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Abstract

Let PG(2, g) be the projective plane over the field FF,. Singer [19] notes that PG(2, g) has
a cyclic group of order ¢ + ¢ + 1 that permutes the points of PG(2, ¢) in a single cycle. A
k-arc is a set of k points no three of which are collinear. A k-arc is called complete if it is
not contained in a (k + 1)-arc of PG(2, g).

By taking the orbits of points under a proper subgroup of a single cycle, one can
decompose the projective plane PG(2, ¢*) into disjoint copies of subplanes isomorphic to
PG(2, g) if and only if k is not divisible by three. Moreover, by taking the orbits of points
under a proper subgroup, one can decompose the projective plane PG(2, ¢°) into disjoint
copies of complete (g> — g + 1)-arcs. In this thesis, our main problem is to classify (up
to isomorphism) the different types of decompositions of PG(2, ¢%) for g = 3,4,5,7 into
particular subgeometries, primarily subplanes and arcs. By using the computer program
GAP, we provide a detailed mathematical investigation into particular subgeometries of
PG(2, ¢*) for g = 3,4,5,7, namely subplanes and arcs. We further illustrate some of the
connections between these subgeometry decompositions and other areas of combinatorial
interest; in particular, we explain the relationship between coding theory and projective
spaces and describe the links with Hermitian unital. Furthermore, projective codes are

obtained by taking the disjoint union of such subgeometries.
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Chapter 1
Introduction

In the first section of this chapter, we give an overview of the results in this thesis. The
remainder of this chapter will introduce the necessary concepts from group theory, finite
field theory and design theory that are needed for a full understanding of later chapters.
The content of this chapter is based on the following standard references: [1],[3], [5], [6],
[71,[8], [9], [10], [12],[13],[14] [15], [16], [17] ,[19] and [20].

1.1 Introduction

A projective plane of order g, denoted by PG(2, ¢), consists of a set of g> + g + 1 points
and a set of g> + g + 1 lines, where each line contains exactly g + 1 points and two distinct
points lie on exactly one line. It follows from the definition that each point is contained
in exactly ¢ + 1 lines and two distinct lines have exactly one common point. A k-arc K in
the projective plane PG(2, g) is a set of k points no three of which are collinear. A k-arc is
called complete if it is not contained in a (k + 1)-arc of PG(2, g).

By taking the orbits of points under a proper subgroup, one can decompose the projec-
tive plane PG(2, ¢*) into disjoint copies of subplanes isomorphic to PG(2, ¢) if and only
if k is not divisible by three [10, Corollary 4.31]. The idea of decomposing PG(2, ¢*) into
disjoint subplanes is essentially due to Bruck [6]. His decomposition is obtained by using
Singer’s [19] result that every finite projective plane is cyclic. Throughout this thesis,
the decompositions that arise as a collection of orbits under an appropriate subgroup of
the Singer group will refer to as classical. YfI [20] reports that there are other types of
decompositions in cases ¢ = 3,4,5,7. An illustration in case of PG(2, 3%) is given but,
for g = 4,5,7, no proof or list provided. He gave an example of a non-classical sub-
plane decomposition of PG(2,3%). Additionally, Mathon and Hamilton [17] show using
a computer search that there are other types of decompositions in the cases ¢ = 3,4,5.
They approved Yft’s result that there is only one non-classical subplane decomposition of

PG(2,3?) and found two non-classical subplane decompositions of PG(2,4?) and found



two non-classical subplane decompositions of PG(2, 5?).

Similarly, Boros and Szonyi [3, Theorem 1.1] show that by taking the orbits of points
under a proper subgroup, one can decompose the projective plane PG(2, ¢°) into disjoint
copies of complete (g*> — g + 1)-arcs. The idea of decomposing PG(2, ¢°) into disjoint arcs
is essentially due to Kestenband [13, 14] where he studied the arcs as one of the possible
categories of the intersection of two Hermitian curves in PG(2, ¢%). The cyclic arcs were
then investigated in details by Boros and Szonyi [3], Fisher, Hirschfeld, and Thas [7].

In this thesis, our main problem is to classify (up to isomorphism) the different types
of decompositions of PG(2, qz) for g = 3,4,5,7 into particular subgeometries, primarily
subplanes and arcs. By using the technique described in Section 2.4 together with the
computer program GAP [8], decompositions of PG(2, ¢%) for ¢ = 3,4, 5,7 into subplanes
and arcs are examined. We provide a detailed mathematical investigation into these class
of subgeometries. In this dissertation, some applications are also discussed; in particular,
the geometrical objects considered in this work give specific linear codes. By taking the
union of i such subgeometries, a projective code, which is a linear code, is obtained for
all i. Furthermore, we demonstrate the relationship between coding theory and projective

spaces and describe the links with Hermitian unital.
The structure of the thesis is as follows.

The next three sections of this chapter introduce a collection of mathematical founda-
tions for subsequent chapters. The purpose is to introduce the basic concepts and results
without presenting proofs. In Section 1.2, we review and provide the basic background
and definitions from group theory. Additionally, Section 1.3 presents a brief introduction
of finite fields which play an important role in this thesis. Moreover, the fourth section
of chapter one addresses some elementary definitions and properties of combinatorial de-
signs and their relationship to projective planes.

Chapter 2 collects the necessary ideas and notations in the first section making the
general background of this thesis which includes definitions and properties of projec-
tive spaces. In Section 2.2, we present cyclic projectivity that illustrates the structure of
projective spaces over finite fields. Also, the third section of chapter two provides the
definitions and main results in decompositions of PG(2, ¢?) into particular subgeometries,
primarily subplanes and arcs. Furthermore, Section 2.4 is devoted to describing fully
an adapted version of the algorithm that is introduced in [9] and [16] which is used for
finding the decompositions.

Chapter 3 discusses the different types of decompositions of the projective plane
PG(2,3%) into disjoint subplanes of order three and disjoint 7-arcs. The first section of
chapter three presents two non-isomorphic decompositions of PG(2, 3?) into disjoint sub-

planes of order three where the first partition is the classical one, and the other is Yff’s



result [20]. Also, in section 3.2, it is shown that in PG(2, 3%) there are, up to isomorphism,
two decompositions into disjoint 7-arcs where the first partition is the classical one, and
the other decomposition is new.

Chapter 4 discusses the different types of decompositions of the projective plane
PG(2, 4?) into disjoint subplanes of order two, disjoint subplanes of order four and disjoint
13-arcs. In Section 4.1, we show four non-isomorphic decompositions of PG(2, 4?) into
disjoint subplanes of order two where the first partition is the classical one, and the other
three decompositions are new. Moreover, the second section of chapter four points that,
in PG(2,4%), there are, up to isomorphism, three types of decompositions into disjoint
subplanes of order four where the first partition is the classical one, and the other two
decompositions are presented by Mathon and Hamilton in [17]. Additionally, Section 4.3
provides three non-isomorphic decompositions of PG(2,4?) into disjoint 13-arcs where
the first partition is the classical one, and the other two decompositions are new.

Chapter 5 presents the different types of decompositions of the projective plane PG(2, 5%)
into disjoint subplanes of order five and disjoint 21-arcs. The first section of chapter five
shows three non-isomorphic decompositions of PG(2, 5%) into disjoint subplanes of order
five where the first partition is the classical one, and the other two decompositions are
given by Mathon and Hamilton in [17]. Also, Section 5.2 points that, in PG(2, 5%), there
are, up to isomorphism, three decompositions into disjoint 21-arcs where the first partition
is the classical one, and the other two decompositions are new.

Chapter 6 introduces the different types of decompositions of the projective plane
PG(2,7?) into disjoint subplanes of order seven and disjoint 43-arcs. In Section 6.1, we
show four non-isomorphic decompositions of PG(2,7?) into disjoint subplanes of order
seven where the first partition is the classical one, and the other three decompositions are
new. Moreover, the second section of chapter six shows that, in PG(2, 7%), there are, up
to isomorphism, three decompositions into disjoint 43-arcs where the first partition is the
classical one, and the other two decompositions are new.

In Chapter 7, we explain the relationship between coding theory and projective spaces
and describe the links with Hermitian unital. Also, projective codes are obtained by taking

the union of i such subgeometries.



1.2 Group theory

In this section, we review and provide the basic background from group theory that is

needed for this thesis. The main reference used in this section is [12].

Definition 1.1 ( Group [12, Definition 1.1]). A group is a non-empty set G together with

a binary operation X on G such that
(i) if a and b belong to G then a X b is also in G (closure);
(i) ax (bxc)=(axb)xcforalla,b,c € G (associativity);

(i11) there is an element e € G such that a X e = e X a = a for all a € G (identity);

1

(iv) if a € G, then there is an element a~' € G such thata X a™! = a™' X a = e (inverse).

Definition 1.2 ( Finite group [12, Definition 1.2]). A group G is called finite if the
underlying set contains a finite number of elements. The order of G is the number of
elements in its set and the order of g € G is the smallest positive integer m such that

g =e.

Definition 1.3 ( Abelian group [12, Definition 1.3]). A group G is called abelian if the

binary operation is commutative; that is,
aXb=bxa, foralla,begdG.

Definition 1.4 ( Subgroup [12, Definition 4.1]). A subgroup H of a group G is a non-

empty subset of G that forms a group under the binary operation of G.

Let S and T be finite sets that are closed under some binary operations; probably

groups or fields.

Definition 1.5 ( Homomorphism [12, Definition 8.1]). A map ¢ : S — T is called a
homomorphism of S into 7 if and only if

(ab)p = (a)p(b)p, foralla,b e S.

Definition 1.6 ( Isomorphism [12, Definition 8.8]). A homomorphism ¢ : § — T
is called an isomorphism of § into 7 if and only if ¢ is a bijection. Two sets S and T
are called isomorphic if and only if there exists an isomorphism between them; such a

relationship is denoted by § = T'.

Definition 1.7 ( Automorphism [12, Definition 8.10]). An isomorphism of § into itself

is called an automorphism of §.



The automorphism group of S, denoted by Aut(S), is the set of all automorphisms of
S together with the operation of composition of maps. Consequently, for ¢y, ¢, € Aut(S),

(S)¢1¢2 = ((S)¢1)¢2, forall s € S.

The identity of Au#(S) is e, where (s)e = s, for all s € § and for every ¢ € Aut(S) there
exists an ¢~ € Aut(S) such that

(5)$)p™" = (s5)p™)p =5, forallseS.

Let G be a finite group that contains an element g of order m. The subgroup C,, is

generated by a single element of G; that is,

Cn=()=1{1,8....8""}.

Multiplication is determined by the rule

(a+b)

gt =g mod m, forallO0<a,b<m-1.

The identity is 1 and
) ' =g"" foralll <a<m-1.

The group G is called the cyclic group of order m if and only if G = C,,. The cyclic group
of order m is isomorphic to the additive group of integers modulo m; that is, C,, = Z,,, see
[12, Example 1.6].

Definition 1.8 ( Direct product [12, Example 1.10]). The direct product of the set of
groups G1,G,,...,G, , denoted by

G=G XGy X+ xXGy,

is the set

{(gl’gZa- agn) | 8i € Gl}

The set G together with the composition law

(gl,gz,---,gn)(h1,h2, oo hy) = (glhl,gzhz, . --,gnhn)

form a group with identity element

(er er, .o ,€Gn)



and inverse

(81,82,~ .- ,gn)_l = (gfl’ggl’ c ’gzl)'

Proposition 1.1 ([12, Proposition 13.5]). Let Hy, H>, ..., H, be subgroups of the group
G such that

(1) hihj = hjh;, where h; € H;,hj € H;and i # j ;
(i) G=HH,---Hy;

(i) H;NHHy---H;_1H;,,---H, =e.

Then G is isomorphic to Hy X Hy X -+ X H,.

The order of the direct product is given by

|Hy X Hy - x Hy| = | |1
i=1

Definition 1.9 ( Normal subgroup [12, Definition 7.3]). A subgroup H of G is called
normal if and only if gH = Hg for any g € G.

Definition 1.10 ( Semidirect product [12, Definition 19.1]). A group G with subgroups
N and H such that

(1) N is normal subgroup of G,
(1) G = NH,
(ili) NN H =e,
is called a semidirect product of N by H, denoted by N > H. The order of G is |N| X |H|.

Definition 1.11 ( Group action [12, Definition 10.1]). Let G be a group with identity e
and S be a non-empty set. A (right) action of G on § is a function ¢ : § X G — S such
that

(1) ¢(x,e) =x forallxes§,
(i) P(p(x,81),82) = d(x,818,) forallg,gp€GandxeS.

We shall generally write xg for ¢(x, g), except where this leads to ambiguities, or

where other notation is more convenient.

Definition 1.12 ( Orbit and Stabiliser [12, Definitions 10.8 and 10.14]). Let G be a group
acting on a set S with an action (s,g) — sgfor g € G and s € §. Let x be an element of
S.



(i) The orbit of an element x of S is the set of elements in S which are the images of x

under elements of G. It is denoted by Orbg(x).

Orbg(x) = {xg | g € G}.

(i) The stabiliser of an element x of S is the set of elements of G which send x to itself.
It is denoted by Stabg(x).

Stabg(x) = {g € G | xg = x}.

(iii)) The group G is said to act transitively on S if, given any two elements x,y in S,
there exists g in G such that y = xg. In that case, there is only one orbit. The action

is regular if it is transitive and Stabg(x) = {e} for every x in §.

Remark 1.1 ([12, Proposition 10.9]). The orbit of x is a subset of S, whereas the sta-

biliser of x is a subgroup of G.

Theorem 1.1 ( Orbit-Stabilizer Theorem [12, Theorem 10.16]). Let G be a finite group

acting on a set S, and let x € S. Then

|G| = |Orbg(x)||Stabg (x)].

1.3 Finite fields

Our objective of this section is to introduce necessary notations and results of finite fields.
We will recall and summarise them without providing proofs. The main reference used in

this section is [10].

Definition 1.13 ( Field [10, Section 1.1]). A field is a set F' closed under two operations
+, X such that

(1) (F,+) 1is an abelian group with identity 0;
(i) (F\{0}, ) is an abelian group with identity 1;

(iii) forall x,y,z € F,

x(y+z2)=xy+xz and (x+y)z=xz+)yz.

Definition 1.14 ( Finite field [10, Section 1.1]). A finite field is a field with only a finite

number of elements. The smallest positive integer p, and hence a prime, such that

px=x+x+---+x=0 forallxe F
————

p times



is called the characteristic.

A finite field, with p elements such that p is a prime, denoted by F, consists of the
residue classes of the integers modulo p under the natural addition and multiplication, see
[10, Section 1.1].

Definition 1.15 ( Construction of F [10, Section 1.1]). Given an irreducible polynomial
f(x) of degree h over F,, we define the field F,, where g = p", for some prime p, and

some positive integer /4, as

F, Fplxl/<f(x))

{ap+a1x+---+ ah_lxh_l | a; € Fpy; f(x) = 0}.

Definition 1.16 ( Automorphism of F, [10, Section 1.2]). An automorphism o of F, is a

permutation of the elements of F, such that
(1) (x+y)o =x0+yo,

(i) (xy)o = (xo)(yo),

for all x,y in F,.

Theorem 1.2 ( Properties of finite fields [10, Sections 1.1 and 1.2]). Let g = p” for some

prime p and some positive integer h. The field F, has the following properties.
(1) (x+y)’ =xP +y’forall x,y € F,.
(i1) x? = xfor all x € F,.
(iii) There exists p € IF, such that
F, =1{0, L, ..., u0 % | 47" = 1}.
Such a u is called a primitive element of FF,,.

(iv) Under multiplication, F,\{0} is a cyclic group of order g — 1 :

F N0} = Z,_,.

(v) The additive structure of I, is given by the group isomorphism

F,=2,XZ,X---XZ,.

h factors

(vi) If Fy, F, are finite fields such that F'; C F,, then |F| divides |F»|.



(vii) The automorphism group of F, is
Aut(F)) = {1,0,...,¢" '} =2,

where ¢(x) = x”.

Definition 1.17 ( Companion matrix [10, Section 2.4]). Let f(x) = x"—a,_1 X" ' —---—ay
be a polynomial of degree n over F,,. Then its companion matrix C(f) is the n X n matrix
given by
0
cp=| ,
0
ap dp - dp-y

where [,_; is the (n — 1) X (n — 1) identity matrix. f(x) is the characteristic polynomial of
the matrix C(f).

Definition 1.18 ( Primitive and subprimitive polynomials [10, Section 1.6]). Let f(x) =

x" — a,_1x"! — ... — gy be an irreducible polynomial of degree n over IF,. Then

(1) f(x)is called primitive in F, if the smallest positive integer m such that f(x) divides
x" —1isequal tog" — 1.

(i1) f(x) is called subprimitive in [, if the smallest positive integer m such that f(x)

divides x™ — ¢ for some ¢ € F,\{0} isequal to ¢" ' + -+ + g + 1.

1.4 Design theory

In this section, we discuss some basic definitions and properties of combinatorial designs
and their relationship to projective planes. The main references used in this section are
[1], [5] and [15].

Definition 1.19 ( 7-design [1, Definition 1.1.1]). A #-(v,k, A1) design, or in short a ¢-
design, is a pair (P, B) where P is a set of v elements, called points, and B is a collection
of distinct subsets of P of size k, called blocks, such that each subset of points of size t is

contained in exactly A blocks.

Definition 1.20 ( Symmetric design [1, Section 1.1]). A 2-(v,k, 1) design is called a

symmetric design if the number of blocks is equal to the number of points.

Definition 1.21 ( Difference set [1, Definition 2.1.1]). A (v, k, A) difference set modulo
v or, a cyclic (v, k, ) difference set is a set D = {d, . .., d;} of distinct elements of Z, such

that each non-zero d in Z, can be expressed in the form d = d; — d; in precisely A ways.
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Difference sets that seem to have been first investigated by Kirkman [15] are a useful
tool in the construction of symmetric designs. He considered the case 4 = 1 and noticed
that they form (@ +g+1,g+1,1) designs for g = 2,3,4,5. The generalisation of the

cyclic difference set concept to more general groups is due to Bruck [5].

Lemma 1.1 ([1, Lemma 2.1.1]). If D is a difference set in the group G, then the param-
eters (v, k, 1) satisfy the relation

k(k—1)=A(v-1).

Proof. ( Proof from [1, Lemma 2.1.1]). There are k(k — 1) differences arising from the
k elements of the difference set, and they represent each of the v — 1 non-zero integers

modulo v, A times each. [ ]

Remark 1.2 ([1, Theorem 2.1.5]). The set-theoretic complement of D in the group G is
also a difference set in G, properly called the complementary difference set of D and has

parameters (v,v — k,v — 2k + 7).

Definition 1.22 ( Translate [1, Definitions 2.1.2 and 2.5.1]). Let G be a group. For any
element g € G, the set
Dg :={dg|d e D}

is called the translate of D and it is also a difference set with the same parameters as D.
Two difference sets D; and D, in G are equivalent if there is some automorphism of G

mapping D; onto a translate of D,, and such an automorphism is called a multiplier.

Definition 1.23 ( Finite projective plane [1, Definition 1.1.2]). A (¢> + g+ 1,g + 1,1)
design, which is symmetric, is called a finite projective plane of order q.

In summary, this chapter gathers some necessary concepts, background and basic def-
initions from group theory, finite field theory and design theory that we need throughout
this thesis. For example, Orbit-Stabilizer Theorem is used in Chapter 2 to prove some
corollaries, difference sets are used to represent the points and lines of the projective
plane in Section 2.2, and an associated companion matrix of the subprimitive polynomial

is employed in Section 2.2 to describe the cyclic projectivity.
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Chapter 2
Galois geometries

In this chapter, formal definitions and properties of projective spaces are given in the first
section. Section 2.2 deals with cyclic projectivity that illustrates the structure of projective
spaces over finite fields. In the third section, we provide the definitions and main results
in decompositions of PG(2, ¢?) into particular subgeometries such as subplanes and arcs.
The fourth section is devoted to describing the procedure that is used for finding the
decompositions of PG(2, ¢?).

This chapter is mainly based on the following references: [2],[3], [6].[7], [8], [9], [10],
[13], [14], [16], [17], [19] and [20].

2.1 Projective spaces and general properties

Let V. = V(n + 1,q) be an (n + 1)-dimensional vector space over the finite field F,,
where ¢ = p”". Then any two vectors X = (xg,...,x,) and ¥ = (y,...,y,) of V\{0}
are called equivalent if ¥ = ¢X, for some ¢ € F,\{0}. The equivalence class of a vector
X = (xo,...,x,) of V\{0} is the subset of V\{0} given by {tX = (tx,...,1x,) | t € F,\{0}}.

Definition 2.1 ( Finite projective space [10, Section 2.1.1]). The n-dimensional pro-
jective space over the finite field F,, denoted by PG(n, g), is the set consisting of the

equivalence classes of vectors of the (n + 1)-dimensional vector space V(n + 1, g).

The elements of PG(n, g) are called points and the point, denoted by P(X), is the
equivalence class of the vector X. Since P(rX) = P(X), for all t € F,\{0}, if the first

non-zero component of £X is a one, tX = (0,...,0,1,...), then for consistency this vector
q

n+l_1

g-1°

is used to represent the point P(X). The number of points in PG(n, g) is 6(n, q) =

Definition 2.2 ( Subspace [10, Section 2.1.1]). The subspaces of the projective space
PG(n, q) are defined as follows:

(i) the (—1)-dimensional subspace of PG(n, g) is the empty set;
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(i1) the points or O-dimensional subspaces of PG(n, ¢) are the 1-dimensional subspaces
of V;

(iii) the lines or 1-dimensional subspaces of PG(n, g) are the 2-dimensional subspaces of
Vi

(iv) the planes or 2-dimensional subspaces of PG(n, g) are the 3-dimensional subspaces
of V;

(v) the hyperplanes or (n — 1)-dimensional subspaces of PG(n, g) are the n-dimensional

subspaces of V.

Definition 2.3 ( Incidence structure [10, Section 2.3]). An incidence structure (P, 8B, 1)
consists of a set of objects # called points, and a second set of objects B called blocks
together with a subset 7 of $ X 8 called incidence relation such that if P € P, [ € B and

P € [, then P is incident with /, or / is incident with P.

A k-dimensional subspace or k-space of PG(n, g) is denoted by [];. A k-dimensional
subspace of PG(n, g) is incident with a (k + j)-dimensional subspace of PG(n, g) if the
corresponding (k + 1)-dimensional subspace of V is contained in the corresponding (k +
J + 1)-dimensional subspace of V.

The points P(Xj), .. ., P(X,,) are linearly independent if and only if the vectors Xy, ..., X,,
are linearly independent; that is, no vector can be expressed as a linear combination of the
others. Hence, the point P(X) is incident with the line through the points P(X,) and P(X,)
if and only if the vector X is a linear combination of the vectors X, and X;. In addition,
the points P(X)), ..., P(X,,) are collinear if they are all incident with the same line.

The 2-dimensional subspace of V containing the vectors X and Y is
{aX +bY |a,beF,}

and
P(X + ba™'Y) if a+0,

P(aX+bY):{ )
P(Y) if a=0.

Therefore, the line through the points P(X) and P(Y) in PG(n, g) is the set of points
{PX+cY)UPY)|ceF,.

Remark 2.1 The 2-dimensional projective space PG(2, g) is called the projective plane.
It contains ¢*> + g + 1 points and ¢ + g + 1 lines. Every point of PG(2, ¢) is incident with
g + 1 lines and every line in PG(2, g) is incident with g + 1 points. The points of PG(2, ¢)
have the form P(0,0, 1), P(0, 1, x,) or P(1, xy, x,), where x;, x, € F,,.



13

Theorem 2.1 ([2, Theorem 1.5.3]). Let S be a k-dimensional subspace of the finite
projective space PG(n, g), where 1 < k < n. Then the following facts hold:

(i) the number of points of S is

k k—1

qg+q +--+qg+1;

(i1) if s is a point of S, then in S, the number of lines through the point s is

¢+ g1

(ii1) the number of lines in S is

@ +q"+ - +q+ D¢+ +g+])
g+1 ’

Proof. ( Proof from [2, Theorem 1.5.3]).

(i) A (k+ 1)-dimensional subspace of the vector space V, given by
{CloXO +a1 X+ + Clka | a; € Fq},

contains g**! — 1 non-zero vectors; hence, there are

qk+1 -1

P =¢"+4 "+ +g+1

points of S.

(ii) Let s be a point that is incident with S, then there are ¢* + - - - + ¢ additional points
that are incident with §. Since each line in § that is incident with P is incident with

g + 1 points of S, in § there are

k
+...+
u:qk_l+...+q+1
q

lines through the point s.

(iii) The subspace S consists of gf + --- + ¢ + 1 points and every point of S is incident
with ¢*~! +--- + g+ 1 lines in S, but every line in S is incident with g + 1 points of

S. Hence, the number of lines in S is

@ +qd"+ g+t )¢+ g+ D)
g+1 ’
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Definition 2.4 ( Collineation [10, Section 2.1.1]). If S| and S, are two projective spaces
PG(n, g), then a collineation of PG(n, g) is a bijection 7 : S; — &, that preserves

incidence structures.

Definition 2.5 ( Projectivity [10, Section 2.1.1]). A collineation 7 : & — &, is called
a projectivity of PG(n, ¢) if it is induced by a linear map of V(n + 1, g). That is, 7~ maps
P(X), a point of Sy, onto P(Y), a point of S,, if and only if tY = Xg, where ¢ € F,\{0} and
g is a non-singular matrix. Such a projectivity is denoted by (7, g) or g if the map 7 is
not stated; (7, g) = (7, ag), for all a € F,\{0}.

Let x = P(X) be a point of PG(n, ¢). Then the result of the right action of a matrix g on
x, denoted by x#, is the point P(Xg). For a projectivity (7, g) of PG(n, ¢), if [];, C [I4,>
then [],, ¢ C 14, &, since incidence structures are preserved.

Example 2.1 Let 7 : PG(2, q) — PG(2, g) be a projectivity. Then 7 maps the line
L(X,Y)={P(Z)|Zc{X+aY|acF UY)

to the line
L(Xg,Yg)={P(Z)|Ze{Xg+aYg|laecF,}UYg}.

Definition 2.6 ( Frame [10, Section 2.1.4]). A set of n + 2 points of PG(n, g) is called a
frame if and only if the vectors representing n+ 1 of these points form a basis of V(n+1, g);
that is, the vectors are linearly independent and every vector in V(n + 1,¢) is a linear

combination of this set.

Therefore, in PG(n, g), no hyperplane is incident with more than n points of a frame.
In PG(2, g), no line is incident with more than 2 points of a frame. Let the set of n + 1
vectors Xo, . . . , X,, form a basis of V(n+1, g). Then the set of n+2 points P(Xy), .. ., P(X,),
P(Xy + -+ + X,) is a frame of PG(n, ¢g). The standard frame is

ec = P{,0,...,0),

e, = PQO,...,0,1),
enr1 = P(,...,1,1).

Theorem 2.2 ([2, Theorem 3.6.2]). For (7, g) a projectivity and ¥ a projective space
PG(n, g), if the projectivity 7 : £ — P maps every point of a frame to itself, then 7 is
the identity mapping Z or g = I. This projectivity is denoted by (7, I).

Proof. ( Proof from [2, Theorem 3.6.2]). Let P(X;) be a point of P. Then X;g = a;X;,
where a; € F,\{0}, forall i = 0,...,n; thus,

(Xo+ -+ X)g =apXo+ -+ a,X,.



15

However, it is correspondingly true that

Xo+--+X)D)g=aXp+ -+ X,) =aXy+ -+ aX,.

Therefore, g = al. [ ]

Corollary 2.1 ([2, Corollary 3.6.3]). Let the n + 2 points P(Xy), ..., P(X,), P(X,+1 =
Xo + - -+ + X,) be a frame of PG(n, g). Then there is precisely one projectivity of PG(n, q)
such that 7 (e;) = P(X)).

Proof. ( Proof from [2, Corollary 3.6.3]). The linear map 7 that is defined by 7 (e;) =

P(X;), fori = 0,...,n, similarly maps e,,; onto P(X,). If there are two such projectiv-
ities 77 and 7>, then 7,7, " is the identity. Hence, 77 = 7,. This follows immediately
from the previous theorem. |

Definition 2.7 ([10, Section 2.4]).

(i) The general linear group GL(n+ 1, g) is the group of bijective linear transformations

of V with respect to the operation of composition of maps.

(i) The projective general linear group PGL(n + 1, g) is the group of projectivities of

PG(n, g) with respect to the operation of composition of maps.

(ii1) The collineation group PI'L(n + 1, g) is the group of collineations of PG(n, g) with

respect to the operation of composition of maps.

Theorem 2.3 ([10, Theorem 2.8]). The cardinality of the groups GL(n + 1, ¢), PGL(n +
1,q) and PTL(n + 1, g) are

(i) IGL(n+ 1,9)l = ("' = D(@™' = @) --- (¢ = "),
(i) [PGL(n + 1,9)| = IGL(n + 1, ¢)I/(g — 1),
(iii) |[PTL(n + 1,¢)| = h|PGL(n + 1, )|,

where g = p", for some prime p, and some positive integer .

Proof. ( Proof from [10, Theorem 2.8]).

(i) Let g be an (n+1)x(n+1) non-singular matrix with elements chosen from F,. Then
as no row can be zero or a linear combination of previous rows, the rows may be

selected in ¢"*' — 1,¢™! —q,...,q""' — ¢" ways.

(i1) Since (7,8) = (7 ,ag), for all a € F,\{0}, every projectivity is given by g — 1

matrices.
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(iii) See the fundamental theorem of projective geometry.

Definition 2.8 ( k-arc [10, Section 3.3]). A (k, r)-arc K in the projective plane PG(2, ¢)
is a set of k points of PG(2, ¢) such that no r + 1 points are collinear and some r points are

collinear. If r = 2, then K is called a k-arc.

A line [ in PG(2, g) is called an i-secant of a (k, r)-arc K if and only if / is incident
with i points of K. A 0-secant is called an external line, an i-secant is called an internal
line, for 1 <i < g+ 1. Also, a line of PG(2, g) is a tangent to the k-arc if they have one or

two points in common.

Definition 2.9 ( Complete arc [10, Section 8.1]). A (k, r)-arc K in the projective plane

PG(2, g) is complete if it is not contained in a (k + 1, r)-arc.

Two (k, r)-arcs K, and K, of PG(2, g) are said to be projectively equivalent if there
exists a projectivity (7, g) € PGL(3, ¢) that maps K onto K;; that is, X;g = tY; , for all
points P(X;) € K; and P(Y;) € K, where i =0, ...,k — 1.

Theorem 2.4 ( Fundamental Theorem of Projective Geometry [10, Section 2.1.2]).

1 f7" :§ — § is a collineation, then 7’ = o7, where o is an automorphic

collineation on PG(n, ¢) and 7™ is a projectivity. If ¢ = p”, then
Aut(F ) = {1, 0% ..., ¢" "}

hence, for every projectivity there exist £ collineations. If P(X") = P(X)7 ', then for
every 1 < m < h, there exists r € F,\{0} and g a non-singular matrix such that

l'X, — Xpmg,

m

where X7 = (xgm, X,

(i) If {Py,..., Py} and {P(,..., P} are (n + 2)-arcs of PG(2, ¢), then there exists a

n+1

unique projectivity 7~ such that P, = P;7 , forall0 <i <n + 1.

By the Fundamental Theorem of Projective Geometry, any four points no three collinear

can be mapped projectively to any other four points, no three collinear.

Definition 2.10 ( The Principle of Duality [10, Section 2.1.3]). For any projective
space PG(n, g), there is a dual projective space PG(n, q)’. The points and hyperplanes
of PG(n, q)" are the hyperplanes and points of PG(n, g), respectively.
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If there is a theorem that is true in PG(n, ¢), then there exists an equivalent theorem
that is true in PG(n, ¢)’. The theorem in PG(n, g¢)’ is obtained by substituting points with
hyperplanes and hyperplanes with points in PG(n, g). However, since any i linearly inde-
pendent points define an (i — 1)-dimensional projective space and i linearly independent
hyperplanes intersect in an (n — i)-dimensional projective space, one needs to adjust the
language used to explain the incidence structures of the theorem in PG(n, g)’ from that
used to define the incidence structures of the theorem in PG(n, g). For illustration, in

PG(2, g) two points describe a line, and two lines intersect on a point.

2.2 Cyclic projectivities

Definition 2.11 ( Cyclic projectivity [10, Section 4.2]). A projectivity 7 is called a
cyclic projectivity if it permutes the 6(n) points of PG(n, g) in a single cycle; also, it is

called a Singer cycle and the group it generates a Singer group.

Theorem 2.5 ( Hirschfeld [10, Theorem 4.2]). A projectivity 7 of PG(n, g) is cyclic if
and only if the characteristic polynomial of an associated matrix is subprimitive.

Corollary 2.2 ( [10, Corollary 4.3]). By the principle of duality, a cyclic projectivity
permutes the hyperplanes of PG(n, ¢) in a single cycle.

For given polynomial f(x) = x> — a;x* — a; x — ao over a finite field F,, the companion
matrix C(f) of f(x) is defined by the following:

0 1 O
T=C(f)=1 0 0 1 |,
apg a; dap

where f(x) is the characteristic polynomial of the matrix. If f(x) is a subprimitive poly-
nomial over F,, then C(f) is a cyclic projectivity over PG(2, g). This is an example of a

cyclic projectivity. let u be a root of f(x); then

3 2
o=t + a i+ ao.

Therefore, fori = 0,1,...,g* + g, there exist zg), z(li), zg) € F, such that
,Lti — Z(Zl)lul + Z(lz)’u + Zg),
; i+1 i+1 i+1
,ul+l — Z(21+ ),le + Z(ll+ )/,l + Zg+ ).

Thus, each point P(zg), Z(li), z(zi)) in PG(2, g) can be generated as follows:

i+1 i+1 i+1 i i j
2 Sy = (@), )T
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here zg), z(li), z(zi) are the coordinates of the point P in PG(2, g). Now, let P(i) = P(zg), zﬁ"), Z(Zi));
then
PGi+1)=P>OT.

In general, P(j) = P(G)T/7 for0 < i < j < ¢* + g. Let P(0) = P(1,0,0); then P(i) =
P(0)T'. Since the order of the projectivity 7 is ¢> + g + 1, so

PG(2,q) = {PO)T' |i=0,1,...,4* + q}.

Hence, the existence of cyclic projectivities produces correspondence between the
points of PG(n, g) and the elements of F .1, see [10, Section 4.2]. The idea of the cor-
respondence between Fg .1 \{0} as a cyclic group and PG(n, g) is due to Singer [19]. In
PG(2, g), the existence of a cyclic projectivity provides a representation of the points and
lines. By the duality, 7~ acts cyclically on the lines of PG(2, g) as it acts cyclically on the
points of PG(2, g). Therefore, an array with g + 1 rows and g*> + g + 1 columns can always
represent the plane, where each element of the array is a point, and each column consists
of the points on a line. Consequently, a regular array can demonstrate the plane; that is,
each row is a cyclic permutation of the preceding row.

Suppose that P(i) with indices i = d», ds, . . ., d, are the points collinear with P(0) and
P(1). Write d for 0 and 4, for 1, and consider the array A

do d0+1 d0+2 do+q2+(]
dl d1+1 d1+2 d1+q2+q
d, d,+1 d,+2 -+ d,+q*+q.

Let A’ be the previous array A with each element x reduced modulo ¢> + ¢ + 1, so that

0<x<q*+gq.

Theorem 2.6 ([10, Theorem 4.8]). A’ is a regular array and represents the points and
lines of PG(2, g).

Proof. ( Proof from [10, Theorem 4.8]). The first row of A’ represents all the points
P(0), P(1),...,P(¢*> + q) of PG(2, g). Also, the first column demonstrates the points of a
line. Each successive column is the transformation by 7 of the previous one as 7 acts
cyclically on the lines of the plane. Hence, every column represents the points of a line.
Moreover, each row is a cyclic permutation of the previous one by construction; therefore

A’ is regular. [ |

Corollary 2.3 ([10, Corollary 4.9]). The integers dy, d,, . . ., d, form a perfect difference
set; that is, the ¢* + g integers d; — d; with i # j are all distinct modulo ¢* + ¢ + 1.
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Proof. ( Proof from [10, Corollary 4.9]). Let B be the array that is produced by the
columns of A’ with dy = 0. The elements could be selected modulo ¢* + g + 1 as follows:

do—dy do—dy do—dy --- do—d,
di—dy di—dy dy—dy --- dy—d,
dy—dy dy-dy dy—dy --- d,—d,.

The lines of PG(2, g) through P(0) are represented by the columns of B. Also, every
point of the plane apart from P(0) lies on just one of these lines. Therefore, the ¢*> + ¢
integers in B aside from those on the main diagonal are distinct modulo ¢*> + g + 1 and
consist of all the differences d; — d; with i # j. Hence any column of A’ forms a perfect

difference set. [ ]

2.3 Subgeometry decompositions

An additional application of cyclic projectivities is that it explains the structure of projec-
tive spaces over finite fields when the order of the field is not prime. Since F, is a subfield
of F«, where k is a positive integer, thus with a fixed coordinate system, PG(n, ¢*) inher-
ently contains PG(n, g). Therefore, any PG(n, ¢) contained within PG(n, ¢¥) is a subge-
ometry of PG(n, ¢*). Let S be the set that denotes such subgeometries, and let s(n, ¢, g*)
be the size of S.

Lemma 2.1 ([10, Lemma 4.20]). The number of subgeometries PG(n, g) of PG(n, qk) is
given by

IPGL(n + 1, ¢")|

[PGL(n + 1,q)|

s(n,q.4") =

Proof. ( Proof from [10, Lemma 4.20]). A PG(n, g) is determined by n+2 points such that
no n+ 1 of which lie in a hyperplane. Consequently, PGL(n + 1, ¢*) acts transitively on the
set of subgeometries PG(n, g) each of which has a stabiliser isomorphic to PGL(n + 1, g).

Therefore,
IPGL(n + 1, ¢")|

[PGL(n + 1,q)|

s(n,q,4") =

Corollary 2.4 ([10, Corollary 4.23]). In the projective plane of square order PG(2, ¢°),

5(2,4.4°) = ¢ (@ + (" +1).

Proof. From Lemma 2.1, we have
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IPGL(3, ¢*)

IPGL(3, 9)|

(@ - D@ — )" — )/ -1

S oD@ -G —Plg-D Y heorem 2
(¢° = D(q° - g)(q® —q")g - 1)
(@ =@ - - g)g*—1)
[(¢° — D(¢* + DIl¢*(¢> - D(@* + DIlg*(g> — DI(g— 1)

(¢* = Dlg(g*> = Dllg*(g — DI(g*> = 1)
= @@+ + D).

s22,4,9°)

Corollary 2.5 ([10, Corollary 4.21]). If PG(n, g) is embedded in PG(n, ¢*) and PG(n, ¢*)
is embedded in PG(n, g'), then

s(n,q,q") = s(n,q,q"sn, ¢*, ¢").

Proof. From Lemma 2.1, we have

_ [PGL(n + 1, g")|
~ |PGL(n + 1,4%)|"

_ [PGL(n + 1, qk)l
[PGL(n + 1,9)|’

and  s(n,q",q")

s(n,q, 4"

Thus,

IPGL(n + 1, ¢")| IPGL(n + 1, g")|
[PGL(n + 1, )| [PGL(n + 1, ¢*)|
IPGL(n + 1, ¢)|
[PGL(n + 1, g)|

= s(n,q,q").

s(n,q,q")s(n, g, q") =

The first corollary is a special case of Lemma 2.1 when n = k = 2 and the later

corollary states that the number s(n, g, ¢*) is multiplicative. For example,

5(2,2,4)
5(2,4,16)
5(2,2,16)

360;
70720;
25459200 = 360 x 70720 = 5(2,2,4)s(2,4, 16).
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Theorem 2.7 ([10, Corollary 4.25]). The number of points in PG(n, g) divides the num-
ber of points in PG(n, ¢*) if and only if k and n + 1 are relatively prime; that is, they share

no common positive divisors besides one .

Proof. ( Proof from [10, Lemma 4.24 and Corollary 4.25 ]). The number of points in

k(n+1)_1

PG(n, q) is 8(n, q) = "':_]1_1 and the number of points in PG(n, ¢*) is 8(n, ¢*) = qul. So
y = o q")
6(n, q)
gmh_
- 4!
- gm1-1
gq-1

@™ - g-1

(¢ = D@ -1
gD g gDk |y gre])

qk—1+qk—2+...+q+1

Let [, m be positive integers with k/ < m. Then

qm _ qm—kl — qm—kl(qkl _ 1)’

k=2

which is divisible by ¢* — 1 and consequently by ¢! + g*> + --- + g + 1. Hence

qm ~ qm—kl
¢ +¢2++q+1 g+ g+

is an integer.
Let d be the greatest common divisor of k and n + 1; then the set of residues of
(n+1)k=1),(n+1)k-2),...,(n+1),0modulo £ is, in some order, k—d,k—2d,...,d,0,

(n+1)i

each of which appears d times. Hence, in the expression for N, if ¢ is replaced by ¢’

where (n+ 1)i = j mod (k) and O < j < k, then N is an integer if and only if M is, where

d(qk_d+(]k_2d+"'+qd+ 1)

M =
qk—l+qk—2+...+q+l

Ifd=1,then M = 1 and so N is an integer. If d > 1, then M < 1 and as a result N is not

an integer. [ |

Theorem 2.8 ( Hirschfeld [10, Theorem 4.28]). If S is a projectivity of PG(n, ¢*) which
acts as a cyclic projectivity on some PG(n, ¢) contained within PG(n, ¢*) and k and n + 1

are relatively prime, then

(i) there exists a cyclic projectivity 7~ of PG(n, g*) such that 7¢ = S; where

ue (@D -1)g-1)
(- D(gt -1
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(ii) every orbit of S is a subgeometry PG(n, g);

(iii) if Ty is any cyclic projectivity of PG(n, ¢*), then the orbits of 7 o are subgeometries
PG(n, q).

The previous two theorems state that a decomposition of PG(n, ¢*) into subgeometries
PG(n, g) exists if and only if the number of points in PG(n, g) divides the number of points

in PG(n, ¢*) if and only if k and n + 1 are relatively prime.

Corollary 2.6 ([10, Corollary 4.31]). The projective plane PG(2, ¢*) can be decomposed
into disjoint copies of subplanes PG(2, g) if and only if k is not divisible by three.

Corollary 2.7 ([10, Corollary 4.32]). The projective plane of square order PG(2, g*) can
be decomposed into g*> — g + 1 disjoint copies of subplanes PG(2, g).

Proof. From Theorem 2.8, every orbit of the projectivity S of PG(2, ¢°) is a subplane
PG(2, g). By the Orbit-Stabilizer Theorem, the number of orbits is equal to the number of
points in PG(2, ¢%) divided by the number of points in PG(2, ¢); that is, (¢* + ¢> + 1)/(¢* +
g+1) = ¢* — g+ 1. Hence, PG(2, ¢*) can be decomposed into g*> — g + 1 disjoint subplanes
PG(2, g). [

Corollary 2.8 The projective plane PG(2, g*) can be decomposed into (¢> — g + 1)(¢* —
g* + 1) disjoint copies of subplanes PG(2, g).

Proof. From Corollary 2.6, the projective plane PG(2, g*) can be decomposed into [(g*)* -
(¢»)+1 = ¢g* —¢*+ 1] disjoint subplanes PG(2, ¢*) and every PG(2, ¢*) can be decomposed
into g> — g + 1 disjoint subplanes PG(2, ¢). Therefore, PG(2, g*) can be decomposed into
(¢* — g + )(g* — ¢* + 1) disjoint subplanes PG(2, g). n

For instance, the plane PG(2,2?) can be decomposed into 3 disjoint copies of sub-
planes PG(2,2). The plane PG(2,2*) can be decomposed into 39 disjoint copies of sub-
planes PG(2, 2).

The idea of decomposing PG(2, ¢*) into disjoint subplanes is essentially due to Bruck
[6]. His decomposition is obtained by using Singer’s [19] result that every finite projec-
tive plane is cyclic. Throughout this thesis, the decompositions that arise as a collection
of orbits under an appropriate subgroup of the Singer group will refer to as classical. Yff
[20] reports that there are other types of decompositions in cases ¢ = 3,4,5,7. An il-
lustration in case of PG(2, 3?) is given but, for g = 4,5, 7, no proof or list provided. He
gave an example of a non-classical subplane decomposition of PG(2, 3%). Additionally,
Mathon and Hamilton [17] show using a computer search that there are other types of

decompositions in the cases ¢ = 3,4,5. They approved YfI’s result that there is only
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one non-classical subplane decomposition of PG(2, 3%) and found two non-classical sub-
plane decompositions of PG(2,4?%) and found two non-classical subplane decompositions
of PG(2,5?).

Now a further connection with an observation to an attractive class of substructures
of the projective plane, called arcs, is to be investigated. Let us represent PG(2, ¢?) by
considering F as a vector space over F,2. Accordingly, the points are represented by the
elements of F\{0}, and u,v € F correspond to the same point if and only if u/v € Fp.
The point of PG(2, ¢*), denoted by (), represents u € F . The lines in this representation
are defined by an equation Tr(ax) = 0, where a # 0 is fixed and Tr stands for the trace
function from Fs to F..

If u is a primitive element of F s, then the group G, where

q°
G={p:Fp — Fp | p(x) = qC+*Y vi=0,1,...,4* - g},

and the projective plane of square order PG(2, ¢*) can be cyclically decomposed in two
different ways:
The subsets

B, = (T | i=0,1,...,¢* +q), foralls=0,1,....¢4*—q,

form a cyclic decomposition of PG(2, ¢?) into disjoint subplanes. Furthermore, a line / of
PG(2, ¢%) belongs to one and only one subplane B,. Also, we say that the line / belongs
to B, if | N By| > 2.

The other natural cyclic decomposition of PG(2, ¢*) is connected to arcs. The subsets
K, = (i =0,1,...,44 —q), forallr=0,1,....¢4*+q,

form a cyclic decomposition of PG(2, ¢?) into disjoint arcs as shown below.

Lemma 2.2 ([3,Lemma1.2]). |[KoNB, =1, foralls=0,1,...,4°—q.

Proof. ( Proof from [3, Lemma 1.2]). Let u*, i’ € Ky N B,. From the definitions of K
and B;, it follows that g — g + 1 and g*> + ¢ + 1 both divide x —y, and as they are relatively
prime, ¢* + ¢* + 1 is a divisor of x — y. Consequently, x* and y* represent the same point
of PG(2, ¢%). Since the number of distinct subplanes of form B, = |Ky| = ¢* — g + 1, the

lemma immediately follows. |

Lemma 2.3 ([3, Lemma 1.3]). Let / be an arbitrary line of 8, not containing x € KyNB;,
forevery s =0,1,... ,q2 —¢q. Then |I N K| is even.

Proof. ( Proof from [3, Lemma 1.3]). Let us prove the lemma for s = 0. The collineation

S : x — x4, such that S? is the identity mapping 7, fixes B, pointwise and K setwise
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because @40 S = 1@ ~+1-)@+a+D)  Therefore, Ko\{u’} is divided into disjoint pairs

under the action of S. Since [ is a line of By, [S = [, so
(INKHS = (IS) N (KpS) = (1N Kop).

Also, since u° ¢ I, the intersection / N K, contains both members of certain pairs of Kj.
Consequently, the lemma follows by applying the collineation 7~ s@*=4+1) that maps B into

B, and fixes K, setwise. ]

Theorem 2.9 ( Boros and Szonyi [3, Theorem 1.1]). For ¢ > 3, each orbit K, is a
complete k-arc in PG(2, ¢%), withk = ¢*> — g + 1.

Proof. ( Proof from [3, Theorem 1.1]). K, can be obtained from K by applying the r-th
power of the cyclic collineation 7. Thus, it is sufficient to prove that K is a complete arc.
Initially, we show that K is an arc. From the previous lemma, it follows that among the
lines of the subplane B only those g + 1 lines could be tangents to K which are incident
to x € Ky N B,. Consequently, K has at most (g + 1)(g> — g + 1) tangents. On the other
hand, |%,| = ¢*> — g+ 1 and so at least ¢*> + 1 — (¢*> — q) = g + | tangents pass through every
point of K. Therefore, K, has at least (g + 1)(g> — g+ 1) tangent lines. Hence, the number
of tangents is exactly (¢ + 1)(¢> — ¢ + 1), and the tangents of Kj at x € K, N B, are the
lines of B; containing x. Now, let [ be a line of B,, with ¢ # s, through x € Ky N B,. From
x € land x ¢ B, it follows that [ is not a tangent to K, hence by the previous lemma,
Il N Kyl > 2. Since the number of such lines is ¢> — g, |l N K| = 2 for every non-tangent
line through x. Therefore, K is actually an arc.

Next, we show that K is complete. Assume that there is a point x € K, with r # 0
for which K U {x} is also an arc. The collineation group G = {¢(x) = xu/@*+7*D Vi =
0,1,...,¢* — q} leaves K; invariant and acts transitively on the points of %, therefore for
every y € K, where K, U {y} will be an arc, too. Consequently, for every x € K, and
y € K, the line [ joining them is a tangent to K,. Since K, is also an arc, |l N Kp| < 2.
From this it follows that at least @ tangents pass through a point x of K,. However,

2— .
this is a contradiction for g > 4 since % >qg+1ifg>4. [

Remark 2.2 In PG(2,2?%), K, = {u°, i, u'*} cannot be complete but for PG(2, 32), cal-
culation shows that Ky = {u°, ', 1?6, 1%, 11>, u®, 4} is a complete arc with a group Z,,

acting on it, see [10, Section 14.7].

Corollary 2.9 For g > 2, the projective plane of square order PG(2, ¢*) can be decom-

posed into g* + ¢ + 1 disjoint copies of complete arcs of size g> — g + 1.

Proof. From Theorem 2.9, every orbit K, is a complete k-arc in PG(2, ¢*), with k =
¢* — g+ 1. By the Orbit-Stabilizer Theorem, the number of orbits is equal to the number of
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points in PG(2, ¢?) divided by the number of points in K; that is, (¢* +¢>*+1)/(g?—g+1) =
g*+q+1. Hence, PG(2, ¢*) can be decomposed into ¢ + g + 1 disjoint copies of complete
arcs K. |

The idea of decomposing PG(2, %) into disjoint arcs is essentially due to Kestenband
[13, 14] where he studied the arcs as one of the possible categories of the intersection of
two Hermitian curves in PG(2, ¢?). The cyclic arcs were then investigated in details by
Boros and Szonyi [3], Fisher, Hirschfeld, and Thas [7].

Example 2.2 ([10, Example 4.37]). In the projective plane of order four PG(2,2?),
the number of points is 6(2,4) = (4> — 1)/(4 — 1) = 21. For the ground field, we have
F, = {0, 1, u, u?} with g2 +u+1 = 0. To construct Fys = Fy[x]/{f(x)), f(x) = X +x*>+x+pu
is chosen. Because f(x) has no zeroes in F,, it is irreducible in F4[x]. We then have
x® = x* + x' + ux®. In general, the vectors x?, x!, x° form a basis for the 3-dimensional
vector space Fy3. We still need to check that x is a generator for F43\{0}. To achieve this,
the other powers of x are expressed as linear combinations of the basis vectors. Note that

x% = 1 is actually in the field F,. One calculation is shown in detail as follows:

o= P!
= 4+ xt+ux® + 7+ !

= 2x + .
Likewise, we find that

X o=t uxt, x = 20 X = o,

Checking the exponents that are multiples of 21, we find what we anticipated: x?! =
u, x*¥? = 2, and x = 1 are all elements of the base field F,. We can accordingly se-
lect x°, x!,...,x*° as generators of the 21 points of PG(2,2?%), and we mark the point
represented by x* by s. The points are then symbolised by 0,1,...,20. As x*! = ux°
determines the same projective point as x°, we see that 7(s) = s+ 1, with addition modulo
21, defines a regular action on the 21 points of PG(2, 2%)( see details in Appendix A ).
Consequently, the projective plane PG(2, 2%) can be demonstrated by a regular array of 5
rows and 21 columns, where each element of the array is a point and each column consists

of the points on a line.
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PG(2,2?)

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 O
4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 0 1 2 3
7 18 19 20 0 1 2 3 4 5 6 7 8 9 10 11 12 13
92 o0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

The projective plane PG(2,2?) consists of three disjoint subplanes of order two. A
subplane PG(2,2) in PG(2, 2?) can be selected by choosing multiples of three. Therefore,
there are the following subplanes of order two PG(2, 2) in PG(2, 2?).

Subplane B

0o 3 6 9 12 15 18
36 9 12 15 18 O
I5 18 0 3 6 9 12

Subplane 5 Subplane B,
1 4 7 10 13 16 19 2 5 8 11 14 17 20
4 7 10 13 16 19 1 5 8 11 14 17 20 2
16 19 1 4 7 10 13 17 20 2 5 8§ 11 14

If the subplane B, is fixed, then the subplanes B, and B, can be chosen in a variety
of ways. The following are all the possible selection of B, and B, with fixed 8B,. There
are two arrays one for selecting the subplane 8, and the other for choosing the subplane
B, organised such that the first row of each array complements the decomposition or the

second row of each array completes the decomposition and so on.

Subplane B Subplane 8,
1 4 7 10 13 16 19 2 5 § 11 14 17 20
14 19 4 I 13 2 17 5 16 10 11 20 7 8
17 1 7 4 16 5 20 8 19 13 14 2 10 11
20 4 10 7 19 8 2 11 1 16 17 5 13 14
2 7 13 10 1 11 5 4 4 19 20 8 16 17
5 10 16 13 4 14 8 7 7 1 2 11 19 20
8 13 19 16 7 17 11 20 10 4 5 14 1 2
11 16 1 19 10 20 14 2 13 7 8 17 4 5

Furthermore, the projective plane PG(2, 2?) consists of seven disjoint 3-arcs. A 3-arc
in PG(2,2%) can be selected by choosing multiples of seven. Therefore, from the regular
array of PG(2,2?), there are the following 3-arcs such that each row represents the points
of one of the 7 disjoint 3-arcs in PG(2,2?).
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0 7 14
3 10 17
6 13 20
9 16 2
12 19 5
I5 1 8
18 4 11

If the 3-arc K, = {0,7, 14} is fixed, then the other 3-arcs K; with i = 1,...,6 can
be chosen in a variety of ways. The following are some of the other decompositions of
PG(2,2?) into seven disjoint 3-arcs with fixed K.

Partition 1 Partition 2 Partition 3
0 7 14 0 7 14 0 7 14
8 16 18 15 2 4 1 9 11
15 20 2 1 6 9 8 13 16
3 1 19 10 8 5 17 15 12
12 4 13 19 11 20 5 18 6
11 5 9 18 12 16 4 19 2
10 17 6 17 3 13 3 10 20

Remark 2.3 Let u be a generator for a cyclic group of order ¢g* + ¢*> + 1 in PG(2, ¢?).
Then, by Corollary 2.7, the orbits of the group generated by ,u‘]z‘q“ are a collection of
g* — g + 1 disjoint subplanes B; withi = 0,....,¢*> — g. Also, by Corollary 2.9, the orbits
of the group generated by ¢ **! are a collection %; with i = 0,...,¢* + g, of ¢ + g + 1
disjoint (¢> — g + 1)-arcs. An array with g> — g + 1 rows and ¢*> + ¢ + 1 columns can always
represent the points of PG(2, ¢°), where each element of the array is a point, and each row
consists of the points of a subplane of order ¢, and each column consists of the points of

a(q® — g+ D-arc.

For example, an array with 3 rows and 7 columns represents the projective plane
PG(2,2?), where each element of the array is a point, and each column represents a 3-arc
in PG(2,2%) and every row represents a subplane PG(2,2) in PG(2, 2%).

PG(2,2)
0 3 6 9 12 15 18
7 10 13 16 19 1 4
14 17 20 2 5 8 11

3-arc

2.4 The algorithm

In this section, we describe fully an adapted version of the algorithm that is introduced in
[16] by Mathon and then by Mathon and Hamilton in [17] which is used for finding the
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decompositions of projective planes. The content of this section is based on the references
[8], [9], [16] and [17].

The procedure for constructing all decompositions of projective planes up to isomor-
phism is as follows. A decomposition of the points P of PG(2, ¢*) into disjoint copies of
subplanes can be translated as a spread of subplanes from a collection C of subsets of P
that form subplanes. This idea is due to Mathon and Hamilton [17]. Similarly, a decom-
position of the points P of PG(2, ¢°) into disjoint (g*> — ¢ + 1)-arcs can be interpreted as a
spread of (g*> — g + 1)-arcs from a collection C of subsets of P that form (¢*> — g + 1)-arcs.
Therefore, our basic algorithm for searching for spreads is a standard backtrack, see [9]
and [16], where we successively try to supplement prescribed subgeometries, possibly
subplanes or arcs, to a partial spread until we either get to a full spread or have no speci-
fied subgeometries remaining that are disjoint from our partial spread, in which case we
backtrack. A spread S is constructed one prescribed subgeometry at a time. If §; is a par-
tial spread of i disjoint subgeometries and P; C P is the set of points not covered by S; a
new subgeometry ¢ must lie in the set C; € C of subgeometries disjoint from all members
of §;. For §; to have a completion, every point in P; must belong to some subgeometry
in C;. This is a strong condition which allows an early detection of bad partial spreads.

Briefly, a recursive procedure is formulated to describe the algorithm.

Algorithm 1
1: procedure SpreaD((i, P;,C;, S;))
2 Begin
3 If P, = @ then record S; as a solution;
4: else
5 Begin
6 Find a point p € P; incident with the minimum number of prescribed
subgeometries C;(p) in C;
7: for all c € C;(p) do
8: Begin
Find the set P(c) of points in P; incident with c;
10: Find the set C(c) of prescribed subgeometries in C; intersecting
c,
11: Py := P\P(c);
12: Ciy1 := C\C(0);
13: Si+l = S,‘ U {C},
14: Spread(i + 1, P11, Civ1, S i41);
15: End
16: end for
17: End
18: End

19: end procedure




29

The initial conditions Spread(0, Py, Cy, S () of the algorithm are as follows:

P, is the set points P of PG(2, g*) where the points of PG(2, ¢*) written in vector forms
are represented in terms of distinct integers modulo ¢* + ¢* + 1 by using a projectivity 7~
as in Section 2.2. Cj is the subset By = {i(¢> —g+ 1) |i =0,1,...,4* + g} if we want to
decompose PG(2, ¢%) into disjoint subplanes or Ky = {i(¢> +g+ 1) |i=0,1,...,4* — q}
if we want to decompose PG(2, ¢%) into disjoint arcs. S is usually set to the empty set as

a starting point.

To increase the effectiveness of this technique, we conduct an isomorph rejection stage
in advance of backtracking to establish some starters as follows covering the search space.
Using the computer program GAP [8], we launch our initial data structures including the
prescribed subgeometry C, and the collineation group of PG(2, ¢?) which is the projective
semi-linear group PI'L(3, ¢°). Furthermore, GAP is operated to find the generators of the
stabiliser of the prescribed subgeometry. Then, the orbits O; of specified subgeometries
disjoint from the subgeometry C, are computed. For each orbit O; with 0 < i < n, a
representative r; is subsequently nominated. Correspondingly, the prescribed subgeome-
tries disjoint from the representative r; and Cy are then initiated. Subsequently, the search
space (Cy, 0) is divided into the search spaces with starters ({Co, r;}, | ;_;,; Or). Each of
these pairs of the prescribed subgeometries is accordingly used as a starter in the back-
tracking algorithm. We rehearse this technique on the assumption that one of the starters
has a preliminary partial spread with a nontrivial stabiliser or turns out to be inconve-
nient. The problem of isomorphism regarding decompositions is solved using GAP after
they are determined. The practicality of executing searches for finding different types of
decompositions into disjoint copies of prescribed subgeometries, particularly subplanes
and arcs, of PG(2, ¢?) with ¢ = 3,4,5,7 is conceivable using the above approach. The
following four chapters discuss the different types of decompositions discovered.

Backtracking is a useful technique for solving algorithmic problems. Moreover, the
technique is manageable to implement and straightforward to code, and the accuracy is
accepted. However, the overall runtime of the backtracking algorithm usually is slow,
and the procedure needs a large amount of memory space for storing various stages in the
stack for a big problem; also the method has exponential running time. For example, in
case of decomposition into disjoint subplanes, the isomorph rejection stage of the search
took a minute in PG(2, 3?) and took a few days for PG(2, 7?). Furthermore, the backtrack-
ing stage took a few minutes for PG(2, 3%), and more than four months for PG(2, 7?) due

to a large number of starters where many of them turn out to be trivial.

In summary, from Section 2.2, the points of PG(2, qz) written in vector forms can be
represented in terms of distinct integers modulo g*+¢°+ 1 by using a projectivity 7. Also,

Corollary 2.6 states that by taking the orbits of points under a proper subgroup of a Singer
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cycle, one can decompose the projective plane PG(2, ¢*) into disjoint copies of subplanes
isomorphic to PG(2, ¢) if and only if k is not divisible by three. Moreover, Theorem 2.9
shows that by taking the orbits of points under a proper subgroup, one can decompose the
projective plane PG(2, ¢*) into disjoint copies of complete (g*> — g + 1)-arcs. By using the
technique described in Section 2.4, the following four chapters are devoted to discussing
the different types of decompositions of PG(2, ¢?) for ¢ = 3,4,5,7 into subplanes and

arcs.
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Chapter 3
The plane of order nine

From Corollary 2.7 and Corollary 2.9, the projective plane PG(2, 3%) can be decomposed
into disjoint subplanes isomorphic to PG(2, 3) and 7-arcs. In this chapter, we discuss the
different types of decompositions of PG(2, 3%) into disjoint subplanes of order three and
disjoint 7-arcs found by using the procedure described in Section 2.4.

The projective plane of order nine PG(2, 3?) has 91 points, 91 lines, 10 points on each
line and 10 lines passing through each point. Let u be a primitive element of the finite field
FFo including minimum polynomial f(x) = x*> — x — 1 over the finite field F5. Accordingly,

for the ground field, we have

Fo = {0, 1, pt, 1%, 1, i 10, O 1" | 7 == 1 = 0}

2

To construct Fos = Fo[x]/{g(x)), we choose g(x) = x* — x> — x — u. Since g(x) has no

zeros in Fo, it is irreducible in Fo[x]. We then have the projectivity 7~ = M(T) given by

01
T=Cx*-x¥*-x-w=|0 0
u o1

—_— = O

is cyclic on PG(2,3%). Then P(i) = P(0)7  forall i = 0,1,...,90. Thus, the points of
PG(2, 3%) written in vector forms can be represented in terms of distinct integers modulo

91 as follows:
0=P0O)=(,0,0),...,i =P>),... forali=0,1,...,90
( see details in Appendix B ). They form the following difference set:
D ={1,2,13,16,26,49, 58, 66, 86, 88}.

Therefore, a regular array giving the lines of PG(2, 3%) is as follows:
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2 13 16 26 49 58 66 86 88
2 3 14 17 27 50 59 67 87 89
3 4 15 18 28 51 60 68 88 90

0 1 12 15 25 48 57 65 85 87.

Each row represents one of the 91 lines of PG(2, 32).

3.1 Decomposition into subplanes of order three

A subplane of order three in PG(2, 3?) is a set of 13 points that has 13 lines, 4 points on
each line and 4 lines passing through each point. From Corollary 2.7, the projective plane
PG(2, 3?) consists of 7 disjoint subplanes of order three that are isomorphic to PG(2, 3).
By using the procedure described in Section 2.4, we identified two non-isomorphic de-
compositions of the projective plane PG(2, 3?) into seven disjoint subplanes of order three.
The first decomposition has a projective collineation stabiliser of size 546. Additionally,
the second decomposition has a projective collineation stabiliser of size 21 and is isomor-
phic to Z; < Z;.

The first decomposition is given by 7 sets B; for i = 1,...,7 each set consists of 13

points of one of the 7 disjoint subplanes of order three in PG(2, 3?) as follows:
B, =1{0,7,14,21,28,35,42,49,56,63,70,77,84 };

B, ={13,20,27,34,41,48,55,62,69,76,83,90,6 };
B; ={26,33,40,47,54,61,68,75,82,89,5,12,19};
B, =1{39,46,53,60,67,74,81,88,4,11,18,25,32 };
Bs ={52,59,66,73,80,87,3,10,17,24,31,38,45 };
Be =1{65,72,79,86,2,9,16,23,30,37,44,51,58 };
B; ={78,85,1,8,15,22,29,36,43,50,57,64,71 }.

The second decomposition is given by 7 sets B; for i = 1,...,7 each set consists of

13 points of one of the 7 disjoint subplanes of order three in PG(2, 3%) as follows:
B, =1{0,7,14,21,28,35,42,49,56,63,70,77,84 };

B, ={86,8,22,75,32,4,9,12,33,89,19, 6,69 };

B3 =1{46,39,62,41,10,13,64,83,51,2,26,48,16 };
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8B, =1{50,90,80,73,59,3,15,27,18,40,61,45,58 };
Bs ={85,17,30,54,53,29,65,76,74,60, 1,25,47 };
Be ={67,24,38,68,23,66,5,81,57,82,71,72,36 };

B; ={43,78,55,11,87,20,88,52,37,34,31,79,44 }.

3.2 Decomposition into 7-arcs

A 7-arc in PG(2, 3%) is a set of 7 points, no three of which are collinear. From Corollary
2.9, the projective plane PG(2,3?) consists of 13 disjoint 7-arcs. By using the proce-
dure described in Section 2.4, we identified two non-isomorphic decompositions of the
projective plane PG(2, 3) into thirteen disjoint 7-arcs. The first decomposition has a pro-
jective collineation stabiliser of size 546. Additionally, the second decomposition has a
projective collineation stabiliser of size 39 and is isomorphic to Z;3 > Zj.

The first decomposition is given by 13 sets K; fori = 1, ..., 13 each set consists of 7

points of one of the 13 disjoint 7-arcs in PG(2, 3%) as follows:
K, =1{0,13,26,39,52,65,78 };

K, =1{7,20,33,46,59,72,85 };
K5 =1{14,27,40,53,66,79,1};
Ky =1{21,34,47,60,73,86,8 };
Ks =1{28,41,54,67,80,2,15 };
Ke ={35,48,61,74,87,9,22 };
Ky =1{42,55,68,81,3,16,29 };
Ks =1{49,62,75,88,10,23,36 };
Ko ={56,69,82,4,17,30,43 };
Ko =1{63,76,89,11,24,37,50 };
K =1{70,83,5,18,31,44,57 };
Kin=1{77,90,12,25,38,51,64 };
Kiz =1{84,6,19,32,45,58,71 }.

The second decomposition is given by 13 sets K; fori = 1, ..., 13 each set consists of
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7 points of one of the 13 disjoint 7-arcs in PG(2, 3?) as follows:
K =1{0,13,26,39,52,65,78 };

K, =1{29,68,15,33,80,85,54 };
¥ =1{21,34,22,82,38,43,61};
Ky =1{89,50,62,35,10,48,49 };
K5 =1{55,42,86,1,17,40,60 };
Ke = {58,32,88,28,45,41,23 };
K7 =1{90,77,18,47,73,8,44 };
Ks ={37,11,16,75,66,36,81 };
Ko =1{7,20,51,6,3,84,25};
Kio=1{19,71,79,5,87,57,53 };
Kii =1{56,69,46,67,24,2,72 };
Kin =1{64,12,9,30,59,4,74 };

Kiz =1{63,76,27,83,31,70,14 }.

In summary, two non-isomorphic decompositions of PG(2, 3) into disjoint subplanes
of order three are found in Section 3.1 where the first partition is the classical one, and the
other decomposition is Yff’s result [20]. Section 3.2 shows that, in PG(2, 3%), there are,
up to isomorphism, two decompositions into disjoint 7-arcs where the first partition is the

classical one, and the other decomposition is new.
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Chapter 4
The plane of order sixteen

The projective plane PG(2,4?%) can be decomposed into disjoint subplanes isomorphic to
PG(2,4) by Corollary 2.7 and PG(2, 2) by Corollary 2.8, and disjoint 13-arcs by Corollary
2.9. In this chapter, we discuss the different types of decompositions of PG(2,4?) into
disjoint subplanes of order two, disjoint subplanes of order four and disjoint 13-arcs found
by using the procedure described in Section 2.4.

The projective plane of order sixteen PG(2,4?) has 273 points, 273 lines, 17 points
on each line and 17 lines passing through each point. Let i be a primitive element of the
finite field Fq including minimum polynomial f(x) = x* + x + 1 over the finite field F,.

Accordingly, for the ground field, we have

Fro = {0, 1, 1, 12 123, i, 15, 116, 17, 18, 122, 110, 2, 3 4 | 2 =yt + i+ 1 =
0}.

To construct Fys: = Fig[x]/{g(x)), we choose g(x) = x* + x* + x + u. Since g(x) has no
zeros in Fyg, it is irreducible in Fi¢[x]. We then have the projectivity 7 = M(T) given by

0 1
T=C*+xX+x+uw)=|0 0
u o1

—_— — O

is cyclic on PG(2,4?). Then P(i) = P(0)7" for alli = 0, 1,...,272. Thus, the points of
PG(2, 4?) written in vector forms can be represented in terms of distinct integers modulo
273 as follows:

0="P0O)=(,0,0),...,i=P@),... foralli=0,1,...,272

( see details in Appendix C ).
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4.1 Decomposition into subplanes of order two

A subplane of order two in PG(2,4%) is a set of 7 points that has 7 lines, 3 points on
each line and 3 lines passing through each point. From Corollary 2.8, the projective plane
PG(2, 4?) consists of 39 disjoint subplanes of order two that are isomorphic to PG(2,2).
By using the procedure described in Section 2.4, we identified four non-isomorphic de-
compositions of the projective plane PG(2,4?) into 39 disjoint subplanes of order two.
The first decomposition has a projective collineation stabiliser of size 3276. Addition-
ally, the second decomposition has a projective collineation stabiliser of size 117 and is
isomorphic to Zzg X Z3. Also, the third decomposition has a projective collineation sta-
biliser of size 39 and is isomorphic to Z;3 = Z3;. Moreover, the fourth decomposition has
a projective collineation stabiliser of size 12 and is isomorphic to Z;.

The first decomposition is given by 39 sets B; fori = 1, ..., 39 each set consists of 7

points of one of the 39 disjoint subplanes of order two in PG(2, 4?) as follows:
B, ={0,39,78,117,156, 195,234 };

B, ={7,46,85,124,163,202,241 };

B =1{14,53,92,131, 170,209, 248 };
B, =1{21,60,99,138,177,216,255 };
Bs ={28,67,106, 145, 184,223,262 };
Be ={35,74,113,152,191, 230,269 };
B; ={42,81,120,159,198,237,3 };
Bs =1{49,88,127, 166, 205, 244,10 };
By =1{56,95,134,173,212,251,17 };
B0 =1{63,102,141, 180, 219,258,24 };
B11 =1{70,109, 148, 187,226, 265,31 };
B, ={77,116,155,194,233,272,38 };
B3 =1{84,123,162,201,240,6,45 };
B4 =1{91,130,169,208,247,13,52 };
B15 =1{98,137,176,215,254,20,59 };
B = {105,144, 183,222,261,27,66 };

B7 = {112,151, 190,229,268,34,73 };
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B1s =1{119,158,197,236,2,41,80 };
Big ={126,165,204,243,9,48,87 };
By =1{133,172,211,250, 16, 55,94 };
B, =1{140,179,218,257,23,62,101 };
By = {147,186, 225,264, 30,69, 108 };
By ={154,193,232,271,37,76,115 };
B =1{161,200,239,5,44, 83,122 };
Brs ={168,207,246,12,51,90,129 };
By = {175,214,253,19,58,97,136 };
Br; ={182,221,260, 26, 65,104, 143 };
Brs ={189,228,267,33,72,111, 150 };
By ={196,235,1,40,79,118,157 };
B3 =1{203,242,8,47,86,125,164 };
B3 ={210,249,15,54,93,132,171 };
By, =1{217,256,22,61,100, 139,178 };
Ba3 ={224,263,29,68,107, 146, 185 };
By ={231,270,36,75,114,153,192 };
B35 ={238,4,43,82,121, 160,199 };
B =1{245,11,50, 89, 128,167,206 };
B3, ={252,18,57,96, 135,174,213 };
Bis = {259,25,64,103, 142,181,220 };
B ={266,32,71,110, 149, 188,227 }.

The second decomposition is given by 39 sets B, fori = 1,...,39 each set consists of

7 points of one of the 39 disjoint subplanes of order two in PG(2, 4?) as follows:
B, =1{0,39,78,117,156,195,234 };

B, =1{13,26,91, 130,169, 65,143 };

B3 ={253,150,162,94,48,213,147 };
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B, = {186,245, 154, 64,248,226,100 };
Bs = {176,106, 109, 206, 166,92, 105 };
Be ={74,215,8,228,223,103,262 };
B; ={217,28,172,218, 266, 240, 5 };
Bs =1{20,197,56,67,15,90,135 };

By ={183,268,160,211,31,23,132};
Bio =1{29,203,159,216, 44,229,151 };
B11 =1{205,125,61,163, 54,270,204 };
B =1{264,149,57,77,145,45,11 };
B3 ={236,113,47,124,46, 139,246 };
B4 = (24,227,209, 250, 38,72,96 };
Bs ={167,114,180,76,50,126,40};
Bis =1{107,3,82,81,233,102,30 };

B17 ={196,202,269,174,219,58,7 };
Bis =1{243,259,99,267,232,69,71 };
B ={194,120,121,238,175,201,75 };
B =1{265,255,184,27,170,239,230 };
B, =1{9,138,86,212,25,53,214 };

By =1{171,200, 220, 66, 14, 198, 134 };
By ={16,225,181,199,19,251,108 };
By =1{35,111, 89, 146, 140, 256, 189 };
Brs ={51,142,118,168,97,115,112 };
Bre ={158,254,2,148,153,178,55 };
B,; ={185,34,43,141,237,4,187 };
Brs =1{18,88,17,110, 188,165,119 };
By ={177,190, 161,116, 133,179,98 };

By =1{95,129,263,123,249,137,191 };
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B3 =1{87,85,192,63,42,10,70 };

B ={60,22,173,21,144,12,271 };
B3 ={36,222,32,155,193,164,210};
By =1{252,152,79,1,244,131,157 };
Bis = {83,235,272,68,136,207,80 };
B = {52,182,104,260, 247,208,221 };
By ={41,241,224,73,261,6,257 };
Bag = {122,242,37,258,33,49,128 };
B = {62,84,101,231,93,59,127 }.

The third decomposition is given by 39 sets B; fori = 1,..., 39 each set consists of 7

points of one of the 39 disjoint subplanes of order two in PG(2, 4?) as follows:
B, ={0,39,78,117,156,195,234 };

B, ={219,258,239,122,113,119,118 };
B; ={80,41,253,69, 18,210, 148 };

By =1{176,216,242,74,164, 138,217 };
Bs ={263,126, 152,222,259, 240,109 };
Be =1{187,16,115,9,43,215,20};

B7; =1{40,133,214,197, 88,268,243 };
Bg =1{212,213,211,194, 147,238,121 };
By = {161,155,128,15,125,267,68 };
B0 =1{129,101,178,174,132,203, 111 };
B11 =1{34,98,23,186,83,35,11};

B ={81,165,144,12,170,248,93 };
B3 ={244,255,62,114,141,97,140 };
B4 =1{13,130, 143,247,260, 208, 182 };
Bi5 ={266,107,77,160, 179,226,261 };

Bie =1{87,241,231,2,28,116,6 };
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B17 =1{196,224,229, 145, 67,36,57 };
Bi1s =1{4,90,137,24,51,58,59 };

B9 ={180,89,94,53,232,139,246 };
By =1{256,7,251,84,183,82,188 };
By =1{22,225,79,227,32,66,27 };

By =1{48,159,181,202, 166,269,110 };
By = {198, 154,123,200, 146, 17,201 };
B4 ={108,136,76,204,157,150,55 };
Brs = {49,168, 14,223,149,177,257 };
Bre = {54,86,271,270, 106, 19, 46 };
Br7 ={52,65,104,169,91, 104,26 };
Brs ={163,189,167,61,175,167,199 };
B ={228,33,185,236,21, 185,230 };
By = {8,218,172,44,173,172,42 };
B3 =1{162,37,60, 158,70, 60, 249 };
B ={127,209,95,63,193,95,120 };
Ba3 =1{272,5,134,245,112,134,207 };
B3, ={151,29,233,38,99,233,184 };
Bis = {124,171,131,153,102,131,64 };
B = {47,190, 30,250, 56, 30,31 };

By, ={142,73,205,262, 3,205,100 };
Bag = {235,96,92,206,45,92,265 };
B39 ={254,75,50,1,237,50, 135 }.

The fourth decomposition is given by 39 sets B, fori = 1,...,39 each set consists of

7 points of one of the 39 disjoint subplanes of order two in PG(2, 4°) as follows:
B, =1{0,39,78,117,156, 195,234 };

B, ={79,196,270,17,7,258,168 };
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B3 =1{97,194,119,48,124,3,49 };

B, ={148,101, 158,133,36,263,47 };
Bs = {150,176, 142,67,128, 151,228 };
Be ={64,162,50,211,27,186, 185 };
B7=1{6,70,1,25,96,225,69 };

Bs =1{118,82,123,2,120,51,170};

By =1{26,104,130, 143,169, 182,247 };
B =1{201,9,257,155,262,222,272 };
B =1{19,10,237,122,8,121,214 };
B, ={146,116,248,191, 164,23,167 };
B3 ={75,38,240,83,187,183,105 };
B4 ={137,163,197,226, 166, 141,89 };
B15 =1{210,37,213,198, 152,209,251 };
Bie =1{28,171,160, 59, 54,239,93 };
B17 =1{229,267,165,42,135,35,236 };
Bis = {58,81,40, 181, 249,200, 115 };
B9 =1{33,5,100, 180, 154,111, 144 };
By =1{86,131,15,98,63,61,175};

By =1{56,30,12,43,129,212,45 };

By =1{85,252,106, 250,244, 159,20 };
By =1{21,220,265,245, 68,202, 18 };
By ={126,125,4,227,80,102,22 };
Brs = {66,172,103,259,24,184,41 };
B ={188,62,205,177,92,231,88 };
B,7; ={13,91,208,221,260,52,65 };
Brs ={44,84,76,254,57,266,204 };

By ={207,178,132,46,71,112,109 };
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By = {127, 14,34,99, 60, 264,255 };
B3 =1{149,95,217,253,243,161,77 };
B3, =1{230,271,107,218,206, 11,134 };
By ={173,74,224,90,32,203,179 };
Bay ={157,113,31,242,29,190,238 };
Bis = {87,139,246,215,219,193,216 };
B3 ={108,16,192, 138,269, 147,223 };
By ={241,199,189,233,114,94,174 };
Bss = {268, 140,256, 53, 235,136,261 };

By ={110,145,73,72,153,55,232 }.

4.2 Decomposition into subplanes of order four

A subplane of order four in PG(2,4?) is a set of 21 points that has 21 lines, 5 points on
each line and 5 lines passing through each point. From Corollary 2.7, the projective plane
PG(2, 4?) consists of 13 disjoint subplanes of order four that are isomorphic to PG(2, 4).
By using the procedure described in Section 2.4, we identified three non-isomorphic de-
compositions of the projective PG(2,4?) into 13 disjoint subplanes of order four. The
first decomposition has a projective collineation stabiliser of size 3276. Additionally, the
second decomposition has a projective collineation stabiliser of size 39 and is isomorphic
to Zy3 = Z3. Also, the third decomposition has a projective collineation stabiliser of size
12 and is isomorphic to Z;5,.

The first decomposition is given by 13 sets B, fori = 1, ..., 13 each set consists of 21

points of one of the 13 disjoint subplanes of order four in PG(2, 4?) as follows:

B, =1{0,13,26,39,52,65,78,91, 104, 117, 130, 143, 156, 169, 182, 195, 208,
221,234,247,260 };

B, = {8,21,34,47, 60,73, 86,99, 112, 125, 138, 151, 164, 177, 190, 203, 216,
229,242,255,268 };

B; = {3, 16,29, 42, 55,68, 81,94, 107, 120, 133, 146, 159, 172, 185, 198, 211,
224,237,250,263 };

B, ={11, 24, 37, 50, 63, 76, 89, 102, 115, 128, 141, 154, 167, 180, 193, 206,
219,232,245,258,271 };



43

Bs = {6, 19,32,45,58,71, 84,97, 110, 123, 136, 149, 162, 175, 188, 201, 214,
227,240,253, 266 };

Be =1{1,14,27,40,53,66,79,92, 105, 118, 131, 144, 157, 170, 183, 196, 209,
222,235,248,261 };

B; =1{9,22,35,48,61,74,87, 100, 113,126, 139, 152, 165, 178, 191,204, 217,
230,243,256,269 };

Bs =1{4,17,30,43,56, 69, 82,95, 108, 121, 134, 147, 160, 173, 186, 199, 212,
225,238,251,264 };

By = {12, 25, 38, 51, 64, 77, 90, 103, 116, 129, 142, 155, 168, 181, 194, 207,
220,233,246,259,272 };

Bio = {7,20,33,46,59,72,85,98, 111, 124, 137, 150, 163, 176, 189, 202, 215,
228,241,254,267 };

B, = (2,15,28,41,54,67,80,93, 106, 119, 132, 145, 158, 171, 184, 197, 210,
223,236,249,262 };

B, =1{10, 23, 36, 49, 62, 75, 88, 101, 114, 127, 140, 153, 166, 179, 192, 205,
218,231,244,257,270 };

B3 =1{5,18,31,44,57,70, 83,96, 109, 122, 135, 148, 161, 174, 187, 200, 213,
226,239,252,265 }.

The second decomposition is given by 13 sets B, fori = 1,..., 13 each set consists of

21 points of one of the 13 disjoint subplanes of order four in PG(2, 4?) as follows:

B, =1{0,13,26,39,52,65,78,91, 104, 117, 130, 143, 156, 169, 182, 195, 208,
221,234,247,260 };

B, =1{48,64,92,94, 100, 105, 106, 109, 147, 150, 154, 162, 166, 176, 186, 206,
213,226,245,248,253 };

Bs = {5, 8, 15,20, 28, 56, 67, 74, 90, 103, 135, 172, 197, 215, 217, 218, 223,
228,240,262, 266 };

By =1{23,29, 31, 44, 54, 61, 125, 132, 151, 159, 160, 163, 183, 203, 204, 205,
211,216,229,268,270 };

Bs ={11,24,38,45,46,47,57, 72,77, 96, 113, 124, 139, 145, 149, 209, 227,
236,246,250, 264 };

Bs = {3, 7, 30, 40, 50, 58, 76, 81, 82, 102, 107, 114, 126, 167, 174, 180, 196,
202,219,233,269 };

B, ={27,69,71,75,99, 120, 121, 170, 175, 184, 194, 201, 230, 232, 238, 239,
243,255,259, 265,267 };
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By = {9, 14,16, 19, 25,53, 66, 86, 108, 134, 138, 171, 181, 198, 199, 200, 212,
214,220, 225,251 };

By = {2, 35,51, 55,89,97, 111, 112, 115, 118, 140, 142, 146, 148, 153, 158,
168, 178, 189, 254,256 };

Bio ={4,17,18,34,43,88,98,110, 116,119, 133, 141, 161, 165, 177, 179, 185,
187, 188,190,237 };

B =1{10, 12, 21, 22, 42, 60, 63, 70, 85, 87, 95, 123, 129, 137, 144, 173, 191,
192,249,263,271 };

B, =1{1,32,36,68,79,80,83,131, 136, 152, 155, 157, 164, 193, 207, 210, 222,
235,244,252,272 };

B3 =1{6,33,37,41, 49, 59, 62, 73, 84, 93, 101, 122, 127, 128, 224, 231, 241,
242,257,258,261 }.

The third decomposition is given by 13 sets B; for i = 1,..., 13 each set consists of

21 points of one of the 13 disjoint subplanes of order four in PG(2, 4) as follows:

B, =1{0,13,26,39,52,65,78,91, 104, 117, 130, 143, 156, 169, 182, 195, 208,
221,234,247,260 };

B, ={61,77,105, 107, 113, 118, 119, 122, 160, 163, 167, 175, 179, 189, 199,
219,226,239,258,261,266 };

B, ={2.6.18,21,28,33,41,69, 80,87, 103, 116, 148, 185, 210, 228, 230, 231,
236,241,253 };

B, =1{8,10,36,42,44,57,67,74, 138, 145, 164, 172, 173, 176, 196, 216, 217,
218,224,229,242 };

Bs = {4, 24, 37, 51, 58, 59, 60, 70, 85, 90, 109, 126, 137, 152, 158, 162, 222,
240,249, 259,263 };

Bs = {9, 16, 20, 43, 53, 63, 71, 89, 94, 95, 115, 120, 127, 139, 180, 187, 193,
209,215,232,246 };

B; = {5,7,40,82, 84,88, 112,133, 134, 183, 188, 197,207, 214, 243,245,251,
252,256,268,272 }:

Bg =1{22,27,29,32,38,66,79,99, 121, 147, 151, 184, 194, 211, 212, 213, 225,
227,233,238,264 };

By ={15,48,64,68,102, 110, 124, 125, 128, 131, 153, 155, 159, 161, 166, 171,
181, 191,202,267, 269 };

Bio = {17,30,31,47,56, 101, 111, 123,129, 132, 146, 154, 174, 178, 190, 192,
198,200,201,203,250 };



45

B =1{3,11,23,25,34,35,55,73,76,83,98, 100, 108, 136, 142, 150, 157, 186,
204,205,262 };

By = {12,14,45,49,81,92,93,96, 144, 149, 165, 168, 170, 177, 206, 220, 223,
235,248,257,265 };

B3 =1{1, 19, 46, 50, 54, 62, 72,75, 86, 97, 106, 114, 135, 140, 141, 237, 244,
254,255,270,271 }.

4.3 Decomposition into 13-arcs

A 13-arc in PG(2,4?) is a set of 13 points, no three of which are collinear. From Corollary
2.9, the projective plane PG(2,4?) consists of 21 disjoint 13-arcs. By using the proce-
dure described in Section 2.4, we identified three non-isomorphic decompositions of the
projective plane PG(2,4?) into 21 disjoint 13-arcs. The first decomposition has a pro-
jective collineation stabiliser of size 3276. Additionally, the second decomposition has a
projective collineation stabiliser of size 84 and is isomorphic to Z,; = Z,. Moreover, the
third decomposition has a projective collineation stabiliser of size 18 and is isomorphic to
Ze X Z3.

The first decomposition is given by 21 sets K; fori = 1,...,21 each set consists of 13
points of one of the 21 disjoint 13-arcs in PG(2, 4?) as follows:

K =10,21,42,63,84,105, 126,147,168, 189, 210,231,252 };

¥ =1{13,34,55,76,97,118, 139,160, 181,202, 223,244,265 };
K; =1{5,26,47,68,89,110, 131, 152,173,194, 215,236,257 };
Ky =1{18,39,60,81,102, 123, 144, 165, 186, 207, 228,249,270 };
Ks =1{10,31,52,73,94,115,136,157,178, 199, 220, 241, 262 };
Ke = {2,23,44,65,86,107,128, 149,170, 191, 212,233,254 };
¥ =1{15,36,57,78,99, 120, 141, 162, 183,204, 225, 246,267 };
Ks =1{7,28,49,70,91, 112,133,154, 175,196,217,238,259 };
Ko =1{20,41,62,83,104, 125, 146, 167, 188, 209, 230,251,272 };
Kio =1{12,33,54,75,96,117,138, 159, 180, 201, 222,243,264 };
K =1{4,25,46,67,88,109, 130, 151, 172,193,214, 235,256 };
K, =1{17,38,59,80,101, 122, 143, 164, 185, 206, 227, 248, 269 };

iz =1{9,30,51,72,93,114, 135,156, 177,198,219, 240, 261 };
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Kis =1{1,22,43,64, 85,106, 127, 148, 169, 190,211, 232,253 };
Kis = {14,35,56,77,98,119, 140, 161, 182,203,224, 245,266 };
Kie =16,27,48,69,90,111, 132,153,174, 195,216,237,258 };
Ki7 =1{19,40,61, 82,103, 124, 145, 166, 187, 208, 229, 250, 271 };
Kis =1{11,32,53,74,95,116,137,158, 179,200, 221,242,263 };
Ko =1{3,24,45,66,87, 108,129,150, 171, 192,213,234,255 };
Koo = {16,37,58,79,100, 121, 142, 163, 184,205, 226,247,268 };
¥ =1{8,29,50,71,92,113, 134,155,176, 197,218, 239,260 }.

The second decomposition is given by 21 sets K; fori = 1,...,21 each set consists of
13 points of one of the 21 disjoint 13-arcs in PG(2,4?) as follows:

K =10,21,42,63,84,105, 126,147,168, 189, 210,231,252 };

¥ =1{9,11,53,64,69,70,82,102, 125, 136, 151,201,205 };

K5 =1{1,61,66,119,139, 149,159, 164,175, 184, 196,220,223 };
Ky =1{5,35,41,57,79,96, 150, 162,178, 193, 248, 256, 257 };

Ks =1{12,14,27,45,51,65, 115,138, 153, 158, 165,203,269 };

Ko =1{17,23,31,77,83,99,107, 110, 145, 194, 230,253,259 };

K7 =1{16,62,74,128, 140, 143, 176, 195,207, 229, 236, 268,272 };
Ks =1{20,46,71,86,87,117,130, 166, 183, 186,202, 245,270 };
Ko =1{6,22,52,78,122,123,152,181,219, 247,250, 258,261 };
Kio =1{15,33,39,81,92,100, 132,173, 174,221,227,234,264 };
K =1{18,80,106, 114, 134, 141, 180, 188, 190,206,211,213,249 };
K =1{4,30,43,91,109, 116, 146, 148, 157,187,215,217,235 };
Kiz =1{44,73,88,113,121, 135,142, 155,212,226,238,251,266 };
Kis = {19,26,37,50,98, 124, 144,208, 240, 246, 255,263,271 };
Kis =1{47,55,75,97,101,103,111, 112,163, 167,172,216, 241 };
Kie =1{2,10,32,38,48,67,76,95,108, 171, 199, 224,254 };

K7 =1{13,24,36,54,56,58,68,72,104,137,192, 228,233 };
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Kis = {3,28,40,49, 60, 89,90, 129, 133, 169, 170, 225,265 };
Ko =1{7,8,59,93,156, 191, 197, 198, 200, 204, 232,262, 267 };
Koo = {29,85,120, 131,160, 161,177, 182,214,222,237,239,244 };

Ko =1{25,34,94,118,127,154,179, 185, 209, 218, 242,243,260 }.

The third decomposition is given by 21 sets K; for i = 1,...,21 each set consists of
13 points of one of the 21 disjoint 13-arcs in PG(2,4?) as follows:

K =1{0,21,42,63,84,105, 126, 147,168, 189,210, 231,252 };

K, =1{6,11,20,48,53,56,82,92,151, 175, 184,243,270 };

¥ =1{1,13,60,66,107,205,211,223,234,250,256,257,258 };
Ky =1{4,18,33,45,59,123,128, 150, 164, 165,221, 265,272 };

Ks =1{30,39,99, 166, 178, 194,202, 206, 213, 226, 244,262,269 };
Ke =1{16,29,78,91,114,118, 124,135, 138, 176, 215,230,261 };
K7 =1{19,43,77,94,100, 117,142,155, 172,201, 227,245,268 };
Ks ={47,64,76,113,141, 180, 181, 186,220, 229, 247,255,271 };
Ko =1{32,35,55,68,71,81,112,119,173,187,217,219,263 };

Kio =12,49,58,67,73,115,116, 122,134,162, 167,249,266 };
K =1{65,72,98,132,137,145,157,170, 171, 232,235,238,246 };
K =1{37,40,83,88,97,129, 143,161, 163, 190, 198,233,251 };
Kis =1{3,38,50,74,87,108, 109, 111, 144,156,179, 182,267 };
Kia = {8,25,36,44,75,86,95,102, 131, 152, 160, 216,228 };

Kis = {10,15,52,54,70, 89,90, 139,209,214, 218,224,240 };

Kie =17,24,28,61,69, 103,104, 125,174,188, 193,197,242 };
Ki7 = {85,96, 106, 120, 148, 149, 159, 169, 199, 200, 203, 225, 248 };
Kis =1{5,27,41,146,153,154,177,185,191,192,204,212,259 };

Ko =1{12,23,26,31,57,121, 133, 140, 158, 196,237, 239,260 };
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Koo =1{17,34,46,51,62,79,93, 101, 127, 208, 236, 253,264 };

T =19, 14,22,80, 110, 130, 136, 183, 195,207,222, 241,254 }.

In summary, four non-isomorphic decompositions of PG(2, 4?) into disjoint subplanes
of order two are found in Section 4.1 where the first partition is the classical one, and
the other three decompositions are new. The second section shows that, in PG(2, 42),
there are, up to isomorphism, three types of decompositions into disjoint subplanes of
order four where the first partition is the classical one, and the other two decompositions
are given by Mathon and Hamilton in [17]. Section 4.3 presents three non-isomorphic
decompositions of PG(2,4?) into disjoint 13-arcs where the first partition is the classical

one, and the other two decompositions are new.



49

Chapter 5
The plane of order twenty-five

From Corollary 2.7 and Corollary 2.9, the projective plane PG(2, 5%) can be decomposed
into disjoint subplanes isomorphic to PG(2, 5) and 21-arcs. In this chapter, we discuss the
different types of decompositions of PG(2,5%) into disjoint subplanes of order five and
disjoint 21-arcs found by using the procedure described in Section 2.4.

The projective plane of order twenty-five PG(2, 5%) has 651 points, 651 lines, 26 points
on each line and 26 lines passing through each point. Let u be a primitive element of the
finite field Fys including minimum polynomial f(x) = x> + x + 2 over the finite field Fs.

Accordingly, for the ground field, we have

st — {O, 1,/1,,le,/13,/14,,Lls,/16,/17,/18,,ng,,Lllo,,Llll,/112,/113,/114,/115,/116,/117,/118,
pb 0 P+ +2 =0},

2

To construct Foss = Fas[x]/(g(x)), we choose g(x) = x> — x> — x — u®. Since g(x) has no

zeros in [Fys, it 1s irreducible in Fys[x]. We then have the projectivity 7 = M(T) given by

0
T=C®-x-x-—p¥=]| 0

8

1
0
w1

—_— = O

is cyclic on PG(2,5%). Then P(i) = P(0)7 " for alli = 0,1,...,650. Thus, the points of
PG(2, 5%) written in vector forms can be represented in terms of distinct integers modulo
651 as follows:

0=P0O)=(,0,0),...,i =P@G),... foralli=0,1,...,650

( see details in Appendix D).
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5.1 Decomposition into subplanes of order five

A subplane of order five in PG(2, 5%) is a set of 31 points that has 31 lines, 6 points on
each line and 6 lines passing through each point. From Corollary 2.7, the projective plane
PG(2,5%) consists of 21 disjoint subplanes of order five that are isomorphic to PG(2, 5).
By using the procedure described in Section 2.4, we identified three non-isomorphic de-
compositions of the projective plane PG(2,5%) into 21 disjoint subplanes of order five.
The first decomposition has a projective collineation stabiliser of size 3906. Additionally,
the second decomposition has a projective collineation stabiliser of size 63 and is isomor-
phic to Z,; X Zs. Also, the third decomposition has a projective collineation stabiliser of
size 18 and is isomorphic to Zg X Z3.

The first decomposition is given by 21 sets B, fori = 1,...,21 each set consists of 31

points of one of the 21 disjoint subplanes of order five in PG(2, 5%) as follows:

B, =10, 21, 42, 63, 84, 105, 126, 147, 168, 189, 210, 231, 252, 273, 294, 315,
336, 357, 378, 399, 420, 441, 462, 483, 504, 525, 546, 567, 588, 609,
630 };

B, ={10,31,52,73,94, 115, 136, 157, 178, 199, 220, 241, 262, 283, 304, 325,
346, 367, 388, 409, 430, 451, 472, 493, 514, 535, 556, 577, 598, 619,
640 };

B5 =1{20, 41, 62, 83, 104, 125, 146, 167, 188, 209, 230, 251, 272, 293, 314,
335,356,377,398,419, 440,461, 482, 503, 524, 545, 566, 587, 608, 629,
650 };

B, =1{9, 30,51, 72,93, 114, 135, 156, 177, 198, 219, 240, 261, 282, 303, 324,
345, 366, 387, 408, 429, 450, 471, 492, 513, 534, 555, 576, 597, 618,
639 };

Bs =1{19, 40, 61, 82, 103, 124, 145, 166, 187, 208, 229, 250, 271, 292, 313,
334,355,376,397,418, 439, 460, 481, 502, 523, 544, 565, 586, 607, 628,
649 };

Be =1{8,29,50,71,92, 113, 134, 155, 176, 197, 218, 239, 260, 281, 302, 323,
344, 365, 386, 407, 428, 449, 470, 491, 512, 533, 554, 575, 596, 617,
638 };

B, =1{18, 39, 60, 81, 102, 123, 144, 165, 186, 207, 228, 249, 270, 291, 312,
333,354,375,396,417, 438,459, 480, 501, 522, 543, 564, 585, 606, 627,
648 };
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Bs =1{7,28,49,70,91, 112, 133, 154, 175, 196, 217, 238, 259, 280, 301, 322,
343, 364, 385, 406, 427, 448, 469, 490, 511, 532, 553, 574, 595, 616,
637 };

By = {17, 38, 59, 80, 101, 122, 143, 164, 185, 206, 227, 248, 269, 290, 311,
332,353,374,395,416,437, 458,479, 500, 521, 542, 563, 584, 6053, 626,
647 };

Bio =16, 27,48, 69,90, 111, 132, 153, 174, 195, 216, 237, 258, 279, 300, 321,
342, 363, 384, 405, 426, 447, 468, 489, 510, 531, 552, 573, 594, 615,
636};

B =1{16,37, 58,79, 100, 121, 142, 163, 184, 205, 226, 247, 268, 289, 310,
331, 352, 373, 394, 415, 436, 457, 478, 499, 520, 541, 562, 583, 604,
625,646 };

B, =1{5,26,47, 68,89, 110, 131, 152, 173, 194, 215, 236, 257, 278, 299, 320,
341, 362, 383, 404, 425, 446, 467, 488, 509, 530, 551, 572, 593, 614,
635};

Bz =1{15,36,57,78,99, 120, 141, 162, 183,204, 225, 246, 267, 288, 309, 330,
351, 372, 393, 414, 435, 456, 477, 498, 519, 540, 561, 582, 603, 624,
645},

Bis =1{4, 25, 46, 67, 88, 109, 130, 151, 172, 193, 214, 235, 256, 277, 298, 319,
340, 361, 382, 403, 424, 445, 466, 487, 508, 529, 550, 571, 592, 613,
634 };

B1s =1{14,35,56,77,98, 119, 140, 161, 182, 203, 224, 245, 266, 287, 308, 329,
350, 371, 392, 413, 434, 455, 476, 497, 518, 539, 560, 581, 602, 623,
644 };

Bis =13, 24, 45, 66, 87, 108, 129, 150, 171, 192, 213, 234, 255, 276, 297, 318,
339, 360, 381, 402, 423, 444, 465, 486, 507, 528, 549, 570, 591, 612,
633};

B17 =1{13,34,55,76,97, 118, 139, 160, 181, 202, 223, 244, 265, 286, 307, 328,
349, 370, 391, 412, 433, 454, 475, 496, 517, 538, 559, 580, 601, 622,
643 };

Bis =12, 23,44, 65, 86, 107, 128, 149, 170, 191, 212, 233, 254, 275, 296, 317,
338, 359, 380, 401, 422, 443, 464, 485, 506, 527, 548, 569, 590, 611,
632};

B =1{12,33,54,75,96,117, 138, 159, 180, 201, 222, 243, 264, 285, 306, 327,
348, 369, 390, 411, 432, 453, 474, 495, 516, 537, 558, 579, 600, 621,
642 };
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By =11, 22,43, 64, 85, 106, 127, 148, 169, 190, 211, 232, 253, 274, 295, 316,
337, 358, 379, 400, 421, 442, 463, 484, 505, 526, 547, 568, 589, 610,
631};

By =1{11,32,53,74,95, 116, 137, 158, 179, 200, 221, 242,263, 284, 305, 326,
347, 368, 389, 410, 431, 452, 473, 494, 515, 536, 557, 578, 599, 620,
641 }.
The second decomposition is given by 21 sets B; fori = 1,...,21 each set consists of

31 points of one of the 21 disjoint subplanes of order five in PG(2, 5%) as follows:

B, =1{0, 21, 42, 63, 84, 105, 126, 147, 168, 189, 210, 231, 252, 273, 294, 315,
336, 357, 378, 399, 420, 441, 462, 483, 504, 525, 546, 567, 588, 609,
630 };

B, ={15,22,121, 125, 139, 156, 188, 197, 217, 227, 249, 253, 257, 271, 296,
321,400, 447,449, 466,473,477,491, 507, 550, 558, 591, 593, 623, 634,
643 };

B3 = {35, 55, 106, 119, 120, 129, 179, 186, 194, 203, 288, 363, 373, 401, 408,
410,424,435,436,438,471,474,480,493, 544, 547, 548, 557,563,613,
622 };

B, ={11,53,67,75, 83,102, 111, 115, 127, 145, 154, 155, 182, 199, 234, 235,
244, 263, 276, 289, 360, 372, 380, 382, 430, 446, 464, 509, 577, 579,
644 };

Bs =1{2,20,31,37,47,70,73, 144, 150, 239, 274, 283, 284, 287, 319, 339, 349,
356,366,391,407,440, 448, 455, 475,484,500, 501, 602, 624, 642 };

Be = {48, 72,103, 108, 110, 112, 143, 149, 164, 190, 225, 228, 233, 236, 272,
303,304,314, 355,402,413,416,431, 444,454,531, 539,571, 610, 612,
641};

B; = {10, 40, 45, 76, 116, 140, 172, 180, 185, 196, 212, 223, 243, 327, 363,
411,414,426,451,457,458,460, 517, 545, 554, 559, 570, 597, 615, 617,
625};

Bs =16, 33, 34,41, 71, 136, 160, 177, 270, 275, 297, 302, 317, 352, 354, 361,
362, 379, 384, 390, 392, 421, 442, 485, 526, 530, 541, 542, 543, 606,
632};

By ={12,13,18,32,46,57, 60,90, 159, 169, 238,291, 322, 324,377,412, 418,
443,453,495, 536, 540, 549, 565, 569, 574,578,581, 583,589,614 };

Bo=1{1,9,16,17,28,29,52,61, 87,95, 96, 141, 176, 211, 254, 259, 266, 269,
326,353,422,498,511,537,556,584,592,598, 621, 637,639 };
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B11 =143, 85, 89, 91, 132, 146, 158, 161, 165, 202, 206, 207, 208, 216, 232,
295, 308, 323, 332, 346, 368, 374, 376, 397, 406, 432, 445, 468, 552,
600, 605 };

B, =1{4,8, 14,58, 101, 133, 142, 148, 153, 175, 178, 200, 215, 242, 312, 359,
388, 389, 394, 405, 429, 437, 452, 465, 478, 561, 573, 587, 611, 631,
638 };

B3 ={79,124,131, 137,138, 166, 170, 171, 219, 220, 224, 262, 280, 305, 318,
328, 393, 409, 419, 467, 472, 479, 499, 508, 521, 551, 580, 627, 629,
636,648 };

B4 =1{27,51, 62,69, 77,78, 86, 152, 157, 261, 286, 309, 325, 337, 338, 340,
348, 381, 386, 428, 433, 461, 503, 562, 572, 595, 607, 616, 626, 645,
650 };

Bis =1{25, 44, 80, 93, 135, 174, 191, 218, 230, 256, 264, 282, 290, 311, 330,
331, 345, 375, 398, 417, 439, 494, 496, 516, 533, 555, 560, 566, 604,
635,646 };

Bis =1{19, 30,50, 64, 66, 68, 82, 88, 99, 100, 162, 222, 245,277,279, 292, 313,
342,343,369, 385,404,476,481,489,510,513,514,522,523,594 };

Bi7 = {26, 38, 39, 92, 104, 109, 134, 173, 181, 205, 221, 246, 247, 250, 265,
268, 281, 293, 306, 310, 344, 347, 396, 487, 490, 497, 568, 575, 582,
599,633 };

Bis =1{3,5,7,23,56,74, 81,97, 123, 193, 204, 209, 237, 241, 320, 329, 333,
334,341,351,364,367,383,387,505,512,529, 564,576, 590, 619 };

B =1{49, 59, 94, 98, 107, 114, 118, 151, 163, 167, 183, 192, 201, 213, 267,
278, 298, 300, 301, 335, 358, 370, 463, 470, 482, 486, 492, 506, 585,
596,608 };

By = {117, 128, 130, 198, 214, 226, 229, 240, 251, 255, 258, 285, 307, 371,
395, 415, 423, 425, 450, 456, 459, 502, 515, 518, 527, 553, 601, 618,
620,647,649 };

By =1{24, 36, 54, 65, 113, 122, 184, 187, 195, 248, 260, 299, 316, 350, 403,
427, 434, 469, 488, 519, 520, 524, 528, 532, 534, 535, 538, 586, 603,
628,640 }.

The third decomposition is given by 21 sets B; for i = 1,...,21 each set consists of
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31 points of one of the 21 disjoint subplanes of order five in PG(2, 5%) as follows:

B, =1{0, 21, 42, 63, 84, 105, 126, 147, 168, 189, 210, 231, 252, 273, 294, 315,
336, 357, 378, 399, 420, 441, 462, 483, 504, 525, 546, 567, 588, 609,
630 };

B, =1{5,26,32,33,43,82,91, 114, 122, 125, 185, 198, 207, 230, 243, 259, 267,
280,297, 335,343,370,402,415, 440, 449, 531, 560, 610, 623, 649 };

B; ={38, 52, 66, 72, 116, 128, 129, 175, 183, 200, 204, 214, 232, 260, 321,
344,384,408,412,437,438,442,457,488, 502,513,517, 586, 605, 618,
626 };

B, ={15,113,130, 136, 145, 151, 153, 170, 174, 181, 197, 220, 237, 244, 247,
249, 250, 275, 293, 306, 310, 333, 355, 389, 406, 434, 460, 521, 530, 599,
636 };

Bs =1{2,57,69,71,79, 100, 101, 102, 163, 186, 217, 301, 320, 348, 350, 371,
377, 383, 407, 409, 453, 461, 505, 512, 562, 576, 590, 591, 613, 617,
619};

Be=1{1,9,11,55,60,70,93, 117, 152, 154, 173, 180, 182, 209, 236, 254, 300,
313,396,498,501,507, 528,547,561, 563, 606, 635, 646, 647, 650 };

B7; ={28, 31, 53, 68, 111, 158, 162, 195, 226, 282, 316, 330, 339, 351, 364,
379,397,414,416,432, 445,464, 469, 481, 492, 500, 508, 574, 575, 622,
643 };

Bs =1{8, 14,19, 37,48, 59, 73,77, 92, 109, 121, 164, 178, 229, 246, 269, 272,
277,298,299,361,374,380,401,454,473,536,564,615,631, 642 };

By =1{81, 110,137,171, 190, 193, 194, 212, 234, 258, 281, 314, 329, 363, 419,
468,477,491,493,497,518, 532, 541, 555, 556, 558, 573, 579, 581, 625,
648 };

Bio =1{3,24,47,49,51, 83,87, 106, 127, 146, 157, 184,227,270, 286, 288, 289,
292,347,349,372,390,394, 413,424, 480,486,499, 597,614,616 };

B =1{44,107,118, 139, 141, 202, 225, 235, 238,257, 263,284,311, 319, 334,
362, 366, 367, 395, 398, 426, 429, 439, 448, 467, 554, 570, 572, 589,
601,644 };

B, =1{30, 34, 50, 88, 95, 99, 103, 143, 150, 166, 172, 222, 283, 285, 304, 352,
359, 435, 455, 510, 527, 539, 540, 543, 548, 584, 594, 596, 608, 611,
645 };
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By; = {39,45,46, 54,75, 115, 132, 138, 240, 265, 308, 342, 365, 382, 392, 418,
421, 425, 428, 436, 443, 484, 487, 511, 520, 524, 537, 545, 585, 592,
612});

B4 =1{7,23,29,56,58,76, 85,156,160, 161, 177,206, 253, 266, 268, 274, 337,
354,356,417,465, 509, 549, 553,578,593, 602, 603, 621, 628, 641 };

815 =1{10, 13, 18, 36, 108, 120, 131, 169, 201, 213, 239, 242, 248, 318, 322,
341, 353, 385, 405, 410, 423, 431, 485, 494, 544, 550, 565, 569, 580,
598,639 };

Bie =1{12,17,67,80,96, 119, 155, 176, 188, 223, 228, 251, 262, 309, 326, 328,
331, 338, 376, 400, 422, 430, 433, 447, 451, 514, 519, 538, 552, 634,
637};

B17 =1{20, 41, 86, 104, 144, 165, 191, 196, 203, 211, 216, 256, 276, 279, 287,
295, 296, 332, 346, 373, 404, 466, 471, 478, 503, 516, 534, 557, 600,
632,638 };

Bis = {4, 35, 64, 112, 133, 135, 142, 148, 159, 205, 208, 264, 271, 303, 324,
360, 368, 369, 387, 391, 444, 446, 452, 474, 476, 542, 551, 577, 582,
587,627 };

B9 =1{22,40,61,78,90, 124, 149, 167, 192, 215, 219, 221, 224, 278, 305, 358,
388, 458, 463, 470, 472, 475, 479, 523, 529, 533, 559, 568, 595, 624,
633 };

By =1{6,16,25,27,62,74,97,98, 134, 179, 233, 241, 290, 302, 307, 317, 323,
325,327,381,386,393,450, 456,459,515, 522,571,607, 620, 629 };

By =1{65, 89, 94, 123, 140, 187, 199, 218, 245, 255, 261, 291, 312, 340, 345,
375, 403, 411, 427, 482, 489, 490, 495, 496, 506, 526, 535, 566, 583,
604,640 }.

5.2 Decomposition into 21-arcs

A 21-arc in PG(2, 5%) is a set of 21 points, no three of which are collinear. From Corollary
2.9, the projective plane PG(2, 5%) consists of 31 disjoint 21-arcs. By using the proce-
dure described in Section 2.4, we identified three non-isomorphic decompositions of the
projective plane PG(2,5?) into 31 disjoint 21-arcs. The first decomposition has a pro-
jective collineation stabiliser of size 3906. Additionally, the second decomposition has
a projective collineation stabiliser of size 93 and is isomorphic to Z3; = Z3. Also, the
third decomposition has a projective collineation stabiliser of size 18 and is isomorphic to
Ze X Zs.

The first decomposition is given by 31 sets K; fori = 1,...,31 each set consists of 21
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points of one of the 31 disjoint 21-arcs in PG(2, 5%) as follows:

K =1{0,31,62,93, 124, 155, 186, 217, 248, 279, 310, 341, 372, 403, 434, 465,
496,527,558,589, 620 };

K, =1{21, 52, 83, 114, 145, 176, 207, 238, 269, 300, 331, 362, 393, 424, 455,
486,517,548,579, 610,641 };

G ={11, 42,73, 104, 135, 166, 197, 228, 259, 290, 321, 352, 383, 414, 445,
476,507,538, 569, 600, 631 };

s =1{1,32,63,94, 125, 156, 187,218, 249, 280, 311, 342, 373, 404, 435, 466,
497,528,559, 590, 621 };

Ks =1{22, 53, 84, 115, 146, 177, 208, 239, 270, 301, 332, 363, 394, 425, 456,
487,518,549,580,611, 642 };

Ko = {12, 43,74, 105, 136, 167, 198, 229, 260, 291, 322, 353, 384, 415, 446,
4717,508,539,570,601, 632 };

K7 =1{2,33,64,95,126, 157, 188, 219, 250, 281, 312, 343, 374, 405, 436, 467,
498,529,560, 591, 622 };

Ks = {23, 54, 85, 116, 147, 178, 209, 240, 271, 302, 333, 364, 395, 426, 457,
488,519,550, 581,612,643 };

Ko =1{13, 44,75, 106, 137, 168, 199, 230, 261, 292, 323, 354, 385, 416, 447,
478,509, 540,571, 602,633 };

Kio = {3,34,65,96, 127, 158, 189, 220, 251, 282, 313, 344, 375, 406, 437, 468,
499,530, 561,592,623 };

K =1{24, 55,86, 117, 148, 179, 210, 241, 272, 303, 334, 365, 396, 427, 458,
489,520,551,582,613,644 };

K = {14, 45,76, 107, 138, 169, 200, 231, 262, 293, 324, 355, 386, 417, 448,
479,510, 541,572,603, 634 };

Kiz =1{4,35,66,97, 128, 159, 190, 221, 252, 283, 314, 345, 376, 407, 438, 469,
500,531, 562,593,624 };

Kia = {25, 56, 87, 118, 149, 180, 211, 242, 273, 304, 335, 366, 397, 428, 459,
490, 521,552,583, 614,645 };

Kis = {15, 46,77, 108, 139, 170, 201, 232, 263, 294, 325, 356, 387, 418, 449,
480,511,542,573,604, 635 };

Kis = {5,36,67, 98,129, 160, 191,222,253, 284, 315, 346, 377, 408, 439, 470,
501, 532,563,594, 625 };
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K7 = {26, 57, 88, 119, 150, 181, 212, 243, 274, 305, 336, 367, 398, 429, 460,
491,522,553,584,615,646 };

Kis = {16,47,78, 109, 140, 171, 202, 233, 264, 295, 326, 357, 388, 419, 450,
481,512,543,574, 605, 636 };

Kio =1{6,37,68,99, 130, 161, 192, 223,254, 285, 316, 347, 378, 409, 440,471,
502,533,564, 595, 626 };

Koo = {27, 58, 89, 120, 151, 182, 213, 244, 275, 306, 337, 368, 399, 430, 461,
492,523,554,585, 616,647 };

T =1{17,48,79, 110, 141, 172, 203, 234, 265, 296, 327, 358, 389, 420, 451,
482,513,544,575, 606,637 };

K =1{7, 38, 69, 100, 131, 162, 193, 224, 255, 286, 317, 348, 379, 410, 441,
472,503, 534,565,596, 627 };

Ko =1{28,59, 90, 121, 152, 183, 214, 245, 276, 307, 338, 369, 400, 431, 462,
493,524,555,586,617,648 };

Koa = {18, 49, 80, 111, 142, 173, 204, 235, 266, 297, 328, 359, 390, 421, 452,
483,514,545,576,607,638 };

s = {8, 39, 70, 101, 132, 163, 194, 225, 256, 287, 318, 349, 380, 411, 442,
473,504, 535,566,597, 628 };

Kas = (29, 60, 91, 122, 153, 184, 215, 246, 277, 308, 339, 370, 401, 432, 463,
494,525,556, 587,618,649 };

K = {19, 50, 81, 112, 143, 174, 205, 236, 267, 298, 329, 360, 391, 422, 453,
484,515,546,577, 608, 639 };

s =1{9, 40, 71, 102, 133, 164, 195, 226, 257, 288, 319, 350, 381, 412, 443,
474,505, 536,567,598, 629 };

K =1{30, 61, 92, 123, 154, 185, 216, 247, 278, 309, 340, 371, 402, 433, 464,
495, 526,557,588, 619,650 };

TGo = {20, 51, 82, 113, 144, 175, 206, 237, 268, 299, 330, 361, 392, 423, 454,
485,516,547,578, 609, 640 };

G = {10, 41, 72, 103, 134, 165, 196, 227, 258, 289, 320, 351, 382, 413, 444,
475,506, 537,568,599, 630 }.

The second decomposition is given by 31 sets K; fori = 1, ..., 31 each set consists of
21 points of one of the 31 disjoint 21-arcs in PG(2, 5?) as follows:

K1 =1{0,31,62,93, 124, 155, 186, 217, 248,279, 310, 341, 372, 403, 434, 465,
496,527,558, 589, 620 };
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¥, =1{52, 83,99, 113, 172, 184, 187, 200, 224, 238, 297, 315, 345, 363, 375,
416,530, 537,547,548,559 };

IG5 = {104,120, 134, 193,205, 208,221,241, 245,318, 336, 366, 384, 396, 437,
443,469,551, 568,579,580 };

Ky =1{125,141,176,214,226,229,242,262,266,339,357,387,405,417,458,
464,490, 572, 600,601,610 };

Ks ={162,197,235, 247,250,263, 283,287,360, 378,408, 426, 438,479, 485,
511,524,593, 621, 622,631 };

Ks = {1, 183, 218, 256, 268, 271, 284, 304, 308, 381, 399, 429, 447, 459, 500,
506,532,545, 614,642,643 };

¥ =1{12, 13, 22, 204, 239, 277, 289, 292, 305, 325, 329, 402, 420, 450, 468,
480,521, 553,566,569, 635 };

Ks = 1{5,33,34,43, 225,260, 298, 313, 326, 331, 346, 350, 423, 441,471, 489,
501, 542,574,587,590 };

Ko ={26,54,55,64,246,281,319,334,347,352,367,371, 444,462,492, 510,
522,563,595,608,611 };

Kio =147,75, 76, 85, 267, 302, 340, 355, 368, 373, 388, 392, 483, 486, 513,
531,543,584,616, 629,632 };

K =1{2,68,96,97, 106, 288, 323,361, 376, 389, 394, 409, 413, 504, 507, 534,
552,564,605, 637,650 };

K, =1{7,20,23,89,117,118, 127,309, 344, 382,397,410, 415, 430, 455, 525,
528,555,573,585,626 };

Kz = {28, 41, 44, 110, 138, 139, 148, 330, 365, 418, 424, 431, 436, 451, 476,
546,549,576,594, 606, 647 };

Ky =1{17,49, 65, 131, 146, 159, 160, 169, 351, 386, 439, 445, 452, 457, 472,
497,567,570,597,615, 627 };

Kis = {38, 70, 86, 152, 167, 180, 181, 190, 393, 407, 460, 466, 473, 478, 493,
518,588,591, 618,636,648 };

Kis = 16,18,59,91,107, 173, 188,201,202, 211,414, 428, 481, 487, 494, 499,
514,539,609, 612,639 };

Kiz =1{9,27,39,80, 112, 128, 194, 209, 222,223,232, 435, 449, 502, 508, 515,
520, 535,560, 630,633 };

Kis = {3,21,30, 48, 60, 101, 133, 149, 215, 230, 243, 244, 253, 456, 470, 523,
529,536, 541,556,581 J;
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Kig = {24,42,51,69, 81,122, 154,170,236, 251, 264, 265, 274,477,491, 544,
550,557,562, 577,602 );

Koo = {45, 63,72, 90, 102, 143, 175, 191, 257, 272, 285, 286, 295, 498, 512,
565,571,578,583,598,623 };

T =1{66,84,111, 114,123, 164, 196, 212, 278, 293, 306, 307, 316, 519, 533,
586,592,599, 604,619, 644 };

K =1{14, 87,105, 132, 135, 144, 185, 233, 259, 299, 314, 327, 328, 337, 540,
554,607,613, 625, 640,641 };

s = {10, 11, 35, 108, 126, 153, 156, 165, 206, 254, 280, 320, 335, 348, 349,
358,561,575, 628,634,646 };

Ko = {4, 16,32, 56,73, 129, 147, 174, 177, 207, 227, 275, 301, 356, 362, 369,
370,379, 582, 596, 649 };

Kos = {19,25,37,53,77,94, 150, 168, 195, 198, 228, 269, 296, 322, 377, 383,
390, 391, 400, 603,617 };

Ko = {40,46,58,74,98, 115,171, 189, 216,219, 249, 290, 317, 343, 398, 404,
411,412,421,624,638 };

K = {8,61,67,79, 95,119, 136, 192, 210, 237, 240, 270, 311, 338, 364, 419,
425,432,433,442,645 };

Ts = {15, 29, 82, 88, 100, 116, 140, 157, 213, 231, 258, 261, 291, 332, 359,
385,440, 446,453,454,463 };

K = {36,50, 103, 109, 121, 137, 161, 178, 234, 252, 282, 300, 312, 353, 380,
406,461,467,474,475,484 };

K0 = {57,71, 130, 142, 145, 158, 182, 199, 255, 273, 303, 321, 333, 374, 401,
427,482,488, 495,505,517 };

¥ =1{78,92, 151, 163, 166, 179, 203, 220, 276, 294, 324, 342, 354, 395, 422,
448,503,509, 516,526,538 }.

The third decomposition is given by 31 sets K; fori = 1,...,31 each set consists of
21 points of one of the 31 disjoint 21-arcs in PG(2, 5%) as follows:

K =10,31,62,93, 124, 155, 186,217, 248,279, 310, 341, 372, 403, 434, 465,
496,527,558, 589,620 };

% = {11,27,30,68, 106, 116, 147, 167,201, 230, 243, 270, 360, 387, 402, 455,
459,466, 538,542, 644 )

K5 =19, 87, 173, 187, 264, 272, 274, 284, 285, 306, 311, 373, 413, 414, 444,
446,509, 552, 585, 609, 624 };
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Ks=1{1,49,53,63,66,77,88,151, 157, 162,200, 215, 227, 265, 275, 333,337,
382,572,573,618 };

Ks = {22, 39, 44, 108, 114, 169, 176, 234, 250, 293, 326, 328, 358, 367, 384,
431,432,456,470,491, 650 };

Ko =132, 38,42, 103, 117, 135, 211, 222, 338, 349, 357, 421, 471, 485, 488,
497,519,521, 604,607,615 };

K7 = {43, 65,97, 118, 190, 198, 245, 257, 268, 294, 323, 330, 346, 351, 418,
440,464,520, 583,613,622 };

Ks = {54, 69, 89, 107, 148, 242, 249, 253, 353, 363, 379, 461, 475, 492, 525,
540, 564, 606, 614, 627,634 };

Ko =1{13,56,57,74,75, 110, 112, 181, 209, 262, 305, 364, 425, 451, 458, 472,
534,551,567,568,602 };

Kio =1{2, 61, 67, 109, 125, 127, 143, 223, 226, 231, 235, 244, 263, 301, 386,
441,483,522,539,576, 645 };

K =1{6,26,59,83, 161, 241, 252, 283,287,309, 316,371, 381, 407,474, 500,
515,535,591,594, 643 };

K = {41,101, 120, 136, 142, 182,292,295, 368, 401, 447, 450, 487, 506, 560,
569,597,629, 633,639,641 };

Kis =1{12,34,36,51, 78,92, 134, 138, 149, 213, 232, 239, 278, 329, 409, 442,
463,477,489, 526,605 };

Kia = {5, 15, 23,48, 55, 94, 104, 133, 172, 224, 238, 258, 286, 315, 331, 345,
544,555,587,608,616 };

Kis = {28, 47,50, 129, 164, 191, 193, 205, 251, 266, 281, 355, 366, 374, 443,
476,479,493,510,565,611 };

Kie =1{17,45,111, 132,163, 197, 199, 212, 229, 237, 302, 339, 392, 394, 429,
430,481, 494,505, 543,632 };

Kz = {18, 24, 60, 91, 100, 156, 183, 240, 273, 298, 299, 318, 352, 495, 502,
571,575,580, 628, 638,647 };

Kis =179, 85,146, 175, 179, 195, 207, 282, 359, 417, 420, 435, 490, 503, 508,
518,529,533,577,596, 649 };

Kio = {19, 21,96, 121, 122, 144, 158, 228, 260, 261, 393, 416, 530, 556, 582,
584,599,617, 621,623,631 };

Koo = {105, 123, 128, 165, 168, 170, 216, 220, 246, 256, 290, 308, 336, 343,
380,499, 513,550,579, 603, 637 };
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T = {20, 82,90, 102, 119, 126, 130, 141, 152, 160, 171, 184, 203, 259, 289,
313,325,405,457,478,566 };

K = {14,29,73,84,95, 159,221, 276,280, 291, 322, 378, 385, 389, 408, 424,
501,523, 548,574,619 };

K = {3, 35,40, 58,70, 131, 137, 154, 236, 370, 396, 397, 453, 484, 528, 557,
563,595, 600, 640, 648 };

Koa = {10, 37, 72, 76, 145, 150, 192, 206, 255, 269, 314, 319, 365, 426, 428,
436,467,498,517,524,561 };

Tos = {4, 194,225,271, 307, 332, 335, 354, 356, 388, 404, 411, 422, 427, 452,
482,507,516,586,612,642 };

Koe = {25,64, 113,166, 177, 178, 233,277,297, 342, 375,377, 415, 419, 433,
480,504, 536, 554,630,636 };

Ko7 = {33,153, 180, 196,204, 208, 254, 324,327, 344,361, 376,399,412, 438,
449,454,537,546,547,625 };

Ko = {16,99, 139, 185, 202, 210, 300, 304, 334, 348, 369, 410, 437, 468, 469,
570,581,590, 601, 626, 646 };

K = {52, 71, 81, 86, 140, 296, 312, 317, 340, 350, 362, 390, 395, 398, 460,
511,514,532,553,592,610 };

IGo = {46,174, 188, 189,214, 247,267, 288, 383, 400, 406, 423, 439, 445, 448,
462,473,541, 545,593,598 };

G =1{7,8, 80,98, 115, 218, 219, 303, 320, 321, 347, 391, 486, 512, 531, 549,
559,562,578,588, 635 }.

In summary, three non-isomorphic decompositions of PG(2,5%) into disjoint sub-
planes of order five are found in Section 5.1 where the first partition is the classical one,
and the other two decompositions are given by Mathon and Hamilton in [17]. Section 5.2
shows that, in PG(2, 5%), there are, up to isomorphism, three decompositions into disjoint
21-arcs where the first partition is the classical one, and the other two decompositions are

new.
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Chapter 6
The plane of order forty-nine

From Corollary 2.7 and Corollary 2.9, the projective plane PG(2, 7%) can be decomposed
into disjoint subplanes isomorphic to PG(2, 7) and 43-arcs. In this chapter, we discuss the
different types of decompositions of PG(2, 7%) into disjoint subplanes of order seven and
disjoint 43-arcs found by using the procedure described in Section 2.4.

The projective plane of order forty-nine PG(2,7%) has 2451 points, 2451 lines, 50
points on each line and 50 lines passing through each point. Let u be a primitive element
of the finite field F,9 including minimum polynomial f(x) = x* — 2x — 2 over the finite

field F;. Accordingly, for the ground field, we have

P49 = {0915lual~129-~~,l~l47|/12_2ll—2:0},

2

To construct Fugs = Fuo[x]/{g(x)), we choose g(x) = x* — x> — x — u'3. Since g(x) has no

zeros in Fyg, it is irreducible in Fyo[x]. We then have the projectivity 7 = M(T) given by

0O 10
T=Cx*-x*-x-u®=| 0 0 1
/113 1 1

is cyclic on PG(2,7%). Then P(i) = P(0)7 " for alli = 0,1,...,2450. Thus, the points of
PG(2, 7%) written in vector forms can be represented in terms of distinct integers modulo
2451 as follows:

0=P0O)=(,0,0),...,i=P@),... foralli=0,1,...,2450

( see details in Appendix E ).
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6.1 Decomposition into subplanes of order seven

A subplane of order seven in PG(2, 7%) is a set of 57 points that has 57 lines, 8 points on
each line and 8 lines passing through each point. From Corollary 2.7, the projective plane
PG(2,7°) consists of 43 disjoint subplanes of order seven that are isomorphic to PG(2, 7).
By using the procedure described in Section 2.4, we identified four non-isomorphic de-
compositions of the projective plane PG(2, 7%) into 43 disjoint subplanes of order seven.
The first decomposition has a projective collineation stabiliser of size 14706. Addition-
ally, the second decomposition has a projective collineation stabiliser of size 129 and is
isomorphic to Zs3 = Z3. Also, the third decomposition has a projective collineation sta-
biliser of size 18 and is isomorphic to Zg X Z3. Moreover, the fourth decomposition has a
projective collineation stabiliser of size 6 and is isomorphic to Zg.

The first decomposition is given by 43 sets B, fori = 1, ...,43 each set consists of 57

points of one of the 43 disjoint subplanes of order seven in PG(2, 7%) as follows:

B, =1{0,43,86,129, 172,215,258, 301, 344, 387,430,473, 516, 559, 602, 645,
688, 731, 774, 817, 860, 903, 946, 989, 1032, 1075, 1118, 1161, 1204,
1247, 1290, 1333, 1376, 1419, 1462, 1505, 1548, 1591, 1634, 1677,
1720, 1763, 1806, 1849, 1892, 1935, 1978, 2021, 2064, 2107, 2150,
2193,2236,2279,2322,2365, 2408 };

B, ={14,57, 100, 143, 186, 229, 272, 315, 358, 401, 444, 487, 530, 573, 616,
659, 702, 745, 788, 831, 874, 917, 960, 1003, 1046, 1089, 1132, 1175,
1218, 1261, 1304, 1347, 1390, 1433, 1476, 1519, 1562, 1605, 1648,
1691, 1734, 1777, 1820, 1863, 1906, 1949, 1992, 2035, 2078, 2121,
2164,2207,2250,2293,2336,2379,2422 };

B; ={28,71, 114, 157, 200, 243, 286, 329, 372, 415, 458, 501, 544, 587, 630,
673, 716, 759, 802, 845, 888, 931, 974, 1017, 1060, 1103, 1146, 1189,
1232, 1275, 1318, 1361, 1404, 1447, 1490, 1533, 1576, 1619, 1662,
1705, 1748, 1791, 1834, 1877, 1920, 1963, 2006, 2049, 2092, 2135,
2178,2221,2264,2307,2350, 2393, 2436 };

B, =1{42, 85,128, 171, 214, 257, 300, 343, 386, 429, 472, 515, 558, 601, 644,
687, 730, 773, 816, 859, 902, 945, 988, 1031, 1074, 1117, 1160, 1203,
1246, 1289, 1332, 1375, 1418, 1461, 1504, 1547, 1590, 1633, 1676,
1719, 1762, 1805, 1848, 1891, 1934, 1977, 2020, 2063, 2106, 2149,
2192,2235,2278,2321,2364,2407,2450 };
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Bs = {13, 56, 99, 142, 185, 228, 271, 314, 357, 400, 443, 486, 529, 572, 615,

658, 701, 744, 787, 830, 873, 916, 959, 1002, 1045, 1088, 1131, 1174,
1217, 1260, 1303, 1346, 1389, 1432, 1475, 1518, 1561, 1604, 1647,
1690, 1733, 1776, 1819, 1862, 1905, 1948, 1991, 2034, 2077, 2120,
2163,2206,2249,2292,2335,2378,2421 };

Be =1{27,70, 113, 156, 199, 242, 285, 328, 371, 414, 457, 500, 543, 586, 629,

672, 715, 758, 801, 844, 887, 930, 973, 1016, 1059, 1102, 1145, 1188,
1231, 1274, 1317, 1360, 1403, 1446, 1489, 1532, 1575, 1618, 1661,
1704, 1747, 1790, 1833, 1876, 1919, 1962, 2005, 2048, 2091, 2134,
2177,2220,2263,2306,2349,2392,2435 };

B, =1{41, 84,127, 170, 213, 256, 299, 342, 385, 428, 471, 514, 557, 600, 643,

686, 729, 772, 815, 858, 901, 944, 987, 1030, 1073, 1116, 1159, 1202,
1245, 1288, 1331, 1374, 1417, 1460, 1503, 1546, 1589, 1632, 1675,
1718, 1761, 1804, 1847, 1890, 1933, 1976, 2019, 2062, 2105, 2148,
2191,2234,2277,2320, 2363, 2406, 2449 };

Bs = {12, 55, 98, 141, 184, 227, 270, 313, 356, 399, 442, 485, 528, 571, 614,

657, 700, 743, 786, 829, 872, 915, 958, 1001, 1044, 1087, 1130, 1173,
1216, 1259, 1302, 1345, 1388, 1431, 1474, 1517, 1560, 1603, 1646,
1689, 1732, 1775, 1818, 1861, 1904, 1947, 1990, 2033, 2076, 2119,
2162,2205,2248,2291,2334,2377,2420 };

By = {26, 69, 112, 155, 198, 241, 284, 327, 370, 413, 456, 499, 542, 585, 628,

671, 714, 757, 800, 843, 886, 929, 972, 1015, 1058, 1101, 1144, 1187,
1230, 1273, 1316, 1359, 1402, 1445, 1488, 1531, 1574, 1617, 1660,
1703, 1746, 1789, 1832, 1875, 1918, 1961, 2004, 2047, 2090, 2133,
2176,2219,2262,2305,2348,2391,2434 };

Bio =1{40, 83, 126, 169, 212, 255, 298, 341, 384, 427, 470, 513, 556, 599, 642,

685, 728, 771, 814, 857, 900, 943, 986, 1029, 1072, 1115, 1158, 1201,
1244, 1287, 1330, 1373, 1416, 1459, 1502, 1545, 1588, 1631, 1674,
1717, 1760, 1803, 1846, 1889, 1932, 1975, 2018, 2061, 2104, 2147,
2190,2233,2276,2319, 2362, 2405, 2448 };

B =1{11, 54, 97, 140, 183, 226, 269, 312, 355, 398, 441, 484, 527, 570, 613,

656, 699, 742, 785, 828, 871, 914, 957, 1000, 1043, 1086, 1129, 1172,
1215, 1258, 1301, 1344, 1387, 1430, 1473, 1516, 1559, 1602, 1645,
1688, 1731, 1774, 1817, 1860, 1903, 1946, 1989, 2032, 2075, 2118,
2161,2204,2247,2290,2333,2376,2419 };
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B, =1{25,68, 111, 154, 197, 240, 283, 326, 369, 412, 455, 498, 541, 584, 627,

670, 713, 756, 799, 842, 885, 928, 971, 1014, 1057, 1100, 1143, 1186,
1229, 1272, 1315, 1358, 1401, 1444, 1487, 1530, 1573, 1616, 1659,
1702, 1745, 1788, 1831, 1874, 1917, 1960, 2003, 2046, 2089, 2132,
2175,2218,2261,2304,2347,2390,2433 };

B3 =1{39, 82,125, 168, 211, 254, 297, 340, 383, 426, 469, 512, 555, 598, 641,

684, 727, 770, 813, 856, 899, 942, 985, 1028, 1071, 1114, 1157, 1200,
1243, 1286, 1329, 1372, 1415, 1458, 1501, 1544, 1587, 1630, 1673,
1716, 1759, 1802, 1845, 1888, 1931, 1974, 2017, 2060, 2103, 2146,
2189,2232,2275,2318,2361, 2404, 2447 };

B4 = {10, 53, 96, 139, 182, 225, 268, 311, 354, 397, 440, 483, 526, 569, 612,

655, 698, 741, 784, 827, 870, 913, 956, 999, 1042, 1085, 1128, 1171,
1214, 1257, 1300, 1343, 1386, 1429, 1472, 1515, 1558, 1601, 1644,
1687, 1730, 1773, 1816, 1859, 1902, 1945, 1988, 2031, 2074, 2117,
2160, 2203, 2246, 2289, 2332,2375,2418 };

Bis =1{24,67, 110, 153, 196, 239, 282, 325, 368, 411, 454, 497, 540, 583, 626,

669, 712, 755, 798, 841, 884, 927, 970, 1013, 1056, 1099, 1142, 1185,
1228, 1271, 1314, 1357, 1400, 1443, 1486, 1529, 1572, 1615, 1658,
1701, 1744, 1787, 1830, 1873, 1916, 1959, 2002, 2045, 2088, 2131,
2174,2217,2260,2303,2346,2389,2432 };

Bis =1{38, 81, 124, 167, 210, 253, 296, 339, 382, 425, 468, 511, 554, 597, 640,

683, 726, 769, 812, 855, 898, 941, 984, 1027, 1070, 1113, 1156, 1199,
1242, 1285, 1328, 1371, 1414, 1457, 1500, 1543, 1586, 1629, 1672,
1715, 1758, 1801, 1844, 1887, 1930, 1973, 2016, 2059, 2102, 2145,
2188,2231,2274,2317,2360, 2403, 2446 };

B17 =19, 52, 95, 138, 181, 224, 267, 310, 353, 396, 439, 482, 525, 568, 611,

654, 697, 740, 783, 826, 869, 912, 955, 998, 1041, 1084, 1127, 1170,
1213, 1256, 1299, 1342, 1385, 1428, 1471, 1514, 1557, 1600, 1643,
1686, 1729, 1772, 1815, 1858, 1901, 1944, 1987, 2030, 2073, 2116,
2159,2202,2245,2288,2331,2374,2417 };

Bis = {23, 66, 109, 152, 195, 238, 281, 324, 367, 410, 453, 496, 539, 582, 625,

668, 711, 754, 797, 840, 883, 926, 969, 1012, 1055, 1098, 1141, 1184,
1227, 1270, 1313, 1356, 1399, 1442, 1485, 1528, 1571, 1614, 1657,
1700, 1743, 1786, 1829, 1872, 1915, 1958, 2001, 2044, 2087, 2130,
2173,2216,2259,2302,2345,2388,2431 };
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B9 =1{37, 80, 123, 166, 209, 252, 295, 338, 381, 424, 467, 510, 553, 596, 639,
682, 725, 768, 811, 854, 897, 940, 983, 1026, 1069, 1112, 1155, 1198,
1241, 1284, 1327, 1370, 1413, 1456, 1499, 1542, 1585, 1628, 1671,
1714, 1757, 1800, 1843, 1886, 1929, 1972, 2015, 2058, 2101, 2144,
2187,2230,2273,2316, 2359, 2402,2445 };

By =1{8, 51, 94, 137, 180, 223, 266, 309, 352, 395, 438, 481, 524, 567, 610,
653, 696, 739, 782, 825, 868, 911, 954, 997, 1040, 1083, 1126, 1169,
1212, 1255, 1298, 1341, 1384, 1427, 1470, 1513, 1556, 1599, 1642,
1685, 1728, 1771, 1814, 1857, 1900, 1943, 1986, 2029, 2072, 2115,
2158,2201,2244,2287,2330,2373,2416 };

By =1{22,65, 108, 151, 194, 237, 280, 323, 366, 409, 452, 495, 538, 581, 624,
667, 710, 753, 796, 839, 882, 925, 968, 1011, 1054, 1097, 1140, 1183,
1226, 1269, 1312, 1355, 1398, 1441, 1484, 1527, 1570, 1613, 1656,
1699, 1742, 1785, 1828, 1871, 1914, 1957, 2000, 2043, 2086, 2129,
2172,2215,2258,2301,2344,2387,2430 };

By =1{36,79, 122, 165, 208, 251, 294, 337, 380, 423, 466, 509, 552, 595, 638,
681, 724, 767, 810, 853, 896, 939, 982, 1025, 1068, 1111, 1154, 1197,
1240, 1283, 1326, 1369, 1412, 1455, 1498, 1541, 1584, 1627, 1670,
1713, 1756, 1799, 1842, 1885, 1928, 1971, 2014, 2057, 2100, 2143,
2186,2229,2272,2315,2358,2401,2444 };

By =1{7, 50, 93, 136, 179, 222, 265, 308, 351, 394, 437, 480, 523, 566, 609,
652, 695, 738, 781, 824, 867, 910, 953, 996, 1039, 1082, 1125, 1168,
1211, 1254, 1297, 1340, 1383, 1426, 1469, 1512, 1555, 1598, 1641,
1684, 1727, 1770, 1813, 1856, 1899, 1942, 1985, 2028, 2071, 2114,
2157,2200,2243,2286,2329,2372,2415 };

Br = {21, 64, 107, 150, 193, 236, 279, 322, 365, 408, 451, 494, 537, 580, 623,
666, 709, 752, 795, 838, 881, 924, 967, 1010, 1053, 1096, 1139, 1182,
1225, 1268, 1311, 1354, 1397, 1440, 1483, 1526, 1569, 1612, 1655,
1698, 1741, 1784, 1827, 1870, 1913, 1956, 1999, 2042, 2085, 2128,
2171,2214,2257,2300, 2343, 2386, 2429 };

Brs =1{35,78, 121, 164, 207, 250, 293, 336, 379, 422, 465, 508, 551, 594, 637,
680, 723, 766, 809, 852, 895, 938, 981, 1024, 1067, 1110, 1153, 1196,
1239, 1282, 1325, 1368, 1411, 1454, 1497, 1540, 1583, 1626, 1669,
1712, 1755, 1798, 1841, 1884, 1927, 1970, 2013, 2056, 2099, 2142,
2185,2228,2271,2314,2357, 2400, 2443 };
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Br =16, 49, 92, 135, 178, 221, 264, 307, 350, 393, 436, 479, 522, 565, 608,

651, 694, 737, 780, 823, 866, 909, 952, 995, 1038, 1081, 1124, 1167,
1210, 1253, 1296, 1339, 1382, 1425, 1468, 1511, 1554, 1597, 1640,
1683, 1726, 1769, 1812, 1855, 1898, 1941, 1984, 2027, 2070, 2113,
2156,2199,2242,2285,2328,2371,2414 };

B,7; =1{20, 63, 106, 149, 192, 235, 278, 321, 364, 407, 450, 493, 536, 579, 622,

665, 708, 751, 794, 837, 880, 923, 966, 1009, 1052, 1095, 1138, 1181,
1224, 1267, 1310, 1353, 1396, 1439, 1482, 1525, 1568, 1611, 1654,
1697, 1740, 1783, 1826, 1869, 1912, 1955, 1998, 2041, 2084, 2127,
2170,2213,2256,2299,2342,2385,2428 };

Brs = {34,77, 120, 163, 206, 249, 292, 335, 378, 421, 464, 507, 550, 593, 636,

679, 722, 765, 808, 851, 894, 937, 980, 1023, 1066, 1109, 1152, 1195,
1238, 1281, 1324, 1367, 1410, 1453, 1496, 1539, 1582, 1625, 1668,
1711, 1754, 1797, 1840, 1883, 1926, 1969, 2012, 2055, 2098, 2141,
2184,2227,2270,2313,2356,2399,2442 };

By =1{5,48, 91, 134, 177, 220, 263, 306, 349, 392, 435, 478, 521, 564, 607,

650, 693, 736, 779, 822, 865, 908, 951, 994, 1037, 1080, 1123, 1166,
1209, 1252, 1295, 1338, 1381, 1424, 1467, 1510, 1553, 1596, 1639,
1682, 1725, 1768, 1811, 1854, 1897, 1940, 1983, 2026, 2069, 2112,
2155,2198,2241,2284,2327,2370,2413 };

By =1{19, 62, 105, 148, 191, 234, 277, 320, 363, 406, 449, 492, 535, 578, 621,

664, 707, 750, 793, 836, 879, 922, 965, 1008, 1051, 1094, 1137, 1180,
1223, 1266, 1309, 1352, 1395, 1438, 1481, 1524, 1567, 1610, 1653,
1696, 1739, 1782, 1825, 1868, 1911, 1954, 1997, 2040, 2083, 2126,
2169,2212,2255,2298,2341,2384,2427 };

B3 =1{33,76, 119, 162, 205, 248, 291, 334, 377, 420, 463, 506, 549, 592, 635,

678, 721, 764, 807, 850, 893, 936, 979, 1022, 1065, 1108, 1151, 1194,
1237, 1280, 1323, 1366, 1409, 1452, 1495, 1538, 1581, 1624, 1667,
1710, 1753, 1796, 1839, 1882, 1925, 1968, 2011, 2054, 2097, 2140,
2183,2226,2269,2312,2355,2398,2441 };

By =1{4, 47,90, 133, 176, 219, 262, 305, 348, 391, 434, 477, 520, 563, 606,

649, 692, 735, 778, 821, 864, 907, 950, 993, 1036, 1079, 1122, 1165,
1208, 1251, 1294, 1337, 1380, 1423, 1466, 1509, 1552, 1595, 1638,
1681, 1724, 1767, 1810, 1853, 1896, 1939, 1982, 2025, 2068, 2111,
2154,2197,2240,2283,2326,2369,2412 };
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B33 = {18, 61, 104, 147, 190, 233, 276, 319, 362, 405, 448, 491, 534, 577, 620,

663, 706, 749, 792, 835, 878, 921, 964, 1007, 1050, 1093, 1136, 1179,
1222, 1265, 1308, 1351, 1394, 1437, 1480, 1523, 1566, 1609, 1652,
1695, 1738, 1781, 1824, 1867, 1910, 1953, 1996, 2039, 2082, 2125,
2168,2211,2254,2297,2340,2383,2426 };

B3 =1{32,75, 118, 161, 204, 247, 290, 333, 376, 419, 462, 505, 548, 591, 634,

677,720, 763, 806, 849, 892, 935, 978, 1021, 1064, 1107, 1150, 1193,
1236, 1279, 1322, 1365, 1408, 1451, 1494, 1537, 1580, 1623, 1666,
1709, 1752, 1795, 1838, 1881, 1924, 1967, 2010, 2053, 2096, 2139,
2182,2225,2268,2311,2354,2397,2440 };

Bis = {3, 46, 89, 132, 175, 218, 261, 304, 347, 390, 433, 476, 519, 562, 605,

648, 691, 734, 777, 820, 863, 906, 949, 992, 1035, 1078, 1121, 1164,
1207, 1250, 1293, 1336, 1379, 1422, 1465, 1508, 1551, 1594, 1637,
1680, 1723, 1766, 1809, 1852, 1895, 1938, 1981, 2024, 2067, 2110,
2153,2196,2239,2282,2325,2368,2411 };

By = {17, 60, 103, 146, 189, 232, 275, 318, 361, 404, 447, 490, 533, 576, 619,

662, 705, 748, 791, 834, 877, 920, 963, 1006, 1049, 1092, 1135, 1178,
1221, 1264, 1307, 1350, 1393, 1436, 1479, 1522, 1565, 1608, 1651,
1694, 1737, 1780, 1823, 1866, 1909, 1952, 1995, 2038, 2081, 2124,
2167,2210,2253,2296,2339,2382,2425 };

By, =1{31,74, 117, 160, 203, 246, 289, 332, 375, 418, 461, 504, 547, 590, 633,

676, 719, 762, 805, 848, 891, 934, 977, 1020, 1063, 1106, 1149, 1192,
1235, 1278, 1321, 1364, 1407, 1450, 1493, 1536, 1579, 1622, 1665,
1708, 1751, 1794, 1837, 1880, 1923, 1966, 2009, 2052, 2095, 2138,
2181,2224,2267,2310,2353,2396,2439 };

Bis =1{2, 45, 88, 131, 174, 217, 260, 303, 346, 389, 432, 475, 518, 561, 604,

647, 690, 733, 776, 819, 862, 905, 948, 991, 1034, 1077, 1120, 1163,
1206, 1249, 1292, 1335, 1378, 1421, 1464, 1507, 1550, 1593, 1636,
1679, 1722, 1765, 1808, 1851, 1894, 1937, 1980, 2023, 2066, 2109,
2152,2195,2238,2281,2324,2367,2410 };

By = {16, 59, 102, 145, 188, 231, 274, 317, 360, 403, 446, 489, 532, 575, 618,

661, 704, 747, 790, 833, 876, 919, 962, 1005, 1048, 1091, 1134, 1177,
1220, 1263, 1306, 1349, 1392, 1435, 1478, 1521, 1564, 1607, 1650,
1693, 1736, 1779, 1822, 1865, 1908, 1951, 1994, 2037, 2080, 2123,
2166,2209,2252,2295,2338,2381,2424 };
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Ba =1{30,73, 116, 159, 202, 245, 288, 331, 374, 417, 460, 503, 546, 589, 632,
675,718, 761, 804, 847, 890, 933, 976, 1019, 1062, 1105, 1148, 1191,
1234, 1277, 1320, 1363, 1406, 1449, 1492, 1535, 1578, 1621, 1664,
1707, 1750, 1793, 1836, 1879, 1922, 1965, 2008, 2051, 2094, 2137,
2180, 2223,2266,2309, 2352,2395,2438 };

By, =11, 44, 87, 130, 173, 216, 259, 302, 345, 388, 431, 474, 517, 560, 603,
646, 689, 732, 775, 818, 861, 904, 947, 990, 1033, 1076, 1119, 1162,
1205, 1248, 1291, 1334, 1377, 1420, 1463, 1506, 1549, 1592, 1635,
1678, 1721, 1764, 1807, 1850, 1893, 1936, 1979, 2022, 2065, 2108,
2151,2194,2237,2280, 2323, 2366, 2400 };

By = {15,358, 101, 144, 187, 230, 273, 316, 359, 402, 445, 488, 531, 574, 617,
660, 703, 746, 789, 832, 875, 918, 961, 1004, 1047, 1090, 1133, 1176,
1219, 1262, 1305, 1348, 1391, 1434, 1477, 1520, 1563, 1606, 1649,
1692, 1735, 1778, 1821, 1864, 1907, 1950, 1993, 2036, 2079, 2122,
2165,2208,2251,2294,2337,2380,2423 };

Bz =1{29,72, 115, 158, 201, 244, 287, 330, 373, 416, 459, 502, 545, 588, 631,
674,717, 760, 803, 846, 889, 932, 975, 1018, 1061, 1104, 1147, 1190,
1233, 1276, 1319, 1362, 1405, 1448, 1491, 1534, 1577, 1620, 1663,
1706, 1749, 1792, 1835, 1878, 1921, 1964, 2007, 2050, 2093, 2136,
2179,2222,2265,2308,2351,2394,2437 }.
The second decomposition is given by 43 sets B, fori = 1,...,43 each set consists of

57 points of one of the 43 disjoint subplanes of order seven in PG(2, 7°) as follows:

B, =1{0,43,86,129, 172,215,258, 301, 344, 387,430,473, 516, 559, 602, 645,
688, 731, 774, 817, 860, 903, 946, 989, 1032, 1075, 1118, 1161, 1204,
1247, 1290, 1333, 1376, 1419, 1462, 1505, 1548, 1591, 1634, 1677,
1720, 1763, 1806, 1849, 1892, 1935, 1978, 2021, 2064, 2107, 2150,
2193,2236,2279,2322,2365, 2408 };

B, =1{7, 20,50, 62,93, 117, 226, 315, 397, 440, 483, 501, 669, 705, 712, 716,
869, 879, 905, 909, 912, 942, 955, 971, 1130, 1176, 1421, 1464, 1537,
1540, 1554, 1584, 1596, 1597, 1630, 1639, 1640, 1683, 1701, 1802,
1846, 1851, 1855, 2068, 2098, 2105, 2186, 2198, 2239, 2249, 2282,
2292,2317,2325,2391, 2401, 2419 };
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B; =1{42, 49, 103, 124, 146, 189, 190, 235, 238, 281, 324, 457, 461, 497, 500,
526, 540, 583, 627, 698, 722, 746, 776, 795, 833, 850, 885, 922, 952,
1001, 1048, 1119, 1125, 1171, 1181, 1480, 1543, 1577, 1586, 1594,
1667, 1727, 1746, 1920, 1942, 1994, 2104, 2159, 2232, 2278, 2284,
2289,2314,2321,2362,2364,2376 };

B, =1{21, 183,204, 207, 278, 441, 584, 623, 626, 660, 798, 823, 838, 890, 908,
919, 937, 993, 1008, 1120, 1128, 1147, 1174, 1217, 1246, 1260, 1271,
1365, 1371, 1385, 1389, 1414, 1428, 1457, 1459, 1528, 1585, 1603,
1617, 1628, 1671, 1710, 1804, 1810, 1826, 1847, 1883, 1909, 2102,
2146,2180,2310,2353, 2389, 2395,2396,2417 };

Bs = {35, 64, 149, 250, 261, 424, 495, 518, 561, 604, 647, 700, 743, 754, 759,
784,797, 812,842,980, 1042, 1061, 1076, 1100, 1123, 1167, 1175, 1228,
1263, 1291, 1341, 1422, 1566, 1598, 1618, 1672, 1713, 1786, 1796,
1805, 1833, 1845, 1848, 1853, 1876, 1884, 1891, 1919, 1971, 2048,
2069, 2083, 2145,2237,2266,2287,2383 };

Be = {85, 159, 180, 290, 329, 393, 420, 493, 494, 514, 576, 617, 654, 661, 682,
701,704,729,741,744,747,753,772,7787,790, 793, 815, 832, 851, 884,
944, 995, 1089, 1107, 1142, 1162, 1166, 1210, 1254, 1316, 1359, 1512,
1514, 1670, 1737, 1778, 1888, 1927, 1939, 1987, 2101, 2103, 2144,
2258,2298,2361,2426 };

B; = {23, 61, 150, 243, 321, 332, 347, 408, 436, 438, 536, 563, 635, 703, 841,
883, 982, 999, 1018, 1029, 1037, 1072, 1097, 1150, 1164, 1195, 1211,
1233, 1257, 1356, 1360, 1403, 1432, 1446, 1493, 1506, 1581, 1758,
1857, 1861, 1900, 1928, 1944, 2008, 2016, 2051, 2076, 2094, 2106,
2119,2137,2162,2170,2179,2291,2341,2357 };

Bg = {26, 107,241, 252, 256, 284, 299, 323, 327, 342, 366, 421, 456, 523, 662,
678, 778, 866, 904, 947, 990, 991, 1002, 1023, 1033, 1046, 1047, 1099,
1104, 1136, 1207, 1236, 1238, 1261, 1313, 1355, 1357, 1370, 1381,
1469, 1479, 1559, 1600, 1602, 1715, 1724, 1858, 2013, 2020, 2091,
2152,2207,2212,2213,2230,2271,2272 };

By ={8,40,79, 105, 169, 192, 200, 209, 365, 415, 418, 445, 464, 488, 522, 531,
549, 574, 607, 780, 821, 916, 969, 987, 1126, 1132, 1134, 1209, 1227,
1235, 1293, 1351, 1361, 1424, 1448, 1498, 1522, 1541, 1557, 1603,
1646, 1661, 1689, 1813, 1870, 1970, 1973, 1986, 2190, 2218, 2231,
2261,2295,2297,2311, 2405, 2448 };
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Bio =1{30,75, 106, 123, 148, 269, 286, 452, 479, 484, 527, 557, 570, 650, 687,
692, 699, 709, 846, 889, 893, 894, 925, 926, 932, 975, 1021, 1028, 1039,
1071, 1077, 1082, 1191, 1278, 1282, 1394, 1476, 1575, 1608, 1782,
1815, 1894, 1977, 2043, 2071, 2073, 2192, 2219, 2228, 2262, 2299,
2305,2316,2334,2368,2384,2416 };

B =1{87,118,119,121, 132,232,471, 499, 550, 630, 721,737,767, 808, 873,
874, 882,917, 928, 936, 960, 967, 1003, 1036, 1078, 1080, 1088, 1143,
1184, 1186, 1220, 1229, 1265, 1358, 1364, 1377, 1442, 1627, 1825,
1904, 1932, 1937, 1975, 2018, 2034, 2037, 2063, 2072, 2100, 2242,
2256,2273,2330,2375,2386,2418,2429 };

B, =1{11,28,39,54,63,69,71,80,97, 114, 116, 157, 162, 168, 175,212, 242,
262, 308, 338, 379, 447, 507, 538, 673, 736, 796, 864, 918, 933, 959,
994,1079, 1081, 1168, 1253, 1292, 1393, 1532, 1609, 1641, 1747, 1798,
1818, 1841, 2023, 2028, 2029, 2057, 2080, 2189, 2255, 2404, 2407,
2439,2440,2447 };

B3 =1{46, 77, 94, 203, 305, 307, 333, 350, 407, 428, 490, 537, 579, 592, 643,
670, 693, 713, 742, 756, 765, 835, 924, 976, 1084, 1085, 1149, 1213,
1256, 1299, 1300, 1303, 1319, 1330, 1339, 1343, 1384, 1386, 1427,
1435, 1437, 1463, 1500, 1515, 1589, 1652, 1655, 1665, 1911, 1934,
1989,2166,2169,2233,2280, 2434, 2450 };

B4 =1{55,98, 161, 197, 248, 263, 331, 336, 376, 453, 485, 506, 582, 625, 665,
668, 735, 830, 862, 878, 949, 951, 992, 1004, 1035, 1062, 1067, 1109,
1185, 1281, 1342, 1346, 1400, 1401, 1507, 1550, 1593, 1615, 1636,
1721, 1764, 1808, 1821, 1860, 1868, 1931, 1962, 1974, 1990, 2010,
2017,2084,2127,2301,2323,2324,2344 };

Bis = {16, 38, 68, 155, 205, 211, 218, 335, 378, 391, 433, 649, 671, 711, 714,
827, 858, 870, 913, 1005, 1025, 1068, 1101, 1262, 1264, 1295, 1296,
1305, 1307, 1308, 1350, 1367, 1438, 1458, 1467, 1489, 1650, 1678,
1693, 1736, 1779, 1800, 1864, 1929, 1951, 1972, 2005, 2015, 2027,
2053,2059,2067,2126,2222,2274,2360, 2400 };

Bie =1{19, 32, 191, 348, 354, 384, 385, 427, 463, 521, 533, 546, 564, 566, 589,
609, 622, 632, 675,748, 814,847,901, 927,964,970, 1013, 1020, 1063,
1106, 1219, 1222, 1329, 1353, 1363, 1553, 1556, 1558, 1663, 1685,
1706, 1728, 1771, 1901, 1950, 2058, 2110, 2116, 2202, 2205, 2226,
2250,2265,2319,2331,2352,2382 };
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B17 =1{22, 89, 151, 194, 225, 237, 259, 277, 289, 370, 398, 454, 504, 606, 807,
914, 921, 957, 979, 1248, 1270, 1324, 1344, 1404, 1485, 1571, 1620,
1658, 1679, 1691, 1696, 1700, 1722, 1732, 1734, 1739, 1765, 1801,
1814, 1844, 1887, 1893, 1913, 1936, 1956, 1979, 2022, 2055, 2138,
2139,2194,2248,2293,2351,2369,2397,2425 };

B =1{3,33,76, 81, 83, 166, 280, 325, 346, 381, 404, 413, 467, 491, 596, 730,
789, 845, 888, 948, 950, 1057, 1065, 1122, 1163, 1179, 1197, 1325,
1326, 1328, 1368, 1369, 1412, 1434, 1447, 1477, 1510, 1520, 1563,
1573, 1616, 1643, 1648, 1686, 1729, 1735, 1822, 1865, 1908, 2003,
2096,2181,2196,2241,2251,2348,2379 };

B = {60, 126, 137, 160, 171, 176, 201, 214, 219, 223, 234, 318, 352, 383,
389, 426, 489, 613, 718, 738, 761, 773, 802, 804, 813, 867, 910, 953,
965, 1012, 1055, 1091, 1098, 1170, 1190, 1199, 1208, 1306, 1455, 1523,
1533, 1666, 1695, 1835, 1878, 1921, 1964, 2061, 2077, 2136, 2153,
2285,2318,2328,2354,2373,2374 };

B =1{4,47,90,92, 128, 202, 229, 247, 285, 298, 330, 419, 539, 656, 749, 792,
859, 996, 1022, 1041, 1054, 1140, 1214, 1218, 1269, 1272, 1287, 1454,
1518, 1551, 1561, 1654, 1723, 1730, 1743, 1753, 1773, 1781, 1829,
1836, 1863, 1906, 1949, 1992, 2065, 2085, 2108, 2120, 2151, 2160,
2164,2214,2257,2300, 2326, 2438,2441 };

B, =1{82,133,304, 328, 358, 372,410, 448, 476, 505, 577, 620, 639, 663, 725,
732, 828,1017, 1060, 1103, 1146, 1165, 1314, 1315, 1318, 1334, 1475,
1497, 1549, 1606, 1626, 1632, 1649, 1669, 1692, 1712, 1817, 1830,
1834, 1866, 1869, 1873, 1886, 1896, 1924, 1967, 2038, 2177, 2206,
2220,2229,2260,2315,2343,2356,2414,2444 };

B =1{6,18,25,91, 120, 125, 135, 178, 221, 253, 273, 296, 343, 386, 395, 414,
429,472,481, 528,562,619, 644, 683, 706, 791, 875, 1073, 1090, 1116,
1160, 1429, 1487, 1622, 1623, 1642, 1675, 1738, 1740, 1752, 1755,
1757, 1770, 1794, 1795, 1838, 1856, 1963, 1981, 1985, 2007, 2024,
2050,2093,2134,2149,2188 };

B =1{2,12,56,95, 108, 138,264,297, 306, 375, 462, 525, 547, 571, 666, 674,
752, 877, 881, 1030, 1045, 1144, 1193, 1266, 1276, 1286, 1289, 1312,
1398, 1472, 1491, 1513, 1529, 1680, 1690, 1733, 1761, 1776, 1783,
1809, 1819, 1852, 1881, 1895, 1912, 1955, 1991, 1998, 2030, 2035,
2078,2121,2281,2296, 2339, 2420, 2442 };
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By = {27, 34, 36, 78, 122, 145, 163, 164, 177, 182, 185, 199, 206, 249, 293,
519, 585, 628, 633, 657, 702, 715, 857, 1034, 1187, 1189, 1206, 1232,
1250, 1275, 1283, 1304, 1399, 1481, 1519, 1572, 1644, 1704, 1915,
1938, 1958, 1995, 2041, 2052, 2054, 2095, 2124, 2167, 2210, 2345,
2349,23717,2392,2403, 2424, 2430,2435 };

Brs = {24, 67, 220, 260, 282, 292, 295, 303, 341, 349, 392, 435, 458, 515, 542,
558, 600, 601, 811, 824, 834, 844, 854, 900, 1038, 1124, 1154, 1177,
1241, 1245, 1273, 1288, 1320, 1331, 1349, 1352, 1374, 1387, 1492,
1546, 1565, 1568, 1611, 1744, 1751, 1880, 1923, 1966, 2062, 2079,
2114,2197,2245,2253, 2269, 2307, 2446 };

B =129, 51, 73, 88, 131, 141, 167, 174, 184, 216, 227, 245, 255, 270, 319,
364, 388, 403, 442, 446, 450, 478, 567, 590, 610, 695, 871, 898, 941,
958, 986, 997, 1010, 1156, 1321, 1395, 1430, 1524, 1567, 1610, 1614,
1633, 1862, 1905, 1947, 1948, 2009, 2046, 2140, 2171, 2191, 2235,
2270,2288,2313,2410, 2412 };

Br; =1{5,9,48,57,70, 102, 112, 113, 156, 217, 231, 274, 317, 422, 510, 529,
534,740, 757,783,785, 800, 843, 856, 886, 968, 998, 1058, 1066, 1087,
1131, 1152, 1249, 1420, 1484, 1494, 1516, 1527, 1530, 1574, 1583,
1592, 1653, 1657, 1750, 1793, 1914, 1980, 2042, 2089, 2183, 2208,
2283,2312,2355,2380,2398 };

Brs =1{17,74, 109, 140, 152, 158, 208, 251, 266, 340, 360, 367, 405, 470, 513,
532,553, 556, 599, 638, 646, 689, 771, 819, 839, 899, 961, 1133, 1180,
1188, 1223, 1252, 1338, 1382, 1392, 1417, 1444, 1449, 1460, 1503,
1578, 1621, 1662, 1664, 1703, 1709, 1790, 2123, 2143, 2175, 2203,
2267,2276,2359,2402,2411,2445 };

By = {84, 179, 186, 187, 230, 254, 275, 288, 309, 313, 345, 355, 356, 399,
474,475,517, 560, 686,708, 733,799, 962, 985, 988, 1000, 1019, 1043,
1086, 1129, 1183, 1301, 1362, 1405, 1416, 1456, 1499, 1534, 1580,
1684, 1687, 1707, 1714, 1766, 1879, 1968, 2011, 2014, 2115, 2158,
2200,2201,2224,2243,2246,2303,2427 };

B3 = {15, 31, 58, 101, 432, 580, 581, 588, 603, 618, 624, 631, 667, 726, 764,
775, 876, 929, 972, 1014, 1015, 1096, 1139, 1212, 1226, 1255, 1390,
1410, 1431, 1433, 1470, 1526, 1555, 1562, 1601, 1635, 1637, 1659,
1702, 1745, 1787, 1788, 1791, 1946, 1960, 2033, 2060, 2081, 2111,
2154,2309,2332,2335,2337,2346,2358,2366 };
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By = {144, 154, 198, 210, 233, 276, 287, 316, 416, 451, 459, 469, 502, 508,
512, 543, 544, 551, 555, 568, 575, 587, 598, 616, 642, 659, 685, 690,
728,769,770,907,938,956, 1031, 1074, 1117, 1205, 1279, 1322, 1542,
1756, 1799, 1837, 1842, 1899, 1907, 1952, 1965, 2047, 2129, 2172,
2223,2275,2387,2432,2443 };

B3, = {13, 45, 52, 142, 320, 363, 444, 487, 530, 545, 611, 717, 853, 855, 861,
880, 896, 923, 966, 1009, 1056, 1111, 1172, 1215, 1258, 1297, 1298,
1336, 1340, 1354, 1379, 1383, 1397, 1408, 1415, 1440, 1451, 1468,
1511, 1564, 1607, 1708, 1760, 1816, 1859, 1890, 1898, 1902, 1922,
1945,2117,2221,2264,2308,2378,2388,2421 };

B13 = {188, 193, 236, 279, 311, 394, 402, 437, 460, 503, 573, 586, 629, 652,
672,697,745,766, 786,794, 801, 809, 818, 837,852, 1108, 1151, 1224,
1284, 1465, 1508, 1547, 1582, 1590, 1625, 1651, 1668, 1694, 1711,
1831, 1872, 1874, 1916, 1917, 1930, 1959, 2002, 2045, 2049, 2092,
2135,2215,2217,2290, 2336, 2367, 2431 };

By =1{59, 66, 339, 359, 382, 411, 425, 443, 468, 486, 498, 640, 641, 684, 727,
768, 803, 939, 1040, 1251, 1294, 1327, 1375, 1402, 1407, 1418, 1450,
1461, 1490, 1496, 1535, 1539, 1726, 1741, 1768, 1769, 1772, 1780,
1784, 1807, 1811, 1812, 1823, 1850, 1854, 1897, 1926, 1933, 1976,
1999, 2019, 2056,2099,2142,2148,2178,2350 };

B35 = {181, 224, 267, 271, 310, 314, 357, 431, 480, 482, 492, 524, 535, 565,
578, 608, 621, 651, 760, 816, 829, 831, 872, 915, 1044, 1052, 1083,
1095, 1102, 1115, 1138, 1141, 1145, 1153, 1196, 1285, 1348, 1391,
1406, 1411, 1413, 1504, 1536, 1579, 1676, 1682, 1725, 1759, 1824,
1867, 1957, 1988, 2031, 2066, 2074,2109,2112 };

By =1{37,41, 302, 400, 406, 449, 548, 572, 591, 655, 681, 788, 836, 930, 973,
1016, 1127, 1169, 1280, 1323, 1366, 1409, 1441, 1445, 1488, 1531,
1645, 1660, 1749, 1754, 1792, 1797, 1827, 1840, 2000, 2001, 2044,
2087, 2088, 2113, 2130, 2131, 2156, 2163, 2174, 2195, 2209, 2238,
2252,2302,2342,2371, 2385, 2423, 2428, 2436, 2449 };

B3, = {165, 222, 371, 373, 496, 511, 554, 593, 597, 605, 636, 648, 679, 724,
755, 897, 940, 983, 1026, 1059, 1105, 1148, 1158, 1194, 1198, 1201,
1231, 1237, 1239, 1244, 1345, 1373, 1388, 1423, 1439, 1466, 1482,
1509, 1552, 1624, 1697, 1762, 1777, 1820, 1940, 1983, 2026, 2086,
2244,2277,2294,2304,2320,2338,2363,2381,2393 };
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Bz = {1, 44, 127, 244, 265, 353, 396, 401, 439, 653, 658, 664, 696, 707, 710,
739,750,779, 782, 810, 822, 865, 920, 931, 954, 963,974, 1114, 1173,
1216, 1234, 1259, 1277, 1337, 1380, 1569, 1629, 1688, 1718, 1719,
1731, 1767, 1774, 1843, 1903, 1961, 1996, 2004, 2039, 2082, 2125,
2141,2157,2184,2199, 2399, 2406 };

B3 =1{10,111, 130, 134,173, 257,272, 300, 351, 614, 615, 676,719, 720, 763,
806, 849, 981, 1053, 1302, 1317, 1452, 1471, 1474, 1495, 1525, 1538,
1570, 1599, 1612, 1613, 1656, 1674, 1699, 1717, 1789, 1832, 1871,
1875, 1885, 1910, 1953, 1954, 1993, 1997, 2006, 2036, 2040, 2173,
2216,2259,2327,2340,2347,2370, 2390, 2433 };

B4 = {65,110, 213,291, 294, 334,337,377, 380, 423, 465, 595, 634, 677,777,
820, 840, 863, 906, 1024, 1051, 1064, 1069, 1094, 1112, 1155, 1157,
1200, 1230, 1243, 1274, 1309, 1332, 1335, 1372, 1378, 1426, 1502,
1545, 1588, 1595, 1604, 1638, 1647, 1681, 1698, 1877, 1918, 1941,
2090,2122,2165,2204,2227,2247,2394, 2437 };

By =1{14, 53, 72, 96, 115, 136, 139, 170, 228, 268, 322, 412, 434, 455, 477,
520, 691, 734, 825, 868, 911, 943, 984, 1092, 1110, 1121, 1135, 1178,
1203, 1221, 1240, 1267, 1425, 1478, 1521, 1560, 1631, 1803, 1839,
1882, 1984, 2032, 2075, 2097, 2118, 2168, 2187, 2211, 2254, 2263,
2286,2306,2329,2372,2413,2415,2422 };

B =1{99, 100, 143, 153, 196, 239, 240, 283, 326, 368, 374,417,751, 781, 826,
848, 887, 891, 892, 934, 935, 977, 978, 1006, 1007, 1049, 1050, 1093,
1137, 1159, 1182, 1202, 1225, 1268, 1310, 1311, 1436, 1473, 1483,
1517, 1576, 1619, 1673, 1716, 1742, 1785, 1828, 1943, 1969, 1982,
2025,2070,2161,2176, 2185, 2240,2333 };

Bz = {104, 147, 195, 246, 312, 361, 362, 369, 390, 409, 466, 509, 541, 552,
569, 594, 612, 637, 680, 694, 723, 758, 762, 805, 895, 902, 945, 1011,
1027, 1070, 1113, 1192, 1242, 1347, 1396, 1443, 1453, 1486, 1501,
1544, 1587, 1705, 1748, 1775, 1889, 1925, 2012, 2128, 2132, 2133,
2147,2155,2182,2225,2234,2268, 2400 }.
The third decomposition is given by 43 sets B; for i = 1,...,43 each set consists of

57 points of one of the 43 disjoint subplanes of order seven in PG(2, 7?) as follows:

B, =1{0,43,86,129, 172,215,258, 301, 344, 387,430,473, 516, 559, 602, 645,
688, 731, 774, 817, 860, 903, 946, 989, 1032, 1075, 1118, 1161, 1204,
1247, 1290, 1333, 1376, 1419, 1462, 1505, 1548, 1591, 1634, 1677,
1720, 1763, 1806, 1849, 1892, 1935, 1978, 2021, 2064, 2107, 2150,
2193,2236,2279,2322,2365, 2408 };
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B, =1{10, 12, 24,59, 95, 102, 147, 247, 357, 360, 422, 459, 551, 578, 593, 604,
608,757,931,954,986,1107, 1188, 1190, 1208, 1214, 1222, 1226, 1251,
1274, 1298, 1301, 1302, 1383, 1463, 1470, 1531, 1562, 1579, 1609,
1664, 1676, 1683, 1702, 1728, 1752, 1770, 1885, 1946, 1965, 2026,
2048,2087,2189,2273,2285,2432 };

B ={110, 154, 170, 194, 257, 279, 298, 304, 333, 470, 487, 512, 572, 628,
666, 747,750,779, 855, 861, 896, 898, 944, 983, 1004, 1016, 1085, 1164,
1218, 1244, 1279, 1314, 1322, 1361, 1366, 1382, 1406, 1426, 1449,
1480, 1511, 1596, 1781, 1805, 1809, 1824, 1848, 1871, 1915, 1918,
1960, 2017,2238,2287,2385,2387,2397 };

B4 =1{3, 60, 78, 302, 322, 341, 345, 372, 402, 437, 505, 548, 595, 619, 636,
687,701, 708,716,739, 740, 744,753,770, 811, 828, 833, 837,913, 958,
984, 1000, 1035, 1111, 1185, 1231, 1336, 1369, 1379, 1415, 1509, 1517,
1538, 1604, 1631, 1774, 1859, 1954, 2092, 2094, 2124, 2142, 2188,
2291,2360,2363,2381 };

Bs = {42,109, 127, 136, 291, 311, 318, 375, 456, 562, 567, 605, 651, 652, 803,
822,826,871,910,990, 1013, 1038, 1176, 1259, 1277, 1287, 1350, 1360,
1403, 1410, 1418, 1487, 1539, 1574, 1656, 1659, 1681, 1701, 1784,
1880, 1928, 1959, 2030, 2034, 2059, 2082, 2117, 2133, 2149, 2161,
2180,2185,2202,2263,2294,2337,2433 };

Be = {47, 88, 124, 169, 173, 195, 242, 243, 244, 256, 287, 297, 299, 314, 364,
369, 380, 382, 411, 434, 469, 531, 694, 806, 831, 877, 920, 1034, 1045,
1074, 1076, 1106, 1159, 1196, 1243, 1389, 1399, 1456, 1469, 1474,
1483, 1484, 1530, 1571, 1577, 1725, 1875, 1887, 1901, 1997, 1999,
2130,2217,2254,2257,2267,2428 };

B7; = {139, 142,208, 224,231, 272,295, 334, 340, 361, 365, 449, 467,617, 633,
640, 676, 679, 681, 699, 710, 863, 895,932,973, 978, 1007, 1026, 1066,
1177, 1212, 1270, 1285, 1411, 1540, 1588, 1589, 1598, 1603, 1605,
1644, 1646, 1651, 1669, 1704, 1729, 1816, 1924, 2020, 2055, 2090,
2156,2165,2372,2417,2421,2436 };

Bs = {49, 51, 73, 115, 166, 178, 222, 223, 239, 390, 477, 482, 485, 494, 600,
629, 759, 782, 801, 865, 916, 960, 1018, 1098, 1127, 1178, 1237, 1252,
1257, 1268, 1335, 1358, 1407, 1482, 1568, 1578, 1687, 1744, 1762,
1786, 1803, 1877, 1907, 1916, 1981, 2044, 2118, 2129, 2182, 2200,
2219,2228,2241,2262,2320,2371,2429 };
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By = {85, 114, 143, 168, 326, 330, 339, 474, 496, 658, 680, 682, 737, 853, 934,
940, 965, 968, 1046, 1050, 1096, 1101, 1113, 1140, 1203, 1216, 1357,
1380, 1420, 1478, 1569, 1575, 1697, 1699, 1724, 1758, 1787, 1826,
1841, 1869, 1932, 1947, 1955, 1975, 1976, 2040, 2066, 2106, 2148,
2184,2270,2296,2308,2333,2357,2373,2427 };

Bio=1{5,11,15,54,63,77,90,99, 112, 120, 181, 187, 200, 206, 210, 350, 374,
377, 394, 423, 438, 471, 508, 541, 696, 764, 814, 866, 872, 955, 961,
981, 1002, 1011, 1044, 1317, 1432, 1587, 1600, 1640, 1748, 1753, 1832,
1843, 1953, 2143, 2174, 2209, 2225, 2231, 2297, 2315, 2370, 2386,
2399,2401,2416 };

B =1{52,134,192,213, 263, 306, 324,392, 397, 416, 520, 588, 597, 670, 677,
713,717,758, 765, 882,907, 969, 1021, 1094, 1105, 1180, 1355, 1356,
1362, 1468, 1488, 1545, 1599, 1613, 1660, 1661, 1684, 1741, 1775,
1798, 1818, 1856, 1896, 1900, 1941, 1942, 1977, 2000, 2001, 2073,
2091,2127,2215,2276,2293,2362,2415 };

B, =1{1, 18, 65, 79, 252, 307, 332, 337, 355, 366, 378, 439, 441, 444, 497,
557, 580, 616, 724, 734, 745, 752, 794, 838, 873, 894, 897, 939, 951,
987,1009, 1078, 1093, 1153, 1201, 1267, 1309, 1311, 1373, 1390, 1438,
1442, 1447, 1481, 1560, 1567, 1671, 1679, 1872, 1882, 1931, 1968,
1974,2057,2075,2316,2434 };

B3 = {8,133, 164, 265, 283, 338, 480, 495, 544, 653, 723, 768, 773, 827, 870,
909, 942, 991, 1014, 1049, 1080, 1100, 1193, 1240, 1371, 1393, 1496,
1500, 1532, 1541, 1711, 1731, 1764, 1822, 1903, 1904, 1969, 1993,
2025, 2049, 2071, 2084, 2097, 2111, 2113, 2126, 2176, 2221, 2226,
2259, 2268, 2269, 2329, 2334, 2350, 2355, 2443 };

Bia =1{2,69,74, 84,94, 111, 233, 235, 335, 463, 499, 524, 706, 718, 781, 803,
923, 925, 927, 967, 970, 1082, 1124, 1134, 1149, 1155, 1199, 1225,
1250, 1342, 1354, 1375, 1439, 1544, 1547, 1570, 1612, 1620, 1670,
1682, 1827, 1889, 1897, 1973, 2120, 2155, 2172, 2199, 2240, 2255,
2275,2282,2289,2361,2390,2394,2412 };

Bis =1{30, 145, 146, 212, 271, 294, 328, 362, 379, 406, 443, 450, 521, 534, 592,
606, 621, 637,697,711, 733,766, 880,911,912,937,1024, 1037, 1041,
1200, 1211, 1239, 1372, 1404, 1408, 1431, 1441, 1525, 1565, 1593,
1616, 1625, 1648, 1779, 1801, 1808, 1844, 1855, 1881, 2065, 2100,
2128,2141,2169,2233,2389,2422 };
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Bis =125, 50, 66, 96, 98, 107, 165, 268, 281, 286, 410, 426, 506, 650, 675,
730,735, 802, 812,876,930, 1102, 1123,1152,1179, 1181, 1194, 1377,
1409, 1465, 1492, 1576, 1582, 1606, 1641, 1643, 1675, 1686, 1696,
1709, 1726, 1765, 1811, 1828, 1906, 1951, 1984, 2047, 2058, 2072,
2212,2227,2239,2286,2327,2353,2419 };

B17 =1{33,103, 128, 196, 368, 388, 535, 537, 538, 549, 552, 561, 571, 627, 649,
847,902, 918, 1012, 1051, 1052, 1055, 1060, 1071, 1182, 1286, 1308,
1310, 1337, 1338, 1413, 1476, 1537, 1552, 1628, 1757, 1760, 1766,
1768, 1773, 1780, 1814, 1825, 1883, 1908, 1970, 2007, 2063, 2077,
2157,2223,2277,2298,2354,2364,2413,2449 };

Bis = {4, 32, 64, 162, 176, 182, 280, 285, 363, 386, 479, 492, 594, 630, 635,
692,704,712,742, 804, 959, 1053, 1070, 1130, 1137, 1169, 1173, 1187,
1242, 1260, 1319, 1323, 1345, 1405, 1454, 1475, 1507, 1513, 1536,
1594, 1665, 1754, 1839, 1873, 1888, 1891, 1910, 2012, 2035, 2069,
2081,2125,2290,2310, 2326, 2380,2418 };

Bie = {20, 89, 282, 296, 305, 465, 498, 518, 634, 749, 778, 784, 787, 836, 849,
900, 1151, 1189, 1191, 1253, 1265, 1280, 1299, 1401, 1433, 1455, 1466,
1584, 1586, 1632, 1636, 1722, 1733, 1746, 1789, 1837, 1863, 1909,
1919, 1925, 1927, 1940, 1961, 1982, 2051, 2086, 2088, 2131, 2134,
2151,2195,2256,2324, 2384, 2407, 2430, 2445 };

By =1{7, 16, 45, 87, 104, 138, 211, 404, 428, 436, 507, 511, 515, 528, 554,
579, 587, 661, 664, 668, 691, 721, 722, 810, 815, 878, 884, 906, 947,
996, 1017, 1030, 1125, 1154, 1156, 1294, 1303, 1351, 1423, 1425, 1428,
1446, 1459, 1502, 1624, 1674, 1692, 1713, 1759, 1815, 1846, 1865,
2039,2201,2338,2392,2440 };

B, =1{21, 46, 160, 188, 230, 342, 343, 351, 353, 396, 488, 655, 667, 693, 705,
751,761,763, 797, 864, 908, 998, 1006, 1144, 1184, 1207, 1221, 1234,
1254, 1281, 1288, 1363, 1397, 1452, 1549, 1558, 1721, 1767, 1862,
1867, 1958, 1962, 1996, 2008, 2015, 2028, 2032, 2053, 2093, 2095,
2162,2204,2213,2321,2343,2376,2377 };

By =1{55, 70, 80, 130, 150, 184, 201, 240, 259, 303, 327, 367, 412, 461, 464,
542, 584, 591, 631, 720, 755, 762, 809, 820, 854, 857, 858, 889, 904,
924,977, 1090, 1217, 1437, 1453, 1467, 1522, 1535, 1595, 1658, 1689,
1690, 1698, 1755, 1771, 1842, 1868, 1884, 2083, 2108, 2110, 2121,
2144,2173,2216,2340, 2441 };
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By =1{40, 81, 161, 191, 205, 229, 237, 250, 255, 264, 336, 393, 420, 431, 445,

446, 454, 610, 648, 659, 738, 777, 800, 1064, 1069, 1110, 1112, 1120,
1135, 1213, 1275, 1278, 1347, 1387, 1417, 1421, 1491, 1501, 1629,
1639, 1649, 1673, 1714, 1736, 1769, 1845, 1876, 2013, 2122, 2168,
2186,2205,2249,2251,2305,2341,2349 };

B =1{72, 218, 313, 348, 370, 457, 501, 513, 522, 563, 569, 570, 582, 601,

632,678,741,772,785, 825, 846, 868, 891, 892,963, 1092, 1095, 1119,
1121, 1210, 1236, 1245, 1262, 1263, 1296, 1328, 1412, 1471, 1519,
1527, 1727, 1793, 1834, 1937, 2018, 2022, 2041, 2046, 2050, 2070,
2085,2112,2170,2264,2314,2374,2423 };

Brs = {62, 83,97, 100, 141, 159, 246, 251, 292, 373, 421, 533, 536, 577, 622,

623, 660, 689, 719, 821, 823, 840, 848, 856, 893, 921, 929, 953, 1043,
1136, 1160, 1170, 1229, 1293, 1396, 1436, 1443, 1444, 1497, 1563,
1590, 1663, 1742, 1743, 1785, 1797, 1804, 1929, 1948, 1979, 2078,
2080,2098,2119,2278,2299,2336 };

Bre =1{6, 35,39, 56,149, 156,254,284, 289, 401, 414, 466, 478, 486, 509, 539,

550,607,613, 639, 642, 647,700, 756, 850, 883,976, 1036, 1061, 1174,
1192, 1232, 1238, 1344, 1378, 1394, 1490, 1506, 1515, 1520, 1554,
1559, 1597, 1608, 1685, 1691, 1705, 1964, 1983, 2096, 2187, 2203,
2243,2284,2300,2311, 2400 };

B,; = {118, 119, 151, 395, 558, 564, 707, 715, 736, 790, 816, 845, 851, 948,

952, 993, 995, 1008, 1047, 1089, 1139, 1145, 1171, 1172, 1272, 1316,
1321, 1364, 1386, 1424, 1430, 1503, 1516, 1521, 1601, 1615, 1653,
1694, 1712, 1761, 1782, 1783, 1833, 1886, 1921, 1943, 1992, 2003,
2006,2153,2218,2230,2303,2323,2351, 2368, 2448 };

Brs = {34, 38, 41, 82, 148, 171, 175, 221, 232, 262, 278, 321, 399, 409, 417,

527, 657, 726, 729, 813, 819, 874, 917, 992, 1028, 1029, 1031, 1091,
1146, 1271, 1312, 1326, 1332, 1448, 1450, 1464, 1495, 1551, 1566,
1642, 1739, 1796, 1831, 1851, 1864, 1905, 1911, 1949, 1980, 1986,
2023,2062,2089,2137,2163,2175,2379 };

By =1{28, 36, 71, 76, 108, 113, 220, 228, 248, 290, 371, 452, 472, 490, 568,

641, 654, 746, 835, 867, 899, 936, 962, 980, 985, 1015, 1023, 1033,
1103, 1186, 1273, 1307, 1324, 1388, 1429, 1479, 1518, 1533, 1638,
1866, 1939, 1994, 1998, 2029, 2076, 2109, 2123, 2145, 2147, 2160,
2166,2265,2331,2375,2378,2438,2439 };
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B3 = {23, 61, 93, 219, 241, 249, 347, 391, 429, 483, 574, 586, 673, 728, 769,

859, 879, 887, 890, 1019, 1062, 1063, 1079, 1084, 1147, 1166, 1209,
1235, 1283, 1330, 1334, 1370, 1427, 1460, 1510, 1529, 1550, 1622,
1700, 1718, 1819, 1987, 1988, 1989, 2004, 2010, 2079, 2177, 2211,
2214,2246,2252,2260, 2309, 2332, 2388, 2447 };

B3 =1{27,29, 197,234, 315, 356, 435, 453, 583, 596, 611, 614, 662, 683, 792,

793, 795, 824, 869, 875, 935, 964, 971, 975, 979, 1073, 1126, 1148,
1175, 1205, 1258, 1282, 1284, 1343, 1395, 1626, 1667, 1717, 1776,
1802, 1860, 1894, 1933, 2067, 2068, 2206, 2234, 2237, 2281, 2344,
2346,2366,2403, 2405, 2409, 2414, 2450 };

B ={44,57, 68, 117, 135, 190, 207, 226, 238, 329, 352, 418, 484, 525, 698,

829, 905, 949, 972, 1003, 1022, 1040, 1068, 1122, 1230, 1276, 1346,
1374, 1457, 1458, 1486, 1581, 1607, 1610, 1740, 1778, 1800, 1810,
1917, 1920, 1950, 1967, 2037, 2043, 2139, 2171, 2183, 2194, 2232,
2242,2245,2247,2382, 2420, 2424, 2431,2435 };

By = {157, 167, 270, 354, 455, 503, 585, 609, 669, 685, 727, 767, 776, 798,

841, 885, 933, 943, 1048, 1128, 1143, 1165, 1167, 1246, 1264, 1269,
1292, 1304, 1320, 1327, 1329, 1331, 1365, 1445, 1556, 1583, 1585,
1614, 1662, 1695, 1735, 1912, 1957, 2005, 2024, 2036, 2138, 2179,
2196,2224,2292,2345, 2383, 2398, 2402, 2426, 2442 };

Bi =19, 22, 140, 163, 177, 204, 216, 225, 227, 308, 319, 346, 419, 432, 458,

500, 510, 620, 656, 709, 839, 886, 901, 919, 988, 1020, 1083, 1150,
1158, 1215, 1228, 1241, 1341, 1422, 1435, 1473, 1543, 1611, 1672,
1707, 1715, 1716, 1738, 1850, 1934, 1956, 2074, 2136, 2146, 2192,
2280,2339,2395,2404,2425,2437,2444 };

B35 ={14,75, 121, 261, 266, 325, 331, 349, 358, 462, 476, 489, 532, 575, 599,

603, 612, 663, 695, 799, 830, 843, 997, 1042, 1088, 1197, 1291, 1300,
1315, 1352, 1368, 1385, 1391, 1494, 1514, 1557, 1655, 1688, 1737,
1795, 1821, 1847, 1874, 1985, 2014, 2102, 2105, 2132, 2164, 2181,
2208, 2235,2248,2258,2266,2313,2335 };

By ={17,48, 125,132, 144, 158, 389, 413, 519, 543, 556, 576, 671, 684, 743,

791, 832, 881, 926, 982, 1001, 1067, 1081, 1129, 1131, 1142, 1162,
1183, 1305, 1318, 1400, 1489, 1493, 1524, 1555, 1619, 1627, 1652,
1678, 1747, 1792, 1836, 1838, 1852, 1914, 1922, 1944, 1963, 1971,
2042,2060,2115,2140,2222,2317,2328,2347 };
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B3, = {126, 186, 293, 376, 384, 385, 407, 447, 451, 523, 545, 547, 581, 638,
643, 644, 703, 732, 818, 834, 945, 956, 1086, 1157, 1168, 1219, 1223,
1233, 1289, 1313, 1359, 1472, 1512, 1617, 1618, 1654, 1706, 1788,
1790, 1820, 1829, 1890, 1895, 2016, 2027, 2031, 2152, 2159, 2167,
2198,2250,2274,2283,2312,2358,2359,2391 };

B33 ={53,67,123, 179, 185, 203, 209, 273, 359, 405, 408, 433, 440, 448, 514,
560, 573, 590, 598, 686, 725, 754,786,914, 922,974, 1056, 1072, 1104,
1109, 1206, 1261, 1339, 1353, 1384, 1528, 1564, 1572, 1732, 1734,
1745, 1756, 1791, 1858, 1870, 1899, 1923, 1990, 1991, 2011, 2104,
2116,2158,2295,2356,2369,2411 };

B1 = {91, 101, 131, 153, 155, 183, 199, 275, 300, 415, 424, 460, 481, 491,
540, 555, 624, 665, 674,748, 760, 844, 862, 888,941, 1117, 1132, 1227,
1249, 1295, 1297, 1349, 1402, 1440, 1485, 1526, 1573, 1580, 1602,
1623, 1630, 1650, 1693, 1710, 1861, 1930, 1945, 2033, 2052, 2101,
2154,2178,2271,2301,2330, 2348, 2446 };

B =1{13, 19, 26, 31, 180, 193, 198, 214, 245, 260, 274, 276, 381, 383, 493,
502, 504, 526, 546, 589, 702, 780, 783, 788, 796, 842, 852, 938, 1005,
1025, 1027, 1115, 1266, 1367, 1392, 1398, 1414, 1504, 1546, 1637,
1647, 1666, 1680, 1772, 1799, 1807, 1853, 1857, 1902, 1938, 2045,
2061,2191,2210,2261,2288,2319 };

By =1{92, 106, 122, 137, 152, 288, 323, 398, 400, 403, 442, 468, 530, 566,
626,672,690, 714, 807,966, 1077, 1087, 1097, 1141, 1163, 1195, 1256,
1340, 1348, 1451, 1553, 1561, 1592, 1621, 1645, 1657, 1723, 1730,
1812, 1879, 1893, 1898, 1936, 1952, 1966, 1995, 2002, 2054, 2056,
2103, 2190, 2253, 2306, 2307, 2325, 2352,2393 };

By =1{37,174, 189, 236, 269, 277, 310, 320, 425, 427, 475, 517, 553, 565, 625,
775, 808, 950, 999, 1054, 1057, 1058, 1059, 1133, 1138, 1202, 1220,
1224, 1248, 1306, 1381, 1434, 1477, 1498, 1499, 1508, 1633, 1635,
1668, 1703, 1708, 1719, 1749, 1750, 1751, 1830, 1913, 2009, 2019,
2038,2114,2135,2197,2220,2272,2302,2304 };

B =1{358,105, 116,202,217, 253,267,309, 312,316,317, 529, 615, 618, 646,
771,789,915, 928,957,994, 1010, 1039, 1065, 1099, 1108, 1114, 1116,
1198, 1255, 1325, 1416, 1461, 1523, 1534, 1542, 1777, 1794, 1813,
1817, 1823, 1835, 1840, 1854, 1878, 1926, 1972, 2099, 2207, 2229,
2244,2318,2342,2367,2396, 2406,2410 }.
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The fourth decomposition is given by 43 sets B; fori = 1,...,43 each set consists of

57 points of one of the 43 disjoint subplanes of order seven in PG(2, 7%) as follows:

B, =1{0,43,86,129, 172,215,258, 301, 344, 387,430,473, 516, 559, 602, 645,
688, 731, 774, 817, 860, 903, 946, 989, 1032, 1075, 1118, 1161, 1204,
1247, 1290, 1333, 1376, 1419, 1462, 1505, 1548, 1591, 1634, 1677,
1720, 1763, 1806, 1849, 1892, 1935, 1978, 2021, 2064, 2107, 2150,
2193,2236,2279,2322,2365, 2408 };

B, =1{2,35,74,94, 108, 145, 182, 219, 234, 265, 416, 476, 538, 600, 630, 659,
706,708, 735,757,887,901, 927, 985,991,997, 1033, 1063, 1078, 1091,
1106, 1143, 1174, 1216, 1283, 1292, 1329, 1364, 1507, 1508, 1519,
1601, 1613, 1651, 1710, 1725, 1747, 1880, 1989, 2121, 2127, 2222,
2259,2340,2379,2398,2428 };

B; = {10, 30, 84, 150, 197, 225, 282, 315, 337, 378, 444, 449, 457, 643, 667,
679, 733,791,792, 824, 839, 1006, 1022, 1031, 1064, 1155, 1275, 1308,
1393, 1407, 1410, 1435, 1492, 1533, 1540, 1593, 1612, 1665, 1801,
1823, 1832, 1853, 1881, 1914, 1947, 2023, 2199, 2234, 2248, 2250,
2264,2336,2362,2404,2407,2415,2438 };

B, =1{32, 49, 52, 69, 112, 325, 331, 413, 440, 441, 498, 542, 547, 601, 638,
656, 859, 865,909,911, 1019, 1024, 1074, 1077, 1156, 1165, 1199, 1237,
1300, 1303, 1311, 1334, 1387, 1427, 1431, 1458, 1490, 1525, 1545,
1590, 1643, 1804, 1842, 1876, 1889, 1920, 1967, 1990, 2013, 2014,
2049,2066,2166,2171,2194,2324,2329 };

Bs = {16, 89, 126, 155, 179, 235, 255, 264, 354, 540, 700, 723, 741, 772, 816,
875,998, 1012, 1037, 1041, 1100, 1206, 1220, 1225, 1246, 1305, 1315,
1375, 1380, 1400, 1555, 1583, 1678, 1735, 1759, 1826, 1828, 1872,
1948, 1962, 1984, 2024, 2040, 2046, 2047, 2075, 2206, 2209, 2227,
2233,2238,2276,2341,2344,2366,2388,2421 };

Be =1{62,98, 116, 117, 125, 140, 156, 187, 283, 292, 355, 367, 377, 404, 410,
429,451,552, 629, 637, 655, 678, 856, 858, 905, 937, 1068, 1105, 1219,
1276, 1284, 1310, 1349, 1363, 1414, 1526, 1672, 1706, 1707, 1760,
1907, 1953, 1973, 2041, 2119, 2136, 2158, 2163, 2212, 2214, 2274,
2319,2339,2361,2381,2413,2425 };
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B7; ={1,75, 160, 245, 284, 371, 398, 412, 478, 520, 549, 588, 603, 609, 624,
631, 677, 768, 776, 799, 850, 912, 938, 1014, 1040, 1048, 1071, 1123,
1166, 1277, 1304, 1463, 1472, 1503, 1514, 1564, 1626, 1714, 1734,
1757, 1776, 1779, 1815, 1879, 1891, 1906, 1961, 1976, 2012, 2113,
2116,2164,2181,2203, 2205, 2308, 2369 };

Bg = {95,132, 135, 144, 173, 281, 370, 389, 399, 458, 460, 491, 524, 616, 675,
692, 734, 775, 787, 869, 872, 888, 919, 1004, 1057, 1060, 1093, 1257,
1318, 1439, 1485, 1513, 1572, 1582, 1584, 1592, 1653, 1674, 1718,
1799, 1811, 1875, 1898, 1929, 1956, 1957, 2060, 2298, 2303, 2309,
2317,2395,2401, 2418, 2435,2441, 2448 };

By = {83, 184, 214, 238, 246, 250, 316, 381, 386, 447, 464, 527, 535, 545, 614,
620, 635, 644,726, 819, 956, 1015, 1125, 1133, 1205, 1224, 1291, 1331,
1340, 1357, 1368, 1441, 1446, 1488, 1537, 1588, 1628, 1666, 1685,
1690, 1768, 1807, 1829, 1912, 1915, 1942, 2141, 2159, 2165, 2204,
2221,2235,2266,2268,2318, 2360, 2446 };

Bio =19, 21, 24, 115, 137, 151, 163, 165, 203, 227, 236, 319, 342, 414, 492,
568,573,613,725,728,778, 800, 811, 832, 838,962, 1056, 1131, 1162,
1186, 1201, 1214, 1230, 1323, 1348, 1370, 1528, 1534, 1561, 1585,
1607, 1676, 1723, 1733, 1736, 1795, 1926, 1991, 2118, 2202, 2231,
2246,2288,2290,2327,2328,2349 };

B =1{133, 143, 199, 326, 349, 424, 452, 481, 503, 513, 522, 532, 567, 572,
632, 703, 762, 825, 843, 862, 898, 943, 1051, 1054, 1126, 1233, 1245,
1258, 1272, 1280, 1314, 1326, 1341, 1351, 1424, 1466, 1494, 1571,
1654, 1657, 1689, 1731, 1749, 1761, 1790, 1852, 1884, 1930, 2022,
2038,2073,2099, 2157, 2178, 2220, 2346, 2392 };

B, ={17, 82, 141, 148, 180, 226, 393, 467, 553, 556, 608, 657, 686, 740, 867,
1005, 1043, 1053, 1104, 1116, 1231, 1261, 1288, 1398, 1421, 1423,
1442, 1473, 1484, 1504, 1524, 1546, 1563, 1579, 1587, 1742, 1748,
1772, 1777, 1794, 1839, 1850, 1917, 1971, 1979, 2039, 2043, 2095,
2112,2167,2188,2229,2258, 2299, 2305, 2356, 2390 };

B3 =1{91, 109, 122, 127, 208, 223, 242, 303, 309, 338, 400, 415, 442, 465,
466, 483,550,577,727,767,785, 885,931, 936, 982, 1086, 1097, 1132,
1141, 1200, 1265, 1273, 1383, 1391, 1429, 1474, 1512, 1520, 1531,
1554, 1597, 1618, 1738, 1923, 1964, 1982, 2010, 2030, 2033, 2083,
2132,2215,2293,2312,2352,2385,2412 };
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B4 ={37,96, 104, 131, 147, 198, 257, 279, 308, 408, 420, 446, 462, 493, 514,
523, 534, 583, 636, 736, 763, 939, 952, 1058, 1059, 1079, 1140, 1171,
1244, 1248, 1266, 1344, 1399, 1425, 1430, 1444, 1447, 1456, 1529,
1589, 1652, 1745, 1792, 1833, 1921, 1938, 1992, 2050, 2067, 2074,
2090, 2114, 2146, 2200, 2272,2411, 2440 };

Bi5s ={46,196,254,274,275, 278,295, 358,376, 485, 519, 555,729, 751, 769,
771,773,789, 820, 822, 953, 966, 1010, 1042, 1096, 1146, 1150, 1195,
1271, 1457, 1549, 1604, 1655, 1709, 1774, 1802, 1803, 1813, 1820,
1861, 1870, 1911, 1949, 2003, 2004, 2054, 2078, 2089, 2142, 2173,
2244,2253,2271,2315, 2382, 2403, 2406 };

B = {26, 31, 66, 102, 248, 433, 472, 508, 611, 651, 695, 698, 780, 813, 834,
899, 974, 980, 1008, 1067, 1069, 1070, 1101, 1103, 1142, 1190, 1222,
1232, 1252, 1294, 1302, 1621, 1633, 1668, 1693, 1699, 1717, 1746,
1766, 1789, 1856, 1885, 1902, 1963, 1981, 1987, 2009, 2076, 2138,
2145,2197,2224,2245,2263,2300, 2333,2433 };

B17 =1{20,106,217,241, 271, 300, 346, 369, 423, 432,517,529, 541, 558, 589,
590, 690, 748,752,798, 814, 1159, 1218, 1243, 1250, 1289, 1413, 1426,
1449, 1459, 1468, 1502, 1544, 1547, 1614, 1712, 1796, 1819, 1854,
1918, 1932, 2002, 2016, 2027, 2042, 2068, 2081, 2120, 2160, 2190,
2207,2247,2296,2397,2427,2431,2447 };

Bis =1{3,11,27,39, 58, 139, 164, 185, 190, 221, 230, 269, 320, 322, 328, 345,
361, 372, 397, 425, 443, 455, 489, 504, 510, 575, 578, 717, 722, 764,
794, 808, 930, 951, 1169, 1249, 1327, 1343, 1353, 1404, 1454, 1565,
1631, 1647, 1816, 1837, 1858, 1905, 1936, 1939, 2032, 2055, 2070,
2260, 2359, 2405,2416 };

Bio = {45, 50, 61, 113, 239, 240, 266, 267, 318, 497, 683, 730, 745, 754, 844,
848, 882,907, 908, 928, 949, 994, 1083, 1102, 1108, 1124, 1137, 1163,
1227, 1365, 1366, 1374, 1386, 1392, 1396, 1477, 1630, 1675, 1716,
1778, 1836, 1916, 1922, 1998, 2086, 2088, 2100, 2126, 2149, 2161,
2185,2241,2277,2306,2314,2337,2374 };

By =1{15,47, 188, 224, 243, 270, 287, 288, 348, 450, 463, 511, 525, 526, 571,
612,663, 694,732, 810, 818, 823, 854, 965,979, 992, 1009, 1045, 1113,
1173, 1183, 1202, 1251, 1264, 1306, 1371, 1422, 1460, 1501, 1509,
1515, 1641, 1743, 1867, 1878, 2057, 2077, 2101, 2162, 2179, 2191,
2210,2350,2364,2372, 2400, 2449 };
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B, = {142, 149, 202, 273, 285, 312, 351, 353, 356, 359, 537, 564, 574, 591,
606, 610, 626, 639, 681, 710, 879, 886, 921, 955, 1020, 1087, 1090,
1122, 1130, 1152, 1187, 1260, 1268, 1307, 1345, 1500, 1535, 1594,
1615, 1627, 1635, 1704, 1711, 1737, 1753, 1824, 1838, 1857, 1966,
2020, 2044, 2082, 2087, 2320, 2332, 2345, 2358 };

B =1{12, 38,59, 72, 130, 174, 222, 259, 323, 324, 360, 395, 431, 434, 459,
475, 548, 584, 599, 674, 760, 801, 806, 831, 851, 868, 916, 971, 972,
975,983, 1168, 1179, 1212, 1241, 1338, 1453, 1491, 1493, 1527, 1542,
1632, 1658, 1667, 1695, 1698, 1702, 1703, 1739, 1895, 1896, 1897,
1899, 1909, 2096, 2105, 2432 };

By = {18, 73,76, 81, 100, 123, 251, 317, 487, 512, 528, 605, 618, 621, 685,
702, 739, 788, 855, 863, 890, 917, 993, 1001, 1003, 1007, 1110, 1129,
1158, 1312, 1384, 1405, 1406, 1416, 1440, 1498, 1569, 1575, 1639,
1671, 1713, 1781, 1785, 1810, 1845, 1848, 2048, 2122, 2129, 2148,
2152,2153,2232,2251,2331,2354,2436 };

Br =1{4, 36,71, 157, 302, 313, 422, 471, 495, 505, 509, 604, 716, 744, 852,
853, 920, 944, 981, 1039, 1044, 1062, 1128, 1144, 1178, 1193, 1213,
1215, 1226, 1254, 1298, 1409, 1420, 1433, 1551, 1562, 1566, 1617,
1656, 1688, 1700, 1705, 1762, 1788, 1859, 1946, 1965, 2092, 2182,
2237,2243,2295,2301, 2307, 2330, 2383,2393 };

Brs = {42, 154, 290, 380, 391, 394, 484, 560, 562, 582, 587, 596, 598, 658,
676,709, 747,796, 836, 857,861, 929,934,961, 995, 1025, 1084, 1139,
1191, 1228, 1279, 1321, 1322, 1381, 1382, 1403, 1418, 1552, 1596,
1650, 1660, 1670, 1694, 1719, 1812, 1818, 1866, 1874, 1934, 1941,
1959,2079, 2106, 2291, 2294, 2347, 2400 };

Br =1{29, 87, 101, 105, 121, 244, 299, 321, 347, 352, 382, 402, 453, 456, 546,
566, 615, 642, 684, 830, 833, 876, 877, 964, 1002, 1011, 1138, 1157,
1211, 1256, 1262, 1267, 1317, 1336, 1342, 1362, 1373, 1379, 1389,
1397, 1415, 1450, 1464, 1622, 1624, 1741, 1770, 1945, 1950, 1980,
1993,2001,2053,2094,2102,2125,2434 };

B,7; =1{53,57,107, 169, 213, 272, 311, 502, 625, 633, 662, 666, 669, 711, 746,
803, 809, 849, 897, 990, 1023, 1081, 1135, 1153, 1172, 1176, 1269,
1274, 1390, 1489, 1609, 1646, 1661, 1663, 1701, 1764, 1767, 1800,
1840, 1893, 1900, 1903, 1913, 1924, 1944, 1969, 2028, 2031, 2045,
2109,2110,2123,2139, 2180, 2223,2281,2394 };
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Brs =1{40,78, 111, 124, 153, 170, 333, 363, 366, 385, 407, 411, 418, 448, 468,
530,531, 544,557, 653, 699, 821, 891, 906, 924, 940, 1076, 1147, 1149,
1209, 1313, 1325, 1377, 1434, 1470, 1543, 1556, 1560, 1568, 1577,
1662, 1683, 1691, 1769, 1831, 1877, 1970, 1972, 2026, 2155, 2196,
2252,2262,2273,2422,2424,2444 };

By =1{22,136,204,209, 310, 336,479, 570, 617, 641, 696, 750, 793, 845, 918,
932,988, 1027, 1035, 1038, 1049, 1095, 1109, 1148, 1151, 1175, 1203,
1221, 1285, 1320, 1354, 1358, 1361, 1372, 1385, 1394, 1480, 1517,
1541, 1570, 1576, 1605, 1623, 1728, 1732, 1808, 1835, 1904, 1975,
1985,2135,2169,2176,2270,2387,2417,2426 };

Ba = {5, 44, 54, 55, 60, 99, 118, 168, 171, 194, 216, 261, 268, 294, 329, 364,
388, 506, 634, 650, 687, 759, 766, 805, 881, 896, 902, 960, 977, 1018,
1082, 1107, 1111, 1127, 1197, 1229, 1295, 1296, 1319, 1350, 1461,
1483, 1538, 1581, 1680, 1786, 1797, 1817, 1951, 1988, 2052, 2115,
2133,2256,2325,2335,2348 };

By =1{19, 85,114, 167, 175, 189, 260, 293, 339, 357, 368, 437, 496, 507, 543,
576, 581, 622, 648, 649, 652, 671, 682, 691, 713, 738, 742, 758, 847,
895, 1046, 1066, 1164, 1180, 1287, 1347, 1369, 1518, 1616, 1636, 1681,
1726, 1825, 1855, 1983, 1995, 2015, 2034, 2036, 2061, 2208, 2286,
2292,2378,2380,2386,2414 };

By, =1{64, 67,77, 92, 158, 162, 181, 200, 327, 384, 403, 426, 438, 470, 490,
500, 586, 693, 707, 712, 755, 807, 910, 958, 963, 1016, 1052, 1181,
1182, 1242, 1301, 1401, 1432, 1559, 1679, 1740, 1751, 1756, 1771,
1784, 1798, 1843, 1890, 1968, 1974, 1996, 1999, 2085, 2130, 2170,
2177,2254,2391,2396, 2429, 2437,2445 };

By = {14, 186,211,263, 305,307,421, 594, 719, 720, 786, 846, 870, 914, 941,
950, 978, 986, 1000, 1026, 1047, 1073, 1196, 1297, 1355, 1411, 1495,
1497, 1574, 1586, 1599, 1629, 1722, 1750, 1754, 1773, 1822, 1841,
1847, 1883, 1927, 1933, 1960, 1977, 2058, 2091, 2104, 2111, 2189,
2201,2218,2257,2275,2302,2363,2410, 2442 };

B3 =1{6,51,65,79,177, 183, 193, 201, 233, 350, 390, 436, 607, 646, 718, 743,
770, 782, 783, 829, 873, 880, 970, 987, 1028, 1085, 1188, 1198, 1259,
1378, 1402, 1428, 1438, 1448, 1471, 1522, 1523, 1558, 1573, 1619,
1638, 1659, 1669, 1791, 1814, 1863, 1865, 1873, 1940, 2017, 2069,
2084,2098,2156,2267,2371,2420 };
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B35 = {152, 229, 247, 280, 296, 335, 383, 469, 486, 585, 654, 664, 761, 797,

840, 842,900, 913,945,968, 1017, 1036, 1115, 1117, 1119, 1184, 1185,
1240, 1278, 1352, 1359, 1408, 1445, 1482, 1521, 1532, 1598, 1673,
1697, 1758, 1782, 1783, 1844, 1997, 2056, 2065, 2071, 2117, 2211,
2213,2226,2284,2285,2287,2334,2375,2384 };

B =1{7,13,23,34,80, 119, 138, 178, 298, 304, 334, 343, 417, 494, 499, 521,

565, 569, 628, 660, 721, 753, 777, 781, 935, 967, 1013, 1072, 1145,
1253, 1263, 1339, 1452, 1455, 1465, 1499, 1600, 1606, 1611, 1620,
1645, 1686, 1730, 1834, 1851, 1937, 2059, 2103, 2108, 2140, 2143,
2144,2184,2187,2217,2282,2399 };

By = {41,134, 146, 159, 212,220, 262, 341, 379, 477, 579, 619, 640, 665, 672,

828, 864, 893, 969, 996, 999, 1055, 1061, 1092, 1160, 1255, 1395, 1486,
1595, 1602, 1648, 1649, 1664, 1684, 1696, 1780, 1830, 1887, 1901,
1928, 1943, 1955, 1958, 1994, 2007, 2080, 2128, 2147, 2186, 2283,
2304,2313,2321,2342,2357,2370,2430 };

Bis = {33, 48, 56, 93, 206, 237, 253, 297, 375, 405, 409, 461, 482, 563, 580,

593, 802, 835, 841, 866, 871, 976, 1050, 1089, 1094, 1099, 1114, 1154,
1210, 1217, 1235, 1270, 1281, 1309, 1367, 1388, 1437, 1469, 1487,
1496, 1506, 1536, 1729, 1765, 1805, 1925, 2019, 2035, 2168, 2183,
2239,2261,2316,2326,2353,2419,2423 };

By = {103, 128, 161, 166, 176, 192, 286, 365, 373, 392, 428, 454, 536, 561,

627,701,714,715,779,795, 874, 892,904, 915, 942, 1034, 1098, 1120,
1136, 1189, 1207, 1223, 1335, 1412, 1467, 1530, 1553, 1580, 1644,
1682, 1715, 1793, 1868, 1869, 1882, 1894, 1908, 2018, 2029, 2097,
2131,2195,2225,2323,2343,2402,2443 };

B =1{28, 88,97, 110, 120, 191, 205, 207, 218, 277, 330, 340, 401, 406, 427,

445,480, 515,551, 554, 673, 689, 704, 749, 804, 894, 1121, 1170, 1177,
1238, 1316, 1328, 1356, 1360, 1443, 1475, 1478, 1557, 1567, 1637,
1721, 1744, 1755, 1864, 1888, 1954, 2011, 2037, 2062, 2063, 2228,
2240,2289,2310,2311,2338,2373 };

By =1{90,231,249, 252,256, 291, 306, 362, 374, 396, 518, 533, 539, 647, 670,

737,756,784, 878, 883,926,933, 954,957,959, 984, 1029, 1065, 1080,
1167, 1194, 1234, 1236, 1330, 1436, 1479, 1511, 1550, 1687, 1724,
1752, 1827, 1846, 1862, 1952, 2006, 2025, 2051, 2134, 2151, 2154,
2174,2265,2355,2368,2389,2450 };
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By =18, 25, 63, 70, 232, 276, 289, 314, 435, 501, 597, 661, 680, 790, 812,
826, 837, 884, 889,923,947, 1030, 1192, 1208, 1239, 1282, 1293, 1299,
1324, 1332, 1337, 1346, 1481, 1516, 1578, 1603, 1692, 1708, 1727,
1775, 1787, 1809, 1860, 1871, 1886, 1919, 1931, 2000, 2172, 2192,
2198,2216,2230, 2255, 2280,2297,2376 };

B3 =1{68, 195,210, 228,332,419, 439, 474, 488, 592, 595, 623, 668, 697, 703,
724,765, 815, 827, 922, 925, 948, 973, 1021, 1088, 1112, 1134, 1286,
1417, 1451, 1476, 1510, 1539, 1608, 1610, 1625, 1640, 1642, 1821,
1910, 1986, 2005, 2008, 2072, 2093, 2124, 2137, 2175, 2219, 2242,
2249,2269,2278,2351,2367,2377,2439 }.

6.2 Decomposition into 43-arcs

A 43-arc in PG(2, 7%) is a set of 43 points, no three of which are collinear. From Corollary
2.9, the projective plane PG(2, 7%) consists of 57 disjoint 43-arcs. By using the procedure
described in Section 2.4, we identified three non-isomorphic decompositions of the pro-
jective plane PG(2, 7?) into 57 disjoint 43-arcs of PG(2,7?). The first decomposition has
a projective collineation stabiliser of size 14706. Additionally, the second decomposition
has a projective collineation stabiliser of size 171 and is isomorphic to Zs; X Z3. Also, the
third decomposition has a projective collineation stabiliser of size 18 and is isomorphic to
Ze X Z3.

The first decomposition is given by 57 sets K; fori = 1,...,57 each set consists of 43

points of one of the 57 disjoint 43-arcs in PG(2, 7?) as follows:

K =1{0,57, 114, 171, 228, 285, 342, 399, 456, 513, 570, 627, 684, 741, 798,
855, 912, 969, 1026, 1083, 1140, 1197, 1254, 1311, 1368, 1425, 1482,
1539, 1596, 1653, 1710, 1767, 1824, 1881, 1938, 1995, 2052, 2109,
2166,2223,2280,2337,2394 };

K, = {43,100, 157,214, 271, 328, 385, 442, 499, 556, 613, 670, 727, 784, 841,
898, 955, 1012, 1069, 1126, 1183, 1240, 1297, 1354, 1411, 1468, 1525,
1582, 1639, 1696, 1753, 1810, 1867, 1924, 1981, 2038, 2095, 2152,
2209, 2266,2323,2380,2437 };

TG =1{29, 86, 143, 200, 257, 314, 371, 428, 485, 542, 599, 656, 713, 770, 827,
884, 941, 998, 1055, 1112, 1169, 1226, 1283, 1340, 1397, 1454, 1511,
1568, 1625, 1682, 1739, 1796, 1853, 1910, 1967, 2024, 2081, 2138,
2195,2252,2309, 2366, 2423 };
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Ky =1{15,72, 129, 186, 243, 300, 357, 414, 471, 528, 585, 642, 699, 756, 813,
870, 927, 984, 1041, 1098, 1155, 1212, 1269, 1326, 1383, 1440, 1497,
1554, 1611, 1668, 1725, 1782, 1839, 1896, 1953, 2010, 2067, 2124,
2181,2238,2295,2352,2409 };

K =11, 58, 115, 172, 229, 286, 343, 400, 457, 514, 571, 628, 685, 742, 799,
856, 913, 970, 1027, 1084, 1141, 1198, 1255, 1312, 1369, 1426, 1483,
1540, 1597, 1654, 1711, 1768, 1825, 1882, 1939, 1996, 2053, 2110,
2167,2224,2281,2338,2395 };

Ke = {44,101, 158, 215, 272, 329, 386, 443, 500, 557, 614, 671, 728, 785, 842,
899, 956, 1013, 1070, 1127, 1184, 1241, 1298, 1355, 1412, 1469, 1526,
1583, 1640, 1697, 1754, 1811, 1868, 1925, 1982, 2039, 2096, 2153,
2210,2267,2324,2381,2438 };

K7 =1{30, 87, 144, 201, 258, 315, 372, 429, 486, 543, 600, 657, 714, 771, 828,
885, 942, 999, 1056, 1113, 1170, 1227, 1284, 1341, 1398, 1455, 1512,
1569, 1626, 1683, 1740, 1797, 1854, 1911, 1968, 2025, 2082, 2139,
2196,2253,2310,2367, 2424 };

Ks = {16, 73,130, 187, 244, 301, 358, 415, 472, 529, 586, 643, 700, 757, 814,
871, 928, 985, 1042, 1099, 1156, 1213, 1270, 1327, 1384, 1441, 1498,
1555, 1612, 1669, 1726, 1783, 1840, 1897, 1954, 2011, 2068, 2125,
2182,2239,2296,2353,2410 };

Ko =1{2,59, 116, 173, 230, 287, 344, 401, 458, 515, 572, 629, 686, 743, 800,
857, 914, 971, 1028, 1085, 1142, 1199, 1256, 1313, 1370, 1427, 1484,
1541, 1598, 1655, 1712, 1769, 1826, 1883, 1940, 1997, 2054, 2111,
2168,2225,2282,2339,2396 };

Ko = {45,102, 159, 216,273,330, 387, 444, 501, 558, 615, 672, 729, 786, 843,
900, 957, 1014, 1071, 1128, 1185, 1242, 1299, 1356, 1413, 1470, 1527,
1584, 1641, 1698, 1755, 1812, 1869, 1926, 1983, 2040, 2097, 2154,
2211,2268,2325,2382,2439 };

K =1{31, 88, 145, 202, 259, 316, 373, 430, 487, 544, 601, 658, 715, 772, 829,
886, 943, 1000, 1057, 1114, 1171, 1228, 1285, 1342, 1399, 1456, 1513,
1570, 1627, 1684, 1741, 1798, 1855, 1912, 1969, 2026, 2083, 2140,
2197,2254,2311,2368, 2425 };

Ko =1{17,74,131, 188, 245, 302, 359, 416, 473, 530, 587, 644, 701, 758, 815,
872,929, 986, 1043, 1100, 1157, 1214, 1271, 1328, 1385, 1442, 1499,
1556, 1613, 1670, 1727, 1784, 1841, 1898, 1955, 2012, 2069, 2126,
2183,2240,2297,2354,2411 };
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Kiz =1{3,60, 117, 174, 231, 288, 345, 402, 459, 516, 573, 630, 687, 744, 801,
858, 915,972, 1029, 1086, 1143, 1200, 1257, 1314, 1371, 1428, 1485,
1542, 1599, 1656, 1713, 1770, 1827, 1884, 1941, 1998, 2055, 2112,
2169,2226,2283,2340,2397 };

Kia = {46,103,160, 217,274,331, 388, 445, 502, 559, 616, 673, 730, 787, 844,
901, 958, 1015, 1072, 1129, 1186, 1243, 1300, 1357, 1414, 1471, 1528,
1585, 1642, 1699, 1756, 1813, 1870, 1927, 1984, 2041, 2098, 2155,
2212,2269,2326,2383,2440};

Kis = {32, 89, 146, 203, 260, 317, 374, 431, 488, 545, 602, 659, 716, 773, 830,
887,944, 1001, 1058, 1115, 1172, 1229, 1286, 1343, 1400, 1457, 1514,
1571, 1628, 1685, 1742, 1799, 1856, 1913, 1970, 2027, 2084, 2141,
2198,2255,2312,2369, 2426 };

Kie = {18,75,132, 189, 246, 303, 360, 417, 474, 531, 588, 645, 702, 759, 816,
873, 930, 987, 1044, 1101, 1158, 1215, 1272, 1329, 1386, 1443, 1500,
1557, 1614, 1671, 1728, 1785, 1842, 1899, 1956, 2013, 2070, 2127,
2184,2241,2298,2355,2412 };

Kz = {4, 61,118, 175, 232, 289, 346, 403, 460, 517, 574, 631, 688, 745, 802,
859, 916, 973, 1030, 1087, 1144, 1201, 1258, 1315, 1372, 1429, 1486,
1543, 1600, 1657, 1714, 1771, 1828, 1885, 1942, 1999, 2056, 2113,
2170,2227,2284,2341,2398 };

Kis = {47,104, 161, 218,275,332, 389, 446, 503, 560, 617, 674, 731, 788, 845,
902, 959, 1016, 1073, 1130, 1187, 1244, 1301, 1358, 1415, 1472, 1529,
1586, 1643, 1700, 1757, 1814, 1871, 1928, 1985, 2042, 2099, 2156,
2213,2270,2327,2384,2441 };

Ko = {33,90, 147,204, 261, 318, 375, 432, 489, 546, 603, 660, 717, 774, 831,
888,945, 1002, 1059, 1116, 1173, 1230, 1287, 1344, 1401, 1458, 1515,
1572, 1629, 1686, 1743, 1800, 1857, 1914, 1971, 2028, 2085, 2142,
2199, 2256,2313,2370,2427 };

Koo = 119,76, 133, 190, 247, 304, 361, 418, 475, 532, 589, 646, 703, 760, 817,
874,931, 988, 1045, 1102, 1159, 1216, 1273, 1330, 1387, 1444, 1501,
1558, 1615, 1672, 1729, 1786, 1843, 1900, 1957, 2014, 2071, 2128,
2185,2242,2299,2356,2413 };

o =1{5, 62,119, 176, 233, 290, 347, 404, 461, 518, 575, 632, 689, 746, 803,
860, 917, 974, 1031, 1088, 1145, 1202, 1259, 1316, 1373, 1430, 1487,
1544, 1601, 1658, 1715, 1772, 1829, 1886, 1943, 2000, 2057, 2114,
2171,2228,2285,2342,2399 };
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K = {48, 105,162, 219,276,333, 390, 447,504, 561, 618, 675, 732, 789, 846,
903,960, 1017, 1074, 1131, 1188, 1245, 1302, 1359, 1416, 1473, 1530,
1587, 1644, 1701, 1758, 1815, 1872, 1929, 1986, 2043, 2100, 2157,
2214,2271,2328,2385,2442 };

Ts = {34, 91, 148, 205, 262, 319, 376, 433, 490, 547, 604, 661, 718, 775, 832,
889, 946, 1003, 1060, 1117, 1174, 1231, 1288, 1345, 1402, 1459, 1516,
1573, 1630, 1687, 1744, 1801, 1858, 1915, 1972, 2029, 2086, 2143,
2200,2257,2314,2371,2428 };

Koa =1{20,77,134, 191, 248, 305, 362, 419, 476, 533, 590, 647, 704, 761, 818,
875, 932,989, 1046, 1103, 1160, 1217, 1274, 1331, 1388, 1445, 1502,
1559, 1616, 1673, 1730, 1787, 1844, 1901, 1958, 2015, 2072, 2129,
2186,2243,2300,2357,2414 };

Kos = {6, 63,120, 177, 234, 291, 348, 405, 462, 519, 576, 633, 690, 747, 804,
861, 918, 975, 1032, 1089, 1146, 1203, 1260, 1317, 1374, 1431, 1488,
1545, 1602, 1659, 1716, 1773, 1830, 1887, 1944, 2001, 2058, 2115,
2172,2229,2286,2343,2400 };

Ko = {49,106, 163,220,277, 334,391, 448, 505, 562, 619, 676, 733, 790, 847,
904,961, 1018, 1075, 1132, 1189, 1246, 1303, 1360, 1417, 1474, 1531,
1588, 1645, 1702, 1759, 1816, 1873, 1930, 1987, 2044, 2101, 2158,
2215,2272,2329,2386, 2443 };

K7 = {35, 92, 149, 206, 263, 320, 377, 434, 491, 548, 605, 662, 719, 776, 833,
890, 947, 1004, 1061, 1118, 1175, 1232, 1289, 1346, 1403, 1460, 1517,
1574, 1631, 1688, 1745, 1802, 1859, 1916, 1973, 2030, 2087, 2144,
2201,2258,2315,2372,2429 };

Tas = (21,78, 135, 192, 249, 306, 363, 420, 477, 534, 591, 648, 705, 762, 819,
876, 933,990, 1047, 1104, 1161, 1218, 1275, 1332, 1389, 1446, 1503,
1560, 1617, 1674, 1731, 1788, 1845, 1902, 1959, 2016, 2073, 2130,
2187,2244,2301,2358,2415 };

K = {7, 64, 121, 178, 235, 292, 349, 406, 463, 520, 577, 634, 691, 748, 803,
862, 919, 976, 1033, 1090, 1147, 1204, 1261, 1318, 1375, 1432, 1489,
1546, 1603, 1660, 1717, 1774, 1831, 1888, 1945, 2002, 2059, 2116,
2173,2230,2287,2344,2401 };

0 = {50,107, 164,221,278, 335, 392, 449, 506, 563, 620, 677, 734,791, 848,
905, 962, 1019, 1076, 1133, 1190, 1247, 1304, 1361, 1418, 1475, 1532,
1589, 1646, 1703, 1760, 1817, 1874, 1931, 1988, 2045, 2102, 2159,
2216,2273,2330,2387,2444 };
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G = {36, 93,150,207, 264, 321, 378, 435, 492, 549, 606, 663, 720, 777, 834,
891, 948, 1005, 1062, 1119, 1176, 1233, 1290, 1347, 1404, 1461, 1518,
1575, 1632, 1689, 1746, 1803, 1860, 1917, 1974, 2031, 2088, 2145,
2202,2259,2316,2373,2430};

¥ = {22,779, 136, 193, 250, 307, 364, 421, 478, 535, 592, 649, 706, 763, 820,
877,934,991, 1048, 1105, 1162, 1219, 1276, 1333, 1390, 1447, 1504,
1561, 1618, 1675, 1732, 1789, 1846, 1903, 1960, 2017, 2074, 2131,
2188,2245,2302,2359,2416 };

K53 = {8, 65, 122, 179, 236, 293, 350, 407, 464, 521, 578, 635, 692, 749, 806,
863, 920, 977, 1034, 1091, 1148, 1205, 1262, 1319, 1376, 1433, 1490,
1547, 1604, 1661, 1718, 1775, 1832, 1889, 1946, 2003, 2060, 2117,
2174,2231,2288,2345,2402 };

¥Ksa = {51,108, 165,222,279, 336, 393, 450, 507, 564, 621, 678, 735,792, 849,
906, 963, 1020, 1077, 1134, 1191, 1248, 1305, 1362, 1419, 1476, 1533,
1590, 1647, 1704, 1761, 1818, 1875, 1932, 1989, 2046, 2103, 2160,
2217,2274,2331,2388,2445 };

K55 = {37,94, 151, 208, 265, 322, 379, 436, 493, 550, 607, 664, 721, 778, 835,
892, 949, 1006, 1063, 1120, 1177, 1234, 1291, 1348, 1405, 1462, 1519,
1576, 1633, 1690, 1747, 1804, 1861, 1918, 1975, 2032, 2089, 2146,
2203,2260,2317,2374,2431 };

TGe = {23, 80, 137, 194, 251, 308, 365, 422, 479, 536, 593, 650, 707, 764, 821,
878, 935,992, 1049, 1106, 1163, 1220, 1277, 1334, 1391, 1448, 1505,
1562, 1619, 1676, 1733, 1790, 1847, 1904, 1961, 2018, 2075, 2132,
2189,2246,2303,2360,2417 };

7 =19, 66, 123, 180, 237, 294, 351, 408, 465, 522, 579, 636, 693, 750, 807,
864, 921, 978, 1035, 1092, 1149, 1206, 1263, 1320, 1377, 1434, 1491,
1548, 1605, 1662, 1719, 1776, 1833, 1890, 1947, 2004, 2061, 2118,
2175,2232,2289,2346,2403 };

K = {52,109, 166, 223,280, 337,394, 451, 508, 565, 622, 679, 736, 793, 850,
907,964, 1021, 1078, 1135, 1192, 1249, 1306, 1363, 1420, 1477, 1534,
1591, 1648, 1705, 1762, 1819, 1876, 1933, 1990, 2047, 2104, 2161,
2218,2275,2332,2389, 2446 };

K39 = {38, 95, 152, 209, 266, 323, 380, 437, 494, 551, 608, 665, 722, 779, 836,
893, 950, 1007, 1064, 1121, 1178, 1235, 1292, 1349, 1406, 1463, 1520,
1577, 1634, 1691, 1748, 1805, 1862, 1919, 1976, 2033, 2090, 2147,
2204,2261,2318,2375,2432 };
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Ko = {24, 81, 138, 195, 252, 309, 366, 423, 480, 537, 594, 651, 708, 765, 822,
879, 936, 993, 1050, 1107, 1164, 1221, 1278, 1335, 1392, 1449, 1506,
1563, 1620, 1677, 1734, 1791, 1848, 1905, 1962, 2019, 2076, 2133,
2190,2247,2304,2361,2418 };

Ka = {10, 67,124, 181, 238, 295, 352, 409, 466, 523, 580, 637, 694, 751, 808,
865, 922, 979, 1036, 1093, 1150, 1207, 1264, 1321, 1378, 1435, 1492,
1549, 1606, 1663, 1720, 1777, 1834, 1891, 1948, 2005, 2062, 2119,
2176,2233,2290,2347,2404 };

Kir = {53,110, 167,224,281, 338, 395, 452, 509, 566, 623, 680, 737,794, 851,
908, 965, 1022, 1079, 1136, 1193, 1250, 1307, 1364, 1421, 1478, 1535,
1592, 1649, 1706, 1763, 1820, 1877, 1934, 1991, 2048, 2105, 2162,
2219,2276,2333,2390, 2447 };

Kiz = {39, 96, 153, 210, 267, 324, 381, 438, 495, 552, 609, 666, 723, 780, 837,
894,951, 1008, 1065, 1122, 1179, 1236, 1293, 1350, 1407, 1464, 1521,
1578, 1635, 1692, 1749, 1806, 1863, 1920, 1977, 2034, 2091, 2148,
2205,2262,2319,2376,2433 };

Kaa = {25, 82,139, 196, 253, 310, 367, 424, 481, 538, 595, 652, 709, 766, 823,
880, 937, 994, 1051, 1108, 1165, 1222, 1279, 1336, 1393, 1450, 1507,
1564, 1621, 1678, 1735, 1792, 1849, 1906, 1963, 2020, 2077, 2134,
2191,2248,2305, 2362, 2419 };

Kis = {11, 68, 125, 182,239, 296, 353, 410, 467, 524, 581, 638, 695, 752, 809,
866, 923,980, 1037, 1094, 1151, 1208, 1265, 1322, 1379, 1436, 1493,
1550, 1607, 1664, 1721, 1778, 1835, 1892, 1949, 2006, 2063, 2120,
2177,2234,2291, 2348, 2405 };

Kaie = {54,111, 168, 225,282,339, 396,453,510, 567, 624, 681, 738, 795, 852,
909, 966, 1023, 1080, 1137, 1194, 1251, 1308, 1365, 1422, 1479, 1536,
1593, 1650, 1707, 1764, 1821, 1878, 1935, 1992, 2049, 2106, 2163,
2220,2277,2334,2391, 2448 };

Ki7 = 140,97, 154, 211, 268, 325, 382, 439, 496, 553, 610, 667, 724, 781, 838,
895, 952, 1009, 1066, 1123, 1180, 1237, 1294, 1351, 1408, 1465, 1522,
1579, 1636, 1693, 1750, 1807, 1864, 1921, 1978, 2035, 2092, 2149,
2206,2263,2320,2377,2434 };

Kais = {26, 83, 140, 197, 254, 311, 368, 425, 482, 539, 596, 653, 710, 767, 824,
881, 938, 995, 1052, 1109, 1166, 1223, 1280, 1337, 1394, 1451, 1508,
1565, 1622, 1679, 1736, 1793, 1850, 1907, 1964, 2021, 2078, 2135,
2192,2249,2306,2363,2420 };
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Ko = {12, 69, 126, 183,240,297, 354, 411, 468, 525, 582, 639, 696, 753, 810,
867, 924,981, 1038, 1095, 1152, 1209, 1266, 1323, 1380, 1437, 1494,
1551, 1608, 1665, 1722, 1779, 1836, 1893, 1950, 2007, 2064, 2121,
2178,2235,2292,2349, 2406 };

Kso = {55,112, 169, 226,283,340, 397, 454,511, 568, 625, 682, 739, 796, 853,
910,967, 1024, 1081, 1138, 1195, 1252, 1309, 1366, 1423, 1480, 1537,
1594, 1651, 1708, 1765, 1822, 1879, 1936, 1993, 2050, 2107, 2164,
2221,2278,2335,2392,2449 };

K1 ={41,98, 155, 212, 269, 326, 383, 440, 497, 554, 611, 668, 725, 782, 839,
896, 953, 1010, 1067, 1124, 1181, 1238, 1295, 1352, 1409, 1466, 1523,
1580, 1637, 1694, 1751, 1808, 1865, 1922, 1979, 2036, 2093, 2150,
2207,2264,2321,2378,2435 };

Kso = {27, 84, 141, 198, 255, 312, 369, 426, 483, 540, 597, 654, 711, 768, 825,
882, 939, 996, 1053, 1110, 1167, 1224, 1281, 1338, 1395, 1452, 15009,
1566, 1623, 1680, 1737, 1794, 1851, 1908, 1965, 2022, 2079, 2136,
2193,2250,2307,2364, 2421 };

Kss = {13,70, 127, 184, 241, 298, 355, 412, 469, 526, 583, 640, 697, 754, 811,
868, 925, 982, 1039, 1096, 1153, 1210, 1267, 1324, 1381, 1438, 1495,
1552, 1609, 1666, 1723, 1780, 1837, 1894, 1951, 2008, 2065, 2122,
2179,2236,2293,2350, 2407 };

Ksa = {56,113,170,227,284,341, 398, 455,512, 569, 626, 683, 740, 797, 854,
911,968, 1025, 1082, 1139, 1196, 1253, 1310, 1367, 1424, 1481, 1538,
1595, 1652, 1709, 1766, 1823, 1880, 1937, 1994, 2051, 2108, 2165,
2222,2279,2336,2393,2450 };

Kss = (42,99, 156,213,270, 327, 384, 441, 498, 555, 612, 669, 726, 783, 840,
897,954, 1011, 1068, 1125, 1182, 1239, 1296, 1353, 1410, 1467, 1524,
1581, 1638, 1695, 1752, 1809, 1866, 1923, 1980, 2037, 2094, 2151,
2208, 2265,2322,2379,2436 };

Kse = {28, 85, 142, 199, 256, 313, 370, 427, 484, 541, 598, 655, 712, 769, 826,
883, 940, 997, 1054, 1111, 1168, 1225, 1282, 1339, 1396, 1453, 1510,
1567, 1624, 1681, 1738, 1795, 1852, 1909, 1966, 2023, 2080, 2137,
2194,2251,2308, 2365, 2422 };

Ks; =1{14,71, 128, 185, 242, 299, 356, 413, 470, 527, 584, 641, 698, 755, 812,
869, 926, 983, 1040, 1097, 1154, 1211, 1268, 1325, 1382, 1439, 1496,
1553, 1610, 1667, 1724, 1781, 1838, 1895, 1952, 2009, 2066, 2123,
2180,2237,2294,2351, 2408 }.
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The second decomposition is given by 57 sets K; fori = 1,...,57 each set consists of
43 points of one of the 57 disjoint 43-arcs in PG(2, 7%) as follows:

K =1{0,57, 114, 171, 228, 285, 342, 399, 456, 513, 570, 627, 684, 741, 798,
855, 912, 969, 1026, 1083, 1140, 1197, 1254, 1311, 1368, 1425, 1482,
1539, 1596, 1653, 1710, 1767, 1824, 1881, 1938, 1995, 2052, 2109,
2166,2223,2280,2337,2394 };

K, =1{19, 41, 98, 151, 182, 221, 236, 259, 271, 461, 476, 576, 608, 661, 666,
723, 792, 795, 803, 1010, 1021, 1024, 1060, 1065, 1108, 1117, 1125,
1389, 1398, 1426, 1522, 1579, 1612, 1785, 1828, 1840, 1876, 1890,
1923,1932,2137,2184,2400 };

I =1{26, 175, 196, 251, 301, 492, 560, 574, 678, 746, 805, 835, 914, 940,
996, 1053, 1142, 1157, 1184, 1208, 1274, 1340, 1363, 1416, 1479, 1520,
1673, 1730, 1738, 1758, 1759, 1781, 1865, 1965, 2092, 2146, 2248,
2286,2305,2361,2375,2386,2420 };

Ky = {54, 102, 174, 296, 325, 330, 369, 469, 539, 548, 584, 633, 642, 822,
935, 1032, 1048, 1089, 1175, 1358, 1382, 1434, 1516, 1572, 1645, 1646,
1677, 1701, 1753, 1757, 1858, 1862, 1948, 1951, 2008, 2025, 2032,
2054,2246,2292,2348, 2349, 2405 };

Ks =1{20, 192, 318, 371, 391, 409, 411, 448, 521, 556, 819, 907, 928, 968,
978,1025,1111, 1164, 1194, 1223, 1242, 1251, 1264, 1307, 1324, 1351,
1354, 1444, 1593, 1765, 1801, 1822, 1855, 1917, 1937, 2083, 2118,
2129,2132,2224,2370, 2440, 2443 };

Ke =1{22,40,78,97, 155, 190, 230, 235, 302, 341, 439,451, 530, 544, 623, 751,
864, 963, 1008, 1095, 1232, 1296, 1353, 1400, 1406, 1488, 1591, 1625,
1631, 1688, 1830, 1946, 1982, 2059, 2124, 2171, 2219, 2242, 2249,
2265,2335,2414,2423 };

K7 =1{31,110, 139,212, 324,337,372, 434, 449, 518, 568, 669, 675, 708, 759,
847, 876,917, 927, 938, 950, 995, 1076, 1110, 1167, 1168, 1189, 1255,
1275, 1332, 1337, 1442, 1698, 1725, 1770, 1869, 1920, 1945, 1998,
2080,2090,2121,2317 };

Ks = {58, 239,252,292, 295, 335, 459, 484, 691, 720, 748, 755, 775, 810, 836,
856, 867, 929, 1013, 1051, 1132, 1171, 1209, 1347, 1392, 1409, 1473,
1585, 1594, 1600, 1680, 1724, 1726, 1813, 1872, 1906, 2065, 2087,
2122,2262,2388,2417,2429 };
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Ko =1{93, 128, 138, 184, 274, 283, 332, 340, 545, 606, 614, 682, 773, 911,
979, 1028, 1082, 1133, 1149, 1151, 1276, 1291, 1388, 1393, 1532, 1541,
1573, 1589, 1696, 1731, 1854, 1903, 1972, 2006, 2069, 2073, 2105,
2267,2290,2333,2364,2372,2435 };

Ko = {100, 132, 134, 216, 314, 338, 382, 622, 657, 729, 747, 749, 757, 852,
868, 939, 1086, 1124, 1147, 1162, 1181, 1344, 1376, 1391, 1410, 1455,
1467, 1489, 1493, 1523, 1649, 1652, 1685, 1803, 1806, 1860, 1980,
2016,2034,2176,2186,2355,2448 };

K =1{27,39,59, 106, 123, 339, 358, 635, 725, 745,901, 937,973, 1044, 1121,
1165, 1169, 1191, 1216, 1225, 1280, 1282, 1294, 1350, 1404, 1432,
1535, 1545, 1818, 1894, 1944, 1960, 1969, 1988, 2011, 2067, 2079,
2136,2149, 2330, 2336, 2359,2416 };

Ko =1{94,150,213,416,423,471, 481, 583, 596, 640, 721, 812, 869, 904, 926,
982,1037,1077,1152, 1198, 1236, 1265, 1303, 1313, 1346, 1433, 1536,
1621, 1636, 1773, 1795, 1832, 1885, 1889, 1928, 1943, 2047, 2111,
2156,2192,2259,2273,2312 };

Kiz =1{10,28,83,92,95,111, 194,364,367, 447, 468, 489, 501, 581, 617, 625,
706,717, 821, 841, 898, 956, 990, 1000, 1139, 1239, 1299, 1439, 1671,
1721, 1875, 1884, 2051, 2053, 2064, 2108, 2144, 2274, 2331, 2334,
2397,2431,2450 };

Kis = {61, 80, 179, 327, 361, 406, 467, 547, 567, 589, 601, 649, 778, 1054,
1177, 1180, 1234, 1377, 1408, 1411, 1466, 1537, 1629, 1699, 1788,
1797, 1811, 1820, 1848, 1878, 1898, 1910, 1967, 2004, 2123, 2187,
2212,2254,2288,2379,2392, 2406, 2436 };

Kis = {29, 122, 142, 201, 279, 621, 659, 698, 700, 701, 724, 782, 850, 878,
915,1088,1160, 1172, 1204, 1212, 1244, 1247, 1263, 1269, 1277, 1316,
1334, 1435, 1477, 1499, 1501, 1521, 1603, 1764, 1864, 1879, 2078,
2095,2194,2251,2306,2378,2421 };

Kis =12,9, 18, 66, 269, 311, 343, 400, 516, 519, 531, 564, 610, 652, 670, 713,
730, 736, 794, 882, 925, 1349, 1518, 1555, 1622, 1633, 1737, 1782,
1838, 1895, 1950, 1975, 1976, 2043, 2045, 2061, 2169, 2178, 2228,
2237,2256,2271,2444 };

K7 = {15, 101, 158, 183, 241, 264, 331, 495, 651, 732, 752, 857, 859, 913,
972,1224,1235,1278,1372,1423, 1494, 1508, 1534, 1641, 1651, 1733,
1739, 1837, 1867, 1918, 1933, 1984, 1990, 2074, 2075, 2128, 2141,
2143,2316,2329,2371,2393,2418 };



97

Kis = {38, 45,104, 238, 270, 305, 404, 421, 465, 485, 533, 537, 671, 727, 787,
807, 820, 832, 854, 865, 942, 943, 944, 967, 999, 1041, 1118, 1380,
1500, 1547, 1597, 1709, 1742, 2005, 2018, 2033, 2042, 2049, 2077,
2107,2179,2264,2432 };

Ko = {85, 124, 172, 224, 280, 293, 303, 497, 603, 750, 762, 768, 853, 895,
1101, 1116, 1182, 1196, 1335, 1355, 1359, 1364, 1445, 1512, 1734,
1791, 1796, 1798, 1808, 1841, 1989, 2037, 2048, 2115, 2177, 2198,
2238,2296,2341,2343,2345,2353,2389 };

Koo = {178, 223, 245, 312, 336, 415, 437, 475, 665, 735, 779, 804, 858, 892,
922,988, 997, 1023, 1073, 1098, 1144, 1321, 1369, 1378, 1452, 1459,
1474, 1524, 1557, 1598, 1655, 1694, 1702, 1723, 1749, 1793, 1852,
1934, 1942,2180, 2196, 2376, 2381 };

¥ = {81,163, 198,229,263,281,491, 641, 673, 674, 680, 722,737,740, 771,
786, 843, 880, 992, 1019, 1099, 1127, 1202, 1267, 1339, 1496, 1507,
1635, 1665, 1690, 1713, 1715, 2072, 2085, 2089, 2168, 2190, 2209,
2258,2320,2327,2398, 2407 };

K = {24, 88, 135, 145, 219, 284, 381, 401, 438, 613, 766, 767, 827, 888, 980,
983,1068, 1130, 1138, 1153, 1290, 1356, 1403, 1424, 1431, 1468, 1528,
1607, 1686, 1777, 1790, 1902, 1957, 1968, 2084, 2119, 2125, 2157,
2175,2189,2358,2433,2438 };

Koz = {86, 129, 170, 233, 319, 453, 488, 522, 612, 639, 658, 760, 790, 828,
866, 871,883,921, 955,986, 1043, 1047, 1136, 1318, 1427, 1443, 1478,
1558, 1564, 1648, 1682, 1752, 1774, 1846, 1963, 1979, 2002, 2020,
2040,2062,2142,2257,2277 };

Toa = {3, 60, 112, 164, 173, 392, 394, 419, 427, 463, 483, 498, 527, 615, 837,
032,984, 1123,1179, 1188, 1319, 1342, 1421, 1487, 1556, 1567, 1664,
1711, 1750, 1839, 2014, 2024, 2030, 2063, 2120, 2147, 2159, 2163,
2182,2284,2285,2298,2446 };

Kos = {71, 115, 197, 290, 291, 310, 313, 435, 494, 499, 510, 573, 663, 688,
789, 893,909, 953, 966,970, 1009, 1016, 1122, 1211, 1288, 1304, 1326,
1438, 1449, 1469, 1484, 1674, 1761, 1812, 2021, 2229, 2240, 2269,
2326,2368,2419,2430,2442 };

Ko = {50, 68, 69, 91, 195, 253, 388, 410, 455, 457, 535, 664, 672, 728, 815,
889,991, 1036, 1090, 1114, 1183, 1219, 1229, 1245, 1257, 1286, 1568,
1575, 1588, 1807, 1871, 1893, 1901, 1907, 1908, 2028, 2101, 2206,
2247,2263,2310,2324, 2408 };
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K7 = {8, 215,254,321, 353,377, 395, 412, 432, 464, 588, 645, 653, 692, 704,
710,714,764,783,870, 890, 1072, 1213, 1260, 1345, 1365, 1366, 1502,
1569, 1707, 1779, 1799, 1834, 1900, 1931, 1993, 2012, 2131, 2233,
2252,2283,2380, 2425 };

Ts =1{1,21,32,63,96, 126, 176, 211, 304, 383, 450, 472, 515, 525, 534, 553,
582, 598, 619, 861, 872, 877, 906, 998, 1029, 1056, 1134, 1158, 1193,
1252, 1429, 1486, 1554, 1592, 1604, 1650, 1880, 1947, 1958, 2068,
2098, 2202,2207 };

K =1{37,55, 161, 218, 220, 242, 300, 307, 350, 496, 685, 711, 844, 894, 1031,
1058, 1109, 1131, 1293, 1317, 1338, 1370, 1420, 1451, 1678, 1804,
1842, 1859, 1873, 1888, 1999, 2046, 2050, 2093, 2154, 2208, 2210,
2225,2260,2340,2401,2410,2449 };

K0 = {25,43,137, 214,232, 278, 417, 424, 440, 443, 558, 597, 600, 662, 676,
731,791, 839, 896,949,981, 1173, 1230, 1231, 1323, 1394, 1413, 1456,
1460, 1503, 1666, 1712, 1778, 1882, 1904, 1919, 1986, 2023, 2155,
2231,2255,2293,2360 };

IGr = {125, 222, 306, 454, 524, 549, 624, 636, 683, 715, 796, 900, 919, 1045,
1049, 1062, 1092, 1102, 1104, 1112, 1115, 1221, 1258, 1266, 1283,
1284, 1310, 1320, 1395, 1415, 1552, 1614, 1640, 1667, 1743, 1794,
1844,1851, 1916, 1954, 2086, 2311,2354 };

¥ = {4, 30, 109, 187, 202, 248, 298, 355, 414, 474, 520, 565, 569, 585, 739,
758, 793, 808, 1011, 1105, 1203, 1256, 1295, 1371, 1422, 1560, 1576,
1613, 1615, 1618, 1637, 1638, 1639, 1760, 1772, 1821, 1829, 1921,
2173,2232,2350,2427,2441 };

IGs = { 141, 167, 257, 268, 276, 333, 368, 444, 562, 563, 578, 630, 667, 826,
897,976, 1002, 1064, 1091, 1100, 1186, 1187, 1292, 1315, 1361, 1367,
1384, 1453, 1580, 1676, 1705, 1766, 1823, 1940, 1996, 2031, 2058,
2152,2167,2226,2250,2299,2342 };

IGa = {47, 84,117, 136, 146, 240, 366, 376, 408, 433, 445, 470, 575, 594, 686,
712,754,770, 834, 846, 874, 1020, 1096, 1097, 1128, 1166, 1417, 1533,
1565, 1632, 1695, 1754, 1802, 1817, 1925, 2010, 2041, 2094, 2151,
2197,2199,2204,2319 };

Kss = {72, 113, 144, 181, 206, 315, 356, 430, 436, 442, 644, 946, 989, 1001,
1038, 1039, 1046, 1059, 1069, 1141, 1390, 1437, 1446, 1450, 1506,
1510, 1530, 1601, 1856, 1909, 1956, 1966, 2060, 2071, 2088, 2164,
2188,2222,2325,2332,2374,2383,2404 };
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TGe = {23, 51, 56, 99, 105, 193, 328, 346, 347, 348, 360, 380, 405, 441, 511,
536, 554, 862, 863, 899, 910, 931, 1093, 1154, 1215, 1328, 1343, 1498,
1511, 1550, 1553, 1559, 1610, 1627, 1630, 1654, 1661, 1669, 1763,
1991,2112,2138,2301 };

¥ = {74, 205, 256, 345, 384, 396, 452, 702, 800, 813, 918, 971, 1201, 1206,
1302, 1305, 1352, 1397, 1405, 1412, 1440, 1458, 1464, 1509, 1525,
1529, 1582, 1658, 1692, 1703, 1717, 1719, 1740, 1751, 1927, 2056,
2103,2117,2133,2158,2215,2243,2365 };

Kss = {13,90, 107, 108, 143, 153, 159, 160, 162, 199, 200, 208, 255, 277, 571,
595, 643, 679, 699, 788, 818, 823, 887, 947, 1004, 1006, 1192, 1330,
1402, 1505, 1542, 1543, 1602, 1693, 1720, 1974, 2009, 2253, 2307,
2351,2384,2395,2439 };

Ks9 = {76,779, 140, 177,237, 246, 262, 275, 308, 329, 378, 591, 648, 695, 811,
923, 945, 961, 1079, 1106, 1156, 1178, 1210, 1357, 1462, 1481, 1517,
1571, 1691, 1735, 1741, 1800, 1896, 1912, 1953, 1981, 2015, 2057,
2153,2281,2294,2396, 2413 };

Ko =1{7, 12, 64, 188, 227, 317, 359, 458, 480, 543, 561, 599, 689, 780, 817,
875, 930, 934, 993, 1027, 1084, 1087, 1161, 1170, 1287, 1374, 1491,
1562, 1584, 1672, 1809, 1835, 1987, 1992, 2003, 2039, 2161, 2201,
2220, 2266,2279,2289,2323 };

Ka =1{67,73,156,209, 234, 294, 407, 429, 555, 577, 580, 681, 733, 776, 785,
838, 842, 848, 884, 886, 905, 941, 964, 1066, 1126, 1159, 1544, 1624,
1644, 1656, 1762, 1771, 1827, 1845, 1897, 1936, 2097, 2127, 2270,
2352,2362,2399,2445 };

Ki = {11, 48, 186, 243, 326, 370, 420, 503, 517, 831, 849, 903, 1119, 1176,
1199, 1261, 1268, 1348, 1399, 1418, 1463, 1471, 1483, 1626, 1642,
1683, 1736, 1744, 1783, 1784, 1826, 1877, 1886, 1962, 1964, 1973,
1978,2044,2195,2218,2261,2390,2422 };

Kaiz = {14, 148, 266, 387, 390, 425, 431, 529, 586, 602, 703, 765, 801, 833,
1003, 1014, 1085, 1240, 1241, 1281, 1308, 1448, 1497, 1515, 1549,
1563, 1578, 1608, 1617, 1675, 1689, 1700, 1732, 1768, 1825, 1836,
2066,2091, 2102, 2203,2287,2297,2357 };

Kaus = {154, 180, 261, 273, 297, 316, 352, 477, 490, 616, 628, 677, 709, 761,
908,1033,1081, 1148, 1150, 1205, 1222, 1309, 1314, 1387, 1430, 1526,
1583, 1616, 1716, 2019, 2038, 2082, 2140, 2236, 2241, 2245, 2282,
2303,2309,2339,2373,2412,2437 };



100

Kas = {120, 133, 386, 478, 509, 587, 609, 631, 656, 802, 809, 948, 975, 985,
1035, 1052, 1055, 1075, 1103, 1129, 1214, 1253, 1322, 1470, 1527,
1590, 1606, 1611, 1647, 1718, 1874, 1922, 2026, 2027, 2104, 2114,
2150,2162,2221,2344,2367,2385,2424 };

K = {34, 89,152,168, 210, 231, 287, 334, 357, 426, 462, 473, 493, 508, 550,
611, 618, 654, 734, 742, 772, 829, 860, 924, 965, 1227, 1270, 1327,
1386, 1504, 1581, 1814, 1863, 1930, 1985, 2055, 2106, 2145, 2160,
2191,2315,2402,2409 };

Ki7 = {46,130, 250, 375, 393,397, 500, 546, 572, 593, 629, 647, 650, 718, 719,
952, 977, 994, 1005, 1007, 1063, 1381, 1396, 1465, 1540, 1566, 1574,
1609, 1670, 1727, 1792, 1810, 1815, 1870, 1899, 1905, 1926, 1939,
1941, 1959,2227,2272,2291 };

Kais = {6,70,247,289, 309, 363, 398, 418, 428, 626, 687, 744, 830, 959, 1040,
1061, 1094, 1137, 1163, 1218, 1228, 1238, 1298, 1331, 1341, 1375,
1419, 1457, 1492, 1561, 1697, 1747, 1756, 1776, 1833, 1850, 1883,
1892,1915,2174,2211, 2268, 2363 };

Kio =1{77,87, 165, 189, 244, 322, 502, 559, 634, 690, 705, 716, 726, 738, 816,
851, 954,974, 1012, 1034, 1071, 1145, 1249, 1306, 1472, 1513, 1538,
1570, 1722, 1816, 1847, 1971, 2126, 2139, 2181, 2193, 2216, 2230,
2235,2346,2347,2391,2434 };

Kso = {17, 33, 36, 49, 75, 121, 373, 422, 541, 552, 579, 605, 620, 697, 769,
881,1030,1042,1143,1195,1237,1312, 1441, 1475, 1476, 1519, 1657,
1706, 1708, 1748, 1805, 1819, 1843, 1866, 1887, 1913, 1929, 1970,
1997,2035,2081,2100,2411 };

¥ = {52,119, 185,249, 344,379, 389, 413,482, 592, 743,753,784, 891, 916,
958,962, 1050, 1070, 1107, 1185, 1246, 1271, 1272, 1289, 1329, 1383,
1407, 1428, 1485, 1605, 1619, 1681, 1746, 2029, 2036, 2134, 2135,
2165,2200,2213,2318,2356 };

Kso =1{35,42, 65, 157, 191, 226, 288, 351, 354, 362, 385, 479, 487, 514, 538,
540, 551, 632, 637, 694, 774,933, 1074, 1078, 1233, 1243, 1300, 1325,
1401, 1447, 1620, 1853, 1911, 1983, 2007, 2099, 2113, 2116, 2170,
2234,2302,2369,2382 };

Ksz = {53, 103, 203, 260, 272, 349, 506, 507, 638, 646, 660, 814, 845, 902,
920, 1067, 1080, 1155, 1174, 1207, 1226, 1273, 1285, 1297, 1385, 1454,
1480, 1495, 1577, 1587, 1662, 1684, 1728, 1775, 1789, 2001, 2130,
2172,2275,2278,2304, 2308, 2447 };
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Ksa = {116, 118, 131, 286, 323, 402, 512, 528, 532, 566, 668, 756, 777, 879,
1113, 1135, 1190, 1262, 1360, 1362, 1373, 1514, 1531, 1546, 1687,
1787, 1857, 1861, 1891, 1914, 1935, 1952, 2000, 2013, 2022, 2070,
2148,2183,2205,2217,2321,2366,2377 };

Kss = { 16,44, 149,217, 265, 267, 320, 403, 460, 466, 504, 526, 781, 824, 825,
840, 873, 1120, 1146, 1200, 1250, 1259, 1279, 1301, 1333, 1336, 1461,
1599, 1623, 1634, 1668, 1704, 1729, 1755, 1786, 1924, 1961, 2076,
2110, 2300, 2328,2338,2387 };

Kse = {5, 62, 127, 207, 365, 505, 542, 604, 607, 655, 693, 696, 799, 806, 885,
936,951, 1015, 1057, 1220, 1379, 1414, 1436, 1586, 1628, 1643, 1659,
1663, 1679, 1714, 1769, 1780, 1849, 1868, 1994, 2017, 2096, 2214,
2244,2276,2313,2415,2428 };

Ks; = {82,147, 166, 169, 204, 225, 258, 282,299, 374, 446, 486, 523, 557, 590,
707,763,797,957,960,987,1017, 1018, 1022, 1217, 1248, 1490, 1548,
1551, 1595, 1660, 1745, 1831, 1949, 1955, 1977, 2185, 2239, 2295,
2314,2322,2403,2426 }.

The third decomposition is given by 57 sets K; for i = 1,...,57 each set consists of
43 points of one of the 57 disjoint 43-arcs in PG(2, 7%) as follows:

K =1{0,57, 114, 171, 228, 285, 342, 399, 456, 513, 570, 627, 684, 741, 798,
855, 912, 969, 1026, 1083, 1140, 1197, 1254, 1311, 1368, 1425, 1482,
1539, 1596, 1653, 1710, 1767, 1824, 1881, 1938, 1995, 2052, 2109,
2166,2223,2280,2337,2394 };

¥ =11, 31, 207, 216, 312, 348, 393, 405, 447, 476, 477, 523, 528, 542, 566,
599, 690, 697, 732, 821, 827, 895, 928, 998, 1024, 1029, 1089, 1145,
1211, 1327, 1373, 1632, 1709, 1791, 1797, 2018, 2032, 2115, 2139,
2152,2282,2339,2399 };

G = {49, 129, 230, 300, 448, 547, 594, 629, 700, 750, 763, 770, 832, 844, 903,
929, 1042, 1267, 1378, 1470, 1474, 1527, 1620, 1684, 1695, 1747, 1793,
1865, 1971, 2004, 2015, 2037, 2100, 2110, 2132, 2158, 2188, 2215,
2286,2295,2328,2344,2352 };

s =1{2,72, 131, 181, 223, 263, 284, 344, 369, 597, 734, 737, 772, 829, 864,
947,1003, 1004, 1160, 1207, 1289, 1374, 1445, 1477, 1483, 1510, 1645,
1647, 1661, 1665, 1688, 1711, 1843, 1847, 1852, 1868, 1869, 2200,
2207,2255,2268,2397,2428 };
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Ks =1{6, 119, 258, 337, 362, 434, 438, 519, 550, 579, 590, 591, 612, 648, 711,
733,933, 1005, 1138, 1154, 1171, 1241, 1324, 1332, 1469, 1496, 1552,
1570, 1599, 1614, 1616, 1641, 1654, 1670, 1727, 1849, 1976, 1983,
1991,2103,2184,2212,2358 };

Ke =14,7, 17, 52, 64, 78, 341, 349, 427, 569, 574, 650, 687, 744, 748, 943,
975, 1006, 1036, 1074, 1172, 1278, 1285, 1412, 1414, 1458, 1468, 1561,
1612, 1666, 1692, 1774, 1816, 1872, 1949, 1973, 1979, 2069, 2082,
2172,2310,2329,2400 };

K7 =1{71,93, 148, 164, 334, 374, 483, 531, 551, 669, 683, 731, 823, 848, 863,
897, 905, 914, 948, 985, 1034, 1086, 1106, 1118, 1174, 1187, 1190,
1213, 1330, 1349, 1485, 1531, 1589, 1617, 1757, 1759, 1833, 1841,
1945,1972,2183,2253,2429 };

Ks = {50, 102, 134, 224, 287, 318, 320, 335, 435, 515, 548, 649, 651, 658,
761,762, 858, 886,901, 923, 1011, 1119, 1156, 1176, 1200, 1300, 1306,
1372, 1438, 1443, 1461, 1504, 1574, 1743, 1787, 1860, 1993, 2057,
2073,2199,2210, 2289, 2304 };

Ko = {104,120, 122,178,190, 192,238,260, 321, 383, 455,458, 561, 600, 606,
673, 826, 977, 991, 1015, 1146, 1218, 1489, 1556, 1615, 1675, 1732,
1762, 1784, 1805, 1855, 1891, 1926, 1953, 2017, 2071, 2154, 2220,
2284,2312,2376,2415,2416 };

Ko = (302,347,464, 505, 564,573,765, 783,801, 877,917, 1016, 1019, 1066,
1084, 1107, 1116, 1126, 1148, 1162, 1205, 1228, 1250, 1338, 1419,
1456, 1490, 1507, 1671, 1800, 1831, 1889, 1930, 1954, 1963, 2048,
2059,2070,2084,2097,2261,2342,2426 };

K =1{61,322,350, 352,388,422, 449, 460, 484, 546, 598, 616, 694, 719, 846,
906, 951, 988, 1060, 1079, 1256, 1280, 1290, 1302, 1399, 1563, 1607,
1672, 1745, 1749, 1770, 1785, 1876, 1918, 1932, 1964, 2028, 2063,
2126,2195,2293,2331,2354 };

Ko = {43, 53,55, 82, 128, 151, 175, 233, 242, 363, 418, 444, 453, 720, 780,
835, 842, 880, 909, 946, 1143, 1150, 1152, 1234, 1237, 1244, 1253,
1310, 1371, 1402, 1497, 1643, 1673, 1715, 1799, 1836, 1846, 1900,
2027,2162,2260,2297,2375 };

Kiz = {100, 176, 182, 204, 219, 221, 251, 509, 545, 625, 628, 666, 896, 935,
958,980, 1032, 1112, 1158, 1186, 1188, 1276, 1309, 1314, 1319, 1358,
1386, 1559, 1581, 1638, 1677, 1683, 1750, 1863, 1890, 1969, 2020,
2205, 2206, 2225, 2230, 2256, 2362 };
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Kis ={11,79, 146, 197, 210, 240, 249, 281, 319, 386, 391, 414, 416, 492, 586,
653, 749, 785, 918, 994, 1129, 1134, 1264, 1288, 1348, 1363, 1396,
1413, 1434, 1453, 1479, 1761, 1851, 2046, 2118, 2120, 2128, 2150,
2227,2248,2355,2369,2370 };

Kis = {37, 69, 89, 237, 277, 325, 355, 404, 525, 623, 654, 664, 715, 907, 932,
949, 959, 966, 1040, 1048, 1094, 1108, 1191, 1227, 1308, 1448, 1591,
1619, 1626, 1631, 1728, 1792, 1862, 1884, 1901, 1956, 1996, 2003,
2116,2164,2242,2348,2433 };

Kie = {41,94, 118, 130, 137, 180, 254, 291, 324, 346, 351, 506, 518, 521, 529,
554,891, 1012, 1033, 1049, 1164, 1194, 1208, 1223, 1260, 1275, 1359,
1406, 1517, 1564, 1609, 1613, 1699, 1754, 1823, 1892, 1899, 2019,
2090,2161,2263,2391,2445 };

Ki7 = {40, 54, 126, 144, 194, 2009, 289, 619, 626, 630, 659, 691, 708, 710, 738,
751, 7717, 963, 996, 1021, 1095, 1125, 1131, 1161, 1301, 1320, 1392,
1447, 1459, 1473, 1509, 1529, 1606, 1664, 1874, 1883, 1906, 2081,
2101,2104,2151,2232,2275 };

Kis = {13, 18,90, 110, 152, 295, 323, 445, 510, 568, 577, 582, 793, 890, 920,
938, 940, 954, 965, 979, 1071, 1231, 1333, 1351, 1377, 1383, 1472,
1498, 1520, 1532, 1573, 1705, 1859, 1951, 1962, 1966, 2006, 2035,
2050,2072,2145,2313,2317 };

Ko = {33,250,338,373, 440,482, 514, 534, 584,769, 800, 806, 810, 822, 850,
852, 859, 968, 1292, 1362, 1409, 1418, 1431, 1481, 1503, 1549, 1605,
1610, 1803, 1810, 1844, 1856, 1905, 1933, 2076, 2105, 2185, 2186,
2204,2249,2262,2413,2417 };

T = {39, 86, 215, 265, 272, 283, 354, 395, 409, 413, 428, 461, 556, 689, 790,
919,1078, 1149, 1203, 1215, 1248, 1271, 1296, 1393, 1395, 1492, 1506,
1545, 1582, 1663, 1689, 1806, 1809, 2042, 2121, 2149, 2174, 2356,
2359,2364,2401,2432,2439 };

T = {96, 165, 200, 288, 365, 385, 562, 596, 603, 622, 632,722,791, 851, 868,
904,937,1056, 1093, 1111, 1113, 1124, 1279, 1416, 1493, 1577, 1594,
1621, 1624, 1625, 1644, 1734, 1741, 1760, 1832, 1839, 2030, 2056,
2181,2219,2245,2278,2350 };

K =1{16,24,103, 188, 339, 452, 468, 475, 552, 668, 755, 788, 879, 927, 970,
1037, 1062, 1268, 1312, 1321, 1367, 1379, 1454, 1462, 1516, 1519,
1548, 1587, 1674, 1678, 1718, 1721, 1744, 1802, 1920, 1944, 2031,
2079,2144,2274,2336,2410,2435 };
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Ts = {58, 136, 153, 213, 225, 466, 502, 567, 583, 680, 728, 756, 939, 1051,
1090, 1097, 1177, 1202, 1240, 1303, 1446, 1514, 1562, 1618, 1623,
1636, 1656, 1687, 1712, 1769, 1778, 1788, 2062, 2129, 2134, 2160,
2165,2319,2330,2333,2334,2357,2392 };

Ta = {28, 42, 83, 92, 127, 150, 294, 381, 624, 782, 862, 873, 900, 957, 1063,
1069, 1091, 1151, 1180, 1204, 1421, 1450, 1471, 1488, 1522, 1569,
1579, 1716, 1735, 1864, 1894, 1913, 1931, 2034, 2051, 2060, 2157,
2234,2267,2276,2300, 2309, 2338 };

Ks = {26, 51, 202, 311, 431, 472, 657, 706, 836, 847,911, 1075, 1080, 1122,
1163, 1165, 1272, 1435, 1533, 1550, 1595, 1611, 1659, 1703, 1714,
1737, 1835, 1921, 1977, 2045, 2078, 2096, 2123, 2138, 2187, 2202,
2218,2257,2308, 2379, 2406, 2420, 2448 };

Koe = {138, 179, 183, 253, 266, 307, 368, 396, 419, 436, 446, 486, 559, 681,
742,794, 1018, 1020, 1100, 1239, 1265, 1294, 1405, 1440, 1603, 1879,
1923, 1950, 1952, 1974, 2011, 2087, 2095, 2113, 2135, 2194, 2241,
2292,2315,2316,2346,2349,2377 };

Ko = {111, 269, 353, 421, 495, 500, 536, 571, 608, 621, 631, 661, 713, 753,
764, 824, 845, 1054, 1169, 1313, 1423, 1505, 1693, 1731, 1738, 1765,
1819, 1822, 1838, 1840, 1924, 1959, 1970, 1978, 2007, 2107, 2176,
2192,2229,2231,2277,2374,2444 };

Ko = { 15,23, 140, 155, 212, 222, 226, 264, 329, 425, 471, 497, 501, 696, 698,
745,922,972, 1123, 1142, 1147, 1224, 1274, 1329, 1341, 1375, 1382,
1408, 1480, 1588, 1650, 1719, 1814, 1857, 1896, 1947, 1975, 2064,
2077,2264,2318,2345,2361 };

K = {12,169, 244,267,297, 330, 336, 375,377,496, 633, 670, 768, 787, 803,
820, 1027,1067,1110,1167,1170, 1192, 1206, 1336, 1354, 1420, 1537,
1576, 1597, 1729, 1928, 1948, 1988, 2021, 2053, 2075, 2170, 2177,
2179,2216,2254,2306, 2321 };

o = {5, 21, 36, 73, 247, 293, 489, 620, 679, 701, 807, 825, 902, 1023, 1196,
1307, 1322, 1355, 1394, 1436, 1676, 1690, 1691, 1723, 1739, 1758,
1811, 1893, 1919, 1936, 1986, 1997, 2022, 2065, 2083, 2122, 2178,
2198,2221,2259,2378,2423,2443 };

¥Gr = {168, 201, 280, 282, 326, 361, 364, 408, 526, 530, 592, 611, 735, 740,
882, 960, 974, 993, 1008, 1041, 1082, 1139, 1178, 1185, 1221, 1232,
1266, 1366, 1524, 1557, 1651, 1725, 1780, 1790, 1826, 1858, 1888,
1914, 2086, 2169, 2196, 2320, 2449 };
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¥ = {20, 65, 139, 172, 248, 480, 487, 522, 580, 723, 727, 739, 767, 779, 7197,
808, 839, 856, 876, 892, 1014, 1068, 1088, 1099, 1277, 1281, 1339,
1410, 1465, 1467, 1555, 1566, 1786, 1837, 1882, 1929, 1984, 1994,
1998, 2089, 2288, 2332,2398 };

G =19, 62,67,70, 81, 167,252,279, 292, 316, 380, 401, 507, 614, 634, 854,
857, 883, 944, 983, 992, 1047, 1130, 1225, 1282, 1385, 1580, 1640,
1794, 1796, 1813, 1830, 2029, 2043, 2058, 2189, 2236, 2305, 2322,
2363,2381,2390, 2446 };

Tsa = {30, 45, 84, 191, 298, 303, 402, 463, 494, 527, 712, 771, 773, 869, 921,
926, 955, 1017, 1070, 1098, 1133, 1182, 1189, 1214, 1389, 1417, 1455,
1475, 1538, 1633, 1861, 1877, 2040, 2091, 2119, 2133, 2142, 2143,
2175, 2235,2290, 2360, 2405 };

K55 = {132, 206, 217, 229, 231, 305, 356, 358, 394, 424, 499, 805, 841, 898,
997,1039,1092, 1144, 1183, 1222, 1251, 1304, 1342, 1384, 1404, 1478,
1578, 1648, 1649, 1708, 1720, 1733, 1746, 1766, 1798, 1866, 1911,
1961,2001,2014,2024,2125,2247 };

Is6 = {46, 56, 97, 245, 290, 328, 465, 524, 565, 635, 641, 686, 693, 709, 784,
795, 814, 893, 973, 1179, 1326, 1360, 1427, 1568, 1575, 1628, 1646,
1681, 1834, 1910, 1960, 1967, 2094, 2111, 2137, 2147, 2240, 2271,
2301,2302,2327,2396, 2438 };

¥ = { 116, 149, 166, 195, 384, 457, 613, 615, 809, 828, 870, 888, 987, 995,
1064, 1077, 1193, 1212, 1245, 1257, 1269, 1299, 1325, 1397, 1433,
1449, 1457, 1584, 1713, 1717, 1775, 1781, 1821, 1853, 1909, 1917,
2092,2131,2148,2156,2325,2371,2389 };

IGs = {22, 107, 199, 343, 366, 400, 437, 470, 533, 539, 601, 667, 699, 717,
760, 804, 816, 867,894,908, 1022, 1065, 1072, 1155, 1297, 1345, 1476,
1528, 1553, 1604, 1627, 1682, 1753, 1755, 1828, 1875, 2106, 2182,
2217,2233,2244,2368,2431 };

K9 = {25, 32, 74, 80, 101, 158, 163, 196, 278, 286, 340, 371, 378, 411, 442,
488, 560, 589, 609, 778, 815, 952, 984, 1057, 1120, 1466, 1484, 1487,
1499, 1525, 1565, 1592, 1657, 1660, 1946, 1958, 2190, 2208, 2281,
2294,2343,2366,2404 };

Kao = {44, 115, 125, 143, 296, 389, 516, 549, 672, 792, 878, 934, 942, 999,
1181, 1220, 1263, 1293, 1316, 1317, 1403, 1437, 1511, 1542, 1572,
1668, 1702, 1763, 1777, 1842, 1850, 1955, 2023, 2039, 2124, 2191,
2266,2283,2298,2335,2388,2421,2442 };
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Ka =1{91,214,232,239,331,407,429, 491, 676, 688, 725, 736, 799, 813, 884,
885, 910, 925, 1103, 1105, 1136, 1255, 1291, 1357, 1401, 1422, 1444,
1464, 1535, 1593, 1667, 1722, 2061, 2098, 2136, 2146, 2252, 2291,
2296,2324,2353,2403, 2425 };

K = {135, 186, 268, 317, 439, 462, 557, 578, 595, 640, 704, 714, 837, 849,
872,1013,1058, 1137, 1195, 1235, 1236, 1273, 1283, 1323, 1391, 1415,
1534, 1536, 1554, 1598, 1639, 1655, 1680, 1742, 1751, 1783, 1871,
1916,2171,2239,2246,2393,2395 };

Kiz =1{29, 63,123, 184, 241, 255, 257, 270, 367, 382, 417, 432, 537, 585, 675,
685, 695, 786, 796, 843,978, 1085, 1101, 1128, 1166, 1337, 1560, 1768,
1854, 1885, 2000, 2033, 2036, 2068, 2108, 2127, 2153, 2203, 2272,
2340,2419,2427,2434 };

Kais = {68, 85, 88, 124, 145, 273, 304, 310, 430, 443, 451, 467, 504, 517, 540,
543,617,757,775, 881,976, 1038, 1061, 1210, 1258, 1335, 1370, 1526,
1558, 1637, 1652, 1782, 1873, 1942, 1992, 2010, 2047, 2155, 2167,
2197,2299,2303,2436 };

Kis =1{19,59, 95, 117, 141, 227, 410, 511, 558, 575, 604, 644, 662, 674, 705,
838, 913, 950, 986, 1031, 1035, 1043, 1115, 1141, 1284, 1328, 1365,
1388, 1495, 1629, 1700, 1764, 1817, 1897, 1925, 1934, 1980, 2026,
2180,2251,2285,2367,2441 };

Kaie = {3, 60, 121, 187, 211, 261, 306, 315, 345, 473, 474, 508, 512, 555, 610,
639,671, 746,747,789, 899, 1002, 1010, 1096, 1199, 1217, 1270, 1352,
1501, 1530, 1635, 1686, 1698, 1707, 1736, 1795, 1848, 1895, 2088,
2112,2258,2311,2383 };

Kir = {106, 112, 113, 133, 160, 193, 370, 387, 553, 572, 576, 758, 766, 840,
874, 889, 962, 1000, 1007, 1109, 1209, 1216, 1315, 1343, 1439, 1508,
1512, 1608, 1630, 1669, 1701, 1740, 1867, 1902, 1927, 1940, 1941,
1965,2173,2228,2269,2307,2326 };

Kais =1{14,47,309, 415, 441, 469, 485, 563, 643, 655, 682, 702, 811, 860, 866,
887, 953, 971, 981, 1081, 1229, 1233, 1286, 1318, 1346, 1380, 1398,
1411, 1451, 1502, 1571, 1601, 1756, 1801, 1898, 1943, 2002, 2117,
2140,2211,2226,2243,2386 };

Kao = {105, 108, 159, 246, 256, 259, 299, 301, 392, 454, 587, 588, 645, 716,
729, 834, 853, 861, 915, 930, 990, 1059, 1175, 1350, 1513, 1523, 1543,
1590, 1602, 1789, 1815, 1908, 1922, 1937, 2041, 2159, 2163, 2168,
2238,2279,2347,2414,2437 };
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Kso = {27, 75, 98, 156, 205, 271, 275, 327, 406, 412, 426, 481, 493, 663, 730,
819, 931, 961, 1001, 1009, 1055, 1087, 1121, 1157, 1262, 1295, 1356,
1369, 1390, 1429, 1486, 1694, 1706, 1771, 1912, 1915, 2054, 2055,
2224,2265,2351,2411,2430};

s =1{77,142,161, 174,198, 218, 235, 357, 359, 360, 423, 503, 535, 581, 593,
818, 863, 916, 982, 1053, 1127, 1132, 1219, 1242, 1247, 1287, 1340,
1381, 1407, 1428, 1518, 1658, 1704, 1807, 1870, 1880, 1907, 2080,
2141,2201, 2250, 2270, 2422 };

Ks, = {10, 154, 162, 177, 208, 379, 398, 538, 544, 607, 642, 692, 754, 830,
831,1076,1153,1159,1173,1201, 1230, 1243, 1305, 1500, 1515, 1697,
1724, 1776, 1779, 1827, 1845, 1878, 1887, 1939, 1968, 2008, 2066,
2099, 2237,2323,2372, 2440, 2450 };

Kss = {8, 76, 170, 189, 203, 220, 262, 450, 479, 638, 660, 703, 707, 724, 726,
871,941, 1025, 1045, 1052, 1102, 1246, 1249, 1252, 1261, 1347, 1387,
1400, 1442, 1452, 1642, 1696, 1773, 1820, 1886, 1987, 2016, 2038,
2074,2222,2341,2384,2418 };

Kss = {35, 87,99, 173, 243, 308, 314, 390, 459, 498, 532, 541, 602, 656, 759,
776, 875, 924, 945, 1030, 1073, 1334, 1353, 1430, 1432, 1460, 1521,
1547, 1622, 1662, 1748, 1772, 1804, 1829, 1903, 1935, 1982, 2005,
2013,2093,2102,2114,2407 };

Kss = {66, 185,234,274,276,313, 333,372,397, 403, 420,490, 618, 652, 781,
817,1050, 1104, 1135, 1168, 1259, 1364, 1376, 1424, 1426, 1441, 1491,
1494, 1600, 1812, 1825, 1904, 1989, 2067, 2085, 2130, 2213, 2273,
2365,2373,2385,2409,2412 };

Kse = {34, 157, 236, 332, 376, 433, 478, 520, 605, 636, 637, 665, 718, 743,
752,774,802,812,964,967,1114, 1117, 1184, 1198, 1238, 1540, 1544,
1546, 1583, 1586, 1634, 1679, 1685, 1726, 1752, 1818, 1957, 1990,
2009,2044,2214,2287,2408 };

Ks; = {38, 48, 109, 147, 646, 647, 677, 678, 721, 833, 936, 956, 989, 1028,
1044, 1046, 1226, 1298, 1331, 1344, 1361, 1463, 1541, 1551, 1567,
1585, 1730, 1808, 1981, 1985, 1999, 2012, 2025, 2049, 2193, 2209,
2314,2380,2382,2387,2402,2424,2447 }.

In summary, four non-isomorphic decompositions of PG(2, 7%) into disjoint subplanes
of order seven are found in Section 6.1 where the first partition is the classical one, and
the other three decompositions are new. Section 6.2 shows that, in PG(2, 7%), there are, up
to isomorphism, three decompositions into disjoint 43-arcs where the first partition is the

classical one, and the other two decompositions are new.
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Chapter 7

Applications

7.1 Coding theory

In this chapter, we explain the relationship between coding theory and projective spaces
and describe the links with Hermitian unital. Also, by taking the disjoint union of such
subgeometries, a projective code, which is a linear code, is obtained. The content of this
chapter is based on the following standard references: [4], [7], [10], [11] and [18].

The geometrical objects considered in this thesis can be seen as linear codes defined
over a finite field. Let F, be the finite field of order g and let V := [} be the n-dimensional

vector space of the n-tuples over F,,.

Definition 7.1 ( Linear code [11, Section 1.2]). A linear code C is a k-dimensional
subspace of V and it is called an [n, k] code over F, or an [n, k], code. From this we see
that |C| = ¢*.

Definition 7.2 ( Hamming distance [11, Section 1.4]). The Hamming distance between
two codewords c, ¢y € F?, denoted by d(c, ¢y), is the number of positions in which ¢; # c;,

for c = (¢y,...,c,) and ¢y = (coy,- .., Cop)-

Definition 7.3 ( Minimum distance [11, Section 1.4]). The minimum distance d of a
linear code C is the smallest number of positions in which two different elements of C
differ,

d = min{d(c, cy) | ¢, co € C, ¢ # co).

A linear [n, k] code or [n, k], code having minimum distance d is denoted by [n, k, d]

code or [n, k,d], code.

Definition 7.4 ( Weight of codeword [11, Section 1.4]). The weight w(c) of a codeword

¢ is the number of the non—zero components of c; that is, w(c) = d(c, 0).
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For a linear code C, the minimum distance and minimum weight are the same for

linear codes [11, Section 1.4].
min{w(c) | ¢ € C\{0}} = min{d(c, cy) | ¢, co € C,c # cop}.

One of the main reasons why the weight of the codewords of a linear code is measured is

that a code C with minimum distance d can correct up to ¢ errors, where 21 + 1 < d.

Definition 7.5 ( Generator matrix [11, Section 1.2]). A generator matrix G of an [n, k]

code C is a k X n matrix whose rows form a basis for C.

Remark 7.1 ([11, Section 1.2]). We can describe each k-dimensional subspace of V :=

[, using a generator matrix.

Definition 7.6 ( Dual code [11, Section 1.3]). The dual code C* of a g-ary linear code C

of length m is the set of all vectors orthogonal to all the codewords of C, hence
Ct={veVim,q) | (v,c)=0,Yc e C}.

Definition 7.7 ( Parity-check matrix [11, Sections 1.2 and 1.3]). A parity-check matrix

H for an [n, k] code C is an (n — k) X n matrix which is a generator matrix for C*.

Definition 7.8 ( Projective code [10, Section 2.14.2]). A linear [n, k, d] code C over F,
with k > 2 and generator matrix G is called projective, if the n columns of G, construed

as homogenous coordinates, form distinct points in the projective space PG(k — 1, q).

Definition 7.9 ( MDS code [11, Section 2.4]). If C is an [n, k, n — k + 1] linear code; that
is,d = n—k+ 1, then C is called a maximum distance separable code or an MDS code,

for short.

Over finite fields, projective geometries and linear codes connect to each other by
their underlying vector spaces; that is, in Galois geometry to investigating the column
space and in coding theory to analysing the row space of a generator matrix of a code.
In particular, linear [n,k,n — k + 1] MDS codes, with k > 3, and n-arcs in PG(k — 1, q)
are equivalent objects, see [10, Section 2.14.2]. For example, a complete 7-arc in the
projective plane PG(2,3?) is a set of 7 points, no three of which are collinear. Also, a
[7,3, 5]y MDS linear code is equivalent to a 7-arc in PG(2, 3%).

Definition 7.10 ( Grassmann graph [18, Section 3.2]). The Grassmann graph Gr,(n, k)

is defined as follows:

(i) vertices are the k-dimensional subspaces of the vector space F;
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(i1) two vertices are adjacent if the associated subspaces intersect in a (k—1)-dimensional

subspace.

Being pairwise disjoint means that the components are far away on the Grassman-
nian. This can be made accurate utilising the distance function on the graph G. For
two subspaces x,y € G, let d(x,y) be the length of the shortest path from x to y. This
forms a metric on the graph G. Two k-subspaces x,y € Gr,(n, k) are disjoint if and only
if d(x,y) = k. Additionally, if two subspaces intersect only in the zero vector, then the
corresponding subspaces of projective space do not intersect, see [18, Chapter 3].

From Corollary 2.7, we know that the projective PG(2, ¢*) can be decomposed into
pairwise disjoint subplanes with cardinality g*> + g + 1. Therefore, by taking the union
of i such subplanes, their points form the generator matrix of a projective [i(g*> + g +
1),3,i(¢* + q) — gl code over F. for all i = 2,...,¢> — ¢ + 1, see [4, Section 4.2.8].
Similarly, from Corollary 2.8, we know that the projective plane PG(2,¢*) can be de-
composed into pairwise disjoint subplanes with cardinality g*> + g + 1. Consequently, by
taking the union of i such subplanes, their points form the generator matrix of a projective
li(g* + g + 1),3,i(¢* + g) — gl code over Fs foralli = 2,...,(¢* + ¢* + D/(¢* + g + ).
Furthermore, from Corollary 2.9, we know that the projective plane PG(2, ¢*) can be de-
composed into pairwise disjoint (g> — g + 1)-arcs. Hence, by taking the union of i such
subsets, their points form the generator matrix of a projective [i(g* — g + 1), 3,i(¢> — q)]
code over Fp. foralli =2,..., g* + q + 1. In particular, when i = (g + 1), points form the

generator matrix of a projective [¢° + 1,3, ¢ — ¢] code over F .

In the projective plane PG(2, 3%), there exist 7 disjoint subplanes of order three. By
taking the union of i such subplanes, a projective [i(3% + 3 + 1), 3,i(3% + 3) — 3]y code
is obtained for all i = 2,...,7. [n,k,d] codes for using union of i disjoint subplanes in

PG(2, 3?) are given in the following table.

[n. k. d],

[26,3,21],
[39,3,33]o
[52,3,45]o
65,3,57]
78,3,69],
91,3,81]

N NN W N

[
[
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In the projective plane PG(2,4?), there exist 39 disjoint subplanes of order two. By
taking the union of i disjoint subplanes, a projective [i(2% + 2 + 1), 3, (2% + 2) — 2];¢ code

is obtained for all i = 2,...,39. [n,k,d] codes for using union of i disjoint subplanes in

PG(2,4%) are given in the following table.

i [ nkdl, i | [nkdl,

2 [ [14,3,101,6 || 21 | [147,3, 124116
3 1 [21,3,16]16 || 22 | [154,3,130]¢
4 | 128,3,221i | 23 | [161,3,136];
5 |135,3,28116 || 24 | [168,3,142];6
6 | [42,3,34]16 || 25 | [175,3, 148]¢
7 1149,3,401,6 || 26 | [182,3, 154156
8 | [56,3,46]1s || 27 | [189,3,160];6
9 |163,3,5211s || 28 | [196,3,166];6
10 | [70,3,5816 || 29 | [203,3, 172116
11| [77,3,6411s || 30 | [210,3, 17811
12 | [84,3,700s || 31 | [217,3, 1841,
13 | [91,3,7611s || 32 | [224,3,190],
14 | [98,3,82]1 || 33 | [231,3,196];6
15 | [105,3,8811s || 34 | [238,3,202],6
16 | [112,3,94]6 || 35 | [245,3,208],6
17 | [119,3,100],6 || 36 | [252,3,214];6
18 | [126,3,106]6 || 37 | [259,3,220]
19 | [133,3,112]6 || 38 | [266,3,226]
20 | [140,3, 118116 || 39 | [273,3,232]16

In the projective plane PG(2,4?), there exist 13 disjoint subplanes of order four. By
taking the union of i such subplanes, a projective [i(4> + 4 + 1), 3,i(4*> + 4) — 4],4 code

is obtained for all i = 2,...,13. [n,k,d] codes for using union of i disjoint subplanes in

PG(2, 4?) are given in the following table.

i [ [nk.dl, i [ [nkdl,
2 [[42,3,36];s | 8 | [168.3,156];
311063,3,56l1s | 9 | [189,3,176]s
4| 1[84,3,76]s | 10 | [210,3,196];
5(1105,3,96]5 | 11| [231,3,216];
6 | [126,3,116]56 || 12 | [252,3,236]1
7| [147,3,136]16 || 13 | [273,3,256]16
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In the projective plane PG(2, 5%), there exist 21 disjoint subplanes of order five. By
taking the union of i such subplanes, a projective [i(5% + 5 + 1),3,i(5% + 5) — 5]»5 code
is obtained for all i = 2,...,21. [n,k,d] codes for using union of i disjoint subplanes in

PG(2, 5%) are given in the following table.

i [ [nkdl, i [ [nkdl,
2 [162,3,551s | 12| [372,3,3551
3 1193,3,85]s | 13 | [403,3,385];
4 | [124,3,115)5 || 14 | [434,3,415],5
5 | [155,3,145]y5 || 15 | [465,3,445];5
6 | [186,3,175]s | 16 | [496,3,475];5
7 | [217,3,205]5 | 17 | [527,3,5051;5
8 | [248,3,235]5 || 18 | [558,3,535];
9 | [279,3,265]5 | 19 | [589,3,565],
10 | [310,3,295],5 || 20 | [620,3,595]2s
11 | [341,3,325]55 || 21 | [651,3,625];5

In the projective plane PG(2, 7%), there exist 43 disjoint subplanes of order seven. By
taking the union of i such subplanes, a projective [i(7*> + 7 + 1),3,i(7*> + 7) — 7149 code
is obtained for all i = 2,...,43. [n, k,d] codes for using union of i disjoint subplanes in

PG(2,7?) are given in the following table.

[n,k,d], i | [nkd],

[114, 3, 105]49 23 | [1311,3,1281]49
[171,3,161]49 24 | [1368,3,1337]49
[228,3,217]49 25 | [1425,3,1393]49
[285,3,273]49 26 | [1482,3,1449]49
[
[
[
[

342, 3,329]49 27 | [1539, 3, 1505]49
399, 3,385]49 28 | [1596, 3, 156149
456, 3,441]49 29 | [1653,3,1617]49
513,3,497 49 30 | [1710,3,1673]49
[570,3,553]49 31 | [1767,3,1729]49
[627, 3, 609]49 32 | [1824,3,1785]49
[684, 3, 665149 33 | [1881,3,1841]49
[741,3,721]49 34 | [1938,3,1897]49
[798, 3,777 ]9 35 | [1995,3,1953]49
[855, 3, 833]49 36 | [2052,3,2009]49
[912, 3, 889]49 37 | [2109, 3,2065]49
969, 3,495 49 38 | [2166,3,2121]49
1026, 3,1001149 || 39 | [2223,3,2177]49
1083, 3, 1057149 || 40 | [2280, 3,2233]49
1140,3,1113]49 || 41 | [2337,3,2289]49
1197,3,1169]49 || 42 | [2394, 3,2345]49
1254,3,1225]49 || 43 | [2451, 3,2401]49

= e e e e e e e
O X TN A W~ O L XTI

[N\
—- O
— ————

N
[\




113

In the projective plane PG(2, 3%), there exist 13 disjoint 7-arcs. By taking the union of
i such arcs, a projective [i(3% — 3 + 1), 3,i(3? — 3)]o code is obtained for all i = 2, ..., 13.
[n, k, d] codes for using union of i disjoint 7-arcs in PG(2, 3?) are given in the following

table.

[n,k,d], 1| [nk,d],

[14,3,12]¢ || 8 | [56,3,48]
[21,3,18]9 || 9 | [63,3,54]
[28,3,24]9 || 10 | [70,3,60]9
[
[
[

35,3,30]¢ || 11 | [77,3,66]9
42,3,36]9 || 12 | [84,3,72]9
49,3,42]¢ || 13 | [91,3,78]9

~N O\ R W N

In the projective plane PG(2, 4%), there exist 21 disjoint 13-arcs. By taking the union
of i such arcs, a projective [i(4*>—4+1),3,i(4*>—4)],¢ code is obtained for all i = 2,...,21.
[n, k, d] codes for using union of i disjoint 13-arcs in PG(2, 4%) are given in the following

table.

i | [nk,d], i | [nk,d],

2 | [26,3,24]6 12 | [156,3,144];6
3 | 139,3,36]6 13 | [169,3,156]¢
4 | [52,3,48]i6 14 | [182,3,168]¢
5 | [65,3,60];6 15 | [195,3,180];6
6 | [78,3,72]6 16 | [208,3,192];6
7 |191,3,84]6 17 | [221,3,204];6
8 | [104,3,96];6 18 | [234,3,216];6
9 | [117,3,108]56 || 19 | [247,3,228]:6
10 | 130,3,120];6 || 20 | [260, 3,240];¢
11 | [143,3,132]56 || 21 | [273,3,252];6




114

In the projective planePG(2, 5%), there exist 31 disjoint 21-arcs. By taking the union
of i such arcs, a projective [i(5*—5+1), 3, (5% —5)]»5 code is obtained for alli = 2, ..., 31.

[n, k, d] codes for using union of i disjoint 21-arcs in PG(2, 5?) are given in the following

table.

i [ [nkdl, i | [nkdl,

2 [[42,3,400; | 17 | [357,3,340];
3 | [63,3,60Ls | 18 | [378,3,3601s
4 | [84,3,801s | 19 | [399,3,380];
5 | [105,3,100]5 | 20 | [420,3,400],s
6 | [126,3,120]5 | 21 | [441,3,420],
7 | [147,3,140]5 | 22 | [462,3,440],5
8 | [168,3, 16015 | 23 | [483,3,460],
9 | [189,3, 18015 | 24 | [504,3, 480,
10 | [210,3,20015 || 25 | [525,3, 50015
11 | [231,3,2201,5 || 26 | [546,3, 5201,
12 | [252,3,2401,5 || 27 | [567, 3,540,
13 | [273,3,26015 || 28 | [588,3, 560115
14 | [294,3,28015 || 29 | [609, 3, 580115
15 | [315,3,3001s || 30 | [630,3, 6001,
16 | [336,3,3201,5 || 31 | [651,3, 620,
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In the projective plane PG(2, 7°), there exist 57 disjoint 43-arcs. By taking the union
of i such arcs, a projective [i(7> =7 +1), 3, (7% —7)]4 code is obtained for alli = 2, ..., 57.

[n, k, d] codes for using union of i disjoint 43-arcs in PG(2, 7%) are given in the following

table.

i [ [nkdl, i | [nkdl,

2 [ [86,3, 841 30 | [1290,3, 1260]49
3| 1129,3,1261 || 31 | [1333,3,1302]4
4 | [172,3,168ly || 32 | [1376,3, 1344]4
5 | [215,3,2100 | 33 | [1419,3, 138614
6 | [258,3,252]4 | 34 | [1462,3, 1428],
7 | [301,3,29419 | 35 | [1505,3, 147014
8 | [344,3,33610 | 36 | [1548,3,1512]
9 | [387,3,378l | 37 | [1591,3, 155414
10 | [430,3,420l, || 38 | [1634,3,1596]4
11| [473,3,46209 || 39 | [1677,3,1638]4
12 | [516,3,504149 || 40 | [1720,3, 1680]4
13 | [559,3,546] || 41 | [1763,3,1722]4
14 | [602,3,588], || 42 | [1806,3, 1764]4
15 | [645,3,630l, || 43 | [1849,3,1806]4
16 | [688,3,6720u9 || 44 | [1892,3, 18484
17 | [731,3,7141L9 || 45 | [1935,3,1890]4
18 | [774,3,756149 || 46 | [1978,3,1932]4
19 | [817,3,7981y || 47 | [2021,3,1974]4
20 | [860,3,8401, || 48 | [2064,3,2016]4
21 | [903,3,882]s | 49 | [2107,3,2058]4
22 | [946,3,924]4 || 50 | [2150,3,2100]4
23 | [989,3,9661 | 51 | [2193,3,2142]
24 | [1032,3, 10085 || 52 | [2236,3,2184]
25 | [1075,3, 105015 || 53 | [2279,3,2226]4
26 | [1118,3,1092]4 || 54 | [2322,3,2268].
27 | [1161,3,1134]4 || 55 | [2365,3,2310]
28 | [1204,3, 11764 || 56 | [2408,3,2352]4
29 | [1247,3,1218]4 || 57 | [2451,3,2394]
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7.2 Embedded unitals

Definition 7.11 ( Unital [10, Section 12.3]). A unital is a 2-(n* + 1,n + 1, 1) design for
some integer n > 3; that is, a geometry having n® + 1 points, with n + 1 points on each

line such that any two distinct points are on exactly one line.

Let g be a prime power, and let PG(2, g) be the projective plane over F,. A Hermitian
unital YU has the property that any line of PG(2, g) meets U in either 1 or g + 1 points,
and these lines are called tangents and secants, respectively. Considering the intersections
of U and its secants as blocks, the Hermitian unital in PG(2,4%) is a 2-(¢> + 1,g + 1,1)
design. Let PG(2, ¢%) be represented using homogeneous coordinates. Then the points
(X, Y, Z) for which

X+ 4 ya+l gt —

form a unital. This unital is a Hermitian curve and these points form the generator matrix
of a projective [¢* + 1,3, ¢°> — g] code over IF,2. Moreover, Fisher, Hirschfeld, and Thas [7]
show that for every prime power ¢ the Hermitian curve admits a complete (¢*> — g + 1)-arc.
In fact, the Hermitian curve is the disjoint union of g + 1 complete arcs of size > — g + 1.

For example, in the projective plane PG(2, 4?), a unital is a 2-(65, 5, 1) design; that is,
a geometry having 65 points, such that its intersection with any line contains either 1 or 5
points. The Hermitian unital consists of all points (X, ¥, Z) € PG(2, 4?) with

X+Y+272°=0.

These points form the generator matrix of a projective [65, 3, 60];s code. Furthermore,
the Hermitian curve can be obtained by choosing five complete arcs of size 13 from some
of the decomposition of PG(2, 4?) found in Section 4.3.

In summary, projective geometries connect to linear codes by their underlying vector
spaces. Section 7.1 shows that we can construct a code by taking the disjoint union of i
such subplanes or arcs. In the second section, we obtain a Hermitian curve by taking the

union of g + 1 complete arcs of size g*> — g + 1.

7.3 Conclusion

The work presented in this dissertation opens many doors for further study. Several of
these possibilities are addressed as follows.

Due to the highly parallelizable nature of our search, it is likely possible to make use
of the existing search procedures to find different types of decomposition into disjoint

copies of given substructures, subplanes or arcs, of a projective plane of square order
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PG(2, ¢%) with ¢ > 8. For example, one problem is to find different types of decomposi-
tions into disjoint subplanes of order eight in PG(2, 8%). The other is to find different types
of decompositions into disjoint arcs of size 57 in PG(2, 8%). In general, the existing search
techniques are likely possible to be implemented to complete a similar investigation of
partitioning the points of PG(n, ¢*) into subgeometries PG(n, g) or even other types of
substructures. For instance, as the Hermitian unital of a projective plane PG(2, ¢*) con-
sists of disjoint (¢°> — g + 1)-arcs, it can be seen as a spread of (¢> — g + 1)-arcs from a

collection C. Therefore, a problem would be to investigate such decompositions.
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Appendix A

Points of PG(2,2?2)
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The table of the points of PG(2, 2%) written in numeral and vector forms.

The points of PG(2,2?) generated by [(0, 1,0), (0,0, 1), (u, 1, 1)]

10
15
20

(1,0,0)
O, 1)
(1, p, 1)
©0,1,1)
(1,1,1)

16

(0,1,0)
(L 1)
(12,0, 1)
(1, 1,0)

12
17

(0,0,1)
(1,0,1)
(1, 1)
O, p, 1)

13
18

(1, 1, 1)
(1,0, 1)
@ 1,1)
(U 1, 1)

14
19

(1%, 1,0)
(u, 12, 1)
(1,1,0)

W2 u2 1)




Appendix B

Points of PG(2, 32)

The table of the points of PG(2, 3%) written in numeral and vector forms.

120

The points of PG(2, 3%) generated by [(0, 1,0), (0,0, 1), (u, 1, 1)]

10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
&5
90

(1,0,0)

(u*, 1, 1)
(NTRY
(u°,1,0)
(u* 2, 1)
(’,1,0)
(12, 1)
(W 12, 1)
(1, 1)
W, 1,1)
(u* 1, 1)
(42, 1)
W17, 1)
', 1,0)
(u* 1, 1)
1, 1,1)
W, 1,1)
(u*,1,0)
(AT

11
16
21
26
31
36
41
46
51
56
61
66
71
76
81
86

(0, 1,0)

(u*,0,1)
't 1)
(0,u%,1)
1°,0,1)
(0,15,1)
(1,0, 1)
12, 1,1)
(L, 1)
W, 1)
W', 1)
(N7
(1,18, 1)
0,17,1)
1,0,1)
W, p, 1)
W7, 1)
0,u*,1)

12
17
22
27
32
37
42
47
52
57
62
67
72
77
82
87

(0,0, 1)

(1,0,1)

(1,1,0)

(Ut 2, 1)
(1, 1)
(1, 1)
(17, 1)
W2, 1)
(U8, 1)
1)
(8,8, 1)
(1, 1,0)
(w17, 1)
(1,47, 1)
(., 1)

(INTRY
(L1
(1, 1,0)

13
18
23
28
33
38
43
48
53
58
63
68
73
78
83
88

(w, 1,1)

(1 p*, 1)
0,1,1)

(u,0,1)
W, u’, 1)
(u, i, 1)
(L 1)

(.12, 1)
(', 1)
(u*,1,0)
(', 1,1)
0,13,1)
(1,0,1)

(L, 1)
(u’,1,1)
W' u’, 1)
(u?, 2, 1)
O, u, 1)

14
19
24
29
34
39
44
49
54
59
64
69
74
79
84
89

(.18, 1)
(w13, 1)
. ut, 1)
(1, 1, 1)
(L1
(18, 1)
(' 12, 1)
(8,1, 1)
(W12, 1)
(0,u%, 1)
,0,1)
(12, 1)
(upa*, 1)
(.18, 1)
W12, 1)
(1,1,1)

(. ut, 1)
(u”, 18, 1)




Appendix C

Points of PG(2, 4%)

The table of the points of PG(2, 4%) written in numeral and vector forms.

The points of PG(2, 4%) generated by [(0, 1,0), (0,0, 1), (u, 1, 1)]

121

10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95
100
105
110
115
120
125
130

(1,0,0)
(0,u'2,1)
(u’, 10, 1)
(JuIZ’ 1’ 1)
(u?, 1", 1)
W, 1,1)
(., ut, 1)
(18, 1)
(U, 18, 1)
W, 12, 1)
(b, 1t 1)
W1, 1)
(”3’/111’ 1)
(0,u3, 1)
(‘1112’#7, 1)
(O, u1'°, 1)
(TENTHR )
(#12,#8, 1)
1, 1)
(HIZ’#II’ 1)
O,u', 1)
(0,u', 1)
(Wb, 1, 1)
(2, 1)
(u*, 12, 1)
(U, 1)
(W, b, 1)

16
21
26
31
36
41
46
51
56
61
66
71
76
81
86
91
96
101
106
111
116
121
126
131

(0,1,0)
. ut 1)
(/J“,/l4, 1)
>, 1,0)
(”13’#5’ 1)
(u°,1,0)
(1,u3, 1)
w12, 1)
(w10, 1)
(u®, 4, 1)
(1,u, 1)
(', 1,1)
(', 12, 1)
(/Jlo,/,l9, 1)
(U, 12, 1)
(,ull’#S’ 1)
(U, 1)
(#14’#9, 1)
(1,1,0)
(u*, 1, 1)
(u*, 1, 1)
(#13,#12, 1)
.1, 1)
(W12, 1)
.12, 1)
(W2, 1%, 1)
(1114’#8’ 1)

12
17
22
27
32
37
42
47
52
57
62
67
72
77
82
87
92
97
102
107
112
117
122
127
132

(0,0,1)
(1,1°,1)
(1,p', 1)
0,4, 1)
(o, ', 1)
(0,u5,1)
(#10’0’ 1)
W7, 1)
(/J“’/lgs 1)
(b, 12, 1)
(1112,0, 1)
', 1,0)
(b1, 1)
0,13, 1)
(1,1, 1)
(#14’/11()’ 1)
(o, pu", 1)
W, p", 1)
©,1,1)
(/JB,/«[B, l)
(u?, 4, 1)
((NTENY
1t 1)
WS, 113, 1)
8, 1,1)
(1,0, 1)
(U, 1, 1)

13
18
23
28
33
38
43
48
53
58
63
68
73
78
83
88
93
98
103
108
113
118
123
128
133

w1,1)
¥’,0,1)
*,0,1)
W2, 1)
(u* 1, 1)
(W, u?, 1)
(us 4%, 1)
W1, 1)
W2, 1)
W, 1'%, 1)
(u,u', 1)
(0,17, 1)
(#14’ 1’ 1)
(', u, 1)
W2, 1, 1)
W', 13, 1)
W, 11, 1)
(1", 1)
(1, 1,0)
@, 1,1)
1, 1)
W', 15, 1)
(1,18, 1)
W', 17, 1)
*,1,0)
@', 0,1)
W2, 1", 1)

9
14
19
24
29
34
39
44
49
54
59
64
69
74
79
84
89
94
99
104
109
114
119
124
129
134

('2,1,0)
(s, 1)
(1, 1)
8,1, 1)
W', 12, 1)
(u®, 18, 1)
W, 1, 1)
W', 13, 1)
(Wb, 112, 1)
W', 12, 1)
(7, 1)
(u?, 18, 1)
('3,1,0)
(u', 1, 1)
W', 15, 1)
(', 46,1
', 1)
@', 1)
O, 1, 1)
', 1,0)
", 1,0)
(8,12, 1)
(',0,1)
W, 1)
(0,13, 1)
(u, "%, 1)
', 18, 1)

Continued on next page
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Table C.1 — continued from previous page ( The points of PG(2, 4%))

135
140
145
150
155
160
165
170
175
180
185
190
195
200
205
210
215
220
225
230
235
240
245
250
255
260
265
270

(,1114,/14, ])
(u*, 1, 1)
s, 1, 1)
(#8’/114’ 1)
w13,#6’ 1)
(JuIZ’MS, 1)
*,0,1)
(u? 2, 1)
(W, u',1)
(NIO’#4’ 1
(L, 1)
@', 12, 1)
(,1114,,113, 1)
W, u',1)
(u*,1,0)
(u?, 0, 1)
(,LIIB,M”, 1)
0,°,1)
(u*, 1, 1)
(#14,#13’ 1)
(ﬂl4"u6’ 1
(. 0, 1)
(L5, 1)
(,1113,,112, 1)
(}113, 1, 1)
(', 1)
(u®, ', 1)
(ut, 1, 1)

136
141
146
151
156
161
166
171
176
181
186
191
196
201
206
211
216
221
226
231
236
241
246
251
256
261
266
271

(1,p? 1)
(O u®, 1)
(TLNTAY)
(#13’#14, 1)
(.18, 1)
(U, 1)
(u, 1™, 1)
(10, 1)
5, 1 1)
(Lt 1)
(u?,0,1)
(W, 1)
(TaNTA)
@, 1, 1)
©,u*, 1)
(W, 1)
(u*, 1%, 1)
(1)
(w3, 1)
(#10’#12, 1)
NNV
(/.111,/114, 1)
.0, 1)
(1, 1)
(u".1.0)
)
TNTANY
(u*, b, 1)

137
142
147
152
157
162
167
172
177
182
187
192
197
202
207
212
217
222
227
232
237
242
247
252
257
262
267
272

(1*,0,1)
@, 1,1
(#14,;17, 1
W13, 1)
W™, 12, 1)
(/.112,/19, 1)
(", 1, 1)
W, 1)
W, 47,1
(1,0,1)
(. %, 1)
2,15, 1)
(1,7, 1)
TR
(Lu, 1)
W2, 1, 1)
(w12, 1)
W, 15, 1)
@, 1,1
w4, 1)
W, 1)
W', 10, 1)
(1, 1)
('ulO,ﬂll’ 1
0,u', 1)
W', 131
3,12, 1)
(1,1,1)

138
143
148
153
158
163
168
173
178
183
188
193
198
203
208
213
218
223
228
233
238
243
248
253
258
263
268

(u, %, 1)
(¥*,1,0)
W2, 1)
W17, 1)
W7, 1)
W, 1)
W2, 12, 1)
(W', 13, 1)
W, u'2,1)
(1, 0,1)
TANTR)
(NN
*’,0,1)
('ulo’ﬂlo’ 1)
w',0,1)
WM, 18, 1)
@, 1,1)
18, 1)
©*,1,0)
W1, 1)
(1,u'2, 1)
0,14, 1)
@', 13, 1)
(u*, 1B, 1)
(/,111,/,110, 1)
Ty
(W, 1)

139
144
149
154
159
164
169
174
179
184
189
194
199
204
209
214
219
224
229
234
239
244
249
254
259
264
269

b, u', 1)
0,1%, 1)
(W, u?, 1)
W, 1)
(', 1)
(1,40, 1)
((ANTEN
(2,12, 1)
(5,1, 1)
(u,p*, 1)
(8, 119, 1)
W', 18, 1)
(a1, 1)
W', 1,1)
(s 0, 1)
(B, 1 1)
(1, 1,0)
@', 1 1)
0,18, 1)
(W1, 1)
¥°,0,1)
W', 1%, 1)
W', 14, 1)
W, 1 1)
W', 17,1
W', 12, 1)
(2,1 1)




Appendix D

Points of PG(2, 5°)

The table of the points of PG(2, 5%) written in numeral and vector forms.

The points of PG(2, 5%) generated by [(0, 1,0), (0,0, 1), (18,1, 1)]

123

10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95
100
105
110
115
120
125
130

(1,0,0)
(#17’#2’ 1)
(1, 1'%, 1)
(‘ulé’ﬂlo, 1)
(1121’#12, 1)
(‘Lll3,/.l7, 1)
(0,1, 1)
(', 1)
(1, 1)
(1123’#22’ 1)
(1™, 1)
W, u’,1)
(#19’#16’ l)
(.1, 1)
@, 1,1)
(1117’#11, 1)
(1, 1,0)
(0,u'8,1)
(U™, 1, 1)
(.12, 1)
(u, 1%, 1)
W', 12, 1)
W22, 1'%, 1)
(' i, 1)
(ﬂIS,#4’ l)
(1,1,0)
(11187/“[22’ 1)

16
21
26
31
36
41
46
51
56
61
66
71
76
81
86
91
96
101
106
111
116
121
126
131

(0,1,0)
(#15’#8’ 1)
(#12’112, 1)
()ul9,’u7’ 1)
(1, 1,0
(L2, 1)
(#10’#21’ 1)
(#217 1’0)
(/JIO’ 1, 1)
(}117,/16, 1)
1'%, 1)
(L3, 1)
(#12’#13’ 1)
(1'%, 1)
(u*, 4, 1)
(#16’#9’ 1)
(0,3, 1)
(#20’#12’ 1)
(ﬂlo’#23’ 1)
(/.118,/114, 1)
(uh,u', 1)
('[115,/,116, 1)
(#20’#3, 1)
(1,u'>, 1)
(2, 1)
0,1,1)
(#17’#2]’ 1)

12
17
22
27
32
37
42
47
52
57
62
67
72
77
82
87
92
97
102
107
112
117
122
127
132

(0,0,1)
(TN
(/.115,0, 1)
(L, 1)
O,u, 1)
(4, 1)
(4 10, 1)
0,1, 1)
(w1, 1)
w14’#7’ ])
0123,#5, 1)
W2, 120, 1)
¥’,0,1)
W, 17, 1)
(' 1)
TN
(/~l227/~114’ 1)
(1, 1,0)
(#11,/~l16, 1)
N7V
wZO’#ll’ 1)
(W21 1)
W20 1)
W, 1)
U1, 1)
(1'%, 1)
(u, 1'%, 1)

13
18
23
28
33
38
43
48
53
58
63
68
73
78
83
88
93
98
103
108
113
118
123
128
133

W, 1,1
(#17’/18’ 1)
((NTERY
W', 18, 1)
(#10’/12’ 1
(TN
(#14’#4’ 1)
(7, 1)
(12, 1)
(L. 1)
W' u’. 1)
(,UB,HZO’ 1)
W u D)
(Wl 1)
W2, 1)
(#21’/120’ 1)
W p% 1)
. 1)
(#12’1120, 1)
TRNTRY
('ulé’ﬂ3’ 1)
(#14707 1
(#21’ﬂ4’ 1
W, 1, 1)
W', 17, 1)
W2, 15, 1)
(“20’/110’ 1

9
14
19
24
29
34
39
44
49
54
59
64
69
74
79
84
89
94
99
104
109
114
119
124
129
134

W2 p, 1)
o, 1)
(#15,#11’ 1)
(u*, 1, 1)
(MIS’HZO’ 1)
(/Jl()’/lls’ 1)
(VTN
(TENTNY
(/121’1119’ 1)
(#23’/121, ])
(Lt 1)
(1113,#10’ 1
(H19’”15, 1
(u* 1)
(’uls’ﬂzz, 1
(#13’1112’ 1
(/JIS, 1’0)
W1, 1)
(#13’0’ 1
w22’H21, 1
(”22,/110’ 1
s, 1)
(1%, 1)
(/423,u2, 1
(117’#12, 1
(#18’#5, 1
(Ml9»ll6, 1

Continued on next page
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Table D.1 - continued from previous page ( The points of PG(2, 5%))

135
140
145
150
155
160
165
170
175
180
185
190
195
200
205
210
215
220
225
230
235
240
245
250
255
260
265
270
275
280
285
290
295
300
305
310
315
320
325
330
335
340
345
350
355

(,u'4,/115, 1)
TENTEAY
(,1113,,[121, 1)
(;118,,1118, 1)
0.4, 1)
NSV
(1118’#17’ 1)
W, ut. 1)
(/123’,“8’ 1)
(U, 12, 1)
(;15,;122, D
W%, 1'%, 1)
(‘ulz’#zz’ 1)
(#23”[118, 1)
(#3’”10’ 1)
(1120, 1’0)
Qt]9,u5, 1)
(’u]l’#23’ 1)
(‘ulo’lun’ 1)
(/123’,“9’ 1)
(MIO’ 1,0)
(1123““23’ 1
(,u'9,/¢22, 1)
(Lo, 1)
(#19,#23, 1)
“,0,1)
**,1,0)
(‘ul4"u17’ 1)
u",1,0)
)
TLNTASY
(TN
(1116,,1111, 1)
(’ull’#m’ 1)
(‘1119’#3’ 1)
(;113,,[116, 1)
(u13”u11’ 1)
W20, 1)
(°.1,0)
(’ulz’#ll’ 1)
(‘uzo’luw’ 1)
W 1)
(;111,;117, 1)
(', 1)
'®,0,1)

136
141
146
151
156
161
166
171
176
181
186
191
196
201
206
211
216
221
226
231
236
241
246
251
256
261
266
271
276
281
286
291
296
301
306
311
316
321
326
331
336
341
346
351
356

(U, 1)
(#20’#2(), 1)
(1?2, 1)
@, 1,1)
W7, 1%, 1)
(JHZI,N7’ 1)
W1 1)
W, 1)
AT
(', 1,1)
(/.117,1123, 1)
(. 1.1)
(u7.0.1)
TN
(#19’#21, l)
(©.4%, 1)
(#IS”ul9’ 1)
(/lll,ﬂlg, 1)
(u".1.0)
(#21’#10, 1)
(0,u'°, 1)
(/Jll, 1, 1)
(HW,ILLIS, 1)
(#14’}112, 1)
(#11’#12, 1)
TR
(0,18, 1)
(W, 12, 1)
0,1, 1)
(B, 13 1)
W, 1, 1)
O, 122, 1)
(/.116,/14, 1)
1, 1)
(#22’}123, 1)
(#12’#9, 1)
(#16’#13, l)
(ﬂ13’#19’ l)
(0,18, 1)
('%,0,1)
W23, 1'%, 1)
W', 1, 1)
W, 1'%, 1)
W', 1%, 1)
b, 1'%, 1)

137
142
147
152
157
162
167
172
177
182
187
192
197
202
207
212
217
222
227
232
237
242
247
252
257
262
267
272
277
282
287
292
297
302
307
312
317
322
327
332
337
342
347
352
357

(W', 12, 1)
@, 1,1)

W7, 17, 1)
(2,1, 1)
@2, 1 1)
(1L,u*, 1)

'S, 1'%, 1)
W2, 12, 1)
W, 122, 1)
2,120, 1)
WMt 1)
(2, 1'%, 1)
(b, 1)

2,18, 1)
(a2, 1)

W, 15, 1)
(IJ23,/13’ 1)
(#23’/17’ ])
O,1", 1)

W', 1'%, 1)
W, 1" 1)
2,110, 1)
@2, 1", 1)
(1, 1,0)

'%,1,0)

(#16’#12’ 1)
(Wt
(/.115,/115, l)
AN
..

WL D

(#17’”20’ 1)
W
W, 1)

(/1”,/.118, 1)
*,0.1)

(s u 1)
(#23,1120’ 1)
(.. 1)
(1, 1)
W p 1)
(TN
NN

OJZI’MZZ’ l)
@, 1,0)

138
143
148
153
158
163
168
173
178
183
188
193
198
203
208
213
218
223
228
233
238
243
248
253
258
263
268
273
278
283
288
293
298
303
308
313
318
323
328
333
338
343
348
353
358

@3, 15 1)
(2 1, 1)
(1,u4"7,1)
(3,12, 1)
(NN
W, 10, 1)
(/JIZ’ 1’ 1)
@7, 1,1)
W7, 17 1)
W', 12, 1)
W, 1V, 1)
(S, 145, 1)
(', 15, 1)
(Ut 3, 1)
(W, 15, 1)
(u'®, 15, 1)
W2, 1 1)
(1,4, 1)
W3, 15, 1)
@2, 12 1)
W'®, 7, 1)
W', 1 1)
(3,141
0,1°,1)
(0,u'%, 1)
('2,1,0)
W', 1 1)
1 1,1)
W', 13, 1)
(W', 1)
(W, s 1)
(', 15, 1)
(u,u*, 1)
@2, 1231
W2, 14, 1)
W47, 1)
.18, 1)
W', 12,1)
W, 10, 1)
(1113’/19’ 1)
(u* 5, 1)
W', 14 1)
W, 1,1
7, 1'%, 1)
0,u,1)

139
144
149
154
159
164
169
174
179
184
189
194
199
204
209
214
219
224
229
234
239
244
249
254
259
264
269
274
279
284
289
294
299
304
309
314
319
324
329
334
339
344
349
354
359

W2, 17 1)
", 12, 1)
.1, 1)
22,1,0)
0,15, 1)
@215, 1)
®?,0,1)
(2, 1%, 1)
W 1,1)
W7, 1 1)
7,110, 1)
(S, 1", 1)
W™, 1, 1)
22,1, 1)
0118,#12, 1)
Wo. %, 1)
(#16,/123, 1)
1)
WOk
(. p. 1)
TENTReR)
W%,
TN
(”18,/110’ 1)
(W' pt 1)
©0.u1)
W0, 1)
(2, 1)
(#22,1115’ 1)
(/,113,/,117, 1)
(#10’/119’ 1)
(#14’”11, 1)
TR
('ull’ﬂlo, ])
@2 1)
(1, 1)
(114’#14’ 1)
(#15,#12’ l)
@', 1'%, 1)
@', 1'%, 1)
W', 10, 1)
5,13, 1)
(2,120 1)
W2, 15, 1)
1, 1)
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360
365
370
375
380
385
390
395
400
405
410
415
420
425
430
435
440
445
450
455
460
465
470
475
480
485
490
495
500
505
510
515
520
525
530
535
540
545
550
555
560
565
570
575
580

(,Lt]O,ILlB, 1)
(TENTHRY)
(#22”[112, 1)
(#16, 1’ 1)
(ﬂ17,#5’ l)
(1>, 1)
(b, 1, 1)
(1, 1)
W', 12, 1)
@, 1%, 1)
(.18, 1)
(,1113,/18, ])
([116,/.12, 1)
(@ 1, 1)
(#11,#8’ 1)
(.12, 1)
(w12, 1)
(. 1)
(o, 1'%, 1)
(/111,/.115, 1)
(0, ', 1)
([122,[14, 1)
(,1120,/116, 1)
(u*,0,1)
(]115,,116, 1)
(#11,#5’ 1)
(ﬂ13,#13, l)
(‘ull’MZZ, 1)
(u'®, 1)
(#16’11121’ 1)
(w, 1, 1)
W7, 13, 1)
w1 1)
W', 17, 1)
(1116’#14’ 1)
(w12, 1)
(#23,#16’ l)
(ﬂll,#B, l)
(o, p?', 1)
(1119’#13’ 1)
(#16’1115’ 1)
(', 1", 1)
(u'®, 1, 1)
>, 1,0)
(u, 1>, 1)

361
366
371
376
381
386
391
396
401
406
411
416
421
426
431
436
441
446
451
456
461
466
471
476
481
486
491
496
501
506
511
516
521
526
531
536
541
546
551
556
561
566
571
576
581

(u?, 18, 1)
(L2 1)
(#17’ 1’0)
(W, u", 1)
W', 1 1)
(#IS”um, 1)
W, 1)
(1", 1)
W', 1 1)
(.18, 1)
(', 1, 1)
(u*, 1)
(#15’#3’ 1)
(', 1)
(uhu, 1)
W', 17, 1)
(#22’117’ 1)
(,ull’#Zl’ 1)
(/JZO,/J()’ 1)
W, 1 1)
(5, 12", 1)
0, 1'%, 1)
W2, 13, 1)
(Wb, 1>, 1)
(#14’#8, 1)
(#18’#2, 1)
W, 1,1
("7, u, 1)
(”10’#14’ 1)
(", 1)
(1", 1)
(23,120, 1)
W', 17, 1)
(Lu', 1)
w17, 1)
(#21’#6, 1)
(u'? 1, 1)
w1, 1)
(., 1)
(it 1)
(/JIS,/J()’ 1)
(U’ 1)
W', 122, 1)
(0,u*, 1)
W, 13, 1)

362
367
372
377
382
387
392
397
402
407
412
417
422
427
432
437
442
447
452
457
462
467
472
477
482
487
492
497
502
507
512
517
522
527
532
537
542
547
552
557
562
567
572
577
582

(u*, 0, 1)
W', 1%, 1)
(0,u7, 1)
5, 1, 1)
(/116,#20’ 1)
(/.112,/1]6, l)
(JuIS’ﬂZl’ 1)
W3, 1", 1)
(#21’#15’ 1)
(", 11, 1)
W', 1 1)
(', p, 1)
W2, 11, 1)
(u, 1, 1)
¥, 1,0)
' 1)
(L', 1)
(1%, 1)
(U™, 1)
(5,145, 1)
(i, 1)
OJIZ’MIS’ l)
()L[”,O, ])
W7, 1)
1>, 1)
(#15’#19’ 1)
1)
(/'1107/13’ 1)
W, u', 1)
@17, 1)
(#12’#21’ 1)
W', 115, 1)
(1,u'2,1)
(IL[ZO’/JIS’ 1)
W1, 1)
(#147/1135 1)
(#10’0’ 1)
(/116,#18’ 1)
(ﬂl6,#6, 1)
W, u', 1)
(/*[147/'118’ 1)
(1, 1,1)
W, 122, 1)
wll’llfi, 1)
wZZ’#I9’ 1)

363
368
373
378
383
388
393
398
403
408
413
418
423
428
433
438
443
448
453
458
463
468
473
478
483
488
493
498
503
508
513
518
523
528
533
538
543
548
553
558
563
568
573
578
583

[PENEEY)
(2,12, 1)
W, 1,1)
5, 1M, 1)
", 1)
'"2,0,1)
(2, 1)
(5, 1'%, 1)
W, 1)
W2, 17, 1)
W, p8, 1)
W', 1", 1)
W2, 1, 1)
(S, 12, 1)
0,1, 1)
W', 110, 1)
(L, 1)
(/JZI,IJH, 1)
W' 1)
WO p D)
(L 1)
*°,0,1)
NN
(L4 1)
(TN
(/“123’/1177 1)
W1
(.12 1)
W1
W2
(1,0, 1)
.3, 1)
*?,1,0)
W2, 17, 1)
W3, 1)
2,122, 1)
8,1, 1)
W2, 18, 1)
W', 12, 1)
W', 1", 1)
2, 15, 1)
(W, 1,1)
W7, 110, 1)
W2, 18, 1)
W2, 18, 1)

364
369
374
379
384
389
394
399
404
409
414
419
424
429
434
439
444
449
454
459
464
469
474
479
484
489
494
499
504
509
514
519
524
529
534
539
544
549
554
559
564
569
574
579
584

(#18’#13, D
(42, 1)
(1111,#11’ D
(Hm’”zz’ D
(#10,#7, 1)
"0, 1)
(MIS’MS’ 1
(ﬂzo,#z’ 1
(#18,/14, i)
(1,0,1)
(1114’1120’ D
('u()’/lll’ 1)
(/J23,0’ 1
(1113,#23’ D
(H21’”13’ D
(#19, 1,1)
(#17’#15, D
(#16’1115’ 1)
(”18,#23’ 1
(#14’ 1,0)
W42, 1)
(;18,,1118, 1)
('ulz’ﬂs’ 1)
NNV
(IJIS,#ZS’ 1)
W, 1)
(#20,#23’ )
22,1, 1)
(,ulo,u”, 1)
(/JZI’#ZI’ )
W)
@221, 1)
0,422, 1)
(L' 1
@211
(1117,#19’ 1)
G, 1)
(Wt 1)
('uls’ﬂlo, 1)
(IUB»HH’ 1)
N
@ pth D
(#19’”12’ 1)
(1114’1121’ 1)
@', 1)
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585
590
595
600
605
610
615
620
625
630
635
640
645
650

(1122’/117, 1)
(1114’#23, 1)
0,u7,1)

(#21,#17’ l)
(u*, 1, 1)
(ﬂls,ﬂlg, 1)
(u®, 1", 1)
(#16’ﬂ8’ 1)
(.12, 1)

(u*, 119, 1)
W', 12, 1)
w>,0,1)

@,0,1)

(#12,#12, 1)

586
591
596
601
606
611
616
621
626
631
636
641
646

(U’ 1", 1)
(#117#6’ 1)
(L', 1)
(', b, 1)
(,u3,,ulg, D
(ﬂzo,'um’ 1
(”23’#19’ 1)
(u*,u', 1)
(", . 1)
(#19’#10’ 1
(u, 1%, 1)
(u®, ', 1)
(b, 1, 1)

587
592
597
602
607
612
617
622
627
632
637
642
647

(W4, 1)

W@, 12,1
W2, 11, 1)
(#14’/114’ 1)
(#20,1122’ 1)
(U, ', 1)
(#23’/112’ 1)
(/’[12,#3, 1)
(#10’/14’ 1)
", 12, 1)
(”23’1113’ l)
(W, 1, 1)

(u*,1,1)

588
593
598
603
608
613
618
623
628
633
638
643
648

(/118, 1’ 1)
(#1771112’ 1)
(#19’0’ D
W, 1,1)
(#173114, 1)
(lllz’/llgs 1)
(#11, 1,0)
(/.122,0, 1)
(VAT
(#13#14, D
(#3"[116’ 1
(/110,;1]6, ])
17, 1)

589
594
599
604
609
614
619
624
629
634
639
644
649

(U, u8, 1)
W', 1,0)
(U, 1%, 1)
W1, 1)
W12, 1)
2,0, 1)
0,u', 1)
(8, 115, 1)
W, 1, 1)
W12, 1)
(W2, 1", 1)
W', 17, 1)
7,1, 1)
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The table of the points of PG(2, 7%) written in numeral and vector forms.

The points of PG(2, 7%) generated by [(0, 1,0), (0,0, 1), (u'3, 1, 1)]

10
15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95
100
105
110
115
120
125
130

(1,0,0)
(#31’#12’ 1)
(ﬂZI, 1,0)
(ﬂzz’#zlo’ D
(#42’/137, 1
(”467#22, 1
(#47’#34’ 1
(Lu'% 1
(ﬂ34,/135, 1)
0144’/133’ 1
(,u43,u32, 1
(#4’#15’ D
(#41’#11’ D
(ﬂ46,u32, D
(ﬂ47’#26’ D
(/J43’/15’ 1)
(”177#6, 1
(#19’#22’ 1
(#35’114’ i)
017,/136’ D
(/112,;144, 1)
o)
(;111,;114, 1)
(#35’#31’ 1)
(u4,u43, i)
(ﬂz,/fu, 1
(#40’/134, 1

16
21
26
31
36
41
46
51
56
61
66
71
76
81
86
91
96
101
106
111
116
121
126
131

0,1,0)
W, 1, 1)
(0,1',1)
7, 11, 1)
W, 121
W2, 12, 1)
W, 177, 1)
W, 12, 1)
W, 177 1)
W, 1, 1)
@21t 1)
2,1, 1)
W, 1, 1)
@2, 17,1
(. p1*, 1)
W2, 1 1)
W, 1%, 1)
W2, 1, 1)
W™, 10, 1)
W', 133, 1)
(I, 1)
(1131’/135’ 1)
2,12, 1)
W', 1%, 1)
W2, 132, 1)
W2, 1’8, 1)
W, 10, 1)

12
17
22
27
32
37
42
47
52
57
62
67
72
77
82
87
92
97
102
107
112
117
122
127
132

(0,0,1)
(#35’#26’ 1)
(1134’#21, 1)
(’u15’l122, 1)
. 1)
(‘U?’l,/.l24, 1)
(ﬂ41’ﬂ377 1)
(TENTAR Y]
(ﬂ41,ﬂ6, 1)
W, 1,1)
([133,/147, 1)
(28,0, 1)
(#19’#9’ 1)
(1143’#9’ 1)
(1137’,1129, 1)
(”28’#45’ 1)
(‘U17,/J33, 1)
(ﬂls’,ug’ 1)
(ﬂ42’/~142’ 1)
(ﬂ39,ﬂ9’ 1)
(b, ', 1)
(‘11315’111237 1)
(2,12, 1)
(.1, 1)
@2, 1201
W, 122, 1)
(”42’#38’ 1)

13
18
23
28
33
38
43
48
53
58
63
68
73
78
83
88
93
98
103
108
113
118
123
128
133

W3, 1,1
(us 4, 1)

W, 13, 1)
W2, 13,1
W8, 110, 1)
(/*112? 170)

W, i8, 1)
W3, 130 1)
W, 12, 1)
W, 1, 1)
(0, 1'%, 1)
('3, 1, 1)
W, 1%, 1)
W, 1 1)
3, 1% 1)
W', 1, 1)
W, 1™, 1)
W2, 15, 1)
W, 1,1)

W, 12,1
@, 1, 1)

@, 1)
2, 1, 1)
W2, 112, 1)
(', 12, 1)
W2, 138 1)
W5, 15, 1)

9
14
19
24
29
34
39
44
49
54
59
64
69
74
79
84
89
94
99
104
109
114
119
124
129
134

W*, 123, 1)
22,124 1)
W', 1, 1)
W', 10, 1)
W', 1, 1)
0,u'%,1)

2, 1 1)
(W', 1)
(W, 1* 1)
W, 17, 1)
(U™, 1% 1)
W', 177 1)
(WS, 1, 1)
(W2, 12, 1)
@2, 17, 1)
(W, 1, 1)
(1L,u*, 1)

W3, 155,1)
W, 12, 1)
(2,13, 1)
(8, 1%, 1)
(1,475, 1)

(%, 135, 1)
W, 1%, 1)
(.2, 1)

(W2, 18, 1)
W3, 17, 1)
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135
140
145
150
155
160
165
170
175
180
185
190
195
200
205
210
215
220
225
230
235
240
245
250
255
260
265
270
275
280
285
290
295
300
305
310
315
320
325
330
335
340
345
350
355

(/143’/112, 1)
(11157/111’ 1)
.11

@2, 1)
(/JZS’M24’ 1)
1, 1,0)

(/114’/122’ 1)
(U5, 1)

(#35’#46’ 1)
W, 1)
(IJZS’Mfil’ l)
(W, u®, 1)
(#187/12()’ 1)
(u, 1™, 1)

W', 10, 1)
W32, 1™ 1)
W, 1, 1)
W, 12, 1)
W0, 1", 1)
(#20’#19’ 1)
(/J44v/'l387 1)
W, 134 1)
W, 1'%, 1)
W21, 1)
W, 1, 1)
W', 12, 1)
W2, 10, 1)
w211

@, 171
(', 15, 1)
(#39’#30’ 1)
(u, 1?8, 1)

WM, 1)
W2, 12, 1)
W, 1, 1)
(1,u®, 1)

(#12’#35’ 1)
(/Jlo’/'l45’ 1)
(IJ457#44’ 1)
(lu34’ﬂ4l’ 1)
WS, 177, 1)
W, 1M 1)
WY, 10, 1)
W, 12, 1)
W', 134 1)

136
141
146
151
156
161
166
171
176
181
186
191
196
201
206
211
216
221
226
231
236
241
246
251
256
261
266
271
276
281
286
291
296
301
306
311
316
321
326
331
336
341
346
351
356

W@, 1, 1)
(W, 15, 1)
(W, 12, 1)
(15,0, 1)

1, 1,0)

(0,u*,1)

(/127,/143, 1)
(#23,#21’ 1)
(u*, 17, 1)
(W2, 12, 1)
(W2, 1, 1)
2,177, 1)
('8, 1%, 1)
@', 1 1)
W, 12, 1)
(1,17, 1)

(/115’/135’ 1)
(U1, 1)
(#32,#22’ 1)
(Hl7,/l47’ 1)
(HZS’MZS’ 1)
.17, 1)
W, 12, 1)
', 13, 1)
(', 123, 1)
(2*,1,0)

(W2, 15, 1)
(W, '8, 1)
W, 1, 1)
(', 14 1)
W', 17, 1)
W, 17, 1)
@2, 1Y, 1)
W2, 1 1)
'S, 1 1)
@28, 120 1)
(35,13, 1)
W', u* 1)
(1,4%,1)

W3, 1, 1)
1)
0130,1126’ 1)
(1142’1133’ 1)
0118’”33, 1)
(ﬂ46,ﬂ6, 1)

137
142
147
152
157
162
167
172
177
182
187
192
197
202
207
212
217
222
227
232
237
242
247
252
257
262
267
272
277
282
287
292
297
302
307
312
317
322
327
332
337
342
347
352
357

(1117’#8, ])
(/114,/14, 1)
(}116,,1145, 1)
(#13"”8’ 1)
(0,18, 1)

(/136’1123, 1)
(1128’#21’ 1)
(,U34,,u3, 1)
(1143”“47, 1)
(NZO’ 1’0)

(/136’/137’ l)
(lu42’lu25, 1)
(.12, 1)

3,13, 1)
(#2’“30’ 1)
(u’, 1", 1)
(/135’/1”, 1)
(1122’#20’ 1)
(,u27,,u6, 1)
(1™, 1)
W, 1,1)

(/126’/122’ l)
(/136’/127’ 1)
', 1)

3, 1'%, 1)
0,124, 1)

AT
W*, 121, 1)
(1119’#39’ 1)
W, u*, 1)
(1126”“11, 1)
(u43’#37’ l)
(/19’/136’ 1)
(1133’#15, 1)
(‘1133’/19’ 1)
W2, 122, 1)
(/111,,1124, 1)
(1144’#27, l)
(/136’/139’ 1)
(1135’#44’ 1)
(,u33,,u7, 1)
(. 1, 1)

(1139’/119’ l)
(/139’/147’ l)
(HM’/JIO’ 1)

138
143
148
153
158
163
168
173
178
183
188
193
198
203
208
213
218
223
228
233
238
243
248
253
258
263
268
273
278
283
288
293
298
303
308
313
318
323
328
333
338
343
348
353
358

W2, 124 1)
W™, 12, 1)
W', 1 1)
W2, 17, 1)
U, 1)

@3, 120, 1)
W, 1)
'S, '8, 1)
O, 1, 1)
(0,4, 1)

W, 120, 1)
o, 2, 1)
W2, 1341
(/’122?/'1127 1)
', 18, 1)
(#15’/137’ 1)
(1130,#43’ 1)
(#18’/139’ 1)
((TRNTURY
(#32’#38’ 1)
W, 130 1)
W27, 12, 1)
W, 1™, 1)
s, 1)

5,1, 1)
(#13’ 1’0)

(*,0.1)

W, 1%, 1)
(1)
WO p% 1)
(#30’#29’ 1)
(#41’#13’ 1)
(ll“,/l”, l)
(/124,/1335 ])
U3, 1)
(/~1277/-1287 1)
(1. 1,0)

', 1)

.11
(L' 1)

(/126’/135’ 1)
1P, 1)
W7, 1 1)
W, p8, 1)

W', 120 1)

139
144
149
154
159
164
169
174
179
184
189
194
199
204
209
214
219
224
229
234
239
244
249
254
259
264
269
274
279
284
289
294
299
304
309
314
319
324
329
334
339
344
349
354
359

(/146,/110, 1)
(1147’/147’ 1)
(H32,'u15, 1)
(1126’#38, 1)
(TN )
(#18’#6’ l)
(12 1)

(1140,#35’ 1)
0136’1142, 1)
NN}
([110,,[125, 1)
(/134,/120, 1)
(1146,#26’ )
(H47,'u20, 1)
(1129’#14, 1)
(1141,1117’ 1)
(/128,/118, 1)
@t
(“26’#42’ 1)
W, 1)
(/112’#41’ 1)
(.1

(1p2, 1)

(1116,#35’ 1)
(H33,'u10, 1)
0.1 1)

(1113,1113’ 1)
(#19’/121, 1)
(/146’/130’ 1)
(1147’#33’ 1)
0136’1126, 1)
(/122’#37’ 1)
(#43””13’ 1)
©*,0.1)

WS, 1™, 1)
@, 150 1)
0,1, 1)

2,1,1)

@7, 12 1)
W2, 125, 1)
W, 1, 1)
0128’/112, 1)
(H32’M37’ 1)
(#14””20’ 1)
(/112,/136, 1)
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360
365
370
375
380
385
390
395
400
405
410
415
420
425
430
435
440
445
450
455
460
465
470
475
480
485
490
495
500
505
510
515
520
525
530
535
540
545
550
555
560
565
570
575
580

", 1'%, 1)
(#117/122’ 1)
W, 1*, 1)
W, 1, 1)
W', 12 1)
W, 120, 1)
W, 1’5, 1)
W', 1™, 1)
22,15, 1)
(2,1, 1)

@12, 1)
W, 1331
(W3, 115, 1)
2,1 1)
W, 12, 1)
W2, 15, 1)
W2, 1", 1)
@?,1,1)

'S, 18, 1)
(#35’/120’ 1)
e, u', 1)
W, 1)
(122, 1)
TNTR)
(N7

('USI’#ZZ’ 1)
(/J39’/117’ 1)
(/.lll,/l30, 1)
2, ', 1)
U2, 1)
(#22’/145’ 1)
(#32’1118’ 1)
(/'116’/126’ l)
(L', 1)

0,u%,1)

(/~1437l~1285 1)
W12 1)
W2, 10, 1)
W, 1%, 1)
(W, 13, 1)
W, 177, 1)
", 1,0)

W2, 12, 1)
¥, 1)

@171

361
366
371
376
381
386
391
396
401
406
411
416
421
426
431
436
441
446
451
456
461
466
471
476
481
486
491
496
501
506
511
516
521
526
531
536
541
546
551
556
561
566
571
576
581

(/147’/117’ 1
(/127’/145’ 1
(H33"u4, 1
0139’#20’ D
(117”“33’ 1
(#IO”u4, 1
(1124,115» D
(1'%, 1

0114,”35’ D
s, 10, 1)

0136’#24, D
(p”,,u”, 1
(”5,#14, 1
(H46"u25, D
0147’#27’ D
(1124#41’ D
(#5,#22, 1
(1145’#6, 1
(1140,#16’ 1)
(/118,/,131, 1)
(1130’1116’ 1)
(/129,;126, 1)
%, 1)
W2l 1
W1, 1
(1127’#15’ 1)
(1143,/140, 1)
(#IO’NZS’ 1)
(/140’/138’ 1)
@ ut
(/119’ﬂ40, 1)
(1140’1119’ 1)
(. pu*, 1)

(/126’#29’ 1
(1135,/122’ 1
(;138,/110, D
0134’#32’ D
(1142#41’ D
(#37”“34’ 1
(ﬂlé"u]Z’ 1
(#41,#32’ D
01,1

(. '8, 1)

(ﬂs”uzl, 1
(p43,,u3', 1

362
367
372
377
382
387
392
397
402
407
412
417
422
427
432
437
442
447
452
457
462
467
472
477
482
487
492
497
502
507
512
517
522
527
532
537
542
547
552
557
562
567
572
577
582

(,1143,/134, 1)
([119,/112, 1)
(,Ll44,,US, 1)
(#18’#15’ 1)
(1139’#13, l)
(1144’1129, 1)
(1123’0’ 1)

(,U4O,/J43, 1)
(#35”“3’ 1)
(ﬂ42’#13’ l)
(ﬂll, 1,0)

(,1130,/127, 1)
(,1132,/19, 1)
(1%, 1)

(#7’“46’ 1)
(1133’0’ l)

(1127’114, 1)
(W, 1, 1)
(1", 1)
(/112,,[120, 1)
W, u®, 1)
(. 1)

(’ul7“u15, 1)
([138,/136, 1)
(#39”[110’ 1)
(#24’#17’ 1)
7,12, 1)
(/138,[123, 1)
(1125’#36’ 1)
(#30’/128’ 1)
0137,,“207 1)
(u17’#28’ l)
(14, 1)

(,1136,/135, 1)
([127,/140, 1)
(}115,}138, 1)
(#21’#23’ 1)
(1133’#13, l)
(lu46’ll5, 1)
(1147’#42’ 1)
(#21’;[36’ 1)
(ﬂ32,ﬂ197 1)
(ﬂ40’#32’ l)
(ﬂ34’ﬂ5’ 1)
wlZ’ﬂ32, 1)

363
368
373
378
383
388
393
398
403
408
413
418
423
428
433
438
443
448
453
458
463
468
473
478
483
488
493
498
503
508
513
518
523
528
533
538
543
548
553
558
563
568
573
578
583

W, 1'% 1)
WY, 120, 1)
W3, 12, 1)
@2, 12, 1)
W2, 19, 1)
(3, 13, 1)
W', 120, 1)
W2, 1)
W'®, 1, 1)
W2, 12, 1)
0,u', 1)

' 1®, 1)
W, 12 1)
(2, 1%, 1)
(1%, 1)
W', 122, 1)
W™, 1371
W, 1, 1)
5,120, 1)
W', 1, 1)
W, 15, 1)
W2, 1 1)
W, 12, 1)
W, 1 1)
W', 12, 1)
(ﬂ43707 1)

(u*, 1, 1)

@3, 18,1
", 15, 1)
(%, 18, 1)
W', 1, 1)
W, 1% 1)
@7, 1%, 1)
W, 124 1)
@, 1)
U, 1)

@', 1, 1)
W2, 130 1)
W2, 1", 1)
W, 1", 1)
W', 125, 1)
W', 1™, 1)
W2, 132 1)
W2, 125, 1)
@', 12, 1)

364
369
374
379
384
389
394
399
404
409
414
419
424
429
434
439
444
449
454
459
464
469
474
479
484
489
494
499
504
509
514
519
524
529
534
539
544
549
554
559
564
569
574
579
584

(p40,/136, ])
(TN

TR N

@,0,1)

(1117,'1138’ 1)
W11

(/110’/136’ ])
G 1)
(1136’#31’ 1)
012’#23’ D
(#30#17’ D
(;119,/14', 1
(1134’#14’ 1
(#11,/19’ 1
(42, 1)

(1127,'[15’ D
(/141,/141, 1)
(1'% 1)

(/110,/135, 1)
(1117’#25’ 1)
0123’#33’ 1)
W22, 1)
(#*,0.1)

(1146’/116’ 1)
(1147,/123, 1)
(1113’#33’ 1)
TNV
W' 2 1)
(/123’/141’ ])
(1138’#13’ 1)
ot 1)
W2 1)
(#37”“44’ D
(/135, 1,0)

(/1'0,/117, 1)
(U, u%, 1)

(1119’#7’ 1
0112,#33’ D
(#17’/134, 1
(/130’/112’ 1
(#6,#24, 1
(L, 1)

(1121#35’ D
(#6’1123’ 1)
(;127,/14', 1
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585 | (B, p?, 1) | 586 | (u,u'0, 1) 587 | uP,u7,1) | 588 | (P, 1) | 589 | (P u1)
590 | (ud,ub,1) 591 | (" u®B 1) | 592 | ¥, 1) | 593 | 0, uB 1) | 594 | (WP, 0, 1)
595 | 'O, 1) | 596 | (ut P, 1) | 597 | L u®, 1) | 598 | ', 1) | 599 | (ui,u®,1)
600 (#36’#32’ | 601 (HZI’#IO’ | 602 (#15’#29’ | 603 (#36’#12’ | 604 (1147’#36, 1
605 | (u'',p2 1) | 606 | (A u*°,1) | 607 | (u'd,u'% 1) | 608 | (u,u, 1) | 609 | (uP,u¥, 1)
610 | (0, 1) | 611 | (u'%u'e 1) | 612 | (o, u®, 1) | 613 | u®,u2 1) | 614 | 2 u*, 1)
615 | (1,u%,1) 616 | (W u',1) 617 | @,1°, 1) | 618 | (!9, | 619 | u*,u¥, 1)
620 | (7,1, 1) | 621 | WP, 1) | 622 | (uPu’ 1) | 623 | wWPo,ul, 1) | 624 | (u',u'3 1)
625 | W2, u®, 1) | 626 | uB,u*, 1) | 627 | (ut,u, 1) | 628 | (ut,ud 1) 629 | (u®,u®, 1)
630 | (¥, 3, 1) | 631 | (u'ou3 1) | 632 | WP u, 1) | 633 | uPu'% 1) | 634 | O, uP, 1)
635 | (b2, 1) | 636 | (u'%u, 1) | 637 | (ut,u0,1) 638 | (uB.u¥, 1) | 639 | (u’,u1* 1)
640 | (1*°,1,0) 641 | (0,1%,1) 642 | (u, 1%, 1) 643 | ') | 644 | ('S, 124 1)
645 | (o, u*, 1) | 646 | WP, 1) | 647 | (0,u®,1) | 648 | W, ub 1) | 649 | (WP, u'? 1)
650 | ¥, ut, 1) | 651 | w0, 2 1) | 652 | (P 1) | 653 | (u*0,1,0) 654 | (0,u%,1)
655 | (u*, 1, 1) | 656 | (uP,u’,1) 657 | u*,u'% 1) | 658 | (u,u' 1) | 659 | (P ud 1)
660 | ¥, 18, 1) | 661 | WP, u*, 1) | 662 | uBuB, 1) | 663 | ' u® 1) | 664 | (B, 2 1)
665 | (3 u°, 1) | 666 | (u,u* 1) | 667 | (1,u4%8,1) 668 | (B, u*, 1) | 669 | (uPB,ud1)
670 | W, 1B, 1) | 671 | WP, 17, 1) | 672 | WP, ) | 673 | WP A1) | 674 | (W u®, 1)
675 | W u*2, 1) | 676 | (u*¥,0,1) 677 | u3.ub1) | 678 | (', 10, 1) | 679 | (., 1)
680 | (P, 1, 1) | 681 | (' u?, 1) | 682 | (u,u®,1) | 683 | W' 1) | 684 | (0,4, 1)
685 | (u*', P, 1) | 686 | (u'%u¥, 1) | 687 | (u’,ub, 1) 688 | (¥, 1) | 689 | (u',u %, 1)
690 (ﬂss’uss’ 1 691 (1139#14, 1 692 (/132,'[129’ 1 693 (#36’#15, 1 694 (#24”“13’ i)
695 | (u*2,0,1) 696 | (U, 1) | 697 | (u*, 1) | 698 | (u*,1,0) 699 | (0,u*, 1)
700 | (A1) | 701 | (Wt | 702 | W, 1,0) 703 | (B, 0,1 | 704 | (', a1
705 | T4, 1) | 706 | uP6,u*,1) | 707 | (@0, 1) | 708 | (uP,u*? 1) | 709 | (W, Pt 1)
710 | @2, 1) | 711 | (W74, 1) 712 | W pte ) | 713 | @ uB ) | 714 | WP, u'l 1)
715 | (4% 1) 716 | W u¥, 1) | 717 | (W12 0) 718 | WB.u®, 1) | 719 | (', 430, 1)
720 | ' u® ) | 721 | @038 1) | 722 | WP, 1) | 723 | W0, 1) | 724 | ('8, k', 1)
725 | WP | 726 | @O, w01 | 727 | ('Ll 1) | 728 | (' 20 | 729 | P
730 | 1) | 731 | @Ot 1) | 732 | W) | 733 | w0 | 734 | (W0, 1)
735 | (u'3,1,0) 736 | (0,u",1) 737 | @1 | 738 | (0,0,1) 739 | (U343, 1)
740 | ('O, 1) | 741 | WP,uB 1) | 742 | WP ub 1) | 743 | (u'4,0,1) 744 | (u3,u®,1)
745 | @O, 1) | 746 | (W 1) | 747 | BB 1) | 748 | WP A1) | 749 | (WP, 1,0)
750 | (0,47, 1) 751 | 1) | 752 | WO, u* ) | 753 | W0,k | 754 | (WA )
755 | 2L u0 1) | 756 | (7,2 | 757 | WP D) | 758 | P e ) | 759 | (1L,p®, 1)
760 | (u'8,2, 1) | 761 | (P u? 1) | 762 | (WP0,uP 1) | 763 | (u¥,u 1) | 764 | (u*?,uP, 1)
765 | WP, 1) | 766 | W 1) | 767 | (u*',0,1) 768 | (u3, 1) | 769 | (uB,u'C 1)
770 | @, u, 1) | 771 | @B | 772 | @ ¥ D | 773 | (0,0,1) 774 | (u3,u', 1)
775 | W, u®B 1) | 776 | @B 0 | 777 | @i 1) 778 | (Wb, 4, 1) 779 | WP, u*, 1)
780 | (20,1, 1) | 781 | (ut', 1) | 782 | (L u, 1) | 783 | (ut,u*0, 1) | 784 | (7, u 1)
785 | (W3, u*, 1) | 786 | (¥, 1) | 787 | (1) | 788 | (0, 1) | 789 | (u*, k30, 1)
790 | 'Ly, 1) | 791 | WP, u 1) | 792 | (1, 1) 793 | . u'2 1) | 794 | (0, 1)
795 | WB.u* ) | 796 | (WP u, 1) 797 | WP, | 798 | WB,ul 1) | 799 | (u' 1)
800 | (u’,u?,1) | 801 | ', 1) | 802 | WP, uM 1) | 803 | W,k 1) | 804 | (u°,u*,1)
805 | (u”,u,1) | 806 | (u**, 10, 1) | 807 | (u'°,0,1) 808 | (u'3,u*,1) | 809 | (u*, 1)
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810
815
820
825
830
835
840
845
850
855
860
865
870
875
880
885
890
895
900
905
910
915
920
925
930
935
940
945
950
955
960
965
970
975
980
985
990
995
1000
1005
1010
1015
1020
1025
1030

W', 1", 1)
(U8, 1)

(#ZQ’IJIS’ 1)
W', 128, 1)
W, 12, 1)
(/1183/132’ 1)
B, 1™, 1)
(8, 1™, 1)
2,1, 1)
(#24’119’ 1)
3,1 1)
w3, 1,1)

(”367/17, 1)
(b, 1)
@2, 12, 1)
', 1,1)

(u*, 12, 1)
W™, 1)
W', 12, 1)
(#33’#33’ 1)
(/stv/'l447 1)
(IJIS’M36’ l)
W8, 18, 1)
(/145,/,134, 1)
(,u187/~1125 1)
(#37’#19’ 1)
W2, 134 1)
(u*, 12, 1)
(#39’/141’ 1)
(2, 12, 1)
O, 1'%, 1)
', puB,1)
(/JZS’M43’ l)
W®, 1, 1)
(/128,/.116, 1)
(,u217/~147a 1)
W', 15, 1)
W', 133, 1)
(0,1, 1)

0,17,1)

(2,12, 1)
(#20’#21’ 1)
(ﬂ24v/1197 1)
W', 127 1)
2157, 1)

811
816
821
826
831
836
841
846
851
856
861
866
871
876
881
886
891
896
901
906
911
916
921
926
931
936
941
946
951
956
961
966
971
976
981
986
991
996
1001
1006
1011
1016
1021
1026
1031

(/J32,,Ll]7, ])
(/129’/127’ 1)
W22, 1 1)
0138’#12’ 1)
(2,147 1)
(#21”“29’ 1)
7,18, 1)
(1,1, 1)
(2,143, 1)
*,0,1)
(1133’ﬂ17, 1)
W*, 14, 1)
(/126’/115’ 1)
W, 17, 1)
@,0,1)
W, 119, 1)
(#21”“25’ 1)
(1,1,1)
(#2,#35, 1)
W, 1,1)
(1,u*, 1)
(/1“,/135, 1)
W2, 14, 1)
(1146’/127’ 1)
W10, 1)
0117’#24’ 1)
(1,0, 1)
W, 13, 1)
w33’ﬂ30’ 1)
(1, 1,0)
(/1175/123, 1)
(U2, 1™ 1)
0128’#38, 1)
W', 138, 1)
W, 1, 1)
W, 123, 1)
0123’#18’ 1)
W, 134 1)
(#25”“]2’ 1)
(3,138, 1)
W, 18, 1)
(W, 1'%, 1)
'7,0,1)
', 2, 1)
W, 1 1)

812
817
822
827
832
837
842
847
852
857
862
867
872
877
882
887
892
897
902
907
912
917
922
927
932
937
942
947
952
957
962
967
972
977
982
987
992
997
1002
1007
1012
1017
1022
1027
1032

(1143’/122, 1)
(TUNTER))
(‘u46,lul9’ 1)
(#47’#22’ 1)
Wi, 1)
(lu36’u2, 1)
(1129’#36’ 1)
(‘U”,/JZO, 1)
(/135,#197 1)
(ﬂls’#41’ 1)
(ﬂ43’ﬂ4’ 1)
@2, 1%, 1)
W2, 12, 1)
W, 1, 1)
(#13’#4’ 1)
(1117’#46, 1)
(O, 1, 1)
(,1145, 1’ 1)
(,USS,/JB?), 1)
(/145’#427 1)
(ﬂzo’#23’ 1)
(ﬂSS’MS’ 1)
(,1144,/18, ])
(TUNTER)
25,17, 1)
(#43’ 1’0)
(1113’#9’ 1)
(,u]é,ﬂ7, 1)
(H]O’/Jlg? 1)
O,u, 1)
(/131,#367 1)
(1,2, 1)
(ﬂZS,u35’ 1)
(,1125,/18, ])
(TaNTRY
@171
(#40’#9’ 1)
(1146’#43, 1)
(,1147,#4], 1)
(1125’#9’ 1)
(#40’/J42’ 1)
(TNTLRY)
(ﬂls’#lgv 1)
(ﬂz’ﬂz4’ 1)
(u?, '8, 1)

813
818
823
828
833
838
843
848
853
858
863
868
873
878
883
888
893
898
903
908
913
918
923
928
933
938
943
948
953
958
963
968
973
978
983
988
993
998
1003
1008
1013
1018
1023
1028
1033

(/127,;147, 1
(1117#39’ D
(#17’ﬂ13’ 1)
(#27’#18’ D
(#26,1132, D
(Mz,ﬂ39’ 15}
(#11’/123’ D
(/J187#23’ 1
(#17,#30’ D
(#33#11’ D
(#44’#16, 1)
(NTRY

(,UBI,O, 1

(#3”[123’ D
(#44’#22’ D
(u* 2, 1)

(1118,#4, D
(#45’/126’ 1
(/J397#4, D
W, p, 1)

(#31’”13’ D
(#23’#36, 1)
(/129,;129, 1
(11167#38’ 1
(;143,;142, 1)
0,48, 1)

(#42,1120, 1)
(1126,#21’ D
(/J”,/lz, 1)
(U, ™, 1)
(#11’#47’ 1)
(#34#37’ D
(#35’#29, 1)
(/129,;123, 1
(1*,0,1)

('u41’ﬂ29’ 1
(#42#5’ 1
(#28,1124, 1)
(1133,#24’ D
(#42’/136’ 1
(/Jzo’#m’ 1
(#26’#3’ D
(#40’1118’ D
(u*,1,0)

(/140,/124, 1

814
819
824
829
834
839
844
849
854
859
864
869
874
879
884
889
894
899
904
909
914
919
924
929
934
939
944
949
954
959
964
969
974
979
984
989
994
999
1004
1009
1014
1019
1024
1029
1034

W2, 1)
(Wt 1)
(/.122,/,[27, 1)
(1140’#33, 1)
(1121,1120’ 1)
(GNTRY
(TN
(#31’#39’ 1)
01107/115’ 1)
W, 13, 1)
W, 1)
(8, 12, 1)
(U1, 1)
@, 15, 1)
W@, 1)
(2, 1% 1)
™, 1, 1)
(u, 1%, 1)
W™, 1)
(8,138, 1)
(W2, 110, 1)
", 128, 1)
,1,1)
(25,12, 1)
W2, 1%, 1)
2,15, 1)
('8, 1% 1)
(W, 1, 1)
(U, 1)
wZS,#47’ 1)
01971127, 1)
W, 1 1)
@, 1)
(/131,/143, ])
(1113,/132’ 1)
(W, 1, 1)
W, 1, 1)
*,1,0)
.10
(/111,/139, ])
(1112,#42’ 1)
0116’/115, 1)
W, 1)
©.42%1)
. 1,0)
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1035
1040
1045
1050
1055
1060
1065
1070
1075
1080
1085
1090
1095
1100
1105
1110
1115
1120
1125
1130
1135
1140
1145
1150
1155
1160
1165
1170
1175
1180
1185
1190
1195
1200
1205
1210
1215
1220
1225
1230
1235
1240
1245
1250
1255

0,17, 1)

(/1347/138’ 1)
(#367/121’ 1)
™, 1'%, 1)
(8, 1)

(/'[413#36’ 1)
(TN
2,47, 1)
(O, u*, 1)

(#34#15’ 1)
W8, 125, 1)
W2, 1", 1)
(11337#25’ 1)
(/1417/119’ 1)
1,0, 1)

W', 139, 1)
(1.125,/1”, 1)
(/.12,/126, ])
WS, 1, 1)
(#28’#30’ 1)
0,1°, 1)

(ﬂ399ﬂ22’ l)
W2, 12 1)
W, 1>, 1)
(/1447/146’ 1)
W, 1, 1)
W, 1571
(/'[19’#45’ 1)
(1125’/140’ 1)
W', 1, 1)
(#17’#36’ 1)
(#43#7’ 1)
(l'l229/130’ l)
(8, 1415, 1)
(/1407/-128, 1)
(#ZZ’IJZS’ 1)
W, 1, 1)
W2, 1%, 1)
(ﬂ297#32a 1)
(1135’/143’ 1)
W', 1, 1)
(Hll,ﬂ27, 1)
0,u,1)

W, 18, 1)
W5, 12 1)

1036
1041
1046
1051
1056
1061
1066
1071
1076
1081
1086
1091
1096
1101
1106
1111
1116
1121
1126
1131
1136
1141
1146
1151
1156
1161
1166
1171
1176
1181
1186
1191
1196
1201
1206
1211
1216
1221
1226
1231
1236
1241
1246
1251
1256

RS
W2, 171
123, 1)
(0, 1, 1)
W, 1,1)

(/1'1,/126, 1)
(1141’/147’ 1)
(”26,#8, 1)
(W, 120, 1)
(2, 12, 1)
(S, 125, 1)
(2, 115, 1)
(S, 1415, 1)
W7, 122, 1)
('3, 138, 1)
(2,127, 1)
W, 12 1)
(u, 17, 1)

(1128,#23’ 1)
(', 12, 1)
W3, 1, 1)
W2, 12 1)
@, 17, 1)
W', 1, 1)
(u*, u*, 1)

0138’#19’ 1)
(/141aﬂ15’ 1)
("2, 1)
(/137,/131, 1)
(IJI(),'u4l’ 1)
(}111,/116, 1)
(1126’1146’ 1)
(/110,/131, 1)
W, 1, 1)
TR

W', ut, 1)
W1
7,0.1)

(/121’#33’ 1)
wZS’M4l’ 1)
(u',u7,1)
AR}
e, 1)
(1114’ﬂ30, 1)
(/J34,,l128, ])

1037
1042
1047
1052
1057
1062
1067
1072
1077
1082
1087
1092
1097
1102
1107
1112
1117
1122
1127
1132
1137
1142
1147
1152
1157
1162
1167
1172
1177
1182
1187
1192
1197
1202
1207
1212
1217
1222
1227
1232
1237
1242
1247
1252
1257

(HSS’IuS, ])
(', 1)
(,USI,,U33, 1)
(#37’ 1’ 1)
(1145’#13, 1)
(u, ", 1)
W, 1?4, 1)
(”29’;[28’ 1)
(ﬂIO,IulO, 1)
(1, 0,1)
(ﬂﬁyﬂ40’ 1)
(W, %0, 1)
([124,/110, 1)
(2,12, 1)
(#25’#3’ 1)
(¥, 1)
(luIO’ 1,0)
W, 1)
w3l’ﬂ4l’ 1)
(/118,,[13, 1)
(ﬂls’#Szv 1)
', 1,0)
(,1126,/128, 1)
(,1128,/136, 1)
W, 1,1)
(#17’#40’ 1)
(1124’#39, 1)
(/12,/133, 1)
(1112’#19’ 1)
(,U33,/.118, 1)
0, 1, 1)
(u* 1, 1)
(ﬂlz,ﬂ45, 1)
w23’ 1,0)
(TN
W™, 12 1)
(#25’#31’ 1)
(1113’#20, 1)
(lu39’u5, 1)
(1133’#43’ 1)
(#26’/J27’ 1)
(1%, 1)
(ﬂ33’/~119v 1)
(ﬂlo,ﬂ26’ 1)
(11387/1409 1)

1038
1043
1048
1053
1058
1063
1068
1073
1078
1083
1088
1093
1098
1103
1108
1113
1118
1123
1128
1133
1138
1143
1148
1153
1158
1163
1168
1173
1178
1183
1188
1193
1198
1203
1208
1213
1218
1223
1228
1233
1238
1243
1248
1253
1258

W2, 1% 1)
(8,12, 1)
W, 12, 1)
W, 1t 1)
W2, 13, 1)
W, 10, 1)
w*,1,0)

W8, 12, 1)
WS, 1,1)

W, 15, 1)
@, 123, 1)
(u, %%, 1)

'5,0,1)

(u, 1, 1)

'S, 1, 1)
3,125, 1)
0,u'°, 1)

W, 1", 1)
W3, 12 1)
'S, 12, 1)
W2, 1% 1)
(0,47, 1)

(/138,/137, ])
W', 12 1)
W, 1, 1)
@7, 12, 1)
?,0,1)

W, 177 1)
W7, 1'%, 1)
", 1, 1)

@', 18, 1)
'S, 120, 1)
W', 120, 1)
0,u?,1)

W2, 12 1)
2,2 1)
('2, 5, 1)
'S, 1 1)
W2, 12, 1)
W, 177 1)
(7,18, 1)

W, 12 1)
W7, 12, 1)
(u, 1%, 1)

@7, 112, 1)

1039
1044
1049
1054
1059
1064
1069
1074
1079
1084
1089
1094
1099
1104
1109
1114
1119
1124
1129
1134
1139
1144
1149
1154
1159
1164
1169
1174
1179
1184
1189
1194
1199
1204
1209
1214
1219
1224
1229
1234
1239
1244
1249
1254
1259

Uﬂ}#ﬂ’l)
(Hlo’#w’ 1
(u,u*, 1)

(1144’#25, D
0116,#37’ D
(l142’/147s D
(0,u*,1)

(ﬂz,#zs, 1
0145’#21’ D
U=, 1, 1)

0131,l138’1)
(u, u*', 1)

(1113’#37’ 1
Uﬂﬁﬁﬁﬂl)
QHS’#IO,I)
(116”“38’ D
Qﬂs,uz,l)
(/132’/13’ 1
(#34’#43’ D
(1, 1,0)

(1119#33’ D
uﬁ64ﬁ3’n
(p“,u‘ﬂl)
(1134’#4, 1
W, 1.1

(1120’#27’ 1)
(1113,'1145’ 1)
(#41’11138’ 1)
(/140’/145’ 1)
W 1)
(1129’/117’ 1)
0118’#13’ 1)
W' 1)

(}131,/118, ])
0112,#13’ 1)
@11

034,#15,1)
(1,48, 1)

(#18””35, D
(ﬂ“,ﬂ{l)
(#14’#36’ D
035’1’0)

(.18, 1)

(#46”[138’ D
Qf”,uﬁ,l)
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1260
1265
1270
1275
1280
1285
1290
1295
1300
1305
1310
1315
1320
1325
1330
1335
1340
1345
1350
1355
1360
1365
1370
1375
1380
1385
1390
1395
1400
1405
1410
1415
1420
1425
1430
1435
1440
1445
1450
1455
1460
1465
1470
1475
1480

W4, 15, 1)
(/«l157ﬂl3, 1)
(U, 1%, 1)
(u, 1?7, 1)

AT)
', ', 1)
(#ll’ﬂl()’ 1)
(1113#15, 1
(#29’#19’ 1)
(/Jllv/l47 1)
(/-130’/1“v 1)
W3, 138, 1)
(#307/J9, 1)
(u*, 4™, 1)
(#19’#27’ 1)
W, 1221
(/J24’/118’ 1)
(#27’/114’ 1)
', 12, 1)
W3, 12, 1)
(0,1, 1)

W3, 124 1)
W', 121 1)
(#417#46’ 1
(ﬂ23,ﬂ7, 1)
W, 15, 1)
W', 1)
(7T

(,1131,/12, ])
W2, 16, 1)
(', 12, 1)
(3,1, 1)

(/-116’/119s 1)
(,u35, 1,1)

(0,u®, 1)

(,U40,ﬂ5, 1)
(#13’#21’ 1)
ENTERY)
(#20,#16’ 1)
(#25’/116’ 1)
W, 177, 1)
(#36’#11’ 1)
(IJSO’MM’ 1)
W, 154
W, 1'%, 1)

1261
1266
1271
1276
1281
1286
1291
1296
1301
1306
1311
1316
1321
1326
1331
1336
1341
1346
1351
1356
1361
1366
1371
1376
1381
1386
1391
1396
1401
1406
1411
1416
1421
1426
1431
1436
1441
1446
1451
1456
1461
1466
1471
1476
1481

W3, 1,1)
(22, 4%, 1)
W2, 1%, 1)
@, 13,1
0120’#24’ 1)
(#40’/114’ 1)
(/115’/133’ 1)
(#24’#2, 1)
W7, 12, 1)
W™, 14, 1)
W, 12, 1)
W, 12, 1)
W, 132, 1)
W', 4?3, 1)
W, 128 1)
W, 12, 1)
(#40’0’ l)

(/132’/125’ 1)
(#2,#45, 1)
(4> 2, 1)

W', 1, 1)
31, 1,0)

3, 110, 1)
(1'%, 1)
25, 4%, 1)
@2, 1™ 1)
W, 1 1)
w8, 12, 1)
2,18, 1)
W, 1™ 1)
(a1, 1)

2,134, 1)
W, 1%, 1)
W, 11, 1)
W', 15, 1)
W2, 124 1)
@, 112, 1)
(1,u?,1)

5,15, 1)
W5, 1Y, 1)
W, 1,1)

0130,#19, 1)
(W2 42 1)
(1146,/120, 1)
(ﬂ47,ﬂ24, ])

1262
1267
1272
1277
1282
1287
1292
1297
1302
1307
1312
1317
1322
1327
1332
1337
1342
1347
1352
1357
1362
1367
1372
1377
1382
1387
1392
1397
1402
1407
1412
1417
1422
1427
1432
1437
1442
1447
1452
1457
1462
1467
1472
1477
1482

(1, 1)
(' 1, 1)
(‘u37’lu3’ 1)
(#39’#6’ 1)
(ﬂlg, 1’0)
(lu32’ﬂ43, 1)
(1139’#15’ 1)
(12,0,1)
(ﬂ36’,u417 1)
(ﬂ32’#32’ 1)
(ﬂlg,ﬂg, 1)
W2, 1M, 1)
W' 1)
(2, 1 1)
(”25’#47’ 1)
(ﬂlg’#ll, 1)
(lll3’ﬂ24’ 1)
(u,u®, 1)
(,Ulg,/.l17, 1)
(ﬂl6’#8’ 1)
(u*, 1, 1)
(0,13, 1)
(’ulS”uW, 1)
(‘1117,/121, 1)
(28,127, 1)
(1,0,1)
(1120’#35, 1)
(,ulg,ﬂ37, 1)
(1125’#23’ 1)
(1,u'%, 1)
(ﬂ43’ﬂ357 1)
(ﬂ46,/~144, 1)
(ﬂ47,ﬂ4’ 1)
(,U]S,,Ll44, 1)
([114,/145, 1)
(%, 115, 1)
(TNTRY
(1131’#34, 1)
(lu35’ll12, 1)
W, 4, 1)
(,U45,/.112, 1)
(/’l17’:u7’ 1)
(w12, 1)
(ﬂlg,ﬂl4, 1)
¥, 1,0)

1263
1268
1273
1278
1283
1288
1293
1298
1303
1308
1313
1318
1323
1328
1333
1338
1343
1348
1353
1358
1363
1368
1373
1378
1383
1388
1393
1398
1403
1408
1413
1418
1423
1428
1433
1438
1443
1448
1453
1458
1463
1468
1473
1478
1483

W', 12, 1)
(8,110, 1)
(W', 123 1)
@, 1)
0,u'8, 1)

2,47, 1)
W@, 12 1)
W, 1 1)
W3, 122, 1)
@2 1,1)

W2, 177, 1)
(/132,/1]4, ])
1)
(#32’/120’ 1)
W12, 1)

(IJ30,M38, 1)
(u.1,0)

(1139’/125’ 1)
(/,[437/_126, 1)
(#29’#24’ 1)
(#27’1131’ 1)
W', 1", 1)
W, 1, 1)
@1 1)
W, 17,1
(ﬂ137/116’ 1)
(H35,Ml7, l)
', 1)

', 1, 1)
W, 18, 1)

W5, 1)
(1™, 1)

(W™, 1, 1)
(1u, 1)

W', 1, 1)
(@24, 1)
(8,17, 1)
(W, 1, 1)
WY, 12, 1)
W, 14, 1)
W, 128 1)
W25, 12 1)
('S, 1", 1)
2, 1%, 1)
0,1°,1)

1264
1269
1274
1279
1284
1289
1294
1299
1304
1309
1314
1319
1324
1329
1334
1339
1344
1349
1354
1359
1364
1369
1374
1379
1384
1389
1394
1399
1404
1409
1414
1419
1424
1429
1434
1439
1444
1449
1454
1459
1464
1469
1474
1479
1484

(w10, 1)
U, 1, 1)

(/'l31’/'126’ 1)
(1130’#46, 1)
(1140,ﬂ27’ 1)
(#26’/136, 1)
(2,0,1)

(#30,#8’ 1)
0127’/136, 1)
W, ', 1)
W, 15, 1)
@2, 1 1)
W2, 1%, 1)
('8, 1%, 1)
(W', 122, 1)
(W25, 15, 1)
(0,4, 1)

U1, 1)

(u ', 1)

(5, 1,0)

(2,15, 1)
(£, 11, 1)
W', 177, 1)
(W1, 1)

W, 17, 1)
5,1, 1)
W, 18, 1)
(8, 142, 1)
S, 1*2, 1)
W2, 15, 1)
(25,1, 1)
(1,13, 1)

(W, 1, 1)
*,1,0)

(W, 18, 1)
('8,0,1)

(0, 128, 1)
W, 1, 1)
(#47’/138, 1)
(/144’/140’ ])
(1138,#29’ 1)
(}112,/111, 1)
(/132’”27’ 1)
(#37”“16’ 1)
(/142,/129, ])
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1485
1490
1495
1500
1505
1510
1515
1520
1525
1530
1535
1540
1545
1550
1555
1560
1565
1570
1575
1580
1585
1590
1595
1600
1605
1610
1615
1620
1625
1630
1635
1640
1645
1650
1655
1660
1665
1670
1675
1680
1685
1690
1695
1700
1705

(28, 115, 1)
(2,122, 1)
W2, 1, 1)
W2, 12, 1)
(1, 1)

W', 16, 1)
W, 10, 1)
(5,110, 1)
W, 1)
W2, 138 1)
W2, 128, 1)
U, 1, 1)

2,13, 1)
W, 1®, 1)
w®, 1,0

W, 120, 1)
W', u7, 1)
W1 1)
W, 1, 1)
(#35’/114’ 1)
((NTENY
W, 1, 1)
(1145’/122’ 1)
(L2, 1)

(/,139,/,135, 1)
(#28’#19’ 1)
18, 1)

(IJ]Z’#38’ 1)
(/138’N46’ 1)
(1%, 1)
W, 1", 1)
W, 1321
W, 1,1)

(/138’/125, 1)
1, 1)
(/,134’/,146, 1)
7,1, 1)

@10 1)
W, 1'%, 1)
W, )
W, 1, 1)
2,13, 1)
(118, 1)
w",1,0)

2, 1%, 1)

1486
1491
1496
1501
1506
1511
1516
1521
1526
1531
1536
1541
1546
1551
1556
1561
1566
1571
1576
1581
1586
1591
1596
1601
1606
1611
1616
1621
1626
1631
1636
1641
1646
1651
1656
1661
1666
1671
1676
1681
1686
1691
1696
1701
1706

W, 1, 1)
(1127’/111’ 1)
(/‘136’#29’ 1)
@2, 1¥7, 1)
(3, 428, 1)
W', 128, 1)
W, 12, 1)
(#15’#40’ 1)
(Hl2,/l40’ 1)
(1125’0’ 1)

W, 1,1)

(8, 128, 1)
W', 14, 1)
W7, 18, 1)
(0,u%, 1)

W'8, 127 1)
W®, 12 1)
I
(#38’#32’ 1)
(H32,/l45’ 1)
(NTER)
7,14, 1)
W27, 18, 1)
@2, 12 1)
W, 12, 1)
W', 12, 1)
W2, 145, 1)
(W2, 12, 1)
w127, 1)
(u*, 1,1)

(/1325/123’ 1)
(1121’”28’ 1)
(1145’ﬂ17, 1)
(o, u®, 1)
(1136’/140’ 1)
(u*, 18, 1)

(8, 15, 1)
2,130, 1)
(W, 12, 1
(1, 1)

W22, 1, 1)
(/116’/'[30’ 1)
W10, 1)

O 1)

(/J22,,l132, 1)

1487
1492
1497
1502
1507
1512
1517
1522
1527
1532
1537
1542
1547
1552
1557
1562
1567
1572
1577
1582
1587
1592
1597
1602
1607
1612
1617
1622
1627
1632
1637
1642
1647
1652
1657
1662
1667
1672
1677
1682
1687
1692
1697
1702
1707

(,1120,/145, 1)
(‘1130’#237 1)
(,1136,,1125, 1)
(#9’”39’ 1)
(1138’#27, 1)
(/138’116, 1)
(1127’#7’ 1)
(ﬂ37,/.113, 1)
(ﬂ37’,u387 1)
(ﬂls’#7’ 1)
(ll45,,ll20, 1)
(11387/19’ ])
(,1144,/139, 1)
W, 1V, 1)
(#37’#24’ 1)
(U’ 1, 1)
(lu34’ﬂ6, 1)
('uZl’/Jll’ 1)
(ﬂ2l,/,[44, 1)
(ﬂlg’,u467 1)
(ﬂ41’/~118v 1)
(ﬂ44,ﬂ3’ 1)
(1129’/122’ 1)
(‘1134’ 1’0)

@211
(#7’”12’ 1)
(1124’#36, 1)
(u, ™, 1)

(', ', 1)
(TENTRY

(/131,#107 1)
(u38’#4’ 1)
(ﬂ43,ﬂ24’ 1)
(HS()’IuZZ, 1)
(‘11317’111267 1)
(W, 1'%, 1)
(#24’#43’ 1)
(1110’#38, 1)
(HIS’MZQ, 1)
(1124’#27’ 1)
wSS’ﬂg’ 1)
(/110,,“5, 1)
(ﬂ42’/~119v 1)
(ﬂ43,ﬂ30’ 1)
(,1121,/,!42, 1)

1488
1493
1498
1503
1508
1513
1518
1523
1528
1533
1538
1543
1548
1553
1558
1563
1568
1573
1578
1583
1588
1593
1598
1603
1608
1613
1618
1623
1628
1633
1638
1643
1648
1653
1658
1663
1668
1673
1678
1683
1688
1693
1698
1703
1708

(YT}

(/1317ﬂ21; 1)
(W0, 1)
1, 1)

1, 1)
(1114,#37’ 1)
(#26’/119’ 1)
(lu227#29’ 1)
(#25,#32’ 1)
W2, 14 1)
W', 14, 1)
W2, 17, 1)
W3, 1)

W, 120, 1)
(ﬂ41, 1’0)

W2, 1%, 1)
0114,#16’ 1
@0, 1, 1)
(1,u', 1)

135, 1)
@, 10, 1)
W', 1'%, 1)
W, 1, 1)
0,1, 1)

(W%, 1", 1)
W, 12 1)
@',0,1)

W, 120, 1)
@O, 14 1)
b, 17, 1)
W', 13, 1)
U™, 1%, 1)
u%,1,0)

(/127,/1]6, ])
(. %, 1)

W, 18, 1)
(;128,0, 1)

(#25,1110, 1)
@3, 1, 1)
u’,0,1)

(HZ()’#AQ’ 1)
(#23’#8’ 1)
W7, 1%, 1)
W', 13, 1)
W2, 134, 1)

1489
1494
1499
1504
1509
1514
1519
1524
1529
1534
1539
1544
1549
1554
1559
1564
1569
1574
1579
1584
1589
1594
1599
1604
1609
1614
1619
1624
1629
1634
1639
1644
1649
1654
1659
1664
1669
1674
1679
1684
1689
1694
1699
1704
1709

(s, 1, 1)
W, 12 1)
(28, 14 1)
(1142’#26, 1)
0110,#32’ 1)
w10, 1)
(/117’/116’ ])
(#36,#9’ 1)
(1121’/115’ 1)
(W™, 1, 1)
W, 1V, 1)
(/143,/123, ])
(', 1,1)

(#18’/124’ 1)
0,u*, 1)

(u*,0,1)

(5, 12", 1)
(1,u?%, 1)

0132’#35’ 1)
0135’/139, 1)
(/126’”37’ 1)
>, 1,1)

1™, 1)
(1146’#33’ 1)
(H47,'u43, 1)
(3,125, 1)
(lllS,ﬂSI, 1)
(#18’/128, 1)
W™, 134 1)
(#41,#12’ 1)
(', 1%, 1)
(/117’”17’ 1)
(0,78, 1)

W, 1*, 1)
(1129,/121’ 1)
(#29’/140’ 1)
(1113’#23’ 1)
W', 10, 1)
(1,17, 1)

('3, 1%, 1)
(#20,#32’ 1)
(2, 1%, 1)
(/119’”24’ 1)
W', 1, 1)
(/146,/128, ])
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1710 | 8,024, 1) | 1711 | 12 1) | 1712 | @400, 1) | 1713 | (u'%u'2,1) | 1714 | @, u1*, 1)
1715 | (2,12, 1) | 1716 | ¥, 63, 1) | 1717 | @, 01", 1) | 1718 | 2,4, 1) | 1719 | 8,1, 1)
1720 | b, p'8, 1) | 1721 | (0,1, 1) | 1722 | 20,1, 1) | 1723 | WP, uP, 1) | 1724 | @26, 1)
1725 | @7, 04%,1) | 1726 | (o, u3, 1) | 1727 | 22,08, 1) | 1728 | (%, 1%, 1) | 1729 | (%, u', 1)
1730 | (22,130, 1) | 1731 | (u'9,37, 1) | 1732 | (u*, 120, 1) | 1733 | (u,u'®, 1) | 1734 | (2, u®, 1)
1735 | (u'%,1*, 1) | 1736 | (1,131, 1) 1737 | (u'2,u",1) | 1738 | 4%, 1) | 1739 | (u®,0,1)
1740 | (u,u1¥, 1) | 1741 | @O, 1, 1) | 1742 | 3, 1%, 1) | 1743 | (33, 1%0,1) | 1744 | (u*, 13, 1)
1745 | (2,120, 1) | 1746 | (u,p®,1) | 1747 | (¥, 1", 1) | 1748 | (7,10, 1) | 1749 | (u'3, 1%, 1)
1750 | ('8, 1*, 1) | 1751 | (20,128, 1) | 1752 | 28,020, 1) | 1753 | '8, ', 1) | 1754 | (u®,u*', 1)
1755 | (23, 1*,1) | 1756 | (20,1, 1) | 1757 | 20, u'8, 1) | 1758 | u*,u®,1) | 1759 | u*°,u*", 1)
1760 | (2, p*, 1) | 1761 | (u*,u1'% 1) | 1762 | (u'3,u',1) | 1763 | (u'7,u*, 1) | 1764 | (3,1, 1)
1765 | (u®,134,1) | 1766 | (u*,u*, 1) | 1767 | (37,133,1) | 1768 | (2%, u*,1) | 1769 | (u*, 1)
1770 | ud,p'2, 1) | 1771 | ¥, '8, 1) | 1772 | 0,30, 1) | 1773 | "2 uB,1) | 1774 | 31,132 1)
1775 | @240, 1) | 1776 | (Wb, 1) | 1777 | W, 1%, 1) | 1778 | u**,u®, 1) | 1779 | (u'*,u*?, 1)
1780 | (20,10, 1) | 1781 | (u'', ', 1) | 1782 | (3,13, 1) | 1783 | (u'®,u®,1) | 1784 | (uu, 1)
1785 | (b, u*, 1) | 1786 | (20, 1°, 1) | 1787 | (2,133, 1) | 1788 | ), 4, 1) | 1789 | (', 1%, 1)
1790 | (8,120, 1) | 1791 | (u,p®,1) | 1792 | (8, 1,0) 1793 | (0,8, 1) 1794 | (u®°, 1'%, 1)
1795 | 2,17, 1) | 1796 | (u*, 120, 1) | 1797 | (u'8,138,1) | 1798 | (u®,13,1) | 1799 | (%, 13, 1)
1800 | (3,120, 1) | 1801 | (u'',pud, 1) | 1802 | (u®,u*, 1) | 1803 | (2,12, 1) | 1804 | (u*, u*, 1)
1805 | (u¥7,1%°,1) | 1806 | (1, 1'%, 1) | 1807 | (u'3,u*,1) | 1808 | (13, 1) | 1809 | (u*,u*, 1)
1810 | (u'%, 1", 1) | 1811 | (12,30, 1) | 1812 | (u', 120, 1) | 1813 | (u'',1®°, 1) | 1814 | (0, u®, 1)
1815 | (u', i, 1) | 1816 | (u'6, 1?2, 1) | 1817 | (', u'6, 1) | 1818 | (1'%, 1) | 1819 | (u'7,u*?, 1)
1820 | (0,1, 1) | 1821 | (b, 1) | 1822 | (u'',u™®, 1) | 1823 | (', %7, 1) | 1824 | (u*', 4, 1)
1825 | (1*3,1,0) 1826 | (0,u®, 1) 1827 | (%, 120, 1) | 1828 | (u,pu*,1) | 1829 | (u*,u*, 1)
1830 | (1,u*, 1) 1831 | (u*,u¥,1) | 1832 | (u°,u° 1) | 1833 | (u*%,1,1) 1834 | (u*,u>,1)
1835 | (uo,u®, 1) | 1836 | (12, 1) | 1837 | (2, u*, 1) | 1838 | (u,u'',1) | 1839 | (™, 1%, 1)
1840 | (u'',u,1) | 1841 | (ub, 10, 1) | 1842 | (u,p®°,1) | 1843 | (u'8,u'0,1) | 1844 | (u",u®, 1)
1845 | (30,17, 1) | 1846 | (26, u™, 1) | 1847 | (%, 13", 1) | 1848 | (u'%, 14, 1) | 1849 | (13,1, 1)
1850 | (u*,u?8, 1) | 1851 | (8,138, 1) | 1852 | (u®,1,1) 1853 | (u*, 1%, 1) | 1854 | (3,172, 1)
1855 | (W', 10, 1) | 1856 | (u®, 137, 1) | 1857 | (u*,u'0, 1) | 1858 | (u'3, 40, 1) | 1859 | (u'%, 1, 1)
1860 | (u*, 13, 1) | 1861 | (u'?,ud, 1) | 1862 | (u®, 10, 1) | 1863 | (u'%,u??, 1) | 1864 | (u*7,u'?,1)
1865 | (u*,u*,1) | 1866 | (137,18, 1) | 1867 | (138, u™,1) | 1868 | (u'%,u*, 1) | 1869 | (1?0, 13, 1)
1870 | (u'®, 1%, 1) | 1871 | (u*,u¥, 1) | 1872 | (u®,u'3,1) | 1873 | u?, 1?8, 1) | 1874 | (u*®,u'', 1)
1875 | (300, 1) | 1876 | (u,u'3,1) | 1877 | (%, 1%, 1) | 1878 | (3, p®*, 1) | 1879 | (u'%,1,0)
1880 | (0,u', 1) 1881 | (u,u*, 1) | 1882 | (7, ', 1) | 1883 | (3%, u®, 1) | 1884 | (3,10, 1)
1885 | (u'%u*,1) | 1886 | (u®°,u, 1) | 1887 | (u®, 1, 1) | 1888 | (u?,u*,1) | 1889 | (7, ub, 1)
1890 | (u', ', 1) | 1891 | (1%, 1) | 1892 | (%, u*, 1) | 1893 | (u*,u**, 1) | 1894 | (u*,u*, 1)
1895 | (u'8,1,1) | 1896 | (u*,1, 1) | 1897 | (u*,u*, 1) | 1898 | (u*,u'3,1) | 1899 | (u*?,u*?, 1)
1900 | (1?7, 1,1) 1901 | (u®,138,1) | 1902 | (u®,ub, 1) | 1903 | (u',ud, 1) | 1904 | (u®°,u®,1)
1905 | (u', 3%, 1) | 1906 | (u'%,u*,1) | 1907 | (u8,12°,1) | 1908 | (6, 1*, 1) | 1909 | (u*, u*', 1)
1910 | (23,157, 1) | 1911 | (u*, 2 1) | 1912 | 2 u7, 1) | 1913 | (u®, 1%, 1) | 1914 | (23,10, 1)
1915 | (u?,1%%,1) | 1916 | 2L u, 1) | 1917 | (4%, 1) | 1918 | (3,4, 1) | 1919 | (u', 43, 1)
1920 | (', u1*,1) | 1921 | (% u* 1) | 1922 | (u*, 42, 1) | 1923 | (%2 1) | 1924 | (%, 1,1)
1925 | (u®,u®,1) | 1926 | u®8,u4%, 1) | 1927 | u*?,u* 1) | 1928 | u*,x?*, 1) | 1929 | (1,1,0)
1930 | (0,1,1) 1931 | (u®, 122, 1) | 1932 | w2, u?, 1) | 1933 | (%, u',1) | 1934 | (2,43, 1)
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1935
1940
1945
1950
1955
1960
1965
1970
1975
1980
1985
1990
1995
2000
2005
2010
2015
2020
2025
2030
2035
2040
2045
2050
2055
2060
2065
2070
2075
2080
2085
2090
2095
2100
2105
2110
2115
2120
2125
2130
2135
2140
2145
2150
2155

W', 1*11)
W12 1)
0,4, 1)
W, 12, 1)
WP, 12, 1)
W, 177, 1)
W, 1, 1)
(1", 1)
W, 17)1)
W2, 13, 1)
(', 1%, 1)
W, 13, 1)
(@2, 12 1)
(2, 1,0)
@, 1 1)
Wt 1)
(#33’#14’ 1)
wlS’ﬂ30’ 1)
2, 18, 1)
(w, 1,1)
W, 1)
(25,107, 1)
(ﬂ30’ﬂ10’ 1)
(/1267/118’ 1)
(/~121,/~146, 1)
(#39’/129’ 1)
'S, 1, 1)
(ﬂ279#44’ 1)
(,ull’ﬂlg, 1)
(W, 1, 1)
(S, 17, 1)
(S, '8, 1)
W2, 1 1)
(5,134 1)
(212, 1)
W8, 12, 1)
@, 1™ 1)
(S, 4%, 1)
W7, 1, 1)
W@, 1)
(7,12 1)
(#40’ 1’ 1)
(/‘112’/1347 1)
(#23’1112’ l)
0142’#28’ 1)

1936
1941
1946
1951
1956
1961
1966
1971
1976
1981
1986
1991
1996
2001
2006
2011
2016
2021
2026
2031
2036
2041
2046
2051
2056
2061
2066
2071
2076
2081
2086
2091
2096
2101
2106
2111
2116
2121
2126
2131
2136
2141
2146
2151
2156

W, 128 1)
(2 18, 1)
(O, 1™, 1)
(2, 1%, 1)
(1134,/131, 1)
(#41’/14’ 1)
(ﬂlO"u39’ 1)
(#32,#36’ 1)
W, 1 1)
W, 112, 1)
(12, 1)
W', 12, 1)
@2,0,1)

0,12, 1)

(O, 1'%, 1)
W™, 12 1)
(#32”[141’ 1)
(ﬂl()”uIS’ 1)
(#29,#18’ 1)
W, 177, 1)
W™, 17 1)
(2, 1425, 1)
W', 15, 1)
W, 1, 1)
('8, 1)
W, 1, 1)
38, 1M 1)
(1,u*, 1)

W7, 135, 1)
W, 17, 1)
O, 1", 1)
(0, 126 1)
(™, 12, 1)
W, 1423, 1)
W', 1, 1)
@2, 1, 1)
(1Lp*, 1)

(.1, 1)

(', 42, 1)
@2, 1, 1)
(W, 110, 1)
Wb, 18, 1)
WS, 147 1)
¥, 115, 1)
(38, 118, 1)

1937
1942
1947
1952
1957
1962
1967
1972
1977
1982
1987
1992
1997
2002
2007
2012
2017
2022
2027
2032
2037
2042
2047
2052
2057
2062
2067
2072
2077
2082
2087
2092
2097
2102
2107
2112
2117
2122
2127
2132
2137
2142
2147
2152
2157

(,1138,/147, 1)
(/129,/131, 1)
(L,u8, 1)
(#37’#35’ 1)
(1112’#14, 1)
(,1144,11”, 1)
(10, 1)
(‘U“,/J38, 1)
(ﬂ46,,u137 1)
(ﬂ47’/~144’ 1)
(ﬂlg,ﬂ229 1)
(U, 1*, 1)
([113,/143, 1)
2,18, 1)
(#5’/111’ 1)
(1134’#34, 1)
(‘u33’u12, 1)
(1140’#25’ 1)
(ﬂ40’/~l4’ 1)
(ﬂ41,#22, 1)
(ﬂ43’/~143’ 1)
(.12, 1)
(11237/147’ 1)
(N7
W, 1™ 1)
(#39’#28’ 1)
(1132’#7’ 1)
(/133,[136, 1)
(1135’#40’ 1)
(#43,/,[2, 1)
(ﬂ28,lu34, 1)
(.2, 1)
(1, 1)
(,1131,/127, 1)
(/119,/,l10, 1)
W2, 11, 1)
(#39’#42’ 1)
(1135’#27, 1)
(u, %, 1)
', 1)
(#15’/*14’ 1)
(ﬂ29,#10, 1)
W, 1)
(ﬂs’ﬂ44’ 1)
(,1140,/115, 1)

1938
1943
1948
1953
1958
1963
1968
1973
1978
1983
1988
1993
1998
2003
2008
2013
2018
2023
2028
2033
2038
2043
2048
2053
2058
2063
2068
2073
2078
2083
2088
2093
2098
2103
2108
2113
2118
2123
2128
2133
2138
2143
2148
2153
2158

@, 12, 1)
W', 12, 1)
W, 17, 1)
WS, 12, 1)
@213, 1)
@, 12, 1)
W', 1, 1)
N7
W22, 118, 1)
(1,u1%, 1)

W, 13, 1)
(U4, 136, 1)
W28, 18, 1)
W, 18, 1)
W@, 17, 1)
©*,1,1)

W, 18, 1)
W, 17, 1)
W, 17, 1)
W2, 1, 1)
(#28’1’1)

W30, 1)
W, 126, 1)
01327#16’ 1
(1,u' 1)

W38, 135, 1)
W2, 15, 1)
@', 12, 1)
@121
W2, 122, 1)
U, 18, 1)
W, 1, 1)
%, 1,1)

W', puB,1)
(/115,ﬂ46, 1)
(;115,[125, 1)
(ﬂzo’#n’ 1)
', 1, 1)
(112],#]3’ 1)
(1143’/127’ 1
(;144,/120, 1
(#15’#27’ 1)
(#23’1129’ 1)
(L. 1)

(l124,/~135, ])

1939
1944
1949
1954
1959
1964
1969
1974
1979
1984
1989
1994
1999
2004
2009
2014
2019
2024
2029
2034
2039
2044
2049
2054
2059
2064
2069
2074
2079
2084
2089
2094
2099
2104
2109
2114
2119
2124
2129
2134
2139
2144
2149
2154
2159

(/121,,1127, 1)
7,1,0)

(H43,'u11’ 1)
(1120’#33, 1)
(1139,'1118’ 1)
1,1, 1)

(/128’/146’ ])
(1128’#22’ 1)
(#40’/113’ 1)
(.18, 1)

(#35”“28’ 1)
(/Jll"uls’ 1)
(W, 12 1)
(/'128’/‘[40’ 1)
(1126’#16, 1)
W, 14 1)
(#29’/120, 1)
(/143’/129’ ])
(1126’#26’ 1)
(#20’/113’ 1)
W, 17, 1)
(#42”“11’ 1)
(u, 7, 1)

(NTEY)
(/'130’/‘[33’ 1)
(1135’#10’ 1)
(1123,'1122’ 1)
('8, 13, 1)
w12, 1)

W, 15, 1)
(#29’/125’ 1)
(NTAR )
(#45”“16’ 1)
W, 12, 1)
(a2, 1)
W0, 1
(1143’#25’ 1)
(1118,'1140’ 1)
(#22’/136, 1)
W 1)
(#18’#18’ 1)
(W, 1", 1)
W5, 1)
W%, 1)

#>,0.1)

Continued on next page
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2160
2165
2170
2175
2180
2185
2190
2195
2200
2205
2210
2215
2220
2225
2230
2235
2240
2245
2250
2255
2260
2265
2270
2275
2280
2285
2290
2295
2300
2305
2310
2315
2320
2325
2330
2335
2340
2345
2350
2355
2360
2365
2370
2375
2380

", 125 1)
W, 1* 1)
W0, 1%, 1)
@241
W, 1, 1)
12, 1)

(w*,0.1)

W' u7, 1)
*,0,1)

W4 1)
(1)

(1129’ﬂ39’ 1)
(2, 1)
(#40?/'110’ 1)
(#25’#29’ 1)
(1)

(.12 1)
(#36’/113’ 1)
W, 11, 1)
(#32’ 1’ 1)

w1

(#31’1111’ l)
W, 1", 1)
W o)
7,1, 1)

@141
W, 12, 1)
(u, 1)

WS, 10, 1)
W, 12, 1)
W2, 110, 1)
W, 127, 1)
W17, 1)
W@?2,1,1)

(S, 45, 1)
2,1, 1)
W®, 13, 1)
W, 14, 1)
(2,0, 1)

(W, 1)

(/J297/J35’ 1)
(#21’/118’ 1)
(#ZZ’MIS’ 1)
(u,u*, 1)

W, 11, 1)

2161
2166
2171
2176
2181
2186
2191
2196
2201
2206
2211
2216
2221
2226
2231
2236
2241
2246
2251
2256
2261
2266
2271
2276
2281
2286
2291
2296
2301
2306
2311
2316
2321
2326
2331
2336
2341
2346
2351
2356
2361
2366
2371
2376
2381

(u, 1?7, 1)

WP, 1™ 1)
@7, 1, 1)
™, 11, 1)
W2, 1, 1)
(u?, 1)

@'",0,1)

(#26’#34’ 1)
(/1135/112, 1)
(1114’1131’ 1)
W, 12 1)
(3,115, 1)
@210, 1)
(!5, 1%, 1)
3,120, 1)
W, 14, 1)
@2, 12 1)
W2, 1)
(#15’#43’ 1)
(/1455/124, 1)
(b, pu®, 1)

W, 1'%, 1)
W, 122, 1)
W', 1'%, 1)
®, 13, 1)
@, 1%, 1)
W, 1)

@3, 1B, 1)
W, 1, 1)

@312, 1)
W', 4%, 1)
W, 1, 1)
W®, 14 1)
W, 4%, 1)
(5,1, 1)
28, 4%, 1)
@', 12 1)
@2,0,1)

W, 14, 1)
W', 43, 1)
@, 147 1)
W, 18, 1)
W, 1, 1)
W™, 1%, 1)
(5, 1'%, 1)

2162
2167
2172
2177
2182
2187
2192
2197
2202
2207
2212
2217
2222
2227
2232
2237
2242
2247
2252
2257
2262
2267
2272
2277
2282
2287
2292
2297
2302
2307
2312
2317
2322
2327
2332
2337
2342
2347
2352
2357
2362
2367
2372
2377
2382

' 1*7,1)
(L2, 1)

(#28,#35’ 1)
(#15’#15’ 1)
(u*, 1, 1)
(’ul4’u12, 1)
(1113’#39’ 1)
w46’ﬂ45’ 1)
(/'l47’:u257 1)
(N12’#28’ 1)
(ﬂIZ,ﬂ9’ 1)
(1124”[18, ])
(25, 1, 1)
(1 >, 1)

(#10’#47’ 1)
(1144’#45, 1)
(’uIZ’MIO, 1)
(HSO’/JS’ 1)
(”28’/J4’ 1)
(/119, 1’0)

(ﬂ29’ l, 1)

(ﬂ40,ﬂ309 1)
(1127’/132, 1)
W18, 1)

W2, 1M 1)
(#19"”25’ 1)
(U, 1)

(’uSI’MIQ, 1)
(b, 7, 1)

(,u20,/.18, 1)
(ﬂlg’,u437 1)
(N32’IJ6’ 1)
(ﬂ32,ﬂ4’ 1)
(u*, 13, 1)
(1?8, 1)
(', 1)

(#12"”30’ 1)
(1113’#40, 1)
(,1132,[110, 1)
(1122’#7’ 1)
2, 12, 1)
(ﬂ14’ﬂ257 1)
(ﬂ19’0’ 1)

(ﬂll,ﬂ“, 1)
(,1140,/117, 1)

2163
2168
2173
2178
2183
2188
2193
2198
2203
2208
2213
2218
2223
2228
2233
2238
2243
2248
2253
2258
2263
2268
2273
2278
2283
2288
2293
2298
2303
2308
2313
2318
2323
2328
2333
2338
2343
2348
2353
2358
2363
2368
2373
2378
2383

W
(“42#45, 1)
(#SS’ﬂzts’ 1)
@, 1.1

(TANTER))
(1147,#15’ 1)
(W u®, 1)
(lll()’#ls, 1)
W0, 1)
(#38’H39, 1)
(1142’#43’ 1)
®*.0.1)

(11374136, )
(W, 1)
@, 1)
(Hl9,MIQ, 1)
(1115,#16’ 1)
(#16’/16’ 1)
(1144416, 1)
01" 1)

(#45#9’ i)
(#10’#21, 1)
(MZI,/JM’ 1
(1114#39’ 1
(#33’#6’ D
(116”“37’ 1
(148,,u27, 1
(1117,#5’ D
(#26’/145’ 1
(/ng’#n’ 1
(#28’#11’ D
(#14#41’ D
(#44’#23, 1)
(”39,/143’ 1
(11387#22’ 1
(;130,;122, 1
(ﬂlo’ﬂll’ 1)
0137’#15, 1)
(1115,#42’ 1)
(1126’#47’ 1)
(/J27’#33, 1)
(WO, 1)
(#13#44’ D
(#30’ L1

('u43,ﬂ6’ 1)

2164
2169
2174
2179
2184
2189
2194
2199
2204
2209
2214
2219
2224
2229
2234
2239
2244
2249
2254
2259
2264
2269
2274
2279
2284
2289
2294
2299
2304
2309
2314
2319
2324
2329
2334
2339
2344
2349
2354
2359
2364
2369
2374
2379
2384

(/JIZ"ulS’ ])
(1119,/147’ 1)
(Hl(),'u32’ 1)
*,0,1)

(2, 1%, 1)
W2, 15, 1)
(3, 12, 1)
(2,10, 1)
W', 15, 1)
(3, 1%, 1)
(2,18, 1)
('3, 1)
", '3, 1)
(u*, 18, 1)
(2,125, 1)
W,1,1)

(5,12, 1)
W@, 10, 1)
(', 1)
W7, 14, 1)
W2, 12, 1)
(W, 1, 1)
(2, 1%, 1)
(3, 1%, 1)
(', 123, 1)
@, 127 1)
(7, 1%, 1)
(W3, 18, 1)
(W', 1'%, 1)
(2, 12, 1)
(20, 1%, 1)
P, 1)

@, 1)
W2, 1% 1)
W2, 12, 1)
@2, 1V 1)
(20, 115, 1)
@2, 1) 1)
W2, 1™ 1)
W, 1)

(1139,#32’ 1)
0127’/113’ 1)
(142, 1)

(#45’#35’ 1)
(/114,/134, ])
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2385
2390
2395
2400
2405
2410
2415
2420
2425
2430
2435
2440
2445
2450

Uﬁ64ﬂ4’n
(/1477ﬂ10, 1)
7, u'e, 1)
(#20’/130’ 1)
(u3,,u47, D
(u",12,1)
(#22’#5’ 1)
(ﬂ4471,0)

(#25’/119’ 1)
(#17’l’l37 1)
(#32’1126’ l)
*,1,0)

e, 1™, 1)
(1‘124’1124’ 1)

2386
2391
2396
2401
2406
2411
2416
2421
2426
2431
2436
2441
2446

(ﬂ32,ﬂ28, ])
(/115,,“6, 1)
(5,17, 1)
0110’#40’ 1)
O, 1* 1)
'S, 1V, 1)
(1123,/144’ 1)
0,1, 1)
0117’/111’ 1)
(1116’1121’ 1)
(. 18, 1)
(0,13, 1)
(1L 1)

2387
2392
2397
2402
2407
2412
2417
2422
2427
2432
2437
2442
2447

(HSS’MW, 1)
(/114,/138, 1)
(', 2, 1)
(#37"”22’ 1)
(1133’#39, 1)
(/143,[138, 1)
(Lu',1)

(1,u®, 1)

(/130’/135, 1)
(ﬂ34’/~129v 1)
(ﬂSg’ﬂ30’ 1)
(lul()’lu3, ])
(u*®, 1, 1)

2388
2393
2398
2403
2408
2413
2418
2423
2428
2433
2438
2443
2448

@, 1% 1)
W, 1 1)
@2, 1) 1)
0127,/134, 1)
(12, 1)
(W25, 1% 1)
(3, 1% 1)
(/1357/'138’ 1)
(/1357#257 1)
(#36’/138’ 1)
0110’#33’ l)
(M16,ﬂll’ ])
(AT

2389
2394
2399
2404
2409
2414
2419
2424
2429
2434
2439
2444
2449

(/Jél()"ulZ’ ])
(1133,/127’ 1)
28, 12, 1)
(1146’#39, 1)
W, 1)
W', 1, 1)
(u*, 1, 1)
(1125’#38’ 1)
(8, 1'%, 1)
W2, 1", 1)
(#39”[124’ 1)
(/130,/125, ])
™, 15, 1)




Notation
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IS|

XNy

XUY

X\Y

]

0

s€ES

G=H

G, x Gy

H>=N

6(n), 6(n, q)

Ly

F

F\{0}

Fy

Fy

Aut(S)

t-(v, k, 1) design
V=Vn+1,q)
PG(n, q)

[T«

P(X), P(x,...,Xx,)
T.(T.8)

M(T)

C(f)
GL(n+1,q9)
PGL(n +1,¢9)
PIL(n+1,q)
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an arbitrary group G

number of elements in the set S

the intersection of X and Y

the union of X and Y

the set of elements of X notin Y

i is not equal to j

the empty set

x is an element of S

the groups G and H are isomorphic

a direct product of the groups G; and G,

a semi-direct product of H and N
qn+1_1

q-1
cyclic group of order m

an arbitrary field

the set of elements of F without 0

a finite field with p prime elements

a finite field with ¢ = p" elements

the automorphism group of S

a design with parameters ¢, v, k, A

an (n + 1)-dimensional vector space over the finite field F,
an n-dimensional projective space over the finite field F,

a k-dimensional subspace of PG(n, q)

point of PG(n, g) with vector X = (xo, ..., X,)

a projectivity

a projectivity with matrix T

companion matrix of polynomial f

group of non-singular linear transformations of V(n + 1, q)
group of projectivities of PG(n, q)

group of collineations of PG(n, g)
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(k, r)-arc, K
k-arc
B

n
k

d(x,y)

w(x)
d=d(C)

[n, k,d] code
CJ_

a set of k points of PG(2, g) with at most r collinear points
a (k,r)-arc with r =2

a subplane of PG(2, g)

length of a code

dimension of a code

distance between codewords x and y

weight of x

minimum distance of the code C

a code with parameters n, k, d

code dual to C
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