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Abstract

Let M be an n-dimensional compact (or noncompact without boundary) manifold on which a one parameter
family of Riemannian metrics ¢(t),¢ € [0,T) is defined. We say (M, g(¢)) is a solution to the Ricci flow if it

evolves by the following nonlinear system of weakly parabolic partial differential equation (PDEs)

ag(z,t) = —2Rc(z,t), (x,t) € M x [0,T7,

with g(x,0) = g(0), where Rc stands for the Ricci curvature. We take the view-point of PDEs to study the above
system in relation to some problems in Geometric Analysis, namely, monotonicity and estimates of eigenvalues
and heat kernel of a Riemannian manifold.

This thesis is divided into three parts of five chapters. The first part as contained in Chapter one is purely
introductory, where we give an expository overview of the theory and applications of the Ricci flow. Most of
the results of this study are in part two. Precisely, in Chapter two, we derive monotonicity of the first nonzero
eigenvalue of a Laplacian form operator under the action of Ricci flow (n > 2) using Perelman’s idea of entropy
formulas. The consequence of this allows us to rule out the existence of nontrivial breathers. We also give the
conditions on which Einstein metrics shrink. Chapters three and four are devoted to the analysis of conjugate heat

kernel, here, we couple the Ricci flow to the conjugate heat equation defined on M,

Oou
75 — Ag(t)u + Rg(t)u =0, (:L',t) € M x [O,T],

where A ;) is the usual Laplace-Beltrami operator depending on the metric and the scalar curvature R ;) is the
metric trace of Rc. We obtain certain localized and global gradient estimates for all positive solutions to the con-
jugate heat equation. With the aid of Sobolev embedding, log-Sobolev inequality and a new entropy functional, we
obtain some sharp upper bounds for the conjugate heat kernel, as a by-product, we derive log-Sobolev inequalities
from Sobolev inequalities for the Ricci flow. The third part forms the last chapter, which is on the application of
heat flow monotonicity approach to proving some functional-geometric inequalities, here, we deal with the family

of Brascamp-Lieb inequalities as a model.
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Notation and Symbols

B(z,r), By(z) Ball of radius r centred at x.

BLI Brascamp-Lieb inequalities.

const. Constant.

cut{z} Cut locus of z.

V, V; Gradient / Covariant derivative.

d(z,y) Geodesic distance between points x and y.
0, div Divergence.

3y (+) Dirac delta function centred at y
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n Dimension of a space
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Ff’j Christoffel’s symbols of a connection V w.r.t. a local frame 0;.
0; = % Partial derivative w.r.t. the coordinate z*
w.r.t. with respect to.

F, W Perelman’s Energy / Entropy.

R™ n-dimensional Euclidean Space.

VVf, Hess(f) Hessian of a function f.

fij, ViV, f Tensor components of Hessian of f.

A, A Laplace-Beltrami operator w.r.t metric g.
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9ij Component of metric tensor.

Lx Lie derivative w.r.t vector field X.
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Introduction and Background

0.1 Introduction

he Ricci flow is a nonlinear system of geometric evolution partial differential equations on a Riemannian
manifold. It has been a means of deforming a background metric to obtain an ’improved form’ and has
greatly helped to understand the geometry and topology of the underlying manifold. Since its introduction in 1982
by Richard Hamilton [87], it has gained stupendous interests among mathematicians and physicists, this is not
unconnected with the breakthroughs associated with its applications, a very much celebrated of which, is the proof
of Thurston’s Geometrization Conjecture for 3-manifolds by Grisha Perelman [126, 127, 128] and the consequent
solution to the longstanding Poincaré Conjecture. Indeed the Poincaré Conjecture had been listed as one of the
seven Millennium Prize Problems by the Clay Mathematics Institute in 2000. The Ricci flow on a 2-Dimensional
manifold also leads to a complete proof of the Poincaré-Koebe Uniformization Theorem by Richard Hamilton [88]
and Bennett Chow [60]. Similarly, the recent proof of differentiable sphere theorem by Simon Brendle and Richard
Schoen [35, 36] with the use of Ricci flow needs to be celebrated, see also [34]. The Ricci flow has raised hope
of several applications in Mathematics, Physics and other Natural Sciences. It can in fact be said that Ricci flow
is a connecting point for many fields of Mathematics be it Analysis, Geometry, Topology, Theoretical Physics and

Applied Mathematics.

This thesis is divided into three parts of five chapters. The first part as contained in Chapter 1 is purely in-
troductory, where we give an expository overview of the theory and applications of the Ricci flow. We take the
view-point of PDEs to study this system of partial differential equations (Ricci Flow) in relation to some problems
in Geometric Analysis, namely, monotonicity and estimates of eigenvalues and heat kernel of a Riemannian man-
ifold. Although the Ricci flow is not strictly parabolic because of diffeomorphism invariance of the Ricci-tensor
(presence of Bianchi identity), we notice that all the associated geometric quantities, especially curvatures evolve
along the flow by heat-type equations. Combining this fact with some classical results relating to the spectrum
and heat kernel of Riemannian manifolds, one is adequately equipped to investigate further the behaviour of these
geometric objects under the Ricci flow. Motivated by this, we investigate the monotonicity property of eigenvalues

of certain operator under the Ricci flow in Chapter 2. The basic idea here follows from the energy and entropy
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formulas of Perelman, the consequence of which we use to rule out the existence of nontrivial breathers. The
results are extended to the normalized case and we are able to give conditions on which Einstein metrics shrink. It
is well known that eigenvalues, eigenfunctions, Laplacian and Heat kernel are closely related, certain behaviours
and applications of these objects become more obvious through one of the groundbreaking papers of Perelman
[126]. We combine some classical idea of Peter Li and S-T Yau [112] with Perelman’s to study the conjugate
heat-type equation coupled to the Ricci flow and estimate its minimal positive solution, which we refer to as con-
jugate heat kernel in Chapters 3 and 4. While the estimates obtained in Chapter 3 are of Li-Yau-Hamilton Harnack
type, Chapter 4 focuses on different approaches to obtain bounds for heat kernel. The main ingredients used in
this chapter includes Sobolev embedding for Ricci flow and a new entropy functional, as a by-product, we derive
log-Sobolev inequalities for the Ricci flow.

The last part of this thesis is contained in Chapter 5 which is on the elegant application of heat flow mono-
tonicity to the proof of a family of functional-geometric inequalities, namely, Brascamp-Lieb inequalities. This
chapter may be considered independent as the subject is interesting on its own right and we treat it as such by
developing the theory from Euclidean-analytic point of view, but the connection is in the fact that the applica-
tions of such inequalities are becoming more obvious in PDEs and Geometric analysis, hence the need for their
generalization to ’full’ diffeomorphic setting.

The basic elements of Riemannian Geometry used in this thesis are included in the Appendix A while Ap-
pendix B gives detail background of eigenvalues of Laplacian and heat kernels of Riemannian manifolds. For

completeness, the proofs of Perelman’s energy and entropy formulas are presented in appendix C.

0.2 Riemannian Manifolds, Metrics and Connections

Here we give an overview of the concept of Riemannian manifold and its analysis, the aim of which is to fix
notation that are adopted throughout this thesis. Appendices A and B illuminate further on the concept and provide
other elements of Riemannian Geometry as transpired in the thesis. Informally, a manifold is a topological space
whose each point has a neighbourhood which looks like Euclidean space. Lines and circles are one dimensional
examples while the sphere and the torus are examples in 2-dimension, they are called surfaces. Riemannian
manifolds are usually the object of study in Riemannian Geometry. It is a real smooth manifold equipped with
inner product called Riemannian metric which varies from point to point on the tangent space. See the following

[53, 54, 59, 79, 104] and other standard references on Riemannian Geometry for details.

Riemannian Metrics

For a manifold M and any point p € M, the tangent space T),M can be characterised as the set of derivations
of algebra of germs at p of C* functions on M i.e., the tangent vectors are directional derivatives [15]. Local

coordinates (u’) gives a basis for 7,,M consisting of partial derivative operators %.
xr
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A (r,s) — tensor atp € M is an element of T (M ). We also define the bundle of (r, s) — tensor on M by
"M = | J(T,M) = | T;M @ T,M. 0.2.1)
peEM peEM

Let TM and T*M denote the tangent and cotangent bundles of a manifold M respectively. We also define a
(7, s)-tensor B as a smooth section of the bundle (T M)®" @ (T'M)®?. In local coordinate system (z*), induced

by achart ¢ : U — R™ U C M, the tensor B has coordinate representation

_ Rpkisks 5.0 I, 0 0
BiBll,...,lT dr'"' ® ... dx'" ® 8.’Ek1 ®®%, (022)
with
[ 9 9 .
Bl117 -7lr = B(azll""’ axlr7dl‘kl7“'7d$kk)~
Letu,v € T, M with
;0 ;0
u=1u . = .
oz’ p) o’ p7
we call -2 vectors and u;dz? covectors. We write 0; as an abbreviation for the 9 and V; for the covariant
ox J ox

derivative in the direction of %.
Let (M™, g) be an n—dimensional manifold M equipped with metric g. Our manifold M™ refers to a second
countable Hausdorff topological space locally homeomorphic to some open subset of n-dimensional Euclidean

space R".

Definition 0.2.1. A Riemannian metric on a smooth manifold M is a tensor field g, section of the bundle S*T* M,
symmetric and positive definite at each point p € M. A Riemannian metric determines an inner product on each
tangent space T, M, written as

(X,Y) =¢(X,Y), (X,YeT,M).
Let {x'} be a local coordinate system, a tensor field g can be locally expressed on U as
g=gijdr'@dr? or g=g;dr'da?,

where ® denotes tensor product and g;; = g;; is a smooth function on U. g therefore provides a bilinear function

on T, M at every point p € M. The metric inverse of g;; is denoted by g’ * so that gi; g’ k =gk

Definition 0.2.2. Any n-dimensional smooth manifold endowed with such a smooth metric described above is

called a Riemannian manifold. Henceforth, the pair (M™, g) is referred to as Riemannian manifold.

We denote the induced volume element on manifold M by du = +/detgdx’ and the components of the metric

by gi; = g(0;,9;), where 0; = %. The Levi-Civita connection is defined by

Vo,0; = I'¥;0k, (0.2.3)
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where 0y, (which will be sometimes written as V) denotes the covariant derivative in the % direction, while its

Christoffel’s symbols are given by
1
Iy = 59“(81‘93‘1 + 959i1 — 019i5)- 0.2.4)
The Riemannian curvature tensor of M is a (1, 3) tensor given by
R(@z, 3j)8k = Rf‘]kak

and its component defined by

Rij), = 0Ty, — 9,0} + T8I, =TT, (0.2.5)
it is equivalent to a (0,4) tensor
Rijer = Oil'jra — 95T ina + T Tipt = TH Tt (0.2.6)

The curvature tensor satisfies the following identities
Symmetric identity : Rijii = —Rjiy = —Rijik = Riij
First Bianchi identity : Riji + Rigty + Ry =0

Second Bianchi identity : V. R;ji + ViR + ViR = 0.

The Ricci curvature tensor of first kind is a symmetric (0,2) — tensor defined by contracting the Riemannian

tensor as follows

Rij =R}, = Op}; — 0,05, + T0.IF, — 5 Tk, 0.2.7)
while the scalar curvature is the trace of the Ricci tensor and defined by
R=g"R;;. (0.2.8)

When there is a chance of confusion, we use Rm, Rc and R to mean Riemannian tensor, Ricci tensor and Scalar
curvature tensor respectively.

A Riemannian metric is said to be Einstein metric if its Ricci tensor is a scalar multiple of the metric at each
point, that is, for some constant A

Rij(9) = Agij everywhere.

Taking the trace of both sides gives a relation that involves Scalar curvature as
1
A= —R,
n

where n is the dimension of the Manifold. Thus, the constant of proportionality A for Einstein manifolds is related

to the scalar curvature R and the Einstein condition is written as

1
Rij(g9) = HRgz‘j-
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We therefore define the Einstein tensor G as a 2 — tensor field

1
Gij = Rij(9) — 5R gij. (0.2.9)

Its trace in n- dimensions, obtained by contracting with metric tensor g%/, is

2—n

G:2

R.

Einstein tensor is also called trace-reversed Ricci tensor because it is the negative of the Ricci tensor’s trace.

Taking the trace of the second Bianchi identity twice yields the Contracted Second Bianchi Identity
97 ViR = %kav
which is equivalent to the Einstein tensor R;;(g) — %Rgi ; being divergence-free;
div(Ris(9) - %R 9ij) =0, (0.2.10)
Notice that the first trace yields
9"V, Rijr1 = VR — ViRji,

which implies that the divergence of Rm is the exterior covariant derivative of Rc considered as a 1-form with

values in the tangent bundles. (This is done by multiplying the Second Bianchi Identity by g*" g*!).

Lemma 0.2.3. ([68, Lemma 6.57]) If g and h are two Riemannian metrics on an n— dimensional Riemannian
manifold and they are related by time scale factor ¢ ( i.e g = ¢h), then, the various geometric quantities scale as

follows

1
g7 =—h", T =T Rlikl) = Rie(h),  Riju(g) = ¢Riu(h),

é i (9)

1 n

Laplace-Beltrami Operator
Recall that the Laplacian of a function is defined as the divergence of the gradient of that function, that is,
Af = divgrad f=V - -Vf.

The Laplacian operator A is a second-order differential operator in the n-Euclidean space. Now, extending the
Laplacian to act on tensor bundles over a Riemannian Manifold (M, g), then it becomes the connection Laplacian,

that is, the divergence of the covariant derivative.

Definition 0.2.4. Let T be any tensor field defined on the tensor bundle 77“ (M), the connection Laplacian is then,

the trace of the second covariant derivative with metric g, denoted by
AT = tr,V?T, 0.2.11)

where V is the Levi-Civita connection associated with the metric g.
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We can then write

0 0 - ;
AT = gpq(VquT)(%, B ydxttdx').

If the tensor bundle is simply T M, we have

Af =divVf=giV,V,f
:gij( O*f r 37f)

Oxt0xI Pk
This Laplacian is often called Laplace-Beltrami Operator.

Suppose (M, g) is an oriented smooth manifold with the volume defined as
Voly = pg = \/c?tgdozl A Ndx™,
where A’ is the wedge product. The divergence (div) of X on the manifold is defined as the scalar function
(divX)pg == Lx g, (0.2.12)

where Ly is the Lie-derivative along vector field X. (Notice that Lie derivative of metric is expressed in local

coordinate as (Lx¢);; = V;X; + V;X;). Then

19 .
div X = -(\/detgX").
" Vg o7V detX)

We also define the gradient of f as

i ip ij 0
(gradf) :3f—9]@ .

Combining the definition of the gradient and divergence, we obtain the formula for the Laplace-Betrami operator

on a scalar function f as

_ 1 0 i 0
Af =divgrad f = \/@%\/detgg]@f. (0.2.13)

More generally, the Laplacian operator acting on tensor is given by
A= divV = tracegV2 = gijvivj =V,;V,.
Consider the commutator of A and V on any function f € C'° (M), we have the Ricci identity
AV f =VV,V,f =V,V;Vif — RijuuVi f, (0.2.14)

which implies that
AV, f =V;Af + R;i;V;f. 0.2.15)

By Bochner formula, we define for a gradient vector field,
1
5A|vu|2 = |V2ul]? + (VAu, Vu) + Re(Vu, Vu). (0.2.16)
A variant of which is given for any function f € C*°(M) as

AV =2IVV 2+ 2R Vi fV, f +2VifVi(Af). 0.2.17)
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0.3 Outline of the Thesis

This section mainly highlights the results of each chapter in this thesis. For each chapter, we give a detailed
introduction, background and motivations of every studied topic. All the assumptions, statements of results and
their proofs are stated explicitly as well. The Ricci flow will be a connecting point up to Chapter 4, while the last

chapter will be treated independently.

Chapter 1

Chapter 1 is purely introductory, it provides detailed background on the theory and applications of the Ricci flow.
We start with a brief history of the subject, we then present Ricci flow as a nonlinear evolution partial differential
equation. We discuss some special solutions with examples, evolutions of geometric quantities under the flow and
existence problem for the flow. We conclude this chapter with statements of maximum principles which are used

extensively in the remaining chapters.

Chapter 2

In Chapter 2 we study evolution and monotonicity of the first eigenvalue of Laplacian-type operator under the
Ricci flow via Perelman’s energy functional. In Section 2.2, we introduce some classical energy functionals and
lay emphasis on Perelman entropy and its geometric consequences. Let (M™, g;;(t)) be a closed manifold for a
Riemannian metric g;;(t) and a smooth function f on M", Perelman’s Energy functional F [126] on pairs (g,;, f)

is defined by
Flgy(t). 1) = / (R+ [V f2)edp, ©03.1)

J\/ n
where g;; and R are metric components and scalar curvature respectively. Perelman [126] proved

Lemma 0.3.1. The coupled modified Ricci flow equation with a backward heat equation

8tj = —2(R;; + Vi;V,f)
(03.2)
of
o - AR

is a gradient flow for the energy functional F(g(t), f(t)).

The above lemma is discussed in Lemma 2.2.2. Notice that the second equation in the coupling is a backward
heat equation, which can be solved backward in time. Conjugating away the infinitesimal diffeomorphism converts

(0.3.2) to

agij _ 3
ot 28
0.3.3)
0
or _ ~Af+|Vf]* - R.

ot
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Precisely

%f(gij(m ft) = 2/Mn |Rij + ViV flPe™ dp. (0.3.4)
In particular F(g;;(¢), f(t)) is monotonically nondecreasing in time and the monotonicity is strict unless R;; +
V;V;f=0.

Perelman defines

Ny = int {F(gis, 1) £ € C2(00), |

eFdy = 1}, (0.3.5)
M

where the infimum is taken over all smooth functions f. Setting e—f =: 42, then the functional F is written as
F = (Ru® + 4|Vul|?)dp  with / u?dp = 1. (0.3.6)
Mn M
Then A(g) is the first non zero (least) eigenvalue of the self adjoint modified operator —4A + R and the non-
decreasing monotonicity of F implies that of A. As an application, Perelman was able to rule out the existence of
nontrivial steady or expanding Ricci breathers on closed manifolds.
In Section 2.3, we construct a new family of entropy functionals which proves to be monotonically nondecreas-

ing.

Definition 0.3.2. Let (M™,g) be a closed n-dimensional Riemannian Manifold, f : M™ — R be a smooth

function on M", define a functional on pairs (gi;, ) by
1
Fp = / ({Vf\Q + R)dm, (03.7)
M N2
where dm := e~ T dyu. (see Definition 2.3.2).

The functional Fp is a variant of Perelman’s energy functional F, though expected to behave in a similar

manner, it differs from the later by the introduction of constant % We also define a family of functional Fz as
Frc = / (IVf|* +2CR)dm, (0.3.8)
M

where C' > %, C € R. When C = %, this is Perelman’s F functional [126], C' = 1 is a specific case we consider
and C = %k, k > 1, we have Li-Fj-family [109]. Precisely, we prove the following
Let g;;(¢) and f solves the system (0.3.3) in the interval [0, T), then,

d
—Fi(9ij, ) = / |Rij + ViV, f[dm + / |Rij[*e dp, (03.9)
dt M JV["

i]:BC = 2/ |Rij + ViV, fI2dm + 2(2C — 1)/ |Rij|2dm > 0. (0.3.10)

Particularly, define

pc(gij) = inf {Fgc(gij,f) 1 fe CEO(M),/ e ldu = 1}, (0.3.11)
M
where the infimum is taken over all smooth functions f. The normalisation || M e~ fdy = 1 makes e fdu a

probability measure and ensures a meaningful infimum. We prove (see Theorem 2.3.7)
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Theorem 0.3.3. Let (M",g;;(t)),t € [0,T) be a solution of the Ricci flow, then, the least eigenvalue pc(g;j) of
(=2A + CR) is diffeomorphism invariance and non-decreasing. The monotonicity is strict unless the metric is a

steady gradient soliton.

The above results are extended to the case of normalized flow in Section 2.4. The results here confirm that either
expanding or steady breathers on compact manifold are necessarily Einstein. In the last section, we construct a
new family of entropies over shrinkers (shrinking Ricci soliton), which allows us to obtain the conditions over
which Einstein metric shrinks under both normalized and unnormalized Ricci flow. Although we assume that
our manifold has no boundary, the results can be carried over directly to the case with empty boundary. Recall

Perelman’s shrinker entropy W

W(g, f,7) == / [T(R + VD + f - n} (4n7)"%e Fdy, 0.3.12)
M

Here, Perelman [126] proved that if (¢(t), f(¢), 7(¢)) solves the following system

09i;
i = 2R + ViV, f),
af n
OF _ _Af_Rp+ ™ 0.3.13
ot f-R+ 27’ ( )
dr
AR
dt
Then
d 1
—WI(g, f,7) = / 27|R;; + V;V, f — fgij\2ud,u, (0.3.14)
dt M 27’

where | s udp is a constant. Similar to the above we have the following entropies over shrinkers

Definition 0.3.4. Let (M, g) be a closed n-dimensional Riemannian Manifold, we define a family of entropy

Junctional Wi as
1
Wee :T/ [|Vf|2+2C(R+f(f—n))}udu, (0.3.15)
M T

where C' > %, C eR. WhenC = %, this is Perelman’s VV entropy [126].

Theorem 0.3.5. Let (M, g;;(t), f(t),7(t)),t € [0,T), solve the system (0.3.13), where f evolves by a backward

heat equation, then, Wi is monotonically non-decreasing. In particular, we have

d 1 1
—Wge = 27/ |Rij + ViV, f — —gij|*udp + 2(2C — 1)7/ |Rij — —gij|*udp > 0. (0.3.16)
dt M 2T M 2’7—
Moreover, the monotonicity is strict unless
1 1
Rij +V;V;f— Egij =0 and Ri; — Egij = 0. 0.3.17)

(See Theorem 2.5.6).
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Chapter 3

Chapter 3 of this thesis is organised as follows; Section 3.2 introduces the theory of conjugate heat equation
and gives a quick review of how one can view Perelman’s differential Harnack estimate as Li-Yau type and how
it provides an alternative proof of a localised version of his entropy monotonicity formula. The main result of
Section 3.3 is contained in Theorem 3.3.1, where we establish a point-wise differential Harnack inequality for all

positive solutions of the conjugate heat equation on manifold evolving by the Ricci flow.

Theorem 0.3.6. Let u € C*1(M x [0,T)) be a positive solution to the conjugate heat equation T*u = (—0; —
A + R)u = 0 and the metric g(t) evolve by the Ricci flow in the interval [0,T) on a closed manifold M with
nonnegative scalar curvature. Suppose further that w = (4n7)"2e~f, where 1 = T — t, then for all points

(x,t) € (M x [0,T1]), we have the Harnack quantity

2
P=2Af—|VfP+R-" <. (0.3.18)
T
Then P evolves as
0 1 22 2 4 2
2P =—AP+2(Vf,VP) +2|Ri; + V,V;f — —gij| + 2P+ 2|V + = + =R (0.3.19)
ot T T T T T

forallt > 0. Moreover P < 0 forallt € [0,T).

As an application of this, we derive the corresponding Harnack estimate under a mild assumption that the scalar

curvature remains nonnegatively bounded. Here is the statement of the result (see Corollary 3.3.3 for the proof):

Corollary 0.3.7. (Harnack Estimates). Let u € C*Y(M x [0,T)) be a positive solution to the conjugate heat
equation T*u = 0 and g(t),t € [0,T) evolve by the Ricci flow on a closed manifold M with nonnegative scalar
curvature R. Then for any points (x1,t1) and (x3,t2) in M x (0,T) such that 0 < t; < to < T, the following

estimate holds
U(Z‘Q, tg)
U((El, tl)

IN

<E>nexp {/01 2”'(8)'2 A TQ)R}, (0.3.20)

T2 (’7’1—7’2) 2

where 7; =T —t;,i = 1,2 and ~y : [0, 1] is a geodesic curve connecting points x1 and x5 in M.

We do hope the above results can be improved by removing the non negativity constraints on the curvatures.
There is another important result in this section (Subsection 3.3.2), where we establish a localised form of the
Harnack and gradient estimates obtained. The main idea is the application of the Maximum principle on some
smooth cut-off function. It was the basic idea used by Li and Yau in [112], however our computation is more
involved as the metric is also evolving. Let d(z, y, t) be the geodesic distance between z and y with respect to the
metric g(t), define

Qopr = {(x,t) € M x (0,T] : d(z,p,t) < 2p}.

The following is the statement of the localised estimate (see Theorem 3.3.4):
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Theorem 0.3.8. Let u € C**(M x [0,T]) be a positive solution to the conjugate heat equation T*u = (—0; —
A + R)u = 0 defined in geodesic cube Qz, 7 C M and the metric g(t) evolves by the Ricci flow in the interval
[0,T] on a closed manifold M with bounded Ricci curvature, say Rc > —K g, for some constant K > 0. Suppose
further that v = (4n7) "2 e~ F, where T = T — t, then for all points Qa, 7 C M, we have the following estimate

[Vul>  _ug 4n 1 1 VK K 1
e e TR ERA bRt S I8 03.21)

where C'is an absolute constant depending only on the dimension of the manifold and § is such that 6 < ﬁ.

In Section 3.4, we introduce a dual entropy formula which surprisingly interpolates between Perelman’s en-
tropy [126] for conjugate heat equation on an evolving manifold and the Ni’s modified entropy formula [122]
for linear heat equation on static manifolds. Here, we will use dV'(z) instead of our usual notation djs ;) of the
volume form to indicate that volume is kept fixed throughout the time of evolution for the heat equation on a closed

n-dimensional manifold (M, g(t)). The results described here are contained in our submitted paper [1].

Definition 0.3.9. Let u = u(z,t) be a positive solution to the heat equation
0
(7 - A)u(x, t) = 0. (0.3.22)

Let f : M x (0,T] — R be smoothly defined as v = (4wt)~2 e~ with [, u(z,t)dV(z) = 1. We introduce a

generalized family of entropies by

et 9 n 4 ne?1 et
We(f:t) = /M [EIWI +f+g5h (?2> - E} R dv (z), (0.3.23)

where 0 < €2 < 4r.

From this entropy formula, we also recover the corresponding differential Harnack inequality and gradient
estimate for the fundamental solution (see Theorem 3.4.4), which in fact, holds for all positive solutions to the heat

equation.

Theorem 0.3.10. Let M be a closed Riemannian manifold. Assume that u = (4nt)~% e~/ is a positive solution
to the heat equation T'u = (0y — A)u = 0, then, we have the following monotonicity formula for We(f,t) defined
in (0.3.23)

d - €%t NZt: 2 | et
awe(f, t) = — /M [% < fij — o Vi + Rijfifj) + (1 - E)Wﬂ @)% dV(z) 0.3.24)
with (f,t) satisfying
-f
e

and 0 < €2 < 4r.
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Theorem 0.3.11. Let M be a closed manifold with nonnegative Ricci curvature and H (x,y,t) = H = (4rwt)" e~
be the heat kernel, where H tends to a §-function as t — 0 and satisfies | v HdV (z) = 1. Then for all t > 0, we
have

€t 9 n 47 ne?
_ _ “In(=) -2 <o 3.
P. 4W(2Af IV /] )+f+2ln(€2) 0 (0.3.26)

Here, we have a family of entropy formulae for the conjugate heat equation on manifold evolving by the Ricci

flow forward in time.

Wi 1) = [ (ST 9P+ 1 -1 4 P ()] S 0327
€ 2 I T) = - - ~ Y - 5 .
g M 4 47 2 €2 (4777')5 H

where 7 = T — ¢ > 0 and R = R(x,t) is the scalar curvature. Let u = u(z,t) be a positive solution to the
conjugate heat equation on a complete compact manifold with metric g = g(z, t) evolving by the Ricci flow. Let
—f —f
¢ - satisfies / eiﬁd,u =1.
(4rT)2 o (A7)

u =

Then
(=0 —A+Ru=0

and the following (see Theorem 3.4.13):

Theorem 0.3.12. Ler (M,g(t)),t € [0,T) be a solution of the Ricci flow 0yg;j = —2R;;(g). Let u : M X
[0,T) — (0,00) solves the conjugate heat equation (—0; — A + R)u = 0. The entropy functional W(g, f,T) is

nondecreasing by the formula

d er 1 2

ot 2 GE [ (R 1y = g wdn > 0 0328)
for0 < €% < 4.

As it is well known that entropy functional are intimately related to functional inequalities, we will apply the

monotonicity proved in this section to derive a family of logarithmic Sobolev inequalities in the next chapter.

Chapter 4

The results of this chapter will appear in [2]. In the first part we prove an upper estimate on the conjugate heat
kernel of the manifold evolving by the Ricci flow, it turns out that the estimate depends on the best constants in
Sobolev inequality for the Ricci flow due to Q. Zhang in [157] and the bound on the scalar curvature. Here is the

statement of the result (see Theorem 4.2.1):

Theorem 0.3.13. Let (M, g(z,t)),t € [0,T] be a solution to the Ricci flow withn > 3 and F(z,t;y, s) be the
Sfundamental solution to the conjugate heat equation (conjugate heat kernel under Ricci flow). Then for a constant

C,, depending on n only, the following estimate holds
Cn
F(z,t;y,s) < = (0.3.29)
4

t+s %p(.,— 2 p(r)

its ) s -
J:7 smamdn Jy %md7>

2
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for0 < s <t < T, where a(t) = © p,l”T, R(go) > p being the infimum of the scalar curvature taken

at the initial time, P(T) = ft(B(T)A_l(T) — 3¢(7))dr, with A(t) and B(t) being positive constants in the

S

Zhang-Ricci-Sobolev inequality and ¢(t) is the lower bound for the scalar curvature.

In a special case where the scalar curvature is nonnegative at the starting time of the flow, one obtains a bound

similar to the one in the fixed metric case.

Corollary 0.3.14. Let the assumptions of the above theorem hold. Suppose further that the scalar curvature is
nonnegative at time t = 0 (i.e., R(xz,0) > 0). Then for a constant C, depending on n and the best constant in

Euclidean Sobolev embedding, the following estimates hold

Ch
F(x,ty,s) <

SGooF (0.3.30)

for0 <s<t<T.

The exact value of C,, is computed in the proof. Its value in the case R(x,0) = 0 is different from that of the
case R(x,0) > 0.

In the second part of this chapter, upper estimates arising from the monotonicity of the W,(f,t) entropy
formula are obtained. The main ingredients used here are logarithmic Sobolev inequalities and ultracontractivity
property of the conjugate heat semigroup. It is well known that Gross logarithmic Sobolev inequality [83] is
equivalent to Nelson’s hypercontractive inequality [121], both of which may imply ultracontractivity of the heat
semigroup. (See [71, 72, 107, 152]). Our results establish this under the Ricci flow. Precisely, let there exists finite
positive constants Ay and By depending only on 7, gg, lower bound for the Ricci curvature and injectivity radius

of M. For any u € W'2(M, go), such that
[ull 20 < Ao[Vullz + Bollull2, (0.3.31)

where m > 3and || - [, = (f,, |- |qdugﬁ7 1 < p < co. We can then write (0.3.31) as

n—2
(/ u%dﬂgo) B gA/ (4\Vu|2+Ru2)dugo+B/ w?djug,, (0.3.32)
M M M

where

1 1
A= ZAO’ and B = ZAO sup R~ (-,0) + By

since R(z,0) +sup R~ (-,0) = R™(x,0) — R~ (x,0). R denotes the scalar curvature. We have the following (see
Theorems 4.3.2 and 4.4.1):

Theorem 0.3.15. Let M be a compact Riemannian manifold of dimension n > 3. Let the solution to the Ricci flow
exist for all time t € [0,T) with bounded scalar curvature for all t > 0. Assume the Sobolev embedding (0.3.31)
holds, then for finite positive constants A and B depending on n, Ao, By, lower bound for Ry, and T, there hold
foreacht € [0,T) andu € W12(M)

n—2

()
M

1
<A (|Vu|2 + —Ruz)dug + B/ utdy,, (0.3.33)
M 4 A
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A
/ u? Inudpy gy < 0—2/ (4Vul? + Rv)dpyq) — = o + (t + 02)By +3 i Pl (0.3.34)
M M 2 26

if Ao = inf),),=1 fM (4|Vul? + Ru?®)dpy,, that is, \o is the first eigenvalue of the operator —A + iR. Here
c>0, f1= 4Ango +sup R~ (-, 0).
Finally, for some constant C depending on n,t,T, Ay, By and sup R(-,0), there holds the following estimate

F(x,T;y) <CT™ % (0.3.35)
for the positive solution to the conjugate heat equation F' associated to the Ricci flow.

The three results in the above theorem are essentially equivalent, their proofs occupy Sections 4.3 and 4.4.

Chapter 5

Chapter 5 is on the elegant application of heat flow monotonicity to the proof of a family of functional-geometric
inequalities, namely, Brascamp-Lieb inequalities. This chapter may be considered independent from the remaining
thesis as the subject is interesting in its own right and we treat it as such by developing the theory from Euclidean-
analytic point of view.

The set up is as follows: For natural numbers m,n,n; € N, n > n;, 1 < j < m, define positive real numbers

p; > 0, such that

> pinj =n. (0.3.36)
=1

Let B; : R™ — R™ be surjective linear maps from R™ onto R such that their common kernel N}, B; = {0}.
This condition forces Z;n:l Dj B;Aj B; to be isomorphism, where B} is the adjoint of B; and Aj is a positive-
definite n; X n; matrix.

Brascamp-Lieb constant is defined as follows

det(Z}n:l ij}fAij)

D(p;) = - 5 (0.3.37)
I, ((det 4;)
In this case, each f; is a centred gaussian function, i.e,
[ = exp(—n(Ajz,x)). (0.3.38)

Let Cy and C, respectively be the smallest and largest constant such that for all f;,1 < j <m

/ H 17 (By()) d < Cy H (/ ) (0.3.39)

and

/R* sup prJ(CUJ x> C f[(/ )" (0.3.40)

n p—_\"m * . . n
mfzjzl pjBizj, v;ER I j=1
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Here, the symbol f * means outer integral. By a Theorem of Lieb [106], see also [13], both inequalities (0.3.39)
(Bracamp-Lieb inequalities) and (0.3.40) (Reverse Brascamp-Lieb inequalities) are well known to be saturated
by centred Gaussian functions. It was conjectured by Brascamp and Lieb in [32], that Gaussian functions give the
best constants and proved by Lieb in [106] and simultaneously by Beckner in [18]. F. Barthe in [13] reproved
Lieb’s result using the method of optimal transport and simultaneously derived the dual result for the case of

inequality (5.2.9) as conjectured by Lieb. In fact, the constants C; and C5 can be computed explicitly as

_ D3

fRn i1 [} (Bj(2)) da < IT;%, (det A;)Ps >2
C, = sup o -
fi ] 1 (fRn fJ dl‘j) det (Zj:l p]BJ*A]B]>

and

[NE

o e TN P By e det (S BAB)"

fﬂ H] 1 (fR" fiz5) d%) ‘ Hm (det A; )TJ

where both the infimum and the supremum are taken over the class of all Gaussian functions with minimum near

)

the origin.

We discuss details of this using Barthe’s arguments and show that many geometric inequalities actually have
their generalisation in Brascamp-Lieb inequalities (see Lemma 5.2.2). In the above description of Brascamp-Lieb
Inequality we have used linear transformation and Lebesgue measure, we like to submit that the strength of this
family of inequalities is the flexibility to live in a more generalized setting. Hence, we collect some sort of variants
due to various authors in section 5.2.

However, our major aim in this chapter is to prove the inequalities in (0.3.39) and (0.3.40) via heat flow mono-
tonicity. This type of approach as noticed by Carlen-Lieb-Loss [52], Barthe-Cordero-Erasquin [16] and Bennett-
Carbery-Christ-Tao [24] tends to generate sharp constants and identify extremisers. We prove this generalisation
in Theorem 5.3.1 for linear setting and Theorem 5.4.6 for multilinear setting (the argument adopted here follows
in spirit those of Bennett-Carbery-Christ-Tao [24, 25]).

At a first glance one may wonder if there is any connection at all between the subject of this chapter and
those of the first part of this thesis. The last section of this chapter highlights where the connections lie. Firstly,
we note that Brascamp-Lieb inequalities generalize Young’s convolution inequality which is equivalent to Nel-
son’s hypercontractive estimates and logarithmic Sobolev inequalities both of which are related to the entropy in
"Euclidean-Gaussian’ setting. In fact, another connection is in the fact that the applications of such inequalities
are becoming more obvious in PDEs and Geometric analysis, hence the need for their generalization to ’full’ dif-
feomorphic setting. We do acknowledge that putting Brascamp-Lieb inequalities in a diffeomeorphic setting is not

straightforward, and is the topic of current research.
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Chapter 1

Basics of Ricci Flow

1.1 The Ricci Flow - An Overview and Brief History

F ormally, the Ricci flow is a system of evolution for a one-parameter family of Riemannian metrics g(z,t) on
a smooth manifold M by the following nonlinear system of second order weakly parabolic partial differential

equations
0
agij(%t) = —2R;j(x,t), (1.1.1)

which becomes strictly parabolic modulo out the group of diffeomorphism of the underlying manifold. Here
R;j(z,t) is the (0,2)-Ricci curvature tensor. The factor 2 in the system (1.1.1) is not very important but the
negative sign ensures the flow remains forward in time, in fact, it shows that positive curvature is contracted while
the negative curvature is dilated (we shall consider examples to illustrate this later). Introduced in a seminal paper
by R. Hamilton in 1982 [87] as an initial value problem together with initial data g(z,0) = go, the Ricci flow was
to attack geometrization conjecture (classification of three manifolds by William Thurston). In the same seminar
paper Hamilton was able to show its short time existence though not by standard parabolic theory, he employed a
“powerful analytic tool” called Nash-Moser implicit function theorem. Not quite later that Dennis DeTurck [73]
found a simplified way of doing this, his approach popularly called DeTurck’s trick follows from modification
of the flow by a time-dependent change of variables, which breaks the diffeomorphism invariance of the flow
equation, thus, making it parabolic.

Meanwhile, a classical problem in differential geometry is to find canonical metrics of Riemannian manifolds.
By canonical metrics we mean metrics of constant curvature whose existence often yields useful geometric and to-
pological implications. A well known example is the classification of Gauss curvature metrics of simply connected
Riemannian surfaces, the uniformization theorem. The geometric flows play fundamental roles in achieving this
objective, see R. Schoen [131] for Yamabe flow, Mullin [119] for curvature shortening flow, G. Huisken [98], mean

curvature flow and Eells and Sampson [76] for harmonic maps heat flow. It can be said that Hamilton was mo-
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tivated by the paper of Eells and Sampson [76] on harmonic maps heat flow to prove existence of harmonic maps
into targets of non-positive sectional curvature. Considering his effort to extend the result of Eells and Sampson
to the case of manifold with boundary [86]. His propositional idea was to study 3-manifolds with positive Ricci

curvature and he obtained the following;

Theorem 1.1.1. ([87]). Let M be a closed 3-Riemannian manifold whose initial metric admits a strictly positive
curvature, then, M admits a metric of constant sectional curvature. Moreover, M is diffeomorphic to the 3-sphere

or its quotient by a finite group of isometries.

The proof of the above consists in showing that volumetric version of (1.1.1) (Volume preserving Ricci flow
(1.1.2)) is obtained by re-parametrizing in time scale and homothety for all time ¢ € [0, c0) and converges to a
metric of constant sectional curvature. Invariably, the Poincaré conjecture follows immediately one is able to show
that an homotopic spherical space form admits a positive Ricci curvature metrics. More generally, Elliptization
conjecture would follow from showing that any closed 3-manifold with finite fundamental group admits a metric

with positive Ricci curvature

Theorem 1.1.2. (William Thurston’s Elliptization Conjecture). A closed 3-manifold with finite fundamental group
has a Riemannian metric of constant positive sectional curvature. Then, it is homeomorphic to the 3-sphere (via

the covering map).
Thus, proving the elliptization conjecture would prove the Poincaré conjecture as a corollary.

Theorem 1.1.3. (The Poincaré Conjecture). Every simply connected closed 3-manifold is diffeomorphic to the
3-sphere S°.

It was obvious that in applications we might need the volume of the manifold to be preserved throughout the
evolution. To achieve this, Hamilton also introduced the normalized counterpart which differs from (1.1.1) by a

cosmological constant
0 2
&gij(x,t) = —2Rij($,t)+ﬁ’l"gij(l',t). (1.1.2)

Here, r denotes the average value of the scalar curvature of the metric g(x,t). The evolution equations (1.1.1)
and (1.1.2) are essentially equivalent, any solution to (1.1.1) can be transformed to that of (1.1.2) by a rescaling
procedure.

Shortly after Hamilton’s first result, Shing-Tung Yau suggested to him that the Ricci flow could be an appropri-
ate tool to attack the structure theorem for three-manifolds in general. Hamilton then proved many important res-
ults ranging from the uniformization of surfaces, maximum principle for tensors, Harnack estimates for curvatures,
monotonicity of entropy formula, all with Ricci flow. He actually laid the foundation for the programs towards a
complete solution of the Poincaré conjecture and Thurston’s geometrization conjecture via the Ricci flow. (Cf.

[39] Collected Papers on Ricci Flow, Series in Geometry and Topology).
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Basically, Hamilton’s program states that starting with any given compact three-manifold endowed with an
arbitrary initial metric without any curvature assumption, the Ricci flow may develop singularities in finite time. In
this case, the unbounded regions (a small neighbourhoods of the points of singularities), need to be dealt with by
performing topological surgeries on them and then continue to run the Ricci flow, this process should be repeated
each time singularities are developed. If one can find only a finite number of surgeries during finite time interval
and if the true behaviour of solution of the Ricci flow with surgery is well understood, then, one would see clearly
the topological structure of the initial manifold. The major obstacles was the verification of what is now called
Hamilton’s Little Loop Lemma [92], which is a certain local injectivity radius estimate and the verification of
discreteness of surgery times. In the late 2002 and 2003, G. Perelman [126, 128] came out with ingenuity that
allowed him to remove the obstacles that remained in the program of Hamilton. His paper [127] gives details of
how topological surgeries are performed on the 3-dimensional Ricci flow (see also [58, 94] for Ricci flow with
surgeries on 4-manifolds). Perelman showed that all singularities are modelled by self-similar solutions (Ricci
soliton). Perelman’s breakthrough is unprecedented as it provides a complete proof of Poincaré conjecture which
earned him a Fields medal, though he turned down the prize based on his opinion that Richard Hamilton deserved

more credit.

1.2 Examples and Special Solutions of the Ricci Flow

1.2.1 Examples

The Ricci flow governs the evolution of a given metric which converges in some sense to an Einstein metric. A
Riemannian metric is said to be Einstein if its Ricci curvature is a scalar multiple of the metric at each point, (see

Section 0.2 and [27] for details on Einstein metrics).

Lemma 1.2.1. Suppose (M, g) is an Einstein manifold with initial metric go, then the solution of the Ricci flow is
governed by
g(t) = (1 — 2)\015)90.

Proof. Let R;;(go) = Aogo for some Ay € R. Let g = A(t)go. Since Ricci tensor is scale-invariant, we have
Rij(9) = Rij(Ago) = Rij(g0) = Xogo-
Indeed

519 = Ngo = —2R;;(g) = —2Xogo-

The problem is reduced to solving the ODE

N(t) = —=2Xg, A(0) = 1.
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Figure 1.1: Shrinking Sphere

Examples 1.2.2. (Shrinking, Steady and Expanding Solutions)

The cases X > 0, \ = 0 and A < O corresponds to shrinking, steady and expanding solutions respectively.

Thus, running the Ricci flow with standard round metric on S™, Euclidean metric on R™ or Hyperbolic metric

on H" illustrates each case. In particular, for the round unit sphere (S™, g.qr ), we have

RC(go) = (n - 1)gcan

and the evolution is
g(t) = (1 - 2(” - l)t)gcan~

With this the sphere collapses to a point at a finite time 7" = ﬁ (called the singular point), that is, the Ricci
flow on S™ has a finite time singularity where the diameter of the manifold goes to zero and the curvature explodes
to +00. The Ricci flow is stationary on standard Euclidean metric (R™, gg..) and any other Ricci-flat manifold
(Riemannian manifold with vanishing Ricci curvature), while hyperbolic metric (manifold with constant sectional

curvature —1) expands homothetically for all time.

Example 1.2.3. (The Ricci flow on product manifolds)
Consider the geometry of product of spherical and euclidean metrics such as S"™* x RF. The Ricci flow acts on

the factor metrics separately, thus, as S"~* is shrinking, R* remains steady.

A perfect illustration for this is the 3-dimensional shrinking cylinder S? x R, where S? factor shrinks homothet-
ically while R factor remains unchanged. As a consequence, the solution becomes singular in finite time and the
manifold converges in the pointed Gromov-Hausdorff sense to R.

The above examples have shown that an Einstein metric is a special solution of the Ricci flow. In particular, if
it is of positive scalar curvature, it will shrink homothetically at finite time while that of negative scalar curvature

expands homothetically for all times and the Ricci-flat Einstein metric is a stationary solution.
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Figure 1.2: Shrinking Round Cylinder

1.2.2 Ricci Soliton

There is a larger class of self-similar solutions than the uniformly shrinking or expanding solutions given in the
above examples. These special solutions are called the Ricci solitons. In this case, we modify the flow by a

one-parameter group of diffeomorphisms ¢; and define a time—dependent vector field X from it.

Definition 1.2.4. Let {¢:},t € I be a one-parameter family of diffeomorphisms, o : M — M, and {g(t)}:er be
a one-parameter family of Riemannian metrics defined on M. Given a smooth scalar function 3(t) > 0, we call a

solution g(t) of (1.1.1) a Ricci sloliton, if it is a pull back of gy, i.e.,

g(t) = B(t)¥7 g0 (1.2.1)

This simply means that in a Ricci soliton all the Riemannian manifolds (M™, g(t)) are isometric up to a scale

factor that is allowed to vary with time. Therefore, the Ricci flow equation is equivalent to

1
Re(go) + §£Xgo = Ao (1.2.2)

for any A(t) = —1(t), where X is a vector field on M and Lx go is the Lie derivative of the evolving metric. If

the vector field X is the gradient of a function, say f, then the solution is called a gradient Ricci soliton and (1.2.2)

becomes
Rij + ViV f = Agij, (1.2.3)
where ) is the homothety constant. The case 5'(t) < 0, 8/(t) = 0 or 8’(t) > 0 corresponds to shrinking, steady

or expanding gradient soliton. Clearly, a Ricci soliton is an Einstein metric if X vanishes identically.

Lemma 1.2.5. Suppose the flow (M, g(t)),0 < t < T, where g(t) = B(t)e}go, is a solution of the Ricci flow,
then, there exists a vector field X on M such that (M, go, X) satisfies (1.2.2). Conversely, given any solution
(M, go, X) of (1.2.2), then, there exist a one-parameter family of diffeomorphism o of M and scalar function
B(t) such that g(t) of (1.2.1) solves the Ricci flow.

Proof. Suppose g(t) = B(t)¢; go is a solution of the Ricci flow (1.1.1) and we assume that g = Id )y, then, it is
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seen at once that 5(0) = 1, so that we have

0
~2Re(go) = 20|~ — 3 (0)g0g, + BO)p0Ly 00

= '(0)g0 + Ly (0)90,

(1.2.4)

where Y (t) = ﬁX is the family of vector fields generating the diffeomorphism ;. Comparing (1.2.2) and
(1.2.4), we have A = —13/(0) and X = Y(0), hence gy satisfies (1.2.2).

Conversely, suppose that gg satisfies (1.2.2). Define
Bt)=1-—2Xt

and define a one-parameter family of vector fields Y (¢) = %X (). Let ¢; be the diffeomorphism generated

by the family Y'(¢), where ¢y = Idjy, and define a smooth one-parameter family of a metrics on M by g(t) =
B(1); go. Then,

g(t

=i (B'(t) + Bt) Ly )90
= o (—2A + Lx)g0

= ¢;(—2Ric(go)) = —2Rc(p; 90)

since Ric(ag) = Ric(g) for any o > 0, it follows that

090) _ are(o(t),

Therefore g(t) is a solution of the Ricci flow (1.1.1). O
Examples 1.2.6. Rorationally symmetric Cigar and Bryant Solitons are stationary solutions to the Ricci flow.

Consider a complete Riemann surface (X, gs) with g5 = u(x,t)ggue, Where gpy. is the standard Euclidean

metric on R?, u(z,t) = and € > 0. Given the initial metric g (0) = nguc, then (%, gx)

gives a stationary Ricci flow whose curvature decays exponentially. (Cigar soliton was introduced by R. Hamilton
and called Witten’s Black Hole in Physics). The analogy of Cigar soliton in higher dimension is referred to Bryant
soliton. The Cigar soliton has positive curvature and is asymptotic to a cylinder of finite circumference at infinity.
The Bryant soliton has positive sectional curvature, linear curvature decay and volume growth of geodesic balls of

radius p on the order of p("+1)/2,

1.3 Evolution of Geometric Quantities

More interestingly, all the geometric quantities associated with the underlying manifold evolve as the Riemannian

metric evolves along the Ricci flow, most importantly, the curvature tensors evolve by some nonlinear heat-type
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equations, this also serves as motivation to considering the behaviours of some other important geometric quantities

such as eigenvalues and heat kernel of the manifold under the Ricci flow. The evolutions are summarised below,

detailed proofs can be found in [4, 41, 69, 68, 87].

Lemma 1.3.1. If a one-parameter family of metric g(t) solves the Ricci flow (1.1.1), then, the inverse metric, the

Christoffel’s symbol, the volume element and the Laplacian evolve as follows

%gij = 29"’ Ry

%rfj — g (aiRﬂ +0; Ry — alRij)
%du = —Rdu

%Ag(t) =2RY -V,V;.

(1.3.1)
(1.3.2)
(1.3.3)

(1.3.4)

Notice that Levi-Civita connection is not a tensor but it is determined by Christoffel’s symbols whose time

derivative is also a tensor.

Proof. Assuming that

%gij = hyj,
where h;; is a symmetric tensor. Recall also that

9" g1 = 5; )
then
Therefore

(%gij)gjl =—g" (hj)

%(gij) = —g" ¢ b

Taking h;; = —2R;;, part 1 of the lemma is proved.

Zrk = 0 (@'gjz +0j9i — algij) + lgkl (a’( ” ) +aj(

ot 1~ 2017 2 ot

working in a normal coordinate about a point p, we have 0;g;i(p) = 0 for all ¢, j, k and from the fact that

0;Aji, = VA, we get

9 0 0 0

1
711.:,’?1( i=—Gi = gil — V=i
it = 39 (Vg9 + Vigy9u = Vig 9

Therefore

0., 1
&Ffj = 5gkl (Vihjl + Vh;y — Vzhij)

(1.3.5)
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Since both sides of (1.3.5) are components of tensors, it then holds as a tensor equation for any coordinate systems.
Part 2 is proved.

In local coordinates, the volume form is written as dj = v/detgdz! A ... A dz™, then,

9 9 % n
ad,u = 5(\/detgdx A ANdx )

By chain rule of differentiation

0 1 1 0 1 1 Odetg dg;;
—(/detg) = = —detg = ~ J
8t< © g) 9 Vdetg ot Y T 2 Jdetg Ogi; Ot

1 iy 1
=3 detgg" hij = Etrh\/a,

therefore
0 1
ad,u = itrh du,
hence part 3 of the Lemma is proved.
Define
Agf =[97(8:0; — T30 1,
then,
9 ij k
&(Agf) = {9 (0:0; *Fijak)f}
0 . (0 y 0]
—(ZJ9\v. V. f — g9 (=17k (9.9, —TFo.)—
(5;97) ViVt = g7 (5,05) Vis +47(0:0; ~ Th0) 3, f
0 . 0
— (2L, h\v.v. A f
(atg )Viv]f+ o’
Therefore
o J ..
A = (L 0\
4 (atg )vlvj, (1.3.6)
where
i 0 Tl 0 1o} 0
9" (aﬂ?) =g" [ggkl (Vz‘&gﬂ + Vg9~ Vlagij)}
y 0 1 .. 0
— g g ) — Z oY — Ois
I {g v"(atg’l) 29 Vl(atg”)]
=0
by the contracted second Bianchi identity. Application of part 1 of the lemma to (1.3.6) proves part 4. O

Theorem 1.3.2. (Evolution of Curvature Tensors). Let g(t) be a solution to (1.1.1), the Riemannian curvature

tensor (R;;11), Ricci curvature tensor (R;;) and the scalar curvature tensor (R) respectively evolve as follows

0
aRijkl = AR;jii + 2(Bijii — Bijik + Bikji — Bijk) (13.7)
— (R} Rpjki + R Ripkt + Ry Rijpi + Ry Rijiyp)
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0
o R = AR;; + 29" " Ry 1 Rpy — 29" Rix Rjy (1.3.8)
9 2
ot
where Bijii = —gP" 99 Rpiqj Rrkst = —Rginslk, and A is the Laplace-Beltrami operator with respect to

evolving metric g(t).
Proof. Evolution of Riemann curvature tensor. We write (1, 3)-Riemann curvature tensor

RPij = 9L, — 0;T + IG5 — I}, T,

jr
and

%Rpijl = %(&:Ffz - @Tﬁ) + (%FZ)FL + Fﬁ(% §l>

0 p \pr » (0
~ ()i - 15 (5%)
9 p 9 p
=0i(5h) — % (5Th):
Now using the contraction R;jx; = gipltPsj 1, we have
0 0 0
9 Rt = (2 0) + (L) R,
ot Jkl 9kp ot gl + atgkp Jl
= gkp{vi [ — 9" (VjRig + ViR;q — qujl)}
-V { — g*(ViRig + ViR — VqRil)} } — 2Ry, Ry
= Vikajl — ViVlek — Vjkail + Vjleik
+ V]-VZR”C — V7;Vlek — 2RkpRp7;jl.
By interchanging covariant derivatives and using Bianchi identity property of Riemann curvature tensor, we have

ViViRi, — ViV iRy = Rijipg® Rk
= —Rijipg"™ Ra, — Rijrpg” Ryl
and
RipRPiji = Rijpig" Rk
so that
V;ViRy, — ViViRy = 2R 9" Ryx
= —Rijipg" ' Ryx — Rijrpg"  Rqt — 2R;jp1g" Ry

- gpq<Rijkqul + Rijleqk)-
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Therefore

0
aRijkl =V,;ViRj — ViViRj;, — V;Vi Ry + V,;V Ry,

— 9" (Rijip Rot + RijpiRgk)-
We then conclude the proof with the following claim: Let (M, g) be a smooth manifold, the Laplacian of the
Riemannian tensor satisfies

Vikajl — Vilejk — VijRil + VleRik
ARiji = —2(Bijki — Bijik — Bujk + Biji) (- (1.3.10)
+9" (RgjkiRpi + RigriRyp;)

Consider the linearity of covariant derivative over the second Bianchi identity as follows
vaqRijkl + VpViqukl + Vijqukl =0,

recall also that the connection Laplacian of any tensor field is the trace of the second covariant derivative with the

metric g, therefore
ARiji = (trg V2 R)ijir = g"1VpVRijir = ¢"(=VViRjgk — VYV Ryini)
= 9""Vp(=ViRjgu — V;Rgirt)

= 9"V, (ViRgju1 — Vi Rikt)-

The first term on the RHS of the last equality is due to antisymmetric property. Now by commuting covariant

derivative on this term we have
VpVqujkl = Vivaqjkl + (R(&, ap)R)(aq, 8]', Ok, 81), (1.3.11)

using the second Bianchi identity and contracting with the metric on the first term on the RHS of (1.3.11), follow

from this calculation V;V,Ryir = ViV Rjqp — ViViRjqkp, We arrive at
g" ViV Ry = 91 (ViViRjqp — ViViRjqkp)
=V;ViR;1 — V,;ViRj}.
The second term on the RHS of (1.3.11) can be written as

(R(({‘)i7 ap)R)(aq, 3j, 8k, 81) = R’ ankl + Rl ankl + R! qunl + R;quqjkn

pq pq pq

= grs(Rpiqurjkl + Rpistqul + Rpikqujrl + Rpilqujkr)

gpq (R(aza 81))R)(8q7 8_77 8k7 al)

= gpqgrs (RpiquTjkl + Rpistqul + Rpikqujrl + Rpilqujkr)-
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Contracting each term on the right hand side of the last expression as follows

9’9" Ryiqs Rrjrt = 9" Ris Ry ji = gP ' Rig Rpjm

979" RyijsRgrit = 979" Rpijs(— Ryt — Risgrt)
= gpqgrs (RpistqlTk: - Rpistqul>

— q 'y q 7Y _ L. _ ..
=Ry Ry — Byij By = Bijik — Bijrl
979" Rpiks Rgjri = 979" (— Ripsk Rqjrt) = —Bikju

pq TS . . — R4 P
979" Rpis Ryjrrt 7Rileqjk'

Combining the identities (1.3.11) -(1.3.15 ), we obtain
G’V Ry = ViV Ry — ViV Ry,
— (Bijri — Bijik — Bitji + Birji) + P RigRpjki-
Therefore
AR = g"VpViRgir — g7V ViRgin

= V,;ViRji — ViViRji, — (Bjikt — Bijik — Bitjik + Birjt) + 9" Rpjri Rqi

(1.3.12)

(1.3.13)

(1.3.14)

(1.3.15)

(1.3.16)

(1.3.17)

— V,;ViRi + V;jViRik + (Bjiri — Bjuk — Bjiit + Bjkit) — 9" RpjriR;

=V,ViRji — ViViRjr, — V;ViRy + V; ViR + " (RpjriRgi + RipriRy;)

— 2(Bijri — Bijik — Bijk + Bixji),

since B is a quadratic term in the Riemann tensor satisfying B x; = Bjir = Briij- Equation (1.3.7) then follows

immediately.

Proof of evolution of Ricci curvature tensor. Contracting Riemann curvature tensor we have

Ik
Rij = 9" Rijui,

then
0 _ 0 _ lk
gl = g (g R”“) =9

Using formula (1.3.1), we obtain

9
ot

0

(Rijri) + (&glk)szkl-

0 0
aRij = glka(Rijkl) - 29lpgqu;DqRijkl’

inserting the result of evolution of Riemann curvature tensor we obtain

0
&sz = glk{ARijkl + 2(Bijit — Bijit + Bikji — Bijk)

— (R} Rpji + Ry Ripi + Ry Rijpt + RfRijkp)} — 296" Ry Rijka
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and compute

9" AR;j1 = AR;;
Ik . . o T lkp. . Ik . . lkp .
29 (szkl - Bz]lk + sz]l - B’Ll]k‘) - 29 Bzgkl - 29 (le]k + Bzglk) - 29 lejk

= 2¢'""(Bijii — 2Bujr) + 26" 9% Rpigr Rji-
It is obvious that B;;x; — 28555, = 0 from the Bianchi identity, similarly,

9" (RY Rpjki + RY Ripri+ R}, Rijpi + RY Rijip)
= 9" RyiRpj + "' Ry Rip + g Rox Ripy + 9" ¢" Rijip Ry

= Qgququjp + QQIkgquijkqul.

It therefore follows by putting these results together that

a T S
a1t = AR;j + 29" 9% RyjrqRrs — 29" Rgi R,

which ends the proof of evolution of Ricci curvature tensor.

Proof of evolution of Scalar curvature tensor. Similarly R = ¢*/ R;; and
0 0 o
ZR=g9 (R (7 ZJ)Ri.
= 97 (ARi; 4+ 29" " RyijiRpg — 29" RinRj1) — 9™ 9" hua Rij
= AR + 2gikgleinkl.

Equation (1.3.9) follows at once. This then completes the proof of Theorem 1.3.2. O

Similarly, we have the following evolution equations under the Normalized Ricci flow. Suppose g(t) solves

(1.1.2), we have

o .. o
—a¥v — 2 ) /Y

57 (R p )

9~ < _ 2 -
~—R=A ) 1.2_7
atR R+ 2|Ry| nR
ng—(T—R)dN

J -~ L == 21«
aAg =2R7.V,V; — ;Ag.

1.4 Short-time Existence and Uniqueness

As we have remarked, the Ricci flow is a system of nonlinear weakly parabolic equation and the proof of its
short-time existence by R. Hamilton does not follow from standard parabolic PDEs theory. In his proof [87],

Hamilton used a ”powerful analytic tool” called Nash-Moser implicit function theorem. Not quite later that Dennis
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DeTurck [73] found a simplified way of doing this, his approach is popularly called DeTurck’s trick. In this
section, we discuss the linearization of the Ricci tensor and show that the degeneracy of the equation is due to the
diffeomorphism group of the manifold which acts as the gauge group of the flow. We then give a brief description of
the DeTurck approach to establishing existence and uniqueness of the Ricci flow via a modified evolution equation,
which turns out to be strictly parabolic. This enables us to apply the standard parabolic theory. See for instance
Cao and Zhu [41], the books by Chow and Knopf [68] and Topping [147]. The papers [136, 137] contain details

of the case when Ricci flow is defined on a complete noncompact manifold.

1.4.1 Linearization of the Ricci tensor

Our intention here is to get the linearised form of the Ricci tensor and understand what is meant for an evolution
equation on a vector bundle to be parabolic. We shall, however, see that the Ricci flow is weakly parabolic for the

metric g. Consider
9gij
ot

on the vector bundle S*T* M. We regard the Ricci tensor R;; as a nonlinear partial differential operator with

= Q(g9) = —2Ri;(9), (1.4.1)

respect to the metric g, i.e.,

R;j = Re:T(S3T*M) — I'(S°T*M),

where Si T* M is a space of positive definite symmetric tensor and S2T* M is a space of symmetric tensor.

Recall that the Riemannian curvature tensor given by

k. k k k k

has its index lowered to R, = gip P ;5 and its contraction
9" Rijii = Rij
gives the Ricci tensor. Then we have
~2Ry; = —2{ 0Tl = OTF, + Tk, I, ~Th 17, | (1.4.2)
Since the Christoffel’s symbols are defined by

Iy = 39" (0igj0 + 090 — 019i5),

—2R;; = 3i{gkl(3kgjz +0gr — 8lgkj)} — 8k{gkl(3i9jz + 0901 — 819@')}
k k
+ QFkPFfj - 21—‘1’101—‘%]'
= ai{gkl(ajgkl)} - ak{gkl(aigjl +0jgi — 5zgij)} + 20, I — 2T T

- gkl{aiajgkl — 0;0k9j1 — 0;0kgu1 + 8k81gij} + Lower Order Derivatives.
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Thus, the linearization of the Ricci tensor is (h is the variation of g )

L)

2 D(re))} = 27 (Rel(t)

= " {0:0hua — it — 0t + DDihg b, (1:43)
where D(Rey) : T'(S*T*M) — I'(S?T* M) and its principal symbol in the direction  is a bundle homomorphism
6[D(Rey)(Q)] : T(S3T* M) — T(S*T* M),

which by replacing the covariant derivative 0; in (1.4.3) by the covector (;, is defined as

(AIDERNQO@), = 59" (GG5hut = Gluln = Guha+ i) (14.4)

If the principal symbol is isomorphism for every 1-form ¢ and some section h, then, we say that the nonlinear

operator () is elliptic at 4 and the corresponding evolution equation (1.4.1) is parabolic.

1.4.2 Ricci flow as weakly parabolic

Consider the principal symbol of the linearized equation obtained above, it is easy to see that this symbol will
not certainly be elliptic, since for any (; whatsoever, we can define hj, = (;( and the symbol (1.4.4) evaluates
to zero. The symbol possesses zero eigenvalues, which shows the equation is not strictly parabolic. To see this,
consider (1.4.4) and assume ¢ has length 1, since the function is homogeneous, we choose coordinates at a point

such that

0, i#j.
and ¢ = (1,0, ...,0). A simple calculation yields
(5[DQ(9)](C)(h)) - = hyj +0i1651(hi1 + ..+ hup) — 0ithyy — 615has,
()

that is,

(1DQUNQM) =+ higs ++ -+ T

(61DQ(aIOM) =0, j#1

15

(DRI A)) =hiy,  iFLFL

ij
There is actually a good reason for the presence of these zero eigenvalues (see [87] for details). The fact that
the principal symbol &[D(Rc,)](¢) of the nonlinear partial differential operator Rc, has a nontrivial null space is

intimately related to the fact that the Ricci curvature tensor has a property of diffeomorphism invariance, that is,

¢*(Re(g)) = Re(¢™g)-

The failure of the ellipticity is due to the consequence of diffeomorphism invariance which also implies Bianchi

identities.
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1.4.3 DeTurck Approach

We are concerned with short-term existence and uniqueness of the Ricci flow, despite the fact that the linearized

Ricci tensor is a non-strict elliptic second order differential operator.

Theorem 1.4.1. (Hamilton [87]) Let (M, g) be a compact Riemannian manifold. Then there exists a constant
T > 0 such that the initial value problem for the Ricci flow admits a unique smooth solution on M for all time

tel0,T).

For noncompact case see W-X. Shi [136]. Next, we briefly describe DeTurck approach to proving the above
theorem. The first step in this direction is to define a modified Ricci flow (Ricci-DeTurck flow) by adding an extra
term from Lie derivative of the metric with respect to certain time-dependent vector field to the Ricci-Hamilton

flow equation

dgi;(t)
ot

= —2Rij(g) + VW, +V; W,
(1.4.5)
g(O) = 9o,
where
— Pq k k

and (T'y) ’;q are the Christoffel’s symbols associated with Levi-Civita connection of the background metric g, and
show that the system is strictly parabolic. Note that IV; is a time-dependent 1-form which is g-dual to the vector
Wk = gpa ((Fg)’;q — (Fg)];q). Now, it is easy to see that if g;;(x,t) solves the Ricci flow (1.1.1) and a one-

parameter group of diffeomorphism ¢; is defined on M, then the pull-back metric

ij(z, 1) = @7 gi(2,1) (1.4.6)
solves

0 .
7at9ij(xat) = —2R;;(z,t) + ViW; + V;W; = E(g;;)
1.4.7)

9ij(%,0) = gij(z).
Notice that the RHS of (1.4.7) implies
E(gij) = gkl{aiajgkl — 0;0kgj1 — 0;0kgu + 51@%} + %gpq{aiaquj + 0i0pgq; — @»ajgpq}
+ %gpq{aiﬁquj + 0;0p9q; — 3z-8jgpq} + Lower Order Term
= gklakalgij + Lower Order Term.

Thus, its principal symbol is (¢¥'Cx(;) i, i€, (&[DE(g)](C)(g)) = [¢|?g, which gives an ellipticity condition.
ij
Hence the system (1.4.7) is strictly parabolic. The description above shows that the Ricci-DeTurck flow has a

short-time solution on a compact manifold follow from the standard parabolic theory.
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The next step is to modify such a solution in order to obtain a solution of the original Ricci-Hamilton flow

(1.1.1). To do this, the following Lemma will be very useful.

Lemma 1.4.2. Let W, be a time-varying dependent vector field on a compact manifold M. Then, there exists a

unique one parameter family of diffeomorphism ¢, : M — M defined on the interval 0 < t < oo, such that

d
¢;§m) = —W(¢(x),t), x €M, te[0,T) (1.4.8)

¢o = Idy.

As long as there exists a solution g(t) of (1.4.7), the one parameter family of vector fields W () (as defined by
(1.4.5)) exists for t € [0,¢€). By solving the ODE in the Lemma above and by the compactness of M, all ¢, (p)
exist and remain diffeomorphism for as long as diffeomorphism exists for p € M (see Lee [105, pp 451] for flows

of time-dependent vector field) and solution g(t) also exists for ¢ € [0,T"). Therefore, the family of the metric

9(t) == (¢¢)«(9(t))

is a solution of (1.4.7) if (t) also exists and indeed, g(0) = ¢g(0) = go because ¢y = Idys. Next, we show that

g(t) is a solution of the Ricci-DeTurck flow. Compute

290 = 2 (60.30))

= ((bt)*% (g(t» T LG (200) ((¢t>*§(t))
= (1)« [ = 2Re(g(t) + Lg). (o7 @) (g(t))}

= —2Rc(g(t)) + Lww)g(t).

Since the Ricci -DeTurck flow (1.4.7) is strictly parabolic, we are sure of a unique solution g(¢) and once we have
g(t), we can obtain the diffeomorphism ¢; by solving the non-autonomous ODE (1.4.8) in Lemma 1.4.2. We

however observe that

is a solution of Ricci-Hamilton flow. This is presented in the following Theorem.

Theorem 1.4.3. The time- dependent metric G(t) := ¢ (g(t)) is a solution of the Ricci flow equation (1.1.1)
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Proof.

dg(t)  0dig(t) 0
% _ ¢t8i( ) _ %L:O(@Hg(t+s))

=01 (5r00) + o|  (gtea(0)

= 67 (~2Relg(1) + Lwing®) + | (64.000)

s=

— “2Re(679(1) + 61 Lwanya®) + | _ (@ir,00)
= ~2Re(gi9(1)) + 95 Lwingl) + 5| (67 0 b1 610(0))

— —2Re(679(t)) + 91 Lw(n9(D) — Li1y o) (59(0)
= —2Re(¢7g(1)).

The equality in the second to the last follow from the identity

0

0s

9
0s

(67" 0 dre0)) = (071 (

<Z5t+s) = (¢; )W (1)

s=0 s=0

The proof is complete. O

Next thing to show is that g(¢) is indeed a unique solution for the Ricci flow.

On the uniqueness of the Ricci flow

The fact that the Ricci-DeTurck flow is strictly parabolic and satisfies the standard uniqueness conditions may not
be enough to conclude that the solution to the Ricci flow is unique. This is simply due to the following argument;
starting with two solutions of the Ricci flow which agree at time ¢ = 0 on the same interval, modifying them by
diffeomorphisms to get two solutions of the Ricci-DeTurck flow also with identical initial conditions so that the
modified solutions may be the same. Notice that the diffeomorphisms used depend on the solutions to the Ricci
flow themselves, so the modified solutions may not be the same if the solutions to the Ricci flow chosen differ.
Then the uniqueness of the Ricci-DeTurck flow breaks down. For this, we need an alternative way of establishing
the uniqueness of the Ricci flow and the way out is by reparametrization of diffeomorphism by the harmonic map
heat flow which is equally strictly parabolic.

The argument is then reduced to a basic question: Do DeTurck’s diffeomorphisms satisfy the harmonic map
heat flow?. This has been answered in affirmative (Cf. Chow and Knopf [68, Lemmma 3.27] and Hamilton [92]).
Therefore, we conclude with the following: Suppose (M, g(t)) is a solution of the Ricci flow and that a family
of diffeomorphism ¢ is a solution of the harmonic map heat flow with respect to g(¢) and background metric g,
if g(t) := (p4).g(t) is a unique solution of the Ricci-DeTurck flow, we claim that a solution of g(¢) of Ricci-
Hamilton flow is unique. Suppose, we have two solutions of Ricci flow, g;(¢) and go(t), satisfying the initial

condition g1(0) = g2(0), choose (1), the harmonic map flow with respect to g (¢) and g, also, (y2); as the
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harmonic map flow with respect to g»(¢) and g. Then

g1(t) = ((¢1)1)g1(t) and g2(t) = ((p2)1)«g2(t)

are both solutions of the Ricci-DeTurck flow. Therefore, by uniqueness of solution of (1.4.7), g1 (t) = g2(t) for all
t > 0 in their common interval of existence. Hence, both (1), and (2); satisfy the system of ODE in Lemma

1.4.2, generated by the same vector field W*. Thus, o1 (7,t) = @a(x,t) as long as they exist, and

G1(t) = (1) g1(t) = (p2)7 g2(t) = ga(t).

This concludes the uniqueness of the Ricci flow.

1.5 Ricci flow on Surfaces

Here, we briefly describe how closed surfaces can be deformed using Ricci flow. By a closed surface we mean a
compact 2-manifold without boundary, if it is simply connected, then it is topologically equivalent to a 2-sphere.
The Ricci flow was first understood in dimensions higher than 2, since it provides a complete classification of
three manifolds (as mentioned earlier). Ricci flow is easily visualised on surfaces such as sphere, torus, cylinder,
since they are more familiar, thus, the aforementioned ideas can be better explained in the Ricci flow on closed
surfaces and geometric computations are carried out with less difficulties. In this case also, Ricci flow and Yamabe
flow ! are the same, which make the local existence of the flow easily obtainable. The Ricci flow in 2-dimension is
conformal and if the total surface area should be preserved during the evolution, Ricci flow will definitely converge
to a constant Gaussian curvature metric everywhere in the conformal class, that is, the limiting metric is conformal
to the background metric and of course to metric g(¢) at any time t. This provides a proof of Uniformization
Theorem of Poincaré and Koebe (See Hamilton [88], Chow [60] and Chen, Lu and Tian [57]. However, it is much
more difficult to establish the convergence of the Ricci flow when the Euler characteristic of the surface is positive.
On surfaces M2, the normalized Ricci flow becomes

59 = (r — R)g, (1.5.1)

where r = A~! f M2 RdA, the average of the scalar curvature R of M?2, A is the total surface area, dA is the area

element of metric g on M? and

%A = i (r— R)dA =0. (1.5.2)
Thus, the total surface area is preserved along the flow. The integral of R over the surface M? gives the Euler class
x(M?). Recall the Gauss-Bonnet formula (1.5.3) on a closed surface (M?)

1 KdA = x(M?) = 2(1 — y(M?)), (1.5.3)
27 M2

Yamabe flow is the negative L2-gradient flow of the total scalar curvature of a Riemannian manifold in a given conformal class. It was

also introduced by Richard Hamilton [88] to tackle Yamabe problem [131], see also [62].
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where y(M?) is the Euler characteristic, v(M?), the genus and K the Gaussian curvature of M?2. Here 2K = R,
then

RdA = 4nx(M?). (15.4)
M?
In fact, Gauss Bonnet formula accounts for the relation between the topology and geometry of the underlying

manifold as we can see that the sign of r can be determined explicitly even independent of g,

r=x(M?) = = /M RdA. (1.5.5)

™

For example, if we consider a topological 2-sphere whose genus is 0, then, y(M?) = 2 and /. g2 Rdp = 8.

Uniformization of Surfaces

Uniformization theorem implies that every smooth surface admits a unique conformal metric, which classifies
surfaces into three families using the sign of the curvature. This is a classical result in Riemannian geometry,
that is, every simply connected surface is conformally equivalent to one among the Riemann spheres, the complex
plane and the open disk. In this direction, Ricci flow greatly helps in the classification of closed two-dimensional
manifolds into three families of constant positive, zero or negative curvature, as it is used in the classification of
closed three manifold (Geometrization Conjecture). The procedure is to run Ricci flow on smooth surface and
allow the metrics to be deformed over time such that the scalar curvature evolves as a reaction-diffusion equation
and eventually becomes constant. The limiting metric is the uniformizing metric which classifies the universal
covering space of the surface into one of the three canonical geometries. We now state an important result of Ricci

flow on Surfaces due to R. Hamilton [88].

Theorem 1.5.1. Let (M?,gy) be a closed surface, there exists a unique solution g(t) of (1.5.1) for all time t.

Moreover,

1. the metric g(t) converges to a metric goo of constant curvature as t — oo, when r < 0.

2. If R(go) > O, then the metric g(t) converges to a positive constant curvature metric at time t — oo.

The above result together with the work of B. Chow [60] give a complete proof of the uniformization of surfaces
using the Ricci flow. The main point of contention here lies in the class of positive Euler characteristics where
the existence of gradient shrinking soliton uses Kazdan-Warner identity which itself assumes the uniformization
theorem. Detail of this is contained in the book [68, Chapter 5], also see [57]) for a new proof of uniformization

theorem without Kazdan-Warner identity.

1.6 Maximum Principles

The maximum principles are one of the fundamental properties possessed by second order parabolic equations. In

general, the theories assert that any pointwise bounds that hold for a smooth solution of the heat equation at the
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initial time ¢ = 0 also hold for all times ¢ > 0. The theories are rich enough to admit geometric heat equation
on compact manifolds, specifically, they are used to give the description of the Ricci flow and show that certain
pointwise inequalities on the initial data of Ricci flow equation are preserved by the evolution. Consequently, we
can obtain estimates on curvatures and show that Ricci flow preserves the nonnegativity of the curvature operator.
We only give some statements of the maximum principles here. For general discussion, see Protter and Weinberger
[129]. The theories have been developed for tensors and vector bundles by Hamilton in [87] and for general survey

in the context of Ricci flow, see for instance the books [68, 69, 147].

Proposition 1.6.1. Let (M, g(t)) be a family of Riemannian manifolds and X (t) a family of smooth vector fields
Sort € [0, 00). Suppose that u € C(M x [0, 00), R) satisfies the heat-type inequality

%u(x,t) > Agu(z,t) + (X, Vu)(z,t). (1.6.1)

Let there exists a constant o« € R such that u(x,0) > o for all x € M, then u(x,t) > aforallx € M andt > 0.

The above proposition is the scalar maximum principle which compares the solution of the heat equation with
that of the associated ordinary differential equation. It also applies to the heat equation when reaction term is
introduced, the reaction term can either be linear or nonlinear. Consider the nonlinear heat equation with reaction
term

ou

Frie Agpyu+ (X(t), Vu) + F(u), (1.6.2)

where F' : R — R is a locally Lipschitz function, g(t) and X (¢) are as defined above. We call u a supersolution

(or subsolution) if the equality in (1.6.2) is replaced with 7 > 7 (or” < 7).

Theorem 1.6.2. Let g(t) be a one-parameter family of Riemannian metrics on compact manifold M, let a C?-

Sunction u : M™ x [0,T) — R be a supersolution of (1.6.2) i.e., it satisfies the follow inequality

0
571; > Agu+ (X, Vu) + F(u)
(1.6.3)
u(0) =«
where X (t) is a time-dependent family of vector field and F is locally Lipschitz continuos. Then
u(z,t) > (1) (1.6.4)
forall (z,t) € M x [0,T), (0 < T < 00), where ¢(t) satisfies the ordinary differential equation
do(t)
— =F(o(t
0
(1.6.5)
$(0) = a.

Maximum principles are applied in Chapter 3.
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Chapter 2

Eigenvalues and Entropy Monotonicity

Formulas under The Ricci Flow

2.1 Introduction

Here, we consider an n-dimensional compact manifold M™,n > 2, on which a one parameter family of
Riemannian metrics g;;(t),t € [0, 00) is defined. We refer to (M™, g(t)) as the solution of the Ricci flow, if

it satisfies the following nonlinear evolution partial differential equation

0
190 = —2R;j, (2.1.1)
written in local coordinate, where R;; is the Ricci curvature tensor of the manifold. The Ricci tensor can be

linearised to obtain

-1
Rij = 5 84(9i5) + Qij(9~",99), 2.12)

where A, is the Laplace-Beltrami operator acting on manifold (M™, g) and Q;;(g~", dg) is a lower order term,
quadratic in inverse of g and its first order partial derivative. Hence, the Ricci flow equation is a heat-like (diffusion-
reaction) equation. For example, in the usual Euclidean space, the Laplace-Beltrami operator is exactly the usual

Laplace operator

A= _— 2.1.3
ijzzl OzioxI’ ( )

where we can consider the eigenvalue problem for the Laplacian as follows

and have the sequence

0§>\0<)\1§)\2§§>\1—>OO7 (Z—)OO)
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as the eigenvalues of the Laplacian, repeated according to their geometric multiplicities, where any u; correspond-
ing to )\; is the eigenfunction, the eigenspace being finite dimension. In this respect, various eigenvalue problems

arise, such as

—Au=Mu in Q CR", 00=10 (2.1.4)

so also Dirichlet (v = 0 on 0f2) and Neumann (% = 0 on 0X2), where v is the unit normal vector exterior to the

boundary of €2, in case the boundary is nonempty. These can easily be generalised to the Riemannian Manifold
(M™, g) with or without boundary, where the Laplace-Beltrami operator is viewed as a self-adjoint operator on
L?(M™) and M™ has a pure point spectrum of a sequence of eigenvalues {\;}?"_; and the eigenfunction u; form
orthonormal basis of L?(M™) with ||u;]|z2(a») = 1. Detail discussion on the spectrum of Riemannian manifold
is included in Appendix B.

In this chapter, we consider boundaryless manifold (the results also holds when the boundary is empty). In
this case, the first eigenvalue is equal to zero, because, here the constant functions are non trivial solutions of the
eigenvalue problem, while the first eigenvalue is always positive if a boundary exists. Studying the behaviours of
eigenvalues of Laplacian operator is not out of place as its properties such as monotonicity, multiplicity, asymp-
totic etc. provide us with rich information about the topology and geometry of the underlying manifold. In the
first of his three groundbreaking papers [126], G. Perelman introduces the energy functional F and shows that
it is non-decreasing along the modified Ricci flow coupled with certain conjugate heat equation. He establishes
that monotonicity of F implies that of the first non-zero eigenvalue of the operator —4A + R and applies the
monotonicity to rule out nontrivial steady and expanding breathers on compact manifold. Note that Ricci breathers
correspond to periodic orbits which we do not usually expect since Ricci flow is a heat-type equation (see Defini-
tion 2.2.4 for detail). In [115], L. Ma shows that the eigenvalues of Laplace-Beltrami operator on compact domain
of Riemannian manifold associated with the Ricci flow is non-decreasing but with nonnegativity assumption on
the scalar curvature R. X. Cao has since extended this result to the eigenvalues of the operator —A + % [42]. In
[43] the monotonicity of eigenvalue of —A + cR, ¢ > % is established without sign assumption on the curvature
operator and both compact steady and expanding Ricci breathers are trivial. In [108] a family of functional Li- F,
which happens to be nondecreasing under the Ricci flow is constructed and the result extended to rescaled Ricci
flow in [109]. It turns out that the Ricci flow is a special case of the rescaled Ricci flow. More interestingly, these
results can be extended to any other Laplacian-type operator under a closed Riemannian manifold. For instance,
the first eigenvalue of p-Laplace operator (p > 2) with Einstein metric is monotonically non-decreasing [153], In
this case, when p = 2, the main result coincides with that of [115]. See also [110] for results in harmonic maps
flow coupled to the Ricci flow.

Throughout this chapter, we adopt Einstein summation convention, where the volume element on manifold
Vi0gldzt A ... \ da™ = dp, metric g(9;,0;) = gij, where 0; = % are the components of the metric. The Levi-
Civita connection is defined by V,0; = Ffj Ok, while its Christoffel’s symbols are given by Ffj = % g (81- g1 +
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0594 — O gij), R;; and R are the Ricci and scalar curvature tensors respectively, where R = g9 R;;, the trace
of Ricci tensor. The contracted second Bianchi identity is given as ¢/ V;Rj, = %VkR and the inner product
(p,q) = an gikgjlpijqkldug for any two tensors p and q. We sometimes write M instead of M™ to mean
Manifold of dimension = n without fear of confusion.

The rest of the chapter follows; in Section 2.2, we discuss some classical energy functionals and lay emphasis
on Perelman entropy and its geometric consequences. In Section 2.3, we construct a new family of entropy func-
tionals which proves to be monotonically nondecreasing, we also discuss the monotone properties of eigenvalues
of the geometric operator ”—2A + C'R”, where C' > %, and R, a scalar curvature, under the Ricci flow, while
the results of Section 2.3 are extended to the case of normalized flow in Section 2.4. The results here confirm that

expanding or steady breathers on compact manifold are necessarily Einstein. We also construct a new family of

entropy over shrinkers which allows us to obtain conditions over which Einstein metrics shrink.

2.2 Classical Energy Functionals

2.2.1 Total Scalar Curvature

We obtain the derivative of the total scalar curvature on a closed manifold (M™, g(t)) as

0 1 |
— Rdu = —(trsh)R — hY R;; ) dp, 2.2.1
f%/M ,u /M(Q(Tg ) .7) Y ( )

which coincides with the first variation of the classical Einstein-Hilbert functional H = | o Bdp by using the

following variation formulas

agi ] OR
8; =hij, o = —A(tryh) + 6°h — (h, Re),
where 62h = ¢ gPiV ;V  hip and (h, Rc) = g% g*'h;y R ;. Specifically,

%’H(gij) = / [7 Altrgh) + 5%h — (h, Rc) + gtrh} du
M

= [ [Fto0) = R

= /M h¥ (ggij - Rij)dlh

where G;; = R;j — % gi; 1s the Einstein tensor. Then, we have

0
EH(gij) Z/ —h”Gz‘jduz/ (h,VH(g))dp
M M

and then obtain

0
59 = VH(9) (2.2.2)

as the gradient flow of H(g). For the gradient flow of the Einstein-Hilbert functional, we have (modified by multi-

plication factor 2)

0
7% = —2R;; + Rgi; = —2Gyj, (2.2.3)
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which is not parabolic even weakly, thus, we can not readily establish its solution even for a short time. We note
that the weak part of (2.2.3) coincides with the Ricci flow, while the remaining term arises from the presence of

the volume element dy, which itself is time-evolving. We shall however deal with this in Section 2.3.

Remark 2.2.1. We call g stationary of H(g) if 5H(g) = 0 for all h € S*T*M. Since G;; = Gj;, then G;; = 0

on M. Taking the trace, we have
2—n
2

So in dimension n # 2, this implies R = 0 on M and therefore Rc = 0 on M (Ricci flat manifold), then the

0=G=

R 2.2.4)

functional becomes invariant under deformations. It is now clear that the Ricci flow is not a gradient flow of a
functional over the space of smooth metric but can be formulated as a gradient-like flow. The key to achieving this
is to look for functionals whose critical points are Ricci solitons, this is contained in the work of Perelman [126]

as we briefly survey in the next section.

2.2.2 The Perelman’s /-Energy and its Consequences

In this section, we discuss Perelman’s F -energy as introduced by Grisha Perelman in a truly groundbreaking paper
[126] and give some of the geometric consequences of its monotonicity under the Ricci flow. Many authors have
given exposition on this subject, some of which include [4, 64, 69, 101, 135].

Let (M™, g;;(t)) be a closed manifold for a Riemannian metric g;;(¢) and a smooth function f on M", Perel-

man’s Energy functional [126] on pairs (g,;, f) is defined by

Flgy(t). f) = / R+ [VfP)e du. 2.25)

]\ n
The introduction of function f has embedded the space of Riemannian metric in a larger space (see also [64, 101]).

The energy functional (2.2.5) can be expressed in two other ways, namely

Flo (), ) = / (R+ Af)etdp, (2.26)

n

which clearly follows from the fact that

[ A an=0= [ (af+197Pe d
M M
and
Flas(®).5) = [ (R+287 = [9FP)e dn @27)
M
For any diffeomorphism ¢ : M — M, we have
Fle*g, fow)=Flg, f)

and for any constants o > 0 and

Fla’g,f+B)=a" 2 e PF(g, ).
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Thus, the F-energy functional is diffeomorphism invariant but not scale invariant. Now taking the smooth vari-
ations of metric g and f as dg;; = h;; and 0 f = K for some function K : M — R respectively with H := tryh;,

we have the following variation formula

S0 1) = [ [~ A+ VT s = hiy oy + AT TK) = by Vif V5 f

H (2.2.8)
+(R+ [V (5 = K)| e dp.
Applying integration by parts to some terms in the variation formula (C.1.2), we obtain
H _
5F(gis (), f) = /M | = his (Biy + VoV ) + (2Af = [V 2+ B)(5 = )| e ™ dp. (2.2.9)

Keeping the volume measure static, i.e., letting dm := e~fdpu, then §(dm) = 0 implies H = 2K (see Appendix
C for detail), and we can then consider the L-inner product on space of metric g with respect to the measure dm

as (pij, Gij) M = fM (pij, qij)dm, then we have
VF™(g) = —(Rij + ViV, f). (2.2.10)
This leads us to consideration of the L2- gradient flow

89;; .
hij = S = =2(Riy + ViV, f)  for 2F"(g),

where f is defined by the above. This is a Ricci flow modified by diffeomorphism generated by the gradient
of f!, indeed, it is equivalent to the Ricci flow. Perelman proved that the F-energy functional is monotonically

nondecreasing under the following coupled system of modified Ricci flow and backward heat equation.

Lemma 2.2.2. The coupled modified Ricci flow equation with a backward heat equation

99i
8tj = —2(Rij + VZVJf)
(2.2.11)
of
i Af—-R

is a gradient flow.

Notice that the second equation in the coupling is a backward heat equation, which can be solved backward in

time. Conjugating away the infinitesimal diffeomorphism converts the gradient flow (2.2.11) to

agij . 3
o —2R;;
2.2.12)
of _ 2
o7 = AfHIVIP - R

IThe symmetric tensor —(R;; + V3V f) is the L? gradient flow of the functional F = [, (R + |V f|?)dm, where f := log g—y’;. Thus,
given a measure m, we may consider the gradient flow (g;;): = —2(R;; + V;V; f) for 7™ (g). For general m, this flow may not exist even

for a short time, however, when it exists, it is just the Ricci flow modified by diffeomorphism
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This is done by invoking Lemma 1.2.5. Intuitively, if the diffeomorphism is generated by flowing along the time-
dependent vector field X (¢t) = V£, then, the equation for g and f become (g;;): = —2(R;; + ViV, f) + Lvrg
and f; = —Af — R+ Ly f, where Lx is the Lie derivative along the vector field X. Using these together with
the fact that Ly ;g = 2VV fand Lysf = |V f 2, we will obtain the Ricci flow (2.2.12) (See (0.2.12) for the

definition of Lie derivative).

Precisely
d ,
GF@0.£0) =2 [ Ry + 95, 2213)
]\/[’n
In particular F(g;;(¢), f(t)) is monotonically nondecreasing in time and the monotonicity is strict unless R;; +
V:V;f=0.

Having established the nondecreasing monotone feature of the energy J for the Ricci flow, we now want to

develop a control quantity for Ricci flow but we must eliminate f. Define

Ngis) = inf { Flgij, f) 1 f € C2(M), / e Tdu=1}, (2.2.14)

M
where the infimum is taken over all smooth functions f. Setting e—f =: 42, then the functional F is written as

F = (Ru® + 4|Vul|?)dp  with / uldp = 1. (2.2.15)

Mn M

Then A(g) is the first non zero (least) eigenvalue of the self adjoint modified operator —4A+ R and the nondecreas-
ing monotonicity of F implies that of A. As an application, Perelman was able to rule out the existence of nontrivial
steady or expanding Ricci breathers on closed manifolds. Let ug > 0 be the corresponding eigenfunction, then the
following

74AU0 + RUQ = )\(gij)uo

is satisfied with L2-norm of ug equals 1 and fo = —2log u is a minimizer. A(g;;) = F(gij, fo) and fo satisfy the
equation

—2Afo + [V fol* — R = —\gij)-
Below are the properties of the functional A on a closed manifold (For detail see [68, pp. 206]).

1. Lower bound for \.

y > mi -f — mi — .
F(gi3(t), f) = min R(z) /Me dp = min R(z) = Rmin

and in particular

2. Diffeomorphism invariance.

If ¢ : M — M is a diffeomorphism, then
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3. Existence of a smooth minimizer.

There exists f € C°°(M) with [,, e~/ du = 1 such that

Mg) = Fl(g. f) e, A(g)z/M(R+|Vf\2)e_fdu.

4. Upper bound for \

1
N9 < gy [, R

This can be seen by choosing f = log Vol(g;;) such that

/e_fd,uzl and )\(g)g/ (R+|Vf|>)e T dpu.
M

M

5. Scaling.
Aeg) = ¢ A(g)-

On the Monotonicity of \. The monotonicity of F implies the monotonicity of A under the Ricci flow.

Lemma 2.2.3. ([64, Lemma 5.25] If g;;(t),t € [0,T] is a solution to the Ricci flow, then,

S0 = X (055(1)

n

and \(g;;(t)) is nondecreasing int € [0,T).

Proof. Let f; be a minimizer of (g;;(t), fo) for any ¢y € [0, 77, so that

Agij(to)) = F(gij(to), fo)-

Solving the backward heat equation

of

o = “AFFIVIP-R
f(to) = fo
on [0, T, then
%f(gij(t),f(t)) >0, for all time t < to.
We then have that
Agis (1) < Flgij (1), f (1)) for t<to

(2.2.16)

(2.2.17)

(2.2.18)

(2.2.19)

since the constraint |’ M e~fdyu is preserved under (2.2.17). We now recall the monotonicity formula for 7 under

the Ricci flow

d

GF@.10) =2 [ Ry + 9.9, e d

(2.2.20)
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By (2.2.16) - (2.2.19), we have

Agij (1)) < Flgij (t), f(t)) < Flgij(to), fo) = Mgij(to)) (2.2.21)

and

t=to  dt t=to

- 2/ |Rij + ViV, fIPe ™ dpigy)
M

1
> / LRy apzeTduy,, (2.222)
M

2 ( /M(R + Af)eifd,ug(to))z

n

Y

2

n

M (gi(t0)),

where f = f is the minimizer. Hence, it is clear from the above that A(g;;(¢)) is nondecreasing under the Ricci

flow. ]

Definition 2.2.4. (Breathers): A metric g;;(t) which solves the Ricci flow is called a breather if for some t1,ts,
such that t < to, the metric g;;(t2) = a@; gi;(t1) for some constant o > 0 and diffeomorphism ¢ : M — M.
The cases o < 1, = 1 and o« > 1 correspond to shrinking, steady and expanding breathers. Steady, shrinking or
expanding Ricci solitons are trivial breathers for which metric g;;(t1) and g;;(t2) differ only by diffeomorphism

and scaling for t1 and ts.

Remark 2.2.5. If we consider the Ricci flow as a dynamic system on the space of Riemannnian metrics modulo
diffeomorphism and scaling, the Ricci breathers correspond to the periodic orbits while the Ricci soliton are fixed
points. Since the Ricci flow is a heat-type equation, we expect that there are no periodic orbits except fixed points.
For example, Ricci flat metric is a steady gradient soliton (i.e., a fixed point of a dynamic system). e. g. Hamilton’s

Cigar soliton on the 2-dimensional manifold ¥ = R? with conformal metric

_ dz? + dy?
T 2y

and the gradient function f :=log /1 + 22 + y2.

An important example of gradient shrinking soliton is the Gaussian soliton for which the metric g;; is just the

2
Euclidean metric on R"™, « = 1 and f = —%.

Proposition 2.2.6. Let g;;(t) be a solution of the Ricci flow, we have

1. X} gi;) = Agi;) for any diffeomorphism ¢, : M — M.
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2. Xgi;(t)) is nondecresing and the monotonicity is strict unless R;; +V,;V; f = 0.
3. A steady breather is necessarily a steady gradient soliton.
Proof. 1. M¢7gi;) = inf F(¢7gi5, ) = inf Fgi;, f) = Mgij)-

2. Let f; be a minimizer for any ¢, with |’ o e~fdu = 1, we solve the backward heat equation

of _ . 2
Frie Af - R+ |V

(2.2.23)
f(to) = fo

and obtain a solution f(t) for ¢ < to which satisfies f M e~fdp = 1 and the monotonicity formula (2.2.13).

Since F(g;;, f) is nondecreasing, then we have

AMgij () < Flgij (1), f()) < Flgij(to), fo) = Mgij(to))- (2224
Suppose the monotonicity is not strict, i.e., for any solution g,;(¢) for a Ricci flow, there exists ¢; < t5 such
that
Agij(t2)) = Agij(t1))-
Let f(t2) be the minimizer of F at time ¢5 so that

Mgij(t2)) = F(gij(t2), f(t2))-

Assuming that f(t2) solves the backward heat equation

%{ =—-Af—R+|VfJ
(2.2.25)
ft2) = fo
fort € [t1,t2].
By monotonicity formula for F and the definition of A\, we have
Agij(t1)) < Flgii(tr), f(t)) < F(gij(ta), f2) = Mgij(t2)) (2.2.26)

forall ¢t € [ti1,t2].

Since A(gi;(t1)) = A(gi;(t2)) and A(g;;(¢)) is monotone, we have
F(gij(t), f(£)) = X(gi;(t)) = const.  fort € [t1,ta].
Therefore f(¢) is the minimizer for F(g;;(t)) and %}‘(gij (t), f(t)) = 0. Hence we have
/M |Ri; +ViV;flPe fdu=0

forall t € [t1,%2]. Thus, R;; + V;V; f =0forallt € [t1,t2].
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3. We recall that gradient Ricci soliton satisfies
Ri;(9) + ViV;f = agij,

then a steady breather (case @ = 0 ) is necessarily a steady gradient Ricci soliton.

2.2.3 Nonexistence of Nontrivial expanding Breathers.
This case is more subtle than the previous, to deal with it we need a scale invariant version
< 2

Agij) = AMgi)V 7 (gi5),

here, V' = Vol(gi;) is the volume of the manifold M. The reason for this is that A(g) is not scale invariant, e.g.,
Acg) = ¢ 'A(g). Thus A(gi;) is normalized and we can see that A(cg) = A(g) for any ¢ > 0. So the invariant \
is potentially useful for expanding and shrinking breathers. The scaling invariance is shown as follows; consider
the scaling g = ¢ - g and f := f+ 5 Incforany ¢ > 0. We need to scale f since it must satisfy the normalization

constraint [, , e~ fdji = [y € Tdp = 1. Then we scale
dji = \/det(§)dx = +/det(c - g)dz = \/crdet(g)dx = ¢ \/det(g)dx = ¢ dp,

/ e_fdﬂ = / e_felncw/Qc”/Qdu = / e fdu=1, R:=R(j) =c'R(g)
M M M
and |Vf[3 =g"VifV;f = (cg!)VifV;f = c V], since Vif = Vif.

Using the above scalings we calculate
Mg®) =Va(G)-AG) = (/ dﬂ) " .inf{/ (R(g) + \vf\g‘)e*fdg wz‘th/ e—f = 1}
M f M M
— 5 o : -1 2\ .—n/2 _—f n/2 .
= c2dp) - inf c (R+I|VSl;)e e 1" =dp with
M f M M

— 32 (/M du)W -irflf {c_l /M (R—l— \Vf\;)e_fdu with /M e fdu = 1}

e—felncfn/an/Qdu — 1}

We notice that the quantity ;\( ¢g(t)) is not monotone in general. Next we state and prove a result for the monoton-

icity of A(g(t)) under Ricci flow when it is nonpositive. The proof is included for completeness, Cf [64] .

Proposition 2.2.7. Let \(g;;(t)) be as described above;

1. X(gij) is non decreasing along the Ricci flow whenever it is nonpositive and the monotonicity is strict unless

9:j(t) is expanding gradient soliton.
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2. An expanding breather is necessarily an expanding gradient soliton.

Proof. Let f(t) solve the backward heat equation

of
a——Af+|Vf|2—

att < tg with fM e fdu =1 and f, be a minimizer of

Agij (1)) = inf F(gi; (1), f(1), ¢ = to.

From equation (2.2.22), we have that
d d o _f
S (10) = TF(G0, F0)| =2 [ 1Ry + ViV, e dugg.
t=to M
Since \ is Lipshchitz continuous, the time derivative exists in the sense of forward difference quotients. Hence we

compute

Ao 0) = % (Mo WV (0:,0)

= VA (g5(1) (015 (0) + A(gija))%(v%(gij(t)))
dV

>V /2|RU+VVf|2 fdu+ V

2

=2V /|RU+VVf|2 fdu+nV*/ (R+ Af)e fdu/( R)du
M

R+Af ~dy,

2
=2V /|RU+VVf|2 fdﬂ—g Rdu

where we have used the identity dV/dt = — [, Rdy (Cf Lemma 1.3.1) and A = inf F = [, (R+ Af)e dpu.

Hence

2 d =~ 1
VAR [ IR+ e fdu—*/(RJrAf) v [ R

N | =

1
= [ 1Ry + 9V - SR+ g Pe a1 [ (R4 AT dy
M n nJm
1 Rd
_ ,/ (RJrAf)e*fdu. M = RHS.
n Jm vV
The last inequality is due to the following identity;
1 1
[Rij + ViVif|* = |Rij + ViV, f — —(B+ Af)giil* + —(B+ Af)2.
Recall the upper bound of A i.e, A < % / v Bdp which implies
1
A :/ (R+Af)?edu < —/ Rdy.
M Vi u

Suppose A(gi;(to)) < 0, then [, (R + Af)?e~/du < 0 and the last term in the RHS becomes

s B e[ s arcn)

n

= 7%(/M(R+ Af)eifd/L)z.
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Therefore at t = t(, we have
VAR [ IRy Vi - (R AP
1 2 7f 1 7f 2
= [ (R+AfH2edu— f( (R+ Af)e du)
nJum nAJm
1 _
> [ Ry + 9957 - (Bt Mg dy
M n
since [,, e~ fdp =1, hence
d~ 2 1 9 _f
—A>2Vn ‘RZJ —i—VZij— *(R+Af)g”| € d,uZO
dt M n
This ends the proof of the first part of the theorem, noticing that equality holds if and only if
1
Rij + Vivj'f - E(R + Af)gij =0.

Thus, g(t) is an expanding gradient soliton.

Next, we consider the evolution of the volume and we would necessarily have

d
di‘t/ >0, for somet € [t1,ta].

Let g(t) be an expanding breather on [t1, 2] with g(t2) = a¢*g(t1), where « > 1l and ¢ : M — M is a
diffeomorphism, We know that V' (g(t2)) > V(g(t1)) and for some t; < to < to

— Sy Rdu
—t  Viglt)

by definition of A(g;;(t)). It follows that on an expanding breather on [¢1, t2],

d
0<—logV‘

a —A(g(to))

2

Mg(t) = Ag())V 7 (9(t)) <0, for somet € [t1,ts].

By statement 1, A(g(t)) is increasing whenever it is negative, we then have

Mg(t1)) < Mg(tz)) <0 forallt € [ty, 5]

unless we are on an expanding gradient soliton.

But the diffeomorphism and scaling invariance of A(g(t)) imply

Mg(t) = Ag(t2))-
Therefore an expanding breather must be an expanding gradient soliton. O

We conclude this section with the following

Corollary 2.2.8. ( [64, pp.213]). Expanding or steady breathers on a compact manifold are necessarily Einstein.
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Proof. From statement 1 of Proposition 2.2.7, we noticed that
1
Rij +ViV;f = —(R+Af)gi; =0
for an expanding breather ¢(¢). Since the monotonicity is strict, we have
R+ Af=Ci(t), (2.2.27)

where C] is a constant depending on time ¢. This is enough to conclude that g(¢) could be steady gradient Ricci
soliton (equivalently to steady breathers). We now suppose g(t) is an expanding or steady gradient soliton. Com-
bining (5.5.8) with the fact that

20f+ R~ VP = Ca(t),

(the last equation follows from the structure of gradient Ricci solitons [64, Proposition 1.15]), where Cs is a
constant depending on ¢. We have

Af=|Vf]? = Ca.
Since — [(A(e™)du=0= [(Af — |V f|*)e~/du, then
Af— V> =0.

Thus by strong maximum principle, we conclude that f = const. or since 0 = [(Af — |[Vf|?)e /dy =
=2 [|Vf]?e~/du, f = const. Hence R;; — Rg;; = 0 and g;; is Einstein. (When n = 2, our conclusion

is vacuous). U

Remark 2.2.9. As a corollary of the above, we again see that expanding or steady solutions on closed manifolds
are Einstein. In the case of shrinking solitons on closed manifolds, using the entropy functional, we shall see in a

later section that they are necessarily gradient shrinking solitons.

2.3 A New Family of Entropy Functionals

2.3.1 B-Energy Functional

To circumvent the difficulty encounter under Einstein-Hilbert functional, we can replace the evolving measure dy

by some static measure dm and define a new functional

B:/ Rdm.
M

Now
B , )
=/ [(AR + 2R, dm + R-dm 2.3.1)



Chapter 2. Eigenvalues and Entropy Monotonicity Formulas 49

since dm is static, we cannot apply divergence theorem which applies to evolving measure, we then set dm :=
e~ dy for scalar function f : M — R and therefore obtain
aB 0
— = | (AR+2|R;j|* — R f — R*e /d
&= [ ARE2ARE - R~ R
_ / (AR +2Ry* ~ R(-A + |V ~ B) — R|e~du
M
= 2/ |Rj|>e~ du +/ ARe Tdu +/ R(Af — |Vf?)e Tdu
M M M
:2/ |Rijl*e™ dp,
M

where [, ARe~Tdp = [,, RAe fdu = [,, R(—Af + |V f|?)e~/ dy by using integration by parts.

Then, even by inspection, if the modified Ricci flow ag;j = —2R;; —2V,;V; f is considered as an L?-gradient
flow of Perelman’s energy functional F, we can easily conclude that the Ricci flow % = —2R;; is also an
L?-gradient flow of our functional B.

Theorem 2.3.1. Let (M™,g;;(t)),t € [0,T) be a solution of the Ricci flow, then
d 2 7f
EB(gijvf) =2 | Ryl M dp, (2.3.2)
t M
where f = log(%) and satisfies
0
5if = Af+IVIP- R (23.3)

In particular B(g;j, f) is monotonically nondecreasing in time without sign assumption on the curvature operator
and the monotonicity is strict unless R;; = 0. Moreover, there is no nontrivial Ricci breather except gradient

steady Ricci soliton, which is necessarily flat.

Proof.
o, 0 duy 1 /0 1. - o nl_
ot = 51109 (gy) = 3t (Gp00) = 597~ 2(Res + Vi) = ~R - Af.
Modulo the diffeomorphism out of 2 g;; = —2(R;; + V;V, f),
0
—f=_A 2_
il = —AF+IVIP - R
Then,

dt
where equality holds if and on if R;; = 0. This implies that (M™, g;;(¢)) is Ricci flat (steady gradient Ricci

d —
—B(gij, [) = 2/M |RijPe™dp > 0,
soliton). 0

2.3.2 The Entropy Formula and its Monotonicity

In this section, we construct a new entropy formula for the Ricci flow, the motivations for this are the behaviour

of our functional B (Theorem 2.3.1 ) under the Ricci flow modulo diffeomorphism invariance and the classical
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results for Dirichlet energy functional for heat flow on Riemannian manifolds. It is well known that a typical heat
equation for a function f : M™ x [0,00) — R on an n-compact manifold M (possibly without boundary) is a
gradient flow for the classical Dirichlet energy functional

1

B(P)=3 | I9fPdn (234)

since there is natural L2-inner product on S27* M. An application of this is that any periodic (breather) solutions
to the heat equation are harmonic function which in fact must be constant in M. The Li-Yau gradient estimate for
the heat equation on complete Riemannian manifold suggests an entropy formula which was derived in [122] but

proved to be monotone decreasing with non-negativity condition on Ricci curvature.

Definition 2.3.2. Let (M™,g) be a closed n-dimensional Riemannian Manifold, f : M™ — R be a smooth

function on M", define a functional on pairs (gi;, ) by
1
Fp = / ({Vf\Z + R)dm, (2.3.5)
M \2
where dm = e~ Tdpu.

The functional Fp is a variant of Perelman’s energy functional F, though expected to behave in a similar
manner, it differs from the later by the introduction of constant %

Let 0g;; = hij and 0 f = K, where H = tryh;;, we have the first variation of F as
1
7 = [ —hij(Riy+ ViV3f = 5V f)m. (23.6)

The coupled modified Ricci flow equation with a backward heat equation

9gi; 1
8t] = 72(Rij + VZV]f — ivlfvjf)
(2.3.7)
of 1
L __R_A Z 2
= —R—Af+ 5|V
is a gradient flow. Conjugating away the infinitesimal diffeomorphism converts (2.3.6) to (2.2.12).
Theorem 2.3.3. Let g;;(t) and f solve the system (2.2.12) in the interval [0,T'), then,
d
%ﬂwmﬂ=/L%+VNJWm+/\&#ML (2.3.8)
M Mn

Showing that F(gij, f) is monotonically non-decreasing in time, however, the monotonicity is strict, unless R;; =

0 and f is a constant.

Proof.
_ (Lo g, L 2 ~Fgy 4 L —f
Fp = IVfI°+ R)e dp = (IVfI*+ R)e du+ Re 1dp,
M N2 2J/m 2J/m
therefore
d 1d 1d
578l f) =55 F + 5B

The result then follows. O
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Definition 2.3.4. Let (M™, g) be a closed n-dimensional Riemannian Manifold, define a family of functional Fpc

as

Foc = / (IVS1? + 2CR)dm, (2.3.9)
M

where C' > %, C eR WhenC = %, this is Perelman’s F functional [126], C = 1 is a specific case we considered
and C' = %kz, k > 1, we have Li-Fy-family [108].

Remark 2.3.5. Our functional Fgc is a variant of Perelman functional which uses certain multiple of Dirichlet

energy. Their monotonicities are consistent with each other.

Theorem 2.3.6. Let (M™,g;;(t)),t € [0,T) be a solution of the Ricci flow and f evolves by a conjugate heat
equation or satisfies e~ = ‘Z—Z’ , then, under the coupled system (2.2.12), Fpc is monotonically non-decreasing.
In particular, we have

d

—Fpo = 2/ |Ri; + ViV, f|2dm +2(2C — 1)/ |Ri;|*dm > 0. (2.3.10)
dt M M

Moreover, the monotonicity is strict unless R;; + V;V; f = 0, i.e., there is no nontrivial breathers except steady

gradient Ricci soliton and the gradient function f is constant.

This shows that all steady breathers are gradient steady Ricci soliton with f = 0. An example of this is

dz? 4dy>
1+x2 +y2

Hamilton cigar soliton (2- dimensional R?) with conformal metric ds?> = and the gradient function

f=logy/1+4 22+ 2

Proof. The proof follows from a direct computation based on the previous results.

d d 9
- _ = )
GFsc =5 [ (VI +20Rm
d 2
:7( (IVf[2 + R)dm + (2C — 1) Rdm)
dt\ S M
d d
=—F+(2C-1)—=B.
i’ T Va
The monotonicity formula (2.3.10) follows at once. Therefore
Do F) =0
dt Bc\Gij, =
if and only if R;; = 0 and f is a constant. 0

2.3.3 Eigenvalues and their monotonicity

In this subsection, we discuss the monotonicity properties of the least eigenvalue of a self adjoint modified operator
—2A + CR that occurs in our functional. This is important as it enables us gain controlled geometric quantity for

the Ricci flow.

pc(gij) = inf {ch(gipf) 1 f € CSO(M)»/

e~Fdu = 1}, 2.3.11)
M



Chapter 2. Eigenvalues and Entropy Monotonicity Formulas 52

where the infimum is taken over all smooth functions f. The normalisation || M e~fdp = 1 makes dm a probability
measure and ensures a meaningful infimum.

Setting e~/ =: u?, then, the functional Fj can be written in terms of u as
Fie = / (2|Vul? + CRu?)dp, with / u?dp = 1. (2.3.12)
M M

Then pc(gi;) = M (—2A + CR) is the least eigenvalue of the self-adjoint modified operator (—2A + CR). Let

v be the corresponding eigenfunction, then, we have
—2Av + CRv = pc(gij)v

and fc = —2 log v is a minimiser of
e (9ij) = Feol(gij, fo)

By standard existence and regularity theories, the minimising sequence always exists.

Theorem 2.3.7. Let (M", g;;(t)),t € [0,T) be a solution of the Ricci flow, then, the least eigenvalue pc(g;j) of
(=2A + CR) is diffeomorphism invariant and non-decreasing. The monotonicity is strict unless the metric is a

steady gradient soliton.

Proof. Let ¢ : M — M be a one parameter family of diffeomorphism. For any diffeomorphism ¢(¢) we have
Fec (91 9ij. f o @) = Frclgij, [
then,
ne (@7 9:5(t) = Foc (@i i, fo) = Fc(9i;(t), fo) = nolgii(t)).

Solving the backward heat equation at any time ¢ € [0, ) with initial condition f(tg) = fo, we know that fy
is a minimizer with fM e~Ffdu = 1. So our solution f(t),t < to which satisfies e~/ dy is also a minimizer. By

Theorem 2.3.6, Fz¢(gij, fc) is non-decreasing, then we have

e (gi(t)) = inf Fpe(gij(t), f(t) < inf Fpa(gij(to), f(to)) = pelgij(to))-

Thus, pc is nondecreasing under the coupled Ricci flow. Suppose the monotonicity is not strict, then, for some

times t1,t2,t1 < to, the solution g;;(t) of the Ricci flow satisfies
ne(gij(t) = pelgij(te)).
If f(t1) is a minimizer of Fc(gi;(t), fc) at time ¢4, so that

pe(gii(t)) = Fee(gij(t), f(t1))-
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But by the monotonicity of Fpo
Fico(9ii(th), f(t)) < Fel(gij(ta), f(t2)), t <to,

= pc(9ij(t2))-
The above inequality implies that

Srclon )], = £ Faole (), /(1) 2 0

t=to
hence, the last part of the theorem follows clearly. O
We conclude this section with the fact that there is no compact steady Ricci breather other than Ricci flat metric,

this is due to the diffeomorphism invariance of the eigenvalues. More details can be found in [42, Theorem 3],

[87,99], [108, Theorem 55], [126].

2.4 Monotonicity Formula under the Normalized Ricci Flow

The normalized Ricci flow (NRF) is given [68] as

9gij
ot

~ 2
= —2R1‘j + ET.@Z’J‘, 24.1)

where r = (Volg)™* [, Rdji is a constant, the average of the scalar curvature of M, and Vol; = [ v @it. The
factor r appearing in (2.4.1) keeps the volume of the manifold constant. Here, we extend the results from previous
sections (Theorems 2.3.1, 2.3.3, 2.3.6 and 2.3.7) to the case of the normalized Ricci flow. We recall that there is
a bijection between the Ricci flow (2.1.1) and the NRF (2.4.1), if we choose a normalization factor ¢ := ¢(t) with
#(0) = 1 such that §(t) = ¢(t)g(t) and define a time scale t = fot @¢(7)dr, then g(t) solves (2.4.1) whenever g(¢)
solves (2.1.1).

Remark 2.4.1. If r = 0, all the properties of the Ricci flow (2.1.1) including the monotonicity of the eigenvalues

of Laplacian hold without further alteration.

2.4.1 Monotonicity of the Entropy Formula

In this section, we extend some results in Section 2.3 to the case of NRF. Define a modified normalized Ricci flow

by )
W - R+ 2rgy 2V,
and f = log(‘fgf) ie.,
%{ = %““g%!?z‘j = %éij(—ﬂ:?ij + %ng‘j —2ViV; f)

:—R—l-r—Af.
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It is however clear that the coupled system

8@1 ~ . S =W
87; = —2(Ry; ~ij + ViV;f)
(2.4.2)
of x: =
S = -Af-R+r

is equivalent to (using the same idea of conjugating away the infinitesimal diffeomorphism as was used to convert

(2.2.11) to (2.2.12))
8§ij

o = QRU + rg”
(2.4.3)
af o -
or _ ~Af+|Vf?=R+r
ot
Now using Perelman’s energy functional, 7 = ¢.F ie., F = fM(Wﬂ2 + R)e‘fdﬁ, we have
dF s = oz L F 2 = s
o | B+ ViV fPeTdi— = | GV f + RBiy)e T dii
dt M nJu
=G A2 —F - 2r ~
=2 |R” + Vlv]f‘ e d,u - —
M n
So, ‘ff; > 0 whenever r < 0. Thus we have proved the following;
Theorem 2.4.2. Let (§ij, f) solves (2.4.3) in the interval [0, T), then
dF S5 oz L F o ~
o= 2/ |Rij + V.V flPe T dp — %f >0, (2.4.4)
when r < 0.
Theorem 2.4.3. Suppose §;;(t) is a solution of (2.4.1) and we define energy functional
B = B(ji, f / Re~fdp, (2.4.5)
then, ~
B - - 2 ~
— =2 [ |RyPefdp— =B. 2.4.6
=2 IR (24.6)

Furthermore, B is non-decreasing whenever r < 0, where f = log(flj’g). The monotonicity is strict unless we

are on Ricci flat metric.

Proof.

aB OR  ~Of + S P
0 2 E—Ra——R( — R)e 'di

- 2/ [AR+ 2IR;|? — —R —R(-Af+|VfP? -
M

fZ/ IRy effduf— Re™ fdu,
M

where we have used evolution of R as obtained in Section (1.3) and evolution of f asin (2.4.3). O
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Therefore our new entropy functional (2.3.9) implies
Feo = Fpoldij, f) = / (IVf]? +2CR)eTdji = F + (2C — 1)B. (2.4.7)
M

Hence

- - - ; - . A~ ~
iFBC = 2/ |Ri; + ViV, flPe T di +2(2C — 1)/ \Ryjl2eTdii— = F — 2020 - 1)-B
M M n n
~ ~ ~ ~ = - ~ 2 ~
= 2/ |Rij + Vivjf\ze_fdﬂ + 2(20 — 1)/ |Rij|2€_fd/1 — l]:BC
M M n

>0, (where r <0).

Theorem 2.4.4. Let §;;(t),t € [0,T) solves the normalized Ricci flow and f the conjugate heat equation under
the coupled system (2.4.3). Then, F, BC Is monotonically non-decreasing when r < 0. More so, if r = 0, then the

monotonicity is strict, unless the metric §;;(t) is Ricci flat and f is a constant function.

Our monotonicity formula does not classify the metric if r is negative, though this is not difficult to achieve,

we need a little modification (This case is done by J. Li [109, Theorem 1.4]).

2.4.2 Monotonicity of the least eigenvalue under the NRF

Let g(t) be an evolving solution of (2.4.1) on a compact Riemannian manifold, let ) be the least nonzero eigenvalue

of the modified operator —2A + C’R, c> % at time ¢, i.e.,
\=inf Fpe  with e fdp, (2.4.8)
then, we have
- O . - . 2 ~
— =2 | |Ry+V,V,f|?e Tdi+2(2C — 1)/ |R;j|%e T dji — A (2.4.9)
M M n
when r is nonpositive. If r is strictly negative, we have the following version of Theorem 2.3.7.

Theorem 2.4.5. The least eigenvalue of —2A + CR s diffeomorphism invariance and nondecreasing under the

normalized Ricci flow. The monotonicity is strict unless we are on the Einstein metric.

Proof. (a). The first part of the Theorem is modelled after the first part of the proof of Theorem 2.3.7.

(b). The second part can be seen using equation (2.4.9)

ij\ >0, where r<0.
dt

(c). Examining (2.4.9), it is clear that it fails to classify the steady state of the least eigenvalue (as remarked in
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[109]), so we need a modified form of (2.4.9) to tell the class of Einstein metric involved, however, we have

X s ==z 2 _; - 2 _: 2r\
@ _ 2/ Ry + ViV, — fg‘ e~Tdfi+2(20 - 1)/ ]Rij - fg‘ e~ fap— 22
dt M ‘ n n
4T ~1 = - _f ~1:' -~ _f ~
+— | GV f + Rij)e” Tdji—2 ’fg’ d,u—l—4(20—1) g7 R;; e ' df
nJm M M
r_|12 _F
—2(20—1)/ I—g e fdpi
M
- - = ~ 2 s 2N Ar - 4Cr?
—2/ By + V9,7~ Zal e fap 2020 - 1) / By~ Lol e fap— 22 4 T Fge - 2
M n n n n
- .. 2 - 2 2 -
—2/ ‘Rij—l—Vlvjf— T3 ‘ e‘fd/]—i—Z(QC—l)/ ]Rij— fg‘ e~fdp+ =2 (A —207)
M n M n n
>0
since by definition A< Cr (A being the least eigenvalue, see relation (3.3.11)). O

Corollary 2.4.6. Under the normalized Ricci flow, the following monotonicity formula holds

~ - o~ o~ 2 ~ ~ 2 .
@ / ‘Riﬁvivjf— 7 e‘fd/l+2(2C—1)/ ‘Rij —fg] e > o. (2.4.10)
M M n

r
n
Equality is attained if and only if §(t) is Einstein and f is a constant gradient function.

Thus, we can rule out the existence of nontrivial expanding (or steady) gradient Ricci breathers when » < 0

except those that are gradient solitons. If C' = 5 and r < 0, we have the monotonicity formula
d\ - - 2 2
7:2/ ’R,;ﬁ Vof— Sl e fap+ S —207) > 0 (2.4.11)
dt M n? n

which simply implies that expanding (or steady) breathers are necessarily expanding (or steady) soliton. Specific-
ally when C' = %, the fact that normalized Ricci flow preserve volume throughout the evolution and the fact that
the eigenvalue \ is invariant with respect to diffeomorphism and scaling will at once yield the Perelman’s result
for nonexistence of nontrivial expanding breather as discussed in the previous section. See [126, 64] for details
and [109] for another version. In this case we just view A = Perelman’s \ = /\V%, we can therefore conclude that
the monotonicity of our A under normalized Ricci flow is equivalent to the monotonicity of Perelman’s A under
unnormalized Ricci flow. Hence, we have as a corollary that expanding or steady breathers on compact manifold

are necessarily Einstein.

2.5 Perelman’s )V -entropy Functional and Applications

Next, we introduce Perelman’s W-entropy as presented in [126]. This is a modification of F-energy functional
(discussed in the previous section) with inclusion of a positive scale parameter 7 and combination of Nash entropy.
These combine nicely and the resulting entropy yields useful applications. It was used in [126] to prove that

shrinking breathers are necessarily shrinking gradient solitons, thus completing the proof of the existence of no
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nontrivial breathers other than gradient solitons and also to get a lower bound for the injectivity radius of the flow

to complete no local collapsing theorem, (also known as Hamilton’s Little Loop Conjecture).

2.5.1 The W-entropy Functional and its Monotonicity
We define the WW-entropy functional (as in [126])
Wi £o)i= [ [r(R+ V) + f = (mr) Fe @51)
M

where ¢(t) is a Riemannian metric on n-compact manifold M, f is a smooth function on M and 7 is a positive
scale parameter. Recall from the previous sections, we have F-energy functional and Nash entropy (N(f) =

Joy f el dp,u= e/, under the gradient flow)
Fgij(t), f) = / ”(R—i— Ve fdu, N(u)=-— /Mu log u du.
Denoting u := (4w7)"%e~/  with J3; wdp = 1, equation (2.5.1) can be rewritten as
W(g, f,7) = [rF + N(f)] (4n7)"% —n. (2.5.2)

We note that the WW-entropy is invariant with respect to diffeomorphism and under simultaneous scaling of 7 and

g. That is, for any diffeomorphism ¢ : M — M, we have
W(big: bi f,7) =W(g, f,7)
and for any scaling factor c¢(t), we have
Wieg, f,em) =W(g, f, 7).

The scaling is included in Appendix C (see Lemma C.2.4).
As in the previous section, let dg;; = hy;, 67 = n and 6f = K for some function K : M — R, where

H := g% h;;. We have the following
Lemma 2.5.1. The first variation of WW-functional is
1 n
S,k yW(g, f,7) = / —Thy; (Rij +ViV,f — ?gij)u dp + / 77(3 +Af - *)U dp
M T M 2T
H n 2
+ (——K——n)[T(R+2Af—|Vf|)—i—f—n—l]udu.

M 2 2T

Proof. See Lemma C.2.2 in Appendix C for the proof. O

2.5.2 The functional /V and its gradient flow

Let us keep the volume measure fixed so that

n H n
-2 _f = = — — —_—
5</M(47TT) ze d/l,) 0 5 K 5"
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and require that 7 = —1, thus 7 is a quantity decreasing at a constant rate. We then obtain the gradient flow
99gij
5 = 2B + ViV, f),
with ‘C% =n=—1,where f = —lnu — 5 In(477) and %{ =—-Af—-R+ 5-. Hence, we have the gradient flow
in form of coupled modified Ricci flow
8tj = —2(Ri; + ViV, f),
of n
= _Af—_—R4+ — 253
ot ! + 27’ ( )
dr
dt

and the following

Proposition 2.5.2. Let (g(t), f(t), 7(t)) be a solution of the system (2.5.3), we have the identity
d 1 9
Wy, f,7)= [ 27|Rij + V;V;f — 5=gij|"udp, (2.5.4)
dt M 2T

where fM udp is a constant. (See Proposition C.2.3 in Appendix C for the proof).

In a similar manner to the previous section, conjugating away the diffeomorphism generated by the vector
field V f from the system (2.5.3), we have the coupled system of the Ricci flow-bakward nonlinear heat equation

associated to the functional WW

9gij
2 — 2R,
ot !
af n
—Z =_A Vf?-R+ — 255
5= —Af+ VIR - R+, 25.5)
T
dt
whose solutions are equivalent to those of the system (2.5.3) up to diffeomorphism and dilation.
As a corollary to the proposition (2.5.2), we have
d
V), £(t), 7(t) = 0, (2.5.6)
which is the VW-entropy monotonicity formula. Here, equality holds if and only if
1
Rij + VNjf — Zgij =0 2.5.7)

since we know that 7 is a positive factor. The condition (2.5.7) implies that g(¢) is a shrinking gradient soliton
which flows along V f. Before applying the monotonicity formula to complete the proof of the existence of no

nontrivial breathers, we consider two functionals ((g;;, 7) and v(g;;, ), using the VW-entropy functional.
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Define the minimizing problem

w(gij, 7)== nf{W(gi;, f,7) : f € COO(M)’/M udp = 1}
and
v(gij) := inf{p(gsj, 7) : 7 > 0},
Setting v := e’%, to show existence of a minimizer , then the functional JV can be expressed as

W(gij, f,7) / [T (Rv2 + 4\Vv|2) —v?logv? — nvﬂ (A7)~ 2 dp
M

with [, v (4mr7) " 2dp = 1.

We may assume that 477 = 1 without loss of generality and show that infimum of
Tl = / [T (sz + 4|V“\2> —v?logv® — an} (4r7T) " 2dp
M

is achieved over a set

A={veH (M) :/ vidp = 1}.

M
By Sobolev compactness imbedding, A is weakly closed in H' (M) and I is weakly lower semi-continuous. We

can equally show that I[-] is coercive on A. Let v € A, then using the inequality logz < z#, VY > 1,
interpolation and Holder’s inequalities, we have ( n > 2)?

/ v?log v2dpu S/ v? log v? S/ V2t S/ v2+%du, (Interpolation inequalities)
M >1 v>1 M

v

< e/ 02+%du + C(e)/ vidp, (6 > 0, / vidy = 1)
M M M
< e( vnzj?) " ( UQd,LL); + Cle), (Holder's inequality)
M M
< e(/ |Vv|2du) + C(e), (Sobolev inequality).
M

Choosing € = 7, we obtain®
Ijv] = / [T(RU2 + 4|Vv\2) —v?logv? — m)ﬂ (4n7) "2 dp
M
> / [T(RUZ + 4|Vv\2) —7|Vol* - nvz}d,u — C(e)
M
> / 37|Vu|*du + inf (TR —n) — C.
M xeM

This proves the coercivity of I[-]. By direct method in Calculus of variation, we can obtain positive minimizer of

Iu] — min in the set A = {v € H'(M) : [,, v>du = 1}. We can also minimize I[-] over the subset

.A+={’U€H1(M)2’U>O,/ vidp = 1}.
M

2Observe that for any € > 0, p1t2/ny < ev2(1+2/n) 4 =142
3Notice that the monotonicity of Perelman’s W-entropy is equivalent to a version of logarithmic Sobolev inequality. Both are equivalent to

the ultracontracitivity of the heat semigroup. We shall discuss this in the later chapter.
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Then v satisfies the Euler-Langrange equation and it follws that 1(g, 7) is achieved by a minimizer f, satisfying
T(2Af7' - |vf7'|2 + R) + fT —n= :u(g)

Corollary 2.5.3. ([64, p.237], [126]) For any metric g on a closed manifold M and 7 > 0, u(g,7) > —oo and

tends to zero as T — Q.

Proof. We follow Perelman’s argument [126, pp.9]. Let 7 > 0 be so small such that the Ricci flow g;;(t) exists
on the interval 0 < ¢ < 7. Let u := (477)"=2e~f be the solution of the conjugate heat equation starting from
d-function att = 7, 7(t) = 7 — ¢t. Then Wz — W, < 0 and W(g;;(t), f(¢),7(t)) — 0 ast — 7. therefore by the

monotonicity of VW, we have that

wlgiz, T) < W(gij(0), £(0),7(0)) = W(g:;(0), f(0),7) <O0.

The proof of the inequality WW(g;;(0), f(0),7) < 0 can be made more explicit, see the proof of Proposition 3.2 in
[135]. O

Proposition 2.5.4. 1(g;;(t), T — t) is nondecreasing along the Ricci flow and the monotonicity is strict unless we

are on a shrinking gradient soliton. A shrinking breather is necessarily a shrinking gradient soliton.

Proof. Let g(t) be a solution to the Ricci flow defined on some interval [0,7] and T' < 7. Let f; be a minimizer

of u(g(to), ™ — to) for any time ¢y € [0, T]. We then solve the backward heat equation

of 9 n
E_—Af+|Vf| _R+§

(2.5.8)
f(to) = fo

and obtain a solution f(t) for t < to which satisfies [,,(47mt)~ 2 e~/ O dp, 4y = 1.

To prove the first part of statement 1 of the proposition, it suffices to show that

w(gij(t), 7 —t) < plgij(to), T —to)-

Let us choose another function ¢ with [, (47to) ™2 e~ ?dpuy(,) = 1, such that

1(gij(to), ™ —to) = (T — to) /M e ” (Rg(to) + |V<P|§(to)> (4m (T — fo))fgdﬂg(to)
B n
+ / e “"(gp — —log(4n (T — tg)) — n)dug(to).
M 2
Since

/M(47rt)_%6_f(t)dﬂg(t) = /M(47t0)_%6_¢dﬂg(to) =1
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‘We have
N(!]ij ), r—1t) < (r—1) /M A (Rg(t) + |V§0|§(t)> (4m (T — t))igdﬂg(t)
+/ e 1 (f(t) — 2 log(4m(r — 1)) - ")dugm
M 2
< (r—to) /M e*@(Rg(m) + |W|§(t0>) (4 (T — t0)) ™ % dpg(ry)
B n
+/ e ‘”(cp — 5 log(dm (7 — o)) — n)dug(to>
M
= M(g” (tO)u T — to)
Therefore, we have
w(gij (), T —t) < W(gi(t), f(t), 7 — 1) < W(gij(to), f(to), ™ — to) = p(gij(to), 7 — to)

for ¢t < ty. Suppose we are on a shrinking gradient soliton, the second inequality is strict. The proves the first part
of the theorem.
Let g(t) be a shrinking breather on [¢1, 2] such that g(t2) = a¢*g(t1) for some 0 < « < 1. Since the

W-functional is scaling and diffeomorphism invariant, then, we have

w(gij(t1), 7 —t1) = plag(tr), ot —t1)) = p(gij(t2), 7 — t2)

since 7 is positive, say 7 > 0,

t2 —at1
—t)=T—tg>T=2"1
alt—t)=17—ta=>7 o
Now define
t2 —at1
t —t
()= 220,
so that
d to —t to —t
T 1, 7(t1) = 21 T(t2) = 21 and T(t2) = at(ty).

pri

Let f5 be a minimizer of

W(g(t), f2,7(t2)) : f € OOO(M),/ (4r7) " Fdp = 1}

M

att = tg, so that W(g(tz), f2, T(tg)) = /A(g(tg), T(tg)).
Suppose f(t) solves the backward heat equation above on [t1,t2] with f(t2) = fo. By monotonicity formula

and definition of u, we have

W(g(t1), f(t1),7(t1))
W(g(t), f(t),7(t))
W(g(t2), f(t2),T(t2)) = p(g(ta), 7(t2))

p(g(ti), 7(t1)) <

IA

IN
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forall ¢t € [ty,t2], Since g(t1) = ap*g(t2) and 7(t2) = a7(t1) by the diffeomorphism and scale invariance of p,

we have
pg(tr), 7(t1) = p(g(tz), 7(t2))-

This and the fact that W(g(t), f(t), 7(t)) is monotone implies

for t € [ty,to]. Thus f(t) is a minimizer for W(g(t), f(t),7(t)) and £ W(g(t), f(t),(t)) = 0, then, we have
1 2 —f
|Rij + VNjf — —gij| e du=0
M 2T

forall ¢ € [t1,t2] and hence R;j + V;V; f — 5-g;; = 0 forall ¢ € [ty,t2]. This completes the proposition. O

2.5.3 A new family of entropy over shrinkers

Here, we define a new family of entropy and discuss its variation formula under the Ricci flow.

Definition 2.5.5. Let (M, g) be a closed n-dimensional Riemannian Manifold, we define a family of entropy

functional Wi as

Wae :T/M {|Vf|2+20(R+%(f—n))}udu, (2.5.9)

where C' > %, C eR. WhenC = %, this is Perelman’s VV entropy [126].
Theorem 2.5.6. Let (M, g;;(t), f(t),7(t)),t € [0,T), solve the system (2.5.5), where f evolves by a backward

heat equation, then, Wi is monotonically non-decreasing. In particular, we have

d 1 1
—Wse = 27/ |Rij + ViV, f — —gij|*udp + 2(2C — 1)7/ |Rij — —gij|*udp > 0. (2.5.10)
dt M 2T M 2’7—

Moreover, the monotonicity is strict unless

1
Ri; +V;V;f— Egij =0 and Ri; — gij = 0. (2.5.11)

2r
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Proof. As usual our proof is by direct computation, hence we write
1
Wee = T/ [|Vf|2 n 20(R+ S(f - n))}ud,u
M T
1 1
= 7'/ [(\Vf\z —|—R) + f(f—n)}udu—k (2C — l)T/ [R—F —(f —n)}udu
M T M T
:W+(2C’—l)/ (TR+ f —n)udp
M
dWge  dW (20_1)/ {81% of

a @ T a‘f‘”a} udp

—27‘/ |Ri; + ViV, f — g”\2ud,u
—|—(2C’—1)/ {T(AR+2|R1']’| ) —2R — Af—l—\Vf\Z }ud,u
M
:27-/ |Rij + ViV, f — gu‘ ud,u—|—(20—l)/ [27’|Rij|2_2R—|—£]udu
M 2T

B 27-/ |Rij + ViV, f — gu‘Qud“ +2(20 -7 / “R”F E+ 4T 2}ud,u

1
gij|2udu > 0.

—27/ |Rij + ViV, f — nguduH(qu / |Rij — 5

O

Corollary 2.5.7. Let (M, g;;(t), f(t), 7(t)),t € [0,T) solve the coupled system (2.5.5), then, there is no nontrivial

shrinking Ricci breather other than shrinking gradient solitons.

Corollary 2.5.8. Let (M, g) be a closed Riemann manifold, then every shrinking Ricci breather must necessarily

be Einstein.

Theorem 2.5.9. Let (M, g;;(t)),t € [0,T) be a solution of the Ricci flow, then, the least eigenvalue (1o (gi;) of
(—2A + CR) is diffeomorphism invariance and non-decreasing. The monotonicity is strict unless the metric is a

shrinking gradient soliton.

2.5.4 Extension to the Normalized Ricci Flow

Here, we classify the class of metrics satisfying the normalized Ricci flow with respect to the entropy W and Wp¢
in the Theorems 2.5.10 and 2.5.11. Specifically, we show conditions upon which shrinking breathers are Einstein.
For this purpose, we obtain the following coupled gradient flow-like for normalized Ricci flow associated to W

-energy after a simple calculation:

agi- r

or = —2(Bij = —gi + ViV f)

af n

9L Af— n 2.5.12
pr f—R+r+ 5 ( )
dr

— =—1.

dt
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Conjugating away the diffeomorphism generated by the vector field V f from the above system gives an equivalent

system

9gij
ot

'
= —2R;; + —9ij

of
ot

n

2.5.13
2T ( )

=-Af+|Vf?P=R+r+

dr
— = —1.
dt

Using Perelman’s W -entropy and diffeomorphism ¢, we write W = ¢W, since W is invariant with respect to

diffeomorphism. We therefore define the following
VV:/M {T(R+|@f|2)+f:*n]ﬂdﬂ (2.5.14)
and
WBC:T/M {|W|2+2O(R+%(f—n))}ﬂdg, (2.5.15)
where u := (4r7)"%e~f with [oy @dpi. = 1.

Theorem 2.5.10. Let (M, §i;(t), f(t), 7(t),t € [0,00) solve the system (2.5.12) or (2.5.13). Then W is monoton-

ically nondecreasing. Furthermore, the monotonicity is strict unless the metric is a gradient shrinking soliton.

Proof. By direct computation we have

AWV dF - of .

Recall the evolutions of F in (2.4.4) and f in (2.5.13) under the normalized Ricci flow and use them in (2.5.16).

Then direct substitutions give

It suffices to uphold the claim that

- n
F—-——<0.
2 —

The prove of this claim is reserved till Subsection 3.4.3 where it will become more evident. Using this we have
dw N

— > 0.
dt —
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Equality is attained here when we have the following

1

R @@f gU_O and .7:'—2507
2T
which are also equivalent, taking the trace of the former gives the later. The implication of all these is that Ricci

shrinking breathers must be gradient shrinking Ricci solitons. O

Theorem 2.5.11. Let (M, §i;(t), f(t),7(t)),t € (0,00) solve the system (2.5.12) or (2.5.13). Then Wy is
monotonically nondecreasing. However, the monotonicity is strict unless the metric is a gradient shrinking soliton

and Einstein.

Proof. As in the proof of Theorem 2.5.6, we write

dWsc _ dW _ / oR 5 0f7.
G = L+ (20-1) M[T R+ 8t] dji (2.5.17)
I + I

From the last theorem, we have that

By direct substitution we have
< = = o 2r -~ Y T o
I =(20-1) T{(AR+2|RU| —;R) 2R Af 4|V +2—+r}udu
M T

(20_1)/ (27’\R”|2—2R+ )ad;z+(2c_1)/ (_%Téw)adg

M

~ n - -
2(2C - )r / |Rij — gu\Zud,u 2(2C — l)n /M (R - E)udu.
Combining I and IT with (2.5.17), we have the monotonicity formula

Wi >0
dt —

with r < 0 when R > 2”—7 orr > 0 when R < % The monotonicity is strict unless the solution is a gradient

shrinking soliton with

- . 1 .
Rij +ViV,J = 5=, =0 and ]—"—%EO

and Einstein
~ 1

o —
T or

This ends the proof. O

~ n
9ij an 27
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Chapter 3

Differential Harnack Estimates for

Conjugate Heat Equation

3.1 Introduction

radient estimates and Harnack inequalities are indeed very powerful tools in geometric analysis as this is
Gevident for examples in the work of P. Li and S-T. Yau (1986) and G. Perelman (2002). The paper of Li
and Yau [112] paved way for the rigorous studies and many interesting applications of Harnack inequalities. In
that paper, they derived gradient estimates for positive solutions to the heat operator defined on closed manifold
with bounded Ricci curvature from which they obtained Harnack inequalities. These inequalities were in turn
used to establish various lower and upper bounds on the heat kernel. They also studied manifolds satisfying
Dirichlet and Neumann conditions. On the other hand, Perelman in [126] obtained a gradient estimate for the
fundamental solution on compact manifold evolving by the Hamilton’s Ricci flow. Perelman’s results for Harnack
estimates are unprecedented as they play a key factor in the proof of Poincaré conjecture. Meanwhile, shortly
before Perelman’s paper appeared online, C. Guenther [85] had found gradient estimates for positive solutions
to the heat equation under the Ricci flow by adapting the methodology of Bakry and Qian [9] to time dependent
metric case. As an application of her results, she got a Harnack-type inequality and obtained a lower bound for the
fundamental solution. She also studied existence and basic properties of these solutions. S. Kuang and Q. Zhang
[103] established a gradient estimate that holds for all positive solutions of the conjugate heat equation defined
on a closed manifold whose metric is evolving by the Ricci flow. X. Cao [44] also used Perelman’s approach
to establish a differential inequality for all positive solutions to the conjugate heat equation under the Ricci flow
with nonnegative condition on the scalar curvature. Immediate consequences of their results in [103] and [44]
are Harnack-type inequalities. Q. Zhang [156] derived local gradient estimates for positive solutions to the heat

equation coupled to the backward in time Ricci flow with lower bound assumption on the Ricci curvature. His
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gradient estimate was used to prove a Gaussian bound for the conjugate heat equation. In [8], they applied Zhang’s
method to prove both space-only and space-time gradient estimates for heat equation coupled to forward in time
Ricci flow, they also study manifolds with nonempty convex boundary evolving under the Ricci flow. Ecker, Knopf,
Ni and Topping [75] have a local result on gradient estimate in relation to mean value theorem and monotonicity

for heat kernel.

The study of the Ricci flow coupled to heat-type equation arose from R. Hamilton’s work [92], where he con-
ceived the idea of investigating Ricci flow coupled to harmonic maps heat flow. He combined this with his previous
results [89, 91] to study the formation of singularities in the Ricci flow. In [90], he provides a Harnack estimate on
Riemannian manifolds with nonnegative positive curvature operator. Hamilton [88] also proved Harnack estimates
for surfaces whose positive scalar curvature under the Ricci flow satisfies the heat equation with soliton potential.
B. Chow [60] completed the proof of Harnack estimate for surfaces of positive scalar curvature in general. Thus,
Harnack estimates of the Ricci flow on surfaces gives a control on curvature growth, while in higher dimension,
one uses the Harnack estimates to classify the ancient solutions of nonnegative curvature operators. Perelman’s
Harnack-type estimate is used to prove noncollapsing of the metric under the Ricci flow. As useful as Harnack in-
equalities are, they have also been discovered in other geometric flows; See the following- H-D. Cao [38] H-D. Cao
and L. Ni [40] and L. Ni [125] for heat equation on Kihler manifolds, B. Chow [61] for Gaussian curvature flow
and [62] for Yamabe flow, also B. Chow and R. Hamilton [67], and R. Hamilton [93] on mean curvature flow. The
following references among many others are found relevant [5, 45, 44, 63, 85, 113, 123, 138, 139, 140], see also
the following monographs [71, 111, 132] for theory of Harnack inequalities and [64, 65, 68, 69, 71, 117, 118, 158].

for theory and applications of Ricci flow.

The rest of this chapter is organised as follows; the next section introduces the theory of conjugate heat equation
and gives a quick review of how one can view Perelman’s differential Harnack estimate as Li-Yau type and how
it provides an alternative proof of a localised version of his entropy monotonicity formula. The main result of
Section 3.3 is contained in Theorem 3.3.1, where we establish a point-wise differential Harnack inequality for all
positive solutions of the conjugate heat equation on manifold evolving by the Ricci flow, as an application of this,
we derive corresponding Harnack estimate under a mild assumption that the Ricci curvature remains nonnegatively
bounded. There is another important result in this section (Subsection 3.3.2), where we establish a localised form
of the Harnack and gradient estimates obtained. The main idea is the application of the Maximum principle and
Bochner identity on some smooth cut-off function. It was the basic idea used by Li and Yau in [112], however our
computation is more involved as the metric is also evolving. In Section 3.4, we introduce a dual entropy formula
which surprisingly interpolates between Perelman’s entropy [126] for conjugate heat equation on an evolving
manifold and the Ni’s modified entropy formula [122] for linear heat equation on static manifolds. From this
entropy formula, we also recover the corresponding differential Harnack inequality and gradient estimate for the
fundamental solution, which in fact, holds for all positive solutions to the heat equation. As it is well known

that entropy functional are intimately related to functional inequalities, we will apply the monotonicity proved in
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this section to derive a family of logarithmic Sobolev inequalities in the next chapter. Larger part of the results

presented in this chapter will appear in [1].

3.2 The Conjugate Heat Flow and Entropy Monotonicity Formula

3.2.1 The Conjugate Heat equation

All the results here are due Perelman [126].

Definition 3.2.1. (The Conjugate Heat Operator). Let I' := 0; — A be the heat operator acting on functions
w: M x[0,T] = R, where M x [0, T)] is endowed with the volume form dy(z)dt. The conjugate (adjoint) to the
heat operator I is defined by

I':=-0,—A; + R, 3.2.1)

where A, is the Laplace-Beltrami operator with respect to space variable x and R is the scalar curvature.

We remark that for any solution g(t), ¢t € [0, T to the Ricci flow and smooth functions u, v : M x [0,7] — R,

the following identity holds

/OT Af(l"u)vdu(:r)dt = /OT /M w(T™*v)dp(z)dt. (3.2.2)

By direct application of integration by parts and the fact that the functions u and v are C? with compact support

(since M is compact) and using evolution of dyu under the Ricci flow, it follows that

/O ! /N (Tuyudua)dt = /0 ! /M (O — Au)vdp(z)dt
_ /0 ' /N (O)odp(a)it - /O ' /A (Buyedua)ds

=— /OT /M udpvdp(x)dt — /OT /M wv(Odp(z))dt — /OT /M uAvdp(x)dt

__ /0 ' /M w(@w — Ro + Av)dp(x)dt

= /OT /M w(—0; — A+ R)vdp(x)dt,

which proves the identity.

In a special case u = 1, we have

Proposition 3.2.2. Let u = (477)"2e~7 be a positive solution to the conjugate heat equation and 9,7 = —1.

The evolution equation
of n
= =-Af+|VfP-R+ — 3.2.3
ot f+IVI T o (3.2.3)
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is equivalent to the following evolution

My =0. (3.2.4)

Proof.
Iu= (-0 — Ay + R)(4r7) " Ze /.

By direct calculation, it follows that

oltdnr)~Ee ] = (52 — duf)(anr)He!

Aldrr)"2e ] = (=Af + |Vf?)(4nT) "2,

Then
n

Iy = (
27

+Of +Af— |Vf\2+R>u:0.

Since u > 0, the claimed is then proved. O

In the next, we want to briefly look at how Perelman-Harnack estimates on conjugate heat kernel implies Li-
Yau Harnack estimates. This section can be considered as a review of [126, section 9], where Perelman applied a
localised version of his W-entropy to prove his pseudolocality theorem. Let ¢(t),¢ € [0,T) be a solution of the
Ricei flow and w be any C*° function on M x [0, T") such that I'*u = 0.

Definition 3.2.3. We say that H(x, 7;y, o) is a fundamental solution to the adjoint heat equation centred at (y, o)
forzye M, o <tel0,T),if
I H(z,m5y,0) =0

and

lim H(va; y7a) = 5y(x)

T—0

for any x € M. The limit is in the sense of distributions.
Thus, H(z, T;y, o) is the unique minimal positive solution to the equation

—0r — Az + R(z,7)H(x,7;y,0) =0

( (z,7) ( ))H( Y,0) (3.2.5)
lim H(z,7;y,0) = §y(x).

T—0

Lemma 3.2.4. The conjugate heat kernel satisfies the following properties.

1L IM H(‘Ta 7Y, O')d/j’(z,r) =1
2. H(x,7;y,0)d(q,r) is also the fundamental solution to T, 5y = 05 — Ay, 0)-

We shall also need asymptotic behaviour of the fundamental solution to the conjugate heat equation for small

7. Let d,(z, y) be the distance function with respect to the metric g(7).
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Theorem 3.2.5. ( [65, 69, 124]) (Ricci flow adjoint heat kernel parametrix.) Let g(t),t € [0,T) be a solution of
the Ricci flow on closed n-dimensional manifold and H(x,7;y,0) (i.e, H(z,y, T)) be the fundamental solution to

the conjugate heat equation (3.2.5). Then, as T — 0 we have

2 oo
H(z,7;y,0) ~ (477)" % exp ( - W) Zuj (z,y,7)7. (3.2.6)
Jj=0

By (3.2.6), it means that there exists 7" > 0 and a sequence u; € C*°(M x M x [0,T]) such that

_n d?(x, b .
H(a,y,7) — ()% exp (— EEDY Sy ) = e 7)
j=0

with

wk(xvva) = O(Tk+17%)

)

as 7 — 0 uniformly for all z,y € M. The function ug(z,y, 7) can be chosen so that ug(x,z,0) = 1. The proof
of this result is done by Garofalo and Lanconelli in [80] for the fundamental solution of the heat-type equation in
divergence form when there is no zeroth order term R(x, 7)u(z, 7). However, one can verify that the argument in

[80] can be carried over to the case of the adjoint heat equation. Alternatively, one may write
o0
H(z,75y,0) ~ E(x,739,0) Y _uj(a,y,7)77,
j=0

where F(z,y, 7) is the Euclidean Heat kernel.

3.2.2 Entropy Monotonicity Formula

Now, suppose that the Ricci flow g(t) is defined for t € [0, 7], T < oo and letu = (477)~2e~/, where 7 = T —t,

be a positive solution to the conjugate heat equation '« = 0. Define
v=[T2Af - |Vf*+R)+ f —nlu (3.2.7)
Proposition 3.2.6. [126] With the notation above, we have that
v=[(T-t)2Af = [Vf+ R) + f - nJu

satisfies

F*v = —2(T — t)|Rij + VZVJf - B

1
mgij|2u. (3.2.8)

Moreover, if u tends to a 6 — functionast — T, then vy < 0forallt < T, where vy = v with u(x, T) replaced

by H(z,T;y,0), the fundamental solution.

Proof.
v=[T2Af — |[Vf?+R)+ f — nlu
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Let P=7(2Af —|Vf|?+ R)+ f —n and O;7 = —1 since 7 =T —t.

I'Pu = (-0 — A+ R)(Pu)

=—0tP-u— Poywu— AP -u—2(VP,Vu) — PAu+ RPu

=—0P -u—AP-u—2(VP,Vu)+ PT"u

=—(0y +A)P-u—2(VP,Vu).
We can write

u ' T*Pu = —(9; + A)P — 2(VP,u"'Vu)
=—(0i +A)P+2(VP, V)

since f = —Inu — 2 In(4n7) implies that V f = —¥% = —y~!Vu.

Let us compute (0; + A)P

orP 0 9
E_E(T(QA]‘—WJC\ +R)+f—n)
_9 2 9 2 2
_8tr(2Af—\Vf\ +R)+Tat(2Af V] +R)+8tf
0 0 7]
__ _ 2 9 _ 2 9 9
- (2Af V] +R>+rat(2Af |Vf\)+ratR+atf.
Note that
0 0T i
ZAF=2"149(8:8,f — T~
25 Af =22 [97(0:0; ~ T 0 )]
0, i . 7] i 0 ” 0
— 92" (¥, 0. 9.0 — f — g¥ (=—TF. — d9Tk. 9. —
—Qat(g )0:0; f + 2g 0955, f —9 (atfw)f)kf 9T50k 5, f
= 4R”(916]f + 2_gij (alajf — Ffjak)%f
” 0
— 4R 9,9, hl
4R 816]f+2Aatf,
where we have used %I‘fj = 0and %(gij ) = R;; by Lemma 1.3.1, since it is possible to work in local normal
coordinates.
9 2 _ 9 Y. £,
SV = = (970:00;f)
= 2R”82f6]f + 2gi-70if8j%f
= 2RY9, 0,1 + 2V S, Vo),
D (onf — V12 = 4R 8.5, 9+ oRiig, 0. f - 9
at(QAf |Vf|)f4R 0i0;f + 202 f = 2RYOf0,f —2(VE, Vs f).
Combining these, we have
Op_ 2 19,0, 9 i, 10, Iy Oy, 9
P = (AL~ V[P + B)+ 7 (ARV0,0,f + 20 f —2RI0.f0,f — (Vf,V 2. f) + 5:R) + 5.
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Next is to compute
AP = A[T(mf —|Vf2+R)+ f —n]
- T[QA(Af) AV AR} FAf
- T[zA(Af) —2VVf2 = 2(Vf,AVf) — 2Ric(V f,V f) + AR] L AS,
we have used Bochner identity (0.2.17) in the last line. Therefore

(% + A)P — —(2Af — |V +R) + T[4Rijaiajf + QA%f — 2R, 0, f — 2(VF, V%f)
L 2A(AS) — 2|V |2 — 2(V S, AVS) — 2Ric(Vf, V) + %R + AR] + %f N
= (-Af+|Vf2— R+ %f) +T[4Rij8i8jff2Rij8if8jf+2A(%f+Af+R)
+2|Re® — 2(Vf, V%f) ~2VV S~ 2V, AV]) - 2Ric(V/, V)|
=(-Af+|Vf*—R+ %f) + T[4Rijaiajf —2RY0,f0; f + 2A|V £ + 2| Re|?

— AV =2V [ VIV + 2V, VAS) +2(VR,Vf).

Now
2AVP,Vf) =2(V(rQAf = |Vf*+ R)+ f),Vf)
=20 [2VAS, V) — VIV V) + (VR V)] + 2V f P
Therefore
—(% +A)P+2(VP,VS)

= (Af — [VfP+ R~ %f) — r[4RY0,0,f - 2R90, 0,1 + AIV S
+2|Rel? = AV, VIVS) +2(Vf, VAS) + AVE, V)]
+ 20 [2VAL V) = VIV V) + (VR V)| + 2|V

= (Af VP +R~ %f) — r[4RY0,0,f - 2R90, 0,1 + AIV S
+2|Rel? + 2AVAL, V)]

= (2Af +2R — 22) = T [ARY0,0; + 2VV I + 2| Ref?|

= 27 [2RU0,0;f + [VYS +|Rel? ~ Z(Af + R~ 1)]

= =27 |(Rij + ViV, f)* -

(Af+R— )]

N e

= 27 :(RU + VlV]f)Q - (Af + R) + %}

1 2
= —27\R;; + Viij — Egij .
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Hence

1
uT T (Pu) = =27|Rij + ViV, f = o gl

and

1 2
My = =27 Rij + VNJf — ?gij u.
T

The proposition above implies a monotonicity formula for
vy = [T2Af = |Vf* + R)+ f—n]H <0

where H = H(x,T;y,0) is the conjugate heat kernel. This is Perelman’s differential Harnack Inequality. It
provides an alternative proof of the monotonicity formula for his WW-entropy. Indeed, from the above, we can

develop an integral quantity, namely
/ vdp = / [r(2Af = [V + R) + f — njudp
M M
= /M[T(2Af —|Vf2P+R)+ f—n](4nr) " 2e Tdpu
=Wi(g(t), f(£),7(t)).

The consequence of which is a localised version of Perelman’s VW-entropy monotonicity formula. Thus

M:g/ vdu:/ (0v — Ru)dp
dt t S M

= /M ( —I"v — Av)du
= / —T*vdp
M

= Q(T — t)/ ’Rij + VZ‘ij )
M

1 2 _n 7f
ﬂgzj (drr)"ze  dp

Corollary 3.2.7. [126] Under the same assumption as above on a closed manifold M, if u tends to a §-function

ast — T and v < 0 forallt € T. Then it holds for any smooth curve v(t) in M as follows

1

mf(fy(t), t). (3.2.9)

(ROY(®):6) + V' (D) -

N =

d
—— t),t) <
7 0.1 <
Proof. We have from the monotonicity formula that
P=(T—-t)2Af —|Vf?+R)+ f—n<0,

which implies

1 1 f n
Af <= 2__R-
PP =3B =57 =5 o=y
and the evolution of f that
0 n
—f=—-A 2 _ v
ot FHIVIF =B+ 57—
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which in turn implies

0 1 1 5 f
S f+-R—= ——— 2.
8tf+2R 2|Vf| 2(T_t)fo (3.2.10)
On the other hand
d /
A Fo0).0) = 0 — (V5. 0)
1 1
<O 4 SIS+ L O
where we have used Young’s inequality to obtain —(V f,~/(t)) < 2|V f|*> + 3|7/ ()] O

The inequalities of this type are referred to as Perelman’s Harnack inequalities, they were originally proved by
Li and Yau [112] for the solution of linear parabolic equations on Riemannian manifolds. Hamilton [89, 91] used
his version called Li-Yau-Hamilton Harnack inequality for the solutions of backward heat equations on manifold
to prove monotonicity formulas for certain parabolic flows. This result is very important in the study of the Ricci
flow because the solutions which tend to dirac d-function are essential to understand monotone functionals, which

are part of the machinery developed by Perelman to tackle Poincaré conjecture.

3.3 Differential Harnack Estimates

Let (M, g(t)),t € [0,T] be a solution of the Ricci flow on a closed manifold. Let u be a positive solution to the

conjugate heat equation, then we have the following coupled system.

99ij
=Y — _9R;:
ot !
(33.1)
ou
5~ Dowut Ryyu=0,

which we refer to as Perelman’s conjugate heat equation coupled to the Ricci flow. We will prove Harnack estimates
for all positive solution of the adjoint heat equation in the above system. A differential Harnack estimate of Li-Yau
type yields a space-time gradient estimate for a positive solution to a heat-type equation, which when integrated
compares the solution at different points in space and time. We will later apply the maximum principle to obtain a

localized version of the estimates.

3.3.1 Harnack Inequality and Gradient Estimates.

The main result of this subsection is contained in Theorem 3.3.1 and as an application we arrived at Corollary
3.3.3, which gives the corresponding Li-Yau type gradient estimate for all positive solutions to the conjugate heat

equation in the system (3.3.1).

Theorem 3.3.1. Let u € C?1(M x [0,T)]) be a positive solution to the conjugate heat equation T'*u = (—0; —

A 4+ R)u = 0 and the metric g(t) evolve by the Ricci flow in the interval [0,T) on a closed manifold M with
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nonnegative scalar curvature. Suppose further that u = (47‘(7’)7%67]0 , where T = T — 1, then for all points

(x,t) € (M x [0,T1]), we have the Harnack quantity

2
P=2Af—|Vf2P+R-"<0. (3.3.2)
T
Then P evolves as
0 1 2 2 2 4 2
—P=—-AP+2(Vf,VP)+2|R;; + V;V,;f — —gij| +-P+ 7|Vf\2 + 7721 + —R. (3.3.3)
ot T T T T T

forallt > 0. Moreover P < 0 forallt € [0,T].

Note that u = (477) "2 e~/ implies Inu = — f — 2 In(477) and we can write (3.3.2) as
Vul? 2
Vul™ _pue _p 21y, (33.4)
u u T

which is similar to the celebrated Li-Yau [112] gradient estimate for the heat equation on manifold with nonnegative
Ricci curvature.

We need the usual routine computations as in the following;

Lemma 3.3.2. Let (g, f) solve the system (3.3.1) above. Suppose further that u = (4n7)~2e~f witht =T —t.

Then we have

(%+A)Af:2RijViij+A|Vf|2—AR
and
0
(5 + AV =4Ry ViV, f +2(V.VIVF?) +2]VVf]? = 2(Vf,|VR]?).
Proof. By direct calculation
0 0, ;i 0, i » 0
el — 2 (d98:0.F) = — ("), 9.0 —
5t(Af) at(g 9:0; f) 3t(g )0:0;f +g &ajatf

= 2RUO0;f + A(-Af + VP - R+ 1)
= 2RIV, V, f — A(Af) + A|VF? — AR
then,

= 2RV, V;f+ A|Vf|? - AR
Part 1 is proved.
gIVfI2 = 2RY9, 0, f + 2giia.fa.§f
ot v J z Jat
— 2Riiaifajf+2<vf,v(,Af+ \VfP R4 %»

= 2RIV, [V, [ +2(VL.VIV[?) ~ (VL. VAf) — 2V [, VR)
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then,

(% + A)[Vf2 = 2RT0,f0;f + 2V [, VIVSI?) = 2(VF, VAS) = AV, VE) + AV /2

Using the Bochner identity
AIVF2 =2|VVf>+2(Vf,VAf) +2Rc(V f, V)
we obtain the identity in part (2). O

Proof. Proof of Theorem 3.3.1. Since P = 2Af — |V f|?> + R — 22 and by direct computation and using Lemma

3.3.2, we have

(5807 =205 +8)a7 - (G + w5t + (5 - )= ()

= 4RIV, V; f +2A|Vf|? = 2AR — 4Rc(V £,V f) — 2(V f, V|V f|*)
—2IVVf> +2(Vf,VR) + 2AR + 2|Rc|* + i—Z

= ARV, V, f + 2|Rc|* + ii; —2(Vf,VIVS?) +2(Vf, VR)
+2A|Vf|2 —4Rc(Vf,Vf) —2|]VVf|?

= 4RV, V; f + 2|Rc]* + i—z —2(Vf,VIVS?) +2(Vf, VR)
+ A|VF|? = 2Re(Vf,Vf)+2(Vf,VAS)

= 4RV, V; f + 2|Rc]* + i—z +2|VVF12 = 2(VF, VIVF?)
+2(Vf,VR) + 4V [, VAS)

= 4R,V f + 2|Re|® + i—z +2|VVf]2+2(Vf,VP)

2n
=2/Ri; + ViV fI* + =5 + 2(Vf, VP),
By direct computation we notice that

12 2 n
Rij +ViVif = —gij| =|Rij + ViV f* - —(R+Af)+

which implies
2 1 2 4
20Rij + ViV fP + 5 = Q‘RU + ViV = gy +=(R+AP).
Also
2
(R+2Af)+ ;R

2 in 2
P+ Z|Vf?+ = + =R
T T T

%(R—i—Af) =

NN
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Therefore, by putting these together we have

) 1 22 2 dn | 2
~ 4+ A)P=2 P)+2|Ri; + ViV, f — =gij| +=P+=|IVf’+ 5+ =R,
(aﬁ ) (VF.VP) +2|Rij + ViV, f = —gij| + P+ |V + 5 + =R

which proves the evolution equation for P.
To prove that P < 0 for all time ¢ € [0, 7], we know that for small 7, P(7) < 0. We can use the Maximum

principle to conclude this. Notice that by the Perelman’s WW-entropy monotonicity
1
Rij +ViVif = —gij 2 0

and strictly positive except when g(¢) is a shrinking gradient soliton. So our conclusion will follow from a theorem
in [46, Theorem 4].

For completeness we show this; by Cauchy-Schwarz inequality and the fact that R = ¢ R;; and > i 9ij =M

we have
\R-'—s-V»V»f—l 2> l(R+Af_ﬁ)2
17 1 Vy Tglj =0 p
and by definition of P
P+R+|Vf2=2R+Af— §>~
Hence

12 1
2{Rij +ViV,f — —| 2 - (P+ R+ |Vf[*)

Putting the last identity into the evolution equation for P yields

oP 1 2 4
S > AP+ 2AVP V) + —(P+R+ VI +=(P+ R+ |V + =
ot 2n T T
1 2 2
= —AP+2(VP,Vf) + — (P + R+ V> + “0)2 4 =
2n T T
This implies that
oP 1 9 2n.4 2n
=< — - 20y 2
o < AP —-2(VP,Vf) 2n(P+R+|Vf| +7_2) =
Then
P
% < AP —-2(VP, V). (3.3.5)
-

Applying the maximum principle to the evolution equation (3.3.5) yields clearly that P < 0 for all 7, hence, for
allt € [0,7). O

The result here is an improvement on Kuang and Zhang’s [103] since it holds with no assumption on the
curvature. This result can also be compared with those of [45, 44] where they define a general Harnack quantity
for conjugate heat equation and derive its evolution under the Ricci flow. We have the following as an immediate

consequence of the above theorem.
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Corollary 3.3.3. (Harnack Estimates). Let u € C*Y(M x [0,T)) be a positive solution to the conjugate heat
equation T*u = 0 and g(t),t € [0,T) evolve by the Ricci flow on a closed manifold M with nonnegative scalar
curvature R. Then for any points (x1,t1) and (x2,t2) in M x (0,T) such that 0 < t; < to < T, the following

estimate holds
u(x2,t2)
U(IL‘l s tl)

IN

(E)nexp {/01 WP, (T _72)3}, (3.3.6)

T2 2(7’177’2) 2

where 7, =T — t;,i = 1,2 and 7y : [0, 1] is a geodesic curve connecting points x1 and xo in M.

Proof. Let v : [0,1] be a minimizing geodesic connecting points z1 and zo in M such that v(0) = z; and
(1) = zo with |y/(s)| being the length of the vector 7/(s) at time 7(s) = (1 — $)11 + s72, 0< 72 <73 <T.
Define n(s) = Inu(y(s), (1 — )71 + s72). Clearly, n(0) = Inu(x1,¢1) and n(1) = Inu(xe, t2).

Integrating along 7)(s), we obtain

1
0
Inu(xe,ts) —Inu(xy,t) = / (% Inu(v(s), (1 —s)m + srg))ds
0
i.e.,
U($2,t2) 1
1 ( ): nu(~y(t), )] .
e nu(y(t),t)]
By direct computation, we have on the path v(s) that
0 d 0
%77(8) = Inu=Vinu-v(s)+ v Inu
_Vu, '(s) — ug(11 = 72)
u u
Vu (s u
:(7-1_7.2)<7 7() ——t)
T1 — T2 u
From Theorem 3.3.1, we have
NZF Lol gy 2
u
which implies
up 1 2n.  |Vul?
_ < (R
u 2( + T ) 2u?

By this, we have

/ 2
i1nu§(7’1—7'2)(@~ 1) [Vl +1(R+27n))

ds u (11— T2) 2u? 2
(m—72)(Vu_ () \2 (m—m) WGP  (n-7) 2n
o 122(7_(71—72)>+ 122(71—72)2+ 22(R+7)
V()2 () 2n
= 2(m — 1) + 2 (R+7)'

Now integrating with respect to s, from 0 to 1, we have

! PGP () [ TI\"
1 ’ < ds+In (), 33.7
nuoi/o 2(7‘1—7’2)+ 2 /0 Rds + n(Tg) ( )
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exponentiating both sides, we get

u(wa,ta) _ (2)" exp [/01 2Iv’(S)I2 s+ (7 —Tz)R]

u(xy,ty) T2 (11— 72) 2

3.3.2 Localising the Harnack and Gradient Estimate

We establish a localised form of the Harnack and gradient estimates obtained in the last subsection. The main idea
is the application of the Maximum principle on some smooth cut-off function. It was also the basic idea used by
Li and Yau in [112], this type of approach has since become tradition. It has been systematically developed over
the years since the paper of Cheng and Yau [56], see also [132, 154], however our computation is more involved
as the metric is also evolving. This local estimate is desirable to extend our result to the case the manifold is
noncompact [66], for example, in the monotonicity formula and mean value theorem considered in [75] a local
version is needed.

A natural function that will be defined on M is the distance function from a given point, namely, let p € M
and define d(z,p) for all x € M, where dist(-,-) is the geodesic distance. Note that d(x,p) is only Lipschitz
continuous, i.e., everywhere continuously differentiable except on the cut locus of p and on the point where = and

p coincide. It is then easy to see that
|Vd| = ¢"70;d 9;d =1 on M\ {{p} Ucut(p)}.

Let d(z,y,t) be the geodesic distance between x and y with respect to the metric g(t), we define a smooth cut-off

function ¢(x, t) with support in the geodesic cube
Qap,r = {(x,t) € M x (0,T] : d(z,p,t) < 2p},
for any C?-function 1(s) on [0, +00) with

1, s €[0,1],
0, s € [2,+00)
and

12
(<0, UE<or and ) < o

where C, C are absolute constants depending only on the dimension of the manifold, such that

=1

2p,T

w(w»t)=w(d(x’pm) and ¢

We will apply the maximum principle and invoke Calabi’s trick [37] to assume everywhere smoothness of ¢(x, t)
since () is in general Lipschitz. We need Laplacian comparison theorem to do some calculation on ¢(z, t). Here

is the statement of the theorem; Let M be a complete n-dimensional Riemannian manifold whose Ricci curvature
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is bounded from below by Rc > (n — 1)k for some constant & € R. Then the Laplacian of the distance function

satisfies
(n — 1)Vkcot(Vkp), k>0
Ad(z,p) < ¢ (n—1)p7 1, k=0 (3.3.8)
n—l\/Wcoth |k|p), k <O0.

For detail of the Laplacian comparison theorem see [69, Theorem 1.128] or the books [111, 132]. We are now set

to prove the localized version of the gradient estimate for the system (3.3.1).

Theorem 3.3.4. Let u € C*1(M x [0,T)) be a positive solution to the conjugate heat equation T*u = (—0; —
A+ R)u = 0 defined in geodesic cube Qs, T and the metric g(t) evolves by the Ricci flow in the interval [0, T'] on
a closed manifold M with bounded Ricci curvature, say Rc > —K g, for some constant K > 0. Suppose further
that w = (4w1)~3e~/, where T = T — t, then for all points in Qop, 7 We have the following estimate

2 4 1 K 1
|V2| oW _pe_ M )1 4 - f+7+ (3.3.9)
p p p T

where C is an absolute constant depending only on the dimension of the manifold and 6 such that 6 < 4%.

Proof. Recall the evolution equation for the differential Harnack quantity
9 2n
P=2Af—-|Vf*+R—- —,
-

P 1 2 4n 2
ZP>—AP+2(V/,VP) + 2Ry + ViV, f — —gii|> + =P+ — + 2|V f]?,
ot T T T T

using the non negativity of the scalar curvature Multiplying the quantity P by t¢, since ¢ is time-dependent we

have at any point where ¢ # 0 that

10 0P 0Oy P
TaTeP) =g g P
4
( AP 4+ 2(Vf, VP) + P+—”+ |Vf|2)
15] P
+2¢|Rij + ViV, f — gm|2 a—fp—%

~A(pP) +2VpVP +2(Vf VP)o + P(A+ 0
4dn pP 2 1
+ o+ T+ =@|VFI?+20|Ri; + ViV f — —gij*.
T T T
The last equality is due to derivative test on ( P) at the minimum point as obtained in the condition (3.3.12) below.
The approach is to estimate % (T P) at the point where minimum (or maximum) value for (7o P) is attained and

do some analysis at the minimum (or maximum) point. We know that the support of (7@ P)(x,t) is contained in

Qs, % (0,7 since Supp(p) C Qa,,1, where

Qop :=A{(z,t) € M : d(z,p) < 2p}, t=0.
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Now let (z,t9) be a point in Qa, 7 at which (7@ P) attains its minimum value. At this point, we have to assume
that P is positive since if P < 0, we have the same estimate and (7o P) (o, to) < 0 implies (7o P)(x,t) < 0 for
all z € M such that the distance d(z, zg,t) < 2p and the theorem will follow trivially.

Note that at the minimum point (g, to) we have by the derivative test that (0 < ¢ < 1)

9 TeP)(z0,t0) <0 and A(tpP)(xo,t0) > 0. (3.3.10)

V(T(PP)(xU?tO) =0, 8t(

We shall obtain a lower bound for 7o P at this minimum point. Therefore

oP
0> —A(pP) + 2va +2(VF, VP + P(A + O + —

an, (3.3.11)
+e golVf\2+2ga|RU+VVf g”|2

By the argument in (3.3.10) and product rule we have
V(pP)(xo,t0) — PVo(xo,t0) = ¢V P(x0,1t0)
which means ¢V P can always be replaced by — PV . Similarly,
—pAP = —-A(pP)+ PAp + 2VpVP, (3.3.12)

which we have already used before the last inequality. Notice that by direct calculation using product rule

2
Ve [Vl P

VeVP = 22 .V(pP) —

and

Putting the last two equations into (3.3.11) we have
Vo o Vel
0> ~A(pP) +2=2 - V(gP) - 220 P + AV, V(eP)) - AV£. Vo) P
P 4n 1
FPAF e+ 20+ Dot 2oV + 26l Ryy + ViV f — il

By using the argument in (3.3.10)

Vel L eP

0> -2——P—2Vf,Vp)P + P(A+d)p+ —
4 T (3.3.13)

n 1
et ¢|Vf|2+2¢\RZj+vv f- gijP

Observe that for any § > 0,

\Y%
2V ||Vl P = 2<p|Vf|| Al p < sovipp s o] ;'

2(VF||Ve|P < 5o|VfI*P + 6pP? +

2
51|V;D|P (3.3.14)
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and also that

1, n\?2
- N f — Zg?2 > — ).
By + ViV, f = —gil* = —(R+Af = 2)

1
n
It is equally clear that

2 2
P:2Af—|Vf|2+R—7n:2(R+Af—;> —|Vf]2 - R,

which implies

n
(P+|Vf2+R) :Q(Af+R—;).

Therefore

1 @ 2
20| Ri; +ViVif = ~gil* > = (P+ VI +R).

Notice also that

(P+|VfP+ R)(y,s) = (P+ |VFI> + BT = R7)*(y,5)

> L(P+ VI + By, 5) — (B(,5)
> (P VIR (8) - (R (0:9)

2 3P+ 191w, 9) — (5o RO

> (P V1), 5) — 0K,

where we have applied some inequalities, namely; 2(a — b)? > a? — 2b% and (a + b)? > a? + b* with a,b > 0
and a lower bound assumption on Ricci curvature, I2;; > —K, which implies R = —nK = R~ < nkK and
R = —R~. Hence

1
20\Rij + ViVif = ~gy = LP?+ DIV (3.3.15)

Wherever P < 0, we then obtain from (3.3.13) - (3.3.15) that

T

1 2 -1 [Ve|? P
02<%—5>¢P +{(6 —2)7+(A+8t)tp+ P

1 4 2 5 4n
— (0= 2 )elVHI + ZelV I+ S5,

using the inequality of the form m|Vf[* — n|Vf|> > —2 and multiplying by ¢ again (¢ # 0), we have a

4m

quadratic polynomial in (¢ P) which we use to bound (¢ P) in the following

(ﬁ — 5)@13)2 + {(5—1 - 2)??2 + (A +0)p + f}wm

(3.3.16)

4n 1 9
S <0.
72(1—4n6 1)90 =0
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Note that if there is a number x € R satisfying inequality pz? 4+ gz + r < 0, when p > 0,¢ > 0 and r < 0, then
¢*> — 4pr > 0 and we then have the bounds
A e LA VA et Ui
2p - 2p ’

which clearly implies

o Vi T BV 7

p p
Now, choosing ¢ such that § < ﬁ and denoting

v 2
Z=("1— 2)5' (A ),

we obtain

TopP > —

4an
1_46n{TOZ+<p+4<p\/5n}.

Moreover, since 7o < 7 < T'and 0 < ¢ < 1, we have

TP >

n
- Z+1+Cs}
1—45n{T TGy
where C3 depends on n and 4. It remains to estimate Z via appropriate choice of a cut function ¢ : M x [0,T] —

Vol
©

[0, 1] such that %gp, Ay and have appropriate upper bounds. The main difficulty with this kind of approach
lies in the fact that for any cut-off function, one gets different kind of estimates and therefore the cut-off function
in use must be chosen so related to the result one is looking for.

Define a C?-function 0 < ¢ < 1, on [0, 00) satisfying
! |’lpl|2 12
P'(s) <0, TSCI and 9" (s)| < Ca

and define ¢ by : )
d(z,xg,t
ol t) = p(Z0)

and we have the following after some computations

Vel? _ [0 [Vd? _ Co
© pre T p?’

and by the Laplacian comparison Theorem (3.3.8) we have

'‘Ad VA2 C C
Ap=Y +1’/}|2‘ < K+ 2
p p p p

Next is to estimate time derivative of (: consider a fixed smooth path v : [a,b] — M whose length at time ¢ is

given by d(vy) = f: |7 (t)|g(t)dr, where r is the arc length. Differentiating we get
0 I -1 dg
2 S
s =3 [

!
t -
7()g(t)at

(@17 0)dr = [ Rete.g)ar
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where ¢ is the unit tangent vector to the path . For detail see [68, Lemma 3.11]. Now

512 =¥ (5) ) =v/ (7)1 [ Rete(s) sty
< V?W{,

Therefore

/
7<2 O yR YoOg &2
P p p?

where C’, depends on n and 0. Hence

4 1 1 K K 1
P > n { +C’(,02+\pr++>},

1—40n) T p T

where C' = max{C, Cs, C3}. The required estimate follows since both minimum and maximum points for (¢P)

are contained in the cube Qs 7. O

3.4 Dual Entropy Formulae and the Gradient Estimates.

By now it is well known that entropy monotonicity formulas are closely related to the gradient estimate for the heat
equation (forward or backward). Perelman’s VV-entropy formula and Li-Yau gradient estimates are ones of several
examples. Lei Ni [122] has considered this case for heat equation defined on a static manifold with nonnegative
Ricci curvature. This section is fashioned after his paper but can be considered as a generalisation of some of
his results in the paper. We introduce a family of dual entropy formula, dual in the sense that it generalises Ni’s
entropy formula for the forward heat equation on the one hand and also generalises Perelman’s JV-entropy for the

adjoint heat equation on the other hand.

3.4.1 Gradient Estimates for Heat Equation on Static Manifold.

In this subsection, we will use dV'(x) instead of our usual notation dj4(;) of the volume form to indicate that
volume is kept fixed throughout the time of evolution for the heat equation on a closed n-dimensional manifold
(M, g(t)).

Let u = u(z,t) be a positive solution to the heat equation T'u(x,t) = 0, i.e.,

(2~ 8)ute. =0 (3.4.1)

Let f : M x (0,T] — R be smoothly defined as u = (47t)~ 2 e~/ with [, u(x,t)dV (z) = 1. We introduce
a generalized family of entropy by
neg} et

4] (4mt)®

47

W.(f,t) = /M [%wfﬁ rft gm (?2) Vi), (3.4.2)

where 0 < €2 < 4.
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Throughout, we impose the condition of nonnegativity on the Ricci curvature of the underlying manifold
(M, g(t)). We remark that if €2 = 47, we recover the Perelman’s entropy as in the special case considered by Ni in
[122]. From this entropy formula we later derive the corresponding differential inequality and gradient estimate for
the fundamental solution, which in fact, holds for all positive solutions to the heat equation. The same entropy is
used to examine the surprising relation that exists between the entropy formula for heat equation and the conjugate

heat equation under the Ricci flow in the subsection after this.

Lemma 3.4.1. Let u = (47t)~ 3 e~/ be a positive solution to the heat equation T'u = 0 on a closed Riemannian

manifold M. Then

(0 — A)VF]? = =215 =2V, VIVFP) = 2R;; fif; (3.4.3)
and
(0 = A)(AS) = =2f5 = 2V[,VIVI?) =2V, VO f) = 2Ri; fif;. (3.4.4)
Moreover, if w = 2Af — |V f|?, then
(0 — Ayw = =2f% — 2Ry fi f; — 2(Vw, V f). (3.4.5)
Proof. The proof follows from direct calculation as we did in Lemma 3.3.2. O

From this generalized entropy formula, we will derive the corresponding differential Harnack inequality for
the fundamental solution to the heat equation on a static manifold. We remark that Kuang and Zhang [103] have a

result in this direction, it is stated here below

Theorem 3.4.2. ([103].) Let M be a closed Riemannian manifold with nonnegative Ricci curvature. Let u be the

fundamental solution to the heat equation with f = —Inu — 3 In(4rt), we have
taAf — |V2) + f — ag <0 (3.4.6)
for any constant o > 1.

Indeed, if o = 2, this is exactly the differential inequality
tRAf = V) +f-n<0

proved in [122]. Dividing through by « - ¢, with « > 1 and ¢ > 0, we obtain

V2 f n
Af= % MRV T
as t — oo, which is precisely the Li-Yau gradient estimate. For o > 2, the gradient estimate is an interpolation
of Perelman’s estimate and Li-Yau estimate. For 1 < a < 2, it is considered in [103], they remark that it can’t
be obtained directly from Perelman’s gradient estimate and Li-Yau estimate. In Euclidean space R", if w is the

fundamental solution to the heat equation then (3.4.6) becomes an equality.
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Proposition 3.4.3. Let M be any closed manifold, v = (4wt)~=e~7, any positive solution to the heat equation
T'u = (0y — A)u=00n M x (0.T]. Denoting

PE:%(2Af—|Vf|2) +f+gln<i—7;) —Z—i, (3.4.7)
where 0 < €2 < 4. Then
(0 — A)P. < —7( fij - ‘ng + Rigfif;) = 2AVP. V) - (1~ %)Nﬂ? (34.8)
Proof. Here we write
Since f = —Inu — §In(4nt), taking u = e=f implies f = f, 5 In(47t). we notice also that V:fv = Vf,

Af=Afand fij = fij, then (8, — A)f = —|V[? - &.
Now by direct differentiation and application of Lemma 3.4.1, we have the following computation

2

08P = 0 - Ayt w0 - A+ 2 (B (4) ")

€%t n

= (- af 2Ry fify — 2Tw,9N) + AT VI - VI L

et 9 2mm €2 9 et 9
C(—2E - S —2Ruhidy) + - (AF = VD) - AV, V) - [V

Notice that

2 ~
2<Zvaw’ Vf)=2((VP.— [),Vf) =2(VP,Vf) = 2|Vf

Then we have

2 2
0 - 0P < 2 (124 B0 BTN LR LE) - 2AVRLV) 4 (VSR (VS

4 \"Y €2 ¢2
22t ﬁ € 9
=~ ( fij — o Jii + Rijfifj) - 2(VP,Vf)— (1 - E)Wﬂ .

O

Theorem 3.4.4. Let M be a closed Riemannian manifold. Assume that v = (4mt)~% e~/ is a positive solution to
the heat equation Tu = (0; — A)u = 0, then, we have the following monotonicity formula for W (f,t) defined in
(3.4.2)

d _ \/> 62 2 e_f
with (f,t) satisfying
67f
—d = 4.
/M (47rt)7 V(:E) 1 (3.4.10)

and 0 < €2 < 4.
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Proof. Combining Proposition 3.4.3 with the fact that I'u = 0 and uV f = —Vu, we have
(0r — A)(Peu) = (0y — A)P. - u+ P.(0; — A)u — 2(VP., Vu)
_ ﬁ( il
27

2
fij — o Y +Rz’jfifj)u —2(VP,Vfiu
(1-S)wsr
—(1- —>|Vf| u—2(V P, Vu).
47

Integrating over M, we have

2

/M P — /M [%(w ~|VSP) 4 4 g (g) =2 Juav(z)

2

- [ [ ()

4T
2€%t
+ 5 [ (A= VPV ()
47 M
= We(fa t)v
in the sense that the second integral in the RHS vanishes on a closed manifold since (Af — |V f|?)u = —Au.
Therefore
d 0
wirty=2 | Pudv
W0 = g [ Puavia)

- /M (%Pe u+ PE%u)dV(x)

- / [(Ek — A)P.u+ Pe(0, — A)U} v (z)
M

_ / (0 — A)P. udV (),
M

where we have used integration by parts and 'u = 0. Using the evolution (0; — A) P. from Proposition 3.4.3, we
get the desired result. Moreover, if the manifold has nonnegative Ricci curvature, i.e, [2;; > 0, it becomes obvious

from (3.4.9) that AW, /dt < 0. O

The monotonicity formula above may be viewed as a local version of the one discussed about in Chapter 2 of
this thesis, (i.e., Perelman’s WW-entropy formula). In what follows, we want to show that the local entropy satisfies
a pointwise differential inequality for the heat kernel. We have the following fashioned after [122, Theorem 1.2]

with the proof follows from the argument of [118, Proposition 3.6].

Theorem 3.4.5. Let M be a closed manifold with nonnegative Ricci curvature and H (z,y,t) = H = (4nt)"5e~/
be the heat kernel, where H tends to a é-function as t — 0 and satisfies | o HdV (x) = 1. Then for all t > 0, we

have
P—ﬁ(2Af—|Vf\2>+f+ﬁln(4—7r>—E<0 (34.11)
¢ 4rx 2 €2 - o
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Proof. Let h be any compactly supported smooth function for all ¢y > 0. Suppose h(-, 1) is a positive solution to
the backward heat equation (0; + A)h = 0, (This is Perelman’s argument in [126, Corollary 9.3]), then, it is clear
that % / o HhdV = 0 and we have by direct calculation that

o /M hP.HAV (x) = /M [0uh(PoE) + hou (P aV ()
= / [(& + A)W(P.H) + h(8; — A)PEH)] dV(z)
M
_ / 1o, — A)P.HAV ()

0.

IN

The inequality is due to Theorem 3.4.4 since R;; > 0. We are left to showing that for everywhere posit-
ive function h(-,t), the limit of [, hP.HdV (x) is nonpositive as ¢ — 0. We assume the claim apriori (i.e,
limy o [,, hP.HdV = 0) and conclude the result.

For completeness, we devote the next effort to justifying the claim

lim hP.HdV <0. (3.4.12)
M

t—0

Our argument follows from [118], for detail see [122, 124, 126], the calculation in [103] is also similar. If H tends

to a dirac o-function, say at a point p € M, for ¢ — 0, then f satisfies f(z,t) — @ (f;t’ 2) This is in relation to I-
length of Perelman. ' This yields
d2
lim [ fRHAV < limsup / EW2) ) gy — 2 h(p,0). (3.4.13)
t—=0 /s t—0 M 4t 2

Meanwhile, by the strong Maximum principle we have h(z,0) > 0 and lim;_q || 2 hHAV = h(z,0), hence
by scaling argument, we assume that 2(z,0) = 1. All these will soon become clearer. Rewriting P. and using

integrating by parts methods (namely, [, (Af — |V f|*)hHdV'), we have
€%t 9 M €%t
P.hHAV = —(Vf|* = =)hHdAV — — | (Vf,Vh)HdV

o a5 (5) -] [

Though, the H appearing in the last equation is actually the heat kernel on an evolving manifold in Ni’s result
[124] while h satisfies the forward heat equation, his argument still holds in our case, we only need the asymptotic
behaviour of heat kernel on a fixed metric. We should also note that since h(-, %) is compactly supported and
by strong maximum principle we have h(-, o), |Vh(-,to)| and |Ah(-, to)| bounded on M. This implies that there

exists a bounded solution A(-, ). >

2
Isee also remark after Corollary 4.3 of [118]. If M = R™ and p = O is the origin, we have I(z,t) = % and so u(z,t) =

(47rt)7%e_l(x’t) is not only a lower bound to the heat kernel (which is true on every closed manifold M with Rc > 0) but it is in fact
equal to the kernel. This is the only case where I(z,t) = f(z, ).
2 A solution given by the representation formula through the heat kernel to the backward heat equation is such a solution)
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It turns out that we need to show that there exists a constant B > 0 which may depend on the geometry of the
underlying manifold and independent of ¢ as t — 0, such that [, P.hHdV < B(n).

Now we claim that the first two terms on the right hand side of the last equation vanish as ¢ — 0, we can see
this in the following argument. By integration by parts and the fact that VH = —HV f, we have

—t/ (Vf,VRYHIV = t/ (VH,VhYdV = —t [ HARdV
M M M

is bounded since |Ah| is bounded as stated earlier. Thus, the second term is bounded and goes to zero as ¢t — 0.

we need a bound of Li-Yau type to obtain a bound for the first term |V f 2, (Cf[55]), Here below is the statement

of the result (see [65, Corollary 16.23] and Souplet and Zhang [133]).

Lemma 3.4.6. [65, Corollary 16.23] On a complete Riemannian Manifold (M, g) with nonnegative Ricci curvature,

the following estimate holds for the gradient of the heat kernel H(x,y,t) and all 6 > 0,

\VH|> 2H d*(z,y)
< — 4.
oS (B0 (4—6)t) (34.14)
forall z,yin M andt > 0.
By the above we have for the heat kernel in the present case that
& (x,y)
t ?<2(B(n,6 : 3.4.15
[ Vi <2(Bs) + ). (34.15)

which is also clearly seen to be bounded from above as ¢ — 0 by the justification of asymptotic behaviour of the
heat kernel. > We have now reduced the analysis to

lim [ P.RHAV < limsup / (f+ %)thv, (3.4.16)
M

t—=0 Jor t—0

where ¢ = ln(g) - %. For simplicity, we can choose € such that €2 — 47 as t — 0 so that the whole problem is

reduced to finding

lim ( = ﬁ) hHAV. (3.4.17)
M 2

t—0

Using the asymptotic behaviour of the heat kernel, i.e, f ~ ‘i—z as t — 0. Recall (Cf. [80, 116, 124])ast — 0

_n d2 €, > .
Ha,9,0) ~ (1) % exp (TED) S )80 = wna,,)
j=o

where d?(x, ) is the distance function and wy,(x, y, t) satisfies uniformly for all x,y € M

wg(z,y,t) = O(tkﬂ_% exp (%))

3Better still the first term can be written as

2t n €2t n
—VQ——thV:—/A——thV:
/M (ViR - o) = ar-5

T

2 [ |VH]? AH
€—/(' o AH gy,
A7 M H2 h 2t

where the last integrand is known to be nonpositive for all ¢ by the Li-Yau gradient estimate.
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and ¢ is just a number depending only on the geometry of (M, g). The function can be chosen such that ug(x, y,0) =
1. Though the above asymptotic result does not require any curvature assumption, a result due to Cheeger and Yau

[55] states that on manifold with nonnegative Ricci curvature (which is our case), the heat kernel satisfies

2
H(x,y,t) > (47rt)7% exp (%t’y))
which implies
d*(z,y)
< .
flz,t) < "

Therefore

i | (f - g)thv <lim | (dz(x’y) _ ﬁ)h(y,t)H(x,y,t)dV(y)

t—0 4t 2
dQ(SL‘, y> n e—dz(;c,y)/4t
=1 — = | —————H(y,t)dV (y).
$50 M( 4t 2) (4rt)2 (5 )dV(y)

It is easy to see that for any § > 0, the integration of the above integrand in the domain d(z,y) < § converges
to zero exponentially fast. Therefore
—d?(z.y)

d2 1t
(z,y) Q) 6(47#)% h(y, )dV (3). (3.4.18)

n
i ( —f)thV<1' (
) A SIS s a2

Whenever ¢ is chosen sufficiently small, d(x, y) is asymptotically sufficiently close to the Euclidean distance.

By standard approximation, we have

—lz—y|?
. n . |:cfy|2 n\e 4t
) < s . .
o (f z)thV—%ﬂ% d(w)g( m 2) T ERAK (3.4.19)

where h,, is the pullback of (-, 0) to the Euclidean space from the region d(z,y) < é.

Splitting the last integrand as in [103] we are left with

Ce—y|2
Tyl nye T

n e at
. n _ . n
i (f 2)thV < hp(z) limy o ( 4t 2) (4rt)% v (y)

lyl2
_ : lyl> e~ n
= () iy /IR ( At (4m)%)dv(y) gt

The last equality is due to convolution properties of the heat kernel. Lastly we show that the RHS evaluates to 0.

Recall, using standard Gauss integral, that
o0 o0 — —
foeesrayn [ a7 o)™ =55 () = ()
n oo o 2\ a? a 20\\ o/ ’
so that we have

y|2

2 e~ n o 12
/n Oﬂf(mﬁ)dv(” - (477115)3 47:(/ gl dy)(/

— 00 — 00

oo

1 2 n—1
—1y .
e dy) =,

by taking oo = 1/4¢ in the above. We can then conclude the claim. O
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3.4.2 Differential Harnack Estimates for the Heat Kernel

The following differential Harnack quantity for linear heat equation on static manifold follows immediately as an

application of the results in the last subsection.

Corollary 3.4.7. Let M be a closed manifold with curvature bounded from below by Rc > 0. Then we have

2t 4 2
6—(2Af—|Vf|2) —l—f—|—2<ln (i) € )<0 (3.4.20)
4 2 €2 2m
where f = —In(4nt)> H and H is the positive minimal solution to the heat equation

(%—A ) (z,y,t) =0.

Remark 3.4.8. Note that the quantity 2A f — |V f|? can be expressed as W"l % in terms of u, which is similar

to Li-Yau gradient estimate [112] on a manifold with nonnegative Ricci curvature, “* — Iv"' + 57 = 0. This is
equivalent to the differential Harnack inequality 2tAf < n, where f = — In(4xt) = u, which can be regarded as
a generalized Laplacian comparison theorem in space for Heat kernel on M.
However, we have from (3.4.20) that
nre 4m
f< 3 {g —In 67} T(2Af V%)
Sqi_mﬁq_éagqi_mﬂ}

227 €2 81 2 L4r €2

Define
Q(z,t) = ;tf(amt) (3.4.21)

€2 €2 ne2 1 e 47
(0 = D)@, 1) =~ fla,t) + 10~ A)f < G| ]

e (3.4.22)

Still as e = 2./ we recover Ni’s generalized Laplacian.

From Corollary 3.4.7, we have the differential Harnack inequality as follows

et n 4 €2
A=) sy (n(F) - 50) <
477( F=IVIF) +f+ o\ e 2m 0-
Multiplying through by — Tt’ we have
nmw 4 €
ar - () - £) 20
U |Vf| 2t 2\ e 2w/

27 n 4
_Af+7|Vf|2 Sl 4o €2t1 (6 )>o.

Recall that (0, — A)H = 0 implies Af = 0,f + |Vf|2 + 3;, then we have

1 9 nmw 47
Y 2 e ()
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s gIoA s~ ()
= _%(f-k gln (g))

From the Young’s inequality we have on the path y(t) (v(¢) : [¢1,t2] is a minimizing geodesic connecting points

x1 and x5 such that y(t1) = z1 and y(t2) = x2)

L FO0)1) = 00 + (V. (1)
<0 + VI + S 0P
1, 2m n 4m
=30 -F(r+350(3))

€2t

since we have from (3.4.20) that

n /€2 4
<Dy 7)
f_2<47r e )

inserting this quantity in the above inequality gives the following Harnack Estimates

n

S0, < S OF - T

: (3.4.23)

After the usual integration of (3.4.23) and exponentiation we have the following

Corollary 3.4.9. With the notation and assumption of Corollary 3.4.7, we have the following differential Harnack

estimates

Mrnte) o () e L[ o par] (3.4.24)

u(xy,t1) ~ \to 2 Jy,
Remark 3.4.10. If M is a closed manifold with nonnegative Ricci curvature and v = (4nt)~ e~/ is the heat
kernel on M. Then W.(f,to) > 0 for some to > 0, if and only if M is isometric to Euclidean space R™. Recall
that we have obtained that W, (f,t) < 0 and W,(f,t) < 0 which in turn imply that we must have We(f,t) =0

for 0 <t < tg. Forinstance, in the case ¢ = 2./, we have

1 1
| fij — %91j|2 =0 and fij — 5,9i; = 0.

Taking the trace of the above yields
tAf — g — 0. (3.4.25)

Because f(x,t) = f(z,t) = %fort small, we have limy_,o 4t f = d?(p, x). Hence (3.4.25) implies that
Ad*(p, ) = 2n (3.4.26)
so that we can get for the area Ay (r) of 0B, (r) and the volume V,(r) of the ball By, (), the following quotient

Ap(r) _n

Vo(r) 7

This shows that V,,(r) is exactly the same as the volume function of Euclidean balls.
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This argument shows that the Li-Yau Harnack inequality, which is equivalent to 2tAf — n < 0 for u =
(47t)~= e~ becomes an equality if and only if the manifold M with Rc > 0 is isometric to R"™ and u is precisely
the heat kernel. If t = % and M = R", the inequality W.(f,to) > 0 for €2 = 4, is equivalent to

1 n
/ (GIVI2+f =n)@m)teTav =0 (3.4.27)
for all f with the condition [,,(2m)"2e~fdV = 1.

The above implies a sharp (Gross) logarithmic Sobolev inequality on R™. For details about logarithmic-Sobolev
inequalities see for instance [83, 134, 152]. In the same vein our dual entropy also yields a version of logarithmic

Sobolev inequality. (This will be discussed in Chapter 4).

Remark 3.4.11. Note that f;; — gg”‘ >0 = Af> "‘F which in turns —> 14

Ut
u? u = et

It turns out that W,(f, t) being finite with u being the heat kernel, also has strong topological and geometric
consequences. For instance, in the case M has nonnegative curvature, it implies that M has finite fundamental
group. In fact one can show that M is of maximum volume growth if and only if the entropy W, (f, t) is uniformly
bounded for all ¢ > 0, where u is the heat kernel. This analogy was originally discovered in [126] for ancient
solution to the Ricci flow with bounded nonnegative curvature, where Perelman claims that ancient solution to the
Ricci flow with nonnegative curvature operator is k-noncollapsed if and only if the entropy is uniformly bounded
for any fundamental solution to the conjugate heat equation.

Lastly, in this subsection we make some comment to show how sharp the dual entropy is for the heat equation.

Recall

47 ne
_ 2 = ) - =
we(f,t)_/M[ VIR s+ () - | Hav (3.4.28)
with f = —In(47t)2 H and [,, HdV =1and 0 < * < 4.
Rewrite W,(f,t) as
€2 9 € 4 [
We(f,t)=— | tIVfF+f—-n)HAV+(1—-—) fHAV + — ln — | HdV. (3.4.29)
A Ar " m €& Jm

Hence, we have the following

Proposition 3.4.12. For(0 < €2 < 4x, f = —In(47t)> H with Sy HAV = 1, we have the following monotonicity

formula on a manifold with nonnegative Ricci curvature;
d €? 1 5
We(f.1) < —o.t (\fij - 52 9ijI" + Rijfifj)HdV. (3.4.30)

Proof. The proof follows from a straight forward computation on W, using the idea of [122, Theorem 1.1].

e 0

W) =

(/ t|Vf|2+f—n)HdV+(1—i)§t(/M fHdv). (3.4.31)
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We are only left to justify the non-positivity of % ( I} ulH dV) . Then we have by integration by parts

;)t(/MfHdV) :/M (%fHJrf%H)dV

_ /M (%fH—i—fAH—i—f(% ~ A)H)dv

:/M (%+A)fﬂdv
— [ @ar-19sP - JyHav.
M

where we have used the facts that (% —A)H =0and %f = Af—|Vf|*— 2. Taking f = —In((47t)2 H, then

the integrand in the RHS of the last equality becomes

o N IVH> 2AH n
Af — |V - = - — — < 4.
28 = V] 2t H? H 2t 0, (3.4.32)

which is precisely the Li-Yau Harnack inequality since we are on nonnegative Ricci curvature manifold. Hence

our claim. O

3.4.3 Generalization of VV.-Entropy for Conjugate Heat Equation.

Here, we have a family of entropy formula for the conjugate heat equation on manifold evolving by the Ricci flow
forward in time.

- €T 9 nez  n 4m e’
Welg, f,7) = /M {E(RJF IVfI7)+f— I + 5111 (67)} wdﬂ» (3.4.33)

where 7 = T — ¢ > 0 and R = R(x,t) is the scalar curvature. Let u = u(z,t) be a positive solution to the

conjugate heat equation on a complete compact manifold with metric g = g(z, t) evolving by the Ricci flow. If

e’ =1
= oy t‘ ) — =
u (dnr)? satisfies /M CoE m

then

IMu=(-0:—A+Ru=0 (3.4.34)
and the following

Theorem 3.4.13. Let (M,g(t)),t € [0,T) be a solution of the Ricci flow 0yg;j = —2R;;(g). Let u : M X
[0,T) — (0,00) solves the conjugate heat equation (—0; — A + R)u = 0. The entropy functional W(g, f,T) is

nondecreasing by the formula

L )>€27/ ‘R--+f--—i udp >0 (3.4.35)
dt e\g,J,T) = o1 " 2] vy 27_9” Kz s

for( < €2 < 4.
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Proof. The entropy functional can be rewritten as

€? 9 €2 n. 4w
Welg, f,7) = pom /M (T(R+ IVF?)+ f — n)ud,u +(1— E) /M fudp + 3 In = (3.4.36)
By direct computation we obtain
€ 0 9 e 0
%w (g, f,7) = Eﬁ(/M [F(R+ IV f2) + f — n]udn) +(1_E)§(/M fudp).  (437)

Recall the quantity v defined in (3.2.7) by v = [7(2Af — |V f|> + R) + f — n]u and that it satisfies the conjugate
heat equation as in the following

1
v = —27|Ri; + fij — g”|2 u. (3.4.38)

It is then clear that equation (3.4.37) is reduced to

%We(g, for) = igt(/M v du) (- i)gt(/M fud,u). (3.4.39)

The problem is now reduced to evaluating the second integral on the RHS of the above equation (3.4.39), since we
already know that

%( /M " du) - /M —Tvdp. (3.4.40)

Therefore we compute
a(/Mfud;O :/ ( fU+f*U—RfU)dH
- /M (= A7 +IVI = Rt o= Jud
f(—=Au+ Ru)dp — / Rfudp
M M
= | onf Vit [ (G-~ Rudp,

where we have used integration by parts on — [, A fu = — [, fAu. Rearranging the above we have

gt(/ f“d/‘) /M(—R—QAHIVfIZ)udqu%/Mudﬂ

- /m+Wﬂmw+;
M

= —J_—. D —
* 27"
where 7 = [, (R+ |V f|*)udy is the Perelman’s energy functional introduced in [126], which we have discussed

in Chapter 2 of this thesis. We however claim that

0 n
§</M fudu) = -Ft 520 (3.4.41)

By this claim and putting together equations (3.4.38), (3.4.39), (3.4.40) and (3.4.41), we have

@W (9, f,7) > 2 / ’Rw+f” 5= uduzo.
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This has proved the theorem. Next is to justify the claim (3.4.41) above. Recall from Chapter 2 the evolution of F
d 2
a}—(g, =2 [ |Rij+ fij|7udp. (3.4.42)
M
Straightforward analysis, using elementary inequality and Cauchy-Schwarz inequality gives

|Rij + fi|* > —(R+ Af)? (3.4.43)

1
/}R+—Afﬁmus;(/}R4—Affudu)5(/}mu)a

(/w+Aﬂw@2§/m+An%@.

Hence by (3.4.42) and (3.4.43), we obtain

so that

therefore

d 2
—F > f/ (R+ Af)?udp. (3.4.44)
dt n M
‘We can then solve
d
—F > =72, F>0
dt n
This implies
dF _ 2
- > —dt
n
N 1T>2(T t):>1 1>2:>1>2+1
—= — (1" — — = = = —T — 2 T+ =
Flt ™ n F(t) (T) —n Fit) —n (T)
From here we can conclude as follows
(i). Suppose F(T') > 0, then
1 2 n
— > F(t) < —.
Fit) — n e ()_27'
(ii). Suppose F(T) < 0, then F(t) < 0 < 2 forall t € [0,T), since we know that £F > 0.
Hence
F(t) < % forte|0,T),

which proves the claim (3.4.41). O
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Chapter 4

Bounds on the Conjugate Heat Kernel

under Ricci Flow

4.1 Introduction

Let M be a compact Riemannian manifold endowed with metric g(z,t) evolving by the Ricci flow in the
interval 0 < ¢ < T, T is taken to be the maximum time of existence for the Ricci flow. Let u(x,t) be a

positive solution to the conjugate heat equation on M x [0, T, we consider the following coupled system

8tgij(l‘,t) = 72Rz‘j(I7t), (l’,t) e M X [O,T],
“4.1.1)
(=0 — A+ R(x,t))u(x,t) =0, (x,t) € M x [0,T],

where R;;(z,t) is the Ricci curvature of the the metric g(t), its metric trace is called scalar curvature, denoted by
R(z,t) and A is the usual Laplace-Beltrami operator depending on the metric. We obtain several upper bounds
for the fundamental solution (Heat kernel) to the conjugate heat equation defined on a compact manifold whose
metric is evolving by the forward Ricci flow. The system above is associated to Perelman’s monotonicity formula
which has been proven to be of fundamental importance in the analysis of Ricci flow. Perelman [126] proved a
lower bound for the heat kernel satisfying the above heat equation with application of the maximum principle and
his reduced distance, an outstanding feature of the estimate is that it does not require explicit assumption on metric
curvature, the information is being embedded in the reduced distance. In the present too, the bound obtained
in the first part of this chapter needs no explicit curvature assumptions, it rather depends on the Zhang-Ricci-
Sobolev constant [157], which in turn depends on the best constant in the usual Sobolev embedding controlled by
the infimum of the Ricci curvature and the injectivity radius of the underlying manifold. The motivation for this

was Q. Zhang’s result in [156], where he obtained upper bounds for conjugate heat kernel under backward Ricci
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flow, such bounds depend on Yamabe constant or Euclidean Sobolev embedding constant. He further showed that
this type of heat kernel upper bounds are proper extension of an on-diagonal upper bound in the case of a fixed

manifold, where one obtains a bound of the form

1
CEEE

with C(n) > 0 depending on n for all ¢ > s and z,y € M. We also give a special case of weakly positive scalar

F(z,t;y,s) < C(n) max{

curvature to support the above assertion. Recently, M. Bailesteanu [7] has adopted Zhang’s approach to obtain
similar estimate for the fundamental solution of the heat equation coupled to Ricci flow. Our calculation is based
on the ideas of both papers cited above. We remark that the similarity in our results is a justification of the fact that
heat diffusion on a bounded geometry with either static or evolving metric behaves like heat diffusion in Euclidean
space, many a times, their estimates even coincide. A result of Cheeger and Yau [55] has revealed that the heat
kernel of a complete manifold with bounded Ricci curvature can be compared with that of the space form whose
curvature determines the lower bound for the manifold’s Ricci curvature. In the second part of this chapter, sharp
upper estimates arising from the monotonicity of an entropy formula are obtained. The main ingredients used here
are logarithmic Sobolev inequalities and ultracontractivity property of the conjugate heat semigroup. It is well
known that Gross logarithmic Sobolev inequality [83] is equivalent to Nelson’s hypercontractive inequality [121],
both of which may imply ultracontractivity of the heat semigroup. (See [71, 72, 107, 152]). These results will
appear in [2].

In practice, the Ricci flow deforms and smoothens out irregularities in the metric to give a “nicer” form and
thus, provides useful geometric and topological information on the manifold. The metric is bounded under the
Ricci flow and nonnegativity of curvature operator is preserved during the flow. (Cf. [64, 68, 69] for more on this
and detail of geometric and analytic aspect of the Ricci flow). For example, the evolution of scalar curvature is
governed by the following differential inequality, since |Rc|? > %R2,

0 2
ZR>A Z R
8tR_ R+nR

Suppose R(gog) > p, we can use maximum principle by comparing solution of the above inequality with that of

the following ODE

do(t) 2 2
dt n(¢(t)) 4.1.2)
¢(0) = p,
solving
a - 1
Therefore
RG®) 2 6() = 5. 4.1.3)
P

Coupling Ricci flow to the heat equation can be associated with some physical interpretation in terms of heat con-

duction process. Precisely, the manifold M with initial metric g(x, 0) can be thought of as having the temperature
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distribution u(z, 0) at ¢ = 0. If we now allow the manifold to evolve under the Ricci flow and simultaneously allow
the heat to diffuse on M, then, the solution u(x, t) will represent the space-time temperature on M. Moreover, if
u(x, t) approaches J-function at the initial time, we know that w(z,¢) > 0, this gives another physical interpret-

ation that temperature is always positive, whence we can consider the potential f = logu as an entropy or unit

|Vul?
u2

mass of heat supplied and the local production entropy is given by |V f|? =

Suffice to say that heat kernel
governs the evolution of temperature on a manifold with certain amount of heat energy prescribed at the initial
time.

We denote the fundamental solution to the conjugate heat equation by F(z,7;y,0) € (M x [0,T] x M x

[0,T], R). We now give a formal definition and some important properties of conjugate heat kernel.
Definition 4.1.1. We say that F(x, 73y, o) is a fundamental solution to the adjoint heat equation centred at (y, o)
forz,y € M,o < 1 €[0,T), if it satisfies the following system
(=0 — Az,ry + R(z, 7)) F(2,759,0) =0
(4.1.4)
lim Fz,7:9.0) = 6, (z)
forany x € M.
Thus, F(x,7;y, o) is the unique minimal positive solution to the equation which from henceforth we refer to
as conjugate heat kernel.

Lemma 4.1.2. The conjugate heat kernel satisfies the following properties.

L [y Fx,tyy,s)du(g(z,t) =1
2. F(z,t;9,0) = [,, F(x,t; z, %)F(z, %; y,0)du(g(z, %)) by the semigroup property (see Appendix B.4).

3. F(x,t;y, s) is also the fundamental solution to the heat equation in (y, s)-variables i.e,
(0s — Agy,s)) F(z,t;y,8) =0
(4.1.5)
lim F(z, £y, 5) = 02 (y)-
4. [y Fla,ty, s)dp(g(y, s)) < 1.
Other important properties of heat kernel such as existence, uniqueness, smoothness, symmetry have been

studied by many authors, C. Guenther in [85] and Garofalo and Lanconelli in [80] for examples.

4.2 Pointwise Upper Bound with Sobolev Inequality

In this section, we prove an upper estimate on the conjugate heat kernel of the manifold evolving by the Ricci flow,

it turns out that the estimate depends on the best constants in Sobolev inequality for the Ricci flow due to Q. Zhang
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in [157] and the bound on the scalar curvature. The main result of this section is the following

Theorem 4.2.1. Let (M, g(x,t)),t € [0,T] be a solution to the Ricci flow withn > 3 and F(z,t;y, s) be the
fundamental solution to the conjugate heat equation (conjugate heat kernel under Ricci flow). Then for a constant

C,, depending on n only, the following estimate holds

F(z,t;y,s) < Cn 4.2.1)

- 1
tts 2 P(7) s e 2P
<fs T amamdr Jue Amd7>

2

s
for0 < s <t < T, where a(1) = %, R(go) > p being the infimum of the scalar curvature taken

at the initial time, P(t) = ft(B(T)A_l(T) — 3¢(7))dr, with A(t) and B(t) being positive constants in the

S

Zhang-Ricci-Sobolev inequality and ¢(t) is the lower bound for the scalar curvature.

As we mentioned earlier the approach requires no explicit condition on the curvature, and in a special case
where the scalar curvature is nonnegative at the starting time of the flow, one obtains a bound similar to the one in
the fixed metric case. Hence, the usefulness of this technique cannot be overemphasized, as it connects an analytic

invariant (the best constant in the Euclidean Sobolev imbedding ) to the geometry of the manifold M.

Corollary 4.2.2. Let the assumptions of the above theorem hold. Suppose further that the scalar curvature is
nonnegative at time t = 0 (i.e., R(x,0) > 0). Then for a constant C,, depending on n and the best constant in

Euclidean Sobolev embedding, the following estimates hold

Ch
F(x,ty,s) <

= m 4.2.2)

for0<s<t<T.

The exact value of C), is computed in the proof. Its value in the case R(z,0) = 0 is different from that of the
case R(z,0) > 0.
In the next we give a brief discussion on the version of Sobolev embedding that will be used in the proof of the

main results of this section (Theorem 4.2.1 and Corollary 4.2.2).

4.2.1 The Sobolev Embedding

Let (M, g) be an n-dimensional (n > 3) Riemannian manifold without boundary, it is well known that when M is

compact the Sobolev space H?(M) is continuously embedded in L¢" (M) for any 1 < ¢ < n and qi = % -1

Here H{ (M) is the completion of C°° (M) with respect to the standard norm

1 1
lullg = (/ IVu\qdu(g)) T+ (/ IU\qd,u(g)) ! (4.2.3)
M M
and the embedding of H{(M) in LY (M) is critical. Similarly, the following Sobolev embedding inequality holds

true; for any € > 0, there exists a positive constant By (e€) such that for any u € H{ (M)
1 1
q

([ W ant)” < oo+ [ wupauto) + s [ wrae)'. @2e
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where K (n, q), an explicit constant depending on n and ¢ is the smallest constant having this property, (K (n, q)
is the best constant in the Sobolev embedding for R™). See Aubin [6], Hebey [95] and Talenti [145] also Taheri
[141, 142, 144] for the impact of topology on Sobolev spaces and relation to twist theory). In other words, there

exist positive constants A and B such that for all u € W12(M, g), we have

(i)

On the compact manifold whose metric evolves along the Ricci flow, Q. Zhang, [157], S-Y Hsu [97] and R. Ye

< A/ |Vu|2du(g)+B/ u*du(g). (4.2.5)
M M

[155] have adopted Perelman WV-entropy monotonicity formula to derive various Sobolev embedding that holds

for the case n > 3. In this section we shall make use of Zhang’s version, here is the statement of his result;

Theorem 4.2.3. ([157] Let (M, g) be a compact Riemannian manifold with dimension n > 3 whose metric evolves
by the Ricci flow in the interval t € [0,T)]. Let there exist positive constants A and B for the initial metric g such

that the following Sobolev inequality holds for any u € W2(M, go)

n—2

([ w=duton) ™ < [ [VuPduton) + B | wdulan). (426)
M M M

Then, there exist positive functions of time A(t) and B(t) depending only on the initial metric gy and t such that
foru € WH2(M, g(t)),t > 0, it holds that

n—2

( /Mu%ducq(t))) T <A /M (IVuf? + 7Ro?)dun(g(0) + B(t) / ldula), @2

where R is the scalar curvature of the metric g(t). Moreover, if R(x,0) > 0, then A(t) and B(t) are in independent
of t.

We have from the Sobolev embedding for 1 < ¢ < n that W(M) can be continuously embedded in L4 (M),

i.e, there exists a constant C' = C(n, q), such that
”UHL‘I*(M) < C(n,Q)HU”Wl)q(M)
for all u € W149(M). So by Holder’s inequality we have (p > q)

an n—q " a
/|u\pdu:/ |u|Q|u\P—qS(/ 0[5 d) (/ Jull 509 dp) ™. 42.8)
M M M M

From the interpolation inequality

/JV 1 wldp < ( /M us dﬂ) w ( /M udu) wiz (4.2.9)

for the case ¢ = 2 and n > 3. Then by Sobolev inequality for manifold evolving by the Ricci flow we have

[ wdn< (4 [ (190 + FRa?)dutale) + B) [ aPdutote) ™

4

([ wdntaten) ™.
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_4
Let h(t) := (fM udu(g(t))) " the last inequality becomes

n+42

n

IV auta®) > 5o (070 [ lduta)

(4.2.10)

B [ o UL e
G0 | wnte®) =1 [ meutao).

Thus, we have proved the following by using the bound on the scalar curvature (4.1.3) as discussed in the

introduction.

Lemma 4.2.4. With the hypothesis of Theorem 4.2.3 the following inequality holds

[ IVuauta®) > 5o (070 [ duta)

n42

n

4.2.11)

4.2.2 Proof of Theorem 4.2.1

Proof. We suppose here and thereafter that s = 0 without loss of generality. Since F'(z,t;y, s) is the fundamental

solution, it then follows from its semigroup property and Cauchy-Schwarz inequality that

t t
F(x7t7y70) = F(J?,t;Z, 7)F(Za *,y,O)d,LL(g(Z,t))
ar 2"y

t £\ 2 t 1,.\2
< ([ Ptz duto )" (| P g 0dult )
M M
Traditionally, deriving an upper bound for each of the terms in the right hand side of the last inequality suffices to

settle the proof. In the present, the nature of the bounds to obtain depends on Sobolev embedding theorems on the

manifold evolving by the Ricci flow. Now denote, say

V(t) = /M F2(a, .y, 8)du(g(x. 1))
W(s) = /M F?(z,tyy, s)du(g(y, s)).

Thus, the pointwise estimates on the quantities V' (¢) and W (¢) will determine an upper bound for the fundamental
solution F'(x,t;y,s). Approaches to obtaining bound for each of the quantities V'(t) and W (t) differ slightly
due to the interpolation of the heat kernel between the conjugate heat equation in the variables (z,t) and the heat

equation in the variables (y, s), i.e.,

(_615 - Az + R(J?,t))F(J?,t, K ) =0

(88 - Ay)F(v -;y,S) = 0.
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We first treat the case when F'(z, t; y, s) solves the conjugate heat equation, that is, we want to estimate V'(¢). The

idea is to find an inequality involving V'(¢). Hence
V'(t) = / (2F0,F — RF?)du(x,t)
M

:/ 2F(7AF+RF)d,u(:z:,t)—/ RF?dp(z,t)
M M

:2/ |VF|2du(x,t)+/ RF?du(x,t).
M M

Using Lemma 4.2.4, we arrive at

n+2

deu(x,t)> g —2(B(t)A’1(t)+i¢(t)> / F2du(z, t)

M

V(1) = 2471 (1) (1 (1) /

M

o) /N Fdp(e.)

n+2

1
=247 () (n(0) / Fu(e.0) © — (2BOA0) ~ 50(0)) / Fdu(a.1).
M 2 M
The problem is reduced to solving the following ODE
V(1) + gV (1) > 2471V (), 4.2.12)

where g(t) = 2B(t) A~ (t)— 5 ¢(t). Equation (4.2.12) is due to the fact that under variables (z, t), the fundamental

solution F’ satisfies

| Pty s)dutet) =1
M

h(t) = (/M qu)ﬁ =1

Notice that the resulting ODE (4.2.12) is true for any 7 € [s, t], we then solve it by using integrating factor method.

and consequently then

Denote Q(7) = [ q(7)dr, the integrating factor is e?(7), therefore we have
(2OV(n) 22471 (7) (2V (7)) T e FOAD

integrating from s to ¢ (by separation of variables) since it is true for all 7 € [s, ¢], with the facts that

t (eQDV (1 ! B
/ (<V(>)2+2d7- = _g (eQ(T)V(T))
eQMV(T)

t

= %eQ(t)V(t)

n

S

by taking the limit

lim V(7) = / lim F2(z,7;y, s)du(z,t) = / 53(x)du(x,s) =0,!
NS M T8 M

!'This follows from a property of dirac delta which says it is zero everywhere except at only one point where it is either undefined or has an

infinite value.
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we obtain the bound as follows

n

N I O W

(i) (1)’

w3

Taking C,, := ( %) , we arrive at

—Q()
/ F2(z,ty, s)du(z, t) = V(1) < Cne (4.2.13)
M

(Sl a1 (m)etaar)”

The next is to estimate

W(s) = y F2(z,t;y, s)du(y, s).

Due to the asymmetry of the equation, the computation is slightly different. We recall that F'(z, ¢;y, s) satisfies

the heat equation in the variables (y, s), then we similarly have
W(s) = / (2F0.F — RF?)du(y, s)
M
= / 2F(AF) — RF?du(y, s)
M
=2 [ [VFPutys) ~ [ RFdutys).
M M

Using Lemma 4.2.4 again we arrived at

nt2

W(s) < —2A’1(s)(h*1(s) /fv 1 F2d,u(y,s))n" +2(B(s)A*1(s)
+—¢

9) [ Poduly ) = o0 | Finta.s) (42.14)
— —2471(s) (h’l(s) /M F2du(y, s)) et (2B(5)A’1(t) - %d)(s)) /M F2du(y, s).

4
We can further estimate the quantity h(s) = ( / M Fd,u) . Notice that contrary to what was obtainable in the
variable (z,t), [,, F(x,t;y,s)du(y,s) < 1, since the coordinate (,t) are kept fixed here and we only integrate

n (y, ). Therefore
Vo) = ([ Pt )
ds Y b b)
/8F:vty, s)du(y, s) /Ry, JEdu(y, s)
:/ Ay sF(x,ty, s)du(y, s / R(y,s)F(x,t;y,s)du(y, s)
<o) [ Pt )dutn,s)

The last inequality is due to the fact that we are on compact manifold, where |’ v AFdp = 0 and by the lower

bound on scalar curvature R due to the maximum principle.
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Now for any 7 € [s, t]

N(T) 1
< - =
integrating this from s to ¢ we get
2 t
InA(t) — In A(s) gln(,o_l -7

we can show that A\(s) = 1 as follows

A(s)=1lim [ F(x,t;y,s)du(y,s) = / lim F(z, t;y, s)du(y,t)
S/(t M M S/(t

M

combining these we have

1 2 %'nJrQ —1 2 n+2
24 — 24
h(t) = 7p_1 ;L = 79_1 ;l = an2+2 .
p = 3S P ys

By this (4.2.14) is now reduced to the following

M 4.2.15)

we are then to solve the following ODE
W'(s) < —2A"a"2W(s)" " + r(s)W(s), (4.2.16)

where r(s) = 2B(s)A~*(s) — 3¢(s). In the similar vein to the previous estimate, we also solve (4.2.16) using

integrating factor method. Denote R(7) = [ r(7)dr, the integrating factor is e (7). Therefore we have
nt2 R
(e—R(T)W(T)) < 9471 —2( —R(T)W(T)) ™ eZR(T)7

integrating from s to ¢ since it is true for any 7 € [s, t| we have immediately

(z)gefc(s> (;)%em)

(2 e )7 (Jfa2(r)a-1(r)ei0ar)”

W'(s) <

hence
C,efs)

(4.2.17)
(f a~ (7 )enR(T)dT)

/ F2(x,t;y,5)du(y, s) = W(s) <
M

|3
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We can then see from the computation above that

t . . C, e~ Q%)
V)= [, P g)(ng) - (Ji At e tear)”

N3

and

t t t C,efi(z)
W<§) B /M e (Z’ 5; v O)d’u(z’ 5) - (fst (P;lﬁT)_21j(T)eiR(T)d7_) 5

Here we choose

t 2 _ 1 t ) 1
P = [ B4 0) = o] dr = Q(G) = REG) with o(t):= — g
Finally we obtain the bound
F(x,t;y,s) < Cn - (4.2.18)

o1

fs# (Pflf%T)_ZAfl(T)e%P(T) - Al(T)e—;ip(T)dT)
2

The required estimate follows immediately.

4.2.3 Manifold with weakly positive scalar curvature

Note that if R(z,0) > 0, the maximum principle shows that it remains so as long as Ricci flow exists, for this case

we obtain a Sobolev type embedding from Lemma 4.2.4

/N [VuPdu(ale) > = /M eduta(®)) " -2 /M Wdp(g(1), (4.2.19)

where A and B are absolute constant independent of time, in fact A = K (n, 2) is the best constant in Euclidean

Sobolev embedding and B can be taken to be equivalent to zero when R(x,0) = 0.

In the case R(z,0) > 0, we have A'(7) < 0 showing that A(7) is decreasing, that is A(7) < A(s) = 1,

T € [s,t]. This implies that h(s) = h(t) = 1, then (4.2.16) becomes

n+2

w4 r(s)W(s)

W'(s) < =247 'W(s)

with 7 = % and we obtain the estimate

C, el
W(S) ~ . 2 % 9
Ail(f (T)eER(T)dT)
similarly
—R(t)
Vi) < Cre



Chapter 4. Bounds on the Conjugate Heat Kernel under Ricci flow 107

Putting these together we have a counterpart estimate to (4.2.18) as follows

F(z,t;y,s) < Cn T (4.2.20)

1
lA<f AR Odr L ei’“”“)]

2

Here, the denominator of the last inequality is simplified to

v . 2 ) 3
A_2</ ’ e%R(T)dT-/ 6_3R(T)d7'>‘| = 1232 (e%‘t?ﬁ _6%-5) (@—%'“55 _e—ii't)]
t+s
S 2
o TL2 1 7%_*5;5 2 g
- 1632( e )
Therefore -
CTL CTL
F(x,t;y,s) < <

w3

~(t—s)%

by Taylor series expansion (i.e., 1 — e~ < z), where C,, = C,, - (24)%.

In the case R(z,0) =0, B(t) =0, R(t) = B¢t =0 and

F(z,t;y,s) < Cn = Cn __ G , (4.2.21)

K )] B

[A&( (

where C,, = C), - (24¢)% = (%k(n, 2)) * This completes the proof of Corollary 4.2.2.

4.3 Logarithmic Sobolev Inequalities

Let (M, g) be a compact Riemannian manifold of dimension n > 3, the L?-Sobolev constants of (M, g) is defined
to be
Cs(M, g) == sup {||u\|% — Vol % (M, g)|ull2 : u € CH(M), ||Vulls = 1}. 4.3.1)

Thus, Cs(M, g) < oo is the smallest number for which the L?-Sobolev inequality

1

[ul| 2= < Cs(M, 9))[[Vullz + —lull2 (4.3.2)
n-2 Voln

holds true for all u € W12(M, g). Here the LP-norm of a measurable function f with respect to the metric g is

defined by
9o =151 i= ([ 17Pdu), 1<p < 433
M

Entropy and monotonicity formulas are intimately related to Sobolev-type inequalities (or functional inequalities

in general [143]). One of such entropies is Perelman’s one described in Chapter 2, which is a log-entropy energy
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relating to logarithmic Sobolev inequalities. The Sobolev and logarithmic Sobolev inequalities are essentially
equivalent, the latter however has an advantage of being dimensionless. As we can see, Sobolev inequality gives
information about the size of a function in terms of those information about the derivatives’ sizes of the function.
This is usually measured in terms of L”-norm with p as large as possible, where in (4.3.2) above we have p =
2n/(n — 2). The implication of this is the loss of effectiveness by Sobolev inequality as n becomes larger, hence,
there was a need for an improvement. The problem of finding a replacement for Sobolev inequality which does not
depend on dimension necessitated the invention of logarithmic Sobolev inequality (which remains correct even for
n = 00) in the seventies, beginning with the work of E. Nelson [121]. In 1975, L. Gross [83] proved the following

Gaussian version of log-Sobolev inequalities

J1t@P wls@lave) < [ 1V#@Pv) + 13 (43.4)
for every weakly continuously differentiable function f with || - || being the L?-norm, Vf € L? and Gaussian
measure dv(z) = (2m)~ = exp{f@}dx is defined in terms of Lebesgue measure, dz. Gross relates this to

hypercontractivity inequality of Nelson [120], the log-Sobolev inequalities are also related to contractivity by
Gross in [84] and ultracontractivity properties of heat kernel semigroup by Davies and Simon in [72]. In fact, they
have become powerful fundamental tools in the analysis of functions which are uniform in the dimension of the
underlying space (for more details, see Davies [71], Lieb and Loss [107] and Weissler [152]).
We will show here that a family of log Sobolev inequalities on Riemannian manifold evolving by the Ricci flow
is a consequence of the L2-Sobolev inequality and the monotonicity property of our generalized dual entropy W.
introduced in (3.4.34) of Chapter 3. It is well known that Sobolev and log Sobolev inequalities are both equivalent
to a number of functional inequalities such as Nash, isoperimetric and heat kernel bound inequalities. In this
section, we obtain a family of log Sobolev inequalities along the Ricci flow which is in turn used to derive a sharp
upper bound of the form
[u(, T)loo < e (47T) ™% Jug (-, T)|l1 4.3.5)
for the conjugate heat kernel. Evidently, such an estimate is sharp since a bound in the other direction can be

obtained by simply taking uy € LP to be a delta function in

u(T) = Hoeuo = | HC Te)uo()au(y) (4.3.6)

Remarkably, one can adopt the approach of Davies [71] to establish this equivalence via the ultracontractive prop-
erty of the conjugate heat semigroup. Notice that this approach has been adopted by some authors, we mention the
following [97, 155, 157]. Another useful application of Logarithmic Sobolev inequality on manifold evolving by

Ricci flow are found in [48].

4.3.1 Derivation of Log-Sobolev Inequalities along the Ricci Flow

From the results of Aubin [6] and Hebey [95] for complete manifolds whose Ricci curvature is bounded from

below and injectivity radius is positive and bounded from above, we can assume the Sobolev embedding on the



Chapter 4. Bounds on the Conjugate Heat Kernel under Ricci flow 109

initial metric, since (M, g(0)) is a compact Riemannian manifold. Let there exist positive constants Ay, By < 00

such that for all u € W12(M, go),
Jull 22, < AollVullz + Bolull, 43.7)

where Ay and By depends only on n, gg, lower bound for the Ricci curvature and injectivity radius. We can then

write (4.3.7) as

n—2

(feam)”
M

A= iAO, and B = %AO sup R~ (+,0) + By

< A/ (4\Vu|2 +Ru2>dugo +B/ wldjig,, (4.3.8)
M M

where

since R(x,0) +sup R~ (+,0) = R (x,0) — R~ (z,0). R denotes the scalar curvature. (See [157, Chapter 6]).
The usual way of deriving logarithmic Sobolev inequality follows from a careful application of Holder’s and

Jensen’s inequalities, since log u is a concave function in which case

/lnudw < ln/udw

with the assumption that [ dw = 1, we then obtain the following

Lemma 4.3.1. For any u € W12(M, go) with ||ul|s = 1

/ w? Inuldpg, < —In (A/ (4|Vul? + Ru2)dpg, + B). (4.3.9)
M 2 M

See [97, 155, 157] for the proof.
Inequalities in (4.3.9) are usually estimated further by the application of an elementary inequality of the form

ny<ay-—Ina-—1, a,y,> 0. Precisely, taking y = A [, (4|Vu|? + RuZ)dugO + Bin (4.3.9) gives us

/M P ndpy, < %{A/M(4|Vu|2 + Ru?)dpig, + B - 2(1+ma) 4310
/ i 43
- ﬂ/ (4IVul? + Ru)dpy, + ~5— = 5 — 5 Ina
> /. 2 2 2

We will now modify the arguments in both [155] and [157] to prove our results.

Theorem 4.3.2. Let (M, g) be a compact Riemannian manifold of dimension n > 3 and the metric g(t) evolve by
the Ricci flow. Assume that L*-Sobolev embedding (4.3.7) holds true with respect to the initial metric g(0) = go.

Then, we have

A
/ u? Inu?dpg ) < / o?(4|Vul® + Ru?)dp g — gln o+ (t+0%)B1 + %ln 2— 4.3.11)
M M €

if A= inf /(4|Vu|2+Ru2)dugo,
llullz=1 J ps

Ull2=
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that is, \g is the first eigenvalue of the operator —A + % Furthermore, if g is strictly positive for R(-,0) > 0,

then

/ u? Inuldpy () < / o?(4|Vul® + Ru®)dp g — ganQ
M M

" (43.12)
+(t+ 0B + 5 n

nA
— A
5, T 0(g0)s

€2 2

where o >0, 31 = 4A; By +sup R™(-,0) and v = (4—” — l) > 0.

Notice that the logarithmic Sobolev inequalities in the above theorem are uniform for all time but deteriorates
as time becomes large. We however have as a corollary a uniform log Sobolev inequality along the Ricci flow

without any time restriction provided only Ag(go) > O.

Corollary 4.3.3. With the assumption of the above theorem, we have

R
/ u? Inuldpgy < 02/ (|Vul* + ZUQ)dug(t) - glna2 +c(M,g) (4.3.13)
M M

for all u € WY2(M, g) with ||ul|a = 1, where ¢(M,g) is a constant depending on the dimension n, Ay, By

nonpositive lower bound for R(go) and a positive lower bound for \y(go)-
Let us give the following brief remark before we state the proof of the theorem above.

Remark 4.3.4. Our results confirm the assertion made by R. Ye in [155] that a uniform logarithmic Sobolev
inequality such as the one in the corollary above without the assumption that Ao(go) > 0 is false in general. We
refer to Topping [147, Section 6.6] for detail on the Zeroth eigenvalue of —A + % and Chapter 2 of this thesis for
the monotonicity of eigenvalues of Perelman’s F-energy. All the standard references on the subject of Ricci flow

listed in the Bibliography give account of this as well.

4.3.2 Proof of Theorem 4.3.2

Now, we consider a compact n-dimensional Riemannian manifold (M, go), n > 3. Let g = g¢(t) be a smooth

solution of the Ricci flow
0
ag(m,t) = —2Rc(z,1) (4.3.14)
on M x [0,T), for some finite time 7' > 0, with initial metric g(z,0) = go.
Recall the family W,-entropy functional introduced in (3.4.34) of Chapter 3

n 47 et

B €T 9 net  n
Welg, f.7) = /M G REIVIP) 7 =+ 5 ()| e (4.3.15)

where the number 7(¢) = T — ¢ > 0 and the function f € C'°°(M) smoothly satisfies

e i1
/MWT)QM_.
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Taking an L2-solution v = v(x,t) of the conjugate heat equation

O = —Av + Ro (4.3.16)

tobev = —¢", , we have proved that the W, (g, f, 7)-entropy functional is nondecreasing for 0 < €2 < 47 (see

(4mT)2
Theorem 3.4.13).

Relating the entropy W, with the idea of logarithmic Sobolev inequalities we consider a function

(M

-
- o= _ 43.17
u=vo (4m7)2 ( )
such that [, u?du = 1. We also notice that (4.3.17) implies f = —Inu? — % In7 — % In(4n), hence the entropy
(4.3.15) is rewritten as
e 2 2 2 2 e n
We(g, f,7) = —/ [T(4|Vu| + Ru®) —u“lnu }udu— ——Int
47T M 47T 2
(4.3.18)
en €2 ne2  n. 4w
———1In(4 1—— 2dp — — 4+ —In —
mamm H =) | futdp = o+ g in g
Define
2
Wi(g,u,T) = 6—/ {7’(4|Vu|2 + Ru?) — u? lnuﬂ udp (4.3.19)
47T M
and
wr(g,u, 7) = inf{W(g,u,7) : / uw?dp = 1}. (4.3.20)
M
Set T* = t* 4+ o2 and 7(t) = T* — t for 0 < t < t* for some fixed constant & > 0. Then
d d ne? d e 0 n, 4w
T VVelYs S = —W! y Wy - =1 1——)4 2d 717>03
gt Velo fom) = gVelg,u,m) = g In T 47r)8t/Mfu ptgng =

where the last inequality is due to Theorem 3.4.13 (monotonicity of W,(g, f, 7)), the proof of which also reveals
that

0 9 n

= duy = —F + —

ot / M fu H + 27‘7
where F = [ (RIS |2)u2dy is the Perelman’s energy functional. Let )\ be the first eigenvalue of the operator

—A+ % then, we know that \g = ianqu:l JF . Therefore we arrive at

d nez d €2
—WE > — — —)o.
dtyvE ~ 8m dt 7+ (1 47‘('))\0

To continue this argument, we should note that either (4.3.16) and (4.3.17) implies that the function f = f(¢)

satisfies the following backward heat equation

of n
—=-A *— R+ — 4.3.21
Sy = AL+ VIR = Rt o (4321)
with v = u(x, t) satisfying
2
Ou_ VR (4.3.22)

ot u 2
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on [0, t*] with a given terminal value at ¢t + t* and g = g(t*).
Let vg be a minimizer of the entropy W, (g, f, 7o) for all v such that [ 1 Vahig(to) = 1. We can then solve heat
equation (4.3.21) backward in time with initial data f(to) = fo and vo chosen at ¢ = ¢o. Let u; be the solution of

4
the conjugate heat equation (4.3.22) at t = ¢;. We can define functions f;,j = 1,2by u; = —=———,j = 1,2.

(4mr;)4
Then by the monotonicity of W, (g, f, 7)-entropy (using Perelman’s approach, see also Proposition 2.5.4 in Chapter
2), we have for t1,t2 € [0, to], t1 < ta
pe(g(tr), 7(t)) =~ inf  We(g(ta), f(t1),7(t1)) < We(g(tr), f(t1), 7(t1))

llvollgceyy=1

S Welg(ta), f(t2),7(t2)) = inf — We(g(ta), f(t2), T(t2)) = pe(g(t2), 7(t2))-

[lvollg(tey=1
It follows from the above that

n€2

pe(g(ta),m(0) < e (g(t2)s7(t2)) + 5 — 1n%

for any ¢; < to, where 7; = 7(t;),j = 1,2, where p} is as defined in (4.3.20). Choosing t; = 0 and ¢, = t*, we
then obtain

nez . t* +o?

* * 2 < * * 2 1 4 2
[Le(g(())?t +U )—/’Le(g(t )50- >+ 8 n 2 ( 3 3)
since 0 < t* < T'is arbitrary, We can write (4323) as
/L*( (t) 2) > }L*( (0) t 2) n€2 In ’ (4 3 24)
g +0°)+ — .
e\g ’ Z M \g ’ ] n 2

forallt € [0,T). 2

We now complete the proof of Theorem 4.3.2.

Proof. The next is to apply (4.3.10) with g = go to estimate 7 (¢g(0),¢ + o). For any function u € W2(M, g)
with ||u|2 = 1 and choosing
naA f4o? = 8(t + o?)
— =t+o0 a=—"->-"
2 TLAO ’
then, the inequality in (4.3.10) becomes

n
/M 'LL2 lnuzd,ugo S (t + 0'2) /M(4|VU|2 + R’LLZ)d/Lgo + 5”71403 - 5 ln TAAO — 5

= (t+0?) /M(4|Vu|2 + Ru?)dpg, + 4(t + 0*)BA; ' — g In(t + o?)

+g(lnA0+lnn731n27 1).

Choosing €2 < 47 as before, it then follows that

2

1 (g(0), + 02) > ZL{% In(t+0%) — 2(t + 0)BAG" — %(mAO +lnn— 32— 1)}. (4.3.25)
7I n

2 The case t = 0 is optimal as equality is attained.
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Combining (4.3.24) and (4.3.25), we obtain

2 2 2
1 (), 0%) > oo no? — 2 (t+ 02)BA;  — 2 (In Ay + Inn — 3In2 — 1), (4.3.26)
8T 0 8T
which implies
2 ne? ne2 _ nez . ndg
E u {02(4|V’u|2 + RUQ) — u2 1nu2 d,u Z gh’lgz — 7(t + 0'2)BAO T_ g ln @
Therefore
A
/ u? Inutdp < / o2(4|Vu)? + Ru?)dp — —Ino? + 4(t + 02) BAgt — 2 220 (4.327)
M M 2 2 8e
Choosing #; = 4BAy " = 4A; ' (By + Asup R~ (,0)) and A = %, we obtain the result. O

With similar argument to the above, our entropy functional W,(g, f, ) yields another version of inequality
called Restricted Log Sobolev inequality since €2 < 4. We state this result in the next theorem and then give a

sketch of the proof.

Theorem 4.3.5. (Restricted Logarithmic Sobolev Inequality). With the same notation and assumptions in the last

theorem, we have

€2 n
/ w? Inuldpgy < E/ o?(4|Vul® + Ru®)dp ) — 5 Ino?
M M

9 n.  nrA
+(t+0‘ )ﬂ2+5lnﬁ,

(4.3.28)

where B = %(A(;IBO + sup R~ (z,0)).

Proof. Following the same line of argument as before, we rewrite ( 4.3.15) to get a counterpart of (4.3.18) as

2
—WR P, _ne nydr
We(g, f,7) = Wit (g,u, 1) 5 In7 5 In(4m) i + 5 In 2 (4.3.29)
with
2
WE(g,u, 1) = / [4—7’(4|Vu|2 + Ru?) — u? lnuﬂ udy, (4.3.30)
M 7I
then we have
d  r._n
Lyyr 5 00y
aVe Za T

Let pu%(g,7) be the infimum of W over all u satisfying |[u|3 = 1(i.e, [,, u?dp = 1). It then follows that

pl(g(t), 7(t)) < pl(g(ta), 7(t2)) + gln%

for any t1 < to, where 7; = 7(t;),j = 1,2. Choosing t; = 0 and ¢, = t*. Since 0 < t* < T, we then obtain a
counterpart of (4.3.24) as follows
2

uB(g(t),0%) > p(g(0),t + o) + = In —

7 4331
2 Mt o2 ( )
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for all t € [0,7). We now apply (4.3.10) with g = go to estimate 1?(g(0),t + o2). For any function u €
W12(M, g) with ||ul|2 = 1 and choosing

nad € 283 (t+0?)  263(t+0?)

2 471'( +o) @ dnmA nmwAg

then, the inequality in (4.3.10) becomes

262(t—|—02)B o 2¢2(t + o?) n

2
2. 92 2) € 2 2
Inu?dpg, < (t 4 d

/Mu nudp,, < ( +g)4ﬂ/M( |Vul® + Ru®)dug + sy D) dnmA 9

2 2
—(t+ 02)/ = (4)Vul? + Ru)dp, + = (t+ 0)BAG" — ZIn(t + o?)
o AT 0 2
T A
2 2 Ar '

It then follows that

2 2
R 9 n NG 9 1 n{ nA € }
> —1 - — BA," ——qIn— —Iln— ;. 4.3.32
ue(g(O),t—l—a)_Qn(t—&—U) 7r(t—&—a) o s noy ~In - (4.3.32)
Combining with (4.3.31), we obtain
Rg(t),0%) > 1 2—§(t+ 2)13/1—173{1 nd i} 4.3.33)
pe (9(t),0%) 2 5 lno - o 0 S\, I 3.
which implies
€2
/ u? Inuldp < —/ o?(4|Vu|* + Ru?)du (4.3.34)
M 4
2 2
Mot St o2 flﬁ{ﬁ_i}
5 Ino” + - (t+0°)BA;" + 5 In 5 In e (4.3.35)
The restricted log Sobolev inequality (4.3.28) for all g(t) follows immediately by choosing (. O

4.4 Heat Kernel Bound via Log Sobolev Inequalities

In the next, we apply the logarithmic Sobolev inequality obtained in the last section to derive an upper bound for the
conjugate heat kernel along the Ricci flow, demonstrating that there is a lot of geometric information embedded in
such inequalities. The basic ideas, due to Davies and Simon [72], relate Nelson’s hypercontractivity (see L. Gross
[83]) to ultracontractivity (see also [71]). These ideas always yield estimates with sharp constants, we modify the

argument in Q. Zhang [157] (see also [107, 158]) to prove our result.

Theorem 4.4.1. Let (M, g(z,t)),t € [0,T] be a solution to the Ricci flow with n > 2 and H(x,t;y) be the

fundamental solution to the conjugate heat equation

( -0 — A+ R(:U,T))u(mj) =0. (4.4.1)
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Then, for some positive finite constant C depending on n,t,T, Ay, Bo and sup R (-, 0), there holds the following

estimates

H(z,T;y) < CT™%, (4.4.2)
where 0y = —1 and Ay, By are as defined in the last section.

Without loss of generality, we may assume v = u(x,t) to be a nonnegative solution of the conjugate heat
equation (4.4.1) on the interval [0, 7], where 9,7 = —1. Let T" > 0 and r(7) : [0, 7] — [1, o] be a continuously
differentiable increasing function such that r(0) = oo and r(T) = 1. The function r(r) = L gives a perfect
example as we shall see below.

The idea here follows from the fact that if

u(et) = [ Hea.tig)ua(u)du(y)
solves the heat equation, where H (z, t;y) is the heat kernel, then

lu(-, )]l oo
sup ————— =sup H(x,t;y
S Tu(o) e A )

we may obtain estimation of time derivative for the logarithms of the quantity
fallvir = ([ 1l )
M

T [[uls )]l

M o)

as follows

Proof. By routine computation

1
()
ol =0 [ 1O

#(7) v, Tl / =)
=— wll )y In ], r(T u™ Inw dpg(r
r(>||||() lull, ) + ) ()M ()
+T(7’)/ [ur(7)71<— Au—|—Ru) —|—ur(7)(—R)} dug(T)}.
M

Multiply both sides by 72(7 )||uH

r(T

2 r(T) 9 _ r(7) +1 r(T) ’I”(T)l d

(M)l Ocllulley = = () llull, 3" W lull,y +r(@)r () ully e T Inudpig ey
2Ol [ 0O Ay + Ol [ 0 Ry

— (@)l / TOR dpgiry.
M
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By the application of integration by parts we have

7"2(7-)””“7‘(7') /JV[ UT(T)il(_Au)d,Ug(T) = TQ(T)HU'”T(T) /M V(UT(T)il)vu d“g(r)

= 2(1)(r(7) = Dl /M WO T uldpg o,
hence

Pl ) = =+l Il 3+ il [ 0 i
720 = Dllaliey [ w02Vl

1) = Dl [ ROy,

Further dividing both sides by ||u||,.(;), we obtain

2l 00 (Wl ) = =7l 0l + i) [ o i
+T2(T)(7’(T)*1)/ u") ’2|Vu|2dug(ﬂ (4.4.3)
M

r(r)(r(r) — 1) /M R Odjiy

Denoting
r(r)
() 2
_ “T(j) V2 = unm h Vol = r(7) ur(r)—2|VU|2
l[u=2" ]2 H ||7-(T) 4u ||7—(T)
and
Inv? =Inu ™ —In ||uH:E:)
Therefore
r(7)
. . u r rr
7’(7‘)/ v? Invdp g,y = 7"(7')/ T(T){ Inu"(™) — ln”U”rET)}dﬂg(T)
M M ||UHT(T)
( )T((T) r(‘r) In ur(‘r)d,ug(T) —+1n HUHT(”')
Tl

Plugging these into (4.4.3), we arrive at the following

r2(7)8t<ln||u||r(t)) :7"(7’)/ v? Invdpg(ry + 4(r(t) — 1) / Vo2 dpg(ry
M
() ~ 1) / Ry
M
= 7'*(7)/ v?1n v2dug(r) + (r(r) = 1)/ (4|Vv|2 + Rv2)d,ug(7)
M M

+ (r(r) — 1)2/ RUQdug(T).
M
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T

T

we have #(7) = —% and (1) — 1 = Z=T so that we write the last equality as

T

Using the choice r(7) =

T T—-71
rQ(T)at(ln ||u\|r(t)> == /M v Invdpg(r) + — /M(4|Vv\2 + Rv®)dpy(r)
T —1\2
Rv*d
(L) m
T T -
= 7_2{T(TT)/ (4| Vo* + Rv*)dpy(r —/ v? lnv2dug(7)}
M M

(5 ), e

From log-Sobolev inequality (4.3.11) point of view, we may choose

p2oT-7) T
T 4
and we get
T |n n. nA T—1\2
7"2(7')@(111 Hu||r(t)) > 7_2{21n02 — SIS (to +02)61} + ( - ) /M RoYdpy,y  (444)
and ®
1)n, 4dn7(T—7) n, nrd _
or (1 ull ) = T{2ln(T) — 5~ (to+0%)f ~ Tsup R (-,0)}- (4.4.5)

Notice that (since 0% < 1)
1
(- 0%)By +Tsup R (,0) = 4(to +0%) (4" By + gsup R (0)) + Tsup R (-,0)
1
< (4tg +T)Ay By + Z(4150 +5T)sup R~ (-,0).

Denoting D by
nmwA
In —

n
2 2e

substituting into (4.4.5) and integrating the result from 0 to T', we have

D

+ (4tg + T) Ay ' By,

[l T)lr(r) n (T Anr(T —7) 1 .
In b @ Uy T T T g D — (4t + 5T) sup R (-, 0)
(Dl — 2T Jo T 4
1
= gln(élﬂ') — %lnT —n+nlnT—-D — 1(4150 + 5T)sup R~ (-, 0)
= gln(47rT) —n — D — (4t + 5T) sup R (-, 0).
This then yields
[uC, Dl n 1 _
In 2= > —In(4nT) —n— D — ~(4tg + 5T) sup R~ (-, 0),
[u( Tlleo — 2 4
2 .
3(%) J RoPdp g @;7;)2 J(RY — R7)oPdugry > —(T;zﬂz SUp(az,g(r) B~ (5 7) [VPdpgry >

2 . . . .
_% SUP(AM,g(7) R~ (-,7), where we have used the fact that most negative part of the scalar curvature is non increasing along the

time.



Chapter 4. Bounds on the Conjugate Heat Kernel under Ricci flow 118

which implies

exp{%(4to + 5T)sup R~ (-,0) + D + n}

Ju(, T)lloo < [lu, Tl

(4rT)%
Because
u@, T) = | H@ Tiy)uly, 0)duy)ee),
where H (z,T;y) is the conjugate heat kernel, then
H(x,T;y) < Meﬁp{i(%o +5T)sup R™ (+,0)}.

This ends the proof of the estimate (4.4.2).
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Chapter 5

Heat Flow Monotonicity and

Functional-Geometric Inequalities

5.1 Introduction

his chapter discusses an elegant application of heat flow monotonicity to the field of functional inequalities
Twith geometric inputs. We construct functionals involving the fundamental solution of heat equation in linear
and multilinear settings. The basic properties of heat diffusion semigroup, most especially, smoothness, posit-
ivity, and Markovian properties play crucial roles in deriving monotonicity formulae which in turn produce the

inequalities of the family of Brascamp-Lieb. Let us consider geometric inequality of the form
A{Sh 1< <m) <A{f;}: 1 <5 <m),

where f; are functionals defined on some functional spaces. Informally, the flow monotonicity approach to proving
this type of inequality relies on making an appropriate choice of monotone quantity for the flow, say for instance
nondecreasing, ((t) of time, such that Q(t) goes to A(-) and A(-) respectively as ¢ approaches 0 from right and
goes to oo from left, i.e.,
M{f} 1S5 <m) = m Q) < Jim Q) = A({f;} 1< <m).

This type of approach as noticed by Carlen-Lieb-Loss [52], Barthe-Cordero-Erasquin [16] and Bennett-Carbery-
Christ-Tao [24] tends to generate sharp constants and identify extremisers.

Throughout this chapter, we work in Euclidean setting as all the geometric-inequalities discussed here were
originally formed in Euclidean spaces, but we note that most of results presented lift favourably well into the more
general setting and can as well fit into the setting of Riemannian manifolds, though, they may require some more

technicalities. Firstly, we start the discussion with LP-mixed norms and generalised Holder’s inequality, since the
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integral inputs are naturally LP-functions and Holder’s inequalities are critical in the derivation of the geometric
inequalities discussed. Secondly, we give detail background on this family of inequalities and then later present

some results involving monotonicity formulas.

5.1.1 Generalized Holder’s Inequality

Theorem 5.1.1. Let f € LP(Q)) be a nonnegative measurable function, @ C R™, a bounded domain and denote
the product of m-LP functions by H;n:l fj(@). Foreach 1 < p; < cowith 377", pj_1 =1j€el, =112, .,m}
then

[1 5@ e 2'@)

and . N
/ ‘Hfj(x)‘dx < [T @)lees. (5.1.1)
Q=1 j=1

More interestingly, there is a version of Holder’s inequality for LP-mixed norms. By L? - mixed norms [3], we

have
s

Here, we have index vector p = (p1,p2,...,Pm),1 < p; < oo for j € I, = {1,2,...,m}. For a nonnegative

= - || W@ | 512

Lr LP2(dzs) ‘ Lom (dzp)
measurable f, the number ||f;(z)|1?; (4z,) means LP/-norm of a function f = f(z1,Za, ..., T, ) With respect to
the variable z;, essentially,

1

M@ lemsiaey = ([ 16wy - oPdn)™ ., 1<p< e
Generally speaking, a function f(z1, 232, ...x,, ) measurable in the product space (£2,dx), Q = H;nzl Q,, do =

dzqdxg - - - dz,y, belongs to LP (), if the number obtained after finding in succession the LP*-norm of f with

respect to x1, the LP2-norm of f with respect to x5 until lastly LP-norm of f with respect to x,,, is finite.

Remark 5.1.2. The number obtained, finite or not, is denoted by ||f||, or || f||L». In all the above and in what

follows || - ||, is not a norm for 0 < p < 1.

Theorem 5.1.3. (Mixed Norms Holder’s Inequality). Given 1 < p;,q;,r; < oo, if f; € LPi(2) and g; € L% (Q)
such thatpj_1 + qj_1 = rj_l,j € I, ={1,2,...,m}. Then, it holds that

1f@)g (@)l < |1F@)]pllg()]]q,

where we have written the indices

p= (p17p27"'7pm>7 q = (qlaq27"'7Q’m) and T = (7"1,T2, "'arm)

withp™t + ¢ 1 =r1.
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Iterating the above inequality, we have mixed norms Holder’s inequality for a product of m-functions as follows

m m

HHf] ||7<H||fj )|l

with 357 p; i =rh

Corollary 5.1.4. Given a nonnegative measurable functions g;,1 < j < mand p;j,r > 1 such that Z;’;l p;1 =

=1 then

(LTl )<

Proof. We may use induction on m, starting with the case m = 2, then for any 1 < p < oo with % + % = =, we

2
T
/Q‘jl:[lgj

p’ is the conjugate exponent. Set p; = pr and py = p'r such that p~ +¢~! = r~! as desired. Applying induction

m+1 m m
HHQJ =Hng-gm+1 SHng
=1 " j= N

where ¢~! +p,;!; = r~L. Since POV p}l = ¢~ !, we may use the induction hypothesis to conclude that

HHQJ'H SHH%‘H - (5.1.6)
=1 1 j=1 Pi

Combining (5.1.5) and (5.1.6) proves (5.1.3). O

)
J

have

dz = / a7g5 dz < |lga|[lgalls (5.1.4)

method

Hgm-‘rlH ) (5.1.5)

Pm+1

Generalization of Mixed Norms Holder’s Inequality

Let I, = {1,2,....,m} C {1,2,....,n} = I, and j = (j1, jo, ..., Jm) be an m-tuple of integers in I,,,. Given a
point z = (z1, z2,...,xn) € R™, letz; = (z;,,j,, ..., x;,, ) be a point in R™ and dz; = dxj,dzj, - - - dz;, and

Q, =117, Q.

Theorem 5.1.5. Let f; be a nonnegative measurable function depending on the j — th component of x; and
fj € LPi(8;), where p; > 1 with Zjelm p;1 = 1 and §); is the orthogonal projection of §) onto m-dimensional
plane in R™ with the coordinates corresponding to the component of xj. Then

m

I 7)€ L s,) (5.1.7)

and

()| dx,j)”%‘. (5.1.8)

/H‘Hfj xj ’dxlng H (/
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A classical approach to proving the above statements is by combinatorial rearrangement and induction, see [3,
Lemma 4.24] and [78, Theorem 2.1]. A special case of the generalized mixed norms Holder’s inequality is the

Loomis-Whitney Inequality due to L. H. Loomis and H. Whitney (1949), [114] (see also [31]).

5.2 Brascamp-Lieb Inequalities

For a natural number m and 1 < j < m, define m positive real numbers p;, m vectors v; in R™, spanning vectors

and multilinear operator

Ao fu) = [ T] 5o .
R” j=1
where f;, are nonnegative integrable functions. We define some constant C' by the formula

¢ Jan H;nzl I <<x,Uj>)pj da:.

C:=in 7 5.2.1)
i Hj:l (f]R i dx)
By this, we can assert that C' is the smallest constant for which an inequality of the form
A(fr, fase 5 fm) < CH (/fj dm) ’ (5.2.2)
j=1 R

holds for all f : R™ — [0, 00). Equivalently, we can use the above to estimate the LPs-norm of f; as follows

I8 ﬁ o) do < Cﬁ ([ 5r)" 523

The best possible constant C' in the above inequality is nondegenerate and can be computed explicitly, testing this
on functions which are strictly positive near the origin, it also can be shown that C' is strictly positive.

The above description is geometric in nature and in fact can be viewed as Brascamp-Lieb inequality which
is originally due to H.J Brascamp and E. H. Lieb (1976) [32]. There, it was used to prove Young’s convolu-
tion inequality and its converse. Many other geometric inequalities such as Loomis-Whitney inequality, multi-
linear Holder’s inequality, Brunn-Minkwoski inequality, Prékopa-Leindler inequality, Geometric Brascamp-Lieb
inequalities e.t.c, find their natural unification and generalizatiion in Brascamp-Lieb inequality. This family of
inequalities turns out to be a nice and powerful tool in geometric analysis, most especially in deriving sharp in-
equalities and estimating the best possible constant. Earlier on Beckner [18] in 1975 used it to re-derive a version
of Nelson’s hypercontractive inequality. Similarly, Weissler [152] relates this to heat semigroup estimates to ob-
tain sharp logarithmic Sobolev inequalities and Sobolev-Nirenberg inequalities (see also [49, 51, 74]). In the 90’s,
K. Ball, [10], [11],[12], discovered the applications of Brascamp-Lieb inequality for volume estimate of convex
bodies and reverse isoperimetric inequality.

We now state a standard definition of Brascamp-Lieb inequality and its converse, we then examine how it

generalizes some geometric inequalities.
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5.2.1 Brascamp-Lieb Constant and its converse

Definition 5.2.1. For natural numbers m,n,n; € N, n > n;, 1 < j < m, define positive real numbers p; > 0,

such that

Z pjn; = n. (5.2.4)

Let Bj : R" — R" be surjective linear maps from R™ onto R" such that their common kernel N ker B; =
{0}. This condition forces Z?@lejB;Aij to be isomorphism, where B} is the adjoint of B; and Aj is a
positive-definite n; x n; matrix.

Brascamp-Lieb constant is defined as follows

det(Z?;l ij}‘Aij>

D(p;) = 5 (5.2.5)
I~ (det Aj)
In this case, each f; is a centred Gaussian function, i.e,
fi = exp(=m(4;z, 7). (5.2.6)
Equivalently, for nonnegative measurable functions f; € L% (R™), where q; = %
D(p;) = ifjf Jon 1i=1 £5(B; (@) d ° (5.2.7)

Hj:l 1£5lla;

The optimal constant defined by the formula (5.2.7) is achieved by using Gaussian function of the form (5.2.6) and

computed explicitly by (5.2.5). Now, let C be the smallest constant such that for all f;,1 < j <m

/" 1;[ 17 (By(x)) dz < Cy H (/ ) 5)” (5.2.8)

and let Co be largest constant such that for all f;,1 < j <m

/* sup prJ zj) dx > Cy H (/ _ fj)pj. (5.2.9)
R j=1 R™j

" r= Zm 1P Bjz;, IJGRH

Here, the symbol f* means outer integral. By a Theorem of Lieb [106], see also [13], both inequalities (5.2.8) and
(5.2.9) are well known to be saturated by centred Gaussian functions, that is, the optimal for the constants in both

cases can be computed explicitly using centred Gaussian functions, thus

. T (Bj(z)) dz
C1 = sup fR J 193 i(@) , gj centred Gaussian on R™ (5.2.10)
j:l (Jrn 9307
I (Bj(z)) dx
Csy = inf f]R 197 (@) , g; centred Gaussian on R"™ 5. 5.2.11)
j:l fRn ;)P
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This was initially conjectured by Brascamp and Lieb in [32], that Gaussian functions give the best constant
and proved by Lieb in [106] and simultaneously by Beckner in [18]. F. Barthe in [13] reproved Lieb’s result using
the method of optimal transport and simultaneously derived the dual result for the case of inequality (5.2.9) as

conjectured by Lieb. We next follow the same line of Barthe’s argument to prove the following lemmas.

Lemma 5.2.2. ([13, Theorem 1]). With the notations of the definitions above
C;=D"% Cy=D% and C;-Cy=1
using centred functions.

Proof. Let Aj be n; x n; be positive-definite matrices on R™ and let () be the quadratic form on R", defined by

Qx) = < iij;‘Aijx, x>
j=1

Define an associated Gaussian function

fi(x) = exp(=m({A;jz, z)),

then, by standard calculation of Gauss integral

fi(z) de = / exp(—m(A;z, x)) de = (det Aj)_%.
R™j n

Similar computation yields

/w H fpj )dx = /J exp ( - 7r<iij;‘Aijx,x>) dx = (det Q)*%.

Hence

Nl

Cy =sup

1
S Ty £7 (B (@) d ( [17", (det A;)P ) "
[T~ 1<f]Rn fi(z;5) dxj) det(Z] 1B} AB)

The supremum is taken over the class of all Gaussian functions with maximum near the origin.

Now define Q* to be the dual quadratic form of @), on R™ by

Q@) =sw{ [@y)*: Q) <1}

and
1nf{ ij At xj,x;) x:ijB;-‘xj, xj GR"J}7
j=1
we know that R(x) = Q*(x) by a Theorem in [13]. Compute
m . 2 mooy 2
:’<ij3jxj, y>‘ =‘Z jA- zj, pJA Bﬂ/)’
j=1

j=1
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By Cauchy-Schwarz inequality, we have
2 (N d A e 2) (57 b Ad B2
o)l < (Do IpF Ay %) (D Ip) A7 Biyl?)
=1 j=1

= (im(%‘v A}1$j>) ((iijjAijy, y)).

We then compute

1 3 1
exp(—m(z, A: ) de = (7 = (det A;)2
L, oot a7 e = (3 ) = @)
and
[ nma By ar= [ oo (=(3nB4" B, ) do
"j=1 " j=1
(et ()
= — ((aet (Y_piB;4B;)) .
det (XL, Bj A1 B)) pus
Therefore )
S TI By de det (XL piBiAB;) T
Cy = inf o = — i =Dz,
Hj:l (fR”’J‘ fi(z;) dxj) szl(det Aj)
The infimum is taken over the class of all Gaussian functions with maximum near the origin. O

We recall from [24] that the following three conditions are necessary for finiteness of constants D, Cy, or Cy

i. Each B is surjective, ii. N7, KerB; = {0}, and iii. Y370, pjn; = n.

Once the conditions above are satisfied, it can be proved for n; x n; positive-definite matrices, {4,}, 1 <
j < mand Z;nzl p;jB;A;B; =: M : R" — R", positive semi-definite transformation, that the following are

equivalent

1. {A;} is globally extremisable to

< [T, (det A;)Ps ) :

sup .

A;>0 det (Z;nzl p]B;kAJB])

2. {gj(x)} = exp(—m(A,z, ) gives an exremal for inequality (5.2.8).

3. M is invertible and we have A;l = B}‘M*IBJ- forall1 < j <mand M > B} A;AB, for all [.

See also Carbery [47] for detail proofs of the above.

In our description of Brascamp-Lieb Inequality so far, we have used linear transformation and Lebesgue meas-
ure, we like to submit that the strength of this family of inequalities is the flexibility to live in a more generalized
setting. Its wide variety of applications results from the fact that we are not restricted to using transformation
or even Lebesque measure only. Next, we collect some sort of variants due to various authors who have made
Brascamp-Lieb active over the years. The following give perfect references ([10, 11, 12, 13, 14, 15, 16, 17, 24, 26,
19, 32, 50, 78, 106].
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5.2.2 Brascamp-Lieb Inequality on Product Spaces

Consider arbitrary measure spaces (2, 6, 1) and (€25, 65, it5). Let B; be surjective linear maps from 2 onto 2, and
p; be exponents with 1 < p; < oo, 1 < j < m. For the inputs {Bj, pj}7 1 < 7 < m, there exists a finite constant
D= D({B] }?:17 {pj }?:1)’ such that

/Hfjij duéDH(/ Iy duj)‘?j, (5.2.12)
Q21 j=1 7

whenever f; € LPi (5, t;),1 < j < m, are nonnegative measurable.

An interesting illustration of this is when Q = H 1, 0 =110, 05, n=T1I" 1 Ky and Bj is an orthogonal

j=1
projection of {2 onto €2;, then Bj becomes an inclusion map for each j. Indeed, if €2;, 1 < j < m, are nonzero
subspaces of R”, {2 C R™ and B; are orthogonal projection of R™ onto €25, then, for all nonnegative measurable
functions f; on €2;, we have

1

/ﬁfjoB n (2 gﬁ(/ I vnjdy)?", (5.2.13)
Q50 j=1

where n; is the dimension of 2, n; < n for each j and v/(x) is the corresponding Gaussian measure with respect

to Lebesgue measure dx. (see [78]).

5.2.3 Brascamp-Lieb Inequality on the Sphere

Let {¢;}, 1 < j < n, be the standard orthonormal basis in R", such that B;(z) on S"~! is defined as B;(z) =

e; - z. Then, for all nonnegative measurable functions f; € LPi([—1, 1]),1<j<n

/Sn_ljﬁlfj(ej‘ ﬁ(

for all p > 2. In the case p < 2, Carlen, Lieb and Loss [52] have shown that it is possible for the quantity in the

1

(e - x)du) (5.2.14)
Sﬂ 1

LHS to diverge while each integral on the RHS is finite. It has been shown as well that such a divergence is not
possible if each f; is square integrable. Indeed, for p > 2 and n > 3, there is equality in (5.2.14) if and only if f;

is constant for each j or at least one of fJ’»s is identically zero. This is due to Carlen, Lieb and Loss [52].

5.2.4 Rank-One Brascamp-Lieb Inequality

For m > n, let {Uj}, 1 < j < m be unit vectors in R™ and p; be positive exponents such that

m
ij'l)j [ ’Uj = ]In
j=1

for each j, where I, is the identity on R". Then

/nj]:[lffj(<vj,x>)dx< 11 (/Rfj) " (5.2.15)
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Here, (v;, x) is a linear functional on R™ and f; : R — [0, co) are measurable.
In this case, there will be equality if fj’-s are identically zero or vg-s form an orthonormal basis of R™. F. Barthe
in [13] proves strict inequality if none of the f;s is a Gaussian density. (The works of K. Ball [10, 11, 12] are in

rank one).

5.2.5 Loomis-Whitney Inequality

Let {e;}, 1 < j < m, n > 2, be the standard basis of R", let 7; : R"” — ejl be the orthogonal projection

onto e;, where ej‘ is the orthogonal complement of e¢;. Then, the constant D(p) = 1 for each p; = ﬁ, and
Z?Zl pj = -5, while the constant is infinite for any other value of p, then, we have
n n
/ [] fitmj@) de < I Hfj(a?j)] I (5.2.16)
"j=1 =1 ( )
for f; € L"fl(R"’l). Here & denotes the coordinate being omitted. Notice that the condition Z;;l pj = n%l

defines a hyperplane containing the point (-, —1- ... ﬁ) which is the only point for which the constant is

n—1’'n—1°"
finite. See [25, 114].

5.2.6 Multilinear Holder’s Inequality

Consider the notations of definition (5.2.1), whece B; = I,,, euclidean identity on R", i.e, I, : R® — R", we
can compute the constant D(p) to be 1, such that E;"Zl p; = 1, then, we have for all nonnegative measurable

functions f;

/. [ de <] 5], (5.2.17)
| II y

j=1
5.2.7 Prékopa-Leindler

Let0 < A < 1and f, g, h, be nonnegative integrable functions on R” satisfying
h(dz + (1-)y) = f(2)*g(y)' ™, Va,y €R™

Then Prékopa-Leindler inequality says

/n h(z)dz > < . f(x)dx>k</ng(x)d;v>l_k. (5.2.18)

This is equivalent to Brunn-Minkowski inequality when one sets f = 14 and g = 1, the indicator functions of
set A, B C R", see [33] (and also [29]). Now to show how Brascamp-Lieb inequality (BLI) generalizes Prékopa-
Leindler inequality: consider the Reverse BLI (5.2.9), take m = 2, ny = ny =n, By = B, =1: R*” — R",

p1 = Aand po = 1 — \, we can also compute D(p) = 1. Then we have

/* sup {fl(xl)xfz(@)m cx = w4+ (1— )\)xg}dx > ( 5 fl(o:)d;z:>/\< 5 fg(x)dx) . (5.2.19)

n



Chapter 5. Heat Flow Monotonicity and Functional-Geometric Inequalities 128

5.3 Main Theorem Via Heat Flow (Linear Setting)

Let m,n be integers. For 1 < j < m, let p; > 0 be positive real numbers, define surjective linear maps
Bj : R" — R™ such that B} B; = I,,, the Euclidean identity on R” or equivalently 37" | pjn; = n. Here the
common kernel for Bg-s is trivial which forces B to be an isometric embedding in R™ for each j and B} B; is an

orthogonal projection from R™ to subspace I'm(B;).
Theorem 5.3.1. For 1 < j < m and nonnegative measurable functions f;, then it holds that

e Brascamp-Lieb Inequality

/nﬁffj(Bj(x)) dx<ﬁ(/n‘fj)pj (5.3.1)
Jj=1 J

and

e Reverse Brascamp-Lieb Inequality

m

/JR* 5P [[/7 (@) dz> 31:_11 (/R fj)pj- (5.3.2)

ma=3TL, piBjz;, w €R™ G0

5.3.1 Monotonicity Formula and the Proof of BLI

The aim of this section is to prove the inequality in (5.3.1) and ( 5.3.2). Here, we make use of the fundamental

solution of the heat equation. Let u(t, z) = P.f(x) solve

ou(t,z) n
T div (u(t, z)Vlegu(t,z)), = €R", te€0,00) (5.3.3)
u(0,2) = f(x),

where F; is the heat semigroup operator.

Setting v := log f(x) at t = 0, we have the equation

ov _ Av + [Vo]?
ot (5.3.4)
v|t=0 = log f

with the diffusion semigroup v(t, 2) = log P; f(z). Following the idea introduced in [52], we can define nonlinear

heat semigroup

Nl=

f(t,2) = (Puf(@)?)

to obtain a nonlinear heat flow
of (t,x)
ot

Vf(@)?
fl@)

Using the transformation B;(x) of R™ onto R™, 1 < j < m, the nonlinear heat flow above is precisely written as

af;(t, Bj(z)) [V £i(t, Bj(x))]?
ot f](t7Bj(x)) .

= Af(x) +

t=0

= Af;(t, B;(z)) + (5.3.5)
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We now define the functional
t) :/ I | fi(t, Bj(z)) du(z), (5.3.6)
R™ 5

which is known to be differentiable and smoothly continuous by the smoothing properties of the heat kernel semig-

roup for all ¢ > 0.

Lemma 5.3.2. Letv; : R" x [0,00) = R, 1 < j < m, be nonnegative solution of (5.3.4) such that v; are rapidly

decreasing at spatial infinity locally uniformly. Then ®(t) is nondecreasing in time and specifically
/ Z Vlvk - ka} H ) du(z). (5.3.7)
" 14k j=1

Proof. Taking time derivative of ®(¢), and using (5.3.5), we have

vi=5( [ f[fj ) = [ (i 25) ’:ﬁ#fj e
/nz<Af +'Vf’“'2> 1 4 dute

Jj=1, j#k
m

/Z_: afe) TI £ dute /Z |ka|) ﬁ fi du()

Jj=1, j#k Jj=1, j#k

Using integration by parts on the first term since the second integral is nonnegative, we have

- S (vavs) I fdute /Z 'ka) H e

ky 1=1 =1, jkl
Vie Vi VAP T
/"k,lzl fe 17 j:r[lfjd

L1 VAP IVAP VR VAT,

2/ nk,l:;k #[ 7ot i jl]lfj ()

1 m Vf Vf m
Q/ngé:l fkkl] nyd#
:;/ Z[Vvk*sz} Hfjd,u

" k£l

There is equality in (5.3.7) if and only if

Vi Vi _g

i fi
(i.e., if and only v; is a constant for each j but v; # 0.) Since we know that each f; is strictly positive and each vy,
is positive, smooth and bounded for all time ¢ > 0, we therefore conclude that the quantity ®(¢) is nondecreasing

for all ¢t > 0. O
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Proof. of the inequality (5.3.1). For any nonnegative measurable function f;, 1 < j < m, we have seen that
the functional ®(¢) is nondecreasing for all ¢ > 0. Then, we have by the monotonicity property of ®(t) that the

quantity
i) = [ T17 . Bi@)duto)
R 5
is also nondecreasing for 0 < ¢ < oo, therefore

lim sup ®(t) < litrginf D(1).

t—0

By Fatou’s lemma, we have that

/ 11 77 (Bj(z)) < limsup &(t). (5.3.8)
" j=1 t—0+
Indeed, we have equality in (5.3.8), since lim;_,o P; f = f. It then suffices to prove that
~ T p]
.. < ‘
llggf@(t) < Jl;[l </R"]‘ f]) . (5.3.9)

The proof of (5.3.9) can be made more rigorous but we give the outline here. Now, we observe that f; (¢, ) depends
on Bjx not on x itself, then we have
Bt Bya) = (4mt) % [ I ) o),
R
Notice that each f; above solves the heat equation (5.3.3) with initial condition f;(0,z) = f;(B;(z)) and we

rewrite

~ X ping
d(t) = (drt)" "7 /
R

Noting also that Z;nzl pjn; = n. By rescaling argument, using uc(x) — e "v(%), € > 0, we then have the

ﬁ (/an 67“Bj1’72|‘2/4tfj(z) d,LL(Z))pj ().

n
Jj=

transformation (i.e., by making the change of variables z = ey, dx = edy),

#(0) = 7o || 1_1 ([, e mmrrt ey duce))” duto).

n
J

Choosing a scaling factor €2 = 47t, by convolution property and Fubini’s theorem, we have that

lininf (0 < ]| ( L.
j=1

The claim (5.3.9) then follows immediately, since by standard Gauss integral fRn e‘””z”zdu(z) =1

pj

fj(Bjy)‘ du(y)> / e~ dp(z).

or we just write

liggolf&)(t) < ﬁ (/ fj(z)} du(z)>pj / (e_”HBijz)deu(y)

where we calculate

/n (e‘WHBij?)pjdu(z) = /R exp(—ﬂ(iij;Bjyay» = det(I,) = 1.

j=1
This completes the proof of (5.3.1). O
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Remark 5.3.3. Instead of heat semigroup approach used to prove the first inequality (5.3.1), we can apply the
Ornstein-Uhlenbeck semigroup, with the generator L :== A — (x, V) as introduced in [16] almost at the same
time heat flow semigroup was being launched in [52]. Ornstein-Uhlenbeck semigroup describes a diffusion process
with constant diffusion and linear drift. Their approach is an adaptation of the argument in [28] for the proof of
Ehrhand’s inequality vis a vis Prékopa-Leindler where a nonnegative Borel function f on R™ evolves by the Mehler

formula
Puf(@) = [ 5o+ Vidualo).
In fact, the limiting flow

Puf@)erioe ~ (21t ([ Fidute)

vields Prékopa-Leindler. C. Borell’s method was also adapted in [17] to derive Brunn-Minkwoski inequality.
Reverse Brascamp-Lieb inequality generalises both Prékopa-Leindler and Brunn-Minkwoski inequalities. The

description is as follows: The function f(t,x) = P, f(x) solves

of
o
and 5V
—— = LV +|VV|?
ot (5.3.10)
V|t:0 =log f.
Define

alt) = / [1P? dun

which is known to be differentiable, using the Mehler’s formula under appropriate assumption, then, the limiting
Sflow results in (0) < a(+00) to conclude the inequality. In the next section, we adapt their argument to prove

the reverse inequalities, theirs was used in the rank one setting.
Note that in our computation F; is the usual heat semigroup operator.

Lemma 5.34. Forz = (z1,%2,....,2,) € R"and z; € R",1 < j <m, ifh: R" - Rt and f; : R" — R*

satisfy
h(d piBja;) = [ filz)P, zj € R™,
j=1 j=1
then
H(> piBiz;) > > piFj(a;), z; € R™,
j=1 =1

where H = log Pth : R" — R and F; =log P, f; : R" — R.
Proof. Let h : R® — Rtand f; : R — R be nonnegative measurable functions. Define

H(t,x) :=log Ph:R" - RT = [0,00)



Chapter 5. Heat Flow Monotonicity and Functional-Geometric Inequalities 132

and

Fi(t,z) :=log P, f; : R — RT = [0, 00).

Consider the fundamental solution P, f(x) of heat dynamics

ou(t, x)

= Au(t,z
ot (t,z) (5.3.11)
u(0,z) = f(x).
Taking V' := log P; f(z) at t = 0, we have the positivity-preserving evolution equation
ov
— = AV +|VV|?
ot (5.3.12)

V|t:0 = log f(a:)

By the hypothesis of the Lemma

m

h(x) =[] filzs)?7 >0,

j=1
where 37| p; Bi Bjr = x € R™ and z; € R"™, then, the quantity Q(t, 21, T2, ..., Tyy) : R X R™ x .R™ —
R defined by

Qt, 1,29, oo wm) = H(t,» p;B;Bjz) — > piFy(t,x;) (5.3.13)
j=1 j=1

satisfies

> 0.

t=0

Qt,x1, T2, ., Tpy)

The idea here is to show that Q)(t, -) remains nonnegative throughout the evolution. Our effort is to derive positivity-
preserving evolution equation for Q(¢, ) and then invoke standard theory of Maximum Principle for parabolic
equation. Noting that / and F}; are nonnegative and they satisfy the above equation (5.3.12) since h and f; satisfy

equation (5.3.11), then we obtain

aH - * = * - *
= > piB;Bjz) = AH(t,> p;B;B;z)+|VH(t, Y p;B;Bjz)|* (5.3.14)
Jj=1 Jj=1 j=1
and
a m m m
% > piFi(tz) =Y piAF;(tx) + Y pilVF(t,z;). (5.3.15)
j=1 j=1 j=1

The question now is; Does () satisfy the same evolution equation satisfied by /1 and F; ? Hence, it is expected

that from (5.3.13) - (5.3.15)
a m . m
aQ(t,xl,xg, ey L) = (AH(t, ijBj Bjz) — ijAFj(t,xj)>
j=1

j=1

+ (IVH(L Y pi By Bio) 2 = 3 i VE (1))

j=1 j=1
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To answer the above question, we compute in a straightforward manner
ij Q = ijjVH — ijFj

Va,Va,Q = pipe B (V2 H) B — 6;,p; V> F.

Now
Q= ZtT [ij;Vz,- VszpkBk}
=1
m m
_tr[ZpJB B;(V2H) ZpkBkBk} —tr[ 3 Gy By (VEE) B
7j=1 7,k=1
so we have
tr| > piBB(VAH) Yk BiB| = > tr[B; (pipe B (VH) B; ) By
j= k=1 jk=1
=trV2H = AH.
Similarly

(B;Pj(VQFj)Bj)

ijAF

'MS

<
Il
-

tr| Z 05403 B} (V2F}) By =

7,k=1

Ms

<.
Il

By the identity Z;nzl p; B3 B; = 1,,, we have that for all vector v € R"

v=>" p;B;Bjv
and
v[* = (v,0) = (371, p; B Bjv,v) = 3250 pj{Bjv, Bjv).

(5.3.16)

Let us now focus attention on the lower order term, we have calculated

VIJ.Q = ijjVH — ijFj7

then

Ve, Q> = (Va,Q,Va,Q) = > _p;|B;VH — VF|?
j=1

= |VH]? = |VF*.

j=1
Therefore () satisfies the evolution equation

oQ 2
5 =A@+ VAL,
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while the principal term AQ is elliptic. Then, by standard Maximum Principle for Parabolic equation [77, 129],
and since (0, -) > 0, then Q(t,-) > 0 forall ¢ > 0.
Hence by (5.3.13)

(t.Y p;iB;Bjz) — Zp] (t,x;) > 0. (5.3.17)

This ends the proof. O

Corollary 5.3.5. If

n(z) < [T £;(Bj(x), z €R",

then

Pih(x) < [] Pofy (B; (), z €R™

Proof. of the inequality (5.3.2). By the hypothesis of Lemma 5.3.4

h(z _hiij ;) Zﬁ 7, z; €eR", z e R",

j=1

we know that Q(0, -) > 0 and we have shown that the inequalities are preserved by the heat flow, then the reversed

BLI follows immediately from the limit ¢ — +o0, when choosing h(z) = H;”:l fj(z)Ps. Clearly

Pth(:v):(47rt)*%/ e~ T h(y)dy

and

m

[1 P2 =TI (et / ey (2)dz)”
j=1 !

Jj=1

= (4nt)~ Z;nlp] : H (/ el fj(z)dz)pj.

Since the Lemma implies Pih(z) > []}2, P f;(x;)P?, then, we have

/n e by dy > ﬁ (/ s 5 p(2)d )pj, (5.3.18)

where we have used the decomposition identity Z;”:l p;n; = n. Taking ¢ — +o00, we arrived at

RO f[ ([.5)"

This ends the proof of (5.3.2). O
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5.4 Multilinear Heat Flow and Generalised BLL1

In this section, we study further into how heat flow can help provide extrimisable gaussian for Brascamp-Lieb
constants, as a by-product, we give an explicit proof of the generalised Brascamp-Lieb inequality. Most of the

materials here are from [24, 25].

Definition 5.4.1. Consider the multilinear functional of the form

m

F({fh1<j<m) / H 1T, (5.4.1)
where T; : R™ — R"™ is a surjective linear transformation, f; : R"7 — R, is a nonnegative measurable functions

and 1 < j < m and p; are m-positive exponents.

The question we set to revisit is this: For which m-tuples of p; and f; do we obtain

fR" j= 1fp] (x))dx
fj H] 1Hfj||L”J

This question is not new and complete answers have been provided, though, through different approaches (see for

0 <su < 007 (54.2)

instance [13, 24, 25, 17, 47, 149, 150]). In the previous section, we have as well discussed the cases when the
Brascamp-Lieb constant is unity, here, we also follow the line of heat flow to give our answer in this respect. To
start with, we give results of [24, 25] as lemmas. Here I, H; are Hilbert spaces of finite, positive dimensions,

equipped with canonical Lebesque measure.

Lemma 5.4.2. Let T; : H — H; be surjective linear transformation. Let f; : H; — R be nonnegative and (5.4.1)

holds for all 1 < j < m. Then

(F{fj} 1<j<m)

D(p;) = sup < o0, (5.4.3)
P (1)
if and only if
dim(H ip] dim (H 5.4.4)
and .
dim(V) < Z p; dim(T;(V)) (5.4.5)

for every vector subspace V' C H.

Here, dim(H) and dim(V") are the dimensions of Hilbert space H and a vector space V respectively. Without
loss of generality, dim(H) can be associated with n of R™, while the dimension of H; can be associated with n;
of R™ . For necessity and sufficiency of this result see [24, 25]. A local variant of this result is also given in the

following;
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Lemma 5.4.3. For all nonnegative measurable functions f; and for every subspace V. C H. A necessary and

sufficient condition for
(1) <11 ([5) (546)

to hold such that constant C' < oo exists is that

codimp (V pjcodimp; (T;(V)), (5.4.7)

H'Mg

where codim g (V) is the codimension of a vector subspace V of H.

Comparing conditions (5.4.5) and (5.4.7), we see that (5.4.5) provides a necessary and sufficient condition
governing a large scale geometry. The condition of Lemma (5.4.3) follows directly from that of Lemma (5.4.2)
by Holders inequality. [25, Remarks 7.1] also gives instances where Lemma (5.4.3) is not subsumed in Lemma
(5.4.2).

In the next, we reprove the result of Barthe [13] to this setting of generalised Brascamp-Lieb inequality. Our

discussion follows purely from heat monotonicity approach. We first state the following definitions.

Definition 5.4.4. Let G : R" — R"™ be a positive definite symmetric linear transformation. A nonnegative

[ R™ — Ris said to be of class G, if it takes the form

@) = (@t &) [ expl-r(Gla ~ ). (&~ 1)dulo) (548

where (1 is a finite positive measure on R™ with non zero total mass (if i is a point mass, f is said to be of extreme

class G).

This means that a class G function can be expressed as a convolution of the centred gaussian exp(—7(Gz, )
with a finite positive measure on R™. It can then be seen clearly (by using Fourier transform) that a class G
functions are smooth and strictly positive. Positive measure themselves are also taken to be of class +co. A
function of the class A, say g(-) = exp(—m(A-,-)) is of class G provided A < G, so the standard centred gaussian
exp(—m (G-, -)) will be called of class G.

We note that class A functions provide a class of solutions to the heat equation. Suppose a class A; function
u; solves the heat equation

Oyu; = div(A;1Vuj),

with initial data u;(0) = p, where p is finite positive measure. Then, by the fundamental solution to the heat
equation

uj(t,) = (et Ai/)} [ expl(=n(ds(o — v). (@~ ) /Ddn(y)

R"5

then

uj(1,a) = ([t A7)} [ exp(-m(Ayo ). (o~ ) duty).
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Definition 5.4.5. (Generalised Brascamp-Lieb Constants). We now define the generalised Brascamp-Lieb con-

stant

Dc(pj) = sup  D(p))
f of class G

D(p;) as defined in the section (5.2.1).

Here we have 5 AT
det(3" . p T* oy
D j) = Su mJ L ;
G(p]) AjS%j 1—[ (detA )
if each f; is of class Gj, where G; are gaussians, then
det(3272, p T GiT})
[T~ (det G;)Ps

In this case, each T} is surjective and their common kernel N2, K'erT; = {0} and }°7" | pjn; = n.

G =

Theorem 5.4.6. ForT;, f;,p;,1 < j < m as defined before, we have

o Generalised Brascamp-Lieb Inequality

/n HfPJ )dz < (Dg) "2 ﬁ (/] fj)m (5.49)

Jj=1

and

o Generalised Reverse Brascamp-Lieb Inequality

/R* sup Hf” (x) dz > (D) %ﬁ (/ ) (5.4.10)

e ZJ 1pJB J,],ZJE]R J j=1 j=1
Proof. Letu(t,z) = P, f(x) be the solution to the heat equation
Oyu = div - Vu

with the initial data u(z,0) = f(z). By the closure properties of heat equation (see [20]), the quantity (¢, x) =

H;”:l (P.f;)P4 is a solution in the sense that

G 1T =S ot 0o [T =3 2o T
j=1 k=1 j#k k=1 j=1
:A(l_[lu?j)

and

j=1 k=1 J#k k= j=1
m m m m
Auk |Vuk| D Vuk Vuk P
:Zpk< U h uz )HUJJ_‘_Zpk( U )(uk )HUJJ
k=1 j=1 k=1 j=1
_ Sk P __ Pk P
=Y o ( ) T = 3 @) TT o
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Now, it is clear from previous section (5.3.2) that the quantity
o) = [ [ (65 )dute)
n il

is monotone nondecreasing for all time ¢ > 0. Indeed, we can look at it from this perspective; taking time derivative
of ®(t)
Pk = G Pk - P
0= > Pou [ = [ 3 w0
R U j=1 = j

Let V; = logu; (i.e, Vj(t, Tj(x)) = logu;(t, Tj(x))), then u; = €' and
Hufa — eZi=1PiVi gnd Auj = (AV; + |VV| Je Vi = = (AV; + \VV| Ju;

Hence

m

Qﬁ):/){Ezg(AWAﬂvwﬁy%FZ;ﬂﬂa:/

k=1

n

[fﬁdA%+Hnmﬁkz%ww.64n)
k=1

Using integration by parts on the first term of the (5.4.11), we have

/ ZpkAVke = PVs = / Zpkvvkrv( i=1Pivi)
R R

" k=1 " k=1
:_/ ijkaVj vV, e2i=1PiV
R® j#k
m
:_/ 1Y ok V[P eximirata,
R™ k=1

putting this back into (5.4.11), we obtain

@@%:4nLﬂ}jmvmﬁ+§:mﬂnﬂﬂezgwm¢

k=1 k=1

Re-writing the first term of RHS of the last identity as follows (by uzing Jensen’s inequality and >_;" | pr < 1)

DI AUAES A AL
k=1 k=1

reveals that ®’(¢) > 0.

Next we have the following;

Lemma 5.4.7. Let T} be surjective linear transformation. Suppose there are gaussians A; < G for all j such
that positive definite transformation
. *
M=% piTF AT,
j=1
is invertible and satisfies

-1 _ * —1
AL =Ti M
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foreach1 < j < m. Let@i; : R" x R — R be the solution to the heat equation

Oty = div - (A} Vi)

with initial data t;(1) at time t = 1. Suppose (1) is of class G, then

i(t.a) = (et Gy /) [ exp(m(Gylr = ). (o = ) 1) dny(0)

for some finite nonnegative measure ji; on R",1 < j < m. Moreover, the quantity

w(t) = [ T 0.3 ()due)
1l

is monotone nondecreasing for all time t > 1. See Carbery [47] for detail.

The above lemma allows us to define a function

flo) = [ es(ontdie =), (@ = )iy

of class A; and define

F(thasism) = [ T2 @

and for y € R™, we have
) = et 4))% [ exp(=r{; 5= 2). (o = )y =)

where 0, f; = div(Aj_lv fi), f;(0) = p; for some nonnegative measure ; on R™. For each j we define measure

fi; on R™ by
|oedi = [ o mm i,

(here we have used surjectivity of T);) and we observe that for z € R",

FiTi) = (et A} [ expl=n{T; ATy (e = 9).(a = ) dis o).

then

/Rnf[lf;’j@u»:/wf[l

(et At [ exp(=rlds(o = ). (o = 1) <y>] du(a)

m Py m
2 *
= / 11 (det Aj) / exp(=m(Y_pi T A Ti(x =), (x = )))dp; (y)
R™ 5 R™j e
Using Dominated convergence theorem, taking the limit as ¢ — oo, we have that

m Pj m 1 m
, 5 . -3 )
tlggo U(t) = 1_[1 <det Aj> det ( E 1pjTj AjTj) 1_[1 11517
i= j= i=

H;nzl detA?J 2 ﬁ (/ f,)pj
det(7Ly pi T AT ) i\ e ™

Jj=1
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By monotonicity property ¥(1) < ¥(oo) and we have, by Fatou’s Lemma, that

v = [ L7 @ @),

Then, the result follows since by assumption A; < G;, we can say that f; is of class G; by limiting argument. [J

Remark 5.4.8. Putting BLI in a diffeomorphic setting seems not to be straightforward and of course it is a topic
of current research. Bennett, Carbery and Wright [26] treat the simplest case of Loomis-Whitney on submanifolds,
where no assumptions about the brackets of the underlying vector fields are made, they use combination of the
method of refinement and a tensoring argument. Since then, there has been the work of Bejenaru, Herr and Tataru
[19], also Bennett and Bez in [21] have attempted nonlinear BLI on submanifolds using an induction-on-scales
which is in the spirit of Bourgain [30] and seems to build on the work of Bejenaru-Herr-Tataru[19]. See also

Bennett, Bez, Carbery, Hundertmark [22] [23] for applications of heat flow monotonicity.

5.5 Justification for Brascamp-Lieb inequalities

At a first glance one may wonder if there is any connection at all between the subject of this chapter and those of
the first part of this thesis. This section highlights where the connections lie. Here we show that Brascamp-Lieb
inequalities generalize Young’s convolution inequality which is equivalent to Nelson’s hypercontractive estimates
and logarithmic Sobolev inequalities both of which are related to heat kernel bounds and the entropy in ’Euclidean-

Gaussian’ setting.

5.5.1 From BLI to Young’s inequality to Log-Sobolev inequality

The study of monotonicity in time of | f||, is connected with the classical Young’s inequality in sharp form for
p > 1. The limiting case p — 1 leads to the monotonicity in time of the entropy. Then all the functional
inequalities can be put into a unified framework. For example, let 1 < p; < oo be as defined before such that

Z;nzl pj_l = n — 1, Toscani [148] has shown that the heat flow monotonicity implies, for f; € LPi(R™),

sup | f1x fax--- *fm‘ = ‘/( S Ji(zy) fo(zy — 22) - -+ frn(@mo1) dwy dog - - - dpy g

m
< TS 11,
j=1

1/p. 1/p’; .
whereCﬁjzpj/p]/p/j Y 1pi+1/p =1, Y.

Notice that the original proof of the sharp form is due to Beckner [18] and Brascamp and Lieb [32]. Equality is
attained if and only if fj’»s are Gaussians. The sharp form can be derived from BLI (5.2.9) by taking m = 3, n; =



Chapter 5. Heat Flow Monotonicity and Functional-Geometric Inequalities 141

ny =n3 =nand B; : R?™ — R", i = 1,2,3, such that B (z,y) = z, Ba(z,y) =2 —y and Bs(z,y) =y.In

this case we can compute D(p;) = C(p1,p2,p3)" = (Cp, Cp,Cp,)™. This yields

/(RZH) fr@)P fo(z — y)P? f3(y) dw dy < 5(?1,19271)3)"(/[@” fl)pl(/Rn fz)pz(/]Rn f3)p3. (5.5.1)

Recall the heat semigroup e *2 f = P,  f, where P, is the Gaussian
Py(a,y) = e " (a,y) = (4mt) /eIl
For any function f € H')(IR™) and a number ¢ > 0, the Log-Sobolev inequality is given by

2
/ 12108 (1£12/117113) dr < & / [V fPde = n(1 +log )|} (552)
(R?) T J(®r2)

with equality if and only if f is up to translation, a multiple of exp ( — 7|z|?/ 2€2> .

By Young’s inequality we see that e~ maps LP(R") into L(R") provided p < ¢. Then the sharp log-
Sobolev inequality above follows by differentiating a sharp Young’s inequality at p = ¢ = 2 for the heat semigroup.
This follows by writing

CrCp\ ™
le™*2fllg < =) NPl
a ( C, ) ¢ :

withl/p+1/r=1+41/q < 1/ +1/p+ 1/q = 2. One then evaluates Gaussian integer || P;||, and obtains

R < Co\n At —5(1/p—1/q)
=% < () \ @ =17 11

Setting ¢ = 2, this is essentially Nelson’s hypercontractive inequality [121] and the log-Sobolev inequality follows

after some elementary analysis (See Lieb and Loss’ book [107]).

5.5.2 Brascamp-Lieb inequalities (BLI) and the entropy

The original motivation for putting BLI on the sphere S"~! was to better understand a result on the subadditivity
of the entropy on S"~!. Given a probability density z on some measure space (S"~*, i), define entropy
S(f)= |  flogfdu (5.5.3)
§n—
provided flog f is integrable. Define ¢;(x) on S"~! by ¢,(z) = e; - x, where {e1, ..., e, } denote the standard

orthonormal basis in R™. Then one has (Carlen-Lieb-Loss [52])

n

> S(f(65)) < 25(5), (5.5.4)

j=1
where f(¢;) is the 4" marginal of f, j = 1,2,..,n and the constant 2 is the best possible.
Now given a probability measure p on Riemannian manifold M, the entropy of a nonnegative function f :

M — R" is defined by

Solf) = /M fog fau — /M ap) 1o ( /A FOE /M flog fdu
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with | a Jdp = 1. Let f > 0 be a positive solution to the heat equation satisfying i) a Jd =1, then, a straight-

forward computation shows that

GS0) == [ Viog fla 0wt = ~Fa( (1)

and
d? d 9
GaSoF(0) = =2 Fo(F(t) = =2 | (|Hesslog f|? + Re(V log £,V log f)) fd.
M
By the above calculation, the entropy Sy for a positive solution to the heat equation on manifold is seen to be
monotone decreasing while its derivative is monotone nondecreasing on the condition that the Ricci curvature of

M is nonnegative. This shows the entropy is convex. We then have Bakry-Emery log-Sobolev inequality

1
So(f) < 5= F. (5.5.5)

On the manifold whose Ricci curvature Rc satisfies Rc > K for some constant k > 0.
Based on these we define the following

SU(1)) 1= Solf () + 5 log(art) + & = /

(logf +2 log(4mt) + ﬁ)fdu
" 2 2

n

FUO) = R 0) 5 = [ (0910877 =) fd

Here, we have normalized S so that it remains identically zero for all time when f is the heat kernel. It is easily
shown that S is identically zero on M = R", the Euclidean space when f is the Euclidean heat kernel.

Notice by a straightforward computation

_% (ts(f(t))) = F(f(t)) = S(f(t)) = W((f))- (5.5.6)

Obviously, the entropy W(f(t)) reads

W(F (1)) = /M (t'?‘é'Z ~log f — & log(4nt) —n) fp.
and
%W - %%(t}') - —2t/M (’VVlogf . Qitgf + Rc(Vlogf,Vlogf))fdu.

This is exactly Ni’s result in [122] which states that W( f, t) is monotone nonincreasing on a closed manifold with
nonnegative Ricci curvature. In the case the manifold is Ricci flat this is indeed Perelman’s entropy monotonicity
formula [126] on a metric evolving by the Ricci flow.

Notice also by the application of integration by parts F(f(¢)) can be written as

FU®) = [ ~(tatozs+ ) d 5.5

This has a surprising connection to the Li-Yau gradient estimate. Clearly the quantity under the integral is equival-

ent to the Harnack quantity of Li-Yau

2
Af VS +g)_

—(tAlogwag) :—t( 7 72 of
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Li-Yau gradient estimate [112] says F(f) < 0 when Rc > 0, which implies

2
L | P
Fooer Ty
This is in turn equivalent to
tAlog f — % <0, (5.5.8)

which can be viewed as a generalized Laplacian comparison theorem. Indeed, the Laplacian comparison theorem
on M is a consequence of (5.5.8) by applying inequality to the heat kernel and letting ¢ tends to zero. One can
also see that lim;_,o S(f(¢)) = 0 for the heat kernel and hence S(f(¢)) is monotone increasing on nonnegative
Ricci curvature manifold. Therefore, we have W(f,t) > 0 for the heat kernel for some ¢ > 0 if and only if M is
isometric to R™.
Let M be a complete Riemannian manifold with nonnegative Ricci curvature, then at ¢t = 1/2, ¥ holds on
M if and only if M is isometric to R"™, (See also Weissler [152]). This is indeed equivalent to Gross logarithmic
Sobolev inequalities [83] on R™
[ Glosr+r-n) ot 20 (559)
Thus, there is a strong relation between the log-Sobolev inequality and the geometry of the manifold. Chapter 3 of
this thesis contains some applications of Ni’s entropy, Perelman’s entropy and Li-Yau Harnack inequalities while

Chapter 4 has some Log Sobolev inequalities and their variants.

5.5.3 Final Remark

The problem of considering Brascamp-Lieb type inequalities on manifolds suggests looking at certain ’nonlinear”
euclidean Brascamp-Lieb inequalities first, such as Bennett and Bez [21] and the simplest case of the so-called
nonlinear Loomis-Whitney inequality, Bennett, Carbery, Wright [26]. Earlier, Tao and Wright [146] considered
low dimensions where bracket assumptions are made. Since then there has been work of Bejenaru, Herr and Tataru
[19]. These problems seem quite difficult, at least to go substantially beyond what is in the above papers.

The authors also attempted to use heat-flow, and the paper [21] above is the product of this attempt, see [21,
Remark 2.1]. One of the difficulties with the heat-flow is that the equations need to depend on all of the mappings
Bj; i.e. the j' - heat equation wants to depend on By, for all k. Quite whether heat flow can work is yet unclear,
but Bennett and Bez in [21] were able to salvage an inductive argument that is morally a form of discrete-time heat

flow . It’s not clear that Riemannian geometry is the right setting either. Results in this direction are desirable.
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Appendix A

Aspects of Geometric Analysis

This Appendix provides a quick overview of some of the main analytic tools used throughout this thesis. The
detail can be found in any standard references on Geometric Analysis. For the purpose of this thesis we use

[3,54,59,69,77,79, 95,96, 105, 111, 132, 158].

A.1 Integration and Divergence Theorem

Given an oriented Riemannian manifold (M, g) with or without boundary, with an oriented atlas of charts (Uy, =4 ),
a € I, where I is some set. A function f on M is measurable if, for every chartz : U/ — R", f oz~ ! is measurable
on the image of I/ in R™. For every covering {z,, : U, — R" : o € I} of M by charts with subordinate partition

of unity {¢,, : @ € I}, the Riemannian measure is given by
dpg =Y ¢or/det godal, - - - dal,

where dx!,i = 1,2 - - - n is the density of Lebesgue measure on x,(U,) C R™. In particular, if X is a smooth
vector field, its divergence, div. X, measures the infinitesimal distortion of volume by the flow generated by X. In
the case of manifold with boundary OM, the orientation on M defines an orientation on 9M. Now let § be an

induced Riemannian metric on 9 M, then, we have the volume form of § defined by

dog = tdpglonm,

where v denotes the outward unit normal vector field on M and the interior product ¢x is a skew-derivation for

vector field X (See Kobayashi and Nomizu [102, p. 35] and Jeffrey M. Lee [104, Chapter 9]). Thus, we have

txdpig . (X, v)4doy and the divergence of X can be defined as a quantity satisfying d(cxdp) = divXdpu.
M

Theorem A.1.1. ([69, Theorem 1.47] Divergence Theorem). Let (M, g) be a compact oriented Riemannian man-
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ifold, X, a smooth vector field at least C' and v, the outward unit normal vector field on OM. Then

/ded,u / (X, v)qdo. (A.LLD)
M oM

Furthermore, if M is closed, then

divXdu = 0. (A.1.2)
M

From the divergence theorem we have the following consequences (for details see Chavel [54] and Jeffrey M.

Lee [104].)

Theorem A.1.2. (Integration by Parts). Let (M, g) be an oriented Riemannian manifold with functions u,v €
C>(M). Then

ov ou
/M[uAv — vAuldp = /BM (ua - v%)da (A.1.3)

on a compact manifold. Furthermore, if M is closed we have

/ [uAv — vAuldp = 0. (A.1.4)
M
If v € C1, we have
/ VAU — (Vu, Vu)gldp = / u@da (A.1.5)
M om Ov
on a compact manifold while
/ vAudp = —/ (Vu, Vo) gdp (A.1.6)
M M

on a closed manifold.

Lemma A.1.3. Let X be a vector field, X = X'0; and f € C°(M) be smooth function with compact support on
M. Then
(—divX, f)g = (X,Vf)g

/ S X et et g da'.

Thus,

1 .
divX = ——=0;(X"\/det g).
X = e DX /el

A.2  Sobolev Spaces and Inequalities

A.2.1 Weak Derivative and Euclidean Sobolev Spaces

We briefly recall some elementary facts about Sobolev spaces for open subsets of the Euclidean space. This is the
setting upon which the theory of Sobolev spaces on Riemannian manifold is built. For our discussions here we
refer to Hebey [95, 96]. Let €2 be a domain in R™. Let u be a locally integrable function on 2. Let @ = (v, -+, v,

be a n-tuple of nonnegative integers, i.e., multi-index of length || = Z;‘L=1 a;.
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Definition A.2.1. A function v € L, (Q) is called the o -weak (distributional) derivative of u if

/vcpd;v:(—l)lal/uaago dz,
Q Q

and we write 0%u = v for all ¢ € C°(Q), where 0% = 03} - - - 05"

Definition A.2.2. For p > 1 and k, a nonnegative integer, we define the Sobolev spaces of order k as
Whe(Q) = {u € LP(Q) : 0%u € LP(Q), Vo] < k:}
with the norm

(Z/W“u”dm);, 1<p<oo
Q

|| <k

[ellep ==

Z ||8au||Loo(Q), p = Q.

la| <k

A.2.2  Sobolev Spaces and Embedding on Riemannian Manifold

Let (M, g) be a smooth Riemannian manifold, for k integer and u : M — R smooth. Let V¥u denote the k"

covariant derivative of u and |V*u| be its norm defined in a local chart by
[V¥ul = gh9 - g (V)i iy (VR0 o
For any p > 1 real and integer k, we set
epa) = {ue c=(): /M (Vuld < o0, ¥j =0, k}.

When M is compact, one clearly has that C} (M) = C>°(M) for any k and any p > 1. For u € C} (M), set also

k 1
wll e = ViuPdp)”. (A.2.1)
el g an Z(/| zn

We define the Sobolev spaces HY (M) as follows:

Definition A.2.3. Let (M, g) be a Riemannian manifold, k, an integer and p > 1 real, the Sobolev space Hy, (M)

is the completion of Cy, (M) with respect to || - e

Theorem A.2.4. Let (M, g) be a compact Riemannian manifold, Sobolev spaces HY (M) is continuously embed-

ded in LP(M) for any 1 < p < n with LP-norm defined by ||ul|, = (fM |u\pdu) v

Note - HY (M) is the completion of C°° (M) with respect to the standard norm

= ([ 19ulran)”+ ([ i)’



Appendix A. Aspects of Geometric Analysis 147

Theorem A.2.5. (Sobolev-Poincaré inequalities [96, Theorem 2.11]). Let (M, g) be a compact Riemannian man-

ifold of dimension n, q € [1,n) be real and p real such that % =
that for any u € H{ (M)

% % There exists a positive constant C such

1

/ lu — al? du 5 (M)(/ Va9 du) ‘) (A2.2)
M
where i = W Joy udp.

Theorem A.2.6. Let (M, g) be a compact Riemannian manifold of dimension n. For any p € [1,n), H} (M) C

L7575 (M), i.e, there exists a positive constant C(M, g) such that

/ Ju # du C(MQ)((/MIWI”du ’ / IUI”du > (A23)

forallu € HY (M).

A.3 Laplacian Comparison Theorem

Two fundamental results in Riemannian Geometry are the Laplacian and Hessian comparison theorems for distance
function. The idea of comparison theorems is to compare a geometric quantity on a Riemannian manifold with
the corresponding quantity on a model space. Typically, in Riemannian Geometry, model spaces have constant

sectional curvature. Now given k € R, define

(n — 1)/J&] cot (v/Tk]r), if k>0,
Hy(r)={ "1 if k=0, (A3.1)
n—l )V |k| coth(+/|k|r), if k<O.

The function Hy(r) is the mean curvature of the (n — 1)-sphere of radius r in the complete simply connected
Riemannian manifold of constant sectional curvature k. The detail proof of the following theorem can be found in

books [111] by P. Li and [132] by Schoen and Yau.

Theorem A.3.1. Ler (M, g) be a complete Riemannian manifold with Rc > (n — 1)k, where k € Rand ifp € M,

then for any x € M, where d(p, x) is smooth, we have
Ad(p,z) < Hy(d(p, ) (A3.2)
on the whole manifold.

Remark A.3.2. The Laplacian comparison theorem holds in the distribution sense, that is, for any nonnegative

© € C°(M) with compact support, we have

/ d(p, ) A (i /cka (0, 2))p()dp(x). (A33)
M

At a point x, where d(p, x) is smooth the Laplacian of the distance function is the mean curvature of the distance

sphere (i.e., Ad(p, x) = Hy). Thus, Theorem A.3.1 follows immediately.
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Appendix B

Eigenvalues and Heat Kernels of

Riemannian Manifolds

In this section, we restrict our discussions to compact manifold without boundary. While most of the results hold
for manifold with empty boundary, an appropriate boundary condition must be prescribed in the case the boundary
is nonempty. We refer to standard books on Geometric Analysis for details, see for examples Chavel [54], Davies

[71], Grigor’yan [82], Li [111] and Schoen and Yau [132].

B.1 Eigenvalues

Let (M, g) be a compact Riemannian manifold without boundary. The eigenvalue problem on M consists in

finding the pairs (\;, ¢;),¢ = 1,2, ... which satisfies
Ap; = —Nigs, ! (B.1.1)

where \; are real constants called the eigenvalues, ¢; are nonzero functions called the eigenfunctions and A is the
usual Laplace-Beltrami operator, which is a self-adjoint elliptic operator on H!(M). By spectral theory, [54, 132]
M has a pure point (discrete) spectrum of a sequence of eigenvalues {);}5°, and the eigenfunctions ¢; form an
orthonormal basis of H 1(M ). The spectrum of M is Riemannian invariant, i.e, any two isometric Riemannian
manifolds have the same spectrum. In each case, the eigenfunctions form a vector space of finite dimension
(eigenspace) with the dimension referred to as the multiplicity of the eigenvalues. The implication of this is that
certain topological information about the geometry of the manifold are extracted from the spectrum and vice versa.

For this, many interesting questions arise in spectral geometry such as “what information on (M, g) can be drawn

"Two natural choices of boundary conditions usually prescribed on (B.1.1) whenever M has nonempty boundary are; ¢’6M = 0 for

Dirichlet eigenfunction and 9, ¢ o = 0 for Neumann eigenfunction, where v is the outward unit normal vector field on M.
y
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from the geometric information on (M, g) (the spectrum of the manifold (M, g)) and vice versa?”. Mark Kac
[100] in 1966 asked “’can one hear the shape of a drum?”

The Weyl asymptotic formula (Hermann Weyl) [54, 82] states that

2
47 k "
A ~ : k B.1.2

" Vol(B,)? <V01M> 8% = 20, (B.1.2)

where Vol(B,,) and Vol(M) are the volume of the unit Euclidean Ball and M respectively.
For each \j, we may choose the corresponding eigenfunction ¢;, and we obtain another important concept in
the study of eigenvalues, the Mini-Max Principle as follows;

For any function f € L?(M), we have

F= (fr o) 2
k=0

and
o0

||f||%2(M) = Z<f7 ¢k>%2(M),

k=0

since {¢; }5°; is orthonormal. For the fact that A is a self-adjoint elliptic operator on L?(M ), we have

Vf|*d
A; = inf Lfl“ / Ffidp=0, i>1. (B.1.3)
f IM |f| dp M
This principle says in particular that A; > 0 is the biggest constant for which the following inequality (Poincaré
inequality) holds;
/ IV f2du > C/ If)%du, Vfe L*(M) and C < )\, is a constant. (B.1.4)
M M

The study of eigenvalues of Laplacian further reveals the relationship between Sobolev embedding and Isoperi-
metric inequality. Faber and Krahn exploited this in the 1920s and obtained what is today known as Faber-Krahn
inequality. Jeffrey Cheeger applied similar argument in the early 70s to estimating the first eigenvalue of the Lapla-
cian [111]. A. Grigor’yan has also proved the equivalence of these inequalities. For more details see Chavel [54],

Davies [71], Grigor’yan [82] and Schoen and Yau [132].

Theorem B.1.1. (Sobolev Inequality [111]). Let M™ be a compact Riemannian manifold without boundary. Then

there exists a constant Cs > 0 depending on n,n > 2, such that

n—1

) 5
Cs</M|f| ) S/M\Vf\, Vf e L*(M). (B.1.5)

Theorem B.1.2. (Isoperimetric Inequality [111]). Let M™, n > 2 be a compact Riemannian manifold, ), a

domain with a compact closure in M, then there exists a constant C; > 0 independent of <), such that

n—1

CI(VOZ(Q)) "< Vol(9Q). (B.1.6)
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B.2 Bounds on Eigenvalues

P. Li and S-T. Yau developed methods of proving estimates on the least eigenvalues via the gradient estimates on

the first eigenfunction.
Theorem B.2.1. (Lower Bounds /771, 132]). Let (M, g) be a compact Riemannian manifold with nonnegative

Ricci curvature. Then

2

N> B.2.1
"= 4 diam(g)?’ ( )

where diam(g) is the diameter of (M, g).

Theorem B.2.2. (Eigenvalues Comparison Theorem [/32]). Let (M, g) be any n-dimensional Riemannian

manifold with Rc(M) > nk. Then for any v € M and r > 0, we have
M (B(z, 7)) < M\ (B(k, 1)), (B.2.2)

where B(k,r) denotes a ball with radius v in the simply connected n-dimensional model manifold. Equality in

(B.2.2) holds if and only if B(x, ) is isometric to B(k, ).

Theorem B.2.3. (Monotonicity Formula for Eigenvalues). Ler (M, g) be a Riemannian manifold and 2, C

Qo C M be two relatively compact domains. Then
A1(fh) > A(Q22). (B.2.3)

The inequality is strict if the interior of Q2\$Q4 is not empty.

B.3 Heat Kernel

We define the heat kernel to be the fundamental solution of the heat equation on a compact Riemannian manifold

(M, g) (dimension n > 1) with a - function as the initial data. Suppose u € C*°(M, [0, 00)) solves the heat

equation
0
(——A)u(z,t)zo, x €M, te|0,00)
ot (B.3.1)
u(z,0) = f(z), feLA(M).
It then follows that the solution u(z, t) can be represented by
w(z,t) = [ Hu(z,y;t) f(y)du(y)- (B.3.2)

M
Here, Hps(z,y;t) € C°°(M x M x Ry) (or at least C? in the spatial variable and C'! in the time variable) is the
Heat kernel of M. The heat kernel can in turn be represented in terms of eigenvalues and eigenfunctions of A as

follows

Hy(m,yit) =Y e M i(x)di(y), (B3.3)
=1
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the series which converges for ¢ > 0 and z,y € M. This is a unique positive solution and symmetric in = and ¥,

however, the uniqueness is not true in general if M is non-compact. For detail see [54, 82, 111].

Example B.3.1. The most familiar example is the heat kernel on R" (although R™ is not a compact Riemannian
manifold) which is given by

= —n Nz =yl
Hgn (z,y;t) = (4nt) "2 exp ym . (B.3.4)

It is symmetric in x and y and can be shown that
fim s [ 1wy = £
t—0 (4mt)2
forall f € L*(R™).
Heat Kernel of a Torus 7T [54] is given by

D
Hrp (x,y;t) = (4mt) ™ Zexp{ — W} (B.3.5)
yel’

Here, a Torus Tt is given by R™ /T, where T is a lattice in R™. Let T* be the dual lattice; T* = {y* € R" :
(x,y*) € Z,V x € T}, the spectrum of Tr is given by o(Tr) = {4m2||y*||* : y* € I'*} and the associated
eigenfunctions by ¢, (z) = e*™@v"),

The heat kernel of 3-dimensional hyperbolic space H3 (of the constant sectional curvature —k?) [81, 82] is
given by

—_ 2 —
HHg(w,y;t)=(4wt)‘% Vir —w}. (B.3.6)

sinh(\/Er) P { 4t

B.4 Properties of Heat Kernel

In addition to smoothness, existence and uniqueness, we briefly list other important properties of the heat kernel
of a compact Riemannian manifold. For detail see [54, 81, 132, 85]. Let a Riemannian manifold M be compact,

then, there exists the heat kernel Hj(z,y;t) € C*°(M x M x R, ) such that

1. Heat equation

(O — Ay)H (2, y5t) =0, r,y €M, t>0

2. Initial condition

lim H (2. y:1) = 5,(x),
where 0, (x) is a Dirac mass at y.

3. Symmetry
H(z,y;t) = H(y, z;t)



Appendix B. Eigenvalues and Heat Kernels of Riemannian Manifolds 152

4. Semi-group property
H(z,y;t) = / H(z,z;t — s)H(z,y;s)dz.
M

We note that property (i) above implies that lim; o [,, H(y,z:t) f(y)du(y) = f(x) uniformly for every function

f that is continuous on M and every x € M.

Theorem B.4.1. (Comparison Theorem for Heat Kernel). Let M be a complete Riemannian manifold with

Re(M) > nk. The heat kernel H(x,y;t) of the ball B(x, r) with centre x fixed in M satisfies
where Hy (d(x,y),t) is the heat kernel of the geodesic ball V (k, r) in the model space of sectional curvature k.

In the above theorem which is due to Cheng and Yau [55], Hg(d(z,y),t) can be thought of as a function on
the geodesic ball B(x, r) in an obvious way. It is smooth on B(z,7)\{cut{z}}, where {cut{x} is the set of point

on the cut-locus. The following facts about heat kernel are well known too.

Theorem B.4.2. Let M be a compact Riemannian manifold, {u;} be an orthonormal basis of L*(M) consisting

of eigenfunctions and \; be the corresponding eigenvalues, then

Hy(z, x;t)dp(z) = Z e Nt (B4.2)
M i=0

which is the trace of the heat kernel of M. Furthermore,
_n d2 Z, > .
Hy(z,y5t) ~ (47t) "% exp ( - %) > uiz, )t (B.4.3)
i=0

ast — 0.

In particular, the result of Cheng and Yau [55] implies that if (M, g) is a complete Riemannian manifold with

nonnegative Ricci curvature, then

2
@ (z,y) ) (B.4.4)

Hyy(z,y;t) > (47t) ™% exp ( v
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Appendix C

F- Energy and VV-Entropy Monotonicity

Formulas

C.1 Monotonicity of Perelman’s 7-Energy

The materials in this appendix are due to Perelman [126] and can be found in several books and papers such as
[4, 41, 64, 69, 101, 135, 147].
Let (M",g;;(t)) be a closed n-manifold for a Riemannian metric g;;(¢) and a smooth function f on M™,

Perelman’s Energy functional [126] on pairs (g;;, f) is defined by

Flgis (1), f) :/ (R+|Vf[)e  dp. (C.1.1)

A, n
Now taking the smooth variations of metric g and f as 6g;; = h;; and § f =: K respectively, where H := trgh;;,

we have the following variation formulas by routine calculations (see Chow et al [64, p. 191-193])

1

5F?j (9) = 59]” (vihjl + Vjhy — vlhij)
1 1

5F§k(9) = §gklvjhkl = iij

H .
o(e'du) ( 5 K))e du
S|VfI>=hIV,fV,f+2(Vf VK).

Lemma C.1.1. In a normal coordinates system with variation formulas above, we have

SR, = aii [%glp (Vihk + Vihsp = Vphie) | - % [%g“’ (Vihup + Vihip = Tphir )|
SR = aii [%gip (Vihk + Vihsp = Vphie) | - % [%gip (Vihup + Vihip = Tphir )|

R =—-AH + Vijhjk - hijj;c.
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Proof. The proofs are similar to those of evolution of curvatures earlier obtained in Chapter 1. (See also [68]). [
With the above variational formulas, the first variation of F-functional is given by

5F(g5(0):£) = [ [~ A+ Vi¥5hiy — higRes + 29F,VK) = by V3195

M I (C.1.2)
R+ VPG - K)}e—fdu.
This variation formula above follows from a direct computation as follows
5 (950 £) = | [ (R+1V57)e T
M
= [ §(R+|Vf2)e fdu+ (R+|Vf?)6(e Tdu
, o(re (9P (R (9112) o)
- / [— AH +VV,hij — hijRij + 2V f,VK) — hi;VifV; f
M
H
+(R+ V)5~ K)]e .
Hence we have
Lemma C.1.2. [126]. The first variation of F is
H _
6F (i (1), f) = / [* hij(Rij + ViVif) + QAf — |V f + R)(E — K)|e ldp. (C.1.3)
M

Proof. Applying integration by parts to some terms in the variation formula (C.1.2) to obtain

[ rvR)etan= [ KAE D= [ K-af+ (9P
M M M

/ AHe ldu= | HA(e Ndu= | H(-Af+|Vf[}e fdu
M M M

Vivjhije_fdMZ/ —<V€_f,Vh>du=/ hij((VﬁVf)—Viij)e‘fdu.
M M M

Therefore
[ Am AV VR =2 [ (af = IVIP)G - K)e fd
M M
putting all these into (C.1.2), we have
5F(g.0) = [ [2F =1V — K)+ R+ 9FP) G — K)o fdu
M
+ /M [hzj ((Vf, V) - Vz‘fvjf) —hyjRij — hijvifvjf}e_fd//f
H

:/ (E—K)(QAf—|Vf|2+R)e‘fdu+/ —hij(Rij + ViV f)e ' dp
M M

From where the lemma follows. O
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Theorem C.1.3. Let g;;(t) and f(t) evolve by

agij

ot~ 2Hi

(C.1.4)
of _ 2
5p = AfH|VIP - R

Then
d —
@J:(gz‘j(t)»f(t)) = 2/ |Rij + ViV, fl*e dpu.
MTL

In particular, F(g;;(t), f(t)) is monotonically nondecreasing in time and the monotonicity is strict unless R;; +
ViV f =0.

Proof. Recall the first variation of F(g, f) and use % = —2R;;. Notice also that % = %trh = %gij(—2Rij) =
~RandK = % = ~R— Af +|Vf]?

dﬂf = [ [=hij(Rij + ViV;) + (E — K)2Af = |VfI*+ R)le dp
_ (R LT i opy_ 9f _ -
= [ 2R+ Vi) + (597 (2R) = ) (27 = VAP + R)e
_ of _
f/M[QRij(RijJrV,;ij)Jr(—Rfa)(QAf—WfFJrR”e Tdp

- /M [QRU(RM F VIV, + (Af - \Vf|2) (2Af VR + R)}e*fdu.

Computing the second term in the RHS of the last equality using the identity —Ae™f = (Af — |V f]?)e ™/,
integration by parts and Ricci identity (see (0.2.14) - (0.2.15) ), we have

| ar=1aPear 19 du = [ —acT@Ar = VP~ [ ~VirieAL - VIR du
_ /M Vi [2V5(ViV,f) — 2RV [~ AV, V)] dp
- /M (VI = ViV, ViV, — RyVifV,f — (V£.VVNY|e S dp
_ 2/ (\vivjf\“‘ +Rijvifvjf)e*fdu.
M
Similarly, using integration by parts and the contracted second Bianchi identity, we have
| @ar=iwtnetau= [ @apretan- [ [9s2Re
M M M
= / ~V,fV;Re du
M
= 2/ V.V;ifRije  du— 2/ VifVifRije dpu.
M M

An alternative method is to fix the volume element dy = /det g;;dz and then show that | M e~fdyu is constant.

In fact, a direct calculation gives

0 0
or(e T dp) = (<9~ Ry~ du = (Af ~ [V7P)e dp = - Al dw),
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It then follows that

a4 eddu=— [ AleHdu=0.
dt Jyr M

The result follows immediately. O

C.2 Monotonicity of Perelman’s VV-Entropy Functional
We define the entropy functional (as in [126])
Wl(g, f,7) = / [T(R—i— V) + f - n} (4n7)"2e Fdy, (C.2.1)
M

where ¢(t) is a Riemannian metric on n-compact manifold M, f is a smooth function on M and 7 is a positive

scale parameter. Let §g;; = hi;, 6T = nand 6 f = K, where H = g*/ h;;. We have the following

Lemma C.2.1. Let u := (4n7)"2e~7. Then

H n
o(ud :(——K——) du.
(wdp) = {5 5.1 udu
Moreover, fixing the volume measure (47r7)*72’le*f dp, the relation % — K — —27:, n = 0 holds.

Proof.

O(u dp) = [(4%7)_%e_fdu}

=d(e Tdu)(drr)™2 +6((4nT)"2)e T dp
H n n
_ (= _ -5 f _ —5o—f
= ( 5 K) (Arm)"2e Tdp+ ( >(47T7') e du
H n n
= _— — _ — -2 f
( 5 K 27_7]) (drr)"2e dp

Lemma C.2.2. The first variation of VW-functional is
1 n
SnxyW(g, f,7) = / —Thyj (Rij + ViV, f - ?gm)u dp +/ n(R +Af - *)U dp
M T M 27
H n 9
+ (——K——n)[T(R+2Af—|Vf|)+ffn—1}udu.

M\ 2 2T

Proof. By straightforward calculation

St Wig. £.7) = 84D F (g, 1) + [ (7= mudn),

M
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using the variation formula obtained for F in Lemma C.1.2, we have
6[7’(4777)‘%7'“(9,]”)} = (5{7’(47r7’)_%}]:(g,f) +T(47TT)_%5{]:(9,]0)}
=(n-— gn)(4777)_%f(97f) +r(4nT) "% /M {— hij (Rij + Viij)
+ (241 - |9/ + R) (g — K) e/ dp
= (1=5) (n [ (Rt 191P)e ) a2
+ /M 7 g (Rig + ViV f ) (4nr) " F e dp
+ /M T (g ~ K)(2Af = VS + R) (4n7) " F e ap
= /M -7 hij(Rij -I-Viij)ud,u—&—/Mn(l - g) (R—i— |Vf|2>u du
+/MT (g ~ K) (287 ~ [V + R)u dy
and
[ [ r=muau] = [ (s =myudat [ (£ =mitud

H n
= Kud —|—/ —n)|——K—-—n)ud
y 1 M(f )(2 2777) 1

:/M {K+ (g—K—%rO(f—n)]udlL

Combining these we have

6W(g,f,7):/ fThij(Rij+vivjf)udu+/ n(k%) <R+|Vf|2)udp

M M

+/MT(%—K)(2Af—|Vf|2+R>udu+/M [K+(§—K—%n)(f—n)}udu

= /M —7 hij (Rij +vivjf)udu+/Mn(1 - g) (R+ IVfIZ)udu
/M (g - K)[rear - Vi +R) +f—n}udu+/M K = Son(f =) wdp

+

2T

:/M —T hij(Rij+Viij)Ud,u+/Mn(Rij+Viv]‘f)ud,u—/]w —n(R+ Af)udu

+/Mn(1—g>(R+|Vf|2)udu+/M (g—K) [T(ZAf—|Vf|2+R)+f—n]udu

~ [ Solear- 19y s —nludus [ Salear- VIR 4R+ 1 - nluds
M M

+ /M [K - %n(f - n)]udu
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:/M - hij(Rij+v,»vjf)udu+/Mn(R”+vv f)udu—i—/ “n(R + Af)udp

[ n(1=5) (R0 udit [ (5 K= gon)[rear-veE+R)
+f—n}udu+/ (2Af—|Vf|2+R>udu+/MKudu

:/M(—Thij+ngij)(Rij+vivjf)udﬂ+/M (%—K—%n) [reAf— |V +R)
+f—n}udu+/MKudu.

Applying integration by parts method to the last term in the RHS of the last equality

putting this back, we obtain the result. Hence we write

= / ( —Thi; + ngij) (RU +V,V,f— g”>udu

6(h,K,T)W(gv f7 T) H n (C2.2)
+ (— K- 7,]) [T(zAf VPR +f-n— 1}udu.
M 2 2T
O
The functional )V and its gradient flow
Let us keep the volume measure fixed so that
n H n
5( 4 ***fd): -2 _ K-
/M( mr)"Fedu ) =0= 3 511
and require that n = —1, thus 7 is a quantity decreasing at a constant rate. We then obtain the gradient flow
9gi;
8; = —Q(Rij + VZVJf)
with 4 = p = —1, where f = —Inu— % In(4n7) and % = —Af— R+ 3=. we have the following monotonicity
formula
Proposition C.2.3. Let (¢(t), f(t), 7(t)) be a soliton of the system (2.5.3), we have the identity
1
GV L) = [ 2Ry VT8~ s Pudn (€23)

where | A Wdp is a constant.
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Proof. The result is obtained by a straightforward substitution of

dgi;
hij = gtj = —2(Ri; + ViV /),
af n
K=% _ Af_ n
ot f R+2’
or
—_— = :—1
at

into the first first variation of W, i.e, equation (C.2.2), we then have
d
EWo), 10, 70) = | 27 (Riy + ViV3£) (Rig + ViV, i Judn
M

—/M (R+Af— g)ud,u.

The second term of RHS of the last equation can be written as

1 1
f/ <R+Aff£>ud,u:27'/ g”(RUqLVV f- g”)udu
M 27— M 2
The result follows by substituting these back into (C.2.2).

Lemma C.2.4. Let \ > 0 be any constant and ¢ : M — M be any diffeomorphism. Then

WA-g, f,A-7) =WI(g, [, 7) and W(dig,¢; f,7) =WI(g, [, 7).

Proof. By straightforward computation

W - g, f, A.T):/ {)\~T(R(/\~g) (- 9) V. fV; f)-l—f—n] (4mar)~ 2! \/det(\g)dx
M

:/ [A.T(A-lR(g)+A-1gifvifvjf)+f—np 3 (4nr) "B e /Andet(g)dx
M

:/ {T(R‘*‘me-i-f—n)\%(‘hw Te” det(g)dx
M

=W(g, f,7).

The invariance under diffeomorphisms is clear since we are dealing with geometric quantities. One can use co-

ordinates induced by ¢ for a proof.

O
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