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UNIVERSITY OF SUSSEX

MUFLIH ALHAZMI, DOCTOR OF PHILOSOPHY

EXPLORING MECHANISMS FOR PATTERN FORMATION

THROUGH COUPLED BULK-SURFACE PDES

SUMMARY

This work explores mechanisms for pattern formation through coupled bulk-
surface partial differential equations of reaction-diffusion type. Reaction-diffusion
systems posed both in the bulk and on the surface on stationary volumes are coupled
through linear Robin-type boundary conditions. In this framework we study three
different systems as follows (i) non-linear reactions in the bulk and surface respect-
ively, (ii) non-linear reactions in the bulk and linear reactions on the surface and (iii)
linear reactions in the bulk and non-linear reactions on the surface. In all cases, the
systems are non-dimensionalised and rigorous linear stability analysis is carried out
to determine the necessary and sufficient conditions for pattern formation. Appro-
priate parameter spaces are generated from which model parameters are selected. To
exhibit pattern formation, a coupled bulk-surface finite element method is developed
and implemented. We implement the numerical algorithm by using an open source
software package known as deal.Il and show computational results on spherical and
cuboid domains. Theoretical predictions of the linear stability analysis are verified
and supported by numerical simulations. The results show that non-linear reactions
in the bulk and surface generate patterns everywhere, while non-linear reactions in
the bulk and linear reactions on the surface generate patterns in the bulk and on
the surface with a pattern-less thin boundary layer. However, linear reactions in the
bulk do not generate patterns on the surface even when the surface reactions are
non-linear. The generality, robustness and applicability of our theoretical computa-
tional framework for coupled system of bulk-surface reaction-diffusion equations set
premises to study experimentally driven models where coupling of bulk and surface
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chemical species is prevalent. Examples of such applications include cell motility,
pattern formation in developmental biology, material science and cancer biology.
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Chapter 1

Introduction and Literature

Review

1.1 Introduction

Most biological and chemical processes that can be explored through reaction and
diffusion of chemical species, are often modelled by systems of partial differential
equations Kondo and Asai (1995); Janssen (1981); Hutson (1988). A special class of
these are reaction-diffusion equations, which are used to analyse and quantify various
biological processes such as the natural evolution of pattern formation on animal
coats, developmental embryology, immunology, ecological dynamics Murray (1981);
Mullins et al. (1996); De Boer et al. (1992); Segel and Jackson (1972). The study
of reaction-diffusion systems in general has been and continues to be an interesting
topic for research in various branches of scientific studies. In order to quantify
the evolution of chemical reaction kinetics associated to biological processes, it is a
usual approach to employ a system of partial differential equations describing the
chemical reactions, which is investigated through mathematical techniques to reveal
the long-term behaviour of the evolving kinetics Keener and Sneyd (1998); Logan
(2008).

Alan Turing was one of the first scientists to suggest in 1952 the use of a system
of reaction-diffusion equations to model how two or more chemical substances evolve
when they are simultaneously subject to a specific reaction rate and each one of them

diffuses independently of the other. Alan Turing suggested that the theory of biolo-
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gical pattern formation can be mathematically formulated by a system of partial dif-
ferential equations Turing (1952). The work presented in Turing (1952) contains an
elegant and detailed study on the evolution and interaction of morphogenesis, which
are modelled as a discrete set of chemical concentrations coupled through a specific
given reaction kinetics and independent diffusion rates. Turing’s work turned out
to be one of the most motivational studies for applied mathematicians to rigorously
explain the evolution and properties of reaction-diffusion systems. The seminal work
of Turing Turing (1952) also proved as a motivational ground for experimental and
theoretical biologists to search for experimental evidence of pattern formation satis-
fying Turing’s mathematical theory of reaction-diffusion systems. A few examples of
Turing models being tested by experimental biologists are Castets et al. (1990); Lev-
ine and Rappel (2005), whose results indicate strong evidence supporting Turing’s
theory of pattern formation. In Castets et al. (1990) a detailed chemical experiment
is conducted to show similar evidence to that predicted by Alan Turing as a result
of specific chemical reaction and diffusion. The results pertained by Castets et al.
(1990) are claimed by authors to be the first unambiguous experimental evidence of
Turing pattern. However, Turing theory of pattern formation as the solution of a
reaction-diffusion system has still not been proven as a scientific fact. Researchers
have also studied the bulk excursion of a particle when it intermittently unbinds
from a planar surface into the bulk Chechkin et al. (2012). The study in Chechkin
et al. (2012) is a theoretical set-up through coupling reaction-diffusion system to
provide insight on the trajectory of a particle during the process of bulk excursion,
when it unbinds from the surface without a regular occurrence. Turing’s theory
suggests that pattern formation occurs, when a system experiences diffusion-driven
instability Turing (1952); Murray (2001), which is a concept that is hypothetically
responsible for the emergence of spatial variation in the concentration density of
a chemical species. Diffusion-driven instability takes place in the evolution of a
system, when a uniform stable steady state is destabilised by including the effects
of the diffusion process in the system. It is a non-trivial property of the diffusion
operator that it can be responsible to destabilise a stable steady state of a system of
partial differential equations, because a diffusion operator by itself has the property

to homogenise small spatial perturbations, therefore, intuitively if diffusion is added
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to a system of reaction kinetics that is stable in the absence of diffusion, then small
perturbations near a uniform steady state are expected to ensure that the evolution
of the reaction-kinetics converges to the uniform steady state. It is rather unexpec-
ted to find that a stabilising process such as diffusion can be capable to destabilise
a steady state that is also stable. Such a transition from a uniform steady state in
the absence of diffusion to diffusion-driven instability was observed by scientists and
presented with detailed elaboration on the process in Ouyang and Swinney (1991).
Reaction-kinetics without diffusion are usually modelled by a system of ordinary dif-
ferential equations, which becomes a system of partial differential equations, when
diffusion is added to the system. This makes the analysis and computation of such

systems a very challenging task.

Researchers in applied mathematics and computational science also explore bulk-
surface reaction-diffusion systems (BSRDSs), which are employed in special kinds
of models for biological processes, where species react and diffuse in the bulk of
a domain and these are coupled with other species that react and diffuse on the
surface of the domain. Bulk-surface reaction-diffusion systems are employed as a
framework to model the chemical interaction of bulk-surface problems arising in cell
biology Novak et al. (2007). In particular the framework proposed by Novak et al.
(2007) aims to provide improved computational and algorithmic efficiency, which is
mainly achieved, through employing the usual diffusion on local tangential planes as
an approximation of Laplace-Beltrami operator. The framework proposed by Novak
et al. (2007) is applied to a realistic cell-like geometry, which produces results that
are in agreement with quantitative experimental analysis on fluorescence-loss in
photo-bleaching. Another example of a computational approach to solving coupled
systems of BSRDEs is the work presented in Hansbo et al. (2016), where they
proposed a computational approach to bulk-surface reaction-diffusion systems on

time-dependent domains.

In general there are two main aspects to the study of bulk-surface reaction-
diffusion equations. The first approach is to solve systems of bulk-surface numer-
ically. Finite element method is the usual choice of the numerical method in the
literature, for example there is a detailed study in Elliott and Ranner (2013), sug-

gesting some results on the numerical analysis, existence and convergence of finite
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element approximation when bulk-surface reaction-diffusion equations (BSRDESs)
are posed with Robin-type boundary conditions. A priori error bounds on the finite
element approximate numerical solution are also both derived in certain norms and
verified numerically. The work in Elliott and Ranner (2013) is concentrated mainly
on the numerical analysis side of the particular scheme they present, which lacks
to provide any insight on the stability analysis of the proposed system. Although
it is a reasonable decision to exclude stability analysis due to consistency and rel-
evance of contents, with improvements in computational efficiency of BSRDEs, it
is crucial that attention is given to stability analysis of such systems. Bulk-surface
systems with a single PDE posed in the bulk and coupled with another PDE on the
surface also play a vital role in the understanding of receptor-ligand in the process
of a signalling cascade Elliott et al. (2017). The study in Elliott et al. (2017) is
mainly focused on the numerical analysis through finite element method (FEM) of
a two-component system of single equations posed in the bulk and on the surface.
In Elliott et al. (2017) the existence of solutions is proven with some computational
results associated to the theoretical problem, again lacking to provide insight on the
stability behaviour of the dynamics modelled by the coupled system. Even though
the results achieved in Elliott et al. (2017) are mathematically sound from a nu-
merical analysis and computational viewpoint, it would provide a complementary

back-up to the work if it is equipped with detailed results of stability analysis.

The non-linearities associated with reaction-diffusion system were treated by
IMEX and 1-SBEM (a first order semi-implicit backward Euler differentiation for-
mula). Each of these schemes has associated drawbacks that are either related to
accuracy or computational efficiency. With the attempt to resolve these drawbacks
scientists used a fully implicit, with fractional # scheme, to improve the compu-
tational efficiency as well as to obtain sufficient accuracy. Numerical solutions of
reaction-diffusion equations are studied in Madzvamuse and Chung (2014) with a
single Newton iteration and compared the convergence rate with the use of a single
Picard iteration and it is found that a single Newton’s iteration can only prove more
efficient if a fractional f-scheme is applied in the particular case when 6 = 1 — /2.
The work contained in Madzvamuse and Chung (2014) is not conducted on the

actual bulk-surface set-up, instead the numerical schemes are rigorously compared
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through investigating the results obtained for a two component reaction-diffusion
equation on stationary volumes of rectangular and spherical geometries. This com-
parison and the results therein can potentially be employed to solve a system of
coupled bulk-surface reaction-diffusion equations. One of the computational exten-
sions associated to this thesis is that we apply the fully implicit scheme to an actual
four component bulk-surface reaction-diffusion system. The numerical solution of
BSRDEs are obtained through this extension on two types of stationary volumes
and on the corresponding surfaces. We execute the algorithm to solve the four com-
ponent BSRDEs on a cuboid and on sphere, where two of the equations are posed

on the bulk and the remaining two equations are posed on the boundary surface.

Stability and bifurcation analysis are two other usual analytical approaches to
understanding the dynamical properties of reaction-diffusion system near a uniform
steady state Krischer and Mikhailov (1994); Hagberg and Meron (1994); Iron et al.
(2004); Madzvamuse et al. (2015a); Wei and Winter (2015). It is evident from the
literature on the subject of stability analysis that a very limited amount of work is
done on stability analysis in a coupled bulk-surface set-up. This is mainly due to
the extensive complexity associated in deriving the relevant conditions for diffusion-
driven instability when equations from the bulk are coupled with equations on the
surface. One of the first detailed studies on stability analysis of BSRDEs is con-
ducted in Madzvamuse et al. (2015a), where it is analytically proven that a certain
suitable parameter range exists for equations in the bulk that can induce spatial
pattern on the surface. For example Madzvamuse et al. (2015a) found that if a
suitable set of reaction kinetics are posed in the bulk, with appropriate choice of
parameters, then it is possible that the reaction-diffusion process inside the bulk
causes the pattern to emerge on the surface as well, which is found to occur regard-
less of the type of governing reaction kinetics on the surface. However, if a system
of reaction-diffusion equations is posed on the surface with parameters from Tur-
ing spaces, then a spatial pattern can evolve on the surface, which may induce the
same pattern on a layer of the bulk that is closest to the boundary. It means that
such case scenario initiates a patterned boundary layer of certain thickness, beyond
which the pattern is not induced in the interior of the bulk. This happens even

if the reaction kinetics or parameter values are not suitable for pattern formation
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for reaction-diffusion system posed inside the bulk. It is also evident from findings
in Madzvamuse et al. (2015a), that the properties of pattern formation in the bulk
and on the surface have a continuous influence on each other during the process of
reaction and diffusion. The findings of Madzvamuse et al. (2015a) may be further
summarised by stating that no choice of reaction kinetics posed on the surface can
induce patterning in the whole volume of the bulk, however a certain reaction kinet-
ics with suitable parameter values can induce a boundary layer in which patterning
can be emerged without extension of the pattern to the interior of the bulk. All the
results in Madzvamuse et al. (2015a) are numerically supported by the finite ele-
ment method through a library called deal.IT Bangerth et al. (2016). The current
thesis extends the approach taken in Madzvamuse et al. (2015a) to explore different
combinations of reaction kinetics on the surface and in the bulk. In particular, com-
binations of linear and non-linear reaction kinetics are investigated to understand
the pattern formation properties of reaction-diffusion equations posed on a coupled

bulk-surface type setting.

1.2 Biological motivation

Coupled systems of bulk-surface reaction-diffusion equations (BSRDEs) are one of
the several generalisations of reaction-diffusion theory to explore numerous applica-
tions in mathematical biology. Processes that involve bulk-surface reaction and/or
diffusion are found in various research disciplines such as experimental research in
organic chemistry, where a bulk-surface photografting process is used as an efficient
tool to create thick grafted layers of hydrophobic polymers in a very short span
of time Yang and Ranby (1996a,b). Bulk-surface reaction kinetics are also used
to investigate the behaviour of chemical reactions in the interior of a cell, and to
explore how a set of specific reaction kinetics in the interior of a cell evolve to in-
fluence the surface of the cell Levine and Rappel (2005). We also find bulk-surface
reaction-diffusion equations that model a particular aspect of cellular functions with
relevance to chemical signalling. In Rétz and Roger (2014) a detailed mathemat-
ical model is developed for this particular investigation, to explore the dynamics

of pattern formation in the consequences of bulk-surface coupling reaction kinetics.
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Moreover, bulk-surface reaction-diffusion equations help to reveal the mechanism of
symmetry breaking which is one of the essential steps before the emergence of po-
larisation of biological cells or buds in yeast cells, the direction of cell motility Ratz
and Roger (2014). Bulk-surface reaction-diffusion system are also used to model
how surface active agents (surfactants) evolve on the surface of a system, in which
the chemical concentration is coupled through a given reaction with the substance
in the bulk Hahn et al. (2014). BSRDSs also arise in mathematical models for
the dynamics of lipid raft formation on biological membranes Garcke et al. (2016),
where the formation of the layer on a biological membrane is modelled as the con-
sequence of coupling conditions with species that react and diffuse in the bulk. A
further example of biological application employing bulk-surface reaction-diffusion
systems is presented in Bruce et al. (2007), where they model the mediation of
cellular metabolism and signalling in part by trans-membrane receptors that un-
dergo the process of diffusion in cell membrane. From the variety of applications
that employ BSRDSs, one realises that a robust study of such systems can provide
solutions to a great number of important questions in mathematical biology. This
in turn requires in-depth and rigorous study of BSRDSs in an attempt to achieve
extensive insight on the evolving properties of these models. Most of the published
work presented in the current section on the study of BSRDSs either investigate an
over-simplified case scenario with the aim of mathematical tractability or a complex
model with limitations on the robustness of analytical and numerical findings. This
study is therefore, motivated to explore BSRDSs with a realistic degree of complex-
ity through a four-component reaction-diffusion system, two of which are posed on
the surface and the other two are posed the bulk. The equations in the bulk and on
the surface also satisfy coupling conditions through the evolution dynamics on the
surface is influenced by the reaction-diffusion process inside the bulk. It can prove
of great importance to obtain insight on the pattern formation properties of such
systems. The tools to achieve this in the current thesis are the combined application

of linear stability theory, mode isolation and the finite element method.
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1.3 Notation and mathematical preliminaries

We start by introducing the required mathematical notations that are consistently
used throughout the thesis. Most of the mathematical notation conventions are
standard and used globally throughout the entire length of the thesis, unless other-
wise stated. We also present some definitions and theorems to serve as the mathem-
atical requirement associated with the derivations and proofs contained in the body

on this thesis.

1.3.1 Notations

Consider the set of real numbers R, we define the following concepts:

e A two-dimensional real space denoted by R? and defined by R? = {x = (z,y) :
z,y € R}

e A three-dimensional real space denoted by R? and expressed by R = {x =

(x,y,2):x,y,2 € R}

Let u(z,y, z) denote a scalar valued function defined on a three-dimensional real
space and w = (w, wy, w3) to be a vector valued function. The following operators

are defined as in Arfken and Weber (2005):

T
e The gradient operator is given by Vu = (%, g—’;, %)

e The divergence operator is defined by V- w = % + aa_u; + aauf~

We denote ordinary derivatives using both the Leibniz notation Z—Z, 2273, ..., or the
prime notation v,y , . ... depending on the notational convenience.

1.3.2 Definitions in R?

Definition 1.3.1 (Laplace operator) Gilbarg and Trudinger (2015) Let Q C R?
be a connected domain and u a C*(Q) scalar function. The Laplace of u denoted by
Au, is given by

Pu  Pu  *u
_.I_

Au=V .- — .
u=V-Vu 8:62+8y2 9.2
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Definition 1.3.2 (Outward flux) Evans (1998) If v denotes a unit vector in the
outward normal direction, then Vy-v represents the outward flux which is also called

the directional derivative of the scalar valued function o in the direction v, which is

defined by

Oy
ov’

Theorem 1.3.1 (Divergence theorem in R™) Gantmacher et al. (1960) Let Q

Vo-v=—

be a bounded domain with C* boundary OQ and let v denote the unit outward normal

to 0. For any vector field u € C*(Q) we have

/V-udQ:/u-VdS (1.1)
Q o0

where dS indicates the (n — 1) dimensional area element in 0S). In particular, if w

is a C*(Q) function, we have by taking u = Vw

/Aw dQ2 = / Vw-v dS = — dS (1.2)
) o9 o0 0

Definition 1.3.3 (Green’s formula in R") Gantmacher et al. (1960) Let 2 be a
domain in R™ with C* boundary OS2 for which the divergence theorem holds and let
u  be C%(Q) function. If we select w = vVu in the divergence theorem above, we

will have

/UAu dQ—l—/Vu Vo dQ) = / v— ds, (1.3)
0

which is Green’s formula.

1.3.3 Definitions on surface

Definition 1.3.4 (Hypersurfaces) Dziuk and Elliott (2013a) T is called a hyper-
surface if it is defined by a C? function in R?, such that there exists an open subset

U inR? and a function f € C*(U), with the properity that Vf #0 on U and
I'={zeU: f(x) =0}

Definition 1.3.5 (The tangential gradient) Dziuk and Elliott (2015a) For a scalar
valued function u : Q x (0,T] — R we denote by the Vru the tangential gradient
of u and it is defined by

Vru=Vu— (Vu-v)v
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where w is an smooth extension of u, Vu is the ordinary gradient of u and v is the

outward normal to the surface T'.

Definition 1.3.6 (The Laplace-Beltrami operator) Dziuk and Elliott (20153a)
If tangential divergence denoted by Vr- is applied to the tangential gradient of wu,

that 1s, Vru, this will provide us with The Laplace-Beltrami operator which is
AFU = VF : VFU,

where the tangential divergence of a vector valued function is defined by

N+1
Vr-u:V~u—Z(Vui~u)ui.

i=1
1.3.4 A typical example of reaction kinetics
For illustrative purposes, we consider Schnakenberg reaction kinetics as an example
of classical reactions kinetics. It was introduced by Schnakenberg in (1979) and
it is also known as activator-depleted model or the Brusselator model Gierer and
Meinhardt (1972); Schnakenberg (1979); Lakkis et al. (2013); Prigogine and Lefever

(1968); Venkataraman et al. (2012). It is derived from a series of autocatalytic
reactions by given in Schnakenberg (1979) of the form

ko
X =4, By ox+Y 53X,

Consider the concentrations of X, A, B and Y denoted by u, ay, b; and v respectively.
By using the Law of Mass Action and non-dimensionalisation Madzvamuse (2000),

we obtain
flu,v) =a—u+uv?v, and g(u,v)=0b—u’0, (1.4)

with positive parameters a and b.

1.4 Thesis overview

This thesis is structured such that in Chapter 2 a detailed study is conducted through
the application of rigorous linear stability theory which is applied to analytically ex-

plore and predict the pattern formation properties associated to three bulk-surface



11

reaction-diffusion systems. This is done through investigating the necessary condi-
tions for diffusion-driven instability for each of these systems. Chapter 3 presents
deriving a set of sufficient conditions for diffusion-driven instability, which comple-
ments the necessary conditions of the previous chapter in order to insure that spatial
pattern is obtained. In Chapter 4 the theoretical formulation for the finite element
method is presented for each of the three systems in great detail. We also con-
duct a comparison of two types of time-stepping schemes in this chapter. Chapter
5 contains the numerical simulations obtained using Deal.Il library to verify the
analytical predictions associated to the pattern formation properties for the three
systems. Chapter 6 concludes the thesis with some ideas for future extensions of the

current framework.
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Chapter 2

Analysis of Coupled System of
Bulk-Surface Reaction-Diffusion

Equations (BSRDESs)

In this chapter, we formulate and present the coupled systems of bulk-surface
reaction-diffusion equations on stationary volumes, in which two of the equations
are posed in the bulk and coupled with two other equations that are posed on the
surface bounding the corresponding stationary volume. Reaction-diffusion systems
posed both in the bulk and on the surface are coupled through linear Robin-type
boundary conditions. In this chapter we explore three different systems. In the first
system we analyse non-linear reaction kinetics both in the bulk and on the surface.
We present the details of the scaling process that makes all the systems studied in
this chapter dimensionless. Also, linear stability analysis is carried out both in the
absence and presence of diffusion, the necessary and sufficient conditions for steady
state to be stable are derived in the absence of diffusion. In the presence of diffusion,
the necessary conditions for diffusion-driven instability are derived. The theoretical
results for this system show that the bulk dynamics and the surface dynamics drive
pattern formation. The second system is non-linear reactions in the bulk and lin-
ear reactions on the surface. The process of re-scaling and rigorous linear stability
analysis both in absence and presence of diffusion is carried out to determine the
necessary conditions for diffusion-driven instability. The theoretical results for this

system show that only the bulk dynamics emerge spatial pattern with the surface
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dynamics undergoing a pattern-less evolution. In the last part of this chapter we
study another system with linear reactions in the bulk, which are coupled with non-
linear reactions on the surface. This system is also investigated through a similar
approach as the previous two systems and we find that neither equations in the bulk
nor those on the surface can emerge spatial pattern. Therefore, a system with such
characteristics is shown to always return to its constant and uniform steady state

upon small perturbation in the neighbourhood of the same.

2.1 Non-linear reaction kinetics in the bulk and
on the surface

Let Q C R? be a stationary domain with boundary that is a compact hypersurface
denoted by ' C R%. Let w : Q x (0,7] - R and v : Q x (0,7] -+ R denote
the concentration of two chemical species which react and diffuse in €. Let r :
I'x (0,7] = R and s:I x (0,7] - R denote two chemical species residing on
the surface. When the species from the bulk and surface are coupled only through
the reaction kinetics and there is no cross-diffusion, it means that all four species
diffuse independently of each other, which can be written in dimensional form as a
four-component reaction-diffusion system with independent diffusion rates. For the
first system we focus a non-linear reaction kinetics posed both in the bulk and on

the surface written in the form

;

uy = DyAu+ f(u,v),
' flu,v) in Q x (0, 7]
vy = DUAU+9(U7U)7 (2 1)
ry = D.Arr+ f(r,s) — hi(u,v,r,s), '
‘ e+ /() i ) on ' x (0,T]
\ s; = DgArs+ g(r,s) — ho(u,v,r,s),
with coupling boundary conditions
du
L = hy(u,v,r,s),
a = ) on T x (0,77. (2.2)

dQ% - h2(“7 v, T, 8)7

We take €2 to be a three-dimensional fixed domain bounded by a compact surface
denoted by I'. We assume that it is a boundary-free connected and closed surface.

The strictly positive constants D, > 0, D, > 0, D, > 0 and D, > 0 are the
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independent diffusion rates corresponding to the variables indicated in the respective
subscripts of each D. We assume f(.,.) and ¢(.,.) to be non-linear functions. The
coupling conditions of the system are represented by h; and hy, which are functions of
u,v,r and s. hy and hy denote reactions of substances througth boundary interface,
therefore they depend on all four species namely u, v, r and s. We explicitly define

hi(u,v,r,s) and he(u,v,r,s) Madzvamuse et al. (2015a) to be

hi(u,v,7r,8) = ayr — fiu — K (2.3)

ho(u,v,7,8) = a8 — Pau — Kov. (2.4)

The constants aq, ag, 81, f2, k1 and kg are positive parameters of system (2.1). We
also assume that from all the species we initially have some positive quantity present,
which we denote by v, v, r% and s°, which provides the initial conditions for system

(2.1) written as
u(x,0) = u’(x), v(x,0)=2"(x), r(x,0)=7r"x), and s(x,0) = s"(x).

In this system, we focus on the widely known activator-depleted model also known
as the Brusselator model (Gierer and Meinhardt, 1972; Schnakenberg, 1979; Lak-
kis et al., 2013; Prigogine and Lefever, 1968; Venkataraman et al., 2012). In the

Brusselator model the reaction kinetics are non-linear, given by
flu,v) = ki — kou + kzu?v, and  g(u,v) = ky — ksu®v, (2.5)

with positive parameters ki, ko, k3 and ky.

2.1.1 Non-dimensionalisation

Non-dimensionalisation is a process of rescaling in which partial or full removal of
units occurs from an equation by appropriate substitution of the rescaled variables
(Murray, 2001; Madzvamuse, 2000; George, 2012). We non-dimensionalise the sys-
tem of equations using a specific scale, in space or time, when we are interested
in observing the prospective solution within the specified scale range. In the new
system after non-dimensionalisation, the variables and parameters are all unitless
and the parameters will be fewer than in system (2.1). We introduce the non-

dimensional variables with a hat and these are written as u, 0, 7 and § with the



15

corresponding scaling factors u*, v*, r7* and s* respectively. We present the process
of non-dimensionalisation only for the bulk-equations in three spatial diemnsions,
and the process is identical to non-dimensionalise the surface equations where a
two-dimensional surface is embedded in three dimensional space. We choose L to
denote the scaling factor for length (L, for the bulk and Ly for the surface) and ¢*
to denote the scaling factor for time (¢; for the bulk and ¢! for the surface), The
dimensional and the non-dimensional variables Madzvamuse (2000), George (2012)

are related through

where for the bulk we use the scaling given by
€T = Lbiv Y= Lb?% A LbZA,, t= tZT

and for the surface equations we use

~

x = L, y = Ly, z =1Lz, t=1tT.

s

We substitute for each dimensional variable its corresponding product of non-dimensional

variable and the scaling factor leading to

U’au *2 ok AD A

58_7' =D, Au + k1 — kou™t + ksu™ v a0, (2.6)
0% N R

:_Z@_:}' = DUL_I%A'IA] + k4 - k3u*2v*’a2@7 in © x (O7T] (27)

T* af T* A * A *2 %824 * A * A *

Eﬁ_T :DTL_EAfT+k1_k2r T+ k3r*°s*rs — aqr*r + fruti + kv, (2.8)

s* 08 st [ [

EE = DSL_gAfS + ky — ksr?5* 725 — qp8™8 + Bou™ U+ kv, on I x (0,7
(2.9)
where 2 and T respectively denote unit cube and its six sided surface. The scaling

T denotes the final time for the non-dimensional system. Multiplying (2.6), (2.7),
ty  tr *

(2.8) and (2.9) by 4 L, = and z— respectively, provided that u*, v*, r* and

u* s

s* are non-zero, we obtain

;

90 — Db NG+ B kytr i kgtiutor i, . .
ar W b ’ in Q x (0,7]
9 tr k4
< or UL2 bU
% —DTLQAH“I— Lgy — k2t7’+k‘3t***A25—a1tr+ L Biutt + S kvt
\ % =D, = S AR+ S—ik4 — kat*r*?725 — aut?s + s—iﬁgu o+ s—ilig’U b, on T x (0,77].

(2.10)
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2
We may choose to define ¢} = % and t = g_g to obtain
(
94— Aq —i——bk—l—ka—l—l{:u*v*u% . .
ZT Du [ 2 3 ) in Q2 x (0,7]
v *2 5 2
e = D“A 0+ D [v—‘1 — ksu*?a?0],
9 = Apf A+ £ [B — ko + kyr*s* 728 — anf + L Bd + S kD R .
o Bl — ot ks 7o+ Wk P x (0,7
\ % :gSAFS—i— [ — ks 3?5 — 0§ + L Bolt + L kot
(2.11)
Factoring out some parameters will result in writing the system as
(
di k1 N k3 2, %020
e — U+ U A .
ZT uL[:Wk . b o (0,7]
U 2 3, %22
8_3 - dQA T D Dy [in o k:iu u U]
% = ApT + L ]:2[ f}@ — 7+ k37“*28*7“28 i 2 Byd - - /111)]
. 5 g .
\ % =drAps+ Lf‘)f B — far2i2g — ‘zis + =i+ %ng], on T x (0,7

(2.12)

where do = % and dr = gs express the non-dimensional positive ratios of diffusion
u T

parameters. Requiring the terms %u*z =1 and %T*Q =1 to be non-dimensional
respectively imply defining u* = 4/ 22 and r* = Z—g The scaling factors v* and s*

through a similar process may be derived as

]{33 ]{?2 ]CQ k?, k2 k2
M e s = 2 and B e e 22 2.13
" kgv =0 e an T kgs =5 e ( )

Substituting (2.13) in system (2.12) results in

(

98 = Ad+ yolag — 1 + 420], . )
o Tala; b ax 01
50 = doAd + 7alby — @?0], (2.14)
D = Apf 4 yplag — 7+ 728 — pait + it + 6,0, ) . ’
BT I ’YF[ 2 P3 2 2 ] on I x (O,T]

| | 5 = drAps +rlbe — 725 — pad + it + 530,

. . L2ks L2k b1y 2
where the new dimensionless parameters vq = b = 57.2, ag = —=, by =
k4\/% ai Qs B 52 K1 K2

oo P3 = Gk pa = 32 po= g, o= 52, 02 = 7L and 63 = 72 are defined

*

as a consequence of the scaling choice used for u*, v*, r* and s*. The boundary
and initial conditions are non-dimensionalised through the same choice of scaling
factors for all variables. For notational convenience we drop all the hats from the

non-dimensional variables to obtain the full system of BSRDESs given by (2.1) in its
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non-dimensional form as

.

% — Au+ yolas — u + uvl,
o talaz ] in Q x (0,7]
X = doAv + vo[by — uv],
n adv +7albz 1 (2.15)
& = Arr+plas —r +1r°s — p3r + pu + dv],
ot r Trlas P3 w 2V on T x (0,7]

{ % = drArs + yrlby — 125 — pas + pru + d3v),

with linear boundary conditions
Vu-v= r — pu — 090,
rlpsr = o= dao] on T x (0,7, (2.16)

doVv - v =r[pss — piu — d3v].

The non-dimensional initial conditions for all equations are given by
u(x,0) = u’(x), v(x,0) =v"(x), r(x,0)=7r"(x) and s(x,0)=s(x). (2.17)

The parameter g is known as the reaction scaling parameter in the bulk and ~p

is the reaction scaling parameter on the surface and both are non-dimensional.

2.1.2 Linear stability analysis in the absence of diffusion

Definition 2.1.1 (Uniform steady state):(Turing, 1952; Murray, 2001) A point
(uo, vo,T0, S0) 1S a uniform steady state of the coupled system of bulk-surface reaction-
diffusion equations (2.15) if it solves the nonlinear algebraic system given by

filug,vo,ro,80) =0, foralli =1,2,3,4 and satisfies the boundary conditions given

by (2.16).

We derive the uniform steady state by solving the algebraic system

fi(u,v,7,8) = ya(ay — u +u’v) =0, (2.18)
fo(u,v,7,8) = vq(by — u?v) = 0, (2.19)
fa(u,v,7,8) = yr(ag — 1+ 1% — psr + pu + 6v) = 0, (2.20)
fa(u,v,7,8) = yr(by — 125 — pus + pu + 63v) = 0, (2.21)
such that the boundary conditions given by (2.16) are also satisfied:
yrlpsr — pu — d9v] = 0, (2.22)

yrlpas — piu — dsv] = 0. (2.23)
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We add (2.18) and (2.19) to obtain
as — U — ugvo + by — U(Q)UQ =0 = uy = ag + bs. (2.24)

Upon substituting ug into (2.19), we find
by
(CLQ + b2)2 '

Through a similar straightforward algebraic manipulations we also find the steady

Vo =

state expressions for ry and sg in the form

by
ro=as+by, and sy=-—"". 2.25
0= a2+t b2 "= at o) (2.25)
Therefore, the uniform steady state solution satisfying system (2.15) is of the form
by by
Up, Vo, 70, 50) = (a2 + by, ———,a —|—b,—>. 2.26
(o, vo, 7o, 50) = (02 b e (2.26)

Substituting the uniform steady state (2.26) in (2.20) and (2.21), leads to state
condition on the parameters that is required for (2.26) to satisfy Definition 2.1.1.
The condition on the parameters is derived by direct substitution of (2.26) and

algebraic manipulations through the following steps

ba

- b b dg——F—— =0
p3(az + b2) + p(az + by) + 62 (a3 + bo)? ;
b2(52
= (az +by)® = — : 2.27
(a2 + by) = (2.27)
b2 bQ
—pr——— + +bo) + 03— =0,
P4 (CLQ + 62)2 H <a2 2) 3 ((12 -+ b2)2
by (03 —
= (ag + by)* = —w. (2.28)
1

Combining (2.27) and (2.28) we obtain the required condition on the parameters in

the form

ba0 _ bo (83 — pa)

K= pP3 H1

(1 = p3)(d3 = pa) = dapua. (2.29)

Therefore, in order for (2.26) to be a steady state of system (2.15), a condition on

the parameters is required to hold, which is

(1 — p3) (03 — pa) — dapur = 0. (2.30)

These findings are summarised in the following theorem.
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Theorem 2.1.1 (Ezistence and uniqueness of the uniform steady state) (Madzvamuse
et al., 2015a) The coupled system of BSRDFEs (2.15) with conditions (2.16) admits

a unique non-zero steady state given by

b b
(Uo,voﬂ“o,so) = <a2+52,m,a2+52,m>, (2.31)

provided the following compatibility condition on the coefficients of the coupling terms

15 satisfied

(1= p3)(d3 — pa) — dopa = 0. (2.32)

Proof 2.1.1 The proof of this theorem is provided by all the steps from (2.18) to
(2.30). O

The next step is to complete the linearisation in the absence of diffusion, which is
achieved by omitting the diffusion terms from system (2.15). It results in a four-

component system of ordinary differential equations written as

d

d—qz = fi(u,v,7,5) = valay — u+ u?v) (2.33)
dv 9

o= fo(u,v,7,8) = yo(by — uv) (2.34)
d

d—; = f3(u,v,7,5) = yr(ay — r +1rs — psr + pu + dv) (2.35)
ds

== fa(u,v,7,8) = yp(by — 125 — pus + piu + G3v). (2.36)

We proceed to linearise the system of ordinary differential equations about the
steady state (ug,vo,ro, So) using the Taylor expansion (Arfken and Weber, 2005)
for functions of four variables up to and including the linear terms, where we define
u(t) = up+ewy(t), v(t) =vo+ews(t), r(t) =rot+ews(t), s(t) = so+ewy(t), with
0 < € << 1. The next step is to substitute the linear expansion into (2.33)-(2.36)

to obtain
gdw;t(t) - dl;it) = yalaz = (ug + cwi(t)) + (uo + ews(1))*(vo + ew)]
€dw;t<t> = dilff) = alby — (ug + cwi(t))?(vo + ews(t))].
gdw;t<t) = d:;;) = ')’F[GQ — (7”0 + Swg(t)) + (7"0 + 5w3(z€))2(30 + €w4(t))

— ps(ro + ews(t)) + p(ug + cwy(t)) + d2(vo + cwa(t))]

dws(t)  ds(t)
Tat dt

— pa(s0 + ewa(t)) + 1 (uo + ewr(t)) + d3(vo + cw2(t))].

= r[bs — (ro + cws(t))*(so + cwa(t))
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We can expand the brackets to write

5du;llt(t) = valag — uy — swy (t) + udvg + vo®wi(t) + 2ugvocw (t)
+ udews (t) + e3w? (t)wa () + 2upew: (t)wa(t)],

gdust(t) = Yalby — ugvy — voe’wi(t) — 2ugvoews (t) — ugews(t)
— twi(t)wa(t) — 2uews (t)ws(t)],

gdw;t(t) = yrlas — 1o — cws(t) + 1250 + 2w2(t)so + 2rosecws(t) + recws(t)
+ Sw(t)ws(t) + 2roe®ws(Hywa(t) — psro — pscws(t) + pug + pews ()
+ 009 + dacws (1)),

sdu;t(t) = rlby — 1580 — w3 (t)s0 — 2rosecws(t) — rocwy(t) — e3w3 (t)wy(t)

— 2T0€2w3(t)UJ4(t) — P4So — p45w4(t) + H1Up + M1€w1(t) + (531)0 + 53€U}2(t)].
(2.37)

Since we know that at the steady state f(uq, vo, 0, S0), g(uo, Vo, ro, So), h1(uo, Vo, 0, So)
and ho(ug, vo, To, So) are all equal zero, we can arrange the terms appropritely. Such

arrangement of terms is obtained as a step of linearisation process to write

dw1 (t)
dt

€ = valag — ug + ugvo +ew (t)(2ugvg — 1) + 5w2(t)(u(2))
—— ——

f(uo,v0,r0,50)=0

+voe?wi(t) + *wi(t)wa(t) + 2upe’wi (H)ws (1)),

()
dws (t
€ ;( ) =vql by — ugvo +ewn () (—2ugvg) + 5w2(t)(—u(2))
t ——
g(uo,v0,70,50)=0
— vpe?wi(t) — 3wl (t)wa(t) — 2upew, (t)ws(t)],
0(c2)
dws(t
€ 10 = rlag — 1o + 7”330 — p3ro + pug + 9

dt . J/

iy
f(uo,v0,r0,50)—h1(uo,v0,70,50)=0

+ ewy () (1) + ewa (t)(d2) + ews(t)(2ros0 — p3 — 1) + cwy(t)(r])

+ 2w (t)so + ¥ wi (H)wa(t) + 2roe”ws (t)wa()],
o)




d’LU4 (t)
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= r[by — 7’830 — PaSo + [ty + O30

(.

NV
9(uo,v0,70,50) —h2(uo,v0,70,50)=0

+ewy () (1) + ews(t)(03) + ews(t)(—2ros0) + cws(t)(—rs — p4)

- §2w§(t)so - ngg(t)wi(t) - 2r052w3(t)w4(tl].

O(g2)

Performing the algebra, cancelling the expressions for steady state and ignoring

higher order terms will transform the equations into the following linearised system:

dw1 (t)
dt
dU)Q (t)
dt
dU)g (t)
dt
CZ’LU4 (t)
dt

which can be

dwi (t)
dt
dws (t)
dt
dws (t)
dt
dwy(t)
dt

= yal(2uove — 1wy (t) + ugws(t)],
= ya[—2ugvows (t) — ugws(t)],
= yp[pw; (t) + Sawa(t) + (2180 — p3 — 1)ws(t) + rgwa(t)],

= yrlpws (t) + dsws(t) — 2rosws(t) + (—rf — pa)wa(t)),

written in matrix notation in the form

(2ugveo — 1)ya  udyo 0 0
—2ugrpre —ugYe 0 0
HAT 02T (27”080 —p3— 1) T(zﬁr
[5%els 93y —2r9S07T (=75 — pa)r

or equivalently

where

w; = Aw,

(2.38)
(2.39)
(2.40)

(2.41)

(2.42)
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(2ugvg — 1)ya  udya 0 0
A | ~Zuovore —uga 0 0
HAT doyr (2roso — p3 — ) T
1T d3r —2r9So7T (=75 — pa)r

frw fro firo fis
Jou Joo S fos
Jau fao far Jas
Jaw Sao o far o Jas

This is a coupled system of four ordinary differential equations which has solutions

in the form

w =ce™ where eM >0, c#0. (2.43)

Substituting (2.43) into (2.42) gives us

Ace = AceM where M >0, c#0.

Cancelling e* from both sides, we obtain

(AL — A)c = 0.

Since ¢ # 0 then A is a singular matrix. This leads to the computation of the
discrete eigenvalues A of system (2.42), which is obtained through solving the discrete

eigenvalue problem written as

A —70(2ugvg — 1) —vq(ud) 0 0
Yo (2uguo) A+ 0 (uf) 0 0 —0
—r(p) —r(02) A —=7r(2roso —ps — 1) —r(r3)
—r (1) —r(d3) v (27050) A +r(rg + pa)

(2.44)
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We find the eigenvalues of system (2.44) by stating and solving the characteristic

polynomial of the matrix, which is

A+ udvo 0 0
(A =70(2ugvo — 1)) | —doyr A — 0 (2ros0 — p3 — 1) —r(r3) (2.45)
—d37r Yr(2r050) A +r(rg + pa)
2upv0Y0 0 0
+ugye) | —pyr A —r(2reso — p3 — 1) —r(r3) =0. (2.406)
— M1 Y (27050) A +Ar(rg + pa)

Proceeding with the usual steps we find that the eigenvalues of this matrix are the

roots of a degree-four polynomial given by

(A = 9a(2uovo = 1)) [0+ w0) (A = 0(2roso = ps = DA+ 305 + 1)) + 255077 |

+(uge) [QUOUOVQ) ((A =0 (2rs0 = p3 — 1))(A+r(rg + pa)) + 27%307%)] =0
(2.47)

Simplifying the brackets and factoring out the appropriate terms in (2.47) gives

[()\ —r(2roso — p3 — 1)) ()\ + 'yp(rg + p4)) + 27“(3)’507%}

[()\ — Y0 (2ugvo — 1)) (A + ugra) + 2ugv0’yé] =0,

which implies to solve two independent quadratic equations written as

(A = r(2ros0 — p3 — 1))(A + (1§ + pa)) + 2r5507% = 0, (2.48)
and

(A — va(2ugvo — 1)) (X + uive) + 2udverd = 0. (2.49)
In order to find the two eigenvalues in (2.48) we use the equation
A — Yr(2roso — ps — 1 — 7’3 — pa)A + [27“830 — (2ros0 — p3 — 1)(7"(2) + P4)]71% =0.

From this we obtain

2\ = yr(2roso — ps — 1 — 75 — pa)

=/ 72(2roso — ps — 1 — 1 — pa)? — Af2rds0 — (2roso — ps — D(rd + pa)
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We see that for the real part of the two roots to be negative we require the conditions

r(2roso — ps — 1 —15 — ps) <0, and [2risg — (2r9s0 — p3 — 1)(rg + pa)7f > 0,
(2.50)

which can be equivalently written as

.f3r + f4s < O; and f37”f4s - f38f47’ > 07 (251)

in terms of the trace and determinant of the last (2 x 2) block matrix of the system.

Similarly we can find the remaining two eigenvalues in (2.49) by using the equation
N+ va(ug — 2ugve + DA + (ud)vs = 0.

From this we obtain

2\ = —yq(uf — 2ugvg + 1) £ \/%22(713 — 2uguo + 1)? — 4(ug )

We see that for the real part of the final two roots to be negative we require the

conditions
Yo (ug — 2ugvg +1) >0, and  (ug)yg > 0, (2.52)
which can be equivalently written as

flu + f2v < 07 and fluf2v - flvau > 07 (253)

in terms of the trace and determinant the first (2 x 2) block matrix of the system.
Finally we set out the summary of the necessary and sufficient conditions for Re(\) <

0 in Theorem 2.1.2.

Theorem 2.1.2 (Necessary and sufficient conditions for Re(A\) < 0 )(Turing, 1952;
Murray, 2001) The necessary and sufficient conditions such that the zeros of the
polynomial py(N) have Re(\) < 0 are given by the following conditions:

Jru+ faw <0, (2.54)
Jrufoo = frofou >0, (2.55)
Jar + fas <0, (2.56)
JarJas = fasfar > 0. (2.57)

Proof 2.1.2 The proof of this theorem consists of all the steps from (2.42) to
(2.53).0
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2.1.3 Linear stability analysis in the presence of diffusion

We start by analysing the system by taking the diffusion terms into account and
performing the linear stability analysis. We introduce a small perturbation in the
neighbourhood of the steady state namely (ug, vo, 70, 50). We introduce the small

perturbations up to the linear term in the form of

u(x,t) = uo + ewy (x, 1),
v(x,t) = vo + cwa(x, 1),
r(y; 1) = ro + ews(y, 1),
s(y,t) = so + ewa(y, 1),

where 0<e << 1.

If we substitute these small perturbations into the system we obtain

ou(x,t)  O(ug +ewi(x,t)) gﬁwl(x, t)

ot ot ot
ou(x,t)  O(vg +ewa(x,t))  Ows(x,t)
o ot o
8T(y7t) _ 8(7’0 + €w3(yat)> _ aw?)(y? )
ot ot ot 7’
0s(y,1) _ Olso+cwa(y,t) _ _Owaly,?)
ot ot ot
and also
Au(x,t) = Aug + ewy(x,t)) = eAw;(x, 1),
doAv(x,t) = doA(vy + cws (X, 1)) = doeAwy(x, 1),
A[‘T(y, t) A (TO + 5'11)3(y7 t)) = 5A1‘*U}3<y, t)7
drArs(y,t) = drAr(so + cws(y, t)) = dreArway(y, t).

Similarly we substitute such perturbations in the reaction terms to obtain

owi(x,t)  Ou(x,t)
o T o

= cAw;(x,t) + yalas — (ug + cwy (%, 1))

+ (up + cwy(x, 1)) (vg + cwa(x,1))],
gawg(x,t) _ Ovu(x,t)

= doeAwy(x,t) + Yalbs — (up + ewi(x,1))* (v + cws(x, 1))],

ot ot
Ows(y,t)  Or(y,t
w%(i/ ) _ Tgyt ) = eArws(y,t) + yrlas — (ro + cws(t))

+ (ro + cws(t))*(so + cwa(t)) — p3(ro + cws(t)) + plug + cwi(t))

+ 02(vo + ewa(t))],
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0 t Os(y,t
< w%(f ) = S(@yt ) = dpeArwy(y,t) + yrlby — (1o + cws(t))?(so + cwy(t))

— pa(so + ewa(t)) + pr1(up + cwi (t)) + d3(vo + cws(t))].

Since we know that at the steady state f(uo, vo, 70, S0), 9(to, Vo, 70, So), h1 (w0, Vo, To, So)
and ho(ug, vo, ro, So) are all equal zero, therefore we aim to collect terms in such a
way to determine the relative expressions for the steady state in each equation.

Furthermore, we aim to perform linear stability analysis,

an%_(tx,t) = cAw; (X, 1) + Yalas — ug + ugve +ewy (X, 1) (2ugv — 1) + ews(x, 1) (ul)
F(10,00,70,50)=0
+3}052wf(x, t) + e3w? (x, t)wa(x, 1) + 2upe’wy (X, t)ws(x, tl],
0(=)
8w2a(f’t) = docAwy(X, 1) + Yol bo —uive +ewy(X,1)(—2ugvo) + ewa(x, ) (—u)
S (uo,v0,70,50)=0
—1)052wf(x, t) — e3wi(x, t)wy(x,t) — 2upew: (x, t)wa (X, t),
0(=2)
gaw%(ty’t) = eArws(y,t) +r [92 — 7o + TgS0 — p3ro + o + 020
F(t0:00,70,50)—ho (110,00,70,50)=0
+ew (1) (1) + ews(t)(d2) + ews(t)(2roso — p3 — 1) + ewa(t)(r3)
+§2w§(t)so + e3w3 () wy(t) + 2T052w3(t)w4(t)/],
0(=2)
saw‘g—(ty’t) = dreArwy(y,t) + yr[by — 1580 — paso + pito + (53119

g(uo,vo,ro,so)fﬁg(uo,vo,ro,so)zo
+ew (1) (p1) + ewa(t)(03) + ews(t)(—2rpso) + cwy(t) (=12 — p4)
—§2w§(t)so — e3w3 () wy(t) — 27‘06211)3(15)104(25)1].

-~

O(g?)

Performing the algebra and cancelling the expressions for steady state and ignoring

higher order terms will transform the equations into the following linearised system:

—8w18(tx7t) = Awl (X, t) + VQ[wl (Xa t) (QUOUU - 1) + wQ(X7 t) (U(Q))], xeN
—6w28(tx,t) = dQAw2 (X, t) + 7q [wl (X7 t)(—2U0'U0) + w2 <X’ t)<_u%)]7

(2.58)
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Qual) = Arws(y, t) +yr[wi (x, 1) (1) + wa(x, 1)(52)
+ws(y, t)(2roso — ps — 1) + waly, 1) (r5)],

Qualel) - — dr Arw(y, t) + yr[ws (%, ) () + wa(x, £)(53)
+ws(y, t)(—2r080) + wa(y, t)(=75 — pa)]-

yel  (2.59)

\

We also present the boundary conditions using the substitution of linearisation as

G4 = yrpsws(y, 1) — puoy(x, 1) — Gawa(x, 1)), onT x (0.7  (2.60)
do %2 = rlpswa(y, t) — puwy (X, 1) = dzw(x, 1)].

For the remaining of this work, the analysis is restricted to circular and spherical

domains, where the cartesian coordinates are transformed to polar coordinates. The

coordinate transformation is done mainly for the convenience of applying the separ-

ation variables. Transformation of the Laplace operator from cartesian coordinates

to spherical coordinates is a well-known process in (Arfken and Weber, 2005; Chap-

lain et al., 2001) and it can be shown that in spherical coordinates the usual Laplace

is given by
Pu 1 0% 1 0*uw  20u  cos(f) Ou
Ay — il _— 2.61
T o e 00?2 * r2sin(0) 0¢2  rOr  r?sin(6) 96 (2.61)
Laplace-Beltrami operator on the surface is given by
2 1 2 0
AFu:(?u 0*u  cos(f) Ou (2.62)

962 sin’(8) 962 | sn(0) 06’
Solving the eigenvalue problem for the Laplace-Beltrami operator given by (2.62),

requires the method of separation of variables of the form

u(f, ¢) = ©(0)®(¢), (2.63)
which we subtitute into (2.62) to obtain
cos(0) 1 " )
Q' 0'd 0P = —-£"00. 2.64
* sin(0) * sin?(0) (2.64)

Dividing both sides by ©® and multiplying by sin?(#) results in

" / "

P
29 N A A - B
sin“(6) 5 + cos(6) sin(0) 5 + 3 k* sin*(6), (2.65)

whose solution satisfies the eigenvalue problem for the Laplace-Beltrami operator of

the form

Aru = —k*u, (2.66)
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with the eigenvalues k? = [(I +1). The eigenfunction can be chosen as the spherical

harmonics in Chaplain et al. (2001) in the form
uf"(6,6) = " " (cos 0) exp(img), (2.67)

where (0, ¢) € [0, 7] x [0,27],1=10,1,2,... and |m| < [. In Arfken and Weber (2005)
and Chaplain et al. (2001) the coefficients ¢]* are given by

an 204+ 1(1—m)!
L A7 (I+m)V

and Pllml(cos 6) are the associated Legendre function. Using the method of separa-

tion of variables, a close a form solution satisfying (2.58) and (2.59) can be written

in the form

For equations on the surface the relations may be written as

") Are(y)

: = =—l(l+1),
)~ o) U
Sim(t)  Arg(y)

. = =—I(l+1),
sl o) UED

whereas for the bulk the relations take the form
Ul Ab,G)
Um(t)  Pr,, (%) b
Ul/,m(t) Ad]kl,m( ) _ _k2
V() Uy, (X) b
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We consider a coordinate transformation in which a vector x may define every point
in the bulk by the variables r (radial distance from the origin) and y (a point on
the surface), with the relationship x = ry where r € (0,1), y € I'. The eigenvalue
of the problem on the surface depends on [ itself, where we may consider positive
integers only, and m can be any integer with the restriction |m| < [. This is because
the eigenvalues of both problems are equal at » = 1. We introduce the continuous

eigenvalue problems for the bulk as well as for the surface, in the form of

Ay, (r) = =ki ok, (1), 0<r<1 (2.68)

and

Ard(y) = =l +1)o(y), yeT. (2.69)

Note that if » = 1 for the eigenvalue problem in the bulk, then the eigenvalues
associated to the usual diffusion operator must coincide with those associated to the

Laplace-Beltrami operator on the surface, which means the relation
k==l +1)

must hold. Solutions to such a system can be written in power series representation

Arfken and Weber (2005), taking the form
w1 (ryv t) = Z ul,m(t)qu)kl,m (r)gbl,m(y))

leNo,mEZ

wo(ry,t) = Z V1 (E) Uk (7)) Pt (1),

leNo,mEZ

ws(y,t) = Y i) (y),

leNo,mEZ

wily, ) = D sm()im(v),

leNo,mEZ

(2.70)

which we substitute for wq, ws, w3 and w4 the power series solutions (2.70) to turn

the system of PDEs into a system of ODEs. First we note that on the surface we

have
awg . 2 2
e Arws + yr[wi(p) + wa(d2) + w3(2rgs0 — ps — 1) + wa(rp)]
= Arws +7r[(2r8s0 — Dws + (r8)wy] — yr[—pw — Gawy + psws],
811)3 d
o (i (Dim0),

= Dl ),
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P (G (y)) = Arrimn()drm(y)
0 GLm (W) [(2r850 — Drim () + (r3)s1.m(1)]
Gt () (= 101 (), (1) = 200 (), (1) + (p3) 71 (1)].
(2.71)

)
)

Upon substituting (2.69) in (2.71) we are able to write the differential equation for

r in the form

WD (0 (y)) = 11 (U + 1) brn(y)
FrPLm (W) [(27580 — D)7im(t) 4 (15) 51.m (1))
=P (Y) [— 1t ()P, (1) = G201, (8) ok, (1) + (p3)71,m (D)),

(2.72)
which upon cancelling ¢;,,,(y) from both sides of (2.72), leads to
dn,éz(t) = =1 (O + 1) +r[(2rdso — V)rim(t) + (13) sim(t)] 2.73)

== pm () Yr, ,, (1) = Oav0m ()P, (1) + (03)71,m (2)]-

In order to obtain the differential equation for s, through a similar approach we

write
3;124 dr Arwy + yr[wi (p1) + w2 (ds) + ws(—2r§so) + wa(rg — pa)]
= dpArws + yr[(—2rgso)ws — (r§)wa] — yr[— () wy — (63)ws + (pa)wa),
2 L s )00n ()
= Pl g 0.

which results in

LD (1 (y)) = drArsym(t)drm(y)
AL (V) [(—27850)T1,m (t) = (75) S1,m (1)
=0 PLm (Y) [ (1)U m (£) Pk, (1) — (3)V1m (8) 0y, (1) + (0a) 51,m (2)]-
(2.74)

Substituting (2.69) in (2.74) we obtain

L@ (o (y)) = —drsim()I( + 1) (y)
AL (V) [(—2350)71,m () — (75) s1,m (1))
=01 (Y) [ (1)t () ¥k, (1) = (03) 010 (8) Yk, (1) + (p1) St (£)].
(2.75)
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Cancelling ¢ ,,,(y) from both sides of (2.75), we obtain

ol — sy (U 1)+ e [(=2r250)T1m () = (r2)1m(1)]
e [ () (), (1) = (S5)0m (E) 0, (1) + (pa) 1. (1)]:

Similarly we substitute the power series solution for the equations in the bulk

(2.76)

ow
6_151 = Aw; + yolwy (2upvg — 1) + wg(ug)],

owy  d(ugm(t))

T e CUPA QLA

= oDy (P bm(y)] = Aty g ()3, (1) P (Y)
+al(2uove — 1) m(t)r,,,,, (1) Prm(y) (2.77)
+(ud) Vi () s, (1) P ().

Upon substituting (2.68) in (2.77) we are able to write the differential equation for

w 1n the form

WOy, (M brm ()] = =kt (O, (1) b1 (y)
+yal(2uove — 1)y m (£) Yk, . (1) Grm(y) (2.78)
+(ug)vim () Pk, (1) D1 (9)]
which upon cancelling vy, . (r) and ¢, (y) from both sides of (2.78), leads to

d(w,m(t))
dt

= —kzlzymul,m(t) + Yal(2uove — 1)upm(t) + (ug)vhm(t)]. (2.79)

In order to obtain the differential equation for v through a similar approach we write

0
522 = doAwsy + Yo w1 (—2upvy) + wg(—ug)],

Owy  d(vpm(t))

o = @ Wha(om@)l,

= MmOy, ()G (y)] = doAvym (), (1) drm(y)
+7§2[(_2U0U0)ul,m<t)¢kl,m(T>¢l,m(y) (280)
— (ud)v1m () Uk, ., (1) Drm ()]

Substituting (2.68) in (2.80) we obtain

WOy () (y)] = —dakivim ()i, (1)1 ()
Fyal(—2uovo) trm (L) Pk, ,, (1) Orm(y) (2.81)
—(u§)vim (t)n, ., (1) Prm (¥)]
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Cancelling vy, . () and ¢, (y) from both sides of (2.81), results in
d(vim (1))

e —dak}  vm (t) + Yo (—2ugve)urm () — (ud)vim(t)]- (2.82)
We apply this substitution to the given boundary conditions to obtain
9 = yp[—pwy — Saws + (p3)ws),
G = a (), (Doum(y))

de, (1)
= ul,m( )(bl,m(y)kld’—,,a

Ut (1) P1,m (Y )d%—y(l) = 1= () Pk, (1) 1 () — 0201m (8) ., (1) Prom (v)

+(3)r1m (1) r.m (y)]-

(2.83)
Cancelling ¢ ,,,(y) from both sides of (2.83), we have
w22 s O ) = bt O]+ 3 rn(®). (230)
Similarly
do%2 = r[—pwy — dzws + pawa],
08 = dosk (O (D)
= dQUl,m(t)ébl,m(y)Chpkii—r(l),
dr; . (1)

dVim (t) rm (YY) —2 = o[ U,m () Vr, ., (1)1 (Y) — 0301m (E) 0, ,, (1) Prm (y)
+(p4) $1m () Prm ()]

(2.85)
Cancelling ¢y ,,,(y) from both sides of (2.85), we obtain
diy, (1
o222 g O prtn) = St O]+ a5 () (250

d ,
where %d’" D Yy, (1) . We rewrite (2.79) and (2.82), and we substitute (2.84)

and (2.86) into (2.73) and (2.76) respectively to obtain

d(ul’d—n;(t)) = [~k + 2u0v070 — Yoluym(t) + [ugyelvym(t), (2.87)
W = [=2uovor0ltr,m(t) + [=doki,, — ugyolvim(®), (2.88)
%%#DZFW+U+%®%wﬂwmw+%wm4w+w%AmWMm

(2.89)
W = [=2r8s07r]rim () + [=drl(l + 1) = rgr]sim(t) + [—daty,  (D)]vim(t),

(2.90)
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which can be written in the form
w; = Mw, (2.91)

where w and M are given by

U ()
Utm (1)
W =
Tim (1)
Stm (t)
and
—k:l%m +2ugvo Y0 — Y0 udva 0 0
M — —2upvoYa —dgkﬁm —u%'yg 0 0
—1/J;q,m(1) 0 —l(I4+1)+yr(2r§so—1) T
0 —de,;lm(l) —2r¢sor —dpl(l+1)—réyr

This is a coupled system of four ODEs which has a solution in the form

(ul,m> Vi,ms Tlms Sl,m)T = <u2m> Ugma rgma ng)TeAta (292)
= w = wl, (2.93)

where
W = (ul,ma Vi,ms Tlm Sl,m)T7 WO = (U?m, Ulo,ma Tgma ng)T 7& (07 07 07 0)T7 6)\t >0

and X depends on k? for equations in the bulk and it is a function of [ for equations

on the surface. Substituting (2.93) into (2.91), to obtain

AwleM = MwPM,  where M > 0.

Cancelling e* from both sides,

(AT — M)w®° = 0.

Since WO = (uf , Vs Tms Stm) " 7 (0,0,0,0)7, then M is a singular matrix. This

leads to the computation of the discrete eigenvalues ), associated to the system
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(2.91), which is obtained through solving the discrete eigenvalues polynomial given

by

IAXI— M| =0,
A+E7 o —70(2uovo —1) —ya(uf) 0 0
Yo (2uovo) /\+kol2’m+'}/Q(U(2)) 0 0 ~0
Y., (1) 0 A+1(1+1) —yr(2rdso—1) —r(r3)
0 dﬂw;w,m(l) r(2réso) A+drl(l+1)+vr(r3)

Proceeding with the usual steps we find that the eigenvalues of this matrix are the

roots of a degree-four polynomial given by

[N+ 11+ 1) —yr(2rgso — 1)) (A + drl(l + 1) + rgyr) + 2rgsevE)

(A + k7, — 70 (2u0v0 — 1) (A + daky,, + ugra) + 2uguong] = 0.
We observe that
A1+ 1) —p(2rdsg — 1))(A +dpl(l + 1) 4+ r397) + 2riseve = 0, (2.94)
or
(A + k7, — v (2ugvg — 1)) (A + daki,, + uina) + 2ugveyg = 0. (2.95)
In order to find the two eigenvalues in (2.94) we use the equation

N+ ((L+dr)l(l+1) —r(2rgso — g — 1)) A

N

-~

My

+ (drll(l 4+ D)]* = 11 + Dyrldr(2rgso — 1) — rg] +rg0t) = 0.

S/

-~

H,

From this we obtain
2\ = —M; +/(M;)? — 4H,.

Let M; and H; respectively denote the trace and the determinant of the last 2 x 2
block matrix; then for the uniform steady state (2.26) to be unstable, we require

that

Re(A(l(l+1))) >0 for some [(l+ 1) > 0, (2.96)
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which can be found if and only if

M; <0 and H; >0, (2.97)
or

M; >0 and H; <O0. (2.98)

Since 2rgsg — 1 —rZ < 0, then M; > 0 from (2.98). A direct consequence of H; < 0

1S to write
Hy(I(1+ 1)) = dell(1 + 1)]* = 1( + Deldr(2rgse — 1) — rg) + 578, (2.99)

where we observe that H;(I(1+1)) <0 if dr(2riso—1)—r3 > 0 which also implies
that dr # 1 because 2rgso —1— 12 <0 .

Therefore
dr(2rgsg—1) — 15 >0 = dr #1, (2.100)
which can be equivalently written as
drfsy + fas >0 = dr #1, (2.101)

is necessary but not sufficient. We find the stationary point of H; through differ-
entiating the equation (2.99) with respect to p = (Il + 1) and equate it to zero to
obtain

dH, (p)
dp

= 2dp[I(l + 1)] — yr[dr(2rgso — 1) — 73],

vrldr(2riso — 1) — rd]

=p= 2.102
p o (2.102)
Substituting (2.102) into (2.99), we obtain
2 dr(2 2 —1) = 212 2 dr (2 2 —1) = 212
Hy(p) = Vi ldr (2rgso ) — 3] _ Vi ldr (2rgso ) — 0] 122 <0,

4dp 2dl"

which implies that
21 (2250 — 1) — 7212
g < L Croso — 1) o (2.103)

Adp
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By simplifying (2.103) we obtain
[dr(2r8s0 — 1) — 13)? — 4dprg > 0, (2.104)
which can be equivalently written as
[dr fsr + f1s)? — 4dr(fsr fas — f3sfar) > 0. (2.105)
Similarly we can find the remaining two eigenvalues in (2.95) by using the equation

A+ ((do+1)k} , —va(2uovo—ug —1)) A + (ki do — ki valda(2uovo —1) —ug]+ugnd) = 0.

MQ H2

(2.106)

From this we obtain
2)\ - —M2 :i: (M2)2 - 4H2

Let My and Hs respectively denote the trace and the determinant of the first 2 x 2
block matrix; then, for the uniform steady state (2.26) to be unstable, we require

that
Re(A(k7,,)) >0 for some k7,, > 0, (2.107)
which can be found if and only if
My, <0 and Hy >0, (2.108)
or
M, >0 and H,<0. (2.109)

Since 2ugug — 1 —u2 < 0, then My > 0 from (2.109). A direct cnsequence of Hy < 0

is to write
Hy (K} ) = kim’da — kim® va[da(2uovg — 1) — ug] + ugng. (2.110)

where we observe that Hy(k7,,) <0 if dqo(2uovo — 1) —ug > 0 which implies that

do # 1 because 2ugug — 1 —u2 < 0 . It follows therefore that the condition

do(2ugvg — 1) —ui >0 = do # 1, (2.111)
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which can be equivalently written as
delu + f2v >0 = dg 75 1, (2.112)

is necessary but not sufficient. We find the stationary point of Hs through differen-

tiating the equation (2.110) with respect to k?m and equate it to zero to obtain

dHy(K2,)
TIQL = Zkl,mzdﬂ — Yaldo(2uovg — 1) — “3]7
do(2 —1) —u?
S 12, = JeldaQZuoto = 1) = ] (2.113)
’ 2dQ
Substituting (2.113) into (2.110), we obtain
Hy(k2, ) = Yalda(2uovo — 1) — ug]*  +i[da(2uovo — 1) — ug)? +ud <0,
which implies that
277(2 1) — 22
uind < 2aldnuoo = 1) = uol” (2.114)
4dg
By simplifying (2.114) we obtain
[do(2ugvg — 1) — ug]* — 4dqug > 0, (2.115)
which can be equivalently written as
[dﬂflu + f2v]2 - 4dﬂ(f1uf2v - flvau) > 0. (2116)

Now we summarise the results in the following theorem.

Theorem 2.1.3 (Turing, 1952; Murray, 2001) The necessary conditions for diffusion-
driven instability for the coupled system of BSRDFEs (2.15) and (2.16) are given by

Jiu + f2uv <0, (2.117)
frufow = frofou >0, (2.118)
far + J1s <0, (2.119)
Jarfas = fsfar >0, (2.120)

and

dofiu+ foo >0 and [dofiu+ fou]” — 4do(frufoo — frofou) > 0. (2.121)

and/or

drfar + fas >0 and  [drfar + fas]® — 4dr(far fas — fasfar) > 0. (2.122)
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Proof 2.1.3 The proof of this theorem consists of all the steps from (2.91) to
(2.116).0

Theoretical predictions

We state from the analytical results about system the following theoretical predic-

tions.

e The bulk dynamics and the surface dynamics can both give rise to pattern

formation.

e From conditions (2.117) and (2.121) for the bulk, we write
fiu + foo <0 and dqf1, + foo > 0.

Combining the inequalities imply fi, < —fo, < dqfiu, which means that
for diffusion-driven instability to occur, fi, < dqofiw = do > 1. Thus, the
inhibitor must diffuse faster than the activator, because dg = g—z where D, is
the diffusion coefficient of the inhibitor and D, is the diffusion coefficient of
the activator. It is through a similar argument for diffusion-driven instability
to occur on the surface, one finds that dr > 1 is required. For a detailed
mathematical derivation of condition d > 1 the interested reader may consult

(Madzvamuse et al., 2010, 2015b, 2016).

e Taking dg = 1 and dr > 1, the surface dynamics may evolve into a spatial

pattern while the bulk dynamics can not produce patterns.

e Taking dy = 1 and dr = 1, the bulk and the surface dynamics fail to produce

patterns.

e Taking dy > 1 and dr = 1, the bulk dynamics may produce pattern while the
surface dynamics fail to do so, however, the bulk pattern can induce pattern
on the surface as well, even though the surface reaction-diffusion system can

not.

e The conditions (2.117) - (2.122) are necessary but not sufficient for the emer-
gence of an inhomogeneous spatial structure. Sufficient conditions will be

presented in Chapter 3.
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2.2 Linear reaction kinetics on the surface and

non-linear reaction kinetics in the bulk

In this system we focus on a system with linear reaction kinetics on the surface
and non-linear reaction kinetics in the bulk by considering the following coupled
bulk-surface reaction-diffusion equations

/

uy = DyAu+ f(u,v),

' flu,v) in Q x (0,7]
vy = DUAU+Q(U,U), (2 123)
re = D, Arr —ar +bs — hi(u,v,r,s),

' : 1 ) onI' x (0,7
st = DsArs+cr —ds — ha(u,v,r,s),

\

with coupling boundary conditions

g_g = hl(U,U,T,S),
on T x (0, 7). (2.124)
dﬁ% = hQ(U,U,T,S),

The constants a,b,c and d are strictly positive parameters of the system. The
coupling conditions of the system is represented in a similar way by h; and he which

are functions of u,v,r and s, where hy; and hy are given by

hi(u,v,r,8) = a1r — fru — Ko, (2.125)

ho(u,v,r,s) = aas — Pou — Kav. (2.126)

The constants oy, am, 81, 82, k1 and ko are also positive parameters. The initial

conditions are prescribed similar to those given for system (2.1), which are
u(x,0) = u’(x), v(x,0) =v"(x), r(x,0)=7r"x), and s(x,0) = s"(x).

In the bulk, we focus on an activator-depleted type model also known as the Brus-
selator model (Gierer and Meinhardt, 1972; Schnakenberg, 1979; Lakkis et al., 2013;
Prigogine and Lefever, 1968; Venkataraman et al., 2012). In the Brusselator model

the reaction kinetics are non-linear and are
flu,v) = ki — kou + kzu?v, and  g(u,v) = ks — ksu®v, (2.127)

with positive parameters ki, ko, k3 and ky.
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2.2.1 Non-dimensionalisation

We proceed with a similar approach to that used in Section 2.1.1 of scaling choices

to non-dimensionalise a system (2.123), which reads as

(

9u — Au+ vyalas — u + u?v],
o Ll b max o
D = doAv + yqolbs — uv),
:t Q Talbe ] (2.128)
S = Apr + =1 + g2s — psr 4+ u + d0),
ot r vr| q2 p3 2V on T x (0,7,
% = drArs + rlcer — jas — pas + u + d3v].
The prescribed choices of rescaling consist of display dg = g_Z’ dr = gj, Yo =

k
L2k, = L% kl\/ by — kay/ 5o b B
)

y — a1 —

D, ' = Dy 2 = ks 7q2_a/31702 aBs’ J2 = a’ p3_?7 P4 =

Q@ = By = 22 The linear boundary conditions for material interface are
’ B> 73 B2

given by

Vu-v= —u— 6],
w-v =nrlesr —u = 0z0] on T x (0,7]. (2.129)

doVv - v =~r[pss — u — 030].

The non-dimensional initial conditions for all chemical concentrations are exactly

the same as prescribed for system (2.15).

2.2.2 Linear stability analysis in the absence of diffusion

We derive the uniform steady state as defined in Definition 2.1.1 by solving the

algebraic system

(u, 0,7, 8) = 7a( (2.130)
fo(u,v,7,8) = vo(by — u*v) =0, (2.131)
( ) =r(= (2.132)
(u, 0,7,8) = r( (2.133)

such that the boundary conditions given by (2.129) are also satisfied:

Trlpsr — u — 6v] = 0, (2.134)

Yrlpas — u — d3v] = 0. (2.135)
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We found in Section (2.1.2) that equations (2.130) and (2.131) admit a uniform

non-zero steady state of the form

Uy = a9 + bg, (2136)

by
= —Q. 2.137
Yo (CZQ + b2)2 ( )

Substituting uy and vy in (2.134) and (2.135) we obtain steady-state values for rq
and sg, which read as

(ag + by)3 + d2by
— 2.1
"o ps(as +b2)? (2.138)
(ag + by)® + 03by
— _ 2.139
%0 p4((12 + b2)2 ( )

Therefore, the uniform steady state we wanted to compute is
by (ag +b2)® + 02ba (ag + b2)® + dsby
as +02)?"  pslag +b02)2 7 palas + by)?
Substituting (2.140) in (2.132) leads to
(ag + b2)® + daby (ag + by)® + 03by

- p3(ag + by)? e pa(az + b2)?

= qapz(ag + by)® — pa(az + by)* = psdaby — q2p303by,

). (2.140)

(uo, Vo, T0, S0) = (Gz + bo, (

) =0

= (02 + b’ = bZ(pgj;——quég)' (2.141)

Similarly substituting (2.140) in (2.133) we obtain

(CLQ + b2)3 + 52()2) _ j ((CLQ + b2)3 + 53[)2
p3(az + bg)? ? palag + by)?

)=0
= cops(ag + b2)3 — Jops(az + 52)3 = Jop303by — Copadaba,

= (a5 + by)? = ba(J2p303 — 02P452). (2.142)

CaPs — J2p3
Combining (2.141) and (2.142) and requiring that (2.140) is a uniform steady state

according to Definition 2.1.1, reveals a parameters conditions on values of ¢y, ¢o and
J2. This is achived by
ba(pada — q2p303) — ba(j2p3ds — capads)

q2p3 — P4 Cops — Jop3
= (Cops — J2p3)(pad2 — q2p3ds) = (q2p3 — pa)(J2psds — capsds),

C2G2 = J2. (2.143)

The results of these finding are summarised in Theorem 2.2.1.
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Theorem 2.2.1 (Ezistence and uniqueness of the uniform steady state): Madzvamuse
et al. (2015a) The coupled system of BSRDEs (2.128) with conditions (2.129) admits

a unique steady state given by

bg ((12 + b2)3 + (521)2 (&2 + bQ)g + 53b2
as + b2)2’ pg(&z + b2)2 ’ ,04(a2 + 52)2

(1o, v0, 70, 50) = (az + by, ( ), (2.144)

provided the following compatibility condition on the cofficients of the coupling is
satisfied:

C2G2 = J2. (2.145)

Proof 2.2.1 The proof of this theorem consists of all the steps from (2.130) to
(2.143). O

The next step is to complete the linearisation in the absence of diffusion, which
is achieved by omitting the diffusion term from system (2.128). This results in a

four-component system of ordinary differential equations written as

uy = fi(u,v,7,5) = yalay — u+ uv) (2.146)

v, = folu,v,r,8) = va(by — u?v) (2.147)

re = f3(u,v,7r,5) = (=1 + g2s — psr 4+ u + dov) (2.148)

s¢ = fa(u,v,7,8) = yr(car — jas — pas + u + 03v). (2.149)

We use the approach taken in section 2.1.2 to linearise system (2.146)-(2.149), which
reads as

du;lt(t) = 70[(2uovo — Dwi(t) + ugws(t)] (2.150)

) _ o2y (1) — udun(t) (2.151)

P — el (t) + Saealt) + (=ps = Dus(9) + azun(0) 2.152)

PO e (8) + den(t) + cows(t) + (s — o)1) (2.153)

which can also be written in the form

w; = Aw, (2.154)
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where
wi(t)
ws(t)
w = ,
ws(t)
w4(t)
PYQ(QUO’UD - 1) ’Yﬂ(ug) 0 0 flu flv .flr fls
A — 79(_2UOU0> ’YQ(—U(%) 0 0 . f2u f2v f2r f2s
(1) r(d2)  r(—p3—1) Yr(g2) Jau Jau Jar J3s
yr(1) Yr(03) Yr(c2) Yr(—ps — J2) Jiw S S Jas
The system (2.154) requires the solutions in the form
w =ce™ where €M >0, c#0, (2.155)
which leads to the relevant discrete eigenvalue problem of 4 x 4 algebraic system in
the form
A —702uoug — 1) —yqa(ud) 0 0
2V A+ o (ud 0 0
0(2uavo) aluo) —0. (2.156)
—r(1) —r(d2)  A+r(pes+1) —r(q2)
—r(1) —r(ds) —r(c2) A+ r(pa + J2)

The eigenvalues of system (2.156) are the roots of a degree-four polynomial which

can be factorised in the form

(A +0(ps + 1)) (A +r(pa + j2)) — c2g277)]

(2.157)
(A — 70 (2ugvg — 1)) (A + ugya) + 2ujvevd] = 0.
Equation (2.157) gives rise to two quadratic equations of the form
(A +r(ps + 1)) A +7r(pa + j2)) = c2027% = 0, (2.158)
and
(A — va(2uovo — 1)) (A + udvo) + 2udveyd = 0, (2.159)
both of which are solved to obtain
2A = —r(p3 + pa+ja + 1)
(2.160)

= \/712“(/)3 +pat o+ 1)? = Apspa + pa + paje + J2 — 22),
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and

2\ = —ya(ui — 2upvy + 1) £ \/’y%(ug — 2ugug + 1)% — 4(ud)3. (2.161)

We see that for the real parts of the roots in (2.160) to be negative we require the

conditions

Yr(ps+ps+ja+1) >0 and (p3ps+ ps+ paja + jo — cag2)Vi >0,  (2.162)

which can be equivalently written as

far + fas <0 and  f3 fas — fasfar >0, (2.163)

in terms of the trace and determinant the corresponding 2 x 2 block matrix of
the system. Similarly for the roots in (2.161) to be negative we also require the

conditions
Yo(ug — 2ugvg +1) >0, and (ud)yg > 0, (2.164)
which can be equivalently written as

flu + fQU < 0, and flquv — flvf?u > 0, (2165)

in terms of the trace and determinate the corresponding 2 x 2 block matrix. Finally
we set out the summary of the necessary and sufficient conditions for stability of

system (2.154) in Theorem 2.2.2.

Theorem 2.2.2 (Turing, 1952; Murray, 2001) The necessary and sufficient condi-
tions such that all the zeros of the polynomial py(\) have Re(\) < 0 are given by

the following conditions:

Jiu+ f20 <0, (2.166)
Jrufoo = frofou >0, (2.167)
far + fas <0, (2.168)
JarJas — fasfar > 0. (2.169)

Proof 2.2.2 The proof of this theorem consists of all the steps from (2.154) to
(2.165). O
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2.2.3 Linear stability analysis in the presence of diffusion
We start by analysing system (2.128) by taking the diffusion terms into account

and perform the stability analysis. Through identical steps to those taken in section

2.1.3, we obtain

d(ugm(t
% = [—k7 1 + 2uovove — Yolum(t) + [ugrelvim(t), (2.170)
d(v (T
% = [—2uovoa)um(t) + [—daki,, — ugralvym (), (2.171)
d?“ljm(t) ,
dt = [_l(l + 1) - 'YF]rl,m(t) + [QQ/VF]SZ,m(ﬂ + [_wkl’m(l)]ul,m(t% (2172)
d8l7m(t) . ’
T = lerlrm(t) + [=del(l+ 1) = farelsim() + [=daty, ,, (D]onm(0),
(2.173)
which can be written in the form
w; = Mw, (2.174)
where
Ul,m<t)
Ul,m(t)
W =
Tl;m(t)
Sl,m(t)
and
—kf ,, +2u0vor0 — Y0 uga 0 0
M — —2upvoYn —dgkﬁm—u%’m 0 0
*w;cz,m(l) 0 —l(l+1)=r g2 r
0 —daty, (1) coyr —drl(l+1)—jor
This is a coupled system of four ODEs which has the solution in the form
(ul,rm Ul,mu rl,m; Sl,m)T = (u0m7 Uomv r0m7 Som)Te)\ta
b T b 2L (2.175)

=w=w’e",

where

W= (ULm, vl,mu Tlﬂ”“ Slam)T’ WO = (u?,m7 U?mﬂ T?m? S?,m)T 7é (07 Oa 07 O)Ta eAt > Oa
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which leads to the relevant discrete eigenvalue problem of 4 x 4 algebraic system in

the form
A K7, —va(2uovo—1) —ya(ud) 0 0
Y (2ugvo) /\—|—dgk12’m—|—'m(u%) 0 0 _ 0
Ui, (1) 0 A+I(I+1)+9r —r(g2)
0 dml);w,m(l) —yr(ce)  A+dpl(l4+1)+9r(j2)
(2.176)

Proceeding in the usual way we find that the eigenvalues of this matrix in (2.176)

are the roots of the polynomial, which can be factorised in the form

[()\ + I+ 1) + ) (A +drl(l +1) + j27r> - 02(]2’7%}

[()\ + k} py — v0(2ugvo — 1)) (A + dok},,, + u%’m) + 2u8v0’y§22] = 0. 21
Equation (2.177) gives rise to two quadratic equations of the form
A+ U+ 1) +90) A+ del(l + 1) + jaor) — c2q27% = 0, (2.178)
and
(A + K}y — va(2ugvg — 1)) (A + daki,, + uine) + 2uguevg = 0. (2.179)

In order to find the two eigenvalues in (2.178) we use the equation

N (L4 dr)i(E+ 1) +9p(ja + 1)) A

N J/
-

My

o (deli+ D 420+ DG + i) + 372 — ae)) =0,

N J/
-~

Hy

from which we obtain
2\ = —M; ++/(M;)? — 4H,.

We observe that, since M; > 0 and H; > 0, the real part of the two roots are
negative. For the remaining two eigenvalues in (2.179), a similar procedure to (2.1.3)
is followed to obtain the necessary and sufficient conditions for the real part of the

eigenvalues to be positive, which reads as

delu + f2v > 07 and [delu + f2v]2 - 4dQ(f1uf2v — flvau) > 0. (2180)

Now we summarise the main result in Theorem 2.2.3.
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Theorem 2.2.3 (Turing, 1952; Murray, 2001) The necessary conditions for diffusion-
driven instability for the coupled system of BSRDEs (2.128) and (2.129) are given

by
Jiu =+ fauw <0, (2.181)
Jrufoo = frofou >0, (2.182)
far + f1s <0, (2.183)
farfas = fsfar >0, (2.184)
and

delu + f2v >0 and [dﬂflu + f2v]2 - 4dQ(f1uf2v - fh)fQu) > 0. (2185)

Proof 2.2.3 The proof of this theorem consists of all the steps from (2.174) to
(2.180).00

Theoretical predictions

We state from the analytical results the following theoretical predictions.

e The bulk dynamics can give rise to patterning while the surface reaction-

diffusion system can not.
e From conditions (2.181) and (2.185) for the bulk, we write

f1u+f2v <0 and de1u+f2v > 0.

Combining the inequalities imply fi1, < —f2, < dqf1u, which means that for
diffusion-driven instability to occur, fi, < daofi. = do > 1. For a detailed
mathematical derivation of condition d > 1 the interested reader may consult

(Madzvamuse et al., 2010, 2015b, 2016).

e do > 1 means that inhibitor must diffuse faster than the activator, because
dq = % where Dwv is the diffusion coefficient of the inhibitor and Dwu is the

diffusion coeflicient of the activator.

e The conditions (2.181) - (2.185) are necessary but not sufficient for the emer-
gence of an inhomogeneous spatial structure. Sufficient conditions will be

presented in Chapter 3.
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2.3 Linear reaction kinetics in the bulk and non-

linear reaction kinetics on the surface

In this system we focus on a system with linear reaction kinetics in the bulk and
non-linear reaction kinetics on the surface by considering the following coupled bulk-
surface reaction-diffusion equations:

/

u; = DyAu — au + b,
in Q x (0,7]
vy = Dy,Av+ cu — dv, (2.156)
= DTA + ) - h y Ysly ) |
Ty rr+ (f(r,s) 1(u,v,1,8)) on T x (0.7]
sy = DsArs+ (g(r,s) — ho(u,v,7,5)),

\

with coupling boundary conditions

% — hy(u,v,r,5),
v = I ) on T x (0,7] (2.187)

dg% = ho(u,v,r,s).

The coupling conditions of the system are represented in a similar way by h; and

ho which are functions of u,v,r and s, where hy and hy are given by

hi(u,v,r,s) = agr — fru — Ko, (2.188)

ho(u,v,7,8) = s — Pt — Kov. (2.189)

The constants aq,as, b1, P2, k1 and ko are also positive parameters. The initial
conditions are prescribed similar to those given for system (2.123), which are written

u(x,0) = u’(x), v(x,0) =v"(x), r(x,0)=7r"x), and s(x,0) = s"(x).

On the surface, we focus on an activator-depleted model also known as the Brus-
selator model (Gierer and Meinhardt, 1972; Schnakenberg, 1979; Lakkis et al., 2013;
Prigogine and Lefever, 1968; Venkataraman et al., 2012). In Brusselator model the

reaction kinetics are non-linear, given by
f(r,s) =k —kor + ksr®s, and  g(r,s) = ky — ksr’s, (2.190)

with non-negative parameters ky, ko, k3 and ky.
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2.3.1 Non-dimensionalisation
We proceed with a similar approach that used in Section 2.1.1 of scaling choices to

the non-dimensionalised system (2.186), which reads as

(

9 — Au+ yol—u + qul,
o talut g in Q x (0,7
=L =doAv + yqlau — 2v],
o = Yala i (2.191)
S =Apr+plar — 7+ 1r°s — pir +u+0),
\ % = drArs + yr[by — r%s — pas + pu + v,
The prescribed choices of rescaling consist of display dgo = g—z, dr = g:, Yo =
Lia 2 K [¢ Fuy/ 5 hay/ 5 a
DZ71L7’YF:LB]:27QZZ?117 61:%;72:%’ a; = 1]\€/2¥7 b1: 4k2k2ﬂp1:k_;7 P2 =

‘z—;, W= %, 0= z—i The linear boundary conditions are given by

Vu-v= —u—ul,
wov =l —u =l on T x (0,7] (2.192)
doVv - v = r[pas — pu — ov).

The non-dimensional initial conditions for all chemical concentrations are exactly

the same as prescribed for the system (2.15).

2.3.2 Linear stability analysis in the absence of diffusion

We derive the uniform steady state as defined in Definition 2.1.1 by solving the

algebraic system

fi(u,v,1,8) = yo(—u+ qv) =0, (2.193)
fa(u,v,7,5) = ya(ciu — zv) =0, (2.194)
fa(u,v,7,8) = r(ay —r+1r*s — pir +u+v) =0, (2.195)
fa(u,v,7,8) = yr(by — r*s — pos + pu + 0v) = 0, (2.196)
such that the boundary conditions given by (2.192) are also satisfied:
yrlpir —u—v] =0, (2.197)
yrlp2s — pu — ov] = 0. (2.198)

From (2.193) we observe that
Uy = quo, (2.199)
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which we can substitute into (2.194) to obtain
vo(c1g — 2z) = 0. (2.200)

Considering (2.200) we have that either of c;¢ — 2z =0 or vy =0 must hold for
the system to have a unique solution. From the first condition, namely, c;g—z =0

we deduce that there are infinitely many steady states for all positive real values of
vp and ug . This case is not of much interest for further investigation, because it is
impractical. Subject to this observation, we only have to consider the case vy = 0.

Substituting vg = 0 into (2.199), we get that ug = 0. Also, substituting ug = 0 and
vp = 0 into the given boundary conditions, we obtain that ro = 0 and sy = 0 , for

strictly non-negative parameters p; and ps. We observe that the solution
(0, v0, 70, 0) = (0,0,0,0), (2.201)

is a steady state. However, if we substitute this steady state into the surface reaction

kinetics, it results in a contradiction, namely
a; =0 and b =0. (2.202)

Therefore, in order for zero steady state to exist, we require some conditions on

parameters of the model, which are presented in theorem (2.3.1).

Theorem 2.3.1 (Parameter conditions for a uniform steady state) The coupled
system given by (2.191) with the boundary conditions given by (2.192) admits a

uniform steady state
(Uo,’Uo,To,So) == (0,0, 0,0)7 (2203)
under the conditions on the non-negative parameters such that

ap =0, by=0 and cq—2z#0. (2.204)

Proof 2.3.1 The proof of this theorem consists of all the steps from (2.193) to
(2.202).0



51

Remark 2.3.1 The steady state given in Theorem 2.5.1 is a trivial case, which does

not provide interesting mathematical implications.

However we conduct stability

analysis for completeness purposes. In general we require non-zero steady states and

in fact all this is saying is that linear kinetics in the bulk is not that interesting. In

fact, one could simply take constant solutions in the bulk and study how these affect

the surface reaction-diffusion system.

In the absence of diffusion

we note that u,v,r and s must satisfy

ue = fi(u,v,7,5) = ya(-u + qv),

v = falu,v,r,8) = va(ciu — 2v),

re = fs(u,v,7m,8) = yrlar —r + s — pir +u+v),
sy = fa(u,v,7,5) = yr(by — r’s — P28 + pu + dv).

We use the approach taken in Section 2.1.2 to linearise system (2.205)-(2.208), which

reads as

= Yal[—wi(t) + qua(t)],
= Yalerwi (t) — zwa(t)],
= yr[w1 (t) + wa(t) + (2roso — p1 — Dws(t) + rgwa(t)],

= yrlpwy () + dwa(t) — 2rosows(t) + (=15 — p2)wa(t)].

Substituting the uniform steady state in (2.209), we obtain

dw1 (t)
dt
de (t)
dt
dUJ3 (t)
dt
d’l,U4 (t)
dt

= Yal[—wi(t) + qua(t)]
= Yale1wi (t) — zwa(t)]
= gr[wi(t) + wa(t) + (—p1 — Dws(t)]

= r[pwy (t) + dwa(t) — pawy(t)].

which can also be written in the form

w, = Aw

(2.209)

(2.210)
(2.211)
(2.212)

(2.213)

(2.214)
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where
w (1)
w ws(t) |

ws(t)

wa(t)
Ya(=1)  yalq) 0 0 fiu fro fir fis
A Yalc1)  ve(=2) 0 0 _ fou foo for o fos
(1) (1) w(=p—1) 0 Jau Jau Jar Jfas
(w) (o) 0 r(—p2) Jaw fao foo fis

This is a system of ordinary differential equations which has the solutions in the

form of
w =ce™ where eM >0, c#0, (2.215)

which leads to the relevant discrete eigenvalue problem of a 4 x 4 Igebraic system in

the form
A=7a(=1)  —alq) 0 0
—eler) - A=90(=2) 0 0 —0. (2.216)
—r(1) —r(1) A=r(=p1—1) 0
—r () —r(0) 0 A —9r(—p2)

The eigenvalues of system (2.216) are the roots of a degree-four polynomial which

can be factorised in the form
(A +r(pr + 1)) A+ p2r0) [(A +70) (A + 270) — (c1973)] =0, (2.217)
Two of those roots can be easily found by rating that
A w(pr+1)=0, and A+ poyr =0, (2.218)

from which it can be observed that those two roots are negative. In order to find

the remaining two eigenvalues we use the equation

A+ 72) (A + 279) — (c1g78) = 0, (2.219)
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N+ ya(z + DA+ (2 — cig)rg] = 0.

From this we obtain

2) = —ya(z + 1) £ /13 (2 + 1) — 4(z — 10}

We see that for the real part of the final two roots to be negative we require the

conditions
Yo(z4+1) >0, and (z—c19)7d >0, (2.220)
which can be equivalently written as

flu + f2v < 07 and fluf2v - flvau > 0, (2221)

in terms of the trace and determinant of the first 2 x 2 block matrix of the system.
Finally we set out the summary of the necessary and sufficient conditions for Re(\) <

0 in Theorem 2.3.2.

Theorem 2.3.2 (Turing, 1952; Murray, 2001) The necessary and sufficient condi-
tions such that the zeros of the polynomial ps(\) have Re(\) < 0 are given by the

following conditions:

fiu+ for <0, (2.222)

frufoo = frofou > 0. (2.223)

Proof 2.3.2 The proof of this theorem consists of all the steps from (2.214) to
(2.221).0

2.3.3 Linear stability analysis in the presence of diffusion

We start by analysing the system taking the diffusion terms into account and perform

the stability analysis. Through identical steps to those taken in Section 2.1.3 we
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d(wm(t))
dt
d(vim(t))
dt
dmm (t)
dt
dSl’m (t)
dt

o4

= [~k = veluim(t) + [r0lvim(t),

= [e1velum(t) + [—daki,, — 27a]vim(t),

Substituting the uniform steady state in (2.224) equations, we obtain

d(um(t))
dt
d(vm (1))
dt
d?“l;m (t)
dt
dSLm (t)
dt

= [=k7 = volwum(t) + lare]vim(t),
= [erya]um(t) + [—daki,, — zva]vim(t),
= (=1 + 1) = Ye]rim () + [0]s0m (8) + [ 5, (D]urm(t),

= [0)rtm(t) + [=drl(l + D]stm(t) + [=datsy, , (D]vim(t),

which can be written in the form

where

and

M =

w; = Mw,

U (t)

w | vm®)

Tim (1)

St,m (t)
K} — 70 s 0 0
civa —dokt,, — 270 0 0
., (1) 0 —l(l+1)=r 0

0 —dayy, (1) 0 —dpl(l +1)

The system (2.229) has the solution in the form

T __ 0 0 0 0 \T M\t
(ul,ma Ul,ma Tl,ma Sl,m) - (ul7m> Ul,m? rl,m? Sl,m) e,

= w = wle,

= [—1(l 4+ 1) + 2rosovr — Yr)rim(t) + [rgyr]sum(t) + [—?/J;q,m(l)]ul,m(t)y

= [=2ro80vr)r1m(t) + [—drl(l + 1) — riyr]sim(t) + [—daw;l,m(l)]vz,m(t)-

(2.224)

(2.225)
(2.226)
(2.227)

(2.228)

(2.229)

(2.230)

(2.231)
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where

W = (ul,rm Umy Tlyms Sl,m)Ta WO = (U?m, U2m7 7,lo,m? Slom)T # (07 07 07 O)Tu e)\t > O;

)

which leads to the relevant discrete eigenvalue problem of a 4 x 4 algebraic system

in the form

A+ ki 4 70 —q70 0 0
—c A+ dok?, + 2 0 0
e R —0. (2.232)
Ur, . (1) 0 A1+ 1)+ 0
0 doyy, (1) 0 A+ dpl(l+1)

The eigenvalues of system (2.232) are the roots of a degree-four polynomial which

can be factorised in the form

A+ 11+ 1) +30) A+ drl(l + D) + ki, +790) (A + dakily, + 270) = (@1g7)] = 0.

(2.233)

Two of those roots can be found by noting that
A ((1+1) +97) =0, (2.234)
A+drli(l+1)=0, (2.235)

from which it can be observed that those two roots are negative. For the remaining

two eigenvalues we solve the quadratic equation
(A + ki +70) (A + daki,, + 270) — (c1978)] = 0. (2.236)

Expanding the brackets we write this equation in the form

N+ (ki + 290 + ki + 70) A+ (Kl mda + 270k} + dovokiy, +78(z — c1q)) = 0.

N H

= AN+ N\ +H =0, (2.237)
where N and H are given by

N =dok},, + 270 + ki, + 70, (2.238)

H =k, do + 270k, + dgﬁgk:im +7&(z — c1q). (2.239)
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For the uniform steady state to be unstable, we require the real part of the eigen-
values to be strictly positive; that is,

Re(Am(kiy,)) >0 for some k7, > 0. (2.240)

Solving (2.237) we can find that Re(Ajm(k7,,)) > 0 if and only if either of the

following conditions hold:
N <0 and H >0, (2.241)
or

N>0 and H <O0. (2.242)

Since every terms in the expression for N is clearly strictly positive, therefore we
must proceed with requiring H < 0.

In the expression for H we know that
5(z — c1q) > 0, (2.243)

from the second condition in Theorem 2.3.2. The remaining terms in the expression
for H are strictly positive by definition. We notice that the strict positivity of
N and H implies that both the remaining roots are negative, which excludes the
existence of positive real roots as eigenvalues. This analysis allows us to conclude

the results in Theorem 2.3.3.

Theorem 2.3.3 The zero steady state for bulk-surface reaction-diffusion system
with linear reaction kinetics in the bulk and non-linear reaction kinetics on the sur-

face is stable.

Proof 2.3.3 The proof of this theorem consists of all the steps from (2.229) to
(2.243).0

2.4 Conclusion

If non-linear reaction kinetics are posed both in the bulk and on the surface, then
linear stability theory suggests that both the bulk and surface dynamics are capable

of producing spatial patterning, provided that Turing conditions are satisfied and
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furthermore, the non-dimensional diffusion ratios satisfy dg > 1 and dpr > 1. If
do = 1 is chosen with dr > 1, then the coupled system only produces a pattern on
the surface with equations in the bulk returning to a constant steady state with no
pattern. However, if dr = 1 and dg > 1 are chosen, then the bulk equations are
capable to form a spatial pattern and any pattern that emerges on the surface under
this case scenario is the consequence of coupling conditions relating bulk equations
to the equations posed on the surface. This means that the dynamics on the surface
under such a setting are not capable to produce a pattern. It is the same effect that
if dy = dr = 1 is chosen then the resulting coupled system is not able to produce
any pattern at all. If a set of non-linear reaction kinetics are posed in the bulk
that are also coupled with a set of linear reaction kinetics posed on the surface then
given that do > 1 the equations in the bulk are predicted to evolve spatial pattern
in the bulk with no pattern produced by the linear reaction kinetics on the surface.
The spatial pattern may also extend to emerge on the surface, which is purely due
to the coupling conditions imposed at the boundary interface. This is due to the
surface in discretised domain being defined as the outer face of the elements in
the bulk. If the non-linear reaction kinetics are posed on the surface with linear
reaction kinetics in the bulk which are coupled through linear coupling conditions,
then the system is expected to evolve a definite behaviour with no spatial pattern
at all, which is to converge uniformly to a constant and homogeneous steady state.
It must be noted that all the conditions derived for diffusion-driven instability in
this chapter are necessary but not sufficient conditions. In order to insure that
diffusion-driven instability occurs under either of settings prescribed in this chapter,
a further requirement in the form of sufficient conditions must be fulfilled, which
is to isolate the excitable wavenumber in order for the pattern to be formed. The
next chapter is devoted to presenting a numerical procedure on how to isolate the

excitable wavenumber to provide sufficient conditions for spatial pattern formation.
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Chapter 3

Mode Isolation and Parameter

Space Generation

In this chapter we proceed with the process of deriving sufficient conditions for
diffusion-driven instability that complement the necessary conditions found in Chapter
2 to ensure the emergence of spatial patterns. As the standard requirement of this
process, we start by extracting excitable wavenumber through the analysis of critical
diffusion ratio. Wavenumber is an eigenmode of the Laplace operator that satisfies
the criteria for diffusion-driven instability. The results for mode isolation for the ex-
citable wavenumber are employed to computationally find Turing parameter spaces
on the real positive parameter plane. We also present the process of coordinate
transformation from cartesian to spherical of the usual Laplace operator. Finally,
we analyse and compare the shift and dependence of Turing spaces for equations in

the bulk with those Turing spaces that are derived for equations on the surface.

3.1 Critical diffusion ratio and excitable wavenum-
ber

For the bulk, the conditions (2.117), (2.118) and (2.121) are necessary but not
sufficient for the emergence of an inhomogeneous spatial structure. The sufficient
condition requires the existence of some finite wavenumber k% € (k2, k%), where k%
are the roots of the equation Hy(k?) = 0 as in (2.110). Also, for the surface the
conditions (2.119), (2.120) and (2.122) are necessary but not sufficient for diffusion-
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driven instability and the sufficient condition requires the existence of some finite
wavenumber (I + 1) € (I(I + 1)_,i(l + 1)+) where [(l + 1)1 are the roots of the
equation Hy(I(l+ 1)) = 0 as in (2.99). When the minimum Hy(k?) = 0, we require
that

(dcflu + f?v)2

flquv_flvaUZ 4—dc (31)

For fixed parameters on the kinetics in the bulk, the critical diffusion d, is required

to satisfy

_ dzf12u + 2dcf1uf2v + f22v

frufov = frofou = Ad, (3.2)
Multiplying both sides of (3.2) by 4d,, we obtain
Ad, frufoo = 4de fro fou = &2 f7, + 2defrufou + f3,, (3.3)
which can be simplified to
A2 fL, — 2frufor — Af1ofou)de + fo, = 0. (3.4)

Corresponding to the critical diffusion coefficient d,., there exists a critical wavenum-

ber k2, which is the root of the polynomial

H2(k3l2,m) - kl,m4dQ - kl,mQ Y0 [delu + f2v] + (fluf?v - flvf2u)/752) = 0. (35)

The expression for k2, given as the root of (3.5) is

k? 2 T [dcflu + f2v] + \/’Yg%[dcflu + f2v]2 - 4dc(f1uf2v - flvau)ﬁ)/gzz
o 2d.. ‘

From (3.3), which is substituted into the expression for k2 to obtain

]{?2 _ Z]Z’}/Q\/(flujév - flvf2u) . (36)

c d,
This is the critical wavenumber, the sufficient condition for Turing instability with
the necessary conditions (2.117), (2.118) and (2.121) satisfied, which leads the sys-
tem to evolve into spatial pattern. Similarly, the critical diffusion coefficient d. on

the surface can be obtained from the following equation:

dzf32r - (2f37’f4s - 4f35f47’)dc + f423 = O (37)
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The critical wavenumber on the surface is given by

l(l + 1)C _ :l:’}/[‘\/(f3rf48; f3sf4r)7 (38)

which provides the sufficient condition for diffusion-driven instability on the surface.
For fixed kinetics parameter values a; = 0.1, by = 0.9 Murray (2001), we use the

first derivatives of fi, fo, f3 and f; which are given by

fru = 2ugvg — 1, f1, = uj,
f2u = _2UOU07 f21) = _ug7
fou=1, fasu =102, for=—(ps+1), fss=0o,

fou=1, f3, =03, far=c2 f3s=—(pa+J2)-

Since

b
Uy = Ao + bQ =0.14+09= ]_, Vo = m = 09, (39)
2 2

therefore, we obtain

flu:O.S, flv: 17 f2u:_1-87 f2v:_1-

Note that fi, + fo, = —0.2 <0 and fi,foo — fiofou = 1 > 0 hold so that the
conditions (2.117) and (2.118) are satisfied. Substituting these values into (3.4), one

obtains
d2(0.64) — (5.6)d, +1 =0,
for which the two roots are given by

d, = 8.56762745781 > 1, (3.10)

d. = 0.18237254218 < 1. (3.11)

Since the diffusion coefficient must be greater than 1, then we only take the critical
diffusion coefficient ratio as d. = 8.56762745781. Figure 3.1a shows the plot of
Hy(k?) as a function of k%, which is defined by (2.110). All three possibilities for
diffusion coefficient d with respect to the critical diffusion d. are plotted. It can
be observed that only when d > d., Hy(k?) becomes negative for a finite range of

k? > 0. Also Figure 3.1b shows the plot of real part of A as a function of k%, which
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Plot of Re A(k?)

Plot of Hz(kz)

= ra——
\

Re A(k?)

Figure 3.1: Plot of Hy(k?) defined by (2.110) is shown in (a). When d > d., then
Hy(k?) < 0 for a finite range of k£ > 0. Plot of the largest of the eigenvalue \(k?)
from (2.106) as a function of k? is shown in (b). When d > d,, there is a range of

wavenumbers k2 < k* < k% which are linearly unstable.

is defined by (2.106). It can be observed that only when d > d. we have a region in
k?* for which the value of ReA(k?) is positive. This means that when d > d., there
exist certain wavenumbers k? on a finite region which correspond to the frequency
of the spatial (Turing) pattern.

To verify that d < d. does not allow Turing pattern to evolve, the necessary
conditions are tested on the parameter space (as, by) where as and by are the positive
constants of the Schnakenberg reaction kinetics. It is found that when d < d,., there
is no region in the parameter space that would become unstable due to diffusion in
the system. This is shown in Figure 3.2a. Similarly when d > d., then we see that
the unstable region is formed in the parameter space (yellow region in Figure 3.2b),
which corresponds to the parameter values that would result in the system to evolve

into a Turing pattern.
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Figure 3.2: When d < d., then there is no region in parameter space that corresponds
to Turing instability, which is shown in (a). When d > d,, then the diffusion-driven
instability region in parameter space exists that corresponds to Turing instability

and is shown in (b).
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3.2 Mode isolation in the bulk

With the help of linear stability analysis, certain modes can be isolated to help find
the admissible set of parameter values dg, and g for diffusion-driven instability. The

necessary conditions for diffusion-driven instability found in Chapter 2 are

fru+ fou <0, (3.12)
flquv - flvf?u > Oa (313)
dofiu+ f2o >0 and  [dofi, + fool®> — 4do(frufeo — fiofou) > 0. (3.14)

One of the sufficient conditions however, for diffusion-driven instability is that the
eigenvalues of the Laplace operator should fall in the real interval between the small

and the large eigenvalues of the system. It means that
YL=Fk> <k <ki=9R (3.15)

must hold with L and R expressed by

(delu + f2v) - \/(dﬂflu + f2v)2 - 4dQ(f1uf2v - flvau)
2dgq ’

I —

(3.16)

and

(delu + f2’u) + \/(delu + f2’u)2 - 4dQ(f1uf2v - flvau)

R =
2dg ’

(3.17)

respectively. Therefore, for sufficient condition to exists for diffusion-driven instabil-
ity, the excitable modes must exist and belong to the interval (3.15). Consider the
one-dimensional case, the eigenvalues are k} = [*7%. In order to find the excit-
able wavenumbers, in addition to the necessary conditions (3.12), (3.13), (3.14) and

(3.15), one requires the sufficient condition of the form
ki < k2 <k} <k <kip. (3.18)

Figure 3.3 represents the real part of the larger eigenvalue as a function of k2.
In Figure 3.3 the parameter do = 10 was fixed and the value of ~q was varied
according to the values in Madzvamuse (2000), which suggested that when vo = 15
and 7o = 60 then no wavenumber excited, however if v = 30 and 7 = 90 then
only one wavenumber is excited for each value which are k% and k3 respectively, with
ki = m and ko = 27. For v = 187, there are two excitable wavenumbers which are

of the form k2 = (27)? and k% = (37)%
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Plot of Re )\ (k?)
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Figure 3.3: Plot of the real part of eigenvalue A(k?) from (2.106) as a function of
k2. For fixed dg = 10 and increasing v, we see that when ~vq = 30 there is only one
wavenumber excited (k3 = %), when g = 90 there is only one wavenumber excited

(k3 = (2m)?). There are two excitable wavenumbers namely k3 = (27)* and k3 =

(3m)? when ~vq = 187.
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A similar approach is applied to the case in two dimensions. The values of dg
and vq are computed using the same algorithm used by Madzvamuse (2000). We
are interested in finding combination of dg and v, such that the curve Re(\(k?))
encapsulates only one excitable wavenumber. The algorithm is outlined through the

following steps.
e Define dg = d. + € where 0 < ¢ < 1 and d. = 8.5676.
e Compute k2 and k3.

o If k?m > k% as shown in Figure 3.4 then increase the value of vo by 1, till the

curve includes the wavenumber by shifting to the right.

o If kfm < k% then decrease the value of o by 1, till the curve includes the

wavenumber by shifting to the left.

e If there exist two excitable wavenumbers as shown in Figure 3.5a then we

decrease € till we obtain a unique excitable wavenumber as shown in Figure

3.5Db.
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Figure 3.4: Plot of the real part of eigenvalue \(k?) given by (2.106) as a function

Re \k?)

of k2. For all parameter values suitable for diffusion-driven instability, do and ~vq

are varied to capture the excitable wavenumber.
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Figure 3.5: Plot of the real part of eigenvalue A(k?) given by (2.106) as a function
of k%, where we see that in Figure 3.5a there exist two excitable wavenumbers. By

decreasing € we extract a unique excitable wavenumber shown in Figure 3.5b.
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3.3 Turing (parameters) space on the surface

In this section we show Turing (parameters) spaces for equations posed on the

surface, the conditions for these are obtained in Chapter 2 and outlined as

for + fas <0, (3.19)
f3rf4s - f3sf4r > 0, (320)
drfar + fas >0 and [drfs, + f4s]2 — 4dr(fsr fas — fasfar) > 0. (3.21)

The parameter spaces are derived on the actual positive real parameter plane (asg, bs),

for two choices of diffusion ratios namely dr = 20 and dr = 30.

d =20 d =30

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

a a

(a) (b)

Figure 3.6: Turing space for Schnakenberg model for different values of dr. Unstable

region is shown in the parameter space (yellow region).
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3.4 Mode isolation on the surface

A similar procedure may be employed to extract excitable wavenumbers from the
spectrum of Laplace-Beltrami operator as a sufficient condition for Turing pattern to
be formed on the surface. The spectrum of Laplace-Beltrami operator on spherical
surface is studied in great details in Chaplain et al. (2001) where they derive the
infinite set of discrete eigenvalues of the form k* = [(I + 1) corresponding to an

infinite set of eigenfunctions given by u]* (6, ¢) = c}”P)ml(cos 0) exp(imao).

3.5 Turing spaces in the bulk and on the surface

The following sub-figures show diffusion-driven instability spaces for the conditions
on diffusion-driven instability given by (2.117)-(2.122) in the bulk and on the surface.
We combine the Turing spaces (more than one space) in the bulk and on the surface
together. We note that if dg is chosen the same as dr, there is no difference in the
region corresponding to Turing space as shown in Sub-figure 3.8a. In Sub-figures
3.8b and 3.8c, it can be seen that for larger values of the diffusion coefficient the
Turing space is significantly larger than that for the smaller value of the diffusion
coefficient. In the context of pattern formation it means that regions corresponding

to diffusion driven instability enlarge with an increase in the diffusion coefficient.
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Figure 3.7: First row shows that the Turing space for both the bulk and the surface
separately for parameter choices dr = 30 and dg = 30 respectively. Second and
third rows show that the Turing space in the bulk and on the surface separately
with different parameter choices (second row dr = 30 and dg = 40) and (third row

dr = 30 and dg = 40).



70

Turing space for d =30 and d,, = 30 Turing space for d =30 and d, = 40 Turing space for d =40 and d, = 30
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Figure 3.8: Sub-figure (a) shows that the Turing space for both the bulk and the
surface (cream colour) is shown to exactly coincide for parameter choices dr = 30
and dg = 30. Sub-figure (b) shows that the Turing space on the surface (cream
colour) forms a proper subset of those derived for the bulk equations (union of
cream and grey regions) when dr = 30 and dg = 40. Sub-figure (c) shows that the
Turing space for equations on the surface (union of yellow and cream colour regions)
with dr = 40 produces larger region, which contains the spaces for the bulk equation

with do = 30 as proper subset, upon submerging.
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3.6 Conclusion

As a natural extension from the contents of Chapter 2, where all necessary conditions
for diffusion-driven instability are derived, these are also equipped with the sufficient
conditions through the contents of this chapter to guarantee achieving spatial pat-
tern formation. Critical diffusion ratio was extracted and analysed. Furthermore,
mode isolation algorithm was applied as a technique to extract a single excitable
wavenumber. Turing spaces for both the bulk and the surface were computation-
ally found, which are employed for numerical solutions of BSRDEs in Chapter 5.
The results of this chapter in relation to Chapter 2 motivates to test the emergence
of spatial pattern formation through employing the conditions and constraints ob-
tained in Chapter 2 and Chapter 3, through the formulation and simulation of the
finite element numerical scheme. The next chapter is therefore devoted to present
the theoretical formulation of the finite element scheme, with strategies for mesh

generation and other necessary steps that are required for computational simulation

of BSRDEs.
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Chapter 4

Finite Element Methods for
Reaction-Diffusion Equations on

Stationary Volumes

This chapter serves to provide the theoretical formulation required to obtain nu-
merical solutions through the finite element method of all the three systems that
were explored in Chapter 2. A brief introduction to Sobolev and Hilbert func-
tion spaces is provided as the basis to obtain the weak formulation. The methods
of space and time discretisations are described with a brief overview of the time-
stepping schemes. We compare the first order IMEX time-stepping scheme with the
second order semi-implicit backward differentiation formula (2-SBDF') through the
numerical simulations of a reaction-diffusion system on a stationary two-dimensional
disc-shape domain. For simplicity the problem is formulated to solve independently
in the bulk and on the surface with appropriate boundary settings. Upon achiev-
ing such a formulation the method is extended to consider the full four component
system of BSRDEs. We present the weak formulation with the corresponding finite
element formulation through a fully implicit treatment by employing the extended

form of Newton’s method for vector valued functions.
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4.1 Notations

Before implementing the finite element method, we briefly introduce the necessary
function spaces and norms Brenner and Scott (2007) that are utilised in numerical
set up of the problem. For a non-negative integer n, we introduce an n-tuple multi-
index a = (o, -, @) with length |a| = oy + as + -+ - + ;. Let the operator D*
be defined as

0 0 ol

Da:_al..—an:—.

<8:L‘1) (6xn) Ozt -+ - Oxin
For example, for a function u that depends on three variables x1,x, and z3, then
applying D® to u generates the third order mixed derivatives of u with respect to

all the independent variables, therefore we have

Z Doy — Pu N Pu N Pu N Pu N Du N PPu N PPu
s 0% Oxd 023 0x301y 022013 Or0x3  Ox,0x3
du du Pu

+ Or30x3 + 2013 + 011019073
For a real number p > 1 the set of all real valued integrable functions defined on
an open subset {2 of R™ are denoted by L,(2), which are referred to as Lebesgue
function spaces. Let the set L,(Q2) be equipped with the norm in the form that

1
u &€ LP<Q) :>H u HLp(Q): (/(; |u(x)|l’d:r)p < Q.

Definition 4.1.1 Sobolev spaces Brenner and Scott (2007) Let k be a positive
integer and p € [1,00), then the set W}(S2) is called a Sobolev space of order k where

W}(Q) is defined by
WEQ) = {u € L,(Q) : Du € L,(Q), |a| <k}

p

The function space W) () must also equipped with the norm in form

l .
lu lhwpo= (Y I D*ullf o))? if 1<p<oo
o<k

Hilbert space is a special subset of Sobolev space with p = 2, which means that it

is the set of all functions that belongs to Sobolev space, with bounded Ly norm.
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By taking & = 1, the set W.}(Q) refers to all functions which are bounded in the
Lo norm as well as their first derivatives are also bounded in the Ls. The usual
notation for Wy (2) used in literature is H'(£2), which is defined as

ou
8x,-

HY(Q) = {u€ Ly(Q) : o= € Ly(Q), i=1,--,n}.

We say u € H'(Q) if u satisfies the following
- 1
| u HHl(Q): ( | u ||%2(Q) +Z | o H%Q(Q) )2 < 0.
i=1 '

Definition 4.1.2 Newton’s method Quarteroni et al. (2010) : Assuming that
f € CYT) and that f'(a) # 0 (i.e., a is a simple root of f), if we let

/

@ = f(zg), Vk>0

and assign the initial value xq, we obtain the so called Newton method

Newton’s method can also be employed for vector valued functions as in Quarteroni
et al. (2010), Hueso et al. (2009) and Saheya et al. (2016), which means that for a
vector valued function with the root x;, € R™, the equivalent algorithm to (4.1) is

to find x4, through

JF(Xk+1 - Xk) = —F(Xk), k= 0, 1, R (42)

where Jg denotes the corresponding Jacobian matrix associated to the vector valued

function F.

4.2 The finite element method in the bulk

We consider a circular two-dimensional simply connected domain Q C R? with a
disc-shape geometry and Lipschitz boundary 9 C R? which consists of a circle. Let

I = (0,7T] be some finite time interval. Reaction-diffusion equations with Schnaken-
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berg reaction kinetics in its non-dimensional form posed on ) reads as

.

9 Au=ra—ut ) = f (), i Q. tel
%—dAU:’}/<b—U2'U) = 79(“7”)7 in Q) tEI,
u(x,0) = u’(x) in Q, (4:3)

v(x,0) =v%(x) in Q,

du _ Ov __
ka—n—an—O on GQ,

for the concentrations u(x,t) and v(x,t) with a, b, d and 7 denoting some real
positive constants. Here, d represents the ratio of the diffusion coefficients of the v
and u variables while v measures the strength of the reaction. For this system, we
have chosen homogeneous Neumann boundary conditions on the entire boundary
and initial conditions that are chosen to be small random perturbations about the

uniform steady state

(g, vo) = (a +b, ﬁ) . (4.4)

In the absence of diffusion, the equilibrium point (4.4) is linearly stable provided

that
Jut 9o <0 and fug, — fogu >0, (4'5)

where the derivatives are evaluated at the equilibrium point (4.4) Madzvamuse and
Chung (2014). Upon adding diffusion to the system and provided that conditions
for Turing instability namely (4.6)-(4.7), then it is possible that the dynamics of the
system evolve to converge to a spatially inhomogeneous (Turing type) steady state.
This phenomenon is described as diffusion-driven instability or Turing instability
Madzvamuse and Chung (2014). It can be shown that the necessary conditions for

diffusion-driven instability are
fu+gv <0 and fugv_fvgu >07 (46)

dfu+ g, > 0 and (dfy, + g,)* — 4d(fugs — fugu) > 0. (4.7)

It is demonstrated in Madzvamuse and Chung (2014) that the numerical values for
parameters a = 0.1, b = 0.9, d = 10 and v = 29 lead to diffusion-driven instabil-
ity, which is used in the numerical simulations. For the finite element formulation

we require the weak formulation of the reaction-diffusion system, which is derived
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through multiplying system (4.3) by a test function 1 (x,t) € H'(Q) and integrating

over ) which takes the form
ou 9
V—dQ — [ YAudQ =~ ¢(a—u+u v)dQ
o Ot Q Q

/Q@D%dQ—d/ﬂi/}Adezy/Q@D(b—zf ) dQ.

Application of Green’s formula defined by (1.3.2) and enforcing the homogeneous

(4.8)

g—fl = 0 on (4.8) leads to write the weak

formulation of system (4.3), which is to find u(x,t),v(x,t) € H'(Q), t € [0,T] such

Neumann boundary conditions namely g—z =

that

f9¢%d9+fgv¢'VUdQ:W/fgw(a_u+uzv)d97 (4.9)

Jo %+ d [ V- VudQ =y [0 (a — u?v) O,
is true for all test functions ¥ (x,t) € H'(Q). Let €, be the discretised domain which
is a quadrilateral approximation of 2. Let T}, denote the triangulation of €2, which is
made up of non-degenerate rectangular elements K; such that 7}, = | J, K;. We call
each K; an element of the mesh T}, where h is the diameter of the largest element.
For the mesh T},, we require that it is made up of a finite number of elements and
the elements must intersect along a complete edge, or at a vertex or not at all. We

define the finite element solution space V} by
Vi = {u, € C°(Q) : vy, is linear} . (4.10)

We seek numerical approximate solutions of system (4.3) in Vj. The finite element
formulation entailed by the weak formulation (4.9) of the reaction-diffusion system

(4.3) therefore is to find uy(x,t), vn(x,t) € Vj, such that

th whaaitthh -+ fﬂh th . Vuthh = f)/th Q/Jh ((l — Up + (Uh)Q’Uh) th,

Jo, UnSd 4+ d fo, Vo - VordQ = [ tn (@ — (un)vn) dS2,

(4.11)

for all ¥, (x,t) € V4(€2). With linear choice of V}, it must have a basis that spans
the finite n-dimensional function space. Let ¢;(x) € V},, ¢ = 1,2,...,n, be the i-th
basis function such that
1ifi=j,
¢i(pj) = (4.12)
0 ifi # j,
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where p; is the j-th nodal point of the mesh. We seek to find the finite element
numerical approximations uy (X, t), vy (x,t) € V}, expressed as the linear combinations

of the linear nodal basis functions ¢;(x) expressed as

Z U;(t)¢;(x) and vy (x,t) = Y V;(t)d;(x), (4.13)

j=1
where U,(t) = un(p;,t) and V,(t) = vn(pj,t). Without loss of generality, we also
express the test functions 1y, (x, t) in terms of ¢;(x) € V3, i = 1,2, ..., n, which leads

to write (4.11) as a set of ordinary differential equations in the form

Z 5,00 4y, ¢ Z/Q Vi(x) - Vo5 (x) Us(1) de =
va | bi(x) th—yz ) 6i(x) - ;(x)U;(t) dy,

2 | 60 - (5GU; (1) (85(x)Vi(e) dn,

(4.14)
jzl Qh@(x)-%(X) dt dQ +d2/ Vei(x) - Vo, (x) Vj(t) dYy, =
b ; bi(x) th—WZ ) Gi(x) - (0;(x)U;(1))? - (¢;(x)V;(t)) dS,
(4.15)

respectively, for all ¢ = 1,2,...,n and x = (z,y). Integrating over the discretised 2,

gives rise to a set of semi-discrete equations in the form

MY+ AU(t) = yaH — yMU(t) +yB(U(t), V() U(t), (416)
M™Y. L GAV(t) = vbH — vB(U(1), U(t))V (1), '

where U(t) = (Uy(t),Us(t), ..., U ()T and V(t) = (Vi(t), Va(t), ..., Vu(t))T are the
solution vectors, M is the global mass matrix, A is the global stiffness matrix, B is

the matrix corresponding to the non-linear terms and H is the global force vector
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with entries
4

Mij = [, $i(x) - 6;(x) d%, Hj = [, ¢;(x) d%, Ay = [, Vi(x)  V;(x) dy,
(B(U,V)U);; = [q, ¢i(x) - ¢;(x) - (U d;(x)) - (V;;(x))d,

|(BU,U)V)i; = [o, 6i(x) - 6;(x) - (UFd;(x)) - (Vioh;(x))dn.

(4.17)
So far we have formulated the spatial approximation through which we obtain a semi-
discrete system of 2n ODEs. We proceed to analyse and compare the convergence

rate of two time-stepping schemes for solving (4.16).

4.2.1 First order IMEX scheme

The idea of first order IMEX time-stepping scheme is to treat the diffusive term im-
plicitly while the terms in the reaction kinetics are treated explicitly Ruuth (1995);
Madzvamuse (2006); Madzvamuse and Chung (2014). Applying this scheme to sys-
tem (4.16) results in obtaining a fully discrete system of algebraic equations in the

form

MUY AU = ygH — yMU™ + 4B(U™, V™U™, (4.15)
4.18
MY"ZNT L AV = ApH — 4 B(U™, U™)V™,
where 7 denotes the time-step size. System (4.18) can be rearranged to obtain

an algebraic matrix system whose solution at each time step is the finite element

approximate numerical solution of system (4.3) which is written in the form

(M +7A) U™ = 7vaH + (1 — 79)MU™ + 7yB(U™, V™) U™, (4.19)
19

(M + 7dA) V"™ = 79pH — 7y B(U™, U™)V™ + MV™,

where U™, U™ refers to the approximate numerical solutions for u at time ¢ and
tm+1 respectively. Similarly V™, V™! denote the approximate numerical solutions

corresponding to v at time step " and t™*! respectively.

4.2.2 Second order semi-implicit backward differentiation

formula (2-SBDF)

Using the second order semi-implicit backward differentiation formula to the semi-

discrete equations (4.16) gives a discrete scheme also presented in Ruuth (1995);
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Madzvamuse (2006) and has the form

(

M (SIS AU = 9(3aH - 9 MU + 4 B(U™, VU

2T

—(yaH — yMU™ ' 4 yB(U™ L V- hHu™

M (3V7”+1—4V’"+Vm*1> + dAV™TL — 2(’}/bH _ ’)/B(Um, Um)Vm

2T

—(’ybH o W/B(Um_l, Um_l)Vm_l,

\

where 7 is the time-step. Collecting likewise terms and rearranging the equations

provide a system of linear equations expressed by

(BM + 27 A) U™ =4MU™ — MU™ ! 4 27vaH + 27yMU™ !

—2ryB(U™ L VP hU™ ! — 47y MU™ + 47y B(U™, V™)U™,  (4.20)

(BM + 27dA) V™ = 4MV™ — MV™ ' + 27vbH

+2ryB(U™ L U™ YV —4ryB(U™, U™ V™. (4.21)

Here we notice that we need solutions at both times t = ¢t,,, and ¢ = t,,_1. Solutions
for the last two time-steps will therefore need to be stored. For the initial start of
the scheme we use a single step of Backward Euler method with the reaction terms
treated explicitly to solve for the U' and V! solutions, which provides sufficient

data for the scheme to discretely step forward in time.

4.2.3 Numerical simulations in the bulk

For our simulations, the domain € is the unit disc. We employ the deal.ii library
Bangerth et al. (2016) to discretise the domain with 5185 degrees of freedom. The
initial data is chosen to be random perturbations from the equilibrium points in
equation (4.4). The simulations are run until a spatially inhomogeneous steady
state is reached as shown in Figures 4.1, 4.2, 4.5 and 4.6. The convergence rate in
the Lo-norm of the two time stepping schemes namely first order IMEX and 2-SBDF
are compared through the use of 7 = 1073 and 7 = 2 x 1072 for time step sizes. To

verify the convergence, we also compute the relative error given by

z ’UnJrl _ Un|2
Z |Un+1’2 )

Relative error = (4.22)
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at the final time ¢ = 10. The convergence rates corresponding to the variable u
using the first order IMEX and 2-SBDF schemes with different values of time step
sizes are shown Tables 4.1 and 4.2 respectively. We vary the parameter v and plot
the solutions in Figure 4.11. We plot in logarithmic scale the graph for the Ly-norm
with two choices of time-steps shown in Figure 4.3. We plot the convergence history
of the simulations conducted on the Schnakenberg model for variable u using the
first order IMEX scheme, with different time steps shown in the legend of Figure
4.7 and with refined mesh shown in Figure 4.8. Also, the convergence history of
the simulations is plotted for the Schnakenberg model for variable u using 2-SBDF
scheme, with different time-steps shown in Figure 4.9 and with refinement of mesh
size shown in 4.10. We can observe from Figures 4.4 (a) and (b) that 2-SBDF
outperforms first order IMEX in the convergence rate to a spatially inhomogeneous
steady state. This can be verified by realising that the values of the discrete Ls-norm
of the numerical solutions difference for subsequent time steps for 2-SBFD always

remains smaller than those values obtained for first order IMEX.
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Figure 4.1: Solutions for variable u of the Schnakenberg model using the first order
IMEX scheme. Sub-figure (a) shows the initial condition as random perturbations
about steady states. Sub-figures (b) and (c) show the numerical solutions corres-

ponding to u at times ¢ = 5.8 and ¢ = 10 respectively.



81

n+1 u "H)

)

log(|lu
log(|lu

Figure 4.3: Convergence history of the simulations of the Schnakenberg model for

the variable v using (a) the first order IMEX scheme and (b) the 2-SBDF scheme.
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Figure 4.2: Solutions for variable v of the Schnakenberg model using the first order
IMEX scheme. Sub-figure (a) shows the initial condition as random perturbations
about steady states. Sub-figures (b) and (c) show the numerical solutions corres-

ponding to v at times ¢t = 5.8 and ¢ = 10 respectively.
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Figure 4.4: Comparison of the convergence history of the simulations of the

Schnakenberg model for the variable u between the first order IMEX and the 2-

SBDF schemes with (a) entire time interval and (b) time interval [0, 1] zoomed.
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Figure 4.5: Solutions for variable u of the Schnakenberg model using the 2-SBDF

scheme. Sub-figure (a) shows the initial condition as random perturbations about

steady states. Sub-figures (b) and (c) show the numerical solutions corresponding

to u at times t = 5.5 and t = 10 respectively.
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Figure 4.6: Solutions for variable v of the Schnakenberg model using the 2-SBDF

scheme. Sub-figure (a) shows the initial condition as random perturbations about

steady states. Sub-figures (b) and (c) show the numerical solutions corresponding

to v at times ¢t = 5.5 and ¢t = 10 respectively.

Time-step 7 No. of time | Relative error ||“n+l+“n||
steps

1.5 x 1072 667 5.86517 x 1072 497.647
1.0 x 1072 1,000 8.49711 x 1072 | 1040.86
9.0 x 1073 1,111 4.77306 x 1072 | 296.839
8.3 x 1073 1,200 2.90822 x 10~° 0.255796
8.0x 1073 1,250 1.9956 x 10~° 0.182218
5.0 x 1073 2,000 8.03654 x 1078 0.00117415

Table 4.1: Convergence of u variable using the first order IMEX scheme with refine-

ment of time steps.
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Figure 4.7: Convergence history of the simulations of the Schnakenberg model for

the variable u using the first order IMEX scheme with refinement of time steps.

Time-step 7 No. of time | Relative error HMH
steps

2.0 x 1072 500 1.57128 x 107! 518.582
1.85 x 1072 540 9.69243 x 10~ | 3.81838
1.82 x 1072 950 1.30074 x 10~¢ 0.00522085
1.5 x 1072 667 2.62499 x 1077 0.00127839
1.0 x 1072 1,000 2.34805 x 107" | 0.00171531
9.0 x 1073 1,111 2.22973 x 1077 | 0.00180987
8.3 x 1073 1,200 2.13171 x 1077 0.00187625
8.0x 1073 1,250 2.08573 x 1077 0.00190462

Table 4.2: Convergence of u variable using the 2-SBDF scheme with refinement of

time steps.



85

2 T T T T
—h=0.211681

0 —h=0.102097 |
—h=0.055126
——h=0.0277688

time

Figure 4.8: Convergence history of the simulations of the Schnakenberg model for

the variable u using the first order IMEX scheme with refinement of the mesh.
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Figure 4.9: Convergence history of the simulations of the Schnakenberg model for

the variable u using the 2-SBDF scheme with refinement of time steps.
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Figure 4.10: Convergence history of the simulations of the Schnakenberg model for

the variable u using the 2-SBDF scheme with refinement of the mesh.
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Figure 4.11: Solutions for the variable u of the Schnakenberg model using the 2-
SBDF scheme with a = 0.1, b = 0.9, d = 10 and (a) v =29 and (b) v = 100.



88

4.3 The surface finite element method

In this section we apply the same procedure used in Section 4.2 to equations posed
on a surface domain. It means that material diffusion is represented by Laplace-
Beltrami operator Ar instead of the usual Laplacian in (4.3). The surface finite
element method presented in Dziuk and Elliott (2013b), Elliott and Ranner (2014)
and Barreira et al. (2011) is employed to get approximate numerical solutions. We
also study on the surface finite element method a comparison of the convergence
rates of two time-stepping schemes namely first order IMEX scheme and the second

order semi-implicit backward Euler differentiation formula (2-SBDF).

4.3.1 Numerical simulations on the surface

For the numerical simulations, I' is the surface of a sphere and cuboid. Using Deal.Il
library we discretise the domain with 6146 degrees of freedom. The initial data is
chosen (similar to the case of the bulk) to be random perturbations near the uniform
steady state in equation (4.4). The simulations were allowed to run until a spatially
inhomogeneous steady state was reached as shown in Figures 4.12 and 4.16. The
parameter values for simulations on the surface are chosen identical to those for the
bulk case, which are a = 0.1, b = 0.9, d = 10 and v = 29. For illustration purposes,
we have chosen both the first order IMEX and second order semi-implicit backward
differentiation formula,2-SBDF, schemes. In first order IMEX scheme, the diffusive
term is treated implicitly while the reaction term is treated explicitly. For each of
these methods, we have chosen time-step sizes to be 7 = 1x 1073, 7 = 1.33333 x 1073
and 7 = 2 x 1072 and compare the Ly-norms of the numerical solution difference
H“nﬂ—_“nH In the latter case, we choose to divide the Ly-norm by 7 for comparison

purposes. We also compute the relative error given by

n+l _ [/n|2
Relative error = \/Z v U : (4.23)

Z |Un+1|2

at the final time ¢t = 10. The convergence of the variable u using the first order IMEX
scheme with different values of time step is shown in Table 4.3. Also, the convergence
of the variable u using the 2-SBDF scheme with different values of time steps is

shown in Table 4.4. We plot the graph for the Lo-norms of the solution differences



89

Time-step 7 No. of time | Relative error H“HHT”L”H
steps
7.5%x 1073 1,333 0.000349925 3.78871
7.4 %1073 1,351 6.33246 x 107° 0.695777
7.0 x 1073 1,428 2.51018 x 107° 0.29199
6.0 x 1073 1,666 6.94301 x 107 | 0.00942279
5.0 x 1073 2,000 5.04293 x 1077 0.0082124
2.0 x 1073 5,000 1.7363 x 1077 0.00706762
1073 10,000 8.0948 x 107 0.00658958

Table 4.3: Convergence of the variable u using the first order IMEX scheme with

refinement of time steps.

versus time, shown in Figures 4.13 and 4.17. We plot the convergence history of the
simulations of the Schnakenberg model for the variable u, using first order IMEX
scheme, with different time steps as shown in 4.14 and with refinement in the mesh
as shown in 4.15. Also, we plot the convergence history of the simulations of the
Schnakenberg model for the variable u, using the 2-SBDF scheme, with different

time steps as shown in 4.18 and with mesh refinements as shown in 4.19
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(m) (n)

Figure 4.12: Surface finite element solutions for the variable u "first and second
rows” and the variable v "third and fourth rows” of the Schnakenberg model using
the first order IMEX scheme at 7 = 1073, First and second columns show initial
condition as random perturbations about steady states. Third and fourth columns
show solution at the final time ¢ = 10 showing convergence to an inhomogeneous

steady state.
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Figure 4.13: Convergence history of the simulations of the Schnakenberg model

using the first order IMEX scheme (a) for the variable u, (b) for the variable v.

8 : : : :
——+=0.0075
——— +=0.0074
61 i b BuRR AR DK by | — r=0.007 | ]
- '| ”1 ' m +=0.006
~ , l”'l l M (i —.—=|:a_|:aDS |
! ”“ ]/ -y
| e i
— 2 i [ip" ) Iy
fl::j |t “““ | &"\, |
I ' 3
| 0 U h \\
< 2t \'\
é I\'\
A F i
0 ) 3 6 : 10

time

Figure 4.14: Convergence history of the simulations of the Schnakenberg model for

the variable u using the 2-SBDF scheme with refinement of time steps.



92

log([[u™*! - u™|])

I
I
I[“

| |
HEH}[:_-.
i

—h=0.211681
—h=0.109097
—h=0.055126
——h=0.0277688

1 1
':]_ \
‘ | — =
1-| | —
-2 : o : : :
0 2 il 3] 8 10
time

Figure 4.15: Convergence history of the simulations of the Schnakenberg model for

the variable u using the first order IMEX scheme with refinement of the mesh.

Time-step 7 No. of time | Relative error ||“n+1+“n||
steps

2.0 x 1072 500 0.157484 566.497
1.8 x 1072 556 0.0560895 232.541
1.7 x 1072 588 1.75893 x 10~¢ 0.00842489
1072 1,000 9.20586 x 1077 0.00749488
5.0 x 1073 2,000 4.06565 x 1077 0.00661931
2.0 x 1073 5,000 1.51609 x 10~7 | 0.0061706
1073 10, 000 7.47409 x 1078 0.00608396

Table 4.4: Convergence of the variable u using the 2-SBDF scheme with refinement

of time steps.
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(m) (n) (0) ()

Figure 4.16: Surface finite element solutions for the variable u "first and second
rows” and the variable v "third and fourth rows” of the Schnakenberg model using
the 2-SBDF scheme at 7 = 1073, First and second columns show initial condition
as random perturbations about steady states. Third and fourth columens show
solution at the final time ¢t = 10 showing convergence to an inhomogeneous steady

state.
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Figure 4.17: Convergence history of the simulations of the Schnakenberg model

using the 2-BSDF scheme (a) for the variable u, (b) for the variable v.
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Figure 4.18: Convergence history of the simulations of the Schnakenberg model for

the variable u using the 2-SBDF scheme with refinement of time steps.



95

_Ilr T T T T T
——h=0.211681

6 — h=0.109097 | 1
—h=0.055126

5 — h=0.0277688| -

log([ju™* - u" ||}

time

Figure 4.19: Convergence history of the simulations of the Schnakenberg model for

the variable u using the 2-SBDF scheme with refinement of the mesh.

In Sections 4.2 and 4.3 we compared first order IMEX and 2-SBDF time-stepping
schemes through the implementation of the finite element method. We use discrete
time-derivative of the numerical solution in the discrete L, norm and the relative
error of the same to conduct a quantitative comparison and found that 2-SBDF
time-stepping scheme outperforms the first order IMEX in convergence rate to a
Turing type spatially patterned steady state. Next we implement the finite ele-
ment method with a fully implicit time-stepping scheme through the application of

extended Newton’s method.
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The bulk-surface finite element method

In Chapters 2 and 3 we derived the necessary and sufficient conditions for diffusion-

driven instability for the coupled system of bulk-surface reaction-diffusion equations

on stationary volumes. In this chapter we present the finite element formulation for

coupled bulk-surface reaction-diffusion system on stationary volumes. We employ

a fully implicit time integrator for stepping forward in time, which is implemented

through the application of Newton’s extended method for vector valued functions.

4.5 Non-linear reaction kinetics both in the bulk

and on the surface

We rewrite the non-dimensional bulk-surface reaction-diffusion systems given by

(2.15) in Chapter 2,

(

where

ou
ot
v
ot
or
ot
ds
ot

= Au+ fi(u,v,r,s),

The linear boundary conditions have the form

in Q x (0,7
= doAv + fo(u,v,r,s),
afv il ) (4.24)
= A + Y Y ) Y
o7+ folw, v, ) on I' x (0,7].
= drArs + fa(u,v,r,s),
) (ag — u + u*v), (4.25)
r,s) = va(by — u’v), (4.26)
r,s) =r(ag — 7 +1°s — par + pu + 02v), (4.27)
fa(u,v,7,8) = Yp(by — 125 — pus + piu + G3v). (4.28)
Vu-v= T — pu — 090,
Yrlpsr — pu — 090 on T x (0.7 (429

doVv - v = p[pss — puu — d3v].

The non-dimensional initial conditions for all chemical concentrations are given by

u(x,0) = u’(x), v(x,0) =v"(x), 7(x,0)=7r"(x) and s(x,0) = s°(x).

(4.30)
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4.5.1 Weak formulation

In order to derive the weak formulation, we multiply (4.24) by a test function say
¢ € H'(Q) for the bulk and ¢» € H(T') for the surface and integrate over Q for

the bulk and over I" for the surface written as

?;Z@ dQ — / Aup dQ = 7q / [ag — u + u?v]p dQ,
Q
/ —p dQ — / doAvp dQ) = 'm/[bg — u2v]<p dQ, in Qx (0,7
Q Q

/a—¢df—/AFTw dI' = 'yp/[ag—7’+7“25—p37"+uu+(5221]¢dF,
r ot r r

0
8—?@0 dl" — / drArsyy dI' = ~p /[b2 — 125 — pus + pyu + 63v)p AT, on T x (0, 7).
r r

Using the Green’s formula for the second terms in the above with the boundary

conditions (4.29), we obtain

gtgpdsw/vu-wdQ:m/ﬂ[ag—u+u2v]¢dQ
+’Yr/(p37"—uu—(521))<,0 dr,
/ gon+dQ/Vv Ve dQ2 = 'm/[bg—uv]gde
+’yp/r(p4s—u1u—63v)go dl’, in Q x (0,7

wdF+/Vpr Vi dI' = fyp/[ag—r—l—r s — par + pu + dyvly dI,

r

r Ot
E?ﬁ dF+dF/Vps-pr dF:fyp/[bg—r s — paS + pu + d3v]tp AT on T' x (0, T7.
r r

4.5.2 Spatial discretisation of the weak formulation

We discretise the original domain €2 and its boundary I' to obtain €2, and I';, where
Q, Cc Qand I'y, ¢ I' with Ng and Ny the number of vertices associated to their
respective discretisation. Let Vi, and Vr, denote the finite element function spaces
associated to the discretised domains €2, and I', respectively. The finite element

formulation is then to seek wy, v, € Vo, and ry, s, € Vr, such that for ¢ > 0 the
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equations

ou
o AU+ | YV, Ver dQ = o

5 [ag — up, + uivh]gph dQ,
Qn Qp

h

—

(037”h — pup — 5211h)90h dl'y,
h

)
O e A+ da | Vop - Ve, A =

[b — UQUh](,Dh th
q, Ot o 2o

h

)
)

S— 5

e}

(pasn — paup — d3vp) @ dly,

h

+

or
a—;¢h th + VFT}L . Vth th = [CLQ — Tp + T}%Sh
Ty Ty Th

— p3ryp + puy + 52’Uh]¢h dl'y,
0s
/ a—:wh dI', + dr/ Vrsy - Vi, dI'y, = ’YF/ (b2 — 775
r, r, r,
— paSh + paup + 03vp]y, ALy,

are true for all test functions ¢;, € Vo, and v, € Vp, respectively. Let {gpz}f\iﬂl

and {;}"7 be the set of piecewise bilinear basis functions. It is known that
the spaces Vg, and Vg, are spanned by the basis functions {@;}2 and {t;} ]

respectively Brenner and Scott (2007). Thus, up, v, r, and s, may be expanded

Nq

in terms of linear combinations of its corresponding basis functions namely {¢;};

and {¢;}27,. Substituting the expressions u; = Zfi“l Ui, vp = vaz“l Vioi, mh =
ZZN:Fl R;1;, and s, = vazrl S;1; in the finite element formulations leads to a system

of differential equations written in matrix notation as

MoUs + 70 MoU + AU — 40 Bo(U, VU
— r(psMioR — MU — 05 Moo V) = 70a2Co,
MoV + dgAoV + 70 By(U, U)V
—r(paMi0S — p1 MooU — 63Mpo V) = 70b2Co,
MiR¢ + wMiR + AR — v Bi(R, S)R
+r(psMiR — pMoi U — 6:Mp1 V) = yrasChy,
M;Se + drAyS + 4By (R, R)S

+ 7F(P4M118 — MU — 53M01V) = raCq,
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where the matrices with their corresponding entries are given by

(Mo)ij:/Q ©i;dQ,  (Ao)ij =
h

(Bo(U,V))y; = /

Qp,

VQOZ . V@deh, CO = / @deha

Qpn Qp

(Uspi) (Vi) pitpjd, (BO(U>U))ij:/ (Uii) (Uipi) it A€y,

Qp

and the entries for M, Ay, Bi(R,S) and Cj, are expressed in similar way to those
expressed for matrices with subscript 0. The entries of the matrices that are con-
structed from the combination of function spaces defined in the bulk and on the

surface are defined by

(Mio)ij = | ipdl', (Mor)sj = / ih;dly,
Ty Ty

(MOO)ij = / SOiSOdeha (Mll)ij = %’%’drh,
Fh 1—‘h

where M is the mass matrix and A is the stiffness matrix, B is the matrix corres-

ponding to the non-linear terms and C is the column vector.

4.5.3 Mesh generation (using deal.IT Bangerth et al. (2016))

The usual approach to discretising €2 and I' is such that, 2 is first discretised and
denoted by €2;,. The union of those elements from €2, whose vertices lie on 02 is
considered as the discretisation of I', which is denoted by I'j,. Bulk is discretised by
quadrilateral elements each with uniform structure throughout €2;,. Triangulation
I'y, is also a uniform set of 2-dimensional quadrilaterals consisting of the external

faces of all the bulk elements that have at least one vertex on I',.

4.5.4 Time discretisation

We discretise the time interval [0, 7] into a finite number of uniform subintervals
such that 0 =ty < t;--- < t; = T. Let 7 be the time steps and J be a fixed
positive integer, then 7' = J7. We denote the approximate solution at time t, = n71
by ujf = up(.,t,) where n = 0,1,---,J and similar for the other variables. A fully
implicit Euler scheme is used to solve the system in time. The fully implicit scheme

is applied to the uniform time discretisation. We can obtain the fully discretised
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system as

U" — Un—l n n n n n
My=———— + 3 MgU" + 45U" — 30 Bo(U", V")U

- ’YF(P3M10R” - ,UMooUn - 52M00Vn) = ’YQCLQCO,

A VAL Vn—l
MOf + do Ao V" + 1o By(U", U") V"

— 0 (paMi10S™ — p1 Moo U™ — 05 Mo V™) = vabaCo,

R» — Rn—l
le +wMR" + A R" — B (R",S")R"

+r(psM1 R™ — pMp U™ — 6o My V") = qrasCh,

Sn — n—1
le +drAiS" + B (R",R")S"

+ Y (paM11S"™ — pu My U™ — 63Mp1 V") = by Cy.

Algebraic manipulation and rearrangement of each equation, leads to write the sys-

tem in a different form which is

where

F,(U", V" R" S")

1
(= +10)Mo + A)U" — 30 Bo(U", V) U”

1 _
- ’YF(PleoRn — puMyU"™ — 52M00Vn) — 70a2Co — ;MOUn 17

1
F2(U", V', R, S") = (=My + doAg) V" + 790 By(U", U") V"
1
— r(paMioS™ — p1 MooU™ — 05Mpo V") — 70b2Co — ;Movnfla

F5(U", V", R",S")

1
((; +9r) M1 + A)R™ = Bi(R",S")R"

1
+r(psMiuR™ — puMp U™ — 5o Mp V") — yrasCqr — ;M1Rn_17

1
(;Ml +drA,)S" + wB (R",R")S"

F,(U", V", R",S")

1
+ Y0 (paM11S"™ — 1 Mo U™ — 63 My V") — rbeCy — ;M1Sn_1-



101

In order to solve the system of non-linear equations, we employ the extended form

of Newton’s method for vector valued functions leads to

n n n n n n n n _ n n n n
Jr, |(u2,vg,r2,sg) (W1 — W, Vi — Vi Ty — T, Spyg — sg) = —Fu(ug, vy, o, sp),

where the index + = 1,2, 3,4 and

OF1(up,vit,rp,sit)

n n n n
OF 1 (up,vi,ry,si)

OF 1 (up,vi,ry,si)

(4.31)

OF 1 (u},vi,ry,sp)

oup ovy ory Osp
OF(ul,vii,ri,sy)  OFa(up,virlsy) OFa(up,virisy) OFa(ul,virisy)
oup ovy ory Osy
JF ’(UZ,VZ,I‘Z’,SZ): OF n yn pn gn OF n yn pn gn OF n yn pn gn OF NN N gn )
3(up,vi T s) 3(up,vi T s) 3(uj,vi TR sy) s(up,virpsy)
n n n s
ou} oV} ory Os},
OFy(up,viiri,sy)  OFg(ul,virlsy) OFs(ul,virisy) OFsi(ul,virisy)
dup ovy ory Osp

and the entries of Jg are expressed by

OF(u}, v, r},s})
ou}
OF(u}, v, r},st)
ov}

n n n n
or?
k
aFl (u27 VZ? I‘Z, SZ)
n
Os}.
OFy(up, v, ri,st)
ou}
n n n n
ovy
OFy(u, v, r},st)
or?
k
OFy(up, v, r},st)
os?
k
OF3(u}, v, i, s?)
ou}

n n n n
ovy
6F3(u27 VZ? I‘Z, SZ)
or?

k
8F3(uzv Vi, Ik SZ)
os?

k
n n n n
ou}
n n n n
8F4(ukﬂvk> T Sk)
ov}

=0,

=0,

= —rp3sMo,

= —yrpaMio,
= —’YFMMOh

= =102 Mo,

= —rBi(ry, 1),
= —yrp Mo,

= —ypd3 Moy,

= —voBo(uy, uy) + yrd2 Moo,

= 2vqBo(uy, vi) + vy Moo,

(4.32)

1
— (; + v0) My + Ag — 2vaBo(u}, vi) + yruMoo,

= ;Mo + do Ay + o Bo(uy, uy) + yrds Moo,

1
= (; + 1) My + Ay — 29 By (ry, sp) + yrpaMi,



8F4(uzv Vi, Ik SZ)

n
or},

OF (up, vy, rp,sp) 1

n
Os}.

102

= 2’7FBl (r27 SZ)a

= ;Ml +dr Ay + 0 Bi(ry, v3) + rpaMis.

Substituting (4.32) in (4.31) and simplifying, we obtain

1
[(; + 7)Mo + Ao — 27 Bo(uy, vii)(ug ) + [y Bo(uy, up)(vi,)

—r[(psMio)ryyy — (Moo)uy,y — (62 Moo) Vi 4]

1 _
= _Q”YQBO(UZ> VZ)“Z + 710a2Co + ;Moun 17

1
270 Bo(uy, vi)|(up,,) + [;Mo + daAo + vaBo(uy, uy)] (v, )

— [(paMio)siy 1 — (1 Moo)uy,y — (03Moo)uy, ]

1 _
= 270 By (uy, up) vy + 1ab2Co + ;MoVn 17

1
[(; +r) My + Ay — 2ye By (ry, sp)|(rhyy) + [ Ba(ry, vi) ) (Sh)

+r[(ps M)y, — (pMo)ugy — (02 Mo1) vy

1 _
= =2y By (ry, sp)ry +1raxCy + ;ern 17

1
[29r By (v, sp)] (i) + [;Ml + dr A1+ Ba(ry, 1) (S) 1)

+ r[(paMir)siy — (Mo )y — (03Mor) vy, ]

1
= 29p By (r}, ry)s); + b Cq + ;M1Sn_1,

which can be written in matrix form as

OF 1 (ul,vi,ri,sy)

OF 1 (up,vi,rp,sp

OF 1 (up,vi,ry,sp

OF1(u},vii,rit,sy)

n
duy vy ory asy Upp1
OF2(up vii,r,sy) OFa(up,virp,sp) OFa(ul,virp,sy) OFa(ul,vprp,sy) v
ouy ovy ory sy k+1
OF3(ul,vi,ri,sp) OFs(ul,virlsy) OFs(ul,virlsy) OFz(up,virlsy) r
oup vy ory sy k+1
OF (up, v risp)  OFq(up,vprisy) OFg(up,vprysy) OFs(up,vyry,sy) gn
ou? vy ory Os? k+1

—27Bo(up, vihu + v0a2Co + L Mou" !

27aBo(up, up)vi + 7abyCo + £ Mov™ !

=270 By (r}, sP)r} + yraxCq + %er"_l

290 By (rp, 1)) + rbaCq + M s™
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4.6 Linear reaction kinetics on the surface and

non-linear reaction kinetics in the bulk

In this system we consider linear reaction kinetics on the surface and non-linear
reaction kinetics in the bulk. We rewrite the non-dimensional bulk-surface reaction-
diffusion systems given by (2.128) in Chapter 2,

/

9 — Au+ fi(u,v,r,s),
gt A ) in Qx (0,7
& = doAv + folu,v,r,s),
o A ) (4.33)
= Arr + f3(u,v,r,s),
ot o7+ £yl ) on I' x (0,T].
\ % = drArs + fi(u,v,7,5),
where
fi(u,v,7,8) = yo(azy — u + u’v), (4.34)
fou,v,7,8) = vo(by — u?v), (4.35)
fs(u,v,7,8) = yp(—r + g25 — psr + u + dv), (4.36)
falu,v,7r,8) = yr(car — jos — pas + u + 03v). (4.37)
The linear boundary conditions have the form
Vu-v= r—u — 00,
rles 20) on T x (0,7]. (4.38)

doVv - v = ~r[pss — u — 030).
The non-dimensional initial conditions for all chemical concentrations are given by
u(x,0) = u’(x), v(x,0)=11"(x), r(x,0) =7"(x) and s(x,0) =s"(x). (4.39)

An analogous approach to that employed in Section 4.5 gives rise to a system of
non-linear algebraic equations which are solved by Newton’s method. The set of

non-linear equations can be written in the form

F,(U", V" R", S"

( )
F,(U", V", R",S")
F4(U", V", R",S")

( )

F,(U", V" R", S"
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F1(U", V", R",8") = MyU" + 79 MoU" + 7 A4gU" — 790 Bo(U", V") U"

— 7y (ps MipR™ — MooU" — 05 Mo V") — 7y0a2Co — MyU™ 1,

Fy(U", V", R",8") = MyV" + 1doAV" + T Bo(U", U")V"

— 7yr(paM1oS™ — MpoU"™ — 63 Moo V") — 770b2Co — Mo V",

F3(Un, Vn, Rn, Sn) = Man + T’}TMan + TAan — quprls"

+ T’YF(ﬂngRn — MolUn — 52M01Vn) — Manil,

F4(Un, Vn, Rn, Sn) = M1Sn + Tjg’}/FMlsn + poAls" — TCQ’YerRn

+ T’yp(p4MlS” — MOlUn — (53M01Vn> — Mls”_l,

In order to solve the system of non-linear equation, the employing the extended form

of Newton’s method for vector valued functions lead to write

n n n n n n n n n n n n
Jr, \(ug,vg,rg,sg) (U —ug, Vi — Vi, T — g s —sy) = —Fu(ug, v e sg), (4.40)

where the index + = 1,2, 3,4 and

OF(u}l,vil,r}l,sy)

OF1(u}l,vil,rl,sy)

OF 1 (u},vii,ri,sy)

OF 1 (u},vi,ri,sy)

duy ovy ory Osy
OF(ull,viiri,sy)  OFa(ul,virisy) OFa(ul,virisy) OFz(ul,virisy)
n n n n
JF |(un v@rp Sn): nauﬁ n on navfr, n on nar}:z n on nas{fz n on ’
ko VkoTkOTk OF3(up,vi,rp,sy) OFz(up,vprp,sy) OFz(u},vprpsy) OF3(ul,vp,rp,sy)
oul ovi or?y osy
k k k k
OFy(up,viiri,sp)  OF4(up,virlsp) OF4(ul,virisy) OF4(ul,virisyp)
n n n n
oup vy ory Os}.

and the entries of Jg are expressed by

aFl(uZa VZ? I'Z’ SZ)
ou?
k

OF:(u}, v, v}, s})
ov}

n n n n
or?
k

n n 7 n

OF (ug, v, 1y, i)
os?
k

=0,

= —7yrp3Mio,

= —7voBo(uy, uy) + 7002 Mo,

(4.41)

= (1 + 7y0) My + T7Ay — 21v0Bo(uy, vi) + 70 Moo,
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aF?(“Z? Vi, Ik SZ)
ou}

3F2(UZ» Vi Ik SZ)
ov}

n n n n
OF,(ug, v, ry, si)
or?y

k
OF,(ug, v, 1y, si)
os}!

k
aF:ﬁ(“ZL» Vi Ik SZ)
ou}

n n n n
OF3(uy, v, ry, si)
ovy
n n n n

or?}

k
8F3(uz7 Vi Ik SZ)
Os}!

k
3F4(U7§’ Vi Ir SZ)
ou}

n n n n
ovy

OFy (ug, v, 1y, si)
ory
k

3F4(UZ» Vi Ik SZ)
os}!
k

= 27vaBy(uy, vi) + 7y Moo,

= My + 1da Ao + Ty0Bo(uy, uy) + 7yrds Moo,

=0,

= _T'YFP4M10>

= —T%Mma

= —Tr02 Mo,

= (14 7y7)M; + 7A; + TyrpsM;,

= —Tq M,

= —T’YFMOh

= —T7r03Mo1,

= —T1coyr My,

= (14 7j2y0) My + 7dp Ay + Typpa M.
Substituting (4.41) in (4.40), we obtain

[(1 4+ 7yq) Mo + TAy — 2770 Bo(uy, vi) + 70 Moo (Ui, )
+ [=TyaBo(uy, uy) + 7yrd2 Moo) (Vi 1) + [=7yrps Mol (i, 1)
= —2770Bo(uy, vi)uj + 770a2Co + Mou" ™,
27y Bo(uy, vi) + 7yr Mool (0 1) + [Mo + 7do Ao + Ty Bo(uy, uy) 4+ 7yrds Mool (Vi 1)

+ [=TrpaMio)(spy1) = 2770 Bo(uf, up)vi + 770b:Co + Mov"™ ™,

(=T Moi](uy, ) + [=7y002 Mot (Vi) + [(1 4 7y0) My + 7 AL + Tyrps My (r), )

+ [—Tgr Mi(sp ) = My,

[Ty Moi](ugy ) + [=7y103 Mot (Vi) + [=7coyr M) (), )

+ [(1 4 7joyr) My + Tdr Ay + Tyrpa M) (spyy) = Mys™ ™,
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which can be written in a matrix form as

OF 1 (u},vi,ri,sy)

OF 1 (u},vii,ri,sp)

OF 1 (u},vi,ri,sp)

OF1(u},vy,ri,sp)

n
auy vy ary sy We i1
OFa(up, v, risy) OFz(up,vprisy) OFz(up,vprysy) OFa(up,vyrysy) v
oup vy ory sy k+1
OFz(up, vy ri,sy) OFz(up,vpry,sy) OFz(up,vyrysi OF3(ul,vil,ril,sy) o)
oup vy ory sy k+1
OF4(up vii,r,s) OFg(up,virp,sp) OFs(ul,viry,sy) OF4(ul,vprp,sy) s
up ovy ory Os7 k+1

—277qBo(u}, vi)ul + 779a2Co + Mou™ !
27y Bo(u}, uf) vy + 7002 Co + Mov™ !
Mr*!

Ms™t

4.7

linear reaction kinetics on the surface

Linear reaction kinetics in the bulk and non-

In this system we consider linear reaction kinetics in the bulk and non-linear reac-

tion kinetics on the surface. We rewrite the non-dimensional bulk-surface reaction-

diffusion systems given by (2.191) in Chapter 2,

(

du :AU+ u,v,r,8),

ot fl( ) in 2 x (O’T]

% :dQAU+f2(u7U7T7 S)’

& — A 7"+ u,v,r,s),

9= Arr+ fi( ) on T x (0, T].
\ % et drAl“S + f4(u‘7 U’ r? 8)7

where

—Uu+ qv)?
au — zv),

ay — 1 +1%s — pir +u+v),

2
=
o) N —~ —~

by — 125 — pas + pu + 0v).
The linear boundary conditions have the form

Vu-v= T—U—
el | on I x (0,77.

doVv - v =~r[pas — pu — 0v)

(4.42)

—~ —~ —~ —~
¥ L
=~ =~
ot =~
S~— S~— S~— ~—

(4.47)
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The non-dimensional initial conditions for all chemical concentrations are given by

u(x,0) = u’(x), v(x,0) =v"(x), r(x,0)=7r"x) and s(x,0) =s(x). (4.48)

An analogous approach to that employed in Section 4.5 gives rise to a system of
non-linear algebraic equations which are solved by Newton’s method. The set of

non-linear equations can be written in the form

F,(U", V", R",S") =0,
F,(U", V", R",S") =0,
F5(U", V", R",S") =0,
F,(U", V" R",S") =0,

where

F,(U", V" R",S")

1
((; +70)Mo + Ag)U" — 1aqMoV"
1
—r(p1 MigR" — MooU" — Mo V") — ;MOU"*,

F,(U", V" R" S")

1
(= +902) Mo + do Ag) V" = y0c1 MpU"

1
— Y (p2M10S" — pMop U™ — 0Mp V") — ;MOV”’l,

1
Fg(Un, Vn, Rn, Sn) ((; + ’}/F)Ml + Al)Rn — 'YFBl (Rn, Sn)Rn
1
+r(p1 M1 R — My U™ — My V") — ra;Cy — ;Manfla

F,(U", V", R",S")

1
(;Ml +drA)S" + B (R",R")S"

1
+ '}T(pQMHSn — /LMOlUn — (5M01Vn> — 7pb1C1 — ;MlS”_l.

In order to solve the system of non-linear equation, the employing the extended form

of Newton’s method for vector valued functions lead to write

n n n n n n n n _ n n n n
Jr, |(uz,v2,rz,s2) (uk+1 U, Virr = Vi T = Tgy S — sp) = —F.(uy, vi, vy, sp),

(4.49)



where the index + = 1,2, 3,4 and

OF 1 (u},vi,ri,sp)
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OF1(u},vi,ri,sp)

OF 1 (u},vy,ri,sy)

OF 1 (u},vy,ri,sy)

Jr |(uz,vg,rz,s;§):

oup ovy ory Osy
OF(up,viiri,sy)  OFa(up,virlsy) OFa(up,virisy) OFa(ul,virisy)
oup ovy or? osy
k k k k
OFg(up v rist)  OF3(ul,virist) OFs(uf,viresy) OFsz(ul virysy) |’
ou} ovy ory Os}
k k k k
OFy(up,vii,rp,sit)  OFs(up,virp,sy) OF4(up,vprp,sy) OF4(ul,vp,rp,sy)
dup ovy ory Osp

and the entries of Jg are expressed by

OF(u}, v}

TESE)

ou}
OF(u}, v}

TE» St)

ovy
OF(u}, v}

Tk Sk)

ory
3F1(uz, VZ

 T%SE)

Osp
OF(ul, v

=0,

Tk St)

ou}
8F2(u27 VZ

Tk SE)

ov}
an(uz, VZ

 TESE)

ory
OF5(up, vy

:O,

Tk St)

osp
OF;(u}, vi

Tk St)

ou}
OF3(u}, v}

TR SE)

ovy
aF:;(llZ, VZ

 T%SE)

ory
OF;(u}, vi

Tk St)

osp
8F4 (UZ ) VZ

Tk Sk)

ou}
8F4 (uz s VZ

 TESE)

ov}
OF,(u}, v}

Tk St)

ory
OF,(u}, v}

>rZ> SZ)

n
Os}!

= —vqMy + yr Moo,

= —vyrp1 Mo,

= —vyac1 My + yrpuMoo,

= —rp2 Mo,
= —yr Mo,

= —rMo,

= —yrBi(ry, r}),
= —yrpuMos,
= —7F5M01;

= 291 B (1, s),

1
= (; + va) Mo + Ao + v Moo,

1
= (; + va2) My + do Ao + yrd Mo,

(4.50)

1
= (; + ')/F)Ml + A — 27FB1<erL> SZ) + yrp1 M,

1
= ;M1 +dr Ay + o Bi(xy, ry) + yrpe M.
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Substituting (4.50) in (4.49) and simplifying, we obtain

[(-4790) Mo + Aol(uf) + [~300 Mol (V1)

1 _
—r[(prMio)ryyy — (Moo)uy — (Moo) vy, ] = ;Mou" "

1
[=rec1Mol(ui ) + [(= +702) Mo + doAo](Viia)

n n n 1 n—
—r[(p2Mio)syy 1 — (Moo)uyyy — (6Moo) Vi) = ;MOU .

1
[(;+7F)M1 + Ay = 29 By (v, sp)] (i) + [y Bu(ry, o)) (spy )
+r[(pr M)y, — (Moy)u, — (Mor)vi 4]

1 _
= —29p By (r}, sp)ry + ra1Cy + ;er” L

n n n 1 n n n
270 By (v, si)](xy ) + [;M1 + drAi + v Bi(rg, Tp)] (sgyq)
+r[(paMir)syy 1 — (uMon)ug, — (6Mo1) vy, ]

1 _
= 291 Bi(ry, ry)s, +wbiCy + ;Mlsn 1,

which can be written in a matrix form as

OF 1 (up, v, r,sy) OFi(up,vpry,sp OF(up,vii,ri,sy)  OF1(ul,vi,ri,sy) n

ouy vy ory asT Uyt
OFa(up, v, ritsy)  OFz(ul,vprisy) OFz(up,virysy) OFa(up,vyrysy) VZ
ou? ovi or? os™ +1
k k k k
OF3(up,vii,r,sy) OFs(up,viry,sp) OFz(ul,vprp,sy) OF3(ul,vprp,sy) rz )
ou?? ovh or? Os™ +
k k k k
OF (u},vi,ri,sp)  OF4(ul,virlsy) OF4(up,virlsp) OF4(up,virisyp) s
oup vy ory sy k+1
1 MO u"- 1
g
% M()Vn_ 1

=29 By (v, ST + yra; Cy + M !

27FB1 (I'Z, I‘Z)SZ + ’}/Fblcl + %Mlsn_l

4.8 Conclusion

A fully implicit time-stepping scheme is employed with the finite element method
through the application of the extended form of Newton’s formula to discretise

the four-component bulk-surface reaction-diffusion systems both in space and in
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time. The theoretical set-up for the finite element method is provided with the re-
quired definitions of function spaces and other abstract concepts. Two time-stepping
schemes namely first order IMEX and 2-SBDF are compared and it is found that
2-SBDF is a faster time-stepping scheme. We also obtain a fully discretised system
of algebraic equations of BSRDEs with linear coupling conditions. The finite ele-
ment formulation is verified by considering well known parameters from the Turing
space that give rise to pattern formation. In particular, convergence of the numer-
ical method is shown both in the bulk and on the surface. In the next chapter,
we carry out detailed numerical solutions of the coupled system of bulk-surface
reaction-diffusion equations with an eye to verifying theoretical results obtained by

linear stability analysis in previous chapters.
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Chapter 5

Numerical Solution for Coupled
Bulk-Surface Reaction-Diffusion

Equations

In this chapter we carry out the numerical simulations on all three systems that were
explored in Chapter 2. We employ a fully implicit time-stepping scheme based on the
extended form of Newton’s method with the finite element formulation presented
in Chapter 4 to proceed with obtaining numerical approximate solutions both in
space and in time. We perform the finite element simulations on two types of bulk-
surface domains. The first is a cuboid forming the bulk and its six quadrilateral faces
forming the corresponding surface. The second domain is a three dimensional ball
forming the bulk and hollow sphere bounding the ball forming the corresponding
surface. The cuboid has volume 1 in dimensionless units and it occupies the space
defined by Cj, where C, = {(2,9,2) e R¥: 0 <2 < 1,0 <y < 1,0 < z < 1}
and the surface consists of six quadrilaterals that bound the unit-volume cube. The
second domain is a three-dimensional ball of radios that forms the bulk By, given by
By = {(z,y,2) € R?: 2?+y?+2? < 1}, which is bounded by the surface that consists
of all points satisfying the definition of a two-dimensional hollow sphere expressed
by B, = {(z,y,2) € R®: 2% + 3?4+ 22 = 1}. In each simulation we use the Ly-norms
of the discrete time derivatives of the numerical solutions to observe diffusion-driven
instability. The discretised cuboid €2}, possesses 9826 vertices (also known as degrees

of freedom) of which 3076 belong to the corresponding surface I';,. The spherical
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discretised domain €2, possesses 7634 degrees of freedom of which 772 belong to the
discretised hollow surface I';,. The initial conditions in all the simulations are taken

to be random small perturbation near the uniform steady state.

5.1 Non-linear kinetics both in the bulk and on

the surface

The finite element library deal.ii Bangerth et al. (2016) is employed to simulate the
numerical solutions of the coupled system of bulk-surface reaction-diffusion equa-
tions (4.24) on both the cubic and spherical bulk-surface domains respectively. In
all simulations for the coupled system of bulk-surface reaction-diffusion equations
(4.24) we use the values a; = 0.1 and by = 0.9 for parameters in Schnakenberg
reaction kinetics. These values are chosen because they lie within a region in
parameter spaces corresponding to Turing instability Murray (2001); Madzvamuse
(2000); Madzvamuse et al. (2015a), and therefore satisfies conditions (2.117)-(2.122).
The other parameters are chosen as p3 = %, pr =3, U= %, w =0, 0 =
0, and 03 = 3, so that they all satisfy the parameter compatibility condition
(2.32). We present simulations corresponding to four different cases, so that we
ensure to include all possible behaviors of pattern formation corresponding to dif-
ferent combinations between diffusion ratios namely dg and dr in the bulk and on
the surface respectively. In particular the four combinations of values chosen for the
current simulations consist of (dg,dr) = (1, 1), (30, 30), (1, 30), (30, 1). The theoret-
ical results proposed by Theorem 2.1.3 are verified numerically by observing that
the numerical solution of the coupled system of bulk-surface reaction-diffusion equa-
tions (4.24) induces no spatial pattern in the bulk or on the surface with a choice
of diffusion ratios given by dg = dr = 1. Figures 5.1 and 5.2 provide a numer-
ical verification of the absence of any spatial pattern under the parameter settings
dqo = dp = 1, which is in agreement with Theorem 2.1.3 for both the cubic and spher-
ical domains. If the values of the diffusion ratios are chosen such that dqg = 30 > 1
and dr = 30 > 1, then the finite element numerical solution of the coupled system
of bulk-surface reaction-diffusion equations (4.24) reveals pattern formation in the

bulk, on the surface and on the layer of interface where the coupling terms interact
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through the boundary conditions. It is therefore, when non-linear reaction kinet-
ics are posed both in the bulk and on the surface, with parameter compatibility
conditions (2.32) satisfied and dg, dr much larger than 1, that one may expect the
numerical solutions of the coupled system of bulk-surface reaction-diffusion equa-
tions (4.24) to form a spatial pattern everywhere. Figures 5.4 and 5.5 show results
in agreement with this prediction, which means that spatial pattern can be observed
everywhere. When the diffusion ratios are chosen such that dg = 1 and dr = 30 > 1,
then spatial pattern is emerged on the surface and it extends by forming a boundary
layer without inducing spatial pattern into the interior of the bulk. This is observed
to be the case in Figures 5.7 and 5.8 for spherical and cubic domains respectively.
Figures 5.10 and 5.11 reveal the case where we choose dg = 30 and dr = 1 for which
it was predicted through the results of stability analysis that the reaction kinetics
inside the bulk produces spatial pattern with a potential possibility that this pattern
may emerge on the surface as well. It is therefore, if a spatial pattern emerges on
the surface under this kind of parameter settings then it does not mean that surface
reaction kinetics with dr = 1 is capable of evolving spatial pattern, in fact it only
means that the emergence of spatial pattern on the surface is a consequence of the
spatial pattern formed in the bulk and extends through the coupling conditions to

appear on the surface.
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Figure 5.1: Numerical solutions corresponding to the coupled system of BSRDEs
given by (4.24) with dg = 1 and dr = 1 and g = 7 = 300. The rows correspond to
variables u, v, 7 and s respectively. The first two columns show the initial profile of
concentration with random perturbation near the uniform steady state. The third
and fourth columns show the bulk-surface finite element numerical solutions at the

final time step at time t = 10.
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(m) (n) (0) ()

Figure 5.2: Numerical solutions corresponding to the coupled system of BSRDEs
given by (4.24) with dg = 1 and dr = 1 and v = 71 = 300. The rows correspond to
variables u, v, r and s respectively. The first two columns show the initial profile of
concentration with random perturbation near the uniform steady state. The third
and fourth columns show the bulk-surface finite element numerical solutions at the

final time step at time t = 10.
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sphere bulk: dn=1 and dr‘=1 sphere surface: dn=1 and dr‘=1

4] 0.5 1 15 0 0.5 1 15

Figure 5.3: Convergence history corresponding to the coupled system of BSRDEs
given by (4.24) with dg = 1, dr = 1 and v = 4 = 300 is shown in the Ly norm
of the discrete time derivative. Sub-figure (a) shows the convergence history for the
equations in the bulk, whereas Sub-figure (b) shows the same for equations on the

surface.
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Figure 5.4: Numerical solutions corresponding to the coupled system of BSRDEs
given by (4.24) with dg = 30 and dr = 30 and vq = 7r = 300. The rows correspond
to variables u, v, r and s respectively. The first two columns show the initial profile
of concentration with random perturbation near the uniform steady state. The third
and fourth columns show the bulk-surface finite element numerical solutions at the

final time step at time t = 10.
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(n)

Figure 5.5: Numerical solutions corresponding to the coupled system of BSRDEs
given by (4.24) with dg = 30 and dr = 30 and vq = 7r = 300. The rows correspond
to variables u, v, r and s respectively. The first two columns show the initial profile
of concentration with random perturbation near the uniform steady state. The third
and fourth columns show the bulk-surface finite element numerical solutions at the

final time step at time t = 10.
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sphere bulk: dn=3° and dr‘=3° sphere surface: dn=3° and dr‘=3°
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Figure 5.6: Convergence history corresponding to the coupled system of BSRDEs
given by (4.24) with dg = 30, dr = 30 and vq = yr = 300 is shown in the Ly norm
of the discrete time derivative. Sub-figure (a) shows the convergence history for the
equations in the bulk, whereas Sub-figure (b) shows the same for equations on the

surface
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(p)

Figure 5.7: Numerical solutions corresponding to the coupled system of BSRDEs
given by (4.24) with dg = 1 and dr = 30 and 7o = 71 = 300. The rows correspond
to variables u, v, r and s respectively. The first two columns show the initial profile
of concentration with random perturbation near the uniform steady state. The third
and fourth columns show the bulk-surface finite element numerical solutions at the

final time step at time ¢ = 10.
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(m) (n) (0) ()

Figure 5.8: Numerical solutions corresponding to the coupled system of BSRDEs
given by (4.24) with dg = 1 and dr = 30 and g = 41 = 300. The rows correspond
to variables u, v, r and s respectively. The first two columns show the initial profile
of concentration with random perturbation near the uniform steady state. The third
and fourth columns show the bulk-surface finite element numerical solutions at the

final time step at time t = 10.
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Figure 5.9: Convergence history corresponding to the coupled system of BSRDEs
given by (4.24) with dg = 1, dr = 30 and vy = v = 300 is shown in the Ly norm
of the discrete time derivative. Sub-figure (a) shows the convergence history for the

equations in the bulk, whereas Sub-figure (b) shows the same for equations on the

surface.
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Figure 5.10: Numerical solutions corresponding to the coupled system of BSRDEs
given by (4.24) with dg = 30 and dr = 1 and 7o = 41 = 300. The rows correspond
to variables u, v, r and s respectively. The first two columns show the initial profile
of concentration with random perturbation near the uniform steady state. The third
and fourth columns show the bulk-surface finite element numerical solutions at the

final time step at time t = 10.
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Figure 5.11: Numerical solutions corresponding to the coupled system of BSRDEs
given by (4.24) with dg = 30 and dr = 1 and 7o = 71 = 300. The rows correspond
to variables u, v, r and s respectively. The first two columns show the initial profile
of concentration with random perturbation near the uniform steady state. The third
and fourth columns show the bulk-surface finite element numerical solutions at the

final time step at time ¢ = 10.
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Figure 5.12: Convergence history corresponding to the coupled system of BSRDEs
given by (4.24) with dg = 30, dr = 1 and vy = v = 300 is shown in the Ly norm
of the discrete time derivative. Sub-figure (a) shows the convergence history for the

equations in the bulk, whereas Sub-figure (b) shows the same for equations on the

surface.
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5.2 Linear reaction kinetics on the surface and
non-linear reaction kinetics in the bulk

In simulations for the coupled system of bulk-surface reaction-diffusion equations
(4.33) the parameter values are chosen same as in Section 5.1, which are a; = 0.1 and
by = 0.9 for Schnakenberg model (Murray, 2001; Madzvamuse, 2000; Madzvamuse
et al., 2015a). These values lie within Turing region in parameter spaces Murray
(2001); Madzvamuse (2000); Madzvamuse et al. (2015a), and therefore satisfy condi-
tions (2.181)-(2.185). The other parameters are chosen as o = 2, ¢ =3 and jy =
6 which satisfy the compatibility condition (2.145). The proposed theoretical pre-
dictions in Theorem 2.2.3 are numerically verified in the sense that the coupled
system of bulk-surface reaction-diffusion equations (4.33) exhibits similar properties
to those obtained for the case dg = 30 and dr = 1, where spatial pattern is formed
inside the bulk with a possibility to emerge on the surface and also leaving a homo-
geneous and pattern-less boundary layer. Figures 5.13 and 5.14 reveal the numerical
results of such verification, where the reaction kinetics inside the bulk produce spa-
tial pattern which extends to emerge on the surface as well. It is therefore important
to realise that the emergence of spatial pattern on the surface under this kind of
reaction kinetics does not necessarily imply that the pattern is formed by diffusion-
reaction kinetics on the surface, in fact it only means that the emergence of spatial
pattern on the surface is a consequence of the spatial pattern formed in the bulk
and extends through the coupling conditions to appear on the surface. A distinction
that makes the numerical results of this system different from the results obtained
for do > 1 and dr > 1 in Section 5.1 is that here, the boundary layer where the
coupling conditions interact between the bulk and the surface remain pattern-less

during the evolution.
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(m) (n)

Figure 5.13: Numerical solutions corresponding to the coupled system of BSRDEs
given by (4.33) with dg = 20, dr = 20, 7o = 500 and yr = 500. The rows correspond
to variables u, v, r and s respectively. The first two columns show the initial profile
of concentration with random perturbation near the uniform steady state. The third
and fourth columns show the bulk-surface finite element numerical solutions at the

final time step.
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(m) (n) (0) ()

Figure 5.14: Numerical solutions corresponding to the coupled system of BSRDEs
given by (4.33) with dg = 20, dr = 20, 7o = 500 and yr = 500. The rows correspond
to variables u, v, r and s respectively. The first two columns show the initial profile
of concentration with random perturbation near the uniform steady state. The third
and fourth columns show the bulk-surface finite element numerical solutions at the

final time step.
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Figure 5.15: Convergence history corresponding to the coupled system of BSRDEs
given by (4.33) with dg = 20, dr = 20 and vq = yr = 500 is shown in the Ly norm
of the discrete time derivative. Sub-figure (a) shows the convergence history for the
equations in the bulk, whereas Sub-figure (b) shows the same for equations on the

surface.
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5.3 Linear reaction kinetics in the bulk and non-
linear reaction kinetics on the surface

This section presents numerical simulations verifying the proposed predictions for
the coupled system of bulk-surface reaction-diffusion equations (4.42) in Theorem
2.3.3. For the numerical simulations for the coupled system of bulk-surface reaction-
diffusion equations (4.42) the parameter values are chosen as as =0, by =0, ¢q=
3, ¢4 =2 and z =4 which satisfy conditions (2.204). The theoretical results are
verified numerically by observing that the numerical solution of the coupled system
of bulk-surface reaction-diffusion equations (4.42), induces no spatial pattern in the
bulk or on the surface. Figures 5.16, 5.17 and 5.18 provide a numerical verification
of the absence of any spatial pattern under the parameter settings in Theorem 2.3.1,
and the results are in agreement with Theorem 2.3.3 for both the cubic and spherical

domains.
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(n)

Figure 5.16: Numerical solutions corresponding to the coupled system of BSRDEs
given by (4.42) with dg = 50, dr = 50, 7o = 240 and yr = 240. The rows correspond
to variables u, v, r and s respectively. The first two columns show the initial profile
of concentration with random perturbation near the uniform steady state. The third
and fourth columns show the bulk-surface finite element numerical solutions at the

final time step.
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Figure 5.17: Numerical solutions corresponding to the coupled system of BSRDEs
given by (4.42) with dq = 50, dr = 50, 7o = 240 and 4 = 240. The rows correspond
to variables u, v, r and s respectively. The first two columns show the initial profile
of concentration with random perturbation near the uniform steady state. The third
and fourth columns show the bulk-surface finite element numerical solutions at the

final time step.
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Figure 5.18: Numerical solutions corresponding to the coupled system of BSRDEs
given by (4.42) with dg = 10, dr = 10, 7 = 500 and 4 = 500. The rows correspond
to variables u, v, r and s respectively. The first two columns show the initial profile
of concentration with random perturbation near the uniform steady state. The third
and fourth columns show the bulk-surface finite element numerical solutions at the

final time step.
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Figure 5.19: Convergence history corresponding to the coupled system of BSRDEs
given by (4.42) with dg = 50, dr = 50 and o = 7r = 240 is shown in the L, norm
of the discrete time derivative. Sub-figure (a) shows the convergence history for the
equations in the bulk, whereas Sub-figure (b) shows the same for equations on the

surface.

5.4 Conclusion

The bulk-surface finite element formulation provided in the contents of Chapter
4 was employed to simulate a numerical scheme for all three systems studied in
Chapter 2. Parameter choices for all simulations were chosen subject to the ad-
missibility of the necessary and sufficient conditions presented in Chapter 2 and 3
respectively. First the coupled system of bulk-surface reaction-diffusion equations
(4.24) with non-linear reaction kinetics in the bulk and on the surface is explored for
four different combinations of diffusion ratios. The coupled system of bulk-surface
reaction-diffusion equations (4.24) admits the formation of spatial pattern every-
where in the bulk and on the surface provided that the diffusion ratios both in the
bulk and on the surface are values greater than 1. If both the diffusion ratios are
chosen to be 1, then the coupled system of bulk-surface reaction-diffusion equations
(4.24) returns to the uniform steady state forming no pattern at all. If the diffusion
ratio only in the bulk is larger than 1, then spatial pattern is admitted inside the bulk
with possible emergence on the surface as well, which is due to the coupling condi-
tions between the bulk and its boundary (surface). If the diffusion ratio only on the

surface is chosen greater than 1, then spatial patterns can be formed on the surface,
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which also forms a patterned boundary layer and the dynamics fail to induce any
pattern in the interior of the bulk. In the coupled system of bulk-surface reaction-
diffusion equations (4.33), non-linear kinetics are posed inside the bulk which are
coupled with linear reaction-kinetics on the surface. Numerical simulation for this
system produces pattern in the interior of the bulk as well as on the surface, with
no pattern on the interface of the bulk near the surface. In the coupled system
of bulk-surface reaction-diffusion equations (4.42) linear reaction kinetics are posed
inside the bulk, which are coupled with non-linear kinetics on the surface. This sys-
tem only admits a trivial zero steady state, which induces a parameter condition for
stability on equations in the bulk, such that it prevents diffusion-driven instability

from happening and hence the system fails to produce spatial pattern at all.
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Chapter 6

Conclusion and Future Work

6.1 Conclusion

Bulk-surface reaction-diffusion systems are explored through studying combinations
of linear and non-linear reaction kinetics with linear Robin-type boundary condi-
tions. If non-linear reaction kinetics are posed both in the bulk and on the surface,
then with appropriate parameter choices, such a system is able to give rise to pat-
tern formation everywhere. Parameters can also be chosen for this system such
that pattern emerges in the bulk and extends to the surface, however it forms no
pattern on the internal boundary layer. It is worth noting that the emergence of
no pattern in the internal boundary layer is a consequence of parameter choice in
the first system and not the exhaustive results associated to it. The results with
patterned bulk and surface and no pattern on the internal boundary layer can also
be obtained through the second system with non-linear reaction kinetics in the bulk
and linear reaction kinetics on the surface. This combination of reaction kinetics
is not capable of giving rise to pattern everywhere and the pattern that it emerges
on the surface is a consequence of patterning extension from the bulk since linear
kinetics on the surface do not satisfy the necessary conditions for diffusion-driven
instability. If linear reaction kinetics are posed in the bulk with non-linear reaction
kinetics on the surface, then the system is found to evolve with no spatial pattern
at all. It means that this combination of reaction kinetics prevents all the neces-
sary conditions required for diffusion-driven instability. It happens mainly because

with this combination of reaction kinetics the only uniform steady state admitted
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is the trivial zero steady state, therefore, failing to satisfy conditions for diffusion-
driven instability. Hence, the dynamics uniformly converge to the trivial zero steady
state. The existence of a unique excitable wavenumber is found through employing
critical diffusion ratio. The existence of critical wavenumber together with compu-
tationally derived (through the results of Chapter 2) provide a full set of necessary
and sufficient conditions for diffusion-driven instability. Two types of time-stepping
schemes namely first order IMEX and 2-SBDF were considered on a decoupled bulk-
surface reaction-diffusion system to explore their respective convergence rates and
it was found that 2-SBDF outperforms the first order IMEX. The weak formula-
tion of coupled bulk-surface reaction-diffusion system was obtained to set-up the
premises for discretisation in space through employing the standard finite element
method. The full coupled system of BSRDEs was simulated using a fully impli-
cit time-stepping scheme through the application of an extended form of Newton’s
method for vector valued functions. Using a fully implicit time-stepping scheme, we
numerically demonstrate that the first system allows patterns to emerge everywhere
and the second system emerges pattern inside the bulk and on the surface with a
pattern-less boundary layer. Finally, we also demonstrated that the third system
evolves to only converge to a homogeneous uniform steady state without any pattern

formation at all.

6.2 Future work

A possible direction to extend the current framework is to explore a system with
different types of non-linear reaction kinetics such as Gierer-Meinhardt reaction
kinetics in the bulk and Schnakenberg reaction kinetics on the surface or vice versa.
It is interesting to reveal whether the pattern formation properties found in the scope
of this thesis continue to be true for other types of non-linear reaction kinetics. In
the third system in Chapter 2 we found that if the coupled system fails to satisfy
conditions for diffusion-driven instability then no spatial pattern emerges. This
poses an interesting question to study whether employing non-linear Robin-type
coupling conditions (instead of linear Robin-type) could change these results or is

it that the non-existence of spatial pattern is embedded in the choice of reaction
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kinetics posed on the surface and in the bulk. A further direction for extending
this framework is to include domain-growth in the formulation. Studying reaction-
diffusion systems on time-dependent domains is important because the formulation
of such systems from real-world applications usually take place on continuously
evolving domains. The results of the current thesis can also be employed to explore
the dynamics responsible for cell motility, which is one of the most studied areas
of research in mathematical biology. Application of the results of this study could
improve our insight on the idea of symmetry breaking in animal embryos, which
is an attractive topic in developmental biology. This can be achieved by using a
bulk-surface approach to the process of symmetry breaking instead of the routinely
used approach of standard reaction-diffusion system. The results of bulk-surface
reaction-diffusion system on spherical geometries can also be employed to model the

reaction-diffusion process of chemo-taxis inside and on the surface of a solid tumour.
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