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SUMMARY

A major theme in geometric measure theory is establishing global properties, such as
rectifiability, of sets or measures from local ones, such as densities or tangent measures. In
establishing sufficient conditions for rectifiability it is useful to know what local properties

are possible in a given setting, and this is the theme of this thesis.

It is known, for 1-dimensional subsets of the plane with positive lower density, that the
tangent measures being concentrated on a line is sufficient to imply rectifiability. It is
shown here that this cannot be relaxed too much by demonstrating the existence of a
1-dimensional subset of the plane with positive lower density whose tangent measures are

concentrated on the union of two halflines, and yet the set is unrectifiable.

A class of metrics are also defined on R, which are functions of the Euclidean metric, to
give spaces of dimension s (s > 1), where the lower density is strictly greater than 21~
and a method for gaining an explicit lower bound for a given dimension is developed. The

results are related to the generalised Besicovitch % conjecture.

Set functions are defined that measure how easily the subsets of a set can be covered by
balls (of any radius) with centres in the subset. These set functions are studied and used
to give lower bounds on the upper density of subsets of a normed space, in particular
Euclidean spaces. Further attention is paid to subsets of R, where more explicit bounds

are given.
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Chapter 1

Introduction and Background

1.1 Introduction

This thesis is concerned with the small-scale measure theoretic properties of various sets
and spaces. Also of interest is how these local properties relate to global properties, such
as rectifiability. In this chapter we develop this and introduce the fundamental concepts

that we will use throughout the rest of thesis.

The remaining three chapters are all connected with this theme but are fairly independent
of each other. In Chapter 2 we give an example of an unrectifiable set with fairly regular
tangent measures, which serves to give a limit on how far rectifiability theorems involving
tangent measures can be improved. In Chapter 3 we give an example of an unrectifiable
metric space with particularly high lower density, again this limits how far rectifiability
theorems can be improved, but in this case with reference to lower densities. In Chapter

4 we develop actual bounds on what values for upper densities are possible.

Most of the results in this chapter are based on those in Mattila’s book, [19], with some
further references to Federer’s book, [14]. For brevity, only results from other sources will

be individually referenced.



1.2 Measures
In this section, we will reproduce some basic definitions and results from measure theory
that we will use throughout this thesis. We begin with o-algebras.

Definition 1.2.1 Let X be some set. Then we say that A C P (X) is a o-algebra if and

only if

(i) D e A

(ii)) Ac A= X\Aec A

(i) {Aitien € A= Ujen 4i € A
Proposition 1.2.2 If A, A; C P (X) are o-algebras then

(i) XeA

(ii) {Ait;eny € A= NienAi €A

(i1i) P (X) is a o-algebra

() (), Ai, where i ranges over some (possibly uncountable) set, is a o-algebra.
Properties (iii) and (iv) above ensure that following is well defined.

Definition 1.2.3 If X is a topological space, then its Borel sets are the smallest o-algebra

of X containing all of its open sets.

For a definition of a measure, we will use what is sometimes referred to as an outer measure.
This will be be useful as we will often only require subadditivity and the restriction to a

o-algebra of sets would be inconvenient.

Definition 1.2.4 Let X be some set. Then we say pu : P (X) — [0,00] is a measure if

and only if

(i) p(0) =0 (null empty set)

(ii)) AC B= u(A) < p(B) (monotone)



(iii) p (Ujen Ai) < Djen 1t (Ai) (countably subadditive)

In which case we call (X, ) a measure space and, if (X,d) is a metric space, then we call

(X, p,d) a metric measure space.

Furthemore, we say that p is finite if and only if u(X) < oo and o-finite if and only if
there exist {A;},cny € P (X) such that, for all i € N, pu(A;) < oo and ;e Ai = X.

Definition 1.2.5 We say that A C X is u-measurable if and only if for every E C X

1(E) = (BN A) + p(E\A).

We say a function f : (X,u) — (Y,v) is measurable if and only if for every set A CY

which is v-measurable we have that f~' (A) is u-measurable.

Proposition 1.2.6 Let (X, p) be a measure space and M the collection of p-measurable

sets.
(i) M is a o-algebra,
(1)) p(A)=0= A e M,
(iii) if {Ai};en © M is such that i # j = A; N A; =0 then pn (Ujen Ai) = D ien 1 (Ad),

(iv) if {Ai};eny © M is such that, for alli € N, A; C Ajy1, then

u(UAJ:ﬁgumm

i€N

(v) if {Ai};eny © M is such that, for alli € N, A; D A1 and p(Ar) < oo, then

u(ﬂAJ:ﬁgumm

i€N

(vi) a function f : X — [—o00,00] is measurable if and only if for any a € R we have

1 ([~o0,a]) € M.



Statement (iii) in Proposition 1.2.6 indicates that our chosen definition of a measure is not
much of a restriction, especially when one considers that an additive set function defined
on a o-algebra can be extended to a measure simply by taking the infimum of the value

of that function for supersets in the o-algebra.

In particular, Lebesgue measure, which we denote £ on R and £” on R", extends in this
fashion and retains its usual properties, except countable additivity, which it retains on

Lebesgue measurable sets.

Furthermore, if we restrict ourselves to measurable functions integrated over measurable
sets, then integration retains all of its usual properties when applied to measures as defined

in this thesis.

The notion of a measure is often too general for many of the standard results that will be
needed, as well as for those proved in this thesis. We therefore define the following classes

of measures.

Definition 1.2.7 Let X be a topological space, i1 a measure on it, and M the collection

of its measurable sets. Then,
(i) if M contains all of the Borel sets of X then u is called Borel,

(ii) if u is Borel and for every A C X there exists a Borel set B such that A C B and

w(A) = p(B), then p is called Borel regular,
(iii) if X is Hausdorff and locally compact, p is Borel, and
(a) K C X is compact = p(K) < oo,

(b) for every open set U C X we have u(U) =sup{u (K): K CU, K is compact},

and
(c) for every A C X we have p(A) =inf{p(U) : U D A,U is open},
then w is called a Radon measure,

() if X is a metric space and for every x € X there exists r > 0 such that (B (z,7)) <

oo then u is called locally finite.
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We note that a Radon measure is also Borel regular and that £ and £L" are examples of

Radon measures.

Since this thesis is in the field of geometric measure theory, it will, of course, be using
measure theory to study the properties of certain sets. Thus the concept of restricting a

measure to a set, and the closely related notion of the support of a measure, are central.

Definition 1.2.8 Given a measure space (X, p) where X is a topological space, we define

the support of w, supp (p) to be X\|J{U : U is open,u (U) = 0}

Proposition 1.2.9 If (X, u) is a measure space where X is a separable metric space and
w is Borel, then supp (u) is a closed set with p(X\supp (n)) = 0, furthermore it is the

intersection of all such sets.

Definition 1.2.10 Given a measure space (X,u) and a set A C X then we define the

restriction of u to A, written u_A, by

A (E) = u (BN A)

Proposition 1.2.11 Let (X, p) be a measure space and A C X. Then,
(i) pLA is a measure,

(ii) if X is a topological space, 1 (A) < oo and p is Borel regular, then uL A is also Borel

reqular, and
(iii) if E C X is p-measurable, then it also pL A-measurable.

The following are extremely useful tools and will be applied in many of the proofs in this

thesis.

Theorem 1.2.12 Let p be a Borel regular measure on a metric space X, A C X a u-

measurable set, and € > 0. Then,
(i) if u(A) < oo then there exists a closed set C C A such that p(A\C) < e,

(ii) if there exists {U;},cy € P (X) such that, for all i € N, U; is open and p (U;) < 0o,

and A C J;en Ui then there exists an open set U O A such that p(U\A) < e.
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Corollary 1.2.13 Let i be a measure on a R™. Then,

(i) if u is Borel regular, A C X is a p-measurable set with p(A) < oo, then for any

e > 0 there exists a compact set K C A such that p(A\K) < ¢,

(ii) p is a Radon measure if and only if it is Borel reqular and locally finite.

1.3 Hausdorff Measure and Dimension

We are now ready to define Hausdorff measure, the predominant measure of study in this
thesis. All of the results that follow in this section are fairly standard and are either

explicitly stated or immediate consequences of results in [19].

Definition 1.3.1 Let X be a separable metric space, s € [0,00), 6 € (0,00] and E C X.

Then we define

H; (E) = inf {Z (diamF;)* : E C | | Ei, diamE; < 5} :

1€N €N
interpreting 0° = 1 with the exception diam (0)° = 0.

We may now define the s-dimensional Hausdorff measure by

W (B) = lm W (B).

Proposition 1.3.2 With the notation above,

(i) H3 is a well defined measure on X, and the covering sets used in Definition 1.3.1
may be restricted to open sets, closed sets, or, if X is a normed space, conver sets

without changing the resultant set function,
(i4) if 0 < 61 < 9§, then Hg (E) > Hj (E),
(iii) H® is a well defined Borel regular measure on X,

() if X is a normed space, v € X and E C X then Hi(E+z) = Hj(E) and

M (E +x) =H® (E), that is Hi and H® are translation invariant,
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(v) if X is a normed space and A € (0,00) then Hi(AE) = NH;5 (E) and H® (A\E) =
NH (),
(vi) for any E C X, H°(E) = # (E), and
(vit) if X = R", then H" = 27"« (n) L™, where a.(n) is the volume of a unit ball in R™.

Hausdorff measure is an example of Carathéordory’s construction of a measure, which
is used to define a whole class of Borel regular measures using coverings of decreasing
diameter. The reason these measures are Borel is due to Theorem 1.3.3, below; they are

regular simply because of the way that they are defined using covering sets.

Theorem 1.3.3 Let (X, u,d) be a metric measure space. Then, u is a Borel measure if

and only if for every A, B C X such that d (A, B) > 0 we have

(AU B) = u(A)+u(B).

Hausdorff measures are used to give a notion of dimension to a set or space. There are
many different types of dimension with differing definitions, but Hausdorff is probably the

most used in geometric measure theory, and the only one that will be used in this thesis.

Definition 1.3.4 Let X be a separable metric space and E C X. Then we define the

Hausdorff dimension of E to be

inf {s € [0,00) : H® (E) < o0} .

Definition 1.3.5 We call A C X an s-set if and only if it is H*-measurable and 0 <

H® (A) < 0.
Proposition 1.3.6 Let X be a separable metric space, and s € [0,00). Then,

(i) if E C X has a Hausdorff dimension of s then H!'(E) = oo for all t < s and
H(E) =0 for all t > s,

(i) an s-set has Hausdorff dimension s, and

(iii) if E C X is an s-set, then H°LE is a finite Radon measure on X.
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We now have all that we need to formulate a suitable definition of rectifiability. Rectifi-
ability will not so often be used in the content of this thesis, indeed most of the objects
discussed are not rectifiable. But it does, as we shall see, provide a major motivation for

the material.

Definition 1.3.7 Let X be a separable metric space and n € N. Then, we say that a set
E C X is H"-countably n-rectifiable (henceforth n-rectifiable or just rectifiable) if and only

if there exists { fi},cn such that

(i) fr:R™ — X is a Lipschitz function, for every k € N, and

(ii) H" (E\ Ugen fi (R")) = 0.

We say that a measure p on R™ is n-rectifiable if and only if there exist a Borel function

f such that
p() = [ fanre
A

where E is an n-rectifiable set.

On the other hand we say that a set (or measure) is unrectifiable if it is not rectifiable,

and purely unrectifiable if it intersects any n-rectifiable set in an H"-negligible set.

Lipschitz functions are the most convenient for use in geometric measure theory, but it is
worth noting that an equivalent definition may be given using continuously differentiable
functions instead. This helps to emphasise why the concept is so useful, as it provides a
notion that is applicable to measure theory which represents what may be thought of as a
physically meaningful solution to a problem. Areas in which such problems occur include
material science, liquid crystals and image analysis; a good source for more examples with

a fuller treatment is [1].

1.4 Densities

Along with tangent measures, densities are one of the fundamental objects of study in this
thesis. We only present here the definitions that we will be using and a few basic results,

which will be used in the later chapters.
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Definition 1.4.1 Given a measure, 1, and s > 0, we define the s-dimensional upper and

lower densities of p at the point x by

s e (B (@)
D? (p,x) = hryrﬂlﬁ)nfw

and

S — limsu :u'(BT (SL’))
D (M,I‘) _1 10 P (QT)S

respectively. Where these values coincide, we may define the density p at x by

D — lim 22
(1, ) TR

Since we are primarily concerned with Hausdorff measures restricted to a certain set, it

will be convenient to also define the density of a set at a point.

Definition 1.4.2 We define the s-dimensional upper and lower densities of a set E at a

point x by
D* (5, 2) = tim g -2 Br (2)
{0 (2r)
and

D° (E,z) = limsup

respectively. Again, where these values coincide, we define the density of ¥ at x by

s _ iy A (Br (1))
D? (E,x) —l;ﬁ)l @y

The above definition would work equally well if we were to use closed balls instead of open.

We will use these interchangeably, as is most convenient, throughout the thesis.

Proposition 1.4.3 With the notation above, we have

. o n(Br(2)
D? (pu,x) = hrrribnfw,
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D’ x) = limsu RADrF)) (77“ (x))
D™ (p,z) =1 18U oy
T %SLE(ET(:U))
D,(E,x) = ll%hnf -
and
HCE (B, (r))

D, (E,z) = limsup
S ( ) 10 (27’)5
We give an upper bound to the upper density of sets. We will look at lower bounds on

upper density in Chapter 4 and lower densities in Chapter 3.

Theorem 1.4.4 Let X be a separable metric space and E C X be an s-set. Then,

D’ (E,z) <1,

for H?-almost every z € X.

One of the reasons that densities are of so much interest is because of their relationship

to rectifiability. The following theorem is an example of this.

Theorem 1.4.5 Let E C R" be an k-set for some integer 0 < k < n. Then E is
k-rectifiable if and only if D¥ (E,x) exists and has equality with 1 for H*-almost every
x € E. Furthermore, D’ (E,x) exists and takes a positive, finite value for H®-almost

every x € E only if s is an integer.

Theorem 1.4.5 follows from the main result in [9]. The proof of the above was the result of
a long string of results culminating with a stronger result proved in a paper by Preiss, [21].

Earlier work was completed by Besicovitch, Marstrand and Mattila.

Theorem 1.4.5 does not generalise completely to metric spaces, and this is discussed further

in Chapter 3.

Theorem 1.4.6 below is a form of the Vitali covering theorem, as is presented in [19].
Although this does not relate specifically to densities, it is presented in this section as its
utility to this area is quite clear, and this is the only context in which it will be used in

this thesis.
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Theorem 1.4.6 Let p be a Radon measure on R", E C R" and
EC{B(z,r):zeR"re(0,00)}
be such that
inf {r € (0,00) : B(z,r) €€} =0

for every x € E. Then there exists a countable collection of disjoint sets, A C &, such that

,u(E\UA):O.

AecA

Furthermore, if n = L™, then, for any e > 0, A can be chosen such that

d LM (A)<L(E)+e
AcA

1.5 Tangent Measures

Tangent measures were first defined by Preiss in [21]. They represent what a measure looks
like on a small scale in much the same way that a classical tangent does for a smooth curve.
They do this by zooming in on a particular point and taking a limit. Therefore, before we
can give a formal definition of a tangent measure, we must first define a suitable form of

convergence.

Definition 1.5.1 A sequence of Radon measures, {jix},cn, 0n a metric space converges

weakly to a measure, p, and we write g — p if and only if, for every ¢ € C.(R™), we

have [ ¢ dpn, — [ ¢ dp.

We mean by C. (R™) the space of all compactly supported continuous functions mapping

R™ to R.

Lemma 1.5.2 Let {p;},cy be a sequence of Radon measures and p a Radon measure, all

on a locally compact metric space X, such that u; — . Then, for any open set U C X
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and compact set K C X, we have

p(U) < liminf y; (U),

1— 00

and
e (K) = liminf ; (K) .
1—00
We are now ready to formulate our definition of tangent measures. We assume from now

on that we are working in Euclidean space, R™.

Definition 1.5.3 We let u be a Radon measure on R™ and s > 0. We define the rescaled
measures fiz, by

_ p(rE+x)

par (E) = s

Then we say that a Radon measure v is a tangent measure to p at x if and only if there

exists a sequence {r;};cy 4 0 such that jig, B vasi— oo,
We denote the set of all such tangents of u at  as Tan® (u, x).

Actually, the original definition of tangent measures was slightly more general in that the
normalisation is not restricted to be some power of the scaling ratio, but is an arbitrary
sequence converging to zero. This will not prove to be too much of a restriction for the
type of measures we will be looking at - that is, those with positive and finite upper and
lower densities - as the more general definition would only add scalar multiples (including

zero) to our tangent set.

As was the case with densities, tangent measures provide a characterisation of rectifiability.

The following theorem is based on a result presented in [9].

Theorem 1.5.4 Let E CR"™ and 0 < k < n be an integer. Then E is k rectifiable if and

only if there exists, for H*-almost every x € E, a k-dimensional plane L, such that

Tan® (HkI_E, x) = {HkLL}.
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The conditions on the tangent measures Theorem 1.5.4 can be relaxed significantly. The

extent to which this can be done is the topic of Chapter 2.

The following two results were proved originally proved in [21] and are presented for the

definition used here in [20].

Theorem 1.5.5 We let u be a Radon measure on R™ and s > 0. Then Tan® (u,x) is

closed.

Theorem 1.5.6 We let p be a Radon measure on R™ and s > 0. Then, for p-almost

every x € R", if v € Tan® (u, ) and a € supp (v) then

Vg1 € Tan® (u, x).

Since, for Hausdorff measures restricted to s-sets, the measure of a ball of radius r scales

with r®, we get the following corollary to Theorem 1.5.6.

Corollary 1.5.7 Let s > 0, E CR" be an s-set. Then, for H®-almost every x € R™, if A

is an s-set such that H* A € Tan® (H°LE,x), a € A and r > 0 then

HPir (A —a) € Tan® (H°LE, x) .

The following lemma follows from the more general Lemma 14.7 in [19], or immediately
from a result given in [20]. However, a standalone proof is given here for convenience and
to highlight some differences between the definition of tangent measures as defined here

and the originals. Indeed, this result would be false under Preiss’s original definition.

Proposition 1.5.8 Let v € Tan® (u,z). Then

D? (v,0) > D (p, )

and

D’ (v,0) <D’ (u, ).
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Proof Pick (r;) such that p 2 v and then choose r¢g > 0. Now

. (B (2))
D? = 1 f— 7
D7 (p, ) it = s
By
< liminf 7M( 0% (Sa:))
1—00 (27“075)

a,r; (Bro (0
= liminf Hawri \Zro 7)) ( OS( ))
i—>00 (27’0)

v (Fm (0))

= by Lemma 1.5.2.
@2r)° Y

But, since r¢ is arbitrary, we conclude that D®(v,0) > D®(u,x). A similar argument

using open balls gives D° (,0) < D (i, ). d

Corollary 1.5.9 Let v € Tan® (u,x). Then

D? (u,z) > 0= 0 € supp (v).
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Chapter 2

Tangent Measures of a One

Dimensional Subset of R?

2.1 Introduction

In Chapter 1 we stated that rectifiability in R"™ is essentially equivalent to all of the set’s
only tangent measure being a m-dimensional plane. Thus tangent measures can be used
as a means of establishing rectifiability. A natural question then follows: How far can the

conditions on the tangent measures be relaxed, whilst still ensuring rectifiability?

Since, in a rectifiable set, the tangents are planes anyway, the question essentially becomes
one on the existence of sets with certain kinds of tangents. We will be imposing a limit
on how far the result can be extended by demonstrating the existence of an unrectifiable
set with tangents that are somehow quite close to meeting known conditions for implying

rectifiability.

In this chapter we will only be looking at 1-dimensional subsets of R?, and so, for conve-

nience, we write Tan (u, 2) for Tan! (i, z).

We first state a result by O’Neil, presented in [20], which gives a positive result in this

matter.

Theorem 2.1.1 Let m,n € N such that m < n. Then, if p is a Radon measure on R"
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such that, for p-almost every x € R™,
(i) 0 < D* (u,z) < D’ (u,x) < o0, and

(ii) the projection of any v € Tan® (u,x) onto any m-dimensional subspace of R™ is a

convex set,
then p is m-rectifiable.

The condition that p be Radon is slightly stricter than in the original statement but is

sufficient for our purposes and avoids introducing new terminology.

In this chapter we will demonstrate, by an example based on a set originally defined by
Dickinson in [11], that the condition on the projections of tangent measures cannot be
weakened to the union of two convex sets. In particular the tangents of this unrectifiable
set consist of lines, halflines and the union of two halflines. This would seem to indicate

that the above theorem is somehow quite close to being optimal.

An example was given by De Lellis and Otto in [10] of a set whose tangents consist entirely
lines, halflines, segments, lines with a segment removed or the empty set, however the set
in question did not meet the other criterion as its lower density was zero at almost every

point.

2.2 Approximately Constant Functions

A convenient way of expressing the 1-dimensional subsets of R? that we will be looking at
is expressing them as graphs of functions, and restricting 1-dimensional Hausdorff measure

to their graphs.

We will be using functions whose codomain is the set RU{oo}. We are doing this as we are
only concerned as to whether a sequence of functions is unbounded, not whether it limits
to 0o, —oo or both. It will soon become clear why this is the case. We use the obvious
arithmetic on this set, apart from oo — oo which we define to be zero; this is because the
sum will only ever be used to indicate that a function taking the value co has zero distance

from another function taking the same value, which is not unreasonable.
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Definition 2.2.1 Let f : R — RU {oc} and S C R? its graph, that is

S=A{( f(x): 2 f(zr) eR}.

Then we call H'LS the graph measure of f and denote it Vf-

The types of functions that we are interested in are those that, despite having a fractal
structure, are in some sense quite flat locally. We formalise with the notion of approxi-

mately constant functions.

Definition 2.2.2 Let f : R — RU {oc}. If for any given € > 0 there exist —00 = ag <

a1 < ...<ap = o0 such that, for all 1 <i < n,

sup  f(z)— inf f(z)<emin{a; —a;—1,1},
z€[a;—1,a;) x€lai—1,a4]

then we say that f is an approzimately constant function. We also define
we (f) =sup{min{a; —a;—1 : 1 <i<n}},

where the supremum is taken over all partitions that satisfy the above condition.

Since we will be using these to look at tangent measures, we will want to rescale these

functions in the same way.
Definition 2.2.3 Let f: R — RU{oo}, r € (0,00) and z € R. Then we write

frt+a) = f (@)

r

fcc,r (t) =

Proposition 2.2.4 Let f be approzimately constant. Then for any r € (0,00) and zy € R

we have that fy, , s also approximately constant.

Proof We fix ¢ > 0. Then we can find —cc =qg < a1 < ... < a, = oo such that

sup  f(z)— inf f(z)<remin{a; —a;—1,1}.

z€la;_1,a4] z€la;—1,a;]

Now, taking a; = “—*¢ for each 0 < i < n gives us suitable choices to show that fg, is
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also approximately constant. O

Because these functions are so flat, there is a very simple characterisation of their graph

measures.

Proposition 2.2.5 Let f : R — RU{oo} be approzimately constant. Then for any A € R?
vr(A)=L{z eR:(z, f(x)) € A}.

Proof Put P={xeR: (z, f(z)) € A}

Since the mapping (z,y) — (z,0) is Lipschitz with constant at most 1, we have

(A = HU(ANf(R))
> H' {(2,0): (, f (x)) € A}

= L(P). (2.1)

On the other hand, since f is approximately constant, for any § > 0 and —oc < a < b < 00,

we can find a = Gg < ... < @z = b such that, for every 1 < i < 7,

)
sup f(x)— inf f(2) < -——= (@ — Gi—1).
me[&i_l,&i] xe[ai—lyai] 4 (b _ a) ¢ t
And thus, splitting the rectangles if necessary, we can find a = ag < a1 < ... < ap = b

such that forall1 <i<n

s f@)— it ()< O (- ai)

x€la;—1,a4] z€la;—1,a;] 2

and

a; — a1 < —.
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This gives that for any 0 < § < 1 the diameter of the rectangle is less than 4, and so

77 ([a,b] xR) = H'(([a,] x R) N £ (R))

= lmH (ot ¥ R) 1/ (R)

n

. 92
< 3o S o

. 62 &
= 151?01 1+4;ai ai—1

52

= limy/1+4+ —(b—a)

10
= b—-a

But, by the definition of Lebesgue measure, there exist, for any € > 0, intervals, I, where
k € K and K is finite or countable, each of length I, € (0,00), such that P C | J,cx Ik

but > cx Ik < L(P) + ¢, and so

(A < 7 (P xR)
< D Ik xR)
keK
= 2 I
keK
< L(P)+e. (2.2)
The inequalities (2.1) and (2.2), along with the arbitrariness of €, give the result. O

An immediate question we may ask is whether approximately constant functions are the
only ones with the above property. The answer is no, as the following example demon-
strates.

Example 2.2.6 Let
3n71_1

A= |J (B"[L2]+k37)
k=0

and f =3 N 3*("+1)XAH. Then f has a graph measure as in Proposition 2.2.5 but is

not approrimately constant.



25

The above example has the projection property since it can be covered by a series of
arbitrarily small equilateral triangles whose projections do not overlap, and whose diameter
is equal to the length of their projection. They cannot, however, be covered by arbitrarily
thin strips as any strip would have a projection with length in the range (3_”, 3_(”_1)] , for
n+1)

some n € N, and such a strip would have to contain a jump with height at least 3~( ;

it cannot, therefore, be an approximately constant function.
We now give a definition for convergence that is appropriate to finding the tangents to
the graphs. We call it local convergence in measure, and it is very closely based on the

standard definition, but slightly tailored to our current needs, in particular in how it allows

unbounded sequences of functions to converge to a value of oc.

Definition 2.2.7 Let f,,f : R — RU {oco}. Then we say that f, converges locally in

measure to f, and we write f, — f, if and only if given any a,b € R and e > 0

nli_}ngoﬁ{a: € [a,b] : |fn () — f(2)| > € and max {|f, (2)|,|f ()|} < i} =0.

In order to use this to calculate tangent measures, we would hope that this kind of con-
vergence of the functions was equivalent to weak convergence of their graph measures.
Actually, we cannot quite achieve this, but one implication is true and, in the other direc-
tion, we can get a partial result, which will be sufficient for our purposes. We begin with

the direction that allows us to show the existence of tangent measures.

Theorem 2.2.8 Let f,, f be approzimately constant functions, then

fa 3 =5 =

Proof Fix ¢ € C, (RQ) and € > 0.

Let X = {x e R: ({z} x R) Nsupp (¢) # 0}, that is the projection of supp (¢) onto the x-
axis, then let a = inf X and b = sup X. Similarlylet Y = {y € R: (R x {y}) Nsupp (¢) # 0}

and s =supY.

Since ¢ is uniformly continuous there exists some ¢ > 0 such that |f, (z) — f (z)| < § =

o (2, fr () — & (, [ (2))] < 35-ay- Andsince f, ™ f we have, for sufficiently large n and
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for all x € [a,b] \E where L (E) < Tmax]g)» €ither |[fn(x) = f(x)| <dor fr(z),f(z)>s
and thus ¢ (z, fn (z)) = ¢ (z, f (x)) = 0 (defining ¢ (z,00) = 0). So,

/ab¢(x,f(:v)) dx_/ab¢(x,fn(:c)) da

’/qﬁdu—/aﬁdun

b
/ b2, f(2) — 6 (@ fu (2)) da

b
< / 16 (@ f (2)) — 6 (. fu (2))] da

5
< dac+/ 2 max || dx
/[a,b]\E2(b_a) E i
b
5 5
< 0 2(b—a) d$+4max|¢|2max|¢|

= 57

and hence vy, it Vf-

We now begin work on the opposite direction.

Lemma 2.2.9 Let {fn}, oy be a sequence of approrimately constant functions and c €
RU{o0}. Then,

Vo = HILR % {c}) = fu S e,
where we interpret H1L(R x {oo}) as the zero measure.
Proof Fixa<band0<e<b—a.

Then for ¢ € R we define ¢ € C, (RQ) by

gi)(x):max{l—id(x, [a—i—%,b—g] X |:C—E,C—|—€:|),O}.

This gives us

/qﬁd?—llL{c}:b—a—2
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and

b+e
/¢d7fn = ) ¢ (z, fn(x)) dz
b
< [ ol fa@) dose
< L{z€la,b]:|fn(z) —c] <€}

= b—a—LA{x € [a,b]:|fn(x)—c|>c¢e}.

But then for sufficiently large n, since 5, — Hl {c},

Cizelad:|fu@)]>e} < b—a—/dwlm

< b—a—/d)clHlL{c}—i—;

= E&.

If, on the other hand, ¢ = co then we define ¢ € C, (]RQ) by

w(x):max{l—d<x,[a,b] « [ji]) ,0}.

Then we have

[odu, > /abw:c,fn(a:)) da
> E{me[a,b]:\fn(m)]<i}.

But, since 7y, — 0, we have, for sufficiently large n, £ {z € [a,b] : |f, (z)] < 1} <e.

In either case, the arbitrariness of a, b and ¢ give f,, — c. ]
Lemma 2.2.10 Let f,, be approximately constant functions, —oco = ag < ... < a = 0
be extended real numbers and i1, . ..,y be measures on R?, then

’yfnL([aj_l,aj] X R) it /le_([aj_l,aj] X ]R) Vi € {1, ceey k}
k

S g, = Z,ujl_([aj,l,aj] x R).
j=1
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Proof Since for any 1 < j < k there exists § > 0 such that vy, ([a; — 6, a;]) is arbitrarily

small, we have, for any 1 < j < kand 1 <7<k,

p({az} x R) = pic(lai-1, ai] x R) ({a;} x R) = 0.

Thus we may fix ¢ € C, (R2) and write, assuming the left hand side of the equivalence,

k
Jows =3/ b dvy,
j:1 [a]‘_l,a]‘]XR

k
- E:/¢Wﬁdwqﬂﬂxm
j=1

k
— Z/¢dﬂjL([ay‘l’aﬂ'] x R)
=1

::L/¢dw

Conversely, we can assume the right hand side, define 9, () = max {1 — nd ([a;-1,a;],z),0}

(noting ¢, € C; (RQ)), and write

[oduilaralxr = | b dy,
[ajfl,aj]XR
- / o drg, + 0 (1)
— /wndwo(mo(l)
— ¢ du
[ajfl,aj]XR

= /qﬁd,w_([ajhaﬂ x R)
- /¢mwﬂ%4ﬂﬂXR)

O

We now have the tools we need to prove the following theorem, which will enable us to
restrict the set of possible measures. Indeed, the measure defined in the next chapter will
have, at almost every point, all of the allowed measures in its tangent set, and so we will

have determined it completely.

Theorem 2.2.11 Let (f,) be a sequence of approximately constant functions and p be
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some measure. If for each € > 0 we have vy, 2 and limy,_e0 we (fn) = oo then there

exists f : R — RU{oo} and j € R such that f is constant on (—oo, j] and (j,00), fn — f

and p = yf.

Proof Fix¢ € C. (R?),andlet X = {z € R: ({z} x R) Nsupp (¢) # 0}, a = min {inf X, j}

and b = max {sup X, j}.

We take a subsequence, { fi(n)}, such that w1 ( fi(n)) > n. Then there exist (li(n)) , (ri(n)) C
R and (j,-(n)) such that

where

. 1
Lim) = {(J%y) ER?: 2 € (—00, jim)] ,y € [li(n)’li(n) + n]}
and
. 1
Rz(n) = {($7y) € R?: 2 S (]i(n)a OO) Y € |:ri(n)7ri(n) + TL:| } .
We may now take a further subsequence, f(,), such that ji,y — j € [a, b].

Now, focussing on (—oo0, j] we can take a still further subsequence, f,,(,), to ensure either
lmn)y = 1 € Ror ‘lm(n)‘ — 00, in which case we set | = co. This convergence of (jm(n))
and (lm(n)) give us fi(n) 2 1 on (o0, 7]. So, using Theorem 2.2.8 and Lemma 2.2.10, we

can write

Vi ((—00,5] x R) = HIL((—o00, 4] x {1}) .

But, since we assumed weak convergence of the whole sequence, we have
Vpur (=00, 7] X R) = HL (=00, j] x {1}).

And, by Lemma 2.2.9, we have f, 25 [ on (—oo, j].

We similarly get

Yt ((,00) x R) = HI((j, 00) x {r})

and f, = 7 on (j,00).
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Thus we define f : R — R by

where f,, 25 f and, by Lemma 2.2.10, Vn = Vf- O

Corollary 2.2.12 Let f be an approximately constant function such that, for any decreas-
ing sequence, {r;}, with r; — 0 as i — oo, any x € R and any € > 0, we have

lim we (fyr,) = 0.
1—00

Then, for all z € R?, we have

p € Tan (vp, 2) = p =g,

where g : R — RU {00} is constant on (—o0, j] and (j,00), for some j € R.

Proof By Proposition 2.2.4 f,,, are approximately constant and so the result follows

immediately from Theorem 2.2.11. O

2.3 A Set from Dickinson

We are now ready to introduce the main object of study in this chapter: the set defined by
Dickinson in [11]. Actually, the following definition is a slight variation of the one in [11],

but there are no essential differences.

Definition 2.3.1 Let

2m271

Run= |J 27 (2k —1,24],
k=1

then

(z) = 2 meN %2_m2XRm () =€ (0,1]

00 otherwise

shall be called the Dickinson function; we put R := o ((0,1]) and p := 7,
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Figure 2.1: The Dickinson set, R
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We begin by showing that this set can indeed be represented by approximately constant

functions.

Lemma 2.3.2

Proof

Corollary 2.3.3 The Dickinson function is approzimately constant.

Proof From Lemma 2.3.2 R can be contained in 2™ strips of height

the result follows.

N
:
+ =
(]
2

1 —2mo—m?
m—+1 2 2

and

O

The following lemma gives us the remaining condition we require in order to be able to

apply Corollary 2.2.12.

Lemma 2.3.4 Let {r;},cy € R be a decreasing sequence with r; — 0 as i — oo. Then,

for any x € R? and € > 0,

lim w, (04,,) = occ.
1— 00

Proof Using the coverings implied in Lemma 2.3.2; it is sufficient to show that for a

given € > 0 and n € N we can find, for any sufficiently small , an m € N such that

(i) 27 > n,

(ii) L-2-9-2m9-m* ~ . and

rm+1



33

(iii) 25272" <e.

Above, (i) gives us the increasing width required for we (0;,,) = oo whilst (ii) and (iii)

give us the two required restrictions on height.

We now pick m € N to be such that

and so we have

1
~gmm’ Vm

=
r
— 00 as m — 0o,
} 1 272m27m2 — } 2 27(m+1)2
rm+1 rm+1
rvm+1 m+1
2
< e
m+1
— 0 asm — oo,
and
1
——27?M 5 0 asm — o0.
m+1
But m — oo as r — 0, and thus the result follows. [l

We now give a lower bound on the lower density of this set, which we shall need later.
Actually, this is the exact value for almost every point, but it will be more convenient to

prove the reverse inequality later.

Lemma 2.3.5 For every z € R,

D' (p,z) >

(NN

Proof Fix z € (0,1] and r € (0,1). Then there exist m € N and 0 < k < 2™ such that
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re (2*(’”“)2, 2,m2} and x € <k2*m2, (k+1) 2*m2}.
Now let
I = B ()N <k2*m2, (k+1) 2*’“2)
= (max {x -, k2_m2},min {:U +7r(k+1) 2_m2}> ,

2

so that sup I —inf I > r (since r < 27™").
But, from Lemma 2.3.2, we have that, for all x1, 22 € <k27m2, (k+1) 2*’”2},

1
m+1

272m27m2'

o (21) — 0 (22)] <

And so we may use Pythagoras’s Theorem to give

\/7,2 — L _9-2m9-—m?

p(Br((z,0(2)) m+1
2r - 2r
1 _ 2
_ \/7“2 ~ w2 Y
- 2r
1
" = "
P
2r
1 1
= . J1-—"
2 2(m+1)
1
— 5 as m — oQ.

But, since m — oo as r — 0, we have D' (p, (z,0 (1)) > O

D=

We now come to the part of section where we give the main thrust of how we are going
to prove the existence of certain measures in the tangent set. The language of probability
will be useful here. If we pick a point at random, and its tangent set contains a measure

with probability 1, then almost all of the points must contain that measure.

As we rescale, different levels of iteration in the definition of the Dickinson function are
going to dominate. We can use this to make the problem essentially discrete, by checking
how the rescaled measure looks at scales where each level is dominant. To formalise this,

we will use the notion of R sequences, which we define below.
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Definition 2.3.6 We say that a set A C R is an R, set if and only if there exists

K C {k: eN 1<k 22m+1} such that
A= (U <(k —1) 2(m+1)27k2(m+1)2]> n {jQ—mQ 0< )< 2m2}.
keK
And {An} is an R sequence if and only if Ay, is an Ry, set for every m € N.

We say that {Ap} is a joint R sequence if and only if, for everym € N, A, = Fop—1NGap

where {Fy,} and {Gp,} are R sequences.

We can think of R,, as an event, which occurs if x occurs, in a certain collection of the
(m 4+ 1)th iteration. It is repeated over the sections of the mth iteration, and so the
probability of x being in R,,, does not depend on which section of the mth iteration x was

in. We formalise this notion of independence below.

Lemma 2.3.7 Let (A,,) be an R sequence or a joint R sequence and J a finite subset of

N. Then £ (mjej Aj) = TLjes £(4;).
Proof Take (A,,) to be an R sequence.

If we assume that the property holds for all J where # (J) = n and we are given a set

K C N where # (K) =n+ 1, then we can pick kg = min (K) so that
cl N 4= J] <.
keK\{ko} keK\{ko}

But each of the sets Ay where k € K\ {ko} repeat over the intervals that make up Ay,

and thus so does their intersection. Thus
L (ﬂ Ak) = H L (Ax)
keK keK

and, since the assumption is clearly true where J is a singleton set, the lemma is true for

all R sequences by induction.

If {F,,} and {G,,} are R sequences then F, Go, F3, Gy, ... is itself an R sequence and so the

result extends to joint R sequences by the associativity of multiplication and intersection.
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O
Below we state one of the classic Borel-Cantelli lemmas, and then relate it to R sequences.

Lemma 2.3.8 Let (X, ) be a probability space and A,, C X where {A,,} is independent
and Y, oy (An) = 00, then
oo o
7 (ﬂ U An> =1.
k=1n=k
Corollary 2.3.9 Let (Ay) be an R sequence or a joint R sequence such that ), . £ (An) =

oo. Then for almost every x € (0, 1] there evists a subsequence Ay, such that x € Ay

for every n € N.

Proof If we randomly pick = € (0,1] using a uniform distribution, then Lemma 2.3.7
gives us that the events x € A,, are independent. So we can apply Lemma 2.3.8 to give
oo [o.¢]
c <ﬂ U An> = 1.
k=1n=k

The above is the set of all x € (0,1) for which a suitable subsequence exists, and so one

exists almost everywhere. (I

So we now have all we need to begin the proof of our main theorem: if we can find an R
sequence, or a joint R sequence, where, when x € R,, we can produce a rescaled measure
that looks, with increasing m, more and more like one of our target tangent measures,
then Corollary 2.3.9 is sufficient to show that that measure must be part of the tangent

set at almost every point.

Theorem 2.3.10 For H' almost every x € R we have that Tan (p, x) consists exactly of
the measures vy, where
hl T e (—OO,j]
fla) =

h2 xe(j,oo),

for any hi,he € RU{oc} and j € R such that f(0) =0 or f(g) =0 for any e > 0 (in

case the jump is at 0).

Proof Lemma 2.3.4 allows us to apply Corollary 2.2.12 to give that any tangent measure
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of p is of the form vy where

hi x € (—o0,j
flay={" 7

h2 CL‘E(j,OO),

with hy,he € RU{oo} and j € R. On the other hand, Lemma 2.3.5 and Corollary 1.5.9

give us the further condition on the value of f near 0.

This means that Tan (p,z) (for any € (0,1]) may only consist of measures of the above
form. It remains to show that, for almost every = € (0,1}, Tan (p,z) does include all of

the above possible measures.

Suppose that we have a sequence, (ry,), with r,, | 0 and an R sequence or a joint R
sequence, (Ap,), with > L (A;,) = oo such that given any € > 0 and a,b € R where

a < b we have

e A, =

L {t € [a,b] : |ogr, (t) — f(t)] > € and max{|og,, ()], [f ()]} < i} <am (2.3)

where a,, | 0. But, by Corollary 2.3.9, for almost every x € (0, 1) there is a subsequence,
(A)l(m), such that = € Ay, for every m € N. Thus we have oz, 2 f and so, by

Theorem 2.2.8, v¢ € Tan (p, x).

To avoid the cases at the very edge of R, we define My € N such that x € <2_M§, 1-— 2_M3}

and My > 3 (to ensure log (m) > 1) and examine the sequences after this point.

We let, for the time being, j = 0, hy = 2s — 1 and hy = 0, where s € {0,1}, and fix £ > 0

and a,b € R where a < b. Next we find sequences (), (Am) and (an).

We let 7, = 4 2-m* and

“m
. . 1 2m+41
Kp=<9ieN:i|——2 .
mlogm
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Then

= _ —(m+1)? .o—(m+1)? i—m? . < m2
Fn keUKm((k 1)2 k2 } +{22 0<i<?2 }

and G, = Ry, — 52_m2, where R, is as it is in Definition 2.3.1), are R sequences; and

thus A,, = F5, N Gopy—q forms a joint R sequence.

L(Fp) =204 (K,) and £ (Gp) = § for all m € N, so

> 52 ()

> L(An) >
meN m=DMy
(o)
> 1 Z 2—(2m+1)( 1 2m+1_1>
2m:M0 mlogm
1 [ & 1 >
— _ _ 2—(2m+1)
2| 2 migm 2
m=DMy m=DMj

Now we take 1 < n < 22m)* such that (n—1) 9-(2m)?* ~ 4 < n2_(2m)2, and 1 < k <
2(2m)+1 guch that (k — 1) 2-(m+1)* 4 (n—1) 2-(2m)* < ko=(2m+1)*  That is, v € A,
implies that k& € Ky, (the converse is not necessarily true). So, if we assume z € A,,,

then
1

mlogm

(n _ 1) 2—m2 <z < (n _ 1) 2—777,2 + < ) 22m+12—(m+1)2_
So, for any t € [0,/m], we have

1
z+—2""t >z > (n—1)27"
m
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and

1 1
T+ —9 M < x4+ —_g—m?
m vm

1
< (n—1)2m2+<

22m+127(m+1)2 4 1 27m2
mlogm

m

_ oty —mlogm + 1+ \/ﬁlogm27mz

mlogm

2
< n27™.

We use the above two inequalities to give us

lo (rmt + ) — o (x)]

'm

|02 ()] =

1
= m2™ o <2_m2t + x) — o (2)
m
2| o= 1 _ 2
< m2m > =2
1=m-+1
1
< m2™ ———272m9~m° by Lemma 2.3.2
m+1
— M 9-2m
m+1
— 0.
We also get that for any ¢t € [—/m, 0]
1 2 1 2
—27""t > — 2"
T+ m T -
1
> (n—1)27m™ - —o
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1
Vl1ogm

Furthermore, for ¢ € [—m, 0— ] we have

1 1 1
A e
m

m Viogm
1 2 1 2 1
< (n—1)27™ 9=t _ —gmm
(n—1) + (mlogm) m (\/logm>
( 1) o—m? 1 —+/logm
_= n — —_—mm
mlogm
< (n—1)27".

Exactly one of ((n —2)27° (n—1) 2_7”2} and <(n -1) 2_m2,n2_m2} belong to R,,, but,
from our choice of G,,,, which one is determined by the value of s, being the former if s = 1

and the latter if s = 0. So,

Gamn (1) — (25— 1) = |ZUmi¥D=olo) o0 1)‘

Tm

— |mom? <a (;t + w) o (x)> “hy

o 1o o= (1. e 1
= |m2 s—2 + Z =27 xR, | —t+=x
m 1 m

i=m-+1
a9 tom o 3 (L @) -
m , i XR T 5
i=m-+1
m2 1 __,.2 1 .2
< [m2 s—2 —(1—-s)—2 —(2s—1)
m m
5 o= 1 o
2 m )
+2m2 Z -2
1=m-+1
<1
= omo™ Zoi
mrt 3 Lo
i=m-+1
1
< 2m2™ ———272m9=m* by Lemma 2.3.2
m-+1
_ %M o
m+1
— 0.

And so there exists M > My such that for m > M we have [a,b] C [—v/m,/m],

_ _ 1
(0o, (£)] < € for t € [0,8] and |og,,, () — (25— 1)| < & for t € [a,o m} Thus

(2.3) is satisfied taking
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b—a m<M

Ay, =

1
Tosm m > M.

We have now established that v¢ € Tan (p, x) for j = 0, hy € {1, —1} and hy = 0; a similar

argument will also give the same result when j =0, hy =0 and hy € {—1,1}.

We can use Corollary 1.5.7 to extend this, for H'-almost every x, to the cases where

hi,ho,7 € R, hihs = 0 and |h1’ + ’hQ‘ > 0.

If we take j = 0, hy; = % and ho = 0 we get a sequence of functions that converge locally in
measure to the zero function as k — oo, and so by Theorems 2.2.8 and 1.5.5 we have also
obtain the case where hy = ha = 0. Similarly we get the last case where {h1, ha} = {0,000}
by fixing 7 € R and taking a sequence where hy = k and ho = 0 or hy = 0 and ho = k.
O

Finally, we use our knowledge of the tangent set in deriving the following properties of

our set.
Theorem 2.3.11 We have
(i) D' (p,z) = 5 almost everywhere,
(ii) D' (p,x) =1 almost everywhere, and

(iii) p is purely unrectifiable.

Proof (i) From Theorem 2.3.10 (ii) with ¢ = 0 we know that, for almost every = € R,

H1L(0,00) x {0} € Tan (p, ). So, we may use Proposition 1.5.8 to get
1 1 (g1 1
D' (p,z) < D' (H'(0,00) x {0},z) = 3

Combining the above with Lemma 2.3.5 gives D! (p,z) = %

(ii) We can similarly use Theorem 2.3.10 (i) to get that, for almost every =z € R,
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HR x {0} € Tan (p, ) and thus

D' (p,x) > D" (H' R x {0},z) = 1.

But, since for any = € R? and r > 0 we have
p(Br () <p((z—r,z+r)xR)=2r

we get D' (p,x) < 1. Hence D' (p,x) =1.

(iii) Any l-rectifiable set, E, has D! (’HILE,x) = 1 for H' almost every x (see, for

example, Theorem 2.63 in [1]) but by (i) we have D' (p,z) = § for H! almost every

x. Thus H' (RN E) = 0 and R is purely unrectifiable.
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Chapter 3

Unrectifiable Metric Spaces with

High Lower Hausdorff s-Densities

3.1 Introduction

In this chapter we will be looking at what range of lower densities are possible in a metric
space. We begin by stating the famous Besicovitch %—conjecture: If E C R?is a l-set and
D' (E,z) > %, then E is rectifiable. We can generalise this problem using the following

notation from [22].

Definition 3.1.1 Let X be a separable metric space and k € N. We denote by oy, (X, d)

the smallest number such that, for all E C X satisfying 0 < H* (E) < 0o, we have that

D, (E) > o = E is k-rectifiable,

for almost every x € E.

In this language, the Besicovitch %—Conjecture can be stated as o1 (]RQ) < %

Now, we know from Theorem 1.4.4 that o (X) < 1, for any separable metric space
X. Theorem 1.4.5 says that a rectifiable subset of R™ has an upper density of 1 almost

everywhere and, thanks to Kirchheim’s result in [15] and [16], this can be extended to



44

metric spaces. In light of this, the problem can be thought of as one of the existence of
unrectifiable subsets of a particular space with lower densities between a certain value and
1. For instance, we know that o (RQ) > % because of the set defined in Chapter 2, and
many more like it, which are unrectifiable but have a lower density of % This will be our

approach in putting a lower bound on sup {oj (X) : X is a metric space}.

Before we continue, we shall look briefly at the positive results in this field, to put the work
into context. We begin with Besicovitch showing that o1 (R?) < 1 — 10727 in [2] and
then oy (R?) < 2 in [4]. Then Marstrand showing o3 (R*) < 1 in [17], Mattila showing
or (R™) < 1 in [18], and Chlebik showing sup {oj (R™) : n € N} < 1 in [6]. Finally Preiss

and Tiser showing in [22] that o (X)) < % < 3, for any metric space X.

On the other hand it was shown by Schechter in [23], using a different, but similar,

construction to the one used here, that there exists a metric space such that oo (X) > %

In our construction we produce, for any s > 1, an unrectifiable metric space X of o-finite
#H* measure and a number £ (s) such that D® (H* z) > & (s) > 20517571 for any z € X.

And, consequently,

sup {0 (X) : X is a metric space} > £ (s).

3.2 Construction of the Space

The idea of this construction is to take R, with the Euclidean metric, and form a new
metric space by specifying the distance between two points as a function of their Euclidean
distance. It is clear that the resultant “distance” function will not, in general, be a bona
fide metric, given an arbitrary function. There has been some study of the functions that
do indeed produce a metric; we shall not go into too much depth, as we will need only the
basics. Our references for the general results will be a paper of Dobos, [12], dealing with
metric preserving functions on the Euclidean space R, and a more general survey paper

by Corazza, [8].



45

Definition 3.2.1 We say that f : [0,00) — [0,00) is metric preserving if and only if for
any metric space, (X,d), we have that (X, f od) is also a metric space; we say that it is

Euclidean metric preserving if and only if (R, (z,y) — f (|z —y|)) is a metric space.
We also set €= {f :[0,00) = [0,00) : f € CY, f is Buclidean metric preserving} .

Clearly every metric preserving function is also Euclidean metric preserving, but the con-
verse is not true, as is demonstrated by an example given in [12]. Although we will not
use the result here, it is interesting to note that a function that is metric preserving on

the Euclidean space R? will be metric preserving on any metric space.

Proposition 3.2.2 Let f € £. Then (X, (z,y) — f (|Jxr —y|)) is a separable, locally com-

pact metric space with the same topology as the Euclidean space R.

Proof Since f is continuous, Q is still dense and a set in R is open if and only if it is
open in (X, (x,y) — f (Jz —y|)). It thus follows that the same sets are compact in each

space and so (X, (z,y) — f (Jz —y|)) is also locally compact. O
Proposition 3.2.3 Let f:[0,00) — [0,00) and 0 < y < z < oo, then f € £ if and only if

(i) f~H({0}) = {0},

(ii) f is continuous at 0, and

(ii1) max{f(z+y),f(x—y)} < f(x)+ f ().

Proof We note that f=!({0}) = {0} if and only if f(Jz—y|) = 0 & = = y. Since
the metric is translation invariant, we can consider the intermediate point in the triangle
inequality to be 0, thus the triangle inequality reduces to condition (iii), with f (x + y)
being the maximum if the intermediate point is between the other two points, and f (z — y)
being the maximum otherwise. Symmetry is clear from the definition. Thus f being metric

preserving is equivalent to conditions (i) and (iii) above.

It therefore remains to show that (ii) is equivalent to f being continuous. If f is discon-
tinuous at 0 then f is obviously not continuous. On the other hand, suppose that f is
continuous at zero and discontinuous at some point a, but then there would exist some

e > 0 such that € (a —¢,a) and y € (a — z,¢) would provide a contradiction to (iii).
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O
We now define the class of functions, f -, that we shall use to produce our metrics.

Definition 3.2.4 Given s € (1,2) and T € (O, %), we define the functions hr, gsr, fsr :

[0,00) = [0,00) as follows

x ze[l,1+71)
3437 — 2 vell+r1+%+7)
hr (z) =
2 2
20272 =37 -1 ze|1+%+5,(1+7))
0 otherwise,
9s,m = hr ()\S,T (-T - 1) + 1) )
and
Jor (@) =3 (14 7) g (17 2),
keZ
where \s » = %
Furthermore, we set
1—72 147
CS,’T = ) 1 dS,T = 1
(72437)((147)°-1) s T((147)°—1) s
( 2(r2+2r7) + 1) (W + 1)
1—72

T
dT:d177—:1+§.

CT:CZ,T:ﬁ
T T
yits +5

Not all of these functions will be Euclidean metric preserving, and most of this section is

dedicated to investigating which of them are.

The upper bound of % on T is not too significant; it is just a simple value chosen to be
small enough to avoid some complications involved with higher values, and small enough

that we can be confident we are not missing any genuine metric preserving functions.

As we can see from the definition, and from Figure 3.2, f; - is closely related to the function
1

x +— xs. To make that relationship more explicit, we introduce the notion of geometrically
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1+t

-7 | | !
1 1+t 1+%(31+1) (1+1y

Figure 3.1: A graph of h;

0.8
0.6 —

044

Figure 3.2: A graph of f27%
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periodic functions, which will also come in very useful later.

Definition 3.2.5 We shall call a function, f : (0,00) — R, geometrically periodic with

period p > 1 if
f(@)=f ("),

for all x € (0,00) and m € Z.
We now give some of the easier to obtain properties of f; -.
Proposition 3.2.6 For the above functions, we have

(i) for each x € (0,00) ,

{keZ:gs,T ((1+T)Skm) >0}:{Llo_gl(olgjr67)w},

and thus, for each x € (0,00), there is exactly one non-zero term in the sum defining

fs,T;
(ii) fo7 ({0}) = {0},

(iii) x_«%fsﬁ (x) is geometrically periodic with period (1 +7)% for (x € (0,00)),

: 1 1 1 1
(v) crxs < csrxs < fsqr(2) <dsras <drxs for (x € (0,00)),
(’U) Ccl?: 2 - 3?7-7 and

(vi) fsr is continuous and piecewise affine.

Proof (i) From the definition of h we have that

{x:hy (2) >0} = [1,(1+T)2).
Thus
{:gsr(x) >0} =[1,(1+7)°)

and

{a: “Ysr ((1 1)k :L') > 0} = [(1 +r)7k 1+ T)S(l—k’)> 7
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which forms a partition of (0,00) when k ranges over Z.
(ii) This follows immediately from (i) and the definition of f; ;.

(iii) Fixing x € (0, 00), there exists k € Z such that

Jur (L7 2) (14 7)72) 5 = (147) P hoy (L4775 a) (14 7))

= () E g (A4 E D 2) e

= for () xié-

The result follows.

(iv) We examine fs» on the interval [1, (1 + 7)°). We note that the maxima and mini-
mum of h; are hy (1+7) = h, ((14—7‘)2) =1+7and h, <1+3§+§) =1-72
respectively. Thus the maxima and minimum of f, » are

1+7)° -1
T3 4+ 272

For <1+ >=fs,7((1+7)5):1+7

and
27 + 72 3r 72 9
N1+ =+ = =1-
(i (50F)
respectively. Now,

1 / 1 1 s+1

d _1 _1 s+l
%fS,T (:c)m 5= fs,T (.%'):C s ng,T (1’)33 5o

When % fsr () is negative the above expression is clearly negative. On the other

hand, when 9;,7 (z) is positive, we have that

/ 21 4 72 / 27 + 72
fs,T('r) = S hT S
(I+7)° =1 (I+7)° =1
27 4 72
(1+7)° -1
21 4 12
87’(1—1—%)
2

)
S

(x—l)—i—l)
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and so

d _1 2 1 1 _ s+l
%fsﬂ'(x)dr 2 2 ;:L‘ S_;fs,f(x)x s
2 101 st
Zz - S_*fs,T(x)x s
s s
2 1 ]_ s+1
> Zp v -2 -5
@ s( +7)(z)x
2 1 1
> Zrs—2(1 S
@ s( +7)(x)x
_1
€T s
= (1—-71)
> 0

Using this and the fact that, by (ii) and (iii), the endpoints are equal, we get that

the maximum and minimum of fs - (x) x5 over the range 11, (14 7)%) are

for (14 52221 o (1+ %22 (3+%))

s (1+7)°—1 sy
1+ 05 1o (54 %)

respectively. These extend to (0,00) by (iv) and evaluate to the inner bounds on

1

for(x)z™s.

For the outer bounds, we note that

® =

a7y )

= :—%(a(l—I—T)S+B)_%alog(1+7)(l—|—7)s

and, since both ¢ and d, » are of this form with o > 0, they both decrease with s

and so we get the required bounds by substituting s = 2 and s = 1 respectively.

1—72

(V) NOtlng Cr = \/ﬁ =1—7we get



o1

Cs,r > Ci
ds,r dT
1—7
P
1+ 3
_ (1-n(1-3)
= =
T4
-
> (1- (1—7>
- (1-1
> 1o

5

(vi) h; is piecewise affine by definition and thus, using (i), so is fs . Similarly, it is easily
checked that h; is continuous on [1, 1+ 7)2), hence g r is on [1, (1 + 7)%), and so

we get that fs - is continuous on (0, 00) by noting that for any k € Z

for 4" =10+7) =1+ 0+ = lim f ().
xT(lJr‘r)Sk

Finally, it is an immediate consequence of (ii) and (v) that f,; is continuous at 0.

O

We can see from Propositions 3.2.3 and 3.2.6 that the real stumbling block for the resulting
function to be a metric is the triangle inequality. This is what we shall be looking at
next. We attack this from two directions: If x and y are similar in size, then the proofs,
where fs; (|Jz+y|) and fs - (|z —y|) are handled separately, are based on the large scale
behaviour of the function being like x%, the former on the fact that 2+ is concave and the
latter on the fact that it is increasing; on the other hand, if x and y are quite different in
size, it is based on the fact that fs, at the larger value grows relatively slowly compared

with 2+ near the smaller value. We begin with the case where the values are very different.

Lemma 3.2.7

fS,T (x + y) < fs,’r («T) + 2)\3,7— (1 + 7') x%fly,
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Proof From its definition A, (z £ y) < h; (z) + 2y, and so

Gs,m (r+y) < Gs,r (z) + 2Xs.7Y.

Thus

for (@+y) < for (@) + 200, 1+ 1) DFy, (3.1)

where

log
k=|—F"——1.
slog (1+7)

But we have

log x

1+7)F < Q+7)  eeam

log =

= (1+7) <1+7’10g(1+")> S

_1
_ 1+T<1+TM£LQ S

— 1+7— ( +7— 10g1+7— :E))

= (1 + T g’
and so
s—1
(1+7)6DF < ((1+T) x—%)
= (147 "tz ?
< (I4+7)zst
Substituting the above into (3.1) gives the required result. O

S

Lemma 3.2.8 Suppose that 0 < y < (W) -1 v, then

fsr (r£y) < Jsr (z) + fsr (y) -
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Proof Using Lemma 3.2.7 we get

fs,‘r(ajiy) < fsyr(:E)—l-Q)\Sﬂ-(l—f—T)q;i_ly
2)\57(1+T) 14

= fsr(x)+ 7 e Gy

Cr

s 1
CT s—1 s
= farla¥ <<2AS,T 1+ r)> x) oY

1_
S Jor (7) +ys lcry

1
= fs,T (.T) +crys

< fS,T (l‘) + fs,’r (y) .

O
We are now ready to look at the cases when x and y are comparable in size.
Lemma 3.2.9 Suppose that 0 < miﬁx <y <L z, then
fsr(@+y) < for (@) + fsr (y)-
Proof We suppose that assumptions of the lemma are true and set t = £, then
3T
t> T (3.2)
2(1-1) =37

1
Since t — (1 +¢)s is a concave function that has value 1 and gradient % when ¢ = 0, we

have

w =

t
(1+¢)s <1+-.
S

We also note that, since ¢ € [0, 1],

T4ts =14t
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So, we are now able to write

0 |

fsr(x+y) < ds,T:ci (1+1)

1 t
< dgrxs <1+>
S
= et (1 (1 D) e (14T
’ S 2 2

< dosat (1 + %T + (1 + 3;) t) by (3.2)

= ds, <1 + ?’;) zs (1+1)

CsyT,Ié (1+1t) by Proposition 3.2.6

N

N

1 1
Cs TS (1 + t§>

for (@) + fsr () -

N

ds,r

>
Cs,t

S
Lemma 3.2.10 Suppose that 0 < ( — 1) x<y<x. Then

fs,T (.T - y) < fs,T (ZL‘) + fs,‘r (y) .

d

S, T
Cs,1

S
Proof We suppose that 0 < ( — 1) x <y < z and take a € [¢,d] such that f, - (x) =

1
axs. Then

fs,T(aj_y) < O; fS,T("E

, (6%
< do(B2o1) %2,
s,T «
1
< fs,T (l’) + (%); CSTfs,T
< fs,T (‘T) + (y)i Cs,rxi

N
?ﬁ
3
—~

8
N—
+

Pae
S
S
S~—
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Combining these approaches allows us to give our first estimate on which 7 do indeed lead

to metric space.

Theorem 3.2.11 If for any given s € (1,2] we define

37 ds - ° Cs,r =1
= inf 0: PO Ee—— =1 N (1
ol =i {T g max{2 (1 - %) — 37’ <Cs,T ) } g <2/\5’T (1 +T)) }’

then 1o (s) > 0 and, for any T € (0,70 (s)], fsr € E.

Proof Recall from Proposition 3.2.6 that f,, ({0}) and fs - is continuous at 0. And, by

combining Lemma 3.2.8 with Lemmas 3.2 and 3.2.10, we have that

max {fS,T (l’ + y) ) fs,‘r (-73 - y)} < fs,r (l') + fs,‘r (y)

for any 0 < y < x < 0o, whenever the conditions of the theorem are met.

It remains to show that 7y (s) > 0. However,

31T —0 as7T—0
2(1-1)-37
and
cr sil 1 sil 0
<2AS,T(1+7)) -2z asT
> 0,
and the result follows. O

The above proves the existence of metric spaces of the form (R, (z,y) — fs- (|z —y|)) for
any s € (1,2], but does not, on its own, give a very good estimate for which values of 7
will work. It does, however, lead on to a method for establishing much better estimates

numerically.

Lemma 3.2.12 Suppose that fs . (z+y) > for () + fsr (y) for some 0 <y < x. Then

there exists k € NU {0} such that

fS,T (-% +ﬁ) > fs,T (CE) + fS,T (:g)v
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where

1 (3 ?
= <2T+T2) and §=21+71)"".

Proof We suppose that fs - (z +y) > for (x) + fsr (v), that is s - (z,y) > 0, where we
define

Gs,r (v,y) = Jsr (z+y)— Jsr (z) — Jsr (y) -

Using the fact that for any k € Z

por (L7 2, (14 7)Fy) = (147 00 (2,9), (3.3)

we can find 2 and y; such that ¢, ; (x1,y1) > 0 and z; € [a,d), where

= (1+7)° (1 + Xo.7 <32T + T;))

a
b =1
1+ !
c = T
As,r
1 3r 72
d = 1 — 4 —
r (54 %)

Now, for some j € N U {0}, we have that z; +y1 € (1+7)¥[a,d) and we set 5 =

1 +7)" (21 + y1).
We now need to look at different cases.

(i) If 21 € [a,b], or if 1 € (b, ¢) and n > x1, then (ignoring the corners, as we may since

they have zero length), for ¢ € [0, z; — a],

d d
%fsn' (xl - t) < %fs,f (xl +y1 — t)
and so we may take xo = a and have ¢ ; (2,y1) = @57 (z1,y1) > 0.

(i) If 21 € [c,d) and n < 1, then, for t € [0,c — z1],
L+ < L for (o1 1)
ity 1 S gl 1Ty

and so we may take xo = ¢ and have ¢, (2,y1) = @57 (1,y1) > 0.
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(iii) If, on the other hand, z; € (b,c) and n < 1. Then we take { = min {(1 +7)9 (c—n),d— :Ul}.

If the former of the above terms is the minimum, then

for (@ +y+D) =Q+1)7 (1 +7) = A +7) for (21 +1),

but

(1+ T)j fsr (1) > (1+ T)j fsr (n) = Jsr (1 +w1),

and thus, ¢ (xl +1, yl) > ¢ (x1,y1) > 0. But 214+£ € [b,c] and (1 + T)_sj (:L'l 4+ + f) -

b and so we can use (ii) to get xo = d with ¢ - (z2,y1) > 0.

If, however, the latter of the above terms is the minimum then we can take zo =

21+t =c. And, since for t € [O,ﬂ

d
s >0
dts,Tf(x1+ )>0,

we have that fs - (x2 4+ 1) = fsr (x1 +y1)

Since this covers every case we now have

1 3r 72 k
= —_ _ 1 s
1.2 Asﬂ— ( 2 + 2 ) ( + T) )

for some k € Z, and yo = y; such that ¢, - (z2,y2) > 0.

We may now repeat this process with g2 to give

1 /3 2
Yy = )\ <T+T)(1+T)Sll

x3 = xa(l+7

for some ly,l2,l3 € Z. Finally, we can use (3.3) to find Iy € Z so that when & =

(1+ T)Sl4 max {x3,y3} and § = (1 + T)Sl4 min {x3,y3} we have ¢, ; (x3,y3) > 0. O

Lemma 3.2.13 Suppose that fs . (x —y) > for () + fsr (y) for some x >y > 0. Then
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either there exists k € NU {0} such that

Jst (2 —=9) > for (T) + fst (D)

where
1 3r 72 sk
s o T b= 4 (1 s
z )\w(2+2> and g=z(1+71)"",
or
1 . N 1
fsit (1 + 3 (1 +T)> > fsi () + for (av - (1 + 3 (1 +T)>> .

Proof We suppose that fs - (z +vy) > for () + for (v), that is ¢, - (z,y) > 0, where we
define

Ps,r (z,y) = fsr(®—y)— fsr (z) — fsr (y) -

Using the fact that for any k € Z

por (147 2, (14 1% ) = (141 0o (21), (3.4)

we can find 21 and y; such that ¢, (z1,y1) > 0 and z; € [a,d), where

a = 1
1
b = 1
T
14 1 37’+7'2
c = — 4 —
Asr \ 2 2
d = (1+7)°

We will first show that 1 — y1 € (a,d), and so we assume that this is not the case and

1 —y1 < a. Then, from our assumptions and the construction of f, -, we can see that

fs,‘r (yl) < fs,‘r (551 - yl) - fS,T (1‘1) < 7-2-

But it must also be the case that
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and thus
S 1 37
Y1 = ~
o 2
So, we have
1 2
P
9 T
> fsr(v1)
1—7 1 37
2 R
1+7A7 2
1—-7 1 37
2 -
1+724+72 2
9
2 )
76

which is a contradiction. Thus z1 — y1 € [a,d).

We note that if z; € [a, ]

d d
“73.J8,T t gi S, T - t
e (z1+1) o' (1 —y1 +1t)

for t € [0,¢c — 1], and if 21 € (¢, d)

d d
_ _H) < = o —
dt fS,’T (l‘l t) ~N dt fS,T (‘%.1 yl t)

for t € [0,min{x; —c,z1 —y1 —a}]. So, with & = ¢, we have p,,(Z,y1) > 0, as if
x1 —y1 —a < x1 — c it would lead to a contradiction with the first part of this proof.
Now, for some j € NU {0}, we have that y; € (1+7)"* [a,d].
Again, we need to look at different cases.

(i) If 1+ 7)y; € [e,d), we have, for t € [(1+7)" ¢,y1|,

d

d
- 1)< = 5
dtfs’T (y1 —t) < dth’T (T —y1+1)

and so we may take § = (1 +7)”* ¢ and have @, (£,9) = s+ (&,y1) > 0.
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(iii)

60
If (1+7)%y; € [b,¢), we have, for t € [yl, (1+7)"%¢|,

d d
il < = S
dtfs,T (y1+t) X dth’T ($ Y1 t)

and so we may take § = (1+7)"% ¢ and have @, (&,9) > @s.r (&,y1) > 0.

If (1+7)%y; € la,b) and
f.;,‘r (yl) < _f;,T (‘% - yl) )
then, necessarily, —y; € [b, ¢] and we have, for t € [0, min {(1 + T)fsj b—y1, T —y1 — bH ,
d d
11 dsT 1) < —fsr r— —1).
gplfsr 0 < o fsr (@ =y — 1)

So, when (1 + T)fsj b—y1 < £—y1—b we have pg, (i“, (1+ T)fsj b) > 57 (2,y1) >0,
in which case we can use (ii) to give us ¢, (Z,9) > 0, where y = (1 + 7)"%b. And

when (14+7)"%b—y; > & —y; — b we have @, (& — b) > @5, (&,y1) > 0, and so

1
S, T 1
f, < A

S, T

(1+T>) > fur (B)+ for (fc— (1+ = (1+7)>>.

If (14 7)% y; € [a,b) and

fS,,T (yl) > _f,;,T (‘,i - yl)a

then there are two cases for us to consider.

Firstly, if y1 — (1 +7)" % a < b— (& — y1), we have that, for t € |0,41 — (1 +7) ¥ al,

d d
el _H <D 5 ]
dtfs’T (y1 — 1) < dth’T (T —y1+1)

So s - (ﬁc, (14+7)"% a) > @57 (2,91) > 0, and we can use (i) to give us @5, (Z,7) >

0, where § = (1+7) Ut ¢,
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On the other hand, if y; — (14 7) % a > b— (Z — y1), we have
d d
—Js.T —t < 5, Js,T L — t
gpfsr W= 1) < o for (@ —y1 +1)

for t € [0,b— (& —y1)]. So @sr(Z,& —b) > s+ (Z,y1) > 0, and so

for (1 +— +T>> > for (2)+ for (x - (1 + Al (1+ ﬂ)) .

)\S’T

)

So, in any case, we either have that

1 1
for (1 +5 (1 +T)) > for () + fsr (9%— <1+ 3 (1 +T))> :
or
fs,T (-% - Q) > fS,T (ii) + fs,‘r (g) )
where y has equality with either # (14 7)™ or & (1 + 7) U+, O

Using Lemmas 3.2.12 and 3.2.13 in conjunction with Theorem 3.2.11 allows us to extend

the value of 7 for which we can guarantee a metric space.

Theorem 3.2.14 Let

_ log (2)\57T (1 + T)) — log (CS,T)
K—{ (s— Dlog(1+7) J

@, (1) = min {fs,f (x (1 +(1+ r)‘Sk)) — fo 0 (®) = fsr (x (1+ T)_Sk) >0:0<k< K} ,

U, (1) = min{fs,T (x (1 —(1+ T)_Sk)> — for (&) = for (x (1+ T)_Sk) >0:0<k< K} ,

and

T, (1) = min {\T/s (1), for (1 +

L) - e @) (2 (15 5 40) )

)\ST

where & are defined as in Lemmas 3.2.12 and 3.2.13, and 19 (s) is defined as in Theorem

3.2.11. Then, for

1
T <7 (8) =inf {7‘ € (7’0, 3} cmin @ -, Uy - > 0} ,
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we have that fs, € €.
Proof We suppose that fs . ¢ €.

By Theorem 3.2.11 we have that 7 > 7. And by Proposition 3.2.6 f; , satisfies all of the
properties to be in £ apart from the conditions on fs . (z +y) and fs - (x —y). So, using
Lemmas 3.2.12 and 3.2.13 and the conditions of this theorem, we obtain some j > K such

that either

for (w (1 +(1+ T)‘Sj)) > for (B) + for (:c (1+ T)—SJ‘)

or
for (& (1= 04 7)7)) > for @)+ for (2014 7)79).
But,
. s—1
1 —sj <(1 —s(K+1) < Cs,r
(1+7)7 < (1+7) o)
which contradicts Lemma 3.2.8. O

It is clear from the statement of the above theorem that 7 is the optimal value for which
all 7 € (0,7] will give us a metric space. But, since the functions of 7 used are not
monotonically decreasing, there is no guarantee that there are not higher values that have
been missed; experimental checking with a variety of values of s, however, suggests this is

not the case, and certainly not when s = 2.

Since the above functions over the stated range consist of a finite number of smooth
functions, it is possible to generate a bound to any precision required. In the case s = 2
the functions are polynomials (quintics) so an exact solution is possible. However, since
there is no reason to believe the value to be of any deep significance, we shall content

ourselves with the numerical estimate 71 (2) > 0.2478.

Since we now have a good idea of when our functions do indeed generate a metric space, we
give some notation for the resultant space, before going on to study the density properties

of this space in the next section.

Definition 3.2.15 Let s € [0,1) and 7 € (O, %) be such that fs, € £. Then we define the
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metric space

RS,T = (R’ (x,y) = fS,T (|.T - y|)) :

3.3 Density Properties

In this section we will be calculating the upper and lower densities of H* in R, . In doing
so we shall also speak of the Lebesgue measure of sets; clearly this is not defined in R, -
and, when we do mention them, we are referring to the Lebesgue measure of the same
set of points, but considered as a subset of the Euclidean space R. This should not be
confusing, as Lebesgue measure will always be meant in this way, whilst Hausdorff measure

and diameter will always refer to the metric in Ry ;.

Definition 3.3.1 We define m2, mt : (0,00) — Z by

mg (r) = max {k‘ €L:r€ for ((1 + T)_Sk [1,(1+ T)S))} )

ml(r) = min {k‘ €Z:r€ for ((1 + )7, (14 T)s))}y

2 (r) = inf{xe€(0,00): fsr(x)>r},

unless the set in the definition of léyT is empty, in which case we may take li’T = lsr.

Finally 657 : P (R) — [0, 00] by

Os.7 (B) = sup {fsr (|2 —yl) : z,y € B},

that is 05 - (E) = diam (E) where a metric space is defined.
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Proposition 3.3.2

0 ifreUpg(1+nF[1,0+7)(1-172))

1 ifT€UkeZ(1+7')k [(A+7)(1=72).1+7),

o () 12, (r) if md(r) =mg (r)
| () i md(r) = ml () + 1,
and
2, () =1, () + 10, () im0 (r) = ml (r)
L(fs;([0,r]) =
1) = B (1) + 2, () = L, () 410 ifm (1) =mb () + 1.

Proof The first statement follows from the fact that (1+7)(1—7%) < (1+7) but
(147) (1-7%) > (1+7) for 7 € (0,1). The statements follow immediately from this
and the definition of f; .. O

We again use the concept of geometric periodicity, this will mean that we will only need

to study the functions on a finite interval, and not the whole domain or range.

Lemma 3.3.3 12 (r)r%, I 7* and s, (r) r® are geometrically periodic with period (1 + ).

Proof Wehavethatr = f,; (z)ifandonly if (1 +7)r=(1+7) for () = fsr (1 +7)° ).
The result now follows from the definitions of the functions and from Proposition 3.2.6

(iii). 0

Before we can link the Hausdorff and Lebesgue measures, it will be useful to bound

Lebesgue measure in R with the diameter of the set in R, ..
Lemma 3.3.4 Suppose that E C Ry ; has diam (E) =r € (0,00), then L (E) < r°.

Proof We assume without loss of generality that inf (E) = 0, and let @ = sup (F). And

we take F to be the closure of E. We note that
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(where a — f1([0,r]) = {z € Ry :a—a € £} ([0,r])} and subtraction is defined in the

usual way).
Thus we have three possibilities:

(i) a € [0,12 . (r)], in which case

» Vs, T

(ii) a € [li, (r),12, (r)], in which case

L(B)<L(E)<E,(r)=2(L,(r)~1,(),

or

(ili) a € [12, (r),12, (r)], in which case

1S, T

L(B) < L(E) <lgr(r)=2(L,(r) =B, (r) =2(r) =25+ (r) = 13- (1))

We now need to show that each of the above expressions is bounded above by r* for all
r € (0,00). By Lemma 3.3.3 it is enough to show this is the case for r € [1,1+4 7). We

also note that, for i € {0,1,2},

whilst

the above coefficients are, by definition, equal when r = 1 + 7. But, while the upper is
constant, the lower is decreasing with r, and does not take a higher value for r € [1,1 4 7).

It is therefore sufficient to show (i) and (ii) in the case where s = 2.

(i) We note that r? and lgﬁ (r) take the same value when r = 1, but their gradients are

2

2 and 1 respectively. Since r* is convex, the result follows.



66

(ii) We note that

B ()= (1477~ 5 (147 —y)

and

N W

l%,‘r (7”) - ZS,T (T) - (1 + T = y) :

Thus

E(E)§(1+T)2—g(1+7—y).

This takes the value (1+7) when 7 = (14 7) and has gradient T, whilst r? takes

the same value but has gradient 2 4+ 27 < % The result again follows from the

convexity of r2.

(iii) We note, using that 7 < %, that

1 1 1
4 _ 3 < : 4 _ 3 — s _2 < s =
lS,T (T) ls,T (T) ~ r%lll—&r-l'r (ls,‘r (T) lS,T (T)) )\5,7' (1 + T) T X )\S,T (1 + T) 9
and
1 3 1 5)
3 _ 72 > 1 3 72 — 2 s+l Eld
e (1) =B, 0)2 lim (e (1)~ 8, 00) = ;-5 040 2 5 ()
But now,
L (E) < l?T (T) -2 (lg‘r (T‘) - ZE,T (T)) -2 (T) -2 (l;‘r (T‘) - lgr (T))
= (lfsl,'r (7”) - lg),T (T)) - (lgﬂ' (T) - ZE,T (7“)) + ZE,T (7") -2 (l;,r (7“) - lg,’r (T))
< ZE,T (’I") -2 (l;,f (’l“) - ZS,T (T)) )

and the result follows from (ii).
We have the result in any case. (Il
We show the equivalence of the two measures in stages.

Lemma 3.3.5 Let E C R, ;, then
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Proof
H(E) > inf { (diam (4;))° : EC | J Ai}

i€N i€N

> 1nf{ (diam (4;))*: Y " L(A) = L (E)}
ieN €N

> inf {Z (diam (A4;))° : Z (diam (4;))° > L (E)} by Lemma 3.3.4
ieN iEN

> L(E)

Lemma 3.3.6 Let E C R, ;, then

He (B) < (dsr)* £ (E).

)

Proof If £L(FE) = oo then there is nothing to prove, so we assume that £ (E) < co. We

now fix € > 0 and find § > 0 such that
. S 1 S
mln{H (E),E} <H;(E)+e

(we do not yet know that H® (E) is finite).

Then there exist {(a;, b;)};cy € R? such that

E g U [ai,bi],

€N
> (bi—ai) < L(E)+e
1€N
and, for every i € N,

0<b—a; <.
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Now,
(diam ([a;, b:]))° = (sup{fsr (|2 —yl) : 2,y € [as, bs]})’
< (sup {dsj (Jlx — y|)% cx,y € [ag, bﬂ})s
= (dsﬂ—)s (bz — ai) .
Therefore,

min {H (E),l} < Hi(E)+e

< ) (diam ([ai, bi]))° + €
ieN
< (66r)° > (bi— i) +e
€N
< (057)7 (L(E) +¢) +e.

Since L (F) is finite, for sufficiently small ¢ we get

H(E) < (0s7)° (L(E)+¢)+e,

and letting € | 0 gives the result. O

Theorem 3.3.7 Let £ C Ry ;, then

Furthermore, it does not affect the value of the measure if we restrict the class of covering

sets in the definition of H® to be closed intervals of the form I such that

(diam (1))* = £ (I) .

Proof If H®(FE) = oo then we have H*® (E) = L (E) immediately from Lemma 3.3.6, so
we need only consider E' with H® (F) < co. We fix ¢ > 0. We may now find 6 > 0 such
that

He(E) < HS (B) +e,
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and then K € N such that

(14+7) % <o

We now define £ C P (R, ;) by

1 1
5:{[x—2(1+7‘)_Sk,x+2(1+7‘)_5k] :er,k}K}.

So, we can use Theorem 1.4.6 to give us a countable collection of disjoint sets, A C &,

such that

L(E\UA)zO

AcA

and

Y L(A)<L(E)+e.
AcA

Furthermore, by Lemma 3.3.6, it follows that

M <E\ U A) = 0.

AcA
We note that
v () et (1 +T>—S’“] =it (o aen ™) re—saen
Thus, for any A € A, we have

L (A) = (diam (A))* .
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So,

H(E) < H(E)+e

/AN
X
R

Letting € | 0 and combining with Lemma 3.3.5 gives the main result. The final statement
follows from the construction used in this proof and noting that restricting the class of

covering sets cannot decrease the infimum used in the definition. Il

With this equivalence established, it is now easy to calculate the upper and lower densities

of the space.

Theorem 3.3.8 For any x € R,

D* (H%,z)=2""" inf {l (r)}

re[l,141)
and

D° (H%,z) =2'"° sup {ZS’T (r) } .

re[l,1+7) rs
Proof Since £ (B (z,r)) = 2ls, (r), we may use Theorem 3.3.7 and Lemma 3.3.3 to give
Ds (Hsa :L‘) = hnﬁ)nf (27")_5 2ls,‘r (T)
T

= 2! %inf {ZS’;S(T) rell 14 r)}

and

]

(H%,x) = limsup (2r) "2, (r)
rl0

= 215sup{ls’T (r) ‘e [1,1+7')}.

,,’-S
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0

We can use this along with our calculated value of 71 (2) to give us D> (7—[2, x) ~ 0.5117
and D° (7—[2, x) ~ 0.5307, for every x € Ry ;. In particular D? (7—[2, x) > 0.5117, and so

sup {02 (X) : X is a metric space} > 0.5117.

3.4 Extension to s > 2

We now extend our density results to higher dimensions by forming some new spaces. We

do this by taking Cartesian products of R, ; with a Euclidean space.

Definition 3.4.1 Let s > 2. Then we define the metric space,

RST — (RS(),T X Rnad)a

)

where n = [s — 2], so =5 —n, and d : RZ  — [0,00) is defined by

d((z,a1,...,an),(y,b1,...,by)) =max{fs (lx —yl|),lar —b1|,...,|la1 — b1|}.

For simplicity, we shall only calculate the Hausdorff measure of a ball in this resultant

space. This is, of course, all we shall need to calculate the densities of H* in these spaces.

Lemma 3.4.2 Let s > 2, x € Ry, and y € Ry, . Then,
H* (B (z,7)) = (2r)" H™ (B (y,7)) -

Proof Since the metrics are translation invariant, we may assume that x = (y,a), for

some a € R™. We prove each inequality separately.

(i) We fix € > 0, and pick ¢ € (0,¢) such that

H? (B (x,r)) < H5 (B (z,7)) + €.
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We may now find a collection of sets, {A;};cy € P (Ry,,r), such that
(1) B(y,r) € Uien 4is
(2) diam (A4;) < d for any 1 < i < n, and
(3) > ey diam (A;) < H* (B (y,7)) + €.

We note that

m;
BrclJAax L),
=1

1€N
where
o 2r
"= | diam (A;)

and {I; j} C R" is a collection of closed cubes with diam (I; ;) = diam (4;), for any

ieNandje{l,...,m}.

Thus,

H(B(z,1) < H5(B(z,r))+e

Z idiam (Ai) + ¢

ieN j=1

Z (2r 4+ ¢) diam (4;) + ¢
ieN

< (@2r+e)H* (B(y,r)) +e.

N

N

Letting € | 0 gives us

H® (B (x,7r)) < 2rH* (B (y,r)) . (3.5)

(ii) For the other inequality, we note that there exists {E;},.y € P (R, ;) such that

(1) B(z,r) € Uien Ei,
(2) > ;e (diam (E;))® < H* (B (z,7)) + €, and

(3) for each i € N, E; = E; x R;, where E; C R, - is the projection of E; onto

Rs,,7, and R; € R™ is a closed cube with diam (R;) = diam (£;).
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The qualification (3) may be made since any set in R ; is the subset of a set of the

same diameter that has the properties mentioned in (3).

So, we can use Theorem 3.3.7 to write

H* (B (y,r) (2r)" = L (B(x,r)
< Y LH(E)
€N

= ZE( )dlam( )"

€N

Z (dlam (E ))SO (diam (E;))"

€N
% (dlam (Ez>)s
< H(B(z,7))+e.

N

N

Letting € | 0 in (3.5) and (3.6) gives us the result. O

It is worth noting at this point that the above theorem implies that R ; is of o-finite H*

measure.
We are now ready to extend our density results.

Theorem 3.4.3 For any x € R, -,

PR ()

re[1,1+7) 750

and

D® (M, ) =210 sup {ZSO’T (r) } .

re[l,147)

Proof By Lemma 3.4.2 we have that

H* (B (z,r)) _ (2r)"H* (B(y,r)) _ H*(B(y,7))

@) (2r)° S @

where y € Ry, ». The result now follows from Theorem 3.3.8. O
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With the estimate we made at the end of the last section, Theorem 3.4.3 gives us that

sup {oj (X) : X is a metric space} > 0.5117,

for any k£ € N.

At this point all that remains for us to do is to demonstrate that Ry,  is purely unrectifiable
for any integer £ > 2. This is easy given the following Lemma, which is an immediate

consequence of Kirchheim’s result in [16].

Lemma 3.4.4 Let X be a k-rectifiable separable metric space with o-finite H* measure.
Then
D*(X,z)=D"(X,x)

for HF-almost every x € X.
Theorem 3.4.5 Let k € N\ {1}. Then Ry, ; is purely unrectifiable.

Proof The result follows immediately from Lemma 3.4.4 and Theorem 3.4.3. (Il
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Chapter 4

Lower Bounds on Upper

Hausdorff s-Densities

4.1 Introduction

In Chapter 3 we were concerned with the question of how large lower densities can be for
purely unrectifiable sets. In this chapter we are concerned with how small upper densities
can be. Whilst in Chapter 3, and in a sense Chapter 2, we were using extreme examples
to place limits on how far bounds could be extended, we will, in this chapter, be working

on improving the bounds themselves.

Besicovitch showed in [2] that if £ C R? is a 1-set then D° (E,z) > 3 almost everywhere.
The proof generalises to separable metric spaces and general s with the bound 27°, as is

shown in, for example, [14].

The bound appears in the proof because a covering, as per the definition of Hausdorff
measure, uses general sets, but, in order to use the definition of density, we require balls
centred in the set. The way this is achieved in the proof is taking an arbitrary point and
putting a ball whose radius is the diameter of the set that needs covering. The bound 27°

is from the normalisation term in density being (2r)°, where r is the radius of the ball.

We use the same idea, but we use more efficient coverings with balls to improve the bound.
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We do this using the notion of centred contents.

4.2 Centred Content

Centred contents are defined by Chlebik in [6]. They are a means of measuring how
difficult it is to cover an arbitrary subset of a given set with ball centred in that subset.
They are used in [6] to define a lower bound for upper densities in a normed space. For
our bound, we will actually be using a modified definition, which we define in the next
section. But, since that definition is more convoluted, it is useful to first examine centred

contents here.

Definition 4.2.1 Let X be a metric space, s € [0,00). Then we define the s-dimensional

centred content, C5, : P (X) — [0, 00], by

Cx

(E) :sup{égo (A): AC E},

where

Cs (E) :inf{er :EC|JBwiri),z€E,rc (O,oo)},

i€N iEN
defining C5, (0) = 0.

We now give some elementary properties of centred contents.

Proposition 4.2.2 Let X be a metric space, s € [0,00), and E C X. Then égo 18

subadditive, and C3, is a measure.

Proof Suppose that A;, Ay C P (X) are coverings of E; and FEj respectively, comprising
balls centred in F; and F» respectively. Then the union of these coverings is a cover of

FE4 U Ey comprising balls centred in £y U Es. It follows that égo is subadditive.

It is immediate from the definition that C3, is monotonic and C3_ (#) = 0. For subadditivity
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we note that for any € > 0 there exists E C F71 U E5 such that

C5(ELUE,) < égo(E)+e
< Cgo(EmE)Jrégo(EmE)Jra
< cgo(ElmE)+cgo(E2mE")+g

and let € | 0. [l

Proposition 4.2.3 Let X be a metric space, s € [0,00), and E C X. Then,

27°H? (E) < C3, (E) < Hi (F) < min{#H’®(E), (diam (E))} .

Proof As an immediate consequence of Definition 4.2.1, we have that, for any € > 0,

there exists {(z;,7:)};eny € £ x (0, 00) such that

1€EN
and
CoL(B)>CL(B)=) rf—e
ieN
But, diam (B (z;,7;)) < 2r; and so
2T (B) <277 (213)° < C3 (B) +e. (4.1)
ieN

On the other hand, there exists A C E such that C3, (E) < C2, (A) +¢e. Now, from the

definition of H,, there exists a collection of non-empty sets {A;},.y € P (X) such that
AC|J4; and D (diam (4;))° < HE, (B) + <.
1€EN 1€EN
Thus, picking any x; € A;, we have

i A
AC ZLE_JNB (azz,dlam (A;) + 2i) .
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So,
C3(E) < C3(A)+e
< Z (diamA;)® + 2¢
ieN
< HE(A)+ 3¢
< HE(E) + 3e. (4.2)

Letting € | 0 in (4.1) and (4.2) gives the first two inequalities, H: (E) < H* (E) fol-
lows from Proposition 1.3.2, and H:, (F) < (diam (E))® follows immediately from the

definition. O

Proposition 4.2.4 Let X be a normed space, E C X, a € X and X € (0,00). Then,

C3, (A\E 4 a) = X°C, (E)

and

C3 (\E +a) = NC2, (E).

Proof The first equality comes from the fact that { £}, 2 E if and only if {\E; + a}, oy 2

AE + a and that diam (AE; 4+ a) = Adiam (E;).

The second equality follows from the first, noting that A C F if and only if A\A+a C AE+a.
O

4.3 Measured Centred Content

We will now define a variation of centred content. This is significantly more difficult to
work with and, consequently, we will have to reduce the generality of our bound from
normed spaces to finite dimensional normed spaces. I do not know whether the bound is
actually false in the more general case but, if it were true, then it would require a proof
significantly different from the one presented here. The advantage of this definition is, as
we shall see in the next section, that the density bounds produced are, in some sense, the

best possible.
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In the proof of the bound on upper density, the sets we are trying to cover with centred
balls are those which make up an efficient small scale covering as per the definition of
Hausdorff measure. As such, it is possible to restrict our attention to the kind of sets
we will necessarily encounter there: Borel sets of finite s-dimensional measure where the

measure is somehow evenly spread out. We formalise this in the following definition.

Definition 4.3.1 Let X be a separable metric space, s € [0,00), and E C X. Then we

define the s-dimensional measured centred content, M5, : P (X) — [0,00], by

lim,; M3 (E) E is Borel
M E)=q

inf {M5_ (A): E C A, A is Borel} otherwise

where

M (E) = sup {égo (A): AC E, A is Borel, H* (A) < pH5. (A)} :
defining M3 (0) = 0.

We define M7 separately for Borel sets as it is will be useful, in showing that M7 is a
measure, to have that every set has a Borel superset of equal M?_ content, by analogy
with the Borel regularity property. Of course, M2 is actually neither Borel nor regular,

as these sets are not in general M _-measurable.
We now attempt to show that M7  has many of the same properties as C3, does.

Proposition 4.3.2 Let X be a separable metric space, s € [0,00) and p € (1,00). Then,
the supremum in the definition of M3 is taken over a non-empty set. Furthermore, for

any p € (1,p), M5 < M. Thus M3, is well defined.

Proof For any non-empty set E, {x} C E for some x and

0 s>0

H ({z}) =
1 s=0
= H ({=})

< pHL ({2}),

so the set the supremum is taken over is non-empty.
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Since

{égo (A): A C E, A is Borel, H* (A) < pH, (A)}

C {5 (4): A C B, Ais Borel, H* (4) < pHZ, (4)}

we have M5 (E) < Mg (E). O

Proposition 4.3.3 Let X be a separable metric space, s € [0,00) and E C X be Borel.
Then,
M (E) < C (F) < H (F) < min{H®(F), (diam (F))"}.

Proof It is immediate from the definitions that M5 (E) < C5, (E), and the other in-

equalities are shown in Proposition 4.2.3. O

We note that we do not have the same lower bound on M2 that we did on C5, the reason
for this is that, in the case of C5,, we can consider a covering of the whole set, whilst in
M, we could only do this if the original set met the conditions on the subsets used in
Definition 4.3.1. Actually, it would be enough for the set to contain a suitable subset of

equal HZ  measure, but even this is hard to guarantee for an arbitrary set.

Proposition 4.3.4 Let X be a separable metric space, s € [0,00) and p € (1,00). Then,

MG and M, are monotonic set functions.

Proof It follows immediately from the definition that M7 is monotonic. Taking limits
then gives that M?_ is monotonic when restricted to the Borel sets. This means that any
set, including Borel sets, equals the infimum of MZ_ on Borel supersets, and thus M is

monotonic. O

Proving the final property required for M2 to be a measure is somewhat more difficult

than it was for C3_, and we proceed in stages.

Lemma 4.3.5 Let X be a separable metric space, s € [0,00), and E C X be a Borel set
such that H:, (E) < oo. Furthermore, let E1, Ey C X be disjoint Borel sets such that

E C E1UEy. Then Mgo (E) < Mgo (El) + Mgo (EQ)

Proof We fix s € [0,00) and p € (1,00). Since H5, (F) < oo, M3 (E) < 0o by Proposi-
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tion 4.3.3. Thus there exists p; € (1, p) such that

M, (Er) M5, (Es)
e {Mgo (B M. (B } s

We may then find ps € (1, p1) such that

02—1>
<pm(1- 43
P2 P1< -1 (4.3)
and
—1
P2 95 (B)<p—1. (4.4)
p1—1

We now take a Borel set, A C E, such that H* (A) < paHZ, (A) and pC3, (A) > M;, (E) >

M5 (E), and assume without loss of generality that Hi (AN Ey) < H:, (AN Ey).

But then

H® (El ﬂA) = H° (A) — H? (AHEQ)
< pM3, (A) — HE (AN Ey)
= ML (A) —HL (AN E2) + (p2 — 1) HE, (A)

< HL(ANE) + (o2 — 1) HE (A).
We first look at the case where (p2 — 1) HE, (A) < (p1 — 1) Hi (AN Ey). Then

HS(AﬂEl) < /Hio(AmEl)“‘(pl_l)Hio(AmEl)

= pHL (AN EL,

and hence M3 (AN Ey) > > (AN Ep). We can similarly get M3 (AN Es) > 25 (AN Ey).
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So,

M (E)

N

M, (E)

< P05 (4)

N

p(C (AN Er) +C5 (AN B))

N

p (M5 (AN E1) + M5 (AN Ey))

N

p (pMZ (AN Er) + pMZ, (AN Ey))

p? (ME (By) + ME (Ey)). (4.5)

If, however, (p2 — 1) H3, (A) = (p1 — 1) H3, (AN Ey), then

H(ANE) < H®(A)

N

paH3, (A)

pr (P () = 22, () by (49

p1 (Hoo (A) = He (AN Ey))

NN

N

prio (A N EQ) .

So,

M (E)

N

M, (E)

< P05 (4)

N

<(fs (AN FEy) +C5, (AN E1)>

< p(}; (AN By) +He, (AmE1)>

< p(enm 1_1H5 @)
< p(}; (AN Ep) + 1_1H8 (E ))
< p(CL(ANE)+(p—1) by (44)
< p(Mp, (ANE) + (p— 1))

< p(PME (AN Es) + (p—1))

N

M (AN EY) + pPPME (AN Es) +p(p—1). (4.6)
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Letting p | 1 in (4.5) and (4.6) gives us the result in either case. O

Lemma 4.3.6 Let X be a separable metric space, s € [0,00), E C X a Borel set, and

{Ei} € P (X) disjoint Borel sets such that E C | J;cy Ei. Then

M3, (B) < S M, (E).

€N

Proof Fixing p > 1, we find a Borel set A C E such that
He(A) < pHE, (A) < 00

and

N 1
pME (4) > 05 (4) > min { M, ()2 b

the second term in the above minimum being introduced to cover the case where M3 (E) =

Q.

We note that

S HU(ANE;) =H* (A) < o,
€N

and so there exists n € N such that

i HS(Ei)<p—1.

1=n+1
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Thus, we have

1
win{ e, 8.1 < oz
< <ZMS (AN E;) + M2, ( U AﬂE)) by Lemma 4.3.5
=1 i=n+1
< <ZMS (AN E;) 4+ H® ( U AmE))
=1 i=n+1
< p (ZM@O (ANE)+ Y H* (AmEQ)
i=1 i=n+1
< p (ZM@O (ANE;)+(p— 1))
i=1
< p (ZM& (Ei) + (p— 1)) :
i=1
Letting p | 1 gives us the result whether or not M3  (E) is finite. (Il

Theorem 4.3.7 Let X be a separable metric space. Then M2 is a measure on X.

Proof M, () = C2 (§) = 0 as an immediate consequence of the definition and M2, is

monotonic by Proposition 4.3.4, so it only remains to show that M3 is subadditive.
We let £ C X and {E;},.y € P (X) such that £ C |, Es, and we fix p > 1.

For each 7 € N we can define

E;=E\ |J E;

JEN, ;<1
and take Borel sets A; D E; such that M?_ (4;) = M2, (Ez> Then {A;},y is a disjoint

Borel cover of E.



So,

M (E)

VAN
<
ge
<. .
m
Z
=
N———

VAN
<
g
.
-
=
N———

N

> M3, (A;) by Lemma 4.3.6
ieN

-y (8)

€N

> M (Ei).

1€EN

N

O

Fortunately, the scaling and translation properties of M, are not much more difficult to

prove than those of C5_.

Proposition 4.3.8 Let X be a normed space, s € [0,00), p € (1,00), a € X and X €
(0,00). Then,
MG (AE + a) = N’ M; (E)

and

ME,(AE +a) = XM (E).

Proof The above equality for M7 can be shown to hold in the same way as was shown

for C3, in Proposition 4.2.4, provided that

o (A) < pHE (A) & HP (M +a) < pHS, (AA+a).

But, if H* (4) < pH3, (A),

H (A +a) = NH(A)
< pANHL (A)

= pHi (M +a).
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We can achieve the reverse implication in a similar fashion.

Letting p | 1 then gives the equality for M3 . O

4.4 Density Bounds

In this section we prove the central result of the chapter, the general lower bound on the
upper density of sets. We will also show that this bound is a characterisation in Euclidean

spaces, that is a set exists with an upper density that precludes any stronger bound.

Before we defined M?

5., we mentioned that the class of sets used were all that we were

required to consider when dealing with efficient small scale coverings used in the definition
of Hausdorff measure. This is formalised in Lemma 4.4.2, and we use Lemma 4.4.1 as a

stepping stone.

Lemma 4.4.1 Let X be a separable metric space and E C X be an s-set. Then, for any

p € (1,00) and § € (0,00), there exist Borel sets {A;};cy € P (E) such that

A (U Ai> > pH* (B) > 3 (diam (4))°,

iEN ‘€N
and for every i € N
diam (4;) <6 and pHI, (A;) > H® (A;).
Proof Fixing p € (1,00), d € (0,00) and € (1, p), we can find 6 € (0,9) such that
pH; (E) > H? (E).
We can now find a collection of disjoint Borel sets, {4;} C P (F), such that

EC|JAi and pHi(E) > (diam(4;))°
ieN €N

and, for every i € N, diam (4;) < d < 4.
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Now we let

T={ieN:pHs (4) <M (4)},

and write

dH(A) = H(E)

1€EN
< pH;(E)
< Py HL (A
€N
< Z rHs ) Z HS
ZGI 1€N\Z

We can rearrange the above to give

(1—)2%3 <(p-1) ) H(A)

€L 1€N\Z
By choosing p to be sufficiently small, we may ensure that those intervals identified by Z

make up an arbitrarily small proportion of the whole, in particular
D OH (A < (1—) H* (E).
€L P

Thus

| | Ai| >H(E).
1eN\T

Finally, we note

D (diam (4;))° < ) (diam (45))° < pH3 (E) < pH’ (E).

iEN\T ieN

We now have that {A;};c, 7 satisfies all of required properties (if N\Z is finite then we

can make up the rest of the collection with empty sets). Il

Lemma 4.4.2 Let X be a separable metric space, E C X be an s-set. Then, for any
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p € (1,00) and 6 € (0,00), there exists a Borel set A C E such that diam (A) < § and
(diam (A))® < pH® (A) < p*HE, (A).

Proof We fix p € (1,00) and 0 € (0,00). We can now use Lemma 4.4.1 to give us Borel
sets {A;};cny € P (£) such that

oH® (U Ai) > VA (B) > 3 (diam (47))°,

1€EN €N

and for every ¢ € N

diam (A;) < & and pHZ, (A;) > VoHE (A) > H (A)).

It is now sufficient to show that, for some i € N, (diam (A4;))® < pH* (A;). We assume

that there is no such 4, then

H(E) < \fp’HS<UAi>

€N

< VP _M(A)
i€EN
1
< — ) (diam(4,))°
Vi 2
< H(E),
which is a contradiction. O

In the proof of our density bound, we will be required to use M7. However, it is desirable
to have the bound itself purely in terms of M3 . We will be rescaling so that the sets we
form the bound from will be of the same diameter, but we will have no information on the
shape; we thus need something akin to a compactness result to ensure convergence when

taking the limit p | 1. In doing this, we will use the Hausdorff metric on sets.

Definition 4.4.3 Let X be a metric space. Then we define 0y : K2 — [0, 00), where K is

the set of non-empty compact subsets of X, by

o (Er, Ey) = max{ sup d(x, E3), sup d(x,El)} ,
reF reks
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and call it the Hausdorff metric.
Proposition 4.4.4 With the notation above, (KC,0r) is a metric space.

We are now ready to proceed with our convergence result. The proof of which is inspired by,
and partly based on, the proof given in [13] of the Blaschke Selection Theorem, originally

proved in [5].
It is the need for this lemma that restricts our bound to finite dimensional normed spaces.

Lemma 4.4.5 Let X be a finite dimensional normed space. Then,
1pigl (sup {M; (E) : E C X,diam (E) = 2}) = sup {M%, (E) : E C X, diam (E) = 2} .
Proof For convenience we write
n=sup{ M, (F): E C X, diam (E) = 2}.

We suppose that

lgfrll (sup {M; (E) : E C X,diam (E) = 2}) > 1.
Then for some € > 0 there exists

{Eo:},en S P (B(0,2)
such that, for each 7 € N, Ejp; is a compact set with diameter 2 and
MZTI (Eoi) >n+e.

We may take the above sets to be compact as, if they were otherwise, we could take their

closure; we may assume that they are subsets of B (0,2) since M3, is translation invariant.

Now, for each k € N, we can find {xkj}?il such that

_ Eo 1
C o— ]
B(0,2) C leB <x;w, 4k>
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So, for any k € N, we can define J; : P (B (0,2)) = P ({j € N: j < ny}) by

Jk(A):{jeN:AmB@,j,;lﬁ) ;é(b}.

Now, since the codomain of Jj is finite, we can use the pigeon hole principle to recursively

define subsequences {Ej i}, oy € {Ek-1,i};ey € {Fo,i}iey Such that Ji (Ex ;) = Tk (Ekj)
for all ¢, j,k € N.

We now define

and note that, for any i,k € N,

1
Ekﬂngg {$EX:d(l’,Ek7i) < %}

It then follows that, for any i, j,k € N,

0 (Fris Erj) < On (Eki, Fr) + 0u (Ekj, Fr)

o L1
=2k 2k
1
= -

In particular we note that
1

S (Bis Bii) <
u (Bii, Ejj) min {i, 5}

and define, for any m € N, the set
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So,

diam (Ep,) = sup{llz —yl :z,y € En}
< sup {diam (Ej;) + 0p (Eig, Ejj) < 4,5 € Nyi,j > m}

= 2+4+sup{oy (Eii Ejj) 1,5 € Nji,j > m}

1
< 24+ —.

And, defining

we get that diam (Em) =2 and

v (5) -

WV

WV

WV
3/\/\?/—\/—\
:
|

3

for sufficiently large m. But this is a contradiction and so

lim (sup {M; (E) : E C X,diam (E) = 2}) <.
p.

However, if

lifﬁll (sup {M3 (E) : E C X,diam (E) = 2}) <7
.

then there exists A C X with diam (A) = 2 and

ME(A) > 1;?11 (sup {M3 (E) : E C X,diam (E) = 2}) .
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But,
11?11 (sup {M3 (E) : E C X,diam (E) = 2}) < hlqll M (A)
o p
= M2 (4),
which is also a contradiction. O

We are, at last, ready to prove our density bound. With the preceding lemmas in place,

the proof is fairly similar to the bound using C3, which is presented in [7].

Theorem 4.4.6 Let X be a finite dimensional normed space and E C X be an s-set.

Then,
1
sup{ M3, (A): AC X,diam (4) = 2}

D’ (E,z) >
for H? almost every x € E.

Proof For convenience we write

n=sup{M3, (A): AC X,diam (4) = 2}.

Since D’ (E, -) is an H® measurable function,

— 1
El_{xeX:DS(E,x)<n}

is also H® measurable. We assume that H® (E;) > 0.

We use the fact that

1 k+1 1

E, = U {x €EE:r< i %/HSI_E(B(IJ“)) < n(2r)s}
keN

to find p € (1,00), 0 € (0,00) and Ey C Ey, with H* (E3) > 0, such that, for every x € Fs

and r € (0,9),

PHE (B (2,7)) < 717(27«)8. (4.7)
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By Lemma 4.4.5 we may find p € (0, p) such that

sup { M3 (A) : A C X, diam (A) = 2} < pn.

Now we use Lemma 4.4.2 to give us A C F5 such that diam (A) < § and
(diam (A))® < pH* (A) < p*HS, (A). (4.8)
So,

G (4) < M3(A)

= (") 24 ()
(fm Y,

2

Thus, there exists {(z;,7:)};cy € A x (0,0) such that

A g U B (wi, Ti)
ieN

. > i< pn <dlanzl(’4)> (4.9)

ieN

We may now write

(diam (4))° < pH*(A4) (by (4.8))

But this is a contradiction and so H* (E1) = 0 after all. O
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Corollary 4.4.7 Let X be a finite dimensional normed space and E C X. Then

. 1
D (F = :
(E,z) sup {Cs, (A) : A C X,diam (A) = 2}

for H® almost every x € E.
We now come on to the result that justifies defining M2  in addition to C5_.

Theorem 4.4.8

sup {r: ECR" and 0 < H* (E) < 00 = D’ (E,z) > K for H® almost every = € E}
_ 1
~ sup {M3, (A) : A C R7 diam (A) = 2}

Proof We fix s € [0,00) and p € (1,00), and pick £ C R" such that diam (E) = 2,
pC3. (E) > sup {M?_ (A) : diam (A) = 2} and H* (E) < pH?_ (E) < p2°.

We define

K = sup {t : D" (E,z) >t for H*® almost every z € E} ,

and

E1:{$€EIES(E,SU)2K}.

We note that H* (E\E;) = 0. Furthermore, for each z € Ey, there exists {rs;} .y such

that r; ; — 0 as j — oo and, for each j € N, we have
pHS\_El (F (IL‘,?“]')) > I (27“10‘)5 .

Since, by Proposition 1.3.6, H°LF; is a Radon measure, we may use Theorem 1.4.6 to give

us {(2i,7) }en € E1 X {r%j}jeN such that H* (E; \ E2) = 0, where

E2 = UE(.T“T‘l) .

€N
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Now,

sup {M?3_ (A): AC X,diam (A) =2} < pC: (E)

< p(Co(Ba) + G5, (B \ Ba) + G (B\ F))
= pC3 (E2)
< py
€N
< ’OZ 82_8HSLE1 (E (xi,n))
iENH
2
< Do ()
K
3
< 2.
K

3
P
sup{ M, (A):ACX,diam(A)=2}

Thus k < . So, letting p — 1, and combining this with Theorem

4.4.6, gives the result. (Il

4.5 Subsets of R

We now apply our generic bound on upper densities to produce some more explicit bounds
in the case of the Euclidean space R. This is a particularly easy case as we do not need
to take a supremum over sets of diameter two, it is sufficient to consider the set [—1,1].
Actually, these bounds turned out to be pre-existing, but our generic bound from the last
section does allow for new, and significantly simpler, proofs. Theorem 4.5.2 was shown by

Besicovitch in [3], and Theorem 4.5.3 was shown by Walker in [24].

Both theorems rely on the fact that we are able to pick a point in the set that requires

covering that is fairly close to the centre. We make this explicit in the following lemma.

Lemma 4.5.1 Lets € (0,1], p € (1,00) and E C [—1,1] such that pC5_ (E) > C2_ ([-1,1]).

Then, there exists x € E such that

_1
[z <p—2(2p)">.
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Proof Letting

A=inf{te[0,1]: EN(t—1,1—1t) =0},

we have that

Co(FL1]) < pC%(B)

N

p (cj; (EN[-1,A=1]) +Cx (EN[1- A1)

N

p(Co (=1, A = 1)) +C5 (1 = A 1))

- 2(3) en-r.

Rearranging the above gives us that A > 2(2p)_%. The result then follows from the
definition of A. |

Theorem 4.5.2 Let s € (0,1] and E C R such that 0 < H® (E) < co. Then
D' (B,2) > (2(1- 2—%)>78

for H?® almost every x € E.

Proof If we take p € (1,00) then we can find E C [—1,1] such that pC3 (E) >

Cs, ([-1,1]). So, by Lemma 4.5.1,

EC|-1,1C B(x,1+p—2(2p)*%) .
Thus

Cs (-1,1]) < pCs ()

< p<1+p—2(2p)_%) .

Letting p | 1 gives C5 ([—1,1]) < (2 <1 - 27é)>8, and the result then follows from
Corollary 4.4.7. |

It is proved in [24] that the above bound is the best possible for subsets of R and s € [0, s¢],

where sy =~ 0.6635. This bound matches the upper density of the s-dimensional Cantor



97

set for s € [0, s

Theorem 4.5.3 Let E C R have 0 < H* (E) < co. Then
D' (B,x) 22 (1- (1- 21—%)s>

for H?® almost every x € E.

Proof If we take p € (1,00) then we can find E C [—1,1] such that pC3 (E) >
Cs, ([-1,1]). Then we use Lemma 4.5.1 to give us € E, which we assume without

loss of generality to be positive, such that
EC[-1,1]CB(z,1—2)U(EN[-1,22—1]).
Thus

C (F1,1) < pC%(B)

N

o ((1 —2)* + @ (EN[-1,2z — 1]))

N

p((1—=2)° +C5 (1,22 — 1))

= p((1—2)°+2°C5 ([-1,1])).

Provided p is sufficiently small, 1 — p (22)® is positive and so we may rearrange the above
to give

s p(1_$)s
Cx ([-1,1]) < 1= p(2)

Since the above function is increasing in x, we may substitute in the bound from Lemma

4.5.1 and let p | 1 to give

The result then follows from Corollary 4.4.7. ]

Neither of these theorems required the additional information incorporated into the def-

inition M$_ as compared to C3 . It does seem that improvements could be made to the
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above, possibly using C5,, but maybe requiring M2, . The obvious conjecture is that the
optimal bound remains equal to the upper density of the Cantor set for all s € [0, 1]. If it
could be shown that M2 ([0, 1]) = M2, (C?), where C? is the s-dimensional Cantor set
scaled to fill [~1,1], or even the intermediary sets that are used to define it iteratively,

then it may be shown that the conjecture holds true for s slightly larger than so.
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