arXiv:1512.07224v2 [astro-ph.CO] 12 Feb 2016

Influence of large local and non-local
bispectra on primordial black hole abundance

Sam Young!, Donough Regan?, Christian T. Byrnes®
Department of Physics and Astronomy, Pevensey II Building, University of Sussex, BN1 9RH, UK

1S.M.Young@sussex.ac.uk, 2D.Regan@sussex.ac.uk, 3C.Byrnes@sussex.ac.uk
February 15, 2016

Primordial black holes represent a unique probe to constrain the early universe on small scales
- providing the only constraints on the primordial power spectrum on the majority of scales. How-
ever, these constraints are strongly dependent on even small amounts of non-Gaussianity, which
is unconstrained on scales significantly smaller than those visible in the CMB. This paper goes
beyond previous considerations to consider the effects of a bispectrum of the equilateral, orthog-
onal and local shapes with arbitrary magnitude upon the abundance of primordial black holes.
Non-Gaussian density maps of the early universe are generated from a given bispectrum and used
to place constraints on the small scale power spectrum. When small, we show that the skewness
provides an accurate estimate for how the constraint depends on non-Gaussianity, independently
of the shape of the bispectrum. We show that the orthogonal template of non-Gaussianity has an
order of magnitude weaker effect on the constraints than the local and equilateral templates.



1 Introduction

Primordial black holes (PBHs) are black holes which may have formed very early on in the history of
the universe from the collapse of density perturbations generated during inflation. During inflation,
quantum fluctuations are stretched out by the rapid expansion of the universe, and quickly become
larger than the Hubble horizon, becoming classical density perturbations. Once inflation ends,
the perturbations begin to reenter the horizon, and if large enough, can collapse to form a PBH.
Because such perturbations can reenter the horizon before baryogenesis, there is no need for such
black holes to have a large enough mass to overcome degeneracy pressures - and the formation of
PBHs with very small masses is possible.

Because PBHs form on small scales, they have often been used to constrain the smallest scales
in the early universe. Precision measurements and constraints upon the primordial Universe are
available from the cosmic microwave background (CMB) and large scale structure (for example,
the constraints on inflation from Planck [1]), but these only provide constraints on the largest 6-8
e-folds inside the visible universe - while inflation is expected to have lasted 50-60 e-folds. PBHs, on
the other hand, provide constraints on a much greater range of scales, spanning around 50 e-folds,
although the constraints are much weaker.

Many attempts have been made to detect PBHs, yet they remain undetected. However, a tight
upper limit can be placed on the abundance of PBHs, which is typically stated in terms of the
mass fraction of the Universe contained within PBHs at the time of formation, 8. Constraints on 3
vary greatly for PBHs of different mass, ranging from 3 < 107 to 8 < 107?°. For a summary of the
constraints see [2]. Because the number of PBHs forming depends on the primordial power spec-
trum, constraints on the abundance of PBHs can be used to place bounds on the power spectrum
[3]. These constraints on the power spectrum are typically of order 1072, significantly weaker than
constraints from the CMB.

In order for a significant number of PBHs to form, the power spectrum needs to be orders of
magnitude larger than is observed in the CMB - meaning that it must become large on small scales.
There are a range of models for inflation which do predict such behaviour, whilst being consistent
with current cosmological observations. Such models include the running mass model [4] [5], axion
inflation [6], a waterfall transition during hybrid inflation [7, 8, 9], from particle production during
inflation [I0], inflationary models with small field excursions but which are tuned to produce a
large tensor-to-scalar ratio on large scales [I1], and can be formed from passive density fluctuations
[12]. See also [13] 14, 15]. For further reading and a summary of various models which can produce
PBHs, see [16]. Such models typically predict at least a small amplitude of non-Gaussianity - and
it has been shown that constraints on the small scale power spectrum are strongly dependent on
non-Gaussianity [17] - and can vary by over an order of magnitude.

Previous papers have used an analytic method to investigate the effects of non-Gaussianity
- and were limited to either investigating local-type non-Gaussianity for which analytical results
are available [I8], 19] 20 2], 22] [8, 17, 23] or, in the case of Shandera et al [22], also to a small
amplitude of equilateral non-Gaussianity. This paper goes beyond previous work to investigate the
effects of three different bispectrum shapes of arbitrary size on the abundance of PBHs, and on
the resulting constraints, by making use of non-Gaussian density maps. We make the first study of
orthogonal non-Gaussianity, and show that, for a given value of fyr,, it has a much smaller effect on
the constraints than the equilateral and local non-Gaussian templates. We explain this observation
by calculating the skewness parameter as a function of all three bisepectral templates.

The paper is organised as follows: in section[2]the generation of the density maps and calculation
of the PBH abundance is detailed. In section |3} the constraints on the power spectrum as a function
of the bispectrum are calculated. Section 4] concludes with a summary of the results.



2 Simulation Procedure

2.1 Generation of non-Gaussian density maps

Methods for the simulation of a map incorporating an arbitrary bispectrum were developed by
Regan et al. in a series of papers [24] 25| 26] (see also [27]). Representing the primordial curvature
in Fourier space as ((k), one may simulate the curvature of a Gaussian distribution using a random
number generator with variance per scale, k, given by the power spectrum P (k) (and zero mean).
For clarity we will denote the Gaussian map as (g(k). The bispectrum B¢ (k1, k2, k3), given by the
expectation value of the three point function

(C(k1)C(k2)¢(ks)) = (2m)°0p (ki + ko + k3) Be (b1, k2, k3) (1)

may be simulated using the Gaussian maps by calculating ((k) = (g (k) + fn.(s(k) where
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Here we define the quantity fn. = 5B¢(k,k,k)/(18P:(k)?) such that B = fNLBgNLzl. Direct
implementation of this convolution is numerically prohibitive unless the bispectrum can be written
in a separable form, i.e. in the form f(k;)g(k2)h(ks) for arbitrary one dimensional functions f, g, h.
This is possible for sufficiently smooth generic bispectra using techniques developed in [28] 29} [30].
In particular, a partial wave decomposition may be employed to write the bispectrum in the form

B (ky, ko, ks) =5, g (k1) gs (ko) qpy (ks) 3)
2(PC(k1)PC(k2)+PC(k1)PC(k3)+Pg(k2)P<(k3)) _rst rstd{r\K1)qs\K2)qt}\K3),

where the notation {rst} refers to all symmetrised combinations of the labels r,s,t - necessary
due to symmetry of the bispectrum. The triple label indices may be partially ordered such that a
single index n = {rst} may be used to enumerate the coefficients of the expansion in the form oz,? .
Calculation of these coefficients only requires an inner product on the space of bispectra - restricted
due to the triangle condition imposed by the Dirac delta condition in . Interested readers are
referred to [3I] for further details of the decomposition procedure. Given this decomposition,
calculation of the bispectrum map reduces to calculation of fast Fourier transforms with
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where M0 = [ e 0, (B)Ga (k). (5)

In this paper we focus on the three standard bispectrum templates (local, equilateral, orthogo-
nal) for which the respective bispectra are of the form

B (kg ) = ngL (Pc(k1)Py(k2) + Po(ka) Py(ks) + Po(ka) Py(ks)) | (6)
Bk, k2, k3) = ?fNL( = [P (1) Pe(e) + 2 perms] - 2 [ Pe(ka) P (ko) P (k) |
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For clarity we will, where necessary, distinguish fyi, for the various shapes by writing £, fxi

and ff\}rfh. We note that for the local model, the map making procedure reduces to the simple form

() = Ga 1) + 2 fan (G + Ge) (1) )

where the symbol * indicates a convolution.

Our simulations are carried out on a grid of 128 points, and employ a scale invariant power
spectrum of the form P (k) = Ag/k“g. The amplitude A; is given by the Planck value A; = 4.75x 1078
but is boosted for either one efold of points or 2.5 efoldﬂ to a much larger amplitude - typically
of order 1072 - required to form a significant number of PBHs; the boosted region of the power
spectrum will be referred to as the peak in the power spectrum later in the paper. The amplitude
of this boost is then tuned such that the required amount of PBHs would form. Calculation of the
PBH abundance is discussed in the following section.

We restrict our analysis to the bispectrum, but note that generating a non-zero bispectrum
inevitably results in non-zero higher n-point functions. For the local model, this corresponds
to generating the minimum possible trispectrum with 7n7 = (6 fNL/B)2 and gnp, = 0 [32], which
Shandera et al call the hierarchical scaling [22]. Our simulations automatically take this into
account. However, care should be taken in interpreting the large fxr, regime for the equilateral and
orthogonal models for which the trispectrum may be of a different form.

2.2 Calculation of PBH abundance

As described in [33] the abundance of primordial black holes should be computed using the density
contrast rather than the primordial curvature perturbation, due to the damping of super-horizon
modes by a factor k2. In addition, it is necessary to account for the window function W(R,z)
with which the density contrast is smoothed on a given scale R. The formation criteria is typically
expressed in terms of the average over-density at the time of horizon crossing (and the PBH forms
shortly after) - and so the smoothing scale R corresponds to the horizon scale. As the horizon scale
is the only physical scale in the Universe at this time, it is taken to be of arbitrary size, and other
lengths are defined relative to the horizon/smoothing scale, R. The simulation does not correspond
to a specific scale and the constraints on the power spectrum obtained can therefore be applied to
any physical scale.

Assuming radiation domination, the relationship between the smoothed density fluctuation,
AR, and the curvature perturbation, ¢, is given by

3 . ~
O = UG CORO (10)

where W (R, k) denotes the Fourier transform of the window function. In this work we employ a
volume-normalised Gaussian window function, such thatE|

2 p2
W(R, k) = exp(—k 2R ) . (11)

! Given our use in this paper of 128 grid points in each dimension, we boost those values corresponding to the one
efold (respectively, 2.5 efold) range k € [10,27.2]Ak (respectively, k € [10,128]Ak) where Ak is the resolution size of
the grid. The lower limit, 10Ak is chosen for numerical stability to be significantly larger than the resolution size.

2We shall drop the tilde in what follows and assume the window function is in Fourier space unless otherwise
specified.



In order to compute the abundance, 3, of PBHs we count the number of grid points for which the
smoothed density exceeds the threshold, A. at which PBHs form, i.e. such that Agr(x) > A.. Our
computation of the variance is performed by Fourier transforming the smoothed density contrast
to real space to obtain Agr(x), and then calculating

Par = (Ar(x)%), (12)

where (...) represents the averaging over all grid points in real space. For ease of comparison to
the literature, which do not employ a smoothing function, we note that for the rescaled density
contrast, Ag = exp(1/2)Ag, we obtain the approximate result Px,, ™ (4/9)*P; due to the function
(kR)?>W (R, k) peaking with value exp(-1/2) in the boosted region. We will make use of this
(accurate) approximation in the remainder of this paper. The threshold at which PBHs form at
any grid point x is taken to be A, = exp(1/2)A., = 4/9. This corresponds to a threshold A, ~ 1/3, as
used in previous theoretical predictions - though is slightly below the accepted value 0.45 calculated
from simulations [34] 35, [36].

The variance of the Gaussian density map - denoted o for clarity of notation - may be evaluated

as
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In addition the skewness, M3 g, is calculated by employing the following expression
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We shall, unless otherwise indicated, use R = ﬂ/kpeak, where kpeax represents the wavenumber
approximately half an efold from the smallest scale on which the Gaussian amplitude is boosted
(i.e. corresponding to 20 grid points in Fourier space).

3 Constraints on the small scale power spectrum

Bounds on the abundance of PBHs, 3, can be used to constrain the curvature perturbation power
spectrum. Previous constraints have been obtained using an analytic method [22 [17) 23], 37], and
it has been shown that the constraints can depend strongly on non-Gaussianity. It is normally
assumed that PBHs form with approximately the horizon mass, although it is well known that the
mass of the PBH that forms depends on the amplitude of the overdensity - and the mass has been
found to follow a scaling law. The effect of this was recently considered [38] and leads to a shift and
broadening of the PBH masses, and an overall decrease of the mass contained in primordial black
holes. However, the PBHs formed still have approximately the horizon mass (the peak in the mass
formed is typically half the horizon mass), and has a very small effect on the derived constraints -
and so the effect is neglected here.

The effects of local-type non-Gaussianity have previously been studied, and it was found that
the constraints on the power spectrum, P¢, can vary by up to an order of magnitude when f\%fal
changes from —0.5 to 0.5. Initially, a power spectrum which peaks over a small range of scales was
considered [I7, 23]. Because fll\?fal has a strong effect on the tails of the distribution function where

PBHs form, small changes in fll\?fal have a very large effect on the abundance of PBHs. Positive

11\}’1531 increases the amount of PBHs which form such that the constraints become gradually tighter

as ll\?fal increases. For negative ll\?Lcal the constraints loosen, but become weaker very quickly as

11\}’]531 decreases, with no PBHs formed unless the power spectrum becomes much larger.



Later, the case where the power spectrum spans a larger range of scales was considered, allowing
for the effect of super-horizon modes [37]. Super-horizon modes normally do not directly affect
PBH formation as far as is known [39], but can have an indirect effect due to modal coupling to
horizon scale modes. Overall, the effect of modal coupling increases PBH formation - tightening

constraints on the power spectrum. Notably, for negative fll\?fal, whilst constraints still weaken for

small negative values, they become stronger as fll\?fal becomes larger. A full discussion can be seen
in [37].

The method detailed in section [2|is used to calculate the abundance of PBHs, 3, as a function
of the power spectrum and bispectrum - and this can be used to place an upper limit on the power
spectrum for a given upper limit on 5. Due to the amount of resources required to generate large
maps, we restrict ourselves to a relatively weak constraint, 5 < 10™*. Whilst this constraint is
weaker than any of the existing constraints on PBH abundance, it allows for an easier investigation
of the effects of non-Gaussianity. It has been shown that the effect of non-Gaussianity upon the
power spectrum constraint is relatively large compared to the effect of the constraint on 3 [37]. In
any case, we expect the qualitative lessons drawn from our results to hold for any smaller value of 3,
although a simulation with a larger grid would have to be made to calculate the precise constraints.

Figure [I] shows the constraints on the peak value of the power spectrum, spanning 1 e-fold,
obtained for different values of fxr, for the local, equilateral and orthogonal bispectrum shapes, as
well as the theoretical predictions for the local-type (as calculated in [37], with no super-horizon
modes present). The lines show the maximum allowed amplitude of the power spectrum given a
constraint on the abundance of PBHs, 8 < 107*. There is good agreement in the local model with
the theoretical prediction for small values of fll\?fal, but mild disagreement for larger values - the
theoretical model slightly overestimates the constraints for large positive fll\?fal. This is due to the
fact that the calculation of the power spectrum assumes a dominant Gaussian component (there
is much stronger agreement for the Gaussian component of the power spectrum). The bounds
typically become stronger for positive values of fyi, but significantly weaker for negative values.
As fnr becomes large and negative, constraints quickly reach a maximum value before becoming
slightly tighter - due to the effect of modal coupling [37]. This is not seen for the theoretical
prediction which does not account for the modal coupling - meaning the predicted constraints are
much weaker.

The exception is the orthogonal shape, with results showing that constraints on the power
spectrum are relatively insensitive to orthogonal-type non-Gaussianity. This is due to the fﬁrghog
having only a small effect on the skewness of the distribution, which will be discussed in more detail
later in the paper.

Another important note is that the theoretical calculation predicts the constraints on the power
spectrum rapidly become weaker, and greater than unity, for negative fyr, - and whilst the rapid
weakening of constraints is still seen in the numerically generated constraints, they quickly reach
some maximum value. In the case of equilateral- and orthogonal-type non-Gaussianity, the con-
straints then become stronger as more negative values of fni, are considered. This is believed to be
due to the strong signal in the bispectrum shapes when 3 modes of the same scale are considered
- and so the effect of modal coupling tightens constraints, as discussed in more detail in [37]. By
contrast, the local-type peaks in the squeezed limit - when the modes considered are of significantly
different scales - and so the effect of modal coupling is less important.

Figure [2| shows the power constraints obtained for a peak in the power spectrum spanning 2.5 e-
folds. Due to the computing resources required for a larger peak, we do not consider broader peaks
than this in the power spectrum. The plot for the theoretical calculation for the local model now
includes the effect of modal coupling to super-horizon modes with a large power spectrum spanning
% an e-fold [37]. The constraints obtained are similar to the case where a narrower peak in the
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Figure 1: The constraints on the power spectrum as a function of fyi, for the different bispectrum
shapes is plotted. The plots show the upper limit on the power spectrum peak, spanning 1 e-fold,
for a constraint on the abundance of PBHs § < 10™*. The right plot simply shows the central region
of the left plot. Constraints become quickly tighter for positive fnr, in the local and equilateral
configurations, and weaker for negative fni,. For the orthogonal configuration however, constraints
are only weakly dependent on the value of flflr]fhog. The dotted line represents the theoretical
prediction for the constraint on the power spectrum for the local model originally derived in [I7].
There is strong agreement for small values of fll\}’fal, but the results disagree for larger values -

although the same qualitative behaviour is seen.
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Figure 2: The constraints on the power spectrum as a function of fyi, for the different bispectrum
shapes is plotted. The plots show the upper limit on the power spectrum peak, spanning 2.5 e-folds,
for a constraint on the abundance of PBHs 8 < 10™*. The constraints display the same behaviour
as seen in figure [T} with the exception that the constraints in the local model are slightly tighter
due to stronger modal coupling now that different scale modes are being considered - especially for
negative values of fll\?fal. As expected, the theoretical line for the local model does not match well
for negative values - this is because the peak-background split has been used which assumes a large
separation in scales between the “peak” modes and the “background” modes, with intermediate

modes neglected.



power spectrum is considered - positive fyr, increases PBH abundance and tightens constraints,
whilst negative fn1, has the opposite effect.

By eye, figures [1] and [2] look very similar - although constraints are tighter for non-zero fxr,
the most significant difference can be seen in the local model. Changing the smoothing scale, or
equivalently adding in super-horizon modes, does not signficantly affect the tail of the probability
distribution function of the density contrast for equilateral- or orthogonal-type non-Gaussianity, as
the horizon-scale curvature perturbation modes are largely independent of super-horizon modes.
The constraints obtained for these models are therefore approximately equal between figures
and [2. By contrast, local-type non-Gaussianity displays a strong modal coupling to super-horizon
scales, and we see a larger difference between the constraints when the smoothing scale is changed.
The difference is, however, still small because the range of scales being considered is still relatively
small. A larger difference would be seen if a much broader peak in the power spectrum is considered,
as is shown analytically in [37] for the local model, where a significant change in the tail of the
distribution function is seen due to the fact that the local shape peaks in the squeezed limit (where
the modes are of significantly different scales). The peak in the power spectrum is now broad enough
that small scale modes and large scale modes are considered - allowing the effect of significant modal
coupling. It has previously been noted that modal coupling typically increases PBH production,
and tightens constraints [37]. Thus, when a broader peak in the power spectrum is considered,
constraints become tighter for the local shape - but remain largely unchanged for the equilateral
and orthogonal shapes.

3.1 Skewness

We will now consider the skewness of the different bispectrum shapes, and show that when the
non-Gaussianity and skewness parameters, fnr, and M3 g, respectively, are small that the skewness
alone can be considered to produce constraints on the power spectrum. However, as fnr, and the
skewness become large, the effects of the different bispectrum shapes must be considered. The
skewness, given by equation ((14] , may be computed for a given bispectrum using,

(Ar(x)?) fdlnkW(R k)? L Pfr(k),

(Ar(x)°) = f din(k)E*W (R k) [ din(q)g*W (R,q) [ AW (R, k) Be(koa k). (15)

(2 )t

where p = cos(6), with 6 representing the angle between k and q. Calculating the skewness for the
three bispectrum shapes being considered using this formula gives:

MgocRal -9 6flocal C ’ (16)
Mequﬂ -1 1fequ11 (17)
Morthog 0. 07f0rthog PC ) (18)

We note that the numbers obtained here are slightly different than the values obtained by Shandera
et al for the local and equilateral model [22], due to the choice of window functions, transfer
functions and the form of the power spectrum. To our knowledge, this is the first the skewness has
been calculated for the orthogonal model.

We see that the skewness is relatively large for the local and equilateral shapes but small for
the orthogonal shape - which is why the constraints are less dependent on forthog than on floCal

and fequll Note that the above analytic formulae are only correct whilst the skewness is small.
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Figure 3: The skewness, M3 g, is plotted against fNL\/7Tc for an abundance of PBHs 3 = 107%.
It can be seen that the skewness does not depend linearly on fNL\/P_ , unlike that predicted by
equation ([I4). However, in the central region where the skewness is small, |[M3 | < O(0.1), the
relation is approximately linear, and the skewness may be used to parameterise the abundance of
PBHs and constraints on the power spectrum.

Figureshows how the skewness varies as a function of fnr, ﬁ . The plot is generated from the
simulated density maps for a fixed abundance of PBHs, 8 = 107*. Confirming the above calculation,
the skewness is seen to be the largest for local non-Gaussianity, and smallest for orthogonal non-
Gaussianity. The relation is also strongly non-linear as the skewness becomes large - which indicates
the region where skewness can no longer be used to parameterise the abundance of PBHs. The
skewness saturates relatively quickly as fxr, increases - representing the fact that the distribution
has become dominated by the non-Gaussian components. The fact that the skewness reaches some
constant value as fxr, becomes larger also corresponds to the fact that the constraints asymptote
to a constant level as fni, becomes larger.

Figure [4 plots the upper bound on the power spectrum corresponding to a constraint on the
abundance of PBHs, 8 < 1074, as a function of the skewness. Whilst the skewness is small, M3 R <
0(0.1), the skewness of the distribution is the most important consideration, rather than the shape
of the bispectrum. This can be seen in the left plot of figure [l However, as the non-Gaussianity,
fNL, and the skewness, M3 r, become larger, this is no longer the case - and a large discrepancy
between the different bispectrum configurations can be seen the right plot.

4 Summary

The lack of observation of PBHs allows tight constraints to be placed on the mass fraction of the
universe collapsing into PBHs at the time of formation, §. This, in turn, allows unique bounds
to be placed on the small scale primordial curvature perturbation power spectrum, P¢, at scales
which are otherwise unobservable - although these bounds are orders of magnitude weaker than
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Figure 4: The constraint on the power spectrum corresponding to a constraint on the abundance
of PBHs, 5 <107, as a function of the skewness is plotted. As can be seen in the left plot, for the
three bispectrum shapes considered, the constraints on the power spectrum show good agreement
whilst the skewness is small, M3 < O(0.1). The skewness of the distribution is therefore the
most important consideration, rather than the shape of the bispectrum. The right plot shows the
behaviour as the skewness becomes large - the shape of the bispectrum has a large impact on the
derived constraints and this must therefore be taken into account.

constraints from sources such as the CMB. Non-Gaussian density maps were generated and used
to predict the abundance of PBHs for different shapes of bispectrum, in the local, equilateral and
orthogonal configurations. These predictions were then used to place constraints on P¢ as a function
of the amplitude and shape of the bispectrum.

As an improvement on previous work, this method allows the consideration of bispectra of
arbitrary shape and amplitude. We confirmed the previous findings using analytic methods of
the effects of local-type non-Gaussianity [17, 23] 37] - non-Gaussianity can have a strong effect on
constraints on the power spectrum, typically becoming stronger (weaker) for positive (negative)
values of fxr,. The effect of the skewness was also considered, confirming results seen in [22] ( note
that [40] also recently used a similar technique to calculate constraints arising from ultra-compact
mini-haloes) - but demonstrate that using the skewness to parameterise the abundance of PBHs is
only valid for small amounts of non-Gaussianity. As seen in figure [4] for small amounts of skew the
shape of the bispectrum has little effect on the constraints - and the skewness of the distribution
can be considered the most important factor (but note that the constant of proportionality relating
fNL to the skewness does strongly depend on the non-Gaussian template). However, for large non-
Gaussianity, constraints on the power spectrum become strongly dependent on the shape of the
bispectrum.

For the local and equilateral shapes the constraints become tighter for positive fy, but dra-
matically weaker for small negative fnr. For orthogonal-type non-Gaussianity, the effects are
qualitatively similar, but much less dramatic - due to the relatively small skewness generated by
this bispectral shape. Previous findings that the effect of modal coupling and positive skew is to
increase PBH formation, whilst negative skew decreases PBH formation, are also confirmed.
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