the heat equation with a nonlinear

boundary condition, namely

u = Au, (x,t) € Bg x (0,7,
Su = f(u), (z,t) € 0Br x (0,T), (3.1)
u(z,0) = ug(x), x € Bp,

where f € C1(R) and is positive increasing function in (0,00), ug is smooth,

nonnegative, radial function and satisfying the compatibility condition

ou
8_7]0 = flug), =€ B (3.2)
Moreover, it satisfies
Aug >0, wug(|z]) >0, x € Bg. (3.3)

The problem of heat equation with nonlinear Neumann boundary conditions
defined in a ball, has been introduced in [9, 16} I8, [34]. For instance, in [34]
it has been shown that if f is nondecreasing and 1/f is integrable at infinity
for u > 0, then the blow-up occurs in finite time for any positive initial data
ug (not necessarily radial), moreover, if f is C%(0,00), increasing and convex

in (0,00), then blow-up occurs only on the boundary.

For the special case of problem (3.1, where f(u) = w|u[P™!, it has been
proved in [I6] that for any ug, the finite time blow-up occurs, where p > 1, and
it occurs only on the boundary. Moreover, it has been shown in [I8] [36] that
the upper (lower) blow-up rate estimate take the following form

CUT — )70 < maxu(z,t) < Cy(T — )70, ¢t e (0,T).
rEBR

In [9], it has been considered the second special case of problem ([3.1)), where
f(u) = €*, in one dimensional space defined in the domain (0,1) x (0,7, it

has been proved that every positive solution blows up in finite time and the
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3.1. The Heat Equation with a Nonlinear Boundary Condition

blow-up occurs only on the boundary (z = 1). Also, the upper (lower) blow-up

rate estimates take the following forms

CUT — )2 < e < Cy(T —t)7V2, 0<t<T.

This section is concerned with the blow-up solutions of problem (3.1f), where

f(u) = e p > 1, namely

Uy = AU, (Ilyt) S BR X (OJT)J
g_;; — 6u\u|p—1’ (%,t) c SR % (O,T), (34)

u(z,0) =up(x), € Bg.

We prove that the upper blow-up rate estimate takes the following form

1
max u(z,t) <logC — —log(T —t), 0<t<T.
Br 2p

3.1.1 Preliminaries

The local existence of the unique classical solutions to problem (3.1)) is well

known from the next theorem, which has been proved in [34].

Theorem 3.1.1. Let f € C! and let ug € C***(Bg), where o € (0,1), satisfies
the condition .Then there exists T* > 0 such that problem admits
a solution u € C*T1+/2(Bp x [0,T*]). Moreover, there is a unique mazimal

solution. If f is bounded in C*(R), there exists a solution for any T > 0.

The following lemma shows some properties of the solution of problem (3.1}).

We denote for simplicity u(r,t) = u(z,t).
Lemma 3.1.2. Let u be a classical unique solution to problem .Then
(i) u > 0, radial on By x (0,T). Moreover, u, >0, in [0, R] x [0,T).

(ii) w; > 0 in Bg x (0,T). Moreover, if Aug > a > 0, in Bg, then u; > a, in
B x [0,T).

(iii) For f(u) = e, u blows up in a finite time and the blow-up occurs only

on the boundary.
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Proof of (i):

We can show that u > 0 in By x (0,7, by just applying Proposition m
to problem , or alternatively, by the following proof, which has been given
in [34].

Let 6 > 0, and

ull oo Brxior—sy) < M.

Let f* € C! be a bounded function such that
Fu) = flw), 0<u<M+1

and f* > 0in R'\ {0}. Let v be the global solution to problem (3.1 with f
replaced by f*.

We claim that v > 0. In fact suppose v attains a negative minimum in
Bprx [0,T—6). As it is a solution of the heat equation it should be attained at
the parabolic boundary point. As ug > 0 there should exist xq € dBg,ty > 0
such that

v(xg,tp) = min v,
BR><[0,T76)

Thus 5
0> a—z(xo,to) = f(v(z0,t)) > 0.

This a contradiction and thus v > 0.

Now, we claim that
v=wu, in By x|[0,T—0),
if not, let 0 < 79 < T — 6 be such that
v=u in Bgx|0,7).

By continuity,
v<M+1 in Bgx(0,7+¢).

Thus
ff=f in Brx|[0,7+e).
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By uniqueness v = u in By x [0, 7 + ¢). Therefore, u = v in B x [0,T — 0).
Thus
u>0, in Bgx][0,T—04).

We claim that
u >0, in Bgx(0,T—90).

If u=0 at (zg,t9) € OBr x (0,7 — §) it would be a minimum of v on By x
(0,7 — 0). Thus

ov
8_77(230’750) < 0.
On the other hand 5
v
a—n(l‘o, to) = f(u(l'o, to)) > 0.

Thus v > 0 on 0B x (0,7 — §). As u is a solution of the heat equation it

cannot attain interior minimum without being constant. Therefore,
u>0, in Bgx(0,T—0).
As ¢ is arbitrary, thus

uw>0, in Bgx(0,7).

Now, we prove that w is radial. Let x € Bg, and z’ be a rotation of z given

by #' = Az, where A = (a;;) is an orthogonal matrix, that is
AAT = ATA=1T.

It is well known that the solution of heat equation is invariant under rotations
(see [34]), therefore, each of u(x,t), u(x,t) is a solution of problem (3.1)) at the
point  with the initial conditions ug(x), uo(z") respectively. Since |z| = |z

(from the properties of orthogonal matrix) and wy is radial, we obtain

!/

up(z ) = up(x).
But, for any ug, the problem has a unique solution, therefore

u(x,t) = u(z, 1),
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which means that u is radial.
The next aim is to show that w, is nonnegative.

Set z(z,t) = u,(r,t). Clearly, z is a solution of

2 — Az + 2512 =0, (x,t) € Bg x (0,7,

2(z,t) = f(u), (x,t) € 0Br x [0,T),
z(x,0) = g, (1), x € Bp.

Suppose that z(x,t) < 0 for some points in Br x [0,T). Let z attends its

negative minimum in Br x [0,T) at the point (zg, o).

Since z(x,0) > 0, to > 0. If xy € Bg, then
AZ(I’(), to) Z 0, Zt(l'(),to) S 0

Thus
(n—1)

r2

0 Z Zt(l'o,to) — AZ([L’O,tQ) = —

If ¢y € OBg, then
0> Z(LL’Q,f()) = f(U(.’Jlfo,to)) > 0.

Clearly, in each of both cases above it follows a contradiction.

Therefore,
z(z,t) >0, in Bgx][0,T).

Proof of (ii):

Set w = wuy. Clearly, w is the solution of the following problem

w; = Aw, (z,t) € Br x (0,T)
ou — f'(uyw =0, (z,t) € 9Br x (0,T),

w(x,0) = Aug >0, x € Bp.

It is well known that this problem has a unique nonnegative solution (see [50],
Theorem 2.1). Moreover, by Proposition [B.1.5 it follows that

w>0, in Bpgx(0,7).
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3.1. The Heat Equation with a Nonlinear Boundary Condition

Next, we consider the case, when Aug > a > 0 in Bpg. We follow the
proof of (Proposition 1.3, [34]).

Since u is a classical solution, Au € C(Bg x [0,T)).

Let 0 < b < a, there exist ¢y > 0 such that € < g9 implies
uy(x,e) = Au(x,e) > b, x € Bp,

which leads to
u(x,e) > u(z,0) + be.

Let
u. = u(x,t +¢) —be

It is clear that wu. is a solution of the heat equation in Bg x (0,7 — ¢),

u.(r,0) > u(z,0) in Bg

and
&(m t) = —u(x t+e)= flu(z,t+¢)) = f(uc(z,t) + be) > f(u(x,t))
8’]7 Y 877 Y ? € ? £ ) °

From Proposition [B.1.6] it follows that
u(x,t) > u(r,t), in Brx (0,T —¢).

This implies that
uw, >b in Bgx[0,7T).
As b < a is arbitrary
u; >a in Bgx[0,T).
Proof of (iii):
Clearly, f(u) = ¢* is C?(0,00), increasing, positive function in (0, 00) and

1/f is integrable at infinity for u > 0, moreover f is convex (f" (u) > 0, Vu > 0).
Therefore, according to the result of [34], it follows that (iii) holds.
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3.1. The Heat Equation with a Nonlinear Boundary Condition

3.1.2 Blow-up Rate Estimates

The following theorem considers the upper blow-up rate estimate for problem

B9).

Theorem 3.1.3. Let u be a blow-up solution to , where Aug > a > 0 in

Bpg, T is the blow-up time. Then there exists a positive constant C' such that

1
maxu(z,t) <logC — —log(T —t), 0<t<T. (3.5)
Br 2p

Proof. We follow the idea of [9], consider the function
F(C(],t) :ut(r7t)_5u72"(rat>7 (I7t) € Br X (07T>

Clearly, F € C*'(Bg x (0,T)) N C(Bg x [0,7)).
By a straightforward calculation

n—1
r2

F, — AF = 2¢( u? +u?) > 0.

Since Aug > a > 0, and ug, € C(Bg),
F(z,0) = Aug(r) — eug,(r) >0, z € Bp.

provided ¢ is small enough.

Moreover,

oF
|x€SR = uT’t(R7 t) - 25UT(R7 t)urr(Ra t)
on

n—1

= (e“p(R’t))t — 2ee’ () (ug(R,t) —
(Blu(R, " = 22)e” Ry (R, ).

ur(R,t))

v

Since
u; >0, on Bgx(0,7T).

Thus

oF
a_n‘xGSR 2 07 S (07T)
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3.1. The Heat Equation with a Nonlinear Boundary Condition

provided
pluo(R)P

5 .
From the comparison principle |B.1.1} it follows that

e <

F(z,t) >0, in Bgx(0,7T),
in particular F'(x,t) > 0, for |x| = R, that is

w (R, t) > eul(R,t) = ee®™ B+ € (0,7).

Since u is increasing in time and blows at T, there exist 7 < T" such that
1
u(R,t) > pe-b for 7<t<T,

which leads to
w(R,t) > e BY -t ¢ [1.T).

By integration the above inequality from ¢ to T, it follows that
T
/ we” PR > o(T — t),
t

So

1 - u
— %e uBONT > o(T —t). (3.6)

Since

u(R,t) = o0, e PUBY 50 as t—T,

the inequality (3.6 becomes

1

—)/2
g = (2pe(T = 1)),

which means
1

2pe’

(T - t)1/26pu(R,t) S

g

Therefore, there exist a positive constant C' such that

1
max u(z,t) <logC — —log(T —t), 0<t<T.
Br 2p
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3.2. Systems of Heat Equations with Nonlinear Coupled Boundary Conditions

Remark 3.1.4. Depending on the size of the initial data, at a large time
enough, the solution of problem is larger than or equal to the solution
of problem , where f(u) = eP*) and this can be shown by the compari-
son principle However, from Theorem [3.1.3 we observe that the two
problems have the same upper blow-up rate estimate (3.5)).

3.2 Systems of Heat Equations with Nonlinear
Coupled Boundary Conditions

In this section we consider the system of two heat equations with coupled

nonlinear Neumann boundary conditions, namely

uy = Au, v = A, (x,t) € Bg x (0,7,
g_:; = f(’l)), g_z = g(“)? (l’,t) € aBR X (OaT)a (37)

u(z,0) = ug(x), v(z,0)=wvy(z), = € Bp,

where f,g € C'(R) N C?*(R\ {0}), increasing functions such that f,g > 0 in
(0, 00), ug, vy are smooth, radial, nonzero, nonnegative functions and satisfying

the compatibility condition

aUO

677 f(l)()), 877 g(uo), T e R ( )
Moreover, they satisfy
Aug, Aug >0, g (|z]),vor(|2]) >0, € Bg. (3.9)

The problem of the system of two heat equations with nonlinear Neumann
boundary conditions defined in a ball was introduced in [10} 11, 44, 46]. For

instance, in [10] it was studied the blow-up solutions to a special case of the

system ([3.7), where
f)y=opP™, gu) =ulu", pg>1 (3.10)

It was proved that for any nonzero, nonnegative initial data (ug,vg), the finite

time blow-up can only occur on the boundary, moreover, it was shown in [44]
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3.2. Systems of Heat Equations with Nonlinear Coupled Boundary Conditions

that the blow-up rate estimates take the following form

¢ <maxu(z,t)(T —t) Ta=T <C, te(0,7),
e
¢ < maxv(z, t)(T — )70 < C, te(0,T).
z€ef)
In [11l 46], it was considered the solutions of the system (3.7)) with expo-

nential Neumann boundary conditions model, namely

flo)=¢€", g(u)=e"™ p,q>0. (3.11)

Also it was showed that for any nonzero, nonnegative initial data, (ug,vg), the
solution blows up in finite time and the blow-up occurs only on the boundary,

moreover, the blow-up rate estimates take the following forms

Cy < MBI — )12 < Gy, Gy < BT —1)2 < (.

In this section, we study the blow-up solutions of problem (3.7)), where f, g

are the exponential of power type functions, namely

u = Au, vy = Av, (x,t) € Bgr x (0,7,
g—z = 61)|7)|17717 g—z = €u|u|qil7 (x’t) & aBR X (0777)7 (312)

u(z,0) = up(x), v(z,0)=wv(x), x € Bg,

for p,q > 1.
We prove that the upper blow-up rate estimates for problem (3.12)) take the

following form

max u(x,t) <logCy — %log(T —t), 0<t<T,
Br

max v(z,t) <logCy — glog(T —t), 0<t<T,
Br

p+1 5: q+1
19

where o« = .
pg— pg—1

Moreover, we show that the blow-up occurs only on the boundary.
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3.2. Systems of Heat Equations with Nonlinear Coupled Boundary Conditions

3.2.1 Preliminaries

The local existence and uniqueness of classical solutions to problem are
well known by the standard parabolic theory [40]. In case of the compatibility
conditions being not satisfied, the local existence and uniqueness also hold
by the following theorem, which has been proved in [58].

Theorem 3.2.1. Let ugy,vo € C%(Br) and nonnegative in Bgr, and positive on
0. Let f and g be strictly positive in R\ {0}, nondecreasing in (0,00) with
f'.g locally Lipschitz continuous in R\ {0}. There exists a unique mazimal
classical solution to problem , (u,v). Let T* = Thax(ug, vo) be the time of
existence of the maximal solution. Then

lim
t—T*

u(s )l e By = 005

lim
t—T*

Remark 3.2.2. Theorem shows that if 7* is finite, then (u,v) blows up

simultaneously.

(s )| e (B, = 00

In the following lemma we study some properties of the classical solutions
of problem (3.12)). We denote for simplicity u(r,t) = u(z,t), v(r,t) = v(z,1).

Lemma 3.2.3. Let (u,v) be a classical unique solution of (3.13). Then

(i) (u,v) blows up in finite time and the blow-up set contains OBg.
(i) u,v are positive, radial. Moreover, u,,v, > 0 in [0, R] x (0,T).
(iii) wug,v; > 0 in Bg x (0,T). Moreover, if Aug > a > 0,Avg > b > 0 in B,

then uy > a,v, > b, in Br x [0,T).

Proof. The proof of (i) follows from the comparison principle (Proposition

B.2.2)) and the known blow-up results of problem (3.7]) with (3.10]).
The proofs of (ii), (iii) are similar to the proof of Lemma [3.1.2] so they are
omitted here. O

Remark 3.2.4. When ug(x) = vg(x), p = g, the problem (3.12)) can be reduced

to a scalar problem discussed in the first section of this chapter.
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3.2. Systems of Heat Equations with Nonlinear Coupled Boundary Conditions

3.2.2 Rate Estimates

In order to study the upper blow-up rate estimates for problem ({3.7]), we need

to recall some results from [22, [44].

Lemma 3.2.5. ([44]) Let A(t) and B(t) be positive C* functions in [0,T) and
satisfy

Ad(t)
- VT =t B ) Zc\/T—t

A(t) — 400 or B(t) — 4+ as t— T,

for tel0,7),

where p,q > 0,c¢ > 0 and pg > 1. Then there exists C > 0 such that
A ST =172, B@) < CT -2 tel0,T),
where o = %,B = z%'

Lemma 3.2.6. ([22]) Let v € Bg. If 0 < a < n — 1. Then there exist C > 0

such that
/ ds, <c
sp |7 =yl

Theorem 3.2.7. (Jump relation, [22]) Let I'(z,t) be the fundamental solu-

tion of heat equation, namely

L el
——— eXpP|——|.
(drt) /D Py

Let ¢ be a continuous function on Sg x [0,T]. Then for any * € Bgr,2° €
Sr,0 <ty <ty <T, for some T > 0, the function

to
U(z,t) = / / I'(z—y,t— 2)p(y, z)ds,dr
t1 SR

satisfies the jump relation

[(z,t) = (3.13)

%U(m,t) — —%gp(mo,t) + (,%U(xo,t), as x — 1°.

Theorem 3.2.8. Let (u,v) be a solution of which blows up in finite time
T. Then there exist positive constants Cy, Cy such that

max u(x,t) <logCy — %log(T —t), 0<t<T,
Br

max v(z,t) < logCy — glog(T —t), 0<t<T.
Br
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3.2. Systems of Heat Equations with Nonlinear Coupled Boundary Conditions

Proof. We follow the idea of [44], define the functions M and M, as follows

M(t) = maxu(x,t), and M,(t) = maxu(z,t).

Br Sr
Similarly,
N(t) = maxv(z,t), and Ny(t) = maxv(x,t).

ER SR
Due to Lemma [3.2.3] both of M, M, are monotone increasing functions, and
since u is a solution of heat equation, it cannot attain interior maximum without

being constant, therefore,
M (t) = My(t). Similarly N(t) = Ny(t).
Moreover, since u, v blow up simultaneously, we have
M(t) — 400, N(t) — +00 as t— T . (3.14)

As in [306, 44], for 0 < z; <t < T and x € Bg, depending on the second

Green’s identity with assuming the Green function:
G(%?J, 21 t) - F('T - y7t - Zl))

where I is defined in (3.13)), the integral equation to problem ([3.12)) with respect

to u can be written as follows

U(il?,t) = / F(CB - yvt - Zl) (y7 21 dy +/ / v () F(‘T - y7 )dsyd
BR SR

— u(y, T —y,t ds,dr,
[ ] tnnga ==,

As in [36], letting x — Sk and using the jump relation (Theorem [3.2.7)) for the
third term on the right hand side of the last equation, it follows that

1
—u(x,t) = / Dz —y,t — z1)u(y, z1)dy + / / PUND (2 — gt — T)ds,d;,
2 Bnr Sk

— u(y, T , ds,dr,
/ZI/SR (y )877 —y,t —T)dsy

forx € Sp,0< z1 <t <T.
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3.2. Systems of Heat Equations with Nonlinear Coupled Boundary Conditions

Depending on Lemma [3.2.3| we notice that u, v are positive and radial. Thus
/ [(x —y,t — z1)u(y, z1)dy > 0,
Br

¢ t
/ evP(yﬂ')F(x —, t— T)dSydT — / evp(R,T) [/ F(.Z’ -, t— T)dSy]dT.
% SR zZ1 SR

This leads to

1 o
Y > /eN <T>[/ D — vy, t — 7)ds,)dr
2 zZ1 SR
! or
- [ MO |5 gt Dldsdr, s€Sp0<n<t<T.
z1 SR any

It is known that (see Ch.5, Lemma 1,[22]) for some o € (0,1) and for any
1 — 3 < p < 1,there exist Cp > 0, such that T" satisfies

or Co 1
e —yt— < .
ar, TS o e

x,y € Sg.

From Lemma [3.2.6, there exist C* > 0 such that

dSy *
/SR |Q§' _ y|(n+1*2N*U) <

Moreover, for 0 < t; < ty and t; is close to ts, there exists ¢ > 0, such that

C

[Nz —y,tys — t)ds, > ——,
/SR ( 2 1) Y /—t2_t1

Thus ¢ () .y
1 P
Yupyse [ g [ MO 4
2 21 \/t_T z1 |t_7—|“
Since
LM tod C
C ") i < o) T = M#)[t — 2|
z1 |t_7—|“ 21 |t_7-|,u 1_:u
C
< ——M@)|T - ="
1—p

it follows that the last equation becomes

—1M e dr — CyM)|T — z |+
t)>c T FM(t z1]
D) () /Z1 T - 1 (>| 1|
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3.2. Systems of Heat Equations with Nonlinear Coupled Boundary Conditions

Similarly, for 0 < zo <t < T, we have

1N F dr — CEN()|T — zo|tH
—N(t) > c T N (t Zolm T F.
9 ()_ /Z2 T, 2 ()| 2’

Taking 2z, 2o so that
CHT — 5 |'* < 1/2, C3|T — =" < 1/2,

it follows
t qu(T)

teNp(T)
M(t) > c dr, N(t)>c
Wze [ Fein NOze[ e

Since both of M, N increasing functions and from (3.14)), we can find 7™ in
(0,T) such that

dr. (3.15)

which leads to

M) > eqM(t), NP () > epN(t)’ T <t<T.

Therefore, if we choose 21, zo in (T, T), then (3.15)) becomes

Mo t epN(7) ; , N t eaM(r) p I
e >c T = t), e >c T = t).
A =l == no

Clearly,
1) = c;;iv_i > \/% I(t) = c\jqfi)t > \/;Ilq_ .
By Lemma [3.2.5] it follows that
Li(t) < Lg, Ly(t) < Lﬁ, t € (max{z1, 22}, 7). (3.16)
(T —1t)2 (T —t)2

On the other hand, for t* = 2t — T (assuming that ¢ is close to T" such that
t € (max{zy, 22},7)), we have

t pN(T) t d

€ * T N

I,(t) 26/ dTZce”N(”/ = 2¢(V2 — DVT — tePN),
o VI —T o7 VI — T
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3.2. Systems of Heat Equations with Nonlinear Coupled Boundary Conditions

Combining the last inquality with (3.16]) yields

NG C 2%64-1)
e < =

T 2(V2—1)(T — )BTt %  2e(v/2 — 1)(T — t) %00

Thus, there exists a constant ¢; > 0 such that
NN — t*)ﬂ%—lU <.
In the same way we can show
eM(t*)(T - t*)ﬂ%—lﬂ < ¢y.
This leads to that there exist C7, Cy > 0 such that

max u(x,t) < logCy — %log(T —t), 0<t<T,
Br

max v(z,t) <logCy — glog(T —t), 0<t<T.
Br

Remark 3.2.9. It is clear that ga, p8 > 1, which leads to
« 1 6] 1

272 27 2p

(3.17)

(3.18)

Therefore, the blow up rate estimates, which have been shown in Theorem
3.2.8| are greater (more singular) than those known for problem ({3.7)), where
f, g take the forms of (3.11)), while they are less (less singular) than those known

for problem (3.7)), where f, g take the forms of (3.10j).

3.2.3 Blow-up Set

In order to show that the blow-up in problem ([3.12)) occurs only on the bound-

ary, we need to recall the following lemma from [46].

Lemma 3.2.10. Let w € C?Y(Bg x [0,T)) and satisfies

wt:Aw7 (ZL’,t) € Bpr X (07T)7
m > 0.

w(z, t) < ﬁ, (x,t) € Sgp x (0,T),
Then for any 0 < a < R,

sup{w(z,t) : 0 < |z|<a, 0<t<T} < 0.
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3.2. Systems of Heat Equations with Nonlinear Coupled Boundary Conditions

Proof. Set
h(z) = (R® = 1°)%, r = |z},
Cy
t pu—
A= i T o)
Clearly,

2 € C*Y (B x [0,T)).

Also, we can show that:

1 2
Ah — w = 8% —4n(R* —r?) — (m + 1)16¢2
> —4nR? — 16R*(m + 1),
Cim (m+1)|Vh|?
Ay — Ap — 2T IV
w- B = g ar g A ey
> Crm (Cy — 4nR? — 16R*(m + 1)).

[h(x) + Co(T = t)Jm+

Let
Cy =4nR* + 16R*(m + 1) + 1

and take (' to be large such that
2(x,0) > w(x,0), x € Bg.
Let Cy > C(Cy)™, which implies that
z(z,t) > w(x,t) on Sgpx[0,T).
Then from Proposition [B.1.2] it follows that
z(x,t) > w(x,t), (v,t)€ Brx (0,T)
and hence
sup{w(z,t): 0< 2] <a,0<t < T}y <Oy (R*—a*)* <00, 0<a<R.
O

Theorem 3.2.11. Let the assumptions of Theorem be in force. Then

(u,v) blows up only on the boundary.
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3.2. Systems of Heat Equations with Nonlinear Coupled Boundary Conditions

Proof. Using equations (3.17)), (3.18))

Do, (R <

DS Ty @0

From Lemma [3.2.10] it follows that
sup{u(z,t) : (z,t) € B, x [0,T)} < C1(R* — a*)™® < o0,

sup{v(z,t) : (z,t) € B, x [0,T)} < Cy(R* — a2)_B < 00,
for a < R.

Therefore, for (u,v), the blow-up occurs simultaneously only on the bound-

ary. O
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Chapter 4

Neumann Problems for

Semilinear Parabolic Equations

The present chapter is motivated by the similarities between the problem ({4.1])
and the two problems , , which we have studied in Chapter 2 and
Chapter 3, respectively, for special cases of f. We know the effect of f as the
reaction term in and as the boundary term in on blow-up properties
of solutions in a finite time. In this chapter we study how the boundary term
and the reaction term affect the blow-up rate estimates and the blow-up sets
for the problems of reaction diffusion equations with nonlinear boundary con-
ditions, defined in a ball. We show that the reactions terms induce important
effects on the upper blow-up rate estimates which become more singular than

those known for the case where the reaction terms are absent.

In section one we consider the problem of heat equation with two exponential
terms; one appears in the equation as a reaction term and the another one
appears on the boundary. A semilinear reaction-diffusion system coupled in

both equations and boundary conditions is considered in section two.
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4.1. The Semilinear Heat Equation with a Nonlinear Boundary Condition

4.1 The Semilinear Heat Equation with a Non-

linear Boundary Condition

In this section, we consider the initial-boundary value problem:
u = Au+ Af(u), (z,t) € Qx(0,7),
g—:‘] = g(u), (x,t) € 02 x (0,T), (4.1)
u(z,0) = ug(x), x €,

where Q is a bounded domain, A € R, f,g € C'([0,00)) N C?*(0,00) are non-

negative functions, ug is nonnegative, radial, smooth function satisfying

— = g(up), x € 0S), (4.2)

Aug + Mf(ug) >0, up(|z]) >0, z€Qp. (4.3)

This problem has been studied by many authors (see for example [5 [70] in
the case of A < 0, and [45] in the case of A > 0). The crucial point of these
works was the question whether the reaction term in the semilinear equation
in (4.1) can prevent (affect) blow-up. For instance, in [5] it has been studied
the blow-up solutions of problem (4.1)), where A < 0 and

flu)=uP, g(u)=u? pqg>1, (4.4)

for n =1 or 2 = Bp. Particularly, it was shown that the exponent p = 2¢ — 1

is critical for blow-up in the following sense:

(i) If p < 2g—1 (or p=2g—1and —\ < q), then there exist solutions, which

blow up in finite time and the blow-up occurs only on the boundary.

(ii) If p > 2¢—1 (or p=2¢—1 and —\ > q), then all solutions exist globally
and are globally bounded.

In [57] J. D. Rossi has proved for the case (i), where n = 1, Q = [0, 1], that
there exist positive constants C,c¢ such that the upper (lower) blow-up rate

estimates take the following forms

c < I[nafcu(-,t)(T — t)2<q1—1> <C, 0<t<T.
0,1
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4.1. The Semilinear Heat Equation with a Nonlinear Boundary Condition

In [45] it has been studied another special case of problem (4.1)), where
A=1, f,gasin ([44), Q= [0,1] or it is a bounded domain with C? boundary.
It was proved that the solutions of this problem exist globally, if and only if
max{p, q} < 1, otherwise, every solution has to blow up in finite time. More-
over, the blow-up occurs only on the boundary. The blow-up rate estimate for
this case has been studied in [45, 57]. For n = 1,Q = [0, 1], it has been shown

that there exist positive constants ¢, C' such that

c < I[na?u(-,t)(T —H)*<C, 0<t<T,
0,1

where a =1/(p—1)if p>2¢—1,and a = 1/[2(¢ — 1)] if p < 2¢ — 1.
We observe that if p < 2¢ — 1, then the nonlinear term at the boundary

determines and gives the blow-up rate, while if p > 2¢q — 1, then the reaction
term in the semilinear equation dominates and gives the blow-up rate.
Later, in [70] it was considered a second special case of (4.1)), where A =
—a,a > 0, f, g are of exponential forms, namely
up = Au —ae,  (x,t) € Qx(0,7),
g_; = et (z,t) € 00 x (0,T), (4.5)
u(z,0) = ug(x), x € ),

where p, q > 0, g satisfies (4.2)), (4.3)).

It has been shown that in case where ) is a bounded domain with smooth

boundary, the critical exponent can be given as follows
(i) If 2¢ < p, the solutions of problem (4.5)) are globally bounded.

(ii) If 2¢g > p, the solutions of problem (4.5) blow up in finite time for large

initial data.
(iii) If 2¢ = p, the solutions may blow up in finite time for large initial data.

Moreover, in case where €2 = Bpg, the blow-up occurs only on the boundary
and there exist positive constants ¢, C' such that the upper (lower) blow-up rate

estimate take the following form

1 1
log C — 2—qlog(T —t) < mgxu(~,t) <logCy — 2—qlog(T —t), 0<t<T.
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4.1. The Semilinear Heat Equation with a Nonlinear Boundary Condition

We note that, the blow-up properties (blow-up location and bounds) of problem
(4.5) are the same as those of problem (4.5)), where a = 0, see Chapter 3.

In this section we study the blow-up solutions of problem (4.1]), where f, g
take the exponential forms as in problem (4.5)), 2 = Bg, namely

up = Au + AeP*, (x,t) € Bg x (0,7,

Q=em, (2,t) € 9Br x (0,T), (4.6)

u(z,0) = ug(x), xr € Bgp,

where p, g, A > 0. We consider the blow-up rate estimates and the blow-up set
for this problem.

4.1.1 Preliminaries

Since f(u) = e, g(u) = €™ are smooth functions and problem is
uniformly parabolic, also ug satisfies the compatibility condition , it follows
that the existence and uniqueness of local classical solutions to problem (|4.6])
are known by [Il 50] or by the standard existence theory [40]. On the other
hand, since f € C*(R), by regularity results (see [22]), we obtain that the

solutions of this problem are smooth in B x (0,7).
In this section we denote for simplicity u(z,t) = u(r,t).

The following lemma shows some properties of the classical solutions to
problem ({4.6)).

Lemma 4.1.1. Let u be a classical solution to problem (@, where ug satisfies

the assumptions , .Then
(i) u > 0, radial in Br x (0,T).
(i) u, >0, in [0, R] x [0,T).
(iii) uw; > 0 in Bg x (0,T).

(iv) w blows up in finite time and the blow-up set contains OBp.
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4.1. The Semilinear Heat Equation with a Nonlinear Boundary Condition

Proof. Set f(u) = AeP", g(u) = e™. As in the proof of Lemma [2.1.1] the result
that w is radial follows from the assumptions (ug is radial) and the uniqueness
of u, while the proof of u is positive in Bg x (0,T) follows from the positivity
of f and g, and that by applying Proposition to problem (4.6)).

To prove (ii), set z(z,t) = u,(r,t). It is clear that z is the solution of the

following problem

2 — Az =[5+ f(u)]z, in Bgx (0,T),

z2(z,t) = g(u), on 0Br x (0,T),

20(z) = ug, > 0, in Bg.
By Proposition [B.1.3] we obtain that

z>0, in Bgx (0,T).

Next, we aim to prove (iii). Set w = u;. By differentiating (4.6 with respect

to time, it follows that

w, — Aw — f'(u)w =0, in Bg x (0,7T),
g—%’ — g (w)w =0, on 0Bg x (0,7T), (4.7)
wo = Aug + f(ug) >0, in Bp.

It is well known that problem (4.7)) has a unique nonnegative solution (see
[50]). Moreover, by applying Proposition to problem (4.7)) yields that

w>0, in Bgx(0,T).

To prove (iv), consider problem (3.1)), where f(u) = e?. Clearly, in this
case, u is a supersolution to (3.1)) (starting with the same initial condition).

Assume that v is the solution of problem (3.1), thus by the comparison
principle B.1.2] we obtain

v(-t) <wul(t), 0<t<T.

It is well known that v has to blow up in finite time and the blow-up occurs
only on the boundary (see Chapter 3), so, u blows up in finite time and 0Bgr
is a subset of the blow-up set of problem ({4.6)). O]
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4.1. The Semilinear Heat Equation with a Nonlinear Boundary Condition

4.1.2 Blow-up Rate Estimates

Since u, > 0, in [0, R] x (0,7, it follows that

maxu(-,t) =u(R,t), 0<t<T.

Br
Therefore, it is sufficient to derive the lower (upper) bounds of the blow-up

rate for u(R,t).

Theorem 4.1.2. Let u be a solution to problem (@, where uy satisfies the
assumptions , , T s the blow-up time. Then there is a positive constant
c such that

log ¢ — %bg(T —t) <u(R,t), te(0,7),

where o = max{p, ¢}.
Proof. Define

M(t) = maxu(-,t) = u(R,t), for tel0,7T).

Br
Clearly, M (t) is increasing in (0, 7)) (due to u; > 0, for t € (0,T), x € Bg). As
n [70], for 0 < z <t < T,z € Bg, the integral equation of problem (4.6|) with

respect to u, can be written as follows

u(z,t) = / [(x—y,t —2)uly, 2 dy+)\//B (x —y,t —7)eP" @ dydr
R

// (x —y,t )eq“(y’T)dsydT

Sr

- / [ o n) 5= vt = sy (48)
z Sr 877?/

where I' is the fundamental solution of the heat equation, which was defined
in (3.13)).

Since u(y,t) < u(R,t) for y € By, the last equation becomes

u(z,t) < u(R,z)/

Br

¢
+/ eq“(R’T)/ I'(z —y,t —7)ds,dr
z SR
or

t
+ uR,T/ —(z—y,t —71) | ds,dr.
[ [ 15 )| ds,
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4.1. The Semilinear Heat Equation with a Nonlinear Boundary Condition

Since u is a continuous function on B, the last inequality leads to

M) < M(z)/ [ — y,t — 2)dy + APM / /BR v —yt — 7)dydr

-I—eth)// (x —y,t —T)ds,dr

SR

Mt// —(z —y,t—71) | ds,dr. 4.9
YR )| ds, (1.9

It is known from (Ch. 5, [22]) and (Ch. 2, [50]) that for 0 < ¢; < to, z,y € R™,

I" satisfies
/ [(x—y,te —tp)dy < 1.
Br

Moreover, there exist positive constants kq, ko such that

k1 1
(tQ _ tl)NO |.CU _ y|n—2+uo 3
or ko 1

—(@—y,ta —t1) |< : 5
any( Yy lo —t1) |< (to — t)#  |@ — y[rt1i-2u-0

F(I_yatQ_tl)S O<,M0<1,

for some ¢ € (0,1), and for any p € (1 —%,1).
If we choose py = 1/2, then by Lemma we deduce that there exist

positive constants dy, ds such that

ds, ds,
/SR ’x _ y’n_2+”0 S d17 /SR |f[,' . y|n+1—2,u—a S d2.

From above, it follows that there exist C, Cy > 0 such that the inequality (4.9))

becomes
M(t) < M(2) +XePMO(t — 2) + CLe®™O\/t — 2 + CoM(t)(t — 2)' 7+
Since t — z < T — z, it follows that
M(t) < M(2) + AePMONT — 2 4+ C1e™OT — 2+ CoM(#)(T — 2) ™+, (4.10)

provided (T — z) < 1.

Clearly,
Mi(t)
eaM(t)

— 0, when t—T.
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4.1. The Semilinear Heat Equation with a Nonlinear Boundary Condition

Thus
M(t)

eaM(t)

Therefore, the inequality (4.10]) becomes

M(t) < M(2) + XM VT =2 4+ Cre™OVT — 2 4 Coe®MOVT — 2,

<(T - z)%_(l_“), for ¢ close to T.

thus there is a constant C* such that
M(t) < M(2) + C*eMOT — 7 2<t<T, tclosetoT.
For any z close to T', we can choose z < t < T such that
M(t) — M(z) = Cy > 0,
which implies
Cy < CreM@+aCo, /T

Thus
Co

CrelaCo)\/T — =

Therefore, there exist a positive constant ¢ such that

< eau(R,z)

1
log ¢ — 2—log(T —t) <u(R,t), te(0,7).
a

]

The next theorem shows similar results to Theorem [4.1.2| with adding more

restricted assumptions on ¢ and ug. However, the proof relies on the maximum

principle rather than the integral equation and it is simpler than the proof of

Theorem 4.1.2

Theorem 4.1.3. Let u be a solution to problem @, where ¢ > 1, T is the
blow-up time, ug satisfies the assumptions , , moreover, it satisfies

the following condition

uor(r) — %euom >0,

Then there is a positive constant ¢ such that
1
log ¢ — 2—10g(T —t) <wu(R,t), te(0,T),
o

where o = max{p, ¢}.
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4.1. The Semilinear Heat Equation with a Nonlinear Boundary Condition

Proof. Define the functions J in C*!(Bg x (0,T)) NC(Bg x [0,T)), as follows:
_ T w(r,t)
J(:U,t)—ur(r,t)—ﬁe , x € Brx(0,T).

A direct calculation shows

J = Uy — }%e“[uw +—u, + ApePt],
r 1
Jr = Uy — —=e"u, — =e",
R R
-1 -1
Jrr - [urt - t Upp + & 2 Up — )‘pepuur]
T
T u u, 2 2 [
——= & Uy + €U, —e Up.
R[ ) R
From above, it follows that
—1 -1 2
Jt - Jrr - t r JT = _nr2 [ur - %eu] + )\pepu[u’/‘ _6u] + %euu?« + Eeuur
Thus

2
Jy—AJ —bJ = %e"uf + Ee“uT >0,

for (z,t) € Br x (0,T) N {r > 0}, where b = [Aper* — 251].
Clearly, from (4.11]), it follows that

J(x,0) >0, =z € Bg,

and

J(0,8) = u,(0,8) > 0, J(R,t)=0 te(0,T).

Since

sup b<oo, for t<T,
(0,R)x(0,t]

from above and maximum principle [B.1.3] it follows that
J >0, (x,t)€ Brx(0,T).

Moreover,
oJ
<0.

a_n|aBR =

This means
r

R

u

1
(Upr — €"u, — Ee“)|aBR <0.
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4.1. The Semilinear Heat Equation with a Nonlinear Boundary Condition

Thus

1
ur + Ape + e“u, + =e")|ony,

n
Utf( R

which implies that

w (R, 1) < n__lequ(th) + ApePulBit) 4 p(Fau(ft) 4 2€U(th) t e (0,T)
Y — R 9 .

i )
Thus, there exist a constant C' such that
u(R,t) < Ce®BD € (0,7T).
Integrate this inequality from ¢ to 7" and since u blows up at R, it follows

ﬁ < eau(R’t)7 te (07T>

or

1
log ¢ — 2—log(T —t) <wu(R,t), te(0,7).
a

]

Remark 4.1.4. From Theorems {4.1.2| and [4.1.3| we observe that when ¢ > p

the boundary term plays the dominating role and the lower blow-up rate takes
the form:
1
logc — % log(T —t) < u(R,t), te(0,7T),
q

moreover, this estimate is coincident with the lower blow-up rate estimate
known for problem (4.6), where A = 0 (see Chapter 3), while when p > ¢ the

reaction term is dominated and gives the lower blow-up rate as follows
1
log ¢ — 2—10g(T —t) <u(R,t), te(0,7).
P

We next consider the upper bound.

Theorem 4.1.5. Let u be a solution of problem @, where T 1s the blow-up
time, ug satisfies the assumptions , moreover, assume that

Aug + f(ug) > a >0, in Bpg. (4.12)
Then there is a positive constant C' such that

w(R, 1) < log C — élog(T _1), te(0,T). (4.13)
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4.1. The Semilinear Heat Equation with a Nonlinear Boundary Condition

Proof. Define the function J as follows
J(z,t) = ue(r,t) —eu,(r,t), (x,t) € Brx (0,T).

Clearly,
J € C*(Bgr x (0,T))NC(Bg x [0,T)).

Since ug, is bounded in By, and by (4.12)), for some £ > 0, we have
J(x,0) = Aug(r) + f(uo(r)) — euo,(r) >0, x € Bp.

A simple computation shows

n—1
U
Jt = Ut + Turt + )\pep Ut — EUpt,
Jp = uy — Elyr,
n—1 n—1
Jor = Ugr — Uy + € Upy — €< 5 >ur + epetu,.
r r

From above, it follows that

1 1
Jy = T — "TJT ey =)

7 U > 0,

ie.
Jy— AJ — peJ >0, (x,t) € Bg x (0,T).

Moreover,

oJ
a—n\meaBR = un(R,t) — eup (R, )

n—1

= qe™ By, — cluy (R, t) —

> (e ™) — cJu(R.1)

u-(R,t) — )\e”“(R’t)]

Since u; > 0 in By x (0,T), we obtain

an =0 on 0Br x (0,T),

provided e < gelauo(R)},
Since e is bounded on By x (0,¢] for ¢t < T, from maximum principle

and above, we have
J>0, (x,t)€ Bgrx(0,7T).
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4.1. The Semilinear Heat Equation with a Nonlinear Boundary Condition

In particular, J(z,t) > 0 for x € 0Bg, that is
w(R,t) > eup(R,t) = ™ ¢ € (0,T).

Upon integration the above inequality from ¢ to T and since u blows up at R,

it follows that

equ(R7t) < 1

< m, t e (0,7),

or
1
u(R,t) <logC — —log(T —1t), te(0,T).
q
L]

Remark 4.1.6. Theorem can be proved without condition (4.12f), and
that by using a different technique depending on the integral equation (|4.8])
(see the proof of Theorem in the next section).

Remark 4.1.7. The upper blow-up rate estimate for problem (4.6)), which has
been derived in Theorem is governed by the boundary term even in case
p > ¢. On the other hand, as we have mentioned in Chapter 3, the upper
blow-up bound for problem , where A = 0 takes the form:

u(R,t) < log ———.
(T —t)2
This shows that the presence of the reaction term has an important effect on

the upper blow-up rate estimate.

4.1.3 Blow-up Set

We shall prove in this subsection that the blow-up in problem (4.6)) occurs only
on the boundary, restricting ourselves to the special case p = ¢ = 1 with some

certain assumptions on A.

Theorem 4.1.8. Suppose that the function u(x,t) is C*Y(Bgr x [0,T)), and
satisfies

up = Au + e, (x,t) € Br x (0,7,

U(ilj‘,t) < log ﬁa (.I'7t) € ER X (O7T)>

u(z,0) = up(x), x €,
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4.1. The Semilinear Heat Equation with a Nonlinear Boundary Condition

where C < oo and

AR (n + 1) + 1] < min {é e i(Z(ZPUT] e—numoo} | (4.14)

Then for any 0 < a < R, there exist a positive constant A such that

1

u(@,1) < 1og[ g 53]

for 0<|z|<a<RO0<t<T.

Proof. Let

v(r) = AR*—7r*)? r=|z[, 0<r<R,
in Bgx (0,7T),

z(x,t) = z(r,t) = log @) T BT =0

where B > 0, A > \.

Since z € C*Y(Bg x [0,T)), a direct calculation shows that

P B
" @)+ BT -t)
i 4rA(R? —r?)
' [v(z) + B(T =)’
L [v(z) + B(T — t)][4A(R?* — 3r?)] + 16 A*r?*(R? — r?)?
v [v(z) + B(T —1)]? '
Thus
2t — Zpp — ”T’lzr — \e?
_ (B —4A(n — 1)(R? —r?) — N[v(z) + B(T —t)]
[v(z) + B(T —1)]?
~[4AR? = 3r?)][v(x) + B(T — t)] + 16Ar?v(x)
[v(z) + B(T' —1)]?
S [B—4A(n — 1)(R? —r?) — X\ — 4A(R? — 3r?) — 16 Ar?|v(z)
- [v(z) + B(T —1)]?
[B — 4AR?n — 4AR? — Nv(z)
- [v(z) + B(T —1)]?
S [B — 4AR?*n — 4AR? — AJv(x) =0
- [v(z) + B(T —1)]? B
provided

B> A[AR*(n + 1) + 1].
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4.2. Reaction Diffusion Systems Coupled in both Equations and Boundary Conditions

i.e.
zz—Az—Xe* >0, in Bgrx(0,T)
Moreover,
2(x,0) = log B 2 log [AR41+BT] > u(x,0), x € Bg,
z(R,t) = log B0 log (T(’:t) >u(R,t), te€(0,7)
provided

(1 4+l
B < 1 luolloe |
= mm{c’ R +4(n+ )T°

From above and the comparison principle [B.1.2] we obtain
z(x,t) > u(x,t) in Bgx (0,7T).
Thus

u(z,t) <log| <oo for 0<|z|<a<RO<t<T.

— ]
A(R? — 12)2
U

Remark 4.1.9. For problem (4.6), where p = ¢ = 1 and X satisfies (4.14]), it
follows from Theorem and the upper blow-up rate estimate (4.13) that

the blow-up occurs only on the boundary. Moreover, we note that, in this case
if A is small enough, then the blow-up set is the same as that of (4.6)), where
A =0 (see Chapter 3).

4.2 Reaction Diffusion Systems Coupled in both

Equations and Boundary Conditions

In this section, we consider the following initial-boundary value problem

up = Au~+ Ae’, v = Av+ \e¥, (z,t) € B x (0,7T),
oo dv (z,t) € OB x (0,T), (4.15)

a— = ev —_— = eu
m ) on ’
u(z,0) = ug(x), wv(z,0)=wvo(x), z € Bg,
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4.2. Reaction Diffusion Systems Coupled in both Equations and Boundary Conditions

where A1, Ao > 0, ug, vg are nonnegative, radial, smooth functions satisfying

aa%:e”o, %—?ze“o, x € OBRg,
Aug +e" >0, Avy+e" >0, € By, (4.16)

uor(|2]) >0, wor(|z|) >0, r € Bg.

The problems of semilinear systems coupled in both equations and boundary
conditions have been studied very extensively over past years in case the reac-
tion terms and boundary conditions are of power type functions. For instance

the following system which has been considered in [26]:

Ut = Ugy + VP, U = Vg + 0P, (x,t) € (0,1) x (0,7),
ug(1,t) =00, v (1,t) =u?2, te€(0,7),
u.(0,t) =0, v(0,t) =0, t e (0,7),
u(z,0) = up(x), v(z,0)=wv(x), x€]|0,1],

(4.17)

where p1,p2,q1,q2 > 0, and wug, vy are radially nondecreasing, positive smooth

functions, satisfying the conditions
U0 (0) = v9:(0) =0,  ug(1) =08 (1), vo.(1) = ud(1).

It was shown that if

max{p1p2, P12, P2¢1, 1¢2} < 1,

then the solutions of problem (4.17) exist globally, otherwise every solution
blows up in finite time. Moreover, the blow-up occurs only at z = 1 and the

blow-up rate estimates take the following form
Ci(T—t)* <u(l,t) <Co(T —t)™, te(0,7),

Cs(T—t)" <w(l,t) SC(T —-t)", te(0,T),

where

o = a(plaPQaQ17q2>7 /8 = 5(p17p27917Q2)~

In [69], it was considered the critical exponents for a system of heat equa-

tions with inner absorption reaction terms and coupled boundary conditions of
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exponential type, namely

up = Au — a1, v = Av — agef?”, (z,t) € Q x (0,7,

g—:; = e??, g_:; = e®Y (z,t) € 002 x (0,7, (4.18)
u(z,0) =ug(x), v(x,0) =wvy(z), x€Q,

where () is a bounded domain with smooth boundary, py,p2 > 0,¢;,a; > 0,7 =

1,2, up, vy are nonnegative functions, satisfying the conditions:

dug — q1v0 Oug — pd2u0

— Bg.

It was shown that if
1/7 >0, or 1/75 >0,

where . )
q1 + 3P2 q2 + 3D
n=—ji > T2=— 73—,
192 — 3P1P2 4192 — 3 P1P2

then the solutions of problem (4.18]) with large initial data blow up in finite

time.

The main purpose of this section is to derive formulas to the upper and lower
blow-up rate estimates for problem (|4.15]) and to study the blow-up set under

some restricted assumptions.

4.2.1 Preliminaries

Since the system ([4.15]) is uniformly parabolic, also the reaction and the bound-
ary conditions terms are smooth functions and the initial data satisfy the com-
patibility conditions, it follows that the local existence and uniqueness of the
classical solutions of problem are known by standard parabolic theory
(see [1,140]). On the other hand, for any initial data (u, vg), the solution of this
system blows up simultaneously in finite time and the blow-up set contains the
boundary (0Bpg). This can be shown by the comparison principle and
the known blow-up results of problem (3.7)) with discussed in Chapter 3.

In next lemma we denote for simplicity u(r,t) = u(x,t), v(r,t) = v(x,t).

Lemma 4.2.1. Let (u,v) be a classical solution to problem (4.15). Then
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4.2. Reaction Diffusion Systems Coupled in both Equations and Boundary Conditions

(i) (u,v) is radial and u,v > 0 in Bg x (0,T).
(ii) up,v, >0n [0, R] x (0,T).
(iil) ws, vy > 0, in Bp x (0,T).

This lemma can be proved in similar way to the proof of Lemma [4.1.1
with some modification and by using some comparison principles for parabolic

systems from Appendix B.

Next, we prove the following lemma which shows the relation between v and

.

Lemma 4.2.2. Let (u,v) be a solution to problem ({.15), there ewist p > 1
such that
e’ < pe, e* < pue’, (x,t) € Brx[0,T). (4.19)
Proof. Let
J(x,t) = pe™ — e’ (zt) € B x (0,T), r=|zl.

Since J € C*Y(Bg x [0,T)), a direct calculation shows

Ji = petuy — euy,
J, = petu, —e’v, 4.20
9
2 2
Jrr = pe Uy, + petu; —e’v,, —e’vy.
Thus
n—1 u v u u, 2 v v, 2
Jy— T — . Jr = peluy — e"vy — peuy, — petu, + e'vy + e’v;
n—1 n—1
— e, + e’v,
n—1 n—1
u v
= pe'luy — Uy — TUT] —e’lvy — vpp — o

u,, 2 v, 2
—pe u, + e,

= pe“[Aie’] — e’ [Age"] — petu? + e’v.
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From (4.20)), it follows that

1
U, = [v.e” + J.],
i

eU
1 v v
u? = pEED [v2e?" + 2 v, J, + J?].
Therefore,
2v 2ev 1
J— AT = O — A)e"™ + [e" — S0 — 20, + —J]J,
pet pet " et

Clearly,

) 6211 . J

e’ — =e'—.

Therefore, the last equation can be rewritten as follows:
Jy— AT —bJ, —cJ = Mp— )" >0, (x,t) € Bg x (0,7)

provided p > Ay /A1, where,

b:_[ U+ Jr],C: (%

pet " pet T
It is clear that, b, ¢ are continuous functions and ¢ is bounded in By x (0,7%),
for T < T.

Moreover,

aJ

8_17|mEBBR = [Neuur_evvr]

— Meu—i—v _ eu—i—v — [Iu _ 1]6u+v > 0,

and
J(z,0) = pe" — e >0, z € Bg

provided p is large enough.
From above and Proposition [B.1.1] it follows that

J>0, in Bgx|[0,T).
Similarly, we can show that the function H = pe” — e" is nonnegative in

Br x [0,7). O
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4.2.2 Blow-up Rate Estimates

In this subsection we consider the upper and lower blow-up rate estimates for

the solutions of problem - with -

Theorem 4.2.3. Let u be a blow-up solution of problem (u with (-)
A= Xy = A, T is the blow-up time. Assume that ug, vy satisfy

uoy (1) — }%e”om >0, wvo(r)— }%6“0(” >0, relo,R]. (4.21)

Then there is a positive constant ¢ such that

1 1
loge — élog(T— t) <wu(R,t), logc— Elog(T—t) <w(R,t), te(0,T).

Proof. Define the functions J;, Jy € C*Y(Bg x (0,T)) N C(Bg x [0,T)), as

follows:
Ji(z,t) = u,(r,t) — L gvtrt) Jo(x,t) = v, (r,t) — I pulrt)
’ ’ R ’ ’ ’ R

A direct calculation shows

T n—1
J - rt T S v rr T )\ u’
1t Upt Re[v +—7" vy + Ae"|
r 1
J r - I = v [ v;
1 U Re v Re
-1 -1
Jirr = [urt - & Upy + & 5 Ur — )\GUUT]
r r
2
—%[e Vpp + €"02] — }—%e”vT.
From above, it follows that
-1 -1 2
Jie — Jier — n Jir = nrz [u, — }%e”] + Ae’[v, — %e“] + }%e”vf + Ee“vr.

Since from Lemma [4.2.1] we have v, > 0, it follows that

Jip — AJ;y —i—

2
J1 el Jy = }—%ev +}_%€UTZO’

for (z,t) € Bgr x (0,7) N {r > 0}.
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In the same way we can show that

n

—1
2 Joy — AeJ; > 0, (l‘,t) € Br x (O,T) N {’I" > 0}

Clearly, from (4.21)) it follows that

Jor — Ay +

Ji(x,0), Jo(z,0) >0 x € Bg.
And

T0,8) = wn(0,£) > 0, J5(0, £) = v,(0,£) > 0,
Jl(R, t) = JQ(R, t) =0, te (O,T)

Since in the domain Bg x (0,t] for ¢ < T the suprema of the functions
Aet, e and 1;—2" are finite, from above and by the maximum principle m
it follows that

Ji, Jo > 0, (l’,t)EBRX (07T)
Moreover,

0J
8—7;!aBR <0.

This means
,

R

v

1
(Urr — €"V, — Ee”)!aBR <0.

Thus

n—1 o T 1,
ur + A’ + —=e"v. + =€) |oB,,

<
u < (= R R

which implies that
L ot

Ut(R, t) S nleev(R,t) + )\ev(R,t) + ev(R,t)-l-u(R,t) + Eev(R,t ’ te (07T)

From the last inequality and Lemma [.2.2] it follows

—1
w (R, t) < n 7 pe P L\ et (B el o %e“(R’”, te (0,7).
Thus, there exist a constant C' such that

w (R, t) < Ce®™BD € (0,7T).
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4.2. Reaction Diffusion Systems Coupled in both Equations and Boundary Conditions

Integrate this inequality from ¢ to 7" and since u blows up at R, it follows

c

—— < e'BY e (0,T)
(T —1)2

or
1
logc — §log(T —t) <wu(R,t), te(0,7).

We can show in a similar way that

1
logc — élog(T —t) <w(R,t), te(0,7).

Next, we consider the upper bounds

Theorem 4.2.4. Let u be a blow-up solution of problem , , T 1s

the blow-up time. Then there is a positive constant C' such that
w(R,t) <logC —log (T —t), v(R,t) <logC —log(T —1t), te(0,7T).
Proof. Define
M (t) = maxu(z,t), N(t) = maxv(x,t).
Br Br
Clearly, M (t), N(t) are increasing in (0,7") due to the
U, Vg > 0, (x,t) € ER X (O,T)

As in Theorem [£.1.2] for 0 < z < t < T,z € Bg, the integral equation for

problem (4.15)) with respect to u can be written as follows

u(x,t) - / F(I—y,t—Z) (y7 )dy+)\1//3 x_yvt_T) deydT
R

// (x —y,t —7)e'@ds,dr

SR

— u(y, T —y,t ds,dr,
//( >a77 — 7)ds,

where I' is the fundamental solution of the heat equation, which was defined
in (3.13).
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4.2. Reaction Diffusion Systems Coupled in both Equations and Boundary Conditions

Letting * — 0Bpg and using the jump relation (Theorem [3.2.7) for the fourth

term on the right hand side of the last equation, we obtain

1
gt = [t [ [ rae - netnan
Br

// (x —y,t —71)e” deSydT

Sr

— u(y, 7 —y,t ds,dr,
[ [ tnnga -,

forx € 0B, 0< z<t<T.

Since u, v are positive and radial, it follows that

/ Iz —y,t —2)u(y, z)dy > 0,

/ [ eyt = s, > / [ eyt = s i
SR z Sgr

Thus
1 t
—M(t) > eN ) ['(x —y,t —7)ds,|dT
2 S v
t or
—/M(T)[/y (v =yt —7)ds,Jdr, w€Sp0<z<t<T
z SR any

It is known that (see [22]) for 0 < ty < tg, there is C* > 0 such that

ar cr 1

L r—yty—t) < : :
a?’]y( Y, 2 1)’ — (tQ _tl)#o ’m _ y’(n+172y0*0')

x,y € Sg,o € (0,1).

Choose 1 — Z < po < 1, by Lemma there exist C; > 0 such that

ds,
/ |z — y|(nH1-2m0-0) <Cu

Also, if t; close to to, then there exist a constant ¢ such that

C

'z —y,ts —t1)ds, > ———.
/SR ( Y, 2 1) Y /—tg—tl

N(‘r) t
/ —C/ —M(T) dr
i e
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Since

O/tﬂdT<CM(t)/t T O ) — e

[T [ T ey

IA

it follows that there exist C > 0, such that

t eN(T)

—d
JT -1

Taking z so that C}|T — z|'7#0 = 1/2, it follows

%M(t) > ¢ — CEM(U)|T — 2|, (4.22)

t N(7)
M(t) > ¢ / \/‘}_dT = A(b). (4.23)
. —T
Clearly,
’ eN(t)
A(t) =
(t) ==

From Lemma 4.2.2 there exist a constant @ > 1 such that the last equation

becomes
, eM(t)

A(t) >

Cc C
— 2_
AT —t  pT —t

/TdA>/Tc dr
oot T o uVT—1

1 1 Te dr
> = , 4.24
Al AT = /t uT — 1 ( )
where A(T) = limy_,p A(t) < limy_,p 2eNO (VT — 2 — VT — t) < c0.

which leads to

Thus

Since A is positive function, we obtain

Thus (4.24) becomes
1 2c
AW > E T—1t.

Therefore, there exist a constant Cy > 0 such that

A C

(t)<—0

e , 2<t<T. 4.25
VT -t ( )
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4.2. Reaction Diffusion Systems Coupled in both Equations and Boundary Conditions

On the other hand, for ¢ty = 2t — 7" (assuming that ¢ is close to T'), we have

boeNm ¢ dr
A(t) > c/ dr > ceN(tO)/ = N0)2e(V2 — 1)VT —t.
to \/T—T Qt,T\/T—T

Combining the last inequality with (4.25)), yields

G

> N)2e(vV2 — VT — ¢,
T—1

which leads to

C
eN(to) < 0 )
(V2 - 1)(T—1o)

Thus there exist a constant C such that

or
v(R,t) <logC —log (T —t), te(0,T).

In the same way we can show

u(R,t) <logC —log (T —t), te(0,7).

Remark 4.2.5. From Theorems 4.2.3] and 4.2.4] we observe that the upper

blow-up rate estimates of problem (4.15)) are coincident with the upper blow-

up rate estimates of the Dirichlet problem for the semilinear system in (4.15]

considered in Chapter 2, while the lower blow-up rate estimates of problems

(4.15) are coincident with the lower blow-up rate estimates of problem (4.15)),
where A\; = Ay = 0 (see Chapter 3).

4.2.3 Blow-up Set

We consider next the blow-up set for problem (4.15), under some certain as-

sumptions on Ay, Ao.
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4.2. Reaction Diffusion Systems Coupled in both Equations and Boundary Conditions

Theorem 4.2.6. Let (u,v) be a blow-up solution to problem ({.15). Assume
that the following condition is satisfied

, (1 An+1) e An+1)
AUR (n+1)+1] < min {5’ At on) R At DT

o leollos

(4.26)
where T is the blow-up time, C is given in Theorem A = max{A;, A2 }.

Then there exist a positive constant A such that

u(z,t) < 10g[m]7 v(z,t) < 10g[m]7
for (x,t) € Bg x (0,7).
Proof. Define the functions z, 29 as follows
Zl(l’,t) = ZQ(.Y?,f) = lOg m, (33', t) € FR X (O, T), (427)

where v(z) = (R?* —r?)?, r=|z|, B>0, A>\

Since 21,2, € C*Y(Bg x [0,T)), a similar calculation to that in the proof of
Theorem [.1.8 shows that

21— Azp — e >z — Az — Ae® >0, in Br x (0,7, (4.28)
Zop — Azg — Age™ > 29y — Azg — Ae® >0, in Bg x (0,7 '

provided
B> A4R*(n+1) +1].
Moreover,
21(2,0) = 10g pryyepm 2 108 paperery 2 u(@,0), @ € Br, } (4.29)
29(2,0) = 10gW1+BT] > log[ARél—lJrBT] > v(z,0), = € Bg
and
z1(R,t) = z2(R,t) = log B(%ft) > log (T—%, te(0,7) (4.30)
provided
. [1 4(n+1) _ 4(n+1) _
B < - llwolleo llvolfoo
_mln{C’R2+4(n+1)T6 "R+ 4(n+ OT° ’
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4.2. Reaction Diffusion Systems Coupled in both Equations and Boundary Conditions

From (4.29), (4.30) and Theorem [1.2.4] it follows that

21(R,t) > u(R,t), z(R,t)>v(R,t), te(0,7T), } (4.31)
z1(x,0) > u(x,0), 2(x,0) >wv(z,0), z € Bg. .

From (4.28)), (4.31]) and Proposition m, it follows that
a(et) > ule ), (e t) > v(et), (o1)€ By x (0,T)
Moreover, from (4.27))

u(z,t) < log| z,t) < log| (4.32)

1 1
A At

for (z,t) € Br x (0,T). O

Remark 4.2.7. For problem (4.15) with (4.26)), from (4.32) we observe that

any point x € Bpg cannot be a blow-up point, therefore, the blow-up occurs

only at the boundary. This means, if A, Ay are small enough, then the blow-up
set is the same as that of (3.7)) with (3.11]), see Chapter 3.
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Chapter 5

Semilinear Parabolic Problems

with Gradient Terms

Chipot and Weissler introduced in [6] the interesting parabolic equation, which
is a semilinear heat equations with gradient term.Their motivation for studying
this equation came from earlier work of Levine [41] for the simpler equation in
which the gradient term was absent, and more particularly from their interest in
extending Levine’s work to the semilinear equation, which has a power function

of the solutions and a gradient term.

The main purpose of this chapter is to understand whether the gradient
terms affect the blow-up bounds. In the first section of this chapter we complete
the results of J. Bebernes and D. Eberly [3], considering the pointwise estimate
and the blow-up rate estimates for the problem of heat equation with the
exponential function of the solutions and a negative sign (dissipative) gradient
term, defined in a ball. Next we shall study in section two the blow-up rate
estimates for a system of semilinear heat equations with positive sign gradient

terms defined in a ball or the whole space.
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5.1. The Semilinear Heat Equation with a Gradient Term

5.1 The Semilinear Heat Equation with a Gra-

dient Term

Consider the following initial-boundary value problem

ur = Au— h(|Vu|) + f(u), (z,t) € Bg x (0,T),
u(z,t) =0, (z,t) € dBg x (0,T), (5.1)
u(z,0) = ug(x), x € Bg,

where f € CY(R), h € C*([0,00)), f,h >0, b’ > 01in (0,00), f(0)>0,h(0) =
h'(0) = 0,

n(€)] < O(I¢?), (5-2)

sh'(s) — h(s) < Ks?, for s>0, 0< K <o0, q> 1, (5.3)

ug > 0is smooth, radially nonincreasing function, vanishing on 0B, this means

it satisfies the following conditions

u(z) = uo(|z[), = € Bg,
up(z) = 0, x € OB, (5-4)
uor(|z]) <0, x € Bpg.

Moreover, we assume that
AUQ + f(’LLO) — h(|VUO|) >0, x¢€ Bpg. (55)

The special case
uy = Au— |Vul|? +ululP~t, p,g>1 (5.6)

was introduced in [6] and it was studied and discussed later by many authors
(see for instance [I7, [62]). The main issue in those works was to determine
for which p and ¢ blow-up in finite time (in the L*-norm) may occur. It is
well known that it occurs if and only if p > ¢ (see [I7]). Therefore, there is
a competition between the reaction term, which may cause blow-up as in the
problem ([2.1f), and the gradient term, which fights against blow-up. Equation
in R™ was considered from similar point of view, in this case blow-up in

finite time is also known to occur when p > ¢, but unbounded global solutions
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5.1. The Semilinear Heat Equation with a Gradient Term

always exist (see [62]). For bounded domains, it has been shown in [§] for
equation (5.6)) with general convex domain {2 that, the blow-up set is compact.
Moreover if 2 = Bg, then x = 0 is the only possible blow-up point and the

upper pointwise estimate takes the following form
u<cle|™, (xz,t) € Bg\ {0} x[0,7),

for any a > 2/(p — 1) if ¢ € (1,2p/(p + 1)), and for a > q/(p — q) if ¢ €
2p/(p + 1),p). We observe that ¢/(p —¢q) > 2/(p — 1) for ¢ > 2p/(p + 1),
therefore, the final blow-up profile of the solutions of equation is similar
to that of uy = Au+u? as long as ¢ < 2p/(p+ 1) (see Chapter 2), whereas for
q grater than this critical value, the gradient term induces an important effect

on the profile, which becomes more singular.

On the other hand, it was proved in [7, 8, 19, [63] that the upper (lower)
blow-up rate estimate in terms of the blow-up time 7" in the case ¢ < 2p/(p+1)

and u > 0, takes the following form

o(T —t) Vo) < y(z,t) < O(T — )"V,

J. Bebernes and D. Eberly have considered in [3] a second special case of
(1), where f(s) = e*, h(€) = €2, namely

uy = Au— |[Vul* +¢*,  (z,t) € Bg x (0,7T),
u(z,t) =0, (xz,t) € 0Br x (0,7, (5.7)
u(z,0) = ug(x), x € Bp.

The semilinear equation in can be viewed as the limiting case of the
critical splitting as p — oo in the equation . It has been proved that,
the solution of the above problem with wuq satisfies may blow up in finite
time and the only possible blow-up point is x = 0. Moreover, if we consider the
problem in any general bounded domain €2 such that 02 is analytic, then the
blow-up set is a compact set. On the other hand, they proved that, if zq is a
blow-up point for problem (5.7)) with the finite blow-up time 7'; then
lim [u(xg,t) +mlog(T —t)] =k,

t—T—
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5.1. The Semilinear Heat Equation with a Gradient Term

for some m € Z* and for some k € R. The analysis therein is based on the
observation that the transformation v = 1 — e™ changes the first equation in
problem into the linear equation v; = Av + 1, moreover, x is a blow-up
point for ((5.7]) with blow-up time T if and only if v(zg, T') = 1.

In this section we consider problem (5.7)) with ([5.4)), our aim is to derive the
upper pointwise estimate for the classical solutions of this problem and to find

a formula for the upper (lower) blow-up rate estimate.

5.1.1 Preliminaries

Set
F(u,Vu) = f(u) — h(|Vul). (5.8)

Since F' € C'(R x R"), the local existence and uniqueness of classical solutions
to problem , is well known by [22] 40], and the regularity of these
solutions is guaranteed by [56]. Moreover, the gradient function Vu is bounded
as long as the solution u is bounded due to (see also [50]).

In order to show some properties of the classical solutions of problem ([5.1)
with (5.4]), we recall the following lemma, which has been proved in [56]. We

may denote for simplicity u(r,t) = u(z,t).
Lemma 5.1.1. Let u be a classical solution to the problem

w = Au+ H(u, Vu), x € Bg, t>0,
u(z,t) =0, x € OBg,t >0,
u(z,0) = ug(x), x € Bp.

where
H=H(s,§):RxR"—> R

such that H € CY(R x R"), H(s,&) = H*(s,|¢|) and H(0,0) > 0. Assume
uy > 0, such that ug € C? (ER) s nonnegative and satisfies and moreover,

AUO + H(UQ,VUQ) Z 0, WS BR.

Then
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5.1. The Semilinear Heat Equation with a Gradient Term

(i) w > 0 and it is radially nonincreasing in [0, R]x (0, T'). Moreover if ug % 0,
then u, <0 in (0, R] x (0,7).

(ii) u; >0 4n Br x [0,7T).

Remark 5.1.2. It is clear that F' (defined in ([5.8))) satisfies all the assumptions
of H in Lemma [5.1.1] therefore, the classical solutions of problem (5.1)) with

(5.4) and (5.9)) satisty (i) and (ii). Furthermore, by using Proposition [B.1.5 it
follows directly that
w>0, in Bgx(0,T).

Depending on above, the problem (5.1)) with (5.4)) can be rewritten as follows

Uy = Uy + ZLu, — h(—u,) + f(u),  (r,t) € (0,R) x (0,7),

ur-(0,1) =0, wu(R,t)=0, te|0,7), (5.9)
u(r,0) = up(r), r € [0, R],
ur(r,t) <0, (r,t) € (0,R] x (0, 7).

5.1.2 Pointwise Estimates

In order to derive a formula to the pointwise estimate for problem ({5.9)), we

need first to recall the following theorem, which has been proved in [§].

Theorem 5.1.3. Assume that, there exist two functions F € C*([0,00)) and
c. € C*((0, R]),e > 0, such that

!

c:(0) =0 and c. > 0 otherwise, . ce >0, (5.10)
F>0,F,F'>0, in (0,00), (5.11)
fF—fF -2 FF+F F? 27 'KAFF + AF >0, u>0,0<r<R,
(5.12)
where . .
c n—1lc n—1
A== 4 =
Ce rooCe r

%T(T) — 0 uniformly on [0, R] as e — 0, and

> du
G(s)z/s F ) < oo, §>0.
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5.1. The Semilinear Heat Equation with a Gradient Term

Let u is a blow-up solution to problem , where ug satisfies
uor < —=0r, 1€ (0,R], 0>0. (5.13)

Suppose that, T is the blow-up time. Then the point r = 0 is the only blow-up
point, and there 1s €1 > 0 such that

u(r,t) < G_l(/or e, (2)dz), (r,t) € (0,R] x (0,T). (5.14)

Proof. Since the function F in (5.8)) is C*(R x R"™), by parabolic regularity

results (see [22]), we have

u, € C*1((0,R) x (0,T))NC([0, R] x [0,T)).

Set w = u,.
Differentiating the first equation in ([5.9) with respect to r, it follows

n—1 1—n
Wy — Wyy = 5
r

w+ f (u)w+ A (=t )ty

Wy —

Define the function
J=w+ c.(r)F(u)
Since F' € C*([0,00)), we have J € C*}((0,R) x (0,T)) N C([0, R] x [0,T)).
Our aim is to show that J < 01in [0, R] x [0,T).
We compute now the equation for .J :

- 1Jr - Jrr = Lo nw + fl(u)w + h/(_ur>urr + CsF/[f(u) - h(_ur)]

r2

Ji —

1_n/ 1"
2 "
c. —c.| —ccw F .

—2wc, F + F|
Using the relations
U, =w=J—c.F, w?=cF? 4 (J — 2c.F)J

and

! !
Upp = Jp — . F' — . F u,.
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5.1. The Semilinear Heat Equation with a Gradient Term

A direct calculation shows

-1 /
Jo— (T R (cu ) — Jy — by
.o n—1 ¢ n-1c
— cF(—f —ZEp(—y)+—— T
c[F(—f . (—u,) + 2 - " Cz—:)

/

+F (f = uph' (=) = h(=uy)) + 26 F F — 2" F?),

where
/ n — 1 - "
bo=f ——5 —2c.F —c.F (J—2cF).
r

From ([5.3) it follows that

!

—uh (—u,) — h(—u,) < K(—u,)? = K(c.F — J)? <27 K (c2F9 + | J|9).

From above and (5.12)) and &'c. > 0, it follows that

n—1

J — ( + 1 (—u))J, — Jpp —bJ <0, (r,t) € (0,R) x (0,T),

where
b=by+ 2T Ke F'|J|[772).

Since u¢ > 0 in (0, R) x (0,7") and from the zero Dirichlet boundary condition,
it follows that
ur-(R,t) < upr(R).

Thus, by (5.13)), we obtain

J(R,t) < up(R) + c(R)F(0) < —6R + c(R)F(0) <0, t€(0,7),
J(1,0) = ug,(r) + c(r)F(ug(r)) < —r + c-(r)F(up(r)) <0,
provided
ce(r) )
< ,
r max o,z F'(uo)
Obviously, J(0,t) =0, te€[0,T).
Since b is bounded above in ((0, R) x (0,¢]) N {(r,t) | J > 0} for any ¢t < T,
from above and Proposition with Remark [B.1.4] it follows that

r €0, R].

J <0, in [0,R]x(0,7).
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Thus
7 2 0)
Since p y
JG(U) = _F(;)’
we get J

%G(u) > c.(r).

Integrating this inequality from 0 to r, we obtain

G(u(r,t)) > G(u(r,t)) — G(u(0,t)) > /07" ce(2)dz. (5.15)

If for some r > 0, u(r,t) — oo, as t — T, then G(u(r,t)) — 0, as t — T, a
contradiction to ((5.15).

Since G is nonincreasing, it follows that

u(r,t) < G—l(AT c.(z)dz), (r,t) € (0,R] x (0,T).
[

We are ready now to derive a formula to the pointwise estimate for the

blow-up solutions of problem ({5.7) with (5.4)).

Theorem 5.1.4. Let u be a blow-up solution to problem , assume that ug
satisfies and . Then the upper pointwise estimate takes the following

form
u(r t) < %[log C—mlog(r)], (r,t) € (0,R] x (0,T),

where o € (0,1/2],C > 0,m > 2.

Proof. Let ¢, = er'™®, where § € (0, 00).
Clearly, the inequality ([5.12)) becomes
fF—fF —2(1+40)r°F F+ P " 2

d(n+0)

-1 +4 !
— 2T KelpdTOo T 2

F>0,u>00<r<R. (516)

Note that for the semilinear equation in (5.7), K > 1, and ¢ = 2.
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To make use of Theorem for problem ([5.7)), assume that

F(u) =e*", ae(0,1/2].

It is clear that F, and ¢, satisfy the assumptions (5.10]) and (5.11)), respectively.
With this choice of F' the inequality (5.16)) takes the form

62ocu Z

d(n+9)
2
dae(1 + o)rdetet 4 4aek?H)ebon >0 0<r <R

(1 o 2a)€(1+2a)u _|_ 4@252T2(1+6)66au _|_

1

prOVided (6] S m

Define the function G as in Theorem [B.1.3] as follows

< du 1
G<S) - /s €2au - 20562&57 § > O

Clearly,
1
G l(s) = —%log(Zozs), s> 0.

Thus (5.14) becomes

1
u(r,t) < %[logC —mlog(r)], (r,t) € (0,R] x (0,7,
whereC’:%, m=2+0. O

Remark 5.1.5. Theorem m shows that, with choosing o = 1/2, the upper
pointwise estimate of problem is the same as that of problem , where
f(u) = €*, which has been considered in [24] (see Chapter 2). Therefore, the
gradient term in problem has no effect on the pointwise estimates.

5.1.3 Blow-up Rate Estimates

Since under the assumptions of Theorem [5.1.4] x = 0 is the only blow-up point
for the problem (/5.7)), in order to estimate the blow-up solution it is sufficient
to estimate only «(0,¢). The next theorem considers the upper blow-up rate

estimate for the general problem ([5.1)).
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Theorem 5.1.6. Let u be a blow-up solution to problem , where uy €

C%*(BR) and satisfies , . Assume that hT(S) s continuous function in
R. Let T 1is the blow-up time and x = 0 is the only possible blow-up point. If

there exist a function, I € C?([0,00)) such that F > 0 and F',F" > 0 in

(0, 00), moreover,

/

fF—F f4+F'|Vu>=F'[h' (|Vu|)|[Vu| = h(|Vul)] > 0, in Bgx (0,T), (5.17)
then the upper blow rate estimate takes the from

u(0,t) < G HH(T —t), te(r,T),

where 6,7 >0, G(s) = [* F‘iéj).

Proof. To prove this theorem, we follow the procedures, which have been used
in [§].

Introduce the function
J=u —6F(u), (x,t)€ Bgrx(0,T), whered > 0.

Since f'(s) and h'(s)/s are continuous functions, it can be shown that u, €
C*Y(Bgr x (0,T)) (see the regularity results in [56]).

Moreover, since F' € C*([0, 0)),

J e C2’1(BR x (0,7)) N C(ER x [0,77)).
A direct calculation shows

Jo—AJ = uy— Auy—6F [uy — Aul + 6F" |Vu?
R (|Vul)
[V
—SF'[f = h(|Vu|)] + §F"|Vul*
R (|Vul)
[Vl
—0F [h (|Vu|)|[Vu| — h(|Vu|)] = 6F f + 6F"|Vul?.

= f[J+6F] - Vu - (VJ 4 0F Vu)

= fJ- Vu-VJ+0fF
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5.1. The Semilinear Heat Equation with a Gradient Term

Thus
Jy—AJ—cJ—-b-VJ=0D,

where ¢ = f'(u),b = —h/\(‘vvuill')vu’
D= fF—Ff+F'|Vu]* - F'[h'(|Vu|)|Vu| — h(|Vul)].

By (5.17)), we have D > 0 in Bg x (0,7).
It is clear that ¢ is bounded function on Bg x (0,t], for any t < T.

By Remark u; > 01in Bg x (0,7, and since u blows up in finite time
at x = 0, there exists 7 > 0, kg > 0 such that

ur(0,t) > ko >0, te[r,T).
In fact, for small € > 0, we have

u(r,t) > k>0, (rt)el0,e x[r,T), k<ko. (5.18)

Also, since F is locally bounded function in B x (0,7), we can find 6 > 0
such that
k> 0F(u(x,7)), =€ B..

Thus
J(x,7) >0, z¢€ B,

provided ¢ is small enough.

Clearly, F'(u) is bounded in 0B. x (0,7, there exists Cj such that
Flu(x,t)) < Cyp<oo, in 8B x[r,T). (5.19)
Thus, by and , it follows that
J(z,t) >0, (x,t) € 9B x (1,7T), (5.20)

provided ¢ is small enough.

Applying Proposition [B.1.3 (starting from 7 instead of 0), we obtain

J>0, (z,t)€ B.x (1,T),
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5.1. The Semilinear Heat Equation with a Gradient Term

which leads to

ur(0,t) > dF(u(0,t)), for 7<t<T.

Clearly, (5.21]) implies that

By integration,

It follows
G(u(0,t)) = 6(T = 1).

Since G is nonincreasing, we obtain

u(0,t) < G HH(T —1)), te(r,T).

(5.21)

(5.22)

]

For problem ([5.7)), if one could choose a suitable function F' that satisfies the
conditions, which have been stated in Theorem [5.1.6, then the upper blow-up

rate estimate for this problem would be held.

Theorem 5.1.7. Let u be a blow-up solution to problem , where ug €

C%(Bg) and satisfies , and the monotonicity assumption

Aug + " — |Vug|> >0, x € Bpg,

suppose that T is the blow-up time. Then there exist C' > 0 such that the upper

blow-up rate estimate takes the following form

u(0,t) <

Q|+

Proof. Let
F(u) =€e", ae(0,1].

It is clear that the inequality (5.17]) holds because

(1 — a)e T 4 022 Vul? — ae®®|Vul* > 0,
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5.1. The Semilinear Heat Equation with a Gradient Term

Set
Tdu 1

G(s) = = — > 0.
(S) /s eou Oéeas’ S

G (s) = —llog(as), s> 0.
a

Clearly,

By Theorem [5.1.6] there is 6 > 0 such that

1 1
< ~[log(—) — - .
u(0,t) < a[log(a(s) log(T —t)], 7<t<T

Therefore, there exists a positive constant, C' such that
u(0,t) < é[logC’ —log(T —t)], 0<t<T.
O
Next, we consider the lower blow-up rate for problem , which is much
easier than the upper bound.

Theorem 5.1.8. Let u be a blow-up solution to problem , where ug sat-
isfies and . Suppose that T is the blow-up time.Then there exist

¢ > 0 such that the lower blow-up rate estimate takes the following form
loge —log(T —t) <u(0,t), 0<t<T.
Proof. Define
U(t) =u(0,t), te][0,T).
Since u attains its maximum at x = 0,
AU(t) <0, 0<t<T.
From the semilinear equation in (5.7)) and above, it follows that
U(t) <eV® <X 0<t<T, (5.23)
for A > 1. Integrate (5.23)) from ¢ to T, we obtain
1
<" <t < T
NT—1) =%
It follows that
loge —log(T —t) <wu(0,t), 0<t<T,

where ¢ = 1/ O
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Remark 5.1.9. Theorem [5.1.8] (Theorem where o« = 1) show that, the
lower (upper) blow-up rate estimate of problem ([5.7)) is the same as that of
(2.1), where f(u) = e*, which has been considered in [24] (see Chapter 2).
Therefore, the gradient term in problem has no effect on the blow-up rate

estimates.

5.2 Reaction Diffusion Coupled Systems with

Gradient Terms

In this section, we consider the Cauchy (Dirichlet) parabolic problem:

up = Au+ |Vu|? + 0P v = Av+ |Vo|2 +uP? in Qx(0,7), (5.24)
u(z,0) = up(x), v(x,0) = vo(x), in '
where pi,p2, € (1,0),q1,42 € (1,2], ug,v9 > 0 are nonzero, smooth and

bounded functions on {2 (not necessarily radial), 2 = R™ or Bg. Moreover,

in case of Q2 = Bpg, u,v are further required to satisfy the condition:
w(z,t) =0, o(z,t)=0, on 0N x[0,T). (5.25)

The problems of semilinear parabolic equations have been studied by many
authors, for instance, consider the Cauchy (Dirichlet) problem for the semilin-
ear heat equation:

w=Au+uP, in Qx(0,7), (5.26)

where p > 1, Q = R™ or Bg. For this problem, it is well known that every
positive solution blows up in finite time, if the initial data are nonnegative and
suitably large [25 37]. Moreover, it was proved in [24] [67] that the blow-up
rate estimate for takes the following form

w(z,t) < c(T—t)771, (2,t) € Qx(0,T).

Later, in [38] it has been shown that if we add a positive gradient term to

the equation ([5.26]), namely

u = Au+ |Vu|?+ P, p,qg>1, (5.27)
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5.2. Reaction Diffusion Coupled Systems with Gradient Terms

then that enhancing blow-up, and the influence of the gradient term becoming
more important as the value of p decreases. In the case ¢ = 2 for radial
positive solutions in R"™, it was shown in [29, B0] that blow-up solutions behave
asymptotically like the nonconstant self-similar blow-up solution of the first-
order Hamilton-Jacobi equation without diffusion (u; = |Vu|* + u?), which
takes the form

2]

w(z,t) = (T — t)pllw(m

), m=(p—2)/2(p—1),

where w € C?*(R) is a positive radial function, vanishing at a finite point
or at infinity. Clearly, m describes the range (—o0,1/2) for p € (1,00). In
particular, this means the blow-up solutions of problem @D blow up with
a rate O((T — t)P%ll), which is the same as that of problem @) However,
unlike to problem (see [62]), this kind of self similar profile is singular for
any x € R", where 1 < p < 2. On the other hand, the existence of nonnegative
global solutions to is shown in [60] for small initial data.

In [13, 14], it was considered, the Cauchy (Dirichlet) problem for the follow-

ing semilinear system:
u = Au+0", v =Av+uf?, (x,t) € Qx(0,7), (5.28)

where p1,po > 1, Q = Bi or R", with nonzero initial data ug, vy > 0, it was
shown that any positive solution of this problem blows up in finite time, if the
initial data are large enough. Moreover, for the Cauchy problem for , it
is well known [I3] that every nontrival positive solution blows up in finite time,
if

max{a, B} > g (5.29)
where
p1+1 p2+1
_ il g Pl 5.30
pip2 — 1 pip2 — 1 (5:30)

The blow-up rate estimates for this system was studied in [7, 1], it was proved

that there exist a positive constant C' such that

u(z,t) < C(T—t)"% (x,t) € Qx(0,7T),
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5.2. Reaction Diffusion Coupled Systems with Gradient Terms

v(x,t) < C(T—t)7, (x,t) € Qx(0,T).

In this section, for problem ([5.24]), under some certain assumptions, we
prove that the upper blow-up rate estimates of the positive solutions and their
gradient terms, take the following forms:

2(p1+1)

uw(z,t) + |Vu(z, t)|peetzest < CY(T — )7, (z,t) € Qx (0,T),

(p2+1)

(1) + [Vo(z, t) |7 omst < Co(T — ), (2,8) € Q x (0,T),

where C,Cy > 0.

5.2.1 Preliminaries

Set
Fi(v,Vu) = |Vu|® + 0, Fy(u, Vo) = |[Vo|® + uP2.

Since the system ([5.24]) is uniformly parabolic and its equations have the same
principle parts and Fy, Fy are C'([0,00) X R™), moreover, the growth of the
nonlinearities F; and F; with respect to the gradient is sub-quadratic, it follows
that the local existence of the unique nonnegative classical solutions to the
Dirichlet problem for is guaranteed by the standard parabolic theory [40]
(see also [52]). Futhermore, in case of 2 = R", assuming that the initial data
ug, vg are smooth and bounded functions, according to [40] these existence and
uniqueness results can also be extended to the Cauchy problem for this system.
On the other hand, the following lemma shows that the positive solutions of

problem (j5.24)) may blow up in finite time.

Lemma 5.2.1. Let (u*,v*) and (u,v) are positive solutions of problems
and respectively, where both of them start with ug, vy > 0. If (u,v) blows
up in finite time T', then (u*,v*) blows up in finite time T*, where T' > T*.

Proof. set
fi(s1,52) = salso|"' 7, fa(s1,82) = susa]P*
Since p, q¢ > 1, it follows that fi, fo are C*.

Clearly, sb' = sy|so[P171, s8? = s4|s1|P271 for 51,89 > 0.
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5.2. Reaction Diffusion Coupled Systems with Gradient Terms

Thus

ur — Au — fi(u,v) =0 < |Vuf|" = uf — Au* — fi(u*,0v*) in Qx(0,7),
vy — Av — fo(u,v) =0 < |V |2 =vf — Av* — fo(u*,v*) in Qx(0,7).

By Proposition m (which can also apply without changes to the case of
Cauchy problems), it follows that

u<u', v<v" in Qx(0,7).
[l

Remark 5.2.2. Since the growth of the nonlinear terms in problem (/5.24])
with respect to the gradients is sub-quadratic, the gradient functions Vu, Vv

are bounded as long as the solution (u,v) is bounded (see [52]).

5.2.2 Blow-up Rate Estimates

In the next theorem, we establish the upper blow-up rate estimates for the
problem ((5.24)). Furthermore, without comparing the blow-up solutions of this
problem with those of problem ([5.28]), we show that the blow-up can only occur

simultaneously.
Theorem 5.2.3. If p1,ps, 1 and qo satisfy the following conditions

(1) max{a, 8} > %,

2342
1< g < 25417

200+2
2a+17

(2) 1<aq <

where «, B are given in , then for any positive blow-up solution (u,v) of
problem there exist positive constants Cy, Cy such that

2(p1+1

)
w(z,t) + |Vu(x, t)|preetzest < C(T —t)7°, (5.31)

2(pa+1)
v(z,t) + |Vo(a, t)|pmtemt < Cy(T — )7, (5.32)

in Q% (0,T), where T < oo is the blow-up time.
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5.2. Reaction Diffusion Coupled Systems with Gradient Terms

Proof. Let
_ 2+
M,(t) = sup [u(z,t) + [Vu(z,t)[rr+2+1],
Qx(0,t]
_2(pot+1)
M,(t) = sup [v(z,t) + |Vo(z,t)|prr2t2ril]
Qx(0,t]
for t € (0,7).

Clearly, M,, M, are positive, continuous and nondecreasing functions on
(0,7). At least one of them diverges as t — T, due to (u,v) blows up at time
T.

We show later that there is 6 € (0, 1) such that

L

5 < My ()M (1) < % te (T/2.T). (5.33)

So that, consequently, both M,, M, have to diverge as t — T.

To establish the blow-up rate estimates, we use a scaling argument similar

as in [7].The proof is divided into several steps.

Step 1: Scaling
If M, diverges as t — T, the following procedure can be applied.
Given tg € (0,7, choose (x*,t*) € Q x (0, to] such that

2(p1+1)

_2m+) ]
w(z®, t*) + |Vu(x™, t*)|prrzt2e T > §Mu(to). (5.34)

Let v = v(to) = My > (to) be a scaling factor. Define the rescaled functions
1y, 5) = Y ulyy + 2*,7s + ), (5.35)

w3y, s) =P o(yy + 2%, s + 1), (5.36)

for (y,s) € Q, x (—y2t*,v (T —t*)), where
Q,={yeR":yy+a"e€Q}
Clearly,

R* if Q=R"
Q, = )
B@ if Q:BR
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5.2. Reaction Diffusion Coupled Systems with Gradient Terms

Next, we aim to show that (¢],¢5) is a solution of the following system

Pl — Al =V | + (p3)P, (5.37)
3. — Dy = 12| V3| + (o)™, '
where 1y =2a+2 — 2a+ 1)q1, pe =2+2— (28 + 1)qo.
From the assumption (2), it follows that gy, us > 0.
Clearly,
Pl =7, Vel =2TVu,  Ap] =" A, (5.38)
From (5.24)), (5.38]), it follows

1 1 1 1
Yo AT \VZPN 0
7(2a+2) P1s 7(2a+2) #1 A (2a+41) ’ #1 ‘(h 72;;15 (902 >p1‘

Multiply the last equation by 7(2*2), we get the first equation of (5.37)). In the

same way we can show that ¢g satisfies the second equation in system (5.37)).

Restrict s to s € (—y~%t*,0], our aim now is to show that

2(p1+1)
e1(y, s) + [Vl (y, s)|mretnst < 1, (5.39)
for (y,s) € Q, x (—y72t*,0].
From ([5.38]), we obtain
|V@¥(y, S)'% = /y[igpI}Qtll)+1][P1i(2p4}2t711)+1] |Vu|P1i(212;;711)+1’
9 2(p1+1)
= 7 O‘|Vu|P1P2+2P1+1 . (540)
Clearly,
2(p1+1)
u(x, t) + |Vu(z, t)| 2 < M, (ty), (x,t) € Q x (0,¢"]. (5.41)

From (5.35), (5.40) and (541), we get (5.39).

Moreover,
_2pptl) -
903 + |V90;'|p1p2+21’2+1 < M, * (tO)Mv<tO)7 (542)

for (y,s) € Q, x (—y~%t*,0].
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On the other hand, from (5.34)), we obtain
2(p1+1) 1
©1(0,0) + |V (0,0)|rrztzn+t > 5 (5.43)
If M, diverges as t — 1" we can proceed in the same way by changing the role

of v and v.
Step 2: Schauder’s estimates

We need interior Schauder’s estimates of the functions 1, o on the sets
Sk ={yeQ, |y <K} x[-K,KL], K>0, L=0,1
Assume that ¢, o satisfy in Sox the condition
_2;mty) _2pptD)
0 <ol +|Vopi|mrizit < B, 0<g) + [Vpj[mmimit < B (5.44)

We claim that for any K > 0,B > 0 and ¢ > 0 small enough, there is a
constant C' = C(K, B, o) such that

HSOYHCHUvH%(sK) <C, HSOFQYHCHU»H%(SK) <C. (5.45)

From we deduce that each of ¢}, 3, V!, Vg, is uniformly bounded
function in Syi. Therefore, the functions (¢])P', (¢3)72, |Vl |?, |[Vpg|? are
uniformly bounded in Syi. So, the right hand sides of the two equations in
are uniformly bounded functions in Sy, applying the interior reqular-
ity theory (see [40]), we obtain (locally) uniform estimates in C*+**5-norms.
Consequently, by Lemma[A.2.2] we obtian (locally) uniform estimates in Holder
norms C%2 on the right hand sides of the both equations in (5.37).Thus the
parabolic interior Schauder’s estimates imply (see |22, [40]).

Step 3: The proof of (5.33))

Suppose that this lower bound were false.Then there exist a sequence t; — T'
such that
_1 L
My, 2 (t;) M5 (t;) — 0, as j — oo. (5.46)

Then clearly M, diverges as t; — T'. For each ¢; in the role of ¢, from Step 1,

we scale about the correspoinding point (7, %) for all j such that ¢} <t;, with

the scaling factor
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We obtain the corresponding rescaled solution (¢}, ,’),

o1 (y,8) = Vi ulyy + 5,738 + 1), (5.47)
03 (Y, 8) = v v(yy + 25,7 s + ). (5.48)

Clearly, (p)’,@,’) satisfies (as in Step 1) the following problem

o1 — Apy” = Vo |7 + (03 )P, (5.49)
Og — Dpy’ =2V |2 + (01 )P,
with
o - 2(p1+1)
©17(0,0) + [Vepy? (0,0) | preet2mT > 1/2,
0 < g7 + |Vl st < 1, (5.50)

+1)

v, v 2(pa+1 _B
o'+ Vg [mrammit < My © (1) M, (1),
for (y,s) € Q,, x (—’yfzt;‘-,O], where

o R™ if Q=R",
) Br if Q= Bpg.

7

Clearly,
Q, — R", asj— .

From (j5.46)), (5.50), we see that
o v 2(pa+1) .
0y + |Viy [pr2¥2r2tT — 0, as j — oo.

Thus ¢;’, Vi,’ are bounded in ., X (—’yj_Qt;, 0], Vj.

Using the uniform Schauder’s estimate derived in Step 2 to (¢, ©5’)

.
ler llgzvo1+5 (gyea,, i<y -mon < CK

-
H()OQJ||CQ+"v1+%({yeﬂvj,|y|§K}x[—K,0}) < Ok,

where C'x is independent of j.

Since (¢, py’) is defined on a compact set, by the Arzela-Ascoli theorem,

there exist a convergent subsequance, we still denote it by (0,7, ¢J’).
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Since pi1, 12 > 0 and V)’ , Vo, are bounded, it follows that, the limit point

(1, p2) is a solution of the following system
P15 = D1+ @5, pas = Apa + 1", in R" x (—00,0]. (5.51)

Since o, — 0, as j — oo, it follows that ¢y = 0, in R" x (—o0, 0].

Consequently, from the second equation in (5.51)), we obtain that
1 =0, in R"x(—o00,0].

This means
2(p1+1)
V1 (07 O) + |V901 (07 0)|p1p2+2p1+1 = 07
which contradicts with (5.50]). Thus, the lower bound is held.
To prove the upper bound of (5.33)) we proceed similarly as in the proof of

lower bound with changing the role of v and v.
Step 4: Estimate on doubling of M,

As M, is continuous and diverges as t — T, for any ¢, € (0,T) we define t§
by
ts = max{t € (to,T) : M,(t) = 2M,(to)}

Clearly,
2(p1+1)
w(z, t) + |Vu(z, B[ < 2M,(t), (z,t) € Q x (0, ] (5.52)
_ 1
Take v = y(tg) = My > (to).

We claim that

T
’7_2(t0)<t(—)~_ - tO) S A’ tO € (E’T)v

where the constant A € (0, 00) is independent of ¢y. Suppose that this estimate

were false, then there would exist a sequence t; — 1" such that
vy 2 ()t =) = oo,

where

t7 =max{t € (t;,T) : My(t) = 2M,(t;)}. (5.53)
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For each t; we scale about the corresponding point (x7,%) such that

0 <t; <t §<tj<tj+<T, Vj

with the scaling factor
L
v =) = Mo * ().
As in Step 3, we obtain the corresponding rescaled functions (¢)’, o’ ), which

satisfies (.49|) with the following conditions

Vi v 2(p1+1)
Solj (07 0) + ‘V@lj (0a O)’p1p2+2p1+1 2 1/27
0< Q) + |Vip|mmiin <2, (5.54)
2(p2+1)

‘ T degt 8
90’2Y] + !Vsogjlpwzwml < My~ (tj)M”(tj)’

for (y,s) € Q,, x (—’y]th*,”yj_z(t;“ — 7).

From ([5.53) and ([5.54)), it follows that

. S 2(patl) _B
Y + |Vl [Pttt < 28 My () M(t]). (5.55)

From (5.33), we have

8 T
M,(t) < 07 Mi (1), te(5,T).
Therefore, ([5.55)) becomes
£
. ) 2(pp+1) Qa
py + Vg [PmatenT® < 528"

By using the Schauder’s estimates derived in Step 2 for (¢)’,p5’) we get a
convergent subseguence in CEtoltel 2(R” X R) to the solution of system 1)

loc

in R™ x R. This is a contradiction because all the nontrival positive solutions

of system (5.51]), under the assumption (1), blow up in finite time (see [13]).
Thus, there is A > 0 such that

V) (E — ) < A, fy € <§ 7). (5.56)

Step 5: Rate estimates
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As in Step 4, for any ty € (7/2,T) we define
ty =td € (to,T) such that M,(t;) = 2M,(to).
Due to ,
(tr — to) < AM ™ (fo).
We can use t; as a new ty and obtain ¢y € (¢,7) such that
M,(t2) = 2M,(tr) = AM,(to),
(ts — t1) < AMy ™ () = 27% AMqy * (t).
Continuing this process we obtain a sequence ¢t; — 1" such that
(i — 1) < 2 2AM, ™ (1), j=0,1,2,...

If we add these inequalities we get

(T —to) <> 275 AMy * (to).
j=0
Thus
(T —to) < (1 —2"a)"AM, ()
From using ([5.33) we obtain
B
M, (to) < 6~ My (to), to € (T/2,T).
Thus
My(to) < 6722(1 —27a) PAP(T — )P, to € (T/2,7T).

From above there exist two constants C}, C5 such that

T
Mu<t0) < O{(T - to)_a7 o € (E’T)7

T
M,(to) < C3(T —to) ™", to€ (3
From the last two equations and the definitions of M,, M,, it follows that there

7).

exist constants C7, Cy such that
2(p1+1)
u(z, t) + |Vu(z, t)|pezt2edt < C(T —t)™,
2(pa+1)
v(x,t) + |Vo(a, t)|preet2rett < Co(T — )P,
for (z,t) € Q2 x (0,7). O

110



5.2. Reaction Diffusion Coupled Systems with Gradient Terms

Remark 5.2.4. If ug = vg, p = p1 = p2, ¢ = ¢1 = qo, then problem (}5.24)) can
be reduced to a scalar Dirichlet (Cauchy) problem for (5.27]). Moreover, if

2 2p
lap<l+Z 1<g<-—E 5.57
p<lt—, 1< (5.57)

then in a similar way to the proof of Theorem |5.2.3] we can show that, for a

nontrivial positive blow-up solution u, there exist C' > 0 such that
w(z,t) + |Vu(z, )71 < C(T — )71, in Qx(0,T), (5.58)

1.e.

w(z,t) < C(T — )71, in Qx(0,7T). (5.59)

A similar estimate to has been shown in [53, 56| to a large class of
semilinear heat equations with gradient terms including and . As
we have mentioned before, the rate estimate is also known for the blow-
up solutions of equations and . Therefore, if p, g satisfy , then
the positive and negative gradient terms which appear in equation ([5.27)) and
(5.6)), respectively, do not affect the blow-up rate estimates of these problems.
A similar observation holds for problem by Theorem , which shows
that the upper rate estimates of the Cauchy or Dirichlet problem for system
are the same as those known for the system (5.28)). Therefore, under
the assumptions of Theorem , the gradient terms in system have no

effect on the blow-up rate estimates.

5.2.3 Blow-up Set

It is well known that for the semilinear system defined in a ball, under
some restricted assumptions on ug, vy (nonnegative, radially decreasing func-
tions), that the only blow-up point is the centre of that ball (see [61]), while it
is unknown whether this holds for the system . However, for the radial
solutions of the single equation defined in €2, in case ¢ = 2, there is global
blow-up, if 1 < p < 2, Q = Bi or R", and regional blow-up, if p =2, Q = R",
while a single blow-up point, if p > 2, Q = Bp (see [56, [62] and the references

therein).The proof relies on the transformation v = e* — 1, which converts
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5.2. Reaction Diffusion Coupled Systems with Gradient Terms

into the semilinear heat equation v; = Av + (1 +v) log?(1 4+ v). We note
that, these results are much different from those known for equation (}5.26)
(see [50]), because for any p > 1, = Bg or R", only a single blow-up point
is known to occur for that problem, where the initial date are nonnegative,

radially nonincreasing and bounded function.
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Chapter 6
Conclusions and Further Studies

In this thesis, we studied the blow-up properties of second order parabolic
problems defined in a ball. Namely, we consider the nature of blow-up set and

the rate of blow-up for some problems of the following types:

1. Dirichlet problems for semilinear heat equations,
2. Neumann problems for heat (semilinear heat) equations,

3. Dirichlet (Cauchy) problems for semilinear heat equations with gradient

terms.
From this work, we can conclude the following points

e For the Dirichlet problem for the semilinear heat equation (2.1]), with
nonnegative radially nonincreasing initial data, where the reaction term
is the power or the exponential function, it has been shown in [24] that
the only possible blow-up point is the centre of the ball. This can be ex-
tended to the case where the reaction term grows faster than these types
of functions for large values of solutions. Namely, where the reaction
term is the exponential of a power type function. Moreover, for this case
the upper blow-up rate estimate obtained in Chapter 1, is the same as

that known for problem ([2.1)) where the reaction term is the exponential
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function of solutions. Similarly, the last conclusion holds for the problem
of the heat equation with a nonlinear boundary condition (3.1), while for
the system of two heat equations with coupled nonlinear boundary condi-
tions , in case of the boundary terms are of this type of nonlinearity,
the upper blow-up rate estimates obtained in Chapter 3 are greater (more
singular) than those known for problem (3.7)) where the boundary terms
are of exponential type functions of the solutions, but they are less (less
singular) than those known for problem (3.7) where the boundary terms
are of power type functions. Furthermore, for this case, as in the previous

studied cases, the blow-up occurs only on the boundary.

For the Neumann problem for the semilinear heat equation (4.6]), we
showed that the presence of the reaction term has an important effect
on the upper (lower) blow-up rate estimates in case of the power p of
the exponential function that appears in the reaction term is larger than
the power ¢ of that appears in the boundary term, otherwise the effect
occurs only on the upper bound. Moreover, for the special case p = ¢ = 1,
and for small enough values of A\, that appears in the reaction term, the
blow-up can occur only on the boundary, this means in this case, the
reaction term has no effect on the blow-up set. In fact the last conclusion
can be extended to the system , which is coupled in both equations
and boundary conditions. Moreover, we conclude that the upper blow-up
rate estimates for system take the same forms as those considered
in Chapter 2 for the Dirichlet problem for this system, while the lower
estimates are the same as those known for the problem where the reaction

terms are absent.

For the Dirichlet problem for the semilinear heat equation with negative
sign quadratic gradient term , and nonnegative radially nonincreas-
ing initial data, we showed that the gradient term has no effect neither on
the poistwise estimate nor on the blow-up rate estimates for this problem.
In other words, these bounds depend only on the exponential function,

that appears in the semilinear equation (5.7). A similar conclusion also
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holds for the Dirichlet (Cauchy) problem for the coupled system of two
semilinear heat equations with positive sign gradient terms ([5.24]). Un-
der certain assumptions on the powers of the nonlinear functions which
appear in the equations of the system (5.24)), we showed that the up-
per blow-up rate estimates are the same as those known for the problem

where the gradient terms are absent.
We now outline possible directions for future studies

e One may try to find formulas to the blow-up rate estimates and study
the blow-up set for the coupled system ([2.24)), where the reaction terms

take the forms as in the scalar problem (2.6)).

e [t would be interesting to investigate whether, for large values of the
parameter A\, or for any p,q > 0, which appear in problem , the
blow-up can occur only on the boundary. A similar question can be
asked for the system (4.15).

e The blow-up rate estimates and have been derived under
restricted assumptions. We may try to study the blow-up rate estimates
for problem (5.24)), in case of one or both of the assumptions (1) and (2)
of Theorem [£.2.3] are not satisfied.

e [t is well known for the Dirichlet problem for the system ([5.24) with
radially nonincreasing initial data, where the gradient terms are absent,
that the blow-up set has only a single point (see [61]). Therefore, it would
be really interesting to investigate whether this can be extended to this

problem, where the gradient terms are present.
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Appendix A

Notation and Definitions

In this appendix we introduce the domains notation and symbols used in this
thesis. Furthermore, we review the standard function spaces and the defini-
tions of radial and superlinear functions. Moreover, the definition of uniformly
parabolic equations is given in this appendix. Finally, we recall the meaning

of maximal classical and weak solutions of parabolic problems.

A.1 Notation for Domains

Let Q C R", we say that €2 is a domain, if it is a nonempty, connected, open
set, we refer to the boundary of © by 9 and to its closure by €. The unit
outward normal vector on df) at the point x € 9 is denoted by n = n(z), and

the outer normal derivative by a%'

Definition A.1.1. We say that 9 is C*, if for each point xy € 9 there exist
r > 0 and a C* function v : R"~! — R such that

QN B(xg, 1) ={zx € B(xo,7) | T > y(21,...,20-1)},

where B(zg,7) is a ball in R™ with centre zy and radius 7.

Likewise, 0f is smooth, if the function v is smooth (infinitely differentiable).
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A.2. Notation for Functions

We denote by By the open ball in R™ with centre zero and radius R, namely
Br:={x € R": |z| < R},

where

\x]:\/x%jo%—l—---—l—xi.

Moreover, we refer to the boundary of Br by 0Bg or Sg, which is defined as
follows
0Br :={x € R": |z| = R}.

The surface measure on 0Bg will be denoted by ds.

Definition A.1.2. We say that a domain € is symmetric, if either 2 = R", or
Q=Bg,orQ={z € R": R <|z|] <Ry}, where 0 < Ry < Ry < 0.

A.2 Notation for Functions

Throughout this section we introduce the notation for the functions, which
defined in the domain, Q x I C R"!, where 2 be a bounded domain in R",
I C R. Similarly, we can define the same notations for the functions, which are

defined in the domain €2, so they are omitted here.

A.2.1 Function Spaces

Let a € (0,1), k € ZT, we define some classical and parabolic function spaces:

Uniform space:
LX) :={u:Qx I = R|||ul]lo < o0},

where

lulloo = sup Ju(z, t)].
(z,t)eQxT

LP-spaces:

For 1 < p < o0, define
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A.2. Notation for Functions

LP(Q x I):={u:QxI— R|uis measurable and ||ul|, < oo},

], = ( / / P dadt)?.
I1JQ

Co:(QUx 1) :={uecCOQx1I)]|[u

where

Holder spaces:

0% @xn <

where

N TC )]

TP - .
[ ]Ca 2 (QxI) z,y€QxH#y;t,s€l t#s ‘ZU — y\o‘ + |t — 8‘5

Moreover, the space C*2 ((2 x I)) can be equipped with the norm
||u||cav%(ﬁ><7) = ||UHOO + [u]cav%(ﬁxf)‘
Lemma A.2.1. Let u € C’B’g(Q x 1), where o < 5 < 1. Then
ue C%2(Qx I).

Lemma A.2.2. Letu € C%2(Qx 1), where Q C R" be an open convex bounded
set and p > 1. Then

WP e Co3 (@ x T).
Ck’%-spaces:

The two spaces C12, 02! are defined as follows
Cl’%(QXI) ={u:QxI = R|uis C? in t, u, exist and continuous, : = 1,2,...n},

CP(QxI) = {u:QxI = R | Uy, , Ug,z, , and uy exist and continuous, 4,5 = 1,2, ..n},

Assuming that « and its partial derivatives are continuous on Q x I, the spaces
Ch2(Q x T),C*1(Q x T) can be equipped with the norms

o0y

n
ull gt gy = Melloe + D lluaa,
i=1

n n
[[ulleza @y = Hulloo + lltelloo + D Nt loo + Y etz llso,

i=1 i,j=1
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A.2. Notation for Functions

respectively.

Ck+o*5* _spaces:

The spaces C1Fe 5 C2F@1+5 can be defined as follows:
CHO‘HJ(Q x I)=:{u|uis C int, Uy, €ECP2(QAXT), 1= 1,2,...n},
CHT (O x I) = {u e C™ QX I) |y, us € CV2(UX ), 1,5 =1,2,.

Moreover, the spaces C17 5% (€0 x T), C2T*!+5 () x T) are equipped with the

norms

n

[l e 4 ey = 1l ek oy + 2 ot @y
i=1
' n
||U||Cz+a,1+%(§><7) = ||u||c271(§x7) + [ut]ca’%(ﬁxf) + [uxlxj]ca ©@xI)
ij=1

C(I, X(£2))-space:
Define
C(I,X () :={u:I— X() | uis continuous},

where X is a Banach space of functions defined in Q, such as: L?, L> C*.

A.2.2 Superlinear Functions

Definition A.2.3. Let f = f(u), where f : [0,00) — R. f is said to be
superlinear, if it is non dissipative and grow larger than linearly for large values

of u. That is, there exist £, A > 0 such that

uf(u) > (2+5)/Ouf(v)dv>0, Vu> A

A.2.3 Radial Functions

Definition A.2.4. Let ) be a symmetric domain. The function u : QxI — R,

is called radially symmetric or simply radial, if it satisfies, for each (z,t) € Qx 1,
u(z,t) = u(x/,t), Vz' € Q, such that |x,| = |z].

Moreover, it is called radially nonincreasing if u is radial and nonincreasing as

a function of r = |z|.
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A.3. Uniformly Parabolic Equations

Lemma A.2.5. u is radial if and only if

u(z,t) = u((|]z,0,0,...,0),t), V¥(z,t)€QxI.

A.3 Uniformly Parabolic Equations
Consider the differential equation

- 0%u
Uy = ; ai,j(x,t)m + flx,t,u, V), (z,t) e Qx(0,T), (A1)

where a;,i,7 = 1,2,...n are defined functions in Q x (0,7), f is defined
function in Q x (0,7) x R x R". If the matrix (a;;) is positive definite in
Q x (0,7); that is, for every vector £ = (&1,...,&,) € R", £ #0,

D ai(x,0)68 >0, (x,t) € 2 x (0,7),

ij=1

then we say that (A.1)) is of parabolic type in Q x (0,T). Moreover, if there exist

positive constants Aj, Ay such that, for every vector £ = (&1,...,&,) € R",

MIEP <Y (@, )&E < MléP, (2,t) € 2% (0,T),

ij=1

then we say that (A.1) is uniformly parabolic in € x (0,7'). Similarly, we can

define the uniformly elliptic equations.

A.4 Classical and Weak Solutions

For any second order parabolic problem defined in {z € ,¢t > 0}, with the
initial function ug € C?(Q2) and for given T' € (0, 00], by u € C([0,T), C*(Q)) is
a classical solution or a solution (for short) in [0,7), we mean that u satisfies

the problem for ¢ € (0,7), u(-,0) = uy and

u e C2 (A x [0,7)).
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A.4. Classical and Weak Solutions

If ©2 is unbounded, then we also require that u, Vu, Au and u; are bounded on

Q x [0,1], for every t < T.

Moreover, we say that the problem is well-posed in C?(Q) if, for given ug €

C2(9Q), there exist T > 0 and a unique classical solution in [0, T7.

A.4.1 Maximal Solutions

Definition A.4.1. Suppose that we have a parabolic problem such that for
each ug € C?(€), there exist a unique classical solution u on the interval [0, T7,
where T' = T'(|[uol|c2(m)- If there exist Tinax = Timax(uo) € (T, 00] with the

following properties:

(i) The solution u can be continued (in a unique way) to a classical solution

on the interval [0, Tax),

(ii) If Thax < 0o, then u cannot be continued to a classical solution on [0, 7)

for any 7 > Thax,

(ili) Either Thax = 00 or limy . [[u(z,1)]|c2@) = oo,

then we call u the maximal classical solution starting from ug and Ti. its

maximal existence time.

A.4.2 Weak Solutions

By weak solutions of parabolic problems, we mean the functions, which may not
be continuously differentiable or even continuous, but they satisfy the problem

in weak sense. For example, consider the following problem

w = Au+ f(u), x e t>0,
u(z,t) =0, x € 0t >0, (A.2)
u(z,0) = ug(x), x € (),

where 0 < uy € L>®(Q2), Q is a bounded domain.
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A.4. Classical and Weak Solutions

Definition A.4.2. The function u is a weak solution of (A.2) on [0, 7] if
(i) w e C([0,T7, L' (),

(i) f(u) € L'(Qx (0,7)),

(i) /Q (@, 1), 1) dz — /Q (@, 11)6 (@, 1y )dz — /: /Q wdadt

_ /: /Q (uAé + fo)dudt

for every ¢ € C*'(Q x [0,T]) with ¢ =0 on 9Q, 0 <t; <ty < T.

The function w is a global weak solution, if it is a weak solution on [0, 7] for

every T' > 0.
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Appendix B

Maximum and Comparison

Principles

Maximum and comparison principles are considered a very useful tool in the
study of parabolic problems of scalar equations and systems. Many of the
arguments applied in this thesis rely on application of the maximum principles
for parabolic equations. In this appendix we recall from ([26, 34], 50, 54} 56, 58])
some maximum and comparison principles, which we frequently use in this

thesis.

B.1 Maximum and Comparison Principles for

Parabolic Equations

We start with the following maximum principle, which is applicable to the clas-
sical solutions of the problems of Dirichlet, Neumann and mixed-type boundary

type conditions.
Proposition B.1.1. Let u € C%1(Q2 x (0,7)) N C(Q x [0,T)) be such that

uw—Lu+cu>0, (z,t) € Q2x(0,T),
ag—z + Bu >0, (x,t) € 09,
u(z,0) >0, x € Q,
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B.1. Maximum and Comparison Principles for Parabolic Equations

where () is a bounded domain, L is a uniformly elliptic operator given by

ou
Lu_Za”a:ta 8x]+zb xtax]

1,j=1 =1

where a;;,b;,4,j = 1,2,...n, and ¢ are continuos functions in 2 x (0,7,
moreover, ¢ is bounded in Q x (0,¢] for any ¢ < T, and «, f are nonnegative

continuous functions, such that o+ 8 > 0 on 9Q x (0,T). Then
u(z,t) >0, (z,t) €Qx(0,T).

Moreover
w(z,t) >0, (x,t) € Qx(0,T) unless u=0.

As an application of Proposition we have the following comparison
principle between the classical solutions u, v of the respective parabolic initial-

boundary value problems
— Lu = fi(z,t,u), v, — Lv= fo(z,t,v), (z,t) € Qx(0,T),
ag—z + fu = hy(z,t), ag—z + fu = hy(z,t), (z,t) € 09, (B.1)
u(z,0) = o, v(x,0) = vy, x € ),

where fi, fo are continuous functions in 2 x (0,7"), ug, vo are smooth function,
a, 8 and L are defined as in Proposition [B.1.1}

Proposition B.1.2. Assume that either afl(ai’t’s) or an(ai’t’s) is continuous in
s € R and that

fi(z,t,8) < folz, t,8), (x,t) € 2 x (0,T),

hi(z,t) < ho(z,t), (x,t) € 09 x (0,T),

u(z,0) < v(z,0), x €.

If u,v are the respective solution of (B.1]), then
u<wv, (z,t)€Qx(0,T).
Moreover, either

u=wv, or u<w, (x,t)eQx(0,T).
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B.1. Maximum and Comparison Principles for Parabolic Equations

The following proposition is a basic maximum principle for classical solu-

tions.

Proposition B.1.3. Let ) be an arbitrary bounded domain in R", T" > 0,
b:Qx(0,T) = R", ¢:Qx(0,T)— R,

sup ¢ < oo, foranyt<T.
Qx(0,t)
Assume that

v e CPHQ x (0,T)) N CE % [0,T)),

and
v —Av<b-Vv+cv, (z,t)eQx(0,T),
v(z,t) <0, (x,t) € 00 x (0,T), (B.2)
v(x,0) <0, x € S
Then

v(z,t) <0, (x,t) € Q2x(0,T).

Remark B.1.4. In Proposition it is sufficient to assume that the first
inequality in (B.2) holds in the set {(x,t) € Q@ x (0,7) | v(z,t) > 0}.

The following proposition is a version of the strong comparison principle for

general semilinear parabolic equations.

Proposition B.1.5. Let Q be a bounded domain in R™ of class C?. And
u,v € CHH(Q x (0,T))NC(Q % [0,T)),
for some 7" > 0. Assume that
u — Au — F(z,t,u, Vu) < v, — Av — F(z,t,0,Vov), (x,t) € Qx (0,7T),

where F' = F(z,t,5,6) : Qx [0,T) x R x R* — R is continuous in x,t and C*

in s,&. Moreover, if F' depends on &, assume also that
Vu,Vo € L*(Q x (0,t)), for any ¢t < T.
Let

u(z,0) <wv(x,0), z€Q (u(-,0)#v(-0)),
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B.2. Maximum and Comparison Principles for Parabolic Systems

and
u(z,t) <wo(z,t), (x,t) €0 x(0,T),
or 5 5
u v
s < 2= )
n +bu < 877—|—bv, on 092 x (0,7, (B.3)

where b € C'(99). Then
u<v in Qx(0,7).

In addition, if u(xg,tg) = v(xo,ty) for some xy € 0N and ty € (0,7), then

Ou(zo, to) S Ov(xo, to)
on on

If (B.3) is true, then u < v in  x (0, 7).

Finally, we state the following comparison principle for (3.1)) (the problem

of the heat equation with a nonlinear boundary condition).

Proposition B.1.6. Let u; € C*'(Bx|[0,T;)),i = 1,2 be solutions of problem
(3.1) with initial data u?, 49 and boundary condition given by the functions f;.
Suppose that

fi>fo, and u?>ud, z € Bp.

If f; or fy are strictly increasing, then

u; > uy, in Bpgx [0,min{T},T3}).

B.2 Maximum and Comparison Principles for

Parabolic Systems

We first give extensions of the previous maximum principle (Proposition [B.1.3]),

to systems of cooperative type.
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B.2. Maximum and Comparison Principles for Parabolic Systems

Proposition B.2.1. Let 0 < T < 00, ) be an bounded domain in R",
a;; - Qx(0,T) — R, for i,j e {1,2}, such that ajz,as >0,

sup a;; < oo, forany t<T, 1i,je{l, 2}
Qx(0,t)

bi,by : Q2 x (0,T) — R"™. Assume that for i = 1,2, the function v; satisfies
v; € 02’1(9 x (0, 7)) NC(Q x [0,7)),
Vit — AUl + bl . Vvl < a11v1 + a12vV2, in Qx (0, T),
Vot — AUQ + bg . VUQ S A21V1 + A29V2, in Qx (0, T),
such that
vi(z,t) <0, wo(z,t) <0, (x,t) €0 x(0,T),
Ul(xao) < 07 UQ(IL',O) < 07 r €.
Then
vi(z,t), va(x,t) <0 (x,t) € 2 x (0,7).

Next, we state a comparison principle to the system of heat equations with
Neumann boundary conditions.

Proposition B.2.2. Let (u,v) be a nonnegative supersolution to problem
(3.7), where u,v € C*'(Bgx (0,T))NC (B x[0,T)). This means (u, v) satisfies
the following problem

u > Au, vy > Av, Br x (0,7),
Su> f(v), o> g(u), (z,t) € Sr x (0,7),

u(z,0) > ug(x), v(x,0)>v9(x), x € Bpg.
If (u*,v*) is a nonnegative solution of problem ({3.7), starting with the same
initial data (ug,vg), then
u* <u, v*<w, (n,t)€ Brx|[0,T).

Let (u1,v;1) be a nonnegative solution of problem (3.7)), starting with (w1, v1o),
where

U < Ug, vV <V, T € Bp.

Then
up <u, v <v, (z,t)€ Brx[0,T).
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B.2. Maximum and Comparison Principles for Parabolic Systems

The following proposition is a comparison principle for cooperative systems

of the form
ur = Au+ fi(u,v), v =Av+ fou,v). (B.4)
Proposition B.2.3. Let 0 < T < o0, ) be an arbitrary domain in R", and let
fi = fi(s1,82) : R = R,i = 1,2, be C! functions such that
of of2

D5y > 0, s, > 0.
Let
u,v,u*,v* € CHQ x (0,7))NC(Q x [0,7)),
and
u<u o <ov* in Qx{0}, 902 x (0,7),
moreover,

v — Av — fo(u,v) < vf — Av* — fo(u*,0*) in Qx(0,7).
i.e. (u*,v*) is a supersolution to the system (B.4). Then

w — Au — fi(u,v) <uf — Au* — fi(u*,0*) in Qx(0,7), }

u<u o <ov* in Qx(0,7T).

Finally, we state the following maximum principle for rection diffusion sys-
tems coupled in both equations and boundary conditions.
Proposition B.2.4. Let
w,z € C*HQ x (0,T))NC(Q x [0,7)),

where, Q = (0, R), R > 0 and T > 0, such that

Wy — Wy — "Tflwr > az, 2 — Zpp — "771@ > bw (r,t) € Q x (0,7),
w,(0,t) <0, 2-(0,t) <0, 0<t<T,
wy(R,t) > c(R,t)z(R,t), z.(R,t) > d(R,t)w(R,t), 0<t<T,

w(r,0) >0, z(r,0) >0, reqQ,

where, a,b,c and d are bounded functions in [0, R] x [0,¢], for any ¢ < T, we

assume also that a, b are nonnegative functions. Then

w,z>0, in Qx[0,7).
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