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EFFECTIVE DISCONTINUOUS INTERFACE COUPLED MODELS FOR

ATOMISTIC ENERGY MINIMISATION

SUMMARY

In the field of multiscale modelling of materials, a class of significant problems
involves the atomistic-to-continuum coupling in crystals. Continuum models fre-
quently fail to produce accurate predictions near singularities and defects and hence
coupled atomistic/continuum methods have become popular. The ad-hoc coupling
of atomistic and continuum energies results in numerical artifacts on the interface
between the continuum and atomistic regions, known as ghost forces. The design
and analysis of atomistic/continuum coupling methods that are ghost-force free is
important in computational and mathematical modelling of materials and one of
the very few well defined problems in multi-scale algorithm design for nonlinear
phenomena.

In this thesis we developed a discontinuous ghost-force free bond volume based
method in one dimensional and two dimensional crystal lattices. The design of the
method was motivated by appropriately analysing the error both at the atomistic
and the continuum region. Its design is consistent and transferable. Next, we
were concerned about the energy consistency and the variational consistency of the
coupled methods. Consistency is a quantity that measures the extent to which an
exact smooth solution does satisfy the numerical scheme. We proved that in one
dimension the local contributions of the energy were of second order in the lattice
spacing €, O(e?). The total energy error in one and two dimensions was second
order. We analysed the error for first variations both in one and two dimensions.
Our analysis confirmed that the proposed methods were indeed ghost-force free
and their variational consistency error was bounded by (2 + 52*%) in the discrete
W=LP norm. We implemented the static atomistic problem and compared it to the
static coupled method in one dimension. We considered energies from multi-body
potentials. By using the symmetry properties of the potentials we derived energy
consistency error bounds of order O(g?).



Contents

Title page|

L__Declaration

[ Dedication

Acknowledgements|

L Contents|

List of figures|

(1 Introduction|

M2

Atomistic and Cauchy—Born potential | . . . . . . ... ... ... ..

(1.2.1  Crystalline Structures and Potential energy functions| . . . . .
[1.2.2  Atomistic Cauchy-Born model|. . . . . . .. .. ... ... ..

3

Design principles of the coupling methods . . . . . .. .. ... ...

(1.3.1 The discontinuous bond volume based coupling method| . . . .
[1.3.2  Existing results and thesis outline| . . . . . . .. ... ... ..

2 Energy Consistency in 1D)|
[2.1 ~Chapter Overview|. . . . . . . . . . . . . 0
2.2 Definitions and Notation| . . . . . . .. .. ... .. ...
[2.2.1 Atomistic potential energy| . . . . . . . ...
[2.2.2  Continuum Cauchy-Born potential energy forn =21|. . . . . .
[2.2.3  Energy on the interfacesforn=21. . . . . ... .. ... ...
[2.2.4  Atomistic to Continuum Coupled Energy for n =21 . . . . ..
[2.3  Comparison of coupled energy with continuum energy for n = 2|
[2.4  Energy consistency forn=3. . . . .. ... L.
[2.4.1 Continuum Cauchy-Born potential energy forn =3 . . . . . .
[2.4.2  Energy on the interfacesforn=3/. . . . . ... .. ... ...
[2.4.3  Atomistic to Continuum Coupled Energy forn =3 . . . . ..
[2.5 Comparison of coupled energy with continuum energy for n = 3|
[3  Error Analysis for the First Variation in 1D)|

B.1

Chapter Overview|. . . . . . . . . . . . ... .. ... ...

B2

Variation of Coupled Energy|. . . . . . .. ... .. .. .. ... ...

[3.3  Variation of Continuum Energy and Coupled Energy| . . . . . . . ..
B.4 Numerical Simulationsl . . . . . .. .. .. ... ... ...

vi

ii

ii

iii

vii

16
16
17
18
19
19
22
23
33
33
33
38
40



Contents vii
3.4.1 Numerical Resultsl . . . ... .. ... ... .. ........ 64

[4  Emnergy Consistency Analysis in 2D 72
[4.1  Chapter Overview|. . . . . . . . .. .. .. . o 72
4.2 Definitions and Notation| . . . . . . . . ... ... ... 73
[4.3  Continuum Cauchy-Born Potential Energyl . . . . . .. .. ... ... 74
[4.4  Atomistic to Continuum Coupled Energyl . . . . . . .. .. ... ... 76
[4.5 Comparison of Coupled Energy with Continuum Energy|] . . . . . .. 78
[4.5.1  FEstimate of the bulk termsl . . . . . ... .. ... .. ... .. 89

[4.6  Energy on the interfaces| . . . . . . .. .. ... 95
[4.6.1 Final Error equation| . . . . .. .. ... 100

[ Two body Variational Energy Theorem in 2D)| 109
[5.1 Chapter Overview|. . . . . . . . . . . . . . o 109
[5.2  Variation of Coupled Energy and Continuum Energy| . . . . .. . .. 111
[b.2.1  The First Variation of the Intertace Terms . . . . . . ... .. 127

[(.2.2  Final reduction of theerrors . . . . . . . ... ... ... ... 130

[5.2.3  First Variation of Fo interface terms| . . . . .. .. ... ... 140

[Hb.2.4  Inpal Calculationsl . .. .. .. ... o000 144

[6 The Three Body Problem| 150
[6.1 Chapter Overview|. . . . . . . . . . . . . . v 150
[6.2  Lemmas tor the Three Body Problem| . . . . . .. ... .. ... ... 151
6.3 Mainresultl . ... ... . . ... 158
(7__Conclusion and Outlook 162
[C.1 Conclusion of thesisl. . . . . . . .. . ... ... ... ... ...... 162
(2 Future workl . . . . . . . .. o 164

[A First Variation of Energy on the Interface used in Chapter 5| 168



List of figures

(1.1 'The Lennard-Jones potential| . . . .. .. ... ... ... ... ... 6
(1.2  The regions €2, and ), and the intertaces I'y and I'5.| . . . . . . . .. 9
[[.3  Displaying €2, ,§2,,82a,, {20y, §)s and the mterfaces 1y, 19, 13,1 . . . 9
(L.4  The bond volume By, . . . .. .. ... ... ... ... ... 10
F) An example of the bond By«_; o Intersecting the intertace I'y.| . . . . 11
1.6 An example of the bond By-_;, intersecting the interface I'y] . . . . 12

1.7 (a) An example of 4V ~22 on the bond By~_3 that intersects inter-
face I'y, (b) An example of y™ ~1% on the bond By+_ 3 that intersects
mtertace L'y . . . . . . . 13

2.1 An example of y"" 1% on the bond By~_; 5 that intersects interface I'y.| 20
2.2 An example of ¥y ~12 on the bond By++_; o that intersects interface |

[ 20
[2.3  'T'he atomistic to continuum coupling domain.| . . . . . .. ... ... 23
2.4 Displaying meoq | . o 0 0o o oo 25

2.5 An example of y"" %3 on the bond By«_» 3 that intersects interface I'y.| 34
2.6 An example of y"" 13 on the bond By-_; 3 that intersects interface I';.| 34

2.7 An example of y' ~22 on the bond By»«_53 that intersects interface |
| Lo, (pp=2). | . oo o 35
2.8 An example of g™ ~"% on the bond By--_ 3 that intersects interface |
| Fg, (7’][* = 1)' ................................ 35
[2.9  'The atomistic to continuum coupling domain| . . . . . . .. ... .. 39
[2.10 Displaymmg meio| . . . . 0 oo oo 42
[3.1 Casel: External forces on the interfaces (f(40) > 0, f(60) < 0) for |
| Lennard-Jones potential and for Morse potential . . . . . . . . . ... 67
[3.2  Opposite external forces between the interfaces (f(42) > 0, f(56) < 0) |
[ tor Lennard-Jones potential and for Morse potential| . . . . . . . . .. 68
[3.3  Opposite external forces outside the interfaces (f(10) > 0, f(80) < 0) |
| for Lennard-Jones potential and for Morse potential| . . . . . . . . .. 69

[3.4 One constant external force for all the atoms up to N/2 and the

| opposite constant external force for the atoms from N/2 up to N, for
[ the Lennard-Jones potential and for Morse potential . . . . . . . . .. 70
3.0 The error for each of the four cases we considered of the atomistic |
and coupled model with Lennard Jones potential (a),(c),(e),(g) and |
Morse potentials (b),(d),(f),(h).[ . . .. ... ... 0oL 71

4.1 Displaying €2, {24,, {2a,, $2e, and the interfaces 1'y, 15, 13,1y . . . .. 77
4.2 Displaying mg, ..,




List of figures ix

|43 DiSplays M p4er; T p4e14ex5 T 04e 4260 and M t4ei+3eq, A well as

| M2 fters M2 0tertear M2 0tey+2e0 ANA T2 phe 4360 « o+« v v v v v o o 90
(4.4 'T'he bond volumes intersecting the sides of the interface ' =1, Ul5 U

[ FaUlyl . oo 95
[4.5 'T'he bond volumes intersecting the corners of the interface I' =17 U

[ FoUul Uy oo oo oo 98
6.1 Displaying m,, ¢, m_p, o, mp,pand m_p, 0| . . . . .. ... 153

6.2 Symmetry due to the combination of D,y,, D_,ys, D,ye and D_, v,
around the pOint Ly and Dny£+61+627 D—ny€+€1+627 Dn/y€+€1+€27 D—T]’yf-i-eri-eg
around the point Tpie 4e,. |- . o« o o oo 159




Chapter 1

Introduction

The accurate theoretical prediction of the mechanical properties, and specifically
the mechanical responses, of crystalline materials under internal and/or external
loads, require analytical approaches which take into account the atomic structure
of the material and the atomic interconnection /interrelation between microcrystals.
At a higher characteristic length-level the atom, treated as an entity, is considered
the sole factor determining the behavior of the material. At this level, a number of
models such as Lennard-Jones and Morse, attempting to describe the interatomic
potential energy in classical terms, were developed over the years. These models may
describe with certain level of accuracy the mechanical behaviour of specific kinds
of crystals. However, simulating such atomistic systems is very demanding from
a computational perspective mainly due to the number of the degrees of freedom
(say one per atom) which is prohibitively large, even for nanostructures. On the
other hand, the computational cost cannot always be reduced by considering effect-
ive continuum models, since such models are available only in restrictive situations,
excluding interesting phenomena, such as defects, cracks etc. From a methodological
perspective these problems are related to several other challenges in prediction of
singular phenomena. For example, interfaces and defects play an important role in
nanomechanics as they relate to nanostructures [16] and fracture and crack propaga-
tion models are becoming very important in other areas as well, e.g. in seismology
[34].

To address this challenge several attempts have been made over the years. Most
of them were based on the combination of models across scales, termed multiscale
models. Substantial progress has been made in recent years, in the field of multiscale
modeling of materials, see e.g., |5, [17].

A multiscale approach that has received considerable attention from the engin-
eering as well as from the mathematical point of view, is the atomistic-to-continuum
passage [9, 4] 2, 8, 21, 27], and the corresponding atomistic-to-continuum coupled
methods for crystalline materials, e.g., |31, B, Bl [7, 23] 20]. These methods relate
to the quasicontinuum method [31] and its variants. Close to defects and singu-
larities, continuum models fail to produce accurate results and so coupled atom-
istic/continuum (A/C) methods are being used as an adaptive approach; see, for
example, the references in [21) 1, 29, 15, 22] 32 33, [30, 24| 25] 18].

This thesis concerns the analysis and the design of new atomistic/continuum
coupled methods in crystalline structures. These methods can be seen as variants
of the “quasicontinuum" method [31]. In these methods, in regions of interest in the
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material (interfaces, defects, localized deformations) the atomistic model is kept,
while in regions of smooth deformations it is replaced with a continuum model
discretized by finite elements. Despite the increasing number of papers concerned
with the numerical analysis of these methods, satisfactory analytical results are
available in limited cases only. This thesis introduces and analyses a flexible and
systematic class of methods based on adding discontinuous interface terms providing
the right correction and exchange of information mechanisms between atomistic and
continuum regions. Our analysis can be extended by similar and tedious calculations
in three dimensions.

1.1 Definitions and Notation

Let Zoniire = Z* be a two-dimensional lattice that is generated from two linearly
independent vectors e;, ey of R2. Consider discrete periodic functions of Z.sire
defined over a ‘periodic domain’ .Z. Let

$:{£:(£1,£2)€[1,N]X[I,N], NGN}

Let € be the interatomic spacing. The configuration of the atoms before deformation
is defined as

Quiser = {xe = (24, x0,) = (el1,els), (1 € [1,N], 4y €[1,N]},
Q={zx € [r,xn11] X [T1,2N811]}

Let y : [1, N] x [1, N] = R? be the atomistic deformation such that, for ¢ € Z,

yl(%axeg)] ‘ (1.1)

Yo = y(.ﬁlfg) = y(xﬁ1a xfz) = |:y2<$£1’ IL'KQ)

Specifically, the affine atomistic deformation is
yl(l‘gl,xfz) — Fll F12 Ly, + U1<$51,QZ[2) (1 2)
TR CTRETN) Fo Fa | @, v* (2, 4,) '
or yo = Fxy + vy, where v, = v(zy,,x4,) is periodic with respect to £ and F' is a
constant 2 x 2 deformation gradient matrix with det(F) > 0.

The function spaces for y and v are denoted by 2 and ¥, respectively and are
defined as, [27]

X ={y: L >R y=Fx+v, vV, (€L},
YV ={u: ¥ —R* wu,=u(r,) periodic with zero average with respect to .Z}.

For functions y,v : .2 — R? we define the inner product
<y7v>5 22822 Yo - Vg

For 1 < p < oo and a positive real number s the Sobolev space for functions
y : 2 — R?is denoted by W*?(Q, R?). The corresponding Sobolev space of functions
that are periodic with basic period €2 is denoted by W;’p(Q, R?). By (-,-) we denote
the standard L?(f2) inner product; for a given nonlinear operator A, we shall denote
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as well by ( DA, v) the action of its derivative DA as a linear operator applied to
v. The continuum space corresponding to the function space 2 is, [21]

X ={y:Q—=R* yx)=Fz+v(z), veV} where
Vi={u:Q—=R? wuwecW(QR)N W;’p(Q,R%, / udx = 0}.
0

We will further use the notation

99(<)

Veo(Q) = 32%10 (1.3)
e

and
ou'(z) oul(x)

Vu(z) = 6321&) 8556(2:1:) : (1.4)

81‘1 81‘2

1.2 Atomistic and Cauchy—Born potential

Let R be a finite set of given interaction vectors, as follows

R = {77 = (771”'72) € [_NR17NR1] X [_NRWNRQL NRUNRz € N}’ (15)

where Ni, < N and Ng, < N. Then for n € R and ¢ € £, the difference quotient
is defined as

yl ($€1+771? x€2+772) - yl(xfl ) $32)
oy, e — Y € 1.6
ndt € yQ(fo-mv xfz-&-m) — yQ(Jjgl,ZL’gg) . ( . )
19

S

Consider the following atomistic potential

(y) =Y > d(Dyye). (1.7)

e neR
We will make some assumptions for the atomistic potential:

Assumption 1. The functions ¢(C) are defined on R?\{0}, [4] and they are smooth
for any ¢, |¢] > p.

Assumption 2. There exists a C,), = C(p,k) > 0, such that for || > p,
|DEG(Q)| < Cop, and k is a multi-index with k| < 2.

Notice that we do not need symmetry assumptions on the potentials ¢ with the
exception of the multi-body potentials considered at the last chapter of the thesis.
Sufficiently smooth diffeomorphisms y on the domain €2 will be considered for the
analysis of the consistency of the Cauchy-Born approximation.
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Assumption 3. In order to exclude interpenetration we need to assume that y s
1 — 1. Furthermore, it leads to the following lower bound |Dyye| > a(y,n) > 0, 4],
needed to bound derivatives of ¢(Dyye).

The atomistic problem is:

find ¥, a local minimizer in 2~ of :

*(y) = (f,)-

where f:.Z — R?, f, = f(x(), is a given field of external forces. If this minimizer
exists, then for all v € ¥

(1.8)

(DQ*(y"),v), = (frv)., (1.9)

where

<D(I)a = 52 Z Z ac gbn nyg Dn’l)g]i

e’ mneER

=& Z Z VC¢W nyg Enw.

le¥ neR

(1.10)

Here and throughout we use the Einstein summation convention for repeated indices.
The Cauchy—-Born stored energy function is

W(F) =Wep(F) =Y &, (Fn) (1.11)

neR
and, the continuum Cauchy-Born model is:

find yCB, a local minimizer in X of :

9°5(y) — (£.9). (112)

where
dB(y /WCB Vy(z))dz (1.13)

and f, the external forces, are related appropriately to the discrete external forces.
If this minimizer exists, then for all v € V,

(DO (yP),v) = (f,v), (1.14)
where
(DBCB(y), v) = /Q Sia(Vy(z)) ag;(j)dx: /Q Sia(Vy(2)) v (z)dz, v eV
(1.15)
The stress tensor S is
_ JOW(F)
S._{ 5F. }a (1.16)
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The relation between the atomistic potential and the stress tensor is:

_OW(F) 0
Sa =35 = gr. 2 O (F1)
ner

0 ]

~9F > 0y (Fisms) = 960y (Fis N9) 5z Fis s (1.17)
e neR neER e’

- Z O¢, 0y (Fn) na.

neRr

1.2.1 Crystalline Structures and Potential energy functions

Most solids have a crystalline structure, which means that the atoms have a periodic
pattern arrangement. The study of solids has been boosted significantly by the
existence of crystals because in order to analyse a crystalline solid it is necessary
to consider what happens in a unit of the crystal, or a unit cell. This unit cell is
then repeated periodically in the three dimensions to form the perfect and infinite
solid. At the quantum scale, the origin of the properties of solids is the interaction
between the valence electrons, i.e. the electrons that are on the outershells of atoms.
The valence electrons interact between each other, and with the constituent atom’s
nuclei. At the atomistic scale considered herein, each atom is treated as an entity,
and the properties of the solid are determined by the atomic structure.
Interatomic potentials are functions which are used to calculate the potential
energy of a whole system of atoms where the atoms are in given positions in space.
The most important interatomic potentials are the pair potentials, which is the
potential of the interaction of two atoms, and the many-body potentials. In this
thesis we will use pair potentials in the analysis except in Chapter 6 where the
theory is for many-body potentials. The interatomic pair potential is obtained by
adding the repulsive and attractive potentials, [10]. When two atoms are very close
together they have a repulsive force between each other and when two atoms are
apart from each other they have an attractive force between them which decreases
the further apart they are. The most known pair potential is the Lennard-Jones, or

"6-12" potential 12 6
wo-[(2)"-(9)] i

where 7 is the distance between the two atoms, € is the bond energy at the equilib-
rium position ry and o is the interatomic distance when the potential is zero, Figure
. Thus, ¢(r) = 0 when r = ¢ and when r = 260, the minimum energy occurs.
Another interatomic pair potential is the Morse potential

V(r) = De(1— e ey, (1.19)

where D, is the well depth, r is the interatomic distance, r is the distance between
the atoms where the potential energy is at a minimum and a is a parameter that
controls the width of the potential. Both of these potentials satisfy the assumptions
in Section 1.2. They will be used in the numerical simulations in the end of Chapter
3, Section 3.4.
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V(r)

1y

Figure 1.1: The Lennard-Jones potential.

1.2.2 Atomistic Cauchy—Born model

We link the atomistic model and the continuous model with an intermediate model,
the atomistic Cauchy—Born model (A-CB), |21]. Throughout the thesis, this model
is used as an analytical tool in order to design the coupled methods. An important
feature of the A-CB model is the fact that its consistency error is &'(¢?) when
compared to the continuous Cauchy-Born model for both the energy and the first
variations.

Let V. (@) be defined as the space of piecewise continuous bilinear periodic func-
tions on .2, the lattice. Let

Tq = {KCQ: K=K =z ,0441) X (Tey,Tep11) 5, Te = (20, ,70,) € Qiser )

Vg ={v: Q= R* veC(Q), vlg € Q(K) and
ve =wv(xy) is periodic with respect to £},
(1.20)

where the set of bilinear functions on K is denoted by Q1 (K), [2I]. The space V. g is
the standard finite element space consisting of bilinear elements. For any connected
set O that satisfies 6 = Uges, K, where .7 is a subset of F, we let V. o(0)
denote the natural restriction of V. g on the set &. This space will be instrumental
for the thesis. In particular, it provides a link between discrete atomistic values and
functions, defined in the entire domain, and thus will help us to compare discrete
and continuum functions.

The average discrete derivatives are defined as follows:

et 1 — —
Dojve =5 {Delw v D€1W+€2},
(1.21)

1 (— _
DeQUg = 5 {DSQ’Ug —|— D620g+61}.

The discrete gradient matrix can be defined as

{Vu} =D (1.22)

™
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Here, the atomistic Cauchy-Born potential is

O Bly) =et> "> by (Vyen)

e’ nER B (1'23)
=" Wen(Vie).
tes
The atomistic Cauchy—Born problem is:
find y»“®, a local minimizer in 2" of : (1.24)

(I)a7CB (y) - <f7 y>5a

where f : £ — R? are a given field of external forces. If this minimizer exists, then
forallv e ¥

(DP®CB (yaCB), v), = (f,v),. (1.25)

The quality of the approximation of the CB-model becomes evident by comparing
Wes(Vye) to Wep(Vy(myg)), where y is a smooth function, and mpg is the bary-
center of K, where K is the element with vertices xy, Tyie,, Trteitesy Tote,, and
y(x¢) = yo. A key property is that

Vy(mg) = Vy, foryeV.q. (1.26)

Then, cf. [21], for any v € V. o, the quantity

("8 0, =t S0 ST S (Ty(mi))} |3 {Desve + Deyvires |

(2
KeJ neR

+el DD {Su(Vy(mk)) } [% {Eez“ﬁﬁ@““el}h
KeZ neR

- (1.27)
="y > Ve (Vylmu)n)m} 5 {Delw + Delvzm}

KeZ7 neR

ety Y {Vedy (Vy(mi)n) n} %{Eezw +EQW+61},

KeZ7 neR

is an approximation of second order to the quantity (D®“Z(y),v). This means that
a constant M = M (y,p), 1 < p < oo, exists, which is independent of v, such that

(DO (), v) — (78 v),

< M & |v|wing). (1.28)
The next lemma provides a link between .&7*“5 and D> [21].
Lemma 1. Let y € V. g; then

(OB v) = (DO"B(y),v)_, for any v e V.q. (1.29)

Proof. Firstly,

(D23 0). == S {5V} | 5 (Do Dusvres}

e neR

—f-gdz Z {Sig(vyg)} {

e neR

)

(1.30)

N | —

{Eeﬂ)ﬁ + Eez Viteq }}

i
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Therefore, since y € V. o (1.26)), then Si, (Vy(mg)) = Sia (Vo). O

The atomistic CB model is consistent, meaning that homogeneous deformations,
yr(z) = Fx, xz € Q, are its critical points. A property which it shares with both the
continuum and the atomistic models. We have

<Dq)a’CB(yF>a U> = 07 yF(x) = FI‘, (131)

for all v € V. g. This is implied by

(DO"B(yp),v) =€ > > Vedy (Vyrn) - Vo

e neER

=Y Ves(Fn)- Y Vo

neR e

(1.32)

=" Vep(Fn)- ) / Vo de

neER ey YK
=3 VeolFn)- [ Vonds=o,

neR Q

where the last integral is zero due to periodicity. In [21] it was shown that this model
is energy- as well as variationally consistent to second order in interatomic spacing
e, approximating both the continuum Cauchy-Born model and the exact atomistic
model.

1.3 Design principles of the coupling methods

We define (2, as the atomistic region, (), as the atomistic Cauchy-Born region and
I' as the interface between (2, and €2, which has no thickness. Also, €2 is the whole
region being examined which contains €2, (2, and I" such that

Q=Q,UQ, T'=0Q,n0,.

Notice that at a first stage it is convenient to use as "continuum region" the atom-
istic Cauchy-Born region for technical reasons. The continuum Cauchy-Born model
discretised by finite elements of arbitrary degree can be used in €2, subsequently,
see [19] for details. In one dimension we have two atomistic regions €2,, and €,
and the atomistic Cauchy-Born region is {2, which are on a line and the I'y and I’y
interfaces are two points as displayed in Figure[1.2] In two dimensions the atomistic
region is split into four sections €, , 2,, 24, and §2,, for convenience. The atomistic
Caucy-Born region is €2, and the interface is split into four sections I'y, I's, I's and
[’y as displayed in Figure [1.3]

For a fixed n € R a bond can be defined as the line segment b, = {z € R*: x =
C+1tn, 0 <t <1}. A bond volume By, that corresponds to by is the interior part of
a parallelogram that has a diagonal by, i.e.,

By ,, is an open quadrilateral that has vertices %y, Toyn es Totnges, Toan -  (1.33)

which is displayed in Figure [[.4] The following lemma will be useful in this thesis.
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Xierpe, @ @ X1y
b,
O ]
e Xiie
B,

=17

Figure 1.4: The bond volume By ,

Lemma 2. Let v € Qi(By,,). Then

Vou(z)ndx. (1.34)

M By,
Proof. Firstly,
1

1
/ Vou(x)-ndr = / v-nuds
mn2 Ja,, mmn2 Jes,,,

1
= {/ (—772)1}d8+/ 120 ds (1.35)
771 772 (xlvxl+771€1)

(332+7]2 eg 7xl+n)

+ / (—m)vds + / mo ds} :
(Te,Teqnges) Totnger Tetn)

At each edge of By ,, v is linear, and therefore

en
/( : (—me)vds + / v ds = ;72 (W+n + Vtgnges = Vt4mer — Ue) .
x@vxg-!—nlel

($£+7]262 733[-&-7])

(1.36)
We finally obtain,
! Vo(z) - ndr =& (very — vr) (1.37)
mmn2 Jg,,
and the lemma holds true. O]

1.3.1 The discontinuous bond volume based coupling method

In this section we highlight how the discontinuous coupled method can be designed.
The method, introduced in [19], allows flexibility on the construction of the under-
lying meshes and the computation of the energy at the interface is not involved. To
retain consistency the interfacial energies should include terms accounting for the
possible discontinuity of the underlying functions, and hence the name discontinuous
coupling.

The design of the method is done with respect to the bond volumes B, ,,. Specific-
ally, we consider three cases which are determined by the location of bond volume
By,
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Iy
Qq, j fl,
-
g
o
_— :
|
AN -1 Xy+ XN*+1
| |
By+-12

Figure 1.5: An example of the bond By« _; 2 intersecting the interface I'.

a. Eém C Qg: The closure of bond volume Eem is contained in €,
b. By, C Q,: The bond volume Eé,n is contained in region (), |
c¢. By, € Br if it intersects the interface, i.e By, N T % (.

In one dimension, if the bond has length 2 then there is one bond that intersects the
interface and all the rest of the the bonds are either in the atomistic region €2, or the
atomistic Cauchy-Born region €, as displayed in Figure [I.5] If the bond has length
3 then there are two bonds that intersect the interface. In two dimensions, if the
bond volume By, has n = (2,2) then there are 4(N** — N* + 1) bond volumes that
intersect the interface and all the others are in the atomistic region or the atomistic
Cauchy-Born region as in Figure [1.6

The contribution to the energy which corresponds to a), for a fixed 7, is:

Ey Ay =2 > oDyu). (1.38)
_tey
BZJ]CQ@

For a fixed n, the contribution to the energy which corresponds to the atomistic CB
region is
EgAu) = 3 o(Vatmn) = [ o(Vuam)ds (1.39)
KCQ. L

where 7 is the piecewise bilinear function at the lattice cells, 7" € Q;(K) interpol-
ating {y,}. Let y*" be a piecewise polynomial function on By, for each bond volume
By, intersecting the interface I' that satisfies

i)y € C(By, \I).

i) if By, NT # O then y“"|q, = §°"|q, where §°" € Qi(By,) is the bilinear
function of By, interpolating the values of y, at the four vertices of By,,.

iii) if By, T # 0 then y*"|q, = y*"|q., where, as above, 7 is the piecewise bilinear
function at the lattice cells K C By, N Q., ¥*" € Q;(K) interpolating {y,}.
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Bn*nes -1y

BN —iN"—1D)

—e

b

B —z2n-—1n

B —an—2)m

By —1.8)m

B(N'—l,N'—l),n

B v -1

I3

Biv=—an -1y

| B 1N -1y

BN -2)p

B 1878

By —1n -1

Figure 1.6: An example of the bond By+_1 2 intersecting the interface I';.
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I I

XN* -2 XN -1 Xy* XN*+1 XN*4+2 XN*-2 XN"-1 XN XN*+1 XN 42

() (b)
Figure 1.7: (a) An example of yNT-2.3

yN**lvg’ on the bond By+_1 3 that intersects interface I'y.

on the bond By=_g 3 that intersects interface I'1, (b) An example of

In one dimension, for n = 3 there are only two bonds that intersect the interface,
By+«_93 and By-_13 as can be seen in Figure . For By«_93, in the atomistic
region y“" is the interpolation of the values yny+«_o and yy-,i.which are the end
indices of the bond. In the atomistic Cauchy-Born region %" is the interpolation
of yn+41 and yy-. For By-_ 3, in the atomistic region y“" is the interpolation of
the values yy-_; and yy«4o. In the atomistic Cauchy-Born region 3*" is a piecewise
linear function which is an interpolation of yx+«41 and yy+ in region [zx«, zx+41] and
and interpolation of yy«12 and yy«y1 in region [xy«yq, =12

Without entering into technical issues, we will define the energy at the interface
following [19]. The energy for the bond volumes intersecting the interface can be
defined as

Egn{y}: Z ’7711772|[/B

e’
BgméBr

Xo, @(Vy""n) dx — / &' ({Vy m}) -ly""m] dS |.

£,m BMQF

(1.40)
Here, [wn], denotes the jump and {w} denotes the average of a possibly discon-
tinuous function on the interface

[wn] := (va, -n)w™ + (va, -n)wt, {fw} = %{w‘ +wt}, (1.41)

where w™ is the limit taken from €2, and w™ is the limit taken from §,. Also, vq,
and v, are the respective exterior normal unit vectors, that satisty v, = —vq, on
I'. The last term in is added to account for the loss of continuity of underlying
functions, which seems to be the real source of inconsistency of first variations at
the interface. In fact, when this term is not present Gauss-Green theorem yields a
non-zero term at (1), which can be cancelled by adding the last term of at
the energy level. This account is explained in detail in [19].

The total energy is defined as

Sfyt = _ &y}, (1.42)

neRr

where
a a,ch
Ety} = Eo, vy + EGO v + Er,{v} (1.43)

Despite the fact that we allow discontinuities, the energy &2 is consistent (ghost-
force free) [19].
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Proposition 1. The energy (1.42)) is ghost force free, meaning that
(D&R (yr),v) =0,  yp(z) = Fa, (1.44)

forall ve?.

1.3.2 Existing results and thesis outline

This thesis is devoted to the analysis and the construction of new energy based
methods free of ghost forces in two-dimensional crystal lattices which are variants
of the discontinuous coupled methods discussed in the previous section. Other ap-
proaches, which however are restricted to at most two dimensional lattices were
proposed by Shapeev [29], see also [13]. Other works dealing with similar problems
include [35] 111, 36, 5, 12] 28, 15, B0, 25 26], see also [I§] for a review. We will
restrict our attention to pair potentials, allowing interactions of finite but otherwise
arbitrarily long range.

In Chapter 2 we analyse the energy consistency of the discontinuous bond volume
based coupled method in one dimension. In Chapter 3 we examine the variational
consistency of the method in one dimension. The method considered is the natural
restriction in one dimension of the method introduced in Section [L3.Il These are
the first error estimates in the literature for this method. They demonstrate its
optimal analytical behaviour. Numerical experiments for two model problems are
included in Chapter 3. Chapter 4 contains the analysis of the energy consistency of
an adapted version of the discontinuous bond volume based coupled method in two
dimensions. In Chapter 5 we examine the variational consistency of the method in
two dimensions. Both chapters are devoted to a new method which emerged from
the analysis in Chapter 5. The method, although similar in spirit to [19], since
at the end we add discontinuous type terms at the interface to account for the in-
consistency, has a different structure. The key idea is that without specifying the
interface terms, our analysis leads to two types of terms: (a) terms which are O(e?)
and vanish when y = yr and (b) terms which are O(1) even for y = yr. However,
the terms in (b) are explicit and they have an appropriate structure which motivates
the correct introduction of interface energy terms in order to eliminate their effect.
The presentation is done in two dimensions and for 7 = (2,2) in order to fix ideas
and to simplify the complicated analysis and calculations. As is evident from [21]
these results are applicable to general 7 and can be extended by similar, but tedious
calculations to three dimensions. Furthermore, the error estimates of Chapters 4
and 5 are valid for the original version discontinuous bond volume coupled method,
described in Section [I.3.1] see [19], with simple modifications in the analysis. The
only other sharp analytical results for energy coupled methods in the literature can
be found in |22} 24], and are restricted to two dimensions. Our analytical approach
is entirely different. In fact the common theme of the present thesis is to extend the
analytical approach introduced in [21] to derive estimates for coupled methods. This
is a non-trivial task given the complications introduced by the presence of the in-
terface between atomistic and continuum domains. As the ghost-force phenomenon
appears only at the first variations level it is important to access the quality of the
approximation of the coupled models both at the energy level (energy consistency)
and at the first variation level (variational consistency). Chapters 2 and 4 are de-
voted to error estimates for the energies for one and two dimensions respectively.
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In Chapters 3 and 5 we prove error estimates for the first variations in one and two
dimensions. Finally, in Chapter 6 we analyse the consistency of the atomistic versus
the continuum model for multi-body potentials.



Chapter 2

Energy Consistency in 1D

2.1 Chapter Overview

In this chapter we will describe in detail the coupled method of Section but
restricting ourselves to one-dimension, and we will analyse the energy consistency
of the method. We provide the definitions and notations that will be used in this
chapter in Section 2.2. In Section 2.2.1 we introduce the atomistic potential energy
for n = 2 in (2.12) and in Section 2.2.2 we introduce the atomistic Cauchy-Born
energy for n = 2 in (2.17). In Section 2.2.3 we explain how we obtain the coupled
energy corresponding on the two interfaces for 7 = 2. In Section 2.2.4 we state the
coupled energy and each of its components explicitly in . In Section
2.3 we take the difference between the coupled energy for n = 2 and the atomistic
Cauchy-Born energy and obtain . We can compare the coupled energy to
the atomistic Cauchy-Born energy instead of the fully atomistic energy because the
atomistic Cauchy-Born energy is a second order approximation to the fully atomistic
energy, as explained in Chapter 1. We compared the coupled energy to the atomistic
Cauchy-Born energy instead of comparing it to the fully atomistic energy because
it is technically convenient to use this intermediate model in the analysis. Since
the atomistic Cauchy-Born energy is composed of terms of the form ¢(2y'(mg)) for

symmetry reasons we need to compare them with atomistic terms involving ¢(Dayy)
and ¢(2D1y,) since

1— 1—
|§D2yz + §D2ye+1 — 2y (my41)| < O(2),

see Lemmas[3}5] In Lemmas[B}4 we rearrange the sums in order to create symmetries
as above. By using this type of symmetry we obtain in Lemma [3]

EG, oyt = 2 $(Dayy)
(=1
—= 3 62/ (mesn)) + 516D + 6(Dage—2)] + O,
(=1

so that when subtracted from the corresponding atomistic Cauchy-Born region what
remains involves boundary terms of the form, see ([2.58)),

3

5 [#(Day1) + ¢(Dayn-—2)] + O(e?).

P2y (Mz1.22))) —

16
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We apply Lemmas 35| to (2.36]) and what remains are the interface terms and some
bulk terms in (2.64)). We then prove that the interface terms are second order. First,
we apply Lemma [6] to get

< O<€2)7

1 YN*+1 — YN*—1 YN*4+1 — YN=*
+
¢ < 2e £

) [YUn+—1 + Yn*+1 — 2Yn~]

and Lemma [ to some terms close to the interface such that

’€¢(2yl(mN*71)) - %¢(52yN*72) - g¢(52yN*f1)! < 0(82)-

Then the remaining bulk terms have the form

£6(2y/(m1)) = 56(Day) = Sé(Dayw),

given in (2.76). By applying the periodicity condition these terms are also of order
O(g?). We conclude by proving Theorem [1| which shows that for a smooth function
y the energy consistency error is of second order as follows

1257 (y) — &7 {y} < O(e?).

Similar approach is taken for n = 3 in Section 2.4 where we prove Theorem [2f which
shows that for a smooth function y the energy consistency error is of second order
as follows

257 (y) — &7y} < O(Y).

2.2 Definitions and Notation

Before any deformation, the material is in its reference state. The material will
be represented as an equidistant number of atoms on a horizontal line with N
number of atoms. The positions of the atoms on the line are the reference points
xy =¢el, 1</ < N where ¢ is the distance between each atom in the reference
state, i.e. the interatomic distance. Let

Z={l|1<t< N}, (2.1)

then the set of reference points can be denoted by
Quiser ={ze=¢l, 1 <L <N}, NeN. (2.2)
The atomistic deformations are expressed as discrete functions y, = y(x,), such that

ye=Fry+v, 1<L<N

2.3
= F€€ + Ve, ( )

where F'is a constant with F' > 0 and v, = v(zy) is N periodic with respect to &
and has a zero average with respect to .. Hence v, satisfies

Vo N = Uy, 1§€§N,
N (2.4)

ZU[ZO.

(=1



2.2 Definitions and Notation 18

The atomistic deformations v, satisfy

YoyN = Fapin +vegn
=Fe(l+ N) + veyn

2.5
= Fel + FeN + v (2:5)
=Y+ FEN,
where (2.3) and (2.4) have been utilised. Therefore,
Yorn =y + FeN, 1</{<N. (2.6)

The atomistic deformations y, also satisfy

Yor1on —Youn = Fe(l+ 1+ N) + vy — Fe(l+ N) — vy n
= Fe +vpp1yn — VN
=Fe+ v — v (2.7)
=Fe(l+ 1)+ v — Fel — v,
= Ye+1 — Ye-
Therefore,

Yor14+N — YN = Yoy1 — Yo, 1< LN (2.8)

2.2.1 Atomistic potential energy

The atomistic potential is

°(y) = si > ¢(@) (2.9)

where 7 € Z and Nk € N is the number of neighbour atoms that atom ¢ interacts

with. We assume that the short range interactions of the atoms are approximated

by the pair potential (usually the Lennard-Jones potential or the Morse potential).

The discrete derivative in the direction of the constant n € Z is defined as

Dyye= 21" Y e (2.10)
€

n

and so the atomistic potential in equation 1} can be written as

. gz z D). (211)

As mentioned in Chapter 1, we do not assume any symmetry for the potential ¢
except in Chapter 6. For the rest of Section 2.2 and Section 2.3 we will fix n = 2
since the analysis suggests that we can work for each n = —Ng, - - - , N, separately.
We chose 17 = 2 since this is the simplest case where inconsistency on the interface
may occur. Let us consider the case that 7 = 2, then the atomistic potential energy,
equation (2.11)) is

®5(y) = > ¢(Daye)- (2.12)

since 7 is fixed and we are looking at the next nearest neighbours to the right of the
atom. The reason why 1 = 1 is not considered will be explained in Section 2.2.3.
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2.2.2 Continuum Cauchy-Born potential energy for n = 2
Let

T={KCQ:K=(xpx011), Q=lz1,xn+1]}, (2.13)

and let myg denote the middle point of K. The continuum Cauchy-Born potential
energy is

OB (y /WCB d$— /WCB (2.14)

KeT

where

Wen(y'(x) = o(y/( (2.15)

neR

A second order approximation of the Cauchy-Born energy is the atomistic Cauchy-
Born energy, [21],

o-By) =2 > Weply (mx)). (2.16)

In the case where n = 2, it is reduced to

5P (y) =2 > d(2 (i) =£[S(2 (M(a.20))) + G2 (Miaya))) + -
KeT (2.17)

+ ¢(2y/(m(mN@N+1)))] .

2.2.3 Energy on the interfaces for n = 2

The idea for the discontinuous bond volume based coupling method was described in
Section 1.3.1 of Chapter 1. The reason why we do not consider n = 1 is that the bond
volume cannot intersect with the interface, it is like a unit cell and it will either exist
in the atomistic region or in the atomistic Cauchy-Born region. Therefore there is
no energy on the interface for bond volumes with n = 1. We split the domain €2 into
three regions, Q,, = [z1,xn+), Qi = (Ty+, Ty ) and Qq, = [Tne, Tn11], Wwhere Q,
and €2, are atomistic regions and (2, is the atomistic Cauchy-Born region. I'y = z -
is the interface between (2,, and (2., and I'y = xy+« is the interface between (2, and
Qq,, where 1 < N* < N** < N, as in Figure[2.3] The bond By, already described in
section of Chapter 1 that intersects the interface I'y is By«_; 2 and the bond that
intersects with interface I'y is By« _12. Let By«_12 = [Tn+_1,Tn5+] U [T+, Taep1]
where zy+ is on interface I';. Let %2 be the continuous, piecewise linear function
on the bond Byy = |14, 2440] that intersects an interface, such that y“? is linear
on (zg, 7o) and linear on (xpy1,zp42). For 'y, y» 712 is linear on (xn-_1, Txn+)
and linear on (-, Zn+41), as shown in Figure For Ty, vV =12 is linear on
(xnee_1,zy+) and linear on (zy«,Ty=41), as shown in Figure For T'y, let

yV =12 and y¥ ~12F be the limits taken from Q,, and €, respectively as follows

y¥ T (@) =y (2.18)

yN*fl’Qf(x) — yne1 + (yz\/*+1 2_8%\{*—1> (z — zy1). (2.19)
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Iy
Qﬂ 1 Q*
o i
I | |
| |
Xy*_1 X+ XN*+1
|
l J
BN*—l,z

Figure 2.1: An example of y™¥ =12 on the bond By+_; o that intersects interface I'y.

I3
Q. : 0.,
A
._':'_ -
| | |
[ | [
XN*—1 XN XN**41
|
|\ J
By>=_1,2

—1

Figure 2.2: An example of yN** 2 on the bond Bpn+x_1,2 that intersects interface I'.

Their corresponding derivatives are

N*—l,Z)H—(IN*) _ Yne+1 — YN~ (2.20)

(y .

N*—1,2)/—(xN*> _ Ynt1 2— yN*—l. (2.21)
3

For Ty, let ¥V =52~ and V" ~12* be the limits taken from €, and Q,, respectively
such that

(y

yN T (@) = yyeeg + <IUN**+1 ;gyN**l) (z — oNe1) (222)

y' T (@) =y (2.23)
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Their corresponding derivatives are

N***l,Q)/«F( ) _ YN*=*41 — YN**—1

o> (2.24)

(y T e

(1 (o) = B (2.25)

The form of the energy is the same for both interfaces I'; and I'y and so for sim-
plicity we will define the energy for a general I'. The energy for the bond volumes
intersecting the interface is defined in We first calculate the first term of
as follows

S g [ esew = 3 geo(22270) —c S oDu

B e’ e’
By, 201—‘75@ 6,2 Bg’gﬁr‘?ﬁ@ Bé,gﬂl“;é@

(2.26)

The method, described in Section [1.3.1] allows discontinuous matching across the
interface I, the energy due to bonds intersecting the interface is

Bt = X 3| [ecCea- [ o - 2]

let

By oNT'#0 B2 By NI’
1S o) - 20 w1 >>’}}>[[zyf’2<xz+1>]]]
-Bléeﬂ%#@
—% > 5¢(Ezye)_(25/(%{2(3/’2)'_+2(y£’2)'+})[2(ye’2)+—Z(ym)_]],
- le¥
By o T#0

(2.27)

Here, [wn], {w} denote the jump and the average of a possibly discontinuous func-
tion on the interface

[wn] = nw™ — nuw™ (2.28)
fw) = %{w +ut (2.29)

w~ and w* being the limits taken from €, and €, respectively. Now, we define the
interface energy terms at I'y and I's. The only bond By » that intersects the interface
I'y is By+_12 and hence

e
Elé)l’z{y} :§¢<D2?JN*71)

- %@5’({( MR TR )T - 2 )

8 —_— * * —_— *

—§¢(D2yzv ~1) Cb/(yN 1IN + N +1€ N )[QZJN*—1
2.
YN~ +1 — Yn*—1 ( 30)

+ 2 LL’N — TN+ ,1)—23/]\[*]

[l
:§¢<D2?JN*71)

1 w1 — YUN*_ w1 — Une
. §¢/(yz\/ +12 YN+*—1 1 YN*+1 — YN )[yN*l 4 yyesn — 2yN*].
€ €
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The only bond By, that intersects the interface I'y is By=+_12 and hence

[oR—
El%,z{y} :§¢(D2?JN**71)

1 *k _ *ok *% _ *k
— @ @+ G TR -2 )
€. 7n 1 YN —YN=—1 | YNl T YN
_— D *k -— - ! 2 *k
2¢( QYN**—1) 2§Z5 ( - + 9% [2yn
— 2yN**—1 — 2(yN**+l 2_ yN**l) (,I’N** — $N**_1)]
€
foR—
—§¢(D2yzv**—1)

1 kk T *k * 3k - *kk
. §¢/(yN YN*=—1 4 YN=+1 — YN 1) [2Yn=r — YN=—1 — YN*==41]-

€ 2e
(2.31)

2.2.4 Atomistic to Continuum Coupled Energy for n = 2

We define the total coupling energy as:

Exiyy =Y &My}, (2.32)

neRr

where

&Py} = Bs, v} + BE vy + S vy + BE (v} + Es, o {y} (2.33)

Here, 2,, and €,, are the atomistic regions while €1, is the atomistic Cauchy-Born
region.
For fixed n = 2,

N*—2

Egzalz{y} =€ Z ¢(Dayr)
=1

€ 1 YN*+1 — YN*—1 YN*+1 — YN~
EP J{y} = §¢(D2?JN*—1) - 5925/( s 5 + = .

[Yn+—1 + YUne+1 — 2yn+]

N**—1
EG{yy=¢ Y 62Dy (2.34)
(=N*
g — 1 yN** — yN**—l ?/N**-i-l — yN**—l
ED — = D kK —_ = /
o2y} 2¢( 2YN+—1) 2¢ ( . + 5

N

Eg, oy =2 > ¢(Dayr).

=N+
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Qﬂl r‘l -Q-x rz Ilﬂz
By-21:2 By=_12
| | )
---------- . ‘
RO ¥ Xy 2 Xy Xyt Xy q Xy X Xy e Xy Xya ¥y Xy Xy

Figure 2.3: The atomistic to continuum coupling domain.

2.3 Comparison of coupled energy with continuum
energy for n =2

We split the atomistic Cauchy-Born energy to correspond to the domains of (2.34))
as follows

(Tn*_2,2N%—1) (TN*TN* 1)

o Py == > s@(mr)te Y. 62y (mk))

K=(z1,x2) K=(zy*_1,xn%)
(xN**—Q»zN**—l) (xN**va**-‘—l)
+e > ¢(2y'(mx)) + ¢ > ¢(2y'(mx))
K=(Zn*41,EN*42) K=(xn**_1,Tn**)

(2.35)

(zN,TN41)

te > d(2y' (mg))

KZ(IN**+17IN**+2)

=:Acp+ Bep+1Tep+ Dep + Ges.
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We will compute the error @37 (y) — &P{y} as follows

o5 (y) — &y} =Acs — Eq,, oAwt + Bes — Er o{y} + Top — B CB{ }
+ Dep — Ef?Q,Q{y} +Geop — E&Q 21y}

(Tn*—2,xN*_1) N*—2
= Y 62 (mk)—e ) ¢(Dow)
K=(z1,z2) /=1

(N @N*+1)

+e Y o(2y/mi) = S6(Dayne-)

K=(zn*_1,2n%)

1 * —_ *® __ * —_— *
+ _¢/<yN +1 — YN i YnN*+1 — YN )[yN*—l Fynesn — 2un-]
2" \Zy+p1 — N €
(zn*x _9,@N*x_1) N**—1
+e Y. d(2(mk)—e D ¢(2Dwy)
K=(Tn+41,2N%42) (=N*

(TNwx TN n 1)

te 30 oy (m) — 50(Dayn-)

K:(JJN**71732N**)

1 kk T kok * % —_— Hok
+_¢/<Z/N EyN 1 +yN +1 — YN 1)[2yN**_yN**—1

2¢e
(rN,TN41) N
— Yn-i1] +e > $(2y' (mi)) —e > ¢(Daye).
K:(J:N**+11'TN**+2) KZN**

(2.36)

Below we introduce three lemmas that we will apply to (12.36]).

Lemma 3. For a smooth function y and a smooth function ¢ whose derivatives are
bounded we have

N*—2

E5, oy} =2 > ¢(Daye)
/=1

N*—3

=€ Z (2y' (me41)) §[¢(E2y1) + ¢(529N*72)] + O(&?).

(2.37)

Proof. We will start by looking at Eg 21y} and we will introduce the following
symmetry splitting

N*—-2

Sal,z{y} =€ Z ¢(Ezyz)

(=1

:5{%¢(52y1) + %[gb(ﬁgyl) + QZS(EQyQ)] + %[¢(E2y2) + ¢(52y3)]

N [¢(E2ZJN*—3) + ¢(EgyN*_2)] + %gb(ﬁgij*_g) }

N | —

(2.38)
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—~0—
+@—

Figure 2.4: Displaying my41

Therefore,

N*—2 N*-3

| — €. — _
€ Z ¢(Daye) = ¢ §[¢(D2?J€) + ¢(Dayesr)] + §[¢(D2yl) + ¢(Dayn+—2)].
(2.39)
Let myy1 denote the middle point between x,,; and zy, o, Figure Obviously,

Yor2 — Yo Y43 — Y41

Dyye + Dayesr = 5 + 5
Y3 — Ye 4 Ye+2 — Yoy
Y (mep1) + 4 (mega) + O(€7)
= 4y (mes1) + O(%),
and hence,
1 — —
§(D2yz + Doye1) = 2y (mes1) + O(€7). (2.41)

Since we have assumed that ¢ is smooth (Assumption |I) and that its derivatives
are bounded (Assumption [3)) we can expand ¢(a) and ¢(b), using Taylor expansion,

around <aT—i—b and we obtain
) (b‘ ) i éqb"(sl)(”;@)Q,
o =o(37) +o(557) (7)o (57

¢(a):¢<a—2|—b) (a—irb
where &, € (a, ot b) and & € (“ ‘; b b). Adding ¢(a) and ¢(b) yields

2
‘cb(a) +o(b) ¢<a+b)‘ < cla— b (2.42)

2 2
By applying (2.42)) in our case yields

‘@ﬁ(ﬁﬂ/z) + ¢(Dayri1) B ¢(52y£ + Dayess
2 2

)’ < ¢|Dayy — Doyeyr1|* < ce®. (2.43)
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Ezye + E23/1£+1
2

If we use the Taylor expansion of gb( ) around 2y'(mygy1) we get

Ezye + EQW—H

é (EQ.W + Eny-‘rl

) = 02y (me11)) + ¢'(€) { - zy'(meﬂ)} . (2.44)

2 2
D. D.
where £ is between 29t +2 Q‘WH) and 2y (mey1).
Hence, (2.44]) implies,
Dy + Doy, Dyye + Doy,
o (PP ) ooy me)| < [o(0)| PP oy
Doy, + D
Smgx@%@“ 20t 5 2Jee1 — 2y (me41)
<ce?, ceR.
(2.45)

Therefore, (2.37) holds.
[l

Lemma 4. For a smooth function y and a smooth function ¢ whose derivatives are
bounded we have

N

Es, ofuy =€ Y ¢(Day)

=N (2.46)

=¢ Z A2y (mes1)) + g[QS(ﬁzyN**) + ¢(E2yN)] +0(e?).
Py

Proof. The proof is very similar to Lemma . We will start by looking at Eg_,{y}
and we will introduce the following symmetry splitting

N

Egz%,z{y} =€ Z ¢(E2yz)

e=N**

:g{ %(b(myw) + %M(Ezym*) + &(Daynee41)] (2.47)

1 — _
+ = [0 (Dayn+s11) + ¢(Dayne-42)] + - -

2
1 1 —
Therefore,
N N-1 1 . B
e >, (Dawe) =¢ Y 5[6(Daye) + ¢(Dayer)] + 516 (Dayn-) + ¢(Dayw))-
L=N** (=N*x

(2.48)

Let m, denote the middle point between z, and x,y1. Using (2.40) we obtain
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L= mn /
§(D2y£ + Doye1) = 2y (mey1) + O(E2). (2.49)
As before, using
b
et (a10)) gy yp -
we obtain
‘gb@m) +2¢(52ye+1) - ¢<EQ‘W +252y‘“) ‘ <ce?, (2.51)

Ezyz + EQW-H
2

If we use the Taylor expansion of qb( > around 2y'(my, 1) then

Ezye + EQW—H
2

é (52?# + 52ye+1

92 - Qy,(mé-i-l)} , (2.52)

) = 62y (mes1)) + ¢'(€) {

D. D.
where £ is between 20t +2 29641 and 2y (myy1)-
Hence,
Dyye + Doy, Dyye + Doy,
o (PP ) ooy men)| < [o(0)| PP e
Doy, + D,
< max ()| P22
<ce?, ceR.
(2.53)

The proof is complete. O

Lemma 5. For a smooth function y and a smooth function ¢ whose derivatives are
bounded we have

N1 N
EGT{yy =2 Y ¢(2Dwy) = Y 6(2y'(me)) + O(). (2.54)
{=N* L=N*
Proof. We observe that
Dy, = @ =i/ (myg) + O(£?). (2.55)

Thus, if we use the Taylor expansion of ¢(2Dy,) around 2y’ (my),
6(@Dvys) = (24 (m1)) + & ()2 D — 24/ (ma)), (2.56)

where ¢ is between 2Dy, and 2y/(my). Hence,
(2D 1ye) — ¢(2y' (me))] < max |6/ (ON[2D1ye — 2y (my)]]

(2.57)
<ce?, ceR.
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Equation (2.36)) will be examined in parts as follows

(TN* 2, N*_1) N*—2
Acp—ES, o{uy = D). ¢/ (mx))—e Y &(Daye)
K=(z1,x2) (=1
(@N*_2,N*_1) N*-3
= Y e@y(mi) —< > B2y (mes)
K=(z1,x2) (=1

- S16(Dun) + 6Dy 2)) + OC)

:5¢(2y/<m($1,x2)>) + 5¢<2yl(m(l’279€3))> T
+E0(2Y (M(aye _yone_1))) — €0(2Y (M2)) — €0(2y' (m3)) - - -

— £0(2y/ (m--2)) = 5 [6(Dayn) + ¢ (Dayn-—2)] + O(?)

e _ _
:5¢(2y/<m(m,m))) - §[¢(D2y1) + <Z5(D2Z/N*f2)] + 0(52)7
(2.58)

where Lemma, [3| was applied. Then,

(= ,IN*+1) e
Bep — Ep, »{y} =¢ Z o(2y'(mk)) — §¢(D23/N*71)

K=(zn*_1,2N%*)
1 w1l — UN*_ w1 — Unrs
1 —ﬁb/ YN*+1 — YN*—1 4 YN*+1 — YN [yN*—l ¥ yners — QyN*}
2 2¢e €

s
:6¢(2y/(m($N*717J»’N*))) + €¢<2yl(m(l’N* 773N*+1))) - §¢(D2yN*—1)

1 w1l — UN*_ w1 — Unrs
4 —ﬁb’ YN*4+1 — YN*—1 X YN*+1 — YN [yN*—1 ¥ Yy — QyN*L
2 2e €
(2.59)
and
(T _2,ZN** 1) N**—1
Tep — BG {y) =¢ > $(2y (mx)) —€ Y (2 (my))
KZ(IN*+1,IN*+2) {=N*

=£P2Y (M(ape iy ane12))) +EOY (Mg ppnei) + 7 (2.60)
+ €02 (Miayan_y o)) — €024 (M)
— 02y (mn+41)) = -+ = €02y (my+—1)) + O(e?)

= —£6(2y (mn+)) — €d(2y (my+-—1)) + O(e?),
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where Lemma [5| was applied. Also,

(.’ISN** 7LEN**+1)

Dcp — Er,2{y} =¢ > ¢(2y' (mx)) — g¢(ﬁ2yN**fl)

KZ(.'L‘N**_LLEN**)
1 kk T kok __ * % — *%
+_¢, YN YN**—1 +?JN +1 — YN*=—1
2 € 2e

[2yN** — yN**_l — yN**+1]

e
:E¢(2yl(m(fﬂN**—1@N**))) + €¢(2y/(m(1N**:mN**+l))) - §¢(D2y1\7***1)

1 *% T *% __ *% - Kk
I —<Z5/ YN YN**—1 4 YN*= 41 — YN*—1
2 15 2e

[2yn+ — Yn=s—1 — Yn=s11),

and finally
(TN, TN41) N
Gep — E5,, 2{y} =2 > 6(2y' (mx)) =& Y 6(Daye)
K=(xpn**41,ZN%*12) {=N**
(@N,TN+1) N-1
=c > $(2/ (mi)) = > 6(2 (mesa))
K=(xy*x 11,8 n**42) =N~

82

— ~[¢(Dayn+) + ¢(Dayn)] + O
— =[¢(Dayn+) + ¢(Dayn)] + O

(%)
(%)

?

(2.61)

(2.62)
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where Lemma |4 was applied. Therefore, (2.36)) becomes
a g — —
(1)2’CB(y) - ‘%D{y} :€¢<2y/(m(x1,12))) - §[¢(D2y1) + ¢(D2yN*—2)]
+ €¢<2y/(m($1\7*717$]\]*))> + €¢(2y/(m(5’3N* 71’N*+1)))

_ E(ﬁ(ﬁzy]v* )+ l(bl(ymﬂ — YN*—1 i YN*4+1 — Z/N*)
2 B 2

2e 5
[yN*—l + Yn+ 41 — 2ZUN*] - 5¢(2?Jl(mN*)) - 5¢(2y’(mN**_1))
+ €¢<2y/(m($N**717IN**))) + E¢(2y/(m(xN**ny**+1)))

—_ = D *k ¢
2¢( 2YN++—1) + 2¢ ( 5 + 9%

[2yner — Ynwr—1 — Ynweg1] — %W(Ezij**) + ¢(Dayn)] + O(?)
:€¢(23//(m(ml,zz))) - %[¢<EZ?/1) + ¢(E2yN*—2)]

e
+ €¢(2y/(m($1\r*_17$1\1*))) - §¢(D2yN*—1)

1 w1 — YN*_ w1 — Une
+ §¢/(yN +12 YN=*—1 4 YN*+1 — YN >[yN*_1 ¥y
€ 15

g PR
— 2yn=+) + €P(2Y (M(zyr aner 1)) — §¢(D2?JN**—1)

+ 1¢/ <yN** — yN**fl yN**+1 — yN**fl
2

_|_

2 *k T *k
- 2 )[ YN YN**+—1
€
=l

— o] — S0 (Do) + 0(Da)] + O(E2).

(2.63)
Since my = M(zya,,,), We conclude,
5P (y) — &Py} =eo(2y/ (m)) — S[6(Damn) + 6(Dayiv-2)]
+ed(2y (my+-1)) — gﬁﬁ(ﬁwmfl)

1 w11 — YN*_ 1 — Une
+ —¢/ YN*+1 — YN*—1 4 YN*+1 — YN
2 2e €

) [Yn+—1 + YUn+t1

= 2yx-] + 202y (my--)) = S6(Day-1)

1 kK T *k * % — *k
4 —¢I YN YN**—1 1 YN*41 — YN*—1
2 € 2¢e

) e — e

[¢(Dayn=) + ¢(Dayn)] + O(?).

DO ™

- Z/N**+1] -
(2.64)

Notice that it remains to check what is the order of the boundary and interface
terms. We will collect certain terms together and examine their order. Two lemmas
will be displayed below so that they are applied to our final result right after.

Lemma 6. For a smooth function y and a smooth function ¢ whose derivatives are
bounded we have

’¢,(yN*+1 —YN*—1 | YN*41 — YN> < 0(?). (2.65)

5 + ) [Yn+—1 + YUn++1 — 2yn+]
5 €
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Proof. Since ¢’ (yN*H 2_ UN-1 YN yN*) is bounded (Assumption ) we will
5 5

only examine
[yn+—1 + yn+t1 — 2yn+]. (2.66)
It is straightforward to check that

yn+1 + Yy — 2yn- =2y (@n-) + O(eh). (2.67)
Hence,
| ¢,(yw*+12—€ym1 4 B yw*) a1+ ynesr — 2un-]l S O(3).  (2.68)
O
Similarly,
1 sk — kK __ * % - *ok
s (YT INL  INT D INT ) e — et — yeea]] < O(E2).
2 € 2¢e
(2.69)

Lemma 7. For a smooth function y and a smooth function ¢ whose derivatives are
bounded we have

26(2y/ (my-1) = 56(Dayn-2) = 50(Dayy-—) O (270)
Proof. As before,

Doyn+—1 + Doyn+—o = 3y (my+«—1) + ¢ (mn-—1) + 0(52)

= 4y (mpy-_1) + O(?), (2.71)
and so
%(ﬁﬂJN*—l + Doyn+—2) = 2y (my+_1) + O(?). (2.72)
From we obtain
‘Cb(EQ?/N*—l) ; ¢(Dayn+—2) _ ¢(52yN*—1 ;EQ?JN*—Q) ’ < e, (2.73)

Dayn+—1) + Dayn-_o)
2
sion and Assumptions [T} [3] we obtain

around 2y'(mpy+_1) using Taylor expan-

By expanding qb(

Doyn+—1 + Dayn+—2
¢ 2

) 624/ (- 1)

E2?JN*—1 + E2?JN*—2

— 2 o
9 y(mN 1) )

+ qﬁ’(&){
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E23/N*—1 + E2?JN*72
2

where £ is between ( ) and 2y'(mpy+_1). Therefore,

‘¢<EzyN*—1 + Dayn+—2

PPN ) oo ()|

Doyn+—1 + Dayn+_
S ¢I(£) |: 2YN~*—1 ;_ 2YN~*—2 B 2y/(mN*1)‘| ‘
E * __ 5 * __

< mgx|¢'(£>|H e 7 e 2y’(mN*_1>H

<ce?, ceR.
Hence, (2.70]) holds. O
Similarly,

g = s —
26 (2y' (M) — §¢(D2ym*_1) — 50(Dayne-)| < O(g?). (2.74)

We are now ready to prove the main result of this section.

Theorem 1. For a smooth function y the energy consistency error is of second order
as follows

125 (y) — &7 {y} < O(e?). (2.75)

Proof. By applying Lemmas [6] and [7] and (2.69) and (2.74) to (2.64), the three
remaining terms from (2.64)) that need to be examined are

=6(2y (m1)) = ¢(Day) = 56(Day). (2.76)
If we apply the periodicity condition,
Yer2+N — YorN = Yer2 — Yo, 1 <L <N, (2.77)
to the last term of we obtain
¢(Dayn) = ¢(Dawo), (2.78)
and becomes
e6(2y/(m1)) = 56(Dann) — 50(Dayo). (2.79)
By following similar steps to Lemma [7] the following holds
£6(2y/(m1)) — 56(Datn) — 56(Dao)| < O(). (2.80)
Therefore,

12577 (y) — & {y}] < O(®). (2.81)
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2.4 Energy consistency for n =3

2.4.1 Continuum Cauchy-Born potential energy for n = 3
Let

T={KCQ: K= (vyz011), Q=][x1,2n11]} (2.82)
S0

T = {(x1,22), (x2,23), -, (TN, TNy1)}- (2.83)

The continuum Cauchy-Born potential energy is

() = [ Wonl(@)de = 3 [ Wenly/ (@), (2.8

KeT

where

Wes(y'(x)) =Y oy (x)n). (2.85)

The atomistic Cauchy-Born energy is a second order approximation of the Cauchy-
Born energy [21],
4P =2 Wep(y (mk)). (2.86)

KeT

For n = 3 this reduces to

q)gB(y) =€ Z ¢(3y,(mK)) :€[¢(3y/(m(x1,xz))) + ¢(3y/<m(x2,x3))) + e
KeT (2.87)

+0BY (M wxin))]-

2.4.2 Energy on the interfaces for n =3

For the interfaces I'; = xy+ and I'y = v+« we need to consider bonds By 3 = [z, Zp43]
intersecting I'y or I';. There are two bonds that intersect interface I'y, By+_93 and
Bpy+_1,3 and two bonds that intersect interface I'y, By++_2 3 and By««_1 3, Figure .
Let y*? be the continuous, piecewise linear function on By, such that for I'y, y*3 is
linear on (x4, zy+) and linear on each I, of (xy+, xpy3), where I, = (x4, x441), Figures
and . For I', y*® is linear on each I, of (g, zx+) and linear for (xy«, z4y3),
Figures [2.7| and For Ty, let 4%~ and y“** be the limits taken from , and €,
respectively as follows

Y3 (2ne) = yne, (2.88)
Tep3 — Ty
Their corresponding derivatives are
(y83YF (wy) = LY YN (2.90)

3
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I
'Qﬂl : 0,
® :
P Te
------ _._—-——'—‘_'Q"
| :
| | |
XN*—2 XN+ -1 X+ XNt 41 XN*42
|
|I J
By_23

Figure 2.5: An example of y¥ =23 on the bond By« _s 3 that intersects interface I'y.

Iy
Qﬂl H -Q*
o ;
o
P
o E
| | |
| T | -
XN*—2 XN*-1 Xy* XN*41 XN* 42
|l Jl
By_13

Figure 2.6: An example of ¢V =13 on the bond By+_; 3 that intersects interface I'y.
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)
Q. : 0,
e |
v h [
/ ~ H
b R S
’ o
/// E _..
@ :
| | |
| | | I
XN**_2 Xpy+_q tht xNuH xN**+2
|
|| J
BN**—Z,S
-2

Figure 2.7: An example of y¥" =23 on the bond Bn=x_2,3 that intersects interface 'z, (nr = 2).

I3
Q.« ' Qﬂz
.‘-!:_'.
®
L
| | |
[ I [ [
XN -2 XN*-1 XN+ XN**41 XN 42
'l ]
By+_13

—1

Figure 2.8: An example of yN** »3 on the bond Bp+x_1,3 that intersects interface I'z, (nr = 1).
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(y"3) (ay-) = 2220 (2.91)
Loz — T

For 'y, let %3~ and y%3* be the limits taken from €2, and Q, respectively

Yo (e ) = g + (M) (Txee — ), (2.92)
Toy3 — Ty
Yy (wn) = Y (2.93)

Their corresponding derivatives are

() (o) = B (2.94)
To43 — Ty
(y"3) () = I —gyN***l. (2.95)

The form of the energy is the same for both interfaces I'y and I'; and so for simplicity
we will define the energy for a general I, (|1.40)). To compute the energy due to bonds
intersecting the interface, first notice that

> 5 [ o= 3

1 _
12, N Bé,3|§¢ <3M)

e B le 3e
Bl,iinF7£@ &3 BZ,ISOF7£® (2 96)
1 . .
= > §|Qa N Bes|o(Dsye),
let
B¢,30F7é®

where |Q, N Bys| is the size of the intersection of the atomistic region 2, and the
bond By 3. Then, taking into account the terms of discontinuous coupling across the
interface ', the energy due to bonds intersecting the interface, ([1.40)), is

= X 3] [rectena- [ odsem b
Bzé%%ﬂ Bus Byl
3| X 100 Bualo(Dun) - (365 ]
-Bzfsef%#@
:% Z Q4 N Bea|é(Daye)
-Bz,ﬁfﬁféﬁﬂ

- G0+ 305 DB - 369
(2.97)
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The bonds By 3 that intersect the interface I'; are By«_33 and By«_; 3 and hence

e — e
B s{y} :§¢(D39N*—2) + §¢(D3y1\f*_1)

= SO+ BN ) -3 )

— WY+ G TR ) -3 )
2 = L, (3 ynt1 —Yn+—2 | YN*+1 — YN+
—§¢(D3yN*—2) - §¢ (5{%{*“ e + 5 }) [Byn+—2

ITN*41 — TN*-2

[op— 1 3 wa9 — YN*_ 1 — UYUnrs
X —¢(D3yN*f1) _ _¢, 9 ) YN*+2 — YN*—1 4 YN*+1 — YN [3yN*71
3 3 2 TN*32 — TN*—1 £

TN*42 — TN*—1

2 — 1 3[ YN +1 — YN*—2  YN+41 — YN*
=—¢(Dsyn+—s) — =¢'| = —
5 H(D3yn+—2) 3¢ (2{ e + 5 [Yn+—2

o
+ 2yn+41 — 3Yyn+] + §¢(D3y1v*—1)

1 3 * — * * - *
_§¢/(§{?JN +2 — YN 1+?/N +1 — YN })[QyN*—1+yN*+2

3¢ €

— 3yn~].
(2.98)

Similarly, the bonds B3 that intersect the interface I'y are By«_99 and By=+_13
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and hence,
Er2 syt = (DsyN** 2) + §¢<D3yN** 1)
- §¢ (L9 + 0 DB - 3 )
(s N U VA T
e e ) L8

YN= 41 = YN**—2
— 3yN**_2 — 3( (,’L‘N** — 'IN**—Z)]
.Z'N**+1 — T N**_9

8 R — 1 3 kk T kok * % - kK __
+ §¢(D3yN**—1) - §¢/(§{yN YN + N2 T YN }) [3?JN**

E $N**+2 — T N*x_1

yN**+2 — yN**—l
xN**+2 — TN**_1

2 — £ —
:§¢(D3yzv**—2) + §¢(D3yN**—1)
1 3 E X S Kk * % —_— *k
_ §¢/<§{QN Yn==—1 i YN**+1 — YN=*—2 }) Bynes — Yner_s

€ 3¢

1 3 *k T *k * % —_— Kk
_QyN**+l]_§¢/(§{yN Ynwo1 | Ynsr = YN 1})[33/N**

€ 3¢

— 2YNee_g — Z/N**+2]-
(2.99)

2.4.3 Atomistic to Continuum Coupled Energy for n =3
Recall that the total coupling energy is:

iy =)&), (2.100)

neRr

where

&Py} = Es, v} + ER {uy + ESS vy + BER (v} + Ed,, {y}.  (2.101)
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I ¥
2
'Q‘ﬂl | ﬂ.« QﬂZ
1
|
By:—23 ' By Byw—23 By+_13
¢ . : | . —_— "
| i \ [ [ | |
X X xA\__,t_z x‘\_,:_l x_:\‘-o x‘\5271 x_\—°_2 x‘\_)»_z x‘\l‘n_l T N Y\ o] r\‘: 2 Xya Xy Xy41

Figure 2.9: The atomistic to continuum coupling domain

For fixed n = 3,

N*—3

Egzal,z{y} =€ Z ¢(E3yz)

r1,3{y} :gg ¢(Dsyn+—2) + </5(D3yzv* 1)

]. 3 * - * * - *
. §¢/(§{9N +1 — YN*—2 i YN*+1 — YN }) [yN*_2 T 3yN*]

3e €
1 3 * — * * e *
— _¢/(_{y1\f +2 — YN+-1 n YN*+1 — YN }) [2yn-_1 + Yn-s — Syn-]
3¢ €
N**—1
EG Iy} == Y ¢(3Dwy)
e N*
Ep o{y} = (D3Z/N** 2) + <Z5(D3Z/N** 1)
. _¢/ (_{yN** — YN**_1 + YN*+41 — YN*+—2 }) [3yN** — YN**x_9
€ 3e
]_ 3 yN** — yN**—l yN**+2 —_ yN**—l
— 2 * K - - / - —‘[_ 3 * %
ynes1] = 30 <2{ c 3¢ Byw

N

Egzaz,g{y} =€ Z ¢(Dsys).
- (2.102)
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2.5 Comparison of coupled energy with continuum
energy for n =3

We split the continuum energy to correspond to the domains of (2.102), as follows

(TN _3,ZN*_2) (Tn* T N*41)

3Py == > 6By (mk)) +e > ¢(3y'(mx))

K=(z1,22) K=(zn*_2,2n%_1)

(wN**_z,ZEN**_l) ($N**,IN**+1)

+e Y By m)+e D> 63y (mk))

K:(:rN*+1,xN*+2) K:(wN**—th**)

(2.103)

(N, TNt1)
+e > ¢(3y' (mx))

K:(xN**+lsz**+2)

=:Acp + Bep +Tep + Dep + Ges.
We will compute &3 (y) — &P {y} as follows

®§P(y) — &P {y} =Acs — B4, 4{y} + Bes — ER 4{y} + Tes — EGS v}
+ Dop — B, 3{y} + Gos — B, 5{y}

(TN*_3,ZN*_2) N*-3
== Y oGy (mk)) —c Y o(Dsyr)
K=(z1,x2) (=1

(TN, N* 1 1)

te ) By (mk))

K=(zn*_2,Zn*_1)

1 3 * — * __ * - *
+_¢/(_{yw 4T YN YN T YN })[yzv*2+2yzv*+1

2e

3 Cb(EsyN*—Q) - §¢(539N*—1)

1 3 w19 — UN*_ w11 — YN+
. 3yN*] + _¢/ 9 ) YN4+2 — YN*—1 i YN*+1 — YN [23/N*—1
3 2 IN*42 — TN*—1 2¢e

(T N*x _0,@N*x_1)
+ Yney2 — 3yn+] +¢ Z o(3y'(mx))
K=(@n*41,8N%42)
N**—1 (@ Nwx @ N** 1)

—£ Y 0BDw)+e > 63y (mx))

(=N* K:(xN**—lva**)

2e  — [pp—
- §¢(D3?JN**—2) - §¢(D39N**—1)

L, (3 ynes —YUNwx—1  YN=r41 — YN=*—2
- e Synex — ok
+ 3¢ (2{ 9% + 3z [Byn YN+=*_2

1 B[ YNw — YNw—1 | YNwr42 — YN+—1
— QU nres 4 =
Yn +1]+3¢ (2{ . + e
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(zN,2N+1)
[Bynwes — 2yner1 — Ynwego] +€ > ¢(3y' (mx))
K=(xnxx 41,8 N%42) (2.104)

—¢€ Z D3yz

(=N**
As in the case of n = 2, the three lemmas below will be applied to [2.104]

Lemma 8. For a smooth function y and a smooth function ¢ whose derivatives are
bounded we have

N*-3

Egzal,s{y} =€ Z ¢(E3y4)
=1

N*—5

e 3 6y me) + (2105)

+ £120(Dayn) + 6(Dape)]
o

+ §[2¢(Esym—3)

3 Dsyn-—4)] + O(£?).

Proof. We will start by looking at Eg 31y} and we will introduce the following
symmetry splitting

N*-3

gzals{y} =€ Z ¢(ﬁ3ye)

%{W@%) + 6(Dsys)] + [6(Dswn) + ¢(Dsys) + 6 (D)
+ [¢(E2y2) + ¢(E3y3) + ¢(E3y4)] +ot [¢(E3QN*—5) + 925(53%\7*_4)

+ 6(Daywea)] + 20(Dayn-s) + ¢(EgyN*_4)]}.

(2.106)
Therefore,
N*—3 N*—3
<3 o(Dw) = L16(Dywe) + 6(Dayers) + 6(Dayss)]
= 3
+ %[2¢(53y1) + ¢(§3Z/2)] + %[2¢(33ij*73) + ¢(E3yN*f4)]-

(2.107)
Let myy o denote the middle point between x,.» and 3, Figure 2.10, Observe,

D D D) Yer3s — Yo Yord — Yor1 | Yors — Yoo

:ye+5 — Yo Yrya — Yoy1 Yo+3 — Yoy2

. (2.108)

=5y (Myy2) + 3y (Mey2) + ' (meg2) + O(€7)
=9y (me42) + O(e?).
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|' [ M2 | " "
— e ° o | o ° o
l 141 1+2 1+3 1+4 l+5

Figure 2.10: Displaying m4o

Hence,
1, = — —
3 (Dsye + Dsyer1 + Dsyesa) = 3y (miesa) + O(2). (2.109)

Since we have assumed that ¢ is smooth (Assumption[l]) and that its derivatives are
bounded (Assumption ) we can expand ¢(a), ¢(b) and ¢(c) using Taylor expansion,

around <%b+c) and we obtain

o) = (TG (ORI 4 Ly IOy,

60) = 6“0 + o (OB 4 @

8(0) = o) 1 g (CTIEO ATy L) B0y
where &, € (a, %b“) £, is between %b“ and b and & € (%HCQ

Adding ¢(a), ¢(b) and ¢(c) and after expanding the second order terms and collecting
the terms we obtain the following condition

‘¢(a) : (b:(ab) e ¢<%b+c)‘ <C(la=bP+b—c*+|c—al’), CeR.

(2.110)
By applying the above condition we yield

’ﬁb(ﬁsye) + 0(Dayes1) + ¢(Dayera) (b(ﬁzaye + Dayr1 + E3ye+2) ‘ < 02

3 3

In addition,

é (Ezﬂﬂ + Daye1 + E3y1z+2) _
3

_ _ (2.112)
Dsye + D3yey1 + D3y

3

- 3y/ (m@r?) ’

63y (mesa)) + (€) {

Esyz + E3y5+1 + Esyzm
3

where £ is between < ) and 3y’ (myy9).
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Hence,
Dsy, + D. +D.
’fb( 3Ye 3y§+1 3y€+2) B ¢(3y/(mg+2))’
D D D
< ¢/(€){ 3Ye + 3Z/§+1 + DsYey2 3y’(mg+2)} ‘
D D D
< max |¢/(§)|‘ { 3Ye + 3?/?1 + Ds3Yera 3y’(mg+2)} '
<ce?, ceR.
(2.113)

due to Assumption [3] Therefore,

N*—3 N*-5

ES, slyt=e¢ Z ¢(Dsye) =e d(3y' (Mey2)) %[2¢(E3y1) + ¢(D3y2)]
=1 1

+ %[2¢(D39N*—3) + ¢(Dsyn+—a)] + O(£?).

(2.114)

O

Lemma 9. For a smooth function y and a smooth function ¢ we have
N
Es, s{u} =2 > ¢(Dsye)
Py

(2.115)

=€ Z d(3y' (mes2)) %[2¢(ESyN**) + ¢(Dsyn++41)]
(=N**
+ =126(Dayw) + é(Dayn-1)] + O().

Proof. We will start by looking at Ef‘zazjg{y} and we will introduce the following
symmetry splitting

N

EsqzaQ,s{?J} =& Z ¢(E3w)

e=N**

- %{[2¢(E3?/N**) + ¢(Dsyn=+1)] + [0(Dsyn++) + ¢(Dsyn++1)

+ ¢(Dsyn=++2)] + [0(Dayn+11) + ¢(Dsyn++2) + ¢(Dsyne43)] + - - -
+ [¢(Dsyn—2) + ¢(Dsyn—1) + ¢(Dsyn)] + 2¢(Dsyn) + ¢(E3Z/N—1)]}-
(2.116)
Therefore,

N-2
Y oD =< S S6(Dsw) + 6(Dsyer) + 6D )]

S S
+ =126 (Dayn-+) + 6(Dyn-++1)] + £126(Day) + ¢(Dayn-1)].
(2.117)

OJI(T)
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The remaining proof is similar to Lemma [§] [

Lemma 10. For a smooth function y and a smooth function ¢ whose derivatives
are bounded we have

N N
EgS i {y}y =e Y ¢(3Dwy) =< Y 6(3y'(my)) + O(?). (2.118)
{=N* (=N*

1—y£:

Proof. Since, Dy, = yex y'(my) + O(e?), we have
£

¢(3D1ye) = ¢(3y'(me)) + ¢ (€)[3Drye — 3y’ (o)), (2.119)
where ¢ is between 3Dy, and 3y'(my). Hence,

6(3D1ye) — &3y’ (me))| < |¢/(€)[3BD1rye — 3y (my)]]
< max |¢/(§)|[[BD1ye — 3y (my)] (2.120)

< ce?.

Equation (2.104)) will be examined in sections as below

(TN*_3,ZN*_2) N*-3
Acs — E§, s{y} == > 6By (mk) —= > d(Dsyr)
K=(z1,z2) (=1
(TN*_3,ZN*_2) N*-5
== Y 0By (mk)—e D B3y (mey))
K=(z1,z2) /=1
- %[2¢(§3y1) + ¢(53y2)] - %[2¢(§3ZJN*—3) + ¢(339N*74)]
+ O(g?)

:5¢(3y,(m(ﬂ€179§2))) + 5¢(3y/(m($2,$3))) +oee
+ 03y (Miaye_gane ) — €03y (m3)) — ed(3y (ma)) - --

— 26(3y/ (my-—2)) — £[26(Dan) + ¢ (Daye)]
~ £120(Dsyx- ) + 6(Day--)] + O(<?)
=£0(3Y (M(2102))) + EO(3Y (M(az.04)))
— £[26(Day) + ¢(Da)] = £[26(Dayn-—s) + & (Day- )

+0(e%,
(2.121)
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where Lemma [8 was applied. Further,

(Tn*,TN*41)

26— —
Bes —Efa{uy=e 3 6(y/(mx)) — 3 6(Dayn-—2) — 56(Dayn-1)

K=(zn*_2,Tn*_1)

1 3 * - * * - *
+_¢/(_{yN +1 — YNx—2 i YN*+1 — YN })[yN*2+2yN*+1

3 2 3e €

1 3 Yn+ 42 — Yn+—1 YN*+1 — YN~
— 3yn= = 2Uyn_
yN]+3¢(2{ 3z + - [2yn+—_1

+ Ynet2 — 3Yn-]
:€¢(3y/(m(mN*—2:$N*—1))) + 5¢(3y/(m(11\1*—1@1\7*)))

, 2e | — €, =
+ 5¢(3y (m(:rN*,mN*+1))) - §¢(D3yN*,2) - _¢<D3?/N*71)

3
]. 3 * - * __ * —_— *
+ —¢’ 9O ) YN +1 — YN*—2 I YN*+1 — YN [yN*iz F 2yt
3 2 3€ €
1 3 Ynrt2 — Yn+—1 YN*+1 — YN+
— 3y« = 2yn_
Z/N]+3¢(2{ 3z + 5 [2yn=_1
+ YN*42 — 3yN*]7
(2.122)
and
(zN**_o2,ZN**_1) N**—1
Top — BEGST{y} =¢ > $(3y (mi)) — < Y ¢(3y (my))
K=(zn*41,ZN%42) £=N*

:5¢(3y,(m(xN*+1va*+2))) + €¢(3y/(m(ﬂ?N*+2»»’CN*+3))) +o
+ €D(3Y (M pur_gynn 1)) — €G(3Y (mn)) — €d(3y (mn-11))
— o — 203y (mywe_1)) + O(£%)

= — 26 (3 (mn+)) — ed(3y (myw—1)) + O(?),
(2.123)
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where Lemma (10| was applied. Similarly,

(CEN** ,xN**+1)

Dcp — Er,2{y} =¢ > o(3y'(mk)) — %szﬂ/zv**z)

K (QTN 11‘]\7**)

1¢ ( {yN** —gyN**_l + ?JN**—f—l yN** 2 ) ByN**

3
— YN#x—2 — 2@/N**+1] - —¢(D3yN** 1)

+ g(b/ (5{ Nk — yN**—l + yN**+2 — yN** 1 }) 3yN**

3

— 2YNer 1 — YN 2 (2.124)
! /
:€¢(2y (m(xN**—hﬂ?N**))) + €¢(3Z/ (m(xN**va**-H)))

2e e —
- §¢(D3y1v**72) - §¢(D3yN**71>

1 , 3 ZJN** — yN**—l yN**+1 — Z/N**—2
— —_— 3 * %k
T3¢ (2{ * 3¢ Byn

3

— YNz — 2YNwr i)
— — 3 * %k
T30 (2{ c * 3¢ [Byn

— 2YNee_1 — Z/N**+2],

and,

(xN,ZN+1) N
Gep — E5,, s{y)y == Z o3y (mk)) — ¢ Z ¢(Dsye)
I=N**

KZ(Z‘N**+1,LL‘N**+2)

(rN,TN+1) N-2
=€ Z o3y (mg)) — e gb 3y'( m4+2
K=(zn*x 41, N**42) L=N~**

- %[2@5(53%]**) + ¢(Dsyn+-11)]
~ £ [20(Day) + 9D 1) + O
=203y (Miayersiner ) = 5126 (Dag) + 6 (Day-11)]

~ £20(Bas) + 9(Dw-1)] + O,
(2.125)
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where Lemma [0] was applied. Therefore, it is easy to see that,

5P (y) — &Py} =ed(3Y Mz 22))) + €(3Y (M(a.2))) — %[%(5391) + ¢(Dsys)]
- %[2¢(539N*—3) + ¢(53?JN*—4)] + 5¢(3y/(m(xN*,2,xN*,1)))

, 2e | — €, =
+ o (3y (m(zm,l,zm))) - §¢(D3?JN*72) - §¢(D3yN*71)

]. 3 * - * * — *
4 _¢, O J YN*4+1 — YN=-2 n YN*+1 — YN [beQ F 2yne1s
3 2 3e

€

1 3 [ Yn+2 — Yn+—1 YN*+1 — YN~
— Sy« = 2UyN-_
Z/N]+3¢(2{ 3z + - [2yn«_1

2e | —
+yn+t2 = 3Yn+] + €ABY (M(apn ayee 1)) — §¢(D3ZJN**72>

13 —_ ]_ 3 yN** — yN**—l yN**—l—l — yN**—2
—_ — D o ZAHMN Z
3¢( 3YN 1)+3¢ (2{ - + 3z

]_ 3 *k T *k ko —_— *%k
i _¢/ 9] YN YN**—1 X YN*42 — YN**—1 [33/N** DTN
3 2 € 3e

I —
- yN**JrZ] + €¢(3y/(m(1N**+l71‘N**+2))) o §[2¢(D3y1\7**)

+6(Dayy--1)) = 526 (Day) + ¢(Day-1)] + O(?).

(2.126)

Since my = My a,,,), We conclude,
() — & (v} =e6(3y/ (1) + £0(3y (ma)) — S[26(Dayn) + ¢(Daye)
- %[%)(Ezsyzv*ﬂ%) + ¢(ﬁ3y1\r*74)] + 5¢(3?/(mN*72)>

+ 2003y (- ) = 20 (Dspn ) — S6Dsyn- )

1 / 3 [ YN++1 — Yn+—2 YN*+1 — YN+
* __ 2 *
+—3¢ (2{ 3 + - [?JN 2 + 2YN++1

1 3 [ Yneq2 — Yn+—1 YN*+1 — YN~
— 3y« = 2Yn_
yN]+3¢<2{ 3z + 6 [2yn+_1

26 =
+ ynes2 = 3yne] + 203y (my)) — §¢(D3?JN**—2)

£ J— 1 3 yN** —_ yN**—l yN**-i—l —_ yN**—Z
3¢( 3YN+—1) + 3¢ (2{ - + 3z

[Bynes — Ynwr—2 — 2Ynesy1]
Lo (3 yne —yn=—1 | YnNwt2 — Yno—1
— — 3 k% T 2 ko
+ 3¢ (2{ - + 3z [Byn YN==—1
c S N
— Yn=t2] + €3y (My+et1)) — §[2¢(D3?JN) +¢(Dsyn-1)]

_ %[2¢(53y1\/**) + ¢(E3yN**+1)] + 0(52)'

(2.127)
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In the following two lemmas we will collect certain terms together and examine their
order.

Lemma 11. For a smooth function y and a smooth function ¢ whose derivatives
are bounded we have

3 * - * __ * - *
W(E{QN +1 — YN*-2 . YN*+1 — YN }) [yN*_Q ¥ QY — 3yN*]

3e €
3 * - *__ * — *
+ ¢/(§{yN 2 N1 INen T ON }) [2yn+—1 + Yn+12 — 3yn+]| < O(?).
3e €
(2.128)
3 * — *__ * — * 3 * — *_
Proof. Since ¢/ ( 2 YN*+1 — YN*—2 n YN+*+1 — YN and ¢ 2 YN*+2 — YN*—1 i
2 3e € 2 3e
M}) are bounded (Assumption ) we will only examine
€
WYn+—2 + 2yn+y1 — 3yn-] and  [2yn«_1 + ynei2 — Syn-]. (2.129)

We will apply a Taylor expansion of yy«i2, Yn+11, Yn+_2and yy+_1 around yy- as
follows

(28)3 "

YN*4+2 = YN+ + 2€y/($N*) + 2€2yﬂ($N*) + 31 Yy (53)
/ 62 1 63 n

Yne+1 = Yn+ + ey (xn+) + =y (on-) + v (&)

2 3!

4 i (2.130)

€
yn+—1 = yn+ — ey (xn+) + Ey"(l’N*) - 53/”(52)

2e)3

Yn—o = Yn= — 26y (wn+) + 282" (xn+) — (3—')3/”(54),

where § € (Tn+, Tn+41), &2 € (Tn+—1,TN+), {3 € (Tn+, Teg2) and & € (Tn+_2, Ty+).

Therefore, (2.129) becomes

2.1

2¢)3
Yn+—2 + 2yns1 — SYne =yn+ — 2y (zn+) + 2%y () — (2)°

31 y" (&)
3
+ 2y + 22y () + €% (o) + 2579 (61) — By
3%y (ax-) + O(),
(2.131)

and

3
€
2yn-—1 + Ynes2 — 3yn+ =2yn- — 2ey’(an-) + %Y (o) — 259" (&)

9 3
+ yn+ + 26y (xn-) + 2%y (xn+) + %?JW(SS) — 3yn-
:352:1//(1’]\[*) + O(Ed)
(2.132)
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Hence,
3 * — *__ * —_— *
W O JYN*+1 — YN*—2 i YN*+1 — YN [yne—2 — 2yn-t1 — 3yn-]
2 3¢ €
3 * — *__ * —_— *
ro2 YN*+2 — YN*—1 i Yn=+1 — YN [2yn-——1 — Ynerz — 3yn+]| < 0(52)_
2 3e €
(2.133)
O
Similarly,
L3 yne —yns—1 | YnN=*41 — YN+*—2
—_ —_ 3 *k T ®k - 2 *k
|3¢ (2{ - + 3 [Byn YN»*—2 YN+ 11
1 3 *k T Kk *k —_— *k
+=¢'| = N YNt + N2 UNvol [Bynes — 2Yn=—1 — Yn+=42]|
3 2 € 3e
< 0(£?).
(2.134)

Lemma 12. For a smooth function y and a smooth function ¢ we have
led(3y (mn+—1)) — =[¢(Dayn+—3) + ¢(Dsyn+—2) + ¢(Dayn+_1)]| < O(*) (2.135)
Proof. As before,

£

3

EgyN*_;), i EgyN*_g +53yN*_1 _ YN~ —g?JN*f:s i YN+*+1 ;yN*fl i YN+*+2 ; YN*—1
_ YN 42 — YN=*-3 i YN*+1 — YN*—2 4 YN — YN*—1
€ € €

=5y (mn+_1) + 3¢ (mn~_1) + ¥ (my-_1) + O(e?)
=9y (mp+_1) + O(?),

(2.136)

and so

1 — — —
§<D3Z/N*—3 + D3yn-—2 + Dsyn+—1) = 3y (mn-_1) + O(?). (2.137)

Hence, we use the condition from equation (2.110]) to obtain,
¢(Dsyn+—3) + ¢(Dsyn+—2) + ¢(Dsyn+_1) <E3yN*3 + Dsyn+—2 + ﬁ3%\/*1) ‘

3 —¢ 3

< c£2.

(2.138)
Hence, (2.135)) holds. O]

Similarly,
led(3y (my=—2)) — %[é(ﬁayzvq) + ¢(Dsyn+—3) + ¢(Dsyn-—2)]] < O(e?), (2.139)
led(3y (my=)) — =[¢(Dsyn++—2) + (Dsyn=—_1) + ¢(Dzyn=+)]| < O(?), (2.140)

led(3y' (mpy==11)) — §[¢(EgyN**—1) + ¢(Dsyn=) + ¢(Dayn+41)]| < O(?). (2.141)

We are now ready to prove the main result of this section.

Wl M
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Theorem 2. For a smooth function y the energy consistency error is of second order
as follows

257 (y) — &7y} < O(?). (2.142)

Proof. By applying Lemmas [11] and [12] and (2.139)-(2.141) to (2.127), the four re-
maining terms from (2.127)) that need to be examined are

€

203y (ma) — 5

[¢(Dsy1) — ¢(Dsy2) — ¢(Dsyn)]. (2.143)
If we apply the periodicity condition,
Yers+N — Yern = Yer3 — Yo, 1 <L <N, (2.144)

to the last term of (2.143)) we obtain

¢(Dsyn) = ¢(Dsyo), (2.145)
and becomes
=6(3y'(m2)) — £[6(Day) — &(Dag) — &(Day)]. (2.146)
By following similar steps to those in the proof of Lemma, [12| the following holds
ep(3y'(m2)) — %[Gb(ﬁz&yl) — ¢(Dsy2) — ¢(Dsyo)]| < O(£). (2.147)
Therefore,
2577 (y) — &7 {y} < O(%). (2.148)

]



Chapter 3

Error Analysis for the First Variation
in 1D

3.1 Chapter Overview

In this chapter we perform the error analysis for the first variation of the coupled
model in comparison to the first variation of the atomistic Cauchy-Born energy in
one dimension for n = 2. It is important to access the quality of the approximation
of the coupled model at the first variation level because the ghost-force phenomenon
appears at this level. The setting for this chapter is the same as in Chapter 2. In
Section 3.2 we compute the first variation of the atomistic energy, the atomistic
Cauchy-Born energy and the energy on the interfaces. We obtain the first variation
of the coupled energy in (3.11)). In order to be able to subtract from the
atomistic Cauchy-Born energy (3.14) which only has Dyv, terms, the Dyv, terms
in have to be converted to Div,. This is done by substituting the splitting
Doyvy = Dyvy +Elw+1 into which yields . In Section 3.3 we subtract the
first variation of the coupled energy (3.12) from the first variation of the atomistic
Cauchy-Born energy and obtain 1) Some terms in contain Djvy
which we convert to Dyv, by using lemmas (13| and [L4]so that we can further simplify
the calculations. Then by also applying the periodicity condition we obtain (3.26]).
We examine the order of these terms and apply Lemma |15/ and so some of the terms
are of order O(e?). The remaining terms that are examined are in (3.33)-(3.36)
where some terms are O(g?) and some are O(g). Finally, in Theorem E on page 59

we show that the variational consistency error was bounded by (g2 + 52*%) in the
discrete W~1? norm.

Sections 3.4 and 3.4.1 include the numerical results for the optimisation of the atom-
istic model and the optimisation of the discontinuous bond volume based coupling
method in one dimension for the Lennard-Jones potential and the Morse potential.
We ran the program in Python for four different combinations for the external forces
which verified the good performance of the coupling method compared to the fully
atomistic model.

o1
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3.2 Variation of Coupled Energy

The setting of the coupled energy and the atomistic energy is the same as in Chapter
2. We will compute the difference between the first variation of the coupled energy
and the first variation of the atomistic Cauchy-Born energy as follows

<D(bg7CB(y)7 U>a - <D692D{y}7 U>5
where

(D& {y}v). = (DEG, oy}, 0). + (DEF, 1 {y},v). + (DEGS {y}, v).
+ <DEFDQ,2{?/}7 U)e + <DEg2a2,2{y}v v)e'

We will look at each term of (3.1]) separately, where the energies in each region have
been defined in (2.34)in Section 2.2.4. The first term is as follows

(3.1)

d
(DEG, o{y},v). = thQ 2(y + tv) =0

and
d N*—2 d¢ N*—-2
T, ay o) =c )y = (Dalye+tve)) =€ 3 ¢'(Dalye + tve)) Dove. (3.2)
=1 =1
So,
N*—2
(DEG, 2(y),v).=¢ ¢’ (Daye) Davy. (3.3)
(=1
The second term is as follows
d
(DEp, 2(y),v), = EEHQ(?J + 1) |10 (3.4)

and

N

{ > {g¢(D2(ye +tvy))

/=1
By oM #£0

- LR ) + DR ) + tv“)]]H

d
iy 5 tv) =
dt F172<y _I_ U)

Sl

N

€ ., = _
= > {§¢(D2(yg+tvg))D2vg
Bg)ff?ﬁl#@

- 50" (20" (wesn) + 0072 N[22 (o) + 10" {{2(0") '}

- %cﬁ ({200 e + 0022001 .

(3.5)
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Hence,

(DErs().0). = 3 {E¢'(D2y4)D2W

/=1 2
By 2Nl #£0
- %W({{?(y&z(ﬂﬁul))'}})[[Q(QE’Q(WH))]]{{2(05’2)'}}

- SFUCO o) D

e _ _
§¢, Doyn+—1)Dovn-—1

(

- %¢”({{2(yN*‘1’2(wzv*))’}})[[2(1/“‘1’2(ﬂfN*))]]{{2(vN*‘1’2)’}}
1
2

— S¢'({{20™ " (an-)) I [20Y ).
(3.6)

By substituting (2.18])-(2.21) into (3.6 we obtain

(DEr, 2(y),v). :g¢/(D2yN*—1)D2UN*—1
— 50 GRTT H ) + 27 )

20y T2 ()™ = 20N T ) THY )T 4+ (0T

1 1 *_ _ *__
— 5 G T ay)) T 25N ane)) )
20N 2 (2y))” = 20 P (aye)) ]
8 — = 1 * - * __ * - *
:§¢'(D2yN*71)D2vN*71 — §¢”(yN 1N + Yne+1 — YN )
TN*+1 — TN*—1 €

[2yN*71 —+ 2 YNl 7 N1 (.I'N* — I'N*,l) — 2yN*]
IN*+1 — TN*—1

|:UN*+1 — UN*—1 1 UN*—|—1 _UN*:|
TN*+1 — TN*—1 €
1 /e YN*+1 — YN*—1 1 YN*4+1 — yN)[

27 "IN+l — TN €

+ 2<UN*+1 — Nl ) (17]\[* — 'Q:N*fl) — QUN*]
TN*+1 — TN*—1

YA N

€ _ _ 1 1- _
== 2YN*—1)J2UN*—1 — = SL2YN*—1 1YN~
—¢/(Dayx-1)D 50" (5 Doy 1 + Dy)
1 - _
[yN*+1 + Yyn+—1 — QZUN*] {iDz?JN*q + Dyvn+

1,1~ _
_ §¢/(§D2yl\/*—l + DlyN*)[UN*—i-l —+ UN*—1 — 2UN*]
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:—¢ (D2yN* 1)D2UN 1 — —¢”( DzyN* 1+ Dl?/N )

1= 3 =
—DlvN*fl -+ §D1UN*:| (37)

[DlyN* - DlyN*fl] [2

- —¢ ( DQyN* 1+ DlyN*)[DlvN* DlUN*—l]-

By similar computations, we conclude that the first variation of Er, 5 is

<DEF2,2(?J) > :—Cb (Dz?JN** 1)D2UN** 1 —§Z5 ( DQyN** 1+ DlyN** 1)
1_- _
[—2yNn+s + Ynwri1 + yN**—l]{§D2UN**—1 + D1UN**—1}

3.8
9
=§¢ (DzyN 1) Davyes 1 — —¢ ( Dyynes—1 + Diynes 1)

_ _ 1= _
[—Diyn=_1 + DlyN**]{§D2UN**—1 + D1UN**—1}

e . 1_ _ _ _
- §¢,(§DQZUN**—1 + Dyynee—1)[=D1vn+_1 + Divys].

Noting (2.34) we have
N**—1

(DEGS (y),v). = 2¢ ) ¢'(2Dye) Dy, (3.9)
(=N*
and by similar computations as in (3.2)) we obtain
N
(DEG,, 2(y),0). = Y ¢/(Daye) Dve. (3.10)
(=N**
Therefore, (3.1) becomes
N*—2 -
(D&EP{y}v). =¢ Y ¢ (Daye) Dave + §¢I(D2?JN*—1)D2UN*71
=1

_ 1=
¢”( D2yN* 1+D1yN*)[D1fUN* DlyN*—l]{EDIUN*—l

_ e, 1~ _ _ _
+ —D1UN*} - _¢/(§D2?JN*—1 + Dyyn+)[D1vns — Dyvn«—1]

N**—1
_ _ € _ _
+2¢ ) ¢(2D1ye)Drve+ 5@/ (Dayne-—1) Doy
(= N*

— —Cb”( Doynes 1 + Dyynes_1)[—Dyynes—1 + Diyn+]

1. _
{§D2UN**—1 + DIUN**—I} — —¢ ( Daynes 1 + Diyne=_1)

N
[_DIUN**fl —+ DlvN**] + ¢ Z Qb/(ﬁgyg)EQUg.

e=N**

(3.11)
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We will rewrite equation 1) in terms of Dyv, by substituting Dyv, = Djv, +
Dyvpyq as follows

N*—2
— — — £ _ — —
(D& {y}, v), =¢ Z ¢ (Daye) [D1ve + Dyvega] + §¢/(D29N*—1)[D11)N*—1 + Dy1vy-+]
=1
1 1~ a = = I
= 59" (5D2yn-—1 + Diyn)[Diyn — Diywe—1lq 5 Drow-—

™

2
3 = e, 1= _ _ _
+ §D1UN* — §¢ (§D2yN*—1 + DlyN*)[DlvN* — D1UN*_1]
N**—1
1T n € /7 — =
+2 Y ¢'(2D1ye) Dve + 59 (Deyne+—1)[Divwse—1 + Divy-:]
{=N*

€ 1_ _ _ _
- §¢”(§D2yN**71 + Dyyne—1)[—D1yn+—1 + D1yn+]

1~ 3 = e, 1= _
{—DWN** + _Dl'UN**l} - _¢/(§D2yN**71 + Diyn+—_1)

2 2 2
N
[~ Dyvnee—1 + Dyones] +¢ Y ¢'(Daye)[Drve + Divegal.
(=N

(3.12)

3.3 Variation of Continuum Energy and Coupled

Energy
The atomistic Cauchy-Born potential energy for n = 2 is
N
5P (y) = ¢(2Dye), (3.13)
=1
and its first variation is
N
(DP5F(y),v), = 2> ¢'(2D1yr) Dyve. (3.14)

(=1
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We will calculate (D®SE(y) — DEP (y), v), as follows

N
(D®5 P (y) — D& (), ), = 2¢ Z ¢'(2D1y¢) Dyvg
=1
N*—2
2 - a € - o)
—¢€ Z ¢’ (Daye)[D1ve + Divesa] — 5925 (Dayn+—1)[D1vn+—1 + Divn-]
=1
€ il = A = - J 3 =
+ §¢ (§D2yN*—1 + Dyyn+)[Diyn+ — Diyn+—1] §D121N*—1 + EDlvN*
e 1~ _ _ _
+ §¢/(§D2y1\f*—1 + Dyyn+)[Dyvy — Dyvn«_1]
N**—1
1o oY € 17 - =
—2 Y ¢'(2Dyye) Dyvy — 59 (Daynee—1)[Drvw+—1 + Dyvy-]
(=N*
€ e ~ = = I~ 3 =
+ §¢ (§D2?JN**—1 + Diynes—1)[=D1yn=—1 + Diyn=] §D1UN** + §D1UN**—1
e 1~ _ _ _
+ §¢/(§D2ZJN**—1 + Dyyne+—1)[=D1vn=+—1 + Dyvy=]
N
—€ Z ¢'(Daye)[Drve + D1veg].
0= N**

(3.15)
We will introduce two lemmas that will help us rewrite the summations with the
term Dyvpyq in terms of Djvy.

Lemma 13. For a smooth function y and a smooth function ¢ whose derivatives
are bounded we have

N*-2 N*—-2

e Y ¢ (Daye)[Drve + Drvea] == Y {6 (Do) + ¢ (Daye1) Y Drve
/=1 /=1

+ ¢ (Dayn+—2)D1vn<—1 — £¢/(Dayo) D1vy.

(3.16)
Proof. Consider
N*—2 N*—2 N*—2
€ &' (Daye)[D1ve + Dyvesq] =€ Z @' (Daye)D1vg + € Z &' (Daye) D1vgy1.
=1 =1 =1
(3.17)

In order to change the second sum from E1W+1 to Dyv, we change the index from
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¢ to k = { + 1. Therefore, the second sum of (3.17) becomes

N*—2 N*-1
e Y ¢(Daye)Drvegs =¢ Y ¢ (Days—1) Doy
(=1 k=2
N*—2
= Y ¢'(Dayr—1)Drvg + ¢/ (Dayn+—2) Drvn-1
k=2 (3.18)
N*—2
=€ Z ¢'(Dayr—1)D1vi + ¢ (Dayn+—2) D1vn+ -1
k=1
- €¢/(52yo)ﬁlvl-
Hence,
N*—2 N*—2
£ ¢ (Daye)[D1ve + Dyvea] =¢ Z {¢'(D2ye) + ¢'(Daye-1)} D1ve
£=1 =1
+ ¢/ (Dayn+—2) Dyvn+—1 — £¢' (Dayo) Dy vy
(3.19)
[

Similarly, we have the lemma below.

Lemma 14. For a smooth function y and a smooth function ¢ whose derivatives
are bounded we have

N N
e > (Do) [Dyvg + Dyvea] =2 > {¢'(Daye) + ¢ (Daye—1)} Dive
ZZN** Z:N**
+ €¢,(D2yN)D1UN+1 - €¢,(D2yN**_1)D1UN**.
(3.20)
Proof. Consider
N N
3 Z ¢'(Daye)[D1ve + Dyvesr] =¢ Z ¢ (Daye)Dive + € Z ¢ (Daye) D1ves1.
(=N** (=N** (=N**
(3.21)
As before, we conclude,
N N
£ Z ¢’ (Daye)[Drve + Dyveya] =¢ Z {¢'(D2ye) + ¢'(Daye-1)} D1ve
(=N** (=N**
+ €@/ (Dayn) D1vn 1 — ¢/ (Daynes—1) D1vyss.
(3.22)

]



3.3 Variation of Continuum Energy and Coupled Energy 58

We now focus on the following four summations in equation (3.15)

N*—2

N
2c Y ¢/ (2D1ye)Drve — e > ¢ (Daye) [Dyve + Dyves]
=1 =
N**—1 N

—2 Y ¢ (2Dw)Dive—e Y ¢'(Daye)[Drve + Divesa] = A
(=N~ (=N

By applying Lemmas [13| and [14] to (3.23)) we obtain
N N*—2

A =2¢ Z ¢’(251yz)31w — € Z {Cb,(bﬂ%) + ¢/(ﬁ2W—1)}31W

(=1 /=1

(3.23)

N**—1

— &¢/(Dayn+—2) D1vn-—1 + ¢/ (Dayo) Dyvy — 2¢ Z ¢'(2D1ye) D1vy
(=N~
N

—¢ Z {¢'(Daye) + ¢'(Daye—1)} Drvg — e¢' (Dayn) Divw

(=N**
+ €¢,(E2yN**—1)E1UN** (3.24)
N*—2

=€ Z {2¢'(2D1ys) — ¢'(Daye) — ¢'(Daye—1)} Drvy
=1
=+ 25¢/(2E1yN*71)E171N*71 - 5¢/<E2yN*72)E10N*71 + €¢/(5zyo)5lv1

N
+e Z {2¢'(2D1ye) — ¢'(Daye) — ¢'(Daye—1)} Davg
=N

- 5¢/<E2yN)E1UN+1 + 5¢/(Ez?/N**—1)51@N**-

If we apply the periodicity condition then e¢'(Dayn)Divn 41 = €¢'(Dayo) D1vy, and
hence

N*—-2

A =e Z {2¢/(2D1ys) — &' (Daye) — ¢'(Daye—1)} Drvy
=1

N
+e Z {2¢/(251yz) - ¢,(E2yz) - ¢/<E2y£—l)}blvﬁ
(=N**
+ 25¢/(2513JN*71)51UN*71 - 5¢/(E2yN*—2)E1UN*—1 + €¢/(523JN**71)51UN**-
(3.25)
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Therefore, (3.15) becomes
N*—2
(DDFP(y) — D& (y),v). = > _ {26/ (2D1ye) — ¢/ (Daye) — ¢ (Daye-1)} Drve
=1
N — p— P— —
+e Z {26'(2D1ye) — ¢'(Daye) — &' (Daye—1) } D1ve
(=N

+ 2€¢/(251?JN*—1)310N*—1 - €¢/(32ZUN*—2)311}N*—1 + 5¢,(§2yN**—1)E1'UN**
£ _ — __
- §¢,(D2?JN*—1)[D10N*—1 + Dyun+]

€ 1= _ _ _ 1~ 3 _
+ =" (5 Doyn+—1 + Dyyn+)[D1yn- — DlyN*—1]{—D1UN*—1 + §D1UN*}

2 2 2
e, 1= _ _ _
+ 5(15 (§D2yN*—1 + Dyyn+)[Dyvy — Dyvn«—_1]
€ _ _ _
_ §¢/(D2yN**—1>[D1UN**—1 + DIUN**]
€ 1= = — ~ I~ 3 =
+ 505 (iDzyN**—l + Dyyns«—1)[—D1yn=—1 + D1yn=] §D1UN** + §DIUN**—1

€ 1_ _ _ _
+ §¢/(§D2y1\/**71 + Diynes—1)[—D1vnw—1 + Dyvy=+].
(3.26)

We will examine the order of the terms in (3.26]). The following lemma proves that
the two summations in (3.26) are of order O(e?)

Lemma 15. For a smooth function y and a smooth function ¢ whose derivative is
bounded we have

12¢/(2D1ye) — ¢'(Daye) — &' (Daye-1)| < O(?). (3.27)
Proof. Let m, denote the middle point between x, and x,., then

Yor2 — Yo Ye+1 — Yo

Dyye + Dayp—y = +
€ €
Yoo — Yo 4 Yer1 — Yo
- - - (3.28)
=3y (me) + ¢/ (me) + O(?)
= 4y'(me) + O(?).
Hence,
1 — —
5 (Daye + Daye—1) = 2y'(me) + O(£?). (3.29)
Therefore, using condition ([2.42) we obtain
‘Qﬁ(ﬁm) +2¢(52yz—1) B ¢<52ye +252yz—1) ‘ < e, (3.30)

beE + ﬁQWfl
2

If we use the Taylor expansion of gb( ) around 2y'(my) then

Ezyz + 52?#—1
2

é (Ezyz + Ezye—1

2 ) = ¢(2y'(me)) + ¢ (§) { — 2y/(mg):| . (3.31)
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Hence,
D Doy D Doy
o PP — oy )| < ()| PP )|
D Doy
Smgaxwl(é)" 2t +2 201 — 2y’ (my)
<ce?, ceR.
(3.32)
O

The remaining terms we have to examine from ({3 (3.26)) are the coefficients for Dyvy«_1,
D1UN* Dﬂ)N** 1 and DIUN**
For DlUN* 1:

— — £ _
25¢/(2D1?JN*—1) - 5¢/(D2?JN*—2) - §¢'(D2ym_1)

i S . INRCED)
+ Z¢ (§D2yN*—1 + Diyn+)[Dryn- — Diyn«—1] — §¢ (§D2yN*—1 + Diyn-).
For Dyvp«:
€ _ _
- §¢ (D2yN ~1) + ¢H( Doyn+—1 + Diyn+)[Diyn+ — Diyn+—1] (334)
3.34
€
+ 2(/5( Dayn+—1 + Diyn+).
For Divn«e_1:
€ _ _
B 5425 (D2yN** 1) + ¢"( Doyn++—1 + D1yn++_1)[—D1yn=+—1 + D1yn=] (3.35)
3.35
€
+ 2¢( Doyner—1 + Dyyne—1).
For Dyvpyss:
€ _ _
§¢ (Dz?JN** 1)+~ ¢ ( Doyn=+—1 + D1yn++_1)[—D1yn=+_1 + D1yn=] (3,36
3.36
€
-3 2YN**—1 1YN**—1
2¢( D +D ).
We will consider each one separately. The coefficient for Dyvy«_q is
— — _ I _
25¢/(2D1?/N*—1) — ¢ (Dayn+—2) — ¢ (Dayn-—1) + —¢/(D2yz\/*_1)
(3.37)

+ - ¢”( Doyn+—1 + Dyyn+)[Dryn+ — Diyn—1] — —(,15/( Doyn+—1 + Diyn-).

The first three terms are of order O(¢?) due to Lemma (15| and hence we only have
to examine

£ _
§¢,(D2?JN 1)+ = (%5 ( Doyn+—1 + Diyn+)[Diyn+ — Dyyns—1]
€

- §¢ ( D2Z/N 1+ DlyN*)

(3.38)
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We will expand ¢'(Dyyy-_1) around ( Doyn+_1 + Dyyn+) as follows

_ 1 _
' (Dayn+—1) = ¢’ (2D2yN _1+ Diyn+) + ¢ ( Doyn+—1 + Diyn+)(D1yn+—1

— Dyyn+) + = ¢ ( Doyn+—1 + Diyn+)(Diyn+—1 — Dryn+)?

I O((DlyN*12— DlyN*) )7

1, - _ _ 1_ _
where §(D1yN*71 — DlZ/N*) = DZyN*—l — (§D2yN*71 — DlyN*) Hence,

(3.39)

€

§¢’(D29N* 1)+ ¢ ( Dyyn+—1 + Diyn+)[Diyn+ — Diyn-_1]
€

- §¢/( Doyn+—1+ Diyn~)

e 1 _ _
) /(QDQyN* 1+ Diyn-) + ¢H< Dayn+—1+ Diyn+)(Dryn+—1 — Diyn-)

_ _ Ditne 1 — Diuns \°
+ ¢'"( Doyn+— 1+D1?JN*)(D1?JN*_1—D1yN*)2+O<< LN 12 LN ))

- —</5( Doyn+—1+ Diyn+) + <Z5 ( Dayn-—1+ Diyn+)(Dryn+ — Diyn+—1)

3

1 b D D D D *—1 D * 3
:1—6¢///(§D2?JN*_1 + Dyyn+)(D1yn+—1 — Diyn-)? —i—O(( 1YN 12 1YN ) >

(3.40)

We need to check the order of Diyy-_1 — Diyn- using Taylor expansions of yx«1
and yy+_1 around yy«

g2 g3

YN*+1 = YN+ + é‘y'(iUN*) + —y"(mN*) + —ym(fl)a
2 3! 3.41

2 3 ( : )

€ €
Yne—1=yn+ — €y (Tn+) + Ey”(xzv .) — 51/”(52),
where & € (zy+, xn+41) and & € (xy+_1, xn+). Therefore,

— — 2 * * — *_
DlyN*—l . DlyN* _ YN yNngl YN*—1 _ _gy//(xN*) + O(ES), (342)

and hence the coefficient (3.33) of Divy-_; is of order O(¢?). For Djvy-~ the coeffi-
cient is
€ _ _
- §¢ (D2yN _1) + ¢H( Doyn+—1 + Dyyn+)[Dryn+ — Diyn-—1] (3.43)
3.43
€
+ 2(/5( Doyn+—1 + Diyn-).

_ 1 - _
We will use the Taylor expansion of ¢'(Doyy+_1) around (§D2yN*_1 + Dyyn+) and
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substitute it into (3.43)) as follows

- gqs'um )+ 6" (5Da-1 + Dy Diy- — Dy
+ ;¢ (5D2yn+—1 + Diyn-)
= - %¢/(§D2ZJN*—1 + DlyN*) - Z¢//(%D2y1\/*—1 + DlyN*)(DlyN*—1 - DlyN*)
= = 3
_ 1£6¢,”(%D2?JN*—1 + DlyN*)(DlyN*_1 — Diyn-)? + O((DlyN*_12_ DlyN*> )

+ = ¢ ( Doyn+—_1 + Diyn~) + ¢ ( DQyN*—l + Diyn+)(D1yn+ — Diyn+—1)

=—¢c¢’ ( Dayn+—1 + Dyyn+)(Dryn+—1 — Diyn+)

_i ///1
67 3

_ — — = 9 DlyN*—l - DlyN* ’
Doyn+—1+ D1yN*)(D1yN*—1 - DlyN*) + O 9 :

(3.44)

The order of DlyN* 1 — Dyyn~ is O(e) and hence the order of the coefficient of
Divy- is O(g). For Dyjvy+-_; the coefficient is

c _ _
§¢ (D2yN**—1) + (b//( Doyn++—1 4+ Diyn++—1)[=Di1yn+—1 + D1yn+-] (3.45)
3.45
€
+ 2¢( Doyn—1 + Dyyne_1).

_ 1= _
We will use the Taylor expansion of ¢'( Dayy«_1) around (§D2yN**_1 + Dyyn++) and
substitute it into (3.45)) as follows

- %¢/(D2?JN**—1) + 3—6(/5//(1[)2%\!**—1 + Dyyne-—1)[=D1ynw—1 + D1yn-]
+ Z(b (5Dayn++—1 + Diyn+_1)

= - %ﬁb (5 Dayn+=—1 + Diyns) — —¢ ( Dayn-«—1 + Diyn=)(Diyn= — Diyn=—1)
- 16—6¢H’(%D2yzv**1 + Dyyne ) (Drynes — Diyye—1)?

D *k T D ol K € 1 B D
—i—O(( 1YN > YN 1> ) + §¢/(§D2yN**f1 + Diyn-+)

+ ¢”( Doyn+e—1 + DlyN**)(—DlyN**q + DlyN**)
1

—§€¢ ( Doyn=«—1 + Diyn=+—1)(D1yn= — D1yn+_1)
€ 1_ _ _ _
- 1_6¢I//(§D2ZJN**71 + Dyyn+«—1)(Dryn=+ — Diyn=<_1)°

D **—D *k 3
—i—O(( 1YN 5 1YN 1> )

(3.46)
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Ehe order of Dyyn+ — Dyyn=_1 is O(e) and hence the order of the coefficient of
Dyvys=_y is O(e).
For D vy« the coeflicient is

IS _ _
§¢(D2?JN** 1) + ¢5 ( DQyN** 1 +D1?JN** 1)[ Dryne—1 +D11UN**]
€

- §¢( Daynes 1 + Dyyne_1).

(3.47)

_ 1. _
We will use the Taylor expansion of ¢'( Doyy++_1) around (éDgyN**,l + Dyyn++) and
substitute it into (3.47)) as follows

e _ _
2¢’(D2yN 1)+ ¢( DzyN** 1+D1yN 1)[=D1yn=—1 + D1yn=+]

€ 1
— §¢,(§D2?JN**—1 + Dyyns—1)
e, 1= _ _ B
=§¢/(§D2yzv**71 + Dyyne) + ¢ ( Doynee—1 4 Diynes ) (D1ynes — Diynee—1)
g _
+ ¢m( DQyN o1t DlyN**)(DlyN** - DlyN**—1)2

D *k T D *k 3 1 —
_|_ O(( 1yN 2 1yN 1) ) _ §¢/(§D2yN**f]_

+ Dlyw* ) + §Z5 ( D23/N** 1+ D1yN* )(—DlyN**—1 + Dﬂﬂv**)

€

—§¢”( DzyN w1+ Dyyne ) (Dryne= — Diynes—1)

+ Cbm( DQyN 1+ DlyN**—l)(DlyN** - DlyN**—1)2
_D EX S D sk __ 3
+O(( 1YN 5 1YN 1) )

The order of Dyyn+= — Dyyn=<_1 is O(g) and hence the order of the coefficient of
Dyvn—1 is O(g). We are ready therefore to prove the main result of this chapter.

(3.48)

Theorem 3. (VARIATIONAL ERROR) Let y be a smooth function; then, for any
v € V. g, there exist a constant My = My (y,p), 1 < p < oo, independent of v, such
that

(D& {y},v) — (DO (y),v),

(52 + 62_1/p) ’U|W1,p(g)

Proof. Summarising what we have done so far, we see that
N
(DDS(y) — DES(y),v). < e laul Dyl , (3.49)

where all but a finite number of ay satisfy |ay| < 1%, ¢ € J and the remaining ay
satisfy |ay| < e, € JC, where |J¢| < s, with s independent of N. We then have
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(I/p+1/g=1)
(0057) — D50, = (3 k) (32 D)
(52 v+ € Z |az|Q)1/q <5Z |51W,p>1/p

teJ LeJce
1/q

ted Lejc

(3.50)
where in the last equality we have used that v € V. ¢. Now
1/q 1/q
(=D laulte D Jalt) ™ < (304122 + s2ge)
ted LeJc ted

1/q 3.51
< (Iohe™ + sgert) 20
and the result follows by observing that (¢ +1)/¢=2—1/p. O

3.4 Numerical Simulations

For both the atomistic model and for the discontinuous bond volume based coupling
method the sequential least squares programming optimizer function (SLSQP) was
implemented in the Python programming language. This algorithm starts with an
initial estimate and it finds the local minimum of the real valued scalar function
which has several variables. The reason we chose this method was in order to be
able to include constraints so that the atoms do not cross over each other which was
observed when applying the Newton method and the conjugate gradient method.

3.4.1 Numerical Results

In the simulations, 100 atoms were considered and the first interface was set to
N* = 40, the 40th atom and the second interface was set to N** = 60, the 60th
atom. The initial condition was y, = Fel for ¢ = 1,---,100, the deformation
gradient ' = 1 and the interatomic distance ¢ = 0.01. The Lennard-Jones potential
and the Morse potential, already mentioned in Chapter 1, were used as the potential
energy function. By setting the parameter a = 6/r, in the Morse potential [14] the
Lennard Jones potential and the Morse potential have a very similar shape and so
can be compared more easily. In the figures below we will display the results of the
fully atomistic method and the discontinuous bond volume based coupling method
for the Morse potential and the Lennard-Jones potential. The external forces that
are applied are all equivalent in magnitude and the energy will also be given. We
will consider four cases for the external forces

e Case 1: External forces on the interfaces (f(40) > 0, f(60) < 0)

e Case 2: Opposite external forces between the interfaces (f(42) > 0, f(56) < 0)
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e Case 3: Opposite external forces outside the interfaces (f(10) > 0, f(80) < 0)

e Case 4: One constant external force for all the atoms up to N/2 and the
opposite constant external force for the atoms from N/2 up to N,

N

fG) >0 for i=1,---,— 1
f(a’vb): N 2
f@) <0 for i=o N,

In case 1 the external forces are on the interfaces, a positive force is applied on the
first interface and a negative force on the second interface. The atoms between the
two interfaces are pushed against each other and so the distance between the atoms
decreases whereas the atoms in both atomistic regions are pulled against each other
and so the atoms have a greater distance between each other. This is displayed in
Figures 3.1(b),(d), (f) and (h) where the strain is negative between the two inter-
faces because the difference between the displacement of the solution and e (the
initial distance between the atoms) is negative. The solutions for the minimisation
problem for case 1 are displayed in Figures 3.1(a), (c), (e) and (g).

In case 2 the external forces are applied between the interfaces, there is a positive
force on atom 42 and a negative force on atom 56. The atoms between atoms 42 and
56 are pushed against each other and so the distance between the atoms decreases
whereas the rest of the atoms are pulled against each other and so the atoms have
a greater distance between each other. This is displayed in Figures 3.2(b),(d), (f)
and (h) where the strain is negative between atoms 42 and 56 because the differ-
ence between the displacement of the solution and e (the initial distance between
the atoms) is negative. The solutions for the minimisation problem for case 2 are
displayed in Figures 3.2(a), (c¢), (e) and (g).

In case 3 the external forces are outside the interfaces, there is a positive force on
the 10th atom and a negative force on the 80th atom. The atoms between the 10th
and the 80th atom are pushed against each other and so the distance between the
atoms decreases whereas the rest of the atoms are pulled against each other and so
the atoms have a greater distance between each other. This is displayed in Figures
3.3(b),(d), (f) and (h) where the strain is negative between the 10th atom and the
80th atom because the difference between the displacement of the solution and e
(the initial distance between the atoms) is negative. The solutions for the minim-
isation problem for case 3 are displayed in Figures 3.3(a), (c), (e) and (g).

In case 4 a constant positive external force is applied on each of the first N/2 atoms
and a constant negative force on each of the atoms from atoms N/2 to N. The atoms
closer to atom N/2 have a greater strain because they are closer to the atom that is
in between two opposite forces. This is displayed in Figures 3.4(b),(d), (f) and (h)
where the strain is negative for all the atoms. The solutions for the minimisation
problem for case 4 are displayed in Figures 3.4(a), (c), (e) and (g).

The errors, for each case, between the atomistic model and the coupled model for
both the Lennard-Jones potential and the Morse potential are displayed in Figure
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and in Table 3.1. From both the diagrams and the table it can be deduced that
the errors are of a satisfactory order.

Error for Lennard Jones potential | Error for Morse potential
Casel 3.62799E-07 1.01613E-06
Case2 4.51292E-08 7.04004E-08
Case3 6.48871E-08 5.76108E-08
Cased 7.67919E-08 2.6196E-07

Table 3.1: Table of errors for Lennard Jones potential and for Morse potential
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Chapter 4

Energy Consistency Analysis in 2D

4.1 Chapter Overview

In this chapter we introduce a new two dimensional discontinuous coupled method
and we analyse its energy consistency. Section 4.2 contains the notation and some
definitions that will be used in the chapter. In Section 4.3 we show that the model

Eh o lyy =2 ) o(Vyn),

KCQ.

is a second order approximation of the continuum Cauchy-Born model. For technical
reasons we use this atomistic Cauchy-Born model as a tool and in particular as the
model in the continuum region. In Section 4.4 we define the total coupling energy
(4.19)

a a,C
éanD{y} = EQa,n{y} + EI[‘),n{y} + EQ*,nB{y}a

where the atomistic energy and the energy on the interface are defined explicitly.
Note that although the interface term Eﬁn{y} is defined and analysed in this chapter,
its design is motivated in the next chapter. This is because, as noted earlier, energy
consistency analysis alone cannot detect force inconsistencies. We show that the
method motivated by the analysis of first variations in Chapter 5 is indeed consistent
at the energy and at first variations level. In Section 4.5 we compute the difference
between the atomistic Cauchy-Born energy over the whole domain and coupled
energy as in (4.28). We focus first on the difference between the atomistic Cauchy-
Born energy and the atomistic energy from the coupled energy. In order to be able
to subtract the atomistic energies from the atomistic Cauchy-Born energy, we need
to convert, the atomistic energies into a similar form as the atomistic Cauchy-Born
energy. For the atomistic energy we create symmetries of the form

O(Dyy(xe,, 30,)) + S(Dyy (e, 41, T0,)) + S(Dyy (e, Tayi1)) + S(Dyy (e, 41, Tepi1))

so that later on when we subtract it from the atomistic Cauchy-Born energy we can
apply

il ’

1 {¢(Dny(% 1 28,)) + O(Dyy(Ter 1, 20,)) + A(Dy (w0, Ter1)) + S(Dyy (T, 41, Tt 1))

~o(utmne,.) (3) )] < e

72
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which is a combination of Lemmas 21] and 2] in Section 4.5.1. Then we add each
of the atomistic energies Fq, , Fq, , Eq,, and Eg, and gather the terms in a way
where we have terms corresponding to the inner cells of the whole atomistic region,
Ainner, terms corresponding to the cells on the external boundary of the atomistic
region A, p and terms corresponding to the interfaces Ap

Eg, vy =ES, oAyt + Eg, oAy} + Eg, o v} + Eq,, o {v}
:Amner + Aemt,B + AF-

ag )

The energy on the interfaces is defined in Section 4.6. As mentioned, the introduction
of the interface terms is motivated by the analysis in Chapter 5. The new interfacial
energy is a variation of the one discussed in Chapter 1 that was introduced in [19].
We summarise the analysis in Lemma

q)r?B (y) - gnD(y) 252 Z gb(Vy(mK)n) - Ainner - Ae:}ct,B - AI‘
KCTQal UTQa2 UTQa3UT9a4
— Er,(y) + O(%)
:Z@B — AF — EF,n@) + ﬁ(€2).

In Section 4.5.1 we state Lemmas [19} 22] which when applied to © g results in (4.71)).
In Section 4.6 we define the energy on the interfaces which have the form they do
due to the analysis in Chapter 5. In Section 4.6.1 we continue the calculations of
in but now we also consider the energy on the interaces Er,(y). By
rearranging the terms and by applying Lemma The terms that remain are in
. We check the order of these terms by using Taylor expansion and we observe
that they are of order O(e). Finally, we prove in Theorem |5 on page 98 that the
coupled energy for n = 2 is a second order approximation to the atomistic Cauchy-
Born energy. This holds despite the fact that terms around the interface are locally
only @'(g). This is in contrast to the one dimensional case, see the proof of Theorem
for details. The results of this chapter apply to the energy in [19] as well with
appropriate but straightforward modifications.

4.2 Definitions and Notation

We recall from Chapter 1 the two dimensional lattice settings. Let %, re = Z2 be
a two-dimensional lattice that is generated from two linearly independent vectors
e1, eo of R%. Consider discrete periodic functions of Z,ure defined over a ‘periodic
domain’ .Z. Let

L ={l=(l,l) €[1l,N] x[1,N], N €N}
The configuration of the atoms before deformation is defined as
Quiser = {10 = (x4, 20,) = (ely,el3), ¢ €[1,N], ¥y €1, N]}.
Let y : [1, N] x [1, N] — R? be the atomistic deformation such that, for ¢ € &,

ylmv%q (4.1)

ve= y(xZ) B y(xh’ I€2) B |:y2<$é1ax€2>
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with y, = Fxy + vy, where v, = v(xy,, x4,) is periodic with respect to £ and F'is a
constant 2 x 2 matrix with det(F) > 0. The function spaces for y and v are denoted

by Z and 7.
Let us denote the finite element mesh of € consisting of atomistic cells as

T - {K C Q : K - (xﬂpxgl-i-l) X (:L‘fg7x€2+1)7 Ty = (xélaxﬁz) S Qdiscr}a (42)

and let mg be the barycenter of K.

4.3 Continuum Cauchy-Born Potential Energy

We will state the following result which will be used in the forthcoming lemma,
Lemma 17, see [21], which is a variation of Bramble-Hilbert lemma [6]

Lemma 16 (Bramble Hilbert). Let & be a bounded open set in R and suppose that
1 <p<ooands > 0. Suppose further that ( is a linear functional on a linear
subspace H of W*P(0') with the following property:

3Cy >0 Yw e H: |((w)| < Collw|lwsre)-
Then, for any w € H and any set S C Ker(¢) we have that
[C(w)] < Coinfllw — ¢llwsr(o)-

If in addition, there ezists a positive constant Cy, independent of diam(0), and a
real number t > s such that

infllw — ¢llwsro) < Ci(diam(0))'*|w|wes (o),
where | - |wer(gy is the standard semi-norm on WHP(0), then
C(w)] < CoCr(diam(0))* |l

The following lemma is needed in Theorem 3 later on.

Lemma 17. Let

=% [ {WCBm(x)) — Won(Vy(me)) | dx. (43)

KeT

Then there ezists a constant C(y) independent of € such that
1| < C(y)<”. (4.4)
Proof. We denote by ( the linear functional
1
C(w) = —/ {w(xl,xg) - w(mK)}dxldxg, (4.5)
K] Jx
and observe that

((9) =0, VéeQK), (4.6)
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where Q;(K) denotes the set of all bilinear functions on K. For w € Q(K), we
have

w(xy,Ty) = ¢o + 11 + CoTe + 3112
= (Y0 + mz1)(do + d122) (4.7)
= Bi(w1)Ba(2).

Let 27" be the middle point between z,, and x4, 41 and z5* be the the middle point
between xy, and x4,.1, then

/w(xl,xz)dmldxz = /61(x1)62(x2)dx1dx2
K

K
Tog+1 Teq+1
= /52(302)( / ﬁl(xl)d%)d@
Toy Toq
Tog+1

/ L (4.8)
= Po(x2)ef1(x]")dzy  (due to linearity of f;)

Ty

Teo+1
= ¢f1(27") / Bo(x2)dzy  (due to linearity of [s)

.1352

= i (a]") Ba(25") 1= 2w (mpc).

So, we clearly have ((w) = 0, Yw € Q;(K). In view of applying Lemma [16] we show
that

IC(v)] < 2[Jv]|peer), for every v e C(K). (4.9)
So,
1
IC(v)| = —‘ / {v(z1,22) — v(mg) }dziday
K| Jk
| 1 (4.10)
< — dxqd — dxid
TR /K|'U(x1,x2)| r1dze + K] /K]U(mK)] x1dx,
= 2[|v[| Lo ()
where
0] Lo (@) = ess sup|v(xy, z2)|. (4.11)

Hence, for a linear functional ¢, which is zero on S = Q;(K) and that satisfies
|C(w)]| < Col|lwl|Le(xy for all w € H = C(K) we can apply Lemmawith p = 00,
s =0 and t = 2 so that

d
C(w)] < CoCre® > |02wl| ey, Yw € W (K. (4.12)

a=1
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Therefore, with w(-) = Wep(Vy(+)),

S [ Wen(Vy(e))de- KIWen(Tumio)]

KeT 3
2 (4.13)
<Y KDY 02 Wen(Vy() ||z )
KeT a=1
< CINAWe(Vy())| Lo (-
O

Now, we will introduce the energy consistency theorem comparing the energies of
the atomistic and the Cauchy-Born models.

Theorem 4. (Energy Consistency) Let y be a smooth function, then there exists a
constant Mg = Mg(y), such that

|57 (y) — D5(y)| < Mpe®. (4.14)
Proof. The proof is given in [21]. O

4.4 Atomistic to Continuum Coupled Energy

The domain of the two dimensional problem is displayed in Figure [4.1, The domains
Qay, Qay, oy and €, are the atomistic domains, I'1,I', I's and I'y compose the in-
terface I' and the atomistic Cauchy-Born domain is §2,. Specifically, the atomistic
and atomistic Cauchy-Born domains are given in Section 4.5, (4.2504.27)). It is noted
that the interfaces have no thickness.

Recall the coupled energy introduced in Chapter 1, ([1.40]) which is mentioned again
in Chapter 5, (5.32))

1 /
ERfuy= ) | [ / Xa, @(Vy"'n) dx — / &' ({EVy“"n}) [y“"m] dS
ez me] Be,» By, ,NT
BZ,nEBF

:IE1+E2.

(4.15)

where 7 = (11,72) and By, is a bond volume that is an open quadrilateral that
has vertices ¢, Tri e, Tetngess Te+y- The bond volumes that intersect the interfaces
are given in Figures and The coupled energy we will work with will be a
modification of this energy. The first modification is that in the first term FE; we
replace Vy“n with Enyg which becomes

1 .
ey |2l JB,,
By, ,€Br

For example, the energy on interface I'; corresponding to term Ej is (5.33)

N**—2
1 _
Eirdy}= ) 1 / X0, ¢(Dnye)de. (4.17)
l1=N*

B(ZLN**—I)JI
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Figure 4.1: Displaying Q4,,Qay, Qas,2a, and the interfaces I'y,I'2,1'3, 'y

The second modification is that the second term F5 takes a different form. The form
it takes is a result of the calculations in Chapter 5. Specifically, when calculating the
difference between the first variation of the coupled energy and the first variation
of the atomistic Cauchy-Born energy in Chapter 5 the aim was to obtain an error
of a satisfactory order. In the analysis of the difference of these two first variations
there were certain terms, - ) that had to be removed in order to retain
consistency of the first Varlatlon The way this was done was to create an F, term
whose first variation would compensate with the terms that had to be removed.
These E5 terms are given in equations — . For example, the energy on
interface I'; in the ey direction corresponding to term FEy (4.72)) is

9 N**—1
E27F1{y} - Z VC¢ ﬁy(mfnxN***l))[DQy(a:fu xN***l) - ﬁezy(xfnl']\’**)]
51
o N*—1
€ — _ _
- > Ved(Dyy(ae, -2, 2ne1))[Deyy (e, wne+ 1) = Deyy(e,, wyve-)].
l1=N*

(4.18)

The results of this chapter apply to both, the energy defined in Chapter 1, and
the new coupled energy. However, we provide detailed analysis only for the new
coupled energy. Similar arguments can be used when analysing the energy defined
in Chapter 1. We define the total coupling energy as

EP{yY = B, (v} + EL Ay} + EG Py}, (4.19)
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where

o, oyt = Ea, oAy} + Eg,, vt + ES,, o{y} + E5,, o {y} (4.20)
and the interfacial energy will be defined as,

ER {y} =Er{y} + Er,{y} + Er,{y} + Er.{y}

(4.21)
+ Ec {y} + Ec,{y} + Ec,{y} + Ec,{y}.

The components of the energy Egn(y) will be given in Section 4.6. We will assume
for the rest of the chapter that n = (2,2). For fixed n = (2, 2),

N*—2 N

Eg, Ay =220 o(Dyy(ae,, x0,)),
l1=1 l3=1
N*—1 N*-2

Eg)%,n{y} = ¢’ Z Z ny S(Zgl,l‘g2))

=N =l (4.22)
N**—1
Eglag,n{y} Z Z ﬂy fEél,Jng))
N*—1 Eg
Qa4 n{y} = ¢’ Z Z ¢ ny xfnxfz))
=N** f5=1
and
Bg. oy} =€ D o(Vyn). (4.23)
KCQx

where the domains of the energies are displayed in Figure [4.I] Recall that Lemma
implies,

Eg oy} =€ ) ¢(Vylmi)n) + O(*). (4.24)

KCQy

4.5 Comparison of Coupled Energy with Continuum
Energy

Let us define the atomistic domains

Ta,, = {[z1, 2n+] X [v1, 2811}

To,, = {lzn-, n=] X [21, 28]} (4.25)
Ta,, = {[rne, zne] X [N, N 4]}

TQa4 {[xne, onp1] X 21, 23v1]}

the atomistic Cauchy-Born domain

TQ* = {[Z'N*,Z'N**] X [xN*axN**]}7 (426)
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and,
TP (y) =e> D o(Vylmrn) +e* D ¢(Vylme)n) +&> Y ¢(Vy(mg)n)
KCTo,, KCTo,, KCTo,,
+e2 Y o(Vylme)n) +2> > ¢(Vylme)n) + O(?)
KCTo,, KCTo,

:=Acp + Bep + Cop + Dep + Gep + O(e?).
(4.27)

Our starting point is the error equation

o5 (y) - & {y}y =Acs — B, {y} + Bes — By, {y} + Ces — Eg,_,{v}

+ Dep — Eg,, v} + Gos — Eq, o{y} — Eraf{y}
“ 9 N

—c2 Z ¢(Vy mK —5 Z Z¢ nY xflvl'@z))

KCTQal l1=1 £2=1
N**—1 N*-2

Z qb Vy m}( Z Z Cb ny xﬁnxfz))

I(CTQa2 N*—1 lo=1
N**—1 N
+e7 > d(Vylmn) = D> D d(Dyy(ae,wr,))
KCTQa3 l1=N*—1Lla=N**
N N
+€2 Z ¢(Vy mK _52 Z Z¢ xfnx@))
I(CTQa4 =N** f5=1
+e2 > (Vylmx)n) — € Z S(Vy(m)n) + O(<?)
KCTQ* KCTQ*
_EF,n{y}'

(4.28)

In the sequel we will further work on the error equation by considering separately
the errors in each sub-domain Q,,, €,,, ., and €,,. We will focus first on the
terms consisting of the atomistic energy. In each of the terms our aim is to create
symmetries involving terms

d)(bfly(xfla zfz)) + ¢(Eny(x51+17 2352)) + ¢<Eny(x€17xfz+1)) + (b( ﬁy(xfﬁrl? x€2+1>)

so that we can apply Lemmas 20} 22] to obtain (4.71)) and in Section 4.6.1 to obtain
a satisfactory order for the energy consistency. The remaining terms will involve
boundary terms, interface terms and terms connecting the sub-domains 2;, j =
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ai---,a4. We start by observing,
N*-2 N
Egal,n{y} =¢? Z Z(b(Dny@j@lvx&))
0H=1 ly=1
L2 N3Nl
:_ Z Z{¢ nY xh;xﬁz)) +¢( ny($41+1,$g2>)
6=1 =1
+ ¢(_ny($é1,$é2+1)) + ¢( ny(l‘fﬁ-h $€2+1))}
22 V-l
+ Z{cb Dyy(a1,26,)) + d(Dyy(w1, we,41))}
eg 1
9 N*—3
+ = Z {8(Dyy(e,, 1)) + ¢(Dyy (e, 41,71)) }
41
2 N*_lg 4.29
+ 5 > {0Dylen, wx)) + 6Dy, o)} (4:29)
=1
9 N*—3
+ 2 S 10D anw0)) + 6Dplene2.w100))}
£
2 N*l—l
+Z Z {o( ny(l‘N —2,T,)) + &(D ny(IN —2,Tp,41))}
QzQNNl —2
+— > AdDyy(an-—2.76,)) + d(Dyy(wx -2, T0301)) }
£2 IN**

+ {¢( ny(xh 1)) + ¢(Eny($l7 TN))
+ ¢( Dyy(wn+—2,71)) + ¢(Dpy(wn-—2,2x))}-
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Similarly,

N**—1 N*-2

E?‘ZQQ,n{y} :8 Z Z (b ny 1'51,1'52))

=N*—1 lo=1
N**—2 N*-3

:% Z Z {gb(ﬁny(‘r& ) xfz)) + gb(ﬁﬁy(‘rﬁl"'l’ 112))

l1=N*—1 l>=1
+ ¢( ny($£1,$e2+1)) + ¢( ﬂy(l‘fﬁ-h $€2+1))}

L2 Z {d(Dyy(xne—1,20,)) + G(Dyy(xne—1,Tep41)) }
=1
N**—2

+§ > {e(Dyy(xe,, 71)) + S(Dyy (e, 11, 71))} (4.30)

l1=N*—1

—i-_ Z {o( ny($£17xN*—2))+¢( ny(mg1+1,x1\/*—2))}

+_ Z{¢ (Dypy(zner—1,20,)) + S(Dpy(Tner 1, T0y11))}

2
+ Ez{cb(ﬁny(va*—h 1)) + ¢(Dyy(xne—1, Tne_2))
+ (b(ﬁny(xN**—la 1)) + ¢(Eny($N**—1a Tn+—2))},

and,
N**—1
Eglag,n{y} :5 Z Z 77y T $£2))
=N*—1/4lo=N**

g2 N2 N-l

Z Z {¢ Wy x€17$52)) + (b( Wy(xfl-Flvfo))

Zl N*—1fy=N**

+ (Dyy(ey, Tey1)) + H(Dyy(we,41, 1)) }
2 Nl
+ e Z {¢ ny(xN*—lva:@Q)) + ¢( T]y(xN*—lvxZQ-i-l))}
22 EQN*]:[—Q
4 Z {¢ ﬂy(‘rfl?xN**)) + qb( "Iy(xel"rl? xN**)>}
l1=N*—1
2 N2 _ _
— > {6Dyylee,an)) + ¢(Dyy(ze11,28))}
g2 élj;ivl ) — _
+ Z Z {QS(Dny(xN**—l’ 23(2)) + ¢(Dny<x1\f**—1a 33(24,_1))}
¢

2:N**

(4.31)

2
+ %{¢(Eny(xN*717 Ty+)) + ¢(bny(i€N*71, TN))
+ ¢(Dpy (w1, 2n+)) + S(Dyy(xn++—1,25))}.
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Finally,

N N
E&qz%,n{y} =¢? Z Z ¢(Dny(x€17xf2))
l1=N** f=1
9 N-1

=L Z Z{¢ wy(2e, 26)) + A(Dyy (2041, 70,))

* o=

4,
+ (b( ﬁy(‘rflvxb-i-l)) + d)( Uy(‘rfﬁ-la Ifz-l-l))}
2 N3

Z‘&b ny(‘TN 7$€2))+¢( ﬁy(xN 793424—1))}

% Z {d(Dyy(zne, w0y)) + O(Dyy(xnes, Teps1)) }

+z§;« (0Dl 1) + S(Dyyonerr ey} 43
. ZNZN {6@(an. 1) + 6Dyl )}

n %QENNl {0(Dyy(ze,, 2n)) + ¢(Dyy(xey1, 2n))}

. 2j§{¢ (Boy(an,20)) + 6(Byy(an, 21s11))}

+ g—{quy(m ,21)) + 6(Dyy(an--, o))
+ ¢(Dyy(zn, 21)) + ¢(Dyy(zn, 2N)) }
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The combined terms corresponding to the inner boundaries of each atomistic region,
Qays Qay, Qg and Q,, are given below:

9 N*—3

gz > AdDyy(xn+—2,71,)) + d(Dyy(n+—2,20,11)) }
=1
2 Nl B B
+ 1 Z {o(Dyy(ane—2,30,)) + S(Dyy(2n+—2, Tey11)) }
ly=N**
2N B
+t > {6Dpy(an-—1,74,)) + d(Dyy(xn-—1,70,11))}
lr=1
2N B
+7 > AoDyy(an1,20)) + d(Dyy(@nse1,7641))}
o -
+ 1 Z {o(Dyy(ane—1,30,)) + S(Dyy(an-—1, Tey11)) }
faye
K i
t > A{oDyy(@n-1,24)) + S(Dyy(wnee 1, T0,11))}
=N
2N B
+7 > AoDyy(en-,20,)) + (Dyy(@nes, 441))}
=1 (4.33)
5 N-1
F 5N (0D lans20)) + 6Dyylane. 2i,)))
fo=N**
2N B
== 2 {0(Dyylen-—2,70)) + SDyy(en-—2,70,11))
lr=1
+ O(Dyy(en-—1,76,)) + d(Dyy(Tne—1,Tey41)) }
5 N-1
+ SZ Z {¢(Dyy(xn+—2,20,)) + S(Dyy(Tn+—2, Te,11))
fy=N**
+ @(Dyy(en-1,74,)) + ¢(Dyy(wn-—1, Ter41)) }
9 N*—3
+ 5 > {oDyy(an-s1,50)) + S(Dyy(wne- 1, 241))
lr=1
+ Qb(E??y(IN**ﬂ $42)) + ¢(Eny(x]\/**v l’g2+1))}
5 N-1
+ % Z {6(Dyy(xn—1,20,)) + G(Dyy(xn+—1,T4,11))
ly=N**

+ ¢(Eny(l’]\[**, 1'82)) + ¢(Eny(xN**a x€2+1))}'

Therefore, combining the above, we conclude that
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Eg, oy} =E5, Avt + B, oy} + Eg, o {v} + EG, iy}

(4.34)
:Ainner + Ae:vt,B + AFa
where the terms corresponding to the internal cells are:
p2 N3Nl
Aipner =— Z Z{¢ (e, 20,)) + S(Dyy (e, 11, 20,)) + S(Dpy(we,, T, 41))
l1=1 l2=1
2 N3
+ qb(Dn ($f1+1a l‘é2+1))} + — Z {¢ ny(xN* 2 $g2))
=1
+ O(Dyy(wn—2,06,41)) + O(Dyy(wn-—1,70,)) + A(Dpy (N1, T1r41)) }
9 N-1
€ — —
+ Z {qb(DT]y(I‘N*—QJ xfg)) + Qb(Dny(xN*—% xfg-‘rl))
Lo=N**

+ ¢(Eny(xN*—1= Ty,)) + ¢(Eny(l’N*—17 Toy41))}
9 N**—2 N*-3

=+ €Z Z Z {Qb(ﬁny(xéuxb)) + qb(ﬁﬁy(xéﬁ‘l’ [)342))

l1=N*—1 l>=1

+ gb( ny(xflv Ig2+1)) + qb(ﬁny('r@l-l-lv $g2+1))}
5 N**—2

-+ EZ Z Z {Qb(ﬁny(xﬁmxﬁz)) + QS(Eﬂy(xél'H’ mb))

l1=N*—14la=
+ Qb( ny(xhv wﬁ2+1>) + ¢(Eny(xf1+1’ :L‘g2+1))}

+ e Z {¢ ny<xN**—1’ 37@2)) + ¢( ny(xN**—lv xéz-&-l))

—~

+¢( nY\ T N** 7x52))+¢( ny(xN >$€2+1))}

Z {¢ ny@N** 1,$g2>>+¢( ny<xN** 17x€2+1>>

fz
+ (D ny(fﬁN** 0,)) + O(Dyy (TN, Ter11)) }
2 Nl

2{05 Doy(we,, 26,)) + d(Dyy(2e,41, 26,)) + d(Dyy (4, w041))

51 N** fo=1
+¢( ny($51+1?x€2+1)>}

_|_

(4.35)

where we have included the combined terms corresponding to the inner boundar-
ies, from (4.33) of each atomistic region. The terms corresponding to the external
boundary are
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L2 V-l

AextB = Z{¢ ny(xlaxfz)) + ¢( ny(ajl?xfz-i-l))}

821

+5 Zw Dyy(e,, 1)) + d(Dyy(e, 1, 71))}

Z {&(Dy(we,, 21)) + ¢(Dyy (e, 11,21)) }
+ CoDplanr ) + SoDplanr,m)

LS (6D, ow)) + 6Dy ox)))

l1=N*-1

WY (N1, TN)) + %Qb(ﬁny(%v**—h rN))

(4.36)

Y A8Dyy(e,21)) + S(Dyy(we+1,21))}

2
+ iqb@ny(xw,m)) + oDy, 1))
2
+ oDyl a1) + T oDyy(en, o)

The terms around the interface Ar are given by (4.41) below. We now focus on

Aext,B-
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By appropriately rearranging its terms we have

L2 V-l

Ae:ctB = Z{¢ ny(ZEhI’ez)) + Cb( ny(xhxfz-i-l))}
52

2N1

+ T Z{szﬁ (Doy(an, w4,)) + S(Dpy(2n, Tep41)) }

2N3

+ — Z {¢ ny($gl,$1)) + ¢( ny($€1+lax1))}

+ 1D lese—a ) + 6Dl )}

. i%jl{qs(ﬁny(%ml)) + 6Dy 1,00}
%{qs(ﬁ y(@ne—1,21)) + S(Dyy(wne-, 21))}
54_2 NZ Dyy(we,21)) + S(Dyy(e,51,71))} (4.37)
%Z_ Doyl on)) + 9Dy 2w}

+_2 Z {6(Dyy(ws,,2n)) + Dy (e 11, o1))}
%{gzﬁ(ﬁ y(@n+—1,2n)) + O(Dyy(zne, 2n))}
gz Z Wy Q?gl,Z'N))+¢< ny(thrlaxN))}

+ {Qb( ny(xlyxl))+¢( ny(a:lva))
+¢( Dyy(zn, 1)) + ¢(Dyy(xn, o8))}-
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Now, we apply the periodicity condition to the terms that contain xy, to yield

22 V-l

Ae:ct B = Z{¢ ny(l’l, xég)) + ¢( ny(xla x€2+1))}
42

2N1

+ — Z{¢ le(xm l’g2>) + ¢( le(xm l’g2+1)>}

2N3

+ = Z {&(Dyy (e, 21)) + S(Dyy(we, 41, 21))}

+ 8—{¢<ﬁny<xm72, 1)) + ¢(Dyy(n--1,21))}

EZ Z {gb Uy xg1,$1)>+¢( ny(xﬁl—i-laxl))}

_|_
o =] %
—~
©
—~
Sl
=
8
>
AN
]
&
SN—
SN—
+
=
3
=
s
>
E
=

{0(Dyy(we,, 11)) + S(Dyy(we, 11, 71))} (4.38)

+ g—{gzs(—ny(:cl, 1)) + ¢(Dyya1, o))
+ ¢< ny($o,$1)) + ¢( ny(xo,azo))}.
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Hence, we conclude that the external boundary terms simplify to

9 N—1
Acts =7 > A0Dyylar,20)) + S(Dyy(wr, 7y 11))
lo=1
+ Qb(ﬁny(x(]’ xb)) + ¢(Eny($0, xfﬁ—l))}
9 N—1
+ 5 Y oDy, 01)) + 9Dy e, 7)) (4.39)
l1=1

+ ¢<Eny(x€1?$0)) + ¢(bny(x€1+17 *TO))}

+ %{¢(Eny(ﬂf1>3§1)) + ¢(5ny($17$0))
+ ¢(Dyy(xo,21)) + ¢(Dyy(o, 20))}-

We summarise the analysis so far as follows:

Lemma 18. With the notation introduced in (4.21), 4.27), .39), (4.39) and
we have:

®CP(y) — EP(y) =& >, S(Vy(mu)n) — Ainner — Acat,p — Ar
KCTq,, UTng, UTa., UTh,,
— Er,(y) + O(€%)
::@B - AI‘ - EF,n<y) + ﬁ(€2)7

(4.40)

where the remaining terms around the interface Ar are given by

€ Y —_
Ar 4 Z {0(Dyy(xe,, xne—2)) + (Dyy(Te, 41, Tn+—2)) }
l1=N*—1

N**—2
82

+— > {6(Dyylen, oy-)) + 6(Dyy(we 1, 25+)) )
f=N*—1
9 N2
T, 2 (9Dl m)) + 9D )
2 N™-2 o o
+ Z {Qb(D"?y(xN**ﬂ xb)) + ¢(D77y(x]\/**7 l’g2+1))}

lo=N*—1

m

N

2

+ gz{ﬁﬁ(ﬁny(@v*—% wne)) + O(Dyy(ene—2, Tnes_1)) + O(Dypy(ene—1, 2x++))}
2

+ %W(Eny(@v**a wnw_1)) + O(Dpy(xnee_1,25++)) + S(Dyy(xyee, Ty=-)) }
2

+ gz{ﬁb(ﬁny(l‘m*—h 2ne—2)) + O(Dyy(xnes, Tn+—2)) + G(Dyy(xn==, T5--1))}

2
+ %‘W(Bny(xm—z, Tne—2)) + ¢(Eny($N*—2, Tn+—1))

+ ¢(Dyy(zn-—1,25-2))}.
(4.41)
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Xi42e,43e, Xi43e,43e;

X1 Xite,

Figure 4.2: Displaying MK ey

4.5.1 Estimate of the bulk terms

To estimate the terms

@B — 52 Z ¢(Vy(mK)77) - Ainner - Aext,B> (442)

KCTQal UTQa2 UTQa3 UTQa4

we will need some preliminary approximation results which are given in the lemmas
below.

Lemma 19. For a smooth function y and a smooth function ¢ the following holds

2
1 MY (M pre,) + O1Y(Ma per12e5) + O1Y (M prertes) + O1Y(M0rer13e5) | = (4.43)

281y<mK51+e2) + 6(52)7

where K., yc, represents the cell (Ty, 11,70, 42) X (Toyt1, Teyi2), Mi, ., 5 the bary-
centre of cell K¢ +e, and my sy, 15 the midpoint of the bottom side of the cell
Ko, = (Tp,41,%0,42) X (T4, Toyv1) as displayed in Figures 4.2a and 4.2b along with
M 0tertess TV 04e1+2e; QT T 1 e) 43y

Proof. We have,

%00 = 5| 30 3 {oDnten ) + 6Dt
(4.44)

+ 6Dy, wy41)) + HDyy (o1, %H»H |

We create a symmetry around the barycentre my, by considering Enyg, Eny@rel,

e1teg

Dyyete, and 5nyg+el+62 depicted in Figure We introduce the following splittings

_ 1— 1 1— 1—
Dyye = {§D2e1yz + §D261ye+2e2} + {§D2e2ye + §D2e2y£+2e1}7 (4.45)
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My 11e 436
d4ey+3ep
X143e, o O o)
Kel+292
m1,3+€1+2€2
Xlt+2ey o e} o]
[ Keg KelJrez K291+ez
L -] ] [
Myite, Moitei4e, Mzite;+2e; My jle,y3e,
My l1e)+e,y
Xite,® o °
Ke1
My jte,
o] @ o
X Xite, Xi4+2e; X1 +3ey

Figure 4.3: Displays my ¢yc,> M1 ,04e;tens M1 b4e;+2eo aNd M1 g1 43¢y, a8 Well as Mo pqe), M2 p4e; teos
M2 ¢ter+2e5 ANd M2 p4e) 436y

_ 1— 1— 1— 1—
Dnyﬁ—l-el — {§D261y€+el + §D2e1y€+el+262} + {§D262yé+e1 + §D262y€+361}7 (446)

1— 1— 1— 1—
Dyyeye, = {§D2elye+e2 + §Dzelye+3e2} + {§D2e2ye+eg + §D2e2ye+ez+2e1}> (4.47)

1— 1— 1—
§D2e1ye+e1+e2 + §D2elyz+e1+3e2} + {§D2e2yz+e1+e2

1—
+ §D262y€+361+62 }

bny€+e1 +eo :{

(4.48)

For the following splittings, and due to symmetric differences of the form

u(x +¢) —u(z —¢) g2

% =u(z) + 5 u(©) (4.49)

we will get second order approximations for the partial derivatives.

e The first splitting is

1~ 1— Yot2e; — Yo Yot3e; — Yote
=D e +=D e er — = + - -

By applying the central difference approximation to the terms we have

(4.50)

Yo4+3e; — Yt 3?J(m1 t4er) 2
= i + 0 4.51
3¢ 0y (%), ( )

and

Yet2er — Yedey _ ay(m1:£+el) + ﬁ(SQ). (452)
€ 0y

90
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By substituting these two equations into equation (4.50) we have

3Yetzer — Yo | 1Yoi2er — Yerer 3 8y(m1 trer) 1 8y(m1 Orer) 2
— — = — : - ’ Oe
2 3e + 2 g 2 81'1 + 2 81'1 + ( )

= 201y(M1p1e,) + O(E%).

e The second splitting is

- yé+2€1+262 - y£+262

Y 1= Yo+3e -
1+2e2 Yoter+2es
_D261y€+262 + _D261yf+61+262 - .

2 2 2¢ + 2¢
(4.54)
Similarly, we have
Yet3er+2es — Yti2es Y (M p+e1+2¢,) + ﬁ(€2)7 (4.55)
3e 8x1
and
Yo42e142e2 — Ytde142ez _ ay(m1,€+€1+2€2) + 6(62). (456)
2e 0xq
By substituting these two equations into equation (4.54) we have
3Yersertoer = Yerzes | 1 Yrvoervoer = Yrvertaer _
2 3e 2 €
§ay<m1,5+262+61) + lay(m1,4+262+61) + ﬁ(éj) _ (457)
2 8x1 2 axl

201y(M1 042e54e1) + ﬁ(52)-

e The third splitting is

_ Ytreat+2er — Yttes

- 1—= Ye+3e1+ea — Yttei+e
_DZelyZ-l—ez + _D261y€+61+62 — Hoeites fertes . (458)

2 2 2e * 2e
Thus,
§y€+3el+ez — Yiter + lyf+261+62 ~ Yttertes _
2 3e 2 €
30Y(Mieyetes) | 1OY(M1p1e;ver) 2 (4.59)
2 ) - : 0 — .
2 8351 + 2 (9.1'1 * (6 )

281y(m1,é+61+62) + ﬁ(€2) .

e The fourth splitting is

1— 1— Yt+2e1+3e2 — Yt+3es Yo+3e143e0 — Yl+er1+3es
=D e D2 e1+3e2 — .
(4.60)
Similarly,
3 Ye+3er+3es — Yer3en | 1 Ye2ei+3e; — Yorer+3en
— + — =
2 3e 2 €
§ay<m1,5+61+362) + lay<m1,f+61+362) + ﬁ(EQ) _ (461)
2 (9:1:1 2 8%1

201Y(M1 0 4er43e5) T ﬁ(52)-
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Hence, by combining equations (4.53)), (4.57), (4.59) and (4.61)) we obtain

2

4_1 |:aly(m1,€+e1) + 81y(m17f+61+262) + aly(mll-i-el-i-m) + aly(ml,ﬂ+e1+362):|

- g(aly(ml,€+e1) + 81y(m1,£+61+262>) + 2 (31y(m1,e+e1+eg) + 51y(m1,£+el+3e2))

2 2 2 2

= aly(ml,é—i-el—i-eg) + aly(m1,£+e1+e2)

= 281y(mK61+62) + ﬁ(€2).

(4.62)
By similar calculations we obtain

2[0y(maese,) | OY(Marioeites) | OY(Mapiertes) | OY(Marize ves) 2

z , bter ; , Vi

4 81'2 * al'g + (‘3@ + 3x2 + (8 )

ay(mK + )
—9_ZY “ate’ | (2
G O(),

(4.63)

where mg g4, is the midpoint of the left side of cell K., as shown in Figures 4.2(a)
and (b) along with mg p19e, ey, M2rter+e, ANA M2 1436, 4y O

Lemmas are all linked and will be used in Section 4.6.1 and to obtain (4.71)).

Lemma 20. For a smooth function y and a smooth function ¢ whose derivatives
are bounded and for a constant ¢ € R we have

1

1 [¢(5(2,2)ye) + ¢(E(2,2)ye+e1) + ¢(E(2,2)y€+62) + ¢(E(2,2)y€+e1+ez)]

— o/

(4.64)

E(2,2)yz + E(2,2)ye+e1 + E(2,2)?/e+e2 + E(z,z)ye+el+eg) < o2
1 < ce”.

Proof. Since we assumed that ¢ is smooth (Assumption [1)) and that its derivatives
are bounded (Assumption |3)) we can expand ¢(a), ¢(b), ¢(c) and ¢(d), using Taylor
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expansion, around (W) and we obtain
a+b+c+d a—i—b+c+d 3a—|—b—|—c—|—d
¢<a>=¢(—4 )+<z>( )( )
e ¢” ( 3a+b+c+d>7
a+b+c+d a+b+c+ 3b+a+c+d
o0 =TT o )(- )
" ( 3b—|—a+c+d)
+= ¢ ,
a+b+c+d a+b+c+ 30+a+b—i—d
¢<c>:¢<—4 )+¢( )( )
" ( 3c+a+b+d>
+ ¢ :
a+b+c+d a~|—b+c+d 3d~|—a+b+c
¢(d>=¢<—4 )+¢( )( )

’

( 3d—|—a—|—b+c>

where & € <a, W), & 1s between b and <M¥l), &3 is between
d b d
¢ and <a—|—b%) and &, € (%,d). Adding ¢(a), ¢(b), ¢(c) and

o(d) yields

u(a) + u(b) + u(c) + u(d) _u(a+b+c+d
4 4

+|d—0b* + |d—al’ + |d — c[*)].

)| < arllo=af + lo= o + e af

(4.65)

The proof is an apphcatlon of and of the fact the differences of D(2 ) Ytter
and D(22 ye are of O(e), a

|E(272)y4+61 — 5(272)y4| <ce, ceR. (4.66)

Therefore, we conclude,

1

[¢(D(2 29Ye) + ¢(D(2 NYtte,) + (D (2,2)Ye+es) + ¢(D (2 2)y£+e1+e2)]
4 (4.67)
D D D e, +D o te '
— & @2)¥e + De)Yire, + 4(2,2)ye+ 2 T Pe2)lere+ 2y <2, ceR
O

It remains to show the following lemma.
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Lemma 21. For a smooth function y and a ¢ € R,

E(2,2)y1z + E(2,2)W+e + E(2,2)ye+e + E(2,2)ye+e +e 2
) - 4 : - : - Vy(mKel+52> 2 S 652 )
(4.68)
where my, .. s the barycenter of cell Ko, ye, = (Te, 11, %0, 42) X (Toyi1, Tiyr2).

Proof. By using the splittings from (4.45))- (4.48) we obtain

1{ 1— 1— 1— 1—
‘Z |:{§D261yf + §D261y5+262} + {§D262y£ + §D262y€+261}

1— 1— 1 1
+ {§D2e1ye+e1 + =Doe, Yoter+2e5 } + {§D2e2w+e1 + 5 Doe,Yri3e, }

2 2
1— 1— 1— 1—
+ {§D2€1 Yoteq + §D261yﬁ+362} + {§D262y€+62 + §D262y€+261+62}
1— 1— 1— 1—
+ {§Dzelyz+e1+e2 + §D261ye+e1+3e2} + {§D262y€+62+61 + §D2egye+ez+3e1} <
1 Qay(ml,f-ﬁ-el) + 2ay(m1,€+e1+282) + zay(ml,f-&-el-i-@) + Qay(ml,f+e1+3e2)
4 8.731 8x1 8x1 8$1
L[, 0y(mapye,) Oy(Mma r12e) ) OY(Mattertes)
V74 2 ) ) 2 2 ) 1+e2 2 ) 1+e2
+ (6 ):| + 4|: aZL’Q + 81’2 + 81’2
8y<m2 {+3e1 +62) 2
2 : %
+ s + 0(e%)
dy(mr, ,.,) . Oylmk, ..,) 2
=12 e1teg 2 e1+eg ﬁ 2 — V ﬁ 2
' 8$1 + a$2 + (6 ) y(mKelJrEQ) (2) + (5 )7

(4.69)

where the inequality holds due to ([.53), (4.57), (4.59) and (4.61)) in Lemma 19 and
the equality holds due to [£.62] and [4.63] ]

By applying Taylor expansion to

¢(E(2,2)y€ + E(2,2)y£+e1 + E(2,2)y£+ez + E(2,2)yz+e1+ez)
4

around gb(Vy(mKeﬁeQ) (3) ) and using similar steps as in Lemma [3/in Chapter 2

as well as Lemma 21 we obtain Lemma 22] below.

Lemma 22. For smooth functions y and ¢, a ¢ € R and since Lemma |21 holds we
obtain

E +b e _'_b € +E erre 2
‘ ¢( @Y + DeyYere + DeyYere + DeYere+ 2) - ¢(Vy(mf<el+ea) ( ))‘

4 2

< ce”,
(4.70)

where mK¢31+c2 is the barycenter Of cell Ke1+62 = (xfr‘rla .23'[14_2) X (ajfz-i-la x€2+2)'
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B n—1) Bn—an -1y
o—0

Baeq nee
(N"—1N""=2)7 *—oa—9 - By —1n—2)n

R; £ .rz

Bov—1ayg — 9 - Bav—1amm

oO—0 @e—o
B N*N*—1); B N*—2,N*—1),
( )n ( )

Figure 4.4: The bond volumes intersecting the sides of the interface I' =Ty UT'o UT'3 UT'y

By applying Lemmas to we conclude that
Op=¢" > d(Vylmu-—1e)n) + > S(Vy(me, x=)n)
lo=N*—-1 l1=N*
N** N**_1

+e2 ) (Vy(mpve ) +€2 > d(Vy(m, x—1))n) + O(3).

lo=N*—1 l1=N*

(4.71)

4.6 Energy on the interfaces

The energy over the bond volumes that intersect with the sides of the interface,
Er,.Er,,Epr,, and Epr, and the corners of the interface, E¢, ,Ec,,Ec,, and Eg,, as
shown in Figures [1.4] and are given below.

The energy of the bond volumes that intersect with interface I'y, but not the corners



4.6 Energy on the interfaces 96

is
N**—2

Er{y} = Z / X0, O(Dyye)da

B(Zl N**—1),n

- — Z Ved(Dyy(@e,, wn+-1))[Deyy(@e,, s —1) — Degy(e,, o))
41

- Z Veo( ny(ﬂ% 2, En+ 1)) [Deyy (@, tnee 1) = Deyy(we, o+ )]
51

2 N**_1

- Z Vc(b ﬂy(xflva* —1))[D61y(I517IN**+1) - Dely(xfu'rN**—l)]
41

9 N**—1

- = Z Ved(Dyy(@e,—1, 2y —1))[Deyy(xe,, Tee+1)
51

- Eely(xfl ’ $N**—1)]‘
(4.72)

The energy on interface I'y but not the corners is

N**—2

Er,{y} = Z / X0, O(Dyye)da

B(N* —1,42).n

- Z VC¢ ny@N** 17‘7:42))[D82y(IN**—1’xf2) - D€2y<xN**+17x€2)]

- Z Veo( ny(iUN** 1, 20,-1)) [Desy(Tne—1, Tey) — Deyy(Xnee41, T, )]
52 N*

- Z v(¢ Tiy<xN** 1,1342))[D31y($]\[**_1,$42)—Dely<l’N**,CL’g2)}
ZQ N*

- = Z Ved(Dyy(@ne—1,20,-2))[Deyy(@ne—1,20,) = Deyy(wnee, 24,)].
52 N*

(4.73)
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The energy on interface I's but not the corners is

N**—-2
1 —
Erdy} =) 1 / X, ¢(Dyye)da
f=NT By, nx—1)n
- Z Z V§¢<D77y($517xN*fl))[Dezy(xflaxN*) - D62y($€1>xN*fl)]
l1=N*
62 N**_l
- > Ved(Dyy(we, -2, an- 1) [Desy(wey, ox+) = Deyy (e, ane1))]
l1=N*
- Z Z v§¢<Dy($€17'Z.N**l))[Dely(l.fm xN*+1> - D€1y($f17xN*fl)]
l1=N*
52 N**_l
- Z Z VCQS(Dy(xh—l?xN*—l))[D61y<x€17xN*-&-l) - D61y(x€17x]\7*—1)]'
l1=N*
(4.74)

The energy on interface I'y but not the corners is

N**—-2
1 _
By =Y 1 [ xeoDuis
lo=N*

B(n+—1,9).m
15 — — _
- Z Z ngb(Dny(xN*—l? xb))[D@y(xN*-i-lv .%‘42) - Dezy(xN*—la xég)]
lo=N*
2 N**fl
g — — _
- Z Z VC(b(Dﬂy(xN**l? :U@Q*l))[Der(xN*H? :E@Q) - D€2y<xN**1a l’g2>]
lo=N*
g N**—1
15 — — _
- Z Z ngb(Dny(xN*—l? xb))[Dmy(xN*—l’ 1‘42) - De1y(xN*7$62)]
lo=N*
2 N**_l
g — — _
iy Z Ve (Dny(@ne—1,T0,-2)) [Deyy(xn+—1,Te,) — Deyy(Tn+, 4, )]
lo=N*

(4.75)

The energy of the bond volume on the top left corner where ¢ = (N* — 1, N** — 1)
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B(Nt_iﬂu _1)',”

B(n+—1n"—1)n

Iy
1Cy ‘ C,
W B
\
d
Cy T Cs
I3

B —1n—1)n

B(N*t—i,N*—i),Tj

Figure 4.5: The bond volumes intersecting the corners of the interface ' =T'y UT2 UT'3 UT'y

is,

1 _
Ec{y} =1 / X2, (Dyye)dx

B(n#—1,N%% 1),
2

£ J— — —
+ ZV<¢(DnZ/(5UN*—27xN**—l))[Degf‘J(xN*,mN**—l) - Dezy(l“N*, xN)]

2

€ — —
+ ng(b(Dny(xN*_l,a:N**_l))[DSQy(xN*_l,a:N**) — De,y(xn—1, Ty 1))

2
B _
+ §V6¢(Dny(1’N*—17 T 1)) [Depy(Tne 11, Tner—1) — Deyy (T 11, Tover )]

2
£ —_— — _
+ ZVC(é(Dny(:UN**l? xN***Q))[Dely(xN*fla xN**) - D(ily(xN*) xN**)]

2

13 J— _
+ §V¢¢(Dny(:cN*_1, TN+ 1))[Deyy (TN, Tnes—1) — De,y(w 5+, Tyee11)]

2
£ _
+ gvc¢(Dn?/(xN*—17 Tnee—1))[De, Y(Tne—1, Tne=11)

- Eely(iUN*—l, IEN**—1)]-

(4.76)



4.6 Energy on the interfaces 99

The energy of the top right corner where ¢ = (N** — 1, N** — 1) is,

Ecy{y} :i / X, ®(Dnye)da

Bnws_1 5% 1)
+ %V@(Eny(l’]\/**—z, e 1)) [Deyy(Tnes, Tner) — Doyt (T ner, Taver 1))
+§V<¢<Eny($N**—1,JCN**—1))[Ee2y($N**—1,l’N**—l)
— De,y(xn=-_1, 2n+)] + %:Vg(b(ﬁny(xm*l, Tne_1))

[E€2y<x1\7**+15 xN**fl) - Eegy(xN**+17 fEN**)]
2
€ — — _
+ Ve Dy (@ne—1, 2ne—2))[Dey(@ne, one) = Deyy(ne—1, 2n--)]
2
€ — _
+ §V<¢(Dny(9§z\/**—1, $N**—1))[Dely($N**—l> $N**—1)

2
€ _
- Dmy(xN**—h f/UN**-H)] + §V<¢(Dny(1’N**_1, ng**_l))

[Eely(l’]\[** s $N**+1) — Eely(l‘N**a {L‘N**_l)].
(4.77)

The energy of the bottom right corner where ¢ = (N** — 1, N* — 1) is,

Ec.{y} :}1 / X, @(Dpye)da

B(y**_1.N* 1)
+ EZQV@(EW(%N**—% 2ne1))[Deyy(xnee, 1) = Deyy(xnee, 2n+)]

+ %Vé“ﬁb(ﬁny(fEN**—la Tn+—1))[Deyy(xn=s—1,Tn+) — Deyy(Tnee—1, Tn+_1)]
+ %ngb(ﬁny(xm*_l, 1)) [Deyy(Tnes 1, Tae—1) — Degy(Tnes 11, T+ )]

2

£ — _ _
+ nggb(D,,y(a:N**_l, Tn+—2))[Deyy(xnes—1,05+) — Deyy(wne, Tn+)]
2
£ — _ _
+ gvcﬁb(Dn?J(JfN**—h Tn+—2))[Deyy(xnes—1,05+) — Deyy(wne, Tn+)]
2
£ — _ _
t §V<¢(Dny(l’zv**—1a Tn+—1))[Deyy(Tnee, Tne—1) = Deyy(Tn+—1, Ty+_1)].

(4.78)
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The energy of the bottom left corner where ¢ = (N* — 1, N* — 1) is,

Ec,{y} Ii / X, ®(Dyye)da

B+ —1.N% 1)

+ %Vg]ﬁ(ﬁny(xm_g,xN*_l))[EQQy(xN*,xN*) — Do, y(x e, T _1)]

+ %:Vg(b(ﬁny(xm_l,xN*_l))[Eer(xN*_l,xN*_l) — Do, y(xne_1, T y+)]
+ %:V@(Eny(xN*b%N*1))[5e2y($N*+1756N*) — Deyy(zne41, 2n-1)]
+ 290D (an- 1 o2 Dt o) ~ Dot v )

+ VD a1 ) Dyl oxen) = Deypane 1.2
+ VD an 1o ) Dat(neos, v 1) = Doyl o)

(4.79)

4.6.1 Final Error equation

We go back to Lemma where we were calculating the difference between the
atomistic Cauchy-Born energy and the coupled energy

TP (y) — EP{y} =05 — Ar — Er,(y) + O(?)
N** N**_l
= > o(Vylmve—re)n) €5 D o(Vy(m, xe)n)
lo=N*—1 l1=N*
N** N**_l
+e? Y (Vy(mpve ) +€2 Y d(Vy(m, xe—1)n)
lo=N*—1 l1=N*
— Ar — Er,(y) + O(&%).
(4.80)
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By substituting Ar (4.41)) into (4.80) and by re-indexing the summations in Ar we
obtain

P (y) — EP{y} = ©p — Ar — Er,(y) + O(%)

N**—1 9 N**—1
=2 > H(Vylme—rem)n) — Z {0(Dyy(xxe—a, 14,-1))
lo=N* 32
N**—1
+ (Dyy(ene—2,26)} +° D d(Vy(mie, o))
1=N*
ZN**_I

7 Z {(Dyy(xe, -1, 5++)) + S(Dy (e, tn++))}

+¢? Z mvee)n) = 7 O 6Dy (e, v1))
fy=N*
B N**—1
+ (b(Dny(xN**ﬂ 1‘42))} + 52 Z ¢(Vy(m(£17N*—1))77)
=N+
9 N**—1
- Z {0(Dyy(we,—1, 25+ —2)) + d(Dyy(wey, n+—2))}
51
2
+ 52¢(Vy(m(N*—1,N**))77) - %[¢(Eny(x]\,*,2, Tn+)) + ¢(Eny(xN*727 Tnee_1))
2
¢(5 (IBN*fLSCN**))] + €2¢(Vy(m(N**,N**))77) - %W(Eny(fﬁv**,ﬂ?m*q))
¢( ('ZL‘N**—M .’]}N**)) + gb(ﬁny(l'N** , I’N**))] + 52¢(Vy(m(N**7N*71))n)
e

Z[qb(Dny(wN**_h 2n+—2)) + O(Dyy(nee, Tn+_2)) + G(Dpy(xnee, Ty-_1))]
2
+ 52¢(V?J(m(N*—1,N*—1))77) - %[ﬁb(ﬁny@N*—m $N*_2)) + ¢(Eny($z\/*—27 $N*—1))

+ O(Dpy(n-—1, Tn--2))] = Ery(y) + O(2).
(4.81)

We have not included Er explicitly because the equation would be very long and
so we will refer to equations (4.72 ) From the interface energy terms in the

corners, E¢,, Fe,, Ec, and Ec47 ) we will break down the first term for
each corner. For example, for corner EC1 we Will split the first term from

i / X (D nyadas——?’icb( y(@n-—1,2nv-1))

B(n*—1,N%*~1),n

into
g2

2
c _
_Z¢(Dny($N*—17IN**—1)) and —§¢(Dny($N*—17mN**—1))- (4.82)
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2
Then we will join the term —gzgzﬁ(ﬁny(xm_l, xn+_1)) with the terms

g2

E2d(Vy(mne—1,n+))n) — ZWDny(fEN*—%fEN**)) + ¢(Dyy(zn+—2, Ty=_1)) (
+ ¢(Dpy(xn+—1, n5+))],

from &SP (y) — &P{y}, (4.81). By applying Lemma 22| we obtain

1., —= —

O(Vy(mv=—1,n+))n) — Z[¢(Dny(fﬂzv*_2, Tne)) + O(Dny(Tne—2, Tyee—1))

+ ¢(Eny(xN*—17$N**)) + ¢(Eny(IN*—1,xN**—1))] = 0(52)-

4.83)

(4.84)

Similarly, we repeat these steps for the first terms in E¢,, E¢,, E¢, and the respective
terms in (4.81]). Going back to the E¢, term that we split into

82

2
— £ .
- Zﬁb(Dny(xN*—la Ty--1)) and  — Egb(Dny(fN*—h TNe-1)), (4.85)

2
€ .
now we will join —Egb(Dny(xN*_l,xN**_l)) to the first term of the side interface

energy Fr,, —%2 ;VZNQ (Dyy(xe,, xn—1)) and we obtain
a8
&2 NT-2 2
) > S(Dyy(we,, wn1)) — 5 WDy (-1, 28+ -1))
fa=n o (4.86)
D) Z ¢(Eny<$é“l’N**—1>>‘

l1=N*—1

We split the sum in two halves and then we change the index for the second sum
into /] = ¢, + 1 as follows

) Z ¢(Dny($£1>$N**—1)) =—- " Z ¢(Dny($£1, xN**fl))
l1=N*—-1 l1=N*—1

N**—2
<,52

_Z Z ¢(Eny($el,$N**_1))
l1=N*—1

N**—2

> S(Dyy(we, wnee1))
l1=N*—-1
7 Z O(Dyy(xey 1, TN*-1)).-

¢, =N~

™

(4.87)

|
=] M
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For simplicity we will equate ¢} = ¢;. We join these two sums to the corresponding
terms on the I'y interface energy of ®5%(y) — & {y} as follows

N**_1 N**_1

2
€ — _
e’ Z O(Vy(me wenyn) = 5 D A0Dyy(we—r,on-)) + d(Dyy(we, on--))}
l1=N*
52 N**—2 2N
l1=N*—-1 #,=N*
N**—2 . |
=¢? Z {o(Vy(me, n=))n) — Zéb(Dny(wl—l»xN**)) - Z¢(Dny(ﬂ%, Tyw))
l1=N*
1 — 1
- Zﬁb Dny<x517xN**—1)) - Zlgb(Dny(le—l;xN**—l))}

2
+ E20(Vy (e 1xe))1]) — %{qb(ﬁny(xm*_g, o)) — H(Dyy(neey, Tyee))

— ¢(Dyy(ne—1, 2n-—1)) — G(Dypy(xn==_2, Try++_1))}.
(4.88)

We repeat these steps similarly for the other side interface energies and we obtain
for side interface energy Er,

N**—1 9 N**—1
e’ Z O(Vy(me-e))n) — = Z {¢(Dyy(xnee, x0,1)) + G(Dyy(xn++,70,)) }
52
52 N1 Y
By Z O(Dyy(xn=—1,Te,)) Z o(D ny TN+ -1, Tey—1))
lo=N* EQ N*+1
N**—1 1 o 1 o
Z {o(Vy(mnee,))n) — Z¢(Dny($N**, Tey-1)) — Z¢(Dny(9€N**, Te,))
=N*+1
_ 1
- Zlﬁb(Dny(xN**—h Ty,)) — zléb(Dny(IN**—la Tey-1))}

2
+2(Vy(mnes n+—1))n) — %W@ny(a’w, Tn+-1)) = Q(Dyy(Tne, Tn+))

— ¢(Dyy(ne=—1,2n+)) — G(Dpy(xnes_1, Tn++_1)) },
(4.89)
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for side interface energy Er,

N** 1 2 N**_l
e —
e’ Z O(Vy(mi v-—n)n) = 7 > {S(Dyy(wn,-1, 23+ 2))
l1=N*
62 N**_l
+ 0Dy, ox2)} = 5 D 0Dyl ox-1)
lo=N*
62 N**
vy Z O(Dyy(Te, -1, TN+—1))
l1=N*+1
= 1 1
Z {o(Vy(me, ne—1))n) — Z¢(Dny($el—1, TN+—2)) — Z¢(Dny($elal‘1\/*72))
=N*4+1
— 1 —
- Zfb(DnZ/(i%a on-1)) = 7(Dyy(ze-1,2n-1))}

2
+ 52¢(Vy(m(N*7N*,1))n) - %{Cb(ﬁny(xN*—lny*—Q)) - ¢(Dny($N*, Tn+—2))

— ¢(Dyy(xn-, 2n-—1)) — A(Dyy(zne1, TNn+1))},
(4.90)

and finally for side interface energy Ep,

N**—1 2 N
&2 Y (Vylmn—1m)n) — — Z {6(Dyy(xne—s, 1))
lo=N*
82 N**_2
+O(Dyylan—2,20))} = 7 > d(Dyylen-—1,70,))
lo=N*—1
-7 Z ny TN1, Try—1))
N**—2

= > {(Vy(mne—10))n) — ;lcb(ﬁny(xm_z,%—l)) - %qb(ﬁny(x]v*_g,x@))

— 10D ylane 1, w,) — 16Dy, 20)))
+ " ¢(Vy(mp-—1n-+-1))n) — %W(bny(ﬂ?z\/*—za wne—2)) = O(Dyy(wn-—2, Tnee-1))

- ¢(bny(xN*—17 -rN*—l)) - ¢(ﬁny($1\7*—la xN**—Q))}'
(4.91)

For the terms in (4.88)-(4.91) that are in the summation we can apply Lemma
and conclude that the summation is of order O(g?). For the terms without the
summation we rearrange some terms from one side interface to the other and then
these terms are also of order O(g?) due to Lemma . In summary, we see that all
the terms in (4.81)) are of order O(e?) except of the remaining interface and corner
energies ((£.72)-([£.79) that we have not examined yet. Now, we only need to examine
the following remaining side interface and corner interface energy terms:



4.6 Energy on the interfaces 105

p2 N

- Z Veo(Dy(e,, tne 1) Deyy(we,, txw 1) — Deyy(we,, wn--)]
41
9 N**—1 .

+ = Z Ved(Dy(ae, -2, xne1))[Dey (e, tnee 1) = Deyy (e, tn++)]
51

-1 Z VC¢ ﬁy(fo‘TN** 1))[E61y('r€17x]\/**+1) - Eely(xflva***l)]

€ —
_Z Z Veo( ny(% 1 &8 -1))[Deyy(@ey, wneei1) = Deyy(ey, wne—1)]

2 N
+ = Z chﬁ Dy(xN* —17Ifz))[D62y<xN**—17x€2> - Dezy(xN**+17*T52>]
32
L2 N7
+ Z Ved(Dy(wne—1,2,-1))[Dey(wn+—1,70,) = Dey(wnes11, 70, )]
52

€ — — —
- Z Z VC¢(D77y($N**—17‘T€2))[D61y(xN**—laxéz) - Dely($N**,$£2)]

£
- = Z Ved(Dyy(wne—1,20,-2))[Deyy(2ne+-1,20,) = De,y(nee, 74,)]

2 N
+ — Z VC¢ Dy(ZL’gl,l’N* 1))[D82y(x517$N*> - D62y(xf17xN*—1)]
41
L2 NT
+T Z Ved(Dy(we,—2, tne—1))[Deyy(wey, tn+) = Deyy(wey, wve-1))]
51 N*
2 N**_l
- Z de) Dy(‘TZN'IN* 1))[Dely<l‘[1,l’]\[*+1> - D81y(x€17xN*—1)]
51
- Z VC¢ Dy(mfl 1, xN*—l))[Dfny(fo xN*-‘rl) - D€1y(ajf1? xN*—l)]
51 N*
€ — — —
+ Z Z VC¢(Dy(xN*—17 l’@))[Der(l’N*_H, $f2) - Der(xN*—lv xb)]
lo=N
2 N
= 2 VebDy(en1, 26,1))Deyy(nes1,20,) = Degy(wn-1, ;)]
52 N*

- Z de) ﬂy(xN* 17xf2))[561y('r1\f*—17x€2>_Ee1y(xN*7xf2)]

-7 Z Veo( ny(?ﬂN o1, 80,-2) )[Deyy(Tne—1, 20,) = Deyy(T e, T, )|
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2
€ — — _
- ZV<¢(D?J($N*—2, fBN**—l))[Dezy(IEN*, iUN**—1) - DeQ?J(ﬂ?N*,l"N**)]
2
€ — _
- §V<¢(Dy($N*—1, fBN**—l))[Degy(ZEN*—h ZUN**) -
2
5 — — __
= g Veo(Dy(en—1, on-1))[Deyy(@nerr, one-1) = Deyy(@n41, Ty

2
+ SV Dyy(ane1,anes))|

S

62?/(93N*—1>$N**—1)]

Deyln- 1, ox-) = Degyline, o)
2
€ - — —
* §VC¢(D"y(xN*—1’ TN 1)) [DeyY(@ne, Tnee 1) = Doy y(Tn+, T 1))
2
€ 5a) = R
+ §VC¢(DU:U($N*_1, IN**—I))[D61y<mN*—1; ,[L‘N**+1> — D€1y(xN*—17xN**_1)]

52

4
2
£ — _ _
- gvcﬁb(Dy(xN**—hfE‘N**—l))[De?y(xN**—la Tn=s—1) = Deyy(anee 1, Tner )]

Vcﬁb(ﬁy(fﬂN**—% JfN**—l)) [Eer(l"N** ) JfN**) - Eegy(aﬁv**a JUN**—l)]

2
5 — _ _
- gvcﬁb(Dy(xN**—hl’N**—l))[Degy(xN**Ha Tnes—1) = Deyy(wnee 1, s )]

2
£ — _ _
+ ZV@(DW@N**—D TN —2)) [DeyyY(Tnee, Ter) = Doy Y(Xnee 1, Tives )]
2
£ — _ _
T §V<¢(Dny($m*—1a IN**—l))[Dely(IN**—h Twee_1) — Dely(l‘N**—b JUN**+1)]

2
€ - — —
+ gVCQﬁ(Dny(l‘N**_l, I‘N**_1>)[Dely<IN**, IN**—{-I) — Dely(l'N**,.xN**_l)]
2
€ - — —
- ZVC¢<Dy($N**727,IN*?I))I:_Der(,IN**, xN*71> - DBQy(xN**,Q:N*)]
2

€ _
= g Ve Dy(anwr, oy 1)) [Deyy (w1, o) =

Sl

exY(TNes 1, Tne1))]
S0 an 1, v ) Destane s, ne) - Doyl )]
+ %QV@(ﬁny(xN**la 2n+—2))[De,y(xne—1,2x+) — De,y(xne=, Tn-)]

+ SV epDoptene s w DDt 1) ~ Doyl o)

+ g?jvdﬁ(ﬁny(lw**l, N 1)) [Deyy (e, Ty 1) —
- %QV@(Ey(J?N*z, 2n+-1))[Deyy(n=, tn=) — Deyy( e, 1))

- §V<¢(Ey($N*—1, 2n+-1))[Deyy(2ne—1, &n+—1) — Deyy(xne—1, Ty+)]
- %QV<¢(E?J(-TN*—1, xN*—l))[Eegy(xN*—Ha Tn+) — ﬁ@y(ﬂ?N*H#EN*—l)]

Sl

61y($N***17 xN**l)]

2
£ — _ _
+ ZV@(Dny(IN*—l, rn+—2))[De,y(Tn+, Tn+) — Deyy(Tn-—1, Tnvw )]
2
c _ . _
+ §V<¢(Dny(ifN*—17 1)) [De,y(Tne, Tneg1) — Doy y(Tn+—1, Tn=41)]
2
£ — _ _
+ gvgﬁb(Dny(iN*—l, TN 1)) [Deyy(@ne—1, Tne 1) — Deyy(on, Tne—1))]-
(4.92)
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To check the order of these remaining terms we will only examine the two following
cases

€ — — —
Z Z VC¢(DUy(x517xN***1>>[D62y(xfl7xN***l) - D62y<x@1?xN**>]7 (493)
l1=N*
and
62 N**_l
+ Z Z VC(b(Dﬂy(xN***lv xfz))[D62y<xN***1> l‘g2) - Dezy(xN**+17 1'52)]. (494)
lo=N*

since all the other terms have a similar form. We will examine the terms in the closed

brackets by firstly applying a Taylor expansion to y(xy,, Ty+_1), y(zn+_1, 2, ) and

Y(TN+11, Te,) as follows

ay(xé1 y L N*x )
61’2

(Tpee_1 — Tpper )? (4.95)

y(xh)'r]\f**—l) :y(xfﬂx]\f**) + (xN**—l - .TN**)

+ 1823/(35[1,51)
2 03
ay(xfpx]\/**) 62 a2y(x£17§1)
=YLy, TN+= — e t s —(F35
y(@e, o) 02 2 023
8y(l']\[**,$(2)
3x1

Y(@nee 1, Tey) =Y(Tnee, T,) + (TN+—1 — Te-)

1 8y2 (537 x@z)

5 8.1'2 (xN**—l — J?N**)Q (496)
1

+

8y('rN** ) xfz) + iagy(g& .1342)

:y(.CEN**’.CE[Q) — & axl 2 ax% 5

Oy(x N+, Tp,)
(91:1

(xN**—f—l - I’N**)2 (497)

Y(T N s1, Tep) =Y(TNee, Tp,) + (TN=r 1 — Tner)

1Py(&s, v4,)

) 0x?

8y(l’N**,Q?52) + §82y(£47 55'@2)
011 2 or?

After substituting (4.95) to the terms in the closed brackets in (4.93]) we obtain

:y($N**7 xfz) +e

D D 29(xp, xnes) — Y(Tey, T 1) — Y(Tgy, T
D€2y(x€1>xN**—1)_Dezy<l’£1a$N**): y( Lol ) y( ! 5N 1) ( 1N +1>

= 0(e).

(4.98)
After substituting (4.96)-(4.97) to the terms in the closed brackets in (4.94) we
obtain

e - Y\TN**—1,Tpy+1) — YT N**41, Lo
Der(xN**—laxb) _Dezy(xN**+1vx€2) = ( S ) £ ( = 2+1)

Y(@xen, o) —yleve, o) (4.99)
g

+
= 0(e).
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Similarly, for the D,, terms,

Dely($€1axN**+1) - Dely(xﬁnajN**fl) = ﬁ(‘g)a (4100)

and

Eely(xN***la xfz) - D61y<x1\7**7:€€2) = ﬁ({;‘) (4101)

Hence, all the terms in (4.92)) are O(¢). We are ready now to prove the following
theorem.

Theorem 5. (Energy Consistency) Let y be a smooth function, and &P{y} the
coupled energy in (4.19) then there exists a constant My = Mg(y), such that

67 {y} — P57 (y)| < Mpe®. (4.102)

Proof. Combining the previous estimates we conclude that

é@QD{y} _ (I)gB(y) — 52 Z oy + 52 Z Bﬁ (4103)

le¥ LeSr

where ay = 0(£?), By = O(e) and Sr is the collection of the interface indices. But
then )", s 1= 0(1/¢) and hence €23, 4 B = O(£?), and the proof is complete.
[



Chapter 5

Two body Variational Energy
Theorem in 2D

5.1 Chapter Overview

In this chapter we analyse the variational energy for the two dimensional coupled
problem. In fact the analysis leads us to the construction of a new discontinuous
coupled method. This construction, although similar in spirit to [I9] is different
both at the design level and in the final form of the coupled method. The key idea
is that without specifying the interface, our analysis leads to two types of terms:
(a) terms which are O(e?) and for y = yp vanish and (b) terms which are O(1)
even for y = yp = Fz. However, the terms in (b) are explicit and they have an
appropriate structure which motivates the introduction of the right interface energy
terms in order to eliminate their effect. The setting for this chapter is the same as
in Chapter 4. In Section 5.2 we compute the difference between the first variation
of the coupled energy and the first variation of the atomistic Cauchy-Born energy

(DD E (y), v). — (D& {y},v).,

where

<D£77D{y}7v>s = <DEg2a,n{y}7 v)z—: + <DEIP,77{y}7U>s + <DE$S77B{y}7U>s

We first start by calculating

(D3P (y),v). — (DEg, ,{y},v)..

For convenience we concentrate on the sums containing

%{Dezvﬁ + %DEQW—&-Q}'
Then we convert the terms with 562v4+81 into EEQW so that all the terms have
the same form and we obtain (5.11]). After rearranging the sums and applying the
periodicity condition we obtain , which we named Z. Next we compute the
first variations of the atomistic energies from the coupled model and after adding
them together we focus only on the terms that include EgeQW, which we call H
(5.21)). We apply the periodicity conditions and obtain (5.25)). Then we substitute

DQeQ'UZ - Degvﬁ + Dezvﬂ—i—ezv

109
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and convert all the terms to be of the form ECQW so that again all the terms have
the same form and this yields (5.28). After applying the periodicity condition, H
simplifies further and we subtract H from Z. Then, by applying Lemma [23] some
of the terms are O(e?) and the remaining terms that we obtain are in ((5.31)), which
we name W. What remains is to subtract from W the first variation of the energy
on the interface. In Section 5.2.1 we compute the first variation of the energy on
the interfaces. Recall that in Chapter 1 the energy on the interface is

- Y [/

= |mmnl
Bg_’»,]EBF

::El -+ EQ.

Xo, @(Vy""n) da — / ¢ ({Vy""m}) [y""n] dS}

£, m Bl,nﬁr

In the two dimensional case the energy on the interface had to be altered. In the
E; term we replaced ¢(Vy“n) with ¢(D,y,) and the F, term takes a different form
and is explained in Sections 5.2.2 and 5.2.3. The bond volumes that intersect the
interface I are composed of the bond volumes that intersect the four sides I'1, I'y, I's
and I'y of the interface I' and the four bond volumes that intersect the four corners of
the interface. We take the first variation of F; of the energy on each of the four sides
of the interface (DFE;r,,v), (DEir,,v), (DEyr,,v) and (DE;r,,v) and the first
variation of E; of the energy on the four corners (DE, ¢, v), (DE} ¢,,v), (DE; ¢y, v)
and (DE) ¢,,v). After some substitutions we focus on the 562 terms and obtain
<DE1,F1 ) U>e2> <DE171‘27 U>e2> <DE1,F3> U>e ) <DE1,F47 U>e2> <DE1701 J U>62> <DE17027 U>
(DE\ ¢4, v),, and (DE; ¢,,v),, (6-45)-(5-52). In Section 5.2.2 we compute

W — <DE171"1,U>62 - <DE1’F2, U>e2 - <DE17F3,U>62 — <DE1’1"4, U)

ey’

e’

We collect the terms along each interface and when collecting the terms on each
corner we subtract (DE1c,,v),,, (DE1cy,v),,, (DE1cs,v),, and (DE; ¢, v),, . So
the remaining terms are —. All these terms have to be cancelled out since
the aim of the calculations was to achieve a satisfactory error for the first variation
between the atomistic Cauchy-Born energy and the coupled energy. To cancel out
the terms we need to subtract from the energy on the interface Er,, some terms,
the E, terms, whose first variation cancels with the terms in (5.62))-(5.69).

In Section 5.2.3 we compute the first variation of the energy on the interfaces and the
corners without including their first term whose first variation has been computed in
Section 5.2.1. Again we focus on the D,, terms and subtract these variations from
(6-62)-(5.69). By applying Taylor expansion we conclude that the terms that remain
are O(g). By following the same analysis for the e; direction the terms that remain
are again O(g). Furthermore, we prove Theorem [f] that shows that the variational

consistency error for the two dimensional coupled method is bounded by (g2 +£2_%)
in the discrete W ~1? norm. Notice that the method introduced is ghost-force free.
This follows by inserting in the analysis ¥y = yr = Fx and observing that the error
for the first variation is identically zero in this case. This provides an alternative
method of proof to the one presented in [19] for the discontinuous coupled method
in Chapter 1.
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5.2 Variation of Coupled Energy and Continuum
Energy

The setting of the coupled energy and the atomistic energy is the same as in Chapter
4, Section 4.4. Again, for this chapter we will fix n = (2,2). We will compute the
difference between the first variation of the coupled energy and the first variation of
the atomistic Cauchy-Born energy as follows

(DOy“E(y),v), — (D& {y},v)., (5.1)
where

(D&EP{y},v). = (DES, {y}.v). + (DEL, {y},v). + (DEG {y} o)., (5.2)
where

(DES, {y}.v). =(DE, {y}.v). + (DES. {y}.0).

L (DB, ho) DB, ey, )

and the interfacial energy will be defined as,

<DEIP,n{y}7 U>s :<DEF1 {y}7 U)s + <DEF2{y}> U)e + <DEF3{y}7 U>€ + <DEF4{Z/}7 U>s
+ <DE01 {y}v U)a + <DECQ{y}’ U>a + <DEC3{y}7 U>a
+ <DEC4{y}7U>e'

(5.4)
Recall from Chapter 4 that the atomistic domains are
TQal = {[xlaxN*] X [$17$N+1]}
Ta,, = {lzn- an=] x [21, 25+]} (5.5)
TQa3 = {[IN*,JIN**} X [ZL‘N**,ZEN+1]} .
TQa4 = {[ZCN**,ZL’N+1] X [.Tl,IN+1]},
and the atomistic Cauchy-Born domain
T, = {[an-, o] X [oxesane]). (56)
We start from the observation, [Section 1.2.4, [21]]
1 — —
<DES%*,n{y}7 U)g :52 Z {VCQS(Vy(mK)n)nl}E{Da Vg + D61U5+62}
KCTq,
1, — —
+é? Z {VC¢(Vy<mK>77)772}§{DeQW + D62vf+81} +0(e?).
KCTq,
(5.7)

We will first compute the difference between the first variation of the fully atomistic
Cauchy Born potential energy with the first variation of the atomistic Cauchy Born
potential energy at €),:



5.2 Variation of Coupled Energy and Continuum Energy 112

(D23 (y) — DEG_,(y).v), =2 ) {V<¢(Vy(mf<)n)}{%ﬁelve + %Eelvem}

KCT

+ 2¢? Z {VCQS(Vy(mK)n)}{%EeQW + %E@Wm}

KCT

> S (Ve g Hy Dot + 3 Dot

KCTq,

* S VO Tylmi {5 Do + 5 Desvrne

2
KCTQ*
=A+B+C+D.
(5.8)

For the rest of the calculations we will concentrate on the sums containing

1— 1—
{§D62?}g + §D62/UZ+61}7 (59)

namely B and D. The results for the sums containing the D,, terms will have
similar results. Let Z = B + D, then the remaining terms are

N*—1 N

1— 1—

7 =2 Y > AV (Vy(me, )0 )}{217 ve + §D62W+el}
l1=1 la=1
N**—1 N*-1 1 1
+2€ Z Z{VC¢ Vy Mg 52 )}{gDegvé"i_ §D62U€+61}
e (5.10)
~ 1— 1—
2 _De _Deg e1
+ e ZN ZQZ {VC¢ Vy me, 52))77)}{2 2V + 9 Vo }

1— 1
g? Z Z{V<¢ Vy(me, e,)) )}{§Dezw + §De21}e+el}-

* la=1

We will convert the terms with E62vg+el into Ee2vg by changing the index ¢ to

¢’ = { + e;. For simplicity, and convenience we will drop the apostrophe so that
¢ ={'. We conclude that
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N*—1 N
7z =¢* Z Z{chb Vy me, 52) )}Eeﬂ}é
l1=1 lr=1
N* N
+2 3 N {Ved(Ty(mie,—1.0)0) } Doy
l1=2/¢2=1
N**—1 N*—1
+€ Z Z{VC¢ Vy 5152))77)}D62U€
=N* 42 1
Z Z{V<¢ Vy(me,—1,6))1) } De,ve
N**ﬁ“ . (5.11)
+6 Z Z {v§¢ Vy me 22))”)}56204
=N* fo=N**
Z Z {VC¢ Vy(m me, - 142) )}Eezw
N*-‘rlfg
e’ Z Z{V<¢ Vy(m(e, £))1) } Deyvr
L1=N**lr=1
N+1
> S (Vom0 1)} Dt
=N**+14la=1

Now we rearrange the above equation so that the indexing of the double sums has
the form of (5.10)), as follows
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N*—1 N

Z =223 Ve (Vy(mie i)} + {Ved(Vy(m, —1.6))1)} } Dey e

l1=1 lo=1

+é’ Z{{V@(Vy(m(m_l,b))7])}5620(95]\;* , Tpy)

lo=1

~{Ved(Vy(m.))m} Dev(wr, 21,)}

N**—1 N*—1

+é” Z Z {H{V o (Vy(me,e))n)} +{Vcd(Vy(me,—1,6,))n)}  Deyve
l1=N* ly=1
N*-1

+2 > {{Ved(Vy(mne—16))0)} Deyv (e, 21,)

=1

— {Ved(Vy(m—1.0))m)} Desv(@n-, 76,)}

N**—1 N

+ ¢ Z Z {{Veo(Vy(me, )} + {VcoO(Vy(m,—1,6,))n) } } Deyve

l1=N* lo=N**

N
+22 Y {Ved(Vy(mne—1.0))0) } Deyv (e, 20,)

fo=N**

— {Ved(Vy(m—1.0))n)} Desv(@n-, 76,)}
N N

+2 )Y Ve (Vymee))n)} + {Ved(Vy(me,-1,6))n)} } Deyvr

l1=N** ly=1

+ 52 Z{{Vgéb(Vy(m(N,@))n)}ﬁezv@NH» xb)

lo=1

- {VC¢(vy(m(N**—l,€2))n)}Ee2v(xN** ) [Eg2)}.
(5.12)

After some simplifications and due to periodicity, i.e.

VC¢(vy(m(N742))77>}E€2U($N+17xb) = {VC(b(Vy(m(O»b))n)}E62U<x17 xb)’ (513)

we obtain
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N*—1 N
Z =223 Ve (Vy(mie i)} + {Ved(Vy(m, —1.6))1)} } Dey e
l1=1 {2=1
*_1N*—1 L
+ e Z > {HVS(Vy(meem)n)} + {Ved(Vy(me,—1.0:))n)}  Deyve
l1=N* fl=1
N**_1
+é’ Z Z {{VC¢ vy(m(fl £2) ) )} + {Vggb(Vy( Mg, — 162)) >}}562vﬂ
(1=N* lo=N**
Z Z{{Vc¢ Vy(me,))n)} + {Ved(Vy(me, —1,6))1)}} Deyve
N**EQ 1
N
+ 52 Z {VC¢(Vy(m(N**1,52))n)}bwv(xN*7 .1'52)
)
— 2 Y HVed(Vy(mnes—1,6))1) }Deyv (e, T4y ).
lo=N

(5.14)

We turn now our attention to the terms of the coupled energy at the atomistic
region. The first variation of Eq, , Eq, , Fq,, will be computed next. We first
substitute the splitting

1—
_D262U5+261}7 (515)

— 1— 1
Dn’l)g = {§D261U5 + = 9

_ 1—
5 Doe, Vit2e, }+{§D2e2?}z +

and then we convert E2€1v4+262 and E262vg+2€1 into Egelw and E2€2Ug respectively
by re-indexing. To convert Do, Upy9e, into Do, vp we let 5 = 5 + 2 and to convert
526204+261 into Egezvg we let ¢f = (1 + 2. Again, we drop the apostrophes for
convenience.
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N*—-2 N
(DEg, vy ). == D> > Ved(Dyy(e,, w,)) Dyve
l1=1 l2=1
N*-2 N 1
=2 > ) Vol ny(ﬂ?eul’ez)){ Dye,ve + 2Dzelvz+zez}
l1=1 l2=1
N*-2 N 1
+€ Z ZVC¢ Uy(levx&)){ D262U€+ 2D262U€+2e1}
l1=1 l2=1
2 N2 N
=3 Z ZV<¢ 7Y ey, Tey)) Dae, v
l1=1 l2=1
22 N2 N2
+ = Z Zvcgb ny Lpyy Lpy— 2))D261U€
=1 =3
2 N2 N
+ Z ZV<¢ 77y xfnxéz))DQegvf
b= 142 1
2 N
+ = Z Z vcgb ’V]y I’gl 2;1‘42))D262v€
41 305=1
2 N2 N
=5 >N AVO(Dyy(we, x0,)) + Ved(Dyy(s,, 4,—2)) } Daey v
l1=1 l2=1
o2 Vo2
+— > AV Dyy(wey, n-1)) Dae,v(@e,, Tyvs)
=1
+ Ved(Dyy(e,, wn)) Do, v(we, , n42)
- VCQb(ﬁ y(xfux 1))E (Q:ZIVTI)
_VC¢(ﬁ (xhaxO))E (xf1ax2)}
2 N2 N
+5 Z Z Ved(Dyy(we,, an))
=1 l5—1
+ Ved(Dyy(z,—a, Te,)) } Dae, vy
2 Y
+5;{v O(Dyy(n+—2,70,)) Dacy (e, ;)
+VC¢ (xN*—?nxb))EQQU(xN*—l»xfz)

n (x—h 1342))52621}(&31, Ih)
n (5130, xfz))ﬁ%Qv(x% 1‘(2)}-

|
h
=%
SEE
NSNS

(5.16)
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By following similar calculations as in (5.16)) yields,

N**—1 N*-2

(DEG,, {v},v) Z > Ved(Dyy(a, xs,)) Dyoe
N*—1 la=1
2 No1 Nt

Z Z {VCQb ﬂy Ih?xb))

1=N*—1 lr=1

+VC¢( ny<I£1,$£2_2))}D261U[
2 N

+?E %: {chb( ﬁy(xfan* 2))D261 (lequ*)

1
+ Ved(Dy(e,, £x+—3)) Do, v( 4y, T 1)
- ngb(bny(xél ) 1'71))52611)(.7:[1 ) xl)
- VC¢(ﬁny(ajf1a xO))ﬁ2elv<xf1 ) .Tg)}

g2 Nl Nt

+ 5 Z Z {V<¢ ny xfnxb))

(5.17)

=N*—1 ls=1
+ VC¢( ny<x€172ax€2))}D2€2vf
2 N*—2
+ 5 {VC(b le(xN**—h $42))D262 (xN**—&-lv xb)
lo=1

(ﬁny(xm*,z, xb))ﬁ v(x N, Tp,)
— V¢d(Dyy(an-—2, x4,)) Dae, ( N5 Tey)
(Dyy D,

n (xN*—3v $g2))
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Similarly,

N**—1

<DEgla3,n{y} Z Z chb ﬂy $51,$g2))D Vg
=N*—1/la=N**
2 N**_l

Z Z {VC¢ ny $€17I€2))

N*—1/lr=

+V<¢( ny($£1,9€£2—2))}D2e1W

+_ Z {VC¢( ﬁy(‘wva))D?q (mflaxN-i—Q)
51 N*

—1

+ V<¢(bny(l‘eu xN—l))ﬁzeIU(xel S TN41)

- VC¢(Eny(xf17 xN**—Q))E281U<$€17 xN**)
Y

- - (5.18)
N V<¢(D xel’xN***l))DQQU(x&axN**+1>}

2 N**_1

+SY Y (VeoDplea )

l1=N*—1/43=N*
+ vﬁ(b(ﬁny(xél—% ‘Ifg))}erg /Uf

2 N
£ — —
+5 2 AVSDyylaneoi,2e) Dacyvlnein, 21,)

Eny(iUN**—Q, xéz))bzeﬂ(fﬁjv**, 93@2)
Dyy(xn+—3,%0,)) Docyv(Tn+—1, Tp,)
D,y

n (.TN*72, x@z))ﬁQEQIU(xN*u xfg)}?



5.2 Variation of Coupled Energy and Continuum Energy 119

and

N N
<DEQ n{y} 2 Z Z VC¢ $Z17 xfz))ﬁ Uy
=N**

01 lo=1

€ N N

=5 > AV Dyy(ae, w0,)) + Ved(Dyy (e, 24,-2)) } Dae, v
l1=N** EQ:l

6 I~ —
+ ? Z**{VCQS(Dny(ZL‘ZUxN))D261U($£17$‘N+2)

(0, 2n-1)) Dae,v(2,, T 41)
('Ifl ) x*l))526lv(xf1 ) 'rl)
(x£17 xo))ﬁ%lv(xfu 1’2)}

|
N
BN
SIEE
< e

*62

N
9 — _
+3 Z{V@(Dny(m, 4,)) Doe, V(TN 42, T4,

+ VC¢(bny<xN 1 x£2>>b GQU(xN+17 $52)
— Ved(Dyy(xn+—1, Tey) ) Doey 0T nwn i1, T4,
— Vggzﬁ(ﬁ y(xne 27x[2))5 LO(T N, Tgy) )

(5.19)

Now we will add (DEG, ,{y},v)., (DEg, ,{y} v)., (DEG, ,{y} v). and

(DEG,, iy}, v). and focus only on the terms that include Dae, vy, which we will
denote as H as follows on the next page.
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9 N*=2 N

0= % Z Z{vcﬁb(ﬁny(@zu%@)) + Ved(Dypy(z4, 2, e,)) } Dae, vy

l1=1 lr=1

2 N
€ — _
T 9 ;{VC¢<Dny($N*—2v 74,)) Do, v (2=, T4y)
-

+ Ved(Dyy(xne—3, 0e,)) Daeyv(@ne—1, Te,) — Ved(Dpy(x_1,20,)) Dae,v(21, T4y

- VC(b(ﬁny(wOa 1'42))3262?1(1'2, xfz)}
5 N**—1 N*-2

3 —_— — —
+ E Z Z {Vg(ﬁ(Dny(SUgl,l‘gz)) + VCQb(Dﬂy(xfl*?a x52>>}D262v5
l1=N*—1 f2=1
g N*—2

£ — —
t5 > AVHDyy(wn-e1,74,)) Docyv( e 1, 0,

lo=1
+ Ved(Dyy(zn=+—2, 1)) Dac,v (T s, 20,) — Ved(Dypy(@n+—2, T0,)) Daeyv(@n+, T4,
- Vcﬁb(bny(l’N*—?n %))E%ﬂ(mNnh Ty,)}

9 N**-1 N

5 Y Y VoDl w)) + VedDyy(en 2. e)) Dyt

l1=N*—1Lloy=N**

2 N
9 — I
+ 9 Z {qub(Dny(xN**—lvxf2))D262v(‘rN**+1’x€2)
K2:N**
+ v§¢(ﬁny(l‘]\[**_2, x€2>)5232v<x]\[**7 xe2> - véqb(ﬁny(xN*—Sa xfg))EQBQU((L‘N*—17 xfg)

- VCQb(Dny(xN**?? 33‘@2))3262?)@3]\7*, ng)}
N

Z{VC¢(Eﬂy(x€1 ) xfz)) + ngb(Eﬂy(xh—Q’ xéz))}E%QUf
* la=1

N
g — —
+ § :{VC(b(Dny(xf\“xb))D?@U(xN—l—%*rb)

(5.20)

We can simplify H by applying the periodicity conditions

¢(Dny<xNa xf2))52@2v(33N+2,3362) = ¢(Dny<x0a 33@2))52621)(332, $g2), (5'21)

and

Cb(Dny(xN—la xéz))ﬁ2ezv(ww+1,%) = ¢(Dny(x—l? mfz))b%zv(mlv Ty,), (5.22)
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to ((5.20) and hence some terms cancel out and we obtain

2N*—2 N
Z Z{VC¢ ﬂy(x€17x€2))+vC¢( ny(mh 2axf2))}D2€2U€
l1=1 l>=1
t5 2 AVODyy(an-a,10,) Dacyv(n-, vs,)
lo=N*—1

+ chﬁ(bn?/(l’zv*f:s, xfg))b2€2v($N**17 Ty,)
o2 N7 N
+ 3 Z Z {VC¢(Dny(xfl7xfz>> + VC(Zs(DTIy(le*%xfz))}DQQUf
l1=N*—1 l2=1
2 N N
+ E Z Z {VC¢ ﬁy($€17w52)) + VC¢( ny($€1 2, xﬁz))}DQegvé

l1=N*—1lo=N**

s N N

9 — — —

+ 5 Z Z{vcgb(Dﬂy(‘rﬁuxﬁz)) + ngb(Dny(mﬁ—%xﬁz))}D%zvf
l1=N** l5=1

N**—1
52

_E Z {VC(b( ny(JJN* 17x52))D262 (xN**Jrlv'er)

lo=N*—1
+ VC(?(ET)?J(SCN***?? xfz))b%zv(xN** ) 5(742)}.

(5.23)

We have to further reduce the above in terms of D,,v, by using the splitting

E262'U[ = 562Ug + EGQUH@, (524)
as follows
2 N2 N
Z Z{VC¢ ny(iﬂgl,fbg2)) + ngb( ﬁy(mﬁ 25 mfz))}[ﬁwvf + 562”@-62]
l1=1 l>=1

9 N**—1 N*—2

5
5 Z Z{VC¢ T)y(x517xf2))+vC¢< ﬁy(xfl 27$52))HD627}Z
l1=N*—1 ly=1
2 N** 1

+E€2U€+62 Z Z {VC¢ Uy(xfwwfz))_{_vCQS( Uy(xﬁ 27Iﬁ2))}

31 N*—1 fo=N**

s N N
[Eezvé + 5621}54—62] + % Z Z{v“b(ﬁny(xh’ xb)) + VCQb(Eny(xfl—?? xfz))}

l1=N** l=1
8 N**—1
[D62U£+D€2U€+62 5 Z {VC¢ ny(xN* 275652))[D (xN* 5652)
=N*-1
+EGQU(xN*7 $42+1)] + VC(b(_TIy(xN* 35 x&))[ﬁezv<$1\/**17$52)
2 N**_l
+D (IN*—17$42+1)]}_3 Z {VC¢ Uy( LTN**— 1,1‘52))[D (‘rN**-&-bfo)
lo=N*—1

+ De,v(x i1, Tey1)] + Ve (Dyy(anee—2, 24,)) [Deyv(T s, Tp,)

+ EeQ/U(xN**, x52+1)]}.
(5.25)
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Finally, we change the indexing where necessary to convert all the terms to be of
the form D.,v,, which yields

o N*—2 N
€ — — —
H :5 Z Z{VCQS(DUy(xKU Te,)) + VC¢(Dﬁy($K1—27 ;) } Deyve
l1=1 Lr=1
2 N 2N
+ 9 Z Z{VC(b(Dny(le?‘x@*l)) + VCQb(Dny(xfl*Qa x52*1>>}D62Uf
l1=1 lo=2
2 Nl N _ _ B
+ 5 > D AV Dyy(we, w1,)) + Ved(Dyy (e, -2, 74,)) } Dey e
l1=N*—1 ly=1
2 NN
+ 5 Z Z {VC¢ TIy<I€17$f2 1))+ VC¢( ny(mfl 2, Lo 1))}D62Uf
l1i=N*—1 l5=2
2 NN
t5 > D AVODyy(e,, 20,)) + Ved(Dyy(e, 2, 21,)) } Deyve
51 N*—1ly=Nx**
2 NT N4

+5 Z Z {VC¢ le(x€17$f2 1))+VC¢( Uy(xfl 2, Lo 1>>}D82U€

l1=N*—1La=N**+1

5 N N

£ — — _

+ 5 élzN:** ;{VC(b(Dﬁy(xfl ) 1352)) + VC(b(Dny(xfl*Q? xg2))}D621}g
N N+1

2
9 — — _
+ ? Z Z{VC(b(DTIy(:C& ) (%52,1)) + vc(b(Dﬁy(x&*Qa x52*1>)}D€2U€
L1=N** lo=2
2 N7

+5 D AV Dyylan—2.wn)) Devlen-, )

162 N*—1

+VC¢( ﬂy(‘TN* 37$€2))D62U(5L‘N* 17I€2)}
2 N**

+_ Z {Veo( ny(ZUN*—Q,l"ez 1))D LU(ZNe, 24,)
52

+ VC¢(Eny($N*—37 $£2—1))Degv($N*_1, 3762)}

- = Z {Ved(Dyy(xn=+—1,26))Deyv(2nwet1, Ta,)

. Z {VC¢ nZJ(xN**—bxzz 1))D V(TN 11, Ty

+Veo(D ny(wzv w2, Tpy-1)) Dey (@, Tap11) }-
(5.26)
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Now we will rewrite the double sums into their original forms as in (5.10)

o N*~1 N
€ — — —
H 25 Z Z{VCQb(Dﬁy(xfl?fo)) + ngb(Dny(x@l—?vxb))}DeQUZ
l1=1 l2=1
2 N N
+ 5 ;l ;{VC¢<Dny(x€1>$fz—l)) + Vo (Dyy(e,—2,00,-1)) } Deyve

2 NNt B B B
+ ? Z Z {qub(Dny(xeuxb—l)) + VC¢(Dﬂy(x€1—2= xb—l))}DeQUf
l1=N* fly=1
p2 NN
+ 5 Z Z {VC¢ ny<x@17$€2)) + VC¢( ny($€1 25 xfz))}Dezvf
51 N* fa=1
g N*—1 N

E

? Z Z {VC¢ ny(l’gl,l‘g2))+V<gf)( ﬂy(xf1 271:52))}D62vf
1=N* lo=
g N**~1 N

% Z Z {VC¢ ny<x€1v$€2 1))+VC¢( ﬁy<$f1 2, Tey— 1))}D621)g

l1=N* 52 N**
2

ey Z Z{Vccb Dyy(wey, 26,)) + Ved(Dyy (e, -2, 26,)) } Deyvi
l1=N**

\)

2
+5 Z Z{w (@t 20,1)) + Ved(Dyy(e,-2,2-1)) Doy

9 N
- % Z{VCQS(Eny(:EN*—l? 11342)) + VCQS(EU?J(‘TN*—& xfz))}E@U(xN*—l’ ZE@)
lo
e
+ 5 Z {VC¢ le<x517xN)) + VC(b( ny(xfl 2 xN))}De2v(x€17mN+l>
l1=1
2 N2
-5 Z {Veo(Dyy(ae,, 20)) + Ved(Dyy(, 2, %0)) } Deyv (s, , 1)

41=1

9 N
€ - — —
Y Z{V<¢(Dny($N*—1,$e2—1)) + Veo(Dyy(xne—3, Te,-1)) } Dep (T N+ -1, T4,
la=1
2 N
+_ Z{VC¢ ny<xN* 1y Loy— 1)) +VC¢( ny(xN *—3, Lhy— 1))}D€2U(xN* 17%52)
lo=1
2 N**_l
€
_5 Z {VC¢( ny(lL‘gl,fL“o))-f—ngb( ﬂy(xh 27m0))}D€2v(l‘f17$1)
l1=N*—-1
2 N
+5 Z {VC(b Wy<xN* 173352)) +VC¢< ﬁy(xN *37$52))}D62U(5€N* 17%52)
lo=1
62 N**_l
_5 Z {VC¢ ny(xlan 1))
l1=N*—-1

(5.27)
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+VC¢( ﬁy(xfl 27'TN*—1)>}D62U<:UKUxN*—l)

2 — — —
+ ? Z {chb(Dny(xN*_l, xb)) + qub(Dny(xN*—?n mb))}DeQU(xN*—l?x@z)
Lo=N**
5 N*—1
Z {VC¢( 77y<x€17xN))+vC¢( T]y(xﬁl 27$N))}D62U(x51’x]\7+1)
Zl N*—1
2 N
_5 Z {VC¢( ny(ZL’gl,(L’N** 1))+V§§b( ny(x& 2y EN**— 1)>}D62U(wl FTN**)

l1=N*-1

8

2 N
£ — — —
+ ? Z {VCQb(Dny(xN*—l? 1:52—1)) + VC¢(Dny(xN*—37 xb—l))}Der(ﬂﬁN*qJQ)
fo=N**
2 N

9 — —
+ ? Z {VC¢( ny(xh ) xN)) + ngb(Dny(Ifl—?? xN))}DQU(UlJNH)

L1 =N**

N
-y Z {VC¢(Eﬁy($flva)) + VCQﬁ(Eﬁy(Ifl*?ﬂ x()))}E@U(Izlwl)
l1=N**
2 N

+§ Z {ngb( ny(fEN* anéz))Dezv(l“N*Wg)

lo=N*—1
+ ngb(Dny(l"N*—S, xfg))DEQ,U(IN*,l,IQ)

2 N**
3 — —
+ 5 Z {VC¢<D173/(-TN*727 xbfl))DegU(:pN*,ng)

lo=N*
+VC¢( ny(xN *—3y Lly— 1))E€QU($N*—1,122)}
2 No
- 5 Z {VC¢ ny('rN ,1,.’13’52))De (a:N**+1,1742)
fg N*—1
+V§¢< ny(xN** 2>x€2))D62U(93N**7$42)}
2 N**

_ — Z {VC¢ ny(xN** 1,,1'[2 1))D€2U(4EN *41 xig)
52

+ Vc(b( ny(fN** 2,.T[2 1))D /U(mN** 1‘[2)}
(5.28)

Some terms cancel out due to periodicity and after some further simplifications we
obtain
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2NN

Z Z{VC¢ ny(Iel,xzz))+VQ¢( Tiy('rll 27%42))

l1=1 l>=1

+ qub(_ny@:euxb—l)) + VC¢( ﬂy(xh 25 Lpy— 1))}DEQUZ
c2 NN

+_ Z Z{VC¢ ny(xf17$€2))+vC¢( Uy(xel 2,$g2))

51 N* £a=1

+V<¢(_ny(1’g1,$32 1))+VC¢( ﬂy(mh 25 Lpy— 1))}D62U€
L2 N7

+— > Z {Veo(Dyy(we,, 0,)) + Ved(Dyy(x, -2, 70,))
51 N* fo=

+v§¢(3ny($51,$g2_1)) + VCQb( ny($€1 25 Lpy— 1))}D62U€

9 N N
+ 5 S SV Dlrn, 7)) + Ved Dyl ,22,))
4y

=N** fr=1

+VC¢(_TIy(I517$f2—1)) + VC¢( Uy(xﬁ 2, Tey— 1>>}D62UZ

9 N**—1

Y Z {VC¢ ny(xN* 1,$g2))+V<¢( ﬂy(xN* 37:L'52))}D62U(5(1N* 1,1‘42)
ﬁ2

L2 N
Y Z {Veo( ny(xN* 1,Z,-1))
42 N*
+ VC¢(_T]3/($N**37 x&*l))}ﬁwv(l‘N**l’ 1‘52)
2 N** -1
-5 Z {Veo( ny(l’euﬂ?N* 1))
fl N*—1
+ VC(ﬁ(_TIy(le*?? xN**l))}Eezv(xfl ) xN**l)
2 N**_l

-5 Z {VC¢ ﬂy(foxN** 1))
Kl -1

+ VC¢(Eny(x€1—27 xN**—1)>}Eezv(x€1 ) xN**)

62 N**_l
+5 2 AVODyy(an-2,70) Devlan- an)

lo=N*—1
+ VC¢(Eny<xN*—3’ xf2))ﬁezv($1\7*—la mﬂz)
2 N**

9 —_— —
+5 ZZ*{VCCb(Dny(xN*—z, 2e,-1)) Doy, ;)
+ VCQS(BU:U(IN*—?M xfz—l))ﬁegv($N*—la xfz)}

- = Z (Ved(Dyy(anee—1,20,))Deyv(xyee i1, T4y)
Zg —1

+ VC¢( T]y@:N***?? fo))D@U(mN**?xfz)}
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9 N**

6 J—
- ?bZN*{VCQS(Dny(xN**—I’xfz—l))De2v<xN**+la Ty, ) (5.29)

+ ngb(ﬁny(l‘]v**_g, $42_1))562U(ZL’N** ) xfz)}'

The double sums are treated by using the following lemma

Lemma 23. For smooth functions y and ¢ we have

2V (Vy(mie, i))n) + 2V (VY (e, —1,6))n) — Ved(Dyy(ae,, xr,))
- Vg(b(ﬁny(il:gl,% 33@2)) - VC(ﬁ(ﬁﬁy(x@lvsz*l)) - Vg(ﬁ(bny(l'gl,% xfzfl)) < O(€2>'
(5.30)

Proof. See the proof of Lemma 3.1 in [21]. H

Now we subtract H from Z and we apply Lemma [23| and so some of the terms are
of order O(e?). We set W to be the sum of the remaining terms that we need to
examine such that

N**—1

W=¢? Z VC¢(vy(mN*—17fz)n)E@U(IN*7 T,)
lo=N*
N**_1
- 52 Z VCgb(vZJ(mN**—l,ﬁz)n)D62v($N**7mfz)
lo=N*
62 N**_l
+ D) Z {vﬁqb(Dﬁy(xN*—l? xfz))
lo=N*
+ quﬁ(EnyQTN*—?n :(:62))}5621}(13]\/*_1, xb)
62 N**_l o
+ 5 D AVedDyy(an-r,71,-1)
lo=N*
+ v§¢(ﬁﬁy('x]\f*—3v xb—l))}Eer(xN*—h xﬁz)
2 No B
+5 > AV Dylre, wy-1))
l1=N*—-1
+ Ved(Dpy(e, -2, tne 1))} Dey (e, , 2x+—1)
2 N7
+ 5 Z {VC¢<D77y(xfan**—l))
l1=N*—1
+ VC¢(bny(xf1—2a xN**—l))}ﬁezv(x& ) xN**)
;2 N
- 5 Z {VC¢(D7)y(xN**27 xfz))D@U(xN*? 56'42)
lo=N*—1

+ VC¢(bny<xN**37 xb))bezv(xN**l? .112)}
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2N*

D) Z {Vcd(Dyy(wn- -2, Tt,-1)) Deyv(@n+, 1)

+ vcgb(Dﬂy(xN*—fh xﬁz—l))Dezv(l‘N*—h xﬁg)}

+5 Z {VedDyyn-1,70,)) Degv (e 1, 20,) 530

+VC¢( Uy($N —27$52>)E62U( LN*, Zlng)}
+— Z {Veo(Dyy(ane—1, 2,1)) Deyv(@ns1, Te,)
52

+VC¢( ﬂy(mN *—25 Loy — 1))D620(xN** [ng)}

We still need to subtract the first variation of the bond volumes that intersect the
interfaces, (DEP,,v), = (DEr, ,,v).+ (DEr,,,v). 4 (DEp, »,v). + (DEp, »,v).. In
the next section we compute these first variations.

5.2.1 The First Variation of the Interface Terms
Recall from Chapter 1, (1.40) that the energy on the interface is

- Y [/

tes [me|
By, ,€Br

::El -+ EQ.

Xo, @(Vy“n) dz — / o' ({Vy""m}) [y""m] ds

£, By, ,,ﬁF

(5.32)

The energy on the interface was used in the one dimensional case in Chapters
2 and 3. As explained in Section 4.4, in the two dimensional case this energy on
the interface had to be altered. In the E; term, we replaced ¢(Vy“"n) with ¢(D,y;)
and the F5 term takes a different form due to the analysis in this chapter and will
be explained further in Section 5.2.2 and 5.2.3. We will focus first on the E; terms.
In Section 4.6, Chapter 4, we had stated the energy on each interface and corners.
The energy on interface I'; for the term that represents Fj is

N**—2

Eirdy} = Z / X0, &(Dyye)dz (5.33)

B(l JN** 1) p

The first variation of this interface is:

N**—-2

2
<DE1F1, :— Z VCgb ny(l’gl,l’]\[** 1))D (xgl,IN**_l). (534)
41

which is the first term in (4.72). Similarly, the first variation of the energy on
interface I's for the term that represents Fs is

(DEyr,,v). = 5 Z Ved(Dyy(@n—1, 24,)) Dyv(wne—1, 20, ), (5.35)
52
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the first variation of the energy on interface I's for the term that represents Fj is

2N**2

(DE1r,,v), = Z Ved(Dyy(e,, wxe—1))Dyv (4, Txe1), (5.36)

£1N* 1

and finally, the first variation of the energy on interface I'y for the term that repres-
ents I, is

o N**—2

(DEyp,,v), = — Z Ve d(Doy(xne—1, 2e,)) Do (zne_1, T4,). (5.37)
The energy on the corner ) for the term that represents Fj is

Ec{y} :% / X, @(Dyye)da

B(N*—I,N**—l),n

The first variation of the energy on this corner is,

3e? — _
<DE1,CNU>E = TVC(ﬁ(Dny(IN*fla xN**fl))DTIU(xN*fly IN**fl)- (5-38)

Similarly, the first variation of the energy on the corner C5 for the term that rep-
resents F is,

3¢ _
(DE\ ¢y, v) = —Vc¢( Dyy(xnee—1, &nwe—1)) Dy nee_1, Tee_1), (5.39)

the first variation of the energy on the corner C5 for the term that represents Ej is,

32 _
(DEy ¢;,v) = T(b(Dny(:cN**,l,xN*,l))Dnv(:UN**,l,xN*,l), (5.40)

and finally, the first variation of the energy on the corner Cj for the term that
represents F; is

3e? — _
<DE17C4, U>a = TVCQS(Dny(J}N*_l, xN*—l))Dnv(xN*—la I’N*_l). (541)

We will focus only on the variation of the I'; interface energy and apply the same
steps to the variation of the other interfaces and corners. The aim is to express the
variation of the I'; interface energy in terms of D.,v,, as we did similarly in .
First, we substitute the splitting

1 — —
Dnv(l’gl,ﬂf]\n*,l) = §{D261U(SL’41,$N**,1) + Dgelv(a‘;gl,waH)}
(5.42)

1 — _
+ §{D262U($€1a Tnwe—1) + Doe,0(2g 19, Tne—1) }s

into the first variation of the interface energy I'; as follows

N**—-2

2¢2 1 —
(DEir {y},v). = Z TV@( nY(Tey, T 1)) §{D261U(x€17xN**—1)
6=N

_ 1 — _
+ Doe,v(xgy, Tneey1)} + E{DQeQU(Ml, Tnwr—1) + Doe,U(Xp, 42, Ty 1)}
(5.43)
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Then we focus on the terms in the ey direction and we change the index for the
Doe,v(24, 42, Tn=_1) term from 1 to ¢4 = ¢, + 2 and we will drop the apostrophe
for simplicity. Denote by (-,-)., the terms in the e, direction of (-,-)_. We use the
splitting

Do, v(xg,, nee—1) = Deyv(wg,, Ter 1) + Deyv(T,, Ter ), (5.44)
to obtain
=72 1
(DEir,,v),, = Z %ngb( ny(xgl,xN**_l)){§EQGQU(:Egl,IN**_I)
b= 1_
+ 2Dze2 V(T 42, 1)}
o2 N2

=T 3 VeoDplan i) Dago(an )
51

N*
4 Z Ved(Dyy(xe,—2, T+ 1)) Docyv(@e, , 1)
l1=N*+2
o N**—2

:_ Z VCQb ny(xhva** 1)){D (IZUZEN**—I)+D62U(x€1va**)}

2 N~
8 == p—
+ Z Z chﬁ(Dny(x@l*??:CN**71>){D€2U($51,:L‘N**fl)
l1=N*+2
+ bSQU(fﬂgl,xN**)}7
(5.45)
Similarly, the first variation of the interface energy I's is:

N**—2

2
<DE1F27 :_ Z VC(b Wy<‘TN** 1,Ig2>)D (‘rN**—l?fo)
52

o2 Nol
4 Z Veo( ny(xN**—l,ﬂfez 1))D LU(T N1, Tg,)
lo=N*+1
2N**_2

+_ Z vdb ny<xN** 1,1‘g2>>D (xN**-Flvxb)
52

(5.46)

o N
7 Z Ved(Dyy(wne—1, Tty—1)) Deyv (X N+ 41, Tpy ),

lo=N*+1
the first variation of the interface energy I's is:

(DB ry,v)., =7 Z {Ved(Dyy(we,, wn-—1)) Deyv(e, s ne—1)
51

+ VC¢(_ny(x€1 ) xN*fl))ﬁegv(xfl ) xN*)}

N **

Z {Ved(Dyy(we,—2, 2n+-1)) Deyv(wey, W 1)

fl N*42
+ VC¢(Eny(x€1—27 SL’N*_1>)E€2U($41 ) *TN*)}7

(5.47)
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and the first variation of the interface energy I'y is:

2 N2

<DE1F4’ :_ Z VC¢ ny(xN*—lawég))D (.',UN —17x€2)
52

2 N7
+Z Z Ved(Dyy(xn+—1, T0,1)) Deyv (@51, Tty )
lo=N*+1
L2 N2

+_ Z VC¢ ny(:BN* 1’1‘52))D (IN +17x52)
52

(5.48)

22 N7

4 Z VC¢ T)y(xN* 1y Loy— 1))D v(xN*Jrlusz)'

lo=N*+1
For the corners, the first variation of the corner energy E, is:

3e? _
(DE1cy,v)e, =5 VoD Dyy(ene—1, 2nee 1) {Deyv(Tn-—1, Tnee 1)

_ 3e? — 5.49
+ De,v(x 1, TN ) } + ?chb(Dny(wN*,l, Tnw_1)) ( )

{ﬁeQU(JSN*H, Tnw_1) + E6211(3?N*+1, Tn)},

the first variation of the corner energy E¢, is:

3e? _
<DE1,02, U>e2 :—Vggzﬁ( ny(xN**—l, !EN**—l)){De2U($N**—17 l’N**—l)

8
— 3e? — 5.50
+ Dol s, an)} + e Ve Dyl ranea)) O
{De,v(xnwe 1, Tnwe—1) + Dey(Xnee 1, Znee) },
the first variation of the corner energy E¢, is:

3e? _
<DE1,C37 U>€2 :_VC¢( ny(xN**—la xN*—l)){D62v($N**—1> xN*—l)

_ 3e? — 5.51
+ Dezv(fN**—h ZBN)} + ?VC¢(DUQ($N**—17 ZEN*—1)) ( )

{De;v(wneeit, @ne 1) + Dev(aneein, an-)},
and finally, the first variation of the corner energy Eg, is:

3e? _
(DEy¢,,v),, == V¢d(Dpy(ene—1, tn+ 1) ){Deyv(n+—1, Tn=1)

8
_ 3e? — 5.52
+ Doolan 1 ow)) + 2 VedDylanean-)) O

{De,v(xns1, Tn—1) + Deyv(Tnegr, Tn+) }-
5.2.2 Final reduction of the errors

Now, we will subtract the first variation of the bond volumes that intersect the
interfaces as follows. First we will compute

W — <DE17F1,U>62 — <DE17F2, U>62 - <DE1,F3, U>e2 - <DELF4,’U>€2. (553)
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First, we will gather the terms along each interface. We will subtract the variation of
the corners later on in our calculations (5.66))-(5.69) to prevent the equations being
too long. Along interface I'y we have

2 N**_1

? Z {VC¢< ﬂy(xfme** 1))+VC¢( Uy(xfl 2y TN**— 1))}D€2U(I41’x1\7**)
li=N*—1
2N**—2

- Z {VC¢ ny(x@17$N ok 1)>D (mfuxN**fl)
51
+VC¢( T]y<x@17xN***1>>}D€2U(x€1axN**)}

N
Z {VC(b(Eny(xfl*?? xN***l))Eezv<xfl ) xN***1>
l1=N*+2
+ vC‘b(bﬁy(x@l*% mN***1)>}b€2U(Q?51 ) :L’N**)},
(5.54)

and along interface I'y we have

N** -1

—é’ Z Ved(Vy(mne—1,0)))Deyv(@nes, 24,
lo=N*
2 N**_l

+§ Z v§¢ ny<xN** 251'62))D (IEN** .Ig2)
lo=N*—1

N**

+— 3" Ved(Dyylan—2,w6,-1))) Dego(nee, z,)
EQ N*
2 N**_l

+5 Y VedDpyloneo,20) Doy, o)
lo=N*—1
2 N** o

+_ Z Vc¢ ny( TN 1, Tpy—1))) Dey V(X N+ 11, Te,) (5.55)
42

2 N**_92

- = Z Ved(Dyy(n-s—1,22,)) Deyv(Tnee 1, 0,)
@2

_Z Z VC¢ ny@jN***hx@z 1))D U(xN***lvxfz)
lo=N*+1
€ o N**—2
_Z Z ngb Uy(xN —17$€2))D (xN**-l-l’x&)
lo=
_Z Z V(<Z5 ny(ilfN**fbx@ 1))D U(JJN**H,MQ)-
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Along interface I's we have

Z {VC¢( ﬁy(xhax]\/* 1))+VC¢( le(xel 25 TN+ *1))}D62U(x51>x]\7* 1)
l1=N*-1
L2 N2

- Z {Veo( ny($z1,$N* 1))D v(Tg,, TN-—1)
+VC¢( ﬂy(xfn*rN* 1))}D62U(5L’g1,l‘]\/*)}
Z {Veo(Dyy(e, -2, x5+1)) Deyv (s, n+1)

l1=N*+42
+V<¢( ny(l"el 2, TN+ —1))D62U($e1,1’N )}

(5.56)
and along interface I'y we have
N**—1
e’ Z Ve (Vy(m-—1.6,))) De,v(€n+, 1,)
lo=
;2 N
_E Z VC¢ ﬁy(xN *27$52>)D U(xN*7$f2)
lo=N*—1
2 N**
-5 Y VebDyylan-—2,v6-1)) Doty )
zg N*
2N**_1
3 _
Y > {Ved(Dyy(ne—1,21,)) + Ved(Dyy(wn+—1,20,-1)) }Deyv (e 1, T2,
Ly
€ — _
- EVCQb(Dny(xN*—?n$N*—1)))Dezv(xN*—1; $N*—1)
2
5 — _
- —chb(Dny(xN*—s,iUN**—l)))DeQU(IN*—h IN**)
g N**—2
-7 Z Ved(Dyy(wne—1,26,)) Deyv(@ne 1, 22,)
42
;2 N
_Z Z VC¢ ﬁy(xN -1, L, 1))D U(ZCN* 17&752)
lo=N*+1
2N** 2
-7 Z Ved(Dyy(en-—1,76)) Deyv(@n 11, 78,)
52
€
~ 7 2 VedDyyon1,26-1))Deyvlan-n, vr,)
lo=N*+1
(5.57)

We will rewrite all the terms in terms of the original indexing (¢1, ¢y = N*, ..., N**—1)
for convenience.
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After re-indexing (5.54), we have along inteface I'; the following terms
> Z {Veo(Dyy(ze,, an+—1)) + Ved(Dyy(@e, -2, en+1)) Deyv (@, T+ )

+ {V<¢( ny(33N 7171'N**71)) + V<¢(ﬁny($1v*73,$N**71))}Ee20(9€N*71,Q?N**)
22 N**—1

S WL UL

+V<¢( ny(l’gl,l‘N**_l))DeZU(l’gl,IN**)}
+ {VC¢< ﬁy(xN *—15 TN** *1))E€2U<xN**flaxN**fl)
-+ ngﬁ(Dny(:L’N**,l, l.N**fl))ﬁEQU(mN**fl; J'N**)}

T Z {Veo( ny(f% 2, LN+ 71))D v(zg,, TNw_1)

+ Vc(ﬁ(ﬁny(l’gl,g, Tnee1)) Y Deyv(0,, Tyes ) }

— %{V@( nY(TNwx_g, T s 1)) Dey0(T N, Tyes 1)
+ Vgé(ﬁny(:vN**_Q, Tnee—1)) YD, (2 pee, T+ ) }

+ %Z{VCQS(EW(;EN*_Q, Tnwr—1)) Deyv(T =, Tives_1)
+ Vcﬁb(_ny(xzv*—z, xN**—1>)}begv(xN*axN**)}

—|— {V<¢( Dy(wne 1, tn+ 1)) Deyv(Tng1, T 1)

+V<¢( Dyy(xne—1, 2n=+—1))} Dey (T =11, Tywe) -
(5.58)
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After re-indexing (5.55) along interface I'y we have

N**—1
1 —
£? Z {=Veo(Vy(me—1e))) + §V<¢(Dny($N**—2>$ez))

lo=N*

1 — _
+ §Vc¢(Dny($N**—27 T0y-1))) } Deyv(wnes, T0,)

2
19 — I
"’Evcﬁb(Dny(mN**—Q,$N*—1))Degv($N**,$N*—1)
2
19 — —
+ EVCQb(Dny(l'N**_Q, $N**_1>)DG2U(ZL‘N** R :EN**)

+ % Z {de(ﬁny(xN**—la Te,)) + VC¢(Eny($N**—1, T0y-1)))} Deyv (T N+ 41, Ty

lo=N*

2
I3 — —
+ EVC¢(Dny(1’N**717 fL’N*q))DeQU(CUN**H, $N*f1)
2
g — —
+ 5 Ved(Dyy(@n—1, 2ne—1)) Dey0 (T neesr, e+
2 N**_l
3 — — _
By Z {Ved(Dpy(xne—1,20,)) + Ved(Dyy(ne -1, T,-1))  Dep v (TN -1, Ty )
lo=N*

€ — _ _
4 Z {Ved(Dpy(xne—1,20,)) + Ved(Dyy(xne—1,Te,-1))  Dey (@ N+ 41, Ty )
lo=N*
g2 — —
+ ZVCQS(Dny(xN**fla IUN**A))DeQU(?CN**A, $N**71)
2
€ — _
+ ZVCQS(Dny(wN**_l, xN*—l))DEQU(mN**—].) ,CEN*)
2
e — _
+ Zvc¢(Dny($N**—1, xN**—1)>DeQU($N**+1> l‘N**—l)
2
e — _
+ Zvc¢(Dny($N**—1, xN*—l))Degv($N**+la IEN*)-
(5.59)
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By re-indexing ([5.56|) we have along interface I'3

2 N** 1
Y Z {Vcéb ny(‘Igl?xN*—l))—{_chs( ny(i% 25 TN* —1))}Degv($z1,£€N*—1)
81 N*
2
€ — _ _
+ —{VC¢(Dny<£L'N*,1, rn+—1)) + Ved(Dyy(zne—3, Tne—1)) } Dey (X N+ 1, Tne_1)
2 N**_l

- Z {VC¢ ny(xZumN* 1))D (l’el,xN*_l)

+V<¢( ﬁy(‘rfoN* 1))D€2U(x€17$N*)}

L2 N

1 Z {Veo( ny(xgl 2, TN*— 1))D v(xp,, TNe_1)

+V<¢( ny(xgl 2, Tn+-1)) Deyv (@, Tn-) }

+ —{ngﬁ(ﬁny(x]v**_l, Tne1)) Doy (T jwr 1, Tpe_1)

+V<¢( D,y(xne—1,2n—1)) }Depyv(xnes 1, Tn+) }

+ —{V@(ﬁny(:c]v*,% Tne1)) Doy (T3, Tve 1)

+ V<¢( Dyy(an-—2,2x5+-1))}Deyv (e, wn+) }
—{Vg(b(ﬁny(x]v*_l, Tne—1))Dey0(T w1, Tye_1)

—i—Vngﬁ( Dyy(xn«—1, 75+ 1))} Deyv(@ne 11, T+ ) }

— —{Vc(b(ﬁny(xN**,Q, Tne 1)) Dy (T e, T 1)

+ Ved(Dyy(zne—9, Tne—1))} Deyv(T a1, Ty ) }
(5.60)
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and finally, by re-indexing (5.57) we have along interface I'y
N**—1

62 Z {V<¢<vy<m(]\7*—1vé2))) - %V<¢(bny<l‘]\[*2, fo))

lo=N*

1 — —
= 5 Ved(Dyy(an-—2, 2,-1)))} Desv (w2,
2
€ — —
- Evcﬁﬁ(Dny(xN*—Q,fN*—l))Dez”U@N*, TN+-1)

2
€ — _
- 5V4§1§(Dny(x]\,*_2,xj\m_l))D@v(xN*7 Ter)
62 N**fl
t5 > AV (Dyy(an-—1,11,))
lo=N*
+ VC¢(ETIZ/<$N**17 xfzfl)))}bmv(mN**lv .’113'42)

2
€ — _
- Evcﬁb(Dny(ﬂ?N*—&$N*—1))D52U($N*—1, fEN*—l)
2
€ — _
- Evcﬁb(Dn?/(l"N*—:a,$N**—1))DeQU(IN*—1, IN**)
- > AV Dyylan-—1,26,)) + Ved(Dyy(an-—1,20,1))) Y Deyv(wn+1, 21,
lo=N*
62 N**_l
-7 > AV Dyy(an-—1,76,)) + Ved(Dyy(ane—1,70,-1))) Y Dey0 (041, 20, )
lo=N*
g2 — —
+ Zvcﬁb(Dny(IN*—l,IN**—l))Dezv(JUN*—l, fEN**—l)
2
€ — _
+Zvcﬁb(Dn?/(fEN*—l,$N*—1))D62U($N*—1,»TN*)
2
€ — _
+Zvcﬁb(Dny(fEN*—l;$N**—1))Deg?f($1v*+1,$N**—1)
2
€ — _
+ o Ve Dpy(on-—1,28-1)) De (@41, T+
(5.61)

Now we will keep the summation terms on each interface (5.58))-(5.61) and then the
rest of the terms will be grouped along the corners of the interfaces. This step makes
it easier to see what needs to be added to the energy on the interface, specifically
what the Ey terms will be.
Along interface I'y we have
9 N**—1
€ — — —
5 Z {Ved(Dny(e,, anes—1)) + Ved(Dyy(we,—2, Tnwe—1)) f D ey (X, , T
l1=N*
-7 > AV Dpy(ar,, wye-1)) + Ved(Dyy(we, -2, tx+e 1)) Y Deyv(e, , Txee 1)
l1=N*
g N**—1
€ — — —
B Z Z {ngb(Dny(Ihv xN**—l)) + VC(b(Dny(m&—?’ xN**—l))}Dezv(x& J xN**):
l1=N*

(5.62)
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along interface I'y we have

N**—1

1 —
e {-Ved(Vy(me—1e)) + 5 Ve (Dyy(zn—2, 2e,))
lo=N*
1 — —
+ §VC¢(Dny(xN**—2? xéz—l)))}Dezv(ajN** ) .1752)
€ — — —
+ 9 Z {VC(Zﬁ(Dﬁy(l’N***la $g2)) + VC(b(DTIy(:UN***lv xf2*1>>>}D62U(l‘N**+1v fo)
lo=N*
2 N**il
€ — — —
-7 > AVO(Dyy(wn-s—1,20,)) + Ved(Dyy(xnee -1, ,1))} Deyv(@ne 1, 20,
lo=N*
2 N**_l
€ — — —
- Z Z {VCQb(D??y(l‘N***l’ xfz)) + VC(ﬁ(Dﬁy(IN***lJ x52*1>>}D62U(xN**+17 1‘52).
lo=N*
(5.63)
Along interface I's we have
82 N**_l
9 Z {VC¢(Dﬂy(xélv IN*—1>) + VC¢(Dny<x€1—2’ xN*—l))}Dezv(xfl ) IN*—l)
l1=N*
5 N**—1
9 — — —
- Z Z {VC¢(D77Q($¢1 ) xN**l)) + V<¢(Dny<.’ﬁg1,2, xN**l))}Dez'U(mfl ) .1‘]\]*,1)
l1=N*
g N**—1
9 — — —
T Z {VC¢(Dny(x€1 ) xN*—l)) + VC¢(Dny<x€1—27 xN*—1>>}De2v(x€1 ) xN*)?
l1=N*
(5.64)
and finally, along interface I'y we have
N**—1 1 o
e > {Ved(Vy(mne—14,))) — 5 Ve (Dyy(an-—2, 24,))
lo=N*
1 — —
- §VC¢(D77y(xN*—27 xb—l)))}Der(IN*v l’e2>
o N**—1
€ — — —
+ E Z {VC¢(Dny($N*—17 xfz)) + VC¢(DUy(xN*—1a méz—l)))}Dezv(xN*—la xfz)
lo=N*
2 N**_l
€ — — —
T Z {VC(b(Dny(xN**l? mz2)) + VCQb(DTIy(xN**l? xfzfl)))}D@U(xN**l? xfz)
lo=N*
L2 N7 - B B
- Z Z {V<¢(Dﬁy(xN*—17 3762)) + qub(D’I]y(J;N*—la $g2_1)))}D62U(xN*+1, xﬁg)'
lo=N*
(5.65)

When grouping the rest of the terms we also subtract the first variation of the

corners, namely (DFEc,,v), ,(DEc,,v),,, (DEc,,v),, and (DEg,,v),,, (5-49)-(5.52).
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Along corner C we have

2
I J— R
E{qub(Dny(xN*—la ZEN**—1)) + V{Cb(Dny(ﬁN*—?n JEN**—1))}D62U(5UN*—1, 93N**)

2
£ — _
+ Z{VC¢(D77y('CL‘N*—27 $N**—1))D52U<xN*, l‘N**—l)
+ Ved(Dyy(an-—2,@n-1))} Deyolan-, one-)}

2
g —_ —
-+ Z{VC¢(Dny($N*_17 IN**—I))DeQ/U(IN*-i-l; J]N**_1>
+ V<¢(Eny(1‘z\/*71, JL’N**A))}EeQU(iCN*H, Ty )}

- §V<¢(Eny($1\7*2, xN**fl))EeQUCUN*a fl?N**)

- ?V@(ﬁny(@v*—?ﬂ -TN**—l))EEQU(xN*—la xN)}
+ %Qvﬁb(ﬁny@w—l, T 1)) Deyv(@ e 1, Tyes_1)
+ %Vﬁb(ﬁny(fﬂz\r*—l, Enwe—1))Dey0(Tnes1, Tye—1)}

3e? — — —
- ?VCQS(Dny(fBN*—l, IEN**—1)){D62U($N*—1,$N**—1) + Dezv(ﬁN*—l, iEN**)}

3e? — — _
- ?Vcéb(Dny@N*—la TN 1) { DeyV(@N+g1, Tnee—1) + Dey0(T g1, Tves) |

(5.66)

along corner (5 we have

Z—Z{VCMEW@/@N**_I, Tnee1))Dey0(T jor_ 1, Tpee_1)

+ V<¢(Eny($N**71, Tner 1)) Deyv(T N1, e ) }

— %Q{Vggb(ﬁny(a:N**_Q, Tnee 1)) Doy per, T e 1)
+ Ve (Dyy(wne—g, T 1)) Deyv(T e, o)

+ ?{Vggb(ﬁny(x]v**_g, Ter—1)) DeyV(Ter, Tpyen )

+ Vggﬁ(ﬁny(x]v**_l, xN**_l)))E@v(xN**H, Ty )}

+ Zj{chﬁ(bny(@w*l, Tnee 1)) Doy0(T jor 1, Tpee 1)

+ VC¢(Eny($N**—1> JfN**—l))EeQU(JJN**H, ﬂUN**—l)
3e? — — _

- ?V@(Dny(xm*—hfﬁN**—l)){Dezv(fﬂN**—l,$N**—1) + De,v(Tn+s—1, TN=+) }
3e? — — _

- —Vc¢(Dny($N**—1, xN**—1)){DeZU(IN*+17 ﬁN**—1) + Dezv(wN**H, IEN**)}

8
(5.67)
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Along corner C3 we have
g2 — —
§Vc¢(Dny($N**—2, xN*—l))Degv(xN**ny*—l)
2
€ — _
+5Vc¢(Dny($N**—1,IEN*—1))}DeQU($N**+1>fN*—l)
2
€ — _
+Zvcﬁb(Dny(-’ﬂN**—h$N*—1))DeQU($N**—1,$N*)
2
€ — _
+Zvcﬁb(Dny(IN**—h$N*—1))De2v($N**+17$N*)

2

g J— R
+ Z{v§¢(Dny($N**—1, wN*—1>>Degv(xN**—1> $N*—1)
+ chﬁ(ﬁny(aj]\/**_h xN*_l))EeQU(fL‘N**_17 .I'N*)}

- Z{V@(ﬁny(ﬂfwuz, xN*fl))ﬁezv(xN**; xN*fl)
+ VC¢(bﬁy($N***27 -TN*fl))EeQIU<xN**a xN*)}
3e? — _ _
- ?VCQS(Dny(xN**—l, $N*—1)){Degv($zv**—1, ZBN*—1) + DeZU(IEN**—l, OCN)}
3e? — — _
— ?VCQS(DW?/(ZEN**—M QjN*—l)){Degv(xN**+1; 'IN*—l) —+ Dezv(xN**H, {L’N*)}7
(5.68)

and finally along corner C; we have

g2 — — _
§{V<¢(Dny($N*—1, xN*—l)) + Vcﬁb(Dny(xN*—& IN*—1)))}D62U($N*—1, $N*—1)

2

€ — _
+ Z{V<¢(Dny($N*—2, xN*—1))De2U(IN*, xN*—l)
+ chb(ﬁny(x]v*,g, a:N*,l))ﬁez,v(acN* , o)}

S

2
£ _
+ Z{VC¢(Dny($N*—la $N*—1)) eQU(iﬂN*H, xN*—l)

+ Ved(Dyy(@ne 1, 25+1))Deyv(n- 41, 2n5+)}

- g{vcﬁb(ﬁny(l‘]\/*—%xN*—l))Eegv(fN*,$N*—1)
+ Vep(Dyy(zn-—3, T5+_1))
+ %{VCMﬁny(mN*l, Zne—1))Dey0(T o1, T+

+ Vcﬁb(bny(ﬂ?N*—l, xN*—1>>EeQ'U($N*+17 37N)}

3e2 — — —
- ?VW(DW(IN*—M TN+ 1)) {Desv(@n+—1, Tn+1) + De,v(@n-—1, Tn+) }
3e2 — — —

- ?Vgﬁb(Dny(ﬁN*—h !ﬂN*—1)){De2U($N*+1,xN*—1) + DeQU(xN*H, ZEN*)}

Sl

Sl

eQU(iUN*—th*—ﬂ}

(5.69)

Recall that the aim of the calculations for the first variation of the difference between
the atomistic Cauchy-Born energy and the coupled energy is to achieve a satisfactory
error. In order to do this we have to cancel out the terms (5.62)-(5.69). This is done
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by subtracting from the energy on the interface Fr, some terms, the F, terms,
whose first variation cancel out with the terms in (5.62)-(5.69). This is why the
energy on the interfaces and the corners has the form as in Section 4.6. Now we will
compute the first variation of the energy on the interfaces and the corners without
including their first term whose first variation has been computed earlier on in this
chapter.

5.2.3 First Variation of E5 interface terms

Now we focus on the second term, Fs, of the energy on the interface, (5.32)). Recall
in Section 4.6, the energy on each interface. For interface I';, the F5 term is

E2F1{y} - Z VC¢ T]y(xfu‘xN** 1))[D62y(x417x1\7***1) _Dezy(xflaxN**ﬂ
Zl N*
9 N**—1

R Z VC¢ ny(xfl 2; TN**— 1))[D62y(x€17x1\f**—1)_Der(xéme**)]
51

9 — — _
- Z Z VCqb(DT]y(xfumN***1>)[D61y('x€17xN**Jrl) - Dely(xfla xN**fl)]
{1=N

2 N**_1

4 Z Veo( ny(x& 1y TN**— 1))[Dely($el,xN**+1)
51

- an(xﬁu xN**—l)]'
(5.70)

Again, we will focus only on the D,, terms and (-, ‘)¢, Will denote the terms in the
ey direction of (-, -)_. The calculations for the first variation are in Appendix A. The
first variation of Fsr, in the ey direction is

<DE2F1{y} :__ Z V ny xépajN** 1)){D62y(x£17x]\f** 1)

- 562y<xél 9 xN**)}DnU(:L‘Zl, xN**_l)
9 N**—1

R Z V Doy(we, -2, tner1) {Deyy(2e,, wvee—1)

_562y<xé17xN**)}DnU('Ifl—QaxN**—l) (571)

- = Z Ved(Doy (e, wree 1)) {Deyv(@,, o)
51

22 N

_Ee2v(x€1a$N**)}__ Z VC¢ ny(xfl 2y TN#**— 1))
l

1=

{EEQU('IKU :L‘N**—l) - 5621}(1‘[17@'1\7**)}_
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The first variation of E,r, in the ey direction is

N**—1

2
g — —
(DExr{y}v)e, =— > Vip(Dyy(xne—1,26,){Deyy(Tr-—1, T,
lo=N*

_ Eezy<xN**+1, xb)}bnv(l‘]\/**_l, $€2)
o N**—1

- Z Vo (Dyy(xne—1, Toy—1)){ Deyy (T e+ —1, Tp,)

- Eezy(xN**—i-l; Mg)}DnU(xN**—h $z2—1)
2 N**fl

- Z Ved(Dypy(nes 1, 20,){{ Deyv (2 nee 1, 0,
52

— Deyv(wnees1,70,)} Z Ved(Dyy(wn-—1,7,-1))
f2
{Eezv(xN***lvxfz) - E62v(x]\/**+17 xf2)}‘
(5.72)
The first variation of E,p, in the ey direction is
9 N**—1
<DE2F3{y} = Z V Uy Loy TN*— 1)){Dezy(xfl7xN*)
_Eezy(xflv*TN*—I)}D”U(J:517'TN*—1)
o N**—1
R Z V Uy Loy -2, UN*— 1)){D62y($417‘r1\7*)
- 562y(x€17xN*—1>}DﬂU(I41—27xN*—1) (573)
2 N** 1
U Z VC¢ ﬁy(xﬁnx]\f* 1)){D v(Zey, TN-)
L2 N
— Deyv(xe,, T 71)}—— Z Veo( ny(wel 2, TN*—1))
U=

{562U<x517xN*) - D62U(1}51 ) xN*fl)}-
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The first variation of E,r, in the ey direction is

N**—1

2
g — —
<DE2,F4{y}7U>eQ == Z E , vgd)(Dﬂy(l‘N*—hxfz)){De2y(xN*+1?xfz)
lo=N*

— De,y(xn+—1,e,) } Dy (T n+_1, T,
N**—l

- Z Ved(Dyy(zne—1, 2e,1)){ Deyy (w41, Tey)

_E€2y(xN* 1,:Eg2)}DnU(IN*_1,ZEg2_1) (574)
o9 N**—1

- = Z Ved(Doy (1, 70,){ Deyv(@5+11, 71, )
52

2 N**_1

_DBQU(xN* 17‘7;52 Z VC¢ le<xN* 1y Loy— 1))
€2

{562U<xN*+17 xf2) - De2U<'TN*—1; xéz)}'

The first variation of Ej, ¢, in the ey direction is,

5 S
(DEsci{y},v),, Z—V 20(Dpy(ne—2, xnwr 1)) {Deyty(x =, Tvee 1)

— De,y(wne, wne) } Dyo(2n+—2, Tnee—1)

2
—V§¢(Dny($N*717 1) DeyY(Tn+—1, Tiver)

- Eezy<xN*fla xN**71>}ﬁnU(37N*fla iUN**A)

2
—VEQS(Dny(fUN*—l, xN**—l)){Degy(xN*—i—la iUN**—1)

- Eer(ﬂUN*Jrl, xN**)}EnU(fEN*—17 $N**—1) (5-75)
2

3 — _
+ 7 Ved(Dyy (a2, 2x--){Deyo (@, e 1)

2
_ € _
— Deyv(wy-, xne=)} + §V<¢(Dny(l’zv*—1, Tnw_1))

{De,v(@n+—1,2n+) = Deyv(@ney, Tyee1) }
2
£ —
+ gVC¢(Dny(xN*fl7 $N**71))

{EEZU(xN*+17 iUN**—l) — DEQU(xN*+1,$N**)}.
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The first variation of Ej ¢, in the ey direction is,

(DEacu{u} o)., == V20Dl o) Do, oy
- EEQy(xN** ) xN**—l)}ﬁnv(a7N**—27 TNw_1)
+ §V§¢(Eny($N**—1> N ) Dey (T nee 1, Tnee 1)
— Do, y(x w1, xN**)}EnU(xN**_l, T 1)
+ S92 (e, ane ) Dotanersn o)
— Do, y(w s 1, Tnes ) FDpv(T N1, e 1) (5.76)
+ 90Dyl ) Degplaee )

2
. I —
- DCQU(HUN**, xN**—l)} + §VC¢(DUQ($N**—1> »TN**—l))

{E@U(QUN**—L TNwe—1) — Eegv(xN**—ly TN ) }
2
£ —
+ §v<¢(Dny($N**_l, ZUN**_l))

{De,v(xner 1, Tner—1) — Deyv(Tnes 11, Tover )}

The first variation of Ej ¢, in the ey direction is,

2
€ — —
<DE2,Cs{y}7U>62 :ngﬁb(Dny(xN**—%xN*—l)){Degy(wN*me*—l)
- Eeg?J(JfN**a xN*)}EnU($N**—27 xN*—l)
2
€ — —
+ §V§¢(Dny($N**—1a Ty 1) {Dey(@ne—1, TN+)
o EBQy(xN**fla I’N*71>}ﬁn’l)(.’13]\7**,1, xN*—l)
2
€ — —
+ §V§¢(Dny(xzv**_1, fL"N*—l)){Der(CEN**H, -’BN*—l)
— De,y(&nee 1, Eve) Dy (= 1, T= 1) (5.77)

2
I J— P
—ngb(Dny(xN**_g, xN*—l)){Degv(xN** ) IEN*—1)

1

2
_ € _
- Dezv(xN**7IN*)} + nggb(Dny(xN**—hajN*—l))
{De,v(xnes—1,2n+) — Deyv (T, Tne) }

2
€ _
+ §VC¢(Dny(Z’N**71’ I’N*71)>

{EeQU(iﬂN**H, iUN*—1) - EeQU(IEN**H, Z’N)}
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The first variation of Ej ¢, in the ey direction is,

(DEsc,{y},v)., =8—v 26(Dyy(x-—2, 2n-1)){ Dett(ne, -

- Dezy(xN*a xN*71>}E17’U($N**27 :CN*fl)

2
—Vzﬁb(Dn?/(xN*—l, TN 1) { Deyy (N1, Tn+—1)

- Eegy(ﬂﬂN*—l, IN*)}EW@N*—h $N*—1)

2
—V§¢(Dny(xzv*_1, Tne—1) ) { Deyy (T n+41, Tn+)

_Eez?/(xN*Jrhl’N*—l)}EnU(l’NLh£CN*71) (5.78)
2
+ Vc¢( Y(xn+—2, T+ 71)){D62U($N L, TN+)
2
Dezv(xN* LTN*— 1)}+ V<¢( ny(-’EN *_1, TN*— 1))

{Degv(wN*—la $N*—1) - DeZU(IEN*,fN*—Q}
2

€ —
+ §V4¢(Dny($N*—1, Tn+_1))

{EeQU(IN*H, $N*) - Eezv(ﬂﬁN*H,l’N*—ﬁ}-

5.2.4 Final Calculations

We now subtract the variations ((5.71))-(5.78|) from the respective calculations ([5.62))-
(5.69). For interface I'y, by subtracting (A.1)) from (5.62)) we obtain

p2 Nl

- Z V2d(Dyy(ey, wrvee 1) Doy, wrvee 1)
Zl

- Eezy(x& ) xN**)}Eﬂv(xfl ’ xN***l)

) N*_1 (5.79)
+— Z V2(Dyy (6,2, tree—1){{Deyy(@e,, e 1)
51
_ 5623}(%@1 y SE‘N**)}EnU(l’ZI,Q’ 'TN**fl)y
and similarly for interface I',
N**_1
e’ Z{ Ved(Vy(mne—16))n) + v<¢< Doyy(wne—a,11,))
42
+ _VC¢(Eny(xN**—27 2y-1))) Y Dey (T e, T4,
22 N**_1
+_ Z V 773/ TN+ flvxﬁz)){D@y(xN** 1, Te,) (5.80)

- Degy(xN**+17 iﬂez)}DnU(l'N*uh S%)
2 N**_l

+— Z V2p(Dyy(nee—1,0ey-1) ) {Degy (o1, T4,

- Eer(l’N**+1, ‘rfz)}DWU(xN**—lv SL’g2_1),
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for interface I's,

e Z V ny Lgyy TN~ *1)){Dezy(x€17xN )

- Eer(ZE@U:CN**l)}DT),U(x@N xN**l)
2 N**_l

Z V ny Loy —2, TN*— 1)){De2y(x€17xN*)

(5.81)

- Eezy(xélaxN*—l)}DnU<xél—2>$N*—l>v
and for interface I'y,

N**—1

1 _
£? Z {Ved(Vy(mve—1.6))n) — §V<¢(Dny($1v*—2,93e2))

lo=N

1 — _
- —V<¢(Dny($zv*—27$e2—1)))}DeQU($N*, Ty, )
2 N

+ = Z v<¢ ny(l'N ,1,1‘@2)){D62y(x1\7 +1,.Tg2) (582)

52 N*

- ﬁezy(fﬂN*—l» 3722)}577“(9%*—1’ Ty,)
2 N**—1

+_ Z V(¢ ﬁy(xN *—1, Lhy— 1)){D€2y(£l?N +1737£2)
32
- 5egy(xN*fla xez)}ﬁnv(ﬂw*fl, Tyy1).

For corner (', by subtracting (5.75)) from (5.66)) we obtain

- —V 2O(Dyy(xne—2, an=+—1)){ Deyy (5=, Trywe_1)

- Eezy(xl\f*axN**)}an(xN*—Qa xN**—l)
2
g — —
— gvggb(Dny(IN*_l, I‘N**_l)){Der(l'N*_l, {L’N**> (583)
- Degy(xN*—h T 1)y Dp0(T N1, Tyee—1)

N —V co(D Dyy(xn+—1, 2ye+—1) { Deyy (e 41, Zn+e—1)
- Degy(xzv*ﬂ, xN**)}Env(xN*,l, Ty 1),

and similarly for corner Cj,

- —V 2P(Dyy (w2, 2nwe—1){ Deyy (T es, o)

- ﬁe23/(3'7N** ) xN**fl)}EnU(xN**fZa l’N**q)
- —V ¢( ny(mN**—bZUN**—l)){bezy(ﬂ?N**—l, xN**—l) (5 84)

- Eer(.TN**_17 xN**)}EnU<xN**_1’ l‘N**_l)

- —V 2O(Dyy (w1, wnwe—1) { Deyy (T e 41, Toyes 1)

—Eezymw,:cN*»}Env(wa_l,xN**_n?
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for corner C4

- —V Cb( ny(ﬂfN**—2>iEN*—l)){Eezy(iUN**,fBN*—l)

- EeQ?/(xN** s xN*)}EnU@N**—m xN*—l)

_ _v ¢( ny(xN**_l,ZL’N*_l)){Eer<C(IN**—17xN*) (585)

- Der(xN**,l’ «TN*71)}E77U(:L’N**71’ xN**l)

- —V ¢( ny(mN**flaxN*fl)){Eezy(xN**JrlaxN*71>
- Degy(l”N**H, $N*)}Env($1v**—1, 93N*—1),

and for corner Cy
- —V 20(Dyy(xn+—a, tn+ 1)) { Deyy (e, 2+

- 5egy(%N* ) xN*fl)}En'U(xN*f% QUN*A)

— —V ¢( ny(:[N*,l,$N*71)){Eegy<xN*flaxN*fl> (5.86)

- Eezy(]}]\[*_l, xN*)}EnU<xN*—1a ._'L'N*_l)

- —V 925( ny(l‘N*—l,$N*—1)){552y($1\1*+1,!EN*)

- Eegy(l‘N*H, xN*—1)}EnU($N*—17 l‘N*-l)-
If we apply a Taylor expansion as in Chapter 4, Section 4.6.1, we conclude that the

order of the remaining terms are O(g). Similarly, by following the same steps for
the e; direction for interface I'y, we obtain

N**—1
e Z {=Ved(Vy(me, ne—1))n) + chb( D,y(we,, Tye—g))
€1= *
1 Y —
+ 5 Ved(Dyy (e, -1, 23+ -2)))} De, (s, 2+
62 N**fl
+ZZZJ\[*V ¢( ny(mfl,x]\]** 1)){Dely(x£17$N -‘r-l) (587)
-
_Eely(xﬁnmN**—l)}an<ZUg1_1,QjN**_l)
62 N**_l
T > VES(Dyy(we, 1, ane1){Dey (e, 2ne41)
l1=N*

- Eely('xfl ) mN**fl)}EnUCU@l,l, mN**71>,
and similarly for interface I's,

+— Z V20(Dyy(@nee—1,20))/{Deyy(Tnes 1, 72,)

- Dely(xN**ax@z)}DﬁU(l’N**fl, i%)
2 N**_l

+— Z V2o(Dyy(wnes -1, Tey—2){{Deyy (e -1, 70,

(5.88)

- Eely(‘rN** ) Ifz)}DnU(xN**—1> 1‘52_2),
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for interface I's,

N**—1

1 _
g? Z {Ved(Vy(me, ne—1))n) — §V<¢(Dny($e1,flfzv*72))

l1=N*

1 — _
- —V<¢(Dny($el—1afN*—z)))}Delv(l“eu TN+)
2 N

T 2 VeoDyy(ae, oy )){Dey(ze, ox-11)
Z1:N*

- 5ely($zl ’ IN*A)}EW(S%A, TN+-1),
and for interface I'y,

2 N**_1

a Z V ﬁy TN*— 17x€2)){De1y(xN* xﬁg)

— Eely((L’N* 1, IZ2)}D77U<J]N*_1, I42>
2 N**_l

Z VC¢ ﬂy(xN* 1 Lep— 2)){D61y(xN* xﬁg)

zg N*
- Dely(xN*—h $£2)}Dnv($N*—1, $e2—2)~

For corner '}, we obtain

- —V co(D Dy(wn«—1, TN 2)){Deyy(T N+ 1, Ty)
— Dely(q;N*,xN**)}Env(xN*,l, TN o)

- —V ¢( ny(xN*fbxN**fl)){Eely(xN*axN**fl)
- Dely(ﬂfN*,$N**+1)}Env($N*—1, Tnw*_1)

- §V§¢(Eny($m—h$N**+1)){Eely(-’ﬂN*—1, TN+e+1)

- E‘31y(x]\/*—17 xN**—l)}Env(xN*_l, .TN**_1>,

and similarly for corner Cj,

- —V 2P(Dyy (w1, nwe—2){{De, y(yes, 2o

- ﬁely(ﬂﬂN*uh iUN**)}EnU(l'N**fl, «TN**72)

- —V ¢( ny(iﬁN**—l,ZUN**—l)){bely(ﬂ?N**—l,xN**—l)

— Eely(IN**_17 xN**—}—l)}ET],U(:L‘N**—la Z’N**_l)

- —V 2O(Dyy(xn=—1, nwe—1)){De, y (T nee, e i1)

_Eely(IN**7 N**—l)}EnU(IN**_l,xN**_1)7

(5.89)

(5.90)

(5.91)

(5.92)
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for corner C4

— —V Qb( T]y(xN**—laxN*—Q)){E€1y<xN**—1)xN*)

- Eely(IN** ) IN*)}EnU($N**—17 iUN*—2)

2
e o —
— gvg(]ﬁ(Dny(l‘N**fly ZCN*,12>>{D613/(.TN**—17 l'N*) (593)

_Ee1y<xN**a:L'N*)}Env(xN**fl7mN*f2)
- —V ¢( ny(iUN**—hIN*—1)){561?/($N**,$N*—1)
—Eely(l’]\[**_l,J}N*_l)}EnU(ZEN**_l,[L’N*_l),

and for corner C4

— —V 20(Dyy(rne—1, on+—2)){Deyy(wn+, 2n-)

- Eely(ﬂiN*fl, IN*)}ET,U(IN*A, $N*72)
- —V 2O(Dyy(xn-—1,5+—1)){Deyy (T, Tn+11) (5.94)
- ﬁmy(xN*—la$N*+l)}bnv(xN*—17xN*—l)

- —V ¢( ny(l”N*—hfN*—1)){Eely($N*—1,$N*—1)
—Eely(l’f\/*,xN*—l)}EnU(xN*—hIN*—l).

Again, if a Taylor expansion is applied as mentioned earlier on in this section, we
conclude that the order of the remaining terms are O(g). We are ready therefore to
prove the main result of this chapter.

Theorem 6. (VARIATIONAL ERROR) Let y be a smooth function; then, for any
v € V.q, the atomistic variation (D®P(y),v) approzimates the variation of the
coupled discontinuous method (D&P{y},v) in the sense that there exist a constant
My = My (y,p), 1 <p < oo, independent of v, such that

<Déa2D{y}a U> - <D‘I’CB(?J), U>€‘ S MV (52 + 52_1/p) |U|W1,p(Q)

Proof. The proof is similar to the one dimensional result in Chapter 3, so the details
are omitted. Collecting the results in this chapter we observe that

<D(I)§B(y) - D52D<y)7 U>5 :‘52 Z Gy [Eelvf + Eegvé]
LeL\Sr

=+ 62 Z ﬁf [Eel (% + ﬁegvf]u
£eSt

(5.95)

where oy = 0(g?), By = O(g) and St is the collection of the interface indices. As in
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Chapter 4, >, 1= 0(1/¢) and hence (1/p+1/q =1),

(DO (y)—D&ES (y),v)

¢l

N

1/q _ _ 1

§0(52 E |az|q+52§ |5¢|q> <52§ |Delve+De2W|p>
=1

LeL\Sr LeSr

1/q
<0 3 Jarlt+22 3 161 olwrsce,

(eL\Sr eSr

/p

(5.96)

where in the last bound we have used that v € V. o. Now

(62 Z || + &2 Z qu)l/q < C(|Q|52q + |F|€q+1>1/q

e 2\Sr (e Sy (5.97)

and the result follows since (¢ +1)/g=2—1/p. O



Chapter 6

The Three Body Problem

6.1 Chapter Overview

The results of the previous chapters were devoted to pair potentials. The extension
of the design and analysis of consistent methods to multi-body potentials is quite
challenging and requires new ideas. Initial results in this direction can be found in
[25]. A three body atomistic potential can be written as,

O4(y) =22 > $(Dyye. Dyye), (6.1)

e nneR

i.e., the local interatomic potential ¢ = ¢3 is a function of both Enyg, and En/yg .In
this chapter we extend the energy consistency result of [21] to multi-body potentials.
The results below are the first consistency results in the literature for three-body
potentials using atomistic Cauchy-Born models and finite element tools. As will
become evident in the proof, the creation of new symmetries is required as well as the
need to assume standard symmetry hypotheses for the potential. The corresponding
Cauchy-Born stored energy function is

Wep(F) = Waep(F) = > ¢(Fn, Fry) (6.2)
and |
dB(y) = /QWCB(Vy(x))dx. (6.3)

In Section 6.2 we state and prove three lemmas that are needed to prove the theorem
in the next section. In Section 6.3 we prove Theorem [7] that states that for a smooth
function y and an interatomic potential ¢ that is both Lipschitz continuous and
satisfies the symmetry property

S(Dyye, Diyye) = (=D _nye, —D_yyy), (6.4)

the Cauchy-Born continuum energy is a second order approximation to the atomistic
energy ®(y) where there exists a constant Mz = Mg(y) such that

PP (y) — @5(y)| < Mpe®. (6.5)

Notice that the above symmetry assumption is quite natural from a physical per-
spective, and a typical hypothesis in the analysis of atomistic models in the biblio-

graphy.

150



6.2 Lemmas for the Three Body Problem 151

6.2 Lemmas for the Three Body Problem

In this section three lemmas will be stated and proved in order to be able to prove
the main theorem for the three body problem in the next section.

Lemma 24. For a smooth function y and an interatomic potential that satisfies the
symmetry property

(b(EnyZaEn’yZ) = (ﬁ(—b,nyg, _Efn’yé)u (66)
the following bound holds

2
Z > &(Dyye, Dyye) %Z > (=D_yye, —D_yye)—

863177]61% ﬁefn,n’eR (6 7)
nYe — —ny€ Dn’yZ_D—n’yﬁ 2
I E P Do) < oe
e nneR

Proof. Due to the symmetry property the three body atomistic potential can be
expressed as

_Z Z &(Dyye, Dyyye) Z Z &(Dyye, D)

e nneR ZeﬂnneR
2
g — —
+5 2 D =Dy, —Dyye).
e nneR

Let function ¢ : R” — R be k times differentiable at the point o € R™ such that the
multivariate Taylor theorem can be applied. It is a simple matter to verify that

d(z1, 1) + ¢(x2,y2) = 2¢($1 ‘;’ 372’ (7 ‘;‘92)

n O*¢ (x14+ 32 Y1 + Yo zy — 11\’
02 2 2 2

(6.8)

6.9
+282¢ 1+ T2 Y1+ Y2 Toa —T1Y2 — Y1 (6.9)
droy\ 2 2 2 2
L PO (mtm oyt (-0 ? PN ’
A 2 2 2 )
By implementing this Taylor series expansion to yields
2
€ _ _
Z Z nyéa nyé 52 Z d)(_D—nyéa _D—n’y2>_
Zejn neER e nmneR
nYe — —nyé Dn’yf - E—n’yé
<
I C e )1 <

e nneER
9?¢ (Dyye — Dyye Dyye — D_yyye D_pye — Dyye|” N
02 2 ’ 2 2

62¢ nyﬂ - D—nyf Dn’yé - D—n’y€ - —nyé - Dnyé _E—n’yf - En’yﬁ +

D20y 2 ! 2 2 2
8¢ (Dyye — D_yye Dyye — D_yye \ || =Dt — Doyie|? R
Dy 2 ’ 2 2 b

(6.10)
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where the remainder term R; accounts for the last term in . We just need to
show that

‘_D_"yi_ Dut) < o(c), (6.11)
and
’_D_"'yé_ D) < o(c), (6.12)

for (6.7) to hold. Considering (6.11]), we note that

—D_,ye — D,y 1— 1— 1— 1—
! 9 == = §D77161yf—77 + §D7I262y€—77262 + §D772€2y€—77 + §D77161yf—77161

1— 1— 1— 1—
- {§D7]161yé + §Dn1e1y€+77262} - {EDWQCQyK + §Dnzezy€+77161}

1
:%{yg—'r]zez - yf—ﬂ + Yo — yé—'r]gez + yE—mel - yZ—n + Yo — ?Jé—mel}

1
- 2_€{y€+me1 — Yo+ Yoty — Yotmes T Yetnpes — Yo + Yoy

— Yotmer }
(6.13)
Then the desired result follows by observing, for example,
ey — Yo BN 0
yf n2€e2 yf n _ nzyf 12€2 y@ — nzﬂ + ﬁ(&“), (614)
g TeE 8x2
and applying Taylor’s formula. O
By applying the same steps, the following estimate also holds
g2 — —
5 Z Z ¢(Dny€+e1+ezvDn’y€+e1+62)
e nneR
2
€ — —
+ E Z Z ¢(_D*77y5+61+627 _Dfn’yf+€1+62)
e nneR
Eyfe e_Efyﬁee ﬁ’yfe e_Ef’yZee
2 ndtteites ndtteitez n' Jt+ei1+e2 n' Jl+ei+ez 2
=Y S of 2 , 2 <ce,
e nneR
(6.15)
Lemma 25. Under standard smoothness assumptions on y we have
D,y — D_
‘M - Vy(:re)n' < Ce?, (6.16)
and similarly,
Dyyr— D_y
‘ w e 5 wit Vy(z)n'| < Ce?. (6.17)
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nl
s 2 Y+ They +282

_| R X
Ky7-m—vz. " e

Figure 6.1: Displaying my, ¢, m_s; 0, Myy,0 and Mm_y, ¢

Proof. We will focus on (6.16)) and prove the inequality. We note that

(DnZM - D*W?ﬂ)
2

_ 1. 1— 1—
Dn161yf + 5 77262yf+71161} + §{§Dn262y5 + §D771€1y5+77262}

N | =
——

_ 1— 1 1
meiYe—n + §D77262yf—77262} + §{§D77262y@—77

+
—
N —

Sl

_|_
N =N =D =

me1Yl—nier }
(6.18)

Let us denote
® m,, ¢ to be the midpoint of the side with endpoints ¢, Tryy,e,
e m_, ¢ to be the midpoint of the side with endpoints zy_,,.,, z¢
® m,, ¢ to be the midpoint of the side with endpoints ¢, Zpyp,e,
® m_,,, to be the midpoint of the side with endpoints x,_,e,, T¢

which are all displayed in Figure By combining the terms in (6.18)) in a different
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order and using symmetries around the midpoints defined above, we obtain

1 1 1 (Yormes —Ye) 1 (Yorn — Yermer)
§D772@2y£ + §Dﬁ262y€+n1el :é 772; + 5 n niel

:1 (y($517 xfz-&-nz) B y(xfl ) lfz))
2 €
1 (y(xfﬁ-m ) :1342_,_,72) - y(xﬂﬁ-m ) I'Zg))

2 €

Teg+ng

1 dy
{8_@(%’ s) + a_@(xfﬁrm? s)|ds

i (6.19)
1 %)

:g a—@y(mnhg, S)dS + ﬁ(52)

Oy

A
=z a—@y(mnhg,mn%g)ds—i—ﬁ(é%

$e2

0
:7728_562y<mm737 mnzl) + 6(52) .

Similarly,

) 15 L (Yoan — Yesmpen) 1 Yegme, — Ye)
§D7]161y8+7]2@2 + §D77161y€ :5 n 8 12€2 + 5 771;

_1 (y(l'Zler ) x€2+772) - y('rfl? x€2+?72))
2

g
1 (y(xfl-i-m ) 33@2) — y(xgl s xb))
2 €

Zey+m 5 9
Y Yy
=5 @_xl(sﬂxfz-‘rm)_’_a—m(saxfz) ds

4 (6.20)

Tey+ny

0
= 8_1'1y<8’ Myp,0)ds + 6(52)
xg

Teq 41 5
1
=z 8_xly(m"1’€’m7’2’€)d8 + 0(?)

I@l

0
:nla_xlywnml? mn2,€) + ﬁ(52) )
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and
15 13 _1 (W—mel — yﬁ—m€1—n2e2) 1 (W - yﬁ—nzeg)
5 naeaYe—n T+ 5 naesYl—naes _5 c + 5 -
:1 (y<x€1*7]1 ) Ifz) — y(xflfm ) xfz*ﬁz))
2 €
+ 1 (y($51,$52) — y(xflaxb*m))
2 €
Tpy
1 dy dy
:2_6 / |:8_x2(x41—771’ 3) + 6_@(3%’ 8) ds
e (6.21)
/ 92a (m_y, 0, 8)ds + O(£%)
“2 n2

Ty

1 ov
. / O (g 1y )5 + O(2)

€ 0xo

Teg—ng

:nZa_%y(m—m,b m—n275) + 6(82)’

and finally

%Dmﬁyf—mm + %Dmm Yoy :% (y@ meel) + % (y€n262€ an)
l (y($£1 ) .Tg2) - y(xfl—fh ) 33@2))
2 €
1 (y(mhvzb—m) B y(xfl—mv xfz—nz))

2 €

[l‘gl

1 dy dy
=5 / {&Ul (s,2e,) + A (S, Tpy—p,)|ds
Famm (6.22)

x,gl

1 / (92 y(s,m_p, ¢)ds + O(e?)

Ty —m

legl

1 dy
=z 8—xly(m—m,é7 M, 0)ds + O(e?)

Ty —m

0
=U1a—$ly(m—m,ea m—772,f) + ﬁ(‘SQ) .

By substituting (6.19))-(6.22) into (6.18]) we obtain

(Dyye = D_yye) _12 0 m 0
2 9 7 9 a (mm,bmnz,ﬂ) + Ea_xly(mml»mnz,ﬂ)
2 0 m 0
9 8 y(m—m €5 M—ppy, Z) + 5a_mly<m—m,€7 m—nz,f) + ﬁ(52)'

(6.23)
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By applying Taylor expansion to each term in (6.23)) separately we obtain

a$1y ni,€s 11l _6$1y

m771 7£ + m—771 76 anvZ + m_'r]27£)

2 ’ 2
0 M6+ Monye My + Mgy Ler+mer — Loy
T oY 2 ’ 2 2
0 M6 + Monie My + Mgy Llytmaes — Liy
* 8$18$2 Y 2 ’ 2 2
2
+ 0 Tey+maes — Ly Tli+mer — Loy
2 ’ 2 ’
(6.24)
and
9 O (M g+ Mgy 0 My g+ My
a_xly(m—m,@v m—m,f) _8:)31 y< 9 ) 9
i 0 M0 + Mopy e My + Mgy Li+mer — Loy
9227 2 ’ 2 2
_ 0’ My e+ My 0 My 0 + Mgy 0
81118$2y 2 ’ 2
2
Lly+maes — Lty Vi Llytnges — Tty Tli4mer — Loy
(g ) o (g g )

(6.25)
then

0 0 0 m 7g—i‘TI’L_ L m 7g—|—7n_ Y
a_xly<m771 N2 mm,@) + a_‘xly(m*m,fv m*nmf) y( o = = =

" On, 2 ’ 2
+0(c),
(6.26)
and similarly,
0 0 0 Mgy 0+ Mgy 0 My 0+ Mgy g
a_xzy(mm!v mml) + a_by(m—m,b m—nzl) _8362 ( 9 ) 9
+ 0(£%).
(6.27)
By substituting (6.24))-(6.27) into (6.23]) yields
m 0 N2 O Uil
Ea_xlyonmlv mflz,f) + Ea_@y<mmlv mflz!) + 56_1‘1 (m*m,év m*nz,f)
@i _ 9 My 0+ Mpy 0 My ¢+ My 0
+ 9 8x29<m—ﬂ1,€’ m—nz,ﬁ) =" axly( 9 ) 5
+ 772@(3: y(mm’é J;m’“’z, Dozt zmw) +O(?)
2

:V:U(x& ) 3%)77 + ﬁ(‘ij) :
(6.28)
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By following similar steps, we have that

’Eny€+e1+ez ;E—nyf-&-eﬁ-@ _ Vy($e+el+e2)77‘ < 0(?), (6.29)

and similarly,
'Enlyﬂeﬁw ;E_n/yﬂeﬁw - V?J<I£+el+e2)77/' < 6(52) . (6.30)
O

Lemma 26. Under standard smoothness assumptions on y, an interatomic potential
¢ that is both Lipschitz continuous and satisfies the symmetry property

O(Dnye, Dyye) = (=D _yye, =D _yye), (6.31)

we have the following bound

Yo — D_yye Dyye — D_yyys
ZZ (77 77777 5 n )

e nneR

—&2> > oy, we)n, Vy(n, we)n)

e nneR
< Ce2.
(6.32)
Proof. By applying the Lipschitz condition
|9(v1,v2) — @01, 02)| < (v — Ti] + [v2 = Ta), (6.33)

we obtain

D,ye—D_,ye Dyyys—D_,
‘(b( nt 92 nye? ot 9 Wyé) - ¢(Vy(95€173%)77>Vy(xéul’éz)ﬁl)'

bn/yg — E
2

D,y — D_ .
SC(‘M_V?J('I517$Z2>T1‘ + ‘ skl —Vy($£17$£2)77/D-
(6.34)

By implementing Lemma [25] the following holds

E — E_ E / - E_ /
‘(b( nt 9 nyZ, it 9 "Yyé) - (b(vy(xhamb)n;Vy<x€1ax€2>?7/)' < C€2-

(6.35)
O]
Obviously the similar bound holds
5yfe e _Efyfe e E’yEe e _Ef’yée e
2 ndt+eites nJdtt+eitez n' Jltei+ez n' Jlteitez
I ; , 2
e nneER (636)

—¢€ Z Z Vy x€+61+62)nv Vy($£+e1+e2>77/) < Ce?.

e nneR
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6.3 Main result

The main result of this chapter is the following theorem.

Theorem 7. (Energy Consistency) Assume y is a smooth function, and that the
interatomic potential ¢ is both Lipschitz continuous and satisfies the symmetry prop-
erty

O(Dyye, Dyrye) = (=D —pye, —=D_yye), (6.37)

then the Cauchy-Born continuum energy is a second order approzimation to the
atomistic energy ®*(y): there exists a constant Mg = Mg(y) such that

0 (y) ~ 830 | < M (6.39)
Proof. Our starting point is the observation,

P(y): = | Wep(Vy(z))ds

Ker VK

= X IKIWen(Vym) + Y [ Wea(Vy(w)) ~ Wea(Vy(ma)ldo

KeT KeT
=L+ 1
(6.39)

where my is the barycenter of cell K and
T = {K - Q : K - (xflv'rfrl-l) X (x€27$f2+1)7 Ty = (xh;xgg) S Qdism’} . (640)

Using similar arguments as in Chapter 4, see also [2I], we can verify that |I5| <
C(y)e?. So, it remains for I; to be compared with the atomistic energy ®%(y). The
terms in ®§(y) must be rearranged in order to form symmetries around the cell K.
Notice first,

gzz(b nYe; Wyg ZZ¢ nYe; Wyf + 5 ZZ¢ nYe, ny£>

e nneR EeiﬂnneR KG.ZT]nGR
(6.41)

For the second term in (6.41), changing the index to ¢’ = {4 e, + ey, s0 ¢} = {1 + 1
and 0, = {5 + 1, yields,

QZ Z Dyye, Dyyye) Z Z Dyye, Dyye)

e nneER 56,2”7777 €R

2
g — _
+ 5 Z Z ¢(D77yf’+61+627 Dn’y€/+€1+€2)'

e nneER

(6.42)
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-
EEgis

I-n UI

Figure 6.2: Symmetry due to the combination of Dnyg7 B_Wyg, En/yg and 5_n/yg around the point z, and

Dny£+el+egy Dfny£+el+52a Dv]’yl+el+ez7 Dfn’yl+el+52 around the point Tpteqtes-

We will drop the apostrophe so that ¢ = ¢ for convenience. Using the symmetry
property of the potential (6.37)), (6.42) becomes

2
%Z Z S(Dyye, Diyye) + Z Z (=D, =D-yye)

e nneR Eef nn'ER
2
g — _
+ Z Z Z ¢(D7’]y£+31+€27 Dn’y€+e1+62) (6.43)
e nneER

2
9 — —
+ 4 Z Z O(=D—nYetertess =Dy leretes)-

e nneR

In Figure Enyb E—ny€7 Enyﬂ—l—eﬁ—ew E—nyf-i-eﬁ-eg and En’yb E—n’y€7 En’yﬂ—kﬂ-i-eza
D_n/yg +ei+e, are all displayed. It will be useful to introduce splittings for D,ys,

_Dfnyfa Dnyf+e1+627 and D*T]y6+el+62

Dyye { 5 Dmente + %3 rer Yot} T {%ﬁmyﬁ + %Emmyﬂmel}
_D—HW :{§D7I161W—n + %Emezyf—mm} + {%Emegw—n + %Emelyf—mm}
DyYesertes —{%Emelywelm + %bnzezyﬁ-(m-‘rl)q—keg}
+ {%Engegyf-f-eri-ez + %quyé-&-el-&-(m—kl)eg}
—b—nyueﬁez :{%Enlely[+(—7]1+1)61+(—7]2+1)62 + %Enzezyf—l—eg(—ng—&-l)el}

1— _
+ {5Dngegy€+(*7]1+1)e1+(*n2+1)62 + §Dn1e1y€+(*n1+1)el+ez}7

(6.44)

and similarly for En/yg, —E,n/y,g, En/y4+el+eg, and —E,n/yuel tey- We will now focus
on the first two terms of (6.43). By applying Lemmas 24-26 the following holds
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Z Z nyﬁ, nyf __Z Z (vy 91?61737@2)777 Vy<x€1ax€2>77)

e nneER e nneR

2 (6.45)
55 S o(Vaten e mnn Ve ) < €2
e nn'eR
Therefore, if we set
G(z) = ¢(Vy(z)n, Vy(a)n'), (6.46)
and
T = (le,QTEQ), T = <x€1+17 x€2+1)7 (647)
to complete the proof of the theorem, it suffices to show that
I ,
§G(x) + gG(x) =G(mg)+ O(e%). (6.48)

We apply Taylor expansion to G(xy,, xy,) around mg = (2,105, Te,+0.5) Which yields
oG Ly, — Ty, oG Lo, — Tyy
G(e,, 20,) =G(mi) — 6_x(mK> (%) - a_y(mK) <%

1 82G To4+1 — Tyy 2 GQG Lpg+1 — Tyy 2
[ (272 e (72)

aQG ( ) To+1 — Ty Lep+1 — Lty
8 dy 2 2

3
+ ﬁ xfz-}—l - xfz) xé1+1 - 'Ifl ’
2 2

(6.49)

and we also apply Taylor expansion to G(xy, 41, Z¢,+1) around my and we obtain
oG Loy — Ty, oG Ly, — Ty
e, o) =Gl + G () () 4 G ) (220
1 82G Toi41 — Tpy 2 820 Lpy4+1 — Ty, 2
3L ) () pm (P )

*G Toy+1 — Ty Loo+1 — Loy
2 ) (Pt ) (e )

3
+ ﬁ $f2+1 - :UEQ’ x£1+1 - xfl )
2 2

(6.50)
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By adding G(zy,, x¢,) and G(zy, 41, xe,+1) the following holds

1

o Ay
2| 0x2 2

1 82G To, — 2
§G(‘W“%) + §G(93€1+1793£2+1) =G(mk) + [ mi) (“1—‘5)

The proof is therefore complete.

9*G Tpy41 — Ty Tpg+1 — Tg
2 1 1 2 2
* 2 5uy W’( ; ) < 2 )
82G Tpy4+1 — Ty 2
) () |

3
+ ﬁ(x€2+1 — Ly : x@1+12_ x&) ‘

(6.51)



Chapter 7

Conclusion and Outlook

7.1 Conclusion of thesis

In Chapter 1 we mainly explained the atomistic Cauchy-Born model and the dis-
continuous bond volume coupling method. In Chapter 2 we explained the coupled
method described in Section for the one-dimensional case, and we analysed the
energy consistency of the method. We proved two theorems in this chapter. The
first theorem, Theorem 1, shows that the coupled energy for n = 2 is a second order
approximation to the atomistic Cauchy-Born energy, as follows

Theorem 8. For a smooth function y the energy consistency error is of second order
as follows

2577 (y) — &7 {y} < O(?).

The second theorem, Theorem 2, shows that the coupled energy for n = 3 is a second
order approximation to the atomistic Cauchy-Born energy.

Theorem 9. For a smooth function y the energy consistency error is of second order
as follows

1257 (y) — &7 {y}] < O(?).

In Chapter 3 we performed the error analysis for the first variation of the coupled
model in comparison to the first variation of the atomistic Cauchy-Born energy in
one dimension for n = 2. We explained that it is important to access the quality of
the approximation of the coupled model at the first variation level since the ghost-
force phenomenon appears at this level. We proved Theorem [3| that shows that the
variational consistency error for the one dimensional coupled method is bounded by

(g2 + 82_%) in the discrete W~'? norm, as follows

Theorem 10. Let y be a smooth function; then, for any v € V., there exist a
constant My = My (y,p), 1 < p < oo, independent of v, such that

(D& {y},v) — (DEP(y),v).| < My (€2 + %) [ulwinge)-

162
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Also, we obtained some numerical results for the optimisation of the atomistic model
and the optimisation of the discontinuous bond volume based coupling method on
one dimension for the Lennard-Jones potential and the Morse potential. We con-
sidered four different cases for the external forces and we observed that the coupled
method performed well in comparison to the atomistic model.

In Chapter 4 we described a new two dimensional discontinuous coupled method
and we analysed its energy consistency. We proved Theorem [o| that shows that the
coupled energy for n = 2 is a second order approximation to the atomistic Cauchy-
Born energy as follows

Theorem 11. (Energy Consistency) Let y be a smooth function, and é"nD{y} the
coupled energy in (4.19) then there exists a constant My = Mg(y), such that

&P {y} — 5B (y)| < Mpe?.

In Chapter 5 we analysed the variational energy for the two dimensional coupled
problem. The analysis in this chapter was what led to the construction of a new dis-
continuous coupled method. We proved Theorem [f] that shows that the variational
consistency error for the two dimensional coupled method is bounded by (g2 +€2_%)
in the discrete W~ norm, as follows

Theorem 12. Let y be a smooth function; then, for anyv € V. o, the atomistic vari-
ation (D®CB(y),v) approzimates the variation of the coupled discontinuous method
(DEP{y},v) in the sense that there exist a constant My = My (y,p), 1 < p < oo,
independent of v, such that

(D& {y},v) — (DEP(y),v).| < My (€2 + %) [ulwrnca)-

In Chapter 6 we extended the energy consistency result of [21] to multi-body po-
tentials, specifically three body potentials. We obtained the first consistency results
in the literature for three-body potentials using the atomistic Cauchy-Born models
and finite elements. We proved Theorem [7] that shows that the Cauchy-Born con-
tinuum energy is a second order approximation to the atomistic energy if we assume
that the interatomic potential satisfies the symmetry property, as follows

Theorem 13. Assume y is a smooth function, and that the interatomic potential ¢
1s both Lipschitz continuous and satisfies the symmetry property

d(Doyye, Dyye) = ¢(—D_pye, —D_yyiie),

then the Cauchy-Born continuum enerqy is a second order approximation to the
atomistic energy ®*(y): there exists a constant My = Mg(y) such that

0 (y) ~ #3(0)| < M
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7.2 Future work

We describe possible future work on atomistic-continuum coupled methods. As a
general remark, we note that progress in this field is rather slow due to the very
complicated nature of the models involved. Direct extensions of this work will be
the study of analytical issues of the methods considered from various perspectives:
stability analysis and the effect of penalty stabilisation terms, a posteriori error con-
trol and adaptive model selection and full analysis of the nonlinear problem using
versions of inverse function theorem. A quite challenging problem is to design discon-
tinuous coupling methods for the three body problem and to achieve a desired order
for the energy consistency and variational consistency. The difficulty is in treating
the interface terms. Here the three body potential depends on ﬁnyg and En/yg and
the first variation cannot be treated by extending the techniques of Chapter 5 in a
straightforward way. Another option would be to study time dependent atomistic
to continuum couplings. In this thesis we only investigated static methods. The
discontinuous interface method could be implemented in combination with Leap-
frog and followed by a numerical study of the possible reflections of the boundary.
The model could then be modified to yield non-reflecting coupling conditions. It
would be interesting to study dynamic methods to see how the system evolves in
time. Another option is to develop an atomistic to continuum coupling method for
multi-lattice crystals. This is largely an open problem and we hope that the ideas
presented herein might be useful in the design of consistent methods in this case.
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Appendix A

First Variation of Energy on the
Interface used in Chapter 5

The calculations in this appendix are for the purposes of Section 5.2.3. We will com-
pute the first variation of Esr, {y} but only for the D,, terms since the computations
for the D., terms are similar. The Eyp {y} is

E27F1 {y} - Z VC¢ le(xZNQJN o 1))[D62y(l’gl,$1\7**,1) - D62y(:€£17 $N**>]
51
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51
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The first variation of For {y} in the ey direction is computed as follows
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Hence,
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Therefore, setting ¢ = 0 yields,
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The first variation of Eypr {y} in the e direction is
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