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Abstract

This thesis is concerned with the study of the important effect of the gradient term
in parabolic problems. More precisely, we study the global existence or nonexistence
of solutions, and their asymptotic behaviour in finite or infinite time. Particularly
when the power of the gradient term can increase to the power function of the

solution. This thesis consists of five parts.

(i) Steady-State Solutions,

(ii) The Blow-up Behaviour of the Positive Solutions,
(iii) Parabolic Liouville-Type Theorems and the Universal Estimates,
(iv) The Global Existence of the Positive Solutions,

(v) Viscous Hamilton-Jacobi Equations (VHJ).

Under certain conditions on the exponents of both the function of the solution and
the gradient term, the nonexistence of positive stationary solution of parabolic prob-
lems with gradient terms are proved in (i).

In (ii), we extend some known blow-up results of parabolic problems with perturba-
tion terms, which is not too strong, to problems with stronger perturbation terms.
In (iii), the nonexistence of nonnegative, nontrivial bounded solutions for all nega-

tive and positive times on the whole space are showed for parabolic problems with
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a strong perturbation term. Moreover, we study the connections between parabolic
Liouville-type theorems and local and global properties of nonnegative classical so-
lutions to parabolic problems with gradient terms. Namely, we use a general method
for derivation of universal, pointwise a priori estimates of solutions from Liouville
type theorems, which unifies the results of a priori bounds, decay estimates and
initial and final blow up rates.

Global existence and stability, and unbounded global solutions are shown in (iv)
when the perturbation term is stronger.

In (v) we show that the speed of divergence of gradient blow up (GBU) of solutions
of Dirichlet problem for VHJ, especially the upper GBU rate estimate in n space

dimensions is the same as in one space dimension.
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Chapter 1

Introduction

The latest developments of reaction diffusion systems, including gas dynamics, fluid
mechanics, heat mass transfer, biology, ecology, engineering and many more, lead to
wide studies in several aspects of nonlinear parabolic and elliptic partial differential
equations. Because of the fast growth of reaction diffusion type of problems in
various different fields it is desirable to have a unified mathematical treatment and
practical methods for solving these problems.

Concerning the parabolic problems, it is known that many of these problems have
global solutions, particularly, stationary solutions. On the contrary, the solutions of
these problems may cease to exist in finite time. This is what we call singularities.
The most marked property that recognize nonlinear partial differential equations
from the linear partial differential equations is, the possibility of the formation of
singularities from perfectly smooth initial data. In other words, for classes of data
the theory of existence and uniqueness and continuity can be proved in small time
intervals (well-posedness). However, in linear problems, the singularities of the
solutions occur by singular coefficients or singular data of the problem, so-called
fixed singularities.

The occurrence of singularities in nonlinear problems may depend on the nonlinearity
of the terms in the problem and their time and location, which are called moving

singularities. The easiest way to describe the spontaneous singularities in nonlinear



problems is, when the variable or variables go to infinity as time tends to a certain
finite time. This form of singularity is called a blow-up phenomenon. One of
the most important examples of blow-up phenomenon is the heat equation with a

source, namely,
ur — Au = F(z,t,u, Vu), (1.1)

where the variable u represents the temperature in a chemical reaction, the second
order derivative Au appears as the diffusion, and the positive F' is viewed as the
heat source.

When high temperatures speed up the chemical reaction, the chemical reaction will
generate more heat. As a consequence of this, the temperature will be very high,
unless the heat energy become dissipative through the processes of the diffusion.
For instance, in solid fuel ignition, there is a competition between the heat source
and the diffusion, which may lead to unbounded temperature in finite time. Physi-
cally speaking, the major increase of the temperature raises ignition. Hence, basic

questions can be asked like:
1. Will blow-up occur?
2. Where are the blow-up points if the solution has to blow up in finite time?

3. What are the blow-up rate and the asymptotic behaviour of the solution near

the blow-up time?
4. Will the solution continue after a finite time blow-up occurs?

These questions will be discussed in the next section.
In this thesis, we consider problems with nonlinearities depending on u and its space

derivatives



where F' = F(u,€) : R x R — R is a C''-function (except the problem ([1.6) below
with 1 < ¢ < 2).
In Chapter 2, we prove the nonexistence of positive radial ground states of the

quasilinear elliptic equation
Au+uf —|Vul?=0 inR",

when p <1+2/n,p>q>2p/(p+1)and n > 1.
In Chapter 3, we consider the problem
u = Au — h(|Vul|) + f(u) in Qx(0,7)
u=0 on 90 x (0,7T) (1.3)
u(z,0) = ug(x) in Q,

in the special case when f(u) = u?, for p > 1, p>q > 2p/(p+ 1),

feC(0,00)), flu)>0 u>0,

h € C ([0, 00)), h(v) >0, h'(v)>0 for v>0, and

’

h(v) := vk’ (v) — h(v) < kv? for v >0 and some 0 <k < co,q > 1. (1.4)

We study the blow-up set for the problem (|1.3)) when (2 is a convex bounded domain,
and we establish the blow-up rate estimate when {2 is a ball and €2 is a convex
bounded domain.

In Chapter 4, we prove the Liouville-type theorems for the parabolic problem
u — Au =uP — plVul!, z€R", t R,

when p > ¢ > 2p/(p + 1) in radial case when p < 14 2/n, n > 1, and in general
(nonradial) case when p < n(n + 2)/(n — 1)%, n > 2. Moreover, in Chapter 4, in
2p

case ¢ = iy we derive the universal a priori bound for global solutions and usual

blow-up rate estimates for the problem
u—Au=u"+g(u,Vu), z€Q, 0<t<T

u =0, z€ed, 0<t<T,



p<pp, or p<ps, Q=R"orBr u=u(z,t), g=gul]), (15
and the function g : R, x R™ — R satisfies the growth assumption

lg(u, )| < Co(1 4+ |ulPr + |€]7), for some 1 <p; <np.

Furthermore, in Chapter 4 we establish the blow-up estimates and a priori bounds

of global solutions for the problem
u— Au=uP — pu|Vul!, ze€Q,0<t<T,
u(z,t) =0, redN0<t<T,

in the case ¢ > 2p/(p + 1) and where 2 is a convex bounded domain.

In Chapter 5, we consider two problems, are given by

u— Au=uP —a- V(ul), reR"t>0

) (1.6)
u(z,0) = ug(x), x € R".
with p > 1, ¢ > 1, a is a non zero constant vector in R" and
up— Au=uP — pu|Vul? 2 eQt>0
u(z,t) =0 Lz eINt>0,, (1.7)

u(z,0) = ug(x) ,x € Q.

with p,¢g > 1 and pu > 0.

Under certain conditions, we prove that the blow-up occurs just in infinite time for

both problems ([1.6)) and (1.7)).

In Chapter 6, we study the upper gradient blow-up rate estimate for the problem

up — Au = |Vul? + A\, xref, t>0,
u =0, x eI, t>0,
u(z,0) = up, x €,

where €2 is a bounded convex domain, p > 2, A > 0 and uy > 0.



1.1. Background

1.1 Background

In the theory of ordinary differential equation (ODE), the blow-up are also analysed
by Osgood in 1898 (see [40]), he showed that, the positive solution of the equation

uy = f(u), (1.8)

will blow-up in finite time for any positive initial data, provided f is defined for all
sufficiently large u € R and positive, and satisfies

> du
T < 00, (1.9)

for some M > 0. This is Osgood’s criterion, and it is the necessary and sufficient
condition for occurrence of blow-up in finite time. The simplest example is the initial

value problem

u=u? t>0; u0)=a, a>0.

We see that the unique solution takes the formula u(t) = ﬁ, and it exists in the
time interval 0 < ¢ < T = 1/a. It is obvious that the solution is a smooth function
for t < T and u(t) — oo ast — T'~. Thus, we say that the solution u(t) has blow-up
in finite time 7'.

Blow-up in reaction diffusion equations, for example the equation , which have a
spatial structure, their solutions u(x,t) depend on the time in the interval 0 < ¢ < T
and space variable z €  C R". Obviously, the spatial structure of the solutions
is the new element of consideration, which distinguish the evolution equation

from the ordinary differential equation ([1.§]).

The idea of blow-up is built on the following points

1. The well-posedness of the parabolic problem in a certain space and for small
times. The existence and uniqueness theory for the Cauchy problem or for the
initial-boundary value problems in a certain class of bounded and nonnegative
data can be found by assuming nice regularity conditions on Vu and F' in

(1.1), in order to construct bounded solutions for some time 0 <t < T

b}



1.1. Background

2. The regularity and continuation theory are involved in this structure, which
means that the bounded solutions have the necessary smoothness in order to
continue locally in time. Schauder estimates are used for proving this theory
for classical solutions of parabolic problems. This theory is also based on

corresponding estimates which exist for weak solutions in a Sobolev space.

In a more general structure, the study of blow-up can be considered as a particular
type of singularity that develops for a specific evolution process. For example, the

evolution process, which is described by the equation and the initial condition
up = A(u) fort >0, u(0)=uo.

Consider the solution u = u(t) as a curve living in a certain functional space X.
Commonly, it can be proved that the problem is well-posed for some time 0 <t < T
(i.e., the solution with the initial data ug is well-defined and lives in the space X),
and the issue here is that the solution may leave the space when ¢ approaches 7.

Now, from the previous illustration, we can define L*>° blow-up as follows.

Definition 1.1.1. We say that a solution u of blows up att =T if the solution
becomes infinite at some points or many points when t tends to the certain finite time
T, which is called the blow-up time. In other words, there is a finite time T such

that the solution is well defined for all 0 <t < T and

sup |u(z,t)| > 00  as t—T".
€

In the next two definitions it can be seen that there are another situations where

the reaction diffusion equations do not have global solutions.

Definition 1.1.2. If the reaction term of the reaction diffusion equation 18
singular for finite u in finite time T, v.e., f — 00 as u — K for some K > 0,
then the reaction term blows up, and the smooth solution ceases to exist. This
phenomenon is called quenching or extinction.

In fact, it can be shown that under suitable assumptions, quenching implies blow-up

of ug, namely lim;_,p— ||u||, = oo.



1.1. Background

A typical example of quenching phenomena is (1.1)) with F(u) = —u™?, p > 0.
It is possible that there exists a finite time 7" such that v — 0 as t — T (see [50]).

Definition 1.1.3. If the solution of the reaction diffusion equation can cease

to exist in finite time T only when

lim | Vu(t)], = oc,

t—T—

this is called gradient blow-up (GBU for short).

For instance, if the reaction term in (1.1)) depends only on the spatial gradient,
GBU can occur, even if the solution stays bounded (see [47]).

Remark 1.1.4. The blow-up for elliptic and other stationary solutions of the cor-
responding parabolic equations are studied by many authors, they found that the

singularity can also occur at a certain point (or points).

Next, we analyse some existing questions from the literature of blow-up for re-

action diffusion equations.

1.1.1 Will the blow-up occur in finite time?

Where the existence and uniqueness can be commonly proved in different functional
spaces, and the blow-up occurs in that space when the solution cannot continue
up to or past a given time, the blow-up might occur in a one function space and
not in another one. This shows the rich structure of blow-up problems. The above

question can be answered in two directions:

i. The form of the problem (the equation’s coefficients and nonlinearities or more
widely its structural conditions), and also the form of the initial data. For
instance in [54] it has been shown that the Dirichlet problem for the parabolic
problem

ur = Au — p|Vul? + uP in Qx(0,7)
u(z,t) =0 on 09 x (0,7T) (1.10)

u(z,0) = ug(x) in Q,



1.1. Background

in bounded domain has a finite-time blow-up for large initial data when p > q.
It was also proved that, the condition p > ¢ is optimal, which guarantee that the
solution blows up in finite time in bounded domains (see [16],[46]). However, for
general unbounded domains the issue depends on the geometry of the domain,
through the notion of the inradius p(€2) (see Chapter 6). It was shown that the
solution of the problem is globally bounded for all nonnegative data if
p(2) < oo, and if p(€2) = oo the solution will either blow up in finite time or will
be an unbounded global solution (blow-up in infinite time). The blow-up can
be also generated by the nonlinearity of the boundary conditions, for example,

in [27] the Neumann problem

u = Au, in Br x (0,7T)

ou

5 = f(u), on 9Bg x (0,7) (1.11)
u(z,0) = up(x), in Bg,

has been considered, where B C R" is a ball of radius R, v is the unit exterior
normal vector, and f € C' is nondecreasing and satisfies (1.9)). It was shown

that, for all ug > 0, the solution u blows up in a finite time.

ii. If the problems do exhibit blow-up in finite time, the question here is, which
solutions do blow up in finite time? The answer is either all solutions of the
problem blow up in finite time, which is called Fujita problem or for some
identified solutions. For instance, the Fujita results have been given in [37] for

the problem

u = Au— p|Vu|’ +u? zeR" t>0
(1.12)
u(z,0) = ug(x) x € R",
which are, if p > 1, ¢ =2p/(p+ 1) and p < 1+ 2/n, then the solution blows up

in finite time for all uy > 0. However, the global existence of the solution for

small initial data is obtained when p > 1+ 2/n (see [47]).

In the case when the global existence of the solution can be found in a functional

space for all 0 < t < oo, but the solution becomes unbounded when ¢ — oo, we say

8



1.1. Background

that the solution blows up in infinite time, and the solution in this case is called
unbounded global solution. For example, it is known in [55] that for the problem
(1.12) with ¢ > p > 1 and p > 0, there exists uy > 0 with compact support, such that
the solution w blows up in infinite time and u is unbounded (even lim;_,, u(z,t) = co
for all z € R™). Moreover, there is another case of blow-up, in which the solution
becomes unbounded (u(z,t) = oo) for any arbitrarily small ¢ > 0, this means that
the complete singularity happens at t = 0 and the nonexistence of nontrivial solution
is locally in time, this case is called instantaneous blow-up. For instance in the
latter case, in [42] the exponential reaction equation u; = Au + Ae* was considered
in a bounded domain 2 C R” with initial data ug and v = 0 on the smooth boundary
0f). It was proved that the solution of this equation has instantaneous blow-up, if
ug > S(x) = —2In|z|, uy # S and n > 10.

Therefore there are alternative options which can occur for the solution of reaction

diffusion problems, and they can be classified as follows:

(i) Bounded global solutions, which means that the solution remains uniformly

bounded in time, i.e., no blow-up occurs.
(ii) Unbounded global solutions, i.e., the solution blows-up at infinity.

(iii) Finite-time blow-up solutions, the solution becomes unbounded at a finite

time 7'

(iv) Instantaneous blow-up solutions, which the solution blows-up at

T =0.

Remark 1.1.5. We mean by the global solution the case (i) or (ii). Furthermore,

the case (i11) is called the standard blow-up case.

Next it comes to the second question, which is:
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1.1.2 Where are the blow-up points if the blow-up occurs

at a time 7 < oo or at T' = o0?

If the solution u blows-up in a finite time 7" or in infinite time “T" = 0c0”, the blow-up

set B(ug) which is closed and subset of Q C R™ is defined as follows:

Definition 1.1.6. We say that x € Q) is a blow-up point, if there exists a sequence

{z,} and t, — T such that x, — x and |u(z,,t,)| = 0o. In other words,

B(ug) = {z € QU {0} : Ha,, t,} CQUx(0,T),t, =T ,z, — ,

|u(zp, tn)| — oo}

Remark 1.1.7. In case of gradient blow-up phenomena, where the gradient of so-

lution Vu blows up in finite time T, the blow-up set is
B(up) ={r €Q: Ha,,t,} CQUx(0,7),t, =T ,z, =z, |Vu(zn,t,)| = o0}

It was proved in [21] that for the problem in the radially symmetric case,
if ug > 0 be radial nonincreasing, 1 < ¢ < p, 4 > 0 and 2 = Bpg, then 0 is the only
blow-up point, which is called a single point blow-up. Also, it has been shown in
[13] that if 2 is convex and bounded, i > 0 and ¢ < 2p/(p+1), then the blow-up set
of any solution of is a compact subset of €2, which is called regional blow-up.
On the other hand, when 1 < 0 in the problem the situation is different, the
blow-up set consists of a single point when ¢ = 2 and p > 1, regional blow-up when
p = 2, and global blow-up when 1 < p < 2 (see [33], [31], [23]).

Therefore, the blow-up set B(ug) can be classified as one of the following ways:

i. Single-point blow-up, where B(ug) contains a single point or of a finite num-

ber of points.
ii. Regional blow-up, in which the measure of B(ug) is finite and positive.

iii. Global blow-up, where B(ug) = (2.

10
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Furthermore, the blow-up set of unbounded global solutions of the parabolic problem
(1.10)) when ¢ > p > 1, have been studied in [55]. It was shown that, if 2 = R", then
there exists ug compactly supported such that the solutions blow up everywhere in
infinite time, i.e., B(ug) = R™. Moreover, it was proved that if 2 C R™ (unbounded),
q > p>1, pu > 0 and uy is chosen such that either 7' = oo or T' < oo, then
B(ug) = {oo} if Q # R™ and B(up) = R* U {oo} or B(ug) = {oo} if = R" (see
[55]).

The next question is:

1.1.3 What are the blow-up rate and the asymptotic be-
haviour of the solution near the blow-up time?

When the solution of parabolic problem blows-up in a finite time, one might ask

about the space-time behaviour of the blow-up solution when ¢t approaches T and

near or at blow-up points. There are several aspects to study the space-time be-

haviour of the blow-up solutions.

(i) Blow-up rate estimate:
It is the rate at which the solution u diverges as t approaches the blow-up time
and x approaches a blow-up point.
Where the nonlinearity in parabolic problems causes the blow-up in a finite

time in certain cases. Furthermore, the solution to the ODE
w=u, t>0, p>1 wu(0)=ug>0, (1.13)
is given by
u(t) =k(T —t) VN 0<t<T, withk=(p—-1)"Y®V  (1.14)

and T = (p — 1)"'ug ®. The blow-up rate for ODE is k(T — t)~"/®=D_ If we
consider the problem (|1.10) and we assume that T' < oo, a natural question is

whether the blow-up for the model problem ((1.10]) will be the same as that for

11
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the corresponding ODE. In other words, are the diffusion and gradient term
weak enough to have no impact on the blow-up rate estimate? Namely, the

rate takes the form
(T = )70 < fluft) | o < Co(T — 1)V, (1.15)

where C7, Cy > 0. The answer depends on the structure of the problem, where
for some problems, the blow-up rate for (1.10) can be different from the ODE,
however, the rate estimates are of the same order for large class of the problems.
When the blow-up rate estimate for the parabolic problems remains the same as
for the corresponding ODE, the estimate is referred to be of type I, otherwise,
blow-up is referred to as type II. For instance, In [13], 12, 18| 58], under
some assumptions on €2 and p, the rate estimates of the blow-up solution of
the problem were proved in the case ¢ < 2p/(p+ 1), and the blow-up is

of the type I, and it takes the form
C(T — t)_l/(p_l) < u(t)], < Co(T — t)_l/(p_l), as t — T, (1.16)

where C,Cy > 0. Moreover, we proved in this thesis in Chapter 3 that for
stronger absorbing gradient term (¢ > 2p/(p + 1)) in the problem (1.10)), the
blow-up rate becomes faster, or type II (see Theorem [3.3.5)), and it takes the

form
w(z,t) < C(T —t)T-a, te(0,7T).

Moreover, it can be shown from the solution which constructed in the proof of
Proposition 3.2 in [55] that, the solution u of the problem (1.10)) which blows-
up in infinite time, where €2 contains a cone, > 0, ¢ > p > 1 and ¢ > 0 with

compact support, it satisfies the estimate

Cl < Hu(t)Hoo < Cgec3t, t— oQ, Cl, CQ, Cg > 0.

Final blow-up profile:

It is asymptotic behaviour of the solution near the blow-up time, which is

12



1.1. Background

described as a limit of u(z,t) when ¢t — T~ at the non-blowing points.

In [13] an interesting result is proved concerning the blow-up profile for the
solution of the problem in the radial case. It was shown that, if the
solution u blows-up in finite time, 1 < ¢ < p, u > 0, Q = Bpg, and uy > 0 be
radial nonincreasing, then 0 is the only blow-up point and the blow-up profile

of the solution takes the form
u(r,t) <Cr=,  (r,t) € (0,R] x [0,T), (1.17)

for any a > 2/(p—1)if 1 < ¢ < 2p/(p+ 1), and for any o > ¢q/(p — ¢q) if
2p/(p+1) < g < p. It was observed that the blow-up profile of the solution
is similar to the problem (|1.10) without gradient term (x = 0) when 1 < g <
2p/(p + 1), while for 2p/(p+ 1) < g < p, the gradient term has an important
effect on the profile, which becomes more singular due to ¢/(p—¢q) > 2/(p—1).
Moreover, the space profile of GBU of the solution of the viscous Hamilton-

Jacobi equation was studied in one space dimension by Quittner and Souplet
[47]
u — Au = |Vul?, reQ, t>0,
u=0, zed, t>0, (1.18)
u(z,0) = uyg, x €€,
for p> 2 and Q = (0,1), up > 0 and ¢y € (0,7). They found that, the bound

of GBU of u, away from x = 0 and x = 1, is given by,
uy(z,t) < (p— 1)~ VeV VoY L g 2 e (0,1]
and
Ug(x,t) > —(p— 1) VD1 — )7 V"D _C (1 —2), z€]0,1),

for some C} > 0 and all t € (t9,T). These profiles guarantee that x = 0 and

x = 1 are the only possible GBU points.

Now we come to the final question which is referred to the continuation of the

solution after a finite blow-up time as follows:

13
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1.1.4 Will the solution continue after a finite time blow-up

occur?

This question considers whether or not the blow-up solution can continue after a
finite blow-up time in some weak sense. There are three possible cases that might

happen after the occurrence of the blow-up in finite time:

i. Complete Blow-up, in which the solution cannot be continued after occur-
rence of the blow up, and if the solution is continued, it will be infinite every-

where.

ii. Incomplete Blow-up, in which the solution can be continued in subsets of the
space-time after a finite blow-up 7', and the solution is infinite in the complement

of these subsets.

iii. Transient Blow-up, in which the solution becomes bounded again after the

blow-up occurs at a finite time T

For instance on the complete blow-up phenomenon, it has been shown in [5] that
if,u:Ointheproblem, 1 < p < ps ::fL—J_“gifn23or1<p<oo
if n = 1,2. Then, the continuation of the solution after 7" is not possible and
the solution becomes infinite after a finite 7. Moreover, it is known that under
restrictive assumption, the solution of the problem blows up incompletely
when p > pg := 22, ;1 = 0, Q is bounded and p > 1 (see [38] 24]). Furthermore, in
[24] a transient blow-up phenomenon was analysed for the slow diffusion equation
ur = Au™+uf forz € R", t > 0and p > m(n+2)/(n—2) forn >3, m > (n—2)/n.
It was proved that this problem has a radial solution which blows up at a single

point peak at t = T, and then the solution becomes bounded immediately for the

rest of the time ¢t > T

14
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1.2 Outline of the Thesis

This thesis analyses some problems concerning the qualitative study of solutions of
elliptic and parabolic equations with gradient terms, and with homogeneous Dirich-
let boundary conditions. The main purpose of this thesis is to investigate the impact
of the gradient terms on the global existence and nonexistence of the solutions, and
on their asymptotic behaviour in finite and infinite time. A number of qualitatively
new phenomena can appear by the presence of the gradient terms, in comparison
with the their absence, such as behaviour of blowing-up solutions, global existence
and stability, unbounded global solutions and critical exponents. The next four
chapters are organised as follows:

Chapter 2 is devoted to study the steady-state solution of quasilinear elliptic equa-
tion with a dissipative gradient term, Au + u? — |Vul|? = 0, defined in the whole
space R", when p < pp :=1 —1—% and 1% < q < p. We prove the nonexistence of the
radial ground state of this equation, which will be a useful result in the investigation

of the corresponding parabolic problem. For this equation, we extend the known

_n_

—5, showing

nonexistence results by Serrin and Zou when % < qg<pandp<
that the nonexistence can be also shown by using the asymptotic behavior of the
solutions at infinity (see [51]).

Chapter 3 extends the results of Chlebik, Fila and Quittner [13] for the semi-
linear parabolic problem with a dissipative gradient term, under the condition
q < 2p/(p+ 1) to the stronger condition ¢ > 2p/(p + 1). The blow-up sets and the
upper blow-up rate estimates are derived for the problem in the radial symmetric
case where the domain is a ball and in the convex domain case when ¢ > 2p/(p+1).
It is proved that the set of the blow-up is a compact subset of the domain in the
convex domain case. Moreover, we show that the stronger absorbing gradient term
has an important effect on the upper blow-up rate estimates in both cases, which
make them more singular than those known in [13] for ¢ < 2p/(p+1). Applying the

maximum principle to suitable auxiliary function is used to determine the blow-up

set in the convex domain case, and to derive the rate estimates in both cases.
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1.2. Outline of the Thesis

Chapter 4 is devoted to study the parabolic Liouville-type theorems and the uni-
versal estimates. Two parabolic problems are considered in this chapter. Firstly, we
study the parabolic equation with a dissipative gradient term w, — Au = uf — u|Vul9,
defined in the whole space or in a convex bounded domain. Secondly, we study the
parabolic problem with first-order derivatives, namely, u; — Au = u? + g(u, Vu), de-

fined in the whole space or in a ball. The Liouville-type theorems for first equation

are proved in radial case for p < pr when % < ¢ < p, and in general (nonradial)
case for p < pp = 7(17(:1?)22) , n > 1, when 1% < q < p. The intersection-comparison

is used to prove Liouville theorem in radial case, while integral estimates are used
to prove the theorem in general case. Moreover, the universal a priori bounds for
global solutions and usual blow-up rate estimates are derived for two cases, when
q = 2p/(p+1) for the second problem, and when ¢ > 2p/(p+1) for the first problem
in a convex bounded domain. We use a doubling lemma and a rescaling argument to
derive the estimate for the solution of the second problem when g = 2p/(p+1). On
the other hand, the method which is used to derive the estimate of the solution for the
first problem when ¢ > 2p/(p + 1) is based on energy, measure arguments, rescaling
and elliptic Liouville-type theorems. We show that the estimate for ¢ = 2p/(p + 1)
takes the same form as these known for the problem when ¢ < 2p/(p+ 1) (see [47]).
However, we show that the universal bounds when ¢ = 2p/(p + 1) do not remain
valid for the problem if the perturbation term is stronger, i.e., when ¢ > 2p/(p+1).
Chapter 5 considers the existence of the positive solutions for the parabolic
equations with a gradient term. In this chapter, two special cases are studied.
First case is, the semilinear parabolic equation with a convective gradient term
u — Au = uP — a - V(u?) for the Cauchy problem. The semilinear parabolic prob-
lem with a dissipative gradient term in the domain of infinite inradius is studied in
the second case. For the first problem, by building a self-similar supersolution for
the problem with a convective gradient term and using a comparison principle, we
show that the solution can exist globally when ¢ > p > 1. For the problem with

a dissipative gradient term and under the condition p < pp, we use a technique
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1.2. Outline of the Thesis

which depending on the rescaling arguments, to show that the solution is bounded
for an initial data small enough. Furthermore, for positive initial data, global un-
bounded solutions are proved for the problem with a dissipative gradient term when
gqzp>1

Chapter 6 considers Viscous Hamilton-Jacobi Equations (VHJ) for p > 2. In this
chapter, we consider a VHJ parabolic equation with nonlinear term depending on
the gradient of the solution u, defined in a convex bounded domain 2 C R™ and
with a Dirichlet boundary condition. Namely, v, — Au = |Vu|P, where p > 2. The
blow-up phenomena here are different, where the gradient of the solution of this
problem becomes unbounded in a finite time, while the solution itself remains uni-
formly bounded. The upper estimate of the gradient blow-up profile is considered,
showing that the gradient blow-up may just occur on the boundary of the domain.
We also use a suitable auxiliary function with application of the maximum principle
to prove that the analogue of the upper GBU rate estimate in one dimension is still
true in higher dimensions when p > 2.

In Chapter 7, the main results for every chapter are summarised in this chapter.
We collect a number of frequently used notations and results in four appendices:
Appendix A includes the geometric domain notation, definitions of radial func-
tions, and revision for some standard function spaces.

In Appendix B we introduce some basic inequalities which are employed through-
out this thesis.

In Appendix C we recall some fundamental estimates for elliptic and parabolic
equations. Moreover, we review some definitions of classical solutions, maximal so-
lutions, weak solutions, supersolutions and subsolutions.

In Appendix D we state some maximum and comparison principles, which we

frequently used in this study.
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1.3 Preliminaries

Through this thesis we denote by
X :={ueBCYQ):u=0 on 00},
provided with the norm
Jwlly = llwllo + [Vl ,

and X, = {w € X : w > 0}. The general problem (1.2) with nonlinearities
depending on u and its space derivative is locally well-posed in X, where F' =
F(u,€) : R x R® — R is a C''-function (except the problem (1.6) with 1 < ¢ < 2)
(see [47]). Moreover, the problem with 2 = R", which is also well-posed in X
for all ¢ > 1, with Q bounded or Q = R"™ (see [47]). Specifically,

if Tz = Tinax(uo) < 00, then . lim ||u(t)||y = oo.
%

max

Furthermore, in [47] it has been shown that, the solution enjoys the regularity
property

u < BCz’l<§ X [tl,tQD, O0<ti <ta < Tmam(uO)' (]_]_9)
In particular, in the case of problem ((1.7)) is defined in a ball and wy is radial, or

in R™ and ug is radial nonincreasing, then the solution w enjoy the same property

(see [47]). Moreover, in this thesis, we will refer to the comparison principles, cf.

Proposition Proposition and Remark without explicit reference.

In addition, throughout this thesis we will use various critical exponents

(
n2ifn > 3.
Ps =
(oo, ifn=12
)
%, ifn > 2.
PB ‘=
| 2 ifn=1.

2
pp =1+ —, n > 1.
n

18



Chapter 2

The Steady-State Solution of the

Quasilinear Elliptic Equation

When the solution of is independent of ¢, it is called steady-state solution, or
stationary solution. This solution is the possible limit as ¢ — oo of the corresponding
time-dependent solutions if the time-dependent solution is global. The ground states
of the elliptic analogue which is the corresponding to the parabolic equation ,
is a positive solution u in R", which tends to zero as |z| — oo.

Our aim here is to prove that the nonexistence of radial ground states of Au +
u? — |Vu|? = 0 will hold for p < pp. Moreover, we show that, the nonexistence in
this problem depends on the specific values of the exponents of the function of the
solution and its gradient. In section 2.2 we present some preliminary results, which
we need to determine the asymptotic estimates in section 2.3. Section 2.4 is devoted

to the nonexistence of positive radial ground states for p < pp when ¢ > 2p/(p+1).
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2.1 Introduction
This chapter is concerned with the quasilinear elliptic equation
Au+u? —|Vul!=0 inR", (2.1)

where p and ¢ are given positive exponents and n > 1.

The steady states of ((1.10]), i.e., the solutions of the elliptic problem

Au+u? —p|Vul! =0, ze€,
(2.2)
u(z) =0, x €09,

have been considered by many authors, e.g., [3, 10, 11}, A5, A7, 41, 51, 61]. In
[26], the authors obtained an interesting result; they prove that the solution of
on R™ or on a ball must be radial.
The interest in this problem arises particularly from the dependence of existence
and nonexistence on the specific values p, ¢, p.
We are going to summarize the results about the existence and nonexistence of the
solutions to (2.2]) in the case 2 = R™ and (2 is a ball Br in R". By “existence”, we
mean the existence of at least one classical positive solution of on ).

First, when 2 = R", the following holds

i. If p > pg, the existence can be found for all ¢ > 1 (see [51]);

ii. If p = pg, the existence is obtained if and only if ¢ < p (see [51]);
iii. If p < pg

(a) the existence can be proved if ¢ < 2p/(p+ 1) or ¢ = 2p/(p + 1) and p is
large enough (see [11]);

(b) nonexistence holds if p < n/(n—2), n > 2 and q > 2p/(p+ 1) (see [51]);

(¢) nonexistence holds if p < n/(n—2),n > 2and ¢ = 2p/(p+1) with p small
enough (see [9), 17, [51]);
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2.1. Introduction

(d) the nonexistence is proved if n > 3, n/(n—2) < p < pg and ¢ > ¢ for some

q € (2p/(p+1),p) (see [51])
Next, in the case {2 = Bg in R", it holds:
i. The existence is proved if 1 < ¢ <2p/(p+ 1) and p < ps [11];
ii. If ¢ =2p/(p+ 1) then

(a) the nonexistence is obtained if p > pg [51] or if p < pg and p is large [11];

(b) the nonexistence can be proved if p < n/(n — 2) and p is small enough

[11, 17, 61];

iii. The existence can be found for p small [11] and the nonexistence is proved for

p large [10], if 2p/(p+ 1) < ¢ < p and p < ps;

iv. If ¢ > p > 1, the existence is satisfied, if and only if y < g, for some
fo = fio(p, ) > 0 [46, [61].

Moreover, there are some results, which are known when €2 is an arbitrary bounded

domain with smooth boundary:
i. If p < pg, the existence can be proved if p is small enough [61];

ii. If ¢ > p > 1, the existence is satisfied if and only if pu < pg, for some py =
po(p; n) [46, 61].

The aim of this chapter is to extend the known nonexistence results in [51], for
the elliptic equation with a gradient term when ¢ > 2p/(p + 1) and p < n/(n — 2),
showing that the nonexistence of the positive stationary solutions can also be proved

when ¢ > 2p/(p+1) and p < 1+ 2/n.
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2.2 Preliminary Results

In this chapter we consider the radial ground states u(r) of (2.1), where r = |z| is

the radius. Clearly, u(r) can be a solution of the following initial value problem

() + L) () — ()] =0, (2.3)
w(0) =¢,  w'(0)=0,
with
u(r) >0 forall r >0, (2.4)

for some & > 0.
Furthermore, we also consider the solutions of ({2.3) which do not satisfy (2.4)), and

satisfy the conditions
u(r) >0 for 0<r <R, u(R)=0. (2.5)

Before proving the nonexistence of ground states of , we need to find the asymp-
totic behaviour of the solution of at infinity, which is crucial for the argument
of the proof in Section 2.4. The proof of these estimates depend on some preliminary
lemmas which we will introduce in this section.

Now, concerning the proof of Theorem below, we just need to recall

Lemmas [2.2.1| and [2.2.2] which have already been proved in [51].

Lemma 2.2.1. [51] Suppose that R > 1, p > 1, 2p/(p+ 1) < q < p holds, and we
define the set

A = interior{1 <r < R | S(r) > 0}, (2.6)
where S(r) = S, (r) =u? = 2[W/|", 0<r <R, v>0. Then
u < 027’72/(1”’1), reA (2.7)
with
Cy = 4%V max{¢,Cy, [8n/(p— DYV}, Cr = [2q(n = 1)/p]” and o =q/(p - q).
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Lemma 2.2.2. [51] Suppose that R > 1, p > 1, 2p/(p+ 1) < q < p holds, and we

define the set
B={l<r<R|S(r) <0},
where S(r) = S,(r) =u? = 2[W/|", 0<r <R, v>0. Then
u< Cyr~2=Y - pe B,
where
Cs = max{(40)7, 4Y/#=DCy}.

We have the following theorem

(2.8)

(2.9)

Theorem 2.2.3. Suppose thatp > pp, n>1 and 2p/(p+1) < q<p. Then

=2
u < Cgre=1,
W9t < Cir % 0<r <R,

( * (p - 1)C§ -1
where ) - >0, C} [n(p . 2}

Proof. The estimate (2.10)) follows directly from (2.7) and (2.9)) since
AUB=[1,R] and ugfrp%zl when 0<7r <1

To prove ([2.11]), multiply (2.3 by r"™! and integrate from zero to r to get
/| = / s"MuPds — 2/ s"u'ds —/ s" ' |9ds
0 0 0

T T
< / s"tluPds + 2n/ s" tuds
0 0

< C’g[/ S"H_i—plds—i-/ s"tuds]
0 0

= —_—— p—1
nip—1)—2 "

since p > 1+ %, it follows

—1)CP (-1
|t < [—nii—iicz]“’ D) S onets 0<r <R
where § = (p?quzp >0, Cf= [gpill)gz]q_l'

23
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2.3. Asymptotic Behaviour of Radial Solutions

2.3 Asymptotic Behaviour of Radial Solutions

In this section, we study the asymptotic behaviour at infinity of the solutions of
which satisfy . This asymptotic behaviour will be essential to prove the
nonexistence of ground states of the problem ([2.1]).

We recall now the following theorem from [51], which gives the upper asymptotic
estimate for ground states of the problem . One of these estimates is important

to prove Theorem and the nonexistence in the next section.

Theorem 2.3.1. [51] Suppose that u(r) is a solution of which satisfies
and that p > 1, 2p/(p+ 1) < g < p holds. Then

1. If p < 1, there is no solution. (2.12)
2. Ifp=1, thenu:(9<e""), u’zO(e"’) as r — oo. (2.13)
3. Ifp>1, thenu:(9<7‘_%>, u’z(’)(r_%> as r — oo. (2.14)

The next theorem considers the upper asymptotic estimate of ' for the problem

E3).

Theorem 2.3.2. Suppose that u(r) is a solution of satisfying , 1<p<pr
orp>pr. Then

W =0 ) (2.15)
and

/ W] ds < oo. (2.16)
0

Proof. 1. Assume p > pp. Equations (2.15) and (2.16) follow directly from the

argument of Theorem [2.2.3] where

p—-1)CY 2 pt1 ptl
———r = :
np—1)—2

o o
/ W] ds < C/ s717%ds < oo.
0 0

24
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ii. Assume p < pr. We choose k > 1% — 1 and multiply |) by ¥ and integrate

from zero to r to obtain
' |r* = / uPstds —/ [u'|%s*ds — (k —n + 1)/ u's"ds
0 0 0
< / wPstds — (k—n+ DurfF '+ (k—n+1)(k — 1)/ ust2ds
0 0

=O@*™ _%)

Since k > p%l —land u= O(Tﬁ), we have (2.15).

To prove ([2.16|), define § = % as in Theorem [2.2.3 so that 6 > 0. By

(2.15), we have |[u/|7! < Cr=17% hence

[e.e] [e.e]
/ W] ds < C/ s7170ds < 0.
0 0

]

As a consequence of Theorem [2.3.2] we obtain a lower asymptotic estimate for

ground states, which we obtained in the next corollary.

Corollary 2.3.3. Suppose p > 1 and q > 2p/(p + 1). Then for any € > 0 there

exists a constant p > 0 such that

2—n—e

u>er . T >, (2.17)

where ¢ is a positive constant.

Proof. Define § = % as in Theorem [2.2.3) so that 6 > 0. By ([2.15)) we have

|u/|7~t < Cr~17°. Therefore, given £ > 0, we can suppose without loss of generality

that u? > 0 for r > p and p is large enough so that

n—1+4+¢
W+ ——u' +u? <0, r>p,

Hence in turn
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n—14-¢

and r v’ is decreasing function. Since v’ obviously cannot be everywhere non-

negative, it follows that

- I
n 1+su

r — negative limit (possibly — co)

as r — 00, hence u' < 0 for all suitably large r.

in particular for all large r, we have

TnflJrsu/ < —C,

where C' is some positive constant. Integrating this relation from any fixed value r

to oo yields (2.17]). O]

2.4 Non-Existence of Ground States

Now, we are ready to prove the nonexistence of the radial ground states of the

problem ([2.1)), that is, nonnegative, nontrivial radial solutions defined for all r > 0.

Theorem 2.4.1. The equation admits no positive radial ground states if

2p/(p+1)<qg<p, p<pr.

Proof. 1. 1<p<ppand2p/(p+1) <q<p.
The two estimates (2.17)) and ([2.14]); contradict each other when
I<p<prpande<2p/(p—1)—n.

ii. When p = pp, then ¢ > (n+2)/(n +1).
By (2.15)) and (2.16)), then

u = O(r~1Hm),

/ [u'|9s" T ds < C/ |u/|97ds < oo.
0 0
Multiplying ([2.3) by 7"*! and integrating from zero to r to get
| = / s"MuPds — 2/ s"u'ds — / s" |/ |ds (2.18)
0 0 0
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T T T
= / s"MuPds — 2r™u + Zn/ s" tuds — / s" ' |9ds
0 0 0

T T T
< / s"MuPds + 2n/ s" tuds —/ s" T |9ds.
0 0 0

Because the third integral is convergent, |u’|[r"*! has a finite limit. Indeed the

limit must be zero. For otherwise ur™ tends to a limit different from zero by
L’Hospitals’s rule, and |u/|r"*! tends to infinity by (2.18)), which is impossible.

If we now integrate from r to oo, then

oo [e.e] oo
/|7 = —/ uPs"ds — 2/ |u'|r"ds —|—/ lu/ |95 ds
T T T
< /OO [u'|9s™ ds
T

< C’/OO S_Q(%)S"Hds

T

C/OO qu(n+1)+(n+1)ds

O(rl—(nﬂ)(q—l))‘

Since (¢ — 1)(n + 1) > 1, therefore
U= O(Tqu(n+1)).

But this contradicts (2.17)) for any € > 0 which is such that ¢ < ¢(n + 1) — n.
O

Remark 2.4.2. In the first case of Theorem |2.4.1, i.e., when 1 < p < pp and
q>2p/(p+1), the equation does not even admit singular radial ground states,
which is monnegative solutions of on R™\ {0} that tends to infinity at the
origin. Indeed the proof only depends on the asymptotic behaviour of the solutions

at infinity, having nothing to do with the behaviour at the origin.
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Chapter 3

The Blow-up Behaviour of the

Positive Solutions

The semilinear parabolic problems which involve a dissipative gradient term were
introduced for the first time by Chipot and Weissler in [11]. The main issue in their
work was to extend Levine’s work (see [35]) for the problem without gradient term
to semilinear problems with gradient term, and more particularly, their objective
was to investigate the possible effect of the gradient term on global existence or
nonexistence of solutions.

The main purpose of this chapter is to show the important effect of the gradient
term on the blow-up rate estimate when the power of the gradient term can increase
to the power function of the solution. This chapter is organised as follows. In section
3.2 and 3.3 we extend the results of Chlebik, Fila and Quittner [13] for the problem
of the heat equation with a dissipative gradient term defined in a ball and in a
convex domain, respectively, considering the blow-up set in section 3.3 and observe
that the gradient term can have opposite effects on the blow-up rate estimate in
both domains: when the perturbation is strong (2p/(p + 1) < g < p), the estimate
is more singular than when the perturbation is weak (¢ < 2p/(p + 1)), which is less

singular.
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3.1 Introduction

In this chapter we study the problem

uy = Au — h(|Vu|) + f(u) in Qx(0,7)

u=0 on 80 x (0,7) (3.1)
u(z,0) = ug(z) in Q,
where
fec(0,00), f(u)>0 u>0,
heCY([0,00)), h(v)>0, h(w)>0 for v>0.
and

’

h(v) :=vh (v) — h(v) < kv? for v >0 andsome 0<k < oo,q > 1. (3.2)

The Chipot-Weissler equation with Dirichlet boundary conditions and initial data is
a special case of the problem (3.1)), when f(u) = u? and h(|Vu|) = u|Vul?, namely

up = Au — p|Vul|? +u? in Qx(0,7)
u(z,t) =0 on 902 x (0,7T) (3.3)
u(z,0) = ug(x) in Q.

The problem (3.3 was first introduced in [11] in order to investigate the possible
effect of a gradient term on global existence or nonexistence of solutions of the
problem . Moreover, the problem was studied later by many authors; they
considered and investigated the existence of global and nonglobal positive solutions
to (3.1)), especially for p > 0 (see for instance [16],[45]). In particular, it is known
from [54] that the finite time blow-up may occur for large initial data when p > ¢,
on the other hand all solutions are global and bounded if ¢ > p if Q is bounded (see
[16],[46]). Furthermore, it has been shown in [54] that blow-up in finite time occurs

when p > ¢ in R", and also unbounded solutions always exist for the problem (3.3))
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3.1. Introduction

when p > ¢ in whole space (see [565]). Therefore, it can be understood that there
is a competition between the reaction term u?, which may cause blow-up as in the

problem
uy — Au = uP, reQ, t>0,
u =0, x €00, t>0, (3.4)
u(z,0) = up(x), x€Q,
and the gradient term, which fights against the blow-up.
Besides, the results are known for blow-up behaviour of nonglobal solutions of
near blow-up. For instance in [53] the self-similar solution is considered when ¢ =

2p/(p + 1), and it has been proven that u blows up at the single point x = 0 and

admits a limiting profile given by
u(z, T) = Clz|~® Y, for all x#0.

Moreover, in [13] the authors showed that if Q = B = {x € R: |z| < R} and uy is
radial nonincreasing, then the gradient term has a strong effect on the final blow-up

profile of the solution of (3.3)) when 2p/(p+ 1) < ¢ < p and it takes the form
u(r,t) <Cr=®,  (r,t) € (0,R] x [0,T) (3.5)

for any o > q/(p — q), while there is no difference between the final blow-up profile
of the problem and when ¢ € (1,2p/(p+ 1)), since in both problems, the
final blow-up profile takes the form for any o > 2/(p —1). Also, it was proved
that x = 0 is the only possible blow-up point in the radial case, and the blow-up set
is a compact subset of 2 if Q is convex and ¢ < 2p/(p + 1), which means that the
blow up points will not occur on the boundary (see [13]).

With regard to the estimate of the blow-up rates of the problem , it has been
proved in [13}, 12, 18, 58] in the case ¢ < 2p/(p+ 1) and u > 0 that the upper

(lower) blow-up estimate takes a form similar to that of the equation ({3.4)), is namely
CUT — )"V < ()|, < Co(T — )Y@V as t —» T, (3.6)
The estimates (3.6 hold under the following conditions:
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3.2. The Radially Symmetric Case

e when Q =R", p <1+2/n [12];

e when Q@ = R" or Q = Bg, p < (n+ 2)/(n — 2), u is nonincreasing radially

symmetric and u; > 0 [58] ;
e when (2 is bounded convex and (u; > 0 or p < 14 2/n) [13];
e when  is arbitrary and p <1+ 2/(n+ 1) [18].

In this chapter our aim is to prove that the blow-up set of the problem (3.1)) is
a compact subset of  if  is convex and g € ( +1,p) and also to show that the
gradient term has remarkable influence on the upper blow up rate estimate of the

problem 1} when ¢ € (2 oD p), which is different from the upper rate estimate of

1) (see ) where ¢ € (1, p+1)

3.2 The Radially Symmetric Case

The following lemma is a modification of the argument in the proof of Lemma 2.1

in [22], which guarantees that u, < 0in QN {r > 0} and u,,.(0,t) < 0, for t € (0,7).

Lemma 3.2.1. Consider problem with 1 < g <p, p >0, and Q) = Bg. Let

uy € X4, be radial non-increasing, and assume T := Ty,0.(ug) < co. Then
u, <0 forall re€(0,R], t€(0,T)
and
U (0,8) <0 for te (0,7T).
Proof. Denote 0y := QN {x: x; > 0}. We notice that v := u,, satisfies

—Av=f(u)o—(h (IVUI) 5). Vo i O,

|Vl
since v = 0 for z € 01, x1 = 0, and v < 0 for x € 921, z1 > 0. Then the maximum
principle implies v < 0 for x € Oy and v, (0,t) = uy,4,(0,¢) < 0 for t > 0. Hence
- (0,1) < 0. O
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3.2. The Radially Symmetric Case

Under an additional assumption of monotonicity in time, it can be seen in the
proof of Theorem 39.2 in [47] that there is a simple property of gradient solution of

the problem (3.3]), which we shall show in the next theorem.

Theorem 3.2.2. Consider the problem with 1 < g <p, u >0, and Q2 = Bg.
Let ug € X, be radial non-increasing, u; > 0 in Qr, and assume T := Tpe(ug) <

o0o. Then there exists C' > 0 such that
[ur (D)o < Cru(0,1), (3.7)

with v = min ((p+ 1)/2,p/q) > 1.

Proof. Since u; > 0 and u, < 0, we have

-1

0 /1 1
<§u2 + —up“) = (Upp + P ), = <ut + plu, | — n

a_ T T‘SO’
or p+1 u)u

hence by integration with respect to r, we have

1, 1 1
—u +—up+1> rt) < ——uP(0, 1),
(2 "op+1 ( )_p+1 (0.%)

Therefore, we get (3.7) with v = (p+1)/2, C; = C1(p). However, for every ¢t € (0,7,
at a point r € (0, R] where |u,(.,t)| achieves its maximum, we have

,u’ur|q :up+uTT_ut+ Uy S upu

due to w; > 0, w, < 0 and w,.(r,t) < 0. This gives (3.7) with v = p/q, and
Cl = [L_l/q. D

3.2.1 Blow-up Rate Estimate

In order to derive a formula to the rate estimate for problem ({3.3)), we need first to
recall the following theorem in [13], which shows that r = 0 is the only blow up
point and the behaviour of solutions at blow-up is different for equations (3.4 and

(3-3) with ¢ € (2p/(p+1),p).
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3.2. The Radially Symmetric Case

Theorem 3.2.3. [13] Consider problem under assumptions of Lemma m

Then 0 is the only blow-up point. Moreover, for all o > ay, it holds
u(r,t) < Cor ™, 0<t<T, 0<r<R,
with

2/(p—1) if 1<q<2p/(p+1),
q/(p—q) if 2p/(p+1) <q<p.

Qg =
We are ready now to derive a formula for the rate estimate for the blow-up
solutions of problem (|3.3)).

Theorem 3.2.4. Let Q) = By, u be a blow-up solution to problem , where uy €

X, NC%*(Bg), is radial non-increasing and satisfies the monotonicity assumption
Aug + f(ug) — h(|Vugl) >0  in Bg.

Let f(u) = uP with p > 1, assume h satisfies with some q € (2p/(p + 1),p).
Then there exits C' > 0 such that the upper blow-up rate estimate takes the following

form
u(0,t) < C(T — )T,
where T' 1s the blow-up time.
Proof. We introduce the function
J=u; —0F(u), (x,t) € Brx(0,T),

where § > 0 and F is a non-negative function to be determined, ' > 0, F" > 0.
Since uy = 0F + J,

Jt - AJ = Uyt — Aut - 5F/[U,t - Au] + (SF”|VU/|2

_ PJ+6F] - h’.%.(VJ b 6F . Vu) — 6F'[f — B + 6F"|Vu?
_ Py h’.%.VJ +Sf'F — OF'[W.|Vu| — h] — 6F'f + 6F"|Vul.
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3.2. The Radially Symmetric Case

Our aim is to prove
f'F—F'f+ F'|Vul|* — F'[W.|Vu| — h] > 0. (3.8)
It will then follow that J cannot attain a negative minimum in € x (0,¢] for any

t <T. From ({3.7)

1
IVl < Cu¥(0,1), € Bn, with ~ = min{]%, 21

q
Since ¢ > p+1 then 2 T —1<p, hence v = % — 1. We choose F(u) = wt ', Then
from (3.2)) and u, <0 (u is a non-increasing function) for 0 <t <7 and 0 <r < R

there is C' > 1 such that u(0,t) = Cu(r,t)

f'F—F'f+F'\Vu]® - F'[W.|Vu| — h) > f'F — F'f + F"|Vu|]* — kF'|Vul|?

= (p= T+ 1)t 20+ (L - 1) (- 2)u¥ ] Tl o)

kG (% — 1w 0,)
— (- % 1)) + (% -1) (% = 2) a7, )| Valr, O
— /{:Cz(; - 1) +%p_2(7"> t)=0

for £ > 0 small enough and k& < Cj3 <L> Cs = Cy'. By Theorem [3.2.3, u

2p

blows up in finite time at r = 0. Therefore, if € > 0 is small enough then
Flu)<Cy<oo if z€0B, 0<t<T.

Then by applying the maximum principle to u; we also have u; > ¢ > 0 on the
parabolic boundary of B, x (¢, T). It follows that J > 0 on the parabolic boundary
of B. x (¢,T), which leads to

ur(0,t) > 0F (u(0,t)), te(e,T). (3.9)

Let G(s) = [ d(“) Then 1' implies that

dG(t)  w
At F(u)




3.3. The Convex Case

Hence by integration
G(u(0,1)) > G(u(0,1)) — G(u(0,T)) > &(T —t).
Therefore also
u(0,t) < G7HO(T —t)), te(e,7). (3.10)

Since f(u) = u? with p > 1, we can choose F(u) = u%pfl, hence 1) will be
satisfied. Then

w(0,t) < C(T — )%,

3.3 The Convex Case

We need the simple properties of the time-derivative u; and the Laplacian of u to

the problem (3.1)) if 2 is convex, which we will show in the next lemma

Lemma 3.3.1. Consider the problem , let  be a convex bounded domain.
If 1 < q < p, then there is ' C Q such that

i. ug > Cin Q' if Aug + f(ug) — h(|Vug|) > 0 in €.
i, Au(x,t) <0 in .

Proof. Take any point y, € 0€). Now, let new orthogonal coordinates be chosen in
such a way that yq is the origin and (1,0, ...,0) is the outward normal at yo.

Let ' :=QnN{z € R":x; > a}, where a < 0.

i. Let w = uy.

Then
/ / Vu . )
wt—Aw:f(u)w—h(\Vu\)W~Vw in Qx(0,7)
w(z,t) =0 on 9Q x (0,T) (3.11)
w(z,0) = we(z) >0 in Q.

From ([3.11)) and the maximum principle, there exists C' such that w = v, > C.
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3.3. The Convex Case

ii. Let v = uy,.
We notice that v satisfies

Vu

. in .
vl Vv in

vy — Av = f'(u)v — h'(|Vul|)

Since v = 0 for z € I, 1 = a, and v < 0 for x € Y, x1 > a,

the maximum principle implies v < 0 for z € Q' and v, ((a,0),t) =
Ugzyz, ((a,0),t) < 0 for ¢ > 0. Hence Au((a,0),t) < 0. In the above proof it
can be shown that a can be chosen independently of the initial point y, € 0.
Hence, by varying yo along 02 we conclude that there is a subset €)' of 2 such
that Au(x,t) < 0in ' C Q.

]

The following theorem shows simple properties of the first order spatial derivative

to the problem (3.3]).

Theorem 3.3.2. Consider the problem with 1 < q < p, p >0, and Q is a
convex bounded domain, and assume in addition that uy > 0 in Qr. Then there is

Q' C Q such that
|Vu(z,t)]|o < Cru(a,t),  (z,t) € Y x(0,T), (3.12)

where = min(Z 2) > 1.

s}

Proof. Let € be defined as previously in Lemma |3.3.1} Since u; > 0, and u,, <0

in € C Q as we explained in Lemma [3.3.1] we have

1 1

V(§(Vu)2 o 1up“) = Vulu + u’Vu = (Au + uP)Vu = (u; + p|Vu|?).Vu <0,
p

hence, in 'x(0,T) at any (x,t) such that x = (21,0), a < 21 < 0, and by integrating

with respect to x; we get

(%(Vu)Q N ]ﬁupﬂ)((xl, 0).1) < pi 1 ((0,0).1)
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3.3. The Convex Case

hence

p+1

IVu(®)llo < Cruz((a,0),1),  C1= Ci(p).

Therefore, we get (3.12) with v = (p+1)/2.
On the other hand, for each t € (0,T), at a point = (21,0) € Q, a < z; < 0

where |Vu(., )| achieves its maximum, we have
| Vul? = uP + Au — vy < uP,
due to uy > 0, Vu < 0 and Au(z,t) < 0. This yields with 7 = p/q and
Cy=p .
Hence, since a is chosen independently of the initial point yo € 0€), and by varying

Yo along 02 we obtain the claim (3.12]). m

3.3.1 Blow-up Set

We shall prove in the next theorem that the blow-up in the problem (3.1]) takes
place away from the boundary if €2 is convex and ¢ > 2p/(p + 1). In order to prove

that, we need first to introduce the following lemma.

Lemma 3.3.3. If ]% <qg<p = § and k € (0,00), then for |a| small enough,
there holds

1
Sl =)+ dfa| ] = deylau (3.13)
for every u > 0.

Proof. Young’s inequality
Ax  BP 1 1
—+—2>AB, A B>0, «a,p>1, — - =1,
o 5 a B

with the choice v = %’,

oo A+ ) =2l +2p—q) 5 _alp—1)

p—q ’ plg—1)’
A 1 B
T (p = p+y—1 = —9al 2
which implies the claim. [

37



3.3. The Convex Case

Theorem 3.3.4. Let Q) be a convex bounded domain. If f(u) = uP, p > 1 and
h satisfies with some q € (%,p), then the blow-up set of any solution of
is a compact subset of .

Proof. We assume without loss of generality that

(9u0
E <0 on 89, (314)

since v is unit normal at any point x € 0f2.

We take any point yy € 0€2. Now, let the new orthogonal coordinates be chosen in
such a way that yg is the origin and (1,0, ...,0) is the outward normal at yq.

Let Qf =QnN{z e R": 2y >a}, where a <0 .

Using standard reflection principle we easily conclude from that

Uy, <0 in QF x (0,7), (3.15)

provided |a| is small enough. To obtain an estimate from below on —u,, in £ x

(0,T), we introduce a function
J =g, + c(x1)F(u). (3.16)

in QF x (0,T), where ¢, F are nonnegative functions to be determined, and ¢ > 0,
F'>0, F">0.
We compute that

Vu 1
Jo—AJ+ N —=—VJ—(f+WNF.—=— —2JF)J
S R
~ 1
=cF'f —cFf' + cF'h(|Vu|) — cd W F?.—— + 2cd FF’

[Vl
—'"F —¢(J — cF)*F".

Using the relation

(J —cF)? = cF? + (J — 2¢F)J,

h(|Vu|) = h(=Vu) = h(cF — J) < k(cF — J)? < ke!F7+ |J|1.
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3.3. The Convex Case

Then

1
Jim AT+ Y T b < {Ff — [+ kAP — R
|Vul |Vul

/!

+2/FF — AR — SR, (3.17)
C

1 1
where b= f'+ C’h’F.m — 20 F' + cF'|J|" ! — (| J| = 2cF)F .
u

If F" and c satisfy

/!

fIF—Ff—2/FF—ké'F'FI+ S F + 2F2F" > 0, (3.18)
C

then the right hand side in (3.17)) is non-positive. Therefore, J cannot attain a
positive maximum in Q7 x (0,¢] for every t < T

Next, we show that (3.18) is satisfied for
c(x1) = e(x; — a)?,
with |a| small enough and some suitably chosen F'.
Recall f(u) =uP, p > 1, choosing F(u) = u?, 1 <y < p, it is sufficient to prove
(p =" — deylalu® ™ — eTkylau
+ 2la| 72" + E|al*y(y — Du® "% > 0. (3.19)

For every u > 0 and if |a| is small enough, we can prove that

1
§(p — Y uP T > elky|al?u Tt (3.20)

=

if we choose v = p/q and € < (%) .
Inequality (3.19)) follows immediately from (3.20]) and ((3.13]).

Next, observe that J < 0 on {z : zy > a} by (3.15) and J < 0 on {t = 0} by (3.14).
The maximum principle yields also J < 0 on I'x (0, T), where I' = 0QN{x : x1 > a}.

Hence, J < 0 in QF x (0,7).
Consequently

—Uy, > €z — a)’F(u)
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3.3. The Convex Case

at any (z,t) such that z = (z1,0), a < 7 <O0.

Integrating with respect to z; and denoting

6= [ Fis

we get

Gwmmmmﬂz/mdmm—gm—@g

and therefore,
il 3
u((a:l,O),t) <G [5(171 - a) ]
Thus, u is uniformly bounded on
a
{(21,0) : 2 € [5,0]} x (0, 7).

Then we can chose a independently of the initial point 3y € 0€2. Hence, by varying y,
along 09 we conclude that there is neighbourhood Q' of 9 such that u is uniformly
bounded in Q" x (0,7). ]

3.3.2 Blow-up Rate Estimate

In this subsection we consider the upper blow-up rate estimates for the solutions of

problem ({3.1)) with (3.2)).

Theorem 3.3.5. Let Q be a convex bounded domain and let ug € X NC?(Q) be
such that

If f(u) = uP with p > 1 and h satisfies with some q € (%,p), then any
solution u of which blows up att =T satisfies

w(x,t) < C(T — t)To-o . (3.21)
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Proof. For any n > 0 that is small enough, set
Q7 = {z € Q: dist(x,00) > n}.

We shall derive a lower bound on u; away from the parabolic boundary of 2 x (0, 7).

We introduce the function
J =u — 0F (u),

where § > 0 and F is a non-negative function to be determined, ' > 0, F" > 0.
Since u; = 0 F + J, by the proof of Theorem a direct calculation shows

Ji— AJ = fJ— h’% N+ 5f F —6F [1|Vu| - h] — 6F f + 6" |Vul.

and we have to prove that
fF—Ff+F'|Vu®> - F[h|Vu| —h] >0. (3.22)

From (3.12)

1
Vil < Cu” x,t), r € Q" with ’y:mln ]i’g
2

q

2
and since g > 1% then %p — 1 < p, hence v = % — 1. We choose F(u) = u7p_1,

then from (3.1) and arguing as in the proof of Lemma [3.3.1} u,, < 0 for z; > a,
we obtain for any (x,t) such that x = (21,0), a < x; < 0 that, u(z,t) = Cu(a,t),
C>1,

fF—Ff+F'|\Vu?=F[h.|Vu|=h] > fF—F f+F'|Vu> = kF' |Vul?

= (p =2+ 1) 20+ (2 -1) (2 - 2)u¥ e 0)|Vula,

q q q
2 p
— kCy (_p - 1>up+27_2(a, t)
q
_ 2p pt2 9 2p 2p 3 2
= (p . + 1>u (x,t) + ( . 1> < . 2>u (x,1)|Vu(zx,t)|
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for k& > 0 small enough and k& < Cj <%) C3 = Cy*. We obtain that J cannot

attain a negative minimum in Q x (0,¢] for any ¢ < T. By Theorem m, the set

of blow-up points is compact subset of €). Therefore, if n > 0 is small enough then

Flu) < Cy < 0 ifz € 00", 0 < t < T. By Lemma [3.3.1)i), uy > C > 0 on

the parabolic boundary of Q7 x (n,T) provided ¢ is chosen sufficiently small and

consequently J > 0 in Q" x (n,T).

Hence,
Ut .
> Q" T).
Let G(s) = [ Fd(z Then (3.23) implies that
dt F(u) —

by integration

Therefore,
u(z,t) <G HS(T —t), (x,t)€Q"x (n,T).

This gives an upper bound on the blow up rate as ¢t — T

Since f(u) = u? with p > 1, we can choose
F(u)=u7a '
and (3.22) is satisfied. For this choice of F', we obtain the estimate

u(x,t) < O(T — t)2<;gq).
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Chapter 4

Parabolic Liouville-type Theorems

and the Universal Estimates

Parabolic Liouville-type theorems have important applications, they can be effi-
ciently used in the proofs of a priori bounds, singularity and decay estimates, see
[44]. Liouville-type theorems mean, the statement of nonexistence of nontrivial
bounded solutions that are defined for all negative and positive times on the whole
space.

The main aim of the chapter is to prove the Liouville-type theorems and to es-
tablish the universal initial and final blow-up rates for the parabolic problem
u — Au = uP — p|Vu|? when ¢ > 2p/(p + 1). In section 4.2 we derive criteria
for initial data which guarantee occurring the blow-up in finite time. Section 4.3 is
devoted to obtain the Liouville-type theorem under the restriction p < pg in the
radial case and under the stronger restriction p < pp in the general (nonradial) case.
Next we shall study in section four the (universal) a priori bound for global solutions

and the usual blow-up rate estimates for ¢ = 2p/(p + 1) and for ¢ > 2p/(p + 1).
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4.1. Introduction

4.1 Introduction

In this chapter, we consider the parabolic equation
u — Au=uP — p|Vul?, zeR" teR, (4.1)

forp>1andp>q>2p/(p+1).
It’s well known that both elliptic and parabolic Liouville-type theorems play an
important role in the study of a priori estimates and (blow-up) singularities. For

example, it has been shown in [25] that the nonlinear elliptic problem
—Au=v" in R"

does not admit any positive solution if p < pg. It was proved also that even positive
supersolutions of the equation 1} cannot exist if p < -5 (see Theorem 8.4 in
[47]).

General nonexistence results for the problem (4.1)) were obtained in [4]. It has been

shown there that the differential inequality
—Qu=> f(u) I R"\ Bg,,

where n > 3 and (@) is a fully nonlinear operator, does not admit positive solutions

provided that f is continuous and positive in (0, cc0) and

lim inf f(s)/s72 > 0.

s—0+

It has been shown in [2] that for the problem
—Au+ |Vul?=Af(u) inR"\ Bg,

positive supersolutions do not exist if ¢ > 1 and the function f can be compared
with a power p near zero or infinity.
Furthermore, Liouville-type theorems for nonnegative supersolutions of the elliptic

problem
—Au+b(x)|Vu| =c(z)u in R"\ Bpg, (4.2)
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4.1. Introduction

were proved, where b and c¢ are allowed to be unbounded. It was shown that if
liminf, o 4c(x) — b(z)? > 0 then no positive supersolutions can exist. However, it

is known previously in [6] and [7] that if b, ¢ € C(R™), the problem
—Au+b(x)Vu > ¢(z)u  inR"
does not admit any positive solution provided that b and ¢ are bounded and

lim inf [4c(z) — |b(z)[*] > 0. (4.3)

T—00

Moreover, as a particular case of generalization of fully nonlinear elliptic operator,
it has been obtained in [49] that, if b and ¢ are bounded in R™\ Bg, and holds,
then the problem does not admit positive supersolutions.

On the other hand, the parabolic Liouville type theorem for all p < pg for the heat

equation
u— Au=uP, xeR" teR, (4.4)

in the case of radial solutions was proved in [43]. The previous theorem is optimal,
since it is known that for n > 3 and p > pg, admits positive stationary solutions
which are radial and bounded. However, the Liouville type theorem for in the
general case under stronger restriction p < pp has been obtained in [47].

In [44] Liouville-type theorems for the problem in half space

R? = {z € R" : 21 > 0} with boundary condition have been studied, if n < 2 or
p<pp(n—1)and n > 3.

Furthermore, in Section 4.4, we will study problems involving first-order derivative

u—Au=u"+gu,Vu), z€Q, 0<t<T
(4.5)

u =0, red), 0<t<T.

The special case of the model problem (4.5)) that we will also study in this section is

u—Au=uf —pulVul?, €, 0<t<T,
(4.6)
u(z,t) =0, xed, 0<t<T.
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The (universal) a priori bound for global solution and the usual blow-up rate esti-
mate of the perturbed problem has been studied in [47] when the perturbation
term is not too strong, it was proved that the universal bounds of the problem
when g = 0 and p > 1, remain valid for the perturbed problem (4.5 if p > ¢ > 1
and 1 < g < 2p/(p+ 1), and these estimates take the form

w(z,t) + |Vu(z, )71 < CA+tr1 +(T—t)i1), 2€Q, 0<t<T. (47)

Our purpose in this chapter is to present new Liouville-type theorems for parabolic
equations with a gradient term if ¢ > 2p/(p + 1) in radial case and in general case.
Furthermore, we prove that the estimate is true for the problem for the
value ¢ = 2p/(p+1). On the other hand, we show that, the universal bounds of the
form do not remain valid for the perturbed problem if ¢ > 2p/(p+1),
which takes the form

u(z,t) < C(p, Q) (1 + 92070 4 (T — ¢)79/20=0)),

4.2 Blow-up

In this section we consider the model problem

w — Au= f(u) —h(|Vul), 2€Q, t>0,
u=0, €, t>0, (4.8)
u(z,0) = up(x), x €.
We are going to give here a criterion for uy, which guarantees that blow-up occurs if

one starts above a positive equilibrium. In order to prove that, we need to prepare

the following lemma.

Lemma 4.2.1. Assume Q bounded and consider problem @ where f : R - R
is a conver C'-function with f(0) = 0. Let ug, ug € L>®(Q) be such that ug > uy,

ug # ug. Let u,u be the corresponding solutions of @, and fiz 7 € (0, Tnas(uo))-
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4.2. Blow-up

Then T (o) > Tas(uo), and if f(u) = w?, h([Vul) = [Vul?, p > g, then there

exists o > 1 such that
U 2 au, T S t < Tmam(UO)'

Proof. Since ug > ug, by comparison principle © < u and hence there exists C' > 0

such that
u<u<C, for all =z € Q, and t < Tyax(uo). (4.9)

Also, because of the convexity of f and f(0) =0,

!

U, — Au+ h(|Vul|) = f(u) = f (0,
and by the maximum principle this implies
u(z,t) > =C. (4.10)

By (4.9) and (4.10) this proves that u is uniformly bounded in (0, T},0.(uo)) and we

have

Tma:(; (@) Z Tmax (UO) .

Furthermore, by the strong maximum principle and Hopf maximum principle we

have

ou ou
5(9{:,7) < 5(9{:,7) on 09, 7€ (0, T na(uo))

u(z,7) > u(z,7) in 2 and

Therefore, there exists o > 1 such that u(z,7) > au(x,7) in Q, 7 € (0, Thnaz(ug))-

Now, in special cases f(u) = u? and h(|Vu|) = |Vu|? we have

flaw) = h(|V(ew)]) = (aw)” — |V (aw)|
= oPuP — 9| Vul?
> oPuP — P |Vul?

> afu’ — [Vul?),
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4.2. Blow-up

hence
(aw)y — Alaw) — (aw)” + p|V(ew)|” < aly, — Au —uP + p|Vul?) =0,
and by using comparison principle we obtain
u > ou, T <t < Thaz(uo).
O

. 2 Q
Theorem 4.2.2. Assume §) is bounded, p > 1 and p > q > 17”1. Assume that
with f(u) = uP, h(|Vul) = p|Vul?, >0 and p > q has a classical equilibrium v,
with v > 0 in Q. If ug € L>(Q) satisfies ug > v, ug Z v, then T (up) < 0o.

Proof. By Lemma applied with uy = v, there exists « > 1 and 7 €
(0711nam(u0)),SUCh.thaI

u(z,t) > av(z), t € |7, Tnaz(uo)). (4.11)

Denote z = z(t) = [, u(t)v dz. Multiplying the equation in (4.8)) with v, integrating
by parts, using (3.12)),(4.11]) and by Hoélder inequality, we obtain

Z :/utv da::/uAv da:+/upv d:c—,u/ |Vul|fv dz
0 Q 0 0
= ,u/ u|Vol? dz — ,u/ v|Vu|? de + /(upv —vPu)dz
Q Q Q
= ,u/ u|Vo|? dz — u/ v|Vu|'dx + /(1 — (v/u)P"HuPv dx
Q 0 Q
> oz,u/ v|Voul? de — ,uC'/ uPv dz + (1 —a'™P) / uPv dx
Q Q Q

1-p 1-p
za,u/v|Vv|q dx—,uC’(/v da:) z”+(1—a1_p)</v da:) 2P
Q Q Q

> O + Cy2? > Cy2?,

for C' small enough, C; = C1(v, Vv, Q), Cy = Co(u,v,9Q) and t € [, Tae(uo)). It
follows that u cannot exist globally. ]
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4.3. Liouville-type Theorems for Parabolic Equations with Gradient Terms

4.3 Liouville-type Theorems for Parabolic Equa-
tions with Gradient Terms

In this section we establish proofs of Liouville-type theorems for parabolic equations

with gradient terms for ¢ > 2p/(p + 1) in two cases.

4.3.1 The Case of Radial Solutions for p < pp

In order to prove Liouville-type theorem for parabolic equation with a gradient term
in the radial case, we need some preliminary observations concerning radial steady

states. Let ¢, be the solution of the equation
17 /rl/ - 1 ! ’
oY+ [ [T =0, (4.12)

satisfying ¢(0) = 1, ¢'(0) = 0. It is known that the solution is defined on some
interval and it changes sign due to p < pg (this follows from Theorem [2.4.1)). We
denote r; > 0 its first zero. By uniqueness for the initial value problem, it holds

@Z); (r1) < 0. We thus have
Yi(r) >0, in [0,r1) and  w(ri) = 0> ¢y ().

By scaling of v, we denote 1,(r) = awl(a%qr), which is the solution of 1}

pP—gq

with ¥(0) = a, ' (0) = 0, and with the first positive zero 7o, = o~ 7 ry.

As a result for the properties of ¥; we obtain the following lemma.
Lemma 4.3.1. For any m > 0, we have
lim (sup{,,(r) : 7 € [0,74] is such that a(r) < m}) = —co.
a—r00

We are ready now to prove Liouville-type result for the parabolic equation (4.1
by using arguments of intersection-comparison with (sign-changing) stationary

solutions.
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Theorem 4.3.2. Let 1 < p < pr and q > p+1 Then has no positive, radial,

bounded classical solution.

Proof. The proof is by contradiction. Assume that u is a positive, bounded classical
solution of (4.1)), u( U(r,t), where r = |z|.

By boundedness assumption and parabolic estimates, U and U, are bounded on
[0, 00) xR. It follows from Lemmal[d.3.1]that if « is sufficiently large, then U (r, t)—,
has exactly one zero in [0, 7,] for any ¢ and the zero is simple.

Next we claim that
20,0 (U(r,t) —=tha) 21, <0, a >0, (4.13)

where 2 q(w) denotes the zero number of the function w in the interval [0,7,].
Indeed, if not, then U(r,tg) > 1, in [0,7,] for some t,. By Theorem we know
that each solution of the Dirichlet problem

uy — Au =uf — p|Val?, |z| < 7o, t>0,
u =0, |z| =71y, t >0,
u(z,to) = Uo(|]), 2] <74

blows up in finite time and U, > 1, in [0,74). If we choose initial function U,
between v, and U(r,ty) we obtain by comparison principle that @ and u both blow
up in finite time. This is contradiction to the global existence assumption on u, and
this proves the claim.

We put
ap :=1nf{B > 0: 2, (U(r,t) —1o) =1 forall t<0 and o> g}

Considering large «a, we get oy < 00. Also g > 0. Indeed, for small o > 0 we have
1a(0) < U(0,t) for ¢ > 0 small and for ¢ = 0. By the properties of the zero number
(see Theorem , we can choose t < 0 small such that 1,(0) — U(r,t) has only
simple zeros and then by (#.13)), 2(0,,) (U (7, 1) — ¥a) > 2.

We conclude that there are sequences oy — o and t;, < 0 such that
Z[Ovak}( (T tk') /l/]()ék) - 7 k = 1727
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and also by Theorem [D.2.2] we obtain
2[07ak}(U(T,tk—|—t)—1/1ak) >2, t<0, k= 1,2,.... (414)

If we choose t;, — —o0, then by the boundedness assumption and parabolic estimates

in Theorem [C.2.1], passing to a subsequence, we can assume that
u(z, ty +t) > v(x,t), zeR" teR,
which is converging in C%!(R" x R). Then there is 6 > 0 such that for each fixed ¢,
Ulryty, +1) — Yo, = V(1,t) — Yoy (4.15)

in C*0,7,, + 8], since V(|z|,t) = v(z,t). Then and give that for all
t <0, V(r,t) — 1q, has at least two zeros or multiple zero in [0, 74,).

By Theorem [D.2.2] we can choose t < 0 such that V(r,t) — ¢, has only simple
zeros (and hence at least two of them). Because U(r,ty +t) — tho, — V(r,t) — 1q,
in C1[0,7,,] if k is large, it has at least two simple zeros in [0, 7,,) as well. However,
for a > apy, @ = ap, the function u(r,tx +t) — 1, has at least two zeros in [0,7,),
this contradicts the definition of .

Then we conclude that the assumption u # 0 leads to a contradiction, which proves

the theorem. 0

4.3.2 The Case of Nonradial Solutions for p < pp

The proof of Theorem below is based on integral estimates for (local) positive
solutions (cf. Proposition below). Moreover, the proof of Proposition is
based on a key gradient estimate for local solutions of (see below). To
establish this estimate, we prepare the following lemma, which provides a family of
integral estimates relating any C?-function with its gradient and its Laplacian. In
the rest of this section we use the notation [ [ = fTT J,, for simplicity.

For the proof of Lemma [£.3.4] we need the following lemma, which has been proved
in [47).
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4.3. Liouville-type Theorems for Parabolic Equations with Gradient Terms

Lemma 4.3.3. [47] Let Q be an arbitrary domain in R", 0 < ¢ € D(R), and
0 <ueC*Q). Firq € R and denote

I = / ou??|Vul|tde, J= / ou? | Vul*(Au)dr, K = / pu?(Au)*dz.
Q Q Q
Then, for any k € R with k # —1, there holds
1
al +8J +9K < 3 / u?!|Vul*(A¢)dz + / ulAu+ (q — k)u™ ' |[Vul]?|(Vu - Vo)da,
Q Q

where

n—1 q(g —1) n+ 2 3q n—1
el L~ B PR

2 — p—
k“+(qg— 1Dk 5 -

o = —

Now, we turn to present Lemma [4.3.4] and its proof.

Lemma 4.3.4. Let Q be an arbitrary domain in R", T > 0, and 0 < ¢ € D(Q) X
(=T,7)). Let 0 <u € C*Y(Q x (=T,T)) be a solution of
2p ,
u — Au =uP — p|Vul?, p>1, p>q>? in Qx (=T,T). (4.16)
p

Consider any k € R with k # —1 and denote
I= / pu 2| Vul*dadt, L= / pu*dxdt,
where the above and below integrals are over Q x (=T,T). Then, it holds
ol +0L < Cln,p, k. 1) // {61 + Juelu™ [V + 02 [ Vul] + | Va2l Ag|ydadt
+C(n,p, k, p1) // {(W? + Jug| + v Vul)[Vu. V| + P ¢y | fdadt, (4.17)

where

(n =D +2p +p2) + (n+ 2)(L+ pk/p

a:—((n—l)k—l—n)%, 0= — -

(4.18)

Assume that 1 < p < pg. Then the constants o, ¢ defined in satisfy a, 6 > 0,
where k = k(n,p) € R, k # —1.
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4.3. Liouville-type Theorems for Parabolic Equations with Gradient Terms

Proof. i. We apply Lemma [4.3.3| with ¢ = 0. Denoting

- // ou”t|Vul? Au dedt, K = // ¢(Au)? dadt,

this gives us with using (3.12)) and Au = u; — u? + pu|Vu|? that

1
_ (” k+1)k1+"+2w— “li
n

IN

n
1
5 // |Vul?A¢ dxdt + //[Au — ku | Vu!]Vu - Ve dadt
1
5/ |Vul?A¢ dzdt + //(ut — P 4 pu? — ku”HVu*)Vu - Vo dadt.
(4.19)

Now, since Au = uy — u? + p|Vu|?, we obtain

K = / / o(uy)? dadt + / / ou’? dadt — 2 / / duPu, dzdt
+2u// o|Vu|Tu, dxdt—2u//¢up\Vu\q dzdt + p? //¢quy2q dadt.

Therefore,

~K>-— / / d(uy)? dadt — / / ou?? dadt + 2 / ouPu, dzdt

—2uC //¢]Vu|qut dadt — 2 // PuP | Vul|? dxdt—;ﬂ/ ¢|Vul? dadt

hence, by (3.12)) and by integrating by parts in ¢ we obtain,

—K > - / d(u)? dodt — (1 +2p + p?) L 2 - 2MC // uPt ¢, dxdt,
(4.20)
since Au = u; — u? + p|Vul?, integrating by parts in z, and by (3.12)), we have
pJ = —/ oVu - V(uP) dedt +p/ puu | Vul? dodt
—i—p,u/ ou | Vul?| Vul? dedt
= // d(Au)uP dzdt + //(V¢ - Vu)uP dzdt +p/ puut | Vul? dodt
—I—pu/ ou | Vul?| Vul? dodt
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- / / duPdpdt+ / / duPuy dadt-u / / $uP | Vultdzdi+ / (Vo-Vu)uPdadt
+p// puut [ Vul? dwdt—i—pu/ du | Vu* [ Vul? dedt
- / / du® dadt + / / duPu, dzdt — pi / / du?® dadt + / / (V- Vu)u? dedt
+p// duu !t Vu? dxdt—p,u// puP~HVul? dadt,

by integrating by parts in ¢ we obtain

pJ > —(1+p)L ( ) //u“% dzdt + //(V¢ - Vu)uP dzdt
+1
(4.21)
+p // puu” | Vul|® dedt —p,u/ puP ™| Vul? dzdt.

Substituting (4.20) and (4.21)) in (4.19),

T e !

< C(n,p,k,p / {o[(w)® + Juelu™ [ Vul* + w?~HVul?] + |[Vul*|A¢| }dzdt

+ O(n,p,k,m/ {0 + Jue| + a7 Vul?) |V - Vo +ul ™|y fdadt,

where

a:_{";1k+1}k:—[(n—1)k+n]§,

{1 (o)

(n =D)L +2pu+ )+ (n+2)(L+ p)k/p

In order to be § > 0, we can say that

(n=1)+(n+2)k/p N (=D +2p+p?) + (m+2)(1+ pk/p

=0>0
n n
ii. Therefore, for k < 0, the condition «,d > 0 is equivalent to
(n—1)p
< -k < .
n+2 n—1
This choice of k < 0 is possible if p < pg.

]
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4.3. Liouville-type Theorems for Parabolic Equations with Gradient Terms

Proposition 4.3.5. Let 1 < p < pp and let By be the unit ball in R™. There exist
r=r(n,p) > (n+2)(p—1)/2 such that if 0 < u € C**(By x (—1,1)) is a solution
of

2
up — Au = uP — p|Vul?, p>1, p>q>}Tp17 e <1, —1<t<l1,

then
1/2
/ / u"dzdt < C(n,p). (4.22)
—1/2 J|z|<1/2

Proof. Taking k as in Lemma M(ii), we will estimate the terms on the RHS of
(4.17)). Firstly, we shall prepare a suitable test function, and we take £ € D(B; X
(—1,1)) such that £ = 1in Byjp x (=1/2,1/2) and 0 < £ < 1.
By taking ¢ = 5%, we have

3p+1

Vo] < Co¢ o,

3p+1

pt+1
|Ag| < Copz, [y < Co v

< o (4.23)
Secondly, we notice that

J[19621801 + 676 + 0dnde < ur + D +Cl). n0. (@20
Indeed, this follows from Young’s inequality and , by writing

VulP(|A0] + 671 Vel + ) = a6 2o~ 2| Vu(|Ag] + ¢~ Vo[> + |6])
< npu”?|Vul* + C(n)o ™" u*(|Ad] + ¢~ [VoI* + |6])?
< nou 2| Vul* + Cln)o (36 )?
= nou*|Vul* + Cn)éu’
< nou”*|Vul* + nou® + C(n).
Now, we fix ¢ > 0. Using Young’s inequality, and , we estimate the
RHS of as follows

// {ol(w)?® + |wu™ [Vul® + "= Vul’] + |Vul*|Ad| dzdt
+ // {(W” + |w| + wHVuP) [ Vu - Vol + uPt || }dadt
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< e// P[u®? + u~?|Vul!|dzdt
+© //[¢(ut)2 +[Vul (67 [V + [Ag]) + (6776, [*) 7] dadt

<2e(I+ L)+ C(){1 + / / o(uy)? ddt). (4.25)

For treating the last term in the above inequality, we will multiply the equation

(4.16) by ¢u; and integrate by parts in z, we use (3.12), and integrate by parts in ¢,

we have

P(uy)? dadt = ouAu dedt + puPuy dedt — p é|VulTuy dedt
/! /! /! /
< //qbutAu dadt + (1 + |,u|)//gbuput dzdt

p+1 2
= / {00 [(1 + |MD;+ 1~ @} — (V¢ - Vu)u, pdzdt.

By integrating by parts in ¢, and then by using Young’s inequality, we obtain

//qb(ut)zdxdt: //{[’2“'2 a4 mp}fi]@— (V6 - Vayus bl

< %//\Vu|2(|¢t|+|v¢]2¢1)dxdt+1//¢(ut)2dxdt
H'“' // u* gy dadt.

Thus by (4.24) and (4.23), and by Young’s inequality for n > 0, we have

// gb(ut)Qda:dtS/ IVul* (o] + |V¢|2qb_1)dxdt+M//u”“|¢t|dxdt

<nI+L)+C(n +77//¢u2pdxdt+6’ //¢—p1\¢t |57 dadt

<o(I+L)+C(n). (4.26)

Combining (4.26)) with n = €(2C(¢)) ™", and (4.17), we will have
al +0L < C(n,p)e({ + L) + C(e).

Since «, 0 > 0, and by choosing e sufficiently small, we conclude that I, L < C. O

56



4.4. A priori Bounds and Blow-up Rates

Now, we state Liouville-type theorems for parabolic problems with a gradient
term for ¢ > 2p/(p + 1). The proof of Theorem is a direct consequence of the
space-time integral estimates (4.22) for (local) solutions of (4.1)). It is based on the

simple homogeneity argument.

Theorem 4.3.6. Let 1 < p < pp, then equation has no positive classical

solution.

Proof. Let R > 0. Let u be a solution of (4.16). Then for each R > 0 , v(x,t) =
R*®=Vy(Ra, R*) solves (4.16) in By x (—1,1). It follows from Proposition [4.3.5]
that

R2/2 1/2

/ u"(y, s)dyds = R”*z/ / u"(Rx, R*t)dxdt
—R2/2 J|y|<R/2 —1/2 J|z|<1/2

1/2
— Rn+2—2r/(p—1)/ / UT(ZE,t)dl’dt < C’(n,p)RnH_Q’"/(Z’_I)
—1/2 J|z|<1/2

Since r > (n+2)(p—1)/2, and by letting R — oo, we conclude that [*° [o, u"dyds =
0, hence u = 0. ]

Remark 4.3.7. It is clear that the estimate implies nonexistence of positive
solution of . On the other hand, if Theorem were known for allp > 1 and

p>q> 1%’ then this would imply Theorem |3.3.5 as well.

Moreover, Theorem|[3.3.5 guarantees that Theorem[4.3.6 remains true for nontrivial

nonnegative radial classical solutions bounded or not.

4.4 A priori Bounds and Blow-up Rates
In this section we will consider the a priori bounds and blow up rates in two cases:

i. for¢q=2p/(p+1)

ii. for ¢ >2p/(p+1)
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4.4.1 Casei: ¢q=2p/(p+1)

In this subsection we use a general method which unifies and improves many results
concerning universal (independent of the solution itself and even possibly of the
domain) a priori estimates of global solutions, blow up rates of non-global solutions,
initial blow-up rates of local solutions, decay rates of global solutions and spatial
singularity estimates for local solutions of the perturbed problem . This method
is based on a doubling lemma, a rescaling argument, and the parabolic Liouville-
type theorems. The solution that we consider are defined on an arbitrary spatial
domain, without any prescribed initial conditions, but they may or may not satisfy
boundary conditions.

In order to show that the universal bounds of the form are also satisfied for
the problem when ¢ = 2p/(p + 1), we need to recall the doubling lemma from
[44], and Liouville-type theorems from [43] and [44].

Lemma 4.4.1. [44] Let (X,d) be a complete metric space and let ¢ # D C ¥ C X,
with 3 closed. Set I' = ¥\D. Finally let M : D — (0,00) be bounded on compact
subsets of D and fix a real k > 0. If there exists y € D such that

M (y)dist(y,T') > 2k
then there exists x € D such that
M (z)dist(xz,T") > 2k, M(z) > M(y),
and

M(z) <2M(z) for all z € DN Bx(z, kM '(x)).
Theorem 4.4.2. [43] Let 1 < p < ps. Then the equation

uy — Au = uP, reR" teR,

has no positive, radial, bounded classical solution.
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Theorem 4.4.3. [44] Let p > 1. Assumen <2, orp < (n—1)(n+1)/(n — 2)?
and n > 3. Then the problem

uy — Au = uP, reRY, tekR,
(4.27)
u =0, redRY, teR
has no positive bounded classical solution.

The following result shows that universal bounds of the problem (4.5) when
q < 2p/(p+ 1) are the same as that of the problem (4.5)) when ¢ = 2p/(p + 1).

Theorem 4.4.4. Let p > 1 and T > 0. Assume that either
p<pp, or p<ps, Q=R"orBg, u=u(lz].t), g=gulg]). (4.28)
Assume in addition that the function g : Ry X R™ — R satisfies the growth assump-
tion
|9(u, §)] < Co(L + [uf 4 [£]7)
(4.29)
for some 1<p; <p and q=2p/(p+1).

Then for any non negative classical solution of , there holds
u(z,t) + |Vu(z, ¢)|71 < C1+tr1 +(T—t)51), z€Q, 0<t<T,

with  C = C(p, 1,4, Co,2) > 0.

Proof. Assume the contrary. Then there exist sequences Tj € (0,00), ux, yr € €2,
sk € (0,Ty) such that uy solves (4.5)), and the function

p—

1 p—1
My, =wu,? + |Vu|» (4.30)
satisfies
My (yg, i) > 2k(1+d; ' (s)), (4.31)

where  dy(t) = min(¢, T} — t)%. We will use Lemma with X = R equipped

with the parabolic distance
1
dp[($7t), (y7 S)] = |ZE - y| + |t — S|2,
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ZIEkIQX[O,Tk], D:DkIQX«),Tk) and FIFk:QX{O,Tk}

dk(t) = diStp(($, t), Fk), (.T, t) € .
By Lemma {4.4.1] there exist z;, € Q, t; € (0,7}) such that

Mk(ZL‘k, tk) > 2k’d,;1(tk), (432)

Mk(xk,tk) > Mk(yk,sk) > 2k

and
My(z,t) < 2My(zp,t),  (x,t) € Dy N By, (4.33)
where
B ={(z,t) € R™™ : |z — xzp| + |t — ta]2 < ki)
and

and by (4.32) for all (x,t) € By, we have
|t — tk‘ < /{32)\z < dZ(tk) = min {tk,Tk — tk}, t e (O,Tk)

It follows that

kA k22 k2\2 ~
(Qﬂ{|$—$k‘<—k )X(tk— k,tk—F k)CDkﬂBk.
2 4 4
Now we rescale u; by setting
2 .
ve(y, 8) = A0 ug(xn + My, B + A7s), (y,s) € Dy, (4.35)

where
~ k
D= (WM @=mn{lyl<5}) x (- 77
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The function v solves

asvk - Ayvk = Uﬁ + 9k, (ya 8) € ﬁka
1 12 (4.36)
v = 0, yG/\El(aﬂ—$k)ﬂ|y’<§>|5| <
with
2p_ =2 _p+l
9y, s) = A;Z’lg(%i”lvk(y, ), A " Vg (y, S)>.
Moreover we have
p—1 p—1 p—1 p—1
UkQ (O) + ]Vvk|P+1 (0) = )\kqu (LCk, )\k) —+ )\Z\Vuk(xmtk)hﬂ = 1, (437)
and (4.33)) implies
0 (9) + Vo7 (5,5) <2, (y,5) € Dy (4.38)
The growth assumption (4.29) implies
2(p — 2p — 1
] < O m:min{ (p=—p1) 20 —alp+ )} _o
p—1 p—1
Let pr = dist(xy, 0L2), then after passing to a subsequence either
or

In case ({.39):
By using (4.36)), (4.38)), (4.34), L? estimates and the embedding (C.9)), we deduce

o

that some subsequence of vj, converges in C'*2(R" x R), o € (0,1) to a bounded
classical solution 0 < v € W2L"(R™ x R), 1 < r < oo, which satisfies v, — Av <
vP+C. Therefore we get vz (0)+ |VU’§% (0) = 1, so that v is non-trivial, moreover,
v and Vv are bounded. Since v,—Av—1v?—C < 0 = u;—Au—uP, then by comparison

principle we have v < u, since u > 0 is the solution of (4.4) with «(0,0) > 1, also v
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satisfies vy — Av > vP — C'. Furthermore, v, — Av —v? +C > 0 = u; — Au — uP, and
also by strong comparison principle (Proposition [D.1.4)) we obtain that v > u. We
conclude that 0 < v = u.

As a consequence of strong maximum principle (Proposition , we have either

uw > 0 in R or
u=0 in R"x (—o0,t)] and wu>0 in @ :=R" X (t,0), (4.41)

for some tg < 0. Sine u < C' due to (4.38)), then in the latter case we have u; — Au <
CP~!4 in @ and by using maximum principle in Proposition [D.1.1, we have that

u = 0 in @, which is a contradiction. Then u > 0 contradicts Theorem [4.4.2]

In the case :

Let #; € 02 be such that d; = |z; — ;| and let R; be the orthogonal transformation
in R” that maps —e; = (—1,0,...,0) onto the outer normal vector to 02 at ;. Now

we define
_2
’Uk(y, S) = )\g_lu()\kRjy + T, )\,%S + tk)

- k2 k2
for (y,s)EDkx<—Z,Z>,
where Dy = {y e R" : \Rjy + x1, € Q.

Then vy, is solution of

~ k2 k2
v — Dpvp = v + g1 in Dkx<_Z’Z>
~ k2 /f2
v =0 on 8Dkx(_Z’Z)

with

2p_ =2 _ptl
9y, s) = )\15_19<>\;§_1Uk(y7 ), A" Vur(y, 5))
Clearly Dy, approaches (locally) the half space H, = {y; > —c} as A\, — 0.
From (4.36)), (4.38)), (4.34)), interior estimates and embedding ((C.9) we obtain sub-

sequence vy, which converges in C*(H,), 0 < a < 1 to a solution of
osv—Apw=0"+g, yeH, scR
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v=_0 y€eodH, seR

with v(0,0) = A u(A\eZj + 2k, tx) = 1. Similarly as in the last case we obtain v > 0

which contradicts Theorem (.4.3] m

As an interesting consequence of Theorem [4.4.4]in the case of R", we obtain the

universal decay of all nonnegative global solutions of in R" x (0, 00).
Corollary 4.4.5. Let p > 1 and u be a global (non-negative) solution of on
R™ x (0,00). Assume and

p<ps, or p<ps, u=u(lz,t), g=g(uls]). (4.42)
Then it holds

u(z,t) < C’(n,p)t_z’%l, xreR" t>0.

4.4.2 Caseii: ¢>2p/(p+1)

Deriving an universal a priori bound for global solution and the blow up rate estimate
based on deriving some basic estimates for positive solutions of (4.6)) for

q > 2p/(p+1). These estimates can be shown in the next lemma.

Lemma 4.4.6. Assume Q bounded and convex, p>1,p>q>2p/(p+1),
0< ¢ € DOQX(=T,T)), and 0 < T < co. Let u be a nonnegative classical solution
of (4.6) on (0,T). Then for allt € (0,T/2], there holds

/ w(w, e < Cp, Q)(1 + T~y (4.43)
Q

and
/0 /Q(up(:v, s) — p|Vu(z, s)| M) ordazds < C(p, (L +t)(1+T-YPD) (4.44)

Proof. Denote y = y(t) := [, u(t)¢1dz, multiplying the equation (4.6) by ¢, inte-
grating by parts, using A¢; = —¢1, and (3.12). We obtain

“(t)ﬁbldiﬂ—/QAu(t)gbldx:/

Q

o P (#)érdz — p / Vu(t)"rda,
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hence

%/Q“(t)¢1dx:/Qup(t)ﬁbldx_#/ﬂ|Vu(t)|q¢1d£l?—/ngbldx
> /Qup(t)(]ﬁldx—C/Qup(t)qbldx—/Qu(t)<b1dq:. (4.45)

By Jensen’s inequality, we obtain that

G | utoda = ci( [ uwods) - [ uwonds

Since u exists on (0,77), we deduce that
/ u(t)prdr < Co(p, QA+ (T —t) YD) 0<t<T.
Q

Now, integrating (4.45)) in time over (7,t), 0 < 7 < t < T'/2 and using (4.43), we

obtain

// up — ] Vu(s)| ¢1dxds—// (bldxds—i-/ (t)gbldx—/gu(T)cbldx

<Cp, QA +t)(1 + T Y1),

by letting 7 — 0, we will have (4.44]). O

In Lemma below, we will show a further estimate for positive solution of
(4.6) when ¢ > 2p/(p+ 1), whose proof uses the special test-function constructed in

the following lemma (see [8] and [48]) by considering a singular elliptic problem.
Lemma 4.4.7. [8], 48] Assume Q bounded and 0 < ov < 1. Then the problem

_Af = gbl_aa S Qa
(4.46)
£E=0, x € 08,

admits a unique classical solution & € C(Q) N C%(Q). Moreover, we have ¢7* €

LY(Q), £ € H}(Q), and

() <C(Qa)d(x), xe.

64



4.4. A priori Bounds and Blow-up Rates

Lemma 4.4.8. Assume 2 bounded and conver,p > 1, p>q>2p/(p+1),0<T <
oo and e € (0, (p+1)/2]. Let u be a nonnegative classical solution of ({4.6) on (0,7).
Then for all t € (0,T'/2], there holds

t
/ / u"r ~Edads < Cp,Q,e)(1 +t)(1 4T Y@=,
Q

Proof. For given 0 < a < 1, Lemma [4.4.7 guarantees the existence of a function

£ € C(Q)NC*HQ) N HLQ) such that —AE = ¢7* in Q. Moreover, ¢ satisfies
E(z) < C(Qa)i(x), xe. (4.47)

We choose a = é, where r is defined by

2 p—1 r r 2 p-—1

Taking £ as a test function in (4.6 and integrating over (7,t), we obtain

/T /Quqﬁlo‘dxds:/T /Q[up—u]Vu|q]§d:cds—|—/Qu(T)fdx—/Qu(t)fd:c.
Due to , and , we have
t t
/T /ﬂugbladxds SC’/ / [u” — p|Vul?] 5(x)dxds+0/ﬂu(7’)5(x)dx—C/Qu(t)é(a:)dx.
<C \Y dzds + C dx — t)¢p1de,
[ [ = st lordods + ¢ [ atmods = [ utonte

hence

t
/ / ugy“drds < C(p, Q,e)(1+)(1+ T V),
T JQ

By using Holder’s inequality, the last estimate and (4.44)) imply

e
0 Ja 0o Ja
< (/Ot/ﬂup@dxdt)lﬁ(/Ot/gugﬁl_o‘dxdt) v

< Cp,Qe)(14+t)(1 4+ T~ YE=D),
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Further theorems can be used in the proof of Theorem below; see Theorems

4.4.9, 4.4.10{ and {4.4.11| below, which are from [47], [25] and [51], respectively.

Theorem 4.4.9. [47] Let p > 1, up € L), 1 < g < 00, ¢ > n(p —1)/2. Then
there exists T' = T(||uoll,) > O such that problem possesses a unique classical

Li-solution in [0, T) and the following smoothing estimate is true

—a n/l 1
Ju(t)ll, < O llunlly = ar =5 (=), (4.43)

for allt € (0,T) and r € [q,00], with C = C(n,p,q) > 0. In addition, u > 0
provided ug > 0.

Theorem 4.4.10. [25] Let 1 < p < pg. Then the problem
—Au = u?, r € RY,
u=0, xr € OR".

does not possess any positive classical solution.
Theorem 4.4.11. [51] Suppose that n > 2. Then the equation
Au+u? —p|Vul! =0 in R",
admits no positive radial ground states if either
. n . n
q>min{p,2p/(p+1)}, 0<p< — o 42q —5 <p<ps,

where q is a function of p and n such that 2p/(p+1) < g <p forn/(n—2) <p < ps

and § = p for p = ps.

The proof of the following theorem is completely different from that in Case i,
which is based on energy, measure arguments, rescaling and elliptic Liouville-type

theorems.

Theorem 4.4.12. Letp >1,q¢>1,p>q>2p/(p+1) and T > 0. Assume that
p < ps and Q convex bounded. Then for any nonnegative classical solution of @

on Qr that satisfies uy > 0, there holds
u(z,t) < C(p, Q)(l + 7920 (T — t)_‘J/2(p_‘I)). (4.49)
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Proof. Since u is a subsolution of the same problem with ;= 0 and the same initial
data (due to uy—Au—uP < ug—Au—uP+p|Vu|? = 0). Moreover, p+1 > n(p—1)/2
due to p < pg. Then, by Theorem |4.4.9|in view of the comparison principle, it follows

that

inf a0 < Clp, 2 7) < Olp, Q) (L4 772070 4 (T = ) #2079, (4.50)
te(0,7

We argue by contradiction and assume that for each £ = 1, 2, ... there exists a global

solution uy > 0 of (4.6]) such that

Jug (@), >k forall t e (0,7/2). (4.51)
Denote
1 p+1
Ei(t) = |Vuk )|z — el A up(t)de.
Recall that E'( — Jqui(t)dz— fQ u;|Vu|?dr < 0 and that uy, satisfies the identity
1d
o¥T! urde = / P () da —/ |V (t)|*dz — /uk|Vuk(t)|qu
@ ¢ (4.52)
= —2F(t) + —/ P () da — /uk(t)\Vuk(t)\qu.
Q
Step 1. We claim that
Ey(r/4) > k'/? (4.53)

for all k > ky large enough.
Assume (4.53)) fails. Using (4.52)) and Hélder’s inequality, we obtain, for all ¢ > 7/4.

1d p—1
o Quidm > —2kY/% 4 | /Quiﬂ(t)dx - u/ﬂuk(tﬂVuk(tﬂqu,
by using (3.12)), then we have
Ld [ 24y > —opv2 4 (p—l - [LC) / W () d (4.54)

hence

1d 9 L (p+1)/2
e S _9pl/2 2 ‘
dt/ﬁukd$ > —2k +C</Quk(t)da:>
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This implies
/ ul(t)de < CEVY®HY ¢ > 1/4, (4.55)
Q

since otherwise fQ u2(t)dr has to blow up in finite time. Integrating over
(1/4,7/2) and using and (4.55), we obtain

Yer < / " / P dpdt < C(KY @D 4 p127)

4 /4 Ja
and this is a contradiction for k& > kg large.
Step 2. Let a > 0 to be fixed later and set Fj, = {t € (0,7/4]: — E, > E;H/a(t)}.
We claim that |Fy| < 7/8 for all k > k¢ large enough.
We note that £y, > 0 on (0,7/4] for k > ko by , since £, < 0. By definition of

Fy., we have

(aEk_l/a)/ = —E,;E,:l_l/a > xr, on (0,7/4].

By integration, we deduce that aEk_l/a(T/él) > |Fy|. Hence by (4.53) we have
‘Fk‘ < 7'/8
Step 3. We choose

a>{p+1)/(p—1). (4.56)

We claim that for all k£ > ky large,

a+1

|| (1) |5 < C’(/ uiﬂ(t)dx) © forallt e (0,7/4]\ Fy. (4.57)
Q
For all t € (0,7/4] \ Fy, we have

1Bsur (B)[[5 < (|0 (t)3 + / Vulfude = —E(t) < ByPV) < [ Vur(@)][30.
Q

(4.58)

Hence, by (4.52)), Holder’s and Young’s inequalities, and ((3.12))
Vel < [ ok Ode 4 (Ol [0l + [ ™ o)
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< [ 0o + ), Va3
<C [ O+ GOl VO3
<C [ O+ O o)l + 5 IV

sca/’VH<Mx+—MVuu>@,
Q

where we used (4.56]) and (4.51)), hence
Va0l < € [kt (t)d.
Q
This estimate with (4.58) implies (4.57]).

Step 4. Let 0<r < (p+1)/2, b=(p+1—r)(a+1)/a and
Gr={t € (0,7/4]: [I0aur(t)]l3 < C Jur(®)]I2}-

We claim that |G| > 0, where |G| means the Lebesgue measure of Gy.

Due to Lemma , for A= A(p,r,Q,7) > 0 large enough, the set
Gri={t € (0,7/4] : /Qu};(t)dx > A}
satisfies
G| < 7/8, (4.59)
We deduce from that
[ e < €l [ v < Cluolz

Therefore, Gy D (0,7/4] \ (Fr U Gy) by Step 3. The claim then follows from Step 2

and (I59).

Step 5. Now, we will use rescaling argument to have a contradiction by using Step

4, for each large k, we may pick t, € Gi. By (4 , we can choose x;, € € such that

M, = ui(p—q)/q< Mk—2(p a)/q

xy, ty), denote Ay = and put

_ /\2(qu(1) /\1/2
ve(y) = A, ug(Tr + A Y, te),
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2p—q

Ur(y) = /\,z(“” Oy () + )x,lg/Qy, tr).

Then the functions vy, vy satisfy

p(g+1)—2p plg+1)—2p

2(p—qa) v _ 2(p—q) D .
A T =0T Avg +op — p| V! in

, (4.60)
v =0 on {1,

where Q; = Q;:’“ Moreover, w(0) = 1 and 0 < vx(0) < 1 = v,(0). We need to
show that the function v, are locally uniformly Holder continuous and v, — 0 in an
appropriate way.
Let R >0, Br(wg) ={z € Q: | —x9| < R} and Bf, ={y € Qi : |y| < R}. Since
t, € Gy, we have

2p—q
/k O [2dy = A /k [Orur (i + NPy, 1) Py
Bk BE

R

2p—gq
P—q \—1/2 2
=N / |0y (z, ty)|“dx
Bray (o)
—2(2p—q) n(p—q)

<CM, * M, " M}=CM,]

for k > kg, where

2(2p — a+1 n(p —
N (pq a9 Lpr1-n+ (pq q9)

Due to (p—¢q)/q < (p —1)/2 and % —1<pfor2p/(p+1) < q < p. Furthermore,

by taking % — 1 < pclose to p, r close to (p+ 1)/2, (p — q)/q close to (p — 1)/2
and a sufficiently large, hence v will be negative provided p < (n —1)/(n — 3). (In
particular, it is true due to p < pg if n < 4.)

Consequently,

[ )Py o
B

R

for any R > 0. since 0 < v, < 1 and vy, solves (4.60), standard regularity theory
implies that vy, is uniformly bounded in W?%2(B%). Since W?? is embedded in the
space of Holder continuous functions if n < 3, we may pass to the limit in (4.60)) in

order to get a limiting solution v > 0 satisfying the equation
Av + 0P — pu|Vol? =0, (4.61)
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either in R™ or in a half-space (and satisfying the homogeneous Dirichlet boundary
conditions in the later case). Moreover, v < 1 and v(0) = 1, which contradicts the
Liouville-type Theorem in R™. Furthermore, v is a supersolution of the same
problem with © =0 (0 = Av + v? — p|Vu|? < Av + vP), in view of the comparison
principle (Au + u? > Av + v?) and Theorem , we have v < u =01in Ry, a

contradiction ]

Remark 4.4.13. If parabolic Liouville-type Theorem were known for all p <
ps, then this would imply Theorem for all p < ps as well. Conversely, it
15 clear that the estimate implies nonexistence of positive solutions of .
We see that Liouville-type theorem and these universal estimates are thus equivalent.

On the other hand, Theorem[{.4.19 guarantees that Theorem[].3.6 remains true for

nontrivial nonnegative classical solutions.
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Chapter 5

The Global Existence of the

Positive Solutions

The global existence and blow-up solutions for the parabolic equations with a gradi-
ent term have been investigated extensively by many authors. For example, Chipot
and Weissler [11] studied semilinear parabolic equation subject to the homogeneous
Dirichlet boundary condition. Existence of global solutions of parabolic equations
with a gradient term depends upon the balance between the power of the gradi-
ent term and that of the source nonlinearity. By using comparison principle and
constructing self-similar subsolution, they obtained sufficient conditions of global
existence and blow-up solutions.

The main purpose of this chapter is to show how the exponents of gradient and non-
linear terms and the geometry of the domain affect the existence of global bounded
and unbounded solutions. In Section 5.2 we show that there are bounded global
solutions for the semilinear parabolic problem with convective gradient terms for
the Cauchy problem, while we prove the global existence of semilinear parabolic
problem with dissipative gradient term for small initial data in Section 5.3. Section
5.4 is devoted to study the existence of unbounded global solutions in the domains

of infinite inradius.
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5.1 Introduction

We will consider in this chapter two problems. The first one is a semilinear parabolic

problem with a convective gradient term of Cauchy type, which takes the form

u—Au=u"—a-V!), zeR"t>0
, (5.1)
u(z,0) = ug(x), x € R".

with p > 1, ¢ > 1 and a is a non zero constant vector in R".
The second problem is the semilinear parabolic problem with a dissipative gradient

term of Dirichlet type, which is

u— Au=uP — p|Vul? Lz eQt>0
u(z,t) =0 r€INt>0p, (5.2)
u(z,0) = ug(x) ,x € €.

with p,¢g > 1 and p > 0.

The problem of semilinear convective reaction diffusion equation (5.1)) in the one-
dimensional case on a bounded interval with homogeneous Dirichlet boundary condi-
tions has been introduced by several authors |9, 21}, [36], d]. Their results concerning

blow-up and global existence of solutions can be given as follows:

i. if p > ¢ both global and blowing up solution exist, depending on the size of the

initial value.
ii. if p < ¢ all solutions are global.

Moreover, in [21I] A. Friedman and A. A. Lacey showed that the problem
has a single point blow-up for a large class of initial values if ¢ = 2 and p > 3.
Furthermore, the problem ((5.1) was considered on a bounded domain of R" by A.
Friedman in [20], he proved that if p > ¢ > 1 and the initial value is large enough
then the solution blows-up in finite time, which means that, in a bounded domain,
if p > ¢ the convective term a.V(u?) has no effect with respect to the global or local

character of the solutions, however, blow-up cannot occur when p < ¢q. Moreover,
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it is known in [55] that for all nontrivial ug > 0, the blow-up in finite or infinite
time can occur for ((5.1)) whenever ¢ > p > 1 and p < pp. On the other hand, it was

obtained in [18] that the blow up rate for the problem (/5.1)) has also the form
u(z,t) < O(T — )77,

in the subcritical case ¢ < (p+1)/2.

S. Kaplan has considered in [29] the stability of the zero solution u = 0 of the
problem in bounded domains. It has been proved that, the solution is global,
bounded and decays exponentially to zero, for all nonnegative data of sufficiently
small L norm.

Moreover, for 2 = R", some kind of stability can be found in [52] in the case ¢ =
2p/(p+1), regardless of the sign and the size of . It has been shown that the solution
of is global, decays to zero, and asymptotically self-similar, whenever the initial
data are small with respect to a special norm related to the heat semigroup.

On the other hand, it is known in [60] that the exact self-similar global solutions

are constructed and they take the form
u(t,z) = (t+ 1)V VU (z|(t + 1)) V?).

In the case ¢ > p, it was shown in [16], [46] that for bounded domains, the dissipative
term p|Vul? prevents blow-up, neither in finite nor infinite time. Furthermore, the
problem in [55] has been considered in arbitrary unbounded domains when
q > p. It turns out that the geometry of 2 at infinity plays a determining role in
the problem, the relevant notion was the inradius of Q (p(2)). It was proved that
if p(2) < oo then the solution of is global and bounded, and if p(2) = oo,
then there exist (possibly global) unbounded solutions for all ¢ > p and p > 0 (see
[55], 56]).

Moreover, in [55] some results were obtained concerning global existence, bounded-
ness or unboundedness of solutions for the problem ([5.2]), which are summarized in

the following points
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if {2 contains a cone (in particular @ = R"), and ¢ > p, then there exist

unbounded global solutions.

if @ = R™ and ¢ > p, then some solutions blow-up in infinite time at every

point of R™, while, if 2 # R", blow-up can only occur at infinity.

in any domain © (in particular in R"™), for ¢ > p, the solution exists globally

whenever ug has exponential decay in at least one direction.

If the restriction of ug to some cone contained in €2 has a slow enough decay

at infinity when ¢ > p, the the solution blows-up in finite or infinite time.

If €2 is contained in a strip, the solutions are global and uniformly bounded for

all ug if ¢ > p, and for small ug if 1 < ¢ < p (with g largeif 1 < ¢ < 2p/(p+1)).

If @ # R™ and ¢ > p, then the blow-up set of all unbounded solutions (global
or not) is {oo}. On the other hand, if Q = R", then the blow-up set for any

unbounded solution is either R™ U {co} or oo.

The aim of this chapter is to prove that the blow up of the problem (5.1)) can occur

just in infinite time (7., = 00) for suitably small data. Furthermore, the stability

of the zero solution of the problem (5.2)) is proved, when the inradius of the domain

is infinite. Finally, we show the unboundedness of the solutions of the problem (}5.2)

in domains of infinite inradius.
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5.2 Small Data Global Solutions for the Cauchy
Problem

Global existence for the problem (j5.1)) with data dominated by a small multiple of
a Gaussian can be shown by the comparison principle argument, by looking for a

supersolution of the form v(x,t) = taé(x, t), where a > 0 and using G, — AG =0.

Theorem 5.2.1. Consider the problem with ¢ > p > 1 and p < pp then

Tonaz (o) = 00 for some nontrivial uy € X .

Proof. We will build a self-similar supersolution of (5.1]) in the form
v(z,t) = t°G(z, t)

for some a > 7, where G = (4m)2G, and G is the Gaussian heat kernel. By setting

= a — 3, the function v satisfies

vy — Av— 1P +a- V() =Gy — AG) + at® G — tPGP + %%, - V(GY)

_q = _plz? 1,24, _adsl
= att e — e — gt (— e

qla|?

> (bt — b — CtFatr)e

w‘Q

Here we used se” 32 < Ce™**, s > 0. Now, since p<pp:=1 +% and (¢ > p, we can

choose ¢ < 1+ %), by taking a > 0 sufficiently small, it follows that

kp <k+2a—-%2) =k—-land kg < k+3(a—-%) =k—3

5, which is means

kq—l—% < k—1,so0that vy, — Av—vP +a-V(v?) > 0in R" for t > ty, where t; > 1 is
_n =

large enough [since « is small enough, then k—1 is negative]. If ug(x) <t,2e o, the

comparison in proposition then guarantees that u(t) < v(to+t) on [0, Thae (o))

and u exists globally. O]
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5.3 Small Data Global Solutions for the Dirichlet
Problem

In Theorem below, we shall need the notion asymptotically stable solution

which is defined as follows:

Definition 5.3.1. Assume that f(0) = 0 (so that u = 0 is a solution to ({.8))
and that (@ 1s locally well-posed in a space X. We say that the zero solution is
asymptotically stable in X if there exists a constant n > 0 such that, for all

ug € X with ||uglly < n, there holds T,y = 00 and

lim [[u(t)] c = 0.

t—o00

In order to prove that the zero solution is asymptotically stable in L' if Q has
infinite inradius, we need to recall the following proposition which has been proved

by Souplet and Weissler in (p. 349, [55]).

Proposition 5.3.2. Suppose the regular domain €2 contains a cone, p > 0, q >

p > 1. There exists some uy € C*(Q), ug > 0, with compact support, such that the
solution u of satisfies Thuar = 00 and

i [Ju()], = oo

Theorem 5.3.3. Consider the problem with ¢ > p>1 and p > 0.
Assume that p < 1+ pp. If p(2) = oo, then there is exist initial data ug € L*(Q) of

arbitrary small L*-norm such that Ty,a.(ug) = 00.

Proof. Fix a test function ¢ € D(R™), ¢ > 0, ¢ # 0 with supp(¢) C B := B(0,1),
and let w be the solution of with €2 replaced by B and ug replaced by ¢.

Due to Proposition we can assume that w blows-up in infinite time.

Now since p(§2) = oo, 2 contains some ball By(xy, k) for any integer k£ > 1.

Let us set

uk(xat):kp%rw(x_kxku%)v uO,k:kp;jqb(x;:xk)
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Due to the invariance of the equation under this scaling, it is easily verified that wuy

solves the problem
a(p+1)—2p
Oup, — Ay, = uf — pk™ 71 [V |? ,x € By, t>0
u, =0 ,xE@Bk, t>0 (53)
ug(z,0) = up () ,T € By.

Let 4y be the solution of the problem (5.2)) with ug = ug . Since By is included in
2 and 1y > 0 on 0By, it follows that the equation (5.3) for & — oo become

a(p+1)—2p

Ovur, — Ay, — uh + p|Vug? = —p(k™ 71 = 1)|Vug|? = —00 <0, € Bg, t >0
up = 0, xT €0B, t>0
Uk(ZE,O) = u07k(x) =0, x € By.

Then, by the comparison principle that u; > uy, hence u; blows-up in infinite time.

Last, an easy calculation yields

2 -2
luokll, = 17| [|oll, = k7= [[6[l,— 0 as k — oo.
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5.4 Global Unbounded Solutions in a Domain
with Infinite Inradius

The proof of unbounded global existence of Theorem is based on a comparison
argument, by constructing a stationary supersolution v in the exterior of ball of small
radius e, which is radial and whose minimum is larger than [Jug|| . The solution u
is dominated by v, centered at points y such that B(y,e) C Q€. Since p(Q2) = oo,
then any point z of ) is at unbounded distance of such a point y. This guarantees

a unboundedness for w.

Theorem 5.4.1. Consider the problem with ¢ > p > 1, p > o. Assume
p(Q) = oo. Then there exists ug € Xy, such that Tpa.(uo) = 0o and tlim || u(t)
—00

Hoo -

Q.

Proof. We choose ¢ € (0,1) such that for a ball of radius p(2), B N Q° contains a
ball of radius €, p(2) > p(Q).

Let a be a fixed point in €} and we choose z, such that
B(xg,e) C Q°
and
|2q — af < p(2). (5.4)

We seek for a supersolution of (5.2)) of the form v(x,t) = Ke®*", r = |z — x,|, @ > 0.
The inequality Pv := v; — Av + pu|Vv|? — v? > 0 needs to be checked if r > . To

ensure that, it must

n
0—a’Ke* —

Ke® + pa?K5e" — KPe*" >0, r > ¢,

which is satisfied if

,uaqKq_leo‘(q_l)r > KPlea=Dr 4 o2 4 an — 1, r>e.
€
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Since ¢ > p > 1, then we have

—1
pa?K97 > 2KP™ and  patKT > 207 + 20 .
£

It thus suffices to choose a = (2/u)"/9 and next
K = max{||uo||, , 1, (0 + a(n — 1)/e)/(@=V}.

Then, it follows from comparison principle that 0 < wu(z,t) < v(z,t) in €, as long

as u(t) exists. In particular, by using ([5.4]), we obtain
0 <ufa,t) < Kexp[p(Q) = oo] = 0.

Since a was an arbitrary point in €2, we deduce that u(t) remains unbounded in L

on its existence interval. This implies unbounded global existence. O
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Chapter 6

Viscous Hamilton-Jacobi

Equations (VHJ)

VHJ is the simplest type of a parabolic PDE with a nonlinear term depending
on the first order spatial derivative of w, where in [30],[32] VHJ is presented in
the physical theory of growth and roughening of the surfaces, which is defined
as Kardar-Parisi-Zhang equation. The blow-up phenomenon of this problem is
different from the equations with a nonlinearity depending on u, where the function
u itself remains uniformly bounded, but its gradient blows-up in finite time, and
this phenomenon is called gradient blow-up (GBU).

The main purpose of this chapter is to study whether the speed of divergence of
GBU of Dirichlet problem for VHJ with p > 2, specially the upper GBU rate
estimate in n space dimension is the same as in one space dimension. In section
6.2 we consider the upper estimates of the blow-up profile of Vu for the solutions
of . Next we shall consider in section 6.3 the upper GBU rate estimate for the
problem in a convex bounded domain.
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6.1 Introduction

Consider the following initial-boundary value problems with zero Dirichlet boundary

condition
u — Au = |Vul?, re, t>0,
u=0, x €0, t>0, (6.1)
u(z,0) = ug, x € .
and

uy — Au = |VulP + A\, reQ, t>0,
u =0, red, t>0, (6.2)
u(z,0) = uy, x € €,
where €2 is a bounded convex domain, ug € X, p > 2 and A > 0.

The main idea of these problems is that the function w itself remain uniformly
bounded, but its gradient goes to infinity in finite time 7". In other words,
|Vu(t)]],, — oo,  whereas sup |lu(t)|, < oo.
t€[0,T)

The gradient blow-up phenomena has been studied for the first time in [19] by
Filippov, he considered a one dimensional problem with time-depending Dirichlet
boundary condition.

The problem when p < 2 was introduced in [47), 59], and they proved that all
solutions are global, i.e., T' = oco. However, if p > 2, then the GBU in finite time
is known to occur (see [59], [67]). For instance, in [57] Souplet showed that the
singularity may come from the suitably large initial data in finite time. Moreover,
it has been shown in [47] in one space dimension and € = (0, 1), that the bounds

of blow-up profile of u, take the form

Uy (x,t) < U (x) + Cyz, 0<z<1 (6.3)

and Up(x,t) > —U (1 —x) — Cy(1 — z), 0<z<l1
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6.1. Introduction

The function U € C([0,00)) N C((0,00)) is a solution (a singular steady state) of

V' +VP=0, 2>0,  V(0)=0.

’

and U := dpx(p_Q)/(p_l), Ul(x):= d;) = Ve >0,

where d, = (p — 2)~}(p — 1)®2/¢"D and d, = (p — 1)~/®=V, which shows that
the bounds on blow-up profile of u, is away from x = 0 and 1, and this means that
GBU may occur just on the boundary.

On the other hand, the lower GBU rate estimates for this problem have been con-
sidered by Guo and Hu in [28], it was shown that the lower GBU rate estimate take

the form

sup ||Vu(t)||, > C(T —t) Y2+ 5T

s€[0,t]
Furthermore, the analogue of the lower estimates is also true in one space dimension

(see [14]), namely
lua(®)ll = C(T = t)"/@2 ¢ = T,

Moreover, under additional assumptions ug ,. + |tgz|P > 0 and ug € C?([0, 1]), the

corresponding upper GBU rate estimate can be established (see [28]) as follows
u, (0,1) < C(T —t)~Y®=2 ¢ 5T (6.4)
Similar result was obtained in [47] for the closely related one-dimensional problem
Up — Ugy = |ug|P + A, z € (0,1), t>0,
u=0, ze€{0,1}, t>0,
u(z,0) = up, z € (0,1).

with p > 2, A > 0 and up € X,.
The aim of this section is to show that the results of Quittner and Souplet in [47] of
the upper estimates of the blow-up profile (6.3) and the time rate of gradient blow

up ((6.4) hold true for problem (/6.2)) in n-dimension.
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6.2 Upper Profile Estimates of GBU

This subsection considers the profile estimate of the gradient solutions of problem
(6.1), which shows that the gradient blow-up cannot occur in the interior of the
domain, as will be shown in Theorem [6.2.3]

In order to prove that, we need to recall the following lemma, which shows some

properties of the time-derivative u;, which has been proved in [47],[59].

Lemma 6.2.1. Consider problem with p > 1 and ug € Xy, and let 0 < tg <
T := Thaz(ug). There exists Cy > 0 such that

| <C1,  zeQ, ty<t<T. (6.5)

Proof. The function w := wu, satisfies
wy — Aw = a(zx,t) - Vw, re, 0<t<T,
w =0, xred), 0<t<T,

where
a(x,t) = p|Vulf*Vu. (6.7)

By parabolic regularity results, we have u; € C*!(Qr), and due to (1.19) we have
uy € BC(Q X [to,t1]), 0 <ty < t; < T. As an consequence of and of the
maximum principle in Proposition we obtain the upper estimate of ;. O

The proof of Theorem relies on using a modification of the Bernstein
technique and a suitable cut-off function, with considering a partial differential
equation satisfied by |Vu|?. We follow the procedure which has been used in [59].
Let 29 € Q2 be fixed, 0 < tg < T < Tpnaz(uo), R > 0 such that B(zo, R) C Q and we
write Q%R = B(xo, R) x (to,T).

Let a € (0,1) and set R = 3£ We select a cut-off function n € C*(B(z, R)),

0 <n <1, with n(x¢) =1 and n = 0 for |z — 29| = R, such that

V| < CR™'n®

for |z — 29| < R
|D*n| +n~HVn? < CR™?p°
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6.2. Upper Profile Estimates of GBU

where C'= C'(a) > 0.
In order to show that the GBU in problem ([6.1) occurs only on the boundary, we

need to state the following lemma.

Lemma 6.2.2. Let ug, u be positive solutions of (6.1). We denote w = |Vul* and
z=nw. Then at any point (x1,t1) € Q;‘}R,, such that |Vu(xy,ty)| > 0, z is smooth

and satisfies the following differential inequality

L2+ C2P < Cy + CRY,

Lz=0z—Az—H-Vz,

H s defined by .

Proof. We know that Vu € C%! in a neighbourhood of such points and hence we
can differentiate the equation (/6.1]).

Assume that w = [Vu|? satisfies the differential equation
Ow — Aw — (pprfQVu) -Vw = —2|D*ul?.

Indeed, for ¢+ = 1,..., N, put u; = % and w; = %. Differentiating |} in z;, we

have
2

Oy — Au; = gw%wi. (6.8)

Multiplying by 2u;, summing up, and using Aw = 2Vu - V(Au) + 2| D*ul?, we
deduce that

Lw = —2|D*ul?,
where
H=pw= -Vu. (6.9)
Setting z = nw, we get
Lz = L(nw) = d(nw) — A(nw) — H - V(nuw)
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6.2. Upper Profile Estimates of GBU

=nLw +wLn —2Vn-Vuw.

Now we shall estimate the different terms. In what follows § > 0 can be chosen

arbitrary small.

e Estimate [2V7 - Vuw|.

Using Young’s inequality, we have
2V - Vw| < O~ [Vi[*w + 69| D*ul?,
where we used the fact Vw = 2D?*uVu.

e Estimate |wH - V).

|lwH - V| = |wpw%Vu -V

= [pwiw2Vn)

p+1

=pw 2 |Vl

Finally choosing 6 = 1, we have
Lz +n|D?ul < Clp,m)wl|An| + 07! V] + C|Vnlw's.
Using the properties of the cut-off function n, we get
Lz +n|D*ul* < C(p,n)wR*n™ + CR_lno‘wp?i. (6.10)

Using the result of Lemma [6.2.1] we shall estimate |D?*u|? in terms of a power of w.

For (zq,t1) € QfﬁR,, such that |Vu(zy,t1)| > 0, we have

IVu(zy,t1)|P = 0wy, t1) — Au(xy, ty)

S Cl + \/N|D2U($17t1)|.

Hence
1 2 2 2
~ Vulen ) < G+ | Du(e, 0
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6.2. Upper Profile Estimates of GBU

There are two cases

1
either N|VU(£B1,t1)|2p S 201,

1
or N|Vu(a71,t1)|2p < |D*u(xy,ty)]?

In both cases we arrive at

1
T — t)|* < C, + |D? t)]2.
C(N,p)'vu(xl’ DI? < G+ [D7u(zq, 1)

Using this inequality, it follows from (6.10)) that, at (x,%;)

7
C(N,p)

Lz + IVu(zy, )| — Cin < Lz +n|D?ul?

< C(N,p)wR™*n* + CR_lno‘w%
Hence

Lz +

n p<C CR—Qa CR—la ptl
C(Np)" =TT e

We take o = %}1 € (0,1). Using Young’s inequality, we have

D —<p ].
C’R’ln%rflw% < CRTEl + Enw”,

_o pfl =2p pt1
CR ™ n2 w < CRrl 4+ —n 2 w’.

Using that n < 1, we get

—2p 1
,CZ—F wP S C‘1+C’Rﬁ +%77|Vu|2p.

n
C(N,p)
Hence

1 —2p
P p—1, 11
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6.2. Upper Profile Estimates of GBU

Theorem 6.2.3. Let p > 2, M > 0 and ug > 0, ||Vug||;00c < M. Let u be solution

of , then
Vu| < Cod 71 () +Cs  in Q% (0, Thas(u0)).
This means the blow up may only take place on the boundary.

Proof. First let us note that by the local existence, there exists tg € (0, Tpnaz(to))
with tg = to(M, p, N) such that

sup [|[Vul| . < C(p,Q, M). (6.12)

0<t<to
We also know that Vu is a locally Holder continuous function and thus z is a
continuous function on B(xg, R') X [to, T] = @, for any T' < Typaa(t). Therefore, z
must reach a positive maximum at some point (z1,%;) € m X [to, T'], unless
z=0in Q. Since z = 0 on dBy X [ty, T], we deduce that z, € By . Therefore,
Vz(x1,t1) =0 and D?z(xy,t;) < 0. Now we have either t; = tg or to < t; <T.

If ty = t1, then

2z, 1) = |Vu(er, t)] ] < [Vl to) |7« -

Ifty <t < T, we have 0;z(z1,t1) > 0 and therefore £z > 0. Using (/6.11)) we obtain,

1

S < =
20(})7 N)Z (l‘l,tl) ~ Cl +CR s

which is
V(@1 ) < Cy + ORI
Since z(xg,t) < z(x1,t1) and n(xy) = 1 we get,
|Vu(zo, t)| < Cy + CRr1  forte [to, T1.
By taking R = §(xy), letting T — Tynax(uo) and using we have,

IVau| < Cy67 1 (2) + Cs.
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6.3 Blow-up Rate Estimate

Theorem below considers the upper bound of the blow-up rate for problem
, following the procedure used in [28], which used a suitable auxiliary function
with the application of the maximum principle.

In order to prove Theorem [6.3.3] we need to recall the following results which have

been proved in [47].

Proposition 6.3.1. Assume p > 1 and uy € X.. Let u be the solution of and
let 0 <T < Tyas. Then

sup [|Vu(t)]|, = sup|Vul.
te[0,7) Pr

Theorem 6.3.2. Consider problem with p > 2 and Q) # R™. Let ug € X, and

assume that T := Tyae(ug) < 0o. Then there exists C' > 0 such that

sup |[Vu(s)||, > C(T —t)V/e=2 ¢+ T (6.13)

z€[0,¢]

Proof. Denote

m(t) == sup |Vu|= max [[Vu(s)|,, T/2<t<T.
Qx[T/2,1) s€[T/2,t]
Step 1. We claim that w := u, satisfies
|Vw(t)||, < CmP~(t), T/2<t<T. (6.14)

Let t € (1/2,T), s € (T/4,t), and put K = sup,¢(o;_g o2 ||Vw(s + o). For
7 € (0,t — ), in view of (6.6)), and variation-of-constants formula, we have

w(s +7) = e w(s) + /T e~ (q - Vw)(s + o)do.

Using Proposition [C.2.3| Lemma [6.2.1} and the fact that [ (1 — o)~"/?0~"/2do =

[3 (1 = 2)722712dz, it follows that
IVw(s + 1)l < 772 JJw(s) |l + 0/ (r—=0)"?|la- V(s +0)|, do
0
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6.3. Blow-up Rate Estimate

< Cr Y2 4 CmPT(HK.
Multiplying by 7'/2 and taking the supremum for 7 € [0,¢ — s], we obtain
K <C+C(t—s)"*mP L (t)K.

Now choosing s = ¢t — (1/4) min(T, (CmP~1(t))™%) € (T/4,t), we obtain K < 2C,

hence
[Vw(t)||, <20t —s)"Y? < 4C max(T™2, CmP~ ().

Since m is positive nondecreasing, this implies Claim (6.14]).
Step 2. We next claim that m is locally Lipschitz on (7'/2,7T) and that

m'(t) < CmP~Y(t), forae te (T/2,T). (6.15)

Let T/2 <t <s<T. Forany 7 € [t,s] and x € , it follows that the mean-value

inequality and (6.14) that
|\Vu(z,7) — Vu(z,t)| < (1 —t) sup |0;Vu| < C(r — t)mp_l(T),
Qx[t,7]

hence
\Vu(z, 7)| < |Vu(z,t)] + C(r —t)mP (1) < m(t) + C(s — t)mP(s).
Taking the supremum for (z,7) over Q x [t, 5|, we get
0<m(s) —m(t) < C(s — t)mP's.

Since m is continuous, the claim follows.
Finally, integrating (6.15)) over (t,s) with 7/2 < t < s < T, and using m(s) — oo

as s — 1T', we infer that
m(t) > C(T — t)~ /=2,

which implies estimate (6.13]). O
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6.3. Blow-up Rate Estimate

Theorem 6.3.3. Consider the problem with p > 2 and A > 0. Let € be a

convex bounded domain and let ug € X, N C?(Q) be such that
Aug + |Vug/P + X >0 in Q.
If T := Thae(ug) < 00, then there exists C' > 0 such that
IVu(t)|. <C(T—t)52, t—>T
Proof. For any n > 0 is small enough, set

QT :={x e Q: d(z,00) > n}.

we shall derive a lower bounded on w,; away from the parabolic interior of © x (0, 7).

We consider the parabolic operator
L= ¢y — Ap — p|Vul[P2VuVe.

For o € (0,1) and n € (0,7) to be chosen later, we introduce the function

w(z, t) = (1 n mal(t)) (1 _ %) ze Q' x (n,T),

where

m(t) = max |Vu(z,t), as t —T. (6.16)
€N X [n,t]

Step1. We shall show that for suitable n € (0,7") and C > 0, there holds
w+u<Cu in Q"x(nT). (6.17)

We may assume m(t) > 1 without loss of generality. By the proof of Theorem [6.3.2]
m is locally Lipschitz on (7'/2,T) and (6.15) is satisfied.

A straight computation gives:

Lo — (1+i> |Vulm'  om' (1_ |Vu|>
moe m?2 mo+1 m

. /
Since m > 0 a.e., we have

/ ’

\V4 \V4 \V/
(~or@nMy My ey VY <

Lw =

ma+1
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6.3. Blow-up Rate Estimate

in case [Vu(z,t)] < zZ5m! =70,

However, if |Vu(x,t)| > ULHml_"(t), then by 1) and 1’ we have

! p—1 p=2 iy
: )—'VuLm < v ™ < S(TE2) T gy
m m

£w§<1+—
me m o

If we choose 0 = 1/(p — 1), then (p —1—0)/(1 — o) = p. Then

3

U—|—2>f—§
. )

Llw+u) < —|VulP — (p— 1)|Vaul? + A\, é::c(

Hence, for ¢ close to T and by ([6.16]) we obtain
(r—1)

1
L(w+u) < —TWUVD + A, ae in Q"x (n,T).

If |Vu(z, t)|P > 2)\/(p — 1), then L(w + u) < 0.
In both cases we obtain L(w + u) < 2A\(w + u), hence:

LeMw+u) <0=Ly, in Q" x (n,T). (6.19)

Due to Theorem [6.2.3] assume that zy € 9€2 is a GBU point. By Proposition [6.3.1
that

m(t) = [|Vu(t)|, = |Vu(zo,t)|, n<t<T, (6.20)
by taking n closer to T if necessary. Thus,
[w+ u)(z,t) =0 =wu(z,t), x €, (6.21)

and by applying maximum principle to u; we also have u;(z,n) > C > 0 on the
parabolic boundary of Q7 x (n,T), and by Theorem if » > 0 is small enough
then there exists Cy > 0 such that w < —Cy < 0 on {x: = =n} , and since u < Cy

on {z: x =n}, then there exists C' > 0 such that

[e™ M (w4 u) — Cug)(n,t) <0 x € 09" (6.22)
Moreover, there exists C' > 0 such that

[ (w 4 u) — Cuyg](n,t) <0 x e Q. (6.23)
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6.3. Blow-up Rate Estimate

Using (6.19)), (6.21)), (6.22) and (6.23) and maximum principle in Proposition [D.1.6]

we deduce e (w +u) < Cuy in Q" x (,T), hence u +w < Cuy.
Step2. As a result from (6.17) and (6.20]), we have

|[w+u](a:0+h,t)‘

- Clug(xzo + h,t)|

ClVun(zo, )] = lim ———, 2 jim 7]
. Jw(xo + h,t)] 1 |Au(xg, t)]
> ] _— = >
a0 |H] VW@“”'—(L+mqw>< m(t) )
[Vu(zo,t)|P .
O Al S 71 p=1,

By integration from t to T" we obtain

\Vulzo, )| < C(T —t) 72,  t—T.
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Chapter 7

Conclusions

This thesis is devoted to investigate the possible effect of the gradient term depend-
ing nonlinearities, on the global existence or the nonexistence and the asymptotic
behaviour of the solutions of semilinear elliptic and parabolic equations, with the
presence (or not) of the reaction term u”. For the elliptic problems whose nonlin-
earity depends on u and on the spatial derivative of u, we consider questions about
the nonexistence of the solutions under certain conditions on the exponents of non-
linearities in the whole space. Concerning parabolic problems with gradient terms,
it is known that the solution may cease to exist in a finite time: The solution blows
up, where we considered the nature of blow-up set and the rate estimate of blow-up
solutions. However, we showed that there are problems of this type that have global
solutions. Moreover, for the parabolic problems, we considered the nonexistence of
nontrivial bounded solutions which are defined for all negative and positive times on
the whole space (Liouville-type theorems). The gradient blow-up behaviour was also
studied for the viscous Hamilton-Jacobi problem with Dirichlet boundary condition
in n-dimension space.

The conclusion for every chapter can be summarized as follows:

1. For the quasilinear elliptic equation (2.1]) defined in R™, it has been proven in
[51] that the conditions ¢ > 2p/(p+ 1) and p < n/(n — 2), n > 2 imply the

nonexistence of the positive radial ground states. This result can be extended
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to show that the nonexistence also holds when ¢ > 2p/(p + 1) and p < pp.

. For the Dirichlet problem defined in a convex domain, we showed that
if ¢ > 2p/(p + 1), then the set of blow-up points is a compact subset of
the domain. Furthermore, we established the blow-up rate estimates for this
problem when ¢ > 2p/(p+ 1) in a ball and in a convex domain, showing that

the upper blow-up rate estimates are more singular than those known for the

problem (3.3) when ¢ < 2p/(p+ 1) in both domains.

. For the parabolic equation with a dissipative gradient term (4.1)), which is
defined in the whole space R*™! = R" x R, we proved the Liouville-type
theorems under the condition ¢ > 2p/(p+ 1), in radial case when p < pp, and
in general case when p < pg. Moreover, we showed that the universal bounds
for the global solutions and the usual blow up rate estimates for the problem
(4.5) when g = 2p/(p + 1), is the same as that known when ¢ < 2p/(p + 1).
On the other hand, we proved that the universal bounds for the problem

when ¢ < 2p/(p + 1) become false for stronger perturbation terms, i.e., when

q>2p/(p+1).

. For the Cauchy problem for the semilinear parabolic problem with a convective
gradient term , with a suitable positive small data, we proved that the
problem admits a bounded global solution when ¢ > p > 1 and p < pp.
Moreover, for Dirichlet problem for the semilinear parabolic problem with a
dissipative gradient term defined in infinite inradius domain, and small initial
data, we showed that the zero solution is asymptotically stable and the blow-
up occurs in infinite time, if ¢ > p > 1 and p < pr. However, we showed that
if p < pp, then the problem which is defined in infinite inradius domain,

has unbounded global solutions for some positive initial data.

. For the viscous Hamilton-Jacobi problem (6.1) defined in a convex domain
subset of R"™, with the zero Dirichlet boundary condition, and nonnegative

initial data, it has been shown in [47] that, the gradient blow-up points of
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the problem (/6.1)) in one space dimension may occur only on the boundary.
We extended this result to the higher dimension, proving that the gradient
blow-up cannot occur in the interior of the domain. Moreover, we showed that

the upper estimate of the gradient blow-up in one space dimension is still true

in the higher dimension.
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Appendix A

Notation

A.1 Geometric notation

Let  be a domain, nonempty, connected, open subset of R" and let k£ € N, then
(i) We write Q" CC Q if the closure of Q' is a compact subset of .

(i) € is a uniformly regular of class C*, if either 2 = R™ or there exists a countable

family (Uj, ¢;), 7 = 1,2, ... of coordinate charts with the following properties:

(a) Each ¢, is a C*-diffeomorphism of U; onto the open unit ball By in R"
mapping U; N onto the upper half-ball B;N(R"™! x (0,00)) and U; NS
onto the flat part By N (R""! x {0}). In addition, the function ¢; and the
derivatives of ¢; and 90]71 up to the order k are uniformly bounded on Uj

and By, respectively.

(b) The set |J; ¢; ' (By)2) contains an e-neighbourhood of 9 in Q for some

e > 0.
(iii) o(z) := dist(z, 09).
(iv) Inradius p(£2) of a domain €2 is defined by

p(Q2) = sup{r > 0:Q contains a ball of radius 7} = supdist(z, 92).
xeQ)
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A.2. Notation for functions

Moreover, strict inradius p(€2) > p(Q2) is defined by

p(Q) = inf{R > 0: 3¢ > 0 such that for any ball B of radius R,

B N Q° contains a ball of radius €}.

(v) v(z) is the exterior unit normal on 92 at a point x € 02

(vi) Qr :=Q x (0,T), for 0 < T < o0,
St =00 x (0,T), for 0 < T < o0,
Pr = Sr U (2 x {0}), for 0 < T < oo.

A.2 Notation for functions

(i) By a solution of a PDE problem being positive, we mean that u(z) > 0 or

u(z,t) > 0 in the domain under consideration.

(ii)) We say that a domain is symmetric if either Q@ = R" or Q@ = B = {z €
R*||z| < R},or Q= Bpr ={r € R"| R < |z| < R'}, where 0 < R < R’ < 0.

Where Bpg is an open ball in R™ with centre zero and radius R.

(iii) Denote r = |z| and J C R be an interval. A function u defined on a symmetric
domain €2 (resp., on Q2 x J) is said to be radially symmetric. or simply radial,

if it can be written in the form u = u(r) (resp., u = u(r,t) for each J).

(iv) The function wu is said to be radial nonincreasing, if it is radial, and if w is

nonincreasing as a function or 7.

(v) The equilibrium solution of a PDE problem means that u; = 0.

A.3 Function space notation

i. C(Q) ={u:Q — R| u continuous}
C(Q) = {u € C(Q)| u is uniformly continuous on bounded subsets of Q2}.
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A.3. Function space notation

11.

iii.

1v.

V1.

vii.

viil.

Ck(Q) = {u: Q — R| u is k-times continuously differentiable}.
C>®(Q) = {u: Q — R| u is infinitely differentiable}.
The support of a function u, denoted by Supp(u) is the closure of the set {x :

D(Q2), denote the functions in C*° with compact support.

LP(2) = {u: Q@ — R| u is Lebesgue measurable, |[ul| ) < co}, where

1/p
iy = ([ 11Paz) ", 1< p <o

LP

loc

(Q) ={u:— R| v e LP(Q) for each Q' CC Q}.

Let 1 < p < oo and k is a nonnegative integer, then the Sobolev space W5?(Q)
is the space of functions u € LP(Q) satisfying D*u € LP(Q2), |a| < k.

S WEPQ) = {u € LP(Q)| D*u € LF (Q) for all |a| < k}.

loc

Wy?(Q) is the closure of D(Q) in W'(Q). In other words, Wy?*(Q) is
comprising the functions u € W'2(Q) such that u = 0 on 9Q. W,*(Q) will be
denoted as Hilbert space Hj ().

We denoted by BC*!(Q) the space of functions u € BC(Q) whose second

derivative in €2 and first derivative in (0,7") are bounded and continuous. t.

A function u € C(Q) is said to be Hélder continuous of order o € (0, 1) if
Ho = sup{|u(x) — u(§)|/lx — &[] z,§ € Qand z # £} < oo.
The Holder norm of u is defined by

ulo = llull o+ Ho = sup |u(e)| + Ho.
xe
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A.3. Function space notation

IX.

Xl.

The set of all Holder-continuous functions in €2 with finite norm is denoted by
BUC%(2). Note that if 2 is compact, then BUC(Q2) = C*(2).
When the domain €2 is replaced by Q7 we define the Holder constant by

H, = sup{|U(:1:,t) - U(S, 5)|/(|t - S|a/2 + |.I’ - €|Q)| (ta IE), (57 S) < QT}
The Holder norm of w is given by
ula = llullo + Ha = sup [u(z,t)[ + Ha.
(z,t)eQT
The set of all Holder-continuous functions in () with finite Holder norm is
denoted by C*/2(Qr).

Let k be a nonnegative integer, o € (0,1) and @ = k 4+ . Then we define the

set of functions in C*(Qr) with finite norms
Uuf140 = Scl;p |l + Z | Dyl + [ula
T

Uloya = Scl;p ul + Z | Dyula + Z | Dulo + [u]o
T

ula = [ulkra = Sélp ul + Z | Dyula + Z |D3ul + .. + Z | Diula + [t]a
T

are denoted by C*%/2(Qr) or BUC“*/%(Qr).
D(2 x (0,7)) is the space of C*°-functions with compact support in © x (0,7).
If Q CR" xR is a domain in space and time, then

C*HQ) = {u: Q — R| u, Dyu, D>u,u; € C(Q)}.

L®(Qr) = {u: Qr — R| u is Lebesgue measurable, [|u| « q,) < o},

where

[ull poe (@py = €SS SUP [ul.
Qr
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xii.

xiil.

X1v.

XV.

LP(Qr) = {u: Qr — R| u is Lebesgue measurable, [[ul| ., q,) < o0},

where

1/p
il = ([ tupazar)™ 1 <p <

L2,(Qr) = {u: Qr — R v € LM(Q}) for each Q} CC Qr).

If @ C R" xR, we denote by the Sobolev space W25P(Q), the space of functions
u € LP(Q) satisfying u;, Dyu, D? € LP(Q), endowed with the norm

lully 1 = lullypg = lullyg + 1Dsullg + [ D3ull, o + el -

Wiee"(Qr) = {u € L"(Qr)| w, Dou, Diu € L}, (Qr)}.
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Appendix B
Basic inequalities

In this appendix we will recall some basic inequalities as:
Young’s inequality
Let Q2 be an arbitrary domain in R", 1 < p < oo, e > 0and ¢ =p/(p—1). Then

gpxp g_q q
LY
p q

zy < x,y > 0.

Holder’s inequality
Let 1 <p<ooand g=p/(p—1). Then

Juvlly < flull, lvlly,  we LP(Q), ve LY(SQ).

Jensen’s inequality

Assume that F': R — [0,00) is a convex function, and that w : Q@ — [0, 00] is
measurable and satisfies [, w(z)dz = 1. If u is a measurable function on  such

that uw, F(u)w € L'(Q), then
F(/Qu(x)w(x)dx> < /QF(u(:zr))w(z)d$
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Appendix C

Fundamental materials for elliptic

and parabolic equations

In this appendix we list some essential estimates and some notations of solutions of

parabolic equations.

C.1 Model elliptic problems

C.1.1 Elliptic regularity

Consider the problem
Au=f in €, (C.1)

where f = f(x) is a given function, A is the second-order elliptic differential opera-

tors of the form

n

0? "0
Ay — — L L 2
u E i 8wi8xju + ;:1 b; Gxiu + cu, (C.2)

ij=1

with measurable coefficients a;;, b;, ¢ satisfying the condition

> ai(@)&& = Ael,  forallz €Q, £ ERA>0, (C:3)

.3
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C.2. Model parabolic problems

with a uniform bound

|aij|7 |bz|7 |C| S Aa A > 0. (04)

C.1.2 Strong solutions

The strong solution of 1) is a function u € W'li’cl which satisfies the equation 1}

a.e.

C.1.3 Interior-boundary elliptic L”-estimates

Theorem C.1.1. Let Q be an arbitrary domain in R"™ and assume and
are satisfied. Let u € VVif NLP(Q), 1 < p < oo, be a strong solution of ,
where a;; are continuous and f € LP()). Let ¥ be an open subset of O of class C?,
u€ W(Q) andu=0 onX. Let a;; € C(QUYX) and Q' CC QUX. Then

[l g < CC[lll, + 1 £11,), (C.5)

where C' depends on n,p, 2, Q' A\, A, the continuity of the a;; on Q, and on 3.

C.2 Model parabolic problems

C.2.1 Parabolic regularity notations
Consider the problem
u+ Au=f in Qr, (C.6)

Where f = f(x) is a given function, A is defined in (C.2), and the coefficients depend

on (z,t) € Qy,

Z%j(%ﬂfifj > AEJ?, for all (z,t) € Qr, £ € R", A > 0, (C.7)

ij
C.2.2 Strong solutions

The strong solution of 1} is a function u € I/Vlgo’cl;l(QT) satisfying 1) a.e.
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C.2. Model parabolic problems

C.2.3 Interior-boundary parabolic LP-estimates

Theorem C.2.1. Let Q2 be an arbitrary domain in R"™ and assume and
are satisfied. Let u € M/l2o,cl;p NLP(Qr), 1 < p < oo, be a strong solution of ,
where a;; € C(Qr) and f € LP(Qr). Let Q be of class C* and either X be an open
subset of Sy or ¥ = Pr. Assume u € W*'P(Qr) and u =0 on 3. Let Q' C Qr,
dist(Q', Pr \ X) > 0 if ¥ # Pr. Then

HuHZ,l;p;Q’ S C(Hu”p7Qt + Hf”p;Qt)? (CS)

where C' depends on n,p, Qy, Q', X\, A, the continuity of the a;;, and on X.

C.2.4 The variation-of-constants formula

Definition C.2.2. The variation of constants formula of the solution of the problem

15 defined as
t
u(t) = e Ay(7) —{—/ e~ DA f(u(s))ds, 0<7T<t<T,

et is the Dirichlet heat semigroup in €.

C.2.5 Gradient estimate for the heat semigroup

The following proposition from [34] gives the smooth estimate for the gradient term

of the heat semigroup.

Proposition C.2.3. Let 2 be a domain of class C** for some a € (0,1) and let
(e‘m)t>0 be the Dirichlet heat semigroup in ). For all ® € L>(Q2), there holds

Ve ™| <C@@@+t?) @], t>0.

C.2.6 Embedding theorem

The following embedding theorem is from [34] and [39].

Theorem C.2.4. Ifp>n+2,a<2— (n+2)/p and Q is smooth enough, then
W2EP(Q) — BUC**(Q),  a € (0,1). (C.9)
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C.2. Model parabolic problems

C.2.7 Notation for solutions of parabolic problems
C.2.7.1 Classical solutions

Let X be a given space of functions defined in Q, vy € X and T € (0, 00|, we
say that the function u € C([0,7"), X) is a solution or a classical X-solution of a
parabolic problem in [0,7) if u € C*(Q x (0,T)) N C(2 x (0,7T)), u(0) = up and u

is a classical solution of the problem for ¢ € (0,7).

C.2.7.2 Well-Posedness of the parabolic problem

We say that the parabolic problem is well-posed in X if, given uy € X, there exist
T > 0 and a unique classical X-solution of the problem in [0, T7.

C.2.7.3 Maximal solutions

Definition C.2.5. Let X be a given space of functions defined in ). Assume that
we have a parabolic problem possesses for each ug € X a unique classical solution
w in [0,T], where T = T(ug). Then there exists Thnar = Tmaz(to) € (T, 00] with the

following properties.

(i) The solution u can be continued (in a unique way) to a classical solution on

the interval [0, Tpnaz)-

(11) If Thaz < 00, then u cannot be continued to a classical solution on [0,7) for

any T > Thaz-

(111) Assume that T = T(|luglly). Then

either Thaw = 00 OT . lim [lu(t) y = oo.

max

106



C.2. Model parabolic problems

C.2.7.4 Weak solutions
Definition C.2.6. We may define a weak solution of the parabolic problem

up — Au = F(u, Vu), reQ,t>0,
u(z,t) =0, redNt>0,,, (C.10)
u(z,0) = up(x), x € Q.
on [0,T] to be a function u € C([0,T); L*(Q)) such that f(u) € LY(Qr) and such

that the equality

/ﬂu(x,tg)gb(x,Tg)dx—/Qu(x,tl)qb(x,Tl)dx—/tf/ﬂuqbtdxdt:/tth/Q(uA¢+f¢)dxdt,

holds for every ¢ € C*(Qr) with ¢ =0 in O x [0,T] and 0 < t; <ty <T.

C.2.7.5 Supersolutions and subsolutions

Definition C.2.7. A function @ € C([0,T] x Q) N CY2((0,T] x Q) is called a su-
persolution or (subsolution) of the problem
u — Au = F(u, Vu) in (0,T] x Q
u=0 on (0,7 x 0%
u(0, ) = up(x) in Q,

if it satisfies the inequalities

u — Au > (<) F(a,Va) in (0,7] x Q

u> (<) 0 on (0,7] x 0N

(0,2) > (<) wo(x) in .
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Appendix D

Maximum and comparison

principles and zero number

D.1 Maximum and comparison principles

In this section we will present maximum and comparison principles, which we fre-
quently used in this study.
The following proposition from [47] is a basic maximum principle for classical solu-

tions:

Proposition D.1.1. Let Q) be an arbitrary domain in R™, T > 0, b : Qr — R",
¢ : Qr — R, with supg, ¢ < co. Assume that w = w(z,t) € C*(Qr) N C(Qr)
satisfies w < 0 on Pr, supg, w < 00, and
wy — Aw < b-Vw + cw mn Qr.
If Q0 is unbounded, assume in addition that either
lim sup w(z,t) <0,

|z]=00 (2,4)eQr

or
|b(ZE,t)| §01(1+|JZ—CL|_1)7 ‘/EEQTa
for some a € R™ and C; > 0. Then w <0 in Qr.
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D.1. Maximum and comparison principles

The following proposition (see [47]) is a version of the comparison principle for

classical (sup-/super-) solutions

Proposition D.1.2. Let Q be an arbitrary domain in R™, T > 0, u,v € C*1(Qr)N
C(Qr). Assume that u < v on Pr and

Ou — Au — f(x,u, Vu) < 0w — Av — f(z,v,Vv)  in Qr, (D.1)

where f = f(x,5,£) : QXRXR™ — R is continuous in x and C* in s and £. Assume

also that
u,v, Vv € LOO(QT), |u|, |U’ < (Y, ‘V’U| <y
and

[fo(z, 8,9+ (14 2) Hfe(w, 8,6 < Cp  forall|s| < Cy, €] < Cy + 1.
Then u < v in Q.

Remark D.1.3. In proposition it 1s sufficient to assume that holds
in Qr = {(z,t) € Qr : u(x,t) > v(z,t)}.

The following proposition from [47] is a version of the strong Hopf comparison

principle for general semilinear parabolic equations.

Proposition D.1.4. Let Q be a bounded domain in R™ of class C*, p > n+ 2, and
T > 0. Let u,v € W2'(Q x (0,T]) N C([0, T], L*()) N L®(Qr). Assume

loc

Ou — Au — f(z,t,u, Vu) < 0w — Av — f(x,t,v, Vo) n Qr,

where f = f(x,t,5,6) : Q@ x [0,T] x R x R® — R is continuous in z,t and C' in s
and &. Assume also that u(.,0) < v(.,0), u(.,0) Z v(.,0), and either

u<w on St
or
ou+bu < 90,v -+ bu on St, (D.2)
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D.1. Maximum and comparison principles

where b € CYO0Q). Finally, if f depends on &, we also assume that VuVv €
L>(Qr). Then

u<v m Qr.
In addition, if u(xo,ty) = v(xo,to) for some xog € O and to € (0,T), then
Oyu(xo, to) > dyv(xg, to).
If is true, then u < v in Q x (0,T).
Next proposition from [47] is a weak version of the comparison principle.

Proposition D.1.5. Let Q be a bounded domain of class C* or Q =R™. LetT >0
and f,g : (t,u) € [0,7] x R — R be such that f, fu,g,g. are continuous. Let
u,v € C2HQ x (0,7)) N L®(Qr). If Q@ = R™ assume in addition that VuVuv €
L2 ((0,7), L*(R™)). If u <wv on Sy, limsup,_,o(u —v)(z,t) <0 for all x € Q, and
Ou — Au — f(t,u) — div(g(t,u)) < o — Av — f(t,v) — div(g(t,v)) in Qr,

then u < v in Qr.

The next two propositions from [47] are a version of the weak maximum principle,

which apply to VVliSQ sub-/supersolutions.

Proposition D.1.6. Let 0 < T < oco. Let €2 be an arbitrary domain in R™, ¢ be

measurable and a.e. finite on Qr with supg, C' < oo, and K > 0. Assume that
we CQx(0,T)NC(0,T), L2 .(Q)) satisfies

loc

s(}?lpw < oo, wy,Vw,D*w e L2 (Qr).
If w <0 on Pr and

wy — Aw < K|Vw|+cw  a.e. in Qr,
then

w <0 m Q.
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Proposition D.1.7. Let 0 < T < oo, Q be an arbitrary domain in R™, and let

f=f(58 :RxR* =R, be aCl-function. Let u € C(Q2 x (0,T)) satisfy
ueC([0,T),L;.(Q), wueL>Qr), w,Vu,D?*eL; (Qr),

loc loc

and similarly for v. If f depends on £, we also assume that Vu,Vv € L*(Qr). If

u <wv on Pr and
u — Au — f(u, Vu) < v, — Av — f(v, Vo) a.e. in Qr,
then

u<v inQr.

D.2 Zero number

In this section we define the zero number of functions, and we present the zero num-

ber argument which is restricted to one-dimensional or radially symmetric problems.

Definition D.2.1. The zero number of a function ¥ € C((0, R)) is defined as the
number of sign changes of ¥ in (0, R);
2(¢) = 2j0,r)(¢)) = sup{k € N : there are 0 < xp < 2y < ... <xp < R
such that ¥(x;)Y(xit1) <0 for 0 <i < k}.

Let Br = {x e R™: |I| < R}, t1 <t2,q € LOO(BR, (tl,tg)), u e C(FR X [tl,tg])ﬂ
WZ,l;oo(BR X (tl,t2>) and

up — Au = qu a.e.in Br X (t1,t2). (D.3)

Assume that g(.,t) and u(., t) are radially symmetric for all ¢, hence q(z,t) = Q(|z|, )
and u(z,t) = U(|z|,t). Then

n —

1
UT—UTT— UT:QU, re (0,R>, t e (tl,t2>,

r

and U,(0,t) = 0 for all t € (1, 12).
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Theorem D.2.2. Let q,u be as above, u # 0, and either U(R,t) = 0 for all t €
[t1,ta] or U(R,t) # 0 for all t € [ti,t5]. Let z = 20, R] denote the zero number in
(0, R). Then

(i) z(U(.,1)) < oo forallt € (t,t5),
(i) the function t — z(U(.,t)) is nonincreasing,

(iii) if U(ro,to) = U.(10,t0) for some rq € [0, R] and ty € (t1,t2), then Z(U(.,t)) >
2(U(.,s)) forall t; <t <ty <s<ts.

Remark D.2.3. The assertion of Theorem |D.2.2 remains true for more general

problems of the form
u;y — Au = qu + bx - Vu,

where b € WH°(Bg x (t1,t2)), b(z,t) = B(|z|,t). This follows from the fact that
the function v(z,t) := e2 fO‘I‘B(gvt)gdfu(a:,t) solves a problem of the form .
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