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Thesis Summary

This thesis has two main yet deeply interconnected trends. Firstly the utilisation of twist
mappings in certain geometric problems in the multi-dimensional Calculus of Variations
and secondly the study of the spectral counting function of the Laplace-Beltrami operator
for a compact Lie groups with particular emphasis on the orthogonal and unitary groups.
The link between the two comes from the intimate relation between the geodesics on the
Lie group SO(N) defining twists maps and spectrum of the Laplacian. In the first problem

we primarily focus on energy functional of the type,
Blul = [ F(oJu?)|Vul do. 0.0.)
X

when 0 < ¢ < F € C(R?) and X C R" (with n > 2) is some Lipschitz bounded domain.

Here the class of admissible mapping which we consider these energies over is
AX) = {u c WH(X,R") : det Vu = 1 a.e and u = x on 8X}. (0.0.2)

We can think of A(X) as the class of incompressible deformations of a hyperelastic material
occupying X and as the energy cost of the deformation. For most parts of this
thesis we focus on the case where X = {z : a < |z| < b} is an n-dimensional annulus and
seek conditions under which twist mappings (u(xz) = Q(r)z where Q € C([a,b],SO(n))
with r = |z|) provide extremals and strong local minimisers of E over A(X). For example,
when n = 2 we prove, by exploiting the rich homotopy structure of A(X), that twist
mappings give rise to countably many strong local minimisers provided that F satisfies
some constraints. Moreover, we show that in each homotopy class there is a twist mapping
which is the unique minimiser of E. To achieve this we develop symmetrisation techniques
for vector-valued mappings which not only decreases the energy of E, but also maintain

the homotopy class of the initial mapping.
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The second theme of this thesis has deeper roots in geometric analysis of compact Lie
groups and connects well with the classical question of ” hearing the shape of a drum”:
what geometric information about a Riemannian manifold (M?, g) can we extract purely
from the knowledge of its spectrum? A decisive tool here is the spectral counting function
defined by A (X\;G) = #{j € N : \; < A} and its asymptotics as A 7 co. A celebrated
result of L. Hormander asserts that for a general compact boundryless manifold (M¢, g)

the spectral counting function has the asymptotics

Vol (M%)wy | a—1
?QTA2+O<>\2), A oo, (0.0.3)

Motivated by the earlier work in this thesis, combined with the deep connection between

periodic geodesics and the sharpness of (0.0.3), we ask if the asymptotics of (0.0.3]) for

N (NG) =

a compact Lie groups is sharp? Through our study we show that the remainder term in
can be improved for general compact Lie groups G provided that n = Rank(G) > 2.
Additionally, when G is one of the orthogonal or unitary groups the estimate on the
remainder can be improved to O(A4=2/2) provided that Rank(G) > 8. We obtain this
sharp result by using number theoretical tools similar to those used for the classical Gauss

circle problem in dimensions five and above.
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Chapter 1

Introduction

1.1 Background and Motivation

The roots of this thesis lie in the study of geometrical problems from the multidimensional
Calculus of Variation. It is not uncommon throughout science to encounter the problem
of trying to minimise some energy cost functional over an appropriate space. For instance
in the field of solid mechanics, and in particular nonlinear elasticity theory, one often

encounters a bulk energy of the following type,
Elu; X] :/ W(z,Vu) dz, (1.1.1)
X

which represents the cost of deforming a bounded elastic body X C R"™ by the deformation
u : X — R™ To avoid interpenetration of matter the stored energy density, given by,
W : X x R™™ — RU {oo} is assumed to satisfy W = oo for det F < 0. This means that
it is only

RN = (F e RNV : det F > 0}

of interest and therefore one suitable class of competing deformations which can be con-

sidered are,
AT(X) = {u € WH(X,R") : det Vu > 0 a.e. and u = ¢ on 90X}, (1.1.2)

where ¢ denotes some relevant boundary condition placed on the deformations, with
equality meant in the sense of traces. Furthermore the stored energy function W : X x
R™™ — R U {oo} which one can often encounter are polyconvex meaning that W(z, F)
is a convex function of all minors of F. To be more precise we mean that there exists a
function ® : X x R™™ — RU {oc} such that for almost every z € X and every X € R™(™®

the map,

X — Oz, X), (1.1.3)
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is convex and moreover W (z,F) = ®(z, T(F)) where,
T(F) = (F,adj;F, - ,adjyF). (1.1.4)

Note that adj I stands for the matrix of all s x s minors of F and 7(n) =37, (2)2 The
assumption that the stored-energy function W is polyconvexity in this setting is often
more natural physically than the stronger assumption of convexity of W (for more on this
the reader is refereed to [6] and [7]). In addition to this polyconvexity of W it can often

occur that the stored energy function W is isotropic and frame indifferent in the sense

that,
W(z,QF) =W (z,FQ) = W (z,F), (1.1.5)

for all Q € SO(n) and F € R™ " (for further discussion and representations of isotropic
and frame indifferent stored energy functions W cf., e.g., [1}, [6, 10} 23] or [24]). A proto-

typical example of such a stored energy functional W is given by,
N N
W(x,F) = W(F) = tr{F'F} + h(det F) = > vF + h(] [ vy), (1.1.6)
j=1 j=1

where h is any convex function on the line, vy, ...,y are the singular values of F, that
is, the eigenvalues of VF!F. Note also the second identity assumes that detF > 0 and
furthermore the representation of W by the singular values is due to the invariance under
SO(n) x SO(n), i.e. being isotropic and frame invariant (see, [I, [7, 9} 10, 11] and [23] 24]
for more). The existence of minimisers to & over the class of admissible mappings A™(X)
when p > n is known provided that Ju € AT (X) such that &[u; X] < oo and @ suitably

nice, i.e. a Caratheodory function, whilst also satisfying the coercivity condition,
W(a,F) > f(z) + c|FJ7, (1.1.7)

for some f € L'(X) and ¢ > 0. This existence result is due to the seminal work of J.
Ball in [6] and further results of this type can also be found in [24]. Once the existence of
minimisers to this type of problem is achieved one can also ask the question of the existence
and multiplicity of local minimisers to the stored energy functional & over A" (X). The
term local minimiser has different meanings depending on the context but in this thesis we
are explicitly concerned with L!-local minimisers. A map u € A% (X) is referred to as an
L'-local minimiser iff there exists 6[u] > 0 such that for all v € AT (X) with ||u—v|j; < §

implies that,

Elu; X] < &fv; X]. (1.1.8)
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One approach to try and prove the existence of multiple local minimisers is to try and
exploit, if possible, some of the topological structure of the underlying space A" (X) as in
[63), [74], [75] and [76]. To be more concrete let us focus on the situation which is familiar to
the ones we consider in this thesis. Namely suppose that the domain X is a 2-dimensional
annulus, i.e. X = XJa,b] = {z € R? : a < |z| < b} for some 0 < a < b < co. Moreover let

the space of admissible mappings be incompressible self-mapping of X, i.e.
AX) = {u € WH(X,R?) : det Vu = 1 a.e. and u = 2 on 9X}. (1.1.9)

It is known from [35] or [36] that any u € A(X) has, again denoted by w, a continuous
representative u € C(X,R?). In addition to this due to the added identity boundary

condition constraint the continuous representative w lies in,
€(X) ={uec C(X,R?) : u(X) =X and u = z on 9X}. (1.1.10)

Therefore each mapping u € A(X) has a representative which is a continuous self-mapping
of the 2-dimensional annulus. The space ¢’ (X) has a rich homotopy structure which has
been also well studied by A. Taheri in [74] [75] and [76]. Exploiting this structure one can

write,

AX) = | @ (X), (1.1.11)

kEZ

where o7, (X) are pairwise disjoint and sequentially weakly closed with respect to W12
Thus provided that Jv € 7, such that &[v; X] < oo and W satisfies the following coercivity

constraint,
W(z,F) > f(z) +c1|F]?, FeR*?:detF =1, (1.1.12)
where f € LY(X), ¢; > 0 then 3uy, € @, such that,

Elug; X] :uier}gf{k &u; X]. (1.1.13)

Furthermore we shall see later in the thesis that being a minimiser of & in 2%, is enough
to obtain that uy is a L!-local minimiser of & in A(X). Motivated by this existence of
local minimiser above, and previous works in [63], 64} [65], [66], [74) [75] [76] for a more general
context, we study in this thesis what features these local minimisers possess. Namely, given
a local minimisers u of an energy of the form of & what can we say about its reqularity,
global invertibility, symmetry properties, etc. (see [11]). In particular we shall be focused

on studying whether local minimiser with certain rotational symmetry properties exist.



1.2 Thesis Overview

Let us now be more precise about the work carried out in this thesis and briefly summarise

each chapter with the corresponding contribution made by the work.

e Chapter 2: Twist maps as energy minimisers in homotopy classes: sym-
metrisation and the coarea formula
This paper is based on work which was carried out at the end of my first year as a
PhD student. In it we consider a particular energy of the form

[Vu?

X \U|2

Flu; X] = dz,

where X C R" is an n-dimensional annulus and our space of admissible mappings is

given by the class of incompressible Sobolev maps
AX) = {u € WH(X,R") : det Vu = 1 a.e. in X and ulsx = d)}.

Here ¢ denotes the identity mapping and u|gx = ¢ in the sense of traces on 0X. In
the particular setting that n = 2 the energy F over A(X) is closely connected to the
distortion function from Geometric Function Theory and this relation is explored in
detail during section six. The purpose of this paper however, which was motivated
by the previous work in [74, [75], is to investigate whether the class of mappings
called twists provide L'-local minimisers to F over A(X). Through the course of
the paper we show that the answer to this question is positive and in fact there are
countable many L'-local minimiser of the form of a twist. This result amounts to
a significant improvement on the previous works in [74] [75]. We also prove that in
higher dimensions (n > 2) twists provide countably many critical points to F when
n is even and strikingly however this reduces to only one when n is odd. We finish
this paper by defining twist mappings in the case of self-mappings of the solid and
thickened torus in R3. In the setting of the solid torus we prove that the only twist
mapping u = Q[g]x which is a classical solution to the Euler-Lagrange associated to
F is the trivial identity mapping. However in the context of the thickened torus we
prove that a twist mapping is a critical point to IF provided that the corresponding

angle of rotation function g satisfies a reduced partial differential equation.

e Chapter 3: Whirl Mappings on Generalised Annuli and Incompressible
Symmetric Equilibria of the Dirichlet Energy

The purpose of this paper is to study whether a particular class of mappings which
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we call whirls give rise to any equilibria of the Dirichlet energy. To be more precise
we consider a similar geometrical setup to the previous paper where X denotes
an n-dimensional annulus and the Dirichlet energy E is consider over the class of
incompressible self-mappings given by A(X). Inspired by the work in [75]-[77] we
set ourselves the task of finding classical solutions to the Euler-Lagrange system
associated to E over A(X). To this end we introduce the class of mappings called
whirls, which like twists, possess a large amount of symmetry. For instance, when
n = 3 a whirl mapping u is symmetric about the x3 axis. Through the process
of the paper we show, in a similar spirit to twist mappings, that only the trivial
whirl mapping (identity mapping) is a critical point to the Dirichlet energy when
n = 3. This pattern also continues into the higher dimensional setting where we
prove that whirls provide countably many critical points to E if n is even, whereas
in odd dimensions we only obtain the single trivial whirl solution. The work in this
chapter makes a modest contribution to the understanding of symmetry properties

of critical points to the Dirichlet energy in above stated context.

Chapter 4: On the Uniqueness of Energy Minimisers in Homotopy Classes
This paper continues and significantly improves upon the results obtained when
n = 2 in Chapter 2. Throughout the paper we only consider this planar setting
where X C R? is an annulus and the class of admissible mappings of interest is again
A(X). The goal of the paper, which is inspired by Chapter 2, is to prove that twist
mappings provide countably many L'-local minimisers to a wide family of energies

defined by,
1
Flu; X] = 2/ F(|z|?, |[ul?)|Vul? dz. (1.2.1)
X

Here the function 0 < ¢ < F € C*°(#) where Z = {z € X : x1,22 > 0}. To achieve
our desired goal we develop a symmetrisation argument which associates to each
mapping u € A(X) a twist mapping with less energy in .# whilst remaining close to
v in a homotopic sense. Namely, it is well known fact that A(X) = (J,cz @4 with
), being pairwise disjoint homotopy classes. The symmetrisation technique which
is developed in the paper allows us to take any mapping u € 7, and define from it a
twist mapping u € o7, where the corresponding energy .# has been decreased. This
symmetrisation however does rely on some constraints being satisfied by the function
F in order for the energy .#to be decreased. When these constraints are satisfied we

use the symmetrisation to show that there exists a twist mapping ux € %, for each
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k € Z such that wuy is the unique minimiser of .# over .%,. Furthermore, we prove in
the paper that any mapping u € A(X) is a Sobolev homeomorphism. A consequence
of this is that the class of functions F for which we can prove uniqueness of twist
minimisers in each homotopy class @7, can be significantly increased. The work in
this paper goes far beyond what was achieved in Chapter 2 and previous work in

[64], [75] and [76].

Chapter 5: Incompressible twists as limits of compressible local energy
minimisers on annuli: A I'-convergence approach

The work in this paper contains our most recent results and is based in the setting
of compressible mappings of an n-dimensional annulus. In particular we consider

polyconvex energies of the form,
1 1
E.[u] = / [QF(|x]2, [ul?)|Vul? + gh(det Vu)| dz,
X

where e > 0,0 < c<F € C®(%) and 0 < h € C%(R,) is a convex function which
satisfies h(1) = 0. As mentioned above we consider this energy over the class of

compressible mappings of the annulus X C R” given by,
AT(X) = {u € WH(X,R") : det Vu > 0 a.e. and u = = on 9X}.

The purpose of this paper is three fold. Firstly, motivated by previous work in [74],
[75], [76], [78] and in particular [66] we wish to study the existence of twist mappings
as classical solutions to the Euler-Lagrange equations associated with the energy E.
in the general n-dimensional setting over A*(X). In this regard we show, in the
early part of the paper, that there are countably many twist solutions provided the
dimension of the underlying annulus is even. However, when the dimension of the
annulus is odd we are only able to prove the existence of one critical twist mapping.
The second purpose of this paper is to consider, when n = 2, the incompressible
model from Chapter 4 as the limit problem of the above as ¢ — 0. We know from
Chapter 4 that the limit problem has a unique minimiser in each homotopy class,

ie. wug € . Therefore, we enquire if the minimisers in the homotopy classes

k

¢ € 4, converge in some sense to the limit

of the compressible mapping, i.e. u
minimiser ug. Note that the class of compressible mappings in two dimensions
can be decomposed into its homotopy classes like in the incompressible case, i.e.
AN (X) = Upegz @, and furthermore @, C . The results of our study show that

the minimisers converge strongly in W2 as ¢ — 0 and moreover there is a sequence
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of critical twist mappings which converge strongly in W2 to u;. The underlying
principle to this analysis is that the incompressible model from Chapter 4 is the
I-limit of the above compressible model as ¢ — 0. The final goal of this paper is
to see, again when n = 2, if the symmetrisation techniques which were developed
in Chapter 4 can be extended to the compressible mapping setting. Namely, are
twists minimisers of E. for ¢ > 0 in the homotopy classes szflj. This final goal
again requires further development of the symmetrisation techniques of Chapter 4
and leads us to introduce what we call the annular rearrangement of a measurable
function f : X — R. In doing this we are able to show that provided F satisfies
the assumptions of Chapter 4 and the convex function h also satisfies some suitable
assumptions we obtain the existence of a twist minimiser in each homotopy class
;zf,j for any € > 0. In summary, the work in this paper is a natural progression of

the previous work in Chapter 4 and a significant advancing of the work done in [66].

Chapter 6: On Weyl’s asymptotics and remainder term for the orthogonal
and unitary groups

The final paper to be included in this thesis is quite different in nature to the chapters
proceeding it. However, it does firmly have its motivation from the work above and
in particular twist mappings. Motivated by the significance of the period geodesics
on the Lie group G = SO(N) in providing twist solutions to certain geometric
problems in the calculus of variations (i.e. Chapters 2-5) we take a closer look at the
periodic geodesics on G = SO(N). During this study we try to quantify the amount
of periodic geodesics in the sense of a geodesic length counting function. Through
this and the deep connection between the geodesic flow on a compact Riemannian
manifold (M?, g) and the corresponding spectral counting function of the manifold
we are lead naturally to the study of the latter. The spectral counting function for

a compact Riemannian manifold (M?, g) is defined by,
NNMDY=4{j>0: ) <A}, A>0, (1.2.2)

and where 0 = Ao < A1 < Ay < ... denote the eigen-values of —A in ascending order.
Note that each eigen-value has a finite multiplicity while A\; * oo as j " oo. This
spectral counting function has been the focus of many studies and in particular is an
important tool when one tries to study the famous question of ” hearing the shape of
a drum”. Meaning what geometric information can we glean about (M?, g) purely
from the knowledge of its spectrum? Of particular interest from many notable au-

thors over the years has been the study of the asymptotic behaviour of .4 (\; M%)
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as A " 0o. A celebrated result of Avakumovic-Hérmander for compact bound-
aryless Riemannian manifolds (M9, g) is that the Weyl asymptotics (asymptotic of
N (A; M%) as A\ 7 o0) has the from,

Voly(MY)w, | 4

(N MY = ok Az+o(x%), A oo, (1.2.3)

where Volg(Md) is the volume of M? with respect to dvy, and wy is the volume
of the unit d-ball in the Euclidean space R? that is, wy = |[Bf|. As a general
statement it is known that the above asymptotics are sharp in the sense that the d-
dimensional sphere S equipped with the usual round metric has precisely the same
order remainder term as above. However, there are specific manifolds for which the
asymptotic formula is far from sharp. It turns out that the geodesic flow associated
to the Riemannian manifold (M9, g) plays a decisive role in the sharpness of the
Avakumovic-Hormander result. Motivated by this and our aforementioned study of
the geodesic length counting function we seek to answer the question of whether or
not the above asymptotics is sharp in the case of the orthogonal or unitary groups.
In our quest to answer this question we prove that the spectral counting function
N = AN (A\;G) of the these groups G equipped with a bi-invariant metric g has the

asymptotics:

N (NG) = Wﬂ +0 (A%[UH*E]) . A oo, (1.2.4)

where ¢ = (n—1)/(n+1) and n = rank(G). Thus when rank(G) > 2 the Avakumovic-
Hormander-Weyl remainder term is not sharp and this is precisely when the geodesic
flow of G fails to be periodic. Note that the rank of a Lie group G is the dimension
of its maximal commutative subgroups, i.e. the dimension of its maximal tori. More
interestingly we prove that when rank(G) > 8 the exponent of A in the remainder
term can be improved using number theoretical tools to (d — 2)/2 which is sharp.
This therefore provides some interesting examples of compact manifolds where the
sharp term remainder is known and is of lower order than that given by the famous

Avakumovic-Hormander result, i.e. ((1.2.3)).

1.3 A note to the reader

This thesis consists of five main chapters each corresponding to a paper written by myself
and Dr Ali Taheri which are either published, under review or to be submitted imminently

at the present time of writing. Furthermore, due to the thesis submission being via paper
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style, each chapter is kept as close as possible to the actual paper form of the chapter.
However, to be as consistent as possible throughout the thesis some notation has changed
from that used in the published form of the papers. Moreover each chapter will contain
its own abstract and introduction explaining the motivation and background to the work

carried out in that respective chapter.
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Chapter 2

Twist maps as energy minimisers in homotopy classes:

symmetrisation and the coarea formula

Abstract

Let X = X[a,b] = {z : a < |z| < b} C R™ with 0 < a < b < oo fixed be an open annulus

and consider the energy functional,

1 |Vul?

)

over the space of admissible incompressible Sobolev maps
AX) = {u € Wh(X,R") : det Vu = 1 a.e. in X and ulgx = <Z>},

where ¢ is the identity map of X. Motivated by the earlier works [74, [75] in this paper we
examine the twist maps as extremisers of F over A(X) and investigate their minimality
properties by invoking the coarea formula and a symmetrisation argument. In the case
n = 2 where A(X) is a union of infinitely many disjoint homotopy classes we establish
the minimality of these extremising twists in their respective homotopy classes a result
that then leads to the latter twists being L'-local minimisers of F in A(X). We discuss

variants and extensions to higher dimensions as well as to related energy functionals.
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2.1 Introduction and preliminaries

Let X = X]a,b] = {(z1,...,zn) : @ < |z] < b} with 0 < a < b < oo fixed be an open
annulus in R™ and consider the energy functional

1[IV

FX=3 Je Top

dz, (2.1.1)
over the space of incompressible Sobolev maps,
AX) = {u e WH(X,R") : det Vu = 1 a.e. in X and ulsx = ¢}. (2.1.2)

Here and in future ¢ denotes the identity map of X and so the last condition in
means that u = x on 0X in the sense of traces.

By a twist map u on X C R™ we mean a continuous self-map of X onto itself which
agrees with the identity map ¢ on the boundary 0X and has the specific spherical polar
representation (see [75]-[77] for background and further results)

w:(r,0)— (r,Q(r)0), z e X. (2.1.3)

Here r = |x| lies in [a,b] and 6 = x/|z| sits on S"~! with Q € C([a, b], SO(n)) satisfying
Q(a) = Q(b) =I,,. Therefore, Q forms a closed loop in SO(n) based at I,, and for this in
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sequel we refer to Q as the twist loop associated with u. Also note that (2.1.3]) in cartesian

form can be written as

u:z— Q(r)x =1rQ(r)d, zr € X. (2.1.4)

Next subject to a differentiability assumption on the twist loop Q it can be verified that

u € A(X) with its F energy simplifying to

1 \V/ 2 v(g 2
FIQ(r)x; X] = 3 ||uu2\ =3 | ’:£|2)$| dx
ﬁ 2 n—1
\a;|2 / Q> dr, (2.1.5)

where the last equality uses |V[Q(r)z]|? = n+12|Q6|?. Now as the primary task here is to
search for extremising twist maps we first look at the Euler-Lagrange equation associated
with the loop energy E = E[Q] defined by the last integral in over the loop space
{Q € Wt2([a,b];SO(n)) : Q(a) = Q(b) = I,}. Indeed this can be shown to take the form

(see below for justification)

d n—1, t|
£](a)a] <o 1o
with solutions Q(r) = exp[—/3(r)A]P, where P € SO(n), A € R™" is skew-symmetric
and B = B(|z|) is described for a < r < b by

Inl/r n =2,

B(r) = (2.1.7)

2" /(n—2) n>3.
Now to justify (2.1.6) fix Q € W'2([a,b],SO(n)) and for F € W, ([a,b], R"™") set H =
(F—F)Qand Q.= Q+¢H. Then Q!Q. =1, + H'H and

d [° :
de/a 271‘Q6|2rn71dr

b
- / (Q.(F — FYQ + (F — FHQ)r dr

e=0
b
- [(Q @ - tar
a
b d
= [ i@~ o
dr
and so the arbitrariness of F' with an orthogonality argument gives (2.1.6)).
Returning to (2.1.1)) it is not difficult to see that the Euler-Lagrange equation associated
with F over A(X) is given by the system (c¢f. Section [2.4))

Vul? \Y,
Wu—i—div{u;—p(x)cofVu} =0, U= (UL, ey Up ), (2.1.8)

where p = p(z) is a suitable Lagrange multiplier. Here further analysis reveals that out of

the solutions Q = Q(r) to (| - 2.1.6|) just described only those twist loops in the form

Q(r) = Rdiag[R[g](r), ..., R[g](r)] R, R € SO(n), (2.1.9)
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when n is even and Q(r) = I,, (a < r < b) when n is odd can grant extremising twist
maps u for the original energy (2.1.1). For clarification R[g] denotes the SO(2) matrix of
rotation by angle g:

cosg sing

Rlg] =
—sing cosg

Indeed direct computations give the angle of rotation g = g(r) to be

1
g(r) = 27rk12§2;2; + 2wm, k,m e Z, (2.1.10)
when n = 2 and
2—n __
g(r) = 27Tk§2;2;2_”—1 +2rm,  k,m € Z, (2.1.11)

when n > 4 even. (See also [65], [75], [T7] for complementing and further results.)

Our point of departure is - and the aim is to study the minimising prop-
erties the twist maps calculated above. Of particular interest is the case n = 2 where the
space A(X) admits multiple homotopy classes (7, : k € Z). Here direct minimisation of
the energy over these classes gives rise to a scale of associated minimisers (uy). Using a
symmetrisation argument and the coarea formula we show that the twist maps ug with
twist angle g as presented in are indeed energy minimisers in @7 and as a result
also L' local minimisers of F over A(X). We discuss variants and extensions including
a larger scale of energies where similar techniques can be applied to establish minimality

properties in homotopy classes.

2.2 The homotopy structure of the space of self-maps % =
7 (X)

The rich homotopy structure of the space of continuous self-maps of the annulus X =
Xla,b] € R™ will prove useful later on in constructing local energy minimisers. For this
reason here we give a quick outline of the main tools and results and refer the reader to [74]
for further details and proofs. To this end set ¢ = €(X) = {f € C(X,X) : f = ¢ on X}
equipped with the uniform topology. A pair of maps fo, fi € € are homotopic iff there
exists H € C([0,1] x X;X) such that, firstly, H(0,7) = fo(z) for all x € X, secondly,
H(1,2) = fi(z) for all x € X and finally H(¢t,z) = x for all t € [0,1], x € dX. The
equivalence class consisting of all g € ¥ homotopic to a given f € ¥ is referred to as the
homotopy class of f and is denoted by [f]. Now the homotopy classes {[f] : f € €} can

be characterised as follows depending on whether n =2 or n > 3.
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e (n = 2) Using polar coordinates, for f € ¢ and for 6 € [0, 27| (fired), the S'-valued
curve -y defined by

Yo ila,t] =8 CR2,  ygires SN0,

has a well-defined index or winding number about the origin. Furthermore, due to
continuity of f, this index is independent of the particular choice of 6 € [0, 27]. This

assignment of an integer (or index) to a map f € ¢ will be denoted by

f e deg(fIfI7). (2.2.1)

Note firstly that this integer also agrees with the Brouwer degree of the map resulting
from identifying S! 2 [a, b]/{a, b}, justified as a result of 75(a) = v4(b) and secondly
that for a differentiable curve (taking advantage of the embedding S! C C) we have

the explicit formulation

21 z

_ 1 dz
des(f1517) = 5 | - (222)
v
Proposition 2.2.1. (n = 2). The map deg : {[f] : f € €} — Z is bijective.
Moreover, for any pair of maps fo, f1 € €, we have

[fo] = [f1] <= deg(folfol™") = deg(f1]/1]7"). (2.2.3)

e (n > 3) Using the identification X 22 [a, b] x S™ where for ease of notation we have
set m = n — 1 it is plain that for f € % the map (Here as usual ¢ denotes the
identity map of the m-sphere and Cy4(S™,S™) is the path-connected component of
C(S™,S™) containing ¢.)

w: [a,0] = Cy(S™,8™),  wire fIf7Hr),

uniquely defines an element of the fundamental group m;[C4(S™,S™)]. By consid-
ering the action of SO(n) on S™ — viewed as its group of orientation preserving

isometries, i.e., through the assignment,
E:{e€8S0(n) —we C(S™,S™), (2.2.4)

where

w(x) = E[¢](x) = &, x eS™, (2.2.5)

it can be proved that the latter assignment induces a group isomorphism on the level

of the fundamental groups, namely,

E*: ™1 [SO(n),In] = [C¢(Sm,Sm),¢] = Zg. (2.2.6)
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Thus, summarising, we are naturally lead to the assignment of an integer mod 2 to

any f € ¢ which will be denoted by

f = degy(fIf]™h) € Zo. (2.2.7)

Proposition 2.2.2. (n > 3) The degree mod 2 map deg, : {[f] : f € €} — Zs is

bijective. Moreover, for a pair of maps fo, fi € €, we have

[fol = [f1] < degy(folfol ") = degy(f1lf1]71). (2.2.8)

2.3 A countable family of L' local minimisers of F when

n =2

When n = 2 by Lebesgue monotonicity and degree theory (see [74] as well as [57],[61],[73],[36])
every map u in A = A(X) has a representative (again denoted u) in €. As a consequence

we can introduce the components — hereafter called the homotopy classes,
o, = {u € A:deg(ulul™) = k}, ke Z. (2.3.1)

Evidently 7, are pairwise disjoint and their union (over all k € Z) gives A. Furthermore
it can be seen without difficulty that each <7, is W?-sequentially weakly closed and that

for u € @, and s > 0 there exists § = §(u, s) > 0 with
{v:Flv] < s} NBE (u) C . (2.3.2)

Here BéLl(u) ={veA:|lv—ul|z < &}, that is, the L'-ball in A centred at u. Indeed for
the sequential weak closedness fix k and pick (u; : j > 1) C 4, so that u; — u in w2,

Then by a classical result of Y. Reshetnyak
det Vu; = det Vu (2.3.3)

(as measures) and so u € A while u; — u uniformly on X gives by Proposition that
u € o,. For the second assertion arguing indirectly and assuming the contrary there exist
u € @, s > 0and (vj : j > 1) in A such that Flv;; X] < s and ||v; — u||1 — 0 while
v; ¢ . However by passing to a subsequence (not re-labeled) v; — u in W1?(X R?)
and as above v; — u uniformly on X. Hence again by Proposition vj € o, for large

enough j, which is a contradiction. O

Now in view of the sequential weak lower semicontinuity of F in 4 (see below) an ap-
plication of the direct methods of the calculus of variations leads to the following existence

and multiplicity result.
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Theorem 2.3.1. (Local minimisers) Let X = X[a,b] C R? and for k € Z consider the

homotopy classes 7, as defined by (2.3.1). Then there exists uw = u(x; k) € o, such that

Flu; X] = Ulenék Flv; X]. (2.3.4)

Furthermore for each such minimiser u there exists 6 = 6(u) > 0 such that
Flu; X] < Flv; X], (2.3.5)
for all v e A(X) satisfying ||u — v||p1 < 4.

Proof. Fix k and pick (vj) C % an infimizing sequence: Flv;] | L := inf,, F[:]. Then
as L < oo and a < |v(z)| < b for v € A it follows that by passing to a subsequence

(not re-labeled) v; — u in W1?(X,R?) and uniformly in X where by the above discussion

u € o). Now
’/ Vo> |Vvlc|2 / Vol < [low]? — Jul? \)
|ok|? x Juf? |ul o[>
2
< sup || k|2 ’1;|’/|VU |2_>0
x  |ul?forl
as k oo together with
2 2
Vel” < [ (2:3.6)
|ul x |ul
gives the desired lower semicontinuity of the I energy on A(X) as claimed, i.e.,
2 2
FusX] = [ VO gy [ VO g x). (2.3.7)
x 2ul x 2[vg]

As a result L < Flu] < liminfF[v;] < L and so u is a minimiser as required. To justify
the second assertion fix k£ € Z and u as above and with s = 1 4 Flu| pick § > 0 as in the
discussion prior to the theorem. Then any v € A satisfying ||u — v||;1 < § also satisfies
(2.3.5)) [otherwise Flv] < Flu] < s implying that v € % and hence in view of u being a

minimiser, F{v] > Flu] which is a contradiction.] O

2.4 Twist maps and the Euler-Lagrange equation associated

with F

The purpose of this section is to formally derive the Euler-Lagrange equation associated
with F over A(X). Note that Flu] can in principle be infinite if |u| is too small or zero,
however, for twist maps or more generally L™-integrable maps in A, |u| is bounded away
from zero as u is a self-map of X onto itself. Moreover det Vu is L'-integrable for the

latter maps but not in general for maps u of Sobolev class W2 (with n > 3).
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Now the derivation uses the Lagrange multiplier method and proceeds formally by

considering the unstrained functional

ul?
Klu; X] = /X sz’ut —p(x) (det Vu — 1) | dux, (2.4.1)

for suitable p = p(x) where evidently K[u; X] = Flu; X] when u € A(X). We can calculate
the first variation of this energy by setting d/de K[u.; X]|c=o = 0, where u € A(X) is
sufficiently regular and satisfies |u| > ¢ > 0 in X, u. = u + e for all p € C°(X,R") and

¢ € R sufficiently small, hence obtaining

:jg/x ['V“€|2 ~ p(z) (det Vu. — 1)] dz

Q‘UEP e=0
n 1 Ou, 0p; |VU‘2
= — — p(x)|cof Vu l] — uip; p dx
/x ”231 [|U|2 O wl b Oz ; Juf*
"9 1 Ou; Vu 2
:/ Z 8.’1} |:”U,‘2 Ox _p( )[COfvu 2]:| Z ‘ ’ UiSOi dx
X 7,7=1 J =1

S Ve s 9 [ 1
= |~ T Wi — s — f g o
/X ; Jul* vt ng Oz | |ul? Ox; p(x)[cof Vulij| o i de

As this is true for every compactly supported ¢ as above an application of the fundamental
lemma of the calculus of variation results in the Euler-Lagrange system for u = (u1, ..., up)
in X:

[Vul?

upt —u+ div {Vu — p(z)cof Vu} =0, (2.4.2)

ul?
where the divergence operator is taken row-wise. Proceeding further for suitably regular

u an application of the Piola identity on the cofactor term gives (with 1 <4 <n)

Vul? S~ {0 (1 du o\ _
! uz+; ou; \[uP ox, [cofVu]”axj =0. (2.4.3)

Next expanding the differentiation further allows us to write

|Vul? " 1 0%, Ou; 8uk Op
- . — £
0= T +; [ul? 822 |u|4 Z « 9oy 00, 1O Vg,

Ly

K a.Tj

|V ‘ - { 1 0%y 2 Ou;

u —_— R —
Jul* u> 927 |ul* Oz

[Vulu]j — [cof Vu]ap} . (2.4.4)

Finally transferring back into vector notation and invoking the incompressibilty con-

dition det Vu = 1 it follows in turn that

|Vul|? 2 .
w2 T Juft u |u’4Vu(Vu) u = (cof Vu)Vp, (2.4.5)
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and subsequently

(Vu)' [Vul? 2 ¢
e Au + WU - WVU(VU) u| = Vp. (2.4.6)

Thus the Euler-Lagrange system is equivalent to that in particular asks for
the nonlinear term on the left of to be a gradient field in X. Recall from earlier
discussion that restricting F to the class of twist maps results in the Euler-Lagrange
equation where the solution Q = Q(r) as explicitly computed is the twist loop

associated with the map
w:(r,0) = (r,Q(r)f), =zeX, (2.4.7)

with Q(r) = exp[-B(r)A]P, P € SO(n), A € R™" skew-symmetric (A® = —A). The
boundary condition u = ¢ on 90X gives, (The function 5 = B(r) was introduced earlier in

Section 2.1} )
exp[—f(a)A|P =1, exp[—5(b)A|P =1,. (2.4.8)

Therefore it must be that P = exp[f8(a)A] and exp([5(b) — B(a)]A) = I,. Now as A lies
in so(n) it must be conjugate to a matrix S in the Lie algebra of the standard maximal
torus of orthogonal 2-plane rotations in SO(n). This means that there exists R € SO(n)
such that A = RSRT for some S as described and so S € (8(b) — B(a))~'L where L =
{T € t:exp(T) =1,}, that is, L is the lattice in the Lie subalgebra t C so(n) consisting
of matrices sent by the exponential map to the identity I, of SO(n). Hence Q(r) =
Rexp(—[B(r) — B(a)]S)Rt. Next upon noting that the derivatives of 3 = 3(r) are given
by

1 . —1
/B(T) = _,r_n,17 /B(T) = nrn )
we can write
. AQ .« A%Q AQ

Now, moving forward, a set of straightforward calculations show that for a twist map
u with a twice continuously differentiable twist loop Q = Q(r) we have the differential

relations

(Vu)' = Q" +rf© Q9,
(Vu|? = tr[(Vu)! (Vu)] = n + r2|QF?, (2.4.10)
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and likewise
Au = [(n +1)Q+ rQ} 6. (2.4.11)

Thus for the particular choice of a twist map with twist loop arising from a solution

to (2.1.6) the above quantities can be explicitly described by the relations

(Vu)' = Q' +r*7"0 @ AQM, (2.4.12)

V> = tr[(Q + 7270 ® AQH)(Q + " AQH @ 0)]
|AQF|?

=n+ r2(n—2)°

(2.4.13)

and likewise

Au = [(n+1) AQ +7’(A2Q (n—l)AQ>]¢9

rnfl

_ [2AQ AQQ} ;

—= + s (2.4.14)

For the ease of notation we shall hereafter write w = Qf. Proceeding now with the

calculations and using ([2.4.13))-(2.4.14]) we have

2 2 2
Aus VU, [2 A A 1 <n+ [Aw] )In] w (2.4.15)
T

|u‘2 yn—1 T2n—3 ,r2n—4

and in a similar way

————u=[Q+r* " Aw® 0] [Q' + "0 ® Aw] %

AwR0Q +QI® Aw  Aw® Aw] w
= |In+ n—2 on—a | o
T T T
AvQ@Quw+w®@ Aw  Aw @ Aw ]| w
= In + n—2 2n—4 e
r r r
1
— ;(In + 2 A)w, (2.4.16)

where the last identity here uses (z ® y)z = (y, z)z and (w,w) = (Qf, Qf) = 1 along with

(Aw,w) = 0 for skew-symmetric A. Hence putting together (2.4.15)) and (2.4.16) gives
[Vul?

Au + WU — 2WU = {W + (n — 2)14 %7 (2.4.17)
which when combined with results in
@.4.0) = (m)t [Au + ’mfu - 2V“‘51’v2“)tu]
- Sl o] [ s | ¢
_ [A2 tZIiuIJ\QIn N n;) 2In:| ot W (2.4.18)
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Noting (§ ® Aw)A%w = (Aw, A%w)0 = (u, Ap) = 0 with A skew-symmetric and p = Aw

the last set of equations give

(Vu)! |Vul? Vu Vu)t
[2.4.6) = Au + u—
Jul? Jul? IUP
A% 4+ |Aw|’T, —2
_qQ [ ;'n‘;)' + 1501 ] —T. (2.4.19)

Therefore to see if (2.4.6) admits twist solutions it suffices to verify if the quantity
described by (2.4.19)) is a gradient field in X. Towards this end recall that here we have
Q(r) = exp(—pF(r)A)P where as seen P = exp(f(a)A). Thus a basic calculation gives

|Aw|* = |AQA|? = 0'Q' AT AQH = —0'Q1 A%QH
= —0"Ptexp(B(r)A) A% exp(—B(r)A) Ph
—0P'A?Pg = 9P'A'APO
— |APOP,
and likewise by substitution we have
Q' A%w = P'APY.

Hence using the above we can proceed by writing the Euler-Lagrange equation ([2.4.19))

upon substitution as,

t 2 t
T (VUZ) Au+ |Vu| QVU(V;L)
|ul |ul? |ul
0 0
= P" (A* +|APO|*I) P +(n=2). (2.4.20)

Now as for a fixed skew-symmetric matrix B by basic differentiation we have
V(IByl?) = —2B%,  Vly|>" = 2nly[*" 2y,

it is evident that we can write

| By|? B%y  |Byl|*y
‘V<2n|yr2n = Al T R (24.21)

In particular with B = P'AP being skew-symmetric, (2.4.20) can be written in the form

t 2 t
I (Vu2) [Au |Vu2\ B 2Vu(V2u) u}
|u |u| |u
|PtAPz|? P'A?Pg 1
— v (20 D)t (2 V— 2.4.22
v (C) 0 e -2V (2422

Therefore it is plain that (2.4.22) is a gradient field in X provided that the term on the
right and subsequently the middle term, that is, the expression
PA2Pg

(n—1) T (2.4.23)
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is a gradient field in X. By direct calculations (¢f. [64]) this is seen to be the case iff all
the eigenvalues of the symmetric matrix A*A are equal. (Note that in odd dimensions this
requirement leads to A = 0.) As a result here would be a gradient (indeed Vp)
and so the Euler-Lagrange system is satisfied by the twist .

Now using the representation A = RSR! for some S € (3(b) — B(a)) 'L and writing

S = A\J where, J is the n x n block diagonal matrix: J = 0 when n is odd and J =

diag (Al, . ,An/g) when n is even, i.e.,
[ Ay 0 - 0 1
0 Ay --- 0 0 —1
J = A= (2.4.24)
. . . 1 0
L0 0 - A, |

it is required that A(8(b) — B(a))J € L. But invoking the lattice structure of L this can

happen iff
27k
)\ - m, k G Z’ (2.4.25)
and thus
e (o B0 5@ N o
u(z) =R p< 2k B(b) = Bla) J) R'x. (2.4.26)

Noticing that here we have

B(r) — B(a) log(r/a)
B(b) — B(a)  log(b/a)’ (2.4.27)
for n = 2 and
B(r)—Bla) (r/a)> " —1
B(b) — B(a) - (b/a)Q*” _1’ (2.4.28)
for even n > 4 respectively we obtain the representation
u(@) = Rexp (—g(r)J) R'z = exp (—g(r)A) =, (2.4.29)

where we have set A = RJR' and the angle of twist function g = g(r) is given by (2.1.10)
for n = 2 and ([2.1.11] for even n > 4 respectively. For odd n > 3 as shown A = 0 and so
the only twist solution to (2.4.6]) is the trivial solution u = x.

2.5 Symmetrisation as a means of energy reduction on A(X)

when n =2

Recall that the space of admissible maps A(X) consists of maps u € W12(X, R?) satisfying

the incompressibility condition det Vu = 1 a.e. in X and ulgx = ¢. Also as mentioned
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earlier due to a Lebesgue-type monotonicity every such map is continuous on the closed
annulus X and using degree theory the image of the closed annulus is again the closed
annulus itself; hence, the “embedding’
AX) = | o ce(X), (2.5.1)
keZ

where the components o7 here are as defined by (2.3.1)). For the sake of future calculations

it is useful to write (2.2.2) as

1 [Puxu
1 T
deg(ulu|™") = 277/ e dr=keZ, (2.5.2)
where |x| = r. (Note that we adopt the convention that in two dimensions the cross

product is a scalar and not a vector.) When u is a twist map, specifically, u = Q[g]z the
integral reduces to g(b) — g(a) = 2wk where as before g = ¢(r) is the angle of rotation
function. We now proceed by reformulating the I energy of an admissible map u € A(X)

in a more suggestive way. Indeed switching to polar co-ordinates it is seen that
2 2, 1 2
IVal™ = Jur|” + 5 |ug] (2.5.3)

where

Next we note that
2 2
o _ (u-u) o _ (u-up)
(|u’7’) - |’LL|2 ’ (|U’9) - |U’2 .
Hence the gradient term on the left in (2.5.3]) can be expressed as

2

(u-up)? + (u X uy) (u-ug)? + (u X ug)?

Vul? =
Ve P Pluf?
5 (uxu)?  (uxup)?
= 2.5.4
VIl + EIE (2.5.4)
From this we therefore obtain the F energy as
|Vul® 1 /2” bVl
Flu; X] = de = - rdrdf
x |uf? 2Jo Jo lul?
2” \V|uH2 (uxur)?  (ux ug)?
/ / { e uft + 2] rdrd®. (2.5.5)

Let us first state the following useful identity that will be employed in obtaining a fragment

of the lower bound on the energy: For u € A(X) and a.e. r € [a, b],

/27r u(r, ) < ug(r,6) 4o _ o (2.5.6)
0

[ul?
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The proof of this identity is postponed until later on in Section (¢f. Proposition [2.7.3)).
Now assuming this for the moment an application of Jensen’s inequality gives, again for

a.e. r € a,b],

1 /02” (uxug)?® > <1 /027r u(r, 0) x ug(r,6) d9>2 —1. (2.5.7)

27 |ult 27 e

Hence it is plain that
2w
/ / u X tg)* ~————rdrdd > 2n1n(b/a). (2.5.8)
2l
Therefore we have the following lower bound on the F energy of an admissible map u:
27 2 2
Flu: X] > 7 ln(b/a) + / / [W'LTQH (u \ZIZJ) rdrdd. (2.5.9)

Interestingly here we have equality only for twist maps and so outside this class the
inequality is strict (for more on questions of uniqueness see [60]). The next task is to show
that by using a basic ” symmetrisation” in A(X) we can reduce the energy which will then

be the main ingredient in the proof of the result.

Proposition 2.5.1. (Symmetrisation) Let u € A(X) be an admissible map and associated

with u define the angle of rotation function g = g(r) by setting

1 roor2mw .
r) = / / uxu dodr, a<r<hb. (2.5.10)
27 a JO |u|2

Then the twist map defined by u(z) = Q[g]z with Q = Qlg] = Rlg] has a smaller F energy

than the original map u, that is,
Flu; X] < Flu; X]. (2.5.11)

Furthermore if u € o, then the symmetrised twist map 4 satisfies 4 € of,. Thus the

homotopy classes &, are invariant under symmetrisation.

Proof. Clearly the symmetrised twist map @ is in the same homotopy class as u since by

definition g € W12[a, b] satisfies g(a) = 0 and

2T X
" dfdr = 27k. 2.5.12
27r// g 40T =27 (2512)

Therefore w € o7, as a result of - Next the F energy of u satisfies the bound

Fla; X] — 27w log(b/a) —7r/ |Q(r)|r dr

—7r/ lg(r) \QTdr
1 2 . 2
7T/ [/ uxgd@] rdr
a 0 ‘u’

1 [% uxur
- rdrdd 2.5.1
5 / T " (25.13)

IN
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where the last line is a result of Jensen’s inequality. Therefore by referring to (2.5.9)) all
that is left is to justify the inequality

2
27rlog(b/a)§/ |V|“2“ da. (2.5.14)
x |ul

Towards this end we use the isoperimetric inequality in the context of sets of finite
perimeter and the coarea formula in the context of Sobolev spaces: For real-valued f and

non-negative Borel g:

z)|Vfldr = z) dH' (z) dt. 5.
Joo@resiae= [ [ gan' (2:5.15)

(See, e.g., [I7,53].) Then upon taking f = |u| € WH?(X) N C(X) and g = 1/|u/? this

Viu ' dt [ dt
;Qﬂw=/<4k5mﬁﬁ=/ﬁww=mﬁ. (25.16)

Now since the level sets Fy = {x € X : |u(z)| <t} and F} = {z € X : |z| < t} enclose

gives

the same area due to det Vu = 1 a.e. and the identity boundary condition. In particular

arguing as in Section we know that u(X) = X and
Ny,u,X)=t{z e X:zcul(y) =1, (2.5.17)

for almost every y € X. Then from Theorem 5.34 on page 145 of [34] we know that for

any measurable set A C X that,

/vou(w) dx—/ v(y)N(y,u, A) dy, (2.5.18)
A n

for any v € L>°(R"™). Then taking A = X and v(r) = xr, = XB,\, We obtain that,

| Fy| :/XXFt(U(x))dx:/XXEt(Jf)dx: | Ey]. (2.5.19)

Note above we have used the fact that for x € X, u(x) € F} iff © € E;. Furthermore (we
can consider u as extended by identity inside {|z| < a}) an application of the isoperimetric
inequality gives 2t = H({|z| = t}) = HY(O*F) < HY(O*Er) = H({|u] = t}) for a.e.
t € la,b] (cf., e.g., [17,130]). Thus substituting in (2.5.16)) results in the lower bound
[V]ull

x |ul?

b
i = / Hl({yu\:t})% (2.5.20)

b dt bt
z/ Hl({]a:\—t})tZ—/ ot % = 2 log(b/a).

Finally we arrive at the conclusion by noting that v and ¢ have the same distribution

function, that is, again as a result of the pointwise constraint det Vu = 1 a.e. in X and
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the boundary condition: a,(t) = [{z € X : Ju(z)| > t}| = {z € X : |z| > t}| = ay(t) and

therefore

da o0 dt|X| [ dt X / da
e —20,,(t) = + = = —2a4(t) = + — = —— =27 log(b/a).
/X o / ou(t) S5 + 25 / 0olt) 5+ oz = [ = 2mloB(b/a)

Now putting all the above together, a final application of Holder inequality gives,

(2w log(b/a))? < (/X ||Vu]‘1;|| dx>2

2 d
< [ ITME
x Tl x [l

b |V |ul?
= 27 log(— d 2.5.21
mlog([) [ S de (25.21)
and thus eventually we have
2
2mlog(b/a) < |V|JJ|L2H dx
and so the conclusion follows. O

2.6 The F energy and connection with the distortion func-
tion

In this section we delve into the relationship between the energy functional F in (2.1.1]
and the notions of distortion function and energy of geometric function theory. In par-
ticular we show that in two dimensions twist maps have minimum distortion among all
incompressible Sobolev homeomorphisms of the annulus with identity boundary values in
any given homotopy class. To fix notation and terminology let U, V' C R" be open sets and
fe VVlloc1 (U,V). Then f is said to have finite outer distortion iff there exists measurable
function K = K(z) with 1 < K(z) < oo such that

IV f(x)|™ < 2K (z)det Vf(z). (2.6.1)

The smallest such K is called the outer distortion of f and denoted by Ko(z, f). Note
that here |A| = VtrA*A is the Hilbert-Schmidt norm of the n x n matrix A. Naturally
1 < Ko(z, f) < oo and it measures the deviation of f from being conformal. We also

speak of the inner distortion function K = Kj(x, f) defined by the quotient

n~"/2|cof V f|"
det(cof Vf) ’

when det Vf(z) # 0 and K;(z, f) = 1 otherwise. We define the distortion energy associ-
ated to the inner distortion Ky(z, f) (2.6.2) by the integral

K](-T,f)

v |z

Ki(z, f) = (2.6.2)

W[f; U] = dz. (2.6.3)
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Related energies and more have been considered in [49] with close links to the work in [3].
The connection between the F energy and the distortion energy W is implicit in
the following result of T. Iwaniec, G. Martin, J. Onninen and K. Astala [3]. (See also [2],
[49] and [50].)

Theorem 2.6.1. Suppose f € VVllof(X X) is a homeomorphism with finite outer distor-

tion. Assume Ky is L'-integrable over X. Then the inverse map h = f~!' : X — X lies

in the Sobolev space W1(X, X). Furthermore

n Vh(y)|™ Ki(z,

O EN)
x |h(y)] x |zl

Proof. The first assertion is Theorem 10.4 pp. 22 of [3]. For the second assertion using

dzx. (2.6.4)

definitions we have

|cof V f|™

n/ AR VI
“Ki(, f) = det(cof Vf)

= [(VF) " det Vf = [VR(f)|" det V {,

and the conclusion follows upon dividing by |z|™ and integrating using the area formula. O

Now let A(X) = {u € WI(X;R") : detVu = 1 a.e. in X and ulspx = ¢}. As
in Section each u in A"(X) admits a representative in ¢ (X). Now restricting to
homeomorphisms u € A"(X) the above theorem gives v = v~ € A"(X) and so by the

incompressibility constraint

Ki(x,u) 4 n |cof Vu|"

Vo|"

—~dr=n"2 | —————dz= | JL dx. (2.6.5)
x |7 x |zl x |vl

In the planar case this allows us to relate the distortion energy of a homeomorphism

u, say, in 7, to the F energy of the inverse map v = v~! in &7_;, through

Vo) L[ Ve@)P K
Flo; X] = 2/ o dy—2/x o= | S e =W X). (2:66)

Therefore by showing that twist maps minimise the F energy within their homotopy
classes we have implicitly shown that twist maps minimise the distortion energy within
their respective homotopy classes of homeomorphisms (as the inverse of a twist map is
a twist map in opposite direction and clearly twist maps are homeomorphisms of annuli

onto themselves).

Theorem 2.6.2. The distortion energy W has a minimiser u = u(z; k) (k € Z) among all
homeomorphisms within <f,. The minimiser is a twist map of the form u = Q[g]z where
g(r) =2wkIn(r/a)/In(b/a). In particular the minimum energy is given by,

Ki(x,u)

Wiu; X] = b

dz = 2r1n(b/a) + 47°k*/In(b/a). (2.6.7)
X
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Proof. That u = u; minimises W amongst homeomorphisms in 7, is a result of u_j, =
(ug)~! minimising F over </ j (Proposition and (2.6.6). Indeed arguing indir-
ectly assume there is a homeomorphism v € o, W(v; X] < W]ug; X]. Then by ,
F[v=!; X] < Flu_g; X] and this is a contradiction as v™!, u_p € &7 while Flu_;; X] =

inf,, , F. We are thus left with the calculation of the W energy of u = uy. To this end
1.

put v =u"":
1 2 b
Flv; X] = / ]Vvi dx =2mwn(b/a) + 7r/ rg_(r)? dr
2 X ”U’ a
43k
=27 In(b — 2.6.
and so a further reference to (2.6.6) completes the proof. O

In the higher dimensions, i.e. n > 2, from Theorem [2.6.1] we can get an analogous

identity to ([2.6.6)) for homeomorphisms u in A". Indeed, with v = u™!

aFlex] = [ e [ leof V@) e
Flv; X] /X D dy /X o d Wiu; X], (2.6.9)

where the energies F = F,, and W are given by,

IF[v;X]:i Wdy, Wiu; X] = Ki(z,u)

dzx. 2.6.10
n Iy o)l SR (2.6.10)

Therefore again to find minimisers of W among homeomorphisms in v € A"(X) one
can follows the lead of n = 2 and consider the energy F over A"(X). It is straightforward
to see that we have equality in (2.6.9) for twist maps u € A"™(X) with the distortion energy

of u = Q(r)x given by
. n/2
Wiu; X] = n"/2/ (n!x|72 + \Q0|2) dx. (2.6.11)
X
Now restricting to the particular case of the twist map being (cf. [65])
u(z) = exp (—g(r)J) z, z e X, (2.6.12)

with J is as in Section and g € W1"[a, b] the angle of rotation describing the twist.

The corresponding distortion energy is
WiwsX] =072 [ (nfa] 2 +[3)"" ds
X
b n/2
= wnn"/Q/ (nr=2+|g|*)" " r" L ar.
a

Note that in higher dimensions (i.e., n > 3) as discussed earlier there are only two

homotopy classes in A™(X). A twist map u = Q(r)z lies in the non-trivial homotopy class
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of A™(X) iff the twist loop Q = Q(r) € C([a,b],SO(n)) based at I, lifts to a non-closed
path R = R(r) € C([a,b], Spin(n)) connecting +1 in Spin(n) (see [76] for more.) (Note
that Spin(n) is the universal cover of SO(n) and {+1} C Spin(n) is the fibre over I,
under the covering map.)

Likewise a twist u of the form lies in the non-trivial homotopy class of A" (X)
iff the angle of rotation function g satisfies g(b) — g(a) = 27k for some k odd. When k is
even the twist map w lies in the trivial homotopy class of A(X). (The identity boundary
conditions on u dictates that the angle of rotation function must satisfy g(b) — g(a) = 27k

for some k € Z.)

2.7 Other variants of the Dirichlet energy

The goal of this section is to establish various energy bounds and identities, when n = 2, by
invoking the regularity and the measure preserving constraints satisfied by the elements
of A(X). These inequalities will ultimately lead to useful results for extremisers and
minimisers of variants of the Dirichlet energy in homotopy classes of A(X). We begin

with the following identity.

Proposition 2.7.1. For ® € Cl{a,b] the integral identity

/X<I>(|u])dx:/x<1>(|x|)dx (2.7.1)

holds for all u € A(X).

Proof. Denoting by a, = a,(t) the distribution function of |u| we can write using basic

considerations and invoking the standard properties of distribution functions

/ () da:—//u 1) dtds + ®(a)|X] = /bcp() W() dt + ®(a)|X|
:/a () (£) dt + B(a)[X] = // ) dtd + ®(a)|X|
—/X<I>(|x])da:, (2.7.2)

which is the required conclusion. Alternatively this is an application of Theorem 5.34 on

page 145 in [34]. O

We now collect a few more results which will be needed for the proof of our main

theorem at the end of this section.
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Proposition 2.7.2. Let ® € Cl|a,b] and pick u € A(X). Consider the continuous closed

curve y(0) = u(r,0) where a < r < b is fived. Then the integral identity

27
| @ul? e ua) s
0

—2 [ [jue(ub(u) + 2(u)?] d. (273)
holds for almost every r € (a,b), where X, = Xa,r] = {xr € R? : a < |z| < 7}.

Proof. We shall justify the assertion first when u is a smooth diffeomorphism and then
pass on to the general case by invoking a suitable approximation argument. Towards this
end consider first the case where u is a smooth diffeomorphism with v = x on 0X. [Here

u need not satisfy the incompressibility condition in A(X).] Let o denote the 1-form
o = &(|z))? (z1dzs — zodzy) . (2.7.4)
Then by a rudimentary calculation the pull-back of o under the C*> curve ~ is given by
v = ®(|u|)?(u x ug) df. (2.7.5)
Hence contour integration and basic considerations lead to the integral identity

2m
/a = / O(|ul)?(u x ug) db | . (2.7.6)
v 0 r

Note that the C* curve 7 here is diffeomorphic to S' and as such by the Jordan-
Schéenflies theorem v is the boundary of some bounded region C, C R? diffeomorphic
to the unit ball B;. In particular due to the boundary conditions on u we have that
a < |9(0) = |u|(r,0) when a < r and so as aresult C, = {x € R? : a < |z| < |7|]} € X

with boundaries of 0B, and =y. Hence application of Stoke’s theorem gives

2w
/ da—/ a—/a—/ a—/ @(‘UDQUXUgdH
(ot} acy Y |z|=a 0

for all r € [a,b]. Next again by a rudimentary calculation we obtain that the pull-back of

, (2.7.7)

dao s,
da = 2 det Vu [\u|c1>(\uy)¢>(yu\) + @(yu\)z} dz1 A dza. (2.7.8)

Hence from (2.7.7)) and (2.7.8) it follows that for all r € [a, b],

r

: (2.7.9)

a

2T
Q/X [\u!@(]u\)@(\u!) + @(\u!)ﬂ det Vudz = /0 O (|ul)?u x ug db

Now pick an arbitrary u in A(X). By approximation, e.g., using Theorem 1.1 in [4]]
there is a sequence of C* diffeomorphisms (v¥) so that v* —u € Wol’Q(X, R?) with vy — u

uniformly on X and strongly in W'2. (Note the condition that u satisfies the INV property
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in Theorem 1.1 of [41] is straightforward since our mappings satisfy det Vu = 1 a.e. and
u € WH2(X,R?). However this INV property is proved later for a larger class of mappings
containing A(X) in Proposition of Chapter 5. Additionally the constraint that
w(X) Nu(0X) = 0 is only needed to show that u(X) is open which for our mappings is
also known as u have L' integrable dilation see [50]. Alternatively we could extend our
mappings by identity onto a larger annulus X, where u(X:) Nu(0X,) = () will hold. Then
proving for the extened mappings on X, will lead to the result for v on X as the
extended mappings are identity off of X.) Hence,

5 UF X v
|z

a.e. in X. Note that |fx| < c|vh], | f| < c|ug| for some ¢ > 0 and so fi, f € L?*(X) and by

2u><u9

fr = ®(|o*)) — O(|u|) . f, (2.7.10)

]

virtue of vy — w in W12 and dominated convergence, for each r € (a,b) and 0 < § < b—r,

we have
r+6 2w r+d 27
/ / (k)2 (o vﬁ)d@dr%/ / B(|u])2(u x up) dBdr. (2.7.11)
T 0 T 0
In a similar spirit we have (suppressing the arguments of ® for brevity)
hy, = [|u’€y<1><i> + @2} det VoF — [|u|<1><i> n <1>2] det Vu =: h, (2.7.12)

a.e. in X. Again since |hg| < c[vof ||oF |, |h] < clug, |Jug,| for some ¢ > 0 we have

hi,h € L*(X) and so by dominated convergence
/ [\vﬂcpcb + @2} det Vo* dz — / [|u|<1><i> + @2} det Vu dz. (2.7.13)
X X

Now combining (2.7.9) and (2.7.11)) together with the fact that u = v* = ¢ on 0X it
follows that

r+d . r+d0 27 r
2/ / []vk@q) + @2} det Vo* dzdr — / / O(|ul)?(u x ug) d | dr.
r X, r 0 a
Moreover (2.7.13)) and a final application of dominated convergence gives
r+d . r+d0 p27 r
2/ / [yu\cbcb + @2} det Vu dedr = / / ®(Ju))?(u x ug) df| dr.
r X, r 0 a

Therefore the result follows by recalling that det Vu =1 a.e. in X and applying the Leb-
segue differentiation theorem, i.e., dividing by § and letting § \, 0. ]

Note that we can write the conclusion of the above proposition, namely, the integral

identity (2.7.3]) in a shorter and somewhat more suggestive form

27
| @l wa) s
0

- / | 7T (Ju)) da, (2.7.14)
a X'r
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where T'(t) = t2®(t)? for ® € Cl[a,b]. With this result and formulation at our disposal

we can now prove the earlier relation (2.5.6)) as a specific proposition.

Proposition 2.7.3. Taking ®(t) = 1/t in the above gives the integral identity

2w
/ u(r, 9)@:9(7", %) 4o — o, ae r € [a,bl. (2.7.15)
0

Proof. When ®(t) = 1/t it can be easily seen that I'(t) = 0 and therefore Proposition

gives that,
2m T
/ (ux ug) .
0

juf?

=0, a.e.rE€la,b. (2.7.16)

a
Then recalling that u(z) = z on 90X, i.e. when |z| = a, it can be seen that the integral

over the inner boundary is 27 and hence from (2.7.16f this implies that,

2
/ Wd& —or, ae. r€la,bl, (2.7.17)
0

which completes the proof. O

Proposition 2.7.4. Suppose T' € C?[a,b] such that I'(t)/t is a monotone increasing func-

tion. Then for almost every r € [a,b] we have that

/ 7 (20 |X ﬁe(“ 0’ 4p > 9nT(r)2. (2.7.18)
0 u

Proof. First we note that by Proposition we have for a.e. r € [a,b] that

2 uxue
/ T (ju]) &% 10
; ful?

As I'(t)/t is monotone increasing and |u| and |z| share the same distribution function o (t)

_ / VT ([ . (2.7.19)
a X

we have that,

. bd (T(t) I'(a)
-1 Xb
/2|u’ F(|u|)dx /a dt ( n / X{zeXb:|u|(z)>t} dux dt | T,
b d (T b I'(a)
< —
/a(t)dt< : dt + | X5 "

=2r] (b) I'(r)]. (2.7.20)
In the above X% = {z € X : r < |z| < b}. Now since,

o [r(b)—r(a)]:/X|m|—1f(ym|)d:c:/X|u|—1f(|u|)dx, (2.7.21)
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by Proposition we obtain upon using (2.7.20) in (2.7.21) that,

/ |u|_1F(]u|)d:E > / |x|_1I‘(\x|) dx =2n [['(r) — T'(a)]. (2.7.22)
X X,

21
u X Uug
I'(|luw
/O ()

but from the identity boundary conditions on u we know that,

Therefore,

o [[(r) — ()], (2.7.23)

a

R ) (2120
0 |ul a
and therefore,
[T g | s oere), acore o (2.7.29
0 r
The result then follows from an application of Jensen’s inequality. O

With the aid of these bounds we can now move on to the main goal of the section,
namely, formulating and proving minimality for twist maps in homotopy classes of A(X)

for a larger class of energies than those considered earlier.

Theorem 2.7.5. Let X = X[a,b] C R? and let H = H[u; X] denote the energy functional,

1 u X ug)? u X up)?
Hfu; X] = 2/X<I>(|u\) [|V|u\|2 + ( 7“2\u|g) + ( ult ) dx, (2.7.26)

where u lies in A(X) and ®(t) = t2T(t)? with T'(t) € C?[a, b] such that T'(t)/t is monotone
increasing. Then for any u € o, (k € 7Z) there exists a twist map u = uy, = Qlglx defined
by the same symmetrisation as in (2.5.1) such that,

Hlu; X] < H[u; X] (2.7.27)
whilst u € o),. (Note that taking ®(t) = 1/t2, i.e., T'(t) = 1, gives H=F.)
Proof. As the first step in the proof we wish to prove the inequality
[ #tiahdo = [ @a@Dia@iPde < [ a@u)iVuePde @728)

In order to do this we again need to apply the isoperimetric inequality, the coarea
formula for Sobolev functions as in the proof of Proposition and then the integral
identity (2.7.1)). Thus we proceed by writing

b
/ &(ul)|Vu(2)|| dz = / (VM (Ju] = 1) dt
X a
b
z/ B(EYH (] = t) dt
:/ o(|2]) dz. (2.7.29)
X
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Therefore it follows from basic considerations that

(/x (b“x’)d‘”)Z = (/XCI><IuDIV|u(x)||dx>2
< [ a(uiFiute)lar [ o(ul) i

:/ @(\u|)\V!u(w)H2dx/ O (|z|) dx, (2.7.30)
X X

and so rearranging gives the desired inequality (2.7.28]), namely,

/<I>(|ac)dx§/ O(Ju))|V|u(2)||? dz. (2.7.31)
X X

Next we proceed by writing

(uxug)? 2 (u X ug)?
/ch(\un e da = / / (ju)) g dpr. (2.7.32)

As ®(t) = t~2I'(t)? it follows upon noting Proposition that we have

1 [ (u x ug)? 1 o (u X ug)?
1 wwizw=/ P (ju])? X 10)” g
27 Jo lul 2 |u

>T(r)? = ®(r)r?, a.e. r€la,b].

Hence by combining the above it follows that

(u X ug)? b 3 (@ x ag)?
/X<I>(|u|)r2u|2d1: > 27r/a q)(r)rdr—/Xq)(]uD_ dx. (2.7.33)

r2|u‘2

Therefore with the above at our disposal all that remains is to use the inequality

(u X uy)? / (@ x u,)?
WXt )” g > [ XU 4 2.7.34
J ez [ e (2.7.84)

ul
whose proof proceeds similar to that of Proposition by using the same angle of
rotation function (2.5.10)) in defining @. This therefore completes the proof. O

2.8 Measure preserving self-maps and twists on solid tori

In this section we propose and study extensions of twist maps to a larger class of domains.
Recalling that an n-dimensions annulus takes the form X = [a,b] x S"~! the natural
extension here would be domains of the product type X = B™ x S"~! (with m > 1, n > 2)
embedded in R, Twist maps in turn will be suitable measure preserving self-maps of
X that agree with the identity map ¢ on the boundary X (see [74, [76]). To keep the
discussion tractable we confine ourselves here to the case m +n = 3. We proceed by first

considering the solid torus T =2 B2 x S! embedded in R? as (see Fig. 1):

T = {x = (w1, m2,23) : (/23 + 23 —p) P+ a3 =r% 0<r< 1}. (2.8.1)
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Here T = T, and the fixed parameter p is chosen p > 1 to avoid self-intersection. Now

let us set 4 = /27 + 22 — p. Then T above can be represented as
0<p?+a25=r<1. (2.8.2)

From now on (j, 3) is the preferred choice of co-ordinates for B = B? where B = {(u, z3) €
R?: ,u2—|—a:§ < 1} is unit ball in the (u, z3) plane. In polar co-ordinates we have y = r cos#,
z3 = rsinf and upon noting u = \/x? + x3 — p we have (z1,72) as the co-ordinates of a

sphere of radius p + r cos 6:
x1 = (p+rcosf)cosp, x2= (p+rcosh)sine. (2.8.3)

For our purposes in this section we shall write the above co-ordinate system in the following

way,

21 = (i + p) cos

xo = (pu+ p)sing (2.8.4)

T3 = T3.

Now with the above notation in place we can define the desired twist maps on the solid
torus T as, (Note that the aim here is to seek non-trivial extremising twist maps for the

energy functional F over the admissible class of maps A(T).)
u(z) = Qp, x3)x, x €T, (2.8.5)

where the rotation matrix Q in SO(3) takes the explicit form

cosg(u,3) —sing(p,x3) 0
Q(u, v3) = |sing(u,r3) cosg(p,z3) O] - (2.8.6)
0 0 1

Here the function g = g(p,z3) defines the angle of rotation as in the case for the
annulus, however, in this case g depends on the two variables (u,23) and not just one
r = |z| as is the case for the annulus. There are two main reasons for this choice of

representation of a twist map for T, which we describe below.

e Firstly in order to be consistent with twist maps for the annulus we require that the

rotation matrix is an isometry of the boundary

oT = {IL‘ = (w1, 12,23) : (/22 + 23 — p)* + 23 = 1}, (2.8.7)
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with respect to the metric induced from its embedding in R3. (This is similar to what
was done earlier in the case of an annulus). Then with this in mind the isometries

of 0T are SO(3) matrices of the form,
cosp —sing 0

Q= |sinp cosp Of- (2.8.8)
0 0 1

e Secondly we allow the angle of rotation function g here to depend on the two variables
(u, z3) instead of one to incorporate all the ”ball’ variables in the product structure
on T. Note that (u,x3) collapses into r = |z| in the annulus case as here one deals

with an interval (a one dimensional ball).

Now in preparation for the upcoming calculations let us denote y = [x1,z2,0]%, ¥ = y/|y|

and g, = 0g/0u. Then it is easily seen that

Vu=Q+Qz®Vy,
(Vu)(Vu)iu = Qz + (Vg, z)Qu,
[Vul? =3+ (1 + p)?IVgl?,
(2.8.9)
ul> = (n+ p)? + 3,
det(Vu) = det (Q +Qz® Vg)

=1+ (Q'Qxz,Vg) = 1.

Note that the last equality results from the fact that the product QtQ is skew-symmetric
and Vg = [(u+ p) tz19,, (1t + p) " 220y, g2s]t. Therefore using the above it is seen that
the energy for a twist maps is given by

1 2 2 2
2 )7 |ul B (u+p)?+a3

(u+ p) dudxs. (2.8.10)

Here we are using the fact that a change in the co-ordinates (r,0,¢) — (u,x3, @) results

in a Jacobian factor of u + p in the integral, i.e.,

2 2 1 2
/ / / r(p + rcosf)drdfdp = / /(u + p) dudxsde.
o Jo J-1 o JB

Hence ([2.8.10) becomes,

+0)3(92 + g2
Flu; T] :ﬂ/ 1+ p) (%“ 923)d/,bda:3+3/\a:|2dx, (2.8.11)
B (1+p)*+ a3 2 Jr

where here the additional absolute constant does not affect the variational structure of F.

Now to derive the Euler-Lagrange equation associated to the energy integral on the right
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it suffices to take variations of g = g(u,z3) by some ¢ € C°(B). This calculation leads
to the following divergence form equation:

0 ( (n+0r) g 0 ( (1+p) 0w \ _

oz r) o\t o2 ,2) =0

O \(u+p3?+az3/)  Ovz \(n+p) + a3

(1 +p)°Vyg

— diy A TPVI
(n+ p)? + a3

(2.8.12)

Evidently the identity boundary condition on w translates into g(z) = 2kn for some
fixed k € Z and all z = (u,z3) € 0B. Now suppose g solves . Then by an
application of the divergence theorem it is seen that the only solution to this boundary
value problem is the trivial one, namely, g(u,x3) = 2wk for all (u, z3) € B. Indeed

0 :/div ((M—G—[J)BVQ> dudxs
B \(u+p)?+a]

I (cosf+p)® g
= —=(1,0) db. 2.8.1
/0 (cos0+p)2+:6§37“( 9) (28.13)

Now again as g solves (2.8.12) an application of the divergence theorem also gives

+ 3 2+ 2
/ (1 + ) (g + 9ay) dudes — /
B B

(u+p)* (g5 + 92,) ©odiy p)3Vg
(1 + p)? + 23

(1 +p)* + 3 )+ a3
B /27T (1.0) (cos @ + p)3 dg
) A (cos@ + p)2 + 22 Or

2T (cos@ +p)®  Og
:27rk:/ st r o £ ai, L0 =0
0 p)? + x5 Or

(1,6) do

Note that in obtaining the last identity we have used ([2.8.13)) combined with the boundary

condition satisfied by g, namely, g(1,60) = 2wk for 0 < 6 < 2x. Hence

+ )}, + 92
/ 99+ 92,) 40— (2.8.14)
B

(1 +p)?+a3

Now since by assumption p > 1 we have (p + pu) > 0 as |u| = |[rcosf| < r < 1
and so 4 > —1. Hence gives |[Vg|? = 0 and thus g(u,z3) = 27k; again by
invoking the boundary condition on g. It therefore follows that here we have no non-
trivial solutions. Interestingly note that this conclusion stems from one crucial difference
between the annulus X and the solid torus T in that X has two boundary components
whilst T only has one. It was precisely this difference that turned crucial in the application

of the divergence theorem.

Theorem 2.8.1. There are no non-trivial twist solutions (2.8.5)) to the Euler-Lagrange

equations associated with the energy functional F on a solid torus T.
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o0 O 0

Figure 2.1: The solid torus (left) has a connected space of self-maps & (T), whereas for a
"thickened’ torus (right) the space of self-maps %(T) has infinitely many, indeed, Z & Z

components. (See [74] and [76] for more.)

2.9 Twist maps on tori with disconnected double compon-

ent boundary

In contrast to what was seen above let us next move on to considering a ” thickened’ torus,
that is, the domain obtained topologically by taking the product of a two-dimensional
torus and an interval. Note that here the boundary of the resulting domain consists
of two disjoint copies of the initial torus and is in particular not connected. Now for

definiteness and to fix notation let us set T = T, to be (see Fig. 1)

T = {x = (1, m2,23) : (/23 + 23 —p)?+ 23 =1 a<r< 1}. (2.9.1)

Here 0 < a < 1 < p are fixed and the aim is to seek non-trivial extremising twist maps
for the energy functional F over the admissible class of maps A(T). Using the same co-
ordinate system as in the earlier case we see that the (u,x3) are the co-ordinates of the
two dimensional annulus centred at the origin. Additionally for similar reasons to that
discussed earlier we define twist maps on T as u(x) = Q(u, x3)z where the rotation matrix
Q = Q(u,x3) in SO(3) is as (2.8.6).

A straightforward calculation shows that the energy of a twist maps is given by the

integral

1 2 217 |2
Flu; T] = - [Vl d.TZTI'/B . 3 (ut )|Vl (1 + p) dudzs
1 a

2 ) |uf? (4 p)? + 23
(1+p)* (g5 + 92,)
=7 2 .2
B\B. (4+p)*+m3

3
dpdzs + 2/\:E|_2dx. (2.9.2)
T

Similar to what was described earlier in obtaining the second equality we have used the

integral identity

/O27r /O27T /al r(p+ 7 cos(0)) drddde = /027f /BI\BG. (1 + p) dudxsdd.
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The Euler-Lagrange equation can be obtained in the standard way by taking variations
¢ € C*(B;\B,) where B1\B, = {(1,73) € R? : a®> < p?® + 23 < 1}. This calculation
again leads to the Euler-Lagrange equation given by where we assume without
loss of generality that the boundary condition on the rotation angle function g is set to

g(p,x3) = 0 for (u,x3) € OB, and g(p, x3) = 27k for (u,z3) € OBy with k € Z. Therefore
solutions to (2.8.12)) satisfy,

3 3V - 3V -
O:/ divW;VQde:/ W_/ WG D g3)
B\B. (K+p)*+m3 oB, (p+p)* + x5 oB, (H+p)* + z3

Subsequently

Flu; T) — 3/2 [p|x|2dx :/ [(u+p)3Vgl2 +gdiv< (1 +p)*Vyg )]dx
T BB, L (1 +p)? + 23 (4 p)? + a3
3 . 3 .
_/ g(u+p)2Vg 2n aH! _/ g(u+p)2V9 2n s
oB, (=4 p)?+ x5 oB, (14 p)?+ x5

Hence taking into account the boundary conditions, e.g. ¢ = 0 on B, and g = 27k on

OB1, we gain that if g is a solution of (2.8.12f) then,

Flu; T] — 3/2 24 3Vg -
[ T) = 3/2 JylaPdw _ m/ WPV N, ke (2.9.4)
™ o, (1+p)*+ a3
Evidently (2.8.12)) with the stated boundary conditions has a unique solution. Indeed
if g, g are two solutions to (2.8.12f) with g = 0 on dB, and g = 27k on JB; then g =g —g¢

solves (2.8.12)) with g = 0 on 9[B;\B,]. Then by (2.9.4)

3 2
/ % dz = 0. (2.9.5)
B\E, (b +p)? + 73

However in view of p > 1 this gives |[Vg|?> = 0 and so invoking the boundary conditions
g=0,1ie.,g=g. Asexistence follows from standard arguments it follows that (2.8.12)

has a unique smooth solution g = g(u, xs; k) for each k € Z.

2.10 Euler-Lagrange analysis and twists as classical solu-

tions

The goal of this section is to examine the solution g = g(u,x3;k) to (2.8.12) with the
prescribed boundary conditions in relation to the Euler-Lagrange system ([2.4.6)) associated
with F on A(T). To this end recall that the system takes the form

(V) |Vul? 2
ME Au Wu—WVu(Vu)tu = Vp. (2.10.1)
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For the ease of notation from now on we shall set £ = p + p. Hence using the identities
we have
(Vu)(Vu)'u = Qe + (Vg, 2)Qx,
[Vul?lu|72 = (3 +¢2|Vg[*) 2|72, (2.10.2)
Au = 2671g:Qx + AgQu + |Vg|? Q.

Therefore from (2.10.2|) and a basic calculation we obtain

Vul? 2 29 2Vg, )\ - .
vt o pvuat= (B 400 - 205 ) oot wal
1+&%Vgl?
BE Q.

Now since we have Ag = A¢ .9 + g¢/§ where the A¢, denotes the Laplacian with

respect to the & and x3 variables we can rewrite this as

Va2 9 39 2(Vg,z)\ . A
o ’ru\?'“ T Rp Ve <§£ T Beag = <\x|2>> Qu +[Vg*Qu
1 2 2
It A7 Y (2.10.3)

||
Now upon recalling that the desired twist solution satisfies (2.8.12)) we have that

diV( §3v9 > _ §3A§,x9 _|_< 362 _ 264 >g _ 2§3x3g$3 _
£2 + 22 €2 + 22 ¢ (€2 + 23)?

2 +22  (2+4422)2
Thus dividing both sides by ¢3/(£2 + %) and taking the negative terms to one side

gives

39¢ <€gg + 2305 ) (Vewg, 2)
Appg+ 228 =g (32890 ) gaYeadh o/
& 3 2|2 |2[2

where z = (€, z3)" and V¢, denotes the gradient with respect to the (¢, z3) variable. Now

since (Vg,x) = (V¢ g, 2) we obtain,

3¢ (Vg )
I I P
and so as a result
\v4 2 2 . 1 2 \V4 2
Au + [Vl u— —=Vu(Vu)'u = Vg’ Qz + MQ” (2.10.4)
|2 [ul? ||

Next referring to the definition of Q basic calculation gives Q= Ji1Q and Q = —1,Q,

where
0 -1 0 1 00
Ji=11 0 0|, =101 0f. (2.10.5)
0 0 0 0 00
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Hence with the above notation the Euler-Lagrange associated with the twist u, satis-

fying ([2.8.12)), simplifies to

(Vu)'

i @t EIVgPL, — [2][Vg*J2)Qu = (I, + £*|Vg [T, — r:rPNgPJz)ﬁ

1 (1 - 23|VgP)a1]
= EE (1—x§]Vg[2)ac2
(1+€%|Vg|?)as]

1 Vgl? -_xgwl

_v( 2\a:|2) ||acgl ~zgez| = VP
&3
(2.10.6)

Considering the last line in the above equation it is plain that for u to grant solution

to the Euler-Lagrange equation it must be that

Val* 2 200, E223)t = V 2.10.7
‘$|4 (_xlev_xSx%é $3) = Vp, ( -1U. )

1
—ivya;r? +

or equivalently that the second term on the left is a gradient. But for this to be the case

the latter term must necessarily be curl-free and so this leads to the system of equations

0 23|Vg|? 0 z3|Vg|?
_ _ _ 9 (_ 2.10.
0 8x1< |z|4 2 Oxo || e (2.10.8)
9 (&gl o ( a3|Vgl?
0= aixl < ‘$|4 T3 | — 87:1:3 - |x‘4 I ), (2109)
d (&|Vg? d ( a3|Vg|?
= —— | - . 2.10.1
’ ax2< Y AT N T (210:10)

It can be easily verified that equation (2.10.8) is satisfied for any twist map since here

we have

0 (_=3|Vgl® 0 (3|l
—— | - Ty ) — 5| — )
D1 EE Oz |

J = 0 = x3 o|Vg|? o|Vg|?
_ 22| L . 9 2 Ty gt _ g
= 31Vl [81‘2 |z|* Oxq |l’|4:| + || [xl o 2 Oxq
_ a3 [ 22 0|Vgl* 8|V9l2] _
=714 X1 — — To2— =

|z NS £ 08

We point out that the last line results upon noting the relations

0 :Cla x28 0 1128 5618

T e 95 -t Eos (2.10.11)

Using this we can again see that we can write (2.10.9) and (2.10.10|) as a single equation
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in the following way,

2 2 2 2
9 <§ Vg x3>+3<f€3|V9! "

Oz \ |zf* Oz3 |z |4
rixy 8 (€| Vgl? 23| Vg[?
=% ag( o o) (2.10.12)
9 (€IvgP N 9 _:v§|Vgl2w _
Oy [t P Oxs [t ) T
_ maw3 & (E|Vygl? 23| Vg[? (2.10.13)
B 5 (95 ||* (91»‘3 =t ) o
Therefore it is apparent that ( and (2.10.10|) become
52\V9|2 0 (3|Vyl’
—_— =0. 2.10.14
was( ot ) 0w et ) 7 (210-10
Now since we have the identities
[of) 7 (€@+a3)F  a30ws \[at)" o

we obtain that (2.10.14 l simplifies further to

x3€ [ 0|Vg|? d|Vgl*] 0|Vg|? 9|Vgl|*
[zt [5 9e TV an | T T e T gy,

Hence for a solution g to (2.8.12)) with the prescribed boundary conditions to furnish

= 0. (2.10.16)

a solution to the Euler-Lagrange system ([2.4.6)) associated with F it is necessary for g to

satisfy
o|vg* , 9|Vg
§ ¢ + x3 Oz
We now show that (2.10.17) is also sufficient. Indeed assuming (2.10.17)) the desired
conclusion will follow upon showing that (2.10.7)) holds. Towards this end set f to be the

— 0. (2.10.17)

function,
¢ a3|Vgl?
f(& x3) = —/ 3 rdr. (2.10.18)
o (T%+a3)?
Then one can easily verify that,
of _ _x3|Vg? of _ _a3Vg|®
— = — = . 2.10.19
Oy || b B |z |4 2 ( )
Furthermore using (2.10.14)) it is plain that
aof 0 23|Vg|*r d
AN i 1A B
(9333 0 8:753 (7’2 =+ x%)Q
¢ 9 7°|VglPus vyl
— dr = . 2.10.20
o Or (e T et (210:20)

As aresult Vf = |Vg|?|z|~4(—zdz1, —2379, Ea3)".

Theorem 2.10.1. A twist map u with the corresponding angle of rotation function g =
9(u, 33 k) satisfying (2.8.12) and g = 0 on 0B, g = 2wk on 0By (with k € Z) is a solution
to the Euler-Lagrange system ([2.4.6)) associated with F on A(T) iff it satisfies (2.10.17]).
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Chapter 3

Whirl Mappings on Generalised Annuli and Incompressible

Symmetric Equilibria of the Dirichlet Energy

Abstract

In this paper we show a striking contrast in the symmetry properties of extremisers and
equilibria of the total elastic energy associated with an incompressible annulus. Indeed

for the nonlinear Euler-Lagrange system associated with the elastic energy:

Au = div (p(z)cof Vu) in X,
EL[u, X] = ¢ det Vu =1 in X,

u=zx on 0X.

where X = {z € RY : a < |2| < b} we prove that, despite the inherent rotational
symmetry, when N = 3 the problem possesses no non-trivial symmetric equilibria whereas
in sharp contrast, when N = 2 the problem possesses an infinite family of such symmetric
equilibria. We extend and prove the counterparts of these results in higher dimensions

N > 4 and discuss a number of closely related issues.
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3.1 Introduction

A problem of major interest and significance in nonlinear elasticity is the understanding of
qualitative features and symmetries of energy minimiser and equilibrium states under the
so-called incompressibility constraint (see, e.g., [1], [23], [64] and [68]). Motivated by the
above and the earlier works in [64], [74]-[77], we in this paper make a small contribution
towards certain aspects of this problem by considering the following geometric setup. We
take X = X]a,b] = {(z1,...,zn) 1 a < |z] < b} with 0 < a < b < oo fixed, to be an open

annulus in RV (N > 2) and consider the elastic energy

Efu; X] :/XW(VU) dx. (3.1.1)

RV*N 5 R U {00} is assumed isotropic,

Here the stored energy density function W :
frame indifferent and polyconvex (see below) while the deformation w is restricted to lie

in the class of incompressible Sobolev mappings
A(X) = {u e WH(X,RY) :detVu =1 a.e. in X and u =z on 8X}, (3.1.2)

where the last condition in means that u agrees with the identity mapping on 9X
in the sense of traces. To prevent interpenetration of matter W (F) = oo when det F < 0
and so in this regard it is only RJIXN = {F € RV . det F > 0} that is of interest here.
Recall that W = W(F) is said to be polyconvex iff it is a convex function of all minors

of F, that is, there exists a convex function ¢ : R™™) — R U {oco} such that, (note that
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adj,F stands for the matrix of all s x s minors of F and 7(n) = > 7, (")2)

W(F) = o(F,adj,F, - ,adjyF), (3.1.3)
while W is isotropic and frame indifferent iff for all Q € SO(N) respectively
W(QF) =W(F),  W(EFQ)=W(F), (3.1.4)

that is, W is invariant under both the left and right action of SO(N) (for further discussion
and representations cf., e.g., [ [6 10, 23] or [24]). A particular example of an isotropic,

frame invariant and polyconvex stored energy density function is give by

N N
W(F) = tr{F'F} + h(det F) = Y o7 + h(] ] v)), (3.1.5)

where h is any convex function on the line, vy, ...,v5 are the singular values of F, that is,
the eigenvalues of vF!F and the second equality assumes det F > 0 (see, [1, [7, @, [1O) 1]
and [23, 24] for more).

In virtue of the incompressibility constraint in and subject to the differentiab-
ility of the stored energy density W in it can be seen, upon invoking the Lagrange
multipliers method, that the Euler-Lagrange system associated with the elastic energy

E[-; X] over the class of admissible deformations A(X) takes the form

div S[z,Vu(z)] =0 in X,
EL[u,X] = { det Vu =1 in X, (3.1.6)

U=z on 0X,

where the divergence operator here is understood to act row-wise while the stress tensor
field G is given by

oW gt OW

Sz, F —W(F)—p(x) = 9F

(F) — p(z)cof F. (3.1.7)

Furthermore the function p above is an apriori unknown Lagrange multiplier associated
with the incompressibility constraint and is often referred to as the hydrostatic pressure.

In this paper we shall introduce and study a class of mappings called whirl mappings (or
whirls for simplicity). These are continuous self-mappings of the N-dimensional annulus
X (onto itself) agreeing with the identity on the boundary X and having the specific

representation

u:x— Qp1y...,pn) T, x e X. (3.1.8)
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Here Q is an SO(N)-valued matrix field depending on the spatial variable = through the

2-plane radial variables o = (p1,- -, pn) where

and

\Jx2 4l if N =2n,
pn = ot e (3.1.10)

Ton—1 if N =2n—1.
It is easily seen that the 2-plane radial variables ¢ = (p1,...,pn) lie in Uy C R™ where
Uv={0€R? :a <o <b} when N = 2n while Uy = {p e R xR :a < || < b}
when N =2n — 1.
Next for the purpose of symmetry considerations described below we demand Q to

take values on a fixed mazimal torus T C SO(N) that here we set to be the subgroup of

all 2 x 2 block diagonal rotation matrices. As a result we can write

Qo) = Q(p1,...,pn) = diag(R[g1],- .., R[gn]), N = 2n, (3.1.11)

and

Qo) = Q(p1;...,pn) = diag(Rlg1], ..., Rlgn—1],1), N =2n-1, (3.1.12)

where each block R = R[g] € SO(2) is determined by an angle of rotation or whirl function
9j = gij(p1,...,pn). Now any such whirl mapping u is invariant under the action of the
maximal torus T since firstly each p; with 1 < j < n remains fixed under the action of T

and secondly,

[PuoP!|(z) = Pu(Plz) = PQ(p1,...,pn)Plz = Q(p1, ..., pn)r = u(z),

for all P € T and € X. (Note that the second to last equality above follows from the
commutativity of T.) Therefore in this sense the whirl mappings as defined above are
rotationally symmetry with respect to T C SO(N).

Specialising to N = 3 the SO(3)-valued matrix field Q defining u is expressed as

Q = Qlg] with g = g(p1,z3) where py = \/z] + 23 and py = 23 [¢f. (3.24)]. Here the
gradient of u is expressed as (with p = p1, Q= 0,Q)

Vu = Q(p, z3) + Q(p, 23)x @ Vg. (3.1.13)

Now for x € X let P; = PRQ! and Py = R'P! where R,P € SO(3) are chosen so that
R(x1,292,23) = (0, \/xl —|—$2,:U3 and P(x1, 10, 23)! = (21,0, \/ozc2 +x3 . Then noting
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Figure 3.1: The figure here shows how a whirl mapping v acts on X when N = 3. In
particular it shows how the whirl u wraps a radial line around the centre in the (x1,x3)-

plane.

Vg=I[ptg,21,p g, T2, gus]" a straightforward calculation gives

1 0 plVy|
P,VuPy= 10 1 0 | =:B[pVyg]. (3.1.14)
00 1

Hence in view of the assumptions on W the elastic energy E when restricted to these whirl

mappings in three dimensions is given by,

Efu; X] :/XW(VU) dx:/XW(IB%[pVg])dx:271'/Uf(p|Vg|)pdpda:3 (3.1.15)

Here U = U, as defined earlier is a half annulus (see also Section and f(t) = W(BJ[t])
is the restriction of the stored-energy function to the rank-one line through the identity
given by BJ[t].

For the sake of this paper we shall confine to invariant stored energy densities of the
form that in view of the incompressibility constraint can be taken without any loss
of generality to be W (F) = tr{F'F}/2 with the resulting elastic energy E in being
the Dirichlet energy. The main goal here is to highlight a stark difference in the existence of
symmetric equilibria (critical points) to the elastic energy or alternatively solutions
to the nonlinear system in the form of whirl mappings between the cases N = 2 and
N = 3. Indeed in the latter case we show that there are no non-trivial critical points of the
energy in the class of whirl mappings whereas in the former case they do exist and quite
in abundance — in fact, here, we show that there are infinitely (countably) many equilibria
in the form of whirl mappings. In the final sections of the paper we also establish the

counterpart of these results in higher dimensions N > 4.
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3.2 Existence and non-existence results in two and three

dimensions

The aim of this section is to illustrate a sharp contrast in the nature of symmetric equilibria
between the cases N = 2 and N = 3. In particular we will show that when N = 3 the
only whirl solution to below is the identity mapping whilst when N = 2 there are
infinitely (countably) many such solutions. Towards this end let us recall that the Euler-
Lagrange system associated with the Dirichlet energy (W (F) = tr (F'F)/2) over A(X)

(for any N > 2) is given by the nonlinear system

div Slz, Vu(z)] =0 in X,
detVu =1 in X, (3.2.1)
u=x on 0X,

where the stress field & in this case is given by &[z,F] = F — p(z)F~'. Therefore the
divergence term on the left in the first line of the above system can be written as

div Sz, Vu(z)] = Au — div(p(Vu) ™) = Au — (Vu) 'Vp, (3.2.2)

where the last identity subject to sufficient regularity of « and results from an application

of the Piola identity. Hence the first equation in the system (3.2.1) reads as
div Sz, Vu(z)] =0 <= Vp = (Vu)'Au. (3.2.3)

By a classical solution here we mean a pair (u, p) where u is admissible, that is, u € A(X),
u is regular, i.e., u € C(X,R?) N C*X,R?), p € CH(X) N C(X) and (3.2.1) or the
equivalent formulation of the first equation (3.2.3]) hold. Now being prompted by symmetry

considerations we wish to focus on solutions to (3.2.1) from the class of whirl mappings.

The case N = 3. Let U = Ula,b] = {(p,23) € R? : p > 0,a < \/p? + 23 < b}, i.e., the

half vertical open annulus whose closure upon a 27 rotation about the xs-axis gives X.

p
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Then by definition any whirl mapping u on X is represented as u(z) = Q(p, z)z where
x = (x1,22,73), p = /22 + o3 and for brevity z = x3 where for each (p, z) € U the matrix
field Q has the specific block diagonal form

Rlg] 0

Q = Qlgl(p, 2) = diag(R[g], 1) = _— (3.2.4)

Here R = R|[g] is a planar rotation matrix with ¢ = g(p, z) representing the rotation angle

(whirl function) belonging to the set
Gr(U) = {g c WH(U) : g =0 on 9U, and g = 27k on 8Ub}, keZ, (3.2.5)

while 90U, = {(p,x3) : \/p?* + 23 = a} and U, = {(p,x3) : \/p?> + 23 = b} and so the
boundary conditions on g € Gyj ensure that u = z on 0X. Next a set of direct and
straightforward calculations based on the representation of u and Q give

[ 8uz

Yu =
b _8.7,']'

:1§i,j§3]

cosg — x1(x1sing + xacos g)gp/p —sing — za(x1sing + x2 cos g)g,/p
= | sing + x1(x1cosg — x2sing)g,/p +cosg+ xa(x1cosg — xasing)g,/p
0 0

—(x1sing 4 x2 cos g)g.

+(a:1 cos g — X2 8in g)gz >

1
—(z18ing + 29 cos g) T19p/p
Rlg](p,z) 0 ,
= + xrrcosg—xasing | @ | xag,/p |- (3.2.6)
0 1
0 gz

The last equation in particular gives det Vu = 1 in X. (Note that for any in-
vertible matrix A and vectors a,b: det(A + a ® b) = det A x det(I + A~ la ® b) =
det A + (A~ 'a,b) det A as a consequence of the determinant being quasiaffine.) There-

fore it is evident that u € A(X). Next a straightforward calculation gives
Vul? = te{[Vu]' [Vu]} = 3+ p*(g) + 52), (3.2.7)
which upon integration and a change of variables gives

2E[u;X]:/ \VuPda:z/[3+p2(g§+g§)] dx
X X

= 27T/ 3+ ,02(93 + 93)|pdpdz =: 3|X| + 27H]g; U]. (3.2.8)
U
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Now attempting to extremise E[u; X] over A(X) and seeking solutions in the form of whirl
mappings we proceed, in view of , by extermising the restrcited energy H[g; U] over
the grand class G(U) of all angle of rotation functions:
Hlg; U] = / p*|Vg|*dpdrs,  G(U) = | Gi(U). (3.2.9)
v keZ
Evidently the Euler-Lagrange equation associated with H[-; U] over Gg(U) is seen to take

the divergence form

9p(p°gp) + 9:(pg2) =0 in U,
g=0 on 0U,,
(3.2.10)
g = 2mk on Uy,
{ 30,9 =0 on OU\[0U, U 9Uy).

Notice that the horizontal part of the boundary 0U\[0U,U0Up| = {(p,2) € U : p =0}
is left free accounting for the natural boundary condition in the last line. Any classical
solution to defines a corresponding whirl mapping u (as outlined earlier in the in-
troduction) which is a possible candidate for a solution to . Furthermore a function g
is referred to as a classical solution of if g € C?2(U)NC(U) and is satisfied.

The following proposition establishes the existence of a unique solution to the restric-

ted Euler-Lagrange equation (3.2.10)) for each fixed k € Z.

Proposition 3.2.1. The restricted Euler-Lagrange equation (3.2.10)) has a unique classical

solution g = g(p, z; k) in Gi(U) for each fized k € Z. This solution is given explicitly by

g(p,z; k) = 3 5| (p,2) € U. (3.2.11)
2

@ (4 2?)

_ 27ka®h? | 1 1
— a3

Proof. First a straightforward calculation verifies that g satisfies the required boundary

conditions in ([3.2.10]). Moreover for Vg = (0,9, 0.9) we have

- 6mka’b? P 6mka’b? z

9,9 = . O.9= , 3.2.12
P T g8 (p2+zz)% 9= 13 2 g3 (p2+32)% ( )

and so clearly g € W2(U). Next referring to the first equation in ([3.2.10]) it is plain that

. 6mka’b?
div (pSVg) :8p(p36pg) + 8Z(p38,zg) = mx

X [8,,{,04@2 + 25752 1 0, {32 + z2)_5/2}] =0 (3.2.13)

(The vector field p3(p? + 22)~5/2[p, z]* is divergence free in U.) Thus g solves (3.2.10).

The proof of uniqueness is standard: assume g', g? are classical solutions to (3.2.10) and
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set g = g' — ¢?. Then g solves ([3.2.10)) with ¢ = 0 on 90U, U OU,, and so an application of

the divergence theorem along with the above gives

/ P3| Vg|? dpdz = / div (p?’ng) dpdz = / p2gVg-vdo =0. (3.2.14)
U U oU

However as p > 0 in U and |Vg|? > 0 we must have g = ¢ for some constant ¢ that as a
result of the zero boundary conditions gives ¢ = 0, i.e., g! = ¢%. For clarity we note that g

begin a classical solution to (3.2.10)) gives that the vector field F = p3gVg € C(U,R3) N
C(U,R?) with divF € L'(U), which allows us to apply the Divergence Theorem above. []

We are now in a position to prove that when N = 3 the whirl mapping v with the
associated angle of rotation function g is not a solution to the system (3.2.1]) except for
k=0.

Theorem 3.2.2. (N = 3) Let X = Xla,b] C R? be an open annulus and consider the
elastic energy (3.1.1) with W (F) = tr(F'F)/2 over the space of incompressible admissible

mappings A(X). Then there are no non-trivial equilibria in the form of a whirl mapping.

Proof. We begin by formulating the full Euler-Lagrange equation associated with the
Dirichlet energy in terms of the whirl function g associated with the whirl mapping u €

A(X) and z € X\{z : p = 0}. Towards this end we note that,

Vu(z) = Qlg] + Qlglz ® Vg, (3.2.15)
Au(z) = AgQlglz + 2Q[g]Vg + [Vg[*Qu. (3.2.16)

Furthermore an explicit calculations gives that,

(Vu)lAu = 2Q'QVg + AgQ!Qz + |Vg|? Q' Qx

+2(Qx, QVg) Vg + Ag|Qa[*Vg + |Vg|*(Qr, Q) Vg. (3.2.17)

Also note that (Qz, Qz) = 0, |Qz|? = p? and (Qz, QVyg) = pg, and thus the above reduces

to,
(Vu) Au = 2Q'QVyg + AgQ'Qz + |Vg[>Q!Qx + (2pg, + p*Ag) Vg. (3.2.18)

Moreover Ag = p~! 9p + 9pp + g-» which by the reduced Euler-Lagrange system, given by
(3.2.3), we know that,

Ag+222 = . (3.2.19)
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Therefore plugging (3.2.19) into (3.2.18) we obtain that,
(Vu)lAu = 2Q'QVyg + AgQ'Qzx + |Vg|* Q! Qx, (3.2.20)

or in components

—p " 22(39p + pYpp + Pgz2) + 21‘192 + p2195(9pp + 922) — 7192

(V) Au= | +p~121(3g, + pgpp + pgzz) + 20292 + pTago(gpp + 922) — w297
P9=(39p + PGpp + PYz2)

—pa(29, + pAg) — x1(g; + 97)

= | p'a1(29, + pAg) — 22(g2 + g2) (3.2.21)

0

Hence after applying (3.2.19) to the above we obtain
—z1(g2 + 92)
Vp = (Vu)'Au = —z2(g2 +g2) |- (3.2.22)
0
Here ([3.2.22)) is the formulation of the Fuler-Lagrange system for the candidate whirl
mapping u in terms of its associated whirl function g. Before we use the explicit form of
the solutions g to the restricted Euler-Lagrange (13.2.10)) we note that a necessary condition

for the solvability of the above system for p is that the vector field on the right must be

curl-free. Thus,

curl(Vp) =V x [(Vu)'Au| =0

<~
% [(93 v gg)] —0, (3.2.23)

9 2, 2 9 2 2
However since the whirl function g is explicitly given by (3.2.11]), for each k € Z, a basic

calculation gives

6rka®b®\? 1
2, 2_
9p T 9z = < b — a3 > (P2 + 2% (3.2.24)

and so in particular when k£ # 0 we have

0 6mka3h? 2 8z
£ {(gﬁ + g?)] = - ( ER— ) R #0, (3.2.25)

contradicting (3.2.23]). Therefore as claimed there are no non-trivial whirl mappings as
equilibria of the elastic energy E over A(X). O
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The case N = 2. Let us next contrast the non-existence result for (non-trivial) whirl

mappings in three dimensions with an interesting multiplicity result in two dimensions.

Theorem 3.2.3. (N = 2) For each k € Z there exists a whirl mapping ui = Q[gx|r whose

angle of rotation function gy, is given by

2ra?b’k [ 1 1
gi(r) = T (a2 — T2> a<r<hb. (3.2.26)

The mappings uy, are equilibria of the elastic energy (3.1.1)) with W(F) = tr(F'F)/2 over
A(X); specifically, for a suitable hydrostatic pressure py, the pair (uk,pr) is a solution to

the system (3.2.1)).

Proof. Fix k and for the ease of notation put u = u; and ¢ = g and note that when

N =2 we have p = y/z? + 22 = r. To justify the assertion first observe that
p 1 2
u(z) = Qlg)(r) + ==Qlg)(r)z ® z, (3.2.27)
Au(z) = (

rg+3g\ . o
) Qlg](r)z + §°Qlg)(r). (3.2.28)
Hence referring to (3.2.3)) and using the above we have

r

. . ‘3 . .
Vp = (Vu)'Au = {(rg +39) [QIQ + QtQ] +§*Q'Q + %(Qaz, Q:E>}:U, (3.2.29)
that in view of the orthogonality relation <Qx, Qx) = 0 results in the equation

—rg?cos® + (3G 4+ r§)(rgcosd — sin O

Vp = (Vu)'Au = g (39 +rg)(rg ) : (3.2.30)
—rg?sinf + (3g + r§)(rgsin @ + cos )

Now referring to the explicit form of the angle of rotation function g as given a basic

differentiation leads to

dma?b’k 1 _ 127ma®b?k 1
9(r) = b2 — a2 r3’ glr) == b2 — a2

(3.2.31)
and so a straightforward calculation results in 3¢ + rgr = 0. As a consequence ([3.2.30))
simplifies and can be written as

(Vu)'Au = {(rﬁ +39) |91 + Q'Q| + ngfQ}x

—rg?cosf + (3g + r§)(rgcosd — sin )
—rg?sinf + (3g + r§)(rgsin @ + cos )

—rg®cosf|  16m2atb'k?
= = 53 27l ‘
—rg?sin 0 (b* —a?)
Ar2atbik
S v (3.2.32)

(b2 — a2)2
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Therefore the whirl mapping u is a solution to the system (3.2.1)) for a suitable choice
of the hydrostatic pressure p. It is interesting to note that here the whirl mapping u is

totally rotationally symmetric in that for every R € SO(2) we have
[RuoR](z) = Ru(R'z) = RQ[g)(r)R'z = RR'Q[g](r)z = Qlg](r)z = u(x),

in view of the rotation group SO(2) being commutative. Additionally the energy of the

whirl mapping v = uy here is seen to be

\V4 2_2 16 3 4b4k'2 bd 8 3 2b2k‘2
E[u; X] — [X]| :/ Vuf =2 _ A / =T 1 (3.2.33)
x 2 (2 —a?)? J, r b2 —a
showing that the elastic energy of uy, diverges to infinity like k2 as |k|  oo. O

3.3 Infinitely many incompressible plane local energy min-
imisers

In this section we focus on the planar case N = 2 and show that under fairly mild
assumptions on the stored energy function W = W (F') the elastic energy admits
countably many L!-local minimisers in A(X). The assumptions on W here are to be
polyconvex, i.e., W(F) = ¢(F,det F) for some convex function ¢, and to be continuous,

finite-valued and coercive in the sense:
co|F|> + ¢, < W(F), F € R?*? . detF = 1, (3.3.1)

for suitable constants cg, ¢1, € R with ¢y > 0.
Let us begin by extending the elastic energy functional E to L!'(X,R?) by setting
E = oo off A(X), that is, let & : L'(X,R?) — RU {co} be defined as

sl = | v AR (3.3.2)

00 otherwise.
Below we formulate some of the basic properties of this extended energy functional,
listed here as (P1)-(P5), that will then allow us to establish the existence of an infinite
family of L!-local minimisers for E in A(X). Recall that @ € A(X) is said to be an L!-local

minimiser of E iff there exists § = d[a] > 0 such that for all u € A(X):
l|lu—al|pr <0 = Elua] < Elul. (3.3.3)

Due to the sequential weak lower semicontinuity and coercivity of the elastic energy E

on W2 the following two properties are satisfied by the extended functional:
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(P1) & is bounded from below and sequentially lower semicontinuous in L!.

(P2) For each t € R the level set
E7Nt) = {u e LNX,R?) : &lu) < t), (3.3.4)
is closed with respect to the metric topology of L!.

Proposition 3.3.1. There exists an infinite family of pairwise disjoint homotopy classes

{.(X) }rez such that
AX) = | #(X). (3.3.5)
kEeZ

Furthermore for each fixed t € R and k € Z the following properties are satisfied:
(P3) The level set &~ (t) N o#,(X) is closed in L'(X,R?).

(P4) If (up :mn € N) C & ¢t) and ||un — ully — 0 for some u € @#,(X) then 3N > 0 such
that u,, € ,(X) for alln > N.

(P5) There is an element in <, (X) with finite &-energy, i.e., Jvp € o (X) such that

Evg] < 0.

Proof. Let € (X) denote the class of all continuous self-mappings of the annulus onto itself

agreeing with the identity on the boundary, that is,
€ (X) = {u e C(X,R?) : u(X) ¢ X, u =z on dX}. (3.3.6)

Now any admissible u € A(X) has a continuous representative (also denoted by wu) satis-
fying u € €' (X). To see this observe firstly that det Vu = 1 a.e. combined with Lebesgue-
type monotonicity arguments as, e.g., in [35] implies that u has a continuous representative
u € C(X;R?). Next the identity boundary condition on u and a degree theoretical argu-
ment gives that = !(x) is non-empty for any z € X and therefore X C u(X). (Due to
u = z on 0X we have d(u,X,p) = 1 for p € X and d(u,X,p) = 0 for p € R?\X where
d here stands for the Brouwer degree of v € C(X;R?).) Finally to justify u(X) C X one
can argue by contradiction: Suppose there exists z € X such that u(xz) ¢ X; then the
continuity of 4 and Lemma 2.4 in [33] contradicts d(u, X, p) = 0 for p outside X. Now we

write

¢(X) =] GX), G(X)={ueF(X): deg(u) =k}, (3.3.7)
kEZ
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where deg(u) here stands for the winding number of the continuous plane curve

Y (r) = %‘(r, 0) — S (3.3.8)

Here a < r = (/2% +23 < b and 6 € [0,27) fixed denote polar co-ordinates in the
plane. Note that the winding number of 7Y is independent of the choice of 6 since u is
continuous. Therefore we can define 27, (X) as the class of all those admissible mappings

u whose continuous representative lies in %% (X), that is, with a slight abuse of notation,
(X)) :=={u € AX) : deg(u) = k}, (3.3.9)

where deg(u) is the winding number as above associated with the continuous represent-
ative of u € A(X). Hence (3.3.7)) gives a partition

AX) = | #(X), (3.3.10)
k€EZ

and this proves (|3.3.5)).

It therefore remains to prove (P3)-(P5). To prove (P3) suppose that E~1[t] N.«7,(X) is
non-empty and take any sequence (u, : n € N) C E71[t]N.%(X) such that |ju, —ull; — 0
for some u € L'(X,R?). Then by (un) is bounded in the W12-norm and so there is
a subsequence (not re-labelled) such that u, — u in WH2(X,R?). Thus u € W1H2(X,R?)

and u = x on 0X in the sense of traces. Moreover by a classical result of Y. Reshetnyak
det Vu,, = det Vu, (3.3.11)

in the sense of measures and so det Vu = 1 a.e.; thus u € A(X). Furthermore as det Vu,, =
1 a.e. it is known that the sequence of continuous representatives (u,) are equi-continuous
and uniformly bounded in %' (X) and therefore, by Arzela-Ascoli’s compactness theorem,
upon extraction of a further subsequence u,, — u uniformly in ¢ (X). Thus deg(u,) —
deg(u) which in particular implies u € o%,(X) and the sequential lower semicontinuity of
E gives u € E71(t) N @,(X). This therefore gives (P3).

The proof of (P4) follows a similar pattern. Indeed (u, : n € N) C E71[t] by
is bounded in the W!2-norm so passing to a subsequence (not re-labelled) u, — w in
WH2(X,R?) and uniformly in % (X); hence deg(u,) — deg(u) = k. However as deg
is integer-valued the latter convergence implies that IN > 0 such that deg(u,) = k for
n > N and therefore (u, : n > N) C o%4(X) which gives (P4). Finally to justify (P5) it

suffices to consider for each k € Z fixed the mapping vi(z) = Q[gx|z where,

CoSgr —singg 21k
Qlgk] = , and gp(r) = ; (r—a). (3.3.12)
singg  COS gy —a
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It is easily seen that v, € o7, (X) and by the boundedness of W on bounded sets in
{F € R?*2 : detF = 1} (as a result of continuity) we have E[vz] < oo. This therefore

completes the proof. O

Now combining the previous proposition with (P1) and (P2) we are able to prove the

existence of countably many L' local minimiser for the elastic energy E.

Theorem 3.3.2. For each k € Z there exists an admissible mapping uy € <#.(X) serving
as an L'-local minimiser of E over A(X) characterised as the minimiser

Elug; X] = inf  Elv; X]. 3.3.13
wiX] = _infE[v:X] (3313)

In particular (uy : k € Z) C A(X) is a countable family of L'-local minimiser of E over
A(X).

Proof. The existence of a minimiser with finite energy in each homotopy class .27, (X)
is easy and shall not be given. Let u, € #4(X) denote this minimiser. Using (P4)
we show that uy is a L!'-local minimiser of E in A(X). Indeed by way of contradiction
suppose that w := wuy is not a L'-local minimiser; then 3(w, : n € N) c A(X) such
that ||w, — w||z1 — 0 as n 7 oo whilst E[w,] < E[w] for every n € N. This however
by (P4) implies that 3N > 0 such that w, € @ (X) for n > N which is a contradiction
as Elw,] < E[w] = E[ug] = inf,e x)E. Hence up must be an L'-local minimiser as

claimed. O

We now turn our attention to the distances between the homotopy classes @7;(X) in
various LP-norms for when N = 2. Given a pair % and <, (m # k) we compute the
distance between them in the usual Lebesgue norms: sup,cx|:| and ||-||,. The following

statement gives the distance between homotopy classes in the uniform or L*°-norm.

Proposition 3.3.3. For any pair of homotopy classes <,(X) and <, (X) with k # m the
distance with respect to the uniform norm is given by
ou(k,m):= inf suplu(z)—v(x)| = 2a. (3.3.14)

u€ Ay, (X)
vesrt (x) TEX

Proof. Firstly if we restrict to the subclass of whirl mapping then it is evident that we

have the upper bound

su(k,m) < inf - . 3.1
v(k,m) < inf ig)r;!uwf) v(z)] (3.3.15)
P
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Hence upon referring to the specific representation of whirl mappings we have that

[l = 0l| Lo (xim2) = suplu(z) — v(@)| = sup 7[(Qlg1] — Qgal)z|z[ 1. (3.3.16)
zeX zeX

Now basic calculation gives [(Q[g1] — Q[g2])x|z| ™} = /2 (1 — cos(g1 — g2)) and therefore

[Ju — UHLOO(X;R2) = sup|u(z) — v(z)|
zeX

=2 sup /(1 —cos(g1 — g2)). (3.3.17)
rée(a,b]

Next suppose that we further consider the particular whirls u,v with angle of rotation

functions

0 r € [a,a+ €],
gi(r) = (3.3.18)
2rk(r —a—e)(b—a—¢e)t rclate,b,

mim — ?”—(Z—Egil T a, a 13
m&%=2( o ) cloatel (3.3.19)
g1(r) r € la+e, b,

where 0 < & < b—a. Since \/1 —cos[2m(m — k)e 1(r —a—¢)] <V2fora<r <a+e we

conclude that
HU — U||L°°(X;]R2) < 2(a + 5), (3320)

where u and v are whirl mappings with angle of rotation functions g1, go given by (3.3.18))
and (3.3.19)) respectively. (One can easily check using the winding number of the curves
u/lu|(r) and v/|v|(r) that deg(u) = k and deg(v) = m and so u € <, v € ,.) Thus,

S (k,m) < 2(a + ¢) (3.3.21)

for all € € (0,b — a] and hence §7(k, m) < 2a. Now to obtain a lower bound we first note

that,
Ju(z) = v(2)| > min{[ul, [v[}ul " u(@) = o]~ o ()]
> al|u| tu(z) — [v] " to()). (3.3.22)
Moreover since the maps |u|~'u and |v|~'v are S! valued we obtain that,

sup|u(z) — v(z)| > sup a Hu\_lu(:v) - |v\_1v(ac)| = 2a. (3.3.23)
reX reX

Note that the last equality comes from the fact that for each fixed 6 € (0,27) the
continuous S! valued curves u/|u|(r,0) and v/|v|(r,0) for r € (a,b) have degrees k and
m respectively. Therefore as k # m there exists at least one point ¢ € (a,b) such that
u/|ul(c,) = —v/|v|(c, ) and thus Iz € X such that ||u| " u(x) —|v|"tv(z)| = 2. Therefore

0 (k,m) = 2a for each pair of distinct integers k,m € Z. O
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For the remaining LP-norms we can again calculate the distance between homotopy

classes but with a completely different outcome as is described below.

Proposition 3.3.4. For k,m € Z and 1 < p < oo the corresponding LP distance between
the homotopy classes <7, (X) and o, (X) is given by,

dp(k,m) = uegtf(x) lu— 2|, =0. (3.3.24)
vE m (X)

Proof. As in the uniform distance we can bound this above by restricting to the class of

whirl maps with the homotopy classes. So,

< 1 — . LO.
p(k,m) < ueg}ﬁx) [w—vllp (3.3.25)
Psioiod

Hence, the LP-distance between a pair of whirls u, v we can easily calculate that,

e — o}z = /X (Qlg1] — Qlgal)al? dar = /X 251 — cos(gy — go)|ElefPde.  (3.3.26)

Now we restrict to the simpler case when g; = 27k f. and go = 2nm f- where f. is defined

by,

0 r € [a,b— ¢,
fe(r) = (3.3.27)
(b—r+4e)/e re[b—eg,bl.
It can be easily checked that the deg(u) = k and deg(v) = m. Moreover the LP distance

between these two whirls is,
27 b b »
!u—vlﬁz/ / 22|1 — cos (21 (k — m)(b—r +e)/e)| 2P drdf
0 b—e
27 b op
< / / 2Pt drdf = 2r——— (bP12 — (b — )P 1?) . (3.3.28)
0 b—e D+ 2

Therefore ||u — v, can be made as small as we like and so the sought LP distance is zero,

ie., op(k,m)=0for 1 <p < oo. O

3.4 Structure of whirl mappings in higher dimensions

In the remainder of this paper we show how the concepts of whirl mappings and their
symmetries can be extended to higher dimensions and investigate whether these class of
mappings provide equilibria for the Dirichlet energy over the space A(X).

Towards this end let us start by defining a generalised whirl mapping u of an annulus

X = X[a,b] C RY as a continuous self-mapping of X onto itself agreeing with the identity
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on 0X and having the specific representation

Q(plw"ap*l?p )$, lfN:2n7
u:x—u(r) = " ! (3.4.1)

Q(p1y--ypn—1,zn)x, if N=2n-—1.

Here x = (z1,...,zny) € X and for 1 < j < n when N = 2n and 1 < j < n — 1 when
N =2n—1 weset pj = (23;_, +m%j)1/2

values in SO(N).

while Q is a suitable mapping (see below) taking

For the ease of notation we agree to set, when N = 2n—1, p, = x, so that as a result

we can write u in (3.4.1)), regardless of N being even or odd, as

u:x = u(z) =Qlp1,...,pn)T, x e X. (3.4.2)

With this notation in place we now require Q to lie in C(Uy, T) where T is the fixed

maximal torus in SO(N) of all block diagonal 2 x 2 rotation matrices and

{o=(p1,---,pn) €RY :a < o] < b}, if N =2n,
Uy =

{o=(p1,...,pn) ERTIxR:a< || <b}, ifN=2n-1

As a result when N = 2n — 1 we have Q(p) = diag(R[g1](0),- .., R[gn](0),1) or more

specifically
[ Rlp] 0 0|
Qo) =Qlp1,--- ,pn) = : A : (3.4.3)
0 o+ Rlgn_1] 0
| 0 0 1]

and when N = 2n then Q(¢) = diag(R[g1](0), ..., R[gn](0)), that is,

[ Rlg] 0 0
Qo) = Qlp1,- - pn) = - : (3.4.4)
0 . R[gn_l] 0
. 0 0 -+ Rgn] |

where in either case the angle of rotation or whirl functions g; = g;(o) : Uy — R and we

have denoted

cosg;j(0) —sing;(o)
Rigi](0) = | . (3.4.5)
singj(o)  cosg;(o)
Let us now proceed, upon assuming sufficient differentiability on the functions g;, with

some direct calculations and for the sake of future reference collect some useful identities.



60

Firstly we have

Vu=Q+ Z Q,jr ® Vpj, (3.4.6)

j=1
which by taking the Hilbert-Schmidt norm for the sake of the energy integrand in turn
gives the identity,
n n
Vul? = tr{IN +) [Qz®QVp +QVp; ® Q a] + > Qiz® Q,j:c}. (3.4.7)
j=1 j=1
Here Q; denotes the partial derivative of Q with respect to the p; variable. Next we
show, upon utilising (3.4.6)), that whirls mappings satisfy the incompressibility constraint.

Indeed by the above calculation

n
det Vu = det | Iny + Z Q'Qz®@Vp; | . (3.4.8)
j=1
Now we note that,
diag(é?jglJ, ce ,Ojgn,l.], 0) if N =2n— 1,
Q'Q, = (3.4.9)
diag(ajglJ, e ,8jgn_1.], 8jgnJ) if N =2n.
where in the above for short we have set d;g9; = 9,,9; while
0 -1
J= . (3.4.10)
1 0

Next let y; = (x2j—1,22;) for 1 < j < nif N = 2n and vy, = 22,—1 when N = 2n — 1.
Then it is easily seen that we have
(8jg1Jy1,...,8jgn_1.]yn_1,0)t if N =2n-—1,

Q'Q r = (3.4.11)
(0;913y1, -, 0iGn-1TYn—1,0;g.Jypn)"  if N = 2n.

Furthermore from the definition of p; it is clear that Vp; = (0,...,y;/pj,...,0) and
therefore in view of J being skew-symmetric it is plain that

0gi ;
ini’y7>

to . N —
Q@ Vi) = (i

=0, (3.4.12)

for all 1 < 4,5 <n. With this observation in mind we now state a lemma which will give

us that our whirl mappings are incompressible.

Lemma 3.4.1. Suppose that ai,...,ar and bi,...,b, are two strings of vectors in R"

satisfying the orthogonality relations (a;, bj) =0 for each 1 <i,j < k. Then

k
det | I, + ) a;®b; | =1. (3.4.13)
j=1
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Proof. This is by induction on k. Firstly when k = 1 for the rank-one perturbation of I,

we have
det (In+a1®b1) = 1—|—(a1,b1> =1. (3414)

Before proceeding to the case of an arbitrary k& > 2 it is instructive to see how the case
k = 2 works. Towards this end let A; = I,, + a1 ® b1 and note that Afl =1, —a ®0b.
Then

det(I, + a1 ® by + as @ by) = (1 + (ba, A7 'az)) det A;.
However since det A; = 1 and A1_1a2 = ag — ay{ag, by) = ag it follows that
det(l, + a1 ® by + az ® ba) = (1 + (b2,a2)) = 1.

Thus we have shown that (3.4.13)) holds in the case that k = 2. Let us now assume that
(13.4.13)) holds for a fixed k. Here we define Ay to be

k
Ap=T1,+> a;®0b;, (3.4.15)
j=1

and again here it can be easily verified that A,:l =1, — Z?Zl a; ® b;. Thus

k+1
det LI+ a; @b | = (14 (bpg1, Ay 'arsr)) det Ay (3.4.16)
j=1

Now by our inductive hypothesis we know that det Ay = 1 and by our assumption on the

vectors a; and b; we obtain that A;lakﬂ = ap+y1. Therefore

k+1
det [T, +> a; @b | = (1+ (beg1, ars1)) = 1, (3.4.17)
j=1
which is the required conclusion for k£ + 1. This therefore completes the proof. O

Now taking a; = Q'Q jz and b; = Vp; the observation (3.4.12) combined with the

conclusion in Lemma [3.4.1] gives

det Vu =det | Iy + Z Q'Q z® Vp; | =1. (3.4.18)
j=1

Hence the whirl mapping v € A(X) provided that Q(p) = Iy for p € OU, and p € U,
and therefore we shall further impose these assumptions on Q, via the angle of rotation

functions g;’s. Now recalling (3.4.7) we obtain

n

Vul> =N+ |Qz|* + Z tr (Qjz ® QVp; + QVp; @ Q jz) . (3.4.19)
1 7j=1

j= =



62

However since we have

tr (Q z ® QVpy) = tr (QVp; @ Q) = (QVp;, Q7)) = (Vp;, Q'Q ) = 0,

it follows that the third term in (3.4.19)) vanishes and therefore the Hilbert-Schmidt norm
of the gradient is given by
n
Vul> = N +>|Qzf”. (3.4.20)
j=1
Consequently the Dirichlet energy associated with a whirl mappings u results from

integrating (3.4.20) and takes the form

1 N 1 "
BX] = 5 [ [VuP = 3K+ 5 [ 3TIQuef da.
=1

Now referring to the explicit representation of Q in terms of g as expressed at the beginning
of the section it is easily seen that
n n S S
D 1Qual* =D > (aa)ei = D _INailet,
j=1 j=11=1 =1
where s=n if N =2nor s =n—11if N =2n — 1. Therefore a change of variables gives

N (2m)® ° °
BluX] - 5X| = S35 [ ST valot [] oo
j=1

N =1

= U g U

Furthermore by inspection it is evident that the functional H can be decomposed as a
finite sum
S
Hlg; Un] =Y Hilgi; U, (3.4.21)
=1

where g = (g1, ..., gs) and each summand H; has the form
S
H;[g; Un] =/ IVal?oi T] s dp. (3.4.22)
Un e

The terms H; sum up to give the restricted energy functional H associated with gen-
eralised whirl mappings and as in the previous lower dimensional cases only depend on
the whirl functions g = (g1...,9s). However since the energy functional H is a sum of
Hj;s and each H; depends only on a single angle of rotation function g = g; in the analysis
of the Euler-Lagrange equation we can focus on each H; individually. Now the suitable
admissible class of mappings for each H; is given by

G(Uy) = | Gr(UN) (3.4.23)
kEZ
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where the components in the union on the right for each fixed k € Z are given by
Gu(U) = {5 € W2(U) :4(p) = 0 p € D(U )
and g(p) = 2wk if p € a(UN)b}. (3.4.24)

One can then check that the Euler-Lagrange equation associated with H; over each Gy (Uy)

to be given by

div (pz? | Png) =0 oeUn,
g=0 0 € (OUN)a,
(OUx) (3.4.25)
g =2k ¢ € (OUN)y,
i [Tj=1 Pi0vg =0 0 € OUN\[(OUN)q U (OUN)s)

The next result states that for each k € Z the boundary value problem (3.4.25)) has a

unique solution.

Proposition 3.4.2. For any k € Z the Euler-Lagrange equations (3.4.25)) has a unique

solution g = g(0) = g(p1, .-, pn) given by,

( k) 2maNoNE | 1 1
glpts-pik) = | v ———
bN _aN aN o N
(\/ D it Pzz)

Proof. Firstly for uniqueness suppose that gi,ge are solutions to (3.4.25) and let g =
g1 — g2 which will solve (3.4.25)) but now with all boundary conditions zero. Then by an

(3.4.26)

application of the divergence theorem we have

/U ot [ pilVel® do = /8 90i [ [ pi0vg do =0, (3.4.27)
N

j=1 Uv  j=1
as g(p) =0 for p € (OUn), and ¢ € (OUnN),. Now as we have p; > 0 for each 1 < j <n it
follows that |Vg| = 0 and so g = 0 due to the zero boundary conditions which then gives
g1 = g2.
Therefore we are left to verify that for each k € Z the given whirl function g(-;k)
satisfies (3.4.25)). To this end note that g satisfies all the required boundary conditions.

Furthermore by differentiation

2raN bV k Np;

aplg(Pék) = N _ oV N+2-
(\/ > et P%)

(3.4.28)
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Now let us proceed by considering the even and odd cases of N separately. In the former

case N = 2n upon using ([3.4.28]) we obtain that

- 27N bV p2
div p2 piVg | = —Tn
ljr:[l ’ W -aV Zapr lH Yo )

v
2rNabVk | O~ o1 0 r
_2mlNa" bk p pir— | =g | +
bN —alV ; : ]lj[l " Opr <(Z?—1 P7) H)
r#l J#T
Hﬂ o (A
e (> P?)nH

J#l

2wNaVoVE | & 07 Tl joir P 5y _ 2nE207 Y
- T

b —al Zm (X, p2)" (X1 p})
r#l

|J Y 5 (2n+2)p)
+ ;ﬂ 4p — =y
(Z?:l /%2) i : (21:1 PZQ)

and consequently

j=1 — = (i pf) (Xt 7
(2?21 P?)nﬂ
_27TNaNka { p? H?ZI pj
bN — oV (Z?:l p?)nJrl

+ 2(;7}_{] ;)ZJH} =0.
i=1 P

+ 2

(2n—(2n+2)) +

Thus we have that (3.4.26) solves (3.4.25) and therefore is the unique solution in the
even dimensional case N = 2n. Now for when N = 2n — 1 the calculations proceed in a

similar fashion but with a careful change accounting for p,, = x,,. Indeed here we have

n—1 n—1
. QwNaNka
div plQHijg TN _ gV Zap HP; n+1/2

j=1 ;#1 z 1 z)

Pn
+ 0 H Py ( " )
j=1 apn (Zz 1P z) e
2rNaN oV k

= vy X (T+10). (3.4.29)
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Then

(Zz 1P z ;7&1
0 1

+ ——75 | |” Pite=n 7 | = I + 1o, (3.4.30)
;apT <(Z:L:1 p3)1/2> : H ] z lpz)

where we have

_”z‘:l P11 o) <2_ 2np; >+2 Pt ITjo1 s
=) Bl (S )T

2 -1
_ rllisie <2n YRy pi)
(S 3)" 2im1 P}

-1
pion L1510 pj

— o o ) (3.4.31)

i=1Pi
and

-1
pl H] 1Pj 3 2
Sl -2 (S0

j= D i1 P )n (i P} )n i=1

Likewise a straightforward calculation gives
P11 o (2n + 1)p2
= i (1 s ) (3.4.32)
(X1 /7) i=1Pi

Hence by putting the various fragments of the above calculations and derivations together

it is seen at once that the divergence term in the set of equations can be written as

div | p? ﬁ piVyg :M x (I+1I)
j=1
_2aNaoVk ATl e

Ol (o
y (1 _ @2n+1)p; —Snp%; Do fﬂ?) o (3.4.33)

> i1 P
Therefore we have shown that is also the unique solution to in the odd
dimensional case N = 2n — 1. O

Remark 3.4.1. Note that upon writing r = (/2% + ... + m?\, = \/p? + ...+ p2 it is easy

to detect that the function given by ((3.4.26)) depends on r only and that for each k € Z

the solution (3.4.26]) to (3.4.25) only varies by a constants depending on the boundary
conditions. This specifically means that for each k € Z we can write (3.4.26)) as

g(r: k) = d(k) — c(k)r™, (3.4.34)
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where
_ 2raN bV E 27V k:

(k) = Tr—r  dk) = sy

(3.4.35)

Thus any solution g = (g1, ..., gs) to the Euler-Lagrange equation associated with H[g, Un]
depends solely on r, in fact, g = d — cr—. In particular the corresponding whirl mapping

is of the form u(z) = Q(r)x for Q € C*([a,b],SO(N)).

3.5 Whirl mappings as solutions to the nonlinear system

(3.2.1) in higher dimensions N > 4

In this final section of the paper we show that in higher dimensions N > 4 the non-
trivial whirl mappings obtained through the critical points of the restricted energy can
go on to satisfy the Euler-Lagrange system associated with the Dirichlet energy
W (F) = tr(F'F)/2 only when N = 2n. In sharp contrast when N = 2n — 1 the only whirl
solution to is the trivial identity mapping. The conclusion is therefore similar in
spirit to the cases N = 2 vs. N = 3 discussed earlier in the paper.

Towards this end recall that the Euler-Lagrange equation associated with the Dirichlet

energy over A(X) takes the form [cf. (3.1.6]), (3.2.1])]

div Gz, Vu(x)] = Au — div(p(x) cof Vu)
= Au — (cof Vu)Vp(z) =0, (3.5.1)

or using the incompressibility of u and basic identities upon rearranging terms
(Vu)!Au = Vp. (3.5.2)

Now straightforward calculations using the notation introduced in the previous section lead
to the identities (here dots denote derivatives of QQ with respect to r in light of Remark

3.4.1),

Vu=Q+r 'Qr®uz, (3.5.3)

Au=r7r"1[(N+1)Q+rQ|z. (3.5.4)

Next referring to the previous section and by using the explicit form of Q and g as given
by (3.4.34]) we can easily verify that
Q = N~V QC, (3.5.5)

Q= -N(N +1)r~V2QC + N*~NQC?, (3.5.6)
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where C is the skew-block diagonal matrix given by,

diag(c1d, ..., cp—1J,0) it N=2n-1,
C= (3.5.7)

diag(e1d, ..., en—1J, ¢, J)  if N = 2n,

where J is as in (3.4.10)) and the block entries of C are given by

2raN bV
Therefore it is not difficult to verify that
) .. N2
Au=r"1 [(N +1)Q+ T'Q] T = chzx, (3.5.9)
and consequentialy (3.5.2)) gives that
N2 N . N2

As the latter must necessarily be curl-free (indeed referring to the formulation (3.5.2))
the gradient Vp of the Lagrange multiplier pressure term p) it thus follows that for each

1 <1,7 <n we have

0 c¢ix; 0 ciz;
] tALY — ity i _
curl{(Vu)'Au} =0 <~ 73%’ IN+3 —axj aNT2 0
2 2y Lily
= @N+2) (- G) Sxig =0, (3.5.11)

for all z € X. Thus the whirl mapping w is a solution to the Euler-Lagrange system
(3.2.1)) iff we have cjz =c? =c?for all 1 <i,j < n. However in odd dimensions due to the
presence of a zero entry in the C [c¢f. (3.5.7)] this gives ¢ = 0 and so ¢; = ¢; = 0 for all

1 <4,j < n and therefore Q*Q = 0 that in turn gives
QQ=0 < Q=0 < Q=1y, (3.5.12)

as Q[a] = Q[b] = In. Hence in odd dimensions the only whirl mapping satisfying the Euler-
Lagrange system is the identity mapping v = x. In contrast in even dimensions for
each k € Z we have a solution u to (3.2.1]) arising from a whirl function g — given explicitly
by — and with u(z) = Q[g](r)x where Q is block diagonal (see the beginning of
the previous section) and +¢g; = +¢g2 = -+ = g, = g. We have therefore proved the

following result.

Theorem 3.5.1. Let X = X[a,b] C R" (n > 2) and consider the elastic energy E[u, X]
with W (F) = tr(FtF)/2 over the space of incompressible admissible mappings A(X) along
with the system of Euler-Lagrange equations (3.2.1). Then the following hold:
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e (N even) Here (3.2.1) admits infinitely many solutions in the form of whirl mappings,
specifically, u = Q[g](r)x with Q block diagonal and +g1 = --- = £gn/o = g where
the whirl function g is given explicitly by (3.4.26)).

e (N odd) The only solution to (3.2.1)) in the form of a whirl mapping is the trivial

one, that is, the identity mapping u = x.

Remark 3.5.1. In the case that N is even we can explicitly calculate the Dirichlet energy
of the whirl solutions as given in Theorem Namely for each k € Z it is seen that the

Dirichlet energy of u = uy is given by

N b maNpN g\
E[u;X]:21X|+2N2wN/ <ZZCVZ—@N> r Ny
a

2NwyT2aN N

2
Wk . (3.5;13)

N
=X
SIX|+

Hence like the earlier planar case the energy of the whirl solutions increase quadratically

in k.
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Chapter 4

On the Uniqueness of Energy Minimisers in Homotopy

Classes

Abstract
In this paper we consider a family of energy functionals .# given by the integral,
Flu; X] = /X ®(z,u)|Vu|* dz,
defined over the space of admissible incompressible Sobolev deformations of X,
AX) = {u € WH(X,R?) : det Vu = 1 a.e in X and Uy = x},

where X is the symmetric annular region X = {z € R? : a < |z| < b} and ® € C!(R?)
is strictly positive. It is well known from [74], [75] or [76] that the space of self mapping
A(X) has the following decomposition, A(X) = ez @, where for each k € Z the o7
denotes a homotopy class of A(X). Through the course of this paper we show that if
0 < ®(x,u) = F(|z|? |u/?) where F satisfies certain convexity conditions then each 7
contains a unique minimisers ug. Moreover it is shown that these minimisers must be

monotone twist mappings, meaning that they are radially symmetric.
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4.1 Introduction

Let X C R? denote a smooth bounded domain and consider the class of incompressible

deformations,
AX) = {u € WH(X,R?) : det Vu = 1 a.e. in X, u(x) =z on 9X}. (4.1.1)

Here the condition of u(z) = xz on 0X is meant in the sense of traces. Associated to each
deformation u € A(X) is a corresponding energy given by,

1
FuX) = /X F(lal?, [uf?)|Vul? da, (4.1.2)

where 0 < ¢ < F € C*®°(R%). It is known, as a consequence of incompressibility constraint,
u € W2 and v = 2 on 9X, that each u € A(X) has a representative belonging to,
¢(X)={uec CX,X):u=zon X} = |G (4.1.3)
ke
Here K denotes the index set of the family of pairwise disjoint path-connected component
(or homotopy classes) of € (X), whilst €} designates the kth homotopy class in the family.
Thus,
AX) = [J{ve AX):ue g} = | #, (4.1.4)
kek ke

where above u € %) for u € A(X) is meant in terms of the continuous representative.

We shall refer to @7, as the kth homotopy class of A(X). It can be shown that each of
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these homotopy classes is sequentially weakly closed with respect to W12 and therefore
Z[;X] admits a minimiser u, in @%. Furthermore each wy, is a L'-local minimiser in
A(X) meaning that 3§ = 6[ug] > 0 such that for all v € A(X) with ||ug — v||; < § implies
that 7 [ug] < F[v].

The purpose of this paper is to tackle the question of uniqueness of minimisers to
% in the homotopy classes o7, for k € K. To make some traction on this problem we
restrict, throughout the paper, to the situation when X = {z € R? : a < |z| < b} is a two
dimensional annulus and here it is known that K = Z (see [74], [75] or [76]). Through our
study we prove in Section the following

Main Result: Existence & Uniqueness of Twist Minimisers in .7,

Let X = {z € R? : a < |z| < b} and consider the energy,
Flu: X] = ;/XF(W, uf2) |Vl de, (4.1.5)
over the space of admissble mappings A(X) while the integrand F lies in,
Fef={FecC®%Z):F satisfies (H1) or (H2)}
where F > ¢ > 0, Z = [a?,b%] x [a?,b?] and,
H1 F(z,y) = F(Ly)z~" and O2[F (2%, y*)'/?] > —0,[F(2?,4*)1/2 /y] for y € [a, 1],
H2 F(z,y) = F(z, 1)y~ and 92[F(22,52)/2] > —0,[F(22,4?)/? /x| for x € [a,b].

Then % has a unique minimiser u in the homotopy class 7, for each k € Z. Moreover
uy is a smooth twist mapping defined by u(z) = Qlgx]z where Q[-] € SO(2),

gk(T)ZQ;Ek

with H(s) = 27'F(r2,72) and 8 = [*+~3H(r)"' dr. Note g, € C®la,b].

s3H(s)"tds, (4.1.6)

Let us briefly here make a few remarks on this main result. Firstly each mapping
uy, € o, NC>®(X), as is shown in Section is a solution to the Euler-Lagrange equation
associated to the energy % over A(X). This Euler-Lagrange equation is given by,
div &(z, u, Vu) = 0,F|Vul|?u in X,
EL[u, p; X] = 4 det Vu = 1 in X, (4.1.7)

u(z) = on 0X,
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where F = F(|:c\2, |u]2)7 onF = 0,F(u1,n) and
&(z,y, F) = F(|z* |y[*)F — p(x)F . (4.1.8)

Secondly the mappings uy € 2%, being minimisers of F over o7, for each k € Z respectively
implies that each uy, is an L!-local minimiser of F over A(X), see Section Therefore,
the main result proves that there are countably many L'-local minimisers of F over A(X)
in the form of geometrically symmetric twists. Secondly we note that the proof of the
main result, in particular when F satisfies (H1) relies on the mapping u € A(X) being
Sobolev homeomorphisms, which is proved in Section Theorem

Let us finish this introduction by highlighting some examples of energies which satisfy

the assumptions in the main result above.

e Let a® > 1/4 and F(z,y) = 2%y ~! then the energy,

4o 2
Flu; X] = L[ Vel dz, (4.1.9)
2/x  |uf?

satisfies the assumption (H2) and note (H1). Let us note that when a = 0 the twists
mappings uy are minimisers in 27, for each k € Z and is studied by the authors in
[58]. However, due to technical reasons our approach here is focused on when F
depends on x does not extend to this case when it is independent of z. In this latter

case an effective approach is to use the isoperimetric inequality (see [58]).
e Let a? > 1/4 and F(x,y) = y**2~! then the energy,

1 u) 1| Vul?
Flu; X] = 2/X’||x||2|dx, (4.1.10)

satisfies the assumption (H1) and not (H2).
e For any a > (/2 — 1)/a? and F(z,y) = e*®y~! then the energy,

1 alz|? Vul?
Fu; X :2/Xem||2u|da:, (4.1.11)

satisfies the assumption (H2). Note that (H1) is not satisfied by this choice of F.
Lastly we observe that the classical Dirichlet energy is not covered by this main theorem

as we cannot take F = 1. However, we strongly believe that the uniqueness result holds

for that case too but the technical apparatus used here does not cover that case.
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4.2 Deformations in A(X) are Sobolev homeomorphisms

Here we wish to show that each mapping u € A(X) is a Sobolev homeomorphism whose
inverse mapping u~! € A(X). This theorem is essentially a small extension of Theorem
2 from [§]. The main ideas in the proof are from [§], but as the result in our case does
not directly follow from there, we give a complete proof here for the ease of the reader.
Before continuing we first gather some useful properties of mappings u € A(X). Firstly, we
recall from the introduction that, any mapping u € A(X) has a continuous representative
in C(X,R?) which we gain denote by u (see Theorem 5.17 in [34]). Additionally, since
u(z) = z on 0X we know that deg(u, X, p) = deg(x, X, p) (here deg(u, X, p) denotes the
Brouwer degree of u at p with respect to X) and moreover deg(z,X,p) =1 for all p € X
and deg(z,X,p) = 0 for p € R?\X. Therefore we obtain that X C u(X). Furthermore it
can been seen that u(X) C X by applying Theorem 5.35 in [34]. In particular applying
this theorem gives for any p € R?\0X that,

deg(u,X,p):/Xf(u(:U))dm, (4.2.1)

when f to continuous real valued function which satisfies [, f(2)dz = 1 and has compact
support in the connect component of R*\OX containing p. Now suppose that 3z € X
such that u(z) = p € R?*\X. Then we are free to pick § > 0 small enough such that
Bs(p) € R2\X and let f have support on Bs(p). The continuity of u means that 3¢ > 0
such that u(B¢(r)) C Bs(p) and therefore,

0 = deg(u, X,p) = /X f(u(z))dz > 0. (4.2.2)

Hence we have reached a contradiction since deg(u,X,p) = 0 for p € R>\X and thus

X = u(X). One consequence of this is that N(u,X,y) > 1 for y € X
Ny, u,X)=t{zecX:zcut(y)} >1 for yeX, (4.2.3)

and N(y,u,X) = 0 for y € R?\X. Moreover, by Theorem 2.3 on page 285 in [35] we have
that,

IX| = / |det Vu]da::/ N(y,u,X)dy,
X R2
which then as N(y,u,X) > 1 on X we conclude,

Ny, u,X)=#t{zcX:zcu(y)} =1 forae yecX. (4.2.4)
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Hence the mappings u € A(X) are injective almost everywhere in X. Furthermore the
injectivity a.e. of u € A(X) gives the following change of variables formula, see [35]
Theorem 2.4 on page 285,

/G o u(z)ds = /u PR (4.2.5)
For all G C X that are compact domains and ¢ € L'(R"). Note also that our mapping
u satisfies the Luzin N and N~! property, which means the image and pre-image of sets
of measure zero under u are also measure zero. This is a consequence of u € W12(X,R?)
and det Vu = 1 > 0 almost everywhere in X. For a proof of this result the reader is
referred to [34] Theorem 5.32 on page 141. We are now in a position to state and prove

the aforementioned global invertibility result. Namely,

Theorem 4.2.1. Let u € A(X) then u is a Sobolev homeomorphism with the inverse

mapping u~! € A(X) and,
Vu(y) = (Vu) ™ (u™ (), (4.2.6)
for almost every y € X.

Proof. We begin by extending the mapping u € A(X) by identity onto the ball Y = By,
where r > 0 is fixed. Therefore, letting v denote the extended mapping we have that
u € A(Y). Moreover let p. > 0 be a radial symmetric smooth function with compact
support inside B.(0) and with [g, p(v)dv = 1. Now as in [8] pages 320-323 we let for

e >0,

ze(v) = /ng(v —u(y))y dy, veX, (4.2.7)

which will play the role of an approximation of the desired inverse mapping. Then,

ggf (v) = /Y pe,i(v —u(y))y* dy
) g;; (v —u(y)) (Vu); y* dy. (4.2.8)

Recall that the extended mapping u is uniformly continuous on Y and that we can
easily find a sequence of smooth mappings us, via mollification, converging strongly in
Wh2(Y,R?) and uniformly to v on Y. Therefore we can pick s > N(r) such that

sup, .x|us — u| < r/4. Additionally as u = x for x € Y\X we know that,

dist(y,0Y) <r/4 =  dist(u(y),dY) < r/4. (4.2.9)
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Thus for any v € X we have that,
B.(v) N B, a(us(y)) = 2. (12.10)
for all y € Y such that dist(y,0X) < r/4 and s > N(r/4) provided that ¢ < r/4. Hence,
p=(v —us(y)) =0, Vo e X. (4.2.11)

Then by using the divergence free structure of adj, which is the transpose of the cofactor

matrix, it follows via an application of divergence theorem that,

[ 9pe
Y ayﬂ

(v —us(y)) (adjVus)B’i y*dy = /Y pe(v — us(y)) (adjVus)aﬂ- dy (4.2.12)

for all v € X provided s > N(r/4). Then since det Vu = 1 a.e. and us — u in W12(Y,R?)
we obtian that adjVus — (Vu)~! in L2(Y). Note here that we have used that adjVu =
(Vu)~!. Thus by passing to the limit in the above we obtain that,

weX, SR = [ ot u) (Tul d (1213)

provided that € < r/4. Also note that ||z¢||;2 < C and by the above,

Va2 < < /Y pe(v —u<y>>|<w>1|dy)2

< ( [ oo u(y))dy> ( | peto- u<y>>|<w>1\2dy> .

Moreover, we know |(Vu) | (z) = |[Vu|(z) for a.e. z € Y as we are in two dimensions and

det Vu =1 a.e. Additionally for v € X with ¢ < r/4 we have that,

|V (v)|* < /ng(v —u(y))|Vul? dy. (4.2.14)

Therefore integrating both sides and applying Fubini theorem gives that,

/|Vx5(v)|2dv§/\Vu|2dy. (4.2.15)
X Y

Thus {x.} is a bounded sequence in W12(X,R?) provided that e < 7/4 and hence the
sequence {Zc}..,/4 has a subsequence, not re-labelling, where z. — = in Wh2(X,R?).
Therefore for any compact domain A C X we know that,

Oz (v)dv — O

(v) d. (4.2.16)

A 8’Ui A 8’Ui

To utilise this we integrate (4.2.13]) over A and apply Fubini theorem to obtain that,

«
Oz
A ovt

o= [ [ o= utw)an(Vu),} ay

= [ pexxatule)) (Vo) dy. (4.2.17)
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Thus combining this with (4.2.16|) gives the following identity,

oz®
A ovt

/Y (V)™ o () xa(u(y)) dy = (v) dv (4.2.18)

Let us now pick A = u(B4(¢)) where ¢ € X and s > 0 is such that B,(¢{) C X. Then as u
is injective a.e. and satisfies the Luzin N~! property we know that u='(A) = B,(¢) up to

a set of measure zero. Thus,

_ ox® oz
[ oo twa= [  Slede= [ e (4219
Bs(¢) u(Bs(¢)) 9V Bs(¢) 9V

The last equality here comes from (4.2.5) and noting that G = B(¢). Hence,

—1 . axa "
/MO (V) i,a(y)dy—/Bs(o oo (Uw) dy, (4.2.20)

for all s < dist(¢,0X) and any ¢ € X. Then by an application of the Lebesgue differenti-

ation theorem we have that,

(V) l0) = O ufy), (1221)

for a.e. y € X and hence (Vu) ' (y) = Vz(u(y)) for a.e. y € X. Now let,

S = {y € X : [@2.21) fails}, (4.2.22)

then by the Luzin N property we know that u(S) C X has measure zero. Hence combining

this with the almost everywhere injectivity of u implies that,

_ 0x¢

(V)™ o lu () = 5ot ) (4.2.23)

for a.e. y € X. Furthermore,
det Va(y) = det (Vu) " (u™(y)) = det Vu(u(y)) = 1,

almost everywhere in X which gives that x(-) is continuous.

Recall that z. — 2 in W12(X,R?) then on a subsequence, again not re-labelling, x. —
for almost every v € X. Additionally since u(-) is injective almost everywhere we let
N C X denote the set of points where u fails to be injective or x. fails to converge

pointwise. Then for v € X\ N we have that 3!z € X s.t u(z) = v and,

re(v) — 2 = /Y pe(u(z) — u(y))(y — =) dy. (4.2.24)
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Then by the uniqueness of z and the uniform continuity of 4 on X we have that Vu >

0,30(p) such that |z — y| < p if Ju(z) — u(y)| < d. Take € < §(u) then,

ro(0) =21 < [ polulz) = u(w)) dy = . (4.2.25)

which therefore gives that z.(v) — z(v) = z as ¢ — 0 for all v € X\N. Hence
u(z(v)) = u(z) = v for all v € X\N and therefore by the continuity of z(-) and wu(-)

we have that u(xz(v)) = v for all v € X.

To see that it is a left inverse let y € X and take {y, : n € N} C X such that y, — y
with z, = u(y,) € X\N. Then we have that u(v) = z, if and only if v = y,, and therefore

using this with u(z(v)) = v for all v € X we conclude that,

(u(yn)) = yn = z(u(y)) = v, (4.2.26)

by the continuity of both z(-) and u(-). Thus z(u(y)) = y for all y € X. One immediate
consequence of this is that (4.2.23) gives,

Vi(v) = (Vu) Hz(v)), (4.2.27)

for almost every v € X. Additionally if we let y € 90X and take {y,} C X such that
Yn — y then as,

lim u(y,) = u(y) =y,

n—oo

g, (b)) = g Y = 3

Thus, z(y) = y on 0X and z(-) is the global inverse of u € A(X) and moreover z = u~! €
A(X). O

Remark 4.2.1. Let us finish this section by outlining an alternative proof to Theorem
Given any u € A(X) we begin by extending u by identity onto the ball Bop where
R > b, i.e. X C Bg, and therefore u € A(Bsgr). Now by Theorem 1 in [50] there is
a Stoilow’s type factorisation of u € A(Bygr). Namely there exists a homeomorphism
h € W12(Q,Bar) and a holomorphic mapping ¢ € (£2,C), where Q C C is some open set,

such that,

u=gpoh L (4.2.28)
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Furthermore, as h™'(Br) C Q is a compact subset we know, since points where the
derivative of ¢ vanishes are isolated, that ¢ restricted to B is locally conformal at all but
finitely many points. Thus, as h is a homeomorphism, « is a local homeomorphism at all
but finitely many points on Bgr. Moreover (see [56]) since 0B is connected, u is one-to-one
on 0Br and a local homeomorphism at all but finitely many points we obtain that u is a
global homeomorphism on Bpr, which in turn implies that u is a global homeomorphism
on X.

However we note that the proof presented above is more direct and avoids Stoilow’s

factorisation and the machinery complex function theory.

4.3 The homotopic structure of A(X) and the corresponding

existence of countably many L'-local minimisers

The purpose of this section is to pull together some results from [74]-[76], which were
eluded to in the introduction, regarding the homotopic structure of A(X). These results
provide the existence of minimisers to .% in the homotopy class <7, for each k € Z. Each

of these minimisers are then shown to be L' local minimisers of .% in A(X).

Definition 4.3.1. Let X = XJa,b] = {x € R? : a < |z| < b} with 0 < a < b < co. Then

we set

¢ =%¢(X):= {f cC(X,X): f(x)=xonxc OX}. (4.3.1)
We equip ¢(X) with the topology of uniform convergence.

Interest in this space of continuous self-mapping comes from the fact that the space
A(X) can be ’embedded’ into ¥ (X). Note that in Section we proved that each u €
A(X) had a representative which was a homeomorphism. Namely each u € A(X) has a

homeomorphism representation which again is denoted by w in
H(X) :=={u € ¢(X) : u is a homeomorphism} C ¢ (X). (4.3.2)

Furthermore associated to each u € 7 (X) is the following topological invariant deg(u)
which denotes the winding number of the planar curve 75(r) = u/|u|(r,0) : [a,b] — S!
and 0 € [0,27) is fixed. Note that by the continuity of u and the winding number being
integer valued this is independent of the particular choice of 6 € [0,27). Moreover the
deg(u) induces an enumeration of the homotopy classes of #(X) which is summarised

by the following proposition.
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Proposition 4.3.1. Let 74, = {u € J(X) : deg(u) = k} for k € Z. Then 4, are

pairwise disjoint and,

H(X) = | ] #. (4.3.3)
keZ

Furthermore the degree map deg : {[u] : u € A} — Z is a bijection.

Note that if we assume some further differentiability on the mapping u € # then we

have the following integral formula:

1 [Puxdu
deg(u) = 27r/ PiE (rw)dr, (4.3.4)

where w = z/|z| € S' and r = |z|. Let us briefly remark here that deg(u) should not be
confused with the Brouwer degree. In this context every mappings u € A(X) would have
Brouwer degree 1. The degree formula identifies the homotopy class membership
of u € €(X) in ([4.1.3). Now utilising that each mapping u € A(X) has a homeomorphism
representative (Theorem we find that it is possible to write A(X) in the following
way,

AX) =] 2 where o = {u € A(X) : deg (u) = k:} (4.3.5)

keZ

are pairwise disjoint. Above we have made a slight abuse of notation as deg(u) is meant
as described above for the homeomorphic representative of u € A(X). The main purpose
of this homotopic structure for us is that we gain the existence of countable many L! local

minimisers of .% via the following result.

Theorem 4.3.2. Let k € Z then there exists up, = u(x; k) € o, such that

Flug; X] = inf Flv; X]. (4.3.6)
VEL),

Furthermore for each such minimiser u there exists 6 = 6(u) > 0 such that
Flug; X] < Flv; X], (4.3.7)

for all v € A(X) satisfying ||ux, — v||p1 < 0. Thus uy is a local minimiser of F in A(X)

in the L'-metric.

Proof. Firstly fix k € Z and pick (u;) C o7, to be an infimizing sequence, i.e. F[u;| | a =
inf, #[-]. Furthermore as a < |z|, |u| < b with o < oo we can pass to a subsequence (not
re-labeled) u; — u in WH2(X,R?). Moreover it can be shown (see the proof of Proposition

4.3 on page 404 in [74]) that we can extract a further subsequence (u;) such that u; — u
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uniformly in X which in turn implies that v € 7,. Now to obtain existence of minimisers
in 7, we just need to prove that % is sequentially weakly lower semicontinuous. To this

end note that,
L/wm%wﬁwwﬁ—/FmﬁmﬁwWﬁ
X X

< / |Vu?
X

F(jzl?, uj[?) = (|2, [ul?)

F(|af?, Juj*) = F(|f?, [ul?)

/ |Vu]"2 — 0
X

as j /" oo as a result of the W12 boundedness of {u;} and the uniform convergence u; — u

< sup
X

on X. Combining this with

/HM%MNWSMJFMMWWWQ (43.38)
X X

gives the desired lower semicontinuity of the .# energy on A(X) as claimed. To justify
the L'-local minimiser claim we can argue by contradiction. Suppose that ug is not a
L'-local minimiser; then 3(v, : n € N) C A(X) such that ||v, —ug|[z1 — 0 as n 7 oo and

moreover % [v,] < Z[ug] for every n € N. Now recall that 0 < ¢ < F and therefore,
|| Voulls < Flug), (4.3.9)

which in turn gives that (v,) is bounded in W2, Thus as earlier it is possible to extract
a subsequence such that v, converges to u; weakly in W2 and uniformly in X. Hence
as deg(v,) is integer valued AN > 0 such that v, € @ (X) for n > N. This is a
contradiction as .% [v,] < F [ug] = inf,¢ . (x)-Z . Hence ug must be an L'-local minimiser

as claimed. O

The main aim of this paper is to strengthen this result to the existence of countably
many L' local minimisers, in the form of geometrically symmetric twists, by proving that
the minimiser in each @7, is a unique twist mapping. The precise definition of a twist

mapping and their properties will be given in the next subsection.

4.4 Twist mappings and the existence of countably many
stationary twists
The aim of this section is to prove that the existence of countably many critical points

to F in the form of a twist mapping. In Section [4.5] we shall in fact see that each of

these twist critical points are unique minimisers in their respective homotopy class 7.
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Before beginning the task of proving this result let us first take a moment to define twist

mappings and prove some of their properties.

Definition 4.4.1. A mapping u € ¥ (X) is a called a twist mapping if it has the following

form,

u(z) = up(x) _ cosg(r) —sing(r)| |z , (4.4.1)

uz(x) sin g(r) cosg(r)| |x2

for some function g € Cla,b] and r = /2§ + z3. For ease we shall write u(z) = Q[g](r)z
where Q[-] € SO(2) is clear from the above.

Note that if we identify z = (x1,x2) with z = 21 + ixe € C and u = (uq, u2) with

w(z) = u1(x1, x2) + iua(z1, v2) then the representation (4.4.1) is equivalent to,
w(z) = ez, (4.4.2)

However is used as it leads itself more immediately to generalisations to higher
dimensions (see [64], [75], [76] and [77]).

Furthermore it can be easily seen, with some added assumption on the differentiability
of g, that the corresponding twist mapping u € A(X). Namely suppose that g(a) = 27k;
and g(b) = 2wk for some ki, ko € Z, whilst being suitably differentiable. Then we have
that u(z) = x on 0X and,

Vu = Qg +r¢(r)Qlgld ® 0 = |Vul*> =2+ 2§ (4.4.3)
Furthermore it can also be seen that
det Vu = det (Q[g] +rg(r)Q[gld ® 9) =1, (4.4.4)
and therefore u € A(X) provided that,
g€Y ={gcWh?[a,b] : g(a) = 27ky, g(b) = 2mks where ky, kg € Z}. (4.4.5)
Moreover for twist mapping it is also straightforward to see that,

1 [Puxdu 1 [,
deg(u) = 27T/a W(rw) dr = 27T/a g(r)dr = kg — k. (4.4.6)

Hence the above calculations have proven the following,

Proposition 4.4.1. For each g € & the corresponding twist mapping u given by Definition
lies in Ay, , -
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Remark 4.4.1. By the definition of a twist mapping (4.4.1]) clearly defines a mapping

that is invariant under SO(2) in the sense that,
u(z) = R'u(Rx), VR € SO(2). (4.4.7)

Thus the twist mapping posses a large amount of symmetry in R? and are radially sym-

metric.

We now wish to prove that there are countably many twist mappings which are sta-
tionary points to the energy % over A(X). To this end we note the Euler-Lagrange system

associated to F over A(X) is,

div &(z, u, Vu) = 0,F|Vul|?u in X,
EL[u, p; X] = ¢ det Vu = 1 in X, (4.4.8)
u(z) = on 0X,
where F = F(|z|?, |u|?), 8,F = 8,F(u, n) and

&(z,u, Vu) = F(|z|?, [ul*)Vu — p(z)(Vu) . (4.4.9)

Now we recall that a mapping v € A(X) is a stationary point of .% if there exists some p
such that the pair (u,p) are a classical solution to the Euler-Lagrange system. Meaning
that u € C*(X,R?) N C(X,R?) and p € CHX) N C(X) and EL[u, p; X] is satisfied. In
order to achieve our aim set for this section we begin by restricting our energy to the class
of twist mapping in A(X). This reduced energy has a corresponding restricted Euler-
Lagrange which will turn out to be an ODE. Solutions to this restricted Euler-Lagrange
give twist mappings which are critical points of the reduced energy. These are then our
candidates for twist mappings which are critical points of the full energy, i.e. solutions to
(4.4.8)). Firstly .7 over twist is,

Flu; X] = /X 2 (r2,12)|Qg(r)) + rg(r)Q @ 0] da

— / H(r) (2 +2rg(Q'QH, 0) + r292|QtQ9\) dx
X

b
=2r / H(r) (2+7%¢%) rdr = C1 + 21# [g; a, b). (4.4.10)

Above we have let 0 < ¢ < H(r) = 3F(r?,r?), Cy = 27 f; rH(r) dr and defined the energy
#'[g; a,b] by,

b
Y (g;a, b :/ r3H(r)g? dr. (4.4.11)
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It is then straightforward to show that the restricted Euler-Lagrange of the energy .# for
twist mapping in A(X) is given by,

3(1 (r’H(r)g) =0, g(a) = 2mki, g(b) = 27ks. (4.4.12)

Provided that H(r) > 0 solutions to (4.4.12)) are given by,

" ds
= —_— 4.4.1
o) = [ e (1413)
where co = 27k and ¢; = 2w (ko — k1)/8 with 8 = ffr_?’H(r)_ldr. Hence without loss
of generality we can assume that k1 = 0 with ky = k and therefore for each k € Z we have

that there exists a g given by,

2k (T ds
w0 =5 |, PG

(4.4.14)

where g = f: r~3H(r)~! dr. We shall from now on denote u, € <% to be the twist mapping
that corresponds to the angle of rotation function g, given by .

We now aim to prove that our candidate twist mapping associated to the angle of
rotation function g, given by , are critical points to the full Euler-Lagrange (4.4.8]).

Namely,
Theorem 4.4.2. Let X = X|a,b] C R? and consider the .F energy given by,
1
Flu; X] = 2/ (|22, |uf2)|Vul? dz, (4.4.15)
X

over the space of admissible mappings A(X). Then the twist mappings given by up =
Qlgx|x, where gi is given by (4.4.14) for each k € Z, are solutions of the Euler-Lagrange

equation (4.4.8).

Proof. Firstly through direct computation we can show that for every twist mapping the

following identities hold:
Vu=Q+riQi®0, |Vu?=2+r%% Au= [3gQ +r§Q — rd*Q| 0.

Again straightforward computations show that,

I, = (Vu)!'Vu(Vu)u = (1 +r2¢H)z 4 rgla (4.4.16)
= (Vu)!(Vu)z,
I, = |[Vul?(Vu)lu = (2 4+ r2§?)z, (4.4.17)

Iy = (Vu)'Au= [(3r g+ rd) J + 2¢°1] x. (4.4.18)
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Then we can write the Euler-Lagrange equation in the following way,
Vp =2(0:F +0,F)I; — 0,FIy + FI3. (4.4.19)
Note that F = F(|z|?, |z|?) = 2H(r) and therefore H(r)/r = 0,F + 0»F. Thus,
Vp = 2r~'HI; — ,FIL, + 2HI;. (4.4.20)
Assuming that g satisfies then HI3 reduces to the following,
HI; = v [3r?Hg + r*§H] Jo + 2¢°Hz = —gHJx + 2¢°Haz. (4.4.21)
Moreover,
rUHI + HIg = r ' H (14 7%6%) 2 + 29 Ha. (4.4.22)

Therefore substituting (4.4.22)) into (4.4.20]) gives that,

Vp =2r"'H (1 +7%¢%) v + 4¢°Hx — 0,FL

=4 H z+ 2 T H(1 + &' H ) 2 - 9,F (2+ Ar*H ) 2 (4.4.23)
Above we have used the form of ¢, namely (4.4.14)), and let ¢ = 27kCy ™. Now since,
VH(r) = r~'Hz, (4.4.24)

we are left with to that 4c2r SH 'z, 2¢2rSHH 2z and oyF (2+c2r*4H*2) x can be
written as a gradient of some functions in order for uy to be a solution to (4.4.8)). This

can be easily done by letting,
T .
Gi(r) = 2/ s H?H ds, (4.4.25)
a
and noting that VG (r) = 2¢>r">HH2z. In a similar fashion we let,
T
Go(r) = / sOF (2+ 2sTH?) ds, (4.4.26)
a
which then satisfies VGa(r) = 82F (r?,72) (2 + ¢*r~*H™?). Finally let,
T
Gs(r) = / 2c2sOH 1 ds, (4.4.27)
a

and we clearly see that VGa(r) = 2¢?r~SH~!z. Thus uy, defined by g, which is given by
(4.4.14), is a solution to the full Euler-Lagrange given by (4.4.8)). O
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4.5 Minimality of twist mappings in the homotopy classes

a7, and their uniqueness

In this final section we aim to prove the main result of this paper. Namely that uy, found
in Section [4.4] is the unique minimiser of .% in 7, for each k € Z, where .7 is defined by
F € § (a full description of § is given below).

Our approach is to show that the symmetrisation @ € o7, of u € @, strictly decreases
the % energy if u is a non-twist mapping. To achieve this we rely on a lifting result for our
mappings u € A(X) which is given by Theorem This result allows us to decompose
our energies .# in disjoint energy terms involving |u| and some g € W12(X) N C(X).
Focusing on the terms containing |u| we prove, using the coarea formula, Propositions|4.5.1
and Proposition that |x| has less energy. Here we essentially reduce the problem
to proving energy inequalities between |u| and |x| over almost every circle. It is then a
consequence of the incompressibility constraint that equality can only occur if u is a twist
mapping. The final stage of the proof is to show, via a suitable averaging argument, that
there exists a g € ¢, such that the energy terms involving g are decreased. Therefore, we
conclude that the % -energy of the twist mapping u = Q[g]z € & is strictly less energy
than the .#-energy of u € 7.

A consequence of this is that any minimiser of .# in &/ must be a twist mapping.
Hence we will obtain that uy is the unique minimiser of .% in &, as wuy is the unique
minimiser amongst twist mappings.

Before we proceed to the main result of this section let us firstly prove the preliminary
results, alluded to above, which are needed for the proof of the main symmetrisation
result. Namely our first result shows how the integral over the level set {x € X : |u| =t}

for some u € A(X) and a.e. t € [a,b] is related to an integral of the inverse mapping

w=u"!eAX).

Proposition 4.5.1. Let u € A(X) and w = u~* € A(X) denote the inverse mapping of
u. Then for 0 < ¢ € Cla?,b*] and for a.e. t € [a,b] we have the following identity,

2 w
/ (w2
0

20 do
where {Ju| =t} = {z € X : |u| =t} and Ow/00 = Vwz+ with v+ = (—x2,11)".

= / o(|z[?) dH?, (4.5.1)
{ul=t}

r=t

Proof. To prove this result we rely on a version of the coarea formula for Sobolev functions
as in [I7] Proposition 2.1. Firstly let us fix a ¢ € (a,b) and let us also take 0 < § < b — .

Now define the open set A = w(X?‘S) C X where w = u~! is the inverse of some fixed
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u € A(X) (see Theorem [4.2.1)) and X! = {z € X : t < |z| < t + 6}. Furthermore we
shall let x4 denote the characteristic function of A and therefore pa(z) = ¢(|2]?)xa(x)
is a non-negative Borel measureable function. Hence by the coarea formula for Sobolev

function (see [17]) ,

b
/¢A|V|u\|dx:// oA dH! ds. (4.5.2)
X a J{|lu|=s}

Moreover we note that the left hand side of (4.5.2)) is given by,
[ealVidias= [ ole V] az
X w(X{*?)
= [l e Plvu) sl ay. 453

Above the last equality comes from an application of the change of variable formula given

by (4.2.5) and the following calculation,
ul(w(y)) =yl = Vu(y)'V]u|(w) = ly| ™y, (4.5.4)

for a.e. y € X. Furthermore specifically in two dimensions we have that,

ow
“tyl = |— 4.5.5
(7o)l =| 55 (1.5.5)
and when combined with ( - we obtain that,
t+0 27
/ / o(|w|?) d0dr—/ / o dH! ds. (4.5.6)
39 {lul=s}

Moreover as u is a homeomorphism we also have that {|u| = s} = w({|z| = s}) since,
{z e X :|ul > s} = w(Xy), (4.5.7)
where X, = {z € X : |z| > s}. Then from the uniform continuity of w on X we see that,
w(X,) = w(X,), w(0Xy) = ow(Xs). (4.5.8)
This therefore gives, using the identity boundary conditions, that
HreX:|u>st={reX:|jz|=0}Uw{z e X:|z| =s}), (4.5.9)
and in particular,

w{r e X:|z| =s}) ={r e X: |u] = s}. (4.5.10)

Therefore using this identity we have that for any y € {|u| = t} the characteristic function

XA is non-zero at y, i.e. xa(y) # 0, z'ﬁ”t < s <t+4d. Hence 6)) becomes,

t+6 p2m t+4
/ / o(jw?)| S2 | d dr _/ / edH! ds. (4.5.11)
{Jul=s}

Then since both integrands are L' integrable on (a,b) we obtain the result by an applic-

ation of Lebesgue differentiation theorem. O
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In addition to the above stated proposition we shall also require in the proof of our

main result the following proposition which was proved by the authors in [58]. Namely,

Proposition 4.5.2. LetT' € C?[a, b] be such that T'(t)/t is a monotone increasing function.
Then for u € A(X) and almost every r € [a,b] we have that

2
4 0 0
/ T () L );;“LW’ D 46 > 221 (r). (4.5.12)
0
Proof. The proof of this result is given during the proof of Proposition 7.4 [58]. O

Our final result in this section before the main theorem is the following lifting result

for mappings u € A(X).

Theorem 4.5.3. For each u € o, there exists a corresponding function g € WH2(X) N
C(X) such that u has the following lifting,

X

u(z) = IUI(zv)Q[g]m, (4.5.13)
and g = 0,9 = 2wk on 0X, and X, respectively. Furthermore,
\Vul? = |V]ul|* + [z]2ul® (1 + 20p9) + |ul*|Vg|%, (4.5.14)

for almost every © € X. Above we have used the following notation dpg = Vg - x+ with

= (—x2,21).

Proof. Firstly as u € A(X) we know that we can work with a representative u € € (X)
and furthermore |u|~tu € WH2(X,;S') N C(X,S!). Now define,

v(r,0) = %(r cosf,rsinf) : [a,b] x [0,27] — S, (4.5.15)

which due to u/|u| € W12(X,S1) N C(X,St) gives that v € WH2(R,S') N C(R,S!) where
R = [a,b] x[0,27] and v(r,0) = v(r,27). As R is simply connected we know from Theorem
3 in [15] that v has a lifting of the same regularity, i.e. 3h € W12(R) N C(R) such that
v(r,0) = )9 Now let g(z) = g(rcosf,rsinf) = h(r,0) then we see that,

v(r, 0) = MO0 — Qlg(r cos b, rsin 0)]%, (4.5.16)

x

and therefore |u|~lu(z) = |z|71Q[g]z. Since g(rcosf,rsinf) = h(r,) we know that g
can only be non-continuous if there is a jump in A when § = 0 and 0 = 27, namely
h(r,0) # h(r,2m). However we know that such a jump must be of 27k for some k € Z as
v(r,0) = v(r, 2m). Therefore,

h(r,2m) = h(r,0) + 27k, (4.5.17)
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which would imply for each r € [a, b] that the curve

¥ (0) = v(r,0) = i(fr’ cosf,rsinf), (4.5.18)

|ul
has winding number k + 1. However we know that the winding number of ~, is 1 for each
r € [a,b] due to the identity boundary conditions, i.e. 74(6) = y(0) = (cos,sin #), which
implies that k¥ = 0. Hence u = |u|Q]g]|z| ™'z where |u|,g € W2(X) N C(X). Note that

the identity boundary condition also gives that,
g = 2mkg, g = 27ky, (4.5.19)

on 0X, and 0X, respectively, where k., ky, € Z. Now without loss of generality we can
assume that k, = 0, as we can always take away an integer multiple of 27 from g such
that this is the case. Then u € <, implies that deg(u) = k where here again the deg(u)
is the winding number of the image under |u| 'u of any radial line (r,6) for 6 € [0, 27]
fixed. This in turn implies that g = k; = k£ on 9X;. Finally comes from a direct

calculation which completes the proof. O

The significance of this result for the purpose of the proving the main result is the
decomposition of |[Vu|?. This allows us to write the .# energies into a series of functions
energies, which themselves are easier to tame. In particular, we are able to apply an
averaging argument to the angle of rotation function g in order to obtain a corresponding
radial function g, which in turn defines a twist mapping .

With these propositions now at hand we are in a position to prove the main result of

this section. However let us first state the assumption we place on F.
Assumptions placed on the F defining the energies F

Firstly we assume, as stated before that 0 < ¢ < F € C>*(#). Moreover we assume

that F also satisfies either of the following,
H1 F(x,y) = F(1,y)2~! and 8§[F(m2,y2)1/2] > —0,[F(x2,4?)'/?/y] for y € [a, ).
H2 F(z,y) = F(z, 1)y~ and 92[F(22,32)/2] > —0,[F(22,4?)/? /x| for x € [a,b].
Then the class of functions we are interested in is,

5= {F € C*(Z) : F(z,y) satisfies (H1) or (HZ)} (4.5.20)
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For a specific example of a function F(z,y) which lies in § consider F(z,y) = ¢*(z)/y
where ¢(z) = 2% on [a,b] and o > 1/4. Then F(z,y) will lie in § as it satisfies H2. With

these examples in mind lets now consider the energies given by
1
Flu; X] = 2/ F(|z|?, |u?)|Vul? dz (4.5.21)
X
where F € §. Then we have the following result,

Theorem 4.5.4. For any non-twist mapping v € o7, there exists a twist mapping 4 € 2

which has strictly less . energy. Namely,
Flu; X] < Flu; X, (4.5.22)
for each k € 7. Furthermore uy is the unique minimiser of % over o, for each k € 7.

Proof. Firstly we note that in proving this result it is enough to show that it holds for F
just satisfying one of H1 or H2, since the result for F satisfying the other condition follow
from Theorem Namely Theorem shows that if u € &7, then it’s inverse exists

and w = v~ ! € &/_j, where in particular we have that,
[Vu(w(y))* = [Vw(y)[?, (4.5.23)

for almost every y € X. Therefore an application of Theorem 1.8 on page 280 in [35] gives
that,

<%MMZ;AFWRWWWWM%w

1

T2 /XF(\”LU(y)F, [y[*)IVw(y) dy. (4.5.24)

Now let us define F*(£,n) = F(n, ) then clearly if F satisfies H1 then F* will satisfy H2.

Moreover let us denote #* to be,
e ()2 2 2
Flw; X] = 5 F*(|z|, |w|?)|Vw(x)|* dz. (4.5.25)
X

Therefore (4.5.24]) gives that,

1

FlusX] = [ (o) Vul? dy = 7w X). (4.5.26)
X

Hence showing that (4.5.22)) holds for .% gives that .7 *[w; X] > .Z*[a~!; X]. Additionally

as 4! is a twist mapping we obtain the result for .#*.
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In light of the above we shall assume that F € § satisfies H2. Recall that from The-
orem we know that 3g € W12(X) N C(X) corresponding to u € 2%, In particular,

[Vul? = [Vu|[? + 2|72 |uf* (1 + 209) + [ul?|Vg?, (4.5.27)
for almost every x € X. Then using this identity we obtain that,
27 X) = | F(ofJuf) Vu(o) do
X
= [ F(al?, )1l V(e s
X
= [ FQol?, 1) [l 2Vl + o] 2 L+ 2009) + V] do. (15.28)
X
Clearly the following holds,
/ (|22, 1)]e] "2 (1 + 2059) dz = / (|22, |o[2) da. (4.5.29)
X X
Therefore we are left with the following two terms to consider,
1= [ FaP uP)ViulPds, 10— [ PP DIVgPd  (4530)
X X

which for the rest of the proof we shall deal with individually in three steps after which

we shall conclude the uniqueness of twist minimiser uy € %, in one last step.

Step 1: Bounding I Below: Here we are considering I with the aim of trying to

show the following,
/ F(|z|?, =) dz < / F(|z|?, [u®)|V]|ul|? dz. (4.5.31)
X X
The idea here is to use a form of the coarea formula from which we can use the propostions
proved earlier in this section to gain inequalities on the boundary of the level sets, which
in turn will allow us to obtain ([4.5.31)). To this end we first observe that for u € A(X)
the coarea formula for Sobolev functions (see [I7]) gives that,
/ P[22, |uf2) 2|V ]u|| dz = /b/ P[22, £2) dL dt, (4.5.32)
X a J{jul=t}
which then as u € A(X) is a homeomorphism, due to Theorem we saw from Pro-
position that,

27
/ F(juwl?, %)/
0

for a.e. t € (a,b) where w denotes the inverse mapping of u. Furthermore we recall the

ow
89‘ 4

= / F(|z|?, 2)/2 anu, (4.5.33)
{Jul=t}

r=t

straightforward identity,

’awr _ (w-9pw)? | (w x Jpw)? (4.5.34)

E jw]? jw]?
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This gives that [Jyw| > (w X Jyw)/|w| and therefore,

2
/ F(‘w’2,t2)1/2w d6
0 w|

for a.e. t € (a,b). Now for t € (a,b) fixed let T'(s) = F(s%,¢*)1/25 and so

< / Pz, 2)1/2 an, (4.5.35)
S

F(SQ,tQ)l/Q d

: _ 2 ,2\1/2
T'(s)/s L IR, (4.5.36)
we obtain that,
d (T d (F(s2,t)2  d 5 on1
i ’ F /2
ds(s) ds( s +ds[(s’t> }
d (F(s*2)'/2 d? 2 121/2
> 0.
ds( - + [F(s,t) ]_o, (4.5.37)

by our assumption H2. Thus I'(s)/s is monotone increasing and as I' € C?[a, b] we have

by Proposition that,
2m
w X Opw
/ L(Jw|) ——5— db
0 |wl

for a.e. t € [a,b]. This therefore allows us to conclude from (4.5.35)) that for a.e. ¢t € (a,b)

> 27T (t) = 2mtF (2, 12)/2, (4.5.38)

r=t

we have,
omtF (2, 2)1/? g/ F(|z|?, t2)/2 d’. (4.5.39)
{Jul=t}

Now recall that a,(t) is the distribution function of |ul, i.e. ay,(t) = {z € X [u(z)| >
t}| = 7(b* — t?). Additionally to this let us recall that 1 = det Vu = dyu x dau for a.e.

x € X. Moreover each weak derivative of u can be written as,

Oyu = 01 |ul— + |uldy Bo = Do) — + [uldo = ). (4.5.40)
|ul \ | |ul |u|

Then an explicit calculation shows that,

O1u X Dyu = [«%Iu‘ ,+IUI31<‘ ,)] X [‘92“"\ \+|“|a2<\ Iﬂ
= 4|l [ux82<| |>}+62|u| [uxal(, |)]
=[x () owean ()] vl (45.41)

for a.e. € X. Thus the constraint that det Vu = 1 a.e. in X means that [{z € X :
|V|u|| = 0}| = 0. Therefore again via an application of the coarea formula for Sobolev
functions as in Lemma 2.3 of [I7] we obtain in this case that,

1 o d
o = g (t) = 2, 4.5.42
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for a.e. t € (a,b). Then by Holder’s inequality and an application of (4.5.39) we get that,

onF (12, 12)t < / F(|z|?,t%)|V|u|| dH?, (4.5.43)
{zeX:|u|=t}

for almost every ¢ € (a,b). Hence combining this with (4.5.32)) we obtain,
b
/ F(|z|%, |z|?) dz = / 2nF (12, %) tdt < / F(|z|?, |ul®)|V|u||? dz, (4.5.44)
X a X

and therefore we have proved (4.5.31)).

Step 2: Case of equality with I: We now note that equality in can only
occur if u is a twist mapping. The basic idea here is that the steps taken above necessitate
that |u| = |z| a.e. on X if we have equality, which by the determinant constraint and
identity boundary conditions results in v having to be a twist. With this in mind we note

that by the above calculations equality can only occur if

ow w X Jgw
=2 4.5.45
5| = (4:5.45)
for a.e. x € X, which in turn implies that for almost every = € X we have that,
8 2 aw
il = 2w — = 0. 4.5.4
86[w| w5 0 (4.5.46)
Now recall from (4.5.4]) that,
ow 0 -1
=5 (W) = IVul(w), J= ; (4.5.47)
00
10
which gives by (4.5.46]) that,
2w - JVu|(w) =0, = %]u\(x) =0, (4.5.48)

for a.e. x € X. The last equality above comes from using that w is inverse of u and thus
we let y = u(z). We can deduce from this that |u|(x) = h(|z|) for some h € L?[a,b] and
furthermore 9,|u| = I(|z|) for some I € L%[a,b]. To see this is the case we first transfer
into polar co-ordinates by letting f(r,0) = |u|(rcos,rsinf) then f € W12(R) where
R = [a,b] x [0,27]. Moreover,

of _ ol 0f Ol _ (4.5.49)

or or’ 20 00
for almost every (r,0) € R. Therefore to prove our desired claim it is enough to show that
f(r,0) = h(r) for some h € L?(a,b) and furthermore 9, |f| = I(r) for some [ € L?(a,b). To

this end we note that dpf = 0 implies that,

0= / F(r,0)0pp dr d6, (4.5.50)
R
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for all p € C°(R). Now take any ¢ € C°(R) and define,
0 2
wlr) = [ et —0 [ pre)as (4.5.51)
Therefore ¢ € C°(R) and we obtain that,

0= [ f(r,0)0ppdrdd = [ f|e(r,0)— o(r,&)d¢| drdd
J; Jor s [ etnoad

— [ 1#8) = () ot 0) dr o, (15.52)
R
for any ¢ € C2°(R). In the last line we have let,
27
h(r) = f(r,0)do0, (4.5.53)
0

and therefore h € L?(a,b). Therefore as the above is true for any ¢ € CX(R) we can
conclude, by the fundamental lemma of the calculus of variation, that f(r,0) = h(r) for
almost every (r,0) € R. In a similar fashion we can show that d,f = I(r) for some

I € L*(a,b) and almost every (r,6) € R. Now let us note the following,
Oru X Ogu = |x| det Vu = |z|, (4.5.54)

for almost every x € X. Additionally,

Bru = B, |ul— + [uld, [ =), (4.5.55)
|ul |ul
Opgt = 39‘U|% + |u|0g <‘Z> = |u|Dy (,Z) , (4.5.56)

and therefore using the lifting result of Theorem for u € A(X) we can write the

determinant constraint as,

_ Oluf? g
2 = (1+89 (4.5.57)

for a.e. x € X. Integrating both sides over X:‘Hs and using the 0,|u|? is constant with

respect to # we obtain that

3 & r+6 ) 27 @
Are[(r+6)° —r’] = 70r|u| 1+ dédr
, 0 00

r+6
= 27T/ 70, |u|? dr. (4.5.58)

Then applying Lebesgue differentiation theorem we obtain that, d,|u|?> = 2r for almost
every r € [a,b] and thus 8,|u|? = 2|z| for a.e. z € X. Moreover this gives that |u| = |z|
for all z € X as |u| and |z| agree almost everywhere and are both continuous. Thus by

(4.5.57) we know that for a.e. x € X,

99 _

_ 45.
59 =0 (4.5.59)
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from which it is possible to conclude, like earlier, that g(z) = g(|z|) where g € W12[a, b N

Cla, b]. Hence for equality to occur we have shown that,
u(z) = Qg(|z])]z, (4.5.60)

which is twist mapping. Thus equality can only hold for twist mappings. Thus we have

shown that for a non-twist mapping u then,

/ F(|33|2,\:U|2)da: </ F(|$|2,\u|2)|V|u||2d:E. (4.5.61)
X X

Step 3: Bounding IT Below: We are now left to deal with the IT term. To this end we
would like to show that,

/ F(lal?, )|Vl de < / F(laf?, 1)| Vgl da,
X X

for some g € W12 (a,b) with g(a) = 0 and g(b) = 27k. To achieve this we use an averaging

argument. Namely let us define for r € (a,b),

21
/ / 99 5.0y ds, (4.5.62)
27r

where above we have written g in terms of polar co-ordinates. It is straightforward to see
that g(a) = 0, g(b) = 27k and g € W12(a,b) since g satisfies these boundary conditions
and g € W12(X). Moreover an application of Jensen’s inequality gives that,

dg

2 _ |29

2 1 21
< 240 4.5.
<5 | vaRa. (45.63)

for almost every r € (a,b). Thus we have that,

/F(\ﬂc|2,1)|V§|2dx§/ F([z2,1)|Vgl? da. (4.5.64)
X X

Hence combining all the estimates we have proved together we obtained that,

1 _ _
FhusX] = 5 [ Fllaf1) [l 2Vjull + Jal (1+ 200) +Val?] da

1
2/ P22, |22)|Val2de = Za: X, (4.5.65)
X

v

where due to (4.5.61)) the inequality is strict if u is a non-twist mapping. Moreover by
recalling g satisfies g(a) = 0, g(b) = 27k and g € W12 (a, b) implies that the twist mapping

Step 4: Uniqueness of twist minimiser: Finally to conclude the proof we need to

show that wug is the unique minimiser of .# in . To do this we suppose by contradiction
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this isn’t the case, i.e. Ju € o, such that Flug] = Flu]. Then as u; is the unique
minimiser amongst twist mapping in 7 we know that u must be a non-twist. However

by the above we know that @ € o7, satisfies,
Flu) < Flu] = Flug], (4.5.66)

as u is a non-twist. Therefore we have reached our desired contradiction and conclude our

proof. O
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Chapter 5

Incompressible twists as limits of compressible local energy

minimisers on annuli: A ['-convergence approach

Abstract

Consider a bounded annuli X C R” and the general stored energy functional given by,
1 1
E.[u] = / [F(|x|2, [u?)|Vul? + =h(det Vu)| dz,
X 2 e
over the space of admissible mappings,
AT(X) = {u € WH(X,R™) : det Vu > 0 a.e. and u = 2 on 9X}.

where 0 < F € C*>. Motivated by the previous work in [66], [74], [75], [76] and [78]
we study the existence of equilibria to E.[u], namely classical solutions to the Euler-
Lagrange associated with E.[u] over AT (X), which are in the form of a twist mappings,
ie. u(x) = fQ[r]0@ where Q € SO(n) and 6 = z/|z|. In particular when n = 2 we show
that there exists countable many critical points to E.[u] for each € > 0 and moreover there
are countable many twists L'-local minimiser of E. when F is restricted to a large subclass
of function. Furthermore, when n > 2 we prove an equivalence condition for a twist u to
be a critical point of E.[u]. This in turn shows that there are at least countable many

critical twists mappings when n is even and at least one when n is odd.
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5.1 Introduction

The focus of this paper is on the following class of deformations
AT(X) = {u € W'(X,R") : det Vu > 0 a.e. and u = z on 90X}, (5.1.1)

of an n dimensional annulus X C R"™. In particular, we look at the associated deformation

energy given to each u € AT(X) by,
Elu; X] = / W(z,u, Vu) dx, (5.1.2)
X

where above W : R" x R"™ x RQL_X” — R is a stored-energy function. For the purpose of this
paper we assume that the stored-energy function is given by the prototypical polyconvex

example of,
1 2 012 t 1
W(z,y,F) = §F(|LL‘| Nyl )tr{F*'F} + gh(det F). (5.1.3)

Throughout the course of this paper we shall assume that 0 < F € C*(Z#) where #Z =
(0,00) x (0,00) and 0 < ¢ € R. Furthermore, we place a number of assumptions on the

function h, which are enumerated bellow.
[A1] h € C?(0,00) and strictly convex.

[A2] It obtains its unique global minimum of zero at one, i.e. h(1) = 0.
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[A3] There exists £ > 0 and n > 0 such that for all ¢ € (0,00) and o > 0 satisfying

|a — 1] < n then,

\h(at)t| < E[h(t) +1]. (5.1.4)

[A4] The following asymptotic behaviour is satisfied:

%{% h(t) = oco. (5.1.5)

Thus for each € > 0, h satisfying [A1] — [A4] and 0 < F € C*>(#) we have an associated
deformation energy given by,

E.u; X] :/X [;F(|x|2,\u|2)|Vu]2+ih(detVu)] da. (5.1.6)

The Euler-Lagrange equations EL[u| formally associated with the deformation energy
Ec[u; X] over AT(X) at u € AT (X) is,
div(FVu) — 0:F|Vul?u + e~V [h(det Vu)cof Vu] =0, in X,
det Vu > 0, in X, (5.1.7)
U=z on 0X,
where above we have let F = F(|z|?|ul?) and 0:F(z,y) = OF/dy. A mapping u €
C2(X,R") N C(X,R") with finite deformation energy E.[u; X] and which satisfies (5.1.7)
is called a classical solution or equilibria to the energy E. over AT (X). Furthermore,
a consequence of a classical solution u being C? is that the system of Euler-Lagrange
equations ([5.1.7), which u satisfies, can be equivalently expressed using the so-called Piola
identity and pointwise invertibility of the gradient matrix as
(Vu)t [0oF | Vul?u — div(FVu)| = e det VuV(h(det Vu)), in X,
det Vu > 0, in X, (5.1.8)

U= on 0X.

Motivated by previous work in [66], [74], [75], [76] and [78] we set ourselves the task of
studying under what conditions twist mappings provide equilibria to the energies E. over

AT (X). In this paper we define a twist mapping to have the form

u(z) = f(r)Qlr]o, (5.1.9)

where r = |z|, = z/|z|, Q € W2([a, ], SO(n)) with Q[a] = Q[b] = L, and f € W'2[a, b]
with f(a) = a and f(b) = b. To ensure that a twist mapping u given by (5.1.9)) belongs to

our class of admissible mappings A*(X) it is enough to assume that f > 0 a.e. on (a, b).
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Through the course of the paper we shall see, namely Theorem and Theorem
that when n is even there exists a twist mapping uy € A1 (X) for every k € Z which
is a solution to . However when n is odd Theorem and Theorem tells us
that only twists of the form u = f(r)6 are possible solutions to and that there is
atleast one solution. The existence of the twist solutions in both even and odd dimensional

cases is obtained in Theorem [5.4.1] and requires the following additional assumption.

[A5] The following suplinear grow of h is satisfied.

lim A(t)/t = cc. (5.1.10)

t—o00

A major theme running through this paper is a direct consequence of the aforementioned
assumptions on h. Namely, assumptions [A2] and [A4] allow us to consider the incom-

pressible model
Flu; X] = /X %F(m?, (uf2)|Vul? dz, (5.1.11)
over the space of admissible mappings,
AX) = {u € WH(X,R") : det Vu = 1 a.e. and u = = on 90X}, (5.1.12)

as the I'-limit of E; as ¢ — 0 (i.e. E; 5 F). With this I-convergence in mind we study
in the planar case n = 2 the convergence, with respect to W12, of minimisers ulg to E¢ in

homotopy classes of A" (X) as & — 0. In this setting it is possible to show that AT (X)

k

countably many pairwise disjoint homotopy classes sz,:r each containing a minimiser u;

to E. for ¢ > 0. In Section [5.5] we prove that the minimisers in each homotopy class are

converging strongly in W12 to the unique minimisers 1"

, in the respective homotopy class
., for the limit energy F. Uniqueness of minimisers in homotopy classes for the limit
energy (the incompressible setting) was achieved by the authors in [60] where it was shown

that the minimisers are in fact incompressible twist mappings. (Note that throughout this

section additional assumptions are placed on F, i.e. (5.5.12)) and (5.5.13))

The final two sections of this paper are devoted to the proof of our main result which is
an analogue result to that found in [60] for the incompressible setting. Namely, we prove
in the planar setting that minimisers in the homotopy classes of A" (X) do exist in the
form of a twist mappings. This result in turn gives that for any € > 0 there are countably
many L'-local minimiser of the form of a twist mapping. Hence, for each ¢ > 0 and k € Z

there is a corresponding L'-local minimisers of E. is given by,

uf(z) = fFexp(2rkB )0, (5.1.13)
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where (f¥, 3) are the minimisers of &[(f, 3);[a, b]] which is defined by (5.4.5) and J is the

2 x 2 skew-symmetric matrix with +1 in the off-diagonal.

5.2 Twist mappings, the restricted energy K. and the re-

duced Euler-Lagrange system

Twist mappings have been well studied in the context of incompressible models (see [60],
[58] or [75]). In this section we introduce twist mappings in the current context of com-
pressible models, as in [66], and look at some of the fundamental properties and identities
satisfied by twist mappings. Aside from introducing twist mappings the overall objective
of this section is twofold: Firstly, we wish to introduce and define the restricted energy
K. which occurs when the energy E.[u; X] is restricted to twist mappings. Secondly, we
wish to derive the reduce Euler-Lagrange system associated to the restricted energy K.

over twist mappings. To this end let us first formal define twist mappings.

Definition 5.2.1. (Twist mapping) A twist mapping u : X — R”™ of the n-dimensional

annulus X C R™ has the form (below 0 = z/|z|)

u(z) = f(r)Qlr]o, (5.2.1)

where f € W12(a,b) such that f(a) = a and f(b) = b. Whilst Q is a closed W12 Sobolev
loop starting from I,, in SO(n), i.e. Q € W2([a,b],SO(n)) with Q[a] = Q[b] = I,,.

Moreover we let .7 C W1H2(X,R") denote the set of n-dimensional twists. It is imme-
diate, from the above definition, that u(z) = z on X for any v € 7. Furthermore, twist
mappings satisfy some useful identities which for the convenience of the reader we collect

and state as a proposition. Namely,
Proposition 5.2.1. Any (twist) mapping u € 7 satisfies the following identities,
(i) Vu=r"1fQr] + (f —r1/)QI @0+ fFQI® 0,
(i) det Vu = pm(n=1) f o1
(iii) |Vul? = (n — Dr=2f2 + f2 + f2|Q).
Additionally if f and Q satisfies further differentiability assumptions then,
(iv) Au=|aQ+BQ+ Q] 0,

where we have let o« = f+r Y n—1)(f —r~1f) and B =2f +r~1(n—1)f.
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Proof. These can be verified by direct calculations as in [66]. O
A consequence of Proposition [5.2.1] is the following corollary which asserts that a

general twist mapping belongs to our admissible class of maps iff the radial part satisfies

f>0a.e. on (a,b).

Corollary 5.2.1. A (twist) mapping u € .7 satisfies v € A*(X) if and only if f(r) > 0

for a.e. r € (a,b).

Proof. Firstly (7ii) of Proposition gives that u € W1H2(X,R") and by (i7) det Vu > 0
a.e. if and only if f(r) > 0 for a.e. r € (a,b). O

With the above corollary in mind we fix some further notation. Namely let,

T = {u €7 d(';f|( )= f(r) >0 a.e.}, (5.2.2)

which by Corollary satisfies 7, C AT (X). Now by considering the energy E.[u; X]

over twist mappings u € AT (X), i.e. restricting E.[u; X] to u € Z, we find that,

EE[U;X]:/XW[(R >f2+f2+f2\Q0|2]+ h(f(jf)nl) i

g ()

=:nK:[f,Ql, (5.2.3)

(n—l)f2 +f2+f2‘Q‘2

where above we have let F = F(r?, f2) and n = 27 'nw,,. Here w, denotes the volume of
the n-dimensional unit ball, i.e. wy, = Vol(B,). Therefore, minimising E.[u; X] over the

class of twist mappings .7, is equivalent to minimising the restricted energy

wln.Q - [ br”—l{F n-v%

w2, (f (;’f)n_l> }dr (5.2.4)
over W = F, x 2 where,
Fy={f e Wh(a,b) : f(r) >0 a.e. and f(a) =a, f(b) = Db}, (5.2.5)
and
2 ={Q e W"*([a,b],S0(n)) : Q[a] = Q[b] = I.}. (5.2.6)

Now that we have obtained the restricted energy associated to restricting E.[u; X] over

the space of twist mappings we can go about deriving the reduced Euler-Lagrange system

EL[f, QJ.
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Proposition 5.2.2. Let (f,Q) € # have finite energy, i.e. K.[f, Q] < oo, with Q €
C2((a,b),S0O(n)) and f € C%*(a,b). Then the Euler-Lagrange system EL[f, Q]associated
with K.[f, Q| over the admissible pairs # at (f,Q) is

&[] <o
(5.2.7)
di’i [ f] + fng 1jh frot |,FL 4 F ("; Ly @n'z)] .
where above F = F(r2, f2), b = h (f ({)"_1) and
LA = (- 1L 4 4 1O (5.28)

Proof. The Euler-Lagrange system associated to the reduced energy (5.2.4]) over # can
be found by studying the variation with respect to f € .%, and Q € 2 separately. Firstly
the variation with respect to Q € 2 gives that,

% [r”_lF(TQ, A rPQQ| =o. (5.2.9)

This can be seen by taking a variation of the form Qs = Q + JQ(B — B') where B €
C&°((a,b),R™™) as in [66]. Now consider the first variation with respect to f € .Z., i.e.
LR [f + 6p, Qs—o = 0 where ¢ € Ci°(a,b). It is important to note that for each fixed
f € #4 we can find for each ¢ € C§°(a,b) a 6 > 0 sufficiently small such that f4+0p>0
for a.e. r € (a,b) and K.[f-, Q] < co. Therefore, (below we write F = F(r2, f2))

)

b
0= 2/ ot lagFfL(f, Q) +F (

b . n—1 n-1 _
+2/a r"_léh (f ({) ) cpfn_l + (n fo" 2 ] (5.2.10)
In the above we have let,
. 2
L(f,1Q|) = (n—l)f + 2+ 1 ’Q’ (5.2.11)

as in (5.2.8). Then rearranging (|5.2.10|) we find that,
’ n—1 2,2 : 2 [T |Q|2
0= [0l OE G, PILIQD + F G ) o

o[ () e
+/ab7° [( f2)f+5 <f<f) ><‘:>n1]¢dr. (5.2.12)
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Hence integration by parts and an application of the fundamental lemma of the calculus

of variation gives,

n— n—1
(Zn{ran(rz,fQ)]‘; + fglh <f <‘7}f> > }

= frm! [@F(ri L 1)) +F 62, 1) ("; "+ @J)
Frm— n—1

+ Mh (f <f> ) (5.2.13)

€ r

Note through explicit differentiation we have that,
n— n—1 n— n—1
u [f 1h<f<f> )l _ = <f<f> )
r| € r r

i d[ (f )] 5.2.14)

Hence by substituting the above into (5.2.13]) we obtain,

d : n=lg . (. n-l
& et ) (f (7) )]
2
= et [am?, L IQ) + R0, ) ( L 1o )] , (5215)
which therefore concludes our proof of the proposition. ]

5.3 Equivalence condition for twist mappings to be equilib-

ria of E.

The purpose of this section is to prove an equivalence relationship for twist mapping to be
classical solutions to the full Euler-Lagrange. The benefit of this equivalence relationship
will become apparent in the next section when we prove the existence of twist mappings
which are classical solutions to the full Euler-Lagrange system . An immediate
outcome of the aforementioned equivalence result which is of interest however is that in
odd dimensions a twist mapping v € .7, NC?(X,R") is a solution to (5.1.8), i.e. EL[u] =0,
only if it has the form u(z) = f(r)§ where f € ., NC?(a,b). This puts a serious restriction

on the type of twist mappings which can be equilibria to E.[u; X] over AT (X).

Theorem 5.3.1. A twist mapping u € 7y where Q € C?((a,b),SO(n)) and f € C*(a,b)
with (f,Q) € # is a solution to the full Euler-Lagrange equation (5.1.8) when n is even
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if and only if,

EL[f,Q] =0,
(5.3.1)
Q = Pexp(2nkB3J)Pt,
for any k € Z and where J = diag(Ja,...,J2),
0 —1 1 [ 1
Jp = LB = b/'|sn LRR(, 1)) d. (5.3.2)
1 0 CJa

Moreover twist mapping v € 7y with f € Fy N C%(a,b) is a solution to the full Euler-

Lagrange in odd dimensions if and only if

EL[f,I,] =0,

Q=1

(5.3.3)

Above the constant ¢ denotes ¢ = ff [r L f2F (2, fQ)]_l dr.

Remark 5.3.1. The above theorem essentially gives us a restriction on the solutions
to reduced Euler-Lagrange EL[f, Q] = 0 which can also be solutions to the full Euler-
Lagrange EL[u] = 0. Namely we have the following equivalence for twist mappings u € 7,

Q = Pexp(2nkBJ)P!  n even,
EL[u] =0 < EL[f,Q] =0 and

Q=1I, n odd.
for some P € SO(n) and f given in (5.3.2). Let us also now remark that the proof of the

above stated result is essentially a series of direct and substantial calculations.

Proof. To begin we note in the case that u € 7, satisfies the full Euler-Lagrange EL[u] = 0
then EL[f, Q] = 0. This is a consequence of the equation EL[u] = 0 resulting from
considering a larger class of variations than in the EL[f, Q] case. Hence in either situation
of the theorem we know that (f, Q) satisfy the reduced Euler-Lagrange, i.e. EL[f,Q] =
0. With this in mind we now make a note of some general identities satisfied by twist

mappings. Firstly recalling (i) in Proposition we find that,

(Vu)tuzf[iQ% (f—i)@@QHJrfG@QH Qo
2
=[£+¢(f—fﬂe:fﬂ. (5.3.4)

Another application of (i) in Proposition allows for the following expansion of
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(Vu)!'Vu. Namely,
(Vu)!Vu = [;’th + <f' - ;’f) 9®Q0+f9®Q0} X
% [{QJF (f—f> Q0®9+fQ0®0]

2
[f n+2f <f'—{>9®9+‘7;QtQ0®9+

2 2
n (—f> veo+l0eQait PaPeee|.  (535)
The above identity then gives that,
2 2 2
(Vu)'Vuf = ‘7% + 2{ (f - f) + <f‘ - fj) + £21Q01*| 6 + fTQtQH
2

= [+ Picor] o+ Laras
_ ‘ol + L-0t00 — (n— 1L
= L( VAl + e — (0 - )L (5..6)

Note that as previously L(f, v/n|Qf|) is given by (5.2.8). Additionally recall that the full

FEuler-Lagrange system is given by,

(V) [0oF (|22, [ul®)|Vul*u — div(F (|2, [u]*) Vu)] = det Vu

v (h(det vu)) :

which for a twist mapping becomes the following, (note |Vul? = L(f,/n|Qf]) for twist

mappings)

. dF d T
02 L(f,v/nlQ0)(Va)'u — = (V) Vuf — F(Vu)' Au = g% [h(y)} 6. (5.3.7)
Above for simplicity we have used v(r) = det Vu = rt=7fn-1 f and suppressed the argu-
ments of F, namely F = F(r2, f2). To simplify (5.3.7)) further we note that,

0oFL(Vu)iu = %Z—L —roFLO, (5.3.8)

where above for ease of notation we have suppressed the arguments of L, i.e. L =

L(f,+/n|Q#8)|). Therefore from (5.3.6) and (5.3.8) we obtain that,
OoF L(Vu)tu — Z—F(Vu)tVué’ =
dF 12
== <2 + = [TQ Q- (n— 1)In}> 0 —ro,FLO. (5.3.9)

Hence from the above it is apparent that ([5.3.7)) becomes,

—F(Vu)Au ‘;E < L+ fj [erQ —(n- 1)1,1D 0

ydr;
+rOFLO+ L [h(fy)} 0. (5.3.10)
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However from the reduced Euler-Lagrange system (/5.2.7) we know that,

% [r”le(ﬂ,ﬂ)f?QtQ} _0, (5.3.11)

which by expanding out the derivative gives the following useful identity,

dF  Fdry,. :
QQ-=—7— [r 1fQQtQ] . (5.3.12)

r™ dr

f2

T
This identity when used in ([5.3.10|) simplifies the expression to the following,

P[] o- (Vs -

T
_dF (L (n—1)f? vd .
== <2 — ) o+ ronFLe + 1 [h (7)} 6. (5.3.13)

To make any further progress on the simplification of ([5.3.13)) we must firstly note that,

f

r

f

F(Vu)'Au = F{ BQQ+ QA + f (f - T) (Q0, QO)L, + afT,

+ [erP + f<Q0,Q9>] fIn}e. (5.3.14)

Additionally we observe that, (recall that 8 = 2f +r~1(n —1)f)

L Q) = r[sQia s Fa s 1), (53.15)

rn=1 dr

which when we multiply both sides by 6 and the take the inner product with QtQ# gives
that,

< {thQ% Q) 9,9> = F[B1Q0P + 7100, G0)] . (5.3.16)

TTL
With the above in mind we can see that (5.3.14) becomes,

P(Vu)'Au = F{;’f s+ ]+ (7= 1) oot +af,

+ <rn1_1 Qthii [Tn—1f2QtQ} 0, 9>In}0. (5.3.17)

Therefore using ([5.3.12)) we find that (5.3.17]) can be written as,
f

F(Vu)'Au = F{ L saia+ rqiq)

f

T

) st + afln}e -pE

+f (f —~ —-lQoPe. (53.18)
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Moreover combining ([5.3.18) with the previously obtained identity ([5.3.15)) we find that

. 2 . .
F(Vu) Au = F{rl”ai" [r”flsztQ} - fTQtQ
+f ( - ;’f) (QO, GOV, + afIn} - dF\QGI 0. (5.3.19)

Furthermore, |Q6|2 + (Q6, Q8) = d(Qf, Q) /dr = 0 which implies that (Q, Q8) = —|Q4)|.
Therefore,

2
F(Vu) Au :F{: di [l - ! —Q'Q

—f (f' - 7~> Q0% + afln}ﬁ QdF\Qe\ 9. (5.3.20)

Hence using ([5.3.20)) in our previous expression for the full Euler-Lagrange system ([5.3.13))

gives that,

f2
{ QG+ 7t - Diaer, —afI}

dF< I G . )f?>9+ rLo: F9+*di [;‘1(7)} 0. (5.3.21)

dr r

Now recall that the reduce Euler-Lagrange implies that,

I . |
LoyF +F (”; + |Q¢>] - Tnf;l dii R (5.3.22)

n

ldi [71 (7)] =ff

Therefore the full Euler-Lagrange system can be expanded further to take the form,

f2
{ QQ+f <f— ) QOP°L, — afT, }

_dF

f
d’l“ n

Lok e

’Q’2>] . (5.3.23)

Hence observing that 2ro\F + 2f f0,F = dF /dr along with other simple manipulations

( — 171Q8)* - (n r)f2>0+rL81F9—

+ff

LoF+F (

gives
2
F{";QtQ +f (f - ff) QO - afln}e
_dF (n—l)f2 : fodaag
= oS ST
+ffF <n 1, \Q\2> 0 (5.3.24)
T n
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Furthermore, since L = L(f,/n|Qf|) = f2|Q0|> + (n — 1)r—2f2 4 f? the first term on the
right hand side of the above is zero. Additionally,

(”y)f, (5.3.25)

)= e

and therefore we obtain the following expression for the full Euler-Lagrange system,
P vt Fromn it Vg gl 0P
FLQiQ+ £(f — )IQOPT, — afT, 10 = F | ff - —af| 0. (5.3.26)
Thus straightforward cancellation and rearrangement gives the following equivalent iden-
tity for a twist mapping to solve the full Euler-Lagrange system,
2 . Q2
0=F [ (QtQ - \Q0|In) +rf(10e2 = 19 1, ] 6. (5.3.27)
r n
Moreover, as 1, f,F > 0 the above implies that,
EL il — o : o QP B
[ul =0 <= [f(QQ—|QOL,) +rf|]|QO]" — . I,|160=0. (5.3.28)
A direct calculation verifies in the case

Pexp(2rnkBJ)Pt  n even,

Q= (5.3.29)
I, n odd,
with 8 as in that,
[f (QtQ - \QeyIn) +rf (|Q912 - %‘2) In] 6 =0. (5.3.30)

Thus we have proved that,

Pexp(2rkBJ)P!  n even,
BL8) < BL[, Q] =0 & Q= . (5.3.31)
I, n odd,

For the reverse implication we observe from ([5.3.27) that for each # € S*~! the following

relationship between the norm of |Q| and |Q6) is satisfied,

0= < [f (QQ- QoL ) + 7 <|Q0|2 - '?f) In] 9,0>

—rf (|Q9!2 _ ‘Q‘Q> ) (5.3.32)

n

Hence, as 7 > 0 and f > 0 we can divide through by r and f to obtain,

EL[u] = 0 = |Qf]*> = anP (5.3.33)
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for all € S"~1. As shown in [66] the right hand side is only possible if all the eigenval-
ues of QtQ are equal. Namely suppose that Ai,..., )\, are the eigenvalues of QtQ with
eigenvectors given by 6y, ...,6, € S*!. Then (5.3.33) gives that,

14
=

1Q0;1* = (Q'Q0;,0;) = \; (5.3.34)

for 1 < j < n. Therefore when the dimension of the underlying annulus is odd we know by
the above that all the eigenvalues of Q'Q are zero as there is always one such eigenvalue

which is zero. Thus when n is odd we have that Q = 0 and hence,

Q=0 = Q(r) =1,, (5.3.35)

since we require that Q(a) = Q(b) = I,, which proves the theorem in the case that n is
odd. However when n is even the condition that QtQ = n*1|Q|21n combined with the fact
that Q'Q is skew-symmetric implies that Q(r) € RSO(n for each r € (a,b). To see that
this is the case observe that Q'Q being skew-symmetric and QtQ = n_1|Q|2In implies
that 3P € SO(n) such that Q'Q = n~'/2|Q|Pdiag(Ja, . .., J2)P* € RSO(n), which in turn
implies that Q € RSO(n). Moreover, EL[f, Q] = 0 gives that f € C%(a,b) solves,

s ome i (2
— ot [aQFw, PLUFNE) +F (2, f) (”21 + 53)] 7 (5.3.56)
where ¢ = ¢(r) = |Q|?> € C'(a,b). Furthermore, EL[f, Q] = 0 also gives the following ODE
in Q. Namely,
% [TIRGR, 201 o, (5.3.37)

which for any k € Z and P € SO(n) the rotation matrix Q(r) = P exp(2rkS(r)J) P! with

[ solves (5.3.37)). It can also be seen that any solution of (5.3.37|) satisfying the constraint
that Q'Q = n1 \Q\an is of this form. This fact is a consequence of any solution to (|5.3.37))

satisfying,
=132 2 £20060) — ( — P ¢
r"TF(r, f2) f7Q'Q = C = Pdiag(ciJa, . .., cpda) PP, (5.3.38)

for some skew-symmetric matrix C'. Then C being skew-symmetric means that it has the
form Pdiag(ciJz,...,c,J2) P! for some P € SO(n) and ¢; € R. However the constraint

that Q'Q = n_1|Q|QIn enforces that ¢; = --- = ¢, and therefore Q must be a solution of,

IR, ) 2QIQ = cPdiag(Js, . . ., Jo) P, (5.3.39)

'Note that RSO(n) = {F =cQ: c € R,Q € SO(n)}.
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Then with the matrix P € SO(n) and the constant ¢ fixed the ODE (/5.3.39) with boundary
conditions Q(a) = Q(b) = I,, has a unique solution given above. Hence when n is even we

have just proved that,

EL[f, Q] = 0,
EL[u] =0 = (5.3.40)
Q = Pexp(2nkBJ) P,

and this therefore completes our proof. O

5.4 Existence and form of twist mappings which are equi-

libria of E.

The goal of this section is to utilise the equivalence result, Theorem of the previous
section to prove the existence of twist mappings v which are classical solutions to the full
Euler-Lagrange system . Moreover, we can in fact prove the existence of countably
many twist equilibria of E.[u] when n is even and the existence of at least one when n
is odd. In order to achieve this existence we need to impose the additional asymptotic
assumption, mentioned in the introduction, on the convex function hA. Namely, we assume
that h satisfies [A5]. The need for this assumption is technical and necessary in our

argument to prove the regularity of radial part f of the twist mappings.

Theorem 5.4.1. (n even) For each k € Z and provided h satisfies [A5] there exists a
f € C?[a,b] such that f > 0 on [a,b] and

EL[f,Q] =0, (5.4.1)
where Q = Pexp(2rkBJ)Pt and 3 is given by (5.3.2). Furthermore, the twist mapping
u(x) = f(r)Pexp(2wkBJ) P'0, (5.4.2)

is a classical solution to the full Euler-Lagrange system ({5.1.8]).

(n odd) Again provided that h satisfies [A5] there exists a f € C%[a,b] such that f > 0

on [a,b] and

EL[f,I,] = 0. (5.4.3)
Furthermore, the twist mapping

u(z) = f(r)6, (5.4.4)

is a classical solution to the full Euler-Lagrange system (5.1.8)).
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Proof. Let us firstly work in the case that n is even and fix any arbitrary k& € Z. To
prove the existence of such an f € C2[a,b] we take a variational approach and consider

the energy given by,
f2

S+ 2+ (2nk)2 232 dr

b
Sl = [ PR [<n )

a

X /ab fh (f <i“>"1> P Ldr. (5.4.5)

This energy & is nothing other than the restricted energy K.[(f, Q)] when Q takes the
form Q(r) = Pexp(2wkB(r)J) P! for some function 3. Here we consider the energy & over

the space of admissible functions,
B={(f,8): f€ 7. and € W"?(a,b) s.t. B(a) =0 B(b) = 1}. (5.4.6)

It is relatively straightforward to verify, via the direct method, the existence of (f,3) € B

such that,

¢[(f,8)] = mf £T], (5.4.7)

and this is left to the reader to check. Moreover, following the same approach in [66]
Theorem 5.3 it can be shown that f € C?[a,b] with f > 0 on [a,b] and 8 € C?[a,b]. To

this end let us firstly fix some notation,

Gi(rt,y.p) = {F(.y) [<n —1) (%)2 P+ <2Wk>2y2t2}

A6
- r”_l{F(TQ,y2)Lk(r,t,y,p) + gh <p (i{)n1> }a (5.4.8)

where above we let Lg(r,t,y,p) = (n — 1)r—2y? + p? + (2wk)?yt?. With this notation at
hand we shall now follow the spirit of [66] and break the proof of this even dimensional

case into 3 steps.

(Step 1: B € C!) Firstly as f € Cla,b] and a < f < b we obtain that 8 € Clla, ]

since it is a minimiser of (also note 0 < ¢ < F)

b
/ r"_lF(rQ, f2)f232 dr, (5.4.9)

amongst all § with (f, 8) € B.
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(Step 2: f € C' and f > 0) To prove that f € C!{a,b] we proceed by following the
approach of Ball in [9]. Firstly for a fixed j € N we let A; = {r € (a,b) : ;= < f < j}
and then pick any ¢ € L*(a,b) such that,

/ Cdr =0. (5.4.10)
Aj

Then for o € R we define a new radial function f, to be,

&W%zﬂﬂ+@/%@n&d& (5.4.11)

Now provided that we pick o small enough, i.e. such that |g|||(|lc < j !, then f, € F,
with fg = f for a.e. r ¢ A;. Furthermore as (f, ) are minimisers of & over B we know

that,

b . .
0= C;lgg[fg,,@]g_o — lim Gk(T7IB7fQ7fQ) - Gk(TwBaf? f) dr (5412)

020 Jq 0
The goal here is to pass the limit into the integral and therefore our task is to show that
this is in fact possible. To this end we shall show that the integrand can be suitably
dominated. Firstly, since we are taking p small enough such that |o|||¢|lec < 77! it is

straightforward to see that,

Gl <Ml 45 0—a) Ll <Ifl+5 (5.4.13)
Moreover we have that,
=2 = fly . , —_—
e D < I (1 +171) < el (21 457) (g
and additionally that,
2 42 B
oREE &thfg+uosuwmw—awmﬂ+j*w—a», (5.4.15)

Therefore combining (5.4.14)), (5.4.15)) and (5.4.13) with the fact that a < r,f < b we

obtain that there are constants ¢, co, c3 > 0 such that,

‘Lk(raﬁ.7fgvfg) - Lk(rvﬁ.?fa f)
0

]gq+@ﬁ+@mzfmm (5.4.16)

and H; € L'(a,b). Furthermore a basic application of the triangle inequality and ([5.4.16))
gives,

F(T‘Z, fg)Lk(r757 f@? f@) - F(T27 fQ)Lk(TwBa f7 f)
1

%:‘ ‘sW@%ﬁ»m@)

F(T2, fg) - F(T27 f2)

_.I_
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Again using (5.4.13) with F € C>°(%) we obtain via the mean value theorem that there

are constants cg4, c5 > 0 independent of p such that,
To < caHi(r) + esLi(r, B, f, f) =: Ha(r), (5.4.18)

where again it is clear that Ho(r) € L'(a,b). Hence in order to show that the integrand

in (5.4.12) is dominated we are left to show that,

‘k(r, for fo) = k(r, £ f) (5.4.19)

%

is suitably bounded where above we have used the notation,

k(s1,s2,83) = h <33 <zj)n1> : (5.4.20)

and therefore as h € C2%(0,00) we obtain that k € C2 for sy, s2,s3 > 0. Now with this

notation set we note that,

k(rafgvfg)_k(raf7f)‘ < ’k(r)fgafg)_k(rvfgvf)‘+’k(r)fgaf)_k(T7f’f)
0 B 0 0

LT (5.4.21)

Note that for a.e. r ¢ A; the term Z; = 0 and when r € A; we know by an application
of the mean value theorem that d¢ > 0 independent of g such that Z; < ¢. Hence we are
just left to show that Zy is suitably bounded. In order to do this we again apply the mean

value theorem to obtain that,

k(r’fgaf)k(rvf>f)‘ —
0

(5.4.22)

Oak(r, f+6[fo — f],f)‘

fo—f '
Q )
where §(p,7) € [0,1]. Moreover a simple manipulation gives that f+d[f, — f] = af where,

1 T
a=1+ 5Qf/ Cxa,; ds. (5.4.23)

Now recall that from (5.1.4), in the introduction, we know that there exists & > 0 and
n > 0 such that for all ¢ € (0,00) and « > 0 satisfying | — 1| < n we have that,

\h(at)t| < E[h(t) +1]. (5.4.24)
This translates to the following: provided a > 0 is such that [a”~! — 1| < 1 then,

|sa0ok(s1, as2,83)| < (n— 1)E[k(s1, S2,83) + 1]. (5.4.25)
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Thus provided p small enough such that «, given by (5.4.23)), satisfies the inequality
la™~1 — 1| < n. Then,

k(?“,f@,f:)—k'(’l“,f,f.)
o

fg_f

0
/ Cxa, ds

< a7V fouk(r, of, f)]
< Clk(r, £, ) + 1]‘ [ o ds

= |Ook(r,af, f)|

=: Hs(r), (5.4.26)

where Hs € L'(a,b) and therefore we have shown that the integrand in ((5.4.12)) is suitably
dominated. Thus applying the Dominated convergence theorem in (5.4.12)) we obtain that,

b . o
0= [ |ouGutr b 1oxa, +0,60m8.5.5) [ cxayas| an
b . . ‘
g / |:aka(r7/B7f7 f) - / ayG(s,ﬂ, f, f) d8:| (XAJ d?". (5427)

A consequence of f € [a, b] and k(s1, s2, s3) defined by ((5.4.20) satisfying ([5.4.25)) combined

with &[f, 8] < oo is that 9,G(s, 3, f, f) is summable on (a,b). Furthermore, ¢ satisfies
(5.4.10) so we can conclude that,

¢j = 0,Gr(r, B, f, f) — / 9,G(s, 8, f, f) ds, (5.4.28)

for a.e. r € A; and some constant c¢; € R. Moreover, since the sets A; are monotone

increasing and (J,; -y 4; is of full measure in (a,b) we conclude that ¢; = ¢ is independent

jEN

of 7 and,

8ka(r,B,f,f)=c+/ 0, Gy (s, B, f, f) ds, (5.4.29)

for a.e. r € (a,b). Note that the quantity on the right of (5.4.29) is absolutely continuous

on [a,b]. Furthermore, as the function h in Gy, is convex and satisfies [A5] we know that,

lim 0, Gy = lim 2r”_1F(r2 2) —l—g i n_lh i " = —00
o PR T N PTG PG

and lim, 7o, 0Gyp = oo. Thus it is possible to modify f on a set of measure zero in
(a,b) such that f > 0 and holds everywhere in [a,b]. This in turn gives that
9,Gy(r, B, f, f) is continuous on [a, b] and using classical arguments as in [19] page 57-61,
in particular Theorem 2.6(ii), we obtain the continuity of f in [a,b]. It is important to
note that the assumption of G being C! can be replaced by d,G being continuous and

the result of in Theorem 2.6(ii) will still hold.

(Step 3: 3, f € C? and connection to EL[f, Q] = 0) The fact that 3 € C?[a,b] is then
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a consequence of f € Cl[a,b] and repeating the earlier step for 3, whilst the conclusion
that f € C2[a,b] follows from f € Cl[a,b] and the Hilbert-Weierstrass differentiability
theorem see [19] Theorem 2.6(iii). Note that the result of Theorem 2.6(iii) also holds
if the assumption that G being C? is replaced by 0,G being of class C!. Therefore
(f,B) € C%[a,b] x C?[a,b] are classical solutions to the Euler-Lagrange system associated

to the energy &, which is given by,

Lm0, 12)128) = 0.

dr
n—1 —_ .
& Tmpf] + iy = g [aQFLk +F ("rg o (27rk>262>] ,

where above Lj, = (n — 1)r2f2 + f2 + (27k)2f23% and F = F(r2, f2). Therefore, 5(r) is
given by (5.3.2) and correspondingly EL[f, Q] = 0. Thus, applying Theorem we have

that the corresponding twist mapping is a classical solution to the full Euler-Lagrange

system (|5.1.8)) which completes the proof in the case that n is even.

In the case that n is odd we follow a similar approach and consider the energy when

k=0 i.e.

b 2
slilatl) = [ 7RG ) [<n—1> (£) + 7 enp|a

N /ab §h (f‘ <£>"_1> rldr, (5.4.30)

over the space of admissible functions given by .. Then as above the minimiser f is

attained in .7, and f € .7, NC?[a,b]. Hence, f is a classical solution to the Euler-Lagrange
associated with &, which corresponds to EL[f,I,] = 0. Thus, applying Theorem as

before completes our proof. O

5.5 Existence and convergence of L' local minimisers in the

planar setting

In this section we devote our attention to the case when n = 2, i.e. the underlying annulus
X C R2. Here the existence of countably many L'-local minimisers to the energies E.[u]
for each € > 0 is known. Before giving this existence result we first fix some notation and
definitions useful for the understanding of this result. Firstly, any mapping u € AT (X)

has a continuous representative which is again denoted by u € € (X) where,

€ (X) = {u € C(X,R?) : u(x) = 2 on IX}. (5.5.1)
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Furthermore it is well known from [74],[75] or [76] that ¥ (X) can be partitioned into
pairwise disjoint sets in the following way,
%(X) = | J 6(X), (5.5.2)
kEZ
where each %% (X) = {u € €(X) :Ju[= k}. Here Ju[ denotes the winding number of the

curve yy(r) : u/|u|(r,¥) which is written in polar co-ordinates where ¢ € [0, 27| is fixed.
Note that |u[ is independent of the choice of ¢ by the continuity of u. For details on this
partitioning and in particular the indexing of the sets €(X) by Ju[ the reader is referred
to [74] and [76]. The importance of this is that we can partition AT (X) as,

AYX) = 7, (5.5.3)

kEZ
with @ = {u € AT(X) : u € €(X)} where u € %;(X) we meant in terms of the

continuous representative of u € AT (X). For each k € Z we shall refer to the set sz,j as
a homotopy class of AT (X). (We use this terminology as the continuous representatives
u,v € & are homotopic. For more on this the interested reader is referred to [74] or
[76]). We are now in a position to state the existence result of countably many L!-local

minimisers (see [74]).
Theorem 5.5.1. For each index k € 7 there exists a u* € szflj such that,

E.[uf] = inf E.[u]. (5.5.4)

ue&fk

Moreover each u* € o, is a L'-local minimiser of E. in AT(X).

Proof. This result is essentially a consequence of E. being polyconvex, 47, being sequen-
tially weakly closed (for a proof of this result the reader is referred to [24] or [74]) and the
following weak continuity result for det Vu. Namely, (see Proposition 18.28 on page 776
n [78]) if @ C R™ is a bounded domain and {v,,} C WH*(Q, R") satisfies det Vo, > 0
a.e. in Q with v, — v in W5H?(2,R") as m — co. Then upon passing to a subsequence

(if needed),
det Vv, — det Vo, (5.5.5)

in LY(E) for any E CC Q. Thus, if {v,,} € AT(X) and v, — v in WH3(X,R?) as m — oo
then by extending each mapping by identity onto a large annulus X we trivially obtain
that {#,,} ¢ AT(X) and &, — ¢ in W2(X,R?) as m — oo. Then, by the aforementioned

result, upon passing to a subsequence
det Vv, — det Vo, (5.5.6)

in L}(X). The result is now standard. O
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With this existence result at hand we now want to look at what happens to the
minimisers in each homotopy class 427,:' as € \( 0, i.e. as we tend to the limit problem
€ = 0. In order to look at this limit problem let us first gather some relevant definitions

and results. Firstly we shall define,
AX)={z € AT(X):detVu =1 a.e. in X}, (5.5.7)

which also has its own corresponding homotopy classes given by 7 := JZ{,:_ N A(X) for
each k € Z. Each of these <7, can be shown to be weakly closed with respect to W12, see

[76], and moreover @, C /. Furthermore let us denote ®. by,
1 2 2y 2 . L
- (z,y, F) = SF(jal", [yI")[F[" + Zh(det F) (5.5.8)
with the limit as we send £ \, 0 being denoted by,
&(z,y,F) = lim &.(x,y,F). (5.5.9)
e—0

Note that for u € A(X) we have that ®(z,u, Vu) = 27'F(|2|%, |u|?)|Vu|? a.e. in X, whilst
for u ¢ A(X) we have ®(z,u, Vu) = 0o a.e. in X. Now we have this notation lets define
the limit energy (later in this section we see that F is in fact the I'-limit of the energies

E.) F to be
Flu; X] = / O (z,u, Vu) dz. (5.5.10)
X
Therefore as F is only finite on .A(X) we shall consider the limit problem to be minimising,

1
Flu; X] = 2/XF(]:U|2,|u|2)|Vu|2dx. (5.5.11)

over the respective homotopy classes <7, for k € Z. Moreover, we shall make the following
restriction on the functions F allowed in the energies E. and F. Namely that F € C>*(Z)

are of the form,

F(z,y) = p(x)y ', (5.5.12)

where 0 < ¢ € C*>(0, 00) is such that

2 1/2(42
% [¢1/2(t2)] > _% [‘Pt(”] , (5.5.13)

for t € (0,00). One example of such a ¢ is p(t) = t* with a? > 1. The following result
about the minimisers in homotopy classes for the limit problem was proved by the authors

in [60].
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Theorem 5.5.2. Let ' denote the limit energy given by,
/ lu| " 2o(|z)?)|Vul? dz. (5.5.14)

where 0 < ¢ € C*(0,00) satisfies (5.5.13). Then for any k € Z the energy F has a unique

k

twist minimiser u® in the homotopy class <f),. Moreover the unique minimiser is given by,

uF(z) = rexp(2rkB)0, (5.5.15)
with B given as in (5.3.2)) for this corresponding setting (f = r).
Proof. For a proof the reader is referred to the paper [60]. O

We are now in a position to prove that the minimisers in the homotopy classes dk+

converge strongly in W52 to the unique minimisers u* of F over .7,.

Proposition 5.5.3. Fiz a k € Z and let ulg denote the minimiser of E. in the homotopy
class . Then as e — 0 we have that u¥ — u* in W2 where u* is the unique minimiser

(twist) of the general distortion energy F over <.
Proof. Firstly since we know that 27, C ,Qflj it follows that,
E.[uf] < Fluf] < c/ V| dx < oo, (5.5.16)
X

where 0 < ¢ = (2a) ! max,<|, <, ¢(|z|?). Hence the sequence of minimisers {uk}
WhH2(X,R?) is bounded in W2 and therefore the exists a subsequence such that u® —

u € WH2(X,R?) as ¢ — 0. However by (5.5.16) we also know that,

0< / h(det Vu¥) dz < 50/ \Vu|? da. (5.5.17)
X X
Hence as ¢ — 0,
lim [ h(det Vu¥)dz = 0. (5.5.18)
e—0 X

Moreover since uf — u in WH2(X,R?) we know (as in the proof of Theorem that

det Vu! — det Vu in L'(X). Furthermore, by the assumed convexity of h we have that,
0< / h(det Vu) dr < lim inf/ h(det Vuk) dz = 0, (5.5.19)
X e—0 X
and therefore since h(-) > 0 with h(t) = 0 if and only if ¢ = 1 we obtain that,

det Vu =1 a.e. in X. (5.5.20)

Additionally JZ/]:_ is weakly closed with respect to W12 which implies that u € ,52%,: and,
by (5.5.20)), v € .. Finally the sequentially weak lower semi-continuity of (5.5.14)) with
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respect to W12 gives that F[u] = F[u*], which by the uniqueness of u* € &7, as a minimiser

of F we conclude that u = u*. To conclude the strong convergence in W12 we must first

note that by we have that,
Fluf] < liminf /\uk\ (|2 Ve ? de < limm B [u] < Flu¥). (5.5.21)
Thus we additionally have that
hm/|uk| “2o(|x|?)|Vuk|? dx—/|uk| o(|z|?)|Vu>|? de. (5.5.22)

Furthermore as det Vulg > 0 a.e. it is possible to pass to a subsequence such that ul; —
uF uniformly on X. Let us briefly now justify this claim of uniform convergence on
a subsequence: firstly det Vuf_f > 0 a.e. in X implies that the sequence {ulg} is equi-
continuous and uniformly bounded in %’ (X). Hence an application of the Arzela-Ascoli’s

compactness theorem allows us to pass to a subsequence and obtain that u’cf — uF in

¢ (X). Therefore,
/|Vuk| dx.

[ [t W e v o
which we can make arbitrarily small by send ¢ — 0. A consequence of this is that,

2 |VU]§|2 |Vuk|2 / \9U| k|2 k2
- - d
Wx‘”("”)[w;P kPP i IVl = VuP ] do
<| [ [t \u’frﬂ o) Vb de
X

as € — 0. Hence we obtain by the above and ([5.5.22)) that,

| k|2 k|2
< sup

| k|2 uk|2

0, (5.5.23)

T <P(\»”U|2) k2 k2
0 = lim /X e [|Vu€| V| } dz (5.5.24)
which gives that (below we have denoted & = o(|z[?)'/?/|uf| € C(X))
lim||¢ Vuz]l3 = [} Vu* [ (5.5.25)
e—0

Then noting that 3¢ > 0 such that ¢ < £2(z) for all x € X and applying the following

standard trick we obtain that,
clim || Vuf — Vuk |3 < lim|j€ Vub — & VuF |3 (5.5.26)
e—0 e—0
=l Vb3 + lim [llg Vub | - 2(Vuk, 2 V)|
e—0
= 2|¢ V|3 -2 1Lné<vu§,g2 VuFy =0, (5.5.27)
S

and therefore we have obtain the strong convergence on the subsequence in W12. Note

that the final equality above comes from Vu* — Vu¥ in L? and ¢ Vu* € L2, Furthermore,
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as the limit u* is unique we obtain that ulg converges strongly to u* in W2 on the
full sequence. To see this is the case we suppose the contrary then one can subtract a
subsequence which doesn’t converge to ug. However this subsequence itself is bounded
in W12 and therefore by similar argument to before we can extract another subsequence
which converges to some u € o7;,. Thus we have arrived at our contradiction as by
we will have that F[u] = F[u*]. O

Let us now prove the analogue of the results above in the setting of the reduced energy
for twist mappings. To this end we shall use the notation of [66] and let |Q[ denote an
element of the fundamental group m1[SO(n)]. It is well known that 71[SO(n)] = Z when
n = 2 and therefore using this we partition our space of twists # into Z components in

the following way,

v =] ", (5.5.28)
kEZ

where each #;, = {(f,Q) € # :]Q[|= k} are pairwise disjoint. Moreover, since 0 < ¢ <
F(r2, f2) for all (f,Q) € # we know that 3d(n, a,b) > 0 such that,

K&[fa Q] >d (||Q||;24/12 + Hf||12,V12) , (5.5.29)

for all (f, Q) € #'. With the coercivity of the reduced energy K. at hand we can now state

the following existence result for minimising stationary loops (fx, Qx) € #%. Namely,

Theorem 5.5.4. For each k € Z and ¢ > 0 there exists a pair (f¥,QF) € #4 such that,

K[fF, Qf] = inf K:[£, Q). (5.5.30)

Proof. The proof follows exactly as that of Theorem 4.2 in [66] given the above coercivity

of the reduced energy K.. O

Remark 5.5.1. Before we continue any further we would like to point out that when
n = 2 any pair (f, Q) € #} can be represented by (f,3) € B where the correspondence is
Q(r) = exp(27kf) and the restricted energy is,

K[/, Q) = &F((f, 8)). (5.5.31)

Therefore, by assuming that h satisfies [A5] Theorem [5.4.1] gives for each k € Z the
existence of the pair (f¥,QF) proved in the theorem above. Moreover by Theorem m
we know that in this case the pair correspond to a twist u which is a classical solution to

the full Euler-Lagrange system, i.e. EL[u] = 0.
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Let us now use this existence of minimising stationary loops (fx, Qx) € #i to prove
the convergence of these stationary loops to u¥, i.e. the unique minimiser of F in .7,
which was shown in [60] to be a twist mapping. This result is the corresponding version

of Proposition for the setting of twist mappings.

Proposition 5.5.5. Fiz a k € Z and let (f*, QF) denote the minimiser of (5.2.4) in the
class Wi,. Then (f¥,QF) — (r,Qx) in W2 where Qi = exp(27k3) and u¥F = rQg[r])0 is

the unique minimiser of the energy F.

Proof. The proof here follows in exactly the same fashion as that of Proposition [5.5.3

Firstly note that %! C %} and therefore,
K (5, Q] < Flu*) < € < 0. (5.5.32)

Hence the sequences {f¥} ¢ W'2(a,b) and {Q¥} ¢ W'2((a,b),SO(2)) are bounded in

their respective W2 space and therefore the exists subsequences such that as ¢ — 0,

QF > Q in C(la,b],SO(2)), J& = inCla,b, (5.5.33)

Qf = Q inW"((a,0),80(2)), |ff—f inW"(a,b).

n—1
0< /X h (f'gf (f) > dz < ec, (5.5.34)

. fk n—1
lim [ h (f;f <€> ) dzx = 0. (5.5.35)
e—0 X T

Then as f* — f € Cla,b] and f*¥ — f in W2 as ¢ — 0 we have that,

n—1 n—1
fE <k> - f <f> : (5.5.36)
T T

in L%(a,b). Therefore since h is assumed to be convex we have that,

n—1 n—1
0< /Xh <f ({) ) dr < li{giglf/xh <f'§ (f) ) dr = 0, (5.5.37)

which as in the proof of Proposition [5.5.3| implies that,

Moreover as we know that,

we obtain as € — 0 that,

f <f>n1 =1 a.e. in [a,b)]. (5.5.38)

,
This in turn implies that,

d n d n
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for almost every r € [a,b] and by the boundary conditions and the continuity of f we
obtain that f(r) = r for all r € [a, b]. Hence the pair (r, Q) forms an incompressible twist
u(xz) = Q(r)z. Furthermore by the uniqueness of twist minimiser to F we conclude that
Q = Qg. Finally the strong convergence of fek — r and Q'g — Qp in W2 as € — 0 follows
from the strong convergence of u¥ = f*Q¥0 — u* = rQi# which is a consequence again

of,

: k1 _ k
;1_r>r(1) Ec[ug] = Flu”]. (5.5.40)
as in Proposition This therefore completes the proof. O

Let us now also briefly consider energies E.[u] and F[u] from a I'-convergence point of
view (see [25], 26] for an introduction to the subject.). Firstly we extend the respective
energies by infinity to L'(X,R?), i.e. E.[u] and F[u] take the value oo for any u € L'(X,R?)
such that u ¢ AT (X) or u ¢ A(X) respectively. Furthermore recall that

O(z,u, Vu) = li_rz% O (x,u, Vu). (5.5.41)
3

Therefore @, , ® on X x X x R™™™ and E, EN F, namely [ is the I'-limit of E. as € — 0.

Meaning that,

1) For every sequence {uc} C L'(X,R?) such that |[u. — ull; — 0 as ¢ — 0 for some

u € L'(X,R?). Then,

Flu] < liminf E, [u.]. (5.5.42)

e—0
2) For all u € L'(X,R?) there exists a sequence {u.} C L'(X,R?) with [Jus — ul|; — 0 as

€ — 0 such that,

Flu] > lim sup E.[u,]. (5.5.43)

e—0
The above is merely stated for the reader to highlight that throughout this section it is

exactly this I'-convergence of the energies which has been the underlying principle.

5.6 Annular rearrangements and the finer properties of planar
mappings in A" (X)
The purpose of this section is to introduce the reader to some of the particularly useful

properties that planar mappings in A1 (X) possess. Furthermore we shall introduce a par-

ticular kind of rearrangement which we call an annular rearrangement. This is essentially



123

a specially adapted version of the well known Schwarz rearrangement. Let us begin this
section by stating the following lifting result which is valid for mappings u € A" (X). This

result will be particularly useful in the next section.

Theorem 5.6.1. For each u € szflj there exists a corresponding function g € WH2(X) N
C(X) such that u has the following lifting,

u(x) = |ulQ[g]0, (5.6.1)
and g(aw) = 0, g(bw) = 27k for allw € St.

Proof. The proof of this result follows exactly as in [60] Theorem 2.3, where it is proved
for the subset of mappings A(X). O

In addition to this lifting result planar mappings in A*(X) have some particularly nice
properties which will be useful for us later. Most of these properties will be well known to
experts, except perhaps 6), but for the convenience of the reader we formulate them here

in a proposition.
Proposition 5.6.2. Any mapping u € AT (X) satisfies the following properties.
1) u has a continuous representative, again denoted by u, in € (X).
2) u(X) =X
3) w is one-to-one almost everywhere in X.
4) u satisfies both the N and N~1 property.

5) The so called (INV) condition holds for u.

Where the (INV) condition means that for all xo € X and a.e. v € (0, dist(zg, 0X)) the

following two conditions are satisfied,

a) u(z) € imp(u,B(xo,7))  for a.e. x € B(xg, 1), (5.6.2)

b) u(x) ¢ imp(u,B(xo,7))  for a.e. x € X\B(xq, 7). (5.6.3)
Above img(u,B(z0,7)) = {y € R2\u(dB(z0,7)) : deg(u,B(zq,7),y) # 0}.

6) If |(Vu) 1|2 det Vu € L1(X) then u is a Sobolev homeomorphism with u=" € W12 (X, R?)

and det Vu=t > 0 for a.e. v € X.

Above (Vu)~! is the inverse of the matriz of weak derivatives of u.
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Proof. The proof of 1) follows from det Vu > 0 a.e. in X with v = z on 90X and an
application of Proposition 3.3 and Theorem 3.5 on pages 292-294 in [35]. To prove 2) we
firstly use the fact that deg(u,X,p) = deg(z, X, p) since u(z) = x on dX. Moreover as
deg(x,X,p) = 1 forall p € X and deg(z, X, p) = 0 for p € R?\X we obtain deg(u, X,p) = 1
for all x € X which implies that X C u(X). To see that u(X) C X we can apply Theorem
5.35 in [34] to obtain that,

deg(u, X, p) / flu(x)) det Vu de, (5.6.4)

for any 0 < f, which is a continuous real valued function that satisfies [z, f(z)dz =1 and
has compact support in V' the connect component of R?\0X containing p. Now suppose
that 3r € X such that u(z) = p € R?\X. Then pick § > 0 small enough such that
Bs(p) € R2\X and let f have support on Bs(p). The continuity of u means that 3¢ > 0
such that u(Bg(z)) C Bs(p) and therefore,

deg(u, X, p) / f(u(x))det Vudz > 0, (5.6.5)

since det Vu > 0 a.e. in X. Hence we have reached a contradiction since deg(u, X,p) =0
for p € R*\X and thus X = u(X). To prove 3) we first note that by 2) we know that
N(u,X,y) =t{r € X :u(z) =y} > 1 for y € X and N(u,X,y) = 0 for y € R?\X. Then
by Theorem 5.34 in [34] we know that,

/ f(u(z)) det Vudx = N(u,X,y)f(y) dy. (5.6.6)
RQ

for any f € L°°(R?). Take f = 1 on X to obtain that,
IX]| :/ det Vu dx :/ N(u,X,y) dy. (5.6.7)
X X

Then as N(u,X,y) > 1 we obtain the N(u,X,y) = 1 for almost every y € X. In the case
of 4) a proof can be found in [35], in particular pages 296-297 or [34] Theorem 5.32. The
proof of 5) follows in two parts, namely the proof of a) and b). Firstly a) is a consequence
of det Vu > 0 a.e., which leads to the monotonicity of u and this in an equivalent fashion
shows that a) is satisfied. For more details on the reader is again referred to [35] and in
particular pages 293-295. Lets us now focus on proving that b) holds. To this end fix a
zo € X and a r € (0,dist(z,0X)). Now define W C X\B(xg,r) such that

w(W) C imp(u,B(zg,7)). (5.6.8)
However we know by Lemma 3.2 in [35] page 291 that,

for a.e. y € imp(u,B(zo,7)) Ix € B(xo,7) s.t. u(x) =y. (5.6.9)
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Therefore (minus a set of measure zero) we have that u(W) C S where,
S = {y € X : u!(y) has more than one element }. (5.6.10)

But from 3) we know that u is one-to-one almost everywhere so |S| = 0 which implies that

|u(W)| = 0. Therefore, (note W C u~(u(W)) )
[W|=0, (5.6.11)

since u satisfies the N~! property. Thus as zg € X and r € (0, dist(zo, 0X)) were arbitrary
we conclude that b) holds which completes our proof of 5). Lastly to prove 6) we use a
similar argument to that given in Remark 2.1 in [60] by the authors and for the ease of
the reader we reduce this here. Take any u € AT (X) and begin by extending u by identity
onto the ball Bor where R > b, i.e. X C Bg, and therefore u € AT (Byg). Let us now
note that in the case of 2 x 2 matrices A with det A > 0, we have that |A| = det A|A™}.
Therefore,

A]?

det A

= det AJA712. (5.6.12)

which implies that the assumption of |(Vu)~!|?det Vu € L!(X) is equivalent to K (z,u) =
|Vu|?/ det Vu € LY(X). This in turn gives that u is a mapping of L' integrable dilation
and in a similar vain the extend u has dilation K(z,u) € L'(Bag). Then by Theorem 1
in [50] we know that there is a Stoilow’s type factorisation of u € A(Bag). Namely, there
exists a homeomorphism h € W12(Q, Bag) and a holomorphic mapping ¢ € (€, C), where

Q) C C is some open set, such that,
u=gpoh ! (5.6.13)

Furthermore, as h~'(Br) C Q is a compact subset we know, since points where the
derivative of ¢ vanishes are isolated, that ¢ restricted to B is locally conformal at all
but finitely many points. Thus, as h is a homeomorphism, « is a local homeomorphism
at all but finitely many points on Br. Moreover (see [56]) since OBp is connected, u
is one-to-one on 0Bgr and a local homeomorphism at all but finitely many points we
obtain that u is a global homeomorphism on Bg, which in turn implies that u is a global
homeomorphism on X. To obtain that u~! € W2(X,R?) we apply Theorem 6.1 in
[39]. Note again by the assumption that |[(Vu)~!|>det Vu € L'(X) implies that the
mapping u has dilation K(x,u) € L'(X) so the assumptions of Theorem 6.1 are satisfied.
Finally another consequence of Theorem 6.1 in [39] is that u~* has finite dilation and thus

det Vu~! >0 for a.e. z € X. O
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With the relevant properties of the mappings u € A1 (X) at hand let us describe the

annular rearrangement which we alluded to earlier in this section.

Definition 5.6.1. (Annular rearrangement) Let X = X|a,b] be an annulus as before
and 0 < a1 < f € C(X) with f(x) = a1 when |x| = a. Then we define the annular

rearrangement f to be given for x € X to be,
S[f](z) = as — h¥(z) (5.6.14)

where ag = supx f and ht denotes the Schwarz rearrangement of the function h which is

defined by,

ag — f on X,
h(z) = (5.6.15)
as —ayp  on B,.

Let us briefly recall for the ease of the reader that in this two dimensional case the

Schwarz rearrangement of a function h € L!(By) is defined by,

K (x) = sup{t > 0 : |#][h]| > n|z|?}, (5.6.16)
t
for z € By, and where Ei[h] = {z € By, : h(x) > t}. We now state and prove a proposition

which will be important in the main result of this section.

Proposition 5.6.3. Let 0 < oy < f € WY(X) N C(X) with f = a1 when |z| = a.
Then the annular rearrangement S[f] € W12(X) with S[f](z) = 0 when |z| = a and
S[fl(x) = ag when |z| =b. Additionally S[f](x) satisfies,

/|Vf]2d:n2/|VS[f](m)|2d1:. (5.6.17)
X X

Proof. Firstly as h € W01’2(Bb) we know that hf € W01’2(Bb) and therefore S[f] € W2(X)
with S[f](x) = ay when || = b. Further as,

-Vf onX,
Vh(z) = (5.6.18)
0 on B,.
we obtain that
/|Vf]2da::/ |Vh|? dz > |Vhﬁ\2da:=/yVS[f]2da:, (5.6.19)
X B, B, X

which gives (5.6.17). Finally since |[{z € B, : h = as — a1}| > 7a® we obtain by the
definition of the Schwarz rearrangement that h*(z) = as — oy for € By which in turn

gives that S[f](z) = a1 when |z| = a. O
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Figure 5.1: This figure shows how the annular rearrangement affects the level sets of a

function 0 < oy < f € C(X) with f = a3 when |z| = a.

Proposition 5.6.4. Given any mapping u € A (X) the annular rearrangement of |ul,

given by f(|x|) = S[|u|](z) belongs to F4, i.e. f € F,.

Proof. To begin we note that the previous proposition gives that S[|u|] € W12%(X) with
S[|u|](z) = a and S[|u|](z) = b for |z| = a and |z| = b respectively. Furthermore, by the
definition of S[lu|] we see that S[|u|] is radially symmetric. Therefore, 3f € W'2(a,b)
such that S[|ul](x) = f(]z|) and further f is monotone increasing as the rearrangement
h! is monotone decreasing. Hence, in order to prove the above stated proposition we just

need to show that f(r) > 0 for a.e. in (a,b). In order to achieve this the idea is to show

that,
[{z € X : VS[lull(x) = 0} = {z € X : f(j]) = 0} = 0. (5.6.20)
To this end, note by the definition of S[|u|] that VS[|u|] = —Vh* and therefore
{z € X : VS[Jul](z) = 0} = {z € X : VA*(z) = 0}. (5.6.21)

Additionally, V|u| = =Vh on X so
{r e X:Vlu|(z) =0} = {z € X : Vh(z) = 0}, (5.6.22)

and from the determinant constraint, namely det Vu > 0 we can obtain that

t
0 < det Vu = O1u x Ou = <[u X 0o <Z‘> ,u X O (‘Zﬂ ,V!u|> , (5.6.23)

for a.e. z € X. The above very convenient form of the determinant is true in two dimen-
sions and note that we have let d; denote the partial derivative with respect to x;, i.e.

0; = 0/0x;. Hence, |{x € X : V|u| = 0}| = 0 and moreover,

[{z € X : Vh(z) = 0} = 0. (5.6.24)



128

Now since h € VVO1 ’Q(Bb) we can use the coarea formula for Sobolev functions (see, e.g.,

[17]) to obtain that (below up(t) = [{x € X : h(x) > t}|),

b
,uh(t):]{xeX:Vh:O}ﬂh_l(t,oo)H—/ / 7d7-[1ds
(eeX:lul=s} |VI]

b
= ——dH'ds. (5.6.25
/t /{Q?EX:U—S} |Vh’ )

Thus, py, is absolutely continuous, which by arguing as in [I7] Lemma 2.3 part (v) (or

[22]) we can conclude that,
0=|{z e X:Vh=0}n (") "10,00)|. (5.6.26)
This in turn gives that [{z € X : VA* = 0}| = 0 and therefore by our earlier connection
we have that,
{z € X : VS[Jul] =0} =0. (5.6.27)

Hence, as S[|ul](z) = f(|z|) and f is monotone increasing we have that f > 0 for a.e.

a<r<hb. O

Let us now describe how we can use the above annular rearrangement to define a
corresponding twist mapping u from any mapping u € szflj where k € Z. To this end let
us first recall from Theorem that each u € 427; is of the form,

u(z) = [u|Qlglf, (5.6.28)
where |u|,g € W1%(X) N C(X) with g(aw) = 0 and g(bw) = 27k for all w € S'. Now let
the corresponding twist map be given by,

u(z) = f(r)Q[gle, (5.6.29)

where as before we have let f(r) = S[|ul](x) and

2T
== / / 99 (. 9)dvds, (5.6.30)

for r € (a,b). Moreover g defined by (5.6.30)) satisfies g € W'2(a,b) and g(a) = 0 with
g(b) = 27k for all w € S'. Hence the twist mapping % defined by (5.6.29) lies in the same

homotopy class, i.e. u € 427]:_. In summary we have just proved the following,

Theorem 5.6.5. Given any mapping u € Jz{,:r for some k € Z the twist mapping u defined

(5-6:29) where f(r) = S[|ul] and g given by (5.6.30) satisfies u € ;.

In the next section we establish some energy relations between u and the corresponding

symmetrisation .
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5.7 Twist mappings as L'-local minimisers of the polycon-

vex energies E_[u]

As the title of this section suggests we are going to prove that the twist mappings obtained
from Theorem in the section are in fact L' -local minimisers to a wide variety of
energies E_[u]. To achieve this we show that the corresponding twist mappings given by
ug = f£Q50 for each k € Z and € > 0 are minimisers of E.[u] in the homotopy classes <7, .
However before proceeding further we recall some general assumptions on the function F
appearing in the energy E.[u] which we made in the latter part of Section Namely
that,

F(z,y) = p(x)y ', (5.7.1)

where 0 < ¢ € C*°(0, 00) is such that,

2 1/2(42
L o] = -4 [“’ t(”] (572)

for 0 < t. An example of a ¢ satisfying the above constraint would be p(t) = t* where

¢2 > 1. Furthermore let us now consider the energy E.[u] as follows,

U 2
E.fu] = ;/Xgo(,xwz'zl da;+i/xh(detVu) do = @[UHE%[U]. (5.7.3)

Here we have split the energy up into what we call its general distortion part 2 and its
determinant part 7. In addition to our assumption on ¢ we shall also assume that the con-
vex function A is such that the determinant energy . is continuous under L' convergence.
Namely if we have that det Vu,, — det Vu as n — oo in L! then limy, 0 5 [uy] = 5[u).
One example where this is the case is if we simply assume that the convex function h
satisfies h(t) < ¢(1+t). With these assumptions at hand we are now in a position to prove

the following result,

Proposition 5.7.1. Forany k € Z and u € ;z(,: the corresponding twist mapping u € d,:'

defined by satisfies,
Pu] < D[ul. (5.7.4)

Namely the symmetrized mapping u has a general distortion energy no greater than that

of u, whilst belonging to the same homotopy class.

Proof. To begin we recall that from Theorem we know 3¢ € C(X) such that g(bw) =

21k, g(aw) = 0 for all w € S! and v can be written in the following form u(x) = |u|Q[g]é.
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In particular,
Vul? = |Viul|* + |22 |ul® (1 + 20p9) + [ul*|Vg]?, (5.7.5)
for almost every x € X. Then using this identity we obtain that,
290 X] = [ plla)lul?Vu(o)P da
= /Xs0(|$|2) [ul 72V ]ul® + || 72 (1 + 2859) + [V g|?] da. (5.7.6)

Now let us also recall that g is defined be ([5.6.30|) in which g is written in terms of polar
co-ordinates. As previously mentioned g(a) = 0, g(b) = 2wk and g € W12(a,b). Therefore

via an application of Jensen’s inequality we obtain that,
da 1 2
Vol = 1520 < 5 | 1Vala, (57.7)
for almost every r € [a, b]. Therefore,
[ ctaP)vePds < [ o(aP)veP da. (5.7.5)
X X
It is also straightforward to see that,
[ et lel 2 1+ 2009) do = [ (o) fal 2 da (57.9)
X X
Hence we have thus far shown that,
[ et [l + ol + V3] do < 29[ X] (5.7.10)

and therefore we are left to show that the annular rearrangement f = S[|u|] satisfies,

2
#rX) = [ <|r>’v'f” /(!|)|V|||” e=#ul;X].  (5.7.11)

To this end we point out that if we extend u by identity onto the slightly larger annulus
Xs={zeR?:a5=a—0 <|z| <b+ 3 =bs} then u € & (X;) and,

lu| xeX, f reX,
|us| = =[5 = Sllusl] = (5.7.12)
lz] z e X5\X. lz] x e X5\X.

Therefore we trivially have the following equivalence,
H [ f5:Xs] < H|us|; Xs] = A[f; X] < A Juf; X]. (5.7.13)

With this equivalence at hand we proceed to prove the left hand side of (5.7.13|) for reas-

ons which will become more apparent momentarily. Firstly we certainly know that the
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extended mapping us satisfies us(Xs) Nus(9Xs) = 0. Now by Theorem 1.1 in [41] we know
that there exists a sequence of C* diffeomorphisms {u,} such that u, = x on 0Xs5 and
u, — ug strongly in W12(X;, R?) and uniformly in C(Xs, R?). Consequently |u,| — |ul
strongly in W12(X;s) and uniformly in C(Xs). Moreover by the identity boundary con-
ditions of the diffeomorphisms u,, we know that det Vu,, > 0 on X and therefore it is
clear that {u,} C A" (Xs). Hence we may firstly try to prove that holds for the

diffeomorphisms w,,.

To this end let f, be that annular rearrangement of |u,|, namely f, = S[|u,|]. Then

by Proposition we know that f,, € .#,. Therefore we want to show that,

/@(IxIQ)Int_ZanIQdﬂJS/ () un| 72|V |unl[* da. (5.7.14)

X5 Xs
First observe that since u,, is a diffeomorphism we know that w, (w,(y)) = y for all y € X5,

where w,, is the inverse of u,. Hence,
{z € X5 |up| >t} = wp(Xy), (5.7.15)

where Xy = {x € Xy : |z| >t} for a < t < b. Moreover we know that,

Wi (Xy) = wp(Xy), wn(0Xy) = Ow,(Xy). (5.7.16)
Therefore using the identity boundary conditions,
Hr € Xs i Jup| >t} ={z e Xs:|z| =bs} Uw,{z € Xs: |z| =t}), (5.7.17)
and in particular,
wp({z € Xs i |z| =t}) = {z € X5 : Juy| = t}. (5.7.18)

Therefore as w,, is a smooth diffeomorphism we know that {z € Xs : |u,| = t} is diffeo-
morphic to a circle and hence for ¢ € [a, b] we shall represent this smooth curve in polar
co-ordinates by v1(0) = wy(r,0). Now let us define the function p, : [as, bs] — [as, bs] to

be,
Tpn(t)? = wb — / det Vw,, dz. (5.7.19)
X}

Clearly p, € C*®[ag,bs] and p,, > 0 as det Vw,, > 0. We also note that a straightforward

change of variables gives that,

{2 € Xy |un(@)| > £}] = /Xb(s det Vo dz = 7 [ — pu(t)’]. (5.7.20)

t
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Furthermore since the curve 7;(6) is smooth and diffeomorphic to the circle we obtain

that,

Own

00

27
/ (2?2 it = / (|22
{zeXs:|un|=t} 0

2m
> /O o(|r]2) /2 8n X 06n gy (5.7.21)

where the last inequality comes from the |w,||Ogw,| > wy, X Ogw,,. Now as was proved by

the authors in [58] Proposition 7.2 we have the following useful identity,
2
Wy, X Ogwy,)
JAR R
0 |wn|

where T'(t) € C'[as, bs] and where here X! = {z € X; : |z| < t}. Note that Proposi-

/ |wn| 1T (Jwy|) det Vi, dz, (5.7.22)

tion 7.2 [58] is actually for mappings u € A(X) but the proof works by approximation
by diffeomorphisms as here and in particular is shown directly in the proof of
Proposition 7.2 by equation (7.9) on page 19. Note that in the notation of [58] we have
that ['(t) = t2®(t)%. Here we let I'(t) = ¢(t?)/?t then becomes,

2771“(@5)—1—/ |wn]1f(]wn\)detindx§/ o(|z|?)/2 dr,
Xt {zeXs:|un|=t}

Then again using a change of variables we find that,

2nl(as)+ [ ol llyhdy < | ol )2 . (5.7.23)
wn (X1) {z€Xs:|un|=t}

Let us now recall that w,(X;) = {z € X : |u,| >t} = E; and,
X5 = wn(Xy) Uw, (XY Uw,({z € Xt |z = t}), (5.7.24)

since by the Jordan-Schoenflies theorem w,({z € X : |z| = t}) partitions R? into two

components. This therefore gives that,

[ o= [ s [ ey

Wn, (Xt

— 27 [[(bs) — T(ag)] — / o T (5.7.25)

At this point we note that the assumptions we have placed on ¢ ensure that I' € C?[ag, bs]

and that |y|~'T'(|y|) is monotone increasing. Hence,

/ |~ P (y]) dy = / Xyl () dy
wn(Xt) X5

< / XE; vl T (lyl) dy. (5.7.26)

Xs
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Now we also recall that |Ey| = 7 [b3 — pn(t)?] which gives that,

. 2w pbs |
/ szl T () dy = / / P(lyl) drdf = 2T (bs) — T(pa(8)].  (5.7.27)
Xs 0 n(t)

Hence combining the above with ([5.7.26]) allows us to conclude that,

/ (Xt)!yl‘lf(ly!) dy > 2n[C(pn(t)) — T(as)). (5.7.28)

Then substituting this into we have that,
2m(pn(6)!2pu(t) = 27T (pu(8)] < [ ol ) a (57.29)
{z€X5:|un|=t}
Moreover an application of the coarea formula gives that
/ gt = L (1) = 20 ()pat), (5.7.30)
(weXs:lun]=t} |V]unl| dt
for a.e. t € (as,bs), where again we recall that ay, (t) = {z € X5 @ |up(x)] > t}] =
ﬂ(bg — p2). Then by Holder’s inequality and an application of m we get that,
e (Pi)pn(t)
t2pn (1)

for a.e. t € (as,bs). However, recall that f, = S[|u,|| is defined such that f,(r) = sup{t :

o g/ 2 (12 [2)| V [un || dHL, (5.7.31)
{zeXs:|un|=t}

r > pp(t)} which clearly gives that f,(pn(t)) =t and then an application of the change

rule gives that,

©(02)pnfn(pn)

2 o)

< / 20 (2]2) |V | dH, (5.7.32)
{zeXs:|un|=t}

for almost every t € (ag, bs). Hence applying the coarea formula to |u,| we obtain that,

-2 2 -2
/X ECRI A / / o(22) £ ful i de
— o / t2pnp(2) F(pn)dt
< [ elloPlunl *IVlunl| (5.7.33)
Xs

Its not too difficult to see from that {f,,} is bounded in W2 (as, bs) and therefore
on a subsequence f, — f* in W2(as, bs). However we already know that the annular
rearrangement is non-expansive in L? so f, — fs5 in L? and therefore f* = fs5. Furthermore
by sequentially weak lower semi-continuity of J#[-; X;5] we know that,

| ety 29 g5 de <t int [ oaf VP ds

Xs Xs

< lim inf/ (122 [tn] 2|V |un|?| da
Xs

n—o0

= [ laPlusl 219 sl o (5.7.34)
9
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Note that the last equality comes from |u,| — |us| strongly in W12(Xs) and uniformly

in C(X;s). Hence as previous noted (5.7.34) implies that #[f;X] < #[|ul; X] which
combined with (5.7.10) gives that,

Pu; X] < Z[u; X], (5.7.35)
and therefore we conclude our proof. O

With this previous proposition in mind we now want to know if the corresponding twist
map « also decreases the determinant energy. Namely is it also true the J€[u] < J€u].
The next proposition show us that this in fact the case. The proof of the result is inspired

by the symmetrisation argument used in [69].

Proposition 5.7.2. Consider the determinant enerqgy given by € and let u € sz,j. Then

the twist mapping u satisfies,

Hu; X] < Hlu; X]. (5.7.36)
Proof. Firstly let us, as in the proof of the previous proposition, extend our mapping u by
identity onto X5 and approximate using a sequence of smooth diffeomorphisms {u,} as

in Theorem 1.1 of [41]. Moreover, like the proof of the previous proposition the following

are equivalent,
Hus; Xs| < Hlus; Xs| = Hu; X] < Hu; X]. (5.7.37)

Furthermore we let w,, again denote the inverse of the diffeomorphism u,. Then a change

in variable formula gives that,

/ h(det Vu,,) dx = / h(det Vu,(wy,)) det Vw,, dy
X, Xs

= / h((det Vw,)™ 1) det Vw,, dy. (5.7.38)
Xs
Now define w,, to be w,(z) = p,(r)Q[g]0 where g(r) = —g(pn(r)) and p,, is by
7pn(r)? = wb? — det Vw,, dz. (5.7.39)
x5s

A direct calculation shows that for r € (ag, bs),
1 2m
det Vw,, = — / det Vw,, db. (5.7.40)
21 0

Now due to the fact the function ¥(t) = h(t~1)t is convex, as h(-) is convex, we obtain via

an application of Jensen’s inequality that,

/h((detin)_l)detindy>/ h((det Vao,) ™) det Vi, dy. (5.7.41)
Xs Xs
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In order to complete the proof we must show that,

/ h((det Va,) ") det Vo, dy = / h(det V) dy. (5.7.42)
Xs Xs
To achieve this we firstly recall that det Vw,, = p,p,/r for a.e. r € (as,bs). Therefore,
[ nee V) et Vandy = [ b(ol(oupn) Dpupulsl Ty (5743)
Xs Xs
Furthermore since @, € A" (Xs) we know, see Theorem 5.34 on page 145 in [34], for any

v € L®(Xs) that,

/ v(tuy,) det Va, de = / v(y) dy. (5.7.44)
Xs

Xs
Additionally we note that det Vi, = f,,f,/r and p, € C>[ag, bs] which implies

h((det Vio,) ™) det Vo, = h(|y|(pnpn) ") pnpn/r (5.7.45)

is uniformly continuous on X;. Therefore an application of the above change in variable

formula gives,

/Xa h((det Vo)1) det Vi, dy — /X6h (pn(fj;n(fn)) p”(f")r?'(f”)f" de.  (5.7.46)
Moreover since wy, is a diffeomorphism we know that,
w5 — 7pn(fn(r)? = [{z € X : [un| > fu(r)}|
= {z € X5 : |tun| > fu(r)}]
= {z € X5 : fullz]) > fu(r)}]
= |z € X5 :|z| > r}| = 7b2 — 7r?, (5.7.47)

where the penultimate equality comes from f,, being strictly increasing on [as, bs]. There-

fore pp(fa(r)) = r for r € (as,bs) and by the chain rule g, (f,(r))fu(r) = 1 for a.e.
r € (as,bs). Hence (5.7.46)) becomes,

/Xa h((det an)—l)det YV, dy = /Xa h (f@]?n) e

- / h (det Vi) dz (5.7.48)
Xs
Hence combining this with (5.7.41)) gives that,
Al X5 = / h(det Vii,) dz < / h(det V) dz = HJun: Xs). (5.7.49)
Xs Xs
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To finish we must note again (as in the proof of Proposition [5.7.1) that f, — fs in
L?(as,bs) and f, — f5 in W'2(as,bs) from which we obtain that fnfn/r — fgfg/r in
L'(as,bs). Therefore,

%[ﬁg;X(;] < lim c%ﬂ[ﬂn;X(;] < lim t%ﬂ[un;X(g]. (5.7.50)

n—0o0 n—o0

Finally since u, — us as n — oo strongly in W12(Xs,R?) we obtain that det Vu, —
det Vus in L'(Xs). Thus, lim, o0 7[un; Xs] = 5 [u; Xs] by our assumption on # and

therefore,
Hlug; Xs] < A ugs; Xy, (5.7.51)

which by (5.7.37) completes our proof. O

Now we have these two previous propositions at hand the fact that (f¥,QF), from
Theorem m gives rise to a corresponding twist uf = f#QFf that is a minimiser in A}

is a straightforward consequence.

Theorem 5.7.3. For each ¢ > 0 and k € Z the pair (¥, QF) € #4 such that,
K.[f*, Q! = inf K., (5.7.52)
Wy,
define a twist u¥ = fFQFg ¢ .Qflj such that,

E.[uf] = inf E.[u]. (5.7.53)

5
ueﬂ,j

k

Moreover u¥ is a L'-local minimiser in AT (X).

Proof. Firstly from Proposition and Proposition we know that for any u € le,:r
the twist u € szf,j defined by ([5.6.29)) satisfies,

E.[u] < E[ul. (5.7.54)
Furthermore, by (5.2.4) we know that E.[u] = nK.[f, Q], where f and Q are defined as in

(5.6.29). Therefore,

Blug] = nKe[f, Qe = inf K[f,QI< inf Eclu], (5.7.55)
’ ucAy

which gives that u’é? is a minimiser in the homotopy class ﬂ%,j and consequently a L!-local

minimiser in AT (X) (see [T4] or [76]). O
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Chapter 6

On Weyl’s asymptotics and remainder term for the

orthogonal and unitary groups

Abstract

We examine the asymptotics of the spectral counting function of a compact Riemannian
manifold by V.G. Avakumovic [4] and L. Héormander [43] and show that for the scale of
orthogonal and unitary groups SO(N), SU(N), U(N) and Spin(N) it is not sharp.
While for negative sectional curvature improvements are possible and known, cf. e.g.,
J.J. Duistermaat & V. Guillemin [2§], here, we give sharp and contrasting examples in the
positive Ricci curvature case [non-negative for U(NNV)]. Furthermore here the improvements
are sharp and quantitative relating to the dimension and rank of the group. We discuss
the implications of these results on the closely related problem of closed geodesics and the

length spectrum.
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6.1 Introduction

Let (M9, g) be a d dimensional compact Riemannian manifold without boundary and let
—A, denote the Laplace-Beltrami operator on M 4. The spectral counting function of —Ay

on M% is the function defined on (0, 00) by
N NMY=4{j>0: <A}, A>0. (6.1.1)

In the sequel when the choice of M? is clear from the context, or when there is no danger
of confusion, we suppress the dependence on M and simply write .4 = .4 ()\). Here
0 =X < A < Ay < ... denote the eigen-values of —A, in ascending order where by
basic spectral theory each eigen-value has a finite multiplicity while A\; * oo as j
00. The description of the asymptotics of the spectral counting function has been the
subject of numerous investigations and is a result of a sequence of improvements and
refinements starting originally from the seminal works of H. Weyl in 1911 describing the
leading term and then gradually sharpening the form and order of the remainder term
through the works of various authors most notably B.M. Levitan [52], V.G. Avakumovic
[4] and L. Hormander [43]. (See also the monographs V. Ivrii [47] and M.A. Shubin

[67].) For compact boundaryless manifolds the celebrated Avakumovic-Hérmander-Weyl
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asymptotics has the from

d
N (A M) = Wﬁ +0 (A%> . Ao, (6.1.2)

where Vol,(M¢?) is the volume of M? with respect to dv, and wy is the volume of the unit
d-ball in the Euclidean space RY, that is, wy = |B¢|. The formulation of is originally
due to V.G. Avakumovic [4] and later on L. Hérmander [43], who by invoking the theory of
Fourier integral operators and the wave equation gave a proof that simultaneously extends
to operators of arbitrary order (see [27, [44], [45] Vols. 3-4 or [67]). That the remainder
term is sharp can be seen by examining, e.g., Euclidean spheres or projective spaces (see
below for more on this) whilst in contrast, for flat tori, the problem directly relates to
counting integer lattice points and is far from sharp. Indeed recall that for T¢ = R% /7%

the eigen-functions (¢, : a € Z?) are characterised by

—ANgpo =Am%aPpa, o =TT, (6.1.3)

a=(ag,..,aq), o> = a2 + ...+ a2,

and so as a result for A > 0 and with x the characteristic function of the closed ball centred

at the origin and radius r = v /27 we have
N (AT = jj{x € 24 4n?|z|? < )\} = Z x(x)
zeZd

Volg(Td)wd d d-1_1d-1
:W)\2 +O()\ 2 2d+1)' (6.1.4)

For further improvements of this classical result of E. Hlawka [42] and more on the lattice
point problem see F. Chamizo & H. Iwaniec [20], D.R. Heath-Brown [38], M.N. Huxley
[46], A. Walfisz [80] as well as F. Fricker [32]. See also Section and Table [6.1| below.
A natural question arising from this is when is the remainder term in sharp
and if the sharpness of this term carries any geometric information. To elaborate on this

further consider the half-wave equation

Ou+iAu=0 teR,
(6.1.5)
u=f t=0,

associated with A = \/—A, in L2(M). Then u(t) = e~ f and so upon taking traces and
with A (p) = 87 - 15 = \/Aj < p} = A (1?) we have
Tr (w’t\/ *Ag) =3 VN = A (t/2m). (6.1.6)

The half-wave propagator eV 29 can be expressed as a Fourier integral operator

and in view of the above identity its trace is the Fourier transform of the measure d.#4.
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Thus by basic considerations the asymptotics of this trace near ¢ = 0 translates via a
Fourier inversion (a trivial but more revealing Tauberian theorem in this context) to the
asymptotics of the spectral counting function as A  co.

Now consideration of this Fourier integral operator, its canonical relation and the Lag-
rangian flow associated to its principal symbol leads to the geodesic flow on the cotangent
bundle T*M of M (note that it is precisely here that one needs to deal with the first order
operator JTAg) The periodic orbits of this Lagrangian flow are the periodic geodesics
on M and the resulting length spectrum contains the singular support of the distributional

trace
p(t) = Tr(e YV 2e) = Z e_it\/’\?7 —00 <t < o0. (6.1.7)
J
Indeed the analysis by L. Hormander of the big singularity of p at ¢ = 0 leads to the
trace formula of J.J. Duistermaat & V. Guillemin [2§]

U

-1

1 1
> (i — py) = ap™ 7 a= | wk, op oo (6.1.8)
(27T)d d
j 0 M

=
Il

where p; = /A; and h € S(R) with supph C [—&,¢] while h = 1 in a suitably small
neighbourhood of zero and w;, smooth real-valued densities on M? associated to the metric
g. (In particular we have ¢y = Vol(B*M) the volume of the unit ball in the co-tangent
bundle.)

The sharpness of the remainder term in now connects directly with the structure
of the spectrum (\; : j > 0) and the nature of the geodesic flow. For example in case of
Fuclidean spheres, real or complex projective spaces or more generally compact rank one
symmetric spaces the spectrum clusters, the geodesic flow is periodic and the remainder
term in is sharp. However, and in contrast, for spaces with non-positive sectional
curvature or more generally spaces with measure-theoretically few periodic geodesics the
remainder term in is not sharp and can be improved to O(A4=1/2/log \) and
o(A@=1)/2) respectively. (See P. Berard [14], J.J. Duistermaat & V. Guillemin [28] as well
as [B], V. Ivrii [47], C. Sogge [71] for more.)

In this paper motivated, by the significance of the period geodesics on the Lie group
G = SO(N) in providing twist solutions to certain geometric problems in the calculus of
variations (see [64] [75] [77]) we take a closer look at the geodesic length spectrum and the
spectral counting function and examining the sharpness of the remainder term in Weyl’s
law for this case as well as the cases of the unitary and spinor groups. By analogy
with the case of symmetric spaces and in contrast to the negative curvature case above, one

expects, in virtue of positivity of Ric(G), that again the remainder term is sharp, however,
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we show this not to be the case. As a prototype example for the special orthogonal group
SO(N) apart from N = 3 where the geodesic flow is periodic — note that SO(3) = P(R?)
is a rank one symmetric space — the remainder term in is not sharp and can be
quantitatively improved.

Indeed the spectral counting function .4~ = A4 (\;G) of the orthogonal and unitary

group G equipped with a bi-invariant metric g has the asymptotics:

|
N (N G) = “Wﬁ +0 (A%[d_1_5]> . A oo, (6.1.9)

where d = dim(G), n = rank(G) (see Tables & below) and € = e(n) > 0. In fact
we show that e = 1 when n > 8 and more generally e = (n — 1)/(n + 1) when n > 1. In
particular when rank(G) > 2 the Avakumovic-Hormander-Weyl remainder term in
is not sharp and as direct calculation (as in Section below) reveals this is precisely
when the geodesic flow of G fails to be periodic. More interestingly when rank(G) > 8 the
exponent of A in the remainder term (6.1.2)) can be improved to (d — 2)/2 which is sharp.

Let us end this introduction by giving a brief plan of the paper. In Section we go
over the main results and tools from the representation theory of compact Lie groups, in
particular the computation of the Casimir spectrum, root systems and the analytic weights
of irreducible representations followed by calculations relating to periodic geodesics and the
length spectrum. In the interest of brevity and for the sake of definiteness the discussion
here is confined to the prototype case of the special orthogonal group SO(N). In Sections
[6.3] and [6.4] we give detailed analysis of the spectral counting function and its asymptotics
for the scale of special orthogonal, unitary and spinor groups. Finally in Section 6.5 we
present and prove the sharper form of the asymptotics of A4 = 47 (\; G) as highlighted in

the discussion above for n > 5.

6.2 Weyl chambers and spectral multiplicities for the Lie
group G = SO(N) with N > 2

In this section we gather together some of the technical apparatus for computing and de-
scribing the spectrum and spectral multiplicities of the Laplace-Beltrami operator required
later for the development of the paper. The reader is referred to the monographs [16], 40]
and [51] for further details and the jargon on Lie groups and their representations. Firstly
the Cartan-Killing form on the special orthogonal group SO(N) corresponds to the bilin-
ear form B(X,Y) = (N — 2)tr(XY) with X,Y € so(N). In virtue of the semisimplicity
of SO(N) the latter leads to an inner product on the Lie algebra so(NV), here, taking the
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explicit form

(X,Y) = —23(55(’_3;)) _ %u(xyt) — %tr(XtY). (6.2.1)

This inner product in turn results in a bi-variant metric on SO(N) that from now on is
the choice of Riemannian metric. Specifically using left translations this gives the Adjoint

invariant metric on G = SO(N) defined via,
1 —1y ¢ —1 1 ¢
p(Xg,Yy) = 5”((9 Xg)'9™Yy) = §tr(X Y). (6.2.2)

As the metric is bi-invariant the Riemannian exponential and the Lie exponential coincide
(see, e.g., S. Helgason [40]) and so the geodesic v = (t) starting at g € G in the direction
X, € T,G is given by y(t) = gexp(tX) where X € g is such that X, = ¢gX. Now we fix

the maximal torus T on G by setting, for even IV,
T = {g € SO(2n) : g = diag(R1, Ra, ...,Rn)}, (6.2.3)
with the 2 x 2 rotation blocks R; (1 < j < n) in SO(2) given by R; = exp J;:

cosa; —sina; 0 —ay
Rj =R(aj) = s Jp=J(a) = :

sin a; cos a; a; 0

(a; € R) and the usual adjustment for odd N, namely, n, 2 x 2 block as above and a last

1 x 1 block consisting of entry 1, specifically,
T = {g € SO(2n+1): g = diag(R1, Ra, ..., Ry, 1)} (6.2.4)
The subalgebra t C g corresponding to the maximal torus T C G for even N is given by,
t= {f € g: ¢ = diag(J1, Jo, ...,jn)}, N = 2n, (6.2.5)
and for odd N by
t= {5 € g: ¢ = diag(J1, Jo, ...,jn,O)}, N =2n+1. (6.2.6)

For the geodesic (t) = exp(tX) there exists g € SO(N) so that X = g&g~* for suitable
€ € tand y(t) = gexp(t&)g~t. It is therefore plain that any periodic geodesic at identity is
conjugate to one sitting entirely on the maximal torus T. Thus in considering the periodic
geodesics of G we can merely focus on those confined to T. Now let A C t denote the

lattice

A= {5 € t: exp(2r€) = IN}. (6.2.7)
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Then any closed geodesic on T is the Lie exponential v(t) = exp(27t§) for some £ € A
with —oo < t < oo. Note v(0) = v(1) = In. Now let E; (with 1 < j < n) denote the

block diagonal matrix
E; = diag(0, ...,0, 7,0, ...,0), J=J(1)= . (6.2.8)

Then recalling the inner product (6.2.1)) it is seen that (£} : 1 < j < n) forms an orthonor-
mal basis for t, hence, as any £ in this subalgebra can be expressed as £ = 2?21 a; E;

upon exponentiating we have,
n n
exp(2m€) = exp Z 2raiEj | = H exp(2ma;Ej).
j=1 J=1

As a result

e = exp(2n§) =1y = exp(2ma;E;) =1y
diag[R(27a1),...,R(2ma,)] =In N = 2n,
diag[R(27a1),...,R(2ma,), 1] =Iy N =2n+1,

= aj €L forall1 <j<n. (6.2.9)

This therefore identifies A with Z™ which then via conjugation and translation describes
all the periodic geodesics on G = SO(N). Furthermore by conjugating A in so(N) through
SO(N) and using dimensional analysis it follows that every geodesic in SO(3) is periodic
a conclusion that dramatically fails in SO(N) for N > 4. Now since the metric p on

SO(N) is bi-invariant we have

= /2m2tr(£4€) = 2nl¢|. (6.2.10)

. d _
()] = 919, exp(2mt)g !

Thus the length of the closed geodesic v = () is given by I(y) = 27|¢|. Hence modulo
translations and conjugations the number of closed geodesics whose length do not exceed

vz > 0 can be expressed as

L) = ti{é Al < ;/f} =Y ), (6.2.11)

YyeL™

where r = y/z/(27) and x, is the characteristic function of the closed ball centred at origin
with radius 7 > 0. Thus the geodesic counting function (in the sense described) connects
to the Gauss circle problem and its higher dimensional analogues — a highly challenging

and notoriously difficult problem in analytic number theory. Indeed .Z(x) counting the
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number of points in Z"NB /27 has asymptotics given for suitable exponents 6,  (see the

table below) by
W2

L)~ (2m)™

+0 (x(sln{x) , xS oo. (6.2.12)

Table 6.1: The best known exponents for the remainder term in ()

n=2 n=3 n=4 n>>5

(5,0) | (131/416,0) | (21/32,0) | (1,2/3) | ((n —2)/2,0)
Ref. [46] 38] I80] 32]

For n > 5 the § in Table is sharp whereas in the cases n < 3 finding the sharp 4 is
still an open problem. A conjecture of Hardy asserts that the sharp ¢ for n = 2 has the
form § = 1/4 + ¢ for all € > 0 whilst in the case n = 3 the sharp ¢ is conjectured to be
0 =1/2+¢ for all € > 0. (See the references for more.)

Next we denote by R the set of roots, by A the corresponding root base and by F' the
set of fundamental weights. Due to the difference in the root structure of SO(N) when

N =2n or N = 2n+ 1 we describe these two different cases separately.
e SO(2n):

%:{Z(:l:Ek:l:El)k>lW1th1§l§n},

A= {Z'(Ej—Ej+1) : Wlthlﬁ]ﬁﬂ—l}U{Z(En1+En)},

J i n—1

F = {m =iy Ep:1<] Sn—z}U{un_l,un=2 (ZEk:FEn>}-
k=1 k=1

The lattices of weights and analytic weights for SO(2n) are respectively given by,
n n
P = spang F = {ZbiEi : bez”+e(1,...,1)}, o = {ZbiEi b ez}.

i=1 i=1

Above ¢ is allowed to take the value of 0 or 1/2. Moreover, the set of analytic and

dominant weights (the highest weights) is given by
.!Z{ﬁ(g_;_ = {szEz b, €Z and by > by > -0 > |bn|} (6.2.13)
i=1
Note that the %5 denotes the positive Weyl chamber corresponding to the choice of

root base A.
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e SO(2n+1):

9‘{:{i(iEliEk):k:>lwith1§l§n}U{iiEk:1§k§n},
A:{i(Ej—Ej+1):1§j§n—1}U{iEn},
j ;o
F= ,uj:z'ZEk:lgjgn—l U ,un:§ZEk .
k=1

k=1
As in the case of SO(2n) we have that the weights and analytic weights are given
by,
n n
P =spang F = {ZbZEZ : bEZ”+e(1,...,1)}, o = {szEz by GZ}.
i=1 i=1
Again € = 0 or 1/2. However in this case we have the set of analytic and dominant
weights given by
n
A NECy = {ZbiEi b €Zand by > by > - > b, > o}. (6.2.14)
i=1

Therefore in the SO(2n 4 1) case, in contrast to SO(2n), we have b,, € Np.

It is well known that for a compact Lie group G equipped with a bi-invariant metric g

the Laplace-Beltrami operator —A, has spectrum » = (),) with

o= (4 p, 1+ p) = (p,p) = lln+ plI> = lpl1> = (1, 1) + 2(p, p) (6.2.15)

where p is the half-sum of positive roots and u € &7 N} (cf., e.g., Knapp [51]). Moreover
the multiplicity of the eigenvalue A, is dim(w#)2 where 7, € G (the unitary dual of
G) is the irreducible representation associated to p € & N €, while dim(7,) is given
by Weyl’s dimension formula. Restricting to SO(NNV) the eigenvalues of —A, denoted
Y =My :w€ A NE,) are given by the explicit expression

2?21 bj(bj—|—2n—2j), if N =2n,

Ao = (6.2.16)

dioibi(bj+2n+1-2j), if N=2n+1,

where b = (by,...,b,) € Z" and by > by > --- > b, > 0 when N =2n+ 1 and by > by >

<+ > |by| > 0 when N = 2n. Now to describe the multiplicities using

[oeot (@ +p)

dim(m,,) = , (6.2.17)
Hae%'*‘ (aa p)
we first note that
n—1 . .
1 ) 2im (n=4)E; if N =2n,
p=5 2 a=i (6.2.18)

a€Rt S (n—j+1/2)E;, ifN=2n+1
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Therefore the multiplicity of the eigenvalue ), is given by

[ (@] —ap)?

My (z) = dim(m,)? = T ae N = 2n, (6.2.19)
mo (1 Hz 1 Hz<l( 12 I'Z)Q —
n(z) = [1; a2 11,02 — af)*’ N =2n+1. (6.2.20)

Here aj = n—j when N =2n and a;j = n—j+1/2 when N = 2n+1 with = (z1,...,2y)
given by,
n—j, if N =2n,

zj = b+ (6.2.21)
n—j+1/2, ifN=2n+1.

6.3 Counting lattice points with polynomial multiplicities

Let I' C R™ be a lattice of full rank, that is, I' = {Z?Zl ljvj : U; € Z} where vy, ..., vy
is a fixed set of linearly independent vectors in R™. Assume F' = F'(\) is a homogenous
polynomial of degree d > 1 on R™ assigning to each lattice point A € I' an associated
multiplicity or weight F'()\). The aim here is to describe the asymptotics of the weighted
lattice point counting function

R) =Y F\xr(\) =Y Fr(\). (6.3.1)

Aer Ael

Here ygr denotes the characteristic function of the closed ball in R™ centred at the origin
with radius R > 0 and Fr = F'xr. The approach is an adaptation of the classical argument
in [42] based on smoothing out the sum via convolution with a mollifier and then using
the Poisson summation formula. To this end we consider first the ”mollified sum”

Mo(R) =3 [Fr*pe](X) = Vol(I*) > Fr(€)p:(€)

Ael gerx

= Vol(I'*) / Fr(v)dv +Vol(I*) " Fr(€)p:(€), (6.3.2)
! *\{0}

where ['* denotes the lattice dual to I'. The focus will now be on the asymptotics of the

second term on the right. Indeed since

> Fr©a© < D [Fr©)ll5(©) (63.3)
\{0} r=\{0}

and by basic properties of the Fourier transform

Fr(¢) = / T Fp(x) do = R IFi(R¢) (6.3.4)
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with \pe( )| = 1p(€)| < ex(1+¢l€])~F we can write
— F
> Fr(©)p(&)| < RN HLINCLIIN (6.3.5)
F*\{O} F*\{O} 1 +€’§D

So we now need to describe the behaviour of E(R{ ) for large R. Towards this end and in

virtue of F’ being homogeneous we proceed by expressing F' as

F(z) = |de< ) || Zpk 0 =x/|zl, (6.3.6)

where P = P(f) is the restriction to the sphere S"~! of F and P, = Py(f) is a spherical
harmonic of degree d — 2k (see, e.g., L. Grafakos [37] or Stein & Weiss [72]). Next let us

denote

=Y Fra(@),  Fa) = e Pu@)xa(@), (6.3.7)

where each Py is a solid spherical harmonic on R™ of degree d —2k. Clearly by the linearity

of the Fourier transform we can write

(3]
&)=Y Fa(€),  Fia(€) = fra (&) Pe(6):

k=1

[S]ISW

We now momentarily focus on the quantity ﬁ\l(]!j b

27.”'2/6—(1

1
fx, 1(‘§|) €| (n2d—1k— 2)/2/ 5(n+2d)/2j(n+2d74k72)/2(27T|§’5)ds

(2m)~(nt2d)/220=d p2elel
= |€|(n+2d—2R) ; s ] g an—aya(s) ds.

By invoking an estimate for the weighted integral of Bessel functions that the reader can

find in the Appendix (see Proposition [6.6.1]) we have

2m[¢]
/0 5(n+2d)/2=](n+2d—4k—2)/2(S)ds < Ck (27T\5|)(n+2d71)/2

when [£| > M, for some M}, € R. Therefore for || > M}, we can write

T (1)) < Crlg|~ (2 +d=2k),

This in turn means that,

(4]
IFL(RE) = > IREI | fi 1 (IRE))]

k=1

P, (,50 ’ < ¢|Rg|~ (/2 (6.3.8)
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for || > maxy(My). Therefore returning to the remainder term we get that for large

enough R,

Ra+(n—1)/2

Fr(&)p:(6)] <
F;{O} ey CF;{IO} €](+D/2 (1 4 el )*

Rd+(n—l)/2 d¢
< C/ %
jel=1 [§] /2 (1 + ef€])
ot R+(n=1)/2 g¢
< 082/ %
R (€] FD/2 (1 4 1¢])
RA+(n—1)/2

(6.3.9)

As a result we can conclude that the "mollified sum” from (6.3.2) has the asymptotic

behaviour

n—1

M (R) = Vol(I™) /n Fr(v)dz+ O (RT3 75"

n—1

— Vol(I™) Ri+™ / Fi(a)de + 0 (R "3 (6.3.10)

We next compare the mollified counting function with the original one. Towards this
end we first observe that for y € Bg there exists some z € Bry, such that Fry. * pc(y) =

Fgric(z) . Thus by combining the above

|Fr(y) = Frie * pe(y)| = [Fr(y) — Frie(2)| < 26332%% VF(x)| < CeRT,

Therefore it follows that for each y € Br(0) we have,
FRrie % pe(y) — CeR™' < Fr(y) < Frie % pe(y) + CeRY™!
thus giving

M(R+e)— CeRT™VY " xr(N) < M (R) < Me(R+2) + CeRTY xr(N).  (6.3.11)
el el

Next referring to the original lattice I' we can define with the aid of the basis vectors

v1, ..., Up, another lattice
{ Zej } (6.3.12)
e JH
where a = min;{||v;||} > 0. Then using the bound
R"
ZXR<ZXR—ZX§ <o (6.3.13)
we can rewrite (6.3.11)) as

MR +e) = CeR™™ 1 < #(R) < M(R + ) + CeR 1,
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Therefore the previously obtained bounds for .Z; result in

M(R) = (Vol(r*)/ Fy(z) d:c) RM" 4O (Rd+"T*1€—"T*1 +€Rd+n—1)

n

n—1
as R ' co. Noting that the remainder term is optimised when ¢ = R~ »+1 leads to the

following conclusion.

Theorem 6.3.1. Let F' be a homogeneous polynomial of degree d > 1 on R™ and let
I' C R™ be a lattice of full rank. Consider the weighted counting function .# = .#(R)
defined for R > 0 by (6.3.1). Then

A (R) = (Vol(F*) /Bn F(x) da:) R™"+0 (R””‘n%) , R oo (6.3.14)

Note that repeating the above proof for the shifted counting function .#Z"(R) =
Sser Fr(A + h) with .#(R) = ", cp[Fr * pe](A + h) results in the exact same asymp-
totics (6.3.14) for .#". This is a consequence of the identities fm)(f) = f(&)e2mih,

o — —~

If(-+h)(&)] = |f(&)]. We use this remark later on.

6.4 Improved asymptotics for 4 (\;G) when G = SO(N),
SU(N), U(N) and Spin(V)

This section is devoted to the analysis of the asymptotics of the spectral counting function
N (A;G) as A oo when G is one of the special orthogonal or unitary groups in the
title. Here, the calculations in light of what has been obtained so far is explicit and
the main question is the behaviour of the remainder term and whether it agrees with the
Avakumovic-Hormander sharp form or if there is an improvement. Notice that SO(2) = St
and SO(3) = S3/{+1} = P(R?), the real projective space, and so in view of the periodicity
of the geodesic flow (or direct calculations) we do not expect any improvements. However
remarkably things change sharply as soon as we pass to the higher dimensional cases
SO(N) (with N > 4). Indeed from earlier discussions we know, using (6.2.16)-(6.2.19),
that the spectral counting function for SO(N) is given by (below we shall be using the
notation of &7, = & + p.)

NN = Z mp(w+ p)xr(w+p) = Z mp(x)xr(z), (6.4.1)

WEANE rEA,NE

where x g is the characteristic function of the closed ball with R = /A + ||p||? centred at

the origin and m,, is the multiplicity function that is explicitly by (6.2.19)). In (6.4.1]) we
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have also let x = w+ p and used the fact that z € %Z for w € ' NE;. An easy inspection

show that on 0% we have m,(x) = 0 therefore we can rewrite .4 (\) as

AN =D ma()xr(@) (6.4.2)

TEA,NE

Notice that the multiplicity function m,, is invariant under any permutation of (z1,- -+ ,zy)
in either case. In addition m,, is also invariant under any change in sign of n — 1 of the
x;’s when N = 2n and invariant under any change of sign of all the x;’s when N = 2n+ 1.
Thus m,, is invariant under the Weyl group W given by

781 % S, if N =2n,
W= (6.4.3)

Z5 X Sp, if N=2n+1.
We now take advantage of the action of the Weyl group on the set of weights 27, N ¢’ to
extend .47 (\) to the full set of weights .27,. Note that the Weyl group W maps .27, to itself
since for each w € W we have that w - p = p — « for some o« € R C &/ (see Proposition
20.15 in [18]). Then as W - & = &/ (see Proposition 20.16 in [I8]) we clearly have that
for any w € W, w- (u+ p) € o7,. Indeed as the Weyl group acts simply transitively on
the interior of the Weyl chambers (which means that the interior of any Weyl chamber is

mapped onto the interior of any other chamber in a bijective manner) we can write

N = G 3 mala)xnle) = o 3 mal + p)xas+ o) = A (R)
TEH) wed

Now m,, is a homogeneous polynomial of degree 2/ = d — n where d = dim[SO(N)] and
n = Rank[SO(N)]. Then since & can be identified with Z" we have that Vol(«/*) =
and then from Theorem we deduce that

Rd

T

ma (@)1 (@)de + O (R ),

as R /" co. Hence in view of A (\) = #(R), when R = /) + ||p||?, we obtain

Ad/2

A0 =T

d=1_ _n-1_
ma(@)x1 (@)dw + 0 (AT = ).

The leading term can be evaluated to be

\4/2 waVol, (SO(N))
A _ /2
Wl Js, my, (x)dx 2m)? PN

Subsequently it follows that

wqVoly(SO(N))
(2m)1

N () = AZ+O(\Y), A oo, (6.4.4)
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where the exponent « in the remainder term, by making use of d = (N? — N)/2, is seen

to be

1 2n3 +n% —3n  if N = 2n,
o= — (6.4.5)

2(n+1) M3 +3n2—n if N=29+1.

This in particular confirms that the remainder term in Weyl’s law is not sharp for the

compact Lie group SO(N). In summary we have proved the following result.
Theorem 6.4.1. The spectral counting function .A#° = A (A\;SO(NN) of the Laplace-
Beltrami operator with n = rank[SO(V)] > 2 has the asymptotics (A 7 0o)

AN SO(N)] = \WA%‘ + O\, (6.4.6)

with d = dim(SO(N)) and « given by (6.4.5]).

Table 6.2: SO(N) and Spin(N)

G SO(N) Spin(N)
n = rank(G) [N/2] [N/2]
d = dim(G) N(N -1)/2 N(N—-1)/2

Q =Tlacns(,p) | @T"NN=2 [5G (N — 5 — k)
Vol(G) x @ 2m)NIN=1)/44tn/2 | 9(9r)N(N=1)/4+n/2

We now present the analogous analysis and result for the unitary and special unitary
groups U(N) and SU(N) respectively. Firstly note that the spectrum of the Laplace-
Beltrami on U(N) and SU(N) is given by the following

N
Ao =D [(bj =5+ (N +1)/2)* = (N +1)/2 - )], (6.4.7)
j=1
where by > by > -+ > by with b; € Z for U(N) or bj € Z+ by for 1 < j <n —1 and
by € Z/N whilst holds for SU(N). The multiplicity of these eigenvalues is given
by,
my(z) = H M, (6.4.8)

2
1<j<k<N (k=)

where = (z1,...,2n) and z; = b; — j + (N + 1)/2. Note that in the case of SU(N) the

bv=—> b (6.4.9)
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which therefore means that the eigenvalues and corresponding multiplicity function only
depend on by,...,by_1 and x1,...,zN_1 respectively. Now following the arguments of
SO(N) we can prove the following (the proof of which we shall omit due to the similarity
with SO(N)).

Theorem 6.4.2. The spectral counting function A (A) = A (\;G) of the Laplace-
Beltrami operator on the unitary group G = U(N) with N > 2 and d = dim(U(N)) = N2
has the asymptotics (A  00)
1(U(N N(N+2)(N—-1)
N[N UN)) = WA%‘ +0 <A2(N+1> ) . (6.4.10)
T

Likewise in the case of the special unitary group G = SU(N) with N > 2 and d =
dim(SU(N)) = N2 — 1 we have that
Vol(SU(N 3_
N[\ SU(N)| = WAS +0 </\N 2%“2) . (6.4.11)
T
Note that the metric is the one arising from the inner product (X,Y) = tr (X*Y') and
is bi-invariant. By inspection for U(N) when N > 2 and for SU(N) when N > 3 the
remainder term in Weyl’s law (6.1.2) is not sharp whilst evidently outside this range the

geodesic flow on the group is periodic.

Table 6.3: SU(N) and U(N)

¢ SU(N) U(N)
n = rank(G) N -1 N
d = dim(G) N%Z -1 N2
Q=lacrelesp) | TS o't
Vol(G) x @ N(2m)N+)WN=1)/2 | (97 )N(N+1)/2

Let us end the section by studying the asymptotics of 4" (\; G) for when G = Spin(N)
is the universal cover of SO(N). In virtue of 71[Spin(N)] = 0 there is a one-to-one
correspondence between the [complex] irreducible representations of Spin(/N) and those
of its Lie algebra spin(N). Moreover as Spin(/N) is a double cover of SO(N) the irreducible
representations of the latter are only "half” the total of the former and hence of the Lie
algebras spin(N) = so(N). Despite this we have the following conclusion for Spin(V)
based on what was obtained previously for SO(N).

Theorem 6.4.3. Consider the universal covering group G = Spin(/N) of SO(N) with
N > 3. Then the spectral counting function A4~ = A4 (A\;G) of the Laplace-Beltrami
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operator has the asymptotics

N (N G) = Wﬁ O, A oo, (6.4.12)

where d = dim Spin(N) = dim SO(N) = N(N — 1)/2 and « is given by (/6.4.5)).

Proof. As eluded to in the discussion prior to the theorem in virtue of G = Spin(NN) being
the universal covering group of SO(N) the two share the same root system, and the set

of analytically dominant weights o7 N ¢y for Spin(V) are,
1
ﬂfﬂ%.t,. = {54—8(1, ce ,1) : f S JZ{S()(N)Q(KJ,_, e=0ore= 2} = yso(N)mig+. (6413)

The root systems of Spin(N) and SO(V) being the same implies that the multiplicity
function m,, for the two are the same homogenous polynomial. In particular for each
y € & NGy we can write y = z +¢(1,...,1) for some x € F5o(y) N €4 Therefore the

counting function of Spin(/N) relates to the counting function of SO(N) by a summation,

specifically,
Mspin(n)(R) = Mo (R) + //15162( n(R)
- 2“dV°1(92(:)?(N Dpi 1o (Rd‘l‘ﬁﬁ) . (6.4.14)
Above .///é(/f(N) (R) denotes the counting function over the shifted lattice Z"+(1/2,...,1/2).

Now we reach the desired conclusion by invoking the relation R = /A + ||p[|? and

hence obtaining

_ deOIQ(SO(N)) d d-1_ 1n-1
A =2 SN £ 0 </\ 73 +1> (6.4.15)
and making use of the relation 2Vol(SO(N)) = Vol(Spin(N)). O

Regarding the last relation in the above proof we note that the volume of any compact

Lie group G is given by

Vol(G) = \%, Q= ag+(a, p), (6.4.16)
where Vol(7) is the volume of the fundamental domain in the lattice of analytical weights.
Then as Spin(/N) and SO(N) share the same root system and rank(G) = n the above
claim follows upon noting that Vol(#so(ny) = 1 and Vol(#gpin(y)) = 27", which can
be seen by calculating the |det F| where each column of F is fundamental weight in F'.

The specific form of the fundamental weights means F is either a triangular matrix or

triangular apart from 2 x 2 block along diagonal.
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6.5 Weyl’s Law for the Orthogonal and Unitary groups: A

sharp result

In this final section we present a result containing sharp asymptotics of the remainder
term for the spectral counting function of the orthogonal and unitary groups as in the
previous sections. Here we assume for technical reasons that the rank of the group is

strictly greater than four.

Theorem 6.5.1. Let G denote one of the unitary, orthogonal or spinor groups as above.

Then provided that n = rank(G) > 5 we have

wqVol(G) | 4

A NB) = =5 AE L ONTTE), A S, (6.5.1)

where as before d = dim(G) and 3 is given by
/3 _ Y Y ) 7

with o = 1/4 — ¢ for any € > 0.

The principle idea of the proof is to approximate the counting function .4 () by an
alternative one with radial weight which is easier to tame. Recall that the multiplicity
functions, given earlier in the paper, are homogeneous polynomials of even degree and as
such can be written as m,(z) = |z|*P(z/|z|). This homogeneity permits the forthcoming

description of .#'(\) where n = rank(G) and r,,(k) = [{w € Z" : |w|?> = k}|. Indeed

|W| ka > P9y), (6.5.2)

k=1  6,cH,

where Hy, = {0; = z;/|z;| : x; € Z" and |z;|? = k}. The form (6 is suggestive towards

a natural approximation by

= |wP"xr(w) Z k™ (k (6.5.3)

wWEZL™

It is clear that any sensible approximation of .47 (\) via & (R) necessitates that the inner

sum in (6.5.2)) converges to xry (k) where k = |S"‘1r1 Jsn—1 P(8)dH"1(8). Consequently

Z (6;) — mn(k)' (6.5.4)

AN\ = sW| E™
g

k=0
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Let us suppose for the time being that,
PR ECHES m’n(k)‘: O(ki=®), (6.5.5)
OjEHk

where we shall define « explicitly later. Then,
I\ — k|W|LER)| = O (RQm“T*“—?a) . (6.5.6)

Therefore once we have a result for &(R) we shall obtain asymptotics for .4” as a simple

repercussion of the above approximation estimate and the correct choice of a.

Theorem 6.5.2. Let & = &(R) be as in (6.5.3). Then provided n > 5 we have the
asymptotics

Vol(S"1)

E(R) = 2m+n

R*™t L O(R*™"=2) R J oo. (6.5.7)

Proof. The proof of this result is an adaptation of the classical lattice point counting
argument with constant weight, i.e., m = 0. Indeed the explicit form of r4(k), i.e., the

Jacobi sum of four square formula, gives a weaker result for &(R) on Z*. More precisely,

Ei(R) = m?m do+

2
éfl/gg / @Pmdz - [D(R?) - D(R?/4)] + O(R*™?),  (65.8)

where D(t) =3 ), k=Y (t/k) with o (t/k) = t/k — [t/k] — 1/2. To prove (6.5.8) one can
firstly show that (cf. [32] pp. 34-5)

E4(R) = 8S,,(R?) — 4™ x 325, (T) : (6.5.9)

where S,,,(t) = S°_, k™o (k) and o (k) is the classical divisor function, i.e., o(k) = > dj d-
In [32] the identity is proved when m = 0. However the case m > 0 is similar modulo
suitable adjustments to essentially account for m # 0. Therefore to avoid repetition with
an existing text we shall simply refer the reader to [32]. Now note that any pair of integers
(d,j) such that 1 <d<tand 1< j<[t/d =t/d—1(t/d) —1/2 = ((d,t) are divisors of
d-j where 1 < d-j <t. Hence,

Em m+2

IO IP ILLES 3P WL

k<t dlk k<t j<C(k,t) k<t

where the last equality comes from Faulhaber’s formula with ¢, ; = (—1)7 (m;—Z) Bj and

Bj are the Bernoulli numbers. Moreover,

C(k, )™ = <Ii>m - (li)m_l (zb(]i) + 1/2) +0 <Z1_22> . (6.5.10)
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As a result,
Em m+2 " m+1—j
m+1

Zm+22 i(5) w0y

k<t

m t
= ~ 4 e k,t L), 5.11
m+2k<t<k+c 1) 6tk + 0+ (6:5.11)

Now Yy t/kC(k,t) = 123 k2 —tD(t)—t/2Y o b~ and 3oy C(kt) =t >, k4
O(t) which permits (6.5.11) to be rewritten as (with ¢ = ¢, 1 — 271)

Y kT = D(t)| + O™ (6.5.12)

Next substituting (6.5.12)) into (6.5.9) with >} ge k=t — ZkSRQM k=1 = O(1) and using
1+---+1/N?=72/6+ O(N~1) gives

R2m+47r2 8R2m+2
&y(R) =

5~ 3 [P(RY) = D(R?/4)] + O(R™?). (6.5.13)

Thus we have proved (6.5.8) upon identifying the coefficients in (6.5.13)) with the integrals
given in - Now is obtained by firstly writing,

R

= 3" wPxrw) = Y & (VR 72). (6.5.14)

wEZS Jj=—R

Here &7 (t) denotes the counting function on Z* with weight f(w,j) = (Jw|? + 7)™ which

is a sum of radial weights. Hence (6.5.8)) in (6.5.14]) produces,

Z / f(a,j)dr — 16 [H(R?) — L(R?)] + O(R*™*3),  (6.5.15)

j=—R " Br(r2 j)
where we have defined r(t, j) = v/t — j2 and (below the remainder term accounts for j = 0
which is t"*1D(t) = O(t™*!Int) since D(t) = O(Int), however, in what follows we show
that H(t), L(t) = O(t™+3/2) and therefore we can omit this additional remainder as it will

be adsorbed into this asymptotics.),

V1]

=> F(t,§)D(t — j*) + O™ Int), (6.5.16)
V1]

= F(t,§)D((t - j%)/4) + Ot Int), (6.5.17)

and F(t,7) = 2r(t, ) 2Vol(S*)~! [, e f(z,7) dz. Moreover we have

(Vi1
H(t)= Y [F(t,j) = F(t,j+1)] M(t,j) + F(t, [VH]) M([t, V¥]) (6.5.18)

J=1
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with M (t,n) = > | D(t —i?). This particular decomposition of H(t) lends itself favour-
ably to estimates for large t. Towards this end let us begin by noting M(¢,n) = O(v/t)
(see [32] pp. 97). Furthermore a direct calculation gives

m

F(t,5) =) <7:) (k + 2)~12m=R) (¢ — j2)kt1, (6.5.19)

k=0

Thus F(t, [vt])M(t, [vt]) = O(t™+3/2). Additionally a straightforward application of the
binomial expansions in (|6.5.19) leads to,

m k+1 bik
k=1 =0 [=0

where b; ;, = 2i +2(m — k) — 1 and

Ciy = (—1)7F! <k JZF 1> <2i + Q(km - k)>'

With (6.5.20) at hand and again M (t,n) = O(v/t) we obtain H(t) = O(t"*+%/2). Then in
a similar fashion to the above L(t) = O(t™3/2) which in conjunction with (6.5.15)) gives

Z / (z,7) dx + O(R*™+3). (6.5.21)

B, (r2, J)

To complete the proof for the base case n = 5 we are left with showing that the leading
term is as in ([6.5.7)). To achieve this we first apply the classical Euler-Maclaurin summation

formula, namely,
> 9= [ gy + / Sy, gly) = [ s @52
—R ’ B ’

j=—R —R r(R2,y)

Now recall that f(x,y) = (|z|?> + ?)™ and so from a straightforward calculation

2m+4 2m+4 2 p2m+2
o(y) = 212 | & i _YR : (6.5.23)
m+ 2 (m+1)(m+2) m+1
2m+3 2m—+2
. y —yR
= 47 6.5.24
R e (6.5.21)
Hence applying the Mean-value theorem to the second integral in (6.5.22)) gives
f 4 f 2m+3 2m+2
] dy = mrTe _— yR¥™ d
sty = I [ - R i)y
47T2R2m+3 R R
= — dy — d
1 [51 U(y)dy w()y]
4 2R2m+3 &2
. Ply)dy = O(R™), (6.5.25)

T omtl g
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here assuming without loss of generality that —R < & < & < R). Then setting w =
( g g y g
(z,9),
Vol(S*
[ stav= [ [ iy = [ prao= 00 s
B2 2m 45
r(R2,y) R

Thus summarising we have succeeded in proving the base case

Vol(S?)

&(R) = 2m + 5

R?™MF5 1 O(R*™T3). (6.5.26)

Hence we can prove (6.5.7)) for n > 5 by induction. Indeed assume (6.5.7)) is true for n.

Then as before

R
s = 3 5 (o )" )
ez

—Rw
4 R
- Z / f(wvj)dw + O Z(R2 _j2)2m+n—2
j=—R"B r2 =
VOI(SH) m+n m4n—
= m}zz o (RPh) (6.5.27)

Therefore (6.5.7]) holds for n+1 and thus is true for all n > 5. Note that the leading term is
obtained in exactly the same way as the base case n = 5 by applying the Euler-Maclaurin

summation formula and the Mean value theorem. O

Therefore combining Theorem [6.7.1| with (6.5.6]) gives that for n > 5,

Vol(s»1)

A= ]

(A1) 2 £ o™ Ty + O™ ) (6.5.28)

The proof of Theorem is now a consequence of a = 1/4 — ¢ for any € > 0 and
therefore the sharp result holds when n > 8 since (n +4)/2 — 2a < n — 2. This value for
a comes from Proposition 11.4 on page 200 of [4§]. Here we would like to point out that
we have kept o undefined until the end of the proof to highlight how Theorem can
be improved, in terms of the rank n giving the sharp result, if the the value of a can be
improved. Also we note that this can be done for SO(NN) and U(N) since the lattice of
analytic weights here is realised as Z" whilst the multiplicity function is a homogeneous
polynomial of even degree. (Let us also note here that in the cases of SO(2n+1) and U(2n)
we need to define & to be the counting function over the shifted lattice Z™+(1/2,...,1/2).
In this case the counting function & has the same asymptotics as Theorem with the
proof working in the same fashion. This proof is completed in the appendix for the ease of

the reader.) The case of Spin(/N) results from SO(N) as in the proof of Theorem
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The leading coefficient can be written in the following form:

Vol(Sn~1) 1

K _ n—1
Bt ) W]~ @t n) W] Jan L OIHE)

1 1
- [ [ peae-toemta
0 Jsn-1
1 Vol (G) wy

= — mp(z)dr = (6.5.29)
W Jgn " (2m)d
Hence we have completed the proof of Theorem [6.5.1] O

6.6 Appendix 1: Asymptotics of weighted integrals involving

Bessel functions

In this appendix we present the proof of an estimate used earlier in the paper. This is

concerned with the asymptotics of Bessel functions and their weighted integrals.

Proposition 6.6.1. Let o > 2 and § > —1/2. Then there exist constants M > 0 and
¢ > 0 such that for any z > M we have
z 1
/ tBJIg(t) dt < c22P73, (6.6.1)
0
Proof. Using the identity established in Lemma below we can write
z z
/0 to‘+BJ5(t) dt = zaJ“BJﬁH(z) — (a— 1)/0 t‘”ﬂ_lJBH(t) dt.

Next in virtue of the asymptotic decay of Bessel function at infinity (see, e.g., Stein &
Weiss[72]) it follows that there exists M > 0 such that Jg41(2) < cz"2 for z > M. Hence

we can write

z z
/ 1B Jg(8) dt < 1205 + cQ/ 183 gy
0 M

from which the conclusion follows at once. O

Lemma 6.6.1. Let o > 2 and 8 > —1/2 with z € R.Then the following identity holds

/ 198 Ja(t) dt = 2B T, (2) — (0 — 1) / 1oL (b dt (6.6.2)
0 0

Proof. Starting from the following weighted integral identity for Bessel functions (cf., e.g.,
Grafakos [37] Appendix B.3)

/ Toa (O dt = 2 T5(2)
0
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we can write

z ? ¢ # ?
/t“+ﬂ—1Jg+1(t)dt:/ to‘_2/ 56+1JB(5)d5dt:/ SB“JB(S)/ £ dtds.
0 0 0 0 s

Now integrating the term on the right gives

z 1 z
/ TP Jg 0 (t) dt = / sPT J5(s) [z — 5271 ds
0 a—1Jg
1 « ? «
= B J541(2) — po— /0 §91 J5(s) ds
and so the conclusion follows by simple manipulation of the above. O

6.7 Appendix 2: Case of the shifted lattice

Here we shall prove the asymptotics of the spectral counting function .4°(\) when the

underlying lattice is Z™ 4 1/2. Firstly, however we shall prove an analogue result of

Theorem Namely,

Theorem 6.7.1. Let &° = &°(R) and &° = &°(R) be the counting functions given by,
(below Z,, denotes the lattice of odd integers)
E(R)= Y |al"xa(x), and E°(R) = Y |a|*"xr(x). (6.7.1)
TEZN+1/2 €L

Then provided n > 5 we have the asymptotics

S _ VOI(Sn_l) 2m—+n 2m+n—2
E(R) = 5 ——~R"™" + O(R ), R/, (6.7.2)
and,
0 _ 1 VOI(Sn_l) 2m+n 2m~+n—2
ER) = 55— BT+ O(R ), R oo, (6.7.3)

Proof. To begin the proof we firstly observe,
SR = Y @) =272 Y 1P enr) =27 2E0RR). (6.7.4)
x€Z"+1/2 T€LN 14
Therefore by proving the asymptotics (6.7.3)) for &° we will, as a consequence of (6.7.2)),
have shown &* has asymptotics of (6.7.2)).
&R = 3 ol xal@). (6.7.5)
€Ly
Hence we can focus on &° and in particular begin with the case n = 4 where the counting

function &°(R) can be written as,

R2
EPR) = > |oPxr(x) = k"ri(k), (6.7.6)
k=1

TELY 44
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where 7} (k) = |{z € Z,; : |z|* = k}|. It is known that,

160(l) if k = 41 where [ odd,
ry(k) = (6.7.7)
0 otherwise,

where above o denotes the classical divisor function. Hence &} becomes,

EP(R) =41 N~ 2+ 1)"0(2l + 1)

214+1<R2/4
R?/8
=42 | &4(R/2)/8 =3 x 2™ Y k™00qa(k) | - (6.7.8)
k=1

Above we have used the fact that counting function over the larger lattice Z™ can be

written as,

Z ’x‘QmXR kar4

TEL™
=8 Y (k+1)To(2k+1)+24 D (2k)"00qa(2K)
2k+1<R? 2k<R2
=8 Y (k+1)To(2k+1)+24x2™ Y E"ooqalk). (6.7.9)
2k+1<R? k§R2/2

Then we recall from (6.5.8) in our previous work that,

2R = [ |aPm d+
Br
16

e *mdz - [D(R?) — D(R?*/4)] + O(R*"+? 6.7.10

RV [, 17 [D(RY) ~ DURA)] 4 O™, (6710
where D(t) = > 1<, k~Yy(t/k) with ¢(t/k) = t/k — [t/k] — 1/2. Additionally we know
from our previous work that,

R?/8
> k" 00qa(k) = Sm(R?/8) — 2718, (R?/16)

- — ki — ki
m+2
Frim+2) | = =
o [D(R?/8) — D(R?/16)] + O(R*™?) (6.7.11)
gm+1(m + 2) ’ o

Now using that » ;- k=2 =72/6 4+ O(t!) we obtain that,

R?/8 72 R2m+4
kMopqa(k) =
kz_l oK) = 3 S 1 9)
1{%n+2

~ S (1 2) [D(R?/8) — D(R?/16)] + O(R¥™*2), (6.7.12)
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At this point we note that,

E2(R)2)/8 = F(R,0)+
1

22m+1 R2Vol(S3)

22m+17

F(R,0) - [D(R?/4) — D(R?*/16)] + O(R*™?), (6.7.13)

where we have let

F(R, j) —/ (lz|* + %)™ da, (6.7.14)
r(R?,j)
with r(R = /R?% — 52, We also note that
72 R2m+4 1

3 x 23m+8(m + 2) = 3 x 2m+4F(R7 0) (6715)

Hence combining this with the above gives that,

F(R,0) F(R,0)
2 TR
+O(R*™*2), (6.7.16)

&E2(R) = - [e1D(R*/4) + caD(R?/8) + c3D(R?/16)]

As before we now move onto the five dimensional case where &2(R) can be written as,

Z Z (2 + 52 ™ X0 (2,5 () (6.7.17)

Jj=—R 7%,
odd

and since (|z|? 4 j2)™ is just the linear combination of radial weights we obtain that,

Z £4 7] (Raj))

odd
R/2
Z Er(R%, ), F(R.5) — Y. & (r(R?,25), F(R,2j)). (6.7.18)
j=—R/2
Above we have defined,
£4O(T(R27j)7F(R7j)) = Z F(R27.])XT(R27])($) (6719)
TE€L4q

Note that r(R?,25) = 2r(R?/4,j) and F(R?,2j) = 2" F(R/2,7) so

R/2

Z E(r(R?,5), F(R, ) =22+ Y &7(2r(R*/4,5), F(R/2,)). (6.7.20)

j=—R/2

Hence we are left to find what is the asymptotics of,

Fo(t) = > Eer(t,4), F(t,5)) (6.7.21)
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as t — oo where ¢ = 1, 2. To this end we note that,

Fet) = F(tij) +c1H(t,4/¢) + coH(t,8/c) + c3H(t,16/c) + O(t*™3)  (6.7.22)

where we have defined H (t,€) in the following way,

_ é F(ta]) t2 _j2
H(t,€) _jz , D( z > (6.7.23)

2~ 1(i2.J)

It follows easily from our previous work (6.5.16)-(6.5.21]) that H(t,&) = O(t>™+3) and

therefore,

F(t,j
Fet) = (24'7) + O(tm+3) (6.7.24)
j=—t
Then also as in (6.5.22)-(6.5.26]) we know that the leading term in the above is given by,
1 Vol(s?

and therefore we obtain that,

1 Vol(S*)

ETE 5t2m+5 + O(t*™3) (6.7.26)

Fe(t) =

ast — oo for ¢ =1 or ¢ = 2. Thus,

1 Vol(S%)
252m+5

E2(R) = Z1(R) — 2™ .75 (R/2) = R?>™5 L O(R?™H3), (6.7.27)

Hence we have shown the result for n = 5 and as before n > 5 follows by induction. Indeed

assume (6.7.3)) is true for some fixed n > 5. Then as before

R/2
wi1(R Z E(r F(R,j)— > &r(R*2)), F(R,2)))
j=—R j=—R/2
R/2 R
F(R/2,j)
2m+n 2m+n 2
- 3 PRI _pmin - B e PO
j=—R j=—R/2 j=1
1 VoI(S")  Lomint1 2mtn—1
= metn metn=1y 7.2
P 2 1 +O(R ) (6.7.28)

Therefore (6.7.3) holds for n+1 and thus is true for all n > 5 which because of the identity
(6.7.4) completes our proof. O

Now we recall that in this situtation of the shifted lattice Z"™ + (1/2,...,1/2) we can
write the spectral counting function .47 (\) as,
1 1
AN == D ma(@)xr(@) = sgmr Y ma(@)xer(@)
W] 22m W
x€LN+1/2 z€Zn

odd
4R?

22m|W, DK"Y P (6.7.29)

k=1  6;eH;
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where Hy = {0 = x/|z| : x € Z", and |z|> = k}. Now proceeding as before we know that,

4R?
1
_ 22m -1 °(9 < - m P9 — * 7
| A (N) = (2°™|W )" k& R)‘_22m\W| k§:1k ngEH; (05) — Ky (K) (6.7.30)

Furthermore it is possible to use Proposition 11.4 on page 200 of [48] to prove that,
' > P(o) —mr;(k)‘ = O(ki™9), (6.7.31)
GJ-EH,:

with o = 1/4 — ¢ for any € > 0 as before. Thus, like in the previous case we conclude that,

(recall that R = /X + [p[2),

1 _
N (N G) = ‘Wxi FONEH), N S (6.7.32)
where [ is given by
9 _

and a = 1/4 — ¢ for any € > 0.
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Chapter 7

Discussion and final remarks

The work in this thesis has made modest progress in two seemly distinct, but connected,
areas of mathematics. Namely through the analysis in Chapters 2 - 5 we have lead the
way to better understanding the symmetry properties of certain L'-local minimisers. This
in particular improves upon the previous work in [64], [65] [66, [74] [75] [76] and it is our hope
that some of the symmetrisation techniques which were developed to tackle this problem
will find a place in other settings as well. Through this study we have also made in the
planar case small contribution to the understanding of global invertibility for mappings in
A(X) as well as the regularity of minimisers in homotopy classes <7, for a wide variety of
energy functionals.

Furthermore in Chapter 6 we tackled the problem of studying the asymptotic behaviour
of the spectral counting function for the compact Lie groups SO(n),SU(n), Spin(n) and
U(n). Here the work improves on the previously known results for these groups and ac-
cumulates in presenting the sharp asymptotics SO(n), Spin(n) and U(n) when the rank
of the corresponding group is strictly larger than seven. These results provide further
evidence that the lack of periodic geodesics a Riemannian manifold (M d g) possess sub-
stantially effects the sharpness in the reminder term of the famous Avakumovic-Hérmander
result. Furthermore, it is our hope that these results will motivate further study into the
asymptotics of a general compact Lie group and whether results in a similar vein carry

over into this setting.

7.0.1 Future research

As alluded to above there is still much progress to be made on both fronts of this thesis.
One natural line of research to continue from Chapters 2 - 5 is to try and extend the sym-
metrisation methods into higher dimensions, namely when n > 2. It would be interesting
to see if anything of this nature is possible and whether in particular any more light can

be shed on the odd dimensional case. Moreover, it would be interesting if the assump-
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tions required on the energy functional from Chapter 4 and 5 to provide twist solutions in
homotopy classes can be weakened.

With regard to the results from Chapter 6 the obvious path of future research is to
see if the obtained result can be extended in the following two ways: Firstly is it possible
to obtain for the groups mentioned above analogue results to the classical lattice point
counting problem when the rank of the groups are between 2 and 4. By this we mean are
similar remainder terms available for these Lie groups spectral counting function as there
is for the classical Gauss circle problem and its higher dimensional analogues. Further
to this one can also ask do the results obtained extend to all compact Lie groups and

moreover to all symmetric spaces whose rank bigger is strictly bigger than one.
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