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Abstract

In this thesis, we classify the cubic surfaces with twenty-seven lines in three dimensional
projective space over small finite fields. We use the Clebsch map to construct cubic surfaces
with twenty-seven lines in PG(3, ¢) from 6-arcs not on a conic in PG(2, ¢). We introduce
computational and geometrical procedures for the classification of cubic surfaces over the
finite field F,;. The performance of the algorithms is illustrated by the example of cubic

surfaces over F13, F17 and Fqg.
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Chapter 1

Introduction

This thesis combines some parts of two papers [9] and [10] and expands the work published
in [9].

Classifying cubic surfaces over the complex numbers was one of the highlights of nin-
teenth century mathematics. In 1849, Cayley and Salmon showed that a general cubic
surface over the complex field contains exactly 27 lines, [12]. However Cayley said “there
1s great difficulty in conceiving the complete figure formed by the twenty-seven lines, indeed
this can hardly be accomplished till a more perfect notation is discovered”. He observed
that through each line of F, there are 5 planes meeting it in two other lines and these
planes are called tritangent planes. Further he showed that the equation of F can be writ-
ten as LM N + PQR = 0 where L, M, N, P,Q, R are certain linear forms. These forms
are associated to objects called trihedra, more specifically to a Steiner trihedral pair [30].
Finally in 1858 Schlafli answered Cayley’s request by proving the double-six theorem [27].
The double-six as introduced by Schléfli is as follows: a double-six in PG(3, K) is the set

of 12 lines

a1 az a3 a4 as ag
b1 by b3 by bs bg
such that each line only meets those five lines which are not in the same row or column.
The main property of a double-six is that it determines a unique cubic surface with 27
lines.
Let us now look at the case where K = F is a finite field of ¢ elements. In 1915, Dickson

[15] showed that a non-singular cubic surface F over Fy can only have 15,9,5,3,2,1, or



0 lines. In [28], Segre showed that a non-singular cubic surface F over F, with ¢ odd
has 27,15,9,7,5,3,2,1, or 0 lines. Dickson [16] also classified all the projectively distinct
non-degenerate cubic surfaces over Fs.

The main related problems are stated in [19].
(i) When does a double-six exist over F,?

(ii) What are the particular properties of cubic surfaces over F,? For example, the num-
ber of Eckardt points on a line of the cubic surface, arithmetical properties of cubic

surface and configuration of Eckardt points.
(iii) Classify the cubic surfaces with twenty-seven lines over F.

Problem (i) has been settled, problem (ii) has seen much progress in [21]. This thesis
is about problem (iii).

In [19] and [21], the smallest cases, namely, F4, F7, Fg, Fg, are resolved. Sadeh [26]
classified the cubic surfaces with 27 lines in PG(3, 11).

Our work combines the classical theory around Schléafli’s double-six and the birational
Clebsch map with algebraic combinatorics around group actions on relations.

The classification problem for cubic surfaces is the problem of determining the orbits of
G = PGL(4, q) on cubic surfaces. Two cubic surfaces are equivalent if there is a projectivity
which maps one to the another. Thus, we consider the action of the group G = PGL(4, q)
on PG(3,¢) and hence on cubic surfaces.

In [9], an algorithm to classify cubic surfaces with 27 lines is presented that is based
on the notion of lifting a planar 6-arc. This algorithm has certain limitations which make
it unviable for larger values of ¢. In this work, we present a refined algorithm which can
be used to classify cubic surfaces with 27 lines over any finite field. Here, the results of the
classification of cubic surfaces with 27 lines over F3, F17, F1g is presented.

The structure of the thesis is as follows.

Chapter 2 introduces some basic concepts and definitions on projective geometry over
finite fields and some results from group theory.

Chapter 3 explores properties of cubic surfaces and its associated structures; for ex-

ample, double-six, trihedral pair and others.



The purpose of Chapter 4 is to construct cubic surfaces from 6-arcs in the plane. To do
so, we explore the Clebsch map from a surface to a plane and study its properties. After
this, an algorithm is described to create a cubic surface from a 6-arc in a plane.

In Chapter 5, the problem of classifying cubic surfaces is addressed. The approach
taken in this chapter relies on the classification of the related non-conical 6-arcs in the
projective plane over the same field. It utilizes the Clebsch map from Chapter 4 to create
surfaces from arcs. For the classification, the theory developed earlier is used. A related
but different approach to classifying cubic surfaces is described in [9]. In Section 5.1, the
general theory of classification is discussed. The second section of Chapter 5 addresses the
classification of cubic surfaces with 27 lines in PG(3, ¢) for small ¢. In Section 5.2.2, the
theory developed in Section 5.1 is applied to the problem of classification of double-triplets
in PG(3, ¢). Finally, in Section 5.3, we conjecture a mass formula for the total number of

cubic surfaces with 27 lines (not up to isomorphism) as a function of q.



Chapter 2

Projective Geometry over Finite

Fields

2.1 Finite fields

2.1.1 Definitions

Definition 2.1.1. A field is an ordered triple (K, +, x) such that K is a nonempty set

and +, X are two binary operations on K satisfying the following axioms:
(i) closure of + and X :a+b€ K and a x b € K for all a,b € K;

(ii) associativity of + and X : a+ (b+¢) = (a+b) +cand a x (b x ¢) = (a x b) x ¢ for

all a,b,c € K;
(iii) commutativity of + and X : a+b=b+aand a x b=0>b x a for all a,b € K

(iv) identity elements of two operations: a + 0 = a such that 0 € K and b x 1 = b such

that 1 € K and 0 # 1 for all a € K;;

(v) inverses of two operations: there exist —a € K such that a + (—a) =0 and a~! € K

such that a x a=' =1 for all 0 # a € K;
(vi) distributivity of x over + : a x (b+¢) = (a x b) + (a X ¢).

Definition 2.1.2. A finite field is a field with only a finite number of elements.

10



Definition 2.1.3. The characteristic of a finite field K is the smallest positive integer p

suchthat px1=1414---4+1=0.
—_——

p times
It is known due to work of Galois that finite fields exist for every prime power ¢ and
due to work of E.H. Moore that there is a unique finite field up to isomorphism for every
such order gq.
Let p be a prime and ¢ be a prime power such that ¢ = p” for some h € Z. There exists
a field of order ¢ and it is unique. Any field of ¢ elements is isomorphic to F,, which can
also be denoted by GF(q). In this thesis, we use F,.

The additive structure of F, where ¢ = p", is given by
F,=7Zy X Zyx - XLy (h factors)
The multiplicative structure of Fy, ¢ = p", is given by
F; =F, \ {0} = Lg—1.

A generator of the multiplicative group of the finite field with order ¢ is a primitive
element of F7. The characteristic of Fy is p.
For instance, Fi3 consists of the residue classes of the integers modulo 13, Z/13Z,

under the natural addition and multiplication, and is a finite field of 13 elements.
Fi3=1{0,1,2,3,4,5,6,7,8,9,10,11,12 | 13 = 0}

A primitive element for Fi3 is 2, for example.

2.1.2 Automorphisms

Definition 2.1.4. Let F, be a finite field with order ¢ = pl for some h € N. An automor-

phism o of F, is a permutation of F, such that
(x +y)o =x0 +yo, (xy)o = (zo)(yo) forall z,y € F,,.

The Frobenius automorphism ¢ is the automorphism of F, defined by x¢ = 2 for

11



zcF,.
The group Aut(F,) of automorphisms of F is isomorphic to Zj,. It is generated by the

Frobenius automorphism ¢,

AUt(Fq) = {I? ¢7 ¢27 sy th_l}'

2.2 Projective space over a field

Definition 2.2.1. Let V be an (n + 1)-dimensional vector space over a field K with zero
element 0; it is denoted by V(n + 1, K). The n-dimensional projective space, denoted as

PG(n, K), is the quotient of V\{0} by the equivalence relation

x~y <= x=M\y forsome X K*=K\{0}

with the zero deleted. When K = F, it is denoted by PG(n, q).

The elements of PG(n,q) are called points; the equivalence class of a vector X is the
point P(X). Here, X is a vector representing P(X). The points P(X1),...,P(X}) are lin-
early independent if a set of vectors X1, ..., X} representing them is linearly independent.

An r-dimensional subspace of PG(n,q) is an (r + 1)-dimensional subspace of V(n +
1, K); it is denoted by II,. For example, a point, a line,a plane and a solid of the projective
space are the vector subspaces of V' of dimension 1,2, 3, and 4.

Let P(X) and P(Y') be points in PG(n, ¢) where X = (zo,...,2,) and Y = (yo,-..,Yn)

with z;,y; € F,. The line [ which passes through P(X) and P(Y") is denoted by

If dim(V') = 2, then PG(1, q) is called the projective line.

Let P(X), P(Y) and P(Z) be points in PG(n, ¢) which are not collinear. The plane

12



defined by P(X), P(Y) and P(Z) is denoted by

X

Z

If dim(V') = 3, then PG(2, q) is called the projective plane.

The projective plane PG(2, ¢) over F, contains ¢?+¢+1 points and ¢>+q+1 lines, [24].
There are g+1 points on a line and g+1 lines through a point. A point P(Y") = P(yo, y1, y2)
is in PG(2, ¢) where yo, y1,y2 are in F; and not all zero.

The space PG(3, q) contains ¢ + ¢? + ¢ + 1 points and equally many planes, as well as
(¢®> 4+ q+1)(¢> + 1) lines. There are ¢? + ¢ + 1 lines through every point and ¢ + 1 planes
through a line.

A point P(X) = P(zg, 21,22, 23) is in PG(3, q) where zg, z1, 22,23 € F, are not all
zero. Two distinct planes always intersect in a line. Three distinct planes in PG(3, q)

intersect in either a line or a point.
Definition 2.2.2. A hyperplane is a subspace of PG(n, q) of codimension 1.

In PG(2, q), the hyperplanes are lines. Hyperplanes in PG(3, ¢) are planes.
Definition 2.2.3. A k-arc in PG(2, q) is a set of k points, no three of which are collinear.

Theorem 2.2.4 ([11]). The largest arc in a projective plane of odd order q is a (¢+1)-arc
which is called an oval. The largest arc in a projective plane of even order q is a (q+2)-arc

which is called a hyperoval.

Definition 2.2.5. A conic C over F is the zero set of a homogeneous quadratic equation

in 3 variables xg, 1,2 over a field F,. The equation of a conic can be written as

2 2 2
apr(y + a1ry + a5 + azrory + agrore + asrixe =0

for constants a; € Fy, i =0,...,5.
Any 5-arc in PG(2, ¢) determines a unique conic passing through it.

Theorem 2.2.6 ([29]). (Segre’s theorem) Every (q + 1)-arc in PG(2,q) is a conic for q

odd.
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A (g + 2)-arc only exists when ¢ is even. An example is a conic plus its nucleus which

is the intersection of all its tangents.
Theorem 2.2.7 ([22]). Let
S ={P(1,0,0),P(0,1,0),P(0,0,1),P(1,1,1),P(a,b,1),P(c,d, 1)}
be a set of 6 points in PG(2,q) for a,b,c,d € F,. Then S is a 6—arc not on a conic if the
following hold:
(1) a,b,e,d #0,1 anda—c#0,a—b#0,b—d#0,c—d#0
(2) ad —be # 0,
B) (a=1)(d—-1)=(b-1)(c—1)#0,
(4) ad(b—1)(c—1) =be(a—1)(d—1) #0.
Theorem 2.2.8 ([21]). The number of 6-arcs not on a conic in PG(2,q) is

g+ 1D)(g—1)%(q—2)(¢—3)(g—5)*(¢*+q+1)
6! '

Definition 2.2.9. Let ¢ : x7 : ... : 2, be homogeneous coordinates for PG(n, q). Let F’

be a homogeneous equation of degree r in the n + 1 variables over F,,.

(i) In PG(n,q), the variety V(F) is the set of points P(xq, z1,...,z,) such that

F($0,$1,...,$n) =0

for the homogeneous polynomial F'.
(ii) The variety F = V(F) is a primal or hypersurface.
(ili) When r = 1, then F is a hyperplane of PG(n, q) as defined in Definition 2.2.2.
(iv) A hypersurface in PG(2, q) is a plane curve, a hypersurface in PG(3, q) is a surface.

A hypersurface F is irreducible if F' is irreducible over F,. The degree of the hyper-

surface F is the degree of F.
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Definition 2.2.10. Let P = P(A) be a point on the hypersurface F where A = (ayg, ..., a,).

Then P is a singular point if

oF _OF

S (A) == () =0,

Definition 2.2.11. The hypersurface F is non-singular if F does not have any singular

point.

Definition 2.2.12. Let 7 = V(F') be the plane curve defined over F, where
F = foxf + fizg ™"+ foxl > 4+ fa,
is in variables xq, 1, x2 and f; is a form in x1, x2 of degree . If

f0:07 f1:07 f27£07

then F has a point of multiplicity 2 at P(1,0,0). This point is called a double point.

2.2.1 Fundamental theorem of projective geometry

The fundamental theorem of projective geometry determines the automorphism group of
PG(n, q). Because an automorphism preserves collinearity, and hence incidence, it is also

known as a collineation.

Definition 2.2.13. A collineation € : PG(n,q) — PG(n,q) is a bijection between sub-
spaces which preserves incidence; that is, if I, C I, then I1,.&€ C II;€. Thus a collineation
of a projective geometry is a permutation of the points which maps subspaces onto sub-

spaces.

Definition 2.2.14. A correlation is a bijection between subspaces of PG(n,q) which

reverses incidence. It maps points to hyperplanes and vice-versa.

Definition 2.2.15. Let V' be an (n + 1)-dimensional vector space over a field F,. A
semi-linear transformation G : V. — V is a transformation such that there exists a field

automorphism o € Aut(F,) satisfying the following.
(i) (u+v)6 =u6 +v6,

15



(ii) (cu)® = (co)u® for all u,v € V and ¢ € Fy.

Definition 2.2.16. Let V' be an (n + 1)-dimensional vector space over a field F,. With
respect to a fixed basis of V', an automorphism o of F,; can be extended to an automorphic

collineation ®, of PG(n, q); this is given by

O, : P(xo,...,zn) — P(xo, ..., z,0).

It can be seen that ®, is a semi-linear map.

Let
¢ = {d, | 0 € Aut(F,) be the group of automorphic collineations of V'}.
Definition 2.2.17. Let V' be an (n + 1)-dimensional vector space over a field Fy and

PG(n, q) be the associated projective space.

(i) The general linear group GL(n+1, q) is the group of bijective linear transformations

of V(n + 1, ¢) under composition.

(ii) The group I'L(n+1,q) = GL(n+1, ¢q) x ® is the semidirect product of GL(n+ 1, q)

and &.
Definition 2.2.18. Any element (7', ®,) € I'L(n+1, ¢) induces a collineation of PG(n, q).
Namely it sends P(X) to P(X’) where

X' = XT®,.

(i) This resulting group is called PT'L(n + 1, q).

(ii) Under this map, the image of GL(n + 1,¢) is PGL(n + 1, q), the projectivity group
of PG(n,q).

If there exists a projectivity which sends the object S to the object S’, then S and S’
are projectively equivalent; otherwise they are projectively distinct.
Any invertible semi-linear transformation of V' = V(n+1, ¢) will induce a collineation

of PG(n, q). The converse is true also, as we will see next.
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Lemma 2.2.19. Let Z be the subgroup of TL(n+1,q) and Zy be the subgroup of GL(n +
1,q) such that Z = {s € TL(n+1,q) | s : v — tv,t € Fg,t # 0} and Zy = {a €
GL(n+1,q) | Vb € GL(n+1,q),ab = ba}. Then

PI'L(n+1,q) =TL(n+1,q)/Z, PGL(n+1,q) = GL(n+ 1,q)/Zp.

The order of the group of projectivities of PG(2, q) is

(@ = )(¢® - a)(¢® — %)

po =¢*(¢ - 1)(¢* - 1)

IPGL(3,q)| =

and the order of the group of projectivities of PG(3,q) is

(¢' = D(¢* — )¢ — A" — ¢*)

=" - 1)( - 1)(¢* - 1).

Theorem 2.2.20 ([4]). If the rank of V =V (n+1,q) is at least 3, then the automorphism

group of PG(n,q) is PTL(n+ 1, q).

For ¢ prime, PT'L(n + 1, q) is equal to PGL(n + 1, q).

2.2.2 The principle of duality

For any space S, there is a dual space S*, whose points, lines, ..., and hyperplanes are
respectively the hyperplanes, ..., lines, and points of S. If a theorem in S stated in terms
of points, lines, ..., hyperplanes and their incidence, the same theorem is true in S* and
gives a dual theorem by substituting hyperplane for point and point for hyperplane. Thus
join and meet are dual. Hence the dual of an r-space in PG(n, ¢) is an (n — r — 1)-space.

In particular, in PG(2, q) the dual of a point is a line, whereas the dual of a line is a
point; in PG(3, ¢) the dual of a point is a plane and vice versa, and the dual of a line is a

line.

2.2.3 Quadrics in finite projective space

Definition 2.2.21. A quadric in PG(n, q) is a set of projective points

2:={PX) | QX) =0}

17



where @ is a quadratic form, that is, () is a homogeneous polynomial of degree 2 in n + 1
variables. If the number of variables involved in the equation cannot be reduced under

projective equivalence, then the corresponding quadric is said to be non-degenerate.

Definition 2.2.22. Let

ABX,Y)=QX +Y) -Q(X) -Q(Y)

be the bilinear form associated to the quadratic form Q.

Definition 2.2.23. For a subspace U, define

Ut ={veV|%Bu,v)=0foralluecU}

the perpendicular subspace of U with respect to A.
Theorem 2.2.24 ([24]). In PG(n,q),

(1) the number of projectively distinct non-singular quadrics is one for n even; it is called

parabolic, and denoted as &,,.

(2) the number of projectively distinct non-singular quadrics is two for n odd, and they

are called elliptic and hyperbolic, denoted by &, and 7.

The canonical forms for these quadrics are

P = V(x(% + z122 + X374 -+ Tp_1Tp),
En =V (f(xo,21) + 223 + T4%5 - - - + Tp_12p),

% = V(achl + o3 + -+ xn_lxn)

where f is an irreducible binary quadratic form, that is, a quadratic homogeneous polyno-

mial in two variables which cannot be factored over F.

Theorem 2.2.25 ([24]). The number of ¥y points of the non-singular quadrics in PG(n, q)

are as follows:

(1) ("' =1)/(qg—1) on Py,

n+1 n+171

(2) (@2 +1)(g 2 " —=1)/(g—1) on &,

18



n+1l n+1

+ (g2 —1)/(g—1) on I,

Definition 2.2.26. The hyperbolic quadric 743 defined by the equation

T3 — T1T2 = 0

contains the ¢ 4 1 lines

1 0 a O 0 010
L laceF, p UCL
010 a 0 001

This set of lines is called a ruling of 4. A ruling R is also called a regulus. The same

quadric also contains the lines

1 a 00 0100
L laeF, ) UL ,

0 01 a 0 001

which form a second ruling and is called the opposite regulus, denoted as R°PP. Each point
of 74 lies on exactly one line from each ruling. The lines of 74 are also known as the

generators of J43.

On 74, there are (q + 1)? points and 2(q + 1) lines.

2.2.4 Polarities

Definition 2.2.27. Let S be a space PG(n,q) and S* its dual space. The map p is a

polarity from S to S* if the following holds.
(i) p is a correlation,
(ii) p? = I, where I is an identity map.
p maps points to hyperplanes and maps hyperplanes to points also.

A polarity is a correlation of order two. Here, only two types of polarities will be

introduced. A more detailed account of the polarities can be found in ([24] Section 2.1.5).

Definition 2.2.28. Let p be a polarity of PG(n,q) and assume the characteristic of F,

is odd . Suppose that p is a projectivity of S to S* given by the matrix 7.
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(i) If n is odd and TT = —T, then the polarity p is called a standard (null) polarity on
PG(n,q),

(ii) If TT = T, then the polarity p is called an orthogonal polarity or ordinary polarity

with respect to a quadric.

Here, T'" denotes the transpose of T.

2.2.5 Stereographic projection

Some problems in PG(3,¢) can be more easily investigated in PG(2, ¢). For this reason,
we consider the stereographic projection. Here we only state the projection from a point

of a hyperbolic quadric. For other cases, see [23].

Definition 2.2.29. Let .73 be a nondegenerate hyperbolic quadric in PG(3, ¢). Let P be
a point of 773 and /1, {5 be the generators through P and let m be a plane not containing

P. Also, assume that m does not contain ¢; and ¢s. The stereographic projection

C: 6 \{P} >

is given by A( = AP N« where A € s\ {P}.

Remark 2.2.30. Let 43 be a nondegenerate hyperbolic quadric in PG(3,q). Let P € 43
and let m be a plane not through ¢; and /5, the generators through P. The stereographic

projection ¢ has the following properties:

(i) Every point of ¢ other than P maps to @1 and every point of {5 other than P maps

to Q9 where Q1 = 1 N7 and Q2 = f5 N .

(ii) Let v be the plane spanned by ¢; and /3 and let 5 = Q1Q2 = 7 Nv. There are ¢>

points on 743 not on ¢; or ¢5. These points map to the points of 7 \ 4.

(iii) Every line of 7 through @ other than ¢y is an image of a generator other than ¢y
meeting ¢1. Similarly, ¢ generators of 743 meeting /5 other than ¢; map to the g lines

of m through @2 other than £.
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(iv) Recall that there are ¢> + ¢ + 1 planes through P and 2¢ + 1 of them meet 743 in
two lines. Therefore, there are ¢? — ¢ planes through P meeting .4 in a conic. These

q®> — ¢ conics map to the ¢> — ¢ lines in 7 containing neither Q; nor Q-.
(v) There are ¢> — ¢* planes not through P meeting .7 in a conic. These conics map

bijectively to the g3 — ¢? conics in 7 through @Q; and Qs.

2.3 The Klein correspondence

Let P(X) and P(Y') be points in PG(3, ¢) where X = (xg, z1, z2,23) and Y = (yo, y1, Y2, y3)

with z;,y; € F,. The line [ which passes through P(X) and P(Y") is denoted by

rg I1 T2 I3
=L

Yo Y1 Y2 Y3

Let .Z be the set of lines in PG(3,¢) and 4% be the Klein quadric in PG(5,¢). Up to
equivalence, 73 is the set of points in PG(5, ¢) whose coordinates (zo, ..., x5) satisfy the
equation

Q(X) = zox1 + x223 + 2425 = 0.
The lines in PG(3, q) are in bijection to the points on J43.

Definition 2.3.1. The mapping k : £ — 5 is given by

ro I1 T2 I3
L = P(lo1, laz, —loz, 113, lo3, l12)

Yo Y1 Y2 Y3

where [;; = x;y; — x;y; are the Pliicker coordinates. This mapping is called the Klein

correspondence.

Lemma 2.3.2. Let P(X) = P($0,$1,$2,1’3,$4,$5) and P(Y) = P(y07ylay2ay37y47y5) be

two points on 5. The line | through P(X) and P(Y') is completely contained in 7 if

B(X,Y) = xoy1 + 2190 + T2y3 + T3y2 + T4y5 + x5ys = 0.

Here, Z(X,Y) is the bilinear form associated to Q(X).

21



A pencil of lines in PG(3, q) corresponds a line on %4. There are (¢> + ¢+ 1)(¢®> + 1)

points and ¢° + 2¢* + 3¢® + 3¢ + 2¢ + 1 lines on J%4, ([8)).

Lemma 2.3.3. Two lines {1 and {2 of PG(3,q) intersect if and only if the corresponding

points Py and Py on 5 are collinear (in a line of %) where

Py = k(1) = P(lo1, las, —lo2, 113, Lo, l12), and P = k(l2) = P (L1, lyg, —lh, U3, o3y 112)-

By Lemma 2.3.2, this occurs if and only if

,%)(K,(fl), H(fg)) = loll/23 + l23l61 — logl,13 — l13l62 + l03l,12 + l12l63 =0.

This means that two lines ¢1, {5 are skew if and only if B(k(¢1),k(l2)) # 0.

Example 2.3.4. In PG(3,7), let a1, as and by be three lines as follows:

105 0 1 0 0 3 1300
CL1:L ,CLQZL ,blzL y

010 3 0130 0 0135
Using Lemma 2.3.3, it can be seen that b; is skew to a; and intersects ay since
k(a1) =P(1,1,0,0,3,2), k(az) = P(1,5,4,4,0,0), and x(b1) = P(0,0,6,1,5,3)
and Z(k(b1),k(a1)) =5 # 0 and B(k(b1),k(az)) = 0.

2.4 Some results from group theory

Definition 2.4.1. Let (G,*) be a group and S be a non-empty set. Let gi,g2 € G and

x € S. A (right) action of G on S is a function

0:SxG— S

such that
(i) zo(g1*92) = (xog1)©ge, and

(ii) x©e =z, where e is the identity element of G.
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If there is an action of G on S, then S is called a G-set.

Example 2.4.2. Here are some examples of actions on the set of PG(n,q) under the

group PGL(n + 1, q).

(a)

Let G = PGL(n + 1,q) and S = PG(n,q). In this example, consider the right action
of G on S given by vector matrix multiplication. That is, for s € PG(n,q) considered
as 1 x (n+ 1) matrix and g € PGL(n + 1, q) considered as (n + 1) x (n + 1) matrix,

the action is (s, g) — s - g. We call this action a basic action.

Let G = PGL(n + 1,q) and A be the set of k-subsets of PG(n,q). For A € A such
that A ={P1, P,,...,P;} and g € PGL(n + 1, ¢) consider the action (A,g) — A-4g¢
where A-4g={P1-9,P-g,...,P-g}. We call this action -4 an induced action on

subsets of size k.

Let G = PGL(n + 1,q), A be the set of k-subsets of PG(n,q) and B be the set of
l-subsets of PG(n,q). Assume that G acts on both sets A, B with actions -4, ‘5.
Therefore, G also acts on the set R = {(A4,B) | A € A and B € B}. The action g of
G on R is ((A,B),g) — (A,B) -g g where (A,B)-g = (A-49,B 5 g). We call this

action an induced action on pairs.

Theorem 2.4.3 ([24]). Let S be a G-set and an action (s,g) — sg for g € G and s € S.

If the relation ~g on S for all x,y € S satisfy

x ~qgy if and only if g =y for some g € G,

then ~q is an equivalence relation on S.

Definition 2.4.4. Let G be a group acting on a set S with an action (s, g) — sg for g € G

and s € S. Let « be an element of S.

(i) The orbit of an element x of S is the set of elements in S which are the images of x

under elements of G. It is denoted by Orbg(z):

Orbg(z) = {y € S| Jg € G such that xg = y}.
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(ii) The stabiliser of an element z of S is the set of elements of G which move z to itself.

It is denoted by Stabg(x).

Stabg(z) = {g € G | zg = z}.

It is a subgroup of G.

(ili) The group G is said to act transitively on S if z ~¢ y for all z,y € S. This means

that there is only one orbit.

Theorem 2.4.5 ([24]). (Conjugate-Stabiliser Theorem) Consider the group G acting on

the set S and let x be in S and g € G. Then,

Stabg(zg) = g~ 'Stabg(z)g.

Theorem 2.4.6 ([24]). (Orbit-Stabiliser Theorem) Consider the finite group G acting on

the finite set S and let x be in S. Then,

|G| = |Stabg(z)| - |Orbg(x)].
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Chapter 3

Double-sixes and Cubic Surfaces

The aim of this thesis is to classify the cubic surfaces with 27 lines in PG(3, ¢q). Before
the classification, all possible cubic surfaces need to be constructed. The structure of the
cubic surface has to be considered. For this purpose, a structure known as a double-six is

important.

3.1 Double-six

Definition 3.1.1. A double-siz in PG(3, K) is the set of 12 lines

alp ay a3 a4 a5 ag (3 1)

bl bg b3 b4 b5 b6

such that a; intersects b; and is skew to a; and b;, whereas b; intersects a; and is skew to

b; and a; for i # j.

Theorem 3.1.2 (Schlafli [27]). Given five skew lines a1, a2, as, a4, as with a single transver-
sal bg such that each set of four a; omitting a; has a unique further transversal bj, then the

five lines by, by, by, by, bs also have a transversal ag. These twelve lines form a double-siz.

A double-six in PG(3, q) defines a cubic surface with 27 lines in PG(3, ¢). Here is an

example of a double-six.

Example 3.1.3. Let us consider the twelve lines in PG(3,13) and their corresponding
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points on % such that

1 2 0 0 1 11 0 O 1 0 6 O
ap = L 5 az =L , a3=0L ,
0 011 0 0 1 12 01 0 12
1 070 1 0 0 12 1 001
a4 = L ) as = L , G = L 5
01 01 01 11 O 01 2 0
1 6 0 O 1 7 0 0 1 0 2 0O
bl = L 3 b2 == L ) b3 - L )
0 0 1 12 0011 01 01
1 0 11 O 1 0 0 1 1 0 0 12
b4 =L ) b5 =L ) b6 =L ;
01 0 12 01 70 01 6 O
A1 = k(a) =P(0,0,12,2,1,2), As = k(a) = P(0,0,12,2,12,11),
Az = k(a3) =P(1,7,0,0,12,7), Ay = k(ag) =P(1,7,0,0,1,6),
A5 = K(as) = P(1,11,2,1,0,0), Ag = r(ag) = P(1,11,11,12,0,0),
By = x(b1) = P(0,0,12,7,12,6), By = r(bs) = P(0,0,12,7,1,7),
B3 = H(bg) = P(l,Q,0,0, 1, 11), By = ﬁ(b4) = ]?'(1,2,0,07 12,2),
Bs = H(b5) =P(1,6,6,12,0,0), Bg = H(bG) = P(1,6,7, 1,0,0).

From Lemma 2.3.3, it can be seen that the line a; intersects by and is skew to a9 since

PB(A1,Bz) =0 and #(A1,A2) =5 # 0. It can be seen that
al,...,aﬁ,bl,...,bg

form a double-six. This is the example from [10] with @ = 2 and b = 1 in PG(3, 13). It is

shown in Table 3.1.

Theorem 3.1.4 ([10]). The cubic surface in PG(3,q) given by the equation
b3
xy — b (2 + 2% + 23wz + E(a? + Dxorize =0
where a,b € Fy with a ¢ {0,£1}, a®> # £1 and b # 0 has twenty-seven lines and the

26



120 0 160 0
C“_L_oo11] bl_L{00112}
1 11 0 0 1700
@=Ly o 12} bQ_L{o 0 1 1}
1 0 6 0 1020
“=Llg 1 0 12} b3—L{0 10 1]
1 070 1 011 0
“=Llg 1 o 1} b‘*_L{o 10 12}
1 0 0 12 1 001
a5:L_o 1 11 o} b5:L{o 17 0]
1 0 0 1 1 00 12
w=L1ly 1 2 0} bﬁ_L{o 16 0}

Table 3.1: The double-six of Theorem 3.1.4 for g =13,a=2,b=1

double-sixz in Table 3.2 is associated with it.

3.2 Cubic surfaces with twenty-seven lines in PG(3, q)

Definition 3.2.1. A cubic surface F over F, is the zero set of a homogeneous cubic

equation in 4 variables over a field F,.

Let my,...,moo be the 20 monomials of degree 3 in the four variables zq, 1, x2 and

x3. The equation of the cubic surface can be written as

20

E ajmj($0,$1,$2,$3) =0
=1

for constants o; € Fg, j = 1,...,20. For instance;
F :V(acg+:n?+x§+x§)
= {P(wo, 71, 72,73) € PG(3,q) | 3 + 2} + 23 + 23 = 0}.
Therefore, to determine a cubic surface, 19 independent conditions are required since
there are 20 monomials of degree 3 in four variables. The number of points on a cubic
surface with 27 lines will be determined in Chapter 4 (Corollary 4.2.4).

Cubic surfaces and double-sixes are closely connected since a double-six determines a

unique cubic surface.
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S FE RS P Y
wei[s 58 8] i g 0]
wi [0 ] eeafi Y]
wa[ 03] ity
S I
wa[3200] it Y]

Table 3.2: The double-six from Theorem 3.1.4

Theorem 3.2.2 ([23]). A double-siz lies on a unique cubic surface F with 15 further lines
¢ij given by the intersection of [a;,b;] and [aj,b;]. Here [a;, b;] denotes the plane spanned

by a; and b;.

A cubic surface which admits a double-six has exactly twenty-seven lines in PG(3, q).
From now on, F always denotes a cubic surface with 27 lines.

Assume that

20
F = V(Zajmj(l‘o,icb@,%:i))- (32)

j=1
The condition that every point on any of the 12 lines of the double-six lies on this
surface can be expressed by requiring that (3.2) holds true for all those points. In order to
find the cubic equation in four variables, it suffices to know 19 points on it which impose
19 linearly independent conditions. For instance, the set of points lying on a five-plus-
one associated with a double-six have this property. Pick 4 points from the transversal
and then 3 further points from each of the five lines but not on the transversal. These

445 x 3 =19 points impose 19 conditions. Those 19 points are shown in Figure 3.1.

Example 3.2.3. Let 2 be the double-six of Example 3.1.3. Let F be the cubic surface
which arises from 2 in PG(3,13). Let us find the equation of the cubic surface F. After

substituting 19 points from Figure 3.1 into the equation (3.2), the equation of the cubic
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Figure 3.1: 19 points to substitute into (3.2)

surface which is associated with the double-six from Example 3.1.3 is
F = V(lQaz%xg + 12.%%1‘3 + 1230%333 + 9xgx129 + l‘%)

The points on F can be seen in the Appendix A.1.1.

Example 3.2.4. Let & be the double-six from Example 3.1.3. Let F be the cubic surface

which arises from Z. Theorem 3.2.2 gives the following additional 15 lines of F.

1 20 0 1 6 0 0
ci2 =la1,bo] Nfag,bi]l =7 |0 0 1 1|N7™|0o 0 1 12

1 700 1 11 0 0

The planes [ay, ba] = V(1222 + x3) and [ag, b1] = V(22 4+ x3). Then the intersection of

these two planes is

1 000
612:L

0100

Similarly, one finds fifteen further lines of the cubic surface F as in Table 3.3. So, the cubic
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cH:LH 8 8}’013:1‘{6 111 102 102]’014:L[2 122 102 102}7
015:L:; 2 102 102:7C16:L-}§ g 102 102:’62321' (; ﬁ 1O2 102:
C24:L:g ; 102 102:’025:L_122 2 102 102:’626:L 111 g 102 102:
034:L:1 8 (1) 8}, C35=L:102 102 130 (75:,03621‘_102 102 18 ;
C45=L{102 102 g 21’046:L{102 102 130 Z‘]"“IL{S (1) (1) 8]

Table 3.3: The fifteen further lines

surface F has the 27 lines in PG(3, q)

{a;|i=1,...,6} (6 lines )
{bi|i=1,...,6} (6 lines )

{cij | 1 <i<j <6} (15 lines ).

In this thesis, only the cubic surfaces which arise from a double-six in PG(3,q) are
considered.

The following result establishes a relation between cubic surfaces and planar 6-arcs
which do not lie on a conic. Because this relation is very important for our approach
to classifying cubic surfaces, we include a proof of part of it. This proof is an expanded

version of the proof in [23].
Lemma 3.2.5 ([23]). In PG(3,q),

(1) Let ay,as,as,aq,as be skew lines with a transversal b. Each set of four a; has a unique,
distinct second transversal if and only if each set of five of six lines is linearly inde-

pendent.
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(2) The configuration above exists if and only if a 6-arc not on a conic exists in PG(2,q).

This occurs if and only if ¢ # 2,3, or 5.

Proof (1) A set of lines in PG(3, ¢) is linearly dependent if their corresponding coordinate
vectors in J7% are linearly dependent. For more details on linear dependence of lines, see

[23] Section 15.2 and 15.4. The following statements hold and the result follows.
(i) Five skew lines are linearly independent if and only if they only have one transversal.

(ii) Four skew lines with a transversal have second transversal if and only if the five lines

are linearly independent.

(iii) Four skew lines are linearly independent if and only if these four have exactly two

transversals.

(2) Let a1, as,as, aq,as be five skew lines with a common transversal bg and let each
set of four a; has a unique, distinct second transversal. From (1), each set of five of the

six lines is linearly independent.

be

PG(3,q)

ay
az as a4

Let A1, Ao, A3, Ay, A5, Bg be their corresponding point under the Klein correspondence,
A; = k(a;) for © = 1,...,5 and Bg = k(bg) in . The A; all lie in the perpendicular
subspace of Bg, which is a cone Bg.74% with vertex Bg and base 743 in a solid II3. In the
first step, project Ay,..., As from Bg to points A}, ..., AL of % embedded in the Klein
quadric (Figure 3.2).

Al = BgA; N3 where i = 1,...,5.

These five points have the following properties.
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Figure 3.2: Projection from Bg onto J%3

(i) Since the a; are skew, the join of two A; is not on .#% by Lemma 2.3.3, and so no

two A} lie on the same generator of 3.

(ii) If four A, were coplanar, then Bg and the corresponding four A; would lie in a solid,
whence either bg is dependent on the four a; or the four a; are dependent. Both
possibilities are contrary to the hypothesis in (1). So, no four of the five A} lie in a

plane.

Consider the stereographic projection explained in Section 2.2.5. Let m be a plane not

containing A). Project A, ..., A} from A} to points A5, ..., AY of the plane 7, Figure 3.3.

Al = AJA. N where i =2,...,5.

There are two generators ¢1 and {5 of /3 through the point A). Let

P=/iNmand Q =4l N .

We claim that
{P7 Q? /21’ é’)/7 Z’ g}
is a 6-arc not on a conic. In order to prove this, the following has to be shown.

(a) {P,Q, A, AY A AV} is an arc, that is no three of its points are collinear.
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Figure 3.3: Projection from A} to the plane 7

The lines in ;

1- through P and Q,
There is no more point on this line which would be the image of any of the A;
under the projection by Remark 2.2.30 (i) and (ii).

2- through P,

If P, A} and A’ were collinear, this line would be the image of the line in the
opposite regulus of ¢; where i, = {2,3,4,5} by Remark 2.2.30 (iii). This is the
contradiction to the property (2)- (i).

The case of lines through @ would be similar.

3- not through P and Q,
Let 71 be the hyperplane passing through A} in PG(3,¢). If A7, A} and A} were
collinear, such a line would be an image of a conic defined by a plane m; and so
they would correspond to the points A;, A% and A where 4, j, k € {2,3,4,5} by

Remark 2.2.30 (iv). Together with A}, four A/ would be on a plane, contradiction

with the property (2)- (ii) where r € {1,2,3,4,5}.
(b) {P,Q, A5, A4, A, AZ} is not on a conic.
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Let 72 be the hyperplane which does not pass through A} in PG(3,q). If

{P7Q’ /2,7 g’ Z? ,5/}

was on a conic in the plane, then this conic would arise from intersections of 773 by
hyperplane w2 by Remark 2.2.30 (v). So, this means that the 4 points A}, ..., A} lie
on the conic which is the intersection of the hyperplane mo with J43. This contradicts

with the property (2)- (ii).

Now, we show that a 6-arc not on a conic exists in PG(2,¢) and hence a double-six
and a cubic surface with 27 lines in PG(3, ¢) when g # 2,3, 5.

When ¢ < 3, there are no 5 arcs. For ¢ = 2, the hyperoval is the largest arc with 4
points. For ¢ = 3, the conic is the largest arc with 4 points. For ¢ = 4, the hyperoval is
a 6-arc consisting of the points of a conic together with its nucleus. This guarantees that
there is a 6-arc not on a conic in PG(2, 4); therefore a double-six exists. For ¢ = 5, an oval
is 6-arc but it is on a conic by Segre’s Theorem; so a double-six does not exist. In PG(2, q),
the sides of a quadrangle contain 6g — 5 points. A pentastigm is a 5-arc, together with the
10 lines that are joins of pairs of the points. The points and lines are called vertices and
sides of the pentastigm. The sides of a pentastigm contain 10q — 20 points. For ¢ > 7, a
5-arc exists since 10g — 20 < ¢?> + ¢ + 1 ; then, the number of points on no chord of the

5-arc and also not on the conic through the 5-arc is

(¢* +q+1) = [(10g — 20) + (¢ — 4)] = (¢ —5)* > 0.

This shows that a 6-arc not on a conic exists for all ¢ > 7. Hence double-sixes and cubic
surfaces with 27 lines exist for all ¢ > 7. Consequently, a cubic surface exists over all finite

fields F, except when ¢ = 2,3, 5. U

Theorem 3.2.6 ([21]). A necessary and sufficient condition for the existence of a double-
siz, and hence of a cubic surface with 27 lines, is the existence in a plane over the same

field of a 6-arc not on a conic. This occurs when q # 2,3, 5.

Example 3.2.7. In PG(3, 13), consider the five skew lines by, by, b3, b4, b5 with the common
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transversal ag.

1 6 0 O 1 70 0 1 0 2 0O
by =L ybo =L b3 =L ,

0 0 1 12 0 011 01 01

1 0 11 O 1 0 0 1 1 0 0 1
by =L s = L ag =L

01 0 12 01 70 01 2 0

In % = V(xor1 + zox3 + 425),

Bi = k(b)) = P(0,0,11,1,2,1),
By = k(by) = P(0,0,2,12,2,1),
Bs = r(bs) = P(6,12,0,0,6,1),
By = k(by) = P(7,1,0,0,6,1),
Bs = r(bs) = P(1,6,7,1,0,0),

Ag = k(ag) = P(1,11,2,1,0,0).

The B;’s all lie in the perpendicular subspace of Ag = k(ag), which is a cone Ag.7%3
with vertex Ag and base J#3 in a solid II3 = V(xg, 61 + 622 — x3) and 93 = 2 N 13.
Here, we identify the factor space Ag/(Ag) with V(zg,621 + 622 — x3) and then /43 =
2N V(xg,b6x; + 6x2 — x3).

For i =1,...,5, let B! be the projection of B; from Ag onto .#3. So

B, =P(0,0,11,1,2,1), B, =P(0,0,2,12,2,1), B, =P(0,11,1,7,6,1),
1 2 3

B, =P(0,2,12,6,6,1), BL =P(0,8,5,0,0,0).

Let PG(3,q) = I3 = V (z9, 61 +6x2 —x3) be defined on the four-dimensional vector space

V (4, q) with basis ey, eg, e3, e4 where
e1 =P(0,1,0,6,0,0),eo = P(0,0,1,6,0,0),e3 = P(0,0,0,0,1,0),eq = P(0,0,0,0,0,1).

Let 4o : y1 : y2 : y3 be homogeneous or local coordinates for the subspace with respect to

this basis. The points of the hyperbolic quadric J# in PG(3,q) are represented by local
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coordinates as P = P(yo, y1, y2,y3). With respect to local coordinates in II3, the points

Bi,..., Bl are as follows:
B! =P(0,11,2,1), BY =P(0,2,2,1), B =P(11,1,6,1),
B! = P(2,12,6,1), B! = P(8,5,0,0).

Pick a vertex BY and project By, ..., B} from Bf to points Ry, ..., R4 of a plane v = V(yp)

in IT3 not containing BY. The generators of .73 through B are the two lines

8 5 0 0 8 5 0 0
L1:L andngL

0010 0 0 01

Let Rs = L1 Nv and Rg = Ly Nw. Then,

R; =P(0,11,2,1), Ry =P(0,2,2,1), R3 =P(0,12,6,1),

R, =P(0,1,6,1), Rs = P(0,0,1,0), Re = P(0,0,0,1).
Observe that
{R17R27R3aR47R57R6}

is a 6-arc not on a conic in a plane v. It is often convenient to choose a basis for v and
express the arc in local coordinates with respect to this basis.

Let ¢1, ¢, 3, be the standard basis for PG(2, ¢) where

c1 =P(0,1,0,0), c; = P(0,0,1,0),c5 = P(0,0,0,1).

Let 2z : 21 : z2 be local coordinates for this subspace. In PG(2, 13), the same set of points

can be written in local coordinates as:

Q1 =P(11,2,1), Q2 =P(2,2,1), Qs =P(12,6,1),

Q4 :P(17671)7 Qs :P(()?l?O)v Qs :P(0,0,l)

Observe that S = {Q1,Q2, Q3,Q4,Q5,Qs} is a 6-arc not on a conic associated with the

cubic surface F in PG(3,13).
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In order to classify cubic surfaces in PG(3, q), the action of the group G = PGL(4, q)
on PG(3,¢) and hence on cubic surfaces is considered. Testing whether two surfaces are

in the same orbit is a difficult problem. Here is an instance of this problem:

Example 3.2.8. In PG(3, 13), the two cubic surfaces

]-‘zV@%—i—x?—i—x%—km%),

F = V(l?x%m + 12&?%333 + 12:E%SU3 + 9zoz122 + 93%)

are projectively equivalent. A projectivity T € PGL(4, 13) taking F to F’ is defined by

the matrix

—4 1 3 4_
4 1 10 9
4 12 3 9

2 6 5 2

The equation of F’ with the variables zg, 1, x2, x3 renamed z(, 2, z, z% is obtained by

substituting

zo =4x( + 4o} + 4xh + 27
/ / / /

T1 =% + 7 + 1229 + 625

Ty =3x( + 10z + 32, + 5af

x3 =4x( + 9z + 9zh + 275

into the equation of F.

Finding an isomorphism T as in the previous example is a difficult problem. We refer

to [10].

3.3 The structure of a cubic surface

In this section, more details about the structure of cubic surfaces with twenty-seven lines

will be given.
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3.3.1 Double-sixes

Let F be a cubic surface with 27 lines over a field F,. Use Schlifli’s notation for the lines
as aj, b, ¢jj for i # jand i,j = 1,2,...,6 where ¢;; = [a;,bj]N[aj, b;]. Each line of F meets

10 others. Namely,

a; meets bj, c;p, where i # j, k;
b; meets aj, cip, where i # j, k;

cij meets a;,aj,b;,b;,cp, where k)1 # 4, 7.

There is a 36 to 1 relation between double-sixes and the cubic surfaces. A double-six defines
exactly one cubic surface with 27 lines and a cubic surface with 27 lines has exactly 36
double-sixes.

The 36 double-sixes associated to F are

7 ay a2 a3 a4 a5 Gg

by ba b3 by b5 g (1 type)
Dij:  a; by cjp ¢y Ccim Cjn

aj bj cik i Cim Cin (15 types)

Dijk: a;  aj Ak Cmn Cln Cim
Cik Cik Cij b bm by (20 types)
3.3.2 Tritangent planes

Consider F with 27 lines of the form a;, b;, ¢;;, where i,j € {1,2,3,4,5,6}, and with the
twelve lines a;, b; in the form of a double-six (3.1), and the fifteen lines ¢;; = [a;, bj]N[a;, bi],

for all ¢ # j.

Lemma 3.3.1 ([23]). Let F be a non-singular cubic surface, let P be a point of the surface

and let mp(F) denote the tangent plane at P.

(1) If P is on no line of F, then wp(F) meets F in an irreducible cubic with a double

point at P.

(2) If P is on ezactly one line of F, then wp(F) meets F in the line plus a conic through
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Figure 3.4: (4i7) and (iv) of Lemma 3.3.1

P.

(3) If P is on exactly two lines of F, then wp(F) meets F these two lines plus another
line forming a triangle.

(4) If P is on exactly three lines of F, then mp(F) meets F in these three concurrent lines.

Definition 3.3.2. A tritangent plane is a plane which intersects the cubic surface in three

lines. In cases (3) and (4) of Lemma 3.3.1, mp(F) is a tritangent plane.

Theorem 3.3.3. Through each line of F there are 5 tritangent planes. In fact,

a; lres on [ai7 b]7 Cij]7 [G;i, bk’7 cik]a [ai; bl7 Cil]7 [G;i, bm> cim]a [aia bnv Cin]
bi lies on [aja bi7 Cij]? [ak’a bi, Cik’]’ [ala bia Cil], [am, bi7 Cim]a [an7 bi7 Cin]

Cij lies on [Cij, Qaqg, b]]7 [C’ija aja bl]a [Cija Ckl, Cmn]a [Cija Ckm Cln]7 [Cija Ckn, Clm]'

where i, 7, k,l,m,n is any permutation of 1,2,3,4,5,6.

The existence of two lines of F on a tritangent plane gives the third line of F from
Lemma 3.3.1 (iii). Since each line ¢ of F meets 10 other lines, double counting the possible
tritangent planes though ¢, implies that there are 5 tritangent planes through a line of F.

Therefore, there are 45 = 27 x 5/3 tritangent planes altogether, namely,

30 X [ai, by, cij] = mij,

15 % [¢ij, Ckiy Cmn) = Tij ki mn-

Definition 3.3.4. An incidence structure ./ is a triple (A, B, I), where A and B are non-
empty disjoint sets of objects called points and lines, respectively, and [ is a symmetric

incidence relation between points and lines.
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Definition 3.3.5 ([25]). Let s and ¢ be two positive integers. A generalized quadrangle
GQ(t, s) is an incidence structure . = (A, B, I) for which the incidence relation between

points and lines satisfying the following axioms:

(i) Each point is incident with 1 + ¢ lines for ¢ > 1 and two distinct points are incident

with at most one line.

(ii) Each line is incident with 1 + s points for s > 1 and two distinct lines are incident

with at most one point.

(iii) If = is a point and L is a line not incident with z, then there is a unique pair

(y,M) € A x B for which x incident with M and y with L.

Under the inclusion relation, the lines of the cubic surface with 27 lines and tritangent
planes form a generalized quadrangle of type GQ(4,2) considering A as the lines of the

surface and B as the tritangent planes.

Example 3.3.6. Let F be a cubic surface with twenty seven lines aj;,b;,c;j, 4,] =

1,2,...,6 as in the Example 3.2.3 in PG(3, 13).
F = V(12x8x3 + 121‘%.’153 + 121‘%5{?3 + 9xgr129 + xg)

Let P, =P(1,1,0,0), P = P(0,0,1,1) be two points of the surface F.
The point P is on exactly three lines of F, namely c12, ¢35, ca6. Let mp, (F) meet F in

three lines such as

1 000 120 10 6 12 0 3 7
612:L ,C35=L ,046:L
0100 0 12 3 7 0 12 10 6

from Example 3.2.4. Therefore,
7p, (F) = [c12, €35, Ca6] = T12,35.46 = V (1022 + 5x3)

is a tritangent plane of F.

The point P, is on exactly two lines of F, namely aj, ba. The plane 7wp,(F) meets F

40



12 = V(12£E2 + .Tg) Tg3 — (12270 + 12£E1 + 7.CE2 + 113'3)
o1 = V(xg + x3) a5 = V(1220 + 1221 + 229 + x3)
T3 = V(2$0 + 12.1’1 + 12$2 + $3) T54 = (370 + a1 + 7%2 + 373)

w31 = V(Txg + 21 + 29 + 23) e = V(2o + 1221 + 11z + 3)
T14 = V(]_]_JZO—{—ZL‘l + 12I2 —f-l’g) Te4 — (12[L‘0+JZ1 +6]72+[L‘3)

T = V(60 + 1221 + 2o + 23) ms6 = V (xo + x3)

ms = V(12x0 + Tz + 1229 + x3) o5 = V(1220 + x3)

51 = V(2o + 221 + 22 + T3) Ti2,3456 = V (73)

T16 = V(Io + 6131 + 121’2 + .Tg) 712,35,46 = V(2(L’2 + [L’3)

Tl = V(]_QJ]O + 111’1 + 29 + l’g) 712,36,45 — V(l]_[EQ + l’g)

To3 = V(lll’o + 121‘1 + o + 1‘3) 7113,24,56 = V(11$0 + 1‘3)

730 = V(6xg + 1 + 1229 + 23) 32546 = V (Dxo + 81 + 8x9 + x3)
oy = V(220 + 21 + 22 + 3) 32645 = V (1029 + 101 4+ 1029 + x3)
Ty = V(?.Io + 12$1 + 121’2 + l’g) T14,23,56 = V(on + (L’3)

95 = (121’0 + 65[’1 + T + 1173) 7114,25,36 = V(SIO + 31’1 + 1OZL‘2 + 133)
Tse = V(xo + 1121 + 1225 + x3) T14,26,35 = V (80 + 5x1 + 872 + 73)
Tog = (Z’o + 71‘1 + xo + 1'3) T115,23,46 — V(3£L’0 + 10271 + 3232 + $3)
o2 = V(1220 + 221 + 1229 + x3) 152436 = V (Dxo + by + 5xe + x3)
m3q = V(21 + x3) Ti52631 = V(1121 + 23)

43 = (121]1 + Ig) 716,23,45 = V(SIO + 81’1 + 51’2 + ZE3)
T35 — (12370 +x + 111‘2 + ZL‘3) 716,24,35 — V(lOIO + 3ZE1 + 3[132 + 1'3)
53 = V(zo + 1221 + 622 + 23) 62530 = V (221 + x3)

T3 = V(20 + 21 + 209 + T3)

Table 3.4: The tritangent planes

in a1, b and c12 which forms a triangle. Recall from Example 3.2.4 that

1 2 00 1 700 10 0 0
a1:L ,bQZL ,612:L

0011 0 011 0100

Therefore,

7P, (F) = [a1, ba, c12] = w12 = V(1222 + x3)

is another tritangent plane of F.

The 45 tritangent planes of F are listed in Table 3.4.

3.3.3 Eckardt points

The tritangent planes can occur in two types: either the three lines intersect in a point or

they form a triangle.
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Definition 3.3.7. A point is called an Eckardt point if it lies on exactly three lines of the

cubic surface F, [17].
In case (iv) of Lemma 3.3.1, P is an Eckardt point.

Corollary 3.3.8. Every Eckardt point arises as the point of concurrency of the three lines

i a tritangent plane.

Since there are 45 tritangent planes there are at most 45 Eckardt points. With respect

to the labeling of lines by a double-six, there are two types of Eckardt points:

Ez‘j = a; ﬂbj M cij

Eij,kl,mn = Cij Nk MNemn
where i, j, k,l,m,n is a permutation of {1,2,3,4,5,6}.
There are at most 30 of the first type and 15 of the second type.

Example 3.3.9. Consider the cubic surface of Example 3.2.3. The number of Eckardt

points of this cubic surface F is 18. They can be seen with their coordinates in Table 3.5.

E12’35’46 = cpoN C35 N Ca6 = (1, 1, 0, O), E36 = das N b6 N C36 — P(12 12 7 ].)
E16725734 = CigMCosMcCyy = P(]_, 07 1, O), E45 = asg N b5 Ny = (]_ ]_ 7 1)

E14723756 = cpun Cao3 N Cs6 = P(O, 1 1 O), E35 = das N b5 N C35 = P(l, 12, 6, 1),
E12736,45 = cioMNcggMNcey = P(l, 1 ,O, O), E14 = a1 N b4 Nciy = P(6, 12, 1, 1),
E13,24’56 = c13MNcCogNcesg = P(O, 1, 12, O), E46 = a4 bG N cy = P(12, 1, 67 1),
E15’26’34 = (15 N Cog N C34 = P(l, 0, 12, O), E23 = asN bg N Co3 = P<6, 3 2, 1),
E13 = almb3ﬂ013—P(7,1,1, ), E24 = agﬂb4ﬂ024:P(7,1,1,1),
E61 = aﬁﬂblﬂcw—P(l,G,l ,1), E52 = a5ﬂb2ﬂcz5:P(12,6,1,1),
E51 = a5ﬂb1ﬂcl5 :P(12,7, 12,1), E62 = a6ﬂb2ﬂ626 :P<1,7,1,1)

Table 3.5: The Eckardt points of F

Lemma 3.3.10 ([23]). Any two Eckardt points not on the same line of F are collinear

with a third Eckardt point.
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Figure 3.5: Some collinearities of Eckardt points

The possible collinearities are as follows:

0 E; Ejp By
180  Eij En  FEijkrs

20 Eij,kl,mn Eil,kn,jm Ein,jk,ml

Example 3.3.11. Considering Example 3.3.9, six of the possible collinearities between
18 Eckardt points presented in Table 3.5 are realised in the case of in Figure 3.5. The lines

¢; are lines of PG(3, ¢) not on F.

The number of Eckardt points is an isomorphism invariant of a cubic surface. In some
cases, cubic surfaces are characterised by their number of Eckardt points. If two cubic
surfaces are projectively equivalent they must have the same number of Eckardt points.
The converse is not true. It is possible to have projectively distinct cubic surfaces with the
same number of Eckardt points. It follows from [10] that the smallest case for which this
happens is when ¢ = 17. Our work will show that in PG(3,17) there are 2 projectively
distinct cubic surfaces with 27 lines with exactly 4 Eckardt points and 3 projectively

distinct cubic surfaces with 27 lines with exactly 6 Eckardt points.
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3.3.4 The known families of cubic surfaces

The following three families of cubic surfaces with 27 lines over F, are known. Interestingly,

they are characterised by the number of Eckardt points.

Theorem 3.3.12 ([23]). (1) The diagonal surface D is projectively equivalent to one with
equation

xy + % + 28 + 28 — (30 + 71 + 72 + 73)% = 0.

If the surface has exactly 10 Eckardt points, then it is the diagonal surface. This surface

is also known as the Clebsch surface.

(2) There is a cubic surface with 10 Eckardt points if and only if ¢ = +1(mod 5); that
is, if and only if 2> —x — 1 has two roots in F, \ {0}. Any two such surfaces are

projectively equivalent.

(3) Let Fig be the cubic surface with 10 Eckardt points. The group G(Fio) of projectivities
of the diagonal surface Fio containing exactly 10 Eckardt points is isomorphic to Symsy

of order 120. Here, Sym,, is the symmetric group of degree n.

Theorem 3.3.13 ([23]). (1) A surface which is projectively equivalent to one with equa-
tion

x%—i—x?—i—x%—i—x%:&

is an equianharmonic surface, and denoted by £. If the surface has exactly 18 Eckardt
points, then it is the equianharmonic surface. This surface is also known as the Fermat

surface.

(2) There is a cubic surface with 18 Eckardt points if and only if ¢ = 1(mod 3); that is, if
and only if 2 +x 41 has two roots in F,\ {0}. Any two such surfaces are projectively

equivalent.

(3) Let Fig be the cubic surface with 18 Eckardt points. The group G(Fig) of projectivities
of an equianharmonic surface Fig is isomorphic to a split extension of Zs X Zs X Zs

by Sym, and has order 648.

Theorem 3.3.14 ([19]). In PG(3,q), a cubic surface with 45 Eckardt points is both equian-

harmonic and diagonal, as well as projectively unique. Such a surface exists if and only if
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q = 4™. The cubic surface with 45 Eckardt points has a projectivity group of order 25920.
This group is the simple group associated with the Weyl group of type Eg, [14]. Other

names for this group are

PSU4(2), PSQg (2), PGSp,(3) or PSQs5(3).

3.3.5 Configurations of Eckardt points

Lemma 3.3.15. The number of Eckardt points on a line of a cubic surface is at most two

for fields of odd characteristic, and it is at most five for fields of even characteristic.

The following result is obtained in [21] by combinatorial methods using Lemma 3.3.10

and Lemma 3.3.15.

Theorem 3.3.16 ([21]). Let F be a cubic surface with 27 lines over Fy. Let ez be the

number of Eckardt points of F. Then
(1) e3 €4{0,1,2,3,4,6,9,10, 18} when q is odd;
(2) es €4{0,1,3,5,9,13,45} when q is even.

More information about these cases is given in the following list.

(a) e3 =0
(b) 63—1
(c) e3 =2

The two Eckardt points lie on a line of the cubic surface F. For example, Fis, F13

both lie on the line aq of the cubic surface F.

(d) €3 = 3:

The three Eckardt points lie on a line off the surface. For example, F1s, Fog, E31, are

collinear by Lemma 3.3.10. See Figure 3.6.

(e) e3 =4:

The four Eckardt points are coplanar. For example, E1o, Fog, F’31 are collinear. Foy is

joined with each of Fia, Eas, E31 (cf. Fig. 3.7).
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E Eoy I

Figure 3.6: 3 Eckardt points

Figure 3.7: 4 Eckardt points

(f) e3 =5:

The five Eckardt points lie on a line on the cubic surface F. For example,

Erg, Ev3, Eva, Evs, Eve

lie on the line a; of F. By Lemma 3.3.15, such a configuration only exists for ¢ even

(cf. Fig. 3.8).

(g) es=6:

The six Eckardt points appear as the vertices of a quadrilateral. For example,

@ O O @ @ a

Figure 3.8: 5 Eckardt points
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Figure 3.9: 6 Eckardt points

Ey3, Fv4, E31, Fr2, F23, 1324 56. The three diagonal lines are the lines of a tritangent

plane (cf. Fig. 3.9).

63:9:

The nine Eckardt points are the inflexions of a plane cubic curve lying by threes on

twelve lines as in rows, columns and diagonals of the array

Ei1s Ess Ei52436
Es3 FEsg  E14,26,35

E31 FEes FEi62534

In this case, each of the 27 lines of the cubic surface only has one Eckardt point (cf.

Fig. 3.10).

Theorem 3.3.17. If the cubic surface F has 9 Eckardt points, then x> + x + 1 has

at least one root in F, \ {0}; that is, ¢ # —1(mod 3).

€3 = 10:

The ten Eckardt points appear as the vertices of a pentahedron and lie two on each
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E6.25.34

Figure 3.10: 9 Eckardt points

of 15 lines of the cubic surface. For example,

E12 36,45, E13,24,56, E13,26,45, E15.26,34, E14,23.56,

E12 35,46, E16,25,34, E15.23.46, E16,24,35, E14,25.36

(cf. Fig. 3.11).

As stated in Theorem 3.3.12, the cubic surface with twenty-seven lines and 10 Eckardt

points in PG(3, q) is projectively unique.

€3 = 13:

The thirteen Eckardt points lie on three coplanar lines of the cubic surface F concur-

rent at an Eckardt point. For example,

Ero, Er3, B4, Evs, Ehe, E32, Eyo, Esa, Eg2, Fr2 34 56, 21, E12 35,46, £13,26 45

(cf. Fig. 3.12).

€3 = 18:

Each of the 27 line of the surface contains two Eckardt points. The cubic surface with
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Ei30456

E1396.45

Ehy9536

E159634

Figure 3.11: 10 Eckardt points

Figure 3.12: 13 Eckardt points
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twenty-seven lines and 18 Eckardt points in PG(3, q) is projectively unique as stated

Theorem 3.3.13.

(1) €3 — 45:

Every tritangent plane of the cubic surface F intersects F in three concurrent lines
of F. These 45 Eckardt points are the all possible Eckardt points, each of the 27 lines
has five of the Eckardt points. As stated in Theorem 3.3.14, the cubic surface with

twenty-seven lines and 45 Eckardt points in PG(3, ¢) is projectively unique.

3.3.6 Steiner trihedral pairs

Definition 3.3.18. Let F be a cubic surface in PG(3, ). Two sets of three tritangent
planes which pairwise intersect in 9 distinct lines of F form a Steiner trihedral pair, [30].

Each of the two sets of three planes is called a trihedron (plural trihedra).

In other words, a trihedral pair is two sets of three tritangent planes each which
intersect transversally in 9 lines of the surface (cf. Fig. 3.13). A more general definition
of a trihedral pair will be given in Definition 5.2.2 and it will be called a double-triplet.
The difference is replacing tritangent planes by arbitrary planes which pairwise intersect

in nine distinct lines of PG(3, q).

Theorem 3.3.19 ([21]). If two tritangent planes V (F1) and V (Fy) have no line of a cubic
surface F in common, then they are uniquely associated with a third tritangent plane V (F3)
in such a way that the 9 lines of F contained in these 3 planes belong to another set of 3

associated tritangent planes, V(G1),V (G2), V(G3): the two trihedra form a trihedral pair.

For example,

S1234: a1 by ciqa Fi
by az 3 Fp
c13 c4 s F3
G1 G2 G3
Here, the rows represent for the planes of type F; and the columns represent the planes of

type G;. This particular trihedral pair is denoted as S1234.
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Figure 3.13: A trihedral pair

The 45 tritangent planes form 120 = 45 x 32/12 trihedral pairs which come in three

types:
20 like Siaos ce3 bz ag

az  c3 b
by a1 ci2

90 like 513724 aj bg C192
by az ¢34
Cl4 C23 Cs6

10 like St23456 c14 C25 €36
€26 €34 Ci5
€35 C16 C24

We utilize trihedral pairs to create cubic surfaces with 27 lines. The cubic surface with 27

lines can be created by any of the 120 trihedral pairs.

Theorem 3.3.20 ([23]). Let the planes of a trihedral pair belonging to a cubic surface
F be given by V(F1),V(F3),V(F3) and V(G1),V(G2),V(G3) for suitable linear forms

Fy, Fy, F5,G1,G2 and G3. Then the cubic surface can be written as

F = V(F1F2F3 + )\G1G2G3)

for some X in F\{0}.

A distinguished trihedral pair determines ¢+ 1 cubic surfaces. Not all of these surfaces

have 27 lines though.
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Example 3.3.21. Let F be the cubic surfaces in PG(3,13) with twenty-seven lines as-
sociated with the double-six from Example 3.3.1, with fifteen further lines as in Example

3.2.4. From Example 3.2.3, we know that the equation of F is

129:(2)333 + 12$%x3 + 1230%:53 + 9xgx122 + x% =0.

Let Si23 be a trihedral pair. The tritangent planes associated with Si23 are as follows:

Fy = 1lzg+ 1221 + 22 + 23,
F, = Txg+ x1+ 22 + 23,

F3 = 12z + z3,

Gi1 = 6x9+x1 + 1229 + 3,
Gy = 2x0+ 1221 + 1229 + 23,
Gs = 9+ x3,

With T3 — V(Fl),ﬂ'gl = V(Fg),ﬂ'lg = V(Fg),ﬂ'gg = V(Gl),ﬂ'lg = V(GQ),?TQl = V(Gg)

From Theorem 3.3.20, it follows that

F = V((1lzg + 1221 + o + x3)(Txo + 1 + 22 + x3) (1222 + 23)

+A(6x0 + 1 + 1229 + x3) (220 + 1221 + 1229 + x3) (22 + 23))

for some scalar A € F,\{0}. In order to determine A, one independent condition is required.
For this, we use the fact that the point P(1,0,7,0) is on F but not on any of the planes of

the chosen trihedral pair. Substituting P(1,0,7,0) into the equation yields A = 1. Thus,

F o= V((11$0 + 1221 + 29 + .Tg)(7$0 +x1 + T2 + 1'3)(]_2.’E2 + 1'3)
+(6.%'0 + 21 + 1229 + 56'3)(2.%'0 + 1221 + 1229 + .733)(332 + xg))

= V(lZm%xg + 122223 + 122323 + 9w07122 + xg)

This shows that the equation of the surface can be written in the form

LMN + PQR =0,
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where L, M, N, P,Q, R are linear forms: Simply put
L=F,M=F,N=1F;P=)\1,Q =G, R=Gs.
Recall that three planes in 3-dimensional projective space over finite fields either in-

tersect in a point or in a line.

Definition 3.3.22. A trihedral pair is special if the three planes of one trihedron meet

in a line (cf. Fig. 3.14).

Example 3.3.23. The cubic surface F from Example 3.3.21
F = V(lQm%xg + 12x%:1:3 + 12x%z3 + 9zgxr120 + :L‘%)
has 120 trihedral pairs, 36 of which are special. The special trihedral pairs are as follows:

S135,  S136,  S145,  Suae,  S235,  S236, S245, 5246, S12,34,
S15.23, 526,13, 52513, 51524, 52514, 516,24,  Ss6,12, 526,14,  S13.45,
S1435, 51346, 53516, 536,15, 4516, 946,15, 52346, 92345, 524,35,

Sa5.26, 51625, 53526, 936,25, 53456, 9146,235, 5145236, 136,245, 135,246

Recall the collinearities between Eckardt points of F from Example 3.3.11. One of the

special trihedral pairs is Si2 34,

ar by cu By
bs az ca3 I

c13 ¢4 cs6 I3

G1 Gy G3

The planes V(G1), V(G2),V(G3) meet in a line which contains FE14, Ea3, F13.24,56. Also,
the planes V(F1), V(F»), V(F3) meet in a line containing E3, Eo4, F14.23 56. The trihedron

represented by the columns of the array {V(G1),V(G2),V(G3)} is shown in Figure 3.14.
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[0-2: by, 024]

[Cl‘-lt €23, C56

Figure 3.14: Special Trihedral pair

3.3.7 Triads

Definition 3.3.24. A triad is a set of three trihedral pairs which partitions the 27 lines

into three sets of nine lines each.

The 120 trihedral pairs form 40 triads, namely

10 of the kind  S;jk, Stmn, Sijk,imn

30  of the kind  Sj; x1, Sijmn, Ski,mn

where i, 7, k,l,m,n is a permutation of {1,2,3,4,5,6}.

3.3.8 Tactical configurations

Definition 3.3.25. An incidence structure . = (A, B, I), where the elements of A are

called points and the elements of B are called lines, is a tactical configuration if
(i) every line is incident with k points;
(ii) every point is incident with r lines;

(ili) any two points are incident with at most one line.

Let |A| = v, |B| = b. Then

bk = rv.
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Therefore, . is also called a (v, bg) configuration.

Theorem 3.3.26. Among the lines, tritangent planes, double-sixes, trihedral pairs, and

triads, there are the following tactical configurations:

(a)

lines, tritangent planes: (275, 453),

A cubic surface has exactly 27 lines and 45 tritangent planes. Every tritangent plane
contains three lines of the cubic surface and every line lies on five tritangent planes.

lines, double-sizes: (2716, 3612),

A cubic surface has exactly 27 lines and 36 double-sizes. Every double-siz has twelve
lines of the cubic surface and each line is contained in sixteen double-sixes.

lines, trihedral pairs: (2740, 1209),

A cubic surface has exactly 27 lines and 120 trihedral pairs. Fvery trihedral pair con-
tains nine lines of the cubic surface and each line is included in forty trihedral pairs.
lines, triads: (2740, 4027),

A cubic surface has exactly 27 lines and 40 triads. Fvery triad has twenty-seven lines
of the cubic surface and every line appears in every possible triad.

tritangent planes, double-sizes: (4524, 3630),

A cubic surface has exactly 45 tritangent planes and 36 double-sizes. Fvery tritangent
plane has twenty-four double-sizes of the cubic surface and from each double-six thirty
tritangent planes can be created.

tritangent planes, trihedral pairs: (4516, 120g),

A cubic surface has exactly 45 tritangent planes and 120 trihedral pairs. Each tri-
tangent planes is contained in sizteen trihedral pairs and from a trihedral pair six
tritangent planes are obtained.

tritangent planes, triads: (4516,4013),

A cubic surface has exactly 45 tritangent planes and 40 triads. Fach tritangent plane

1s contained in sixteen triads and a triad includes eighteen tritangent planes.
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(h)

double-sizes, trihedral pairs: (3620, 120¢),

A cubic surface has exactly 36 double-sizes and 120 trihedral pairs. A trihedral pair is
associated with 6 double-sixes and a double-siz is associated with 20 trihedral pairs.
double-sizes, triads: (3610,409),

A cubic surface has exactly 36 double-sizes and 40 triads. A triad is associated with 9
double-sizes and a double-siz is associated with 10 triads.

trihedral pairs, triads: (1201,403).

A cubic surface has exactly 120 trihedral pairs and 40 triads pairs. Every trihedral pair

belongs to one triad and a triad consists of three trihedral pairs.
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Chapter 4

The Representation of the Cubic

Surface on a Plane

In Lemma 3.2.5, a connection between cubic surfaces with 27 lines and planar 6-arcs not
on a conic was established. In this chapter, two further ways of associating planar 6-arcs
and cubic surfaces with 27 lines are discussed. For this purpose, we will utilize a special
kind of mapping, known as a birational map. Because of [13], we will often refer to these
maps as Clebsch map (Fig. 4.1).

Recall that any 5-arc in a plane determines a conic but we assume that the 6" point
of the arc does not lie on this conic.

We will give an example for the Clebsch map in each model. We will continue to use

the cubic surface F from Example 3.2.3.

s
P& -/ O/

Picturecredit : AntonBetten

Figure 4.1: The Clebsch map from a surface to a plane
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4.1 Clebsch map, model 1

Definition 4.1.1. Let N be a subspace of PG(n, q) and let M be a subspace of PG(m, q).
Let ® : M — N be a map. Define the points of N as P(yo,y1,...,yn) and the points of

M as P(xg,x1,...,Tm). Let

(P(zo, 1,y 2m))P = P(to(To, 1, -, Tm), -« - tn(T0, X1y -+, T))

where t; are rational functions in xg, z1, ..., z,, and

yi:ti(l'o,l'l,...,l’m), ’iE{O,l,...,n}.

Then @ is a rational map.
Rational maps do not need to be defined on all of M.

Definition 4.1.2. A rational map ® : M — N is birational if there exists a rational map

w: N — M such that ®u is the identity.

Theorem 4.1.3 (Clebsch [13]). A general cubic surface is the image of a birational map

from a projective plane given by the linear system of cubics through 6 points.

A cubic surface with twenty-seven lines in PG(3, ¢) can be mapped onto the plane in
the following way:

Recall from Theorem 3.3.20 that with each trihedral pair, an expression of the equation
of the cubic surface with twenty-seven lines can be found as V (F} FoF3 + G1G2G3), where
1, Fy, F3,Gq1,Go, G5 are linear forms.

Let F be a cubic surface given by V (F} FoF3+ G1G2G3), for some linear forms F; and

Gj. Using variables xq, 1, 22, x3, the forms can be written as

Fy = agoro + ap1r1 + a2 + ag3rs,

Fy = aipro + a11w1 + aiexs + ai13xs,

F3 = asoro + a2171 + azexs + asxs,

G1 = booxo + bo1w1 + bo2xe + bo3xs,

G2 = bioxo + biizy + bioxe + bi3xs,

G3 = baoxo + bo1w1 + baawas + bazxs, (4.1)
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where a;; and b;; are in F,.
Assume that P(X) = P(x,z1, z2,x3) is a point on the surface but not on any of the

planes F; = 0 and the G; = 0. A point P(X) = P(xg, x1,x2,x3) is on F if and only if

0 I Gs
Gl 0 Fy| = 07
F; Gy O

that is, there exists P(Y) = P(yo,y1,y2) such that the following system has a non-trivial

unique solution:

y1G1(X) +yF3(X) = 0
Yol1(X) +12G2(X) = 0

ngg(X)+y1F2(X) = 0. (4.2)

Let ® be a map
¢: F - PG(2,9)

which takes P(xq, x1,x2,x3) to P(yo, y1,y2), where

v (X)) w G2(X) o F3(X)

v Gi(X)y F(X)wn  Gi(X)

Therefore,

yo = Fo(X)F3(X)Ga(X),
y1 = —Fg(X)GQ(X)Gg(X), (4.3)

ya = —F1(X) Fa(X) F3(X).

Under the assumption yo = 1, this leads to
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In fact, we find rational functions t;

3
Y wiwj(aiia;)

1,j=0

3 Y
> @izj(boiby)

i.j=0

3

4.4
E 3024 (44
i=0

Y1 = vi(@o, 1, T2, T3) = ——

3 )
g x;boi
i—0

Yo = vo(xo, 21, X2, T3) =

Yo = ta(z0, 1, 22, 23) = 1.

Therefore, ® is a rational map.
Conversely, we can write the map which expresses the z; in terms of the y;.
A point P(X) on the cubic surface F maps to a point P(Y) in PG(2, ¢). Rearranging

the system of equations (4.2) together with (4.1) we get:

x0(booy1 + a20y2) + x1(bo1y1 + a21y2) + x2(bo2yr + a22y2) + x3(bozyr + azzy2) = 0
zo(aooyo + bioy2) + z1(ao1yo + b11y2) + x2(ao2yo + bi2y2) + x3(aosyo + bisy2) = 0
zo(b2oyo + a10y1) + x1(b21yo + a11y1) + x2(ba2yo + ar2y1) + x3(bazyo + a1zy1) = 0

Consider the equation

o)
Py Poir Po2 Fos 0
1
Py Piu P2 Pi3 =10
T2
Py Py1 Py Po 0
3
where
Py = booyr +a20y2  FPor = boiyr +a2yz  FPoz =  booyr +axy
Py = agoyo + bioy2 P11 = apyo+ b1y Pis = ag2yo + b2y
Py = byyo + aioy1 Py = bayo +any: Py = bayo + ai2y1
Pos = bosyr +asy2 P13 = aop3yo + bi3y2 Pos = bo2y1 + a2ys.
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Let
Poo Por Poz

M=1 Py P1 Po

Py Py Py

Solving the system for the x; gives the following:

T Pos

zy | =Adj(M)- | Py | and x3 = —det(M)

T Py
where
P Pro Por P2 Por P2
Py1 Py Po1 P P Pio
Py Pia Poo  Po2 Poo  Poz
Adj(M) = | — _
Py Poo Py Po Py Pis
Py P Poo  Por Poo  Por
Py Py Pyy P Py P

is the adjoint of M. This gives

To w1 w2 w3 = ho(Yo, Y1, Y2) : hi(Yo, y1,y2) : ha(yo, y1,y2) : ha(yo, y1,42),

where each h; determines a cubic curve V'(h;) in the plane. Explicitly, the cubic expressions
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x; = hi(yo, y1,y2) are

ro = ho(yo,¥1,92)
= ygy1 (—ao1bozbas + ao1bosbaa + ao2bo1bas — aoebosbar — aosboibaz + aosbozbar)
+ yaya(—ap1azabaz + aprassbas + ag2a21bog — ageaszba — agzazibaz + apgzazzbor)
+ Yoy (apra12bos — apraisboz — a2a11bos + aozaizbor + aosaiiboz — agsaizbor)
+ y2y2(ar1bozbis — a11bozbiz — a12bo1biz + a12bosbin + aizborbia — aisbobii) (4.5)
+ yoys (a21brabag — aa1bizban — azebi1bes + azebizbar + azzbiibaz — azbiabar)
+ y1y5 (a11a22b13 — a1a23b12 — a12a91b13 + a12a3bi1 + a13a21bia — a13azzbii)
+ yoy1y2(ao1a12a23 — apraizaze — ap2a11G23 + agzaizaz; + ap3G11a22 — A3a12a21

+ bo1b12b23 — bo1b13b22 — bo2bi1b23 + boabi3ba1 + bozbi1baz — bozbi2bar)

z1 = h1(Y0,y1,Y2)
= ydy1(aoobo2baz — aoobosbaz — ao2boobas + ao2bosbao + aosboobaz — ao3bozbao)
+ ygy2(aooazsbas — apoazsbaz — apaasobas + ag2assboo + apzazob — agzazba)
+ Yoy (—agoai2bos + agoaizboz + ag2aiobos — ag2a13b00 — agzaioboz + agzaizboo)
+ y2y2(—a10bozdiz + a1obosbiz + a12boobis — ar2bozbio — a13boodiz + a13bozbio)
+ Yoys (—agobiabas + asobizbaz + azabiobos — azebizbag — assbiobez + assbiabao)
+ y193 (—a10a22b13 + a10azsbiz + a12a20b13 — ar2a23b10 — arzazebiz + arzazbio)
+ y0y1y2(—a00a12a23 + @ooa13a22 + @p2@10023 — 402013020 — G03A10022 + A03A12020

— boobi2b23 + boob13b2z + bo2b10b23 — bo2bizbao — bozbiobaz + bozbi2bao)
(4.6)
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z2 = h2(y0,y1,Y2)
= ygy1(—aoobo1bas + agobosba1 + ao1boobas — ao1bosbao — aosboobar + aosboibao)
+ Yy (—agoazibaz + agoazsber + ap1azobes — ag1azsbao — agzazobar + agzazibzo)
+ yoyi (aooa11bo3 — anoaizbor — apiaiobos + ao1aizboo + aozaiobor — aozai1boo)
+ yiya(aroborbiz — arobosbin — a11boobis + a11bosbio + a13boob11 — a13bo1bio) (4.7)
+ Yoy (azob11bas — azobizbar — aibiobes + as1bizbao + azsbiobar — azsbiibap)
+ y193 (a10a21b13 — arpassbiy — arasebis + arassbio + a1zazebin — aizazibio)
+ y0y1y2(a00a11a23 — @po@13a21 — Ap1A10a23 + Ap1Q13020 + A03G10G21 — AO3A11A20

+ boob11b23 — boobi3ba1 — bo1b1ob2s + bo1bi3bao + bozbiobar — bozbi1b2o)

z3 = h3(yo, y1,Y2)
= ygy1 (aooborbaz — acobozbar — ao1boobaz + ao1bozbao + ao2boobar — ao2bo1bao)
+ yoy2(aooazi baz — agoasebar — ao1azobaz + agiazebag + a2az0bar — agasibao)
+ yoyi (—aooar1boz + agoar2bor + ao1aioboz — ao1aizboo — ao2aiobor + ao2a11boo)
+ yiya(—a10borbiz + atobozbi1 + a11boobiz — ar1bo2bio — a12boobi1 + a12bo1b10)
+ yoy5 (—az0b11b22 + azobizba1 + az21biobaz — az1biabao — azebiobar + azabiibao)
+ 1195 (—a10a21b12 + arpazebii + ar1asbiz — a11azebio — ar2as0bi1 + ai2a21b10)
+ Yoy1y2(—aooai1az2 + appai2a21 + ap1a10a22 — Ap1a12a20 — Go2a10G21 + A2A11020
— boob11b22 + boob12b21 + bo1b10b22 — bo1b12b20 — bo2b10b21 + bo2b11b20)

(4.8)

There is a map ®~! such that

&1 PG(2,9) = F

which maps P(Y) = (yo,y1,v2) to P(X) = (zg, 21, 22, x3) where

xo a1 @2 w3 = ho(Yo, y1,Y2) : h1(Yo, y1,Y2) : ha(Yo, y1,y2) : h3(Yo, Y1, y2).

Since @1 is also a rational map and ®®~! = I, ® is a birational map in terms of the input

coefficients of F; and G;. This map called Clebsch map. Note that for the cubic surface
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F, 72 different systems (4.2) can be written: There are 3! ways to permute the Fj, there
are 3! ways to permute the G;, and there are two ways to either exchange all F; with the
corresponding G; or to leave them as they are.

The four plane cubic curves hg, hy, ha, hg are called Clebsch cubics. The system (4.2)
is called Clebsch system. The zero set S = V (hg, hi, ha, hs) of these four Clebsch cubics is

a 6-arc S not on a conic in PG(2, ¢). The Clebsch map P,
o: F = PG(2,q)

given by ®(P(X)) = P(Y) maps plane sections of F to cubic curves through S.

Example 4.1.4. Let
F = V(12x3x3 + 1230%:103 + 121‘%.%’3 + 9xpx120 + :13%)

be a cubic surface with twenty-seven lines in PG(3, 13). The equation of F can be written as
V(F1 FyF3+G1GoGs), where Fy, Fy, F3, Gy, G2, G5 are linear forms in the four coordinates.

From Example 3.3.6 and Example 3.3.21, we can write the equation of F as:

FiFyF3 + G1GoGs =0

where
Fir = 1lzg+ 1221 + 22 + x3,
F, = Txg+ 21+ 22 + 23,
F3 = 121‘2 + x3,
(4.9)
Gi1 = 6xg+ 1+ 1229 + 23,
Gy = 2x¢+ 1221 + 1229 + 23,

Gz = x2+x3,

and mo3 = V(F1), w31 = V(F2), mi2 = V(F3), w32 = V(G1), m13 = V(G2), m21 = V(G3).

Let P(X) = P(xg,z1,22,23) be a point on F not on the planes V(F;) and V(G;).
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Consider the Clebsch system,

1nG1(X) + pF3(X) = 0,
YoFi1(X) + 1pG(X) = 0,
yoGg(X) + yng(X) = 0.

and the related Clebsch map ®:

o : F — PG(2,9

Let the image of P(X) under the Clebsch map ® be P(Y) = P(yo,y1,y2). From (4.9)

and (4.3), the coordinates of P(Y) can be found:

Yo = 1230%3:2 + x(z):vg + Sxgx122 + 8xrori1x3 + 51‘030% + 12xpx0x3 + 9x0x§ + x%xz + 12%%%‘3
+2x1x% + 1lz12973 + JU% + 123:%3:3 + 12962:1:% + x%,

y1 = 2x073 + 1lzoz + 122123 + 2122 + 1223 + 2323 + 2073 + 1223,

Yo = 12963362 + x%xg + 4dzgxrix0 + 9202123 + 537035% + 8x0w§ + 123:%@ + (L‘%Zg + xg’ + 1’%.%‘3

+12z973 + 1223,

Let P(Y) = P(yo,y1,y2) be a point on the plane. Considering (4.5), (4.6), (4.7),
(4.8), and the coefficients of the plane equations F;, G; as in (4.9), P(Y) is mapped to

P(X) = P(xo, 1,22, x3) on the surface F, where

zo = 1ydyr + 1ydys + Yyoy? + 9y2y2 + 1lyoys + 11y193 + 5yoy1y2
z1 = 4ydyr + 4ydyo + Syoys + 8yiye + yoys + y1ys
zo = Y3y + 2yoyi + 2yiy2 + 9y1y3 + 10yoy1y2

z3 = 4ydyr + 8yoy? + 5yya + Iy1y3.

All points of a; map to the same point under ®. Let us now associate an arc to the

surface. Recall that

1 2 00
a1:L
0 0 11

Consider a point of the form P(X;) = P(1,2, s, ) where u € F,,. Substituting the point
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P(X) into the Clebsch system, we get

811 + 0 = 0,
(9+21)yo  + 0 = 0,
2uyo + O+2wy = 0.

yo =0,y1 =0 and yo = 1.
Also, the point P(0,0,1,1) on a7 is mapped to P(0,0,1) under ®. Therefore, every

point on a; maps to a single point P(Y;) = P(0,0,1) in PG(2,13).

®(a1) = P(Y;) = P(0,0,1).

Likewise, all points of as map to one and the same point. In fact, for every i = 1,...,6,

all points of a; map to one and the same point under ®:

®(ag) = P(Y2) = P(1,0,0),
®(a3) = P(Y3) = P(0,1,0),
®(aq) = P(Ys) =P(1,6,1),
®(as) = P(Ys) = P(9,8,1),
®(ag) = P(Ys) = P(3,11,1).

Observe that the set of points

S ={P(11),P(Y2), P(Y3), P(Y4), P(Y5), P(Y5)}

form a 6-arc not on a conic in PG(2,13). This is the 6-arc that is associated to F. Other
than the points on the six lines a,...,ag, the map ® induces a bijection into the points

of the plane outside of S. The full map can be seen in Appendix A.1.2.

4.2 Clebsch map, model 2

In this section, a different but equivalent model for the Clebsch map will be given. This
map can be derived as follows.
Let F be a cubic surface with 27 lines and let ¢1 and ¢ be two skew lines of F. There

are 5 lines of F which are transversal to £1 and ¢5. Let £3 be one of the transversal lines.
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U = T12,34,56
Figure 4.2: The Clebsch map from a surface to a plane, Model 2

There are 3 tritangent planes through ¢3 but not through either ¢; or ¢5. Let v be one of
these planes. Then through a point P = P(X) of F which is neither on ¢; nor on ¢3, there
exists a unique line ¢ meeting v in a unique point @ = P(Y") and the line ¢ meets ¢; and

{5 as well. Let @ be the image of P, so

d: F -,

P— Q.

Conversely, through ) there is a unique line meeting ¢1 and ¢, which has P as its third
point of contact with F since a cubic surface meets a general line in three points.

Explicitly, let m; be the plane containing the line ¢; and the point P and 7y be the
plane containing the line ¢5 and the point P. Two planes in PG(3, ¢) intersect in a line.
Let £ = w1 Ny be the line where w1 and 7w meet. A line either lies in a plane or meets the
plane in a unique point in PG(3, q). Here, the line ¢ cannot lie on the plane v. Therefore
¢ intersects the plane v in a unique point QQ = ®(P).

For instance, let F be a cubic surface with 27 lines and pick b; and by to be two skew
lines of F. Let v = m123456 be the tritangent plane through the lines ci2, ¢34, c56 of F.
Then through a point P = P(X) of F neither on b; nor on bs, there exists a unique line
¢ meeting v = 1234 56 i a unique point Q = P(Y) = ®(P) (cf. Fig. 4.2).

Conversely, through @ there is a unique line intersecting b; and by. Besides those two

points, the line meets the cubic surface in one third point P = ®~1(Q).

Example 4.2.1. Let F be a cubic surface with 27 lines as in Example 3.2.3 in PG(3,13)
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with equation

122373 + 122323 + 122323 + 9202172 + 25 = 0.

Recall that

16 0 O 1 70 0
0 0 1 12 0011

and 23456 = V(23).

Now, express the z; in terms of the y; and the y; in terms of the x;.

Let P(X) = P(xq,x1,22,23) be a point on F not on b or be. Let ¢ be the unique line
through P(X) which is the transversal of by, ba. Then ¢ = m N ma, where m; = (b;, P(X)).

In order to find this line, do the following.

(1) Let m be the plane spanned by the line by and the point P(X),

o I1 T2 I3

Find the dual of mq, Trf = P(Txo + Txs, xo + w3, 620 + 12271, 620 + 1227).

(2) Let my be the plane spanned by the line by and the point P(X),

ro I1 T2 I3
Find the dual of w9, 7r§- = P(Txo + 6x3, 1229 + x3, 620 + 21, Tx0 + 1227).

(3) Paste the solutions together in a matrix

o1 Tro+ Txrs a9+ 3 620+ 1221 620 + 1227

Txo 4+ 6x3 1279 + 23 6xg + x1 Txg + 1221

The line through P(X) and transversal to b; and by is defined by the perpendicular
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subspace of L, which is

It 1L Tor3 + 11lx129 6xoxrs + T1T3 0 1233% + $§

12x9xo + 20123 Txox3 + 122122 1237% + w% 0

Let P(Y) be the image of P(X) under the Clebsch map, ®. Then,

P(Y)=P(yo,y1,92,0) = LN 7123456 = L NV (3)

S0,

Yo = 12x9x2 + 22123,
y1 = Troxz + 122122,

Yo = 12x§ =+ m%

Conversely, assume P(Y) = P(yo, y1,¥2,0) is a point on the plane mi23456. To find the
inverse image P(X), let /1 be the unique line through P(Y') which is transversal to b; and

ba. In order to find this line, do the following.

(1) Let w3 be the plane spanned by the line by and the point P(Y),

Yo y1 Y2 O

The dual of 73 is 35 = P(Ty2, y2, 121 + 6yo, 12y1 + 630).

(2) Let w4 be the plane spanned by the line by and the point P(Y),

Yo y1 y2 O

The dual of 74 is 73 = P(7Ty2, 1242, y1 + 6y0, 12y1 + Tyo).
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(3) Paste the solutions together in a matrix

Ty2  y2  12y1 +6y0 12y1 + 6yo
Li=L

Tya 12y2 y1 +6y0  12y1 + Tyo

The line through P(Y') and transversal to by and bs is defined as

oIk L2y1 o 0 w2
l: =

Yo Y1 Y2 0

The line ¢; meets F in three points. One point is on by, one point is on by, and one point

is the inverse image of P(Y) under ®.

The point on b is

Py =01 Nby = P(2y1 + 1240, Tyo + 12y1, 12y2, y2)

= (2y1 + 12y9)P(1,6,0,0) + 125,P(0,0, 1, 12).

The point on by is

Py =01 N by = P(2y1 + Y0, TY0 + Y1, Y2, y2)

= (2y1 + yo)P(1,7,0,0) + y2P(0,0,1,1))
Introducing a parameter ¢ for the points on ¢; as
P(2y1, Ty, 0, y2) + tP(yo, y1,y2, 0) = P(2y1 + tyo, Tyo + ty1, ty2, y2),

we see that P; corresponds to t =t; = 12 and P> corresponds to t = t5 = 1.

Restricting the equation of F to #; means substituting

xo = 2y1 + tyo
z1 = Tyo +ty1
Ty = tyo

T3 = Y2
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into

122323 + 120223 + 122523 + 9202120 + 25 = 0,
which yields
0 = 12(2y1 + tyo)?y2 + 12(Tyo + ty1)>y2 + 12(ty2) >y + 9(2y1 + tyo) (Tyo + ty1) (ty2) + v
0 = (9yoy1y2)t® + (10y2ys + 42z + 1253)2 + dyoyryot + 3290 + 992y + 3
Dividing by the leading coefficient 9yoy y2 yields the cubic

L0ygys + 4ytys +12y3 4, 3ydy2 +9yiys + 4
9Y0y1Y2 9 9Yoy1Y2

=(t—t1)(t —t2)(t —t3)

0=1¢t>+

where t3 is the parameter for the third point of intersection of ¢; with F. Comparing

coefficients of ? yields

10y3y2 + 4ytys + 1243
Iyoy1y2

= —(t1 +t2 + t3).

Substituting 1 = —1 and to = 1 yields

1053y + Ayt + 1243

tg =
Yoy1y2

Therefore, P3 = P(X) = 1Y) = P(2y1 + t3yo, Tyo + t3y1, t3y2, y2)

o = 3yoyiya + gy2 + 3y0ys,
r1 = 3yiy1ya + ¥y + 3u195,
w2 = 9§y + yivi + 32,
_ 2
T3 = YoYy1Ys-
Therefore, there is a mapping
71 PG(2,9) = F
given by ®~1(P(Y)) = P(X). The whole map is listed in Appendix A.1.3.

Lemma 4.2.2. Let F be a cubic surface with twenty-seven lines with the Schlafli labeling of
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the lines a;, b;, c;j. Let @41 be the Clebsch map where P maps to Q such that there exists a
line £ through P which is the transversal to by and by and meets the plane v = [c12, ¢34, C56)
at Q. Then, each line of the half double-six 2" of F, a1, as, a3, as, as, ag, maps to a single

pOZ’I’Lt mn v, Qla Q27 Q37 Q47 Q57 QG under le .

Proof Let P; be an arbitrary point on az. The line a3 is the unique line through P3; and
transversal to b; and bs. Since as does not lie on the plane v, az meets v in a unique point,

say ()3, which is the image of P3 under ®41. Since Ps is arbitrary on as, all points on as

map to Q3.
Therefore,

Dy (Pg) =Q3=a3Nv = Py, (CL3) = Q3.

In the same way, it can be seen that

Py (a4) =Q4=a4Nw,
D (a5) =Q5 =asNw,

Dy (ag) = Qg = ag Nv.

The situation for ®41(a;) and P41 (az) is a bit different. We claim that

D1 (al) =Q1=bNcpo

Do (ag) = Q2 =byNecya.

Consider an arbitrary point P; on a;. Let £ be the line P;Q); where Q1 = by N ¢y2. Since

c12 = [a1,b2] N [ag, b1

we find that

Q1 € c12 C [a1, bo]

and hence aj,by and P are three lines in the plane [ai, ba]. Therefore, PiQ; and by

intersect. Thus P;(@Q; is the unique transversal of by and by through P;. Since

PiQiNv=Q,
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we see that

B, (Py) = Q1.

Since P; was arbitrary on a; it follows that ®41(a1) = Q1.

In the same way it follows that

@91 (ag) = QQ = by Necya.

O

Example 4.2.3. Let ® be the Clebsch map defined as in Example 4.2.1. In the notation
introduced in Lemma 4.2.2, & = ® 1. Recall that F is the cubic surface with twenty seven

lines in PG(3, ¢) given by

121’%.@3 + 12x%$3 + 1236%3:3 + 9zgx122 + mg =0.

The mapping ® 41 was defined by picking the two skew lines b; and by and by picking the

plane 7112,34,56 = V(Cvg) Here,

1 6 0 O 1 700 1 0 0O
by =L ,bo = L ,c12 =L ;
0 0 1 12 0 011 01 00
Recall that
1 0 6 O 1 070 1 0 0 12 1 0 01
CL3:L ,a4:L ,a5:L ,a6:L
01 0 12 01 0 1 0 1 11 O 01 2 0

Then

D41 (a;) =a;Nv=R; fori=3,4,5,6,

where R3 = P(1,0,6), Ry = P(1,0,7),R; = P(0,1,11), and R = P(0,1,2). From the

proof of Lemma 4.2.2, R, = b, Nv for i = 1,2, so

Ry :P(1,6,0) =bNv and Ry :P(1,7,0) = by Nu.
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This shows that

Sy = {R1, Ry, R3, R4, R5, R¢}

is a 6 arc not on a conic in PG(2, 13) associated with the cubic surface
F = V(1223x3 + 122323 + 122323 + 9207172 + 23)

in PG(3,13).

The points on the surface other than the points on ai,as,...,as are mapped to distinct
points in the plane but not in S.

Corollary 4.2.4. In PG(3,q), a cubic surface with 27 lines has q*> + 7q + 1 points.

Proof From above, there are ¢> +q¢+1—6+6(¢+ 1) = ¢*> + 7q+ 1 points on F. O

Note 4.2.5. In PG(3,¢q), the number of points on the 27 lines of a cubic surface F is

27(q — 4) + e3 where e3 is the total number of Eckardt points of F.

The Clebsch map collapses six lines of the surface F to points in the plane forming a
non-conical arc. The six lines that are collapsed from one half of a double-six. Since there
are 36 double-sixes associated with F, we will need to consider 72 Clebsch maps, one for

each set of six disjoint lines on F. Our notation for these Clebsch maps is as follows:
@@1,@@27 15 q)_@llj, 15 @@%, 20 ®9113k7 20 q)_@ZQ]k

Here,

Y a1 ay a3 as  as  ag
2* b1 by by by by bs
2L ai b ok ¢l Cim Cjn
@2 a; bj Cik Cil Cim Cjn
ijk @ @5 Ak Cmn  Cn Cim
D ik cik i b bmo by
In Appendix B, a possible arrangement for 72 Clebsch maps of the cubic surface F with

27 lines in PG(3, ¢) can be seen. For each half double-six, one Clebsch map is listed which

sends these 6 lines to the 6 points of a non-conical arc.
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Lemma 4.2.6. Let S = {Q1,Q2,Q3,Q4,Q5,Qs} be a 6 arc not on a conic in PG(2,q)
and let F be the related cubic surface with 27 lines in PG(3,q) to the 6-arc S. Then there
exists a half double-siz on F, say 2, such that if A is the points on the lines a;, then the

restriction of ®g1 is a bijection
d4,: F\A—PG(2,9)\ S.

Proof Let @Q € PG(2,q)\ S. Through @ there is a unique line meeting by and be, which
has P as its third point of contact with F since a cubic surface (degree three in PG(3, q))
meets a line (off the cubic surface) in three points, @‘%1 (P) = Q. It means that there exists
a point P on F \ A as the preimage of () under @’%1. Therefore, since () is an arbitrary

point in PG(2,¢)\ S, @‘%1 is onto. Since P is unique, this also shows that @‘%1 is one-to-one.

4.3 The arc lifting algorithm

In this section, the construction of the cubic surface with 27 lines over F, from a 6-arc
not on a conic in PG(2, ¢) will be described.

Let S = {Q1,Q2,Q3,Q4,Q5,Q¢} be a 6-arc not on a conic in PG(2,¢q). Let Q;Q; be
the line through @; and Q;, and let C; be the conic through the five points of S\{Q,}. Let
F be any of the associated cubic surfaces with twenty-seven lines in PG(3,¢q). Consider

Clebsch’s mapping @41 of F to the plane:
Sy F = PG(2,9).

The g+ 1 points of the line a; of F in PG(3, ¢) are all mapped to same point Q; € PG(2, q).
This is true for ¢ = 1,...,6. So there is a set of 6 points forming a 6-arc not on a conic
under ®41. Each of the remaining points of F is mapped to a separate point of the plane.

The points of the line b; map to the points of the conic Cj, and the points of the line ¢;;
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map to the points of the line Q;Q;:

(I)_@l(ai) = Qia
(I)@l(bl') = C;

Dyi(cij) = QiQj.

Lemma 4.3.1 ([23]). Consider the Clebsch map ®41. The points of b; are mapped bijec-
tively to the points of the conic C;, where C; is the conic through the 5 points of S other
than Q;, ®41(b;) = C;. The points of ¢;j are mapped bijectively to the points of the bisecant
QiQj, s0 Do (cij) = QiQ;.

Let V(Fy) be the plane section of the corresponding cubic surface F consisting of
Cij, Cki, Cmn and let V(f1) be the cubic curve through S in PG(2,¢) which is made up of
the three lines Q;Q;, QxQi, and @, Q. Then

Do (V(F1)) = V(f1).

Since Ejj gi,mn = Cij N ki N Cmn, the image of such an Eckardt point is the intersection of
Q:iQ; N QrQ N QnQ@Qy of three bisecants of S. Such a point is called Brianchon point.

Let V(F3) be the tritangent plane consisting of a;, b;, ¢;j, and let

Do (V(F2)) = V(fa).

Then V(f2) is the cubic curve through S which consists of the conic C; and the line
Q;Q;. If the tritangent plane through a;,b;, and ¢;; contains an Eckardt point FE;; then
the tangent line ();Q; touches C; in F;.

In particular, we note that the existence of Eckardt points can be predicted from the
properties of the arc S.

The arc lifting algorithm is used for the construction of the cubic surface with twenty-
seven lines in PG(3, ¢) arising from a 6-arc not on a conic in PG(2, q).

The input of the algorithm is

S = 6-arc not on a conic in PG(2, q)
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and the output of the algorithm is

F = a cubic surface with twenty-seven lines in PG(3, ¢) associated to S.

The algorithm proceeds in four steps.

At the first step, for a given 6-arc S not on a conic, the plane cubic curves through S are
found. In the second step, the Clebsch map is used to obtain the equations of the tritangent
planes corresponding to these cubics. Only those cubics are found which correspond to the
images of tritangent planes under ®. In the third step, the possible arrangements of 120
trihedral pairs on this surface are found. This yields eighteen conditions to determine the
cubic surface. In the last step, an extra point in the plane is considered to determine
a cubic surface F together with a distinguished double-six which has the property that
it has all previously constructed tritangent planes. Moreover, via the Clebsch map, the
constructed surface is associated to the non-conical 6-arc S that we started with. Here is

a somewhat more detailed description of the algorithm.

Step 1: Determine the linear system of cubic curves through S = {Q1, Q2, Q3, Q4, Q5, Qs }
in PG(2,q).

(1) Calculate the 6 conics C; through S\ {Q;}, where j =1,...,6.

(2) Calculate the 15 bisecants Q;@; through each pair of points @; and Q;, where i,j =

1,...,6, and i # j.

(3) Calculate the 30 cubic curves through S of the form C; - Q;Q;, denoted by W;;, where

i,j=1,...,6 and i # j.

(4) Calculate the 15 cubic curves through S of the form Q;Q; - QxQ; - @mQn, denoted by
Wij kl,mn, Where i, 7, k,l,m,n is a permutation of {1,...,6}.

Step 2: Find the tritangent planes and the 27 lines of F in PG(3, q).

(1) Fix 4 linearly independent cubic curves through S as base curves, say

V(fi) = V(C3-Q2Q3) =Was, V(f2)=V(Ci -QiQ3)= Wsy,

V(gi) = V(C2-Q2Q3) =Wz, V(ge) =V(C3-Q1Q3) = Wis.
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The tritangent plane [a;bjc;;] is the inverse image of the cubic curve
Wij = V(Cj - QiQj).
The tritangent plane [c;jciicmn] is the inverse image of the cubic curve

Wijktmn = V(QiQj - QrQ1 - QmQn)-

Associate the 4 chosen tritangent planes with the coordinate hyperplanes in the fol-

lowing way:

V(F1) = V(f1) with V(F1) = [agb3cas] = w23, V(F1) = V(20);
V(FQ) — V(fQ) with V(FQ) = [agblclg] = 731, V(FQ) = V(%l);
V(G1) = V(g1) with V(G1) = [agbacas] = w32, V(G1) = V(22);

V(Gg) — V(gg) with V(GQ) = [albgclg] = 713, V(Gg) = V(:L‘g)

The 4 chosen tritangent planes will be referred to as the base tritangent planes.

The defining equation of any cubic curve passing through the 6 points @)1, ..., Qs can
be written as a linear combination of the equations f1, fa, g1, g2 of 4 base cubic curves.
Moreover, the defining equation of every tritangent plane of F can be written as a
linear combination of the equations Fi, Fy, G1, G2 of the 4 base tritangent planes. Ap-
plying a linear substitution to the base planes means applying a linear transformation

to the coefficients of the equation of the tritangent planes.

Moreover, the coefficients in a linear combination expressing a given cubic curve in
terms of the 4 base cubics are the same as the coeflicients in a linear combinations
expressing the corresponding tritangent plane in terms of the corresponding 4 base

tritangent plane, that is if
1 1
h=> aifi+ Y bigi
i=0 i=0

and h corresponds to the tritangent plane H and the f; correspond to the F; and the
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g; corresponds to the G; then
1 1
H = ZaiFi + szGz
i=0 i=0

(3) Calculate the remaining 41 tritangent planes as linear combinations of zg, z1, z2, 3.

(4) Using

a; = mij N = [ag, by, i) N [ag, bi, cix,
by = mji N = [ag, by, cij] N [ag, by, cir,

cij = mij Ny = [a;, by, ¢i5] N [ag, b, ¢,

all 27 lines are found.

(5) Each Steiner trihedral pair consists of two set of three tritangent planes. Since the 45
tritangent planes are known, all 120 arrangements for the Steiner trihedral pairs can

be found. Recall that

Sijk has planes {m;;, mjp, T} and {7ji, T, Wik}
Sij i has planes {;;, Trr, it jkmn } and {7, Thj, Tij kimn }»

Sijk,lmn has Planes {ﬂ-il,jm,kna Tim,kl,jn> 7"-i?’L,jl,krrL} and {ﬂ-il,jn,km7 Tin,jm,kl> ﬂ'im,jl,kn}-

Step 3: Find the trihedral pairs of F in PG(3,q).
Pick a trihedral pair related to 4 base tritangent planes V(F), V(Fy),V(G1),V(G2)

and 4 base cubic curves V(f1),V(f2),V(g1), V(g2), say Sies:

c23 by ax Fy
az c13 b1 Iy
by a1 ci2 Fj

Gi1 Gy G3

In step two, 45 tritangent planes are already calculated as the linear combination of xg,

x1, T9, x3. Therefore, F; and G; are linear forms in the four coordinates. From Theorem
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3.3.20, the cubic surface with trihedral pair Sio3 can be written in the form

F = V(F1F2F3 + )\GlGQGg). (410)

Step 4: Find the equation of the cubic surface F in PG(3, ¢) with twenty-seven lines.
The parameter A can be found in the following way.
The Clebsch map is onto; that is, every point in PG(2,¢) is an image of a point (or

points) on the cubic surface F as follows:

xo:x:x2 w3 = f1(yo,y1,92) : fo(yo, y1,v2) 91 (Yo, 1, ¥2) : 92(Yo, y1, y2),

where V(f1),V(f2),V(g1),V(g2) are base cubic curves in the plane. Picking a point in the
plane P(yo, y1, y2) not on the base cubic curves, a point P(zg, z1, z2,z3) on F is found by
evaluating the base cubic curves fi, f2, 91,92 at the point P(yo,y1,y2). The parameter A
is found by evaluating P(zg, z1, 22, z3) in (4.10).

This algorithm creates a surface from a 6-arc not on a conic in the plane.

Example 4.3.2. In PG(2, 13), consider the 6-arc not on a conic S = {Q1, Q2, @3, Q4, @5, Qs }

where

Ql :P(27170)7 Q2 :P(117170)7 Q3 :P(11707 1)7

Q4 :P(27071)7 Q5 :P(0767 1)7 Q6 :P(07771)

Recall that this is the 6-arc not on a conic in Example 4.2.3.

The related cubic surface with twenty seven lines F in PG(3,13) can be determined
in 4 step as follows:

Step 1:
In order to find the linear system of cubic curves through S, we need to consider the
bisecants @;Q; of the 6-arc S and the conics C; through S\ {Q;}. The 15 bisecants of S
are listed in Table 4.1 and the 6 conics is listed in Table 4.2. The resulting the 45 cubic

curves through S are given in Table 4.3 and in Table 4.4.
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@Q1Q2 =
@1Qs3 =
Q10 =
1Q5 =
Q1Qs =
Q203 =
Q2Q4 =
Q2Q5 =

V(y2)
V(Tyo + 12y, + u2)
V(6yo + y1 + y2)
V(12y0 + 2y1 + y2)
V(yo + 11y + yo)
V(Tyo + y1 + y2)
V(6o + 12y1 + 1)

V(o + 2y1 + 12)

Q206 =
Q304 =
Q3Q5 =
Q306 =
Qa5 =
QuQe =
Q506 =

V(12yo + 11y; + y2)
Vi(y)
V(Tyo + 2y1 + 1)
V(Tyo + 11y, + o)
V(6yo + 2y1 + y2)
V (6yo + 11y; + y2)
V(yo)

Table 4.1: The bisecants of S

v
v
=V
v
V
V

AN N N N N

yo + 3y + 93 + 10yoy1)
Yo + 3yt + 9y2 + 3yoy1)
y +9y7 + y2 + 4yoy2)
y + 997 + 5 + o)
Yo + 9y; + 9y3 + 10y11)
Yo + i + 9y3 + 3y1y2)

Table 4.2: The conics C; through S\ {Q;}



Wis = V(95 + yoy2 + 3yTya + 3yorya)
War = V(995 + y5y2 + 3yiy2 + 10yoy1y2)
W13 V(yg + 8y} + 2y5 + 11ygyr + 6ygya + Iyoy; + 5y7y2 + Yoys + 11y195 + Syorye)
=V (ys + Ty; + 5y + 8ygyr + 2y5y2 + 9yoy; + 6yiye + Iyoys + 8y1y5 + Tyoy1ye)
= V(yg + 85 + 11y3 + 11ygyr + Tydyz + vyt + 8yiyz + yoys + 11115 + Syoy1ye)
W41 = V(ys + Ty} + 8y3 + 8ygyr + 11y5y2 + Iyoyt + Tyiye + yoys + 8y1ys + 6yoy1ye)
Wis = V(yo + 8y5 + 4ys + 11ygys + 120512 + oyt + 1037y + Yyovs + 11y15 + 10y0y132)
W51 V(o + Ty + 45 + Sygy + 123Joy2 + 9yoyt + 10y7y2 + 9yoys + 81195 + 3yoyrye)
= V(ys + 8y7 + 9ys + 1lygy + yoyz + 9youi + 3yiye + oy + L1yays + 3yoyrye)
W61 =V (ys + Ty; + 995 + 8ygyr + voy2 + oyt + 3yive + Iyoys + 8y1ys + 10yoy1ye)
Was =V (ys + 5ys + 2u5 + 2ygy1 + 6332 + 9yoyt + 5yiys + 9oys + 215 + Syoyiye)
52 = V(¥ + 6y5 + 5ys + 5ygyr + 2ygye + oyt + 6yiys + oys + 5y1ys + 6yoy1ys)
=V (yg + 595 + 11ys + 2y3y1 + Tyayz + oy; + Syiva + Ioys + 2y195 + 5yovi1ve)
=V (ys + 697 + 8y3 + 5ygyr + 11y5y2 + Iyoyt + Tyiye + oys + 5yrys + Tyoy1ye)
W25 = V(ys + 5y% + 993 + 2u5y1 + vy + oys + 3yTye + Woys + 2y1v5 + 10yoy1ys)
W52 V(y + 647 + 9y5 + Sygyr + Yoz + oyt + 3yive + Iyoys + Sy1ys + 3yoyrys)
(o
(%o
(
(
(%o
(Yo
(o
(%o
(%o
(%o
(o
(%o
(o
(%o

%

=V (ys + 5y + 4y5 + 2u5y1 + 12y5y2 + Iyoy; + 10yiy2 + Yoys + 20115 + 3yoy1y2)
=V(y, + 6y1 + 4y + Sydyr + 1205y + oy + 10yTye + Yovs + 5y1y5 + 10yey1y)

W34 = V(9 + yo@/l + ylyz + 9Yoy1y2)

W=V 9y1 + Yoyr + 1Y + 4yoyys)

W35 14 yo + 1045 + 55 + 4ydyr + 2052 + Woi + 6yiye + Iyoys + 4yays + 10yoy1ys)
= V(ys + 1057 + 2y5 + 4y5uy1 + 6y5v2 + Iyoyi + 5y y2 + o5 + 49195 + 3yoy1y2)

W36 =V (y + 3y + 5ys + Wour + 2yay + Iyt + 65 y2 + os + 9y1y5 + 3yoy1ye)

Wes = V(5 + 3y7 + 2y5 + 9ygy1 + 6y5y2 + 9yoyi + 5yive + Iyoys + 9y1y5 + 10yoy1y2)

W45 V(ys + 3y3 + 8ys + gyr + Llydys + Yoyt + 7Yy + 9yoys + 9y1ys + 10yoy1ys)
=V (yg + 3y; + 11y5 + 9ygyr + Tyaye + Iyoyi + 8y7y2 + Yoys + 91y + 3yoy1y2)
=V (yg + 10y} + 8y + dygyr + 11ydys + oyt + Tyiye + oys + 4y1y5 + 3yoy1ys2)

W64 =V (yg + 1097 + 1145 + 4ygyn + Tyoyz + Iyoyt + 8yiye + oys + 4y1y3 + 10yoy1ye)
= V(ys + 9yoyi + o3 + 3yovry2)

W65 = V(ys + 990y + 9oys + 10yoy1y2)

Table 4.3: The 30 cubic curves of the form W;; = C; - Q;,Q; = ®(m;;)
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W12,34,56 = V(yoy1yz)

Wiazsae = V(9y5 + yoyg + 3yiye + 8yoy1y2)

Wisssas = V(95 + Yoo + 352 + 5yoy1ye)

Wisaase = V(Yo + vyt + oys + 8yoy1yz)

Wisosa6 = V(¥ + 1047 + 9%5 + 4y5u1 + Yov2 + oyt + 3472 + 9oy + 4y1y3 + Yo112)
Wisgeas =V (yg + 3yt + 4y5 + 9ygyr + 12y5y2 + oyt + 10yTys + 9yoys + 915 + 2y0y192)
Wisasse = V(Yo + 9yoyT + yoys + 53/01/13/2)

Wiazsse = V(U5 + 3y5 + 995 + 9yoyr + Yoz + ous + 3yivz + ovs + 9y1y3 + 11yoy1y2)
Wiss3s = V(Yo + 10y; + 4ys + dygyr + 12y5y2 + 9yoy; + 10y7y2 + 9yoys + 43195 + 12y0y192)
Wis 23,46 = V(yo + 1091 + 43/2 + 4yoy1 + 123/03/2 + 93/0% + 10913/2 + 93/03/2 + 49192 + 11yoy1y2)
Wis 2436 = V (yg + 3y1 +4ys + Yy + 1205y + 9oyt + 1057y + 9yoys + 9195 + Yoyrya)
Wis 2630 = V(993 + Yoy + 11y + 11yoy1y2)

Wisasas = V(yo + 397 + 995 + 9oy + yoyz + 990yt + 3yiy2 + 9oys + 9y + 12504192)
Wieza3s = V(4 + 10?/1 + 9y5 4+ 4yoyr + Yoy + 9oyt + 3y vz + os + nys + 2y0y1ye)

Wie 2530 = V(993 + yoyr + 1195 + 2yov12)

Table 4.4: The 15 cubic curves of the form Wi pimn = QiQ; - QrQi - Qm@n =
(I)(ﬂ-ij,kl,mn)
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Step 2:

Choose four base cubic curves Was, W3y, Wsso, Wi through S:

Was = V(4 + 593 + 2u3 + 2021 + 6532 + 9oyt + 5ytys + oua + 20193 + Syoy1ys)
_ 3 3 3 2 2 2 2 2 2

Ws1 = V(yy + Tyi + 5y5 + 8ygy1 + 2yy2 + oyt + 6y1y2 + yoys + 8y1ys + Tyoy1y2)
_ 3 3 3 2 2 2 2 2 2

Wsa =V (yy + 6y7 + 5y5 + 5ygy1 + 2yy2 + oyt + 6y1y2 + yoys + Sy1ys + 6yoy1y2)

Wis = V(ys + 8y3 + 23 + 11ydyr + 6ydy2 + 9yoyt + 5yiya + yoys + 113193 + 5yoy1y2)
The corresponding tritangent planes, called base tritangent planes, are chosen as
m3 = V(20), w31 =V(r1), m32="V(r2), mz=V(z3).

Using the linear system of cubic curves, every tritangent plane can be written as a linear
combination of xg, x1, x2, x3. For instance, the plane cubic curve Wiy is a linear combina-

tion of the 4 base cubic curves:

Wig = V(995 + yov2 + 3ytye + 3yoy1v2)
= aWa3 + bW31 + cW3a + dWi3
=V((@a+b+c+dys+ (5a+ 7+ 6c+8d)y; + (2a + 5b + 5¢ + 2d)ys
+ (2a + 8b + 5+ 11d)y2y1 + (6a + 2b + 2¢ + 6d)ydy2 + (9a + 9b + 9¢ + 9d)yoy?
+ (5a + 6b + 6¢ + 5d)y2ys + (9a + 9b + 9¢ + 9d)yoy2 + (2a + 8b + 5 + 11d)yy>

+ (8a + 7b + 6¢ + 5d)yoy1y2)

Hence a =7,b=5,c¢=0,d = 1.

Therefore, the corresponding tritangent plane w2 can be written as

T = Tma3 + b3y + 13

= V(7SEO + 521 + xg).

The resulting equations of all tritangent planes are given in Table 4.5. The 27 lines are
listed in Table 4.6. Also, all 120 Steiner trihedral pairs can be observed by considering the

possible arrangements of tritangent planes.
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1o = V(Txo + 51 + x3)

o1 = V(2x¢ + 1029 + z3)

ms = V(x3)

31 = V(x1)

ma = V(xg + 1021 + 23)

741 = V(220 + 1021 + 10z5 + x3)
s = V(10xg 4+ 921 + x3)

5 = V(229 + 921 + 1029 + 23)
me = V(4xo + 1 + 23)

o1 = V(29 + x1 + 1025 + x3)
oz = V()

T30 = V (22)

oy = V(xg + 1029 + 23)

Tao = V(Txo + by + dg + x3)
mos = V (10x¢ 4+ 1025 + x3)

5o = V(Txg + 521 + T2y + 23)
moe = V (4xo + 1029 + 3)

o = V(Txg + by + 11y + x3)
734 = V(1221 + x9)

a3 = V(1220 + z3)

T35 = V(311 + 22)

753 = V (10z0 + 3)

736 = V(921 + 22)
Te3 = V (4o + x3)
V(10zg + 221 + 229 + 23)
754 = V(o + 271 + 819 + 3)
a6 = V (4dxg + 821 + 89 + x3)
(xo + 81 + 229 + x3)
dxog + 10x) + 29 + x3)
mes = V (10xo + 1021 + 929 + x3)
23156 = V (1229 + 1021 + 329 + x3)
Ti2,3546 = V (1020 + 821 + Txo + x3)
23645 = V (4x0 + 221 + 629 + x3)
(
(
(
(
(
(

Vv
v

mi32456 = V(1021 + x3)

13,2546 = V.

13,2645 = V

Tia2356 = V (420 + T2)

Ta25,36 = V (4xo + 1021 + 4dag + x3)

Ta,26,35 = V (1020 + 1021 + 1225 + x3)

Txo + z2)

Tis0436 = V (4x9 + 921 + 2 + x3)

50631 = V(1220 + 921 + 429 + x3)

T16.2345 = V (570 + 72)

Ti62435 = V (1020 + 71 + 929 + 73)
V(12z¢ + x1 + 1229 + z3)

(
(
(
T15,23,46 V(

7116,25,34 —

Table 4.5: The tritangent planes of the associated cubic surface with S
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at[3 58] e L2 88] wmfi 0
S S T
b4:L{(1)(1)(1)132} b5—LH(1)1002: bGZL-(1)(1)2192:
IR EE R I R
c15=L[(1)(1)82 ci6 = L (1)(1)5192] 023=L[8(1)8(1):
c24=LH(1)1g] c25:L[(1)$162 g} c%zLH?lSO 101}
034=L[(1](1J(1)(1)} 035:Ll(1](1)1008} C36:L[(1)(1)23}
Ca5 L{é?gﬁ} 046:L{(1)(1)gg} C56:L{é?8g]

Table 4.6: The 27 lines of the associated cubic surface with S

Step 3:

The chosen abstract trihedral pair is Sio3 :

co3 b3 ap | ma3
az c13 b1 | w31

by a1 ci2 | T2

32 713 721

From Table 4.5, the six plane equations are:

T3 = V(l‘o), m31 = V(:El), T = V(7l’0 + 51 + ZL'3),

T3 = V(:L‘g), T3 = V(Cﬂg), o1 = V(2$0 + 1029 + .Tg).

The equation of the corresponding cubic surface is

Fap = V(am0x1(7xo + 521 + x3) + brows (229 + 1022 + :c;g))
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Fio= 73:01'1 + 52027 + ToT173)

Foq = 52 53 + 7x2x3 + xoxows)

Fi1 = V(10z3zy + 92073 + 5r513 + TT0x3 + 207173 + TeT2T3)
Fiao = 53:01’1 + 11950351 + 53:2x3 + 7:62903 + 10xgx123 + ToT2T3)
Fiz = 12x0x1 + 3x0x1 + 5m2x3 + 7a:2x3 + llzxozi23 + ToT2T3)
Fra = V(92321 + 122073 + 5x513 + TT023 + HT0T173 + TeT2T3)

Fie = 6x0x1 + 8m0x1 + 5m2x3 + 7x2x3 + 12x¢z1 23 + ToT223)
Fi7 = V(Txdxy + Swox] + da3xs + Taoms + Tox173 + ToT2T3)
Fig = 11:U03:1 + 6930:E1 + 5$2£U3 + 7:U2333 + 9zoz123 + ToT2T3)
Fio = V(4xir, + 207% + 5r3w3 + 71225 + 807173 + ToT273)
Fiio= x2x1 + 10:13‘0561 + 5:621,‘3 + 7:1:2x3 + 2x01123 + ToT2x3)
Fin = 8$0x1 + 2:50931 + 5:)32x3 + 71:2:v3 + 3173 + TT2T3)

y
[
S SIS SIS S S S S S S S S S

(
(
(
(
(
(
(2x0x1 + 7350901 + 51’2;53 + 73:2333 + dxgri173 + TT2T3)
(
(
(
(
(
(
(

hy
=
[\

Il

3571 + 4row] + B3T3 + Tr073 + 63071 T3 + ToToT3)

Table 4.7: The g + 1 cubic surfaces arising from Syo3

where a, b are homogeneous coordinates for PG(1,q). The g + 1 equations on the line are

listed in Table 4.7.

The point P(1,1,1) in PG(2, q) is not on any of the base cubic curves Wag, W31, Wsg, Wis.

By evaluating the base cubic curves at this point, a point P(1,12,12,1) on F is found.

Therefore A = 6 and the equation of the surface is:

7x(2)x1 + 51‘0.%% + ngxg + 65621‘% + xox123 + 12202923 = 0.

This is F1,6 from Table 4.7. Let us denote this cubic surface as Fg. It is isomorphic to the

cubic surface F in Example 4.2.3:

F = V(lQa:g:cg + 12.%'%.%3 + 123:%1'3 + 9zox172 + x%),

Fg = V(?x%xl + broxt + 836%903 + 690290% + Zor173 + 12960962$3)-
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The projectivity associated to

8 10 0 O
8 5 4 5
R =
12 12 0 O
i 4 5 4 9_

takes F to Fg. We get the equation of Fg in terms of x(, 2, 2, § by substituting

Ty = 8x( + 8« + 127}, + 4l
r1 = 10z( + 5z} + 122, + 5xf
wo = 42 + 4l

x3 = bx} + 9z

in the equation of F .
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Chapter 5

The Classification Problem for
Cubic Surfaces with 27 Lines over

a Finite Field

5.1 General theory of classification

Let G be a group and S be a set on which G acts. We assume that both G and S are
finite. Classifying S under G means determining a list s1, s9, ..., sp of elements in S such
that each orbit of G on S is represented by exactly one element in the list. The set
T = {s1,82,..-,Sn} is a transversal of the G-orbits on S. The elements s; are the orbit
representatives.

The condition that T intersects each G-orbit in exactly one element means that we

have a partition of S into pairwise disjoint orbits:

S = [ J Orba(s).

seT

The particular choice of s in its orbit is irrelevant. The problem of determining a transversal
of the G-orbits on S is the classification problem (for S under G).

Several related problems are of interest. First, it is desirable to compute stabiliser
groups for each of the elements s; € T. Secondly, for an element z in S, we would like

to determine the G-orbit containing x. This could mean finding the orbit representative
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s; € T with s; ~¢ z. Finally, the isomorphism problem is of interest. Given two elements
x,y € S, we would like to know whether = ~¢ y and if so, we would like to find an element
g € G with zg = y.

The problem at hand is of course that of classifying the orbits of G on S where

G = PGL(4, ),

S = {cubic surfaces in PG(3, q) with exactly 27 lines}.

Because the order of the group GG and the size of the set S grow rapidly as functions of
q, efficient algorithms for solving the classification problem are required. One of the main
ideas is to consider a set of smaller and related objects which are easier to classify. The
classification of cubic surfaces is facilitated by reducing to the smaller objects, classifying
the smaller objects and then lifting the classification of smaller objects to the classification
of objects. At times, the smaller objects are in turn reduced to even smaller objects, which
are even easier to classify. In order to facilitate such a reduction, the following lemma from
[6] can be used. Before we state the result, some notation has to be introduced.

Let G be the group which acts on the finite sets 4 and B. Let R be a relation between
A and B.

R C {(a,b) |a € A,be B}.

Also, GG acts on R. R is G-invariant, so

(a,b) € R = (ag,bg) € R for all g € G.

A pair (a,b) € R is called a flag. For a € A,

Up(a) = {(a,b) | b € B, (a,b) € R}

and for b € B,
Down(b) = {(a,b) | a € A, (a,b) € R}.
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Let Py,..., P, be the representatives for the orbits of G on A; so

lJ Orba(P)
i=1,....m
Let Qq,...,Q, be the representatives for orbits of G on B; so
U Orba(@y).

Jj=1,...n

Let 7;, be the orbits of Stabg(P;) on Up(P;) and let t;, = (P, bir) be the orbit

representatives of 7T; ; so

where 7 = 1,...,7; and T;, = Orbgiap,(p,) (tisr)-
Let S;; be the orbits of Stabg(Q;) on Down(Q;) and let s;; be the orbit representatives
of §;; s0

Down(Q;) = U S

I=1,...,l;

where [ =1,...,l; and Sj; = Orbsiapg ;) (8.1)-

Lemma 5.1.1 ([6]). (1) There is a canonical bijection between the set of orbits
{Tipli=1,....m, r=1,...,7}

and the set of orbits
{Sj,l‘jzl,...,n, lzl,,l]}

(3) If Ty and S;; are corresponding orbits under the canonical bijection from 1, then
Orba (Py)] - [Tir| = [Orba(Qj)] - [Sj,l-

Proof Let Rq,...,Rs be the orbits of G on the set R. We claim that for each Ry,
=1,...,4, there exists exactly one 7;, such that 7;, C Ry. For i = 1,2 let II; denote

the projection onto the i** coordinate.
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If 7;r C Ri and Ty C Ry (with (i,7) # (u,v)) then t;, € Ry and t,,, € Rg, hence

there exists an element g € G with ¢;,g = t,, and hence
Pig =11 (tirg) = 1 (tuw) = Pu,

and so P; ~g P,, which means that ¢ = u and hence g € Stabg(P;). Therefore, r # v. But
birg = a(tirg) = a(tuw) = biv

which means that

bir ~Stabg(P;) bivs

which is impossible because r # v.
Likewise, one shows that for each Ry, £ = 1,...,d, there exists exactly one S;; such

that §;; C Ry. Thus we have bijections

(i,1) «— k +— (j,1).

Therefore, if (i,7) and (j,1) correspond in this way, then there exists a group element

g € G with

tirg = Sjl-

5.2 Application of the theory to the classification of cubic

surfaces over a finite field

The most convenient structures associated with cubic surfaces with 27 lines are the fol-

lowing:
(a) a double-six,
(b) a 6-arc in a plane but not on a conic.

Theorem 3.2.2 shows that a double-six determines a unique cubic surface with 27 lines.
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Theorem 3.2.5 and 3.1.2 show that a 6-arc not on a conic determines a cubic surface with
27 lines.

In [10], the double-sixes are used as substructure. In [9], a GAP program [18] is used
to compute the projectivities between two sets of 6 points in PG(3, ¢). This is helpful to
compute the stabiliser of a chosen special trihedral pair and the stabiliser of the associated
cubic surface with 27 lines. Special trihedral pairs exist for all ¢ < 13, so this method will
work for all fields of order ¢ < 13. However, for larger g, there are cubic surfaces with
less than 3 Eckardt points, and so they do not have any special trihedral pair. For those
trihedral pairs, the GAP program would compute projectivities which do not preserve
the partition of the 6 planes into two sets of size three, and hence be unable to compute
the stabiliser of the non-special trihedral pair. For example, there is a cubic surface with
twenty-seven lines with only one Eckardt point in PG(3,17), [10]. To fix this problem,
we decided to use Lemma 5.1.1 to classify the trihedral pairs, using an implementation
in Orbiter [7]. This generalizes the algorithm described in [9] and eliminates the need to
consider special trihedral pairs. Summarizing, we use Orbiter to perform the following

classification tasks for us:
(i) The classification of 6-arcs not on a conic in PG(2, q),

(ii) The classification of double-triplets in PG(3, ¢). For the definition of double-triplet,

see Section 5.2.2.

A summary of the projectively distinct cubic surfaces with 27 lines in PG(3,¢q), ¢ < 11,
are presented in Table 5.1. In Table 5.1, G(]—";) is the group of projectivities which fixes

the cubic surface ]:é and es is the total number of Eckardt points of .7-";.

5.2.1 The classification of 6-arcs not on a conic in PG(2,¢)

The projectively distinct 6-arcs not on a conic over the field for ¢ = 13,17,19 are given
in Table 5.2, Table 5.3 and Table 5.4. These results are from Ali [1], Al-Seraji [2] and

Al-Zangana [3], and they have been verified using Orbiter, [7].
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¢ F, es |G(F)] Common Name Classified by
4 Fy 45 25920 Hirschfeld
7 Fr 18 648 Equianharmonic Hirschfeld
8 Fs 13 192 Hirschfeld
9 F) 10 120 Diagonal Hirschfeld
9 F 9 216 Hirschfeld
11 F) 6 24 Sadeh
11 Fy 10 120 Diagonal Sadeh

Table 5.1: Cubic Surfaces for ¢ < 11

So —Al U{P(2,3,1)} St :A1U{P<2,4,1)} S14 :A1U{P<5,6,1)}
S1 = Al U{P(473,1)} S8 :A1U{P<9,4,1>} S15 :A1U{P<7,6,1>}
S9 —A1 U{P(6, 3,1)} S9 :A1U{P(1O,471)} S16 :A1U{P(8,7,1)}
s3= A, U{P(7,3,1)} s10=A,U{P(4,5,1)} si7=A U{P(12,7,1)}
si= A UIP(8,3,1)} s =4, U{P(6,51)) sg5=A4,U{P(26,1)}
s5= A U{P(10,3,1)} s12= A, U{P(8,5,1)} s19= A3 U{P(5,4,1)}
S = Al U {P(]_Q, 3, ].)} S13 = Al U {P(12, 5, 1)} So0 = A3 U {P<6, 4, 1)}

A, = {P(1,0,0),P(0,1,0),P(0,0,1),P(1,1,1), P(3,2,1)},
A, = {P(1,0,0),P(0,1,0),P(0,0,1),P(1,1,1),P(6,2,1)},
A; = {P(1,0,0),P(0,1,0),P(0,0,1),P(1,1,1),P(4,3,1)}.

Table 5.2: The 6-arcs not on a conic S in PG(2,13)
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A = {P(1,0,0),P(0,1,0),P(0,0,1),P(1,1,1),P(3,2,1)},
A, = {P(1,0,0),P(0,1,0),P(0,0,1),P(1,1,1), P(5,2,1)},
A; = {P(1,0,0),P(0,1,0),P(0,0,1),P(1,1,1),P(6,2,1)},
Ay = {P(1,0,0),P(0,1,0),P(0,0,1),P(1,1,1),P(7,3,1)}

Table 5.3: The 6-arcs not on a conic S in PG(2,17)
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A, = {P(1,0,0),P(0,1,0),P(0,0,1),P(1,1,1), P(3,2,1)},
Ay = {P(1,0,0),P(0,1,0),P(0,0,1),P(1,1,1),P(5,2,1)},
A; = {P(1,0,0),P(0,1,0),P(0,0,1),P(1,1,1), P(4,3,1)},
A, = {P(1,0,0),P(0,1,0),P(0,0,1),P(1,1,1),P(8,3,1)},
As = {P(1,0,0),P(0,1,0),P(0,0,1),P(1,1,1),P(5,4,1)}

Table 5.4: The 6-arcs not on a conic S in PG(2,19)

96



5.2.2 The classification of double-triplets in PG(3, q)
Definition 5.2.1. Three planes in PG(3, ¢q) are called a triplet.

Definition 5.2.2. A double-triplet is an unordered pair of triplets intersecting in nine

distinct lines in PG(3, q).

Remark 5.2.3. Let F be a cubic surface with 27 lines. Any Steiner trihedral pair of F

is a double-triplet.

The classification of double-triplets in PG(3,¢) under the group G = PGL(4,q) is
based on the classification of triplets. So, first the classification of triplets under the group
PGL(4, q) will be given. Applying Lemma 5.1.1 yields the classification of double-triplets.

Dually, a triplet is a 3-subset of PG(3,¢q).

Theorem 5.2.4. There are two projectively distinct 3-subsets of PG(3,q). Three points
either are collinear or not. Dually, there are two triplets in PG(3,q) up to equivalence.

Three planes intersect in a line or in a point.

Some more information about these two orbits will be given next.
Let & be the set of points of PG(3,q) and let &3 be the set of 3-subsets of points.
Let % be the set of 3-subsets of points which are collinear and let U = {U;,Us, Uz} be

the orbit representative of % where
U, =P(1,0,0,0),U; =P(0,1,0,0) and Us = P(1,1,0,0).

Ui,Us, Uz are collinear in the line

l 1 0 00
0100
The stabiliser of U is the group
C 0 0 1] |0 1
Stabg(U) = { , where C € ( , ), A € GL(2,q),
B A 1 o] [-1 -1

2x2
B e F2*?}
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of order

Stabe (U)| = 3!(q — 1)(q + 1)q(qg — 1)¢*.

Let Uy, Uj, Uj be the points such that Uj = U] + pUj where X # 0 and p # 0. There

exists a transformation N in G such that UN = {U{, Uj, U}. Namely,

AU,
uU;

q3

44 |

where qq4, g3 are chosen to make N invertible.

The orbit of U is

Orbg (U) = {{U1, U3, U3} € 2° | rk((U1, U3, Us)) = 2}.

Let 7 be the set of 3-subsets which form a triangle and V = {V7, V5, V3} be the orbit

representative of ¥ where

Vi = P(1,0,0,0), V5 = P(0,1,0,0) and V5 = P(0,0, 1,0).

The stabiliser of V is the group

0
A
N o
Stabg(V) = { , where M = P | ;| with P any 3 x 3 permutation
0
12
b1 b2 bg a

matrix and A, p1, ¢, a € Fg \ {0} and by, b, b3 € Fq}
of order
|Stabg(V)| = 3!(q — 1)3¢>.
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Let V{, V3, V4 be any three non-collinear points. There exists a transformation N in G

such that VN = {V{, VJ, VJ}. Namely,

-q4_

where ¢4 is linearly independent from V{, VJ, V3.

The orbit of V is
Orba(V) = {{V, V3, Vs} € 2° | rk((V{, V3, V4)) = 3}.
Lemma 5.2.5. The number of collinear 3-subsets of points in PG(3,q) is
1= (5@ +a e v )

The number of non-collinear 3-subsets of points in PG(3, q) is

PP 4q+1 +1
= (T - (7 @ ka0

Remark 5.2.6. Let g be the order of the group PGL(4, ¢). Using Theorem 2.4.6, it follows

CH+HPE+q+1 B ( 1 n 1 )
3 9B+ (g - 1024 3l (g— )3

Under the standard polarity, the previous results about 3-subsets of points become

that

statements about 3-subsets of planes, or triplets. The next result shows that the double-

triplets can be classified.

Theorem 5.2.7. There is an algorithm which classifies the double-triplets in PG(3, q).

Proof We rely on Lemma 5.1.1. Let A be the set of triplets and let B be the set of
double-triplets in PG(3,¢q). Let G = PGL(4, q). The classification of triplets under the
group G can be seen in Theorem 5.2.4. The information about the stabilisers is contained

in the remarks after the theorem.
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The relation R is given by

R={(A,B)e AxB|B={A1,A3} C A, either A= A; or A= As}.

The relation R is G-invariant.

The double-triplets @), associated to P; can be obtained from the set

Up(F) ={(F:, @) € Ax B| (P, Qr) € R for Qr = {F;, A}}.

Let 7;,, r =1,...,7; be the orbits of Stabg(F;) on Up(P;). On the other hand, for a given
double-triplet T'= { A1, A2} C A, there are exactly the 2 triplets A;, Ao which are related

to T'. Hence the down-set of T is the set of pairs

Down(T') = {(A1,T), (A2, T)}.

Let @1, ...,Qy be a set of orbit representatives for the action of G on B. For k=1,...,n,
the set Down(Q)y) is partitioned into orbits of the group Stabg(Qy). These are the S;; in
the Lemma. The orbits S;; are paired with certain orbits of the form 7; .

Let P, = U, and P, = V be a transversal of the triplets in PG(3, ¢), as in Theorem
5.2.4. Let Stabg(P;) = G; for i = 1,2 be the associated stabiliser subgroups. Assume
that the orbits of G; on Up(P;) is known as 7;, with orbit representatives ¢;, = (B, bi)
where b € B for ¢ = 1,2 and r = 1,2,...,r;. Assume that the associated stabilisers

Stabg, (ti ) = Stabg(tir) = Gi, are known also.
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The following algorithm is an adaptation of an algorithm from [6]. As input, we have
a transversal P; = U, P, = V of G-orbits on A with stabilisers G; = Stabg(P;). We also
have orbits 7;,, r = 1,...,7; of Stabg(F;) on Up(FP;) for i = 1 and ¢ = 2. In addition,
we have chosen orbit representatives t;, = (P;,bi) € T, and we know the associated
stabiliser subgroups

Gi,r = StabGi (ti,r)

forr=1,...,r;and i =1,2.
The algorithm will output a list @1, ...,Q, of G-orbit representatives for the action

of G on B, with corresponding stabilisers

Stabg(Qr).-

(1) Initialize by marking all orbits 7;, as unprocessed.
(2) Consider the first/ next unprocessed orbit 7; ;.
(3) Mark 7;, as processed.

(4) Define a new isomorphism type of double-triplets represented by Qj := Ila(t; ) = bjy.

Record Stabg, (i) as subgroup of Stabg(Qk).

(5) Suppose that Qr = {A1, A2} C A, where A; and Ay are triplets. Thus

DOWH(Qk) = {(Ala Qk)v (A27 Qk)}

Loop over the two elements in Down(Q).
(6) Let H be the first/next unprocessed in Down(Qy). Let A =II;(H).

(7) Determine whether rk(A) = 2 or 3. If rk(A) = 2, find a matrix N as in (5.1) such

that AN = Py. If rk(A) = 3, find a matrix N as in (5.2) such that AN = P».
(8) Let « be the projectivity associated to N. Thus, Ao = P;.

(9) Determine the index s < r; such that

HoeTjs.
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(10) Let B =1IIy(H). Determine a matrix M € G; = Stabg(P;) such that
BaM = t]”s.

Let 8 be the projectivity associated to M.

(11) If j =i and s = r, record af as a generator for Stabg(Qg). An example can be seen

in Figure 5.1.

(12) Otherwise, mark 7; s as processed and define the group element A = (af)~!. An

example can be seen in Figure 5.2.
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(13) Continue with the next unprocessed element H € Down(Q%) in Step 6 until done.
(14) Continue with the next unprocessed orbit 7;, in Step 2 until done.

(15) The collection Q1,...,Q, of elements discovered in Step 4 is the desired transversal
of G-orbits on B, that is, the isomorphism types of double-triplets. The associated
stabiliser groups are the groups Stabg(Qf) initialized in Step 4 and possibly extended

in Step 11.

5.2.3 The classification algorithm for the cubic surfaces with
27 lines

This algorithm is used for the classification of cubic surfaces with twenty-seven lines in
PG(3,¢q). The inputs of the algorithm are projectively distinct 6-arcs S not on a conic
in PG(2,q) and the classification of double-triplets under the group PGL(4,q) and the
output of the algorithm is projectively distinct cubic surfaces F with twenty-seven lines in
PG(3, q) with a distinguished double-siz.

Assume that we have the classification of 6-arcs not on a conic in PG(2,¢) under the
action of PGL(3, q). Let

S ={s1,82,...,8q}

be a transversal for these orbits, where a is the number of orbits. Assume that the classi-

fication of double-triplets in PG(3, ¢) is known under the group G = PGL(4, q).

Let j = 1. While S is nonempty, do the following:

Step 1: Let s; be the next element in S. Perform the arc lifting algorithm from Section
4.3 for s;. This yields a surface F;; with a distinguished double-six Z. Say Q1 = F,.

The arc lifting algorithm uses S123 to assign the basis vectors of PG(3, q) to

723,731, 32, 13-
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These basis vectors form four of the six planes in the trihedral pair.

S193 = (23, 731, T12; T32, T13, Ta1).
Let F1, F5, F3,G1,Go, G be the equations of the six planes, so that

moy = V(F1), w31 =V (F), ma=V(F;),

w32 = V(G1), m3z=V(G2), ma =V(G3).

Let

E:{Fl,...,fq+1}

be the cubic surfaces associated with
V(aF1F2F3 + bG1G2G3),

where a : b are homogeneous coordinates of PG(1, ¢). The arc lifting algorithm also ensures
that @1 € E. Without loss of generality, we may assume that ()1 = F;. Every trihedral

pair is a double-triplet. From the classification of double-triplets, we know the group

Gr = G{F17F2,F3;G1,G27G3}’
which is the stabiliser of the double-triplet Sqo3.

Step 2: Compute the orbits of Gy on E using the dual action.

By considering the orbit of F; under G, we can compute the subgroup
H = Stabg, (F1)
of Gr. Let D = {dy,...,d,} be a set of coset representatives of Stabg,. (F1) in Gr, so

Gr=|J Hd.
deD
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The elements of D correspond one-to-one to the elements of the orbit
Orbg, (F1).
For the sake of notational simplicity, let
Orbg, (F1) = {F1, Fo,.-., Fr},

and assume that

fld;:]:h forh=1,...,r.

Here, we use g' to denote the action of g on the dual space. This is necessary because the

classification of double-triplets was performed using dual coordinates.

Step 3: From the arc lifting, the surface Fj is created together with a distinguished

double-six Z. Using this double-six, the 120 Steiner trihedral pairs on F; are known. Let
Ty, ..., Thgo

be all Steiner trihedral pairs on Fi, with T7 = Si23. Here, S;j;, are from 17 to Taq, Sijm
are from 151 to Ti10 and Sjjk mn are from Th11 to Th0. Each Steiner trihedral pair is
considered as a double-triplet. We perform the following algorithm.

Let A be the empty set. For [ = 1,...,120, test if the double-triplet 7; can be mapped
to the double-triplet T7. If so, let ¢; be a group element which maps 1; to 1.

Perform a loop over all d, € D and see if
Filady) " = Fi.
If so, add ¢d;, to A.

Step 4: The stabiliser of F; is the group

G(F1) = U H'a'.
acA
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Step 5: Let $ be the set of 72 half double-sixes on Fj.

Compute a transversal Hy, ..., H, of the orbits of G(F7) on .

Step 6: Fork =1,...,z, construct the Clebsch map ®4, . Let s be the 6-arc associated
to (I)Hk .
Perform isomorphism testing to determine the representative s; in the classification

of 6-arcs not on a conic which is isomorphic to s. Remove s; from S.

Step 7: Increment j and continue with step 1 until S is empty.

Let n = j. The elements Q1,Qo,...,Q, form a transversal of the G-orbits on the set
of cubic surfaces with 27 lines in PG(3,q).
We illustrate how to find the automorphism group of a cubic surface with twenty-seven

lines over F .

Example 5.2.8. Let

S = {P(1,0,0),P(0,1,0), P(0,0,1), P(1,1,1), P(3,2,1), P(7,6,1)}

be a 6-arc not on a conic in PG(2,13).

Step 1: The arc lifting algorithm from Section 4.3 yields the cubic surface

Fs = V(az%:pl + 5{E0£C% + 12x%x3 + ngxg + dxgri29 + 6&00562333).

together with a distinguished double-six Z. Let T1,...,T129 be the Steiner trihedral pairs
with respect to Z. Considering each Steiner trihedral pair as a double-triplet, we can
determine its isomorphism type. This information is displayed in Table 5.5. In these tables,
the double-triplet is shown using dual coordinates, using labelling of points shown in
Appendix C. Also, N refers to the isomorphism type in the classification of double-triplets
in Appendix C.

We find that the Steiner trihedral pair S193 = T3 is the double-triplet

{0,1,169; 2, 3,1539},
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where the planes are given using dual coordinates as

70 - g = 0,
m: x1 =0,
me9 : 10xg + 11z + 29,
Ty X9 =0,
m3: x3=0,

m1539 ©  4xg+ 8xy +x3 = 0.

This double-triplet is isomorphic to the double-triplet number 55 from Appendix C, namely

{0,1,2;3,4,41},

with equations

7o - a;():O,
T 5131:0,
9 $2=0,
T3 .%'320,
my: x3 =0,

my1 2 12240+ 21 + 0.

The stabiliser of this double-triplet is a group of order 8, generated by

[ 1 0 0 0— —1 00 0_ [ 1 12 12 O_
0 1 0 O 0010 0 0 0 1
0 0 1 O ’ 0100 7 12 12 12 12

1212 12 12 (0 0O O 1| | 0O 2 0 O

After conjugating by a projectivity which takes

{0,1,169;2,3,1539} to {0,1,2;3,4,41},
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the stabiliser of Sya3 is

00 10 1 5 00 1 0 0 9
00 0 1 0 12 0 O 01 0 O
GT = Stabg(slgg) = < y y >
8 0 0 O 0 710 0 01 5
(0800 [0 0O0T1|] [000 12

Step 2: The group G acts on the set E of cubic surfaces associated with 7" and shown
in Table 5.6. We know from the arc lifting that Fg = F7 2. The orbit of Fg under the dual
action of G has size two:

Orbg, (Fs) = {F1,2, F1,10}-

The associated system of coset representatives is

D = {dladQ}a
where ) ) ) )
1 0 00 0 01 0
01 00 0 0 01
dy = ydy =
0010 8 00 0
i 00 01 | i 0 8 0O |

We can check that

-
Firdy = Fi10-

The stabiliser of Fg = F1 2 is the following group of order 4.

1 00 9 1 5 00
010 O 0 12 0 0
H = StabGT(fs) = < , >

001 5 0 710

00012 [0 00 1]

Moreover,
2
Gr=|JHd.
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double-triplet NN

S1o3 {0,1,169;2,3,1539} 55
S124 {1540, 1695, 169; 132,1527,1539} 55
Si2s {1544,1617,169; 74,1960, 1539} 106
S126 {1538, 1565, 169; 148, 2240, 1539} 106
Sia4 {29,1695, 3;196,1527,1} 55
Siss {55,1617,3;192,1960,1} 106
Si36 {107, 1565, 3; 185,2240,1} 106
Sis | {842,1617,1527;1345,1960, 1695} 51
Sue | {1798,1565,1527; 617,2240,1695} 50
Sise | {1889, 1565, 1960; 81,2240, 1617} 115
S934 {29, 132,0;196,1540,2} 55
Sass {55,74,0;192,1544,2} 50
Sa36 {107,148,0; 185,1538,2} 51
Sous {842, 74,1540; 1345, 1544, 132} 106
Soss {1798, 148, 1540; 617, 1538, 132} 106
S956 {1889, 148,1544;881,1538, 74} 115
Saus {842,192, 29; 1345, 55,196} 106
Saae {1798,185,29;617,107,196} 106
Sass {1889, 185, 55: 881,107,192} 115
Sas6 {1889, 617,842;881,1798,1345} 115
512’34 {1527, O, 197, 3, 1540, 28} 6
S'13,24 {1527,2,377,169,29,28} 6
S14,23 {3,132,377;169, 196,197} 55
Sas.14 {1540,1,377:1539,29,197} 55
So13 {0,1695,377:1539,196,28} 6
Ss412 {2,1695,197:1,132,28} 6
Si2,35 {1960, 0,275; 3,1544,25} 73
S13,25 {1960, 2,2141; 169, 55,25} 61
S5.23 {3,74,2141; 169,192,275} 106
Sa3.15 {1544,1,2141: 1539, 55,275} 106
So5.13 {0,1617,2141: 1539, 192,25} 73
535’12 {2, 1617, 2757 1, 74, 25} 61
S12,36 {2240, 0,327, 3,1538,19} 56
513,26 {2240, 2, 1848, 169, 107, 19} 71
S16.23 {3,148, 1848: 169, 185,327} 106
So3.16 {1538,1,1848; 1539, 107,327} 106
S96,13 {0, 1565, 1848;1539,185,19} 56
536,12 {2, 1565, 327, 1, 148, 19} 71
Siaus | {1960, 1540, 2199; 1527, 1544, 2290} 71
S1a,25 {1960, 132, 1848; 169, 842,2290} 106
S15.24 {1527, 74,1848; 169, 1345,2199} 71
Soats | {1544,1695,1848; 1539, 842, 2199} 56
Sos.14 | {1540, 1617, 1848;1539,1345,2290} 106

Table 5.5: The isomorphism classes of Steiner trihedral pairs
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double-triplet NN
Sis,12 {132,1617,2199; 1695, 74,2290} 56
Sia.6 | {2240,1540,1023;1527,1538,1062} 61
Siaos | {2240,132,2141;169,1798,1062} 106
Si6.24 {1527, 148, 2141;169,617,1023} 61
Sa1e | {1538,1695,2141;1539,1798,1023} 73
Soeaa | {1540, 1565,2141;1539,617, 1062} 106
Sz | {132,1565,1023;1695, 148, 1062} 73
Siase | {2240, 1544, 1287; 1960, 1538, 559} 126
Si5.26 {2240, 74,377; 169, 1889, 559} 71
Si6.25 {1960, 148, 377; 169, 881, 1287} 61
Sosas | {1538,1617,377;1539, 1889, 1287} 73
Sa6.15 {1544,1565,377; 1539, 881,559} 56
Ss6,12 {74,1565,1287;1617,148,559} 126
Si3.45 {1960, 29, 1023; 1527, 55,1287} 56
514,35 {1960, 196, 327; 3,842, 1287} 106
S15,34 {1527,192,327; 3,1345,1023} 56
S34,15 {55,1695,327; 1,842,1023} 71
S35,14 {29,1617,327;1,1345,1287} 106
Sisaz | {196,1617,1023;1695,192, 1287} 71
S13,46 {2240, 29,2199; 1527, 107,559} 73
S14.36 {2240, 196, 275; 3,1798,559} 106
S16,34 {1527,185,275;3,617,2199} 73
S34,16 {107,1695,275;1,1798,2199} 61
S36,14 {29, 1565, 275; 1,617,559} 106
Sa6.13 {196, 1565, 2199; 1695, 185,559} 61
S13.56 {2240, 55,2290; 1960, 107, 1062} 126
Si5.36 {2240,192,197; 3,1889, 1062} 56
S16,35 {1960, 185,197; 3,881,2290} 73
Ss5.16 {107,1617,197;1,1889,2290} 61
S36.15 {55,1565,197;1,881,1062} 71
Sseas | {192, 1565,2290; 1617, 185,1062} 126
S1a.56 {2240, 842, 25; 1960, 1798,19} 115
Sis.46 {2240, 1345, 28; 1527, 1889, 19} 66
S16,45 {1960, 617,28; 1527,881,25} 66
Sas.16 {1798, 1617,28; 1695, 1889,25} 66
Sa6.15 {842,1565, 28; 1695,881,19} 66
S56,14 {1345,1565,25;1617,617,19} 115
S3.45 {1544,29,1062; 1540, 55, 559} 106
S94,35 {1544, 196,19; 0,842,559} 61
So5,34 {1540, 192, 19; 0, 1345, 1062} 61
S34,25 {55,132,19;2,842,1062} 73
S35,24 {29,74,19;2,1345,559} 73
S15,23 {196, 74,1062; 132,192, 559} 106

Table 5.5 (continued)
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double-triplet NV

S23.46 {1538, 29, 2290; 1540, 107, 1287} 106
524,36 {1538, 196, 25;0,1798,1287} 71
526,34 {1540, 185, 25;0,617,2290} 71
S34.26 {107,132,25;2,1798,2290} 56
S36,24 {29,148, 25;2,617,1287} 56
S46,23 {196, 148, 2290; 132, 185, 1287} 106
S23 56 {1538, 55,2199; 1544, 107,1023} 115
525,36 {1538,192,28;0, 1889, 1023} 66
526,35 {1544, 185,28;0,881,2199} 66
S35,26 {107,74,28;2,1889,2199} 66
536,25 {h5,148,28;2,881,1023} 66
S56.23 {192,148, 2199; 74, 185,1023} 115
So4.56 {1538,842,275; 1544, 1798, 327} 126
Sasa6 | {1538, 1345,197; 1540, 1889, 327} 61
526,45 {1544,617,197; 1540, 881,275} 71
S45.26 {1798,74,197;132,1889,275} 56
516,25 {842,148,197; 132,881,327} 73
S56,24 {1345,148,275; 74,617,327} 126
834756 {107, 842, 2141, 55, 1798, 1848} 126
S35.46 {107,1345,377;29,1889, 1848} 73
S36,45 {55,617,377;29,881,2141} 56
S45.36 {1798,192,377;196,1889,2141} 71
516,35 {842,185,377;196,881, 1848} 61
S56,34 {1345,185,2141;192,617,1848} 126
Stasase | {2199,1287,1062; 1023, 559, 2290} 115
S124,356 {275,1287,19; 327,559,25} 115
S1925 346 {197,1023, 19; 327,1062, 28} 66
S126,345 {197,2199, 25; 275, 2290, 28} 66
S134,256 {2141,2290, 19; 1848,1062, 25} 115
S135,246 {377,2199, 19; 1848, 559,28} 66
S136,245 {377,1023,25;2141,1287,28} 66
S145,236 {377,275,1062; 2141, 559,197} 51
S146.235 {377,327,2290; 1848,1287,197} 50
Sise2s1 | {2141, 327,2199;1848,1023,275} 115

Table 5.5 (continued)
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6257, + 4roxt + 22523 + 102923 4+ 11307129 + ToToT3)
x%xl + 5x0x1 + 2x21‘3 + 1Ox2x3 + dxox179 + TT2T3)

10x3zy + woxt + 22523 + 102923 + 22122 + ToT2T3)
Fiun=V

»F112 V

20211 + 10202% + 20503 + 102903 + 83017 + ToT2T3)

Fro = V(10ziz; + 11z} + 1071 22)
For = V(2523 + 107905 + T0T973)
Fia = V(92321 + 6m0x] + 22573 + 102925 + 10307179 + T0T2T3)
Fiao = V(llxoxl + 3x0x1 + 23:2x3 + 101’23:3 + 5xox122 + ToT2T3)
Fis = V(3z5x) + 2m027 + 22525 + 102925 + 12307179 + ToT2T3)
Fra = V(12231 + 82073 + 21513 + 102903 + 9T021 T2 + T0T2T3)
Fis= V(Txdz, + 9x0x1 + 22323 + 102923 + 2707179 + TToTs)
Fie = V(8x0x1 + xoml + 2x2:p3 + 10x2x3 + 6xx172 + TT2T3)
.7-"177 =V (5xjr1 + 12x027] + 22533 + 102925 + TT0T129 + ToT273)

(

(

(

(

(

dxdry + Trox] + 22523 + 102275 + 3707172 + TeTaT3)
Table 5.6: The elements of the set

Step 3: Appealing to Table 5.5 again, we find the set of double-triplets which can be
mapped to Sia3:
T = {5123, S124, S134, S234, 514,23, 523,14 } -

These are simply the double-triplets of isomorphism type 55. In addition, we find that

S123c1 = S123, S234¢4 =S5123,
S124¢2 = S123, S14,23¢5 =S5123,
S134c3 = S123, 593,14C6 =S5123-
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By testing the elements d € D, we find that

Fs(erdr) = Fs,
T _
]:S(Cle) - ]:Sa
T _
]:S(CSdQ) - ]:Sa
Fs(eads)" = Fs,
Fs(csda) " = Fs,

Fs(cedy)" = Fs,

which leads us to define the set

A = {c1dy, cady, e3da, cada, c5da, cedi }

(1000 [ 1 21| [10 6 0]
0100 3 0 3 3 58 5 0
_{0010721152740120
(000 1] [10 310 0] |80 8 8]
(0 15 12| [o1s 2] [ 15 0 o0
0 00 858 8 12 0 12 12
5120 1] |048 1 12 8 0 12
(0 80 0] [808 0] |12 112 0

Step 4: The stabiliser of Fg is the group

G(Fs)=JHaT

acA

of order

G(Fs)| = [H| - |A] = 4-6 =24,
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generated by

1 0 0 1 500 0 12
12 12 12 0 12 0 0 8 8
, and
12 0 12 0 710 0 1
| 12 12 0 0 0 01 8 0

Our next example is the equianharmonic surface. This continues Example 4.3.2.

Example 5.2.9. The cubic surface Fg in PG(3, 13) was created from the 6-arc S not on
a conic in PG(2,13). In Step 3 of the Example 4.3.2, the trihedral pair S123 was expressed

as two sets of three tritangent planes. The first trihedron consists of the planes

To3 = V(xo),Tr31 = V(.’L‘l), and 79 = V(7.’L‘0 + 5x1 + 373).

The second trihedron is

T3 = V(.’L’g),ﬂ'l?, = V(.CC3), and w9 = V(2CC[) + 10x9 + .Cvg).

Therefore, S1o3 is a double-triplet. As is explained in the proof of the Theorem 5.2.7, the
orbits of G on the set of double-triplets in PG(3,13) can be found with the stabiliser
of each double-triplets under the group G. It can be seen that the trihedral pair Sio3 is
isomorphic to double-triplet no 47 in the classification displayed in Appendix C. Therefore,

the stabiliser G = Stabg/(S123) of Si23 is the group of order 8 with the generators

01 0 8 1 9 00
0 08 0 0 12 0 O
and
05 00 0O 010
_8700_ |0 5 0 1

There are 8 orbits of G on the g + 1 surfaces on the line which are given in the step 3
of the Example 4.3.2. We focus on the equation in row 12 which was the equation of Fg.
Moreover, the orbit of the associated cubic surface Fg with the arc S has length 1. So,

the subgroup which stabilizes the equation of Fg has 1 coset in G which is the identity.
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Regarding the notation in the classification algorithm, the set D = {I} and the stabiliser

of the equation Fg under Gr is denoted by

H = Stabg, (Fs)

and it is the group of order 8 with the generators

(0010 8| (1 90 0|
0080 012 0 0
and
0500 0 010
s 70 0| (0 50 1]

The cubic surface Fg has 120 Steiner trihedral pairs. In Example 4.3.2 those 120
trihedral pairs are expressed by double-triplets. From the classification of double-triplets
in PG(3,13) it can be seen that there are 81 Steiner trihedral pairs of Fg in the orbit
of Si93 under the group PGL(4, 13). Regarding the notation in classification algorithm
C = {ci1,...,c81}. Moreover, A = {cy,...,cg1}. The automorphism group of the cubic

surface Fg,

Stabg(fs) = U Gr9,

d€A
is a group of order 648. Generators are
[ 1 0 0 O 11 1 000 11 1 0 80 ]
0 12 0 10 2 12 3 2 0100
100 0 12 0 ’ 2 00 6 ’ 0030 ’
0 0 0 1] |10 020 [05 0 3]
[ 0 1 12 0 ] [ 14 35 ]
2 9 12 6 and 1 0 0 7
5 1 45 5 0 0 6
| 0 10 9 0 | | 7 9 12 8 |

Here is the main results of this thesis.

Theorem 5.2.10. (1) The number of isomorphism classes of cubic surfaces with 27 lines
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over the field for ¢ = 13,17,19 and the classification of these surfaces by the number
of Eckardt points and the automorphism group orders of these surfaces are as listed
in Tables 5.7 and 5.8. Here, the automorphism group means the projective stabiliser

of a surface.

In Table 5.7, a is the number of PGL(3, q)-orbits on the set of 6-arcs not on a conic in
PG(2,q), t is the number of PGL(4, q)-orbits on the set of triplets, t; is the number of
orbits of the stabiliser of a triplet type one Py on Up(Py), to is the number of orbits of
the stabiliser of a triplet type two P on Up(Pa), d is the number of PGL(4, q)-orbits
on the set of double-triplets, and c is the number of PGL(4, q)-orbits on the set of

cubic surfaces with 27 lines in PG(3,q).

In Table 5.8, G(]—';) is the group of projectivities which fixes the cubic surface .7-';, 5 1S
the number of projectively distinct 6-arcs not on a conic associated with ]-"é, es 1s the
total number of Eckardt points of ]:g and n; is the number of orbits of the stabiliser

of the cubic surface on half double-sizes of .7-",71".

There is a canonical one-to-one correspondence between the isomorphism types of 6-
arcs not on a conic in PG(2,q) and the orbits of the stabiliser of the cubic surface F
acting on the set of half double-sizes, where F ranges over a system of representatives

of the isomorphisms types of cubic surfaces with 27 lines in PG(3,q),

C
E n; = a.
i=1

q=13 q=17 ¢=19

a 21 64 104
t 2 2 2
t 48 98 145
to 449 1361 2194
d 282 784 1237
c 4 7 10

Table 5.7: Summary for classification results of ¢ = 13,17,19

116



q Fy s es |G(F)| ni Type

q

13 7% 10 4 12 10
13 Fly 7 6 24 7
13 F4 2 9 108 2
13 F% 2 18 648 2 &

17 F, 09 1 8 9
17 Fi, 14 3 6 14
17 F& 10 4 12 10
17 F& 10 4 12 10
17 Fl 7T 6 24 7
17 Fp. 7T 6 24 7
17 Fy 7T 6 24 7
19 Fi 21 2 4 21
19 Fly 21 2 4 21
19 Ffy 14 3 6 14
19 Fiy 14 3 6 14
19 Fiy 10 4 12 10
19 Fy 7 6 24 7
19 F 7 6 24 7
19 Fly 4 9 54 4
19 F5y 4 10 120 4 D
19 Fpy 2 18 648 2 &

Table 5.8: Cubic Surfaces for ¢ = 13,17, 19
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Proof The algorithms from Section 4.3 and Section 5.2.3 have been used to prove the

theorem. Here are the computing times using Orbiter:

q timing

13 25 sec
17 | 1 min 22 sec

19 | 2 min 42 sec

In Appendix D, the Orbiter makefile is given in order to get much detailed classification

results. 0

5.3 Counting formula for the cubic surface in PG(3, q)

Conjecture 5.3.1. The number of cubic surfaces with twenty-seven lines in PG(3,q) is

¢*(* = 1) (¢ = 1)(¢" = 1)(g — 2)(¢ — 3)(g — 5)*
51840 '
Some numerical data associated to the classification is shown in Table 5.9 for the fields
of order ¢ = 13,17,19.
Let g be the order of PGL(4, q). Let G(F) be the group of projectivities of the cubic

surface F. It follows from Theorem 2.4.6 that

L g
C= 2 G

iso type F

For ¢ = 13, the distribution of the automorphism group orders of the projectively distinct
cubic surface with 27 lines is 12, 24, 108, 648 as shown in Table 5.8. Therefore, the number

of cubic surfaces with twenty-seven lines in PG(3,13) is

1 1 1 1
Chs = [PGL(4,13)| - <E o+ @)

1 1 1 1
50858076935877120 15 + o1 + 108 + e

= 6906652423390720

135(13% — 1)(13% — 1)(13* — 1)(13 — 2)(13 — 3)(13 — 5)?
N 51840

For ¢ = 17, the distribution of the automorphism group orders of the projectively
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D2 183 307 381

ly 183 307 381
> 14 18 20

N 14 18 20

Ay 7925229312 291908606976 1253872170432
g3 810534816 6950204928 16934047920
D3 2380 9220 7240

Py 2380 9220 7240

l3 31110 89030 137922
ms 14 18 20

ng 183 307 381

g4 50858076935877120 2851903720876769280 15136750711925049600
Cy, 6906652423390720 1663610503844782080 15566559682757489280

pe := the total number of points in PG(2, ¢q),
l := the total number of lines in PG(2,¢),
my := the total number of points on a line in PG(2, q),
ny = the total number of lines passing through a point of PG(2, q),
A, := the total number of 6-arcs not on a conic in PG(2, q),
95 = [|PGL(3,q)l,
ps := the total number of points in PG(3, ¢),
P; = the total number of planes in PG(3,¢q) ,
I3 := the total number of lines in PG(3, q),
mg := the total number of planes through a line in PG(3, q),
n3 := the total number of lines passing through a point of PG(3, q),
91 = [PGL(4,q)],
C, := the total number of cubic surfaces with 27 lines in PG(3, q).

Table 5.9: Counting properties for ¢ = 13,17,19

distinct cubic surfaces is 8, 6, 122, 243. Therefore, the number of cubic surfaces with twenty-
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seven lines in PG(3,17) is

1 1 2 3

1 1 2 3
= 2851903720876769280 - (g + 5 + i + ﬂ)

= 1663610503844782080

177 — 1) (173 - 1)(A7 = 1)(17 — 2)(17 — 3)(17 — 5)?
B 51840

For ¢ = 19, the distribution of the automorphism group orders of the projectively
distinct cubic surface with 27 lines is 42,62, 12,242,54,120,648 as shown in Table 5.8.

Therefore, the number of cubic surfaces with twenty-seven lines in PG(3,19) is

2 2 1 2 1 1 1
Cio = [PGL(4, 19 -(f TR I S 7>
1= [PGLI I {3+ 5+ 5+ 55 T 50 T 120 T 6as

2 2 1 2 1 1 1
— 151 1192504 -(f Syt st 7)
HI36TS0TI925049600 - (7 4+ 5+ 50 T 57+ 195 + gas

= 15566559682757489280

195192 — 1)(19% — 1)(19* — 1)(19 — 2)(19 — 3)(19 — 5)?
N 51840
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Appendix A

An example of a cubic surface

with 27 lines in PG(3,13)

A.1 Cubic surface F

F = V(12x3x3 + 122223 + 122323 + x0T 70 + x%)

A.1.1 Points on F

P =

=
=
=
=)

Pj=

w
=
=
(=)

i i
—~~ —~ —~ —~ —~~ — —~ —~~ —~ —~
\’@ \’Hk vl\D
— [ —
= = L
s o o
S— N— S~— SN— S— SN— N— S~— N— S~—

<
I

P, =(8,1,0,0)

P, =(9,1,0,0)

P/, =(10,1,0,0)
P/ =(11,1,0,0)
P/, =(12,1,0,0)
P/. =(1,0,1,0)
Pl;=(2,0,1,0)
Pl;=(3,0,1,0)
Pls =(4,0,1,0)
Py =(5,0,1,0)
P}, =(6,0,1,0)
P}, =(7,0,1,0)
P, =(8,0,1,0)
Pl =1(9,0,1,0)

P}, = (10,0,1,0)
Pl =(11,0,1,0)
Pl =(12,0,1,0)
Pl =1(0,1,1,0)
Pl =1(0,2,1,0)
Ply =1(0,3,1,0)
P, =(0,4,1,0)
P, =1(0,5,1,0)
P, =(0,6,1,0)
Pi, =(0,7,1,0)
P, =1(0,8,1,0)
P =1(0,9,1,0)
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0,10, 1,0)
0,11,1,0)
0,12,1,0)
1,0,0,1)

12,0,0,1)
0,1,0,1

6,2,0,1
7

[\)
o
—_

) ) )

)
)
)
2,6,0,1)
11,6,0,1)
2,7,0,1)

11,7,0,1)



“
—_
L
\t—‘
—_

)
)
7,10,1,1)
9,11,1,1)

1

Ply = (12,11,1,1)
P, = (6,12,1,1)
Pl = (11,12,1,1)
Pls = (6,0,2,1)
Pl = (7,0,2,1)

Pl =(1,1,2,1)



10,12,8,1) Py =(6,8,10,1) P}y, = (5,3,12,1)

(5,
Plos = (5,1,9,1) Plo = (12,8,10,1) P, = (7,3,12,1)
(5,

Plo; = (11,1,9,1) Py = (6,12,10,1) P}y = (5,4,12,1)
Plog = (7,2,9,1) Pjy, = (8,12,10,1) P, = (11,4,12,1)
Plog = (12,2,9,1)  Phoy = (6,0,11,1)  Pj5 = (3,5,12,1)
P}y = (1,5,9,1) Plys = (7,0,11,1)  Pjus = (4,5,12,1)

=(9,1,11,1) Py, = (1,6,12,1)
=(12,1,11,1) P} = (10,6,12,1)
=(7,4,11,1) P} = (3,7,12,1)
12,4,11,1) P}y = (12,7,12,1)
Pl = (9,8,12,1)
P}y = (10,8,12,1)

Pl = (2,9,12,1)

P255_

)
)
)

= (4,7,11,1) Py, = (8,9,12,1)
)
) Pl = (8,10,12,1
1

4,11,12,1

2,12,12,1

(9,
(
(2,
(
(6,
(
(
= (
= (
=

1)
)
1,12,11,1)  Pjy; = (1,11,12,1)
)
)
)

7,12,12,1

P£15_ 12,6,10,1)  Pjgg =
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A.1.2 Model 1: Clebsch map of F for 2!

i P! lines P 1 (P)) i P! lines

0| (1,0,0,0) C12, C34 undef 27| (0,1,1,0) | c14,c23,C56
1] (0,1,0,0) C12, C56 undef 28 | (0,2,1,0) bs, c56

2 (0,0,1,0) | espess | (1,12,1) 20| (0,3,1,0) Cs6

3| (1,1,0,0) | c12,c35,c46 | undef 30| (0,4,1,0) C56

4 | (2,1,0,0) ba, c12 undef 311 (0,5,1,0) C56

51 (3,1,0,0) c12 undef 32| (0,6,1,0) as, Cs6
6 | (4,1,0,0) c12 undef 33| (0,7,1,0) ag, C56
71 (5,1,0,0) c19 undef 34| (0,8,1,0) C56

8| (6,1,0,0) | as,ci2 | (1,0,0) 35| (0,9,1,0) Cs6

9| (7,1,0,0) | a2 | (0,0,1) 36 | (0,10,1,0) Cs6

10| (8,1,0,0) c12 undef 371 (0,11,1,0) be, C56
11| (9,1,0,0) c12 undef 38 1(0,12,1,0) | c13, ca4, C56
12 | (10,1,0,0) C19 undef 39| (1,0,0,1) ag, bs
13 | (11,1,0,0) b1, c12 undef 40 | (12,0,0,1) as, bg
14 | (12,1,0,0) | ¢12,¢36,c45 | undef 41| (0,1,0,1) a4, bs
15 | (1,0,1,0) | ci6,co5, 31 | (1,8,1) 42| (6,2,0,1) Cos

16| (2,0,1,0) | ascss | (1,6,1) 43| (7,2,0,1) c13

17| (3,0,1,0) c3a (1,10,1) 44| (2,6,0,1) c16

18 | (4,0,1,0) C34 (1,4,1) 45 | (11,6,0,1) Cos

19 | (5,0,1,0) c3a (1,9,1) 46| (2,7,0,1) ca6

20| (6,0,1,0) | baess | (1,3,1) 47 | (11,7,0,1) cis

21| (7,0,1,0) | bs,css | undef 48 | (6,11,0,1) c1a

22| (8,0,1,0) C34 (1,5,1) 49 | (7,11,0,1) Coq

23| (9,0,1,0) c3a (1,1,1) 50 | (0,12,0,1) |  as,bs
24| (10,0,1,0) C34 (1,2,1) 51 (0,0,1,1) | a1,bo
25 | (11,0,1,0) | as,c3a | (0,1,0) 52| (2,1,1,1) | a4, b
2 | (12,0,1,0) | e15, cag, ¢34 | (1,11,1) 53| (7,1,1,1) | ai,bs,c3
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i P! lines O, (P))
54| (1,2,1,1) | ai,bs | (0,0,1)
55| (4,2,1,1) b undef
56| (6,3,1,1) | bo,ca3 | undef
57| (8,3,1,1) ar (0,0,1)
58 | (2,4,1,1) ay (0,0,1)
59 | (8,4,1,1) by undef
60| (9,5,1,1) a (0,0,1)
61| (10,5,1,1) ba undef
62| (3,6,1,1) | aieig | (0,0,1)
63| (12,6,1,1) | as,ba,co5 | (9,8,1)
64| (1,7,1,1) | ag ba,cog | (3,11,1)
65| (10,7,1,1) ai, Cis (0,0,1)
66 | (3,8,1,1) by undef
67| (4,81,1) a (0,0,1)
68| (5,9,1,1) by undef
69 | (11,9,1,1) ar (0,0,1)
70| (5,10,1,1) ar (0,0,1)
71| (7,10,1,1) ba, Co4 undef
72| (9,11,1,1) by undef
73| (12,11,1,1) | ai,bs | (0,0,1)
74| (6,12,1,1) | a1,by,cra | (0,0,1)
75| (11,12,1,1) | as,bo | (0,1,0)
76| (6,0,2,1) c1q (7,3,1)
77| (7,0,2,1) ci3 undef
78| (1,1,2,1) | agbs | (3,11,1)
79| (4,1,2,1) as (1,6,1)
80| (1,4,2,1) by (12,3,1)
81| (6,4,2,1) e | (1,1,0)
82| (0,6,2,1) o5 | (2,8,1)

126

i P! lines | @4 (P))
83 | (4,6,2,1) | ci6 | (6,9,1)
84 | (0,7,2,1) | e | (11,11,1)
85 | (9,7,2,1) | e5 | (4,51)
86 | (7,9,2,1) | ca | (8,6,1)
87 | (12,9,2,1) | bs | (10,7,1)
88 | (9,12,2,1) | az (0,1,0)
89 | (12,12,2,1) | as,bs | (9,8,1)
90 | (6,1,3,1) | as,cra | (1,6,1)
91 | (8,1,3,1) b3 undef
92 | (6,5,3,1) | 3 | (10,1,0)
93 | (12,5,3,1) | a5 | (9,81)
94 | (1,6,3,1) | bs,co5 | (5,8,1)
95 | (5,6,3,1) | e | (11,10,1)
9% | (8,7.3,1) | 5 | (12,2,1)
97 | (12,7,3,1) | be,cos | (2,11,1)
98 | (1,8,3,1) | ag | (3,11,1)
99 | (7,8,3,1) | e | (6,6,1)
100 | (5,12,3,1) | by (7,2,1)
101 | (7,12,3,1) | as,c13 | (0,1,0)
102 | (2,1,4,1) b3 undef
103 (8,1,4,1) | a4 | (1,6,1)
104 | (1,2,4,1) ag | (3,11,1)
105 (6,2,4,1) | e | (89,1)
106 | (12,5,4,1) | b (5,9,1)
107 | (2,6,4,1) | e | (12,8,1)
108 | (6,6,4,1) | cig,c23 | (5,1,0)
109 | (7,7,4,1) | c15,c00 | (10,6,1)
110 | (11,7,4,1) | e | (7,11,1)
111 (1,8,4,1) bs (6,5,1)




i P! lines | o (P)) i P! lines | Py (P))
112 | (7,11,4,1) c13 undef 141 | (7,5,6,1) €24, C35 (9,6,1)
113 | (12,11,4,1) | as (9,8,1) 142 | (4,6,6,1) | cas,ca6 | (7.8,1)
114 | (5,12,4,1) as (0,1,0) 143 | (8,6,6,1) | cigiess | (9,7,1)
115 | (11,12,4,1) by (11,12,1) | |144| (5,7,6,1) | cis.ca6 | (5,3,1)
116 | (9,1,5,1) by undef 145 | (9,7,6,1) | cagyc35 | (9,11,1)
17| (10,1,5,1) a4 (1,6,1) 146 | (6,8,6,1) | cozrca | (3,1,0)
18| (6,3,5,1) cu | (2,12,1) 147 | (10,8,6,1) | 35 (9,4,1)
119 | (12,3,5,1) bs (7,5,1) 148 | (7,9,6,1) €13, C46 undef
120 | (12,4,5,1) as (9,8,1) 149 | (11,9,6,1) c35 (9,1,1)
121 | (3,6,5,1) Cos (8,8,1) 150 | (8,10,6,1) Ca6 (11,5,1)
122 | (7,6,5,1) | cio,c01 | (4,6,1) 151 | (12,10,6,1) | as,cs5 | (9,8,1)
123 | (6,7,5,1) | 15,003 | (6,1,0) 152 | (0,11,6,1) | 35 (9,3,1)
124 | (10,7,5,1) 26 (6,11,1) 153 | (9,11,6,1) ca6 (6,12,1)
125 | (1,9,5,1) a (3,11,1) 154 | (1,12,6,1) | as,bs,cs5 | (0,1,0)
126 | (1,10,5,1) bs (11,9,1) 155 | (10,12,6,1) | by,cas | (10,9,1)
127 | (7,10,5,1) c13 undef 156 | (2,0,7,1) cas (7,1,1)
128 | (3,12,5,1) as (0,1,0) 157 | (11,0,7,1) c36 (3,4,1)
129 | (4,12,5,1) by (5,5,1) 158 | (1,1,7,1) | asbs,cas | (1,6,1)
130 | (2,0,6,1) €35 (9,10,1) 159 | (10,1,7,1) b3, C36 undef
131 | (11,0,6,1) ca (2,2,1) 160 | (0,2,7,1) ca (10,5,1)
132 | (3,1,6,1) | bs,c35 | undef 161 | (9,2,7,1) e | (3,10,1)
133 | (12,1,6,1) | au,bg, a5 | (1,6,1) 162 | (8,3,7,1) C36 (3,1,1)
134 | (0,2,6,1) cas (4,7,1) 163 | (12,3,7,1) | as,cas | (9,8,1)
135 | (4,2,6,1) e35 (9,12,1) 164 | (7,4,7,1) | coaes6 | (3,6,1)
136 | (1,3,6,1) | ag,cais | (3,11,1) 165 | (11,4,7,1) Cas (5,7,1)
137 (5,3,6,1) 35 (9,9,1) 166 | (6,5,7,1) C14, C36 (3,5,1)
138 | (2,4,6,1) ca (8,4,1) 167 | (10,5,7,1) cs | (12,12,1)
139 | (6,4,6,1) C14, €35 (9,2,1) 168 | (5,6,7,1) €25, C36 (3,8,1)
140 | (3,5,6,1) cas (12,1,1) 169 | (9,6,7,1) | cigca5 | (2,3,1)
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i P/ lines i P! lines
170 | (4,7,7.1) | c1s, 36 199 | (12,2,9,1) | a5
171 | (8,7.7,1) | e, cu5 200 | (1,5,9,1) | bs
1721 (3,8,7,1) c36 201 | (7,6,9,1) | ci3,¢25
173 (7,8,7,1) | 13,5 202 | (11,6,9,1) | 16
174 | (2,9,7,1) C36 203 | (2,7,9,1) C15
1751 (6,9,7,1) €23, C45 204 | (6,7,9,1) | c14,c26
176 | (1,10,7,1) | ag, cs6 205 | (12,8,9,1) | bg
177 | (5,10,7,1) cas 206 | (1,11,9,1) | ag
178 | (0,11,7,1) | es6 207 | (6,11,9,1) | cas
179 | (4,11,7,1) ca 208 | (2,12,9,1) | by
180 | (3,12,7.1) | ba,cas 209 | (8,12,9,1) | as
181 | (12,12,7,1) | as, b, 36 210 | (5,1,10,1) | b3
182 (3,1,8,1) aq 211 | (7,1,10,1) | ag4,c24
183 | (4,1,8,1) by 212 | (1,5,10,1) | ag
184 | (1,3,8,1) bs 213 | (7,5,10,1) | e13
185 | (7,3,8,1) ¢24 214 | (8,6,10,1) | cas
186 | (1,4,8,1) ag 215 | (12,6,10,1) | bs, c16
187 | (6,6,8,1) | ci,co5 216 | (1,7,10,1) | bs,c15
188 | (10,6,8,1) | 16 217 | (5,7,10,1) | en6
189 | (3,7,8,1) cis 218 | (6,8,10,1) | cu
190 | (7,7,8,1) | c13,c96 219 | (12,8,10,1) | as
191 | (12,9,8,1) as 220 | (6,12,10,1) | as, s
192 | (6,10,8,1) |  ca 221 | (8,12,10,1) | ba
193 | (12,10,8,1) b 222 | (6,0,11,1) | c23
194 | (9,12,8,1) by 223 | (7,0,11,1) | ¢
195 | (10,12,8,1) | as 224 | (9,1,11,1) | ay
196 | (5,1,9,1) aa 295 | (12,1,11,1) | as,bs
197 | (11,1,9,1) b 226 | (7,4,11,1) | ec13
198 | (7,2,9,1) Coa 227 | (12,4,11,1) |  bg




i P! lines | ®g(P)) i P! lines | By (P))
228 | (0,6,11,1) 16 (7,4,1) 257 | (1,11,12,1) | a2,b5 | (1,0,0)
229 | (9,6,11,1 o5 (11,8,1) 258 | (4,11,12,1) by undef
230 | (0,7,11,1 15 (6,1,1) 259 | (2,12,12,1) | as,b1 | (0,1,0)

(7,12,12,1) | ag, by, cos | (1,0,0)

232

( )
( )
231 | (4,7,11,1) | e | (10,11,1) 260
( ) bs
( )

233 C14

234 | (1,12,11,1) | ag,bs | (3,11,1)

9235 | (4,12,11,1) | a3 (0,1,0)
236 | (0,0,12,1) | a2,b1 | (1,0,0)
9237 | (6,1,12,1) | as, b3, ca3 | (1,0,0)
238 | (11,1,12,1) | as,b1 | (1,6,1)
239 | (9,2,12,1) b1 undef

240 | (12,2,12,1) | as, bg (1,0,0)
241 (5,3,12,1) as (1,0,0)

242 | (7,3,12,1) b1, c13 undef

243 | (5,4,12,1) by undef
244 | (11,4,12,1) as (1,0,0)
245 | (3,5,12,1) by undef
246 | (4,5,12,1) as (1,0,0)

247 | (1,6,12,1) | ag,b1,c16 | (3,11,1)

248 | (10,6,12,1) | as,co5 | (1,0,0)
249 | (3,7,12,1) | az,c06 | (1,0,0)
250 | (12,7,12,1) | as, b1, c15 | (9,8,1)
251 | (9,8,12,1) as (1,0,0)
252 | (10,8,12,1) by undef
253 | (2,9,12,1) as (1,0,0)
254 | (8,9,12,1) b1 undef

255 | (6,10,12,1) | by, c14 undef

256 | (8,10,12,1) as (1,0,0)
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A.1.3 Model 2: Clebsch map of F for 2!

il P lines | @ (P) | Byr(P)
0 | (1,0,0,0) C12,C34 undef undef
1] (0,1,0,0) €12, C56 undef undef
2 | (0,0,1,0) | esarese | (0,0,1,0) | (0,0,1)
3| (1,1,0,0) | ci2,c¢35,cCa6 undef undef
4 | (2,1,0,0) ba, C12 undef undef
51 (3,1,0,0) c12 undef undef
6 | (4,1,0,0) c12 undef undef
71 (5,1,0,0) c12 undef undef
8 | (6,1,0,0) as, €12 undef undef
9 | (7,1,0,0) ai, €12 undef undef
10| (8,1,0,0) c12 undef undef
11| (9,1,0,0) c12 undef undef
12 | (10,1,0,0) c12 undef undef
13 | (11,1,0,0) b1, c12 undef undef
14| (12,1,0,0) | c12, c36, Ca5 undef undef
15 | (1,0,1,0) | c16, 05,31 | (1,0,1,0) | (1,0,1)
16| (2,0,1,0) | as,c3a | (2,0,1,0) | (2,0,1)
17| (3,0,1,0) 34 (3,0,1,0) | (3,0,1)
18 | (4,0,1,0) c3a (4,0,1,0) | (4,0,1)
19 | (5,0,1,0) C34 (5,0,1,0) | (5,0,1)
20| (6,0,1,0) | bs,cza | (6,0,1,0) | (6,0,1)
91| (7,0,1,0) | bs,esa | (7,0,1,0) | (7,0,1)
22 | (8,0,1,0) c3a (8,0,1,0) | (8,0,1)
23| (9,0,1,0) Caq (9,0,1,0) | (9,0,1)
24 | (10,0,1,0) 34 (10,0,1,0) | (10,0,1)
25 | (11,0,1,0) | as,ess | (11,0,1,0) | (11,0,1)
2 | (12,0,1,0) | 15, c26, ¢34 | (12,0,1,0) | (12,0,1)
27| (0,1,1,0) | c14,c93,¢56 | (0,1,1,0) | (0,1,1)
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i P! lines D (P) D1 (P))
28 | (0,2,1,0) | bs,cs6 (0,2,1,0) | (0,2,1)
29| (0,3,1,0) Cs6 (0,3,1,0) | (0,3,1)
30 | (0,4,1,0) es6 (0,4,1,0) | (0,4,1)
31 (0,5,1,0) Cs6 (0,5,1,0) | (0,5,1)
32| (0,6,1,0) | as,es6 | (0,6,1,0) | (0,6,1)
331 (0,7,1,0) | agess | (0,7,1,0) | (0,7,1)
34 (0,8,1,0) Cs6 (0,8,1,0) | (0,8,1)
35| (0,9,1,0) Cs6 (0,9,1,0) | (0,9,1)
36 | (0,10,1,0) c56 (0,10,1,0) | (0,10,1)
37| (0,11,1,0) | be,css | (0,11,1,0) | (0,11,1)
38 | (0,12,1,0) | c13, cans 056 | (0,12,1,0) | (0,12, 1)
39| (1,0,0,1) | ag,bs 0,7,1,0) | (0,7,1)
40 | (12,0,0,1) | as, b (0,6,1,0) | (0,6,1)
A1) (0,1,0,1) | au, b (2,0,1,0) | (2,0,1)
42 (6,2,0,1) co3 (4,3,1,0) | (4,3,1)
43| (7,2,0,1) c13 (4,10,1,0) | (4,10,1)
44| (2,6,0,1) c16 (12,1,1,0) | (12,1,1)
45 | (11,6,0,1) c25 (12,12,1,0) | (12,12,1)
46 | (2,7,0,1) C26 (1,1,1,0) | (1,1,1)
47| (11,7,0,1) c15 (1,12,1,0) | (1,12,1)
48| (6,11,0,1) c1q (9,3,1,0) | (9,3,1)
49 | (7,11,0,1) Coa (9,10,1,0) | (9,10,1)
50 | (0,12,0,1) | a3, ba (11,0,1,0) | (11,0,1)
51| (0,0,1,1) ai, ba undef undef

521 (2,1,1,1) a4, by undef undef

53| (7,1,1,1) | ay,bs,c13 (11,1,0,0) | (11,1,0)
54 | (1,2,1,1) a1, bs (11,1,0,0) | (11,1,0)
551 (4,2,1,1) b undef undef

56 | (6,3,1,1) ba, 23 undef undef

57| (8,3,1,1) a (11,1,0,0) | (11,1,0)
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i P! lines D1 (P | Py (P))
58| (2,4,1,1) a1 (11,1,0,0) | (11,1,0)
59 | (8,4,1,1) by undef undef
60| (9,5,1,1) a1 (11,1,0,0) | (11,1,0)
61| (10,5,1,1) b undef undef
62| (3,6,1,1) | ar,cig | (11,1,0,0) | (11,1,0)
63 | (12,6,1,1) | as,ba,cos undef undef
64 | (1,7,1,1) | ag,ba,c2 undef undef
65| (10,7,1,1) | a1, e15 | (11,1,0,0) | (11,1,0)
66 | (3,8,1,1) by undef undef
67| (4,8,1,1) a1 (11,1,0,0) | (11,1,0)
68| (5,9,1,1) bo undef | undef
69 | (11,9,1,1) a1 (11,1,0,0) | (11,1,0)
70| (5,10,1,1) ar | (11,1,0,0) | (11,1,0)
71| (7,10,1,1) ba, Coy undef undef
72 (9,11,1,1) by undef undef
73| (12,11,1,1) | ai,bs | (11,1,0,0) | (11,1,0)
74| (6,12,1,1) | a1,ba,c1a | (11,1,0,0) | (11,1,0)
751 (11,12,1,1) as, by undef undef
76| (6,0,2,1) e | (4,12,1,0) | (4,12,1)
77| (7,0,2,1) cs | (9,1,1,0) | (9,1,1)
78| (1,1,2,1) | agbs | (0,7,1,0) | (0,7,1)
79| (4,1,2,1) as (2,0,1,0) | (2,0,1)
80| (1,4,2,1) bs (11,9,1,0) | (11,9,1)
81| (6,4,2,1) c3 | (10,6,1,0) | (10,6,1)
82| (0,6,2,1) c25 (9,4,1,0) | (9,4,1)
83| (4,6,2,1) cs | (3,12,1,0) | (3,12,1)
84| (0,7,2,1) Cog (4,9,1,0) | (4,9,1)
85| (9,7,2,1) cs | (10,1,1,0) | (10,1,1)
86 | (7,9,2,1) e | (3,7,1,0) | (3,7,1)
87| (12,9,2,1) be (2,4,1,0) | (2,4,1)
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i P lines | ®gu(F) | ®on(F))
88 | (9,12,2,1) | as | (11,0,1,0) | (11,0,1)
89 | (12,12,2,1) | as,b4 | (0,6,1,0) | (0,6,1)
90 | (6,1,3,1) | aseus | (2,0,1,0) | (2,0,1)
o1 | (81,3,1) | b | (6,81,0) | (6,8,1)
92 | (6,5,3,1) | ey | (1,8,1,0) | (1,81)
93 | (12,5,3,1) | as | (0,6,1,0) | (0,6,1)
94 | (1,6,3,1) | bs,cos | (7,3,1,0) | (7,3,1)
95 | (5,6,3,1) | e | (2,6,1,0) | (2,6,1)
96 | (8,7.3,1) | es |(11,7,1,0)| (11,7,1)
907 | (12,7,3,1) | bs,ca | (6,10,1,0) | (6,10,1)
0% | (1,8,3,1) | as | (0,7,1,0) | (0,7,1)
99 | (7,8,3,1) | e | (12,5,1,0) | (12,5,1)
100 | (5,12,3,1) | b | (7,5,1,0) | (7,5,1)
101 | (7,12,3,1) | ag,e13 | (11,0,1,0) | (11,0,1)
102 21,41 | b | (3,81,0 | (3,81)
103 | (8,1,4,1) | a4 | (2,0,1,0) | (2,0,1)
04| (1,2,4,1) | a5 | (0,7,1,0) | (0,7,1)
105 | (6,2,4,1) | e |(10,9,1,0) | (10,9,1)
106 | (12,5,4,1) | b | (6,7,1,0) | (6,7,1)
107 | (2,6,4,1) | s | (11,5,1,0) | (11,5,1)
108 | (6,6,4,1) |cig,con | (6,4,1,0) | (6,4,1)
109 | (7,7,4,1) | c15,c0 | (7,9,1,0) | (7,9,1)
10| (11,7,4,1) | 6 | (2,8,1,0) | (2,8,1)
11| (1,8,4,1) | b | (7,6,1,0) | (7,6,1)
12| (7,11,4,1) | a3 | (3,4,1,0) | (3,4,1)
13| (12,11,4,1) | a5 | (0,6,1,0) | (0,6,1)
114 | (5,12,4,1) | az | (11,0,1,0) | (11,0,1)
115 | (11,12,4,1) | ba | (10,5,1,0) | (10,5,1)
16| (9,1,51) | b |(11,3,1,0) | (11,3,1)
17| (10,1,5,1) | a4 | (2,0,1,0) | (2,0,1)
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U Py lines Qo (P]) | @ (F;)
18| (6,3,5,1) | cu (1,7,1,0) | (1,7,1)
119 | (12,3,5,1) | bg (12,2,1,0) | (12,2,1)
120 | (12,4,5,1) | a5 (0,6,1,0) | (0,6,1)
121 | (3,6,5,1) |  cos (5,2,1,0) | (5,2,1)
122 | (7,6,5,1) | cige1 | (8,3,1,0) | (8,3,1)
123 | (6,7,5,1) | csye08 | (5,10,1,0) | (5,10,1)
124 (10,7,5,1) | e | (8,11,1,0) | (8,11,1)
125 | (1,9,5,1) g 0,7,1,0) | (0,7,1)
126 | (1,10,5,1) | by (1,11,1,0) | (1,11,1)
127 (7,10,5,1) | @5 | (12,6,1,0) | (12,6,1)
128 | (3,12,5,1) | a3 | (11,0,1,0) | (11,0,1)
129 | (4,12,5,1) | ba (2,10,1,0) | (2,10,1)
130 | (2,0,6,1) | ¢35 | (10,10,1,0) | (10,10,1)
131 (11,0,6,1) | e (3,3,1,0) | (3,3,1)
132 (3,1,6,1) | by,ess | (9,7,1,0) | (9,7,1)
133 | (12,1,6,1) | as,bs,ca6 | (2,0,1,0) | (2,0,1)
134 (0,2,6,1) | s | (1,10,1,0) | (1,10,1)
135 | (4,2,6,1) |  c35 (8,4,1,0) | (8,4,1)
136 | (1,3,6,1) | ag,cas | (0,7,1,0) | (0,7,1)
137 | (5,3,6,1) | 35 (7,1,1,0) | (7,1,1)
138 (2,4,6,1) | e | (12,4,1,0) | (12,4,1)
139 | (6,4,6,1) | cia,ess | (6,11,1,0) | (6,11,1)
140 | (3,5,6,1) | e | (11,1,1,0) | (11,1,1)
141 | (7,5,6,1) | cayens | (5,8,1,0) | (5,8,1)
142 | (4,6,6,1) | eo5,ca6 | (10,11,1,0) | (10,11,1)
143 | (8,6,6,1) | cig,c35 | (4,5,1,0) | (4,5,1)
144 | (5,7,6,1) | ciseas | (9,8,1,0) | (9,8,1)
145 | (9,7,6,1) | esrezs | (3,2,1,0) | (3,2,1)
146 | (6,8,6,1) | casyca6 | (8,5,1,0) | (85,1)
147 (10,8,6,1) | 35 | (2,12,1,0) | (2,12,1)
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i P! lines Dy (P D (P))
148 | (7,9,6,1) | ewmens | (7,2,1,0) | (7,2,1)
149 | (11,9,6,1) | 3 (1,9,1,0) | (1,9,1)
150 | (8,10,6,1) | e | (6,12,1,0) | (6,12,1)
151 | (12,10,6,1) | as,cs5 | (0,6,1,0) | (0,6,1)
152 (0,11,6,1) | e | (12,3,1,0) | (12,3,1)
153 | (9,11,6,1) | e | (5,9,1,0) | (5,9,1)
154 | (1,12,6,1) | as,bs, ¢35 | (11,0,1,0) | (11,0,1)
155 | (10,12,6,1) | by,cas | (4,6,1,0) | (4,6,1)
156 | (2,0,7,1) cs | (3,10,1,0) | (3,10,1)
157 | (11,0,7,1) | e | (10,3,1,0) | (10,3,1)
158 | (1,1,7,1) | as,bs,cas | (2,0,1,0) | (2,0,1)
159 | (10,1,7,1) | bs,es | (9,6,1,0) | (9,6,1)
160 | (0,2,7,1) | cus (1,3,1,0) | (1,3,1)
161 | (9,2,7,1) C36 (8,9,1,0) | (8,9,1)
162 | (8,3,7,1) e | (7,12,1,0) | (7,12,1)
163 | (12,3,7,1) | as,css | (0,6,1,0) | (0,6,1)
164 | (7,4,7,1) | eos,ess | (6,2,1,0) | (6,2,1)
165 | (11,4,7,1) | es | (12,9,1,0) | (12,9,1)
166 | (6,5,7,1) | cua,ess | (5,5,1,0) | (5,5,1)
167 | (10,5,7,1) | es | (11,12,1,0) | (11,12,1)
168 | (5,6,7,1) | cosyess | (4,8,1,0) | (4,8,1)
169 | (9,6,7,1) | ei6,e05 | (10,2,1,0) | (10,2,1)
170 | (4,7,7,1) | esyes6 | (3,11,1,0) | (3,11,1)
171 | (8,7,7,1) | esyens | (9,5,1,0) | (9,5,1)
172 | (3,8,7,1) c36 (2,1,1,0) | (2,1,1)
173 | (7,8,7,1) | ewmens | (8,8,1,00 | (8,81)
174 | (2,9,7,1) c36 (1,4,1,0) | (1,4,1)
175 | (6,9,7,1) | eogrens | (7,11,1,0) | (7,11,1)
176 | (1,10,7,1) | ag,ess | (0,7,1,0) | (0,7,1)
177 (5,10,7,1) | eas 6,1,1,0) | (6,1,1)
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i P! lines Dy (P D (P))
178 | (0,11,7,1) | ess | (12,10,1,0) | (12,10,1)
179 | (4,11,7,1) | eus (5,4,1,0) | (5,4,1)
180 | (3,12,7,1) | buess | (4,7,1,0) | (4,7,1)
181 | (12,12,7,1) | as, bs, 36 | (11,0,1,0) | (11,0,1)
182 (3,1,8,1) a4 (2,0,1,0) | (2,0,1)
183 | (4,1,8,1) by | (11,10,1,0) | (11,10,1)
184 (1,3,8,1) bs | (12,11,1,0) | (12,11,1)
185 | (7,3,8,1) Con (1,6,1,0) | (1,6,1)
186 | (1,4,8,1) a 0,7,1,0) | (0,7,1)
187 | (6,6,8,1) | cia,e05 | (8,10,1,0) | (8,10,1)
188 | (10,6,8,1) | e15 | (5,11,1,0) | (5,11,1)
189 | (3,7,8,1) 15 (8,2,1,0) | (8,2,1)
190 | (7,7,8,1) | cizress | (5,3,1,0) | (5,3,1)
191 | (12,9,8,1) as (0,6,1,0) | (0,6,1)
192 | (6,10,8,1) | e | (12,7,1,0) | (12,7,1)
193 | (12,10,8,1) | b (1,2,1,0) | (1,2,1)
194 | (9,12,8,1) by (2,3,1,0) | (2,3,1)
195 | (10,12,8,1) | as | (11,0,1,0) | (11,0,1)
196 | (5,1,9,1) ay (2,0,1,0) | (2,0,1)
197 | (11,1,9,1) by (3,5,1,0) | (3,5,1)
198 | (7,2,9,1) 1| (10,4,1,0) | (10,4,1)
199 | (12,2,9,1) |  as (0,6,1,0) | (0,6,1)
200 | (1,5,9,1) bs (6,6,1,0) | (6,6,1)
201 | (7,6,9,1) | ciz,co5 | (6,9,1,0) | (6,9,1)
202 | (11,6,9,1) | a6 | (11,8,1,0) | (11,8,1)
203 | (2,7,9,1) 15 (2,5,1,0) | (2,5,1)
204 | (6,7,9,1) | ciayeas | (7,4,1,0) | (7,4,1)
205 | (12,8,9,1) be (7,7,1,0) | (7,7,1)
206 | (1,11,9,1) |  ag 0,7,1,0) | (0,7,1)
207 | (6,11,9,1) |  co (3,9,1,0) | (3,9,1)
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i P! lines Dy (P D (P))
208 | (2,12,9,1) by (10,8,1,0) | (10,8,1)
209 | (8,12,9,1) as (11,0,1,0) | (11,0,1)
210 | (5,1,10,1) b (6,5,1,0) | (6,5,1)
211 | (7,1,10,1) | aseos | (2,0,1,0) | (2,0,1)
212 | (1,5,10,1) ag (0,7,1,0) | (0,7,1)
213 | (7,5,10,1) c13 (1,5,1,0) | (1,5,1)
214 | (8,6,10,1) co5 (2,7,1,0) | (2,7,1)
215 | (12,6,10,1) | bs,c16 | (7,10,1,0) | (7,10,1)
216 | (1,7,10,1) | bs,c15 | (6,3,1,0) | (6,3,1)
217 | (5,7,10,1) c26 (11,6,1,0) | (11,6,1)
218 | (6,8,10,1) c1a (12,8,1,0) | (12,8,1)
219 | (12,8,10,1) as (0,6,1,0) | (0,6,1)
220 | (6,12,10,1) | as,cos | (11,0,1,0) | (11,0,1)
221 | (8,12,10,1) by (7,8,1,0) | (7,8,1)
222 | (6,0,11,1) Co3 (9,12,1,0) | (9,12,1)
223 | (7,0,11,1) co (4,1,1,0) | (4,1,1)
224 | (9,1,11,1) ay (2,0,1,0) | (2,0,1)
225 | (12,1,11,1) | as,b3 | (0,6,1,0) | (0,6,1)
226 | (7,4,11,1) ci3 (10,7,1,0) | (10,7,1)
227 | (12,4,11,1) b (11,4,1,0) | (11,4,1)
228 | (0,6,11,1) c16 (9,9,1,0) | (9,9,1)
229 | (9,6,11,1) cos (3,1,1,0) | (3,1,1)
230 | (0,7,11,1) | c15 (4,4,1,0) | (4,4,1)
231 | (4,7,11,1) e6 | (10,12,1,0) | (10,12, 1)
232 | (1,9,11,1) bs (2,9,1,0) | (2,9,1)
233 | (6,9,11,1) c1q (3,6,1,0) | (3,6,1)
234 | (1,12,11,1) | ag,ba | (0,7,1,0) | (0,7,1)
235 | (4,12,11,1) as (11,0,1,0) | (11,0,1)
236 | (0,0,12,1) as, by undef undef
237 | (6,1,12,1) | a2, bs,c03 | (2,1,0,0) | (2,1,0)
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i P! lines Dy (P) | Py (P)
238 | (11,1,12,1) aq, b1 undef undef
239 | (9,2,12,1) by undef | undef
240 | (12,2,12,1) | as,bs | (2,1,0,0) | (2,1,0)
241 | (5,3,12,1) as | (2,1,0,0) | (2,1,0)
242 | (7,3,12,1) b1,c13 undef undef
243 | (5,4,12,1) b1 undef undef
244 | (11,4,12,1) as (2,1,0,0) | (2,1,0)
245 | (3,5,12,1) b1 undef undef
246 | (4,5,12,1) as (2,1,0,0) | (2,1,0)
247 | (1,6,12,1) | ag,b1,c16 undef undef
248 | (10,6,12,1) | as, o5 | (2,1,0,0) | (2,1,0)
249 | (3,7,12,1) | as,c6 | (2,1,0,0) | (2,1,0)
250 | (12,7,12,1) | a5, b1, c15 undef undef
251 | (9,8,12,1) as (2,1,0,0) | (2,1,0)
252 | (10,8,12,1) b1 undef undef
253 | (2,9,12,1) as (2,1,0,0) | (2,1,0)
254 | (8,9,12,1) b1 undef undef
255 | (6,10,12,1) | by, c14 undef undef
256 | (8,10,12,1) |  as (2,1,0,0) | (2,1,0)
957 | (1,11,12,1) | a2,b5 | (2,1,0,0) | (2,1,0)
258 | (4,11,12,1) b1 undef undef
259 | (2,12,12,1) as, by undef undef
260 | (7,12,12,1) | a2, bs, 24 | (2,1,0,0) | (2,1,0)
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Appendix B

72 Clebsch maps of F in Model 2

Let 41 and #5 be two skew lines of the cubic surface 7. ® maps from F to v.

b b v b L v 0y Ay v
Qg1 | by by 23456 q>9§6 as s 23645 @_@1146 by b3 51
Dgelar ay 7 12,34,56 @ 22, | @3 by 12,36,45 @ 22, | A1 Q4 26
Qg1 | az by miz3456 Qg1 |as by Tizg64s Pty | b2 b3 a1
Qg2 a1 b Mi2za56 Qg2 |as by Ti23645 Qo | @1 s 726
Qg1 |az by Mizoaz6 Py | as be Ti23546 Dy | b1 bs 6
Qg2 a1 b Miz2456 g2 | as by 23546 Dy | ay as o
@@114 ay by 149356 (13_@%6 ag bg 123456 (1)92135 by by T2
Qg2 | a1 b Mis2356 Pz | a5 by 23456 Dy |ag ag s
Py |as by Tis0346 P | bs bs Te1 Dy | b1 by s
Qg2 | a1 b 52346 Py | a1 a T3 ®yp | ay ag T
Py |as be Tig2345 Py | by bs 61 Oy | b by Teo
Qg2 a1 b1 Tig2345 Doz a1 a T34 Dz | ay ay s
Py, | as by mia2356 Py | b3 by Te1 gl | b1 s Trso
Pgz, | a2 by Mia23s6 Dy | a1 a T35 2. | a2 as 6
Qg1 | as by 32456 Pgr | bs ba 51 Dy | b1 b3 T4
Qg2 | az by 32456 Qg2 | a1 as 36 Dye | az as 16
Qg |as bs Miza546 Qg | b2 b5 Te1 Py | b1 b 63
@@225 as by mi32546 o 22, | @1 as oy P 72, | 43 Q4 5
Qg1 |as be Ti32645 Qg1 | b2 ba 61 gl | D1 Do Ts3
(I)@226 az by T'13,26,45 @91235 ay as o5 (I)@g% az Gy T1g
(1)9314 ay by T12,34,56 (I)gll36 by by 51 (I)@;% by by 43
Qg2 |az by Mi2sa56 g2 a1 as Trog Do | a3 a; T
Qg |as bs Mi2s546 Qg1 | b2 bs 61 Qg | b1 by T34
Qg2 |az by Mias546 Pz a1 as o5 Dye | as as 16
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Appendix C

The points of PG(3,13) and the
classification of double-triplets in

PG(3,13)

There are 2380 points in PG(3,13). Let P, denote the point of PG(3,13) where n =
0,...,2379.

The order of the group PGL(4, 13) is 50858076935877120.
There are 282 orbits of PGL(4, 13) on the set of double-triplets in PG(3,13). Let n denote

the dual plane of the point P, of PG(3,13) and let o be the length of the orbit. Here,
{07 17 5a 27 37 4}12

means that the double-triplet has two triplets {0,1,5} and {2,3,4}. The order of the
stabiliser of this double-triplet under the group PGL(4,13) is 12.

The overall number of double-triplets in PG(3, 13) is 2287884218987246880.

The points of PG(3,13) and the orbits of PGL(4, 13) on the set of double-triplets are

in the following.
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92: {0, 1, 2; 3, 4, 232} 141 : {0, 1, 2; 3, 30, 198} ¢
93:{0,1,2; 3, 4, 235} 142 : {0, 1, 2; 3, 198, 354},
94 : {0, 1, 2: 3, 4, 240}, 143 : {0, 1, 2; 30, 45, 57} 52725
95: {0, 1, 2; 3, 4, 242}, 144 : {0, 1, 2; 30, 45, 59} 6364
96 : {0, 1, 2; 3, 4, 243}, 145 : {0, 1, 2; 30, 45, 61 }96364
97: {0, 1, 2; 3, 4, 246}, 146 : {0, 1, 2; 30, 45, 62} 96364
98 : {0, 1, 2: 3, 4, 248}, 147 : {0, 1, 2; 30, 45, 63} 79002
99 : {0, 1, 2; 3, 4, 254}, 148 : {0, 1, 2; 30, 45, 64}105456
100 : {0, 1, 2; 3, 4, 255}1 149 : {0, 1, 27 30, 45 65}26364
101 : {0, 1, 2; 37 4, 268}2 150 : {0, 1, 2, 30 45 67}26364
102 : {0, 1, 2; 3, 4, 271}4 151 : {0, 1, 2, 30 45 70}52728
103 : {O, 1, 2; 3, 4, 274}2 152 : {0, 1, 27 30 45 73}26364
104 : {0, 1, 2; 3, 4, 282}, 153 : {0, 1, 2; 30, 45, 76} 26364
105 : {0, 1, 2; 3, 4, 564}2 154 : {0, 1, 27 30 45 77}26364
106 : {0, 1, 2; 3, 4, 565}, 155 : {0, 1, 2: 30, 45, 78} 26364
107 : {0, 1, 2; 3, 4, 566}, 156 : {0, 1, 2: 30, 45, 79} 6364
108 : {0, 1, 2; 3, 4, 567}, 157 : {0, 1, 2; 30, 45, 80} 26364
109 : {0, 1, 2; 3, 4, 568},
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158 :
159 :
160 :
161 :
162 :
163 :
164 :
165 :
166 :
167 :
168 :
169 :
170 :
171 :
172
173 :
174 :
175 :
176 :
177 -
178 :
179 :
180 :
181 :
182 :
183 :
184 :
185 :
186 :
187 :
188 :
189 :
190 :
191 :
192 :
193 :
194 :
195 :
196 :
197 :
198 :
199 :
200 :
201 :
202 :
203 :
204 -
205 :
206 :

{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,
{0,

1, 2;
1, 2;
1, 2;
1, 2;
1, 2;
1, 2
1, 2;
1, 2;
1, 2;
1, 2;
1, 2
1, 2;
1, 2;
1, 2;
1, 2;
1, 2;
1, 2;
1, 2;
1, 2;
1, 2;
1, 2
1, 2;
1, 2;
1, 2;
1, 2;
1, 2;
1, 2
1, 2;
1, 2;
1, 2;
1, 2;
1, 2
1, 2;
1, 2;
1, 2;
1, 2;
1, 2
1, 2;
1, 2;
1, 2;
1, 2;
1, 2
1, 2;
1, 2;
1, 2;
1, 2;
1, 2,
1, 2;
1, 2;

30, 45, 85 }26364
30, 45, 87 }ag364
30, 45, 88} 26364
30 45 89}52728
30 45 91}26364
30 45 92}52728
30, 45, 93 }26364
30, 45, 98} 26364
30, 45, 99} 26364
30 45 101}26364
30 45 102}26364
30, 45, 104} 26364
30, 45, 106 } 6364
30, 45, 109} 26364
30, 45, 112} 26364
30 45 113}26364
30, 45, 115} 52728
30, 45, 118} 26364
30 45 119}26364
30, 45, 124} 6364
30 45 125}26364
30 45 126}26364
30, 45, 127 6364
30 45 129}26364
30, 45, 130} 26364
30 45 131}26364
30, 45, 135 }26364
30, 45, 139} 26364
30, 45, 141 agze
30 45 143}26364
30 45 145}26364
30 45 151}26364
30, 45, 153 }26364
30, 45, 154} 5272
30 45 155}26364
30, 45, 157 26364
30, 45, 158} 26364
30, 45, 163} 26364
30, 45, 164 } 6364
30, 45, 165 }6364
30, 45, 166 }26364
30, 45, 168} 26364
30 45 171}52728
30, 45, 174} 5272
30, 45, 176 } 26364
30, 45, 179} 26364
30, 45, 180} 26364
30, 46, 65 }26364
30, 46, 70} 1514

207 :
208 :
209 :
210 :
211 :
212 :
213 :
214 :
215 :
216 :
217 -
218 :
219 :
220 :
221 :
222 :
223 :
224 :
225 :
226 :
227 -
228 :
229 :
230 :
231 :
232 :
233 :
234 :
235 :
236 :
237 :
238 :
239 :
240 :
241 :
242 -
243 -
244 :
245 -
246 -
247 -
248 -
249 -
250 :
251 :
252 :
253 :
254 -
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{0, 1, 2; 30, 46,
{0, 1, 2: 30, 46,
{0, 1, 2; 30, 46,
{0, 1, 2; 30, 46,
{0, 1, 2; 30, 46,
{0, 1, 2; 30, 46,
{0, 1, 2: 30, 46,
{0, 1, 2; 30, 46,
{0, 1, 2; 30, 46,
{0, 1, 2; 30, 46,
{0, 1, 2; 30, 46,
{0, 1, 2: 30, 46,
{0, 1, 2: 30, 46,
{0, 1, 2; 30, 46,
{0, 1, 2; 30, 46,
{0, 1, 2; 30, 46,
{0, 1, 2; 30, 46,
{0, 1, 2: 30, 46,
{0, 1, 2; 30, 46,
{0, 1, 2; 30, 46,
{0, 1, 2; 30, 46,
{0, 1, 2: 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2: 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2; 30, 48,
{0, 1, 2; 30, 50,
{0, 1, 2; 30, 50,

79} 26364
87} 26364
101} 26364
103} 26364
104 } 26364
105 }6364
109} 158184
110} 59728
112} 56364
119} 56364
122} 105456
130} 26364
132} 96364
135} 105456
141} 96364
161} 50728
174} 50708
75} 26364
76} 26364
88} 26364
96} 52728
97} 158184
98} 26364
104 } 59728
105} 26364
119} 96364
122} 56364
124} 26364
125} 96364
137} 26364
143 } 26364
144} 59798
151} 26364
154 } 26364
155} 26364
157 } 26364
161 }6364
162} 96364
167 } 26364
175} 26364
179} 50728
181} 96364



255 :
256 :
257 :
258 :
259 :
260 :
261 :
262 :
263 :
264 :
265 :
266 :
267 :
268 :
269 :
270 :
271 :
272 :
273 :
274 -
275 :
276 :
277 :
278 :
279 :
280 :
281 :

{0’
{0, 1,
{0, 1,
{0, 1,

{0’
{0,
{0,
{0,
0. 1.
{0, 1,
{0, 1,
{0, 1,
{0, 1,

{0,
{0, 1,
{0, 1,
{0, 1,

{0,
{0,
{0,
{0,
0. 1,
{0, 1,

- 30, 50, 87 }as361
- 30, 50, 124} 79009
. 30, 50, 12552728
30 50 132}52728
: 30, 50, 136} 26364
. 30, 50, 148} 70002
- 30, 50, 152} 26364
; 30, 50, 155} 59728
. 30, 50, 163} 26304
; 30, 50, 182}26364
; 30, 53, 162}26364
- 30, 53, 171 170009
; 30, 53, 177} 59728
. 30, 53, 178} 50728
30 59 71}158184
30 59 73}105456
. 30, 59, T4} s2728
; 30, 59, 77} os456
. 30, 59, T9Vs2728
; 30, 60, 84}105456
- 30, 60, 8770002
; 30, 60, 93} 105456
; 30, 60, 175} 59728
; 30, 64, 136}949104
30 64 145}52728
. 30, 73, 92} 70000
- 30, 79, 165} 510368
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Appendix D

The Orbiter makefile

10

11

12

13

14

15

16

17

18

19

20

21

MY _PATH="/DEV.18

SRC=$ (MY_PATH) /GITHUB/orbiter/ORBITER/SRC

PROJECTIVE_SPACE_PATH=$ (SRC) /APPS/PROJECTIVE_SPACE

SURFACES_PATH=$ (SRC) /APPS/SURFACES

LSS Ess  Sss  E  E  E E  E  E n
# F_2:

HEHHH AR R R R R

cheat2:
$ (PROJECTIVE_SPACE_PATH) /cheat_sheet PG.out -n 2 -q 2
pdflatex PG_2_2.tex

open PG_2_2.pdf

cheat32:

$ (PROJECTIVE_SPACE_PATH) /cheat_sheet PG.out -n 3 -q 2
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22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

pdflatex PG_3_2.tex

open PG_3_2.pdf

classify2:
$ (SURFACES_PATH) /arc_lifting main.out -v 2 -n 2 -q 2 -classify
pdflatex arc_lifting q2.tex

open arc_lifting q2.pdf

B R R R R R S SR R S R
# F_3:

B T s s

cheat3:
$ (PROJECTIVE_SPACE_PATH) /cheat_sheet PG.out -n 3 -q 3 -surface
pdflatex PG_3_3.tex

open PG_3_3.pdf

cheat33:
$ (PROJECTIVE_SPACE_PATH) /cheat_sheet PG.out -n 3 -q 3
pdflatex PG_3_3.tex

open PG_3_3.pdf

classify3:
$ (SURFACES_PATH) /arc_lifting main.out -v 2 -n 2 -q 3 -classify

pdflatex arc_lifting q3.tex
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53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

7

78

79

80

81

82

83

open arc_lifting q3.pdf

i S S
# F4:

HERHHHHHH R R R R R R R

classify4:
$ (SURFACES_PATH) /arc_lifting main.out -v 2 -n 2 -q 4 -classify
pdflatex arc_lifting q4.tex

open arc_lifting q4.pdf

HHHFHHE R R R R R R R
# F5:

HEHBHHBFHHBHFHHAFHHBHHHRAFH R B H RS H RSB H RSB H RS H B SHH RS R AR

classifyb:
$ (SURFACES_PATH) /arc_lifting main.out -v 2 -n 2 -q 5 -classify
pdflatex arc_lifting q5.tex

open arc_lifting g5.pdf

HERHHHHHH R R R R R R
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84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

# F_7:

HEHHHA R R R R R

cheat2.7:
$ (PROJECTIVE_SPACE_PATH) /cheat_sheet PG.out -n 2 -q 7
pdflatex PG_2.7.tex

open PG_2_.7.pdf

arc_lifting. 7:
$ (SURFACES_PATH) /arc_lifting main.out -v 2 -n 2 -q 7 \
-arc "12,25,34,42,28,14"
pdflatex single_arc_lifting q7.tex

open single_arc_lifting q7.pdf

classify7:
$ (SURFACES_PATH) /arc_lifting main.out -v 2 -n 2 -q 7 -classify
pdflatex arc_lifting q7.tex

open arc_lifting q7.pdf

HHHHHHE G HHH HHH EHH HH H HH HRHH  H
# F8:

HHHHHAFHHBHHHBRFH R RS H BB H RS R B F RS H R H RS RA R R

classify8:
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115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

$ (SURFACES_PATH) /arc_lifting main.out -v 2 -n 2 -q 8 -classify
pdflatex arc_lifting g8.tex

open arc_lifting q8.pdf

cheat_8.0:
$ (SURFACE_PATH) /cheat_sheet_surface.out -v 2 -q 8 -no 0
pdflatex Surface_q8_iso0.tex

open Surface_q8_iso0.pdf

HHHHHA R R R R R R R R
# FO:

fr s s s s s s S S s T

cheat9:
$ (PROJECTIVE_SPACE_PATH) /cheat_sheet PG.out -n 2 -q 9
pdflatex PG_2.9.tex

open PG_2_9.pdf

classify9:
$ (SURFACES_PATH) /arc_lifting main.out -v 2 -n 2 -q 9 -classify
pdflatex arc_lifting q9.tex

open arc_lifting q9.pdf
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146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

HEHHH A
# F_11:

HERHHHHHH R R R R R R

classifyll:
$ (SURFACES_PATH) /arc_lifting main.out -v 2 -n 2 -q 11 -classify
#pdflatex arc_lifting qll.tex

#open arc_lifting qll.pdf

S
# F_13:

HERHHHHHH R R R R R

cheat2_13:
$ (PROJECTIVE_SPACE_PATH) /cheat_sheet PG.out -n 2 -q 13
pdflatex PG_2_13.tex

open PG_2_13.pdf

arc_lifting 13:
$ (SURFACES_PATH) /arc_lifting main.out -v 2 -n 2 -q 13 \

-arc "5,14,26,17,92,105"
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177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

classifyl3:
$ (SURFACES_PATH) /arc_lifting main.out -v 2 -n 2 -q 13 -classify
pdflatex arc_lifting ql3.tex

open arc_lifting ql13.pdf

B R R R R R S SR R S R
# F_17:

B T s s

classifyl7:
$ (SURFACES_PATH) /arc_lifting main.out -v 2 -n 2 -q 17 -classify
#pdflatex arc_lifting ql7.tex

#open arc_lifting ql7.pdf

HEHHH AR R R R R R
# F_19:

HAHH R

classify19:

$ (SURFACES_PATH) /arc_lifting main.out -v 2 -n 2 -q 19 -classify
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208

209

210

211

212

213

214

215

#pdflatex arc_lifting ql9.tex

#open arc_lifting ql19.pdf
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