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SUMMARY

In this thesis, we branch into both harmonic and geometric analysis. Within
harmonic analysis, we look at differential actions .%p on hypergeometric series and
Jacobi polynomials, where the latter are known to represent the zonal spherical
functions on compact rank-one symmetric spaces. Within geometric analysis, we
examine spherical twists as solutions to the Euler-Lagrange system associated with
the Dirichlet energy and certain of its nonlinear extensions for sphere-valued

mappings in suitable Sobolev spaces.
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Chapter 1

Introduction

This thesis which sits at the intersection of harmonic analysis, geometric analysis and
PDEs consists of two main trends. Firstly, a spectral analysis of certain invariant oper-
ators, specifically, those built from the Laplace-Beltrami operator, on compact rank-one
symmetric spaces of Lie groups. Secondly, a variational analysis of the Dirichlet energy
and the resulting harmonic mappings from certain rotationally symmetric domains in the
Euclidean space into round spheres with particular emphasis on a geometrically motivated
class of mappings, that is, spherical twists, as possible solutions to the resulting system.
The first trend relating to symmetric spaces is covered in Chapters 2 and 3 where in ad-
dition to harmonic analysis on these spaces interesting questions on the family of Jacobi
polynomials and hypergeometric series are addressed and a spectral identity pertaining to
the action of a differential operator on the family of Jacobi polynomials is analysed. Here,
a new scale of polynomials and a related sequence of scalars describing the aforementioned
spectral identity are introduced and various underlying analytic and spectral features of
the action including the operator trace and determinant along with their infinite limits and
regularisations along with explicit relations and links to hypergeometric parameters are
obtained. We recall that the compact rank-one symmetric spaces for the purpose of this
thesis entail the n-dimensional sphere S”, the n-dimensional real projective space RP",
the 2n-dimensional complex projective space CP", the 4n-dimensional quaternionic space
HP" and the 16-dimensional Cayley plane P?(Cay) (see Table 2.2). For further details
on these spaces and their symmetric structure, see Chapter 2 Section 1 and 2. For the

definition and basic properties of Jacobi and hypergeometric series, see Section 2.6.

Indeed, the starting point of the second chapter will be the formulation and proof of



the differential identity

Ld/2]

Lo PP (cose)‘e_o 0+ Y PenBn(A7)
- m=1

where . = P(d/df) is the differential operator associated with the degree d > 2 polyno-
mial P = pg + Y p; X? whilst %,,(X) are polynomials relating to the Jacobi polynomials
and the hypergeometric series, and )\Z’B = k(k+a+p+1) are the eigenvalues of the Jacobi
operator. The chapter then proceeds by giving explicit descriptions of the polynomials on
the right-hand side above and exploiting various implications of this identity to the space

of linear differential operators .%p characterised by the polynomials P.

The second trend is the study of a highly nonlinear PDE system, namely, the harmonic-
map equation arising as the Euler-Lagrange equation associated with the Dirichlet energy
for suitable sphere-valued Sobolev mappings and examining spherical twists as possible
solutions to this system. We also combine this study which in itself is a constrained prob-
lem with an associated unconstrained but parameter dependent problem (the so-called
penalisation or penalty method) and by bringing in the notion of gamma-convergence,
study the relations between these two variational problems in terms of their energy land-
scapes, structure of minimisers and stationary points, in particular, those in the form of

twist mappings.

In the Appendix, computations of the higher order polynomials %,, = %,,(X) associ-
ated with the Gegenbauer polynomials, Jacobi polynomials and the hypergeometric series
will be presented up to order m = 10. This will be done by a mixture of substitution and
algorithmic derivation. The hypergeometric series will lead to the identification of new
coefficients cJ*(a, b, ¢) using the recursive coefficients d; j, I,j > 1 and the recursive Bell
polynomials b}” for m,j > 0. The hypergeometric series, with explicit dependence on the
parameters a,b and ¢ will give way to the Jacobi polynomials by substituting a = —k,
b= k+a+5+1and ¢ = a+1 and the Gegenbauer polynomials by substituting « = v—1/2

and f = v — 1/2 into the Jacobi polynomials.



Chapter 2

On Determinants and Traces of
Matrix Hypergeometric
Coefficients and a Differential
Action #p Pertaining to

Rank-One Symmetric Spaces

A differential-spectral identity on the Gauss hypergeometric function is established and
an infinite scale of multi-parameter polynomials and matrices describing and encoding
the action is introduced. The underlying analytic and spectral features of the action are
examined and the operator trace and determinant along with their infinite limits and
regularisations as well as explicit relations linking these to the hypergeometric parameters
are obtained. Applications to compact symmetric spaces of rank-one and their Laplacian
and other related operators, upon invoking the structure of their spherical functions and
spectral projections are presented. Other implications including a characterisation of zero
action operators as well as extensions to the generalised hypergeometric functions are

discussed.



4
2.1 The Schwartz Kernel of F'(A ;) on a Compact Rank-One

Symmetric Space .# = G/H
Let .# be a compact rank-one symmetric space of dimension N and let —A _, denote the

positive Laplacian on .#Z. Given F' = F(X) for a Hilbert space X in the Borel functional

calculus of —A , the distributional or Schwartz kernel of F'(—A ;) is given by

Kr(0) =3  TAISCNCNE) (2.1)

Here &, = Gy (0; #) are the spherical functions on .#, A\ = Ap(.#) represent the
numerically distinct eigenvalues of —A 4 on .#, My, = My () is the (finite) dimension
of the eigenspace associated with A, 6 = 6(x,y) denotes the distance between the points
x,y € M, and Vol(.#) is the volume of . .

Some specific families of symmetric spaces of interest here include the sphere S" =
SO(n + 1)/SO(n) and its usual quotient the real projective space RP™ = S§"/{+}; the
complex projective space CP"™ = SU(n + 1)/S(U(n) x U(1)); the quaternionic projective
space HP" = Sp(n + 1)/Sp(n) x Sp(1) and the Cayley plane P?(Cay) = F4/Spin(9).

With regards to the spectral sum the relevant geometric and spectral quantities
associated with these symmetric spaces .# include, firstly, the radial Laplacian being
9% + [(acot § + b/2cot(6/2)]0, with & = 9y, 0% = 9} and the parameters a,b as given in
Table (see below). Secondly, for k > 0 we have the multiplicity function

~ 2(k+ o)T(k +20)I'((a+1)/2)T'(k + N/2)

MEA) = = + DT (N2Th + a + 1)) (22)

of the eigenvalue \}(.#) = )\éa’ﬂ) = (0+ k)? — 0* of —A_, where o = (a+ b/2)/2 and
N = a—+ b+ 1 in the simply-connected case. Thirdly, and again in the simply-connected

case, we have the volume

y T(E+1)/2)

Vol(.#) = 2" T(N+a+1)/2)

(2.3)

Finally, and most importantly, the spherical functions &; for the symmetric spaces
considered here can be described for suitable «, 8 (¢f. Table below) by the well-known
Jacobi polynomials [see (2.76])]. As a matter of fact, in the simply-connected case, the
spectral sum (12.1)) can be rewritten as

[e.e]
My (A) ()
Kp(0) = 1;) WF()‘Z)QJC (cos0)

_ (k+o)(k+20)T(k+ N/2)F(A})

(0.9)
= N NN DTk + (a - 1))2) k() (24)




Table 2.1: Parameter values and the radial Laplacian for the symmetric space .#

M a b 0 9% + [(acot @ + b/2 cot(6/2)]0

s» n—1 0 (n—1)/2 9% + [(n — 1) cot 6]0

RP" | n—1 0 (n—1)/2 9>+ [(n — 1) cot 6]0

CcP” 1 2n-1) n/2 9% + [cot 6 + (n — 1) cot(0/2)]0

HP" 3 4n—1) (2n+1)/2 0*+[3coth+2(n — 1)cot(0/2)]0
P%(Cay) | 7 8 11/2 0% + [Tcot § + 4cot(0/2)]0

(with the modification & = 92(271—2)/2,(71—2)/2)(%8 0) = ‘52(:_1)/2(005 0) and M} (A),
Vol(.#) from Table in the non simply-connected case .# = RP"). Next for the sake
of various applications, localising € to a neighbourhood of the origin, it is seen that subject
to sufficient regularity, the Maclaurin coefficients of the Schwartz kernel K in , and
subsequently the formal Maclaurin expansion of K about 8 = 0 take the form

0% = 9% 823 o= 0% by [F]

WKF)(;:O’ Z i) 062 ‘:o:jz_;@j)wol(///)' (25)

JZO

bo; [F] = Vol(4)

Now let Py(X) = po + ZlepiXi be a polynomial of degree d > 2 and consider the
associated differential operator Zp = Py(d/df) = po +Z;‘1:1 pid'/df?. Then by specialising
Theorem below to the case of Jacobi polynomials we have

[/2] m
a%e@;ga’ )(0059 ‘ =po+ mezc /\a’ﬁ
Ld/ZJ
=po + Z p2m<@m()\gﬁ)- (26)
m=1

Here )\O"B = k(o + 8+ k + 1) are the eigenvalues of the Jacobi operator [cf. (2.73])],

cjt = cgn(a, B) are explicitly computable scalars and %,,(X) is the degree m polynomial

R (X) = R (X500, B) = 71 (e, )X
By specialising to the case % = d* /d6? and referring to (2.4))-(2.5) above it follows
at once that the Maclaurin spectral coefficients associated with the Schwartz kernel Kp,

are in turn given by bo[F] = tr[F(—A_y4)] and for j > 1 by

0%
Kp(0)| = wl@F (D)), (2.7)

bgj [F] = VOI(%) 8923 0—0
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where tr stands for operator trace. This gives one useful application of the action iden-
tity and the polynomials %, (X) and their coefficients ¢ (with 1 < j < m). In
the remainder of this chapter we extend the action identity to the context of the
hypergeometric function F'(a, b;c; z), where a huge family of special functions and ortho-
gonal polynomials of interest in analysis and mathematical physics, including the scale of
Jacobi, Gegenbauer and Legendre polynomials are covered as particular examples (see the
Appendix and Section . We then move on to studying the action identity —
more formally on a naturally associated space of polynomials and obtain concrete spectral
results on the corresponding matrix operators. These in particular entail a description of
the spectrum, trace and determinants of the resulting matrices Q; in Section and their
infinite limits. We also characterise the space of zero action operators .%p by looking at
the kernel of a corresponding functional Ay in Section Applications and implications
of these results along with various explicit computations are then discussed in the context

of compact rank-one symmetric spaces .# described above.

Table 2.2: Spectral data for rank-one symmetric spaces with dimension NV

AN e My () Vol(. )
Sr n  k(k+n-1) (2k+%&)§k&n—2>! %
RE" | n 2@k4n-l)  Momeni e
el L N 1 ¢ ) I
Hee | ey RN () 6
P%(Cay) | 16 k(k+11) 6(2k + 11)%% 3!(1417!r)s

2.2 A Differential Action and the Hypergeometric Coeffi-

cients (cgn 1< j5<m)

In this section we formulate and prove a differential operator action identity on the hy-
pergeometric function that the future development of the chapter heavily relies upon.
(For a quick account on the main properties of the hypergeometric function used here
the reader is invited to consult the Appendix at the end of the paper.) Before proceed-

ing on to Theorem [2.2.1] we pause briefly to introduce some notation and terminology
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for later use. First for a given finite sequence of scalars sg,s1,...,s;-1 (with j > 1)
we define the associated numbers dg ;,d1 j,...,d;; as the coefficients of the polynomial

s(X)=(X+s0)(X+s1)...(X +sj-1)=do;+di; X+ .. .djd-Xj, that is,

7j—1
s(X;50,81,...,8j-1) = H (X + sp) ZleXl (2.8)
p=0
Thus here d;; = d; ;(s0,51,...,5j—1) are the sums of the products of the (Jl) com-
binations of j — [ values s, from (sg,s1,...,5j—1), or more technically, the elementary
symmetric polynomials in sg, s1...,s;-1. In particular we have
doJ = 5081 ---5j—1, dj_lj =80+ 81+ Sj-1, de =1. (2.9)

The next lemma relates the product of Pochhammer symbols [cf. (2.68])] to the scalars

d;; introduced above. For a generalisation of this identity see Section

Lemma 2.2.1. For a given pair of scalars a and b and j > 1 the product (a);(b); can be

written as a polynomial of degree j in X = ab as

j—1
(a);(b); = H X +pla+b+p) Zdlﬂ = 5(X;50,51,...,5j-1), (2.10)
20 —_—

Sp

where the scalars d; ; = d; j(a +b) are defined in (2.8)) by setting s, = p(a + b+ p).

Proof. Referring to (2.68) and forming the product (a);(b); we can write

(), (8), = {ﬁ<a+k>} {ﬁwm}

k=0 =0
Jj—1 j—1
=[[@+p)0+p)=]] (ad+pla+b+p). (2.11)
p=0 p=0

The desired conclusion now follows by noting (2.8). Note that since so = 0 we have

do,; = 0 and so the sum in (2.8)) here starts from [ = 1. O

The next theorem describes a specific action of the differential operator %p on the
hypergeometric function F'(a,b; c; z) by connecting to a natural class of polynomials %,

K (X;a,b,¢) (m > 1). These polynomials are explicitly described and their coefficients

cjt = c*(a,b,c) (with 1 < j < m) characterised in a fully computable way. Due to the

significance of these coefficients throughout the paper they are hereafter referred to as the

hypergeometric coefficients.
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Theorem 2.2.1. Let Py(X) = ZogigdpiXi be a polynomial of degree d > 2 and let £p
denote the differential operator

d
Lo = Py(d/d6) = po+ > _pid' /db’. (2.12)

i=1

Then for a,b,c € C with ¢ # 0,—1,—2,--- the action of £p on the hypergeometric function

F(a,b,c,;z) satisfies the relation

(ZF) (a, b 1_;;059)

Ld/2]
=po+ Y ponPm(—ab). (2.13)
0 m=1

9=
Here X (X) = % (X;a,b,c) is the degree m > 1 polynomial

Ko (X) = B (X;0,b,¢) = > '(a,b,¢) X7, (2.14)
j=1

with coefficients ¢, 1 < j <m (the hypergeometric coefficients) given explicitly by

. —1
m 1—1

o =abie) = D (~D) b 2 [ e+ p) (2.15)
i=j p=0

Furthermore in (2.15)) the scalars b’ are defined recursively by the relation

(=™, ifj=1,
b = § —(j2b7 T + (25 — Db, if2<j<m, (2.16)
0, ifj>m,

and dj; =d;ji(a+ b) are the scalars defined in (2.8)) with s, = p(a + b+ p).

Proof. We begin by noting that since F' (a, b; ¢; (1 — cos 6)/2) is an even function of 0, all its
derivatives of odd order at zero vanish. Hence, when applying Zp to F'(a, b; ¢; (1 — cos0)/2)

and evaluating at # = 0, we have

(ZpF) <a, b; ¢; 1_2(:(350)

d .
d’ 1—cosf
=po + E PiWF (C%b;C; 2)
i=1 6=0

ld/2] om
1—cosf
=p0+ ) Pompm P (a, b; ¢; 2)
m=1 6=0
We are now in a position to use (2.80) with f(cos@) = F (a, b; c; (1 — cosf)/2). This when
combined with the differential identity (2.71) gives

0=0

(2.17)

dzm 1—cosf i b}n d
WF <a,b; C; 2) = (_2)] @F(G,b, C; Z)
6=0 J=1 z=0
—~ b (a);(b);
] ] ] . . .
via @7 = : F(a+j,b+ jic+3,0)
jz:; (=2)7 (o)
mopm (b,
_ Z J_ (a)J (b)J_ (2.18)
(=2)7 (o);
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Next making use of Lemma on the product (a);(b); and writing €7 (c) = (—2)7(c); =
(—2)7 ;;(1) (¢ + p), upon substituting into (2.18)) we have,

dzm 1—cosf
——F b c; ——
(a, 16 2 >

d92m

= de (ab)! (2.19)

Expanding the last sum and rearranging in powers of ab we have

deF<a,b;c;1—C059> Z Z% y

2m
dé 2 =
= (aty (1730
. L Gi(c)
Jj=1 1=j
= (—abyc]"(a,b,c) = R (—ab), (2.20)
j=1
where we have written (—1)7 > ; b{”d (€)™t = cj*(a,b,c). The conclusion follows at

once upon substituting back into . O

Notice that in view of dy, ym = 1 [cf. —], the leading hypergeometric coeflicient
¢y, — unlike the sub-leading coefficients cj* with j < m — depends only on the parameter
¢ (and not on a,b). Furthermore the dependence of the sub-leading coefficients on the
parameters a,b is only through the sum a + b (see and the description of d;; in
Theorem . Now, for the sake of future reference, a direct verification reveals that
the first few polynomials %Z,, = %, (X;a,b,c) are given explicitly by

X 3X2+ (2c—1-3(a+b)X
,@1(X;a,b,c):—%, Ho(X;a,b,c) = Jelet 1) ,
—15X3 + (=30c + 15 + 45(a + b)) X?

8c(c+1)(c+2)
[30(a+b)(a+b-+1—c)+4c® —18c + 8] X
a 8c(c+1)(c+2) '

We will make extensive use of these polynomials in the calculations towards the end of

RH3(X;a,b,c) =

(2.21)

Section and Section Table below describes the parameters a,b,c and the
corresponding «, 3 for each of the symmetric spaces listed earlier in Section Note that

here « = (N —2)/2 and = (a—1)/2.

2.3 The Operator T; and the Triangular Matrix Q;

According to Theorem the action of Zp on the hypergeometric function F' = F'(a, b, ¢; 2)

is a linear combination of the polynomials %Z,, = % (X;a,b,c) evaluated at X = —ab.
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Table 2.3: Parameter values for rank-one symmetric spaces

M a b c —ab « I3
S -k k+n—-1 n/2 kk+n—-1) n/2—1 n/2-1
RP" | -2k 2%k+n-1 n/2 2kQRk+n-1) n/2-1 n/2-1
cp» —k k+n n k(k+n) n—1 0
HP" | —k k+4+2n+1 2n  k(k+2n+1) 2n-1 1
P?(Cay) | —k k+11 8 k(k+11) 7 3

This naturally prompts the introduction of an operator family T4 : P — Ty4(P;a, b, ¢) (with

d > 2) as given below.

Definition 2.3.1. Fora,b,c as above and d > 2 we denote by T = Ty the operator acting
on the space of polynomials Py as in Theorem defined by

d Ld/2]

Tq:Pa(X) =po+ Y piX7 = Quajo)(X) =po+ Y PamPm(X), (2.22)
j=1 m=1

where B, = Bm(X;a,b, c) are the polynomials defined in Theorem |2.2.1].

Note that with the aid of the above definition the conclusion of Theorem B.2.1] can be
rewritten in the form

1—cos@

(L F) (a, b; c; 5

) ‘9:0 = Ta[P;a,b,c|(—ab) = Qa2 (—ab). (2.23)

For the sake of clarity and to fix ideas let us pause briefly to look into this in more
detail for certain smaller values of d. Indeed using the formulation of the polynomials %,,
in Theorem and the explicit description for 1 < m < 3 in it is seen that for
2 < d < 3 we have Q(X) = Ty[P|(X) = po + paZ1(X) = po + p2ci X = po — p2X/2¢; in
particular Q(—ab) = po+p2ab/2c. Likewise for 4 < d < 5 and again with Q(X) = Ty4[P](X)

we have

Q(X) = po + paf1 + paa = po + p2ci X + pa(5X? + 1 X)

= po + (pac? + pach) X + pac3 X2

[2¢(p2 — pa) + (3a + 3b+ 1)pg + 2pa] X + 3ps X2
= po — s (224)
de(e+1)
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hence Q(—ab) = po+ab/(2¢c)p2 + (3a?b? + 3ab+ 3ab® — 2abc + ab) /[4c(c+1)]ps. Returning
now to (3.8) and the description of the polynomial @ = Ty[P] it is evident that

ld/2]
TPl = Q(X) = po+ 3 pou®

ld/2] m

=po+ > Y pamc]X?

m=1 j=1
Ld/2] | 1d/2]

=po+ D | D pomci| X7 (2.25)
j=1 [ m=j

Hence setting [ = |d/2]| with [ > 1, the latter, upon introducing the (I +1) x (I + 1) lower

triangular matrix Q; can be written as Q(X) = (Q;P, X), that is,

cf 0 0o --- 0 D21 X!
oy 0 o 0| |pogeny| | X!
Q(X)=< : S S P > (2.26)
¢ oo P2 X
| 0 o -+ 0 1] [ po | [ 1 |

Here P = (pa, -+ ,p2,p0) is the vector of the even coefficients of Py while X =

(X!, X,1). Moreover referring to the matrix Q; it is seen that the eigenvalues are
given by the leading hypergeometric coefficients cf, c% %, e 1

Theorem 2.3.1. Let Q; = Qi(a, b, c) denote the lower triangular (I + 1) x (I + 1) matriz
in (2.26) with ¢ ¢ {0,—1,---, =1+ 1}. Then the trace and determinant of Q; are given
respectively by

l -1
-3 23—1"11 et p) .

= 2 IL(c+p)

and

IT,_ (2m — 1)
O = R T e+ e 229

In particular Q; is invertible.

Proof. The matrix Q; has eigenvalues 1,ci,...,cl. Thus tr(Q) = 1+c} +--- + ¢! and
det(Q)) =cl x -+ x c%. Referring to (2.15) the leading hypergeometric coefficients c] can

be written as

o =2""bNdmm [[(c+i) "t =270 [[(c+p)™" (2.29)
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where in deducing the second equality we have used d,, ,, = 1. Now from ([2.16|) we obtain

the coeflicients b]" recursively using the formula

byt = —(m2b "+ (2m — )b )

m

= (-1)™ ﬁ(2j —1)=(-D)™2m -1,  Vm>1. (2.30)
j=1

Hence by substitution it is seen that the leading hypergeometric coefficients have the

explicit form

. L 2m— ! .
= ()" [I(c+p Ym > 1. (2.31)
p=0

[Note in particular the alternating sign of ¢} affecting both tr(Q;) and det(Q;).] Using

this we can write tr(Q;) as

l l
o . _qym (2m — D27
(@) =1+ D =14 2 (D e
: (2m — D127 [T, 2, (c + p)
mZ::O( ) I1,_6(c+p)
27'F(c
B 2 é(ﬁp) (2.32)

where we have set

l -1

_ l -1
File) =Y _27mbp ] (e+p) =D (=1)m2 " @m — DI ] (e +p). (2.33)

m=0 p=m m=0
This immediately gives (2.27)). Likewise calculating det(Q;) we can write
!

27=mpm
det(Ql):GC%...xcéz W—m
yl [T, (¢ +p)

— M (2.34)
[Tizo(e+ i)t .
where M; = (—1)H+1)/2 Hlmzl(Qm — 1)!. This therefore completes the proof. O

Referring to Theorem specifically, (2.15)), (2.16]) and recalling (2.9), the first few

leading hypergeometric coefficients can be seen to be given by

. 12, . 3/4 3 _ 158
ci(a,b,c) = P c(a,b,c) = c(c+1) c3(a,b,¢) = cle+1)(c+2)
105/1 45/32
ci(a,b,c) = 05/16 c3(a,b,c) = — ol (2:35)

c(c+1)(c+2)(c+3)’ cle+D(c+2)(c+3)(c+4)
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Using the above we can calculate M; = —1, My = —3, Mg = 45, My = 4725 and M5 =
—4465125 [see (2.34)]. Likewise referring to (2.32]) we have

Fi(c) =2c—1, Fa(c) = 4c® +2c +1,

Fs(c) = 8¢® +20¢* + 10c — 11,

Fi(c) = 16¢* 4 88¢® + 140¢® + 38¢ + 39,

Fs(c) = 32¢° + 304c* 4 984¢® + 1196¢2 + 382¢ — 633.

The invertibility of the matrix Q; in (2.26)) has the following interesting consequence.

Corollary 2.3.1. For each polynomial Q@ = Q(X) of degree | > 1 there exists a unique
even polynomial P = Py(X) with d = 21 such that

l
TyPI(X) =po + 3 pomn(X) = Q(X). (2.36)
m=1

Proof. Write Q(X) = bo +b1.X + --- + b X'. Then by virtue of (2.2, we have Q(X) =
(b,X) and so (2.36) amounts to QP = b where P = (py,p2y_2,---,po) and b =
(bi,bi_1,--+ ,bg). The invertibility of Q; therefore gives P = Q~'b and so the conclu-
sion follows at once upon taking the even polynomial Py(X) = pg + p2 X2 + - 4+ poy X 2.

More specifically in view of Q; being lower triangular we have the explicit description
par = by/cl,

par—2 = (b1 —c}_p) /<71,

P=Q'b <= { . (2.37)

L
p2 = (b1 — 325 5 cip2;)/ci,

| Po = bo.

(Note that any polynomial whose even part agrees with Py will also satisfy (2.36) and that
the uniqueness of P4 here is only amongst the even polynomials, that is, polynomials with

only even powers of X.) O

We now specialise to the compact rank-one symmetric spaces described in Section
and give an explicit description of the determinant and trace of the matrix Q; in each case
with n,! > 1 and the parameter ¢ as in Table This will then enable us to study the

limiting behaviour of these spectral quantities as n,l 7 cc.

o (A =S" or RP") With ¢ = n/2 the spectrum of the (I + 1) x (I + 1) matrix Q; is
given by X(Q;) = {1,¢]r = (—=1)"(2m — 1)!! H;f;ol(n +2p)~t: 1 <m <1} while the
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trace and determinant are respectively given by

__ R/ Fi(n/2)
tr(Q) = H;_:lo(n + 2p) S nn+2)...(n+20-2) (2.38)

and

M; (=DM (2m - )
[Lh(n+2p)r  nln+2)L (n+20-2)

det(Q) = (2.39)

In particular det(Q;) = —1/n, det(Qa) = —3/[n?(n + 2)] and det(Q3) = 45/[n3(n +
2)%(n + 4)] whilst F1(n/2) =n — 1, Fa(n/2) =n? +n+ 1 and F3(n/2) = n® + 5n? +
5n—11. Note that in the case n = 1 the spectrum of Q; is the set {(—1)7 : 0 < j < I}.

(# = CP™) With ¢ = n the spectrum of Q; is given by X(Q;) = {l,c =
(—=2)"™(2m — 1!l H;Z)l(n +p)~!t 1 < m < I} while the trace and determinant

are respectively given by

_ Fi(n) _ Fi(n)
T S ) T Dt 1) (2.40)
and
B Qfl(lJrl)/QMl B (_2)—l(l+1)/2 Hﬁnz (2m _ 1)”
) = e T OIS (241)

In particular det(Q1) = —1/2n, det(Qz) = —3/[8n?(n+1)] and det(Q3) = 45/[64n>(n+
1)2(n + 2)] whilst F1(n) = 2n — 1, Fo(n) = 4n? + 2n + 1 and F3(n) = 8n3 + 20n? +
10n—11. In the case n = 1 the spectrum of Q; is the set {1, (—1)"(2m—1)!1/(2m)!! :

1 <m <1} which agrees with that of S? and RP? in the previous case.

(# = HP"™) With ¢ = 2n the spectrum of Q; is given by X(Q;) = {1l,¢ =
(—=2)"™(2m — I)I!H;”:_Ol(Zn +p)~t 1 < m < I} while the trace and determin-
ant are respectively given by

- Fl(2n) o Fl(2n)
O S ety P@Ea T DEn+2) . @ari-n O

and

2—l(l+1)/2Ml (_2)fl(l+1)/2 Hlm:1(2m _ 1)”

det(Q@) = [T h@n+p)—r @) @n+ D) 2n+1-1)

(2.43)

In particular det(Q;) = —1/4n, det(Qz) = —3/[32n?(2n + 1)] and

det(Qs) = 45/[64(2n)3(2n+1)2(2n+2)] whilst F1(2n) = 4n—1, Fo(2n) = 16n?+4n+1
and F3(2n) = 64n> + 80n? 4+ 20n — 11. In the case n = 1 the spectrum of Q; is the
set {1,(=1)"T'(m+1/2)/[y/7T(m+2)] : 1 <m < I} which agrees with that of CP?,
S* and RP* as described above.
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o (.# = P?(Cay)) With ¢ = 8 the determinant is given by

7 lHD2M, (=) WD TTL L (2m — 1)

det = = 2.44
€ (Ql) H;;10(8 +p)l—p [8l x Q-1 w ... x (8 41— 1)] ) ( )
and the trace is given by
27F 27F
tr(Q) = 8) _ 1(8) (2.45)

M +p  [(B+I-1y7]

Corollary 2.3.2. Let .# denote any of the compact rank-one symmetric spaces S™, RP™,
CP™ or HP". Then for each fized | > 1 we have limtr(Q;) = 1 and limdet(Q;) = 0 as

n / 0o.

Proof. This follows by substituting the relevant value of the parameter ¢ for each of these
spaces from Table 2.3 into [2.27}2.28| respectively and passing to the limit. Note that here
all the leading hypergeometric coefficients c]' (with 1 < m < [) converge to zero and so

the only eigenvalue of the matrix Q; with a non-vanishing limit is the eigenvalue one. [

Corollary 2.3.3. Let .# denote any of the compact rank-one symmetric spaces S™, RP"™,
CP"™ or HP™. Then with the exception of S' and RP', for each fized n > 1, we have
limdet(Q;) =0 as 1 / oc.

Proof. First for .4 = S™ or RP" (with n > 1) by using (2.39)) we have

det(Quv1) (=)0 + 1)
det(Q) n(n+2)---(n+20—2)(n+20)

(2.46)

For n = 1 this quotient is the alternating sequence (—1)"*!, thus giving det(Q;) =
(=1)H2DE=D/2 det(Qy) = (—1)"HD/2 while for n > 3 odd this gives

det(Qi+1) B (n—2)!
det(QJlr)l = (=)™ (20 +n)/ 20+ DI (247)
Likewise for n > 2 even we can write
det(Qu41)| 1 (n—2)! B (n/2 —1)! (2.48)
det(Q;) 220 +n)/ (20 +2)!1  2[(1+n/2)!/(1+ 1) ‘

As in either case for fixed n > 2 and large enough [ we have the strict bound
| det(Qia1)/ det(Q;)| < 6 < 1 the convergence to zero follows at once for ™ and RP"
when n > 2.

More generally, for the rank-one symmetric spaces .# listed in the statement of the
corollary, using and upon denoting by ¢ the parameter in Table we have

det(Qi1) (—2)~ (27 4 1)
det(Q))  clc+1)---(c+l—1)(c+1)

(2.49)
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Now, by virtue of 2¢ being an even integer in the remaining cases, we can write

det(Qu1)| (21 + 1)t
det(Q) | (204 2¢)(20+2¢—2) -+ (2¢ +2)(2¢)
1/2 (20 + 2¢)!!
S @120 @214 2120 (21 2)(20)
1 (2¢ — 2)!!
=@ 120 @I+ ) (2:50)
This therefore gives the bound
det(Qu1)| 1 (c— 1)1 +1)!
@) | <2 dtol (2:51)

and so for each fixed ¢ there exists p = p(c) > 1 such that for [ > p we have |det(Q;)| <

0(=P)| det(Q,)| where 6 < 1. This gives the required conclusion. O

Table 2.4: Description of tr(Qe) = F(1/2,1,¢,—1) for integer 1 < ¢ <5
c 1 2 3 4 5

2v24+2 | 4(3v2+5) | 2(10v/2 —1) | 8(30v2 — 19)

(V2+1)2 | 3(v2+1)3 | 5(v2+1)2 | 35(v2+1)2

tr(Qoo) | 1/V2

Proposition 2.3.1. Let Q = Qi(a,b,c) be as in (2.26). Then for each fized a,b,c with
c¢{0,—1,-2,...} we have

hm tr(Q) = =F(1/2,1;¢;2) (2.52)
m=0 z=—1
Proof. Referring to (2.27)) we have
: - > (2m — 1)112-—™
lim tr(Q;) =1+ <=1+ (_1)mm_—
e e L )
IR YA\ URSTE T
B = I'(c+m)I'(1/2)
o (1/2)im (L
= — (=1 2.
> B2 ) (259)
m=0
which is the required conclusion. ]

Tables and give the values of the lim tr(Q;) for certain values of the parameter

¢ associated with the rank-one symmetric space .# for low dimensions N (see Table [2.3)).
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Table 2.5: Description of tr(Qu) for half-integer 1/2 < ¢ < 11/2
c | 1/2] 372 5/2 7/2 9/2 11/2
tr(Quo) | 1/2 | 7/4 | 3(r—2)/4 | 157/8 — 5 | 357/8 — T7/6 | 3157/32 — 30

2.4 Differential Operators % with Zero Action and the

Even Polynomials 74(X)

Let us now introduce the functional Ay : P +— Ag(P) = Ty(P)(—ab) with d > 2. Then the

action formulated in Theorem [2.2.1] can be characterised using A4 as

1 —cosf
%o (bt =50 )

= A4(P). (2.54)
0=0

The kernel of A4, denoted Ker(Ay), is a d-dimensional hyperplane describing the class
of differential operators £p (equivalently polynomials P = P4(X)) for which the action
(2.54) on the hypergeometric function F' vanishes. Now since

d Ld/2]

Ker(Ag) = {P = p; X7 : T4[P](—ab) =po+ Y pomPm(—ab)=0p,  (2.55)
7=0 m=1

denoting by P9 and PP§ the orthogonal subspaces of even and odd polynomials of degree
at most d with dimensions 1 + |[d/2] and [(d + 1)/2] respectively and writing %, =

F1(—ab), ... B|a/2) = R#|4/2)(—ab) for brevity we have
Ker(Ad) == {P : <(p07p27 o 7p2Ld/2j)7 (17‘%17 CIEaE 7‘%Ld/2J)> = O}
= ]P)g@ {P € ]P)Cel : <(p07p2)° .. ap2Ld/2J)7 (17%17 cee )%Ld/2J> = 0}

=P @ re(X)t. (2.56)

Note that in the last line r4(X)t C P9 denotes the orthogonal complement of the

vector (here the even polynomial)

b (a);(b);
— J  \"\")3 2m
rd(X)—1+m§:1 ;:1 7 (0 X
=1+ X%+ + By X2, (2.57)

in reference to the subspace P¢. Evidently r4(X)* has dimension |d/2| whilst
d = dim(rg(X)*) + dim(P9) = |d/2] + [(d + 1)/2] = dim(Ker(Ay)). (2.58)

Specialising now to the compact rank-one symmetric spaces from Section by sub-

stituting the respective parameters a, b, ¢ from Table and the eigenvalues A} = —ab
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from Table 1, we can obtain specific expressions for the vectors r4(X) and subsequently

Ker(A,;), characterising the subspace of differential operators with zero action on the

hypergeometric function as formulated in Theorem [2.2.1

o (# =S") Here Sx(0) = t@li(n—%/?,(n—?)/?) (cosf) = ?a”k(n_l)m(cos 0) are the spherical
or zonal functions and the polynomial 74(X) in (2.57) has the coefficients #; =
Rj(k(n +k—1)) with 1 < j < |d/2]. The first few of these coefficients can be

described explicitly as

. K2+ (n— 1)k s wi(n)E
%1—%1()%)—_#’ %2_%2()%)_;”(”4’2)’
where w; = —2(n — 1)2, we = 3n? — 8n + 5, w3 = 6(n — 1), and wy = 3. Likewise

6

P 1nn+2 n+4)

R = H3(A\f,)

where wy = 8(—2n3+5n2 —4n +1), we = 2(15n3 — 53n% +57n — 19), wg = 15(—n> +
n? —11n +5), wy = —15(3n? — 8n + 5), ws = —45(n — 1), and wg = —15.

o (# = RP") Here 6,(0) = 4@2(,(:72)/2’(”72)/2) (cosh) = %2(271)/2(005 ) are the
spherical or zonal functions and the polynomial r4(X) in (2.57)) has the coefficients
Rj = RHj(2k(n+ 2k — 1)) with 1 < j < |d/2]. The first few of these coefficients can

be described as

Ak2 4 2(n — 1k !
By = BN} = — ( ), Ty = To(Np) =Y  ——os

n
=1

w;(n)kt
n(n+2)’

where w1 = —4(n—1)%, wy = 4(3n? —8n+5), w3 = 48(n —1), and wy = 48. Likewise

Znn+2 n+4)

=1
where wy = 16(—2n3 + 5n? — 4n + 1), wy = 8(15n3 — 53n? + 57n — 19), wy =
—120(n® — Tn? + 11n — 5), wy = —240(3n? — 8n + 5), ws = —1440(n — 1), and
we = —960.

o (# = CP"™) Here 64(0) = L@én_l’o)(cos f) are the spherical functions and the
polynomial r4(X) in (2.57) has the coefficients #Z; = Z;(k(n + k)) with 1 < j <
|d/2]. The first few coefficients can be described as

k2 + kn 24: wi(n)

= HN) =~ = T(N]) =
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where wy; = —n(n+1),ws = (3n? —n—1),ws = 6n, and wy = 3. Likewise for %Z5(\})

we can write

R = H3(A\) =

M-

8n n+1 n+2)

=1
where here we have w; = —4n(n? + 3n + 2), wy = 1503 + 11n% — 12n — 8, w3 =
—15n(n? —2n — 2), wy = —15(3n%2 —n — 1), ws = —45n and wg = —15.

o (# = HP") Here 64(0) = L@En_l’l)(cos ) are the spherical functions and the
polynomial rq(X) in (2.57) has Z; = Zj(k(2n + k + 1)) with 1 < j < |d/2] as

coefficients. The first few of these can be described as

E2 4+ (2n + 1)k L i)k
H = %1(/\2) - _(42), Ry = %2(/\713) = Z M7
=1

where w1 = —2(2n% + 5n + 2),wy = 12n? + 10n — 1,w3 = 6(2n + 1), and wy = 3.
Likewise for Z3(\}}) we have

n 0 w;(n)k!
Ky = A3(\f)) = Z 16n

where w; = —2(16n> + 92n? + 110n + 34), wy = 2(60n> + 17202 + 93n — 4), w3 =
—15(8n3 + 4n? — 14n — 7), wy = —15(12n2 + 10n — 1), ws = —45(2n + 1), and

we = —15.

o (# = P?(Cay)) In this case &() = 3”,57’3) (cos @) represent the spherical functions
and the polynomial r4(X) in has the coefficients given by %Z; = Z;(k(k+11))
with 1 < j < |d/2]. The first few of these are 21 (\}) = —(k? + 11k)/16, Z2(\}) =
(k*+22k3 + 115k — 66k) /96 and Z3(\}) = — (kS + 33k° + 345k* + 935k3 — 2082k% +
1056k) /384.

2.5 Extension of the Results to the Generalised Hypergeo-

metric Functions

The generalised hypergeometric function ,F,(a;b;z) where a = (ai,...,ap) and b =

(b1,...,bq) is defined by the series

[e o]

)k(a - (ap)k 2
(a;b; z) kzo RSN ONE (2.59)

that converges for all finite values of z when p < ¢ and all |z| < 1 when p = ¢+ 1. The

series diverges for all non-zero z when p > ¢+ 1. In the case p = g+ 1 the series converges
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Ugp=

=" vgpe

S
Uep=

vgp=

Figure 2.1: Illustration of the space of zero action differential operators Zp for d = 2 in the
(Po, p2)-plane. Here Ker(Az) = P @ {(po, p2) : po+p2#1 = 0} where up to a scalar factor
vgn = (1, ~[k2+ (n—1)k)/n), vapn = (1, —[4k2+(2n—2)k]/n), vepn = (1, — K2 +Fn)/(2n))
and vgpr = (1, —[k* + (2n + 1)k]/(4n)).

absolutely for all |z| = 1if (>, b; — >, a;) > 0 and converges conditionally for all |z| = 1
and z # 1if =1 < R(>_, b; — >, a;) < 0 while the series diverges if R(D>, b, — >, a;) < —1.
Clearly when any of the parameters a; (with 1 <1 < p) is a non-positive integer the series
terminates and becomes a polynomial in z.

Indeed, here, for m > 1, we have the differential identity

dam o0 a1+mka2+m)k...(ap+m)kzk
F.la:b:z) = —. 2.60
dzm? a(a;b; 2) Z (b1 +m)(b2 + M)k ... (bg +m)x k! ( )

J 1 =0
The statement of Lemma, in this context becomes a product of p Pochhammer sym-

bols,

j=1 p j P !
(a1)j(ag); - (ap); = [ [J(as + %) =D dij(a) [H az‘] - (2.61)
k=01:i=1 =0 =1

Here the scalars d; j(a) are the coefficients of the ‘eigenvalue’ X = []%_, a; in the polyno-
mial expansion of the product on the left in X. With the operator Zp = P4(d/df) as in
(2.12)) we can then state the following theorem.

Theorem 2.5.1. Let %p be the differential operator as defined in (2.12)). Then for |z| <
1, and a = (a1,...,ap) and b = (b1,...,by), the generalised hypergeometric function

F(a;b; 2) satisfies the differential identity

L [ Fy) (a; b; 1_5"59)

Ld/2] m

= po + Z P2m Z c;'(a,b) [— H ai] , (2.62)
m=1 j=1 i=1

0=0
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where the scalars ¢} (a,b) are called the generalised hypergeometric coefficients, and are
explicitly given by
- (—1)"ibind;

Z 2Hl1bl)

=j
Here the scalars b" are defined in (2.82)), and the scalars dj; = d;;(a) are defined in

[@-61).

(2.63)

Having the above theorem at our disposal we can move forward, and again as in the

case p = 2 and ¢ = 1, write the differential action (2.62) in the form

1 —cosf La72] u
gp [qu] (a; b; > =po + Z p2m<%m <_ H ai) ) (264)
6=0 = i=

2
where %Zm(X) = %Zm(X;a,b) = Y71, cT'(a, b)X/ and the generalised hypergeometric

coefficients c" are as in (2.63). Now upon introducing the operator

Ld/2]

Ty : Pa(X) =po+ ZPJXJ = Q(X) =po + Z PomZm (2.65)
j=1

it is readily seen that the RHS of (2.62)-(2.64) is Q(—[I?_, a;) = T4[P](— IT}_; ai). The
operator Ty here admits the matrix representation (with | = |d/2], | > 1) T4[P] =
(QP,X) where Q; is the lower triangular matrix in (2.26) [with entries c; "(a,b) in

place of c;”(a,b, c)l, P = (par, -+ ,p2,p0) is the vector of the even coefficients of P; and
X = (Xl, -+, X,1). A basic inspection shows that the eigenvalues of Q; are the leading

hypergeometric coefficients cl,ci %, e ,c%, 1.

Corollary 2.5.1. Let Q; = Qi(a,b) be as in (3.77). Then for each fized a,b with b; ¢
{0,—1,-2,...} for all 1 < j < q we have

_ e (/2 (DR b
ll}r&tr(QZ)_kzzo(bl)k(bmm(bq)k = F((1/2,1);b;2) , (2.66)

z=—1

whilst limdet Q; =0 asl 7 co.

2.6 The Hypergeometric Function ,F} = F(a,b,c; z)

The hypergeometric function is defined on the unit disk {z € C : |z| < 1} by the infinite

series
o0
b, 2.67
F(a,b,c;2) Z On k" (2.67)
k=0
with a,b,c € Cand ¢ # 0, -1, — - Here (x),, denotes the Pochhammer symbol or the

rising factorial defined by

m—1
~[e+n -0, (269
p=0
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where the second equality assumes z and z + m are not negative integers or zero. The
hypergeometric function admits an analytic continuation beyond its circle of convergence
along any curve avoiding the points z = 1 and infinity, in fact, for ¢ > Rb > 0 by Euler’s

integral representation formula we have

F(a,b;c;2) = Ie) /1 711 — 1)1 — zt) T dt, (2.69)

Lb)(c—1b) Jo
and for all z in C cut along the real axis from z = 1 to co. The hypergeometric function
satisfies the differential identity

diF(a,b;c;z):a—bF(a—i—l,b—l— e+ 1;2), (2.70)
z c

from which one can easily derive the analogue for m derivatives

d—mF(a, bc;z) = (a)(zl)(i)m F

Tom (a+m,b+m;c+m;z). (2.71)
Note that from (2.67) we have the identity F'(a,b;c;0) = 1 which was used in the proof
of Theorem [2.2.1] The hypergeometric function arises as a solution to the hypergeometric

differential equation

z(l—z)(j;;}—l-(c—(a—l-b—i—l)z)cgj—abw:(). (2.72)
This equation can be reached from any second-order ordinary differential equation with
at most three regular singular points by a suitable change of variables. By the change of
variables z = (1 — t)/2, and setting a = —k,b = a+ 4+ k+ 1, and ¢ = a + 1, one can
transform into the well known Jacobi differential equation,

2
(1—t2)%+(ﬁ—a—(a+ﬁ+2)t)%)+k(a+ﬂ+k+1)w:0, (2.73)

which is solved by the Jacobi polynomial w = Qéa’ﬁ ) (t), a special case of the hypergeo-
metric function. As a matter of fact some important special cases of the hypergeometric

function F'(a,b;c;z) for future reference are:
e The Legendre polynomial Py (t), k > 0,

Pult) = F(=k, k+1;1; (1 — t)/2) (2.74)

_ 2’611@!;1; [(t2 - 1)’“] .

e The Gegenbauer polynomial ¢} (t), v > —1/2, k > 0,

G (t) = F(—k, 20 + kv +1/2: (1 — 1)/2) (2.75)

—1)* —vt1/2 d” -
_ 2k(£+ )1/2)k (1 _ 752) +1/2 — [(1 _ tz)k+ 1/2} ‘
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e The Jacobi polynomial t@éa"g) (t), k>0, 5> -1,

2Ot = F(—k,a+ B+ k+ Lo+ 1;(1—1)/2) (2.76)
—1)k k
- 2'f<(al+)1)k(1_t)_a<1“>_ﬂm (=0 +0°0- )

Note in particular that in the Gegenbauer and Jacobi cases we have L@,(Ca’ﬁ )(1) =1 and
%Y (1) =1 by the choice of normalization.
2.7 The Bell Polynomial B,, ; and Faa di Bruno’s Formula

To prove the main theorem of Section we make use of Faa di Bruno’s formula, a

generalised chain rule, in order to write derivatives of F'(a, b; c; z) in terms of (incomplete)

Bell polynomials By, j(x). These are defined for = (z1,...,Zm—jt1) as
m—j+1 i\ ki
7 1
—= 2.77)
X 11 () (
kilkol. o kmoja! 27 Nl
where the sum is taken over all sequences of non-negative integers ki, ..., k;,—;j41 such
that
ki+--- +jm_j+1 =7, and kg +2ko + -+ + (m -7+ 1)km_j+1 =m. (2.78)

For smooth functions f, g, Faa di Bruno’s formula then asserts that

cy Z FO(g(w)) B (6 (@), 6" (), g™ V@) (2.79)

dxm

Setting g(z) = cosz in Faa di Bruno’s formula and evaluating at © = 0 results in the

special case

2m m d
demf (COSQ:) b di'f s (280)
z=0 Jj=1 t=1
where the coefficients
b’" = Bom,j (—sinz, —cosx,sinz,...) . (2.81)
o=
satisfy the recursive formula, for m, j > 0 integers
(=)™ ifj=1
b7 = (fb;ﬁ—l +(2f - 1)b;.”:11> ifj<m+1 (2.82)

0 if 5 >m.
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Here we have taken advantage of the fact that By (0,22, 23,...,2Zm—jr1) = 0 for all
j > 141> 0. This can be seen by setting j > [ + 1, k; = 0, and taking non-negative
integers 0 = k1, ..., koj—j41 which satisfy - 2.78) with m = 21. Then clearly ) ;" 2~ 5+1 ki =17,
but the second condition in gives

20—j+1 20—j+1 21—j+1
k= Y (i-2k+2 Y ki =2(1+1)> 2l (2.83)
1=2 1=2 =2

which is a contradiction. So we must have ki # 0, and hence the terms of By; ; depend on

k1.

2.8 The Polynomials &%,,, 4 <m <5

In this appendix we present the hypergeometric coefficients c;?q’ = c;-”(a7 b, c) and the poly-
nomials %, (X) = %mn(X;a,b,c) for m = 4,5 using the formulation and explicit descrip-
tion provided in Theorem Larger values of m are also possible and follow a similar
patter but they become increasingly more complex. Indeed starting from m = 4, we can

write

4 4
ql (aa b7 C) l
% X a, b C ZC Z%X, (284)

=1

where o7;(c) = ¢(c+ 1)(c+ 2)(c+ 3), and then

qi = — 252¢%(a + b) + 1260c(a + b) — 630(a + b)> — 882(a + b)
—1260(a + b)? + 840c(a + b)? + 8¢> — 204¢* + 508¢ — 204,

qs =1155(a + b)* — 1260c(a + b) + 1260(a + b) + 252¢* — 840c¢ + 357,

qs =420c — 210 — 630(a + b),

qi =105.

In a similar way for m = 5 we can write

5
q;(a,b,c)

(X;
D, a,b,c) Zc % 5(0)

(2.85)
=1
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where 275(c) = c(c+1)(c+2)(c+3)(c+4), and then a set of direct but lengthy calculations
give
q; = — 22680(a + b)* + 37800¢(a + b)® — 75600(a + b)> — 98280(a + b)*
4 103320¢(a + b)* — 17640¢%(a + b)? + 20403 (a + b)
— 34560¢(a 4 b) + 98400c(a + b) — 56880(a + b) — 16¢* + 1880¢°
— 17480¢? + 32080¢ — 11904,
q5 =47250(a + b)® 4 104580(a + b)* — 69300c(a + b)?
4 26460c*(a + b) — 117180¢(a + b) + 81270(a + b) — 2040¢*
+ 25740¢ — 53040¢ 4 20340,
a3 = — 33075(a + b)? + 37800c¢(a 4 b) — 37800(a + b) — 8820c?

—+ 26460c — 11025,

q3 = — 6300¢ + 3150 + 9450(a + b),

qs = — 945.
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Chapter 3

Extensions of Differential Actions

Zp and Hypergeometric Series to
Variables X; and X»

3.1 Jacobi Analogue of the Hypergeometric Series

An analogue of theorem [2.2.] exists in terms of Jacobi polynomials.

Theorem 3.1.1. Let Py(X) =po + Z1§i§dpiXi be a polynomial of degree d > 2 and let
b denote the differential operator defined as

d

Lo =Py(d/d) =po+ > _ pid'/db". (3.1)
=1

Then for a, 8 > —1, the action of £p satisfies the relation

[d/2]
po+ Y puZi(—ab). (32)
=1
Here, we have
l .
R = (o, B) X (3.3)
j=1

with coefficients cé-, 1 <35 <m (hereafter called the Jacobi coefficients) given by

l
(e, B) = Zafnbgﬁ. (3.4)
m=j

Furthermore, the coefficients b7" are given by by = 1, b = —m(m+a+ B+ 1)bP for

m > 1, and b;-n'H =bl"y —m(m+a+ B+ 1)bT" for 2 < j <m. The coefficients al are
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given by

;27T (a+1)

2 CTla+m+1)

BQl,m(O>_17O7+1707"‘) (35)

where By, ., are the partial exponential Bell polynomials.

Table 3.1: Spectral data for rank-one symmetric spaces with dimension N

AN ¢ My () Vol(. )
S" n  k(k+n-—1) (2“72?(2)5]{1;"_2)! %
SRR CIE N = . o 72
cp” 2n k(k +n) 2k:n (1;((;.:;2') ) 2 47;7{71
P | ko) GEERGE (W) &5
P?(Cay) | 16 k(k+11) 6(2k + 11)% 3!(1417;)8

3.2 First Three Jacobi Polynomials

The first three Jacobi polynomials are given as follows.

_ X _ —(a+2+38) X"+ 3X2
0 =gy #0 = T e 39
— 3 2 _ 2 2
Ba(X) = 15X° 4 (4 38 4+ 2)X* — (4a” + 3005 + 3087 + 20a + 605 + 24) X 37

8(a+1)(a+ 2)(a+ 3)

These are obtained by substituting a = —k,b = k+a+ S+ 1,c = a+1 into the first three

hypergeometric series.

3.3 Jacobi Equivalent of the Matrix

Definition 3.3.1. For «, 3 as above and d > 2 we denote by T = Ty the operator acting
on the space of polynomials Py as in Theorem defined by

d Ld/2]
Tq:Pa(X) =po+ Y piX7 = Quujo)(X) =po+ Y pui(X), (3.8)
=1 =1

where X = Xm(X; o, B) are the polynomials defined in Theorem |3.1.1|
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Note that with the aid of the above definition the conclusion of Theorem [B.1.1] can be

rewritten in the form

(LoF) (0, 8) = TalPs v, B)(—ab) = Qayay(~ab). (3.9)

For the sake of clarity and to fix ideas let us pause briefly to look into this in more
detail for certain smaller values of d. Indeed using the formulation of the polynomials %,
in Theorem and the explicit description for 1 < m < 3 in it is seen that for
2 < d <3 we have Q(X) = Tq[P}(X) = po + p2Z1(X) = po + p2ci X = po — paX/2( + 1);
in particular Q(—ab) = po + p2ab/2(cv + 1). Likewise for 4 < d < 5 and again with
Q(X) = T4[P](X) we have

Q(X) = po + p2Z1 + paa = po + paci X + pa(c3X* + 1 X)
= po + (pac? + poch) X + paci X2

(3.10)

Returning now to (3.8)) and the description of the polynomial @ = T4[P] it is evident that

[d/2]
T4[P] = Q(X) =po+ Y puZt(X)

=1
[d/2] 1

—po+ > Y puciX?
=1 j=1
[d/2] | 1d/2]

=po+ > | Y puch| X7, (3.11)
=1 | 1=

Hence setting m = |d/2]| with m > 1, the latter, upon introducing the (m + 1) x (m + 1)

lower triangular matrix Q,, can be written as Q(X) = (Q,,P, X), that is,

[ em 0 0 o] [ pom | [ x™ ]
oy c%j 0 0 [P2(m—1) xm-1
Q(X) = < ' ' (3.12)
b o Lo oo D2 X
| 0 O -~ 0 1| p | | 1 |

Here P = (pam, - -+ , P2, po) is the vector of the even coefficients of Py while X = (X™,--- , X, 1).

Moreover referring to the matrix Q,, it is seen that the eigenvalues are given by the lead-

ing hypergeometric coefficients c])!, C%j, e

,cl, 1. These are the eigenvalues, the trace is
m

1+ci+-+c™ and the determinant is given by cf x ...c™.
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3.4 Infinite Trace Limit of o and

Proposition 3.4.1. Let Q. = Qi (v, B) be as in (2.26)). Then for each fized o, 5 we have

— (1/2);
(a+ 1)

(-1 =F(1/2,1;a+1; 2) : (3.13)

z=—1

lim tr(Q,,) =

I
/10 1=0

3.5 Trace and Determinant in Terms of o and f

Theorem 3.5.1. Let Q,, = Qu(«, 8) denote the lower triangular (m+1) X (m+1) matriz
in (3.77). Then the trace and determinant of Q; are given respectively by

m (25 — D™ a+1+p)
r(Qn) = L) , 3.14
t(Qn) = (=2) H;”:T]l(aJr 1+p) (319

and

17", (21 — 1) 1s)

det(Q,,) = .
e (Q ) (_2)m(m+1)/2 H;n:Bl (O[ + 1+ p)l—p

In particular Qy, is invertible.

3.6 f(e)g@,ga’ﬁ)(cos ¢) Derivative Expansions

The interest in the expansion of the identity
am o8
o (f(@)@,g )(cos 9)) ’920, m>1 (3.16)

can be expressed in the following proposition.

Proposition 3.6.1. The expansions above can be summarised via the general Leibniz

formula
d” (00)
o (FO 2 eos0)) |
tm/2) -,
= <2z> F=20(0) 22, (M), (3.17)
1=0
Proof. We can write the derivative of the Jacobi polynomials as
Lm/2] .
™ plm-2) & )
3 ()0, i), s

This can be written as

> () 1m0 (20 cos0) " 1| (3.19)

o \p 0=0
where &%, are the Jacobi polynomials that are only non-zero when p = 2[, | € N. Substi-

tuting different values of m gives the result. O
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We have the following expansions for 1 < m < 10 odd:
e For m =1 we have f/(0).

e For m = 3 we have

F"(0) + 37 (0)%21 (Ak)- (3.20)

For m = 5 we have
FO0) +10£”(0)%1 (M) + 5 (0)Za(Ar). (3.21)

For m = 7 we have
FD(0) + 219 (021 (Ax) + 353 (0)Z2(\r,) + TF(0) 3 (\k). (3.22)

For m =9 we have

FO0) + 367 (0)21(\r,) + 1265 (0)%2(\) + 841 (0) %3 (\e)
+9£(0)Z4 (M) (3.23)

These expansions can also be written as matrix inner products. For m = 3 we can write

94— <(1 O) (f///((])) | (1)> (3.24)
0 ct/ \3f(0) X

For m = 5 we can write

1 0 0 £®)(0) 1
325:< 0 c |0, | X])- (3.25)
0 0 c 57'(0) X2
For m = 7 we can write
1 0 0 0 £D(0) 1
O ot o S
0 0 c2 o3| | 35f(0) X2
00 0 c 7f'(0) X3
For m =9 we can write
1 0 0 0 0 £9)(0) 1
0 c & o o 367 (0) X!
Q9—< 0 0 3 & caf]126r4(0) |, [ x? > (3.27)
0 0 0 ¢ c 84" (0) X3

00 0 0 cf 9f'(0) X4
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The even cases can be generalised as follows:

10
0 cl
0 0
0 0

0 0
0 0

0

2
€1

2
1553

0

0
0

fm(0) 1
(m—2)(0) X
(m=4)(0) X2
m=6)y |,| x3
5) f'(0) Xt

1 X4

We have the following expansions for 1 < m < 10 even:

e For m = 2 we have

For m = 4 we have

For m = 6 we have
FO0) + 15 (0)%21 (M) + 15" (0)%2(Ar,) + £(0) %5 ( ).

For m = 8 we have

£7(0) + £(0) 221 (Ak)-

FB0) + 6”(0)%1 (M) + £(0)Z2 (M)

> . (3.28)

(3.29)
(3.30)

(3.31)

F®(0) +28£©(0)%1(\r,) + 70D (0)Z2(\i) + 28" (0)%5(\)

+ f(0)Z4(Ar).

For m = 10 we have

FAO©0) + 45 F®(0) %1 (Ax) + 2109 (0)%2(\r,)

+ 210 (0)Z3(Ar) + 451" (0)Z4( M) + £(0) %5 (Mi).

(3.32)

(3.33)

These expansions can also be written as matrix inner products. For m = 2 we can write

For m = 4 we can write

Q4=< 0 cf

0 0

25

i

S =

0

€1

)

o

<1

1%

f"(0)

D)

(3.34)

(3.35)
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For m = 6 we can write

1 0 0 0 £©)(0) 1
g6=< 0 o || 1500 : X > (3.36)
0 0 ¢ c 15f"(0) X2
0 0 0 c 1(0) X3
For m = 8 we can write
1 0 0 0 0 ®)(0) 1
0 cf & & ff]28f90) Xt
£28:< 0 0 c& & 4|70 ],|x3 > (3.37)
00 0 ¢ ci 281"(0) X3
00 0 0 c £(0) X4
For m = 10 we can write
1 0 0 0 0 0 £10)(0) 1
0 c & ¢ o & 45f®)(0) Xt
£10:< 0 0 ¢ ¢ & S| ]210890) | X2 > (338)
00 0 c & 3| ]210f™(0) X3
00 0 0 ¢ ¢ 45f"(0) x4
00 0 0 0 c f(0) X°
The even cases can be generalised as follows
100 0 --- 0 0 £™(0) 1
0 c ¢ o -~ ' o [[(H)rm20) X
00 ¢ a - ' g ||| | x
Qm:< 00 0 ¢ -+ &t o (M) frm=90) |, | x3 > (3.39)
SRR . . . :
00 0 : & 1o, (,7,) £"(0) xd-1
o000 -+ 0 c¢ 1 X4

Let o, 8 > —1 and k1, ks, ...k, > 0 be fixed integers. Consider the differential action
d2
=0 do2

Proposition 3.6.2. (Spectral polynomials in two variables g, , Ak, )

2l
d—P(a’ﬁ) i (cos@)‘

521 k1 ks o [@,&X’B)(COSQ)Q( )(0089) f@](cf‘n’ﬁ)(cos@ . (3.40)

Consider the product of Jacobi polynomial P; k2) (cosf) = @( 5) (cos 0)@( of) (cos0) with

ki,ko > 0,a, 8 > —1. Then for any integer | > 1 we have

l l-p p
d Q, a, Q, i
—Gzlpél 52)( os@)‘e . Z( >ZZ I— P 5)[)\( ﬁ)] [)\](62 ﬁ)}]
=0 j=0

= 2 Ay Ay). (3.41)
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The scalars (cg-(oz,,@’) 1 < j <) are the usual Jacobi coefficients, A\x; = (kj(k;j + o +
(a.B) _

g+ 1) ki > 0), j = 1,2, are the eigenvalues of the Jacobi operator and %,

%;a,ﬁ) (X1, X2) are l-degree polynomials in X1 and Xo.

Proof. The spectral derivative (3.40) with m = 2 reduces to the differential action

2
d [@(a’ﬂ)(cos «9)@( o,5) (cos 9)” : (3.42)

d* (a) _
Pr ks (€0 9)‘ —0 de% 6=0

dg?l k1,k2

For simplicity of notation we shall let y; = @,g?”g) for  =1,2,1> 1. Then

d2
KB = W[yl (cos 0)ya(cos 0)] o

(s

d2l r d
= Z < >d925 —y1(cos H)Wyg(cos 9)‘0:0

!
2\ d2l—2p qzr
= <2p> myl(cos Q)Myg(cos 9)‘ R (3.43)

p=0

By proposition we have

l I-p p
Apnp) =3 () X el b (3.44)

p=0

where we have let p; = )\gj’ﬁ), for 7 = 1,2. Note that ¢ =1 for m = 0 and ¢' = 0 for
O

m > 1, ie., cf' = dom.-

We are now interested in the expansion of the identity

(3.45)

21
-
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for 1 <1 < 5. We have the following polynomials:

B (X1, Xa) = cH(X1 + Xa), (3.46)
RBo(X1, X2) = c1(X1 + Xo) + 3(XT + X3) + 6(c1)* X1 X2, (3.47)
B3(X1, X2) = (X1 + Xo) + 3(XT + X3) + 30cic1 X1 Xo
+ (X3 4+ X3) + 15ci 3 X3 X + 15¢i 3 X1 X3, (3.48)
( )

Ri(X1, X2) = ¢} (X1 + X2) + c3(XF + X3) +70(c3)* X1 X,
4 56¢1 3 X1 Xo 4+ c3(X3 4+ X3) + 70c2c3 X1 X5
+ 702 AXEXo + 28¢5 (X X + X1 X3)
+ c(XT + X3) +70(c3)2 X7 X3
+ 28¢ic3 (X7 X + X1 X3), (3.49)
s (X1, X2) = (X1 + Xo) + 5(XT + X3) + 420cic; X1 X5
+90c1 ¢} X1 Xo 4 (X3 4+ X3) + 2102 ¢35 (X3P X + X1 X3)
+ 210633 ( X1 X2 + X2 Xo) + 45ctca(X2Xy + X1 X2)
+ G(XT 4+ X3) + 210363 (X3P X + X1 X3)
+ 45ci (X3 Xy + X1 X3) + 420c3c3 X2 X3
+ (X7 + X3) + 210c5¢3(X7 X3 + XTX35)

+ 45ctc (X1 Xy + X1 X3). (3.50)

These expansions can be summarised as matrix inner products.

For [ = 1 we can write

0 ci 1 1
Ry = , . (3.51)
C% 0 X2 X1

The eigenvalues are given by cl, —ci. The determinant is given by —(c})?. The trace is 0.

For [ = 2 we can write

%:< 2 6(ch)? of x| | Xu > (3.52)
¢ o0 o) \x2? X?

The eigenvalues are given by 6(ci)?,c2. The determinant is given by —6(ci)?(c3)?. The

trace is given by 6(c})? + 2c3.
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For [ = 3 we can write

0 c c3 s 1 1

%3—< ¢} 30cci 15cic3 0 X9 X1 >
c3 15cicd 0 0] ]Xx2 X?
a0 0 0/ \X3 X3

(3.53)

The eigenvalues are given by 15cic3, c3. The determinant is given by 15%(ci)?(c3)?(c3)?.

The trace is given by 30cic3 + 2c3.
For | = 4 we can write

4

0 ci s C3 ci 1 1
ci 70(c?)? +56cic] T0c3cd + 28cic3 28cicd 0 Xo X1
Ry = < ¢ 70c3c? + 28cics 70(c3)? 0 of[x2],|x3 > (3.54)
cs 28cich 0 0 of|x3 X3
ci 0 0 0 0/ \X3 Xt

The eigenvalues are given by 70(c3)?, 56cic3, ci. The determinant is given by
70(28)2(c1)?(c3)%(c3)?(c})?. The trace is given by 70(c3)? + 56cics + 2cf.

For | = 5 we can write

0 c? 5 c c c
¢} 420c2c? +90cict  210c3c3 + 210c§c3  210c2c3  45cict 0 1 1
+45ctcs +45cics Xo Xi
s < ¢ 210cics + 210cic3 420c3c3 210c3c3 0 of X3 X?
+45cicd X3 X3
¢y 210c3c3 + 45cich 210c3¢3 0 0 o X3 X{
c 45cic] 0 0 0 0 X3 X7
c: 0 0 0 0 0

(3.55)

The eigenvalues are given by 210c3c3, 45clc], c2. The determinant is given by
—(45)2(210)2(c})?(c2)?(c3)?(c1)?(c2)?. The trace is given by 420c3c3 + 90cic + 2c3. We
can obtain an alternative for proposition [3.6.1] when summing Fourier expansions over

jez.

Proposition 3.6.3. Let j € Z. Then the result from proposition|3.6.1] can be defined for

the Fourier expansion

F0) =" f()e?” (3.56)
JEZ
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c?@imfﬂ (f(e)‘@lgaﬁ) (cos 9)) ‘0:0
Lm/2]
> ( )Zf (D" AN). (3.57)
JEZ

We have the derivative expansion

Lm/2]

i (102 o)) | =3 (5) ZFm2am0e)
=0 JEZ
= > ar O )IG)
JEZL

where by virtue of Zp(X) =1 and Z;(X) = an 1 éXp for [ > 1 we have

lm/2] 1
o0 =+ 3o 3 ()@

=1 p=1

For m = 2 we can write
q; (X) = =5 + (1 X7). (3.58)

For m = 4 we can write
q;(X) = j* = 65%(ciX!) + (X' + 5 X7). (3.59)

For m = 6 we can write

A5 (X) = =% + 155" (1 X) = 155%(ci X + 63 X7)

+ (SXT+ S X%+ SX3). (3.60)

For m = 8 we can write

qS(X) = j° — 28j%(c; X1) + 705" (T X' + 5 X?)

—2852(A3X 4+ SX?+ SX3) 4 (cIXT + S X2+ X3 + i XY, (3.61)
For m = 10 we can write
qj°(X) = =5 +455%(c1 X1) = 2105°(cf X" + ¢3X7)
+ 21054 (3 X + S X2+ 3X3)
— 4552 (I X 4 X2 + X3 + i XY

+(AXT X%+ SX3 4 X+ XD (3.62)



This can be summarised as an inner product. Let J = 4j.

Then for m = 2 we can write
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9 1 0
qj(X) = )
0 ¢
For m = 4 we can write
1 0 O
q;;(X) = < 0 c% c%
0 0 c
For m = 6 we can write
1 0 0 O
0 c & o
a4 (X) = < )
0 0 ¢ o
00 0 c
For m = 8 we can write
1 0 0 O
0 ci & o
QE(X) = < 0 0 ¢ c
0 0 0 c
0 0 0 O
For m = 10 we can write
10 0 0 O
0 c & ¢ o
0 0 c& ¢ <
q;’(X) = <
0 0 0 ¢ ci
00 0 0 cf
0 0 0 0 O

Let d = [m/2]|. For even m, we can write the generalisation in the form

J4

6J2 |, | X! >

X2
J5 1
15J4 X!
1502 || x2 >
1 X3
JB 1
286 X!
70J4 |, | X2 >
28J2 X3
1 X4
Jio 1
45J8 X!
210J6 X?
2104 | | x3
45J2 X4
1 X5

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

q7 (X) =
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(Qd e, X) where

1 0 0 0 0 0 Jm 1
0 cf & o =1 () dm=2 X
00 & c -t o ||mem] | x
q;-”(X):< 00 0 c =t (Mam=s 1, X3 > (3.68)
0 : .
00 0 i i oo ] () X1
00 0 O 0 cd 1 X4
For m = 3 we have
q} =i’ + 3ija X" (3.69)
For m = 5 we have
Q) =i%5° + 103 3c| X1 + Bij(c] X! + 3X?). (3.70)

For m = 7 we have

qf =757 + 2175 X + 35 P (X + 3X?)

+7ij (X + S X? + 3 XP). (3.71)
For m = 9 we have

q =i + 3617 e X' +1261°5° (1 X' + 5 X?)
+ 84333 (S X + S X2+ 3 XP)

+ 907 (ci X+ X2 + X3 + i X?h). (3.72)

Now let J = ij. This these polynomials can be generalised as follows. For m = 3 we

have
5 10 J3 1
q;(X) = : : (3.73)
0 ci/ \3J X1
For m = 5 we have
1 0 0 J° 1
q?(X)=< 0 cd &[], ]x? > (3.74)

0 0 c3 5J X2
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For m = 7 we have

1 0 0 0 J 1
q}(X)=< Oer el |2 : X > (3.75)
0 0 c3 o3| |35 X2
0 0 0 c 7) X3
For m =9 we have
1 0 0 0 0 ¥ 1
0 c& & o ¢ 36J7 X!
q?(X)=< 0 0 c3 o o3| 12607, Xx? > (3.76)
0 0 0 o cff]| 8483 X3
00 0 0 c 9] x4

For odd m > 3 and d = |m/2], the general matrix can be written in the form q}"(X) =
(Qa o, X ), specifically:

100 0 - 0 0 Jm 1
0 c & & ... 7t (7)dm=2 X
00 & ¢ - It o ("p)Jm— X2
q}”(X)=< 00 0 c -+ &' of (’g)JmG NP > (3.77)
0
00 0 & oot () X1
00 0 0 -+ 0 cd () x4

Here Qg is an (|m/2|+1) x (|m/2]+1) or (d+1) x (d+1) matrix. Let {1, A1,---, Aa}
denote the spectrum of Q4. Then we can see that the set of eigenvalues (the spectrum) of

Qg are given by

Z(Qd) = {17(:%7(:37(:%7"' 7C§:%7C3}7 (378)
the trace is given by
tr(Qq) =1+ci+c3+c+ - +ci | +cf, (3.79)

and the determinant is given by

det(Qq) =1 x ¢ x 3 x ¢ x -+ x 41 x c&. (3.80)

Theorem 3.6.1. Let Qg denote the upper triangular matriz in (3.77) and let d = [m/2]

for even m. Then the trace and determinant of Qq are given respectively by

-1

Qd_1+z 21*1 H(c+p)*1 vl>1, (3.81)

p=0
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and
¢ 2l- 1) —
det(Qq) = [J(-1 H(C+p)_1 vI> 1. (3.82)
=0 p=0

Proof. The matrix Q; has eigenvalues (3.78)), trace (3.79)) and (3.80)). The leading hyper-

geometric coefficients ¢! can be written as

-1 -1
¢ =2""bidi; [J(c+i) ' =270 [J(c+p) " (3.83)
p=0 =
where in deducing the second equality we have used d;; = 1. We obtain the coefficients bf

recursively using the formula
l 2111 -1
b; = —(I*b, " + (21 = 1)b,77)

l
H 27 —1)=(-DY @2 -1D",  WVIi>1. (3.84)

Hence by substitution it is seen that the leading hypergeometric coefficients have the

explicit form

(20— 1)

ch=(-1) 5 [[ec+p™" wiz1 (3.85)

Substituting this into (3.79)) gives us

-1

r(Qq) =1+ Z 2= 1)” [[ec+pn™ w1 (3.86)

p=0
and the result for the trace follows. Similarly, substituting (3.85) into (3.80) means we

can write

d
det(Qq) = [ J(~1 21— 1) H(c+p)—1 vi>1 (3.87)

=1 p=0

giving us the result. O
This can be summarised as the following corollary.

Corollary 3.6.1. Let .# denote any of the compact rank-one symmetric spaces S™, RP"™,
CP™ or HP"™. Then for d > 1 we have limtr(Qq) = 1 and limdet(Qq) = 0 as n 7 oo.
For ¢ > 1, we have limtr(Qq) =1 as d / .

We now have the following proposition.

Proposition 3.6.4. Let Qg be as in (3.77). Then for each fized a,b, c with ¢ ¢ {0, —1,-2,. ..

we have

8

hm tr(Qq) = =F(1/2,1;¢;2) . (3.88)

=0 z=—1
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Proof. Referring to (3.79) we have

hmter—l—f—ch—l—i—Z 1_2[l_(1)'—'1—2p;
l—|—1/2) (c)
_1+Z L(c+DT(1/2)
N (1/2)1(1)1 1
—l:O o) (-1) (3.89)

which is the required conclusion. ]



42

Chapter 4

Spherical Twists Q as Solutions of
Euler-Lagrange Equations
Z7|u] =0, Constrained and

Unconstrained

4.1 Introduction
In this chapter we will study a variational problem consisting of an energy functional
Flu, @) = [ Flal, f?,|Vul?) do (4.1)
Q

and address questions on the existence, multiplicity as well as qualitative features including
symmetries of its extremisers over two distinct classes of vector fields: firstly an uncon-
strained problem where the competing vector fields u lie in the space #1(£2,R") and
secondly a constrained problem where the competing vector fields u lies in #1P(Q,S"~1).

Let F = F(r,s,&) in €%%2([a,b] x R x R,R) be a given integrand and consider the
energy functional

Flussl = | Fllal Ju?,[Vul?) do (4.2)

for |z| € [a,b] and 0 < a < b. First note that the Euler-Lagrange equations in the two

cases, respectively the unconstrained and constrained cases, take the forms:

ZLyul =0 inQ,

U= on 012,
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where the unconstrained differential operator £y is given by
Lylu] = div[Fe(|z], [uf?, |Vul*) V] = Fs(|z], [uf?, [Vul*)u, (4.4)

and likewise the constrained case is written

Zolul =0 in Q,

lul| =1 in Q, (4.5)
U= on 01},
with the operator Z¢ is given by
Zolu] = div[Fe(|z], 1, |[Vu[*)Vu] + Fe(|2], 1, [Vul*)|Vu|*u. (4.6)

Note that here F§, F¢ denote the derivatives of F' with respect to the second and third
variables respectively and the divergence operator on the corresponding matrix fields acts
row-wise.

We will look at the particular example F(r,s,&) = h(r,s)P/? with 1 < p < oo and
h € €*(|a, b)) satisfying h > 0 on [a, b]. This leads to a generalisation of the usual Dirichlet

energy called the weighted p-energy taking the form
Bl fu; X7 = /Qh(\x], ul?)|Val? da (47)

where the Euler-Lagrange equation in this case is as formulated by the systems (4.3]) and
(5.5) with the differential operators .47y and £¢ respectively being given by

Lylu] =

(NS

(hApu+ |VulP~?Vudivlh]) — hsu|VulP =0, (4.8)
and
Zolu] = hAyu + |VulP~2VuV - h + h|VulPu = 0, (4.9)

with Ayu = div (\Vu]p*QVu) the p-Laplacian, and hg is the derivative in the second
variable of h = h(|z|, 1).

The first class of maps we examine in this chapter as solutions to the nonlinear systems
and and are the so-called spherical twists. Recall that a spherical twist by

definition is a map u € €(X",S"!) of the form

n

uw:z=r0— Q(r)f = Q(|z|) x|z, reX, (4.10)

where 0 < a < r = |z|] < b and Q € € ([a,b],SO(n)). For obvious geometric reasons

the continuous curve [a,b] > r — Q(r) € SO(n) will be referred to as the twist path
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associated with the spherical twist u. We henceforth aim to describe those twist paths
Q € ©?([a,b],SO(n)) such that the corresponding spherical twist u = Q(r)z|x|~! gives a
[classical] solutions to the two systems of Euler-Lagrange equations. This as will be seen
involves a study of the geodesics of the compact lie group SO(n) and their links with
geodesics on the sphere.

The second class of maps we examine in this paper as solutions to the systems
and are the spherical whirls (or whirls for simplicity). These by definition are maps
ue €(X",S" 1) of the form

n

uw:z— Qpr,...,pN)zlz|™t, zeX", (4.11)

where Q = Q(p1,...,pn) is a continuous SO(n)-valued map depending on the spatial
variable x = (x1,...,x,) through the 2-plane variables p = (p1,...,pn), that, depending
on the dimension n being even or odd, we have the description:

[a] (n even) writing n = 2N we set k = N and then

pj:«/x%j_1+w%j for 1 <j < N. (4.12)

[b] (n odd) writing n = 2N — 1 we set k = N — 1 and then

23, 1 + a3, for 1<j<N-—1, 1)
pj = .
Tn for j = N.

4.2 Spherical Twists as Extremisers of a Restricted Energy:

An ODE for Twist Paths

Let X" = X"[a,b] = {z € R" : a < |z| < b} with 0 < a < b < oo be a generalised annulus

and consider the F-energy functional as defined earlier by the integral
Flu; X"] := /X" F(|z], [ul?, |[Vul?) dz. (4.14)
For X™ as above, we introduce the space of admissable twist paths
2 = B((a.b) = {Q € W((a,0),80(n) : Q(a) =1,,Q) =R}.  (4.15)

Proposition 4.2.1 (Key identities for u(x) = f(r)Q(r)v(z)). Letr = |z| and 0 = z|z|!.
Suppose u = fQu is a spherical twist defined by a twice continuously differentiable twist
path Q = Q(r), function f € €?([a,b],R) and v € €*(X",S"1). Then the following
identities hold:
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(i) Vu= fQu®e 0+ fQu® f+ fQVv,
(ii) [Vul* = £ (|Quf + Vo +2(Qu o 6,VoQ)) + 2

(iii) Au = f (Qv +2QVul + (n— )rtQu + QAU) +fQu
+f (2Qv +2QVvl + (n — 1)r_1Qv) :

(iv) Ayu = |V~ [2ff (vaPe + V20 + (Que o, WQ>) +off

+ f2 <V|Qv|2 + V|V + V(Qua o, qu>) ]

+ yvuv’—“%z [fQues+ fQue o+ 1Qv| [27F(IQuPs

4 (Qu o, VuQ)d + \W\?e) v off+ £ (vav\Z + V| Vo?

L V(Que o, VUQ>)} .
Writing Fe as the derivative in the third variable of F = F(r,s,€), and Fer, Fey and Fee
the derivatives in the first, second, and third variables respectively of Fy, and also noting

that |u| = | f|, we have
(v) div [Fe(r, f2,|Vul*)Vu]
_ [2ff (|Qu\29 VU0 + (Que o, VvQ>) 4o ff
+ 12 (VIQu2 + VIVol + V(Qu e 0, V0Q) )|
+ Fe |fQu+ fQu+ FQVO)| + 2/ fFe, | fQu+ fQu+ FQVvY)
+ Fee [va 00+ QU0+ fQVv] [2ff(va\2e + (O 6, VoQ)d

+ |Vv|29) +2ff + £ (V|Qu|2 + VIVo)2+ V(Que o, WQ>) } .
Proof. Taking the gradient of u = fQu results in the first identity, and then taking the
divergence of this gives the third identity. For the second, we take the Hilbert-Schmidt
norm, writing |Vu|? = tr([Vu][Vu]’). Evaluating this for Vu as in the first identity gives

the result. The fifth identity can be evaluated by writing
div [FeVu] = FeAu + Vu (Ferf + FesV [f2] + Fee V|Vaul?) . (4.16)
We have V2 = 21 f6, as well as
VIVul? = 2/ f (1QuP0 + Vol + (Qu @ 0, VoQ)d) +2/
+ 12 (V\QUP + V| Vol? +V<Qv®0,VvQ>). (4.17)

Substituting these, together with earlier identities, into (4.16|) gives the result. For the
fourth identity, we consider a special case of the fifth. Taking F'(r,s,§) = 2p~1€P/2 in the
fifth identity results in the p-Laplacian, and so the fourth identity follows. ]
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Using the above proposition we can write the unconstrained and constrained operators

S and Z¢ respectively as

Lulu = fQu]
— F [2ff (|Qv|20+ V|20 + (Qu ®0,WQ)) toff
+ /2 (vaP + V|V + V(Qua o, va>) ] — fE,Qu
+ Fy, [ FfQu+ fQu+ vave} +2f fFe, [ fQu+ fQu+ vaue}
+ Fee {va R0+ fQue b+ fQVU] [2ff(!Qv\29 +(Qu®6,VuQ)l

+ |Vol?6) + 2/ f + 12 (VIQul? + VIV + V(Qu 6, 70Q)) |, (4.18)
and in the constrained case where f =1,

Zolu = Qu]
= F [vauP + V|Vo]2 + V(Qu ® 0, VoQ)
+ Fr [Qv n Qwe] + Fe [|Qv\2 Vo2 4+ 2(Qu e, VvQ)} Qu

+ Fee|Que 0+ QY| [ (VIQu + VIVof? + V(Que 6,V0Q) ) | (4.19)

4.3 Specialised Twist Paths: The Constrained Case

In this section we specialise our function v = u(x) in such a way that |u| = 1. Setting f = 1,
we first consider general v € €2(X",S"~1) and Q a twist path. We then take v(z) = x|z|~!
with unchanged Q, followed by the case where v is unchanged and Q = exp(4H) for some

real valued function ¢ = ¢(r) and constant skew-symmetric matrix H.

4.3.1 The General Case : u = Q(r)v(z)

Proposition 4.3.1 (Key identities for u = Q(r)v(x)). Again let r = |z| and 0 = z|z|~*
for x € X". Consider u = Q(r)v(x) for v € €*(X",S""1). Then the following identities
hold:

(i) Vu=Qu®60+QVu,
(i) |Vul|? = |Qu|* + 2<QU ®6,QVv) + Vo2,

(iii) Au = Qu + (n— 1)er*1 + 2QVvl + QAuw,
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(iv) Ayu = |VulP~? (Qv 4 (n—1)Qurt +2QVel + QAv)
4 |Vu|p_4p%2 [V1QuP + VIV + V(Qv e 6,QV0)|
x (Qv®9+Qvu) :

and writing Fe for the derivative in the third variable of F(r,1,|Vu|?), as well as Fe, and
Fee the derivatives in the first and third variables of F¢, we have

(v) div [Fe(r,1,|Vul*)Vu]
= Fy, (Qv + QVUG) + Fy (Qv +(n— 1)er*1 +2QVl + QAU)
+ Fee [V|Qv|2 +VIVo2+ V(Qua o, QVU)} (Qv ® 0+ QW) .

Using Proposition we can write the constrained operator Z[u = Qu] as

Zclu] = Fer <QU + QVUG) + Fy (Qv + (n—1)Qur~! +2QVul + QAU)
+ Fee [V\QUP + VIV + VIQue o, QVU)} (Qv @0+ QW)

+ Fe {|Qv|2 +2{Qu® 0, QVv) + |Vv|2} Qu. (4.20)
With v = Q(r)v(z), the F-energy in this case becomes
Flusk"] = [ Fol.uf’,[Vuf) da
— /b /Sn_l F (r, L|Q'Qu* +2(Q'Qu® 0, Vv) + |w2) "L aH T (0)dr
= /b J(r, Q'Q, v, Vo)r" L dr =: J[Q, v; (a,b)] (4.21)
where J = J(r, A, g, B) € €%22%([a,b] x R™" x §" x TS""!) is given by
J(r,A,g,B) = /Sn1 F(r,1,|Ag? +2(Ag®0,B) + [B|*) r" 1aH" " 1(0).  (4.22)

4.3.2 The Case v(z) =zxlz| ' =60: u=Qf

Proposition 4.3.2 (Key identities for u = Qf). Let r = |z| and = x|z|~'. Suppose
u = Q(r)0 is a spherical twist defined by a twice continuously differentiable twist path Q.

Then the following identities hold for both the constrained and unconstrained cases:
(i) Vu=r"(Q+(rQ- QU ©0),
.. 2 n—1 . 2

(ii) |Vu|® = T‘F Q07

(iii) Au=((n=1)rQ - Q) +7r*Q) 72,
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(iv) Ayu = |V~ ((n ~1)rQ-Q) + TQQ) o2
FIvup 2 (Q+ (rQ - Q9 0) (VIQHP —2(n— 1)),
and letting F¢ denote the derivative in the third variable of F(r,s,&), and Fe,, and Fge de-

note the derivatives with respect to the third and first variables, third and second variables,

and a double derivative in the third variable respectively,

(v) div [Fe(r,1,|Vul*)Vu]
= Fe[(n-1)(rQ - Q) + Q| 02 + Fr, Q0
+ Fee [VIQOP — 20— 1)r %] (Q+ (rQ - Q)0 2 0) r !

The constrained operator % in this case becomes

Zofu = Qo]
= Fe[((n=1)rQ = Q) +72Q) 0r 72+ ((n — 1)r 72+ |Q0) Qu| + Fe, Q0
+ Fee |VIQOI? = 2(n — 1)r 0] (Q+ (rQ - Q)0 @) r . (4.23)

By referring to the calculations in Proposition [5.2.1]we can write the F-energy of a spherical

twist u = Q(r)x|x| ™! as

FIQ(r)zlz] L X"] = / F(ja), 1, [Vuf?) da

// <r,1, +|Q9\2> " drdH" 1 (0)
S§n—1

- / E(r, Q)r"~ dr =: B[Q; (a,b) (4.24)
where the integrand E = E(r, A) € €V!([a,b] x R™ ") is given by
E(r,A) := / F <r, 1, — Ly |A9\2) dH"1(9). (4.25)
Sn—1

Lemma 4.3.1. The FEuler-Lagrange equation associated with the emergy E defined by
(4.24)) over the space of admissible twist paths @pR is given by

/ d { n-lp, (n oLy |Q9[2> [Qe ©QH—QI® Qe} } dHH0) = 0. (4.26)
S

n—1 dT

Proof. First fix Q and for ¢ > 0 define the variation Q. = Q + &(F — F')Q where

F € 65°((a,b), M"*") is arbitrary. Then to the first order in € one can compute that Q.



49

takes values in SO(n). Differentiating with respect to ¢ and then setting e = 0 gives

d
0= FEQu )

d [* :
= d/ E(r,Q.)r" tdr

/ / Frotann— 1(0)d
Sn— 1

/ / ngg (1Q:07) r=tan" =" (0)dr

= / / 2F:(Q9, (F—Ft)Q9>r"_1dH"_1(9)dr
a JSn—1

e=0

=0

— /b</sn1 *Zd% {r”_ngQG ® Qe} dH"1(0),F — FYdr, (4.27)

where we have written F' = F(r,1,(n — 1)r~2 4+ |Q0|?), and F¢ as the derivative in the
third variable of this. The integrand of the outer integral must be zero, and since this is
true for all F € 65°((a,b), M"*") we have that the skew-symmetric part of the spherical

integral must also be zero, and so the result is proven. ]

In view of Lemma [4.3.1] we have a stronger sufficient condition for the twist path

Q = Q(r) to be an extremal of the energy functional E is if it satisfies

;i{ n-1p, (r, 2ty Q0|2> Q02 Q0 - Qo e Qo } =0. (4.28)

From this we obtain the ODE system for u = Q#,

4 [r”_ng (7“,1, + |Q9|2>] =0 inX"

dr
Q(a) = I, (4.29)
Q(b) = R.

4.3.3 The Case Q =exp(YH) : u = exp(YH)v(z)

Proposition 4.3.3 (Key identities for u = exp(4(r)H)v(zx)). Let r = |z| and 0 = z/|x|.
Suppose u = Q(r)v(z) is a spherical twist defined by a twice continuously differentiable
twist path Q, where Q(r) = exp(¥(r)H) for some 4 € €*([a,b],R™) and some constant

skew-symmetric matriz H. Then the following identities hold:
(i) Vu = YHQu ® 0 + QVv,
(i) |Vul? = G?[Ho|* + |Vo|? + 24 (Hv @ 0, Vo),

(iii) Au = YHQu + QAv + 9°H2Qu + %(n —1)r 'HQuv + 29 HQV v,
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(iv) Ayu = |V~ [géHQv + QAv + G*HQu + Y9 (n — 1)r~'HQu + 29 HQVv0
+ |vu|ff'—4p%2 [9HQu @0+ QU] [299[HPo + V|Vl
+GAVHU + 29 (Ho © 0, V)0 + 29V (Ho ® 0, vw} ,
(v) div [Fe(r,1,|Vu|*)Vu]
- F [{?’HQU + QAv + GPH2Qu + 9(n — 1)r THQu + M'HQWG}
+ Fep [YHQu + QW8] + Fee[YHQu @ 0 + QVv] |29 [Huf0
+ V|Vl + 92V [Ho|? + 29(Ho © 0, Vo) + 29V (Ho ® 0, vm} .

Proof. We have u = exp(¢(r)H)v(x), so simply taking the gradient we have the first
identity. The third identity quickly follows when we take divergence of this. For the
second identity we again apply the Hilbert-Schmidt norm for Vu as found for the first

identity, indeed
(Vul? = tr ([Vu] [Vaul])
= G*r(HO @ 0H") + tr ([Vo][Vo])
+ tr(—~FHV0 @ v) + tr(YHo ® 0(Vo))
= G*[Hol* + |Vo[? + 2¢tr(Hv  0(Vo)"). (4.30)

The second identity follows when noting tr(BTA) = (A, B). The fifth identity can be

written as
div [Fe(r, 1,|Vul|*)Vu] = FeAu+ Vu (Fg 0 4+ Fee V|Vul?) . (4.31)
Using the second identity, we have V|Vu|? as

V|Vul|? = 299 Hv|?0 + V|Vv|? + 9>V|Ho|? + 29 (Hv © 6, V)6

+29V(Hv ® 6, Vv). (4.32)

Substituting the relevant identities with (4.32]) into (4.31]) gives the result. Again we take
the special case F(r,s, &) = 2p~'¢P/2 in the fifth identity to obtain the fourth. O

In the even dimensional case, we the F-energy for u = exp(4(r)H)v(z). In even

dimensions we have [Hv|? = 1, and so
Bluix”) = [ F(lel, 1, |Vuf?) do
X’VL
b . .
- / / F (r, 1,92 + Vol + 29 (Hv 2 0, Vv>> 7L L (9)dr
a S§n—1

b
= / K(r,v,Vu,9)r" Vdr = K[v,¥; (a,b)] (4.33)



51

where the integrand K = K (r, g, B, k) € €131 ([a,b] x S~ x TS"~! x R) is given by
K(r,g,B,k) == / F(r,1,k* + |B*> + 2k(Hg ® 0,B)) dH" (). (4.34)
S§n—1
Lemma 4.3.2. In even dimensions, the Fuler-Lagrange equation associated with the en-
ergy K defined by (4.33) is given by

dii [Fgr”_l (fé + (Hu® 6, W))] ~0, (4.35)

where 4 denotes the derivative of 9(r) € €*([a,b],R), F¢ denotes the derivative in the
third variable of F(r,1,9? + |Vu|?> + 24 (Hv ® 0,Vv)), H is a constant skew-symmetric
matriz and v(x) € €*(X",S" 1), and § = z|z|~t. From this we obtain the ODE system
for u(x) = exp(¢ (r)H)v(z),

d%“ [Fg‘”fl (g + (Hov®0, Vv))} =0 X"

#a)=0 (4.36)
4 (b) =27k

v(a) =v(b) = 1.

Using Proposition we have that for v = exp(4H)v, the operator £¢[u] looks
like
ZLolu] = F [?HQU +QAv+9’H?Qu+9(n— 1)r 'HQu + ZQHQVUG}
+ Fy [%’HQU + vie} + Fee [{éHQv ®0+ QW} [2{?{4’|Hv\29
+ V|Vu|]? + 9%V|Hu|? + 29 (Ho ® 0, Vv)0 + 29V (Ho ® 6, Vv)}
o [%2|Hu\2 + V2 +2E¢<Hv®0,Vv>} Qu. (4.37)
Specialising to even dimensions so that |[Hv|? = 1 and H? = —1I,,, we can simplify this to
ZLolu] = F [?HQU +QAv+%(n—1)r '"HQu + QCJHQVUH}
+ Fey [%’HQU v vie} + Fee [%HQU %0+ Qw] [2{;*’54’0
+ V|Vo2 4+ 29 (Hv ® 0, V)b + 29V (Hu ® 6, Vv)}

+ Fe [|w\2 + 29 (Hu 0, vw} Qu. (4.38)

4.3.4 The Case Q =exp(9H) : u = exp(YH)0

Proposition 4.3.4 (Key identities for v = exp(4(r)H)#). Let r = |z| and § = z/|x|.
Suppose u = Q(r)0 is a spherical twist defined by a twice continuously differentiable twist
path Q, where Q(r) = exp(4(r)H) for some ¢ € €?([a,b],R™) and some constant skew-

symmetric matriz H. Then the following identities hold:
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(i) Vu=9HQI® 0 + Q (I, — 0@ 6) r !
(i) |Vul?> = G?[HO)? + (n — 1)r 2,
(i) Au=9HQH + G’H?QO+ % (n —1)r "HQO — (n — 1)r2Q0,
(iv) Ayu = |Vu|P~2 [?HQH +GPH2QO + G(n — 1)r "HQO — (n — 1)r—2Q0}
4 yvu\p*“% (G020 + V0P — 2(n — 1) 0]

x [54HQ9®9+Q(1”—9®9)7~*1

(v) div [Fe(r,1,|Vu|*)Vu]
= F; [FHQ + 9*H>Q0 + 9 (n — 1)r " HQO — (n— 1)r2Q0]
+ Fer [9HQU| + Fee [91H00 + 9 [HO — 2(n — 1)~
X |JHQY @60+ Q (L, —0@0)r ]

Using (4.3.4)), we derive the constrained operator .Z¢ in this case as

Zolu] = F [?HQG + {4'2H2Q9 + %'(n — 1)7“_1HQ9 —(n— l)r_QQG]
+ Fep [gHQQ} + Fee [Q‘Heﬁe 4 gV‘HH‘Q —2(n— 1)74_39}

X [g'HQe ©0+Q (L, — 0 0) r—l} + Fe {g'?\HeP +(n— 1)1“_2} QY. (4.39)
In even dimensions we have |Hf|> = 1 and H? = —1,,, so (4.39)) reduces to

Zolu] = Fe [FHQO ~9°Q0 + F(n — 1)r "HQO — (n— 1)r Q]
+ Fer [9HQ0] + Fee [ — 20— 1% [9HQ]
+ R[4+ (n - 12| Qo
= [Fe (9490~ 1)r7") + Fod + Fee (99 — 29 (n — 17~ ) | HQY
iQf <Fd [ " 1% . 1g{F€7‘jT+F&j [gz (n —1)r2]}>
_HQ d [F n— 1{4 w0

1 gy

We can write the F-energy for u = exp(¥4(r)H)0 as
Flusk’] = | F(al, 1, |VuP) de

//S F (14 4 (0= 1)r2) "t am ) dr

= Wp—1 / P(r,9)r" L dr =: P[¥; (a,b)] (4.41)
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where the integrand P(r,g) € €?([a,b] x R) is given by
P(r,g) :=F (r,1,¢* + (n — 1)r ?) . (4.42)

Lemma 4.3.3. In even dimensions, and with F denoting the derivative in the third
variable of F(r,1,%9 + (n —1)r=2) and 4 denoting the derivative of 4(r) € €2([a,b],R),
the Euler-Lagrange equation associated with the energy P defined by (4.41) is given by

% [Fgr”—lg'] ~0 (4.43)

From this we obtain the ODE system for u = exp(¥(r)H)0,

d n—1cp| _ . n
g [Fgr g} =0 i X
9(a) =0 (4.-44)

G(b) = 2rk, k € Z+.

Proof. Consider the variation on ¢ given by 4. = ¢ + e for 7 € 65°(Ja,b]) and € € R.

We differentiate the energy P[¥;; (a, b)] with respect to € and set € to zero as follows.

0= e | =L [ Per.gyta
_d&' e \@s _d€a Ty Ge )T r
e= e=0
d b 2 -2 n—1
=%/ F<r,1,%E + (n—1)r )wn_lr dr
e=0
b
_ d T2 2] n—1
/lng(k{%%—(n—l)r }r dr
e=0
b . .
:/ 2FG " dr
(lb d »
- /a — [Fg?’ %} A dr. (4.45)
As this holds for all 77 € 65°(]a, b]), we have the result. O

Applying Lemma to (4.40), we see that Zo[u = exp(9H)0| = 0.

4.4 Specialised Twist Paths: The Unconstrained Case

In this section we consider the unconstrained problem by taking u(x) = f(r)Qu(z) so that
lu| = | f|. We then specialise to functions u = fQf, § = x|z|~!, and then further to when

Q = exp(9(r)H), for 4 € €>([a,b],R™).
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By referring to the calculations in Proposition we can write the F-energy of a

spherical twist © = fQu as

JFM;X”]zl/)-FﬂwLMAQYVuF)dx
Xn

b 2f2(Q'Qu ® 0, Vo) + f*
:// F r,f2, . r"ild’anl(H)dr
a Jen +HAQQu + Vol
b

— [ L QS £, Vo dr = LIQ fos(0.b) (4.46)
where the integrand L = L(r, A, g, h, k,B) € €121212([a, )] x RV x RxRxS* 1 x TS" 1)
is given by
20*(Ak ® 6,B) + h?
L(r,A,g,h,k,B) := / Frg dH" " (0). (4.47)

o +PBE + 7B
Lemma 4.4.1 (Unconstrained Euler-Lagrange equation). The Euler-Lagrange equation
associated with the energy L defined by (4.46) over the space of admissible twist paths %’%
s given by
/ div [fQFfr”_l (Qth ®0+ VU>:|
Sn—1

+ fAE(Vv)'Q'Q(L, — v @ v)0dH" 1 (0) = 0. (4.48)

Proof. For real e, consider the variation on f = f(r) defined by f. = f + eh for h €

%5 (Ja, b))

d
0 - digL[Q7 fE?v; (CL, b)] d

b
- dE/ L(Ta QtQ)f&‘avavvvv)rnil d’l"

e=0 e=0

b 2f2(Q'Qu® 0, Vo) + f2
:(i// Flr? . | a1 dr
a Jen Q' QuI” + 2|Vl

e=0

b
= / o [f2] an = (O)r"  dr
a Sn—1 dE =0

b 212(Q'Qu ® 0, Vv) + f2
- / / ngi < . > dH" 1 (0)r"  dr
o ST+ 21QQu + 21Vl
b 4Fh(Q'Qu ® 0, Vo) + 2fh
_ / / OF, fh+ Fe . dHL O dr, (449
a J§n1 +2fh|Q'Qu|? + 2fh|Vv|?

e=0

This lets us write the Euler-Lagrange equation as

/S 4 [Fgrnflf] - [st +Fef <2<Qth ®0,V0) + |Q'Qu| + yvm?ﬂ dH"1(0) = 0

n—1 d'f’

(4.50)
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Now consider the variation on Q defined as Q. = Q + &(F — F)Q, with F €
€5°((a,b), M™ ™) arbitrary:

d

0= SrQe @) =& [ 1 Q s fe

e=0

b ) 2 t . (9’ v 2
= d/ / Fr s AQeQuv0,V0) + f LA (0)dr
S§n—1

+21QLQev ) + f2 Vol

e=0

-/ ’ | Feg (2@ 0,90) i are o)

e=0

’ d 210¢ ¢ 2 -1 -1
+/a /Sanng(f QLQ.v) "t aH T (O)dr

e=0
= /b <2 /Sn . ;i [Fgr" 1f2Q1) ® H(VU)tQt] d?‘[n_l(ﬁ), r Ft>dr

- /b < - Q/SH1 d% [Fsrn_lfQQv ® Qv} dH"1(8),F — Ft>dr.
(4.51)

Since this holds for all F € €5°((a, b), M™*™), the skew-symmetric part of the integral over

S™ 1 must be zero, and we have

g | Ferntp? {Qv ® 0(V0)'Qt — QY © th}
/ - . ' dH"71 () = 0. (4.52)
gn-t ar +Fermtf? {Qv RQu—-—Qu® Qv}

Now consider the variation of v given by v = (v+eh)|v+eh|™! for h € € (X", S 1):

Qaf:lUEa (Z b

/ QtQ7f7fl7/U&‘)vva)Tnil d?”

e=0

22 . ® 0, Vo,
// ( FUQQue 00, V) + 17 "L aH"(6) dr
§n—1
P
Fe g

QU + 12V ?
/ /S N +HQ'Que* + Ve

b 20Q'Q(1, —vev)h®0,V
e A e Or
a Jsn—1 +2(Q'Qu ® 0, Vh) + 2(Vv, Vh)

Q'Qu. @6 , Vug) . .
" dH" T (8) dr

/ /S 12f2 Qth®e+w Vh>> n=1 gyn=1(9) dr

* /a /Sm1 2f*F (2<(W)tQtQ(In —v @), h>) 7L a1 (9) dr

(4.53)
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Since this is true for all h € €5°(X",S"71), we can write

/ div [ F2Fern! (Qth 20+ wﬂ (4.54)
Sn—l

+ f2F:(Vv)'Q'Q(L, — v @ v)0dH"(0) = 0. (4.55)

O

From this we obtain the ODE system for u = fQu,

di‘i [Fgr"_lf] = F,f + Fef (2(Qv ®0,VoQ) + |Quf? + |vu\2) in X7,
- Ina
Qo) (4.56)
Q) =R,
f(a) = f(b) =1 on OX".

Proposition 4.4.1 (Key identities for u = fQ@). Let r = |x| and 0 = z/|z|. Suppose
u = fQ(r)0 is a spherical twist defined by a twice continuously differentiable twist path
Q, and some function f € €*([a,b]). Then the following identities hold:

(i) vu=£Q+ <f'—f) QIR0+ fQI®,

(ii) [Vul? = f2 (0= 1772 +|Q017) + /2,
(iii) Au = fQF + QO ((n SNl 2f') + Qo (f'+ (n—1)fr~' = (n— 1)fr’2) :

(iv) Apu = |VulP~? [fQH +Qf ((n —frt+ Qf) +Qf <f+ (n—1)fr ' —(n— 1)f7”_2>]
+ 222 wup [ (o + 7Q0) {2fF + 27 fIQOP + 27 f(n— 1y}
F(FQue (f - Qo e o+ 1Qe 0 0) {2£7GQ0 +2£ Qa0 + 9]Q0P}].

(v) div [Fe(r, |ul?, |Vul?) V]
= F; [er + Q0 ((n — 1) frt+ 2f') +Qf <f+ (n—1)frt —(n- 1)fr*2)}
+ Fe (1Q0 +Qf0) + 2Fe, /1 (1Q0 + Qf0)
+ Fee[ (fQo+ 1Q0) {2fF + 21 fIQOP +2£ f(n — 1)1}
+(r7Q+(f - Qo e 0+ Qo @ 0) {2//QG0 + 27/QQ0 + 12VIQ01 .
Proof. We can prove the first and third identities by simple differentiation, first the gradi-

ent of v to obtain Vu, then the divergence of this. For the second identity, we take the
Hilbert-Schmidt norm of Vu,

|Vul? = tr ([Vu] [Vu]t) ,
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where we are left with the result after some cancellation of terms. Taking the divergence

of F¢Vu, where Fy = F¢(r, |u|?, |Vu|?), we have
div [FeVu] = FeAu + Vu (Ferf) + FesV [[uf?] + Fee VIVul?) . (4.57)
Substituting V|u|? = V2 = 2ff0, and
V|Vl = 2f f (\Qaﬁe Y (n—1r0+ QQo + QQG) T 2VIQI £ 2ff0 (4.58)

into (4.57)), together with the first identity for Vu, gives the fifth identity. Once again we
take the substitution F(r,s,§) = 2¢P/2p~1 in the fifth identity to obtain the fourth. O

The unconstrained operator £y can then be written

Zulu = Q)]
= Fe[fQ0+ Q0 ((n = 1)~ +2f) + Q0 (f+ (=) frt = (0= 1) fr7?)]
+ e (fQ0+Qf0) + 2P, f (1Q0+ Q/f0)
+ Fee[ (£Q0+ 7 Qo) {2F + 27 fIQ01 + 21 f(n — 1)}

+ (i@ (f - Qo e o+ 1Qo @) {2/fQQ0 +2£/QQ0 + 12VIQY1 .
(4.59)

With |Vu|? as in Proposition we can write the F-energy of a spherical twist
u = fQO as

Flusk"] = [ Fel, P, [Vul) da
b
:// F(r 12 2 [(n = 172 4 1QOP] + £2) it an= (0)dr
a JSn—1
b
= [ Y@ dr = YIQ. fi o) (4.60)

where the integrand Y =Y (r, A, f) with a < r < b and A in the space of n x n matrices

is given by

L= /S F (r, 2, 7 [(n 1)y erﬂ n f'2) L a1 (6). (4.61)

Proposition 4.4.2 (Key identities for u = fexp(¥4(r)H)0). Let u = fexp(¥(r)H)0, for
some f € €*([a,b],R), 4 € €%([a,b],R"), and some constant skew-symmetric matriz H.

Then the following identities hold:
(i) Vu = (f - fr_l) QI ® 0+ fYHQH 0+ fr'Q,

(ii) |Vul* = [*G*HOP + 2 + (n — 1) f*r 2,
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(iii) Au= fQO + f (254'HQ9 +(n— 1)7”1Q0>
+f (gé'HQé) +GPH2QO + (n— 1) [?HQ& . r‘lQG]) ,

(iv) Ayu = |Vu|P—2 [ Qo+ f <2s¢HQ9 +(n— l)r_lQG)
+f (gHQH +9PH2Q0 + (n— 1)r! [%‘HQ@ _ r‘lQGD ]
+ |Vu|p_4p%2 [(f - fr_l) QI®0+ FYHQI® 0 + fr—lq]
X [2f'f9 +2f fG2HO%0 + 2294 | HO)%0 + 24>V |H0)|?
+2(n —1)(ffr 20— f%*’@)} ,

(v) div [Fe(r, f2,|Vul|*)Vu]
—F [f’Q@ +f (MHQ@ +(n— 1)r’1Q9)
+f (ééHQ@ +GPH2QO + (n— 1) [?HQG . r_lQHD ]
+ Fey [ QO+ fﬁé’HQa} +2f fFe [ QO + f{é’HQe}
+ Fee [(f - fr_l) QI®0+ fFIHQY 0 + fr_lQ}
x [gff'e L 2f FG2HO20 + 2299 HO0 + £242V |HO)|?
+2n — 1)(ffr20 — f2r*39)} .

Proof. Taking u(z) = f(r)exp(¥4(r)H)6, we take the gradient of this for the first identity,
and then further we take the divergence of the first identity for the third identity, noting
that 7 = |z| and 6 = z|z|~!, and that since H is skew-symmetric we have (H, 0 ® ) = 0.

Taking the Hilbert-Schmidt norm of the first identity Vu, we have
Vul? = tr (V] [Vu]'), (4.62)

which when evaluated gives the result after some cancellation of terms. For the fifth

identity we note first that V|u|? = Vf2 = 2ff0, and that

V|Vul? = 2f f0 + 2f f4?|HO|%0 + 229G |HO|*0 + f24*V|HO|? (4.63)

+2(n — 1)(ffr=20 — f2r30). (4.64)
Expanding div [Fe(r, f2, |Vu|?)Vu] as
div [Fe] = AuFe 4+ Vu (Fer0 + Fe V2 + FeeVIVul?) (4.65)

then substituting in the values above, together with previous identities, we have the result.
The fourth identity then immediately follows when we take the special case F(r,s,§) =
2p~1¢P/2 in the fifth identity. O
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We can again consider the F-energy in the even dimensional case, so for
u = f(r)exp(¢(r)H)0, with |Vu|? as in (4.4.2)), and the dimension n being even so that
|HO|? = 1, we have
Flus ") = [ Flol,uf?,|Vul?) do
Xﬂ/
b . .
— [ [ F(n PG - 0 e e o)
a JSn—1

b
ot [ M £, @) dr = MU 0., (4.66)
where the integrand M = M (r, f, %) with a < r < b is given by
M@, [, 9) = F (r, f2 297 + f2 4 (n = 1) f57?) (4.67)

Taking variations in both f and ¢ of the energy M[f,¥; (a,b)], we arrive at the following

lemma.

Lemma 4.4.2. Let f = f(r) € €%([a,b],R) and 4 € €([a,b],R"). For even dimensions
n, the Euler-Lagrange equations associated with the energy M([f,¥; (a,b)] defined by (4.66)

are given by

dii [Fg fr”*l} —f [Fgr”* (9% + (n—1)r2) + Fsr"’l} : (4.68)

and

ir [r“—ng f@} — 0, (4.69)

where F¢ and Fs denote the differentials in the third and second variables respectively of

F(r, f?, 29?4 2 4 (n — 1)f?r=2). The resulting ODE system is given by

dii [Fgfrn_l} = Fern! (f%'? +(n— 1)fr—2) YR i xn,

dii [ Fe ] = 0 in X,

fla)=f(b) =1 on OX", (4.70)
% (a) = 0,

G (b) = 21k
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Using Proposition we can write the unconstrained differential operator £ as

Lylu] = Fe [ Qo+ f (2%'HQ9 +(n— 1)7«—1Q9)
+f (?HQ@ +GPH2QO + (n— 1)r! [ngQe - r’lQHD }
+ B | fQ0+ f9RQ0) + 2/ [Fe, | /Q0 + f9HQY)|
+ Fee Kf - fr_1> QIR0+ fYHQI® 0 + fr_lQ}
X [zf'fe +2f fG2HO%0 + 229G HO20 + 242V |HO|? (4.71)

F2(n— 1) (ffr 20— f27«—39)} — fF,Q0. (4.72)

where we have written Q = exp(¥¢(r)H). Specialising to the even dimensional case so that

H? = -1, and |[Hf|? = 1, we can write

Lulu] = [Fg (2 G+ 9 + f(n — 1)7«—19) + Fer f9 + 2Fe f2f9
+ 2P (F1FG + 219° + PP9°G + 9 (n - D)(Ffr72 = 7)) |HQo
+ [Fe(F+ fo— 1t = 92 — fln—1)r7%) — ot
+ 2Fee (J12 4+ [292 + [2f99 + (n = D)(f 572 = f57%)
+ Feof +2F, 2] Q0

— A(MHQY+ _£(r)QY, (4.73)

where we have grouped the terms as coefficients of HQf and Q8. Considering the terms
multiplying HQ@ alone, we can reduce these to a single derivative. Indeed, recalling that
F¢, Fep, Feg, and Fe¢ are all derivatives of the function F'(r, 12, f2§4'2 + f2 +(n—1)f2r2),
with f = f(r) and ¥ = ¥(r), we have

A1) = [Fe (209 + 19+ 1= 057 1G) + For 5 + 2829
+2F (fff'g + 21D+ PPGG + [ (n — 1) (ffr - f2r‘3)) }

dr dr
+F§% [ fQ%MD = frilci [ Fe ) =0, (4.74)

where in the last equality we have used that this is zero from Lemma Now considering
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just the terms multiplying Qf, we can write

Salr) = |Fe (F 4 Jn =1 = J4° — fn = )r ) — Fuf
+2F§5 (ff2 —{—ff‘2£¢'2 _}_fo'ggﬁ_i_ (n_ 1)(]0]527,72 . f'f2r—3)>
+Ff7"f+2F§sff2]

S (pgci [frmt] =t [R {92 4 10— 12} + B

+ frot {Fsrir + Fssd%[ﬁ] + Fg,gdir [fQ%'Z + 2+ (n— 1)f2r*2} } )
g (j [Eefrnt] = Bt (59 4 (=152 - Ff) —0. (75)

where the last equality is from Lemma Hence Z[u = fexp(9H)6] = 0.

4.5 As a Limiting Case of an Alternative Energy

In this section we consider an alternative energy with an additional term. With u =

f(r)exp(¥4(r)H)0 as at the end of the previous section, we redefine the energy F(u; X") as
n 1
Fulusk"] = [ Fol, P, [VuP) + 2W(ul?) da
b ) . 1
ot [ |F(n P29 P - 1) 4 Tt
b . .
—unor [ A S GG dr = AL ) (4.76)
where A(r, g, h, k) is given by
1
A(r,g,h,k) = F (r,6°, ¢°k* + h* + (n — 1)g*r %) + EW(QQ). (4.77)

Here W = W (x) € €' (R) is a function that is zero at |z| = 1 and positive elsewhere,
F = F(r,s,£) is coercive in that F(r,s,&) > co + c1/€|P/? with ¢; > 0, and € € R is
a constant. By choosing a suitable F' and W we can see that this is of the same form
as , so for each ¢ € R we have a solution (f;,%:) to a system of ODEs with the

boundary conditions for any m € Z

9.(b) = 2mm, (4.78)

fe(a) = fo(b) = 1.
Writing u. = feexp(94-H)0, we then have that u. solves the relevant unconstrained PDE

problem Z77[u:] = 0. Picking a suitable positive constant C, independent of ¢, we can
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bound the energy F.[u.] as
b 1
0< / [F + gw] " tdr < C, (4.79)

where F' = F(r, 2, {242 + f2 4+ (n — 1) f2r=2) and W = W(f2). Noting that W (z) > 0,

and recalling that F' is coercive, we can write

b . . b
0< / 17242 + f2 4 (n— 1) f2r 2 P2 dr < / Frtdr < C, (4.80)

a

which leads to the inequalites
b b
sup/ 9. [Pr"tdr < C, sup/ |fo[Prtdr < C. (4.81)
€ a £ a

Together with the boundary conditions given in (4.78)), this implies boundedness of ¢. and

f- with respect to the #1P([a,b]) norm. That is, we have
sup [[Ze[[1,p < 00, sup||fef[1p < oo (4.82)
3 &€

This in turn implies the existence of f and ¢ such that f. — f and 4. — ¢ weakly in
#1([a, b]).
With W(x) as defined above, we can easily bound it as W(z) > d|1 — z| for some

positive constant d. With F' > 0 this gives
b b
0< d/ 1= S dr < / W £2)rm L dr < <C, (4.83)
a a

so that in the limit we must have f. — 1 a.e. Combining this with the weak convergence
above of f- — f, we must have f =1 a.e.

In order to show that F.[u.; X"| — F[u; X"], we will need gamma convergence.

Definition 4.5.1 (Gamma-Convergence). Let (X,d) be a metric space and Fj, : X — R
be a sequence of functionals on X. Fy is said to be I'-convergent to the limit F : X - R

for u € X if and only if the following two conditions hold:
1. Limit Infimum Inequality: Yu € X, {ur} € X such that pp — p as k — oo and

F(p) < lim inf Fy (). (4.84)

k—

2. Limit Supremum Inequality: Yu € X, 3{xr} € X such that p — p as k — oo and

F(p) > limsup Fy (). (4.85)

k—o0
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We note that since u. is the minimiser of I, this leads to the following set of inequalities:
0 < Flu; X" _/ Flla), [uf2, [Vul2)dz
Xn
< liminf/ Flla), Juc|?, |V |2)de
€ n
1
<timint [ Pllal el [Vuef?) + 2 (Juc)do
€ Xn
: 2 2y, 1 2
<timsup [ F(lol, Jucf, [Vucf) + ZW (fuc)dz
€ xn
= limsup F, [us; X"] < Flu; X", (4.86)

£

With equality throughout this shows Fe|u.; X"] — Flu; X"].
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Chapter 5

Generalisation of Spherical Twists

Q to Spherical Whirls Q(p1, - , pn)

5.1 Introduction

In this section we consider maps u € €(X",S"1) of the form

u:x'_>f(Pla---vPN)Q<Pla---7pN)'U($>a xeX”? (51)
where Q = Q(p1,-..,pn) is a continuous SO(n)-valued map depending on the variable
x = (1,...,xy,) through p = (p1,..., pn), that, depending on the dimension n being even

or odd, we have the following description of p;:

[a] (n even) writing n = 2N we set k = N and then

pj=Ju3,_+ax} for1<j<N. (5.2)

[b] (n odd) writing n = 2N — 1 we set k = N — 1 and then

x5, 4 + 3, for1<j<N-1, 5.3
pj = .
T for j = N.

With this definition, we see that p = (p1,..., pn) lies in the space

{peRY :a<|p| <b} for n = 2N,
Ay = i (5.4)
{pERi\_]—lxR:aS\p\gb} forn =2N — 1.

These are known as spherical whirls.

Let A = A(|ul?,|Vu|?) and B = B(|ul?, |Vu|?) be two sufficiently regular real-valued
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functions. Consider the nonlinear system

Zolul =0 in 9,
W=1 o (5.5)

U= on 01},

where the constrained differential operator £ is given by

div[A(|Vu[*)Vu] + B|Vul*u = 0. (5.6)

5.2 The Constrained Case
In order to solve the constrained PDE

div[A(|Vul*)Vu] + B|Vul*u = 0, (5.7)
we will need the following key identities.

Proposition 5.2.1 (Key identities for u = Q(p1,- -, pn)0). Let u = Q(p1,--- ,pn)d be a

spherical whirl on X™ . Then the following identities hold for both the constrained case:

(i) Vu= Q- Q856 +> Qe T,

=1

. n—1 "
(i) |Vul* = +) QP
=1

r2

i 2 2p; n—1
(i) Bu=3 Qub + ~QuVpi + (Apz - TZQﬂ) | -,
and letting A denote the derivative in the third variable of A(r, s, &), and A,, and A¢ denote

the derivatives with respect to the third and first variables, third and second variables, and

a double derivative in the third variable respectively,
(iv) div[A(r, 1,|Vu|?) V]

N
Al +As (2r 101 — 0 ®0)) + Ag (— [2(n — 10 +)° V!Q,19|2D>
=1

r3

x (i(Q ~Qie0)+y Qe w)

=1

- 2 2 —1
+A (Z Qub+~QuVpi + (Apl - f;Q,le) |- Q9>

=1



66

Proof. Let r = \/p? + -+ + p2. Taking the first derivative gives

=QVO+> QufVp, (5.9)
=1

with an application of the product and chain rule. An application of the identity V8 =
(I,—0®0)r~! gives the first identity. For the second identity, we apply the Hilbert-Schmidt

norm to Vu to get
|Vu|? = tr[Vu(Vu)']

n t
%(Q—Q9®9) +ZQ,19®V,01 }
=1
1 1 n N
=tr {rg(ln - QI ®Qh) + ;Z(Q -QI®0)(Vp ®Q,0) + ;QJ@@ Q,19}

=1

—H{[i(Q—QG@H)—i—ZQﬁ@Vm

=1

n

Y@V Qu0) — (Q0.Qu0)(0. Vo)) + 1 Q0
=1

using Vp(Vp,)t =1,. Using the fact that Qle is skew symmetric, we can write

n—1

Vul?* =

+ % Z {{QVp, Q0) +7Q0*} (5.10)
=1

Proving that (QVp;, Q,60) = 0 will complete the proof of [Vu|?. To this end, we know
that

<Qij, Q,lt9> = <ij, QtQ719> (5.11)

and § = x/|z|. Differentiating gives us

diag(opf1d, -+, Opfrd)|x| ! n = 2k,
g ) fr. )|z (512)
diag(0 f1dyr, -, O fedy, 0)|z| 1 n =2k + 1.
Given that
(O f1d, -, 0 fid) x|~ n = 2k,
QQ— (5.13)
2l ~ Ouf1Iy1, -, O fedyr, 0)|z| ™t n=2k+1,
this implies that
Z Ay =0 (5.14)
x|

=1 Pi
for n = 2k since the case n = 2k + 1 is trivially true and utilizing the skew-symmetric
nature of J. This implies the second identity. For the third identity, to obtain Au we take

the divergence of Vu to get the result. For the fourth identity, note that we can write

Zolu] = (A0 + AVU? + V|Vul2 A ) Vu + AAw.
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Observe that the gradient of |Vu|? is given by

2(n—1)0

vIvup = - |20

N
+) VIQuP| . (5.15)
=1

Substituting the identities for Vu, V|Vu|? and Au and using Vu? = V[Qf] = 2r~16(1 —
0 ® 0) gives us the result giving the fourth identity. O

Substituting the identities from proposition (5.2.1)) into the differential operator
div[A(|Vul*)Vu] + B|Vul*u = 0 (5.16)

allows us to rewrite this identity as
, n—1 < 5\ [ 1 =
div [A ( -+ ZZI Q.0 ) (T(Q ~Qi®0)+ lz; Qb @ w)

n—1 "
+B ( -+ > |Q,l912> Q6 = 0.
=1

First we will verify that the expanded differential operator

A(IVul®) Au + VuVA(|Vul?) + B|Vul?u = 0. (5.17)
holds using the following identities.

Theorem 5.2.1 (Key identities for u = Qf). Let r = |z| and 6 = xz|z|~'. Suppose
u = Q(r)0 is a spherical twist defined by a twice continuously differentiable twist path Q.

Then the following identities hold for both the constrained and unconstrained cases:
(i) Vu=r"(Q+(rQ- QU ©0),
.. 2 n—1 . 2

(i) [Vul” = 74' QO

(iii) Au= ((n—1DEQ- Q) +rQ) o2,

. 2ol /i ¢ Q0 n-1 QQ
(iv) V|Vl —2[<Q0,Q0>— T+ ]9,

Proof. For a proof of identity i),ii) and iii), see Proposition To prove identity iv),
let Q = A. Then V|Q6|? can be rewritten as
1
V|A0)? = V(Az/|x|, Az /|z|) = V {ﬂ(AtAx,@} . (5.18)
Let FF = A'A. Then

v {:2<Fx,x>} _ %9<Fx,x> + r%wm,@. (5.19)
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Since F = A'A, this implies that F = AtA + A'A. Expanding V(Fz,x) gives us
V(Fz,x) = 2Fz + (Fz,2)0 = 2Fx + ((AtA 4+ A'A)z, 2)6. (5.20)
This can be rewritten as
V(Fz,z) = 2A' Az + 2(Ax, Az)0 (5.21)
Using the identity and substituting back into gives us

1 2 1 .
\ {T2<Fx, x>} _ _ﬁ’Ax\QH + o) {2AtAaf + 2(Ax, Aw>9}

A 2
140
T

: 2
0+ 2(A0, A0 + = A Af. (5.22)
T
This implies that

(5.23)

r3 r

which is the result we want. O
Given these identities, we can now proceed with the following theorem.

Theorem 5.2.2. Let r = |z| and § = x|z|~t. Suppose u = Q(7)0 is a spherical twist
defined by a twice continuously differentiable twist path Q. Then the following identity
holds

Zelu] = div [A(|Vul*)Vau] + B|Vul?u
2 ( avar)q- 19°Q (n—31>Q+QtQQ>9
T T T T
L 2A¢

2
: (rQ Q) Qe,Q9> Q- Q)‘Q9'>
: ( (TQ—Q)Q;Q>9

((n—l)(rQ Q>+r2Q)} ("Z

)
J>

) Q. (5.24)

Proof. To prove this identity, an application of the chain and product rule give us the
identity
Zolu] = AcVu[V|Vul?] + AAu + B|Vul?u. (5.25)

Substituting the appropriate identities from Theorem [5.2.1]into (5.25]) gives us the result
e 1 o

QO n-1. Q Q] ;
T r

r3
)@

Lolu] = 2A£ [

Q+(rQ- QU= [(Q0,Q0) -

+ % ((n-1)rQ-Q)+r2Q)0| +B (”;2 !
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Expanding the double brackets above gives us

_ 2 < Q.9 q - \QHPQ _(n-DQ, Q‘tQQ) ,
. ; ,
2’: ( Q- Q) (. Q9> (rQ - Q)“W)
2’: ( +0Q-Q) Q;Q) 0
(n -1)(rQ-Q) +7°2Q) } (n; Ly erP) Qo, (5.26)
which is the result we want. ]
Further simplification gives us the expression
Lolu] = div [A(Vul*)Vu] + B|Vul*u
S <<Q0 o) rq - [ppa - "D Qt!QP)
+% [((n—l)(rQ—Q)+r2Q) 0} +B (”7; )Qf)- (5.27)
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Appendix A

Gegenbauer Polynomials for

1 <m< 10

We can obtain the Gegenbauer polynomials for 1 < m < 10 by substituting o = v — 1/2
and 8 = v —1/2 into the Jacobi polynomials. The first three Gegenbauer polynomials are
given by

-X 3X?% —4vX 15X 4+ 60vX? — (6417 + 161) X

“ i1 2= v+ 1)(2v+3)’ D) = (2v+1)(2v + 3)(2v + 5)

‘% (v)

For m = 4 we can write

(=17 325 QXY
Ay (v)

where @ (v) = 2v+1)2v +3)(2v +5)(2v + 7) and

Gy(v) =

Qi (v) = 21761 4 153602 + 320v, Q3(v) = 235202 + 672v, Q3(v) = 840v,
Qi(v) = 105.

For m = 5 we can write

(~1) T3, QX
()

where @ (v) = 2v+1)2v+3)2v +5)(2v + 7)(2v +9) and

Gs(v) = (A.2)

Q7 (v) = 1269761 4 1720320° + 8806412 + 16128y
Q3(v) = 1516801° + 12096002 + 29760v, Q}(v) = 6552002 + 20160,

Q(v) = 12600v, Q3(v) = 945.

For m = 6 we can write

(17 Y5, QX

gﬁ(y) = %(V)

(A.3)
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where
(V)= 2v+1)2v+3)(2v +5)2v + 7)(2v + 9)(2v + 11) (A4)
and
Q%(v) = 113213441° 4 248381440 + 2257510413 + 970342412 + 1612800v
Q5(v) = 1458124811 4 220999683 + 1301836812 4 2838528y
QS(v) = 71491200% + 614592002 + 1657920v, QS(v) = 171864002 + 554400v,
QS(v) = 207900v, QS(v) = 10395.

For m = 7 we can write

(—1) >, QXY
o7 (v)

G (v) =
where o7(v) = (2v +1)(2v 4+ 3) --- (2v + 11)(2v + 13) and

QY(v) = 14315683841/° 4 46133084161° + 64567705601 4- 47716761600>
+ 181942681612 + 280203264,
Qi (v) = 19568640000° + 47607705600 + 48949555200° + 243489792012
+ 4822272000,
Q% (v) = 10532121600 + 17181964801 + 11031820802 + 265224960,
QI(v) = 29309280012 + 2652249601% + 75915840v, Qf(v) = 4540536012 + 15135120v,

QL(v) = 3783780v, QI(v) = 135135.

For m = 8 we can write

(17 Y5, QX

gS(V): %(V)

where o3(v) = (2v +1)(2v + 3) --- (2v + 13)(2v + 15) and

QS (v) = 2436809359361 + 10820989747200° + 21473434009601°
+ 23855628288000 + 15367036272641° + 5353439232001/
+ 77491814400v,

QS (v) = 3497538846725 4 12401609932801° + 1938656870400

+ 16270766899200° + 7188251566082 + 131695534080v,



72

Q5 (v) = 2024683315200/° 4 5287893811200 + 5894325964801°

+ 3208530124801% + 701955072000,
QY (v) = 626968742400 + 1077966489601° + 7343271936002 4 18819440640,
QS (v) = 114162048001° + 1072431360002 + 3199996800,

QS (v) = 124107984002 + 423783360v, Q5(v) = 75675600v, QS(v) = 2027025.

For m = 9 we can write

(~1) T, Q¥
()

Go(v) = (A.7)

where % (v) = 2v+1)2v+3)--- (2v + 15)(v + 17) and

QY (v) = 537255278018561° + 3141952287539200" + 8368938224189441/°
+ 12936786057625600° + 12351270383779841* + 7187479920640001/°
+ 2330411831132161% 4 32032902021120v,

Q3 () = 803467493376000" + 3899034147225600° + 8554922233036801/°
4 10644135749222400* + 7794723869491201° 4 3144415813632001/°
+ 54011794636800v,

Q3 (v) = 493503472435200/° + 1872776621260800° + 3158253794918400"
+ 2881854410342400° + 1395226881024001% 4 28247291043840v,

Q}(v) = 166053049344000° + 456950275891200* 4 539740131840001/°
+ 3127648462848012 + 7309641830400,

Q2(v) = 3401025788160v* + 60833841868801> + 4328471347200/
+ 1160924244480,

Q3 (v) = 4399044249600 + 4252017369601 + 130853923200v,

QY(v) = 3550699152002 + 12350257920v, QY (v) = 1654052400v,

QY (v) = 34459425.

For m = 10 we can write

(—1)/ 2]1-021 Q;° X7
ho(v)

Gio(v) =

where #1p(v) = 2v+1)2v+3)--- (2v+ 17)(v + 19) and
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Qi%(v) = 148935091777699841° + 1108837080886149121/°
+ 381139340123701248v7 4 7789570627416883201/
+ 10227828300667944961° 4 8738123495956807681
4 4694411895316152320° + 1434644843436441601°
+ 18869769201254400v,

P(v) = 230742960510074881° + 14658304087582310417

+ 4281303637882306561° 4 7331769628753920001/°
+ 7845934113490206720* + 5189116259661250561°
+ 19456497405060710412 + 31648507196866560v,

Qi (v) = 148930249565798401 + 771076263444480001/°
+ 1816957530793574401/° 4 2443897074666700801/*
4 1947861777572659201° + 861363013342003201/
+ 16344496001433600v,

10(v) = 53600110087372801/° 4 214105905428889601° + 38191786546421760*

+ 370193971462963200° + 1910906555099136002 + 4137013456773120v,

Qi%r) = 12027130262784001° + 34459122926592000* + 42531657831936001°
+ 2581732132761600% + 632775890073600v,

Q% (v) = 1765387034611200* + 3257010018662400> + 2396385236044801/°
+ 66507903221760v,

Q3(v) = 171242207136000° + 1692867496320002 + 5335605475200,

Qi%(v) = 10685178504001% 4 377123947200,

Q%) = 39283744500v, Q1Y(v) = 654729075.
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Appendix B

Jacobi Polynomials for 1 < m < 10

By making the substitutions a = =k, b=k +a+ 5+ 1 and ¢ = a + 1, we can transform

the hypergeometric series into Jacobi polynomials. The first three Jacobi polynomials are

given by
X C3X2—(a+38+2)X
‘%)1(X)_m’ Ha(X) = Ya+1D)(a+2) (B.1)
By(X) = —15X3 +15(a + 38 + 2) X2 — (402 + 303 + 3082 + 20a + 603 + 24) X
s 8(ar+ 1)(a + 2)(er + 3)
(B.2)
For m = 4 we can write
! Q¥ B)
Fi(X) = Z(—w%w (B.3)

J=1

where @) (a) = (o + 1)(a + 2)(a + 3) (e + 4) and

Q1(a, B) = 340> + 462026 4 1050032 + 63052 4 30602 + 2184a + 231052 + 884«
+ 2604 + 816,
Qi(a, B) = 147a% + 105008 + 115532 + T1da + 23108 + 924,

Q3(a, B) = 210a + 6308 + 420, Q1(a, B) = 105.

For m = 5 we can write

&, @eB)
K5(X) = Z(—l)]m)(] (B.4)
=1
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where @%(a) = (o +1)(a+2)--- (o +5) and

Q3 (a, B) = 496a* + 105600> 3 + 4032002 3% + 52920052 4 226808* + 69440 + 86400023
+20412003% + 12852083 + 3521602 4 23928003 + 26208052 + 76384
+ 220320 4 59520, (B.5)

Q5(a, B) = 237003 + 29610025 + 72450032 + 4725083 + 2025002 + 15120008 + 1770303

+ 616200 4 2028608 + 64080, (B.6)
Q3 (a, B) = 409502 + 2835003 + 330754 4 195300 4 661503 + 26460, (B.7)
Q5(a, B) = 3150c + 94508 4 6300, Q3(c, B) = 945. (B.8)

For m = 6 we can write

where % (a) = (o +1)(a+2) - (o + 6) and

QS(a, B) = 11056a° 4 3384480 + 19074000 8% + 40748400233 + 374220006
+12474008° + 221120a* + 41846640>3 + 163864800232 + 22370040033
+99792008* + 17136800> + 19813992028 + 478420803 + 311850003°
+ 641248002 + 417948960/ 4 467676003% + 115424640 + 326620803
+ 7960320, (B.10)

QS(a, B) = 56958a* 4+ 108702003 + 43936200232 + 619542005% 4 28482303%

+ 7437540 + 9465390028 + 24358950032 + 166943705 + 390007202
+ 2896344003 + 3517668032 4 93215760 + 304009203 + 8347680, (B.11)

QS(a, B) = 11170503 + 1320165028 + 3378375032 + 23388754 + 9236700

+ 70686003 + 887733052 + 2895420« + 102702608 + 3259080, (B.12)

QS(a, B) = 10741502 + 72765003 + 88357532 + 505890 + 176715083 + 706860, (B.13)

Q%(av, B) = 519750 + 1559250 + 103950, (B.14)

Q%(a, B) = 10395. (B.15)
B.0.1 Jacobi Polynomials Cases m =7 and 8

For m = 7 we can write
U Q7 (a, B) .
Fr(X) =Y (—1) L xI B.16
1) = (1P (B.16)

j=1
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where o (a) = (a+1)(a+2)--- (o + 7) and

Q(a, B) = 3495040° 4 14523600a° 8 4+ 1121920800t 8% + 3445041600° 33
+ 505945440028 + 356756400a8° + 972972008° + 9436608a°
+ 2508979200 3 + 14347132800 32 + 3165402240253
+ 300972672005 + 10378368005° + 1031036800
+ 17790645600° 8 4 704455752002 5% 4 9884674800a,5°
+ 45470224808* + 5819241600 + 6349324800023
+ 1550508960032 + 103610707208° + 1783868416
+ 1124174688003 + 1274521248032 + 2805818112a
+ 78110323208 + 1761500160,

Q¥(a, B) = 1911000a° 4 5147142008 + 30294264003 5% 4 68864796002 33
+ 67351284003 + 2383781405° + 351624000 + 6691284600°3
+ 2816753940025 4 41464823400 + 19854034205 + 2776846800°
+ 344852508002 + 9116507400032 + 646593948032 + 11250657600
+ 814581768005 4 1009368360032 + 22793534400 + 7300893600
+ 1820407680,

Q(a, B) = +4114110a* 4 72882810035 + 30459429002 5% 4 45216171003
+ 2194592408 + 51381330a° 4 65918853008 + 1799187390052
+ 13148635504° 4- 27399372002 + 215819604003 + 282810528032
+ 6982575600 + 24854029208 4 639008320,

QI(a, B) = 45795750 + 52026975023 + 13716202506 4 9932422553
+ 370269900 + 28756728003 + 38026989032 + 118258140
4 44270226073 + 140900760,

Q(a, B) = 283783502 + 189189008 + 2364862552 + 13243230
+ 472972508 + 18918900,

Qi(a, B) = 9459450 + 1891890 + 283783583, Q1(a, ) = 135135.

For m = 8 we can write

: S0, 8)
M) = Y o B17)
j=1



77
where o%&(a) = (a+1)(a+2) - (o + 8) and

Q% (a, B) = 14873104a" + 804913392055 + 8117600400a° 32
+ 3340320984001 5% + 6943776840003 1 + 7741613880002 5°
4 442702260000,3° + 1021620600087 + 5205586400°
+ 184445415360° 5 + 1433183824800* 52 + 4518568454400 33
+ 6840317484000 8% + 4971886920003 + 139621482000.3°
+ 76001561440° + 1814648671200 8 + 10401132268800 32
+ 234461170944002 83 + 2288462576400a5* + 810712702800,3°
+ 59864243600a* + 9619956432000 5 + 382013337888002 32
+ 54630085910400/3% + 25728947244005* + 2740220680960
+ 285672439084802 8 + 7012545583680a,57 + 47711952288005°
+ 7266998614400 4 445675793126405 4 50938484688003
+ 1030170675456« + 28285651699208 + 599683553280,

Q5(a, B) = 85389132a° 4 3078752040a° 5 4 245630385000 32
+ 796085690400 3 4+ 1237398762600 3% + 92189097000 3°
+ 264891627003° + 20983170960° + 553625982000 3
+ 3366036273600> 3% + 7944078542400 3% + 8057991942000 3*
+ 2951510562006° + 230909878200 + 4220419694400 3
+ 181006701876002 5% 4 274208158224003% + 1353354862860
+ 139135401360a° + 166217602824002 3 + 4448249966160, 52
+ 32296162298403% + 4720783234080 + 33184825128000,3
+ 41549601693603% + 843310275264 + 26499755318404
+ 614324632320,

Q5 (a, B) = 1977229800° 4 48708059400 3 + 2936213280003 52
+ 6977290320002 5% + 7164587430005 + 266188923003
+ 34461063000 + 652507455600 3 + 2885748465600 52
+ 449788739400a,3° + 2278997721003* + 273875565600
+ 3562288329600 3 + 10066692636000,3% + 7628965344005°
+ 1168908249600 + 91227152016003 + 1222109048160

+ 2573477524800 4+ 9034412587205 + 228366552960,
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Q% (a, B) = 2449096650t 4 4110806700035 + 1754727975002 52
+ 2707294590082 + 137209322255* + 2966303340a>
+ 3812158350002 5 4 108613404900a,3? + 834891057005°
+ 1595980386002 + 13107554460003 4 1821376557002
+ 425671646400 + 1618809192003 + 45161035920,
Q% (a, B) = 178378200 4 1967565600025 + 5297292000032 + 39729690003
+ 141891750002 + 1112431320003 + 1530539010052 4 45891846000
+ 178972794003 + 5708102400,
Q% (ar, B) = 775674900 4+ 51081030003 + 65270205052 4 359459100
+ 13054041008 4 522161640,

Q% (a, B) = 18918900cx + 37837800 + 567567008, QS(cv, B) = 2027025.

B.0.2 Jacobi Polynomials Case m =9

For m = 9 we have
9
Ro(X) = JZ(—DJ'WXJ' (B.18)
where (o) = (a+1)(a+2) - (a+9) and
Q(a, B) = 8197864960° + 559944422400 5 + 7120372915200 52
+ 3751484405760a° 3% + 103107010406400* 8* + 161082649728000> 5°
+ 14449801766400a% 35 + 6947020080000a87 + 1389404016000,
+ 360706058240 + 1639729282560 3 + 165150011520000° 52
+ 694377479577600* 3 + 1482383814912000° 5%
+ 16985133285120002 5% 4 99759208348800,3% + 236198682720003"
+ 6771436456960° + 212813905843200° 8 + 1645351560422400* 52
+ 5273330235264000° 33 + 81633440528640002 5
+ 60770767337280003° + 1747870252128003% + 7069838741504
+ 1555167125529600 5 + 8875846242432000° 32

+ 2028913737177600% 3% + 2019774412656000c¢5*



Q5(a, B)

Q3(av, B)
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+ 7311043932192005° + 448005122199040* + 6811753445529600° 3

+ 27008085057484800 4% + 391351508481024005°

+ 18770292494553603 + 1759884858152960° + 1769425821911040023
+ 435125857870080003% 4 30000819893990403% + 4172746056099840/
+ 25028658904780800,3 + 287509498569216052 + 544089018249216cx
+ 14765246847590403 + 297484123668480,

= 490397640007 + 2278296194400° 3 + 2351168099280a.° 32

+ 101408482375200* 2 + 221914653760800> 8% + 260284993768800>3°
+ 15625833022800013% 4 377620162920037 + 1548765429600

+ 5389032561120a° 8 + 441102081420000* 32 + 1477328295643200 53
+ 23730414107400002 8% 4 1824327170265600,3° + 539932324932003°
+ 22560786808800° + 564163362108000* 8 + 3470275203595200° 32

+ 8387963633649600% 8% + 8737946051234408* + 3287319977541603°
+ 18754423208400a* + 3260504904883200° 3 + 14061273924297600% 32
+ 217028818214208003% 4+ 10955784784744803* + 937262705222400>
+ 10765720822262400% 3 + 289289133413280005>

+ 21343574591539203% + 2778644225712000° + 18996669896256000.3
+ 239036639665824032 + 4488533590233600r + 13856472304012803

+ 303030271272960,

= 1204842462005 4 3926737105200° 3 + 3183233032980c* 52
+1071958279392003 8% + 1740992150898002 3* + 135624026538000¢3°
+ 40704851187003% + 2782042146000 + 7227716113800* 3

+ 457980277154400> 32 + 113743559769840% 53

+ 121498804987560a, 3 + 467823910554005° 4 30546424102200

+ 578766367670400° 3 + 26323440811668002 5% + 4235150445926400,33
+ 2214026050836603" + 191977549639200> + 2446745852023200%3

+ 7024039743520800,5” + 5451299089236005° + 6998222197896002

+ 533641686308640a,5 + 72227803880232052 + 1371382078435200

+ 4724610013468804 + 111390110012160,
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Q3(a, B) = 16216118100a° + 3740455719000 3 + 22862679840000° 52

+ 56155078980000 3 + 5994699410700a3* + 23185679517005°
+ 2721871315800 4 51082835403600> 5 + 234095830768800 3
+ 381631239990003% + 202551121773006* + 21650721674400°
+ 290716984958400° 3 + 86484629190960a.52 + 69155930844000.3°
+ 958220512704002 + 79140820318560a.5 + 1128136515105605>

+ 22449567722400c¢ + 846537402110408 + 21595548723840,

Q2(a, B) = 132852569850t 4 214061948100a° 3 + 9267517759500 32

+ 1473347175300a8% + 7735796318253* + 1573647075000
+ 20200114935000% 8 + 59464562157005% + 47616033465005°
+ 8507986086600 + 720808468380003 4 1049620301730032

+ 2347504679520 + 94049419464008 + 2635567094160,

Q3(a, B) = 68735066400 + 7410154752002 3 + 20262141900003>

4 1563079518005 4 5400481086002 + 42608389824003
+ 6049696653005 4 1762300940400 + 7097538848403

+ 226715448960,

Q2(a, B) = 221918697002 + 1447295850003 + 1881484605032

+ 10227557340 + 376296921005 + 15051876840,

Q(a, B) = 4135131000 + 827026200 + 12405393003, QF(cv, B) = 34459425.

B.0.3 Jacobi Poylnomials Case m = 10

For m = 10 we can write

10 10(q,
o) =3 (1) (B.19)

j=1

where #p(a) = (o +1)(a+2) -+ (v + 10) and

10

1

(o, B) = 56814228736 + 4778633088768 3 + 74633142796800a" 52

+ 487475148142080a5 8% + 16950921466752000° 5
+ 3469875535526400a* 8% + 43306399936800000 5°

+ 324703718539200002 87 + 13463324915040000 58
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+ 2375880867360005° + 3067968351744a° + 17385577781913607 3
+ 2194598552616960a° 32 + 117658287863424000° 3°
+ 33104930511744000a* 3* + 530161683026976000> 5°
+ 48739498936128000a%3° + 23996396760336000a,37
+ 49101537925440008° + 719268135797760"
+ 287069794838937605 5 + 285895085529984000.° 32
+ 121665277240012800a 3 + 2647302305225760000> 34
+ 309838665815078400023° + 18596610376344000003°
+ 4498334442201600087 + 9592514379786240.°
+ 275264682864460800° 8 + 210622160970009600a* 32
+ 681566145927408000a° 3% + 10725436294896960000% 3*
+ 8136433237828896003° + 2386515762671040003°
+ 80044998723863040° + 165240797441217792a 8
+ 9361674035552832000° 32 + 21592019765083219200%33
+ 2181898655068204800a,5% + 8035945628911200003°
+ 432450592300661760* + 6293163619465175040°3 3
+ 24859787046590630400% 8% + 3635675466101280000a3°
+ 17688868464234240005 + 150885183364834304°
+ 147311831326885478402 3 + 36222324633581184000,3
+ 25225161872238720003° + 326894073190557696>
+ 192489884058479616003 + 221812577686425600032
+ 3976905108754022400 + 1068445840289587200.3
+ 206167473237196800,
(e, B) = 352085816208a° 4 20473784409120a7 3 + 264330028421760a5 52
+ 14509846408075200° % 4 41782930930540800* 5
+ 68410912561992000° 3° 4 642204369686880002 3°
+ 3224598310533600a 87 + 6721291548972005% 4 138819151702567
+ 6145194537132000° 8 + 64681678944640800° 3
+ 287139725901756000* 33 + 647356225010695200° 5

+ 7815148985924280002 3° + 48222367723530000c3°
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3

(o, B)
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+ 1196020314248760087 + 2580029503299360°

+ 84131842022995200° 3 + 69251606294077200a* 3

+ 2365542439723008000° 3% + 3889964452799224800° 54
+ 30636242107511040008° + 928551754366236003°

+ 28159160221365600° 4 663433369544652000 3

+ 407974868796096000a> 52 + 1000561231249070400% 53
+ 106270396027227432003* 4 4082497779011652003°

+ 192626342511462720* + 3193345571896636800° 8

+ 13752400698691334400° 3% 4 214837718645860128003
+ 11030610840297048008* + 834923206874144640°

+ 9258077409716688000% 3 + 248730913754461152003>
+ 18557879861246544003% + 2222481529618909440>

+ 14825511921025612800.5 + 1869156729701654400.3

+ 330442369574607360c + 1004118444529804800.3

+ 209203169566003200,

= 9089981052600 + 378126953479800° 3 + 3938146182243000° 32
+ 1755605382230700a* 3% 4 39973505945373000° 5*

4 48853028957733000%3° + 30544289861085000,3°

+ 76780078625250037 + 26794117064400a° + 910281491728560a° 3
+ 7711733695236480a* 32 + 270341580901392000° 33

+ 45534353935870800a% 8% + 36669049893075600a,3°

+ 113468424693624005° + 3866679881059800°

+ 9938616241724100a* 3 + 643854846610357200° 52

+ 1643972940079470000 3% + 18062484055605990003*
+ 714741096798729003° + 33250917073038000

+ 61137377055568800° 3 + 28091302421947128002 52

+ 461032049043165600c 3% + 24653213111627100058*

+ 1768495293949944003 + 2184217775037295200° 8

+ 6302476993196311200,3% + 4967981035797780003°

+ 5690339908789200002 + 42275940585377184003
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+ 57441896290331280052 + 101282991185819520cx
+ 3423488205826080005 + 76328102973427200,

(e, B) = 130859643768005 + 395454774078000° B + 3230241202188000* 32

~—

+ 11189791296684000> 5% + 188203705850160002 3
+ 152130228950700003° + 4738143369960005° + 289257229737000°
+ 738399720813300a* 8 + 48176065283346000> 3

+ 124529627199978000% 33 + 138786405186429000:5*
+ 55740883583385003° + 315743221022460a*

+ 6125130648327600a° 8 + 291425026899006000/ 32
+ 4922974959182280003% + 270051780353355003*

+ 20420618338058400> + 273213440073756000 3

+ 82945217108754000a 3 + 680208511682700003°

+ 785400861520968002 + 6382345306493520003

+ 9203662790922600052 4 16528261328288640¢

+ 6127407042120000085 + 14613015545049600,

10(q, B) = 11745244397250° + 25758569511675a* B + 1587434290942500% 3

~—

+ 39996744462675002 33 + 4407341504816250,3*

+ 1763349081243753° 4 19180744578450a* + 3563856219924000° 3
+ 167732946591210002 8% + 283534354303200003°

+ 15644554828402503* + 1523270444787000>

+ 20926703857059000%3 + 648510807434490003>

+ 54216674296785005° 4 6922660816890000

+ 597690823930200003 4 89645662083978003>

+ 17023530524364000 + 68008332748356003 + 1746421001488800,

QL%(a, B) = 6896043103950 4 10761127076700c B + 47050140787650a% 32

~—

+ 76611158523900a8% + 414266727624758* + 8032041697680
+102844843101000a2 8 + 310624424510400c3% + 2572770994794003°
+ 435387851098200% + 377810103270600a.3 + 5716491932151003>

+ 123320229112080cr 4 5153713008444005 + 144909876711600,
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P(a, B) = 2675659486500° 4 283235797845002 5 + 78371070277500,3>
+ 61871897587503% + 2082038458500a% 4 164991726900000,3
+ 240337948851003% + 6838863431400c + 28268582542200.3
+ 9040499067600,

O(a, B) = 6678236565002 + 432121189500a.3 + 5696142952503
+ 306413207100 4 1139228590500 + 455691436200,

(e, B) = 98209361250 4 19641872250 + 2946280837543, Q15(a, B) = 654729075.
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Appendix C

Hypergeometric Series for

0 <m < 10

We can obtain the hypergeometric series using and similarly to for
6 < m < 10. Indeed, choosing values of m,i and j and substituting them into and
allows us to establish the coefficients b" and d;;. The coefficients d;; can also be
calculated using the product . The coefficients cgn(a, b, c) are obtained from b]" and

d;; using the formula

m 1—1
Mabye) = (1) (=2) b dji [J(e+p) 7" (C.1)
i=j p=0

Once the coefficients c}”(a, b, ¢) have been established, substitution into the summation
Fm(X;a,b,¢) = c'(a,b,0) X7 (C.2)

gives us the hypergeometric series for suitable choice of m. The polynomials that emerge

are of the form

RBom(X;a,b, c) Zc mel (C.3)

where & = c(c+1)(c+2)---(c+m —1) and q*(a, b, c) is yet to be established.

For m = 6 we can write

6 6
ql(a,b,c) !
(X; 277X 4
He(X;a,b,c) g c? 2 2 7(0) (C4)
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where o%(c) = c¢(c+1)(c+2)---(c+5) and
cS(a,b,c) = —1247400a° — 6237000a*b + 2494800ac — 12474000ab? + 9979200a3bc
— 1580040a3¢* — 12474000420 + 14968800a2b*c — 4740120a%bc® + 33792002 ¢?
— 6237000ab* + 9979200ab®c — 4740120ab*c? + 675840abc® — 16368ac
— 12474006° + 2494800b" ¢ — 1580040b%c? + 337920b%c® — 16368bc” + 32¢°
— 6237000a" — 24948000a°b + 1072764003 c — 37422000ab? + 32182920a°bc
— 5425200a%¢? — 24948000ab® + 32182920ab’c — 10850400abc? + 784608ac>
— 62370000 + 10727640b%¢ — 5425200b%¢? + 784608bc® — 15888¢* — 128898004
— 38669400ab + 17878080a%¢ — 38669400ab® + 35756160abc — 6377448ac?
— 12889800 4 17878080b%¢ — 6377448bc? 4 449408¢> — 13404600a>
— 26809200ab + 13442088ac — 134046000 + 13442088bc — 2525088¢>
— 68349600 — 6834960b + 3805616¢ — 1326720,
cS(a, b, c) = 2848230a* + 11392920a®b — 5197500a>c + 17089380ab?* — 15592500abc
+ 2896740a%¢? + 11392920ab® — 15592500ab’c 4+ 5793480abc? — 506880ac’
+ 2848230b% — 51975000°¢ + 289674062 — 506880b¢> + 16368¢* + 104989504
+ 31496850a%b — 15925140a°¢ + 31496850ab? — 31850280abc + 6557760ac>
+ 10498950b% — 159251400%¢ + 6557760bc? — 615648¢> + 1521135042
+ 30422700ab — 17128980ac + 15211350b% — 17128980bc + 3928188¢?
+ 98158504 4 9815850b — 6290988¢ + 2239380,
cS(a,b,c) = —2338875a> — 7016625a%b + 3638250ac — 7016625ab* + 7276500abc
— 1580040ac? — 2338875b° + 3638250b%¢ — 1580040bc? + 168960¢® — 549895502
— 10997910ab + 6569640ac — 5498955b% + 6569640bc — 1659240¢? — 45218254
— 4521825b + 3138630¢ — 1175625,
cS(a,b,c) = 8835754 + 1767150ab — 1039500ac + 883575b% — 1039500bc + 263340¢>
+ 1039500a + 1039500b — 748440¢ + 308385,

S(a, b, ¢) = 103950c — 51975 — 1559250 — 155925, cS(a, b, ¢) = 10395.

C.0.1 Hypergeometric Series Case m =7

For m = 7 we can write

%(X;a,b,¢) i&xl 6(0,0.0) g (C.5)
7 ;a7 7C = = o7 7/ .N\ *
=1 l = 27e(c)
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where @7 (c) = c(c+1)(c+2)---(c+6) and

cl(a,b,c) = —97297200a° — 583783200a°b + 227026800a°c — 1459458000ab?
+ 1135134000a*be — 181621440a*c? — 1945944000435
+ 2270268000a3b%¢ — 726485760abc? + 576576004 >
— 1459458000a2b* 4 2270268000a%b%c — 1089728640a2b%c?
+ 172972800a2bc — 6246240a%c* — 583783200ab” + 1135134000ab*c
— 726485760ab3c? 4+ 172972800ab’c® — 12492480abc* + 131040ac”
— 972972006° + 227026800b°c — 181621440b*c? + 57657600b° >
— 6246240b%¢* + 131040bc” — 64¢® — 6810804000 — 3405402000ab
+ 14075661604 c — 6810804000a>b* 4 5630264640a°bc
— 951350400a3¢? — 6810804000ab® + 8445396960a>b%c
— 2854051200a%bc? + 233513280ac® — 3405402000ab®
+ 5630264640ab®c — 2854051200ab>c® + 467026560abc® — 16117920ac?
— 6810804000° + 14075661606 c — 951350400b%¢? + 233513280b2¢
— 16117920bc* 4+ 129696¢° — 20432412000 — 8172964800a°b
+ 358558200043 ¢ — 12259447200a%b% + 10756746000 >bc
— 1910868960a’c® — 8172964800ab® 4+ 10756746000ab’c
— 3821737920abc?® 4 317247840ac® — 20432412006 4 35855820006%¢
— 1910868960b%¢? 4 317247840bc® — 9882880¢* — 3297294000a°
— 9891882000a2b 4 462053592042 ¢ — 9891882000ab? + 9241071840abc
— 1721472480ac® — 32972940006° + 4620535920b%c — 1721472480bc>
+ 141345120¢% — 29621592004 — 5924318400ab + 2975001120ac
— 29621592006% + 2975001120bc — 580436416¢> — 13759200004
— 13759200006 + 759394944¢ — 251642880,

cl(a, b, c) = 238378140a° + 1191890700a*b — 518377860ac + 2383781400a°b?
— 2073511440a%bc 4 3783780000 c? + 2383781400a°b?
— 3110267160a%b?c 4+ 1135134000a%bc® — 105705600a2¢>
+1191890700ab* — 2073511440ab>c + 1135134000ab?c?

— 211411200abc® + 9369360ac* + 238378140b° — 518377860b% ¢



ci(a, b, c)

ci(a,b,c)

ct(a, b, )

cg(a, b, c)

c;(a, b, c)
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+ 378378000b%c? — 1057056000 ¢ + 9369360bc* — 131040¢°

+ 1311890580a* + 5247562320ab — 2478375900a>c 4 7871343480a°b?
— 7435127700a%be + 1471710240022 + 5247562320ab’

— 7435127700ab’c + 2943420480abc? — 292612320ac® + 13118905806
— 247837590063 ¢ + 14717102400%¢ — 292612320b¢> + 12994800¢*

4 3008105100a> + 9024315300ab — 4632487860a°c 4 9024315300ab>
— 9264975720abc + 1990628640ac? 4 30081051006 — 4632487860b¢
+ 1990628640bc* — 210100800¢® 4 34909875000 + 6981975000ab

— 3931707780ac + 34909875000 — 3931707780bc 4+ 9245964002

+ 19859439600 + 1985943960b — 1254762600¢ + 421686720,

= —219459240a* — 877836960a°b 4 4256752500 ¢ — 1316755440a°b?
+ 1277025750a%bc — 264864600a%c* — 877836960ab’

+ 1277025750ab%c — 529729200abc?® + 57657600ac® — 2194592406

+ 4256752500 — 264864600b%c? + 57657600bc® — 3123120¢"

— 8627018400 — 2588105520ab + 1398106710a%c — 2588105520ab>
+ 2796213420abc — 648648000ac? — 8627018400 + 1398106710b%¢

— 648648000bc? + 78318240¢® — 13335121804 — 2667024360ab

+ 1608556950ac — 13335121800 + 1608556950bc — 4195791602

— 913512600a — 9135126000 + 625554930¢ — 217477260,

= 99324225a> + 297972675a%b — 160810650a’c 4 297972675ab?

— 321621300abc + 75675600ac? + 993242250 — 160810650b°¢

+ 75675600bc — 9609600¢> + 2431078654 + 486215730ab

— 302702400ac + 24310786502 — 302702400bc + 828828002

+ 207161955a + 207161955b — 149219070¢ + 55090035,

= —23648625a2 — 47297250ab + 28378350ac — 23648625b

+ 28378350bc — 75675602 — 283783500 — 28378350b 4 20810790¢

— 8513505,

— —1891890c + 945945 + 28378354 + 2837835b,

= —135135.
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C.0.2 Hypergeometric Series Case m =8

For m = 8 we can write

8 8
q (a7 b7 C)
(X b) =3 X! =3 GO
=1 =1

where @& (c) = c(c+1)(c+2)---(c+7) and

~

3 (a, b, c) = —10216206000a" — 71513442000a°b + 27243216000a°
— 214540326000a°b% + 1634592960004 bc — 26335108800a° ¢
— 357567210000a*b> + 408648240000a*b*c — 1316755440000 bc?
+ 11156745600a*c® — 357567210000a°b* 4+ 544864320000a3b3¢
— 263351088000a3b%¢? + 44626982400a3bc® — 197621424003 c*
— 214540326000a2b° 4 408648240000a2b*c — 263351088000a2b3 2
+ 66940473600a°b*c® — 5928642720a%bc* + 1137427200
— 71513442000ab° + 163459296000ab’c — 131675544000ab ¢
+ 44626982400ab®c® — 5928642720ab’c* + 227485440abc”
— 1048512ac® — 1021620600067 + 272432160006°¢ — 263351088006
+ 11156745600b%c® — 197621424063 c* 4 113742720b%c® — 104851255
+128¢” — 9535125600008 — 572107536000a°b + 2297511216004’ ¢
— 1430268840000a*b? + 1148755608000 be — 1942052112000 ¢
— 1907025120000a6° + 2297511216000a°b%c — 776820844800a>bc>
+ 6809074272003 ¢> — 1430268840000a%b* + 2297511216000a2b%c
— 1165231267200a2b*c? 4 204272228160abc> — 901371744002 ¢
— 572107536000ab’ + 1148755608000ab*c — 776820844800ab?
+ 204272228160ab?c® — 18027434880abc* + 312918336ac”
— 953512560006° 4 2297511216006°¢ — 1942052112006
+ 6809074272003 c® — 9013717440b%¢* + 312918336b¢” — 1044928¢°
— 3909401496004 — 1954700748000a*b + 8259883632004’ ¢
— 3909401496000ab* + 3303953452800a°bc — 5840123889604 >
— 3909401496000a2b> + 4955930179200ab*c — 1752037166880a>bc>

+ 1574927827200 — 1954700748000ab* + 3303953452800ab’c



c3(a,b,c

~—
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— 1752037166880ab*c? + 314985565440abc® — 13516963680ac”

— 390940149600b° + 825988363200b*c — 5840123889606

+ 1574927827206%¢3 — 13516963680bc* + 199216832¢°

— 899026128000a* — 3596104512000ab + 1600361642880a>c

— 5394156768000ab* + 4801084928640a>bc — 8854561497604 ¢?
— 3596104512000ab> + 4801084928640ab’c — 1770912299520abc>
+ 161448560640ac® — 8990261280006* + 1600361642880b%¢

— 885456149760b%¢% + 161448560640bc® — 6479209600¢*

— 1234344711600a® — 3703034134800a2b + 1743101156160a°c

— 3703034134800ab? + 3486202312320abc — 670323127008ac?

— 1234344711600b% + 1743101156160b%¢ — 670323127008b¢>

+ 60890641472¢® — 9965238192004 — 1993047638400ab

+ 1002217800384ac — 996523819200b% + 1002217800384bc¢
—201007582912¢% — 4303612252800 — 4303612252800

+ 235999502208¢ — 74960444160,

= 26489162700a° + 158934976200a°b — 667458792000 ¢

+ 397337440500ab* — 333729396000a*bc + 601318317604 ¢

+ 529783254000a°b% — 667458792000ab%¢ + 240527327040a>bc>
— 2324322000063 ¢ + 397337440500a2b* — 667458792000a%b%c
+ 360790990560a%b%c? — 69729660000a2bc® + 36230594404

+ 158934976200ab® — 333729396000ab*c 4+ 240527327040abc?

— 69729660000abc> + 7246118880abc’ — 170614080ac”

+ 264891627000° — 667458792006 ¢ + 60131831760b*

— 232432200006 ¢ + 3623059440b%c* — 170614080bc” + 10485125
+ 202961959200a° + 1014809796000a*b — 4564903543200 ¢

+ 2029619592000a3b% — 1825961417280a3be + 3519239724004 ¢
+ 2029619592000a%b% — 2738942125920a2b%¢ + 1055771917200abc?

— 108097909920a°¢c? + 1014809796000ab? — 1825961417280abc



cg(a, b, c)
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+1055771917200ab*c? — 216195819840abc® 4 11544361920ac?

+ 2029619592006° — 456490354320b*c 4+ 3519239724005 2

— 108097909920b%¢3 + 11544361920b¢* — 256046976¢

+ 671295544920a* + 2685182179680a>b — 1293090598800a°¢

+ 4027773269520a%b* — 3879271796400abc + 7991328945604 c>
+ 2685182179680ab — 3879271796400ab’c + 1598265789120abc>
— 172797075360ac® + 6712955449200 — 1293090598800b°¢

+ 7991328945606 ¢ — 172797075360bc + 9339474000

+ 1202333932800a> + 3607001798400a%b — 1867327141680a>c

+ 3607001798400ab? — 3734654283360abc 4+ 825090673680ac>

+ 12023339328006% — 1867327141680b%¢ + 82509067368bc?

— 94050626400¢ + 1204736633100a® + 2409473266200ab

— 1355273534160ac + 12047366331006% — 1355273534160bc

+ 324052613328¢2 + 6239109240000 + 623910924000b

— 389735792064c¢ + 125035338960,

= —26618892300a° — 133094461500a*b + 61448587200a" ¢

— 266188923000a°b% + 245794348800abc — 49378329000a>

— 266188923000a2b% + 368691523200a%b*c — 148134987000a2bc?
+ 162702540000 c® — 133094461500ab* 4+ 245794348800ab3c

— 148134987000ab?c? + 32540508000abc® — 1976214240ac

— 266188923000° + 614485872000 ¢ — 493783290006

+ 16270254000b%c® — 1976214240b¢* + 56871360¢° — 1562538978004
— 625015591200a3b + 3147726582000 ¢ — 937523386800ab?

+ 944317974600a2bc — 207283035960ac? — 625015591200ab®

+ 944317974600ab’c — 414566071920abc? + 49496166720ac

— 156253897800b* + 3147726582000 — 2072830359606 >

+ 49496166720bc® — 3189382560¢* — 3828806982004

— 1148642094600a%b + 631036125720a%¢c — 1148642094600ab>



ci(a,b,c)

B(a,b,c)

cB(a, b, c)

c?(a, b, c)

cg(a, b, c)

92

+ 1262072251440abc — 303131588760ac® — 382880698200b°

+ 6310361257200 ¢ — 303131588760bc? 4 39395800080¢°

— 4746524983204 — 949304996640ab + 573222129480ac

— 474652498320b% + 573222129480bc — 151997194440¢>

— 287018631900a — 2870186319006 + 194085669960c — 63770452200,
= 13720932225a* + 54883728900a3b — 27810783000a>¢

+ 82325593350ab? — 83432349000a2be + 186540354004 >

+ 54883728900ab® — 83432349000ab’c + 37308070800abc?

— 4648644000ac® + 13720932225b* — 27810783000b%¢

+ 18654035400b%c? — 4648644000b¢® + 329369040¢* + 56416159800a°
+ 169248479400a%b — 957296340004 ¢ + 169248479400ab?

— 191459268000abc + 47999952000ac® 4 56416159800b°

— 957296340000 ¢ + 47999952000bc* — 6699813120¢°

+ 9107153055042 + 182143061100ab — 114978263400ac
+91071530550b% — 114978263400bc + 32437084680¢>

+ 648161514000 + 64816151400b — 46249323120¢ + 15832281465,

= —3972969000a° — 11918907000ab 4+ 6621615000a>c

— 11918907000ab? + 13243230000abc — 3291888600ac>

— 39729690006% + 6621615000b%c — 3291888600bc* + 464864400c°

— 1000809810042 — 20016196200ab + 12827014200ac — 1000809810052
+ 12827014200bc — 3702699000¢> — 8740531800a — 8740531800b

+ 6454047600¢ — 2359457100,

= 65270205042 + 1305404100ab — 794593800ac + 6527020506

— 794593800b¢ + 2194592402 + 7945938000 + 794593800b

— 590269680c + 240270030,

= 37837800c — 18918900 — 56756700a — 567567000,

= 2027025.
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C.0.3 Hypergeometric Series Case m =9

For m = 9 we can write

9 9
q (a7 b7 C)
(X b) =3 X =3 GO
=1 =1

where @ (c) = c(c+1)(c+2)---(c+8) and

~

c)(a, b, c) = —1389404016000a° — 11115232128000ab + 4168212048000a ¢
— 38903312448000a°b? + 29177484336000a°bc — 4723973654400a° 2
— 77806624896000a°b® 4 87532453008000a°b%¢
— 28343841926400a°bc? + 2509748841600a°c® — 97258281120000a*b*
+ 145887421680000a*b®c — 70859604816000a*b%c?
+ 12548744208000a*bc® — 628980992640a*c* — 77806624896000a°b°
+ 145887421680000abc — 94479473088000a°b%?
+ 25097488416000abc — 2515923970560a°bct 4 656274528004
— 38903312448000a%b° 4 87532453008000a2b° ¢
— 70859604816000a%b*c? 4 25097488416000a2b3 3
— 3773885955840a%b*c* 4+ 196882358400abc® — 205785408042 c®
— 11115232128000ab” 4 29177484336000ab’c — 28343841926400ab’c?
+ 12548744208000ab*c® — 2515923970560ab>c* + 196882358400ab’c”
— 4115708160abc’ + 8388480ac” — 13894040160006°
+ 4168212048000b" ¢ — 47239736544006°¢% 4 25097488416006° 3
— 6289809926400 c* 4 65627452800b%c> — 2057854080b%c°
+ 8388480bc” — 256¢® — 16672848192000a" — 116709937344000a°b
+ 45850332528000a5 ¢ — 350129812032000a°b
+ 275101995168000a°be — 46498721068800a° ¢
— 583549686720000a*b> + 687754987920000a*b%¢
— 232493605344000a*bc? + 21292726815360a* ¢
— 583549686720000a3b* 4 917006650560000ab3¢
— 464987210688000ab*c? + 85170907261440a>bc>

— 4320986342400a%c* — 350129812032000a2b°
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+ 687754987920000a2b* ¢ — 464987210688000a2b3 >

+ 127756360892160a2b%¢® — 12962959027200a%bc* + 3258555321604
— 116709937344000ab® + 275101995168000ab’c

— 232493605344000ab*c? + 85170907261440ab®c?

— 12962959027200ab’c* 4 651711064320abc® — 5879965440ac”

— 16672848192000b" + 458503325280006%c — 464987210688005° >

+ 212927268153600 c> — 432098634240063¢* + 3258555321606 ¢

— 5879965440bc® 4 8379264¢” — 89477618630400a°

— 536865711782400a°b + 220535909193600a° ¢

— 1342164279456000a"b* + 1102679545968000a be

— 193998733568640a"c* — 1789552372608000a°b>

+ 2205359091936000ab%c — 775994934274560a>bc?

+ 73091339193600a3¢> — 1342164279456000a%b*

+ 2205359091936000a2b3¢ — 1163992401411840a2b* >

+ 219274017580800abc® — 11117138304000ac?

— 536865711782400ab® 4+ 1102679545968000abc

— 775994934274560ab>c? + 219274017580800ab*c

— 22234276608000abc* 4 522460940160ac® — 894776186304006°

+ 2205359091936000° ¢ — 193998733568640b% ¢* 4 730913391936006° >
— 111171383040006%¢* + 522460940160bc® — 3822251136¢°

— 277139787724800a° — 1385698938624000ab + 595120996229760a’ ¢
— 2771397877248000ab? + 2380483984919040a>bc

— 435112417958400a>c? — 2771397877248000a%b*

+ 3570725977378560ab*c — 1305337253875200abc?

+ 125655887980800a%c® — 1385698938624000ab*

+ 2380483984919040ab®c — 1305337253875200ab?c>

+ 251311775961600abc® — 12505461772800ac* — 277139787724800b°
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+ 595120996229760b% ¢ — 435112417958400b%c? + 125655887980800b2¢>
— 12505461772800bc* + 262231699584¢° — 535661561635200a*
— 2142646246540800a°b + 963953135308800a°c
— 3213969369811200ab? + 2891859405926400a2bc
— 548686153240320a%¢? — 2142646246540800ab
+ 2891859405926400ab’c — 1097372306480640abc?
+ 107071527083520ac® — 5356615616352006* + 963953135308800b%¢
— 548686153240320b%¢% + 107071527083520bc® — 5080334565504¢*
— 653833881792000a% — 1961501645376000a%b + 928944047600640a>¢
— 1961501645376000ab® + 1857888095201280abc
— 365992663503360ac® — 6538338817920000 + 928944047600640b%c
— 365992663503360bc” + 35723983097856¢> — 485792480678400a>
— 971584961356800ab + 489150992931840ac — 485792480678400b>
+ 489150992931840bc — 100194972306944¢% — 197728328448000a
— 197728328448000b 4+ 107892845070336¢ — 33053791518720,

cS(a, b, c) = 3776201629200a + 26433411404400a°b — 10807578381600a°c
+ 79300234213200a°b* — 64845470289600a°bc + 11573735453280a° >
+ 132167057022000a*6% — 162113675724000a*b2¢
+ 57868677266400abc? — 5730593188320ac® 4 132167057022000a°b*
— 216151567632000abc + 115737354532800a°b> >
— 22922372753280a°bc® 4 1310377068000ac* + 79300234213200a%b°
— 162113675724000ab*c + 115737354532800a2b3 ¢
— 34383559129920a2b%¢3 + 3931131204000a?bc* — 1203169968004 ¢
+ 26433411404400ab° — 64845470289600ab’c + 57868677266400ab ¢
— 22922372753280ab®c® + 3931131204000ab’c* — 240633993600abc’
+ 3086781120ac® 4 3776201629200b7 — 10807578381600b°¢

+ 115737354532800°¢? — 5730593188320b%¢® + 131037706800063¢*
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— 120316996800b%¢> 4 3086781120bc° — 8388480

+ 38367399470400a° + 230204396822400a°b — 99828678549600a° ¢

+ 575510992056000ab* — 499143392748000a be

+ 94362145637760a" ¢* 4 7673479894080004>b

— 998286785496000a°b%c 4 377448582551040a>bc>

— 39340349848800a°c® + 575510992056000a2b"

— 998286785496000a2b%¢ 4 566172873826560ab>c>

— 118021049546400a2bc® 4 6978336805440a¢* + 230204396822400ab”
— 499143392748000ab*c + 377448582551040ab>c?

— 118021049546400ab’c + 13956673610880abc® — 423155845440ac”
+ 383673994704006° — 998286785496000° ¢ + 943621456377600" ¢

— 39340349848800b% > + 6978336805440b%c* — 423155845440bc°

+ 48510384005 + 172327780104480a° + 861638900522400a™b

— 395878181418720a c + 1723277801044800a°b?

— 1583512725674880abc + 316677888727200a°

+ 1723277801044800a%b® — 2375269088512320a>b%c

4 950033666181600a2bc* — 103944009929760a°c>

+ 861638900522400ab* — 1583512725674880ab’c

+ 950033666181600ab*c® — 207888019859520abc>

+ 12616796527200ac* + 172327780104480b° — 395878181418720b%¢

+ 316677888727200b%c? — 103944009929760b%¢® + 12616796527200bc™
— 370471082880¢” + 436896549048960a + 1747586196195840a>b

— 852255645040800a%¢ + 2621379294293760a°b?

— 2556766935122400a2bc + 541582040039040a°¢?

+ 1747586196195840ab> — 2556766935122400abc

4 1083164080078080abc? — 124264462284000ac® + 436896549048960b
— 852255645040800b%¢ 4+ 541582040039040b%c* — 124264462284000bc>
4 7667057011200¢* + 665273659050000a> + 1995820977150000a2b

— 1038786858869760a°c + 1995820977150000ab?



3(a,b,c)
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— 2077573717739520abc + 468198487296000ac? 4 6652736590500006°
— 1038786858869760b% ¢ 4 468198487296000b¢ — 56341814664000¢3
+ 598333974638400a2 + 1196667949276800ab — 672080812392960ac
+ 598333974638400b% — 672080812392960b¢ + 162618365840640¢>

+ 287756965782720a 4 287756965782720b — 178085871187200¢

+ 54963381392640,

= —4070485118700a5 — 24422910712200a°b + 10860508058400a°¢

— 61057276780500ab* 4 54302540292000a be — 10655185020480a¢?
— 81409702374000a°b® 4 108605080584000a°b?¢

— 42620740081920a3bc? 4 4705779078000ac® — 61057276780500a2b*
+ 108605080584000a2b>c — 63931110122880a2b%¢?

+ 14117337234000a2bc® — 9172639476000 c* — 24422910712200ab’
+ 54302540292000ab*c — 42620740081920abc?

+ 14117337234000abc® — 1834527895200abc* + 65627452800ac”

— 40704851187006° + 10860508058400b° ¢ — 10655185020480b*¢?

+ 4705779078000b%¢3 — 917263947600b%¢* + 65627452800b¢”

— 1028927040¢° — 33219988401600a° — 166099942008000a*b

+ 79420980038400a*c — 332199884016000a3b

+ 317683920153600abc — 67068847525680a° ¢

— 332199884016000a2b® 4 476525880230400ab%¢

— 201206542577040abc? + 23815450779120ac?

— 166099942008000ab* + 317683920153600ab’c

— 201206542577040ab*c? + 47630901558240abc® — 3272684688000ac?
— 332199884016006° + 79420980038400b*c — 67068847525680b° ¢

+ 238154507791200%¢3 — 3272684688000b¢* + 119176130880

— 117313721605080a* — 469254886420320a°b + 241068212985600a°¢
— 703882329630480a2b* 4 723204638956800abc

— 164262032494560a%c* — 469254886420320ab>



c?l(a, b,c
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+ 723204638956800ab’c — 328524064989120abc? + 41681803035600ac
— 117313721605080b" 4 2410682129856006°¢ — 1642620324945600°
+ 41681803035600b¢® — 3018609628080¢! — 224638841306880a>

— 673916523920640a%b 4 373320214787520a%c — 673916523920640ab*
+ 746640429575040abc — 183208140133200ac® — 2246388413068800°
+ 373320214787520b%¢ — 183208140133200b¢% + 25006507675920¢°
— 240493677884460a — 480987355768920ab 4+ 290012425466400ac
— 240493677884460b% + 290012425466400bc — 77634243353760¢

— 132452305876800a — 132452305876800b + 88585116215040c¢

— 27824855803920,

= 2318567951700a° 4 11592839758500a*b — 5598140347800a" ¢

+ 23185679517000ab* — 22392561391200a>bc + 4822389772200a> >
+ 23185679517000a%b® — 33588842086800a°b?¢

+ 14467169316600a>bc® — 1777738762800a2c> + 11592839758500ab*
— 22392561391200abc + 14467169316600ab*c — 3555477525600abc>
+ 262075413600ac* + 23185679517006° — 5598140347800b%c

+ 4822389772200b%c — 1777738762800b% ¢ + 262075413600bc

— 10937908800 + 14260412766600a* + 57041651066400a°b

— 30109542863400a3¢ + 85562476599600a%b? — 90328628590200a2bc
+ 21316931115480ac? + 57041651066400ab® — 90328628590200ab’c
+ 42633862230960abc® — 5734783454400ac + 14260412766600b

— 30109542863400b%¢ + 21316931115480b%c? — 5734783454400bc>

+ 458088976800¢* + 36608314743000a> + 109824944229000a°b

— 63300677239800a°¢ + 109824944229000ab* — 126601354479600abc
+ 32767531556760ac? 4+ 366083147430006° — 633006772398000%¢

+ 32767531556760bc® — 4836684237840¢> + 47452337412480a>

+ 94904674824960ab — 60078583164600ac + 47452337412480b2

— 60078583164600bc + 17184195985320¢2 + 29850380419860a

+ 29850380419860b — 21077674385040¢ 4 6819084974520,
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c2(a,b,c) = —773579631825a" — 3094318527300a3b 4 1620971352000a>¢
— 4641477790950a%b? 4 4862914056000a>bc — 1148188041000a>c>
— 3094318527300ab> + 4862914056000ab’c — 2296376082000abc>
+ 313718605200ac® — 773579631825b6% + 16209713520006%¢
— 1148188041000b%c? + 3137186052005 — 26207541360
— 3288256171200a> — 9864768513600a2b + 5771815849800ac
— 9864768513600ab? + 11543631699600abc — 3056688835200ac?
— 3288256171200b + 5771815849800b%c — 3056688835200bc?
+ 468905477040¢ — 5476498577550a% — 10952997155100ab
+ 7142749614000ac — 54764985775506% + 7142749614000bc
— 2124667064520¢2 — 4002806808000a — 4002806808000b
+ 2937946251240¢ — 994781572785,
c2(a,b, ) = 156307951800a> + 468923855400ab — 2663024364004 ¢
+ 468923855400ab® — 532604872800abc 4+ 137782564920ac>
+ 1563079518006% — 2663024364000 + 137782564920b¢?
— 20914573680¢> + 4023482463004 + 804696492600ab
— 526815689400ac + 4023482463006 — 526815689400bc¢
+ 1578517340402 + 357771534120 + 357771534120b
— 268930541880¢ + 97616659140,
c2(a, b, c) = —18814846050a — 37629692100ab + 23156733600ac
— 1881484605002 + 23156733600b¢ — 6561074520¢> — 231567336004
— 23156733600b + 17367550200¢ — 7043506470,
co(a, b, ¢) = —827026200¢ + 413513100 4 1240539300 + 12405393000,

co(a, b, c) = —34459425.
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C.0.4 Hypergeometric Series Cases m = 10

For m = 10 we can write

10 b
%mXabc ZC MXZ

210&{10( )

where #9(c) = c(c+1)(c+2)---(c+9) and

ci%(a, b, ¢) = —237588086736000a" — 2138292780624000a°b

+ 791960289120000a%¢ — 8553171122496000a" b

+ 6335682312960000a" be — 1029548375856000a" ¢

— 19957399285824000a°b + 22174888095360000a°b?¢
— 7206838630992000a°b¢? + 658709827776000a°c?

— 29936098928736000a°b* + 44349776190720000a°b>¢
— 21620515892976000a°b*c? + 3952258966656000a°bc>
— 215295871190400a°c* — 29936098928736000a1b°

+ 55437220238400000a*b* ¢ — 36034193154960000a b3 2
+ 9880647416640000a*b%c — 1076479355952000a b
+ 33811637932800ac® — 19957399285824000a3b°

+ 44349776190720000a°b°c — 36034193154960000a°b*c?
+ 13174196555520000a°b%c® — 2152958711904000a3b%c*
+ 135246551731200abc® — 2143293425280a> 5

— 8553171122496000a%b" + 22174888095360000a>b%c

— 21620515892976000abc? + 9880647416640000a°b* ¢
— 2152958711904000a2b>c* 4 202869827596800a2b% ¢

— 6429880275840abc® 4 37125258240a¢” — 2138292780624000ab®
+ 6335682312960000ab” ¢ — 7206838630992000ab°?

+ 3952258966656000ab’c® — 1076479355952000ab*c*

+ 135246551731200ab3c® — 6429880275840ab>c® + 74250516480abc”

— 67108608ac® — 2375880867360006” + 7919602891200006%¢

— 1029548375856000b" ¢ + 6587098277760006°¢>

(C.8)
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— 2152958711904006°¢* + 338116379328000 > — 2143293425280b° 5
+ 37125258240b%¢” — 67108608bc® + 512¢ — 3563821301040000a®
— 28510570408320000a7b + 11008248018768000a" ¢

— 99786996429120000a°b* 4 77057736131376000a°bc

— 13018318657344000a°c? — 199573992858240000a°b°

+ 231173208394128000a°bc — 78109911944064000a°bc>

+ 7374030247584000a° > — 249467491072800000a*b*

+ 385288680656880000a*b>c — 195274779860160000a4b% >

+ 36870151237920000abc® — 2046030740208000a ¢

— 199573992858240000a°b° + 385288680656880000a°b* ¢

— 260366373146880000ab%c? 4 73740302475840000a°b* >

— 8184122960832000a°bc* + 254527935742080a°°

— 99786996429120000a%b° 4 231173208394128000a%b° ¢

— 195274779860160000ab"c? 4 73740302475840000a2b% 3

— 12276184441248000a%b*c* + 763583807226240a%bc>

— 11300499705600a2c® — 28510570408320000ab”

+ 77057736131376000ab’c — 78109911944064000ab°c>

+ 36870151237920000ab*c® — 8184122960832000ab>c?

+ 763583807226240ab’c® — 22600999411200abc® + 108422995968ac”
— 35638213010400000° + 11008248018768000b" ¢

— 1301831865734400065¢% 4 73740302475840006° 3

— 2046030740208000b%c* + 2545279357420806%°

— 113004997056006%c5 + 108422995968bc” — 67085568¢"

— 24233984847072000a" — 169637893929504000a°b

+ 68158868057280000a°c — 508913681788512000a°b*

+ 408953208343680000a°bc — 71648940675312000a° ¢

— 848189469647520000a*b® + 1022383020859200000a*b%¢

— 358244703376560000a*bc? + 34789722222528000a ¢

— 848189469647520000ab* + 1363177361145600000ab3¢

— 716489406753120000a°b%c? + 139158888890112000a°bc>
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— 7805634165504000ac* — 508913681788512000a2b°

+ 1022383020859200000ab" ¢ — 716489406753120000a2b% ¢
+ 208738333335168000a2b%c® — 23416902496512000a2bc*

+ 709423607746560a°c> — 169637893929504000ab°

+ 408953208343680000ab°c — 358244703376560000ab® ¢

+ 139158888890112000ab3c® — 23416902496512000ab>c*

+ 1418847215493120abc® — 18953876850048ac®

— 242339848470720000" + 68158868057280000b°¢

— 716489406753120006°c? + 34789722222528000b" ¢

— 78056341655040006°¢* 4 7094236077465600°¢

— 18953876850048bc5 + 71298183168¢” — 97094331446112000a°
— 582565988676672000a°b 4 243430993757952000a°¢

— 1456414971691680000ab* 4 1217154968789760000a be

— 220771596623760000ac> — 1941886628922240000a°b3

+ 2434309937579520000a3b%¢c — 883086386495040000a°bc?

+ 87849255969820800a3 ¢ — 1456414971691680000ab*

+ 2434309937579520000ab% ¢ — 1324629579742560000a2b* >
+ 263547767909462400a%bc® — 14794590551126400a%c*

— 582565988676672000ab® + 1217154968789760000ab’c

— 883086386495040000ab®c? + 263547767909462400abc>

— 29589181102252800abc* 4 853171097401728ac”

— 970943314461120006° + 2434309937579520000° ¢

— 220771596623760000b*c? + 87849255969820800b% >

— 14794590551126400b%c* + 853171097401728bc® — 9796665731328¢5
— 250243612156137600a° — 1251218060780688000ab

+ 544160234437747200ac — 2502436121561376000a°b*

+ 2176640937750988800a°bc — 408353857714494720a° 2

— 2502436121561376000a%b® 4 3264961406626483200a2b%c
— 1225061573143484160a%bc® + 124242253927599360a°¢?

— 1251218060780688000ab* 4 2176640937750988800ab’c



3’(a,b,c)
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— 1225061573143484160ab?c® + 248484507855198720abc>
— 13764289009387392ac* — 2502436121561376005°

+ 544160234437747200b* ¢ — 408353857714494720b%?

+ 124242253927599360b%c® — 13764289009387392bc?

+ 364463819860224¢° — 426211428687408000a*

— 1704845714749632000ab 4 773632579799963520a> ¢
— 2557268572124448000a%b* 4 2320897739399890560a2bc
— 450295223849251200a%¢? — 1704845714749632000ab?
+ 2320897739399890560ab?c — 900590447698502400abc>
+ 92517178199225472ac® — 426211428687408000b*

+ 773632579799963520b ¢ — 450295223849251200b% >

+ 92517178199225472b¢% — 4944597616852992¢

— 474863475305318400a° — 1424590425915955200a2b

+ 677999421641283840a%¢c — 1424590425915955200ab>
+ 1355998843282567680abc — 272301046196884992a¢>
— 4748634753053184000° + 677999421641283840b%¢

— 272301046196884992b¢? + 28049778809251072¢

— 329857232436748800a — 659714464873497600ab

+ 332479439629811712ac — 329857232436748800b>

+ 332479439629811712bc — 69248253231770112¢2

— 127764900985559040a — 127764900985559040b

+ 69440777306671104¢ — 20616747323719680,

= 672129154897200a® + 5377033239177600a"b

— 2152434928644000a" ¢ + 18819616337121600a°b?

— 15067044500508000a5bc 4 2669471860255200a°¢?

+ 37639232674243200a°b® — 45201133501524000a°b?¢
+16016831161531200a°bc? — 1613839078051200a°c?

+ 47049040842804000a*b* — 75335222502540000a b3 ¢

+ 40042077903828000a*b*c* — 8069195390256000abc>

+ 491592239218080ac* + 37639232674243200a°b°
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— 75335222502540000a3b*c 4 53389437205104000a3b3 2

— 16138390780512000ab%c® + 1966368956872320a3bc’

— 70440912360000a3¢> 4 18819616337121600a%b5

— 45201133501524000a%b ¢ 4 40042077903828000a2b" ¢*

— 16138390780512000a%b%c® + 2949553435308480ab*c*

— 211322737080000a%bc® + 3929371279680ac® + 5377033239177600ab
— 15067044500508000ab%c 4+ 16016831161531200ab°c

— 8069195390256000abc + 1966368956872320abc

— 211322737080000ab’c® + 7858742559360abc® — 55687887360ac”

+ 6721291548972000° — 2152434928644000b ¢ + 26694718602552006°¢?
— 1613839078051200b° ¢ + 491592239218080b%c* — 704409123600006° ¢
+ 3929371279680b%c® — 55687887360bc” 4 67108608¢

+ 8735604831954000a" 4 61149233823678000a5b

— 25770953493885600a°c + 183447701471034000a°b?

— 154625720963313600a°bc + 28806235582924800a° ¢

+ 305746169118390000a*6° — 386564302408284000a*b%¢

+ 144031177914624000abc® — 15190594495876800a ¢

+ 305746169118390000a°b* — 515419069877712000ab>¢

+ 288062355829248000ab*c* — 60762377983507200a°bc>

+ 3831972299719200a3¢* + 183447701471034000a°b°

— 386564302408284000a2b" ¢ + 288062355829248000a%b?

— 91143566975260800a2b%c® + 11495916899157600a>bc?

— 415917091961280a%¢® 4 61149233823678000ab°

— 154625720963313600abc + 144031177914624000ab ¢

— 60762377983507200ab’c® 4 11495916899157600ab’c

— 831834183922560abc” + 14807456133120ac® 4 8735604831954000b7
— 2577095349388560005¢ + 28806235582924800b° ¢

— 15190594495876800b" ¢® 4 38319722997192006%¢*

— 415917091961280b%¢> 4 14807456133120bc° — 89860366848¢”

+ 51054851409962400a5 + 306329108459774400a°b
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— 135746393334552000a° ¢ + 765822771149436000a >

— 678731966672760000a"bc + 132768531858362400a" ¢

+ 1021097028199248000a°b% — 1357463933345520000a>b*c
+ 531074127433449600a°bc? — 58499022267504000a° >

+ 765822771149436000a%b* — 1357463933345520000ab>¢
+ 796611191150174400abc* — 175497066802512000a2bc?
+ 11402755096504800ac* + 306329108459774400ab’

— 678731966672760000abc + 531074127433449600ab> >

— 175497066802512000abc> + 22805510193009600abc?

— 823695658349760ac’ 4 510548514099624000°

— 1357463933345520006°¢ 4 132768531858362400b ¢

— 584990222675040006%¢% 4 11402755096504800b ¢

— 823695658349760bc” + 13660842568128¢° + 173197755429098400a°
+ 865988777145492000ab — 403784012302070400a’ ¢

+ 1731977554290984000a°b* — 1615136049208281600a°bc
+ 331830983382444000a°c? + 1731977554290984000a2b
— 2422704073812422400a%b*c + 995492950147332000a°bc>
— 114402908629900800ac* + 865988777145492000ab*

— 1615136049208281600ab>c 4 995492950147332000ab>c?
— 228805817259801600abc’ + 15238764469605600ac"

+ 173197755429098400b° — 403784012302070400b ¢

+ 331830983382444000b°? — 114402908629900800b%¢3

+ 15238764469605600b¢* — 540880616152128¢°

+ 368796239629337520a" + 1475184958517350080a°b

— 725868469796652000a° ¢ 4 2212777437776025120a°b

— 2177605409389956000a2bc 4 470936344340925120a>c>
+ 1475184958517350080ab® — 2177605409389956000ab’c
+ 941872688681850240abc* — 112932993034391040ac

+ 3687962396293375200* — 725868469796652000b°¢

+ 470936344340925120b%c% — 112932993034391040bc°
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+ 7660756232368512¢* + 498680774892190800a°
+ 1496042324676572400a%b — 781540286356458720a%¢
+ 1496042324676572400ab? — 1563080572712917440abc
+ 357558339475925280ac® + 498680774892190800b°
— 781540286356458720b%¢ + 357558339475925280b¢?
— 44791792888809792¢> + 412160561658115200a>
+ 824321123316230400ab — 462232968625794240ac
+ 412160561658115200b% — 462232968625794240bc¢
+ 112848625592066112¢% + 186564634630718400a
+ 186564634630718400b — 114566226793869312¢
+ 34207823615857920,
ci(a, b, ¢) = —767800786252500a" — 5374605503767500a5b
+ 2320176517659000a%¢c — 16123816511302500a°b>
+ 13921059105954000a°be — 2682545490424800a° ¢
— 26873027518837500a*b + 34802647764885000a*b?¢
— 13412727452124000a*bc? + 1485756611539200a ¢
— 26873027518837500a°b* + 46403530353180000a3b%¢
— 26825454904248000ab*c? + 5943026446156800a°bc?
— 403679758482000a%¢* — 16123816511302500a°b°
+ 34802647764885000a%b*c — 26825454904248000abc?
+ 8914539669235200a2b%¢ — 1211039275446000abc*
+ 49308638652000a2¢c” — 5374605503767500ab’
+ 13921059105954000ab°c — 13412727452124000ab*c?
+ 5943026446156800ab®c® — 1211039275446000ab?c*
+ 98617277304000abc® — 2143293425280ac5 — 7678007862525005
+ 23201765176590000° ¢ — 2682545490424800b° ¢
+ 14857566115392000*¢® — 4036797584820000c* + 493086386520006%¢°
— 2143293425280bc® + 18562629120¢" — 8292413483253900a°
— 49754480899523400a°b + 22856036797994400a° ¢

— 124386202248808500a*h? + 114280183989972000abc
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— 23436283893422400a*¢? — 165848269665078000a3b

+ 228560367979944000a°b*c — 93745135573689600a°bc?

+ 11021300697607200ac® — 124386202248808500a°b"

+ 228560367979944000abc — 140617703360534400a2b%c*

+ 33063902092821600a%bc® — 2363025067537680a>c*

— 49754480899523400ab” + 114280183989972000ab’c

— 93745135573689600ab>c® + 33063902092821600ab>c>

— 4726050135075360abc* + 198175205854080ac” — 82924134832539006°
+ 228560367979944000° ¢ — 23436283893422400b* 2

+ 110213006976072006c> — 23630250675376800%c*

+ 198175205854080bc” — 4221387569280c% — 39690362682570600a°
— 198451813412853000ab + 96903628944922800a" ¢

— 396903626825706000ab? + 387614515779691200a>bc

— 84539340984898800a3¢* — 396903626825706000ab>

+ 581421773669536800a%b?c — 253618022954696400a2bc>

+ 31623180048532800a%¢® — 198451813412853000ab™

+ 387614515779691200ab’c — 253618022954696400ab>c?

+ 63246360097065600abc® — 4745438722508400ac

— 396903626825706000° + 96903628944922800b ¢

— 84539340984898800b°¢? 4 31623180048532800b% >

— 4745438722508400b¢* + 203341150592160¢° — 107444293901544600a*
— 429777175606178400a>b + 223459661837412000a>¢

— 644665763409267600ab? + 670378985512236000a2be

— 155802048328508400a°c? — 429777175606178400ab>

+ 670378985512236000ab’c — 311604096657016800abc>

+ 41272813651960800ac® — 107444293901544600b"

+ 223459661837412000b%c — 155802048328508400b% ¢

+ 41272813651960800bc> — 3247981848375600¢"

— 174884795836650900a° — 524654387509952700a2b

+ 291954144335981400a”c — 524654387509952700ab”
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+ 583908288671962800abc — 145359620462311920ac?

— 1748847958366509000° + 291954144335981400b%¢

— 145359620462311920bc? + 20543073379241280¢

— 168016722219129420a2 — 336033444438258840ab

+ 202135396105581120ac — 168016722219129420b>

+ 202135396105581120b¢ — 54433907314363920¢°

— 85939962622340400a — 85939962622340400b

+ 56930339398141440¢ — 17227866774157200,
ci’(a,b, c) = 473814336996000a° + 2842886021976000a°b

— 1321583732469000a° ¢ + 7107215054940000a*5>

— 6607918662345000abc + 1382740665906600a ¢

+ 9476286739920000a°b® — 13215837324690000ab*c

+ 5530962663626400a>bc? — 672432949188000a

+ 7107215054940000a2b* — 13215837324690000a2b3¢

+ 8296443995439600a2b2c* — 2017298847564000abc>

+ 152501242093200ac* 4 2842886021976000ab

— 6607918662345000ab*c + 5530962663626400ab> >

— 2017298847564000ab’c® + 305002484186400abc?

— 14088182472000ac® + 4738143369960006° — 1321583732469000b° ¢

+ 13827406659066000 2 — 6724329491880005% ¢

+ 1525012420932006%¢* — 14088182472000b¢° + 357215570880¢°

+ 4052786068831500a° + 20263930344157500a*b

— 10149363942517800a*c 4+ 40527860688315000a°b?

— 40597455770071200a3bc 4 9165620412748800a°?

+ 40527860688315000a%b> — 60896183655106800ab?c

+ 27496861238246400a%bc* — 3603028223995200a°¢>

+ 20263930344157500ab* — 40597455770071200ab®c

+ 27496861238246400ab’c® — 7206056447990400abc>

+ 583392969432000ac* 4+ 40527860688315000°

— 10149363942517800b%c + 9165620412748800b° 2
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— 36030282239952000¢* 4 583392969432000b¢* — 28333140151680¢°

+ 15008574575194200a* + 60034298300776800a°b

— 32353536759944400a° ¢ + 90051447451165200a°b*

— 97060610279833200abc + 23636990654877600a>c>

+ 60034298300776800ab® — 97060610279833200ab’c

+ 47273981309755200abc? — 6680682791546400ac

+ 150085745751942006* — 323535367599444006%¢

+ 23636990654877600b%c* — 6680682791546400b¢

+ 579397874138160¢" + 30125085166776600a°

+ 90375255500329800a%b — 52554320667248400a°¢

+ 90375255500329800ab® — 105108641334496800abc

+ 27714281447361600ac? + 30125085166776600b°

— 52554320667248400b%¢ + 27714281447361600bc?

— 4242871696190400¢% 4 33739331082256800a2

+ 67478662164513600ab — 42678376665561000ac

+ 337393310822568000% — 42678376665561000b¢

+ 12291699740059320¢% 4 19345684958718300a

+ 19345684958718300b — 13525451207278920¢ + 4184827092651240,
ci%(a, b, c) = —176334908124375a° — 881674540621875a*b

+ 440940390140250a*c — 1763349081243750a3b>

+ 1763761560561000a®bc — 400379923944000a°

— 1763349081243750ab> + 2645642340841500ab%c

— 1201139771832000abc? + 160103083140000a2¢>

— 881674540621875ab? + 1763761560561000ab>c

— 1201139771832000ab>c® + 320206166280000abc?

— 26911983898800ac! — 176334908124375b° + 440940390140250b" ¢

— 4003799239440006°c* + 160103083140000b%¢® — 26911983898800bc?

+ 1408818247200¢° — 1123721332358625a* — 4494885329434500a°b

+ 2459476675656000a%c — 6742327994151750a%b?

+ 7378430026968000a2bc — 1837201211445600a°c>
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— 4494885329434500ab> + 7378430026968000ab’c
— 3674402422891200abc* + 537506381412000ac”
— 1123721332358625b + 24594766756560000°¢
— 1837201211445600b%¢* + 537506381412000b¢ — 49368635643600¢"
— 2986291331273250a° — 8958873993819750a°b
+ 5352194564016300a’c — 8958873993819750ab?
+ 10704389128032600abc — 2923580071011600ac>
— 2986291331273250b + 5352194564016300b%¢
— 2923580071011600bc? + 470327527706400¢> — 3998044170870750a2
— 7996088341741500ab + 5238398285920800ac — 3998044170870750b°
+ 5238398285920800bc — 1578978286376400¢> — 2585968368758775a
— 2585968368758775b + 1882016702379450¢ — 602013206401425,
cl(a, b, c) = 41426672762475a + 165706691049900ab — 89095532526000a°¢
+ 248560036574850a2b* — 267286597578000abe
+ 65776701790800a%¢* + 165706691049900ab
— 267286597578000ab’c + 131553403581600abc>
— 19212369976800ac® 4+ 414266727624756* — 890955325260006%¢
+ 65776701790800b%c? — 19212369976800bc> + 1794132259920
+ 180665940955500a> + 541997822866500a%b — 325473679931400a2¢
+ 541997822866500ab> — 650947359862800abc + 179510998867200ac>
+ 1806659409555000° — 325473679931400b%¢ + 179510998867200b¢>
— 29429635435200¢% + 308074909492350a> + 616149818984700ab
— 411746020686000ac + 3080749094923506% — 411746020686000b¢
+ 127251397072800¢ + 229644913598100a + 229644913598100b
— 172064546854200c + 57785995322055,
c¥(a,b,c) = —6187189758750a° — 18561569276250a2b + 10724462248500a%¢
— 18561569276250ab® + 21448924497000abc — 5719713199200ac>
— 6187189758750b 4 107244622485000%¢ — 5719713199200b¢>
+ 914874760800¢> — 16196687857350a> — 32393375714700ab

+ 21558918981600ac — 161966878573500% + 21558918981600bc¢
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— 6641571736800c% — 14601767830650a — 14601767830650b
+ 11124283470300c — 4016108146050,
ci(a, b, ¢) = 5696142952504 + 1139228590500ab — 707107401000ac
+ 5696142952500 — 707107401000bc + 204275471400
+ 7071074010000 + 707107401000 — 534258925200¢
+ 216060594750,
ci(a, b, ¢) = 19641872250c — 9820936125 — 29462808375a — 29462808375b,

cid(a, b, c) = 654729075.
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Appendix D

Conclusion

This concludes the research project. In the second chapter, derivations of the trace and
determinant of triangular matrix systems of linear combinations of hypergeometric series
were established. The connection to more generalised hypergeometric series as the dimen-
sions of the matrix blow-up to infinity was then demonstrated. The chapter was finalized
by deriving the determinant and trace on five rank-one symmetric spaces, namely the
n—dimensional sphere, and the real, complex, hyperbolic and Cayley projective spaces.
Working on rank-one symmetric spaces restricts us to working on S” and KP" for a vector
space K. No such results on the trace and determinant or infinite blow-up of the limits
exist on symmetric spaces of rank two or above. This presents a possible future research

opportunity.

The third chapter was built upon the work in the second chapter by obtaining a similar
inner product matrix system for the space of Jacobi polynomials as well as the generalised
determinant and trace. Examples of the hypergeometric series in two variables (namely X
and X5) are obtained as well as the trace and determinant. By writing these polynomials
as a linear combination polynomials in one variable each, a derivation of matrix systems
was again possible demonstrating a close link with more generalised hypergeometric series.
At the end of the chapter, the more general dummy function f was replaced with more
interesting functions including infinite Fourier series over Z. We are left with the potential
prospect of examining the results on infinite Fourier series on different spaces, including

n—dimensional tori and n—dimensional square/circular summation.

In the fourth chapter, a transition was initiated by moving onto a closely related but

separate topic, namely spherical twists for a variational problem with energy functional
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Flu, ©2]. Problems on multiplicity and solving the Euler-Lagrange equations were addressed
and dealt with. By choosing u(x) as variations of the twist Q@ including f(r)Q(r)v(x)
for the restricted energy, Q(r)v(x) in the general case, u = Qf (where Q is a twice
continuously differentiable twist path), the exponential twist case u = exp(4H)v(x) and
u = exp(¥(r)HO), derivations of the differential equation systems that allow the Euler-
Lagrange equation to be solved in both the constrained and unconstrained cases became
possible. Specific cases of u were examined in this chapter in the attempt to solve the
Euler-Lagrange equation. Identities parallel to the examples provided in this chapter can
be established by introducing further products of twists, exponential functions, and other

mathematical objects yet to be confirmed.

The work in the fifth chapter was built upon the work in the fourth chapter by extending
the key calculus-based identities of our arbitrary functions A and B to spherical whirls,
an n—dimensional extension of the spherical twist for v = Qf. This was achieved in both
the constrained and unconstrained cases. Given the specific choice of u in this chapter,
further alternate selections of u from the previous chapter may be selected to establish

higher-dimensional spherical whirl generalisations.

In the appendix, polynomials were calculated for Gengenbauer polynomials, Jacobi poly-
nomials and hypergeometric series up to the case m = 10 using computational methods,
and substitutions for the variables «, 3, a, b, c. This brings the thesis to a close. Cases of
these orthogonal polynomials above m = 10 do not exist presenting an opportunity for

further cases m > 10 to be established.
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