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Abstract

This thesis begins with the description of a tractable model for tumour growth. The
unique feature of this model is that we pass through the thin rim limit. We derive the
sharp interface weak form and finite element scheme. We discuss the mesh smoothing
techniques used in the implementation of the sharp interface finite element scheme. We
then introduce an unfitted finite element scheme, and a sharp interface finite element
scheme in R?. We also write the model in the diffuse interface paradigm, along with the
associated weak form. We prove the existence and uniqueness of the solution to the diffuse
interface version of the model, and prove convergence of the diffuse interface finite element
method. We conclude this thesis with a number of simulations in R? and R?. Here, we
present rates of convergence, and also investigate the effect of parameter spaces on the
morphology of the tumour. A biologically motivated investigation is made, and a brief

comparison with ¢n vivo tumours is presented.
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Chapter 1

Introduction

The two most notable reasons for mathematically modelling cancer are to predict the
behaviour, and to gain insights into the mechanisms at play; thus the field has great
potential for research. The study of tissue growth, in particular the growth of a tumour, is
a complex problem, and has attracted the interest of mathematicians, for example [13],[34].
They have been able to apply a range of techniques to the problem, from game theory [71]
to Bayesian calibration [57].

Predicting a particular tumour’s behaviour has obvious medical uses, and if more
advanced models are analysed then the field has the potential to be highly useful to on-
cologists. An accurate model could be used not only to predict the growth, and thus
the potential malignancy, of a given tumour, but also to test treatments. For example,
the model could predict the minimum drug treatment that would see a reduction in size.
Further research could also allow the surgeon to debulk (or remove part of the tumour)
in silico. The model would then give an indication of the tumour’s response. Predicting
various growth behaviours, such as the formation of blood vessels (angiogenesis) and in-
vasion or spreading (metastases), would also be an important tool in treating a tumour.
Although this work is a far cry from these applications, it represents, along with many
others, a step towards these goals.

The mathematical modelling of tumours can help us to understand the mechanisms
that underpin their behaviour, and to gain insights into the complex systems that govern
them. Given a model of sufficient fidelity, a mathematician is able to investigate a wide

range of parameter dependent behaviours. As an example, mathematical modelling has
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helped to quantify the effects of nutrient availability on the stability of tumour morphol-
ogy, see page 235 of [34] and some of the references contained within. In this work, they
show that what might seem an intuitive approach to treating a tumour, namely starving

it of nutrients, can actually lead to increased instability and invasiveness.

In this thesis we physically model the tumour, deriving a model for tumour growth
based on mechanical laws (as opposed to biological or chemical processes - although some
of these have mechanical effects that are included, for example cell-cell adhesion). This
thesis considers the tumour as a continuum, rather than a collection of discrete cells
undergoing stochastic or deterministic behaviour. The literature has a number of examples
of continuum tumour growth models, with some of the earliest tumour growth models
stretching back as far as the 1970s, see [54] [55]. These are sharp interface approaches,
in which the boundary between the interior and exterior of the tumour is given by a
hypersurface. There are also a number of diffuse interface approaches, see for instance
[32, 50]. The model studied in this thesis considers a region of necrotic (dead) cells,
surrounded by a thin rim of viable live cells on the tumour’s boundary. This is a sharp

interface model. The next section gives an overview of the derivation of the model.

1.1 The model

The model investigated is one of the simplest mathematical descriptions of tumour growth
(or, more generally, multicellular tissue, or a bacterial population). The goal is not bi-
ological realism, but rather to clarify and fully investigate the properties of this model.
Additional complexity could then (in future work) be added as required.

In Figure we see the set up, in which I'(¢) is a closed surface or curve, with interior
Q(t), both in RY. We denote by n the outward unit normal to I'(t). Here Q(t) represents

the tumour interior, and I'(¢) represents the tumour boundary.
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Figure 1.1: Closed surface or curve I'(t), with interior (), both in R?. We denote by
n the outward unit normal to I'(¢). Here Q(t) represents the tumour interior, and I'(t)
represents the tumour boundary.

The model is given by

Au=1, in Q(t), (Ma)
Vu-n+ g =@, onl(t), (Mb)
V= g + Bk, onT(t), (M)

with «, 8, Q € R, where a, 8,Q > 0. Here V denotes the normal velocity of the boundary
['(t), k denotes the mean curvature, taken negative for a sphere, and u corresponds to the

tissue pressure.

1.1.1 Derivation of the model

In this section we derive the model that is considered in this thesis. The derivation
is taken directly from Section 2 of [47]. The model corresponds to a distinguished limit of
the following dimensionless formulation (here we elaborate, with some minor differences,

on analysis briefly outlined in [48]). We have

%? + V- (vn) = (ky(c) — kgq(c))n, %—T + V- (vm) = kg(c)n — eAm,
n4+m=1, (1.1.2)
2V - (D)Ve) = K(@n, = —Vp/u(n;e),

wherein n and m are the volume fractions of live and dead cells, ¢ is the nutrient concen-
tration, kp and kg are the cellular birth and death rates (the former being an increasing
function of ¢ and the latter a decreasing one), e\ specifies the (slow) degradation rate

of the necrotic material, K (c)/e? expresses the nutrient consumption rate, which will be
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taken to be large, D(n) is the nutrient diffusivity (nutrient transport can be treated as
quasi-steady), v is the velocity field (the two phases being treated as a single continuum),
p is the pressure (i.e. Darcy’s law is adopted as the constitutive assumption, in keeping
with many existing models) and u(n;¢) is proportional to the tissue viscosity; € is a small
parameter.

The system is taken to hold in a finite domain €(¢), with boundary I'(¢) and
dimensionless boundary conditions (recall the sign convention being such that x < 0 for a
sphere)

c=1, p=—-e>y(n)k, q,=v-n, onl(t), (1.1.3)

where e2y(n) expresses cell-cell adhesion, x is the mean curvature of I'(t), n is its unit
outward normal, and ¢, its normal velocity. Since we shall be concerned with what is in

effect the large time behaviour, initial conditions are not important, though

n(z,0) =1, in Q(0),

would represent a plausible assumption.
In addition to the powers of € already introduced in ((1.1.2]) - (1.1.3)), the final condition

that leads to the distinguished limit in question involves

u(n;e) ~ po(n), for n=0(1), n>0, u(0;¢) ~eui, ase—0, (1.1.4)

for constant ui, associated with the physically reasonable assumption that the necrotic
material is much less viscous than living tissue.

We now derive the asymptotic structure of the problem in the limit ¢ — 0, which
comprises two regions, namely a boundary layer around the tissue edge in which the living
cells are concentrated and a necrotic core. The former is governed by a one dimensional
travelling wave balance, described next; the latter generates, on matching to the former,
the moving boundary problem that is the subject of the rest of this thesis.

The boundary layer scalings are as follows

v=el(, v-n=¢cV,, q=¢Qn p=c’P, and t=¢c'T,
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with v denoting the outward normal distance from I'(T"); the tangential velocity compo-

nents are of O(¢?) but are not needed in the sequel. Thus to leading order

d d
?((W"n) = (kp(c) = ka(c))n, &(an) = ka(c)n,
n+m=1, (1.1.5)
d de 1 dP
it (P0gg) = tom Vo e
in ¢ < 0 with
c=1, P=—-yn)k, W,=0, on(=0, (1.1.6)

where W, = V,, — Q,; we note that the leading order solution depends only on (, so
that ordinary derivative notation is indeed appropriate, and P decouples, the remaining

system being independent of the constitutive assumption and depending on V,, and @,

only through W,,. It follows from (1.1.6)) that (L.1.5)) implies

T =D R, mE = k), at ¢ =0,
so that
o ka(1) _ ka(1) _
n_l_kb(l)’ m_kb(l)’ at ( =0,

and (1.1.6) in consequence involves the constant

w=1 (ki)

which serves as a surface tension parameter in what follows.

As ( — —o0 we have

n—0, m—1, ¢—cw, and W, — —Q, (1.1.7)

where the positive constants c,, and @ are to be determined as part of the solution to

(1.1.5) - (1.1.7); @ plays a crucial role in what follows, providing a surface source of

material that constrasts with the volumetric sink A. To complete the matching we must

turn to the pressure P; the assumption (|1.1.4]) implies a non-uniformity here, but it is a
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consequence of P decoupling that

1 dP
Vv —————,
p(n;e) d¢

holds uniformly in the boundary layer regions (it will be clear that there is an ad hoc flavour
to this statement, but it can readily be fully justified in the sense of formal asymptotics).

In consequence
0 0
P~ 6#1(Q—Qn)C+Qn/C (u(n(¢);e) — em) dC’+/C (1(n(¢"); )W (C') + e Q) d¢' —or

applies, with (1.1.5) implying that W,,(() satisfies

d:;zn = ky(c)n.
Hence as ( — —o0, ¢ — 0 with { = O(1/¢),
P~ e (Q = Qu)C + aQn — b — o, (1.1.8)

for positive constants

0 0
o= [ w@)de, b= [ Wi

—0 —o0
We can now turn to the necrotic core region, wherein n is exponentially small in &, so
(1.1.2) reduces in Q(t) at leading order to, on setting v = eV,

V-V=-)\ V=-VP/u, (1.1.9)

with m =1 and

Ac = 0. (1.1.10)

The boundary conditions on ((1.1.9)) - (1.1.10)) result from matching to ((1.1.7]) - (1.1.8)
(i.e. by the usual matching arguments from singular perturbation theory, ([1.1.2]) does not
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apply to the core). Thus (1.1.9)) is subject on I'(t) to
Vo =Qn—Q, P=aQy—b—yk, (1.1.11)

while (1.1.7) - (1.1.10) simply give ¢ = coo; note that the first term on the right hand side
of (1.1.8]) gives the matching condition

n-VP = Nana

which is automatically satisfied given (1.1.9)), (1.1.11)). Finally we obtain, on translating

P by b, the moving boundary problem

AP = Ay,  in Q(1), (1.1.12)

1
1

For a = vy = @ = 0 this is the classical Hele-Shaw reverse (negative) squeeze film problem
(see, for example, [59]), which is ill posed. The a term corresponds to kinetic undercooling
regularisation, and 7 to a surface energy regularising (compare with [58], for example, for
a discussion of such regularisations in the Hele-Shaw context); both are stabilising, but
for small enough values will be susceptible to fingering instabilities. The surface
source term () is novel, making distinct from previous Hele-Shaw formulations;
since the instabilities are associated with shrinking fluid domains (due to Apq > 0), it
might be expected to play a stabilising role, though the linear stability analysis in Section
3 of [47] quantifies the extent to which this intuition is misleading.

Setting the cell-cell adhesion coefficient v9 = 0, P = u, a = o, @, = V and scaling

such that p; = A =1 yields

Au=1, in Q(t), (1.1.13a)
Vu-n+2=Q, onl(t), (1.1.13b)
a
u
=—, onlI(t), (1.1.13c)
a

with ¢ being reinstated as the time variable, in place of (and equivalent to) T" above. For
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numerical purposes we add an artificial curvature regularisation term to the velocity law

(1.1.13d)), yielding the model .

1.1.2 Comparison with existing models

There are a number of models of vascular tumour growth in the literature, for example
[2, 11, 17, 25, [34]. In these examples the tumour has an internal vasculature, or blood
vessel network, in order to supply nutrients. The model considered in this thesis, however,
assumes an avascular tumour. This means that the tumour has not developed a blood
vessel network.

In avascular tumour models cell movement (as opposed to the movement of the tumour
via growth) is often incorporated by modelling a combination of chemotaxis [66], diffusion
[26], and convection [19} 36, [61,62]. In the derivation of our model, we consider convection.

The model that we consider is more tractable than many found in the literature, for
example [19, 26, 33, GBI, (4, 65, 61]. Two-component mixture models of tumour cells
and healthy cells are considered in [33], [51]; these models take the form of Cahn-Hilliard
type diffuse interface models in which the interfacial region between the tumour and the
healthy cells has a non-zero thickness. In [33] both Darcy and Stokes constitutive laws are
considered, allowing the tumour to be modelled as a highly viscous fluid moving through
a porous medium; nutrient density is modelled using a diffusion equation, giving rise to
chemotaxis (the movement of cells along chemical gradients). In [51] a Cahn-Hilliard-Darcy
model is considered that models chemotaxis and active transport. A formally matched
asymptotic expansion is performed, yielding a sharp interface model.

The constitutive law in [2I] combines the stress-strain relation of linear-elasticity with
a growth term. This differs from our constitutive law, in which we use Darcy flow to
simulate the tumour as a liquid in a porous medium. In [2I] the authors choose this
constitutive law in order to investigate the effects of mechanical stress on the growth of
the tumour. They, as in other models (for example [61]), assume the nutrients are diffusing
into the tumour. In doing this, they are able to describe the stresses and strains in terms
of the nutrient density. We do not model nutrient diffusion due to the thin rim limit (there
is also no need to model the diffusion of any trace nutrients in the necrotic core).

In [54] the author considers a radially symmetric tumour, and focuses on the diffusion of
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nutrients and waste products in order to model tumour growth patterns. The geometrically
constrained model in [54] is extended in [55] to a model in which, among other things,
the geometric constraints are dropped; here surface tension is taken to be proportional
to the mean curvature, and Darcy’s law is adopted. In this model, the authors simulate
nutrient diffusion within the tumour. This allows them to consider both live and necrotic
cells, the birth and death of which lead to internal pressure differentials. Although there
are similarities, this is significantly different from our model, in which we consider only
necrotic cells inside the tumour, and do not model nutrient diffusion.

In [I9] the authors consider a single nutrient sharp interface model with two growth
inhibitors; one external to the tumour, for example an anti-cancer drug or immune re-
sponse, and one internal to the tumour, for example a by product of the degradation of
necrotic cells. The diffusion of the nutrient is considered, and the nutrient density on the
boundary is taken proportional to the curvature. Although we do not consider anti-cancer
drugs or immune responses, a simplified proxy to these could be modelled by reducing the
size of our nutrient term.

As previously mentioned, [26] models the movement of the cells through diffusion. In
this paper a continuum model is developed in which live, quiescent, and necrotic cells
are modelled. Similar to our model, there is a generic nutrient/growth factor term. The
model in [26] differs from our model in that it is orientated towards an in vivo setting, in
which the external medium is modelled allowing for a nutrient supply from the underlying
tissue. We do not model the external medium.

The model derivation in [61] has a number of similarities to our derivation. Both
models assume a continuum of living and dead cells (albeit with our living cells confined
to the thin rim). Both models have a generic nutrient term. In [61] the authors model
the nutrient diffusion into the tumour interior via Fick’s laws, whereas our model passes
through the thin rim limit, meaning that the nutrients do not diffuse into the tumour
interior. This also means that the authors of [61] require a velocity field in the interior
of the tumour in order to model the mixing of the two cell types. Since we only have
necrotic cells in the interior of the tumour, we only need a velocity field on the boundary
of the tumour. The biggest difference is that the model in [61] is restricted to a radially

symmetric geometry; a restriction that we do not have.
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1.2 Approaches

1.2.1 Sharp interface approach

We consider two sharp interface approaches (also called parametric approaches), one in
which the mesh on the interior of the tumour is fitted to the nodes on the boundary mesh,
and one in which the two meshes are independent. This second approach is called the
unfitted approach. In Chapter 4| numerical simulations are presented for both approaches.
We take I'(t) as either a closed curve in R? or a closed surface in R3, and in both cases
the free boundary, I'(¢), is parametrised by a function x : M x [0,T) — R?, where M is a
suitable manifold. We can then describe geometric quantities in terms of . In R?, using
the short hand @ := x(p), the unit normal is given by

Zy

n =
‘xp|

(note that this depends upon the orientation of ) and the mean curvature is given by

(recalling that x is taken negative for a sphere)

1
KM = —— <mp> . (1.2.1)
EFMNEA P

Here x, is the derivative with respect to p, and wj denotes a counter-clockwise rotation
by 5. A number of techniques for simulating forced mean curvature flow have been
introduced, for example in [40]. Another approach was presented in [9], which includes
mesh smoothing via a tangential velocity. This was then extended in [43], allowing a
convergence result to be proved.

In order to construct a finite element scheme we approximate I'(¢,) by a collection of
linear simplexes, denoted by 7}h. The union of the closure of these simplexes (denoted by
I'7) will be the approximation to I'(t,). These will be line segments in R? and triangles
in R3. Here we have partitioned the time interval [0,7] into N + 1 equidistant steps:
O=tg <t <...<tny_1 <ty =T, with At :=¢; —t;_1 denoting the uniform time step
size.

When constructing a finite element scheme, we triangulate the interior of I'} with a

conformal collection of simplexes of one dimension higher than those of I'}' (so triangles
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in R2, and tetrahedrons in R?). We denote this collection of simplexes by 7}};, the union
of the closure of the simplexes is denoted by (17}, and the triangulation is chosen such
that the vertices and elements of I'j coincide with the vertices and faces of the elements
that make up the boundary of €2}}. This ensures that, if I'} approximates I'(t,), then Q}
approximates §)(t,). Although at each time step the mesh for 2} depends only on I'}
(not on Q~1), we will use a number of techniques that allow us to derive the mesh for
1} from the mesh for Qz_l as much as possible. We must ensure that as I'} evolves, the

fitted mesh for Qf evolves with it, maintaining good mesh properties throughout.

Unfitted sharp interface approach in R?

Similar to the fitted sharp interface approach discussed in Section the unfitted sharp
interface approach, in R?, approximates I'(t,) by a collection of straight line segments,
denoted by 7}”’. This piecewise linear approximation to I'(¢,) is denoted I'}. Unlike the
fitted approach, we embed €2(¢) in a larger domain D. This domain is independent of
I';, however it is chosen large enough to contain I'} for n = 0,..., N. We triangulate D
by a conforming triangular mesh, denoted by Tl’} . Importantly Tg is independent of ’TFh,
so as I'} evolves T{; retains its original mesh properties, and thus no mesh smoothing is
required on 7'[})‘.

In order to construct the finite element method for the elliptic PDE on the bulk that is
present in our model, we split the triangles of TI’)‘ into the classes interior, exterior, and
cut, using algorithms found in [68]. Here, in most cases, the interior triangles are those
fully within I'}, the exteroir triangles are those fully outside I'}, and the cut triangles are
those for which the intersection with I'}! is non-empty. This is followed by the definition of
an approximation to I'y on D, denoted by f‘Z; the interior of fz is our approximation to
Q(t). We then carefully define the integrals of the finite element method, paying particular
attention to the interaction between I'} and D. This definition is inspired by [§].

Although the meshes 7}}‘ and 7'[})‘ are independent, in practice we adapt the mesh for D
by refining in the interior of I'}, and coarsening in the exterior. Due to the complexity of
the programming task, we have restricted our implementation to R?, however the unfitted

sharp interface approach can be generalised to R? (see, for example, [J]).
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1.2.2 Diffuse interface approach

In the diffuse interface approach (also called the phase field approach) we approximate
I'(t) by a diffuse interface I'.(t) of width Ce, where C is a positive constant. I'(¢) is
approximated by the zero level set of a phase field function ¢ : D x [0,7] — R, where
D c R? is a bounded domain that contains I'-(¢), V¢ € [0,T]. In general, the phase field
function takes values of approximately 1 inside I'c(¢), and approximately —1 outside I'c(t).
These values correspond to the minima of a homogeneous energy function; traditionally
the energy functions are either the double well or the double obstacle energy [15], 27, [37].
We will consider only the double obstacle energy, since this enforces that ¢ € [—1,1],
with ¢ = 1 inside I'c(¢) and ¢ = —1 outside I'.(¢). Additionally we have that the diffuse
interface is defined by

L. (t):={xeD||p(xt) <1}.

When constructing the finite element scheme we ensure that D contains the set
{mERd ‘ oy (x) > —1 for somen:O,...,N},

where ¢} is a piecewise linear approximation of ¢(t,). We triangulate D by a conforming
collection of simplexes (as before, triangles in R?, tetrahedrons in R3). We must ensure
that the mesh is sufficiently refined across the diffuse interface in order to fully resolve
it. Since we also solve an elliptic PDE when ¢} > —1, we must also ensure that the
mesh is sufficiently refined in this region. Resolving the entirety of D to this degree is
computationally wasteful; we instead adaptively refine the mesh to achieve this level of
resolution when ¢y > —1, and coarsen the mesh as much as possible when ¢} = —1. This
greatly improves the simulation’s run time.

We solve an elliptic PDE with Robin boundary conditions by using the results in [I], [64]
to write a diffuse interface approximation of the PDE and boundary conditions in D. This
is achieved by using two weight functions, d(¢),((¢) : R — R. The weight function ()
approximates the boundary conditions, and is defined such that it is large and positive in
the interfacial region, but zero elsewhere. The weight function ((¢) imposes the geometry
of Q(t), it is defined such that ((¢) = 1 if ¢ = 1 (inside I'c(¢)), and ((p) =0 if ¢ = —1

(outside T'<(t)). Both ((¢) and d(p) are zero outside the interfacial region, meaning that
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the weighted PDE is degenerate. We closely follow the results in [39] in order to treat the

degeneracy when proving a convergence result.

1.2.3 Other approaches

There are many other approaches that we do not consider in this thesis. We mention a
few, namely graph and level set.
In the graph approach, I'(t) € R™*! is written as a graph over some base domain

D c R™ such that

I(t) ={(x,¢(x,t)) |z D}

where ¢ : D x [0,7T) — R is the height function. Here D is to be found, along with ¢. This
approach is not used as it is somewhat restrictive; there are many situations when I'(¢) is
not a graph, even after smoothly evolving from an initial state that is a graph.

The level set approach is similar to the diffuse interface approach, in that I'(¢) is tracked
by the zero level set of a function. Let p : D x [0,00) — R be an auxiliary function, and
set

T(t)={zeD|plxt)=0}.

Intrinsic to this approach is the notion of an interior and exterior to I'(t), denoted by the

positive and negative regions of p.

1.2.4 Comparison of approaches

The approaches described above can be grouped into either implicit or explicit approaches.
Implicit approaches (sometimes called front capturing), carry the information needed to
reconstruct I'(¢), as opposed to I'(¢) itself. Often T'(¢) is reconstructed (or approximated)
by computing the zero level set of a function. The level set approach and diffuse interface
approach are examples of implicit approaches.

A major advantage of implicit approaches is their natural handling of changes in topol-
ogy, for example pinching off and merging. Merging occurs when I'(¢) intersects with itself,
and joins at the point of intersection to change the topology of €2(¢) (for example two pre-
viously independent circles merging, see Figure ; pinching off is the opposite of this.

Being able to model topology change is important to us, as many parameter values cause
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a topology change in a relatively short amount of time. Additionally, the concept of the
interior and exterior of I'(¢) is intrinsic to implicit approaches, which is advantageous in
our setting. A disadvantage of these approaches, however, is that the problem gains an-
other dimension in space (from d to d + 1), so the efficiency is greatly decreased. The
diffuse interface approach introduces an additional parameter, €, which is proportional to
the interfacial region’s width. This can be both an advantage and disadvantage; in some
models € might arise quite naturally, and relate to a physical quantity. For example in
tissue growth it might relate to a region of mixing between two competing cell types. In
our case we want € small, as we are approximating a model that naturally has a sharp
interface. When using the diffuse interface approach, and coupling a quantity on the bulk
to the evolution of T'.(¢), we have a major limitation: we cannot resolve the gradient of
the quantity on I'c(¢). This can be quite restrictive, and we have to be careful to avoid
this when formulating our diffuse interface model; we discuss this in more detail in Section
423l

The sharp interface and graph approaches are examples of explicit approaches. Explicit
approaches (sometimes called front tracking) are characterised by directly following I'(t)
as it evolves; no reconstruction is required.

A disadvantage of explicit approaches is that there is no intrinsic handling of topological
changes. However recent advances, see [I§], allow the robust detection of collisions, as
well as performing topological change. Although the sharp interface approach is less
efficient than the graph approach, it is significantly more efficient than the diffuse interface
approach; we solve a system of parabolic equations in d space dimensions, as opposed to
the d+ 1 space dimensions of the diffuse interface approach. The sharp interface approach
has a unique problem when simulating a free boundary: the meshes for I'; and QF. As
the free boundary evolves, the mesh will quickly become degraded. There have been
many recent advances that tackle this problem, for example [42] 43] introduce powerful
algorithms to help maintain the quality of the mesh. Additionally, the mesh generation
software GMSH (see [52]) allows us to recreate the mesh if needed. The unfitted sharp
interface approach only suffers from this problem on the mesh for I'}’, not on the mesh for

D.
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1.3 Thesis overview

In Chapter [2| we consider the sharp interface approach. We first consider the case where
['(t) is an evolving closed curve in R?; we introduce a weak formulation of the problem
which we then use to derive a finite element approximation. Next, the implementation of
mesh smoothing techniques is discussed, and then an unfitted finite element approximation
is considered. Lastly, we introduce a finite element approximation for the case where I'(t)
is an evolving closed hypersurface in R3.

In Chapter [3| we restrict ourselves to R?. We first transform the model into the diffuse
interface paradigm, regularise it, and present the associated weak form. We then perform
some analysis in order to prove the existence and uniqueness of the solution. This is
followed by the presentation of a finite element scheme, on which we then perform some
numerical analysis. This first consists of an existence and uniqueness result for the finite
element scheme, followed by a convergence result.

In Chapter 4] the numerical simulations are presented (in both R? and R?®). Be-
fore presenting these, we first introduce an alternate formulation of the model. We then
present a diffuse interface weak form and finite element scheme without the regularisation
introduced in Chapter This is followed by a summary of the techniques used in the
implementations. The simulations are first run with the restriction of a radially symmetric
geometry. These show the accuracy of the finite element schemes, and present the exper-
imental order of convergence in the sharp interface case. Numerical convergence of the
radius in R? is presented, as the mesh size and time step are reduced. Next we investigate
the morphological stability of the radially symmetric geometry in the sharp interface case.
We follow this by presenting some numerical simulations that investigate the parameters
of the model; in particular we fix Q and vary o« against 3. This is done in R? and R3. This
investigation shows a strong agreement between all of the finite element schemes presented
in this thesis. There are also a number of images of in vivo tumours included (in both R?
and R3).

Chapter [5| concludes this thesis with an overview of the analytical results and numerical

simulations presented in this thesis, and a discussion of possible future directions.
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Sharp interface approaches

In this chapter we study the model using a sharp interface approach (also called a
parametric approach). In this approach we explicitly represent I'(¢) by parametrising it
by a function x over I := R/(27Z).

We introduce both fitted and unfitted approaches. In the fitted case we are able to
explicitly define the set 2(¢) using «, so we can solve coupled with over (t)
using standard techniques. The unfitted case requires careful consideration with regard
to the interaction between the mesh for I'(t) and the mesh for D, where Q(¢) C D.

In the fitted approach the difficulty arises with maintaining the quality of the finite
element meshes. Since I'(¢) (and thus (#)) is evolving over time, the mesh generated for
I'(0) may not be appropriate for future times. Although we can naively update the mesh
for I'(t) by using the computed velocity, this is likely lead to an uneven distribution of
mesh points. For this reason we introduce a weak form and finite element method for
that includes mesh smoothing.

The evolution of the mesh for Q(t) is more complex. Since our model does not define
a velocity on §(t), we do not have the opportunity to attempt a naive mesh updating
procedure. For this reason, when implementing the finite element scheme, we consider a
number of mesh smoothing techniques.

The issue with mesh smoothing is a unique disadvantage of the sharp interface ap-
proach when compared to the diffuse interface approach. A second disadvantage is that
the sharp interface approach also does not have a natural handling of topology change (al-

though recently advances, for example [1§], allow the implementation of topology change).
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This is the converse of the diffuse interface approach, in which topology change is handled
smoothly and naturally. The biggest advantage of the sharp interface approach is the
speed of execution. This is followed by stability for a large range of the parameters a, 3,

and Q.

The chapter is organised as follows: we focus first, in Sections - on the case
where I'(¢) is an evolving closed curve in R2. In Section[2.1|we introduce a weak formulation
of which we then use in Section to derive a finite element approximation of .
The implementation of mesh smoothing techniques is discussed in Section [2.3| and in
Section an unfitted finite element approximation of is considered. We conclude
with Section in which we introduce a finite element approximation of for the case

where I'(t) is an evolving closed hypersurface in R3.

2.1 Derivation of a weak formulation of in R2

We first present a weak formulation of (Ma]) and (Mb)). Multiplying (Mal) by a test function
¢ € HY(Q(t)) and integrating over (t) yields

—/ Vu-Vodv + Vu'nqbds:/ ¢ dv
Q(t) Q(t)

(1)

noting (Mb]) then gives

/ Vu-Vqﬁdv+1/ u¢ds+/ pdv = Qods, Yoe HY(Q@)). (2.1.1)
Q(t) Q@ Jr@) Q(t) r(t)

We now present a weak formulation of for the case where I'(¢) is an evolving
closed curve in R?. There are a number of weak formulations for curve shortening flow, for
example those introduced in [9, 40, [43]. The formulation in [40] results in the motion of I'(¢)
being purely in the normal direction which may lead to the accumulation of mesh points in
numerical simulations, while the formulation in [9] include an artificial tangential motion
that equidistributes the mesh points of the associated finite element approximations. We
chose to adopt the weak formulation derived in [43], it also includes an artificial tangential

motion and is presented together with a proof of convergence of the associated finite
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element approximation. The main idea for the formulation of curve shortening flow (and
its high dimensional counterpart, mean curvature flow) in [43] is to use special solutions
to the harmonic map heat flow in order to reparametrise the equations of motion. The
reparametrisation by the harmonic map heat flow gives rise to tangential motions that
can be exploited, from a numerical point of view, to yield a favourable redistribution of
the mesh points. In [5] the convergence result of the finite element approximation of the
curve shortening flow equation in [43] was extended to a coupled system comprising of
forced curve shortening flow, with the forcing being a function of the solution of a reaction
diffusion equation that holds on the evolving curve I'(t).

The derivation of the reparametrised mean curvature flow and curve shortening flow
in [43] consists of two main steps. We outline the two steps in the case of curve shortening
flow below, after first introducing some necessary notation. We then introduce forcing.

We introduce the parametrisation x(-,¢) : I — R?, recalling that I := R/(27Z) is the
periodic interval. Associated with this parametrisation is the unit tangent and the unit
normal to I'(¢), given respectively by

Lo

T=x,= and n=71". (2.1.2)

B |5Bp|’

Here s is the arclength parameter on I'(¢), (-)* denotes a counter-clockwise rotation by

5 and p € . The relationship xss = kn gives rise to the following formulation of curve

shortening flow,

1
T = Ty (a”’) . (2.1.3)
o

B |$p| ‘$p|

On recalling (1.2.1)) we see that taking the scalar product of (2.1.3]) with n yields V' = k.

The first step presented in [43] involves reparametrising = by &(t) = x(¥(t)~') where
¥(t) is the solution to the harmonic map heat flow, see Section 2.3 in [43], with constant
diffusion coefficient w > 0. This yields the following reparametrised evolution equation of

the curve shortening flow, see (2.16) in [43],

=24 L o—da A A Lo can o &
& = [T "Zpp — |2 mp‘xppmp+;|mp| Tp - TppTp
1

&, 1o
= — | = — . . 2.14
’*’i:p| <|i'p’)p + w‘wP| Ly LppLp ( )



Chapter 2 38

The additional term on the right hand side of produces the tangential motion of
the reparametrised flow, with the inverse diffusion constant determining the time scale on
which these motions take place.

In their second step the authors split the time derivative, &; into weighted parts. Noting

that

1 T L —da
%) (\:ﬁp|) -T=0 and |Z,| T, Tppx, N =0
P P/ p

we have

1 T 1 T . —9 . W —da A s L —2.
< . > = n®nw < . > = n@n (|&p| &0 — [&p| "2y - Bppy) = nON| T2
p p p

Zp| \ |2 2|
and
1 z, Y 9 a W —da A s
0=7Q®71 - :T®T(|mp’ Tpp — |8y alcp‘:‘cpp*"vp)
[Zp| \|Z] P

T T N L1224
= |Zp| By TppZp =T T|Xp| "B - TppZp =T @ T|Xp| “Tpp-
Here ® is the tensor product. Thus (2.1.4]) can be reformulated as
o A =2 A 1 A =2 A
Ty =n Q|| &, + ST® &2 pp-
Since T ® T = Id — n ® n, where Id is the identity matrix, we conclude that
. 1 L2
Ty = n®n+;(ld—n®n) || "2 -

Noting that

1 -1
(n®n+w(Id—n®n)> =(wld+(1-wn®n)

we obtain the reparametrised curve shortening flow
(WId+ (1 —wn @ n) & = |2, % pp-
For forced curve shortening flow, V' =k + f, (2.1.3)) is replaced by

o = — (“)p + (@) n.

B @ |,
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Using the techniques outlined above, the evolution equation for reparametrised forced

curve shortening flow takes the form
(WId+ (1= w)n & n) = (|2, 28, + f(@)n).
Thus we obtain the following reparametrisation for the velocity law V = Gk + éu,

(wld+ (1—wnen)x, = (ﬂ|§3p]2:i:pp + an) . (2.1.5)

For simplicity of notation we now set & = x. Multiplying (2.1.5) by a test function
€ € [H'(I)]? as well as by the density function |x,|?, integrating over I, and applying

integration by parts yields

/|acp|2(wact +(1—w)(xt-n)n)-&dp+ B /:Bp -&pdf = 1 /|acp|2u(:c)n -&dp.  (2.1.6)
I I @ Jr

Combining (2.1.1) and (2.1.6) we arrive at the following problem.

Problem Pg; Given an initial closed curve I'(0) € R? and w € (0, 1], find (u, ) such that

for all t € (0,7),

1
Vu-Vodo + — d dv = ds, Yo € H'(Q 2.1.7
/Q(t) u- Vo v+a/m)u¢ 8+/Q(t)¢ v /F(t)Qqﬁ s, Voe H (Q1) (2.1.7)

and for all £ € H'(I),

/‘wp|2(wwt + (1 -w)(z:-n)n)-Edp+ B /wp -§,d0 = 1 /]mp\zu(m)n -€dp, (2.1.8)
I I @ Jr

where T'(t) is parametrised by x(p,t), and Q(t) is the interior of I'(¢).

Remark
We note that the above problem is strongly coupled, as I'(t) is parametrised by @, which

is a function over I, and thus the domain of the integrals in (2.1.7) depends upon the

solution of (2.1.8)).
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2.2 Finite element scheme

We now introduce a finite element approximation of Pg;. We partition the time interval

[0,7] into N 4+ 1 steps: 0 =ty <t1 < ...<ty—1 <ty =T. These are evenly spaced, so

that At = t;11 — t;. We introduce the decomposition I = szlﬁj, where o := (pj—1, pj)-
We define W, (1) := [V},(I)]? where

V(D) := { pn € C°I) | pilo, is affine for j=1,...,J },

and we set 1" : C(I) — V}, to be the standard Lagrange interpolation operator such that
(I"n)(p;) = n(p;), 5 = 1,...,J. In addition we define the local interpolation operator

IJh i= Iy, for j =1,...,J, and we define the discrete inner product (-, " by

J
(n1,m2)" = Z/ I} (mm2),
=177

where and 7); are piecewise continuous functions on the partition U}-Izlﬁj of I. We define
the standard L?(I) inner product by (-,-).

Let X}' € Wj(I) parametrise a closed polyhedral curve, denoted by I'}. This will be
an approximation to I'(¢,). We assign to an element X}' € Wj(I) a piecewise constant

discrete unit tangent and normal by

n

= and nf = (), onoy, j=1,...,J. (2.2.1)
|Xh7p|
We denote the collection of straight line segments that constitute I'y by 7}h = {1/15‘ 3]:1,

where for simplicity of notation we write 7}h as opposed to 7}}%.

We denote the interior of I'} by Qf and we triangulate it with a conforming mesh
that we denote by T := {urtE |, where again, for simplicity of notation, we write T as
opposed to 7}?2. Here 7}’; is a family of disjoint open triangles with vertices {p?}{zl and
ﬁnh = UZL: 147" The mesh 7}? is such that the nodes and edges that make up the boundary

of Q) coincide with the nodes and edges of 7}", this set up can be seen in Figure



Chapter 2 41

Figure 2.1: Two illustrations of the fitted meshes with 7}}2‘ in blue and 7}h in red.

We define the finite element space
Sp(Q7) = { on € CO(Q) | dnl, is linear Y € T }

and we let Ij, : C°(Q;) — S,(}) denote the interpolation operator onto Sy,(Q}), such

that (I"n)(p:) = n(pi), i =1,...,1.
Following [5], a finite element scheme for the weak form is given by the coupled

system

Problem P%; For w € (0,1], given X} = I"z(-,0) € Wj(I), for n = 0,...,N — 1, find
{up, X1} € Sp(QR) x Wi, (I) such that

1 o
VUZ-V(;S}L dv—f—a/ I (uﬁd)h) d8+/ op dv = Q/ ¢rds, Vo € Sh(QZ), (2.2.2)
Q5 Ty

Qy ry
and
h
(152 (wDe X 4 (1= ) (DX mp)mi) (&) + BXEH €np)
1 h
== (IX5Pup (X mg &,) " V&, € Wi(DD). (2.2.3)
Here D, X7+ = X1 X5 T g given by X7(I), and Q7 is the interior of T™
g, : AL y g given by h , an h 1S € 1mterior o h*

Recall that the parameter w controls the amount of mesh smoothing, such that the
smaller the value of w the greater the amount of mesh smoothing. Evolution via curve
shortening flow, such that the right hand side of (2.2.3) is set to zero, can be seen, with

different values of w, in Figure As w — 0, the spacing of the nodes improves.
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Since this only smooths the mesh 7;%, additional mesh smoothing methods are required

for 7}? These will be discussed in Section

Figure 2.2: Evolution via mean curvature at ¢ = 0.8, with the initial condition on the left.
Middle left: w = 0.1. Middle right: w = 0.01. Right: w = 0.001.

2.3 Fitted mesh smoothing

As I'} is evolving in time, we need to implement a number of techniques in order to
maintain well structured meshes for both I'? (denoted by 7) and QF (denoted by 7)
throughout the simulation. This is of importance to ’7}}‘, but of even higher importance to
7}?. Not smoothing ’7}h will lead to a suboptimal arrangement of vertices. Not smoothing
T will (within a very short time frame) lead to the nodes of 7' that are fitted to T
moving such that 7}? has stretched and overlapping elements, thus making it unusable.

If we use the intrinsic mesh smoothing present in for w sufficiently small, then
T will remain smooth for [0,7]. There are then two approaches open to us in order to
deal with ’7}?: generate an entirely new mesh at each time step, or try and improve the
mesh at time step n in order to yield an improved mesh at time step n+ 1. Generating an
entirely new mesh at each time step is not feasible, as the computational time to generate
a new mesh and integrate it into the running program is too high. That leaves us with
improving the mesh at time step n in order to yield an improved mesh at time step n + 1.

In order to smooth 761 we first, in Section describe a simple technique for gen-
erating a velocity field on ’7}?; this velocity field is denoted by W}'. This technique gives
a small amount of mesh smoothing when applied to the nodes of 7%, however it does not
“see” the nodes of Té‘, so it is unable to provide intelligent smoothing.

In Sectionwe introduce Algorithm 1 from [42], which provides intelligent smooth-

ing of 7}’2‘ Since this approach smooths both the nodes of 7}’; and of 7}h, it is unnecessary
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to take w < 1, and so we set w = 1. We present Algorithm 1 from [42] simplified to our
particular set up; the algorithm takes W}' as an input.

After large deformations 76‘ may have a significantly reduced quality. If this is the
case, then we use the re-meshing software GMSH [52], introduced in Section to

construct an entirely new mesh.

2.3.1 Harmonic extension method

We first present a simple technique for generating a velocity field on QF such that, if we
move the nodes of 7}? and 'TFh with this velocity field, then we will achieve a reasonable
level of mesh smoothing. Note that our model does not prescribe a velocity on 7, so we
are free to define this velocity. Note also that this technique works well with the inherent
mesh smoothing in which acts upon 7}h.

The velocity field that we generate is denoted by W}', with W}?h"zb equivalent to the
velocity Dy X}' of I'. We then move the nodes of 7}? by the velocity W}'. We calculate

W} by solving a standard finite element approximation to

Aw =0, in Q(t), ( )
2.3.1

w =", on I'(¢),

where v is the velocity of I'(¢). Note that v is not necessarily normal to I'(t), as it can
have an additional tangential component.
A simple example with a growing circle can be seen in Figure [2.3] Note that the mesh

grows smoothly with I'}.
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Figure 2.3: Evolution via an outward normal velocity, with mesh smoothing via the har-
monic extension method detailed in Section Left: ¢ = 0. Right: ¢ = 10.

2.3.2 DeTurck method

In [42] a general approach is introduced to obtain numerical schemes with good mesh
properties for evolving submanifolds with boundaries. The approach is based on a variant
of the so-called DeTurck trick whereby the authors apply the harmonic map heat flow on
manifolds with boundaries. They assume that the submanifold €Q(t) is given as the image
of a time-dependent embedding s : M x [0,T) — Uwcpo () x {t} of some reference
manifold M with boundary O M such that 9Q(t) = s(OM,t). Here we adopt the notation
s rather than @, which is used in [42], to avoid confusion with the notation introduced
in Section The time-dependent embedding s(t) is reparametrised by the solution
Y M x[0,T) - M to the harmonic map heat flow on the reference manifold. We
define 8(t) := s(1(t)~!), with the inverse of the embedding § denoted by §(t) := §(¢)~},
see Figure in which our particular set up in R? is shown with the reference manifold
M taken to be the half sphere in R3, denoted by H. In the discrete setting it transpires
that the discrete embeddings corresponding to §(¢) can be totally gotten rid of and the
resulting numerical scheme is written in terms of Y}, which is an approximation to y(t).

Throughout this thesis we refer to the approach in [42] as the DeTurck method.
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R2

T(t)

Figure 2.4: Schematic of the reparametrization of the time-dependent embedding s(¢) by
the solution v (¢) of the harmonic map heat flow.

In Section 3.2.1 of [42] the authors present an algorithm for the computation of the
numerical scheme for this DeTurck reparametrization. Below we write out the simplified
form of this algorithm for our particular set up of a simply connected domain Qf C R?,
with the boundary given by a closed curve I'} and the reference manifold, H, being the
half sphere in R3. The reason that the reference manifold must be in R? even though €(¢)
is in R? is because the reference manifold must have a totally geodesic boundary. Since
geodesics in an Euclidean space are straight lines, there is no bounded domain in R? that
has a smooth totally geodesic boundary, and can thus be used as a reference manifold.

Since the algorithm in [42] requires a velocity for the nodes of 2}, we use the harmonic
extension method, detailed in Section @, to extend the velocity, D; X}, of I'} to a
velocity W € [S,(Q7)]? that is defined on Q.

Following [42], for the simplified set up of @ C R?, we assume that the reference
manifold H is approximated by a piecewise linear polyhedral manifold, denoted Hj :=
Uwgﬁm C R3, where 77}1}1‘ is an admissible triangulation consisting of non-degenerate tri-

angles. The finite element space Sp,(Hy) is defined by
Sp(Hp,) := { n, € CO(Hy) | malx is a linear polynomial Vi € T } .

We seek approximations Q) := UF @' with QF = S7(Hj,), for some S} € [Sy(Hy)]%.
Here the map .SA’};‘ is supposed to be a homeomorphism of Hy onto QF, with the inverse
f/h" = (S}})‘l € [Sh(2)]3. Since the triangles of 7! are affine to the standard simplex in
R?, the only remnant of the embedding is that the vertices of the mesh 731 have position

vectors into R3.
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We define
SpR) == { én € Sp(Q}) | dlrp =0} .

We use the notation ® for the tensor product.

As noted in [42], a natural way to define the discrete embeddings S’ZH would be
S‘ZH = Z,T;H(S’Z), where Z]""! is the update of the mesh for Q to a mesh for QZH,
and is given in Algorithm |1} Since f/h"H = (§Z+1)_1, this would imply that Yh"Jrl =
(.SA',?)*I((Z,’ZH)*I), and thus V"™ := Y;*((Z*')~!). Thus the map ,SA'}Z can be totally

gotten rid of for all time steps n > 1, resulting in Algorithm [I}
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Algorithm 1 This algorithm corresponds to Algorithm 1 in [42]. Let @ € (0,00). Given
09 c R?, with Sg € [Sp(Hp)]?, set Y2 := (SP)~! € [Sh(Q))]®. Forn =0,...,N —1,
perform this algorithm.

1

2:

for 7 =1,2do

Find ¢} € S),(Qp) such that

/ S n dv = _/ VY, -V dv, Yy € Su(Q).
Qn o

Find CZ’s € SY(QF) such that
/ ¢ gn do = — / VY, Vendv, Ve, € SHOD).
QF QF
Define Igr as the identity map on €2j. We also define I:I}’; by
H! = (VYY) TvY"

Define T}" on vertex p; € ’TFh by

where 05,0541 € T{* and 0, 0;11 are adjacent to vertex p;. Here t} (o) is a unit tangent
vector to o, where all tangent vectors are chosen such that ¢} (o;) - t}(oj41) > 0.

Define f,’} on vertex p; € ’7}? by

Ch = Pa(Y3(0)) < (ps),

where PH(Yh”(pj)) is the tangential projection onto the tangent space of H at the point

A~

Y, (pj)-




Chapter 2 48

7: Solve for Z]'"" € [S,(Q))?, where

(HD) VYY) ) | da
1

1 1
— I (Z". =
/Q Al h( h Soh) + Z :

n
h i=1j

1
— /Q (Ih(W;? “on) + 5 In(Iap - <Ph)> dz, Ve € [SHQ?,

€l

3
n At
h

and

(H) VY )i (G (Tyimn)') | da
1

1 n+1

n
h i=1j

:/F !

<Ih(W;? M) + ffh(IQZ : nh)> dz, V€ [Sh(PZ)]Q.
8 Let Q' := Z1(Q}) (where we are mapping the mesh itself).

&l

/ 1 2 3
r =

At

n
h

9: Let Y, .= Y ((Z7H)71) .

Note that the projection T} onto the tangent space of I'} is introduced in [42] for

stability reasons.

Remark As noted in [42], an important feature of the scheme is that it is not necessary
to compute the inverse of Z,?H, since the components of the map Yh" with respect to the
Lagrange basis on 1} are given by the position vectors of the vertices of Hj,, which are
constant. Therefore Yh” is described by a component vector which is independent of n.
However, the map Yh” changes in time, since the finite element basis changes when Q' is

updated.

We note that the parameter w > 0 in Algorithm [1]is the inverse of the diffusion coeffi-
cient in the harmonic map heat flow. It corresponds to having differing time scales for the
reparametrisation and for the evolution of the surface, and is important in applications
where the submanifold T'(¢) moves very fast and the time scale @, on which the redistri-

bution of the mesh nodes takes place, has to be very small.

For the simple evolution of a circle, similar to the one presented in Figure the mesh

smoothing obtained using the DeTurck method is virtually identical to the one obtained
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using the harmonic extension method. If, however, we prescribe a normal velocity of

V = 2sin(3t), (2.3.2)

to a circle (so that the radius is oscillating), then the harmonic extension method slowly
degrades, while the DeTurck method does not. This is demonstrated in Figures [2.5] and
[2.6] The simulation is run with an initial circle of radius 1.0, and from ¢ = 0 to ¢ = 100.
In Figure we see a comparison of coarse meshes at t = 0 and at ¢ = 100. In Figure
we see a graph that shows the degradation of 7;? over time. The mesh quality is measured

by
H (1)
peth h(p)’

(2.3.3)

where H () is the length of p’s longest edge, and h(u) is the length of u’s shortest edge.
A comparison with and without the DeTurck method can also be seen in Figure (4.7

with the initial condition given by Figure We can also see an example with @ = 0.1

in Figure [4.8

Figure 2.5: Snapshots of a single quadrant of 7, showing the difference in mesh quality
between the harmonic extension method, and the DeTurck method. The left image is the
initial condition. The center image is taken at ¢t = 100, and shows the mesh under the
harmonic extension method (Section . The right image is also taken at ¢ = 100, and
shows the mesh under the DeTurck method (Section . The evolution of the circle is
given by the outward normal velocity . The DeTurck method appears significantly
more effective.
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Figure 2.6: Graph showing the difference in mesh quality between the harmonic extension

method (Section [2.3.1]), and the DeTurck method (Section [2.3.2]), measured by (2.3.3). A

quality of ¢ = 1.0 is ideal (this corresponds to a mesh consisting of equilateral triangles),
and higher values imply a worse mesh. The evolution of the circle is given by the outward
normal velocity . The simulation was run from ¢ = 0 until ¢ = 100, and at ¢ = 0
we had h :=max, c7n H(u) =~ 0.05 and At = 1072, We can see that the DeTurck method
maintains the quality of the initial mesh, while the harmonic extension method degrades
as time goes by. The quality oscillates with the velocity (and thus with the radius
of the circle).

2.3.3 Re-meshing via GMSH

Despite the effectiveness of the DeTurck method, a large deformation can leave the mesh in
an irreparable state. When such a state arises, we employ the re-meshing software GMSH
[52]. We use T as an input to GMSH. The mesh 7 is then rebuilt by GMSH. Figure
2.7 shows an example mesh created by GMSH, next to a mesh created by ALBERTA for
comparison.

Since the re-meshing procedure is computationally expensive, we only perform it when

H(p)

> tol := 5.
et hp)

If tol is chosen too high, then the mesh degrades to a point where it is negatively impacting
the accuracy of the solution. If it is chosen too small then the re-meshing happens too
often, and the computational time increases drastically.

When using this technique with the DeTurck method, care must be taken to redefine
Y," (defined in Section on the new mesh.
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Remark We stress that re-meshing is only strictly necessary for large deformations, al-

though we choose to re-mesh more often, in order to maintain the quality of the mesh.

Figure 2.7: Comparison of a coarse mesh created by ALBERTA (left) and a coarse mesh
created by GMSH (right).

2.4 Unfitted finite element approximation of in R?

This section introduces an unfitted finite element approximation of , restricted to R?.
We follow the techniques given in [§], with help from [6, [7), 41].

Let I'; be defined as in Sectionsuch that it is a closed polyhedral curve, parametrised
by a piecewise linear function X}'. We introduce a domain D C R? such that Iy ¢ D
for n = 0,...,N. We triangulate D by a family of conforming disjoint open triangles,
Th == {m}L |, with vertices {p,,}}_,. Thus we have D := UL 7. We denote the inte-
rior of I'} by (Q})" and the exterior by (2}')” and we assume that I'}" crosses any one
triangle edge at most twice and each triangle contains at most one edge that is crossed
twice.

We split the triangles of ’Tlg into the mutually exclusive classes interior, exterior, and
cut. For the majority of triangles, the interior triangles are those that lie fully within
()T, the exterior triangles are those that lie fully inside (Q})~, and the cut triangles
are those for which the intersection with I'} is non empty. This is illustrated in Figure
where I'}' is denoted by the black line, with (Q')" to its left, the interior triangles

are blue, the exterior triangles are green, and the cut triangles are red. There are some
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triangles that are intersected by I'} that are not included in the class of cut triangles,
these triangles are ones in which I'} only intersects one side of the triangle, see the left
hand image in Figure Such triangles are classed as interior if the two sides that are

not intersected by I'} lie in (Q}Y)T and exterior otherwise.

Figure 2.8: This figure displays an illustration of the unfitted finite element mesh T,:})‘ I
is the bold black line, with (Q}})" to its left, the interior triangles are in blue, the exterior
triangles are in green, and the cut triangles are in red.

In each cut triangle, 7, we approximate I'} by a chord, [ry,rs]. Here the 7; are two
intersections between I'} and the boundary of m. In the event of there being more than
two intersections, we choose the chord to be the one that joins the points of intersection on
the two sides that are cut only once by I'}, see the centre and right hand images in Figure
We denote the approximation of I'} given by these chords by f‘z, and the region that
lies in the interior of I} by (QF)*, see Figure

v

[r1, 7] [r1, 7]

Figure 2.9: The left hand image is an example of an element, , that is intersected by '}
but is not classified as cut. The centre and right hand images display different possibilities
for I'? (in green) intersecting m € T/ (in black), and the choice of [ry, o] (in red).
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/

Figure 2.10: This image displays an illustration of I} (in green) overlaid by IN“Z (in red),
and (Q)')" (blue region).

Algorithms that allow quick and efficient splitting of the domain into interior, exterior,
and cut elements are taken directly from [68]. They are copied out here for completeness in
Algorithms — @ Note that Algorithm |§| is a modified version of the algorithm in [68], as it
includes a reclassification of triangles that are cut on only one side as interior or exterior.
This algorithm is modified because in [68] they do not consider integrals over the interface
I’y when computing the bulk quantities. For the purpose of these algorithms, we have
constructed ’TL})‘ as a hierarchical mesh with L levels, denoted TL},’,O, . ,7'[}}7 - Here 7’30 is
the top level mesh, and TISL’ 1, is the bottom level mesh, so that Tp = Tg’ ;- The triangles
of mesh Tgl are refined either zero or one times to give the mesh Tg}l 41- Triangles in the
mesh 7-1:})1, ;, are called leaf triangles. We start with Algorithm |2, which detects if a given
triangle is intersected by a given line segment. This is used in Algorithms [3] and (4], which
mark all triangles that are intersected by I'} as cut. We then use Algorithm [5to mark all
exterior triangles. Finally we use Algorithm [6] to mark all triangles that are neither cut
nor exterior as interitor and then to reassign the cut triangles that are cut on one side

only as either interior or exterior.
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Algorithm 2 This algorithm detects if a triangle is intersected by a line segment. The
triangle is denoted 7, and has edges e1, es and e3. The line segment is denoted L, and
haﬁ end points q; and g3. The algorithm returns true if there is an intersection, false
otherwise.

1: fori=1,2 do

2: if g; € m then

3: Return true

4: for i =1,2,3 do

5: if L intersects e; then
6: Return true

7: Return false

Algorithm 3 Hierachical search to mark all triangles intersected by I'? as cut. The set
of triangles at the top level of the heirachical mesh Tl]} is denoted by T3 .

1: for o € 7}}1 do
2: foerTgo do

3: Algorithm [ (o, 7)

Algorithm 4 Hierachical search to mark all children of a given triangle that are intersected
by o € 7}h as cut if they are leaf triangles. Here 7 € ’7'[}} ; for some mesh level [, where
0<I<L. ’

1: if [ = L then

2: Mark 7 as cut

3: for m; child of w do

4: if Algorithm [2[ (o, ;) then
5: Algorithm (] (o, 7;)
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Algorithm 5 Mark all triangles that are outside I'} as exterior. I'} must not intersect
triangles on 0D, the boundary of D. The algorithm needs the cut triangles to be marked,
using Algorithm

1: Mark all triangles in 7/ as clear
2: Mark all triangles on 0D as exterior, and put them in currentFront

3: while currentFront is not empty do

4: for m € currentFront do

5: for m; neighbour of 7 do

6: if m; is clear, and is not cut then
7 Put m; in newFront

8: Mark =; as exterior

9: Let currentFront = newFront

10: Clear newFront

Algorithm 6 Mark all triangles that are neither cut nor exterior as interior. Mark
triangles that are cut on one side only as either interior or exterior. Here #Cut(m) is
the number of edges of  that are cut by I'}.

1: for 7 € 7'[}} do
2: if 7 is neither cut nor exterior then
3: Set 7 as interior

4: if 7 is cut and #Cut(w) = 1 then

5: if the edges of m that are not cut belong to (Q}')" then
6: Set 7 as interior

7 else

8: Set 7 as exterior

We propose the following unfitted finite element approximation of

Problem P4, For w € (0,1], given X! = I"z® € Wj,(I), for n = 0,...,N — 1, find
{up, X1} € Sp(D) x Wi (I) such that

1
(Vuit, Von)apye + — (b o)ty + (L én) @py+ = (@ 0n)py . Yon € Su(D),  (24.1)
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and
(X5, (@D X 4+ (- @) (DX nfing) &)+ BXT €)
1 h
== (IX5Pup (X mg, &n) " V€, € Wi(DD). (2.4.2)
1 n
Here D, X't = % I'} is given by X'(I), and the inner products (-, ')(Q;}W and

(-, )}%Z are defined below.

In 1} we need to sample uj at point g € m € Tg with barycentric coordinates

b(q), where the i'" coordinate of b is given by b;(q). In order to do this, we take

3

up(q) =Y bi(q)up(pi).

=1

Here p; is the vertex of 7 that corresponds to the barycentric coordinate b;(q).

We define the inner product over fZ by

1

2
(ﬁh,Ch)?Z =3 > Iri =7l Y an(r)Gu(r), Vi, Gu € Sk(D),
=1

WGTg'Cut

where Tg’cm is the set of 7 € ’7'[’} where 7 is cut, and the r; correspond to the given 7.
In order to define (-, -)(QZ)Jr we introduce the weight function F(m;), for m € Th. If m is
interior then F(m) = 1, and if m is exterior, then F(m) = 0. If, however, m; is cut, we
take F(m;) as the fraction of 7; that lies inside (Q})*. We now define the inner products

over (Q7)* by

L L
(VUZ,V%)(QZ)+ :Z/ F(m)Vup -Vépde, and (1,6n) @)+ :Z/ )on dx.
I=1vT =1

2.5 Fitted sharp interface finite element scheme in R?

First, we partition the time interval [0,7] into N + 1 steps: 0 =tg < t1 < ... < tny_1 <
ty = T. We assume that these are evenly spaced, so that At := ¢;;1 —¢;. Let I'} be

a closed polyhedral surface, consisting of triangles, parametrised by X' : I‘Z‘l — R3.
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In a slight abuse of notation, we denote this collection of triangles by 7}h = {7]§Z Jle
(where, as before, we write 7}}‘ as opposed to 7}}%}:) The initial surface, I‘(,)L, is a polyhedral

approximation to I'(0). We define
Vi (Ir1) = { & € COP 1 R?) | &,y is affine Vil € Ty } .

As in Section @ we mesh the interior of I'}, denoted by QF, with a conforming mesh,
this time consisting of tetrahedrons. In a slight abuse of notation, this mesh is denoted
by T& = {,ul"}lL:1 (where, as before, we write 7! as opposed to ’Thﬁ), where the uj' are
tetrahedrons, with vertices {p}" 1'1:1- Thus we have €1} := UlL: 1/, and €} is such that the
edge nodes are fitted to the corresponding nodes in I'}.

We define the tangential gradient of a function f, which is differential in an open
neighbourhood of I', by Vrf := Vf — (n- Vf)n. From Lemma 2.4 in [40], we see that
Vrf(z) only depends on the values of f on I' N U, where U C R? is a neighbourhood of
x.

Following [37], a sharp interface finite element scheme for , in R3, with initial

condition I’ 2, is given by

Problem Pgmg, Given I') and the identity function X? € Y;,(I'%), then for n =0,..., N,

find {u}, Xt} € Sp() x Y3,(I'}) such that

1
VUZ‘Wﬁhdv—i—a/

I (un) ds + /Q ondo=Q [ onds, Ven € Sh(),
ry h

n n
Qh Fh

(2.5.1)

(where I'}! is given by X,?(Fz_l), and €2} is the interior of I'}') and

1
DtX;:+1 -&€pds + ﬁ/ Ver}’l“rl . VFZEh ds = a/ upny - Epds, V&€, € Y (I'}).
ry r

n n
Fh h

(2.5.2)

l_x

n+ n
Here Dy X+ := Zo—%h and, following [37],

3
1 1
Vip Xp Ve = Vin X Vinén i,
i=1
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where X,?:rl and &5, ; denote the " component of X,’ZH and &, respectively. We note
that for n > 1, X} € Yh(szl) and we abuse notation by also denoting the identity
function on I'y as X' for n > 0.

Unlike the scheme in R? (given by @, the scheme in R has no intrinsic mesh
smoothing on 7. This is in contrast to the approach introduced in [43], in which there
is an intrinsic mesh smoothing on 7}h. We did not implement this scheme due to the

additional programming complexity.
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Applied and numerical analysis of

a diffuse interface model

This chapter concerns itself with the diffuse interface approach. In this approach, we
approximate I'(¢) by a diffuse interface of width Ce, where C is a positive constant. Here
we choose € > 0 as small as needed, thus allowing us to resolve I'(¢) to the desired accuracy.
Doing this comes at the price of a finer mesh (and associated smaller time step). In order
to define the diffuse interface, we introduce a phase field variable p(x,t) : D x [0,T] — R,
such that ¢ = 1 inside the interface, ¢ = —1 outside the interface, and ¢ varies smoothly
over the interface (note that we consider a double obstacle potential, defined later). As ¢
evolves we keep track of its zero level set; this is our approximation of I'(t). We write the

diffuse interfacial region as
Ie(t) :={z e D||pt) <1},

where D C R? is a bounded domain, large enough to contain I'c(t), for all t € [0,T], with

outward unit normal v.
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Ce

Figure 3.1: The diffuse interfacial region I'c(¢) in D, with outward unit normal v. Here
['(t) is approximated by the zero level set of .

The diffuse interface approaches has a number of advantages over the sharp interface
approach used in Chapter [2] the most notable being a natural and smooth handling of
topology change. Although recent advances, for example [18], allow us to perform topol-
ogy changes on a fitted mesh, these can be challenging to implement, and they are not
integrated naturally into the model. We also do not need to maintain an evolving mesh.
These two advantages (topology change and mesh simplicity) mean that the numerical
simulations are able to run for significantly longer times. The diffuse interface approach
also has a few disadvantages that the sharp interface approach does not, the biggest of
which is execution time. The introduction of the phase field variable ¢ increases the di-
mension of the problem by one, which has a large impact on the simulation’s execution
time. By representing I'(¢) as a diffuse interface, the approach also loses some accuracy.
This can be offset, at the cost of execution time, by taking € smaller. The diffuse inter-
face approach is also less able to simulate more extreme values of a and 3. For example,
taking o smaller in the diffuse interface paradigm requires us to take € smaller, causing

us to reduce h and At, and thus increasing the execution time.

This chapter starts, in Section by writing in the diffuse interface paradigm,
the resulting diffuse interface model is then regularised in time in order to establish the
analytical results in the subsequent sections of the chapter. In Sections and we
respectively show the existence and uniqueness of the solution to the weak formulation of

the regularised diffuse interface model. We then present a finite element approximation
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of the model in Section [3.4] and in Section [3.5] we show the existence and uniqueness of a

solution to the finite element approximation. We follow this with a convergence result.
Throughout this chapter, we use the notation C*(D) to denote functions that are k

times continuously differentiable over D and C%(D) to denote functions that are k times

continuously differentiable over D and have compact support.

3.1 Diffuse interface formulation

The diffuse interface approach is different to the sharp interface approach, as we deal with
['(t) and Q(t) implicitly; thus, the model must be altered to account for this.

The velocity law is mean curvature flow with a forcing term. This means that
we can approximate it, as per the techniques in [37], with the Allen-Cahn equation. Using

the double obstacle potential [15],
1 2
W(s) := 5(1 —5%) + I1—1,1)(8),

where

oo, for|s| > 1,
1[71,1}(5) =
0, for|s| <1,

yields the Allen-Cahn equation

B

€

W(p) =2 in D x(0,T), (3.1.1)

epr — BeAp — Aoy

which we supplement with the homogeneous Neumann boundary conditions
Veo-v=0, ondD x(0,T). (3.1.2)
We consider the sub-differential of 0Ij_; ;)(s) to interpret W'(s) as

(—o0,1], if s =—1,
W'(s) =1 —s, if |s| < 1,

[—1,00), ifs=1.
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In (3.1.1)) w is the solution to (3.1.4) or (3.1.6) (both diffuse interface approximations

to (Ma)) with (Mb), given later) and the factor of 7 on the right hand side of (3.1.1)

is chosen such that as ¢ — 0 we recover the sharp interface equation (Mc). In [67] the

authors show, in the case of a smooth evolution of the forced mean curvature flow, that
the Hausdorff distance between the zero level set of ¢ and the interface of the flow is of
order O(£?).

We note that since we are using the double obstacle energy we have ¢ € [—1,1], and
|¢] < 1 only in the diffuse interfacial region I'c(t).

To construct the initial condition ¢(x,0) = po(x), we first define a distance function
from @ to I'(0), denoted by dr(x). This is such that it is positive for @ inside I'(0), and

negative outside. We now define the initial condition by

L, if dr(x) > 5,
p(2,0) = po(®) = {sin(T@)if — I < dp(a) < T, (3.1.3)
-1, if dr(x) < -5

This initial condition corresponds to a diffuse interface of width em, and its zero level set
coincides with I'(0). This is constructed to have a sinusoidal profile, as the double obstacle
energy naturally leads to ¢ taking this profile.

For a diffuse interface approximation of with we follow the techniques

described in [I], 64] to obtain

1 Q :
= V(@) V) + —d(p)u = —((p) + Zd(p),  in D x(0,T), (3.1.4)
C(@)Vu-vr=0, ondD x(0,T) (3.1.5)
where
1 2
C(s) = ; S and §(s) = (1 s2),
We note that since ¢ = —1 in the region exterior to the diffuse interfacial region, I'c(¢), and

¢ =1 in the region in the interior of I'c(¢), it follows that ((¢) = 1 in the interior region
and ((¢) = 0 in the exterior region. Similarly as |¢| < 1 only in the diffuse interfacial

region it follows that 6(¢) = 0 outside this region and hence we can view the terms in
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that contain 6(¢) as an approximation to the Robin boundary conditions. The
convergence, as € — 0, of to with boundary condition is proved in
[, [64].

To aid the analysis in Sections [3.2] and [3.3] and the numerical analysis results in
Section we regularise by introducing the time derivative of u (this aids as we
use Theorem given later, which requires bounds on the time derivative of w). This
yields the following regularised diffuse interface model

e2uy — V(¢(p)Vu) + &MS@U = —((p) +

1

%5(9@), in D x (0,7). (3.1.6)
Here, for simplicity of presentation, in an abuse of notation, we denote the solution of
this regularised diffuse interface model by u. We compliment (3.1.6) with the Neumann

boundary condition (3.1.5)), and the initial condition
u(x,0) = ug(x), in D. (3.1.7)

To determine the natural choice for the initial data, ug, we note that in the region exterior
to the diffuse interface, where ¢ = —1, there should be no contribution from w. Thus,

setting up(x) = 0 would be a good way to approximate this.

Remark We introduce the e?u; regularisation in the diffuse interface model purely for

analytical purposes, however, using formally matched asymptotic expansions, as ¢ — 0 we

expect to recover (Ma)) with boundary condition (Mb)) from (3.1.6)).

The weak formulation for (3.1.1) coupled with (3.1.6]), together with the associated

boundary and initial conditions (3.1.2)), (3.1.3), (3.1.5)), and (3.1.7) is given by

Problem Pp; Find (¢, u) € X1 X Xy, ¢(t) € K(D), such that ¢ and u satisfy the initial
conditions (3.1.3) and (3.1.7]) respectively and, for all ¢ € (0,T),

B
/D%(p—sf))dm+ﬁ/DVsO-V(p—sa)dw—g/Dw(p—w)dw

> % [ - g)de, Vpe K(D), (3.18)
Qe D
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and

62/Dut¢da: + /D{(SD)VU'quder;g/D(s(@)uqbdm
1
28/135(90)Q¢dw—/DC(s0)¢dw, Yo € HY(D),(3.1.9)

where

K(D):={peH'(D)| |p|<1inD},
X1 :={¢€L®0,T;L*(D)) | V¢ € L*(0,T; H'(D) N L®(D)), ¢ € L*(0,T; H'(D)) },

and

Xy := HY(0,T; L*(D)) N L*(0,T; H'(D)).

3.2 Existence of a solution to for D C R?

In this section we restrict D C R? and show the existence of a solution to the regularised
system This section is inspired by [38]; we closely follow many of the proofs therein.

The plan of this section is as follows. We first regularise the system by a parameter
v > 0 to yield This regularisation is performed for a number of reasons. It first
removes the degeneracy in the coefficients of , by introducing regularised versions
of the weight functions ¢ and 6. Secondly, the complex nature of is reduced to
a standard parabolic equation. The first step in the proof is to show the existence of a
solution (¢.,u) to a regularised system, introduced later. We then derive bounds
on ¢~ and u., which allow us to show that the solution (¢, u,) is unique, and that ¢,

converges to ¢ and wu, converges to u as v — 0, where (¢, u) solve Ppj.

Definitions

We assume, in Sections[3.2] and that D is a bounded convex domain, whose boundary
oD e C3.
We take 0 < ¢ < 1 as fixed and we introduce a regularising parameter v € R, such

that 0 < v <e. We define the functions d,(s), (;(s) and x5(s) such that

v <dy(s) <C, and <({(s) <C*, forseR, (3.2.1)

N[ 2
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2

51(5) = (L4292 = %), it 5] <147, (3.2:2)
1

Gs) =51+ 2y+s), s <147, (3.2.3)

and

85+ Co max (aQ, fuoll (), for s> 1+,

X5(8) = 9 0, for s € [—1,1], (3.2.4)
Zs — Jluollp(p) — & for s < —1—1.

We fill in the gaps in x5 by letting it be continuous and monotone over (1,1+v) U (=1 —

v, —1). We assume that the initial data is such that

luollLee(py < O, lpol <1, and |0l g2(py < C. (3.2.5)

We now present a regularised version of (3.1.1]) and (3.1.6)) together with the associated

boundary and initial conditions (3.1.2), (3.1.3), (3.1.5), and (3.1.7)).

Problem Ppr, Find (uy,,) such that

Epyt — Belpy — g% + X5 (@q) — %u7 =0, inDx(0,T), (3.2.6)

Vey-v=0, ondDx(0,T), (3.2.7)

¢y (x,0) = o, in D, (3.2.8)

2ty — V- (G4 (07) Vuy) + 0%57(@7)“7 = 6357(907) — G (py), inDx(0,T), (3.2.9)
Vuy-v =0, ondD x(0,T),

(3.2.10)

uy(x,0) =ug, in D. (3.2.11)

For use later on we note that multiplying (3.2.6)) by a smooth test function p, integrating

over D, using integration by parts, and noting (3.2.7)) yields

C
5/ gomtpdm+ﬁ5/ Vgoy-Vpda:—ﬂ/ go,ypdac—l—/ X5 (o) pdx = w/ uypde,
D D €JD D @ Jp
(3.2.12)

and similarly multiplying (3.2.9)) by a smooth test function ¢, integrating over D, using
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integration by parts, and noting (3.2.10) yields
2 1 Uny
e [ uddz+ | Glp)Vuy - Voda+ [ 6,(p,) (2 = Q) odw =~ | ¢ (py)0da,
D D € Jp « D
(3.2.13)

Theorem 3.2.1 Let X, B and Y be Banach spaces with X — B — Y, the injection
X < B being compact. Assume that the sequence (fi)ren is bounded in LP(0,7; X) N
Wer(0,T;Y), where s > 0 if r > p and where s > 1/r — 1/p if » < p. Then there exists a

subsequence (fx;)jen, which converges in LP(0,7; B) and in C(0,T; B) if p = co.
Proof. See Corollary 5, Section 8 in [70]. O
Theorem 3.2.2 There exists a solution (uy, ¢,) to the system
Proof. This proof follows the proof of Theorem 2.2 in [3§].
We use the Leray-Schauder theorem (see, for example, [53], Theorem 11.3). Define
X:=L*(0,T; L*(D)) x L*(0,T; L*(D)),
and
F:=X=X, F(p,u)=(¥,v),

where (1, v) solve an uncoupled linear version of system namely

ey — BeAp — §¢ = %u —x5(®), in D x(0,T), (3.2.14)
Pu =V (G (O)V0) + 0y (0) = ~G(9) + QB (0), DX (O0T),  (3215)
with boundary conditions
Vv-vr=V¢-v=0, ondD x(0,7T), (3.2.16)
and initial conditions
v(x,0) =up, and Y(x,0)=pg, in D. (3.2.17)

Note that if ) = ¢ and v = u (i.e. F has a fixed point), then we recover the system
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We want to show that F' is a compact mapping. By standard parabolic theory (and the
properties of 0, (y, and x5 ), we infer that F' is well defined and compact. The compactness
follows from Theorem withp =r=2,s=1, X = HY(D), Y = (HY(D))" and
B = L?(D), since, for every sequence (p,,u,) that is bounded in X, the corresponding
solutions (vn, vn) = F(¢n,u,) are bounded in L(0,T; H*(D)), with (n.t,vs¢) bounded
in L2(0,T; (H*(D))"). This means that the image (under F') of a bounded sequence has a
convergent subsequence, and thus F is compact. The notation (H'(D))’ denotes the dual

space of H1(D). Finally, we want to show that there exists a constant C' such that

T
el = [ (lelagoy + lullaqmy) at <

holds on the set { (p,u) € X | (p,u) = 0 F(p,u) for some o € [0,1] }.
If we take (3.2.15)), multiply it by v, and integrate over D, we achieve

2 d

2 2
——||v < / ¢ vdx <C+Clv ,
5 dt” ||L2(D) ’ 5 ~(©) | ||L2(D)

+Q‘/D5w(¢)vdw

where we used Young’s inequality. Following this with Gronwall’s inequality we have, since

oc<1andu=ov,

sup_|lull7zpy < sup [[v]|72p) < C(v,, D, T).
t€[0,T] t€[0,T]

Similarly for (3.2.14)), we multiply by ¥ and integrate over D to obtain

/Duz/z dx

Since (u, ¢) € X (and x5 (p) < C+C|yp|), we have x5 (¢) € L?(0,T; L*(D)). Using Young’s

C

v
e}

ed 9 B 9
A 1 At +| [ xiowaa

inequality followed by Gronwall’s inequality we conclude that

sup [[@ll7z(py < sup [¢l72(py < C(v,, D, T).
+€[0,T] t€[0,T]

We infer from this that, by the Leray-Schauder theorem, F' has a fixed point (¢, u) € X,

which is a weak solution to system
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The following lemma, Lemma [3.2.3] along with Lemmas [3.2.4] and [3.2.5] will be used
to show uniqueness of the solution (u., @) (see Theorem [3.2.6). Lemmas and

will then also be used in Lemma [3.2.7in order to establish a number of stability bounds.

These, along with Theorem give us the convergence results (3.2.36)) - (3.2.44), from

which it follows that a subsequence of (u,,¢,) converges to (u,p) as v — 0.

Lemma 3.2.3 We have

*

C*t
— llwollze(p) — 7 S Uy Smax (a@, [luoll=(py) , ¥t € (0,T). (3.2.18)

Proof. This proof uses the techniques used in the proof of Lemma 2.3 in [38].
We show the upper bound first. Setting ¢ = uf{ = max(0,uy — k) in (3.2.13)), where

k := max (aQ, ||UOHLO@(D)), yields

2 d 1 1 1
5@”@”%2([)) + 1[G (9)]2 Vut (12 py + £|| [64(03))2 wd 172y

1 k
~(0-1) [t ean [ uicede <o

Integrating over (0,t) yields

e 2 Eiit 2
5”% I72(p) < 5”“ (@, 0)|Z2(py = 0,

and thus u, < k = max (aQ, [[uol| e (p))-

5= min(0, uy + Gt + [Jug|| oo () in

We now show the lower bound. Setting ¢ = u

(13.2.13)) gives

1
ag

1/C* 1 _ _
<2 (Sat+ Huollzeiny +Q) [ wrtoae = [ oo aa,
«Q D D

g \e7x

_ 1 1
e’ LuV,tuy da + || [¢y(¢4)]? Vu, ”%Q(D) + — [ 164(09)]? uy H%%D)

and thus, using (3.2.1]),

Cc* 1
2 _ _ _
€ /D“%t% dz < <€2at+ - ol ze=(p) +Q> /D% 0y () dz — /DCW(%)% dx

c* 1 _ _
<€2at+ aHUOHLoo(D) + Q) /Du7 dx — C*/Du7 de,
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which we re-arrange to give

52d/ 9 / 9
—— u. ) de = e“u~us + C*ul ) de
2 dt D(v) D( Vst Py v)
Cc* 1 _
’Y( t—i—HUQHLoo(D)-i-Q>/U,Y dz <0.
g 6% D

IN

e2a

Integrating over (0,t) yields

€ _ 9 _
5 lluy 72 < 5 lluo 72y = 0,

and thus uy > —||luo|| o (p) — C*t .
O]
Lemma 3.2.4 We have
oyl <147, (3.2.19)
and
T
/0 <||%Hw2p + ||<p%t\|§p(D)) dt <C, forl<p<oc. (3.2.20)

Proof. This proof follows the proof of Lemma 2.4 in [3§].
We first show that ¢, <1+ 7. Setting p = ¢ := max(0,p, — 1 —7) in (3.2.12) and

noting (3.2.4) and ( , we obtain

T o) + BV 2 + / ()t da
ﬂ d
907907 T "‘ — U%Oy
Cu +
< A cp7 + —max (aQ l|[uoll Lo (D) ) ¢y dz
/ X’y((p’Y)SD—F dm
Where in the final step we use the fact that if ¢, <1+~ then ¢J =
We now integrate over time. Recalling the initial condition (3.2.8)), in which |po| < 1,

we have

o3 72(py =0, fort =0,

and hence ¢, < 1+ 7. Now setting p = ¢, := min(0, o, + 1 + v) in (3.2.12]), we argue
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similarly to show that ¢, > —1 —~, and thus |p| < 1+ 7.

In order to prove the second result, we define
Y=oy — felpy = el X5 (pq) + o b (3.2.21)

Since [p,| < 1+7, v < e <1, recalling (3.2.4), we have [x7(p)| < C for t € [0,T]. Using
this together with (3.2.18]) and (3.2.19) we conclude that

IF,| <C, inDx(0,T). (3.2.22)

Recalling (3.2.5), by parabolic LP-theory (the result is proved for Dirichlet boundary
conditions in Theorem 9.1 of [63], where a remark is made at the end of Chapter 4,
Section 9, stating that an analogous result holds for Neumann boundary conditions) we

have the result;

T
/0 (leryanpy + 103018y ) A < Cep, ool ey, for 1< p < oo,

Remark We require the result with p > 2 at the end of Lemma see (13.2.35)), in

order to bound ||V, ||z (p)-

Lemma 3.2.5 We have

u, € L*(0,T; W-*°(D)). (3.2.23)

Proof. This proof follows the result that is outlined at the end of the proof of Theorem
2.2 in [38]. From the proof of Theorem we have that ¢,,u, € L*(0,T; H(D)),
this combined with yields that Cyuy/a — x5 (ey) € L*(0,T; H(D)), and from
parabolic theory (see Theorem 9.1 in [63]), we conclude ¢, ; € L*(0,T; H'(D)) and ¢, €
L>(0,T; H*(D)) N L?(0,T; H3(D)). Finally noting , and using parabolic theory,
we have u, € L*(0,T; H3(D)) and the desired result follows since H3(D) — Wh*°(D). O

We note that, as mentioned in the proof of Lemma the parabolic theory result is

proved for Dirichlet boundary conditions in Theorem 9.1 of [63] where a remark is made
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at the end of Chapter 4, Section 9, stating that an analogous result holds for Neumann

boundary conditions.
Theorem 3.2.6 The solution (u., ) to system is unique.

Proof. We let the pairs (u+,1,9~,1) and (uy2,¢42) be solutions to system Let
V= Uy — Uy and ¢ 1= @1 — @y 0. We aim to show that v =4 =0, for all t € [0,T).
We set u, = w1, ¢y = @~,1, and p = 1 in and then u, = uy2, 5 = 2, and
p =1 in , we then subtract the resulting equations. Similarly we set u, = uy 1,

Oy = @1, and ¢ = v in (3.2.13)) and then u, = u, 2, p, = ©,2, and ¢ = v in (3.2.13)), we

then subtract the resulting equations.

Adding these two resulting equations, we arrive at

d 2 2 2 1 2
E (\WHL?(D) + EHU||L2(D)) + BellVl|z2py + 1| [y (04,1)]2 VUllz2(py

| ™

N

1
+ o6 ol + [ (6000 = (o) de

B Co 1 / 1 /
= — — = de — = \Y4 -Vod
B 191720y + o0 2 D¢U T— 3 Dlﬁ Uy, - Vodax
2Q/w( + py2)d +—2 /?/) (@1 + @y2)d
- v T o T.
= Jp Pyl T Py2 . 7,2\P,1 T Py,2
We note that (3.2.1) gives ¢, > 4, and that the monotonicity of x5 gives (x5 (¢4,1) —

X?Y(QO%Q»Ib > 0. Using these facts, together with Young’s inequality, Holder’s inequality
and Lemmas [3.2.3 and [3.2.4] we arrive at

ed ¥ 1 1
oY) (||¢||iQ(D) + 5”””%2(1))) + Bel| Vol 72 py + §||VU”%2(D) + 0y (ey)]2 vl 22(py
1
< Clelzaepy + Cllollzepy + S IVur2llzee () 191l 20y [V Vll 22 ()

1 Y
<C (1 + 7HV%QH%OO(D)) [91172(py + CllollZ2 () + Z”VUH%z(D)

and thus

IR

d 0 1 1
= (161320 + ellvlZa ) ) +8eIV U130y + FIVOIZ2(0) + 11 182 (p20) 013y

1
<c (1 . vuw,gniww)) 1612y + Clel 22

We now use Gronwall’s inequality together with (3.2.23|) and the fact that (2, 0) = 0 and
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v(x,0) = 0, to conclude that ) = v =0, for all ¢ € [0,T)).
O

The following lemma gives the bounds required to show the convergence, as v — 0, of

a subsequence of (u,, ¢,) to functions (u, ) that we show satisfy

Lemma 3.2.7 We have

sup |V, ||72(p) + P 116 (0)]2 Vil 3a ) + S lovellZe (o
te[o tel0

t€[0,T]
T 2 L2 2
+ ; [ty el 72y + 1[Gy (09)]2 Dy [| 72y

1 1
+ 2l 0v(y)]? Vs |72y + ||V90%t||%2(D)) dt < C,

uniformly in .

Proof. This proof follows the proof of Lemma 2.5 in [38].

Noting that
2 d
2.dt

and using (3.2.9) and (3.2.10]), we have

Vs [[32 (D) =€ /Vu7 Vu, de,

g2 d
TVl = [ Vi V(T GV do— oo [ Tu 906 () do
M
+/17Au7g'7(907)dm+g/DVuW'V57(g07)dzc

3) (4)

We consider the terms (1) - (4) individually, starting by splitting term (1) into two terms

2
(1) Z / Uy 2, (Gy (07 U,y )y e + Z / Uz, (Cy (07 Uy, ) Vi AT

i,k=1 D i,k=1

(11) (12)

The subscripts of x; or z;, denote differentiation with respect to the i** or k" coordinate.

Bounding (1;) first, we recall the definition of F, (3.2.21)), and the bound on it given in
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(13.2.22)). Using this, we compute

2
1
(1) = _/DC’Y(‘P’Y”DQU’dem_ ) Z /Du%xk,xi@%muxk de

i k=1

2
1 1
=~ el P2slagoy = 13 [ orn s P da
=1

1 1
==l D2 lagoy + 5 [ AV e

1 1 1
= — | [¢y ()] DQU’YH%Q(D) + 48 /D Pt Vuy [* da — 428 DF7|Vuy]2dm

1 1
< =116 (eI D sy + 45 /D | Vs 2 dz + Ol Vus |72 ).

Now considering (13), in order to investigate the boundary integral, we will choose a
counter-clockwise arc-length parametrisation of 9D, denoted by o : [0, L] — dD. This is

such that o(0) = o(L). For s € [0, L], we let
7(s):=0'(s), and v(s):= (12(s),—71(s))

be a unit tangent and the outward unit normal to 9D at the point o (s). Recall the Frenet

formulae

%’T(S) =k(s)r(s), and —v(s)=—kr(s)T(s), (3.2.24)

where £(s) is the curvature of 9D at o(s) with respect to v. Since D is convex, we have

k < 0. We also introduce the short hand
fr=Vf.-r, and f,=Vf v

Differentiating (3.2.10)) in the 7 direction and noting (|3.2.24)) gives

2

D Uy VkTi = Rl (3.2.25)
i,k=1

2
Using this, and noting both E Uy zpVk = Uy = 0 and Vi, = Uy UV + Uy 7T = Uy 7T, We
k=1
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have

2 2
1
D) Z/ Uy, z; Py, Uy Vi AT + Z/a U2 Gy (09) Uy 25,2, Vi A
i “— Jop
/ Cy (@) Uy - Uy s 0 Vi Ti A —/ Gy (@y) (uy, A)’rdz <O0.
i,k=1

Combining the bounds for (1;) and (12), we have

1 1
(1) < 16 (@)]% D) + 45 /D ot Vs |2 dz + O Vs |2 .

For term (2) we use the bound on the L> norms of u, and ¢, along with Young’s

inequality, to compute

1 1 1
2) = =2l By (el Vel = o2 [ 98,00V, da
1 1 2 4
= _075” [0+ (7)1 Vuy|[72(p) + p— PruyV oy - Vuy da
1 1
<C- &” [0+ ()] VU7||%2(D) + C”VU’YH%Q(D) + CHV<P7||%2(D)'
Upon noting that we have ¢, < C, we bound term (3) by an application of Young’s

inequality,

B)<C+3 || ECHE D?uy|72p)

Similarly, for term (4), we have
<9 2 5 C c
(4) < EHVU’YHLQ( % QHV (SOW)HL‘Z ) < Hvu’Y”LQ(D + HV(PWHL2

Combining the above bounds for (1) - (4) yields

ez d 1 1 1
IVl ey | G o] Dt ) + Il 80 )]F Vi) (3:2:26)

1
<C+ CHVTMH%?(D) + CHVSOWHQH(D) + 48 /D Pt Vs | da.
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Setting ¢ = u; in (3.2.13)) gives

1
2| 4 %Q(D) + /D ¢y (py) V- Vu, ¢ dz + P /D 0~y () Uyty ¢ A

= E/Ddy(@@v)u%t dm_/DCW(SDV)u%t dz.

Once again using that [ju,||r=p)y < C, [|65(¢)llLe(p) < €, and [|¢Gy(¢4)llL=(p) < C,

Young’s inequality gives us

82

1 d
EQHU%tH%%D) <C+ 5”“%15“%2@) ) /D (7(907)£|Vu7]2d:c.

so that

g2 1 1d
Tl <+ [ oV iz =33 [ e)Ivufae,

and thus

2
9 2 1d 1 2 1 9
— [Jury + == [¢+(¢~)]2 Vu <C+ -~ [ oyt Vu,|”de.
2 | gl HL2(D) thH [ v 7)] WHL2(D) 4 Wt’ 7‘

Combining this with (3.2.26]) yields

ed
2 dt

2 1d

€ 2 1 2 2 1 L2 2
EHUV,t”p(D)‘FgaH [Gy(@)]2 Vuy[[72(p) + IVusllz2(py + §|| [y (@)]2 D uy [|72(p)

1 1 2
+ OTEH [05(27)]% Vusllz2(p)
1 1
<O+ CHVUWH%%D) + CHVSOWH%%D) + (@ + 4)/ Sow,tlvuv‘de-
D

(3.2.27)

We now differentiate (3.2.6) with respect to ¢, multiply by ¢, and integrate over D

to obtain

ed
= lenal2a o) + Bl Veraldam) + /D (06) ()l dee

C
< Cllerallagoy + 2 [ el do.
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The fact that (x5)'(¢y) > 0, along with Young’s inequality, gives

2
9
= lralBaoy + BelVorel2apy < Clloraliaoy + T liralagoy

We add the above equation to (3.2.27]),

1d g2 d g2 2
L2(D)+2 dt” [C"/(SOW)] v“7”L2(D) + 5 9 dtHVUVHL‘Z ZHUWHH(D)

2dt”¢7)
1 1 1
+ *|| (HEE Du|[72(py + . (8 (9)] Vi |22y + BellVeor il 22 (py

< C+ Cllpilzap + ClIVuylzap) + ClIVerlze )

11 )

We now derive a bound for the last term in (3.2.28]). Using (3.2.9)), we write

2
Lo Vs 122, —52/

1
= 52/ @v%ov,t\vu'yF de — / @3Vu7 V(61 (py)uy) d
D @€ Jp
M
2 Q
+ [ AV V(o) + b)) de
(2)

+ /D SO?yvuv -V(V - (Gy(py)Vuy)) de

®3)

2/ goiVu7 -Vu,dz
D

Bounding each of these terms individually, we start with (1), and use Young’s inequality

along with the bounds on the L norms of u, and ¢, to yield

1 4
(1) = T e 5 903 <67(907)]Vu7\2 - ;U’YSOWVQO’Y : Vu7> de
< OlIVusll72(py + ClIVeylI72(p)- (3.2.29)

Term (2) is similar,

4
g‘%v‘%) dx

1
— 2 == —
(2)/DS%V“7 ( QV@"/
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We split term (3) into three terms

2

(3)= — Z / (SD’Y)Z’ku’YIZ(C'Y(SO’Y)u’Yxk) da — Z / (‘OVU%%M(CV(@V)U%%) d

ik=1"D i k=1

(31) (32)

2

+ Z /BD @gyuwci (G (Py)ty ) Vi A

i,k=1

(33)

Starting with (31), we use Young’s inequality, with a € R, a > 0, which will be determined

later, to give (using the bound on the L> norm of ¢)

Z / Oy Py ,ap Uy,zi Py Uy, A — 2 Z / Py Py ap Uy, Uy, ,: Gy () A

i,k=1 i,k=1

< C/D|V¢72|Vu7]2dw+C/D\Vg07|VUWHDzuy\Cv(goy)da:

1
< C/D \V%P!Ww!?dw + all [¢ ()] DQ“WH%%D)'

For term (32), we use (3.2.21)) and the bounds on the L* norms of F, and ¢, to obtain

2
1
(32) = — /D ¢3C7(@7)‘D2u7|2dm ) Z /D(p?yu%mi,xku%xk@%xi da
ik=1

2
1
<% / (Vs 2) s 0,
4 i=1 /D
1
gc/ \¢7|]V¢7|2\Vu7\2dac+/DcpEY]Vuy]QAtpwdx
2 1
<C |V‘70'y| [Vuy|"de + — 18
<c /D Vs |2V, 2 daz + © /D 16 (3) [V 2] L] d + CIIV 22 .

1
2 2 2 2
@7|Vu7\ @W»tdm_4ﬁ€/l)¢vF7‘vuV| dx

For term (33) we use the fact that x < 0, (3.2.10)), and (3.2.25)), to estimate that

2
1
(33) = 5 Z /8 QO,YU%IZQO%%U»Y z, Vk de + Z / Sovu%ffzc’}’(gp’y)u%mk,xzyk de
; i,k=1

ik=
2
= E : / C’Y Ory Uy g, 23 Uy 7 VE Ty A
ik=

= [ @ maz <o
oD



Chapter 3 78

Combining the bounds (3;) - (33) gives

1
3) < C/D Veor [PV, [* dz + all [¢,(94)]2 D?uy|[72(p)

+ClIVis o)+ C [ 160V Il da

while combining the bounds for (1) - (3) gives

ez d 1
5 dt”@'ﬂvuﬂﬂfﬂ < CHVSO'VHB (D) T CHVUWHH y T all [¢y(e4)]2 DQU’YH%?(D)
+C [ 1V, PIVu e+ C /D G (o) IV 2 4] da
+€2/ Pyt Vg |* de. (3.2.31)
D

Note that if @ := (1 + 2v), then

Py = 2(7(807) -

Substituting this into the last term of (3.2.31]) yields

2 d

1
B) dt”‘Pv’vuv‘HL? D) = CHVSDWHLQ (o) T CHVUWHH )t all [G(¢y)]? D2U7H2L2(D)

+C/ |V<p712|vu712da:+O/D<7(<p7)|vw2

—€ a/ ©r 1| Vs |? da. (3.2.32)
Dividing (|3.2.32)) by 3, where 8 := - +1, and multiplying (3.2.28) by 2@, we add these
1371
equations to yield
g2 d e3a d e2a d eta d 2
S5l Vel 5 gl + 5 gl @)} Vanlhaqp) + 557 IV ey
eta 35
7”“715”1:2(1)) + =2 ¢ (py)]2 D? Uy |22y

+ *H [0 (4)]2 V“v”L?(D) + B4l Vsl p)

< C+0”907t||1;2 +CHVSO’YHL2 +CHVUWHH(D

+C/Dyv%\2yvuv\2dw+c/[)g(%)vuﬁ ol de. (3.2.33)

62&B
4

. In order to bound the last term in (3.2.33)) we use the

where we have chosen a =
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fact that, in R, 1 fllz2(py < Cllfllwr.1(py- Thus, using the bound on the L* norm of ¢,

we have

/D C’y(‘P'y)‘V“'yF |t d < CHSO'y,tHL?(D)HC’V(‘Pv)‘VU'yFHL?(D)

< C||90’Y,t||L2(D) ||<’Y(90'y>|vu'y|2||wl,1(D)

< Cllgmallzzo) /D ¢ (90 Vy [? dz
+ Cllpmall 2oy /D V||V 2 dz
+ Cllgmall 2oy /D ¢ (94)[Vuy || D?us | de

<C (1 + lerll7z(py + ||V<P7||%°°(D)> Vs l2)

6261

+ G+ ()] D?uq 122y
Using this, we write (3.2.33)) as
g2 d e3a d e2a d 1 eta d
23 dt”‘Pw’V 7’”L2(D)+ 9 dtH‘P%tHL2(D)+ 9 dtH [Gy(ey))2 VUW”%%D)"‘TCTHVUWHL? (D)
ela 5¢%a
+— ||U'y,t”L2 y T < 3 H [Cv(‘ﬁv)]Q D? u’Y||L2(D

+ EH (8, (0] Vs | 72p) + B allVer el )
<C+C (1 + HSO%tH%Q(D) + ||V<P'YH%°0(D)) ||V“'y”%2(D)

+ CllpnilZ2(py + ClIVerllzz o (3.2.34)
Since W%P(D) — C1(D) (where p > 2), Lemma gives that

T
| esilaoy + 196, ey de < € (3.2.35)

uniformly with respect to v. We use Gronwall’s inequality on (3.2.34]) to yield the required

result.

O]

By Theorem withp =r =2, s =1, X = H*D), Y = B = H'(D), Theorem

withp=r=2s=1, X = HY(D), Y = B = L?(D), and Lemmas and
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there exist subsequences, with v — 0 (after re-indexing), such that

vy =" in L*(0,T; H*(D)),
Pyt =@ in L*(0,T; H'(D)),
vy =" in L*(0,T; H'(D)),
Vu, — Vu* in L*(0,T; [L*(D)}%),
Uy —up in L*(0,T; L*(D)),

uy —u*  in L*(0,T; L*(D)).

1 1
Combining (3.2.36) with Agmon’s inequality, [46], || f|lco(p) < ||f||i2(D)||fH;IQ(D

¢y — " in L*(0,T;C°(D)),

G#y) = Ce")  in L(0,T5C%(D)).
Noting from that as v — 0,
105(py) = 6(¢")] < 8%!1 +71+ %\90* —plle" + 94| =0
we conclude that

0y(i0y) = 8(¢*)  in L*(0,T;C%(D)).

(3.2.36)
(3.2.37)
(3.2.38)
(3.2.39)
(3.2.40)

(3.2.41)

) We have

(3.2.42)

(3.2.43)

(3.2.44)

Convergences (3.2.42) and (3.2.41)), together with (3.2.8)) and (3.2.11)), imply that

©*(x,0) = o, and u*(x,0) = up,

while Lemmas [3.2.3] [3.2.4] and [3.2.7| imply that [¢*| <1,

©* € L*(0,T; H*(D)nW">(D)), ¢} € L*(0,T; H'(D)),

u* e L>®(0,T; HY(D)) n HY(0,T; L*(D)).

(3.2.45)

(3.2.46)
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and, since in the limit as v — 0 we have C* = 1, we write
t *
—|luol| Lo (D) — -7 S S max (aQ, [[uollp=(py) , YVt e (0,T).

Theorem 3.2.8 We have that ¢* and u* solve the following system, for almost every

t € (0,7), and for all p € K(D),

* * * * B * *
/ ei(p— )dm+6/ Ve*-V(p—¢ )dw—Q/ " (p— ") de (3.2.47)
D D € Jb
=S [ o gty >0,
ae Jp
and for all ¢ € H'(D),
1
52/ ufqﬁder/ ((@*)Vu*-v¢dm+/ M )u pde (3.2.48)
D D ag Jp

=2 [ s(e1sda— [ c(eroda.

Proof. This proof follows arguments made on page 1336 of [38].

We multiply (3.2.6) by p — ¢, where p € K(D). Integrating this over D yields

8/Dsow,t(p—<p7)dw+ﬁ8/DV%-V(p—%)dw—f/D%(p—%)dw
Cy .
- Q/Duw(p—%)de —/ny(soy)(p—%)dw

=~ [ () =Xl = ) dw = 0 (3.2.49)

where we have used that Xi(p) = 0 and X7, is non-decreasing. Using (3.2.37)), (3.2.38), and
(3.2.41)), (3.2.49) converges to (3.2.47)) as v — 0 for almost every ¢ € (0,T).
Using (3.2.39) - (3.2.41)), (3.2.43)), (3.2.44)), and ([3.2.13]), we see that u* solves (3.2.48]).

O]

Corollary 3.2.8.1 There exist solutions ¢ and u to the weak form These solutions

are such that

lp| <1, e L*0,T; H*(D)nWhH>®(D)), ¢, € L*(0,T; H' (D)), (3.2.50)
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t
— [luoll e (py — -7 S u < max (Q, [Juol|p(py), Vit e (0,T), (3.2.51)

and

u € L0, T; HY(D)) n H*(0,T; L*(D)). (3.2.52)

Proof. Theorem gives us the existence of (¢, 1), Theorem gives us uniqueness,
and Theorem tells us that (¢, uy) = (p*,u*) as v — 0, where (¢*,u*) solve the

system (3.2.47)) with (3.2.48). The rest of the corollary follows from ([3.2.45)) and (3.2.46)).
O

3.3 Uniqueness of a solution to for D C R?

In this section we restrict D C R? and show that the solution (u, ) to the regularised
system [Pp;]is unique. Recall that we assume, in Sections [3.2] and [3.3], that D is a bounded
convex domain, whose boundary 0D € C3.

In order to prove uniqueness we assume additional regularity on ¢,
Ay € LY0,T; L°°(D)). (3.3.1)
We also assume additional regularity on u, namely
Vu € L>(0,T; L*°(D)). (3.3.2)

We let ¢1 and @y be solutions to (3.1.8)), and let ¢ := 1 — @o. Similarly, we let u;
and wug be solutions to (3.1.9) and define w := u; — ug. We also let

C(p1) + C(w2)
2 9y

and (1, p2) i= W

_ Y1+ P2
P =

5 ) E(Spla 902) =

The uniqueness result is presented later in Theorem [3.3.3] after we establish a result in

Lemma In the first stage of the proof of Theorem [3.3.3] see (3.3.12), we see that we

need to bound / Yw dx. To this end we introduce a function v that solves the backwards
D

degenerate parabolic equation over the time interval (0, tp),

_ 1 - .
— %y - V- (C(¢1,p2)Vv) + §5(gp1, w2)v =1, in D, (3.3.3)
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with v(z,t9) = 0 in D, and (1, p2)Vv - v =0 on dD.

The reason that we take v to be the solution of the above backwards degenerate
parabolic equation is because later on, in Lemma we multiply by w, inte-
grate over D x (0,%g), and use integration by parts, with respect to ¢, on the first term.

This then enables us to use (3.1.9) with u = u; and ¢ = ¢1, and with u = ug and ¢ = 9,

to
to bound / / Yw da dt by norms of .
o JD

to
The following lemma is the first step in bounding / / Ywdaxdt, in particular we
o Jb

use its result in the proof of Lemma [3.3.2

Lemma 3.3.1 There exists a unique v solving ({3.3.3]), and we have

to
sup [olap) < C [ 19lxp) . (3:3.9)
te[0,t0] 0
and
2 o 2
sup [Vollap) < C [ 16l . (3:35)
t€[0,to] 0

Proof. This proof follows the techniques in the proof of Lemma 3.3 and arguments of
equation (3.6) in Theorem 3.1 in [38].

In order to conveniently prove the existence and uniqueness of v (this is convenient as
it allows us to directly follow the techniques used in Section , we formulate (3.3.3) as

an (equivalent) forward equation. This is given by
_ 1 - ‘
e2v; — V- (C(¢p1, 2) V) + a—gé(gol, p2)v =1, in D x(0,tp), (3.3.6)

with v(z,0) = 0 in D and (1, p2)Vv v =0 on dD. Here we abuse notation in writing
v, @, and @ for v(tg —t), p(to — t), and (tg — t).

We show uniqueness first, using a simple energy argument. Let @ := v; — v9 where v;
and vo are solutions to (3.3.6)). Subtracting with v = vy from with v = vy,
multiplying by w and integrating over D, we have

ed
2 dt

N

] _ 1 1, - )
[@11Z2 () + Il [C(o12)] 2 Vbl T2 () + — I [8(p1,92)] 2 D72y = O,

after integrating over (0,tp) and recalling that v(x,0) = 0, it follows that w = 0, and thus
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V] = V.
To show existence we regularise (3 with v € R, v € (0, 1]. The regularised system

is then

20 =V - ((C(e1, 02) +7)VV) + é(s’lg(wl, ©2) + 7)Y =1, on D x (0,t), (3.3.7)

with v7(2,0) = 0 and Vo7 - v = 0 on 0D. Since this is a parabolic equation with non-
degenerate coefficients, we have existence and uniqueness of v? for some time (0, %) (see,
for example, Theorem 5.3 in [63]).

We want to take v — 0 in order to show the existence of a solution to . First we
derive an estimate in the L? norm by multiplying by v7, integrating over D, using

Holder’s inequality, and then using Gronwall’s inequality, to give

to
sup [[07]2: ) < C /0 01122 . (3.3.8)

te[0,to]

We now want an estimate in the H! norm. Using (3.3.7)), we calculate that

2
5 dt||V2ﬂ||L2 = / Vo7 - Vo, de
:/ Vo7 - Vi dx +/ Vo - V(V - ((C(p1,02) +7) V7)) de
D D
@)
1 -
- VT -V ((z-: d(p1,p2) + ’y)@ﬂ) dex.
D

®3)

Considering each term individually, we start with (1) and use Hélder’s inequality to obtain

(1) < IV L2y lIV I 220y < 107120y 101l 511 () -

We split term (2) into two integrals, which we bound separately

2 —
@ 2= [ 2o+ dat S | (o) + 100, e de

i,k=1

(21) (;g)
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We bound (2;) as follows, noting that Vo -v =0 on 9D,

(21) = — | [(Clgr,22) + )] D202 oy / 70 (s 92))et], dax

i,k=1

= 1| (€1, 02) + )] E D272, —Z/ (V0P (01, 02)),

N|=

= —[| [({(#1,92) +7)]* D*"|72(p) +2/ Vo PAL (1, p2) da

I\‘:M—t

~[1[(C (01, 02) + )] D*07 |72y + CIAC (1, 02) | oo () VY 2y

_ !
=1 (€1, 92) + ]2 D*07 |22y + ClIAPI oo () VY7 72

For term (22) we use (3.2.25)), the fact that Vo7 - v = 0 on 90D, and that k < 0 (since D

is convex), to yield

22 Z/ 9017902 )Iz :rkukdx—’_ Z/ @17902 +’Y) Uz, mlykdm

i,k=1 i,k=1
Z/ (1, p2) + )07, o vkTi da
i,k=1

- / (022 (E (1. 02) +7)redz < 0.
oD

Combining (21) and (22), we have

1
(2) < =1 [(C(e1,02) +1)]2 D207 72 py + ClAB oo () V07 1721y
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We bound (3) similarly to (2;),

1, .- 1 1 o
(8) = =l [(7d(p1, 02) + ] VO Iz +@ VIV - (pVp) da

[N

1 —15 2
< = Y ’Y
< [ 8o 02) + N]E gy + o / V(7)) - (V) de
L1 3 Uy |2 72T 52
<—| [(e70(p1,02) +7)]2 VO || 72(py — a D(U )|Vl da
2 2
—— [ ()*eAgdx+ — [ ()*¢Ve-vde
TEX JD TTEA JHD
1
<= '5(1,02) +7)] 2 Vo ||72py + ClIAG| oo (py 10172y
+Cl[ 7y Vel Ty
1 1= 1 _
<l 13(p1,02) + )] % VO lI22(py + ClIAGN oo () 107 122

+ CI0 0 () IV @ 1y

Combining (1), (2), and (3), we have

e2 d
2 dt

N|=
[

1 =
D*07|[72py +—| [ L3 (o1, p2) + )] 2 VO 122y

HVUWHLz y T [(C(e1,02) +7)]
< Cl [ oy 19l a1 (D) + CIIAPG|| oo D)WHHl

+ Cllv 5y IV 1 )

Using (3.3.1)), (3.3.8), noting from (3.2.50]) that ¢ € L?(0,T; H?(D)), and using a Gronwall

argument, we have

to
sup 90720y < C [ 101y (3:3.9)
t€[0,to] 0

and we have

N

1 1= 1
DQ’UFYH%Q(D) + a” [(5 15<§017 ()02) + '}’)] 2 VU’YH%2<D)> dt S C,
(3.3.10)

/0 (1€Cere2) +)

uniformly with respect to ~.

to
We now need a bound on / HU;’H%Q(D) dt. This follows from (3.3.7) and (3.3.10)), and
0

noting that

1

to B to
| 190 +9)- 9 By at = 5 [ 196 Vol at < .
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The solution v is now obtained by a simple convergence argument, similar to the one

in the proof of Theorem [3.2.8

We obtain ((3.3.4]) and (3.3.5) - ) from (3.3.8] -, and the weak lower semi-continuity

of the norm.

O]

to
We now bound / / Ywdaxdt. This bound will then be used in the proof of the
o Jp

uniqueness result, Theorem (3.3.3

Lemma 3.3.2 We have

to
| [ wwaar< 27 / 19422 ) dt + C / 161220

for ¢ := @1 — p2 and w := u; — ug, where (¢1,u1) and (p2,u2) are solutions to (Pprl).

Proof. This proof follows arguments made in the proof of Theorem 3.1 of [38].
Multiplying (3.3.3) by w and integrating over D and then (0, ¢y) yields

to to to _
/ / Ywdxdt = —52/ / vtwdwdt+/ / C(p1,92)Vu - Vwdx dt
o Jp

to
+ — / 5(p1, o2 )vw d dt

to to
—5/ /thdccdt+/ /C(pl,gag )Vo - Vwdadt

to
+ — / 5(p1, p2)vw dz dt,

since w(x,0) = v(x,to) = 0. We now substitute in (3.1.9), with v = uy and ¢ = ¢4, and

with u = ug and ¢ = @o. This yields

/OtO/DWUdmdt & /to/ (5(@1)—5(¢2))wadt+/0to/D(C(<P2)—C(901))vdacdt

* S / (p2) = 6(¢p1))(u1 + uz) de dt (3.3.11)

+3 ) /D ((p2) — C(1)) Vo - V(s + uz) dadt.

Using Holder’s inequality and the bounds on the L norms for v and ¢ given in ((3.2.50))
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and (3.2.51)) we have, after using (3.3.2)),

to to
/ / pwdzdt < C / o220y 412
0 D 0
to
4 OV (s + u2) | /0 190 2200 ]| 22y lt

to to
<c /0 ol 2oyl 2y At +C /0 IV 0l 220y 1] 22 .

1) (2)

Starting with term (1) we calculate, using (3.3.4)) and Holder’s inequality, that

to ) % to ) %
W= ([ 10y at) ([ 10l )
to 5 % 9 %
<[ Wlawyat) (s ol
0 te[0,to]
to 9 % to 5 %
<o ([ Wlewyat) ([ 11 at)

to
<C [ 10l .

In order to bound (2) we use (3.3.5)), and Young’s inequality with a € R, a > 0, where

. _ eapf
a is then chosen as a = 50C. - Thus

to
(2) < Ca sup HV'UH%Z(D) +C/ ”wH%Q(D) dt
t€[0,to] 0

to to
<Ca [ 16l at+C [ W0l at

eaf [ o e
<52 [ By at+C [T 10l

Combining the bounds for (1) and (2) yields the desired result.

We now prove the main result of this section.

Theorem 3.3.3 If ¢ and u solve the weak form then ¢ and u are unique. Here (and

throughout this section) ¥ := ¢ — @9 and w := u; — ug, where (¢1,u1) and (@2, uz) are

solutions to (Ppy]).

Proof. This proof follows arguments made in the proof of Theorem 3.1 of [38].
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Starting with (3.1.8]), we first set p = 9 in the inequality for ¢, and set p = ¢; in

the inequality for 9. Then we add the resulting inequalities for ¢; and o, yielding

C

1d B w
191820, + Iy < S50y + 22 [ wivda. (3312)

2dt
Integrating over (0, %) and using Lemma [3.3.2] gives (since ¢(x,0) = 0)

1 to to B to
Sl t0) iy 8 [ 1901y a0 <C [ 10l at+ 5 [ 190l
Rearranging, we have
to
(a0} oy < € [ 11aqp) .

Using Gronwall’s inequality, and the fact that ¢ (x,0) = 0, we have ¢ = 0, and thus
1 = 2, Vt € [O,to].
Now considering (3.1.9), we test both the u; and uy equations with ¢ = w. We then

subtract the two resulting equations, giving

2
Falvliem + [ ©enTu = e Vu) - Vwde+ - [ (@6(er)n = d(eai) wda
~ [ e - ctonwae+ 2 [ (o) - d(a) waa
D D

1 2
- —Q/wadm—g/l)w«owm)wdm:o,

where ¥ = 0 is given by the first part of this proof. Again using ¢ = 0, we have

/D(C(%)VM—C(W)VW) - Vwdz
= [ (6o~ (o) V1 + Glea) (Vi — V) - Vo

1 1
—3 [ 99w Vwde + 1Kol Vulfap, = 0

and

/ (6(1 )1 — 6(pa)un) wlzx = / ((6(p1) — 6(p2))un + 6(ip2) (ur — u)) w dz
D D

9 1
=—= /D¢(¢1 + po)urwdx + || [0(p2)]? w”?ﬂ(D) 2 0.
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Hence, by Gronwall’s inequality,
(@, )22y < Cllw(@, 0)3(p) = 0.

as w(x,0) = 0. Thus w = 0, and so u; = ug, YVt € [0, to].

3.4 Finite element scheme

We partition the time interval [0,7] into N + 1 time steps: 0 =tg < t; < ... < ty_1 <
ty = T. These time steps are evenly spaced, so that At : =+t —t; fori=0,...,N — 1.
We assume that D is bounded and polygonal. Let {T[})l}h>0 be a family of conforming
partitions of D into disjoint open simplices o, with h, := diam(c) and h := Max, crh he,
so that D = U oeThO We denote the outward unit normal to 0D by v. This set up can

be seen in Figure

D
e = —1
174
Ce

Figure 3.2: The polyhedral domain D. Here v is the outward unit normal to D, the
boundary of D.

We define the spaces
o 0 T h
(Mmr{meCw)%memwe%}

and

Kn(D) == { pn € Up(D) | lpn| <1}.

Let Z be the set of nodes of T, with |Z| = I, and let {q;}icz be the coordinates of

these nodes. Let {¢;}icz be the standard basis functions for U,(D). We denote by
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I, : C°(D) — Up(D) the Lagrange interpolation operator onto Uy (D). For simplicity of
notation we extend Ij, to encompass I, : C°(D) — Kj(D) the Lagrange interpolation
operator onto Kp (D).

We assume that 7/} is of non-negative type, see [31], such that
/wi -Vojdx <0, fori#j,VoecTh (3.4.1)

In addition, for the convergence results presented in Theorems [3.5.6] and [3.5.10] and the

lemmas presented in Section we assume that the family of partitions {T/A},~¢ is
quasi-uniform, see Definition 4.4.13 in [16].

For the initial conditions, we take
) = Inpe, in D, (3.4.2)

and

u) == Iug, in D. (3.4.3)

Note that, by (3.2.5)), it follows that
[up |l o () < C, (3.4.4)

where the positive constant C' does not depend on At, n, or h. We write Dtgo”'H =

n+l_ n

n
en —eh nt+l . Yy Up,
gt and Dy ™ = Bt

A finite element scheme for the weak form with initial conditions (3.4.2)) and

(3.4.3)), is given by the coupled system

Problem }P’}bl Given initial conditions 1} and 1' forn = 0,...,N — 1, find
{up ™, P} € Uy(D) x Ky (D) such that

/fh (Deuy ™ o) dw+/§ (Vg quhdac—l—/ In (8(or a1 gy) da

/ oh ) on) d”“/ I (Gl ™) gn) dm, Yoy, € Up(D),
D

(3.4.5)
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and

/D In (Deg ™ (o — ™)) dae + 8 /D Vit Vo, — opth) da
Cw n n
-5 | Ii(ei(on —opth)) de > / In (uj(on — o4 *h)) dew, Vpj, € Ki(D).
e Jb ag Jp
(3.4.6)

In order to solve (3.4.6) we use the projected SOR algorithm given in Chapter 9 of

).

Algorithm 7 This algorithm numerically solves the system given by (3.4.6) with initial
guess . Here A is the I x I square matrix given by the first two terms in with
components a; ;, and x* and b are vectors of length I with components .’Ef and b;. Here
x® corresponds to gpzﬂ, and b is given by the final two terms in 1} The algorithm
takes as input a maximum number of loops, loops, and the tolerance, tol.

1: for kK =0 to loops do

2: fori=1...1do

1 B L B S
3: Set a:f+2 = bi—d i1 6, — 2 j=it1 iy
4: Project i := min(max(—l,m?+%), 1)
5. if |l&*! — 2F|| < tol then
6: Return z*+!

3.5 Numerical analysis

This section is split in two. We first show the existence and uniqueness of a solution to
the finite element scheme We then show the convergence (as h — 0) of the solution
to the finite element scheme

Throughout Section we liberally use the standard inequality

lonl32(p) < Nonll2z oy < Cllonla): (3.5.1)

where

lonll2s py = [ In(v}) dac.
h D

Here vy, € Uy,.
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3.5.1 Existence and uniqueness of the finite element scheme

+1

Theorem 3.5.1 For n = 0,...,N — 1 there exists a unique pair of solutions u; " and

gohH to the coupled finite element scheme

Proof. We argue by induction over n. Clearly, by and , the base case n =0
is satisfied. Assuming that there exists a unique pair of solutions u}} and ¢}, we show that
there exists a unique pair of solutions uh L and cp"“.

Starting with ¢}, we follow [I0]. There exists a unique }"! € Kj(D) solving ,
since this is the Euler-Lagrange variational inequality of the strictly convex minimization

problem,

: &‘ﬁ 2 ny\ |2 ﬁ n Cw n
i LIy + 5~ By = [ 10 (Lot + S ) ao).

We will now consider u"+1 We note that 1) is a linear system, Ax = b, for matrix

A and vectors  and b. If we set b = 0, then we need only show that = 0. Setting
b =0 in (3.4.5)), we have

2

1
Zt/ ( n+1¢h d.’L‘+/C n+1 n+1_v¢hdw+/ Ih (5(¢Z+1)u2+1¢h) de = 0.
ag Jp

We now let ¢p, = uh+1 to yield
|| n T2y + 1 [C0R™D]® V) + o [5(%“)] h 2y =0,

which then implies, noting (3 , that u”Jrl = 0 almost everywhere.

3.5.2 Convergence of the finite element scheme

In this section, which is adapted from [39], we prove the convergence of the solution of
the finite element scheme as h — 0. Here we fix €, and assume that At < Ch?. All
limits are taken as h — 0 (and thus At — 0). All positive constants C' do not depend on
h or At.

The convergence result given in this section only holds if D C R?, however the stability

bounds hold if D ¢ R?, for d > 2.
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Definition 3.5.1 Extension of discrete functions to be continuous in time. For ¢ €

(tn,tny1], we define

en(t) = %w}f“ + %apz, (3.5.2)
er () =gt o (t) = ¢, (3.5.3)
and
un(t) = ;tt” g %uﬁ, (3.5.4)
uf (t) = uptt, up (t) =l (3.5.5)

Rewriting (3.4.6)) and (3.4.5)) using the above notation gives, for t € (t,, tp41),

/ I (e (t) (pn — o5 (1)) dee + ﬂ/ Vi (t) - Vipn — o) (t) da
D D

-3 Dlﬁ(wh(ﬂ(Ph“¢Z(ﬂ))d$23Ek) Dzﬁ(u;(w(ph—-¢;(w))dw, Vo € Kp(D)

(3.5.6)

and

62/th (Uh,t(t)¢h)dw+/DC(SO;T(U)VUZ@)'V¢h d$+;€/th (6(p (8))uy, (t)gp) da

=Q/MQMWWQM—/MWﬁ®MM&VmEWW)
D D

g
(3.5.7)

This arguments in this section are split into two main steps. In the first step we show
the convergence of ¢y, and in the second we show the convergence of uy, both as h — 0.
We begin, in Lemma by proving a bound on HuZ“HLoo(D). This is then used in

Lemmas [3.5.3] and [3.5.4] order to prove a number of bounds on ¢, and uy, respectively.

The results of Lemma [3.5.4 allow us to prove a bound on up, ; in Lemma[3.5.5 Collectively,

Lemmas - along with Theorem [3.:2.1] give us the convergence results -
which are required in Theorem to prove the convergence of ¢y,.

In the second part of this section, we use the results of Lemmas[3.5.2]- in order to
prove a convergence result for §(¢p)uyp, see Lemma m This is used when showing the

convergence of up. We then show a convergence result for {(¢p)up, in Lemma This
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is used in Lemma m where we identify F', which is the limit of {(¢})Vu; as h — 0.
Using the results from Lemmas [3.5.7, and [3.5.9] in Theorem [3.5.10], we are able to show

the convergence of uy,.

Lemma 3.5.2 If uZH is the solution to , then for j € Z we have

nAt
—— <" < max (OzQ7 ”U2HL°°(D)) )

_Hu(f)z”Loo(D)_ 5~ S U

3

+1

where the u? are the components of u"+1 so that

"'H Zun+1¢], forn=-1,...,N —1,
JET

for the linear basis functions ¢;. Recall that gives us that [|u? || L) < C.

Proof. This proof follows the proof of Lemma 4.1 in [39].
We will use an induction argument, starting with the maximum bound. Assume that

uj < max (aQ, [[u}][Loo(py). If the maximum occurs when ](p”“] = 1 (where the go”'H

are the components of go"“) then setting u"+1 ‘= maXjez uj 1 and testing 1| with

n+1)

én = ¢j, (where ¢, is the linear basis function associated with u yields

2

& u" n n

oeTh i€l

(p?oﬂ / ¢j, dx < 0.

Since Th is of non-negative type, noting (3.4.1) we have

SN uitVeile  Voile = D ul Y " Veilo - Voo (3.5.8)

oeTh i€l oceTh 1€

Since Z ¢; = 1in D, it follows that Z u;-‘OH Z Voils - Voj,|o = 0, and hence we have
i€l oeTh i€l

u?oﬂ < u;‘ < max (aQ, ||u(})l||Loo(D)).

If the maximum occurs when ]go"“] < 1 then using 1} and testing 1) with
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on = ¢j,, we have

2 1 n+1
Z uitt - /¢]O dx < ( Cly ;z+1)+5(90?0+1)8 >/¢Jo de

1 ultt
< S (@ - o) /D b, da.

3

n+1

+1
If u? i

> max (aQ, [[u}) || L (p)), then we have u? ™ < uj < max (Q, [[uf)|| Lo(py). This

n+1

is a contradiction, and thus ™ < max (aQ, [[uf)]| Lo (D))

For the minimum bound, we will again use an induction argument. Assume that

uj > —"—At — |Juf || oo (py- If the minimum occurs when [ 1 < 1 then, letting upt =

minjezu L and testing (3 with ¢y, = ¢;,, we have

At H / jo da = ( C("OJOH) + 5(90Jo+1)5 / @i A2,

1 1 +1)At
It > %—

where we used a similar argument to (3.5.8 > 0, then clearly u;

[u?] reo(p)- This means that we need only consider ujOJrl < 0, which implies that @ —
ntl

> (0. Thus

52 n n mn
ijoﬂ — “jo) /D ¢jodx > —C <pjo+1 / ¢j, dxe > — / ®j, dz,
and hence we have

~(n+1)At

=z [ upll£o< (D)

If the minimum occurs when |90”+1| = 1, then we test lb with ¢, = ¢j,, and use

a similar argument to (3.5.8)), to yield

82 n n mn
St =) [ aida > o) [ o, (35.9)

If go”“ —1, then ((¢ nH) =0, and so

nAt n+ 1)At
0

—_— 0
u?0+1 = u?o == &2 - Huh”LOO(D) > —T - ||uh||Loo(D).

If ap”“ = 1, then ((p ”+1) = 1. Arguing by contradiction, we assume that u"+1 <
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w — hHLoo . Since uf > —n?%t - Hu(})zHLO"(D)7 using " we have

2 1) A
_/D¢jodw22t< (n—zz n t>/¢Jodw> /¢Jodw

DA
which is a contradiction, so u;”rl > —(n%Q)t — [Juh || o< ()-

O]

The result given in Lemma now enables us to prove the bounds on ¢y and uy

given in the following two lemmas.

Lemma 3.5.3 We have that

T
sup [VionlEeoy + | londlBadt < C. (3.5.10)
te[0,1] 0

and

T
|19 = ey e < oo 5.1

Proof. This proof follows the proof of Lemma 4.1 in [39].

We show ([3.5.10)) first, and use this to show (3.5.11). First, test (3.4.6) with py, = ¢} €

K}(D), re-arrange, and use (3.5.1)) to achieve

n+1

AtHT@zH%Z( p) T (||V80n+1”L2(D) - HVSDZH%Q(D)) *||V( W= oz
+£ﬂwm%m w“wmmyﬂmﬁﬁﬁ:wwﬁ
< Cy 5Aof/lh< "W)dw
Here we have used that
ala —b) = 1(12 - le + 1(a —b)>. (3.5.12)

2 2 2



Chapter 3 98

Removing terms on the left hand side, we have

7’L+1 n
Aoz, s S (196 )~ IV6RI )
At L2(D) L2(D) L2(D)
B (1o
+ 55 (1220 = i 122 )

At QOTH_l_QO
< Cp— T nrh  Th|qp
ea/Dh< At ac

We use Young’s inequality with v € R, v > 0, on the right hand side to give

n+1

©p n n
7h”L2(D) +5 (HVW +1HL2(D) - HV%H%Z(D)>

At||
At

5 41
+ 55 (Ieh B2 ) = It 122 )

n+1
n ¥ 80
<CAt (’Y”Uhuigl( *H b . HL2(D)>

We now, by choosing v = 2C', move the last term on to the left hand side. Summing over

n=0,...,N —1 and noting (3.5.1)) and Lemma yields (3.5.10).
In order to show ({3.5.11)), we consider the inverse estimate, see [30],

n+1 n
n n n - ¥ ¥
AV (pptt - emllizp) < Ch2At|lgp - erllzpy < Ch72(At)° |t AL "7

Summing the above inequality for n = 0,..., N — 1 and noting (3.5.10) yields

T At2 0 —
< Th _Th <

by the properties of (p; and ¢, .

O
Lemma 3.5.4 We have
sup [lun(t)|72(p) < C, (3.5.13)
te[0,T
! 112 ot |I2 1 13,2
; ¢S] Vg l72(py + @H (60032 w2y ) dt < C, (3.5.14)

and

T
/0 luy = wy 122y dt < CAL. (3.5.15)
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Proof. This proof follows the proof of Lemma 4.1 in [39].

The bound (3.5.13)) follows directly from Lemma [3.5.2, For (3.5.14) and (3.5.15)), test

(3.4.5) with ¢, = Atu?t!, and note (3.5.12), to obtain
h

2 2
—Hun—H UhHLz (D) + = (H h+1HL2 HUZH%Q D))

+ At [(ept)? Vuz+luL2<D>+ 2 B w2 )

— —At/ (C(QDZJd) n+1 d$+ / n+1 n+1) de.
Summing over n = 0,..., N — 1 and recalling Lemma [3.5.2] gives
2 N—-1 2 1
+1 n||2 € N2 n+1 3 v, nt+1)2
7 2 I = il o + Gl o) + A° Z ¢ Va2
N-1

+Atz 7“ [ ( n—l—l)] n+1HL2 D)

N—-1
<CY At+ —H upll72 (i (3.5.16)

n=0

By the properties of up, u;, and wu, , the last two terms on the left hand side of (3.5.16])
give us (3.5.14)); while considering the first term on the left hand side of (3.5.16f), and

multiplying through by At, gives us ([3.5.15)).

We are now able, with the results of Lemma to show a bound on up .

r

Proof. This proof follows the proof of Lemma 4.2 in [39].

Lemma 3.5.5 We have

yy dt < C.

Let ¢ € HY(D) be arbitrary, and let J,1) € Up(D) be its L2-projection such that
/ Z)h’(/J de = / I (vthl/}) de, VYu, € Uh(D)
D D
Testing (3.4.5) with ¢, = Jp and noting that

n+1 n
—uj

€ (hiad])((Hl)’,Hl) = 62/ uh,td)dl’:&?/ I, (up, Jpp) dae
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yields,

n+1
9 Uy — Uy

() iy = - / e )Vart - V) de = [ I (C(e ) ) do

_ ;5 D_[ (6(¢Z+1) Z-ﬁ-thw) dx _’_Cj\/;lh( n+1)J w)

It can be shown that [|Jpe||g1py < Clbllgipy, Vib € HY(D) (see, for example, [4]).
Using this fact, as well as the bounds on the L™ norms of §(¢}*h), ¢(p}th), and u)t,

we have the following for all ¢» € H'(D), and for (t,,t,.1),

n+1
up " — g

(T Wy < CllKe "H)]Q Vg 2o IV ()l 2oy + Cllvll2 (o)

<C (1 + 1l [C(%‘“)F VUZ“IIB@)) [y (3.5.17)

We conclude that, for t € (¢, tn+1),

+1
uZ — uh H

1
" py < C+CI (™) Vupt ™ r2py

Squaring, multiplying by At, and summing from n =0, ..., N —1 yields, in light of Lemma
the required result.
O

From Lemmas - (and recalling Theorem with p =r =2, s =1,

X = HY(D) and Y = B = L%(D)) we have (after possibly re-indexing from subsequences),
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as h — 0,

Cns 5,08 — ¢ in L*(0,T; HY(D)), (3.5.18)

one — @ in L*(0,T; L*(D)), (3.5.19)

Cn 0y ) — ¢ in L*(0,T; L*(D)), (3.5.20)

Clen) Cle)sClei) = C9) i L*(0,T; L*(D)), (3.5.21)
8(n), 6(ep, ), 0(o1) = 8()  in L*(0,T; L*(D)), (3.5.22)
up,up,up = u o in L(D x (0,T)), (3.5.23)

upy —ug in L*(0,T; (H' (D))", (3.5.24)

(o) Vul — F in L*(0,T;[L*(D)]?). (3.5.25)

Here (3.5.25|) follows directly from (3.5.14]) and the bound on the L norm of C(@Z). The

function F’ will be identified later, see Lemma [3.5.9

Theorem 3.5.6 For D C R2 the functions ¢ and u in (3.5.18) - (3.5.24) satisfy, for

almost every t € (0,7),

B
/D%(p—<p)dw+6/DV<p-V(p—<p)dw—EQ/Dw(p—sO)dw

Cuw
>— [ ulp—p)dex, Vpe K(D).
age Jp

Proof. This proof follows the proof of Theorem 1 in [39].
Multiply (3.5.6) by an arbitrary ¢» € C5°(0,7T),% > 0, and integrate over t € (0,7"),

T T
Lo [ noonston—einasas [ o [ vep-vondear
’ Co [T )
_:% ; w/DIh(SOh(Ph—SDZ))diEdt—m/O ?/)/th(uh(ph—gob)dwdt

T
o o wettanar
0 D

Let p € K(D), there exists a sequence p, € Kp(D) such that p, — p in HY(D) as

h — 0. We use the well known inequality, see [30],

< ChlIVnliLzpylixlizepy,  for m,x € Up(D).  (3.5.26)

’/ nxdx—/ I, (nx) dz
D D
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We also consider (3.5.18]) - (3.5.20)) and (3.5.23)), and use the weak lower semi-continuity

of the L? norm (which gives that Hch||L2(D < liminf,_,q ||V<,0;||%2(D)), to yield

/111/@,0 gpdacdt—l—ﬁ/ w/Vgo Vpdmdt—/ w/ o(p—¢)dxdt

w/[)u<p—so>dwdt25/0 w/DWsoPdwdt,

as h — 0. Since ¥ > 0 is arbitrary, this gives us the required result.

O

The convergence result given in the following lemma is used directly when proving the

convergence result in Theorem [3.5.10

Lemma 3.5.7 For D C R?, we have §(p)u € L*(0,T; H'(D)) and (after possibly re-

indexing from subsequences), as h — 0,
S(on)un — 6(p)u  in L*(0,T; L*(D)). (3.5.27)

Proof. This proof follows the proof of Lemma 4.3 in [39].
We first obtain a bound on §(p)uy, in L#(0,T; HY(D)) and then we obtain a bound
n (6(¢p)un)e in L2(0,T; (WhH4(D))), ¢ > 2. Combining these bounds and using Theorem
will then yield the desired result. To bound HV((S((ph)uh)H%Q(D) we first note that
from Lemma we have HV(S(goh)HLQ < C, and thus

IV on)un) 22y < CIVE(on) 220y ooy + € /D 5(pn)? Vun|? da

<C+ C/D 5(on)?|Vuy|? de.
For t € (tn,tnt1)

3(pn) < 8(ep ™) + Clop™ = ¢,
we square both sides to yield

8(pn)* < Co(ey ™) + Clop™ — ail.
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We also note that

\Vup? < C|Vul ™) + OV (upth — w2

Using the previous two inequalities and the bound on the L norm of 5h(<pz+1), for

t € (tn,tnt1), we have

/ 5(ion)2 [V ? das < c/ 5o )2 Va2 da + c/ o G2V dee
D D D
<C [ S vt Pde + C [ SV - )P de
D D
e / B~ o 2V ? dz
D
1
< Ol (5] E Va2 ) + CR 2™ = w2
- Oh a2y I+ = #2200,

where we have applied Holder’s inequality and, noting that we are restricting ourselves to

D C R2, the inverse estimate, see [30],
IVl popy < Ch™Huall o) (3.5.28)

for p = 2 and p = co. Summing over n and multiplying by At yields, in light of the

properties of u;, Uy, gp{, and ¢,

T T 1 T
/0 /D 5(on)?|Vup 2 dedt < C /0 | [C)]E V|2 dt -+ Ch2 /0 et = |22

T
L on? / ot — o7 122y dt

<C+Ch2At<C,

where we used the fact that 5(¢)) = 2(1 — (¢;)?) = 2(1+ ¢ )(1 — ¢} ) < C¢(g)), and

T

bounds from Lemmas and B.5.4]

Fix ¢ > 2, we now bound

T
/0 10 (en)un)ell(wra(pyy dt. (3.5.29)
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Let ¢ € W4(D) be arbitrary. Then for t € (t,,t,+1) we have

((0(pn)un)t, V) (wray wia) = /D(é(SOh)uh)t@Z)dx

C +C

IN

/ Onenunt) de / 0(n)un ) de
D D

< Clll L2 pyllenellLzpy + lunell oy 195 (or)ll a1 (D)

< ClYlle2pyllen,ellL2(py

+ Nlunll oy (101 a) + 191 Lo () 16 (0) 11 (y)
< Clellwram) (lenellzay + llundlr oy

+ Huh,tH(Hl(D))’”Soh”Hl(D))-

Using bounds from Lemmas [3.5.3| and [3.5.5) and the continuous embedding W14(D) —

CY(D), we deduce a bound on (3.5.29). This, combined with the bound ||V (8 (5 )uz) <

Iz2() <
C and Theorem with p =r =2, s =1, X = HY(D), Y = (WH(D)), and

B = L*(D) yields the required result. O

The convergence result given in the following lemma is not used directly in Theorem

3.5.10} however it is used in the subsequent lemma, Lemma [3.5.9] in which we identify F.

Lemma 3.5.8 For D C R? we have, after possibly re-indexing from sub-sequences, as
h — 0,
C(on)un = ((p)u  in L*(0,T; L*(D)). (3.5.30)

Proof. This proof follows the proof of Lemma 4.3 in [39].

Similar to the proof of Lemmawe first obtain a bound on ((¢p,)uy, in L2(0, T; HY(D))
and then we obtain a bound on (((¢p)up): in L2(0,T; (W14(D))'). Combining these
bounds and using Theorem will then yield the desired result. Following a similar

argument to the one in the proof of Lemma [3.5.7] we have, using the inverse estimate
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(13.5.28)), Holder’s inequality, and Lemma for t € (tn,tn+1),

IV ConunlEzoy < CIenlEacoy lnleny + € [ clon?ITunl do
< Vel +C [ cler™IVul do
—i—C’/ IVup 2 joptt — o2 dee
< C|Venllizp +0/< ()| Va2 dee
+C/ C n+1 n+1 u';ll)|2dm
+C [ VPl - i de
< O Venllapy + Cll (03] Ve 22 ) + Ch=2 ! = w2
T OV i 2 = 1220
< Ol Venlam) + Cll [Cl "“)]Wuz“np Ot = wfl gy

+ Ch 2 lop ™t — o122y
Multiplying by At, summing over n, and using results from Lemmas and yields

T T T 1
/O IV (Conyun) 2 dt < C /0 IVenl2a ) dt + C /0 1 [C()E Vet 20 dt
T
0
2 T 2
L Ch /0 e

< C+Ch2At < C. (3.5.31)

Fix ¢ > 2. Now we bound

T
| lctenmliarsaoy . (3.5.32)
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Let ¢ € Wh4(D) be arbitrary, then for t € (t,,t,.1) we have

((Clen)un)e, ¥) (wray wia Z/D(C(soh)%)twdm
— [ €z [ conunwde
D D
< CHSOh,tHH(D)W”L?(D) —+ CHuh,tH(Hl(D))'HC(SOhWHHl(D)
< Cllentllrzoy vl L2y

+ Cllunll ez oy 1P 1oy + 191 oo () [I€ () |1 (D))

< ClYllwrao (llene

r2(p) + luntllz (pyy

+ Huh,tH(Hl(D))’||90h”H1(D))a

where we used Hoélder’s inequality and Lemma Using Lemmas and and
the continuous embedding W4(D) «— CY(D), we deduce the bound on (3.5.32)). This,

along with the bound HV(Chuh)H%Q(D) < C, gives us (3.5.30) by Theorem with
p=r=2s=1X=HYD),Y =(W"(D)) and B = L?(D).

In order to identify F', we define the set
U:={(z1) € Dx(0,T)]((p(x 1)) >0}.

By the convergence result (3.5.23|) we see that u belongs to L>°(D x (0,7")). Regularity

theory for parabolic variational inequalities (see [49]) gives us
@ € LP(0,T;W?P(D)), and ¢ € LP(0,T;LP(D)), Vp < oc.
Thus, by standard embedding results, ¢ € C%(D x (0,7T)). This tells us that the set U is

open.

Lemma 3.5.9 For D C R?, the F in (3.5.25)) satisfies F' = x(U)((¢) Vu almost everywhere

in D x (0,T), where x(U) is the characteristic function of U.

Proof. This proof follows the proof of Lemma 4.4 in [39].
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In order to identify F on U we show that (((¢)?u)., € L?*(0,T; L?(D)) and
(C(@)*u)a, = C(@)ups; + Fil(p). (3.5.33)
By Lemma we have ¢(op)up — C(@)u in L?(0,T; L?(D)), so that (noting (3.5.21)))
T T
[ ] ctoPusaawae=tim [ [ conPunn, dzdr, o e G0 x 0.7))
o Jp h=0Jo JD

Using integration by parts on the right hand side integral we have

T T T
2 _ 2 B 2
/0 /D Clon) untbn, da dt = /0 /D Clon)Pun gy b da dt /0 /D (Clom)?)ar ) daz dt
T
. / / Clon)(C(n)une, ) d db
0 D

B /OT /D C(pn)unpn,e, ¢ de dt.

Since ¢(pn)un — ((p)u in L2(0,T; L*(D)) (by (3.5.30)), the dominated convergence the-
orem implies that ¢(pp)upty — ((p)urp in L2(0,T; L?(D)). Using this, and Vg, — Vi in

L2(0,T;[L*(D)]?) from (3.5.18), we have
T T
/ / C(on)ungne b dz dt — / / C(Q)upebdedt, Wib e C52(D x (0,T)).
0 D 0 D
By and we have
T T
/ / Clon) (C(on)une, o d dt — / / (@) Fapdzdr, Vi € CF(D x (0,T)).
0 D 0 D

Thus, as 1 is arbitrary, we have (3.5.33)) almost everywhere.
We now identify F' on U. Let ¢ € C§°(U) be arbitrary. Using integration by parts we

have

_/Uu“wdm:/U”%dm:/UC(SD)QUC(;y% dae

= — 2'1,L w xr Lu . xr
-~ [ @ Jo o @ + | et
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Substituting in (3.5.33|), we have

/quiwd‘r:/UFig(lgp)wdm'

Since v is arbitrary, this gives us that uz,((¢) = F; almost everywhere on U.
It remains to identify F' on U¢, where U° := D x (0,T)\U. Let ¢ € C§°(D x (0,T))

be arbitrary. We use that 1 — x(U) =0 on U to give

/oT /D Clon )y, (1= x(U))¢ da dt’

< ( / ' /| cw;nwm"’dwdt)% < / ' /| cw;)(l—x(U))?dedt)é. (3.5.34)

We know from (3.5.14]) that

T 3
(/ /c(go;wu;?dmdt) < C.
0 D

Considering the second term on the right hand side of (3.5.34]), we use the fact that

[ st pana] -

C(p)(1 = x(U)) = 0 almost everywhere in D x (0,7, along with (3.5.21)), to see that, as
h — 0,

(/OT/DC(SDZ)(l ><(U))2¢2dmdt>é N </0T/l)g(<p)(1 X(U))21/12dwdt>§ o

Thus, from (3.5.34]), we have
/ C((p;)uzx_wdw dt -0, as h—0.
UC e
Recalling ([3.5.25), we have

/OT/DCW;)UZ,aziwdwdt_)/OT/DFide:cdt.

We conclude that F; = 0 almost everywhere in U° . O

Lemma and (3.5.25) give us, as h — 0 (after possibly re-indexing from subse-
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quences)

(o) Vi = x(U)¢(p)Vu  in L*(0,T;[L*(D)]?). (3.5.35)

Theorem 3.5.10 For D C R?, the functions ¢ and u in (3.5.18) - (3.5.24)), (3.5.27)), and
(13.5.35)) satisfy

T
52/ w(ut,¢)((H1)/7H1)dt+/ C(9)Vu - Vo da dt (3.5.36)
0 {¢(e)>0)

1 T B Q T T
s [ o [ semodear=2 o [ s@odwar— [ o [ doodear

for arbitrary ¢ € HY(D) and ¢ € C5°(0,T).

Proof. This proof follows arguments made on page 16 of [39].
Multiply (3.5.7) by ¥ € C5°(0,T), and integrate over ¢, to yield

T T
52/0 1/J/th (Uh,t¢h)d93dt+/0 ID/DC(QOZ)VUZ_V(bhdmdt

(1)

(2)
I Y+
+— U [ I, (6(p) )ui ép) dedt
ag Jo D
(3)

T
=2 [ [ nsion) dear
(4)
T
—/ w/ I, (C(o5 ) pn) dadt . (3.5.37)
0 D

()

We consider the convergence of the integrals in , as h — 0, to the corresponding
terms in (3.5.36). For ¢ € H'(D) there exists a sequence ¢, € Uy(D) such that ¢p — ¢
in H'(D). For integrals (1), (3), (4), and (5) we use (3.5.26). For integral (1), we use
(3.5.24)). For integral (2) we use (3.5.35). For integral (3) we use (3.5.27)). For integral (4)
we use . For integral (5) we use . This yields the required result.



Chapter 4

Numerical simulations

In this chapter we first reformulate and regularise ((1.1.13a)) - (1.1.13¢)) to obtain an alter-

native model, , to . We present finite element approximations of these alternative
models, and also a finite element approximation of a diffuse interface approximation to
that does not include the regularising e?u; term introduced in Chapter 3| We follow
this with a summary of the implementations of the different finite element schemes. We
then present a number of numerical simulations obtained from these finite element approx-
imations, together with the finite element approximations of introduced in Chapter
2

We begin the numerical simulations by testing the accuracy of the numerical schemes,
we do this by considering a radially symmetric geometry, which enables us to compute
analytic solutions of . At the start of Section we present a number of graphs in
which we compare the analytic radius with the computed radius, and compare the profile
of the analytic solution u with the numerical solution u;, computed with sharp interface
and diffuse interface finite element schemes, where appropriate. This is done in both R?
and R3. We then, in Section use the analytic solution to compute the experimental
order of convergence for the sharp interface finite element approximations of . We
then show some radially symmetric simulations in R? in Section m

The next section, Section shows that for small enough v the effect of the regu-
larising term yVu - n (that is introduced in |i is negligible.

In Section [4.4.4] we investigate the effect of the parameters on the morphological

stability of the geometries arising in the radially symmetric sharp interface simulations of
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. In particular we investigate in which parameter regimes spheroids become unstable
and lose their radial symmetry.

In Section we present simulations in R?. In Sections - we fix Q = 1.0
and investigate the relationship between « and 3. In particular we consider the parameter
spaces a < B, a > 3, and a, <« 1.0. The simulations presented include a number of
complex initial geometries, comparisons between the alternate formulations of the model,
and formally setting o = 0. The section concludes with the presentation of a number of
1 vivo tumours.

In the final section, Section we present simulations in R3. In these simulations we
restrict ourselves to the original model . Similar to in Section we start by fixing
@@ = 1.25 in order to investigate the relationship between o and . In particular, Sections
and investigate the cases a > f and «, 8 < 1.0. We do not investigate 5 > «,
as we found that, similar to in R?, our simulations tend to a spherical steady state with
a small radius. Section includes a comparison between the sharp interface and diffuse
interface schemes, run with a number of different initial geometries. The section concludes
with the presentation of a number of in vivo tumours.

Throughout this chapter we use u; to mean both uy := {uﬁ}ﬁfzo, and up = ujy for
some n. We use a similar notation for Xy, ¢p, ['y, and Q5. For a function f that is

continuous in time we write f™ := f(ty).

4.1 Alternate formulation of the model

In Section [L.1| we derive the system ([1.1.13a)) - (1.1.13c]), which we then regularise to yield

(M). We now arrange (1.1.13a)) - (L.1.13d) in a different way and then regularise as before,

in order to obtain an alternative formulation.

Our reason for considering this alternative formulation is that it enables us to set
« = 0, which is clearly not possible for .

For the alternative formulation we take as the boundary condition for ,

and substitute ([1.1.13¢c) into ([1.1.13b]) to yield a velocity law for I'(¢). Then for ease of
computation, we regularise the boundary condition ((1.1.13c) with a vVu - n term, where

v € R taken small and positive. This is done in order to maintain Robin boundary

conditions, so that only a minor modification of the computer program for the original
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formulation is necessary. In addition we regularise the velocity law with a Sx term. This

results in the following model

Au=1, in Q(¢), (Ma)
YWVu-n+u=aV, onl(t), (Mb)
V=Q—-Vu-n+pk, onl(t). (Mc)

In Section we computationally show that for v < 10~% the Robin boundary regu-
larisation has a negligible effect, and we found computationally that we need o < 0.01 in

order for the evolution to be stable.

Following Sections and the weak form for and the corresponding finite

element approximation are given by:

Problem Pg; Given an initial closed curve I'(0) € R? and w € (0,1], find (u,) such
that, for all t € (0,7),

1

/ Vu-V¢dv+
Q(t) Y

/ u¢ds + gbdv:a/ x;-nods, Yo € H' (Q(t)), (4.1.2)
I'(t) Q(t) AN G)

and, for all £ € H(I),

Xr 2(/.)33,5 —wW)\rr-n)n) - ZIZp‘ P = mp2 — ulxr) -n)n - .
/H|pr< (1 - w) >)£d9+/3/H ¢, do /H| 2(Q - Vu(x) n)n-£d0
(4.1.3)

Here T'(t) is parametrised by = (I, ), and () is the interior of T'(¢).

Problem P, For w € (0,1], given X)) = I"z(-,0) € W(I), with X, ' := X7, for
n=20,...,N—1, find {uZ,X;LLH} € Sp(Q7) x Wi (I) such that, for all ¢y, € S,(2}),

1
VuZ-quhdv—i-/y/

. o h
I (uz¢h)ds+/ ¢hdv:—<\Xﬁp\DtX}Z-nZ,¢h) , (4.1.4)
ry Qp v

U
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and

h
(15,2 (DXt + (1= w) (DX mpm) €n) + B €np)

= L(xp P(Q - Vup(XD) - np)ng )", Ve, € WD),
8]

(4.1.5)

n+l_ yn
Here DtX;Z'H = X*LTtXh (and similarly for D;X}'), I'} is given by X;'(I), €} is the
interior of I'y, and Vup(X}')|s,, for j =1,...,J, is piecewise constant for o; € T, with

Vup (Xi)lo;, = Vuply, forj=1,...,J

n

where p; is the element in 76‘ that has the line joining X7 ; and X3 as one of its edges.

4.2 Diffuse interface without regularisation

In Chapter [3| we introduce a diffuse interface approximation of that is regularised in
time by e2u;. We also present a finite element scheme for this model. We now introduce
an unregularised diffuse interface weak form and finite element scheme that we will use to

obtain the simulations presented in this chapter.

4.2.1 Weak form

Using the notation in Section we have that the weak formulation for (3.1.1]) coupled
with (3.1.4)), with initial condition (3.1.3)), is given by

Problem Pp; Given initial condition (3.1.3) for ¢o € K (D), find (p,u), with ¢(t) €
K (D), such that, for all t € (0,7T),

1 _Q _ )
| c@rvu-Voda+ - [ sipode =2 [ so)sda - [ cooda. voe D),
(4.2.1)
and, for all p € K(D),

I} T
/Dwt(/)—<p)da:+ﬁe/DV<P'V(P—90)d$—E/D@(p—w)dwzm DU(p—w)dw-

(4.2.2)
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4.2.2 Finite element scheme

Similar to Section we write a finite element scheme for the weak form with initial

data (3.4.2)), in the following form

Problem ]@}LL)I Given an approximation 4,02 = Inpo € Kp(D), for n =0,...,N —1, find
{ug, SOZH} € Up(D) x Kp(D) such that

1
| cenva-vonde+ - [ n@euon do

=2 [ 1o e [ (o da. Vo, < UAD).

(4.2.3)
and, for all pj, € K(D),
£ /D In (Dupy ™ (o — @) dae + Be /D Vet Vipn — opth) da
5 n mn ™ n "
—— | I (goh(ph — cph+1)) de > — | I (uh(ph — cph+1)) dz. (4.2.4)
g JbD da D

Here, as in Chapter [3]
Up(D) := { o € CV(D) ‘ bnlo is linear Vo € T } ,

Ku(D) :=={pn € Un(D) | |pn| <1},

Iy, : C%(D) — Uy (D) is the Lagrange interpolation operator onto U, (D), and for simplicity
of notation we extend Ij, to encompass Ij, : C°(D) — K, (D), the Lagrange interpolation

operator onto Kp(D).

In order to solve (4.2.4) we employ the projected SOR algorithm given in Algorithm
[
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4.2.3 Diffuse interface approximation to

A natural diffuse interface approximation to the velocity law 1} would take the form

/Dwt(p—sO)dm+Bs/DVso'V(p—w)dw—f/Dso(p—sO)dw

> Z/ (Q—Vu-ny)(p—¢)da. (4.2.5)
D
where n, = ’gﬂ Coupling (4.2.5) to a diffuse interface interface approximation to 1’
2

with boundary condition (Mb]) (for example ) yields a diffuse interface approxima-
tion to . When we implemented a finite element approximation of this diffuse interface
approximation to , we found that the numerical solutions that we obtained (in a ra-
dially symmetric setting) compared badly with the corresponding analytical solutions of
. We believe that this was not due to the finite element approximation, but is instead
a limitation of the diffuse interface approximation that we used. In particular, we be-
lieve that although the diffuse interface approximation approximates the solution u well,
it has difficulties approximating Vu correctly within the interfacial region. Our reasoning
for this can be seen in Figure where the numerical approximation uy is displayed
alongside the analytical solution u. Here we have taken a radially symmetric setting in
which Q(t) C R? is a disk, centred at the origin with radius R(t), and u is expressed in
polar coordinates with u(r,0) = u(r). The figure shows a plot of u(r) (blue line) together
with up(7) restricted to the positive z-axis (red line), at t = 0.8. The vertical black lines
denote the diffuse interfacial region. From these plots we see that although wy, is close to
u, towards the right hand edge of the diffuse interfacial region Vuy; diverges significantly
from Vu. Since Vu appears in the velocity law for , an alternative diffuse interface

approximation for this model is required, however we do not suggest one here.
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Figure 4.1: Comparison of the analytic solution u(r) (blue line) and the diffuse interface
approximation uy(r) (red line). The z-axis is the radius, r. The edges of the diffuse inter-
facial region are denoted by two black lines. The diffuse interfacial region is of approximate
width 0.3, centred at r = 2.0.

4.3 Summary of the implementations

In this section we present a summary of the techniques used in the implementations of
the finite element schemes that are used in the remainder of the chapter. We begin with
the sharp interface scheme, in which we discuss the mesh smoothing, and refinement and
coarsening scheme. We then turn our attention to the unfitted sharp interface scheme,
where we discuss the mesh adaptivity used. We finally discuss the mesh adaptivity used
in the diffuse interface case.

All finite element schemes are implemented in the programming language ¢, using the

finite element toolbox ALBERTA [69]. The output files are visualised in Paraview [3].

4.3.1 Sharp interface

With regard to the finite element schemes introduced in Sections[2.2)and [4.1] maintaining a
high quality mesh throughout the simulation is important. For this reason, when working
in R?, we choose to use the DeTurck method, described in Section with & = 1. This

is coupled with the refinement and coarsening scheme suggested in [42], in which we seek
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to refine element u" € 761 if

" = 1.5]u0],

and seek to coarsen element u" € 76‘ if

"] < 0.5]p0),

where 10 € T# at t = 0, |u"| is the element area, and || is the mean area of all elements
at time t = 0. We use ALBERTA’s built in scheme for refining and coarsening.

We then, in R?, couple this mesh maintenance algorithm with the re-meshing software
GMSH, described in Section We perform re-meshes sparingly, waiting until ¢ > 5,
where ¢ is defined in . This allows the simulation to continue until it reaches a
self intersection. Note that re-meshing is not required until a large transformation has
occurred, however we re-mesh more often than is strictly necessary in order to maintain
the accuracy of the solution.

With regard to the finite element scheme introduced in Section [2.5] when working in
R3, we did not implement the DeTurck method described in Section This is because
it would require a reference manifold in R*, and ALBERTA does not allow dimensions
above R3. We also did not implement re-meshing via GMSH, due to the complexity
of the programming task. In order to maintain a reasonable mesh for a short time we

implemented the simpler harmonic extension method, described in Section [2.3.1

4.3.2 Unfitted sharp interface scheme

The unfitted sharp interface scheme does not require any mesh smoothing on ’Tg. We
implemented an identical refining and coarsening algorithm to that of the sharp interface
scheme, described in Section on the mesh 7 (with the only difference that we
consider the length of the element, rather than the element area). In order to keep the
execution time low, and the accuracy high, we ensure that the simplexes of the mesh T[’}
that are either inside I'j or cut by I'} are refined a set number of times, whilst simplexes
that are entirely outside of I'} are coarsened as much as possible. In all unfitted sharp

interface simulations we take w = 1.
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4.3.3 Diffuse interface

Similar to the unfitted sharp interface scheme, the diffuse interface finite element scheme
does not need smoothing on the mesh Tl’;. However, in order to keep the execution
time low, and the accuracy high, the mesh is adaptively refined and coarsened so that it
is well refined when ¢} > —1, and coarse otherwise.

When computing radially symmetric simulations, we use the symmetry of the system,
of the initial conditions, and of D, to reduce the computation space to either a quadrant

in R?, or an octant in R3.

4.4 Radially symmetric simulations

In this section we consider a radially symmetric geometry for I'(t). Thus, we set I'(t) C R?
to be an d dimensional sphere, centred at the origin. We denote by R = R(t) the radius
of the sphere, and we express u in polar coordinates such that u(r,0) = u(r). We now

derive an analytic solution, starting by solving for u using (Mal)) and (Mbj). This gives

1 1
u(r) = ﬁvﬁ +a@ — %R - ﬁRQ, (4.4.1)

which means that (Mcd|) simplifies to

Rty =-3 éu(r) —Q- % - éR, (4.4.2)

with initial condition R(0) := Ry. Note that if we solve in a similar way, then we get
a different expression for u, but the value of R’ (and thus R) remains unchanged at time

t (for v =0).

In Figure we consider d = 2, and plot the radius for the sharp interface scheme
(blue line) together with the radius for the diffuse interface scheme (obtained from the
zero level set of pp, red line) and the radius for the unfitted sharp interface scheme
(green line). These are compared to the radius given by the analytic equation
(calculated numerically, dashed yellow line). In this example we set the initial radius

Ry =15, Q = 1.5 and o = g = 1.0. The diffuse interface solution was obtained with
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e =0.09, At =5x 1077, h = 0.0048 and dofs ~ 1.7 x 10°, the fitted sharp interface
scheme with At = 5 x 107, h = 0.0046 and dofs ~ 5.3 x 10°, and the unfitted sharp
interface scheme with At = 1074, h = 0.00057 and dofs = 1.3 x 10°, where dofs is the
number of degrees of freedom.

In Figure we also plot the function wup, for both the sharp interface and diffuse
interface schemes, against u (here u solves , and is extended beyond €(¢) by an
extension of the formula). Once again, we use blue for the sharp interface scheme, red
for the diffuse interface scheme, green for the unfitted sharp interface scheme, and dashed
yellow for the analytical solution. This is plotted at ¢ = 0.5. We see a good agreement

between the two schemes.

In Figure [£.3] we display the influence of £ on the diffuse interface solution. We
set d = 2, and plot the radius (top image) and the solution u; (bottom image) ob-
tained from the diffuse interface scheme using ¢ = 0.39,0.27,0.19,0.09, and 0.049, h ~
0.028,0.020,0.014,0.0098, and 0.0049, At =9 x 107°,6 x 107°,2 x 107°,10°, and 1079,
and dofs ~ 9.2 x 10%,1.5 x 10%,2.9 x 10%,4.6 x 10, and 1.7 x 10°. From this figure we
see the convergence of the radius and the solution uy, to their analytical counterparts, as

e —0.

In Figure we consider d = 3, and plot similarly to Figure (omitting the unfitted
sharp interface scheme, as this was not implemented in R3). In this example we set the
initial radius Ry = 1.0, the diffuse interface solution was obtained with ¢ = 0.1, h = 0.014,
At =5x 1075, dofs = 8.2 x 10°, and the sharp interface with At = 1.0 x 107>, h = 0.06,
dofs = 1.5 x 10*. We choose Q = 1.666(~ 2) and o = 8 = 1.0. As in Figure we
also plot up, from both the sharp interface and diffuse interface schemes, against u (once
again u solves (4.4.1]), and is extended beyond (t) by an extension of the formula). This

is plotted at ¢t = 0.3. Again, we see a good agreement between the two schemes.
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Figure 4.2: Top plot: comparison of the radius, in R?, computed using the sharp interface
scheme (blue line), diffuse interface scheme (red line) and the unfitted sharp
interface scheme (green line), with the analytical radius from (dashed yellow
line, computed numerically). Bottom plot: comparison of u; from the sharp interface
scheme (blue line), from the diffuse interface scheme (red line), and from the unfitted
sharp interface scheme, with the extended analytic solution u from (dashed yellow
line), taken at ¢t = 0.5. In both plots the blue line is behind the dashed yellow and solid
green lines. The diffuse interface solution was obtained with ¢ = 0.09, At = 5 x 1077,
h = 0.0048 and dofs ~ 1.7 x 10°, the fitted sharp interface scheme with At =5 x 1074,
h = 0.0046 and dofs ~ 5.3 x 10° and the unfitted sharp interface scheme with At = 1074,
h = 0.00057 and dofs = 1.3 x 10°.
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Figure 4.3: Top plot: comparison of the radius, in R?, computed using the diffuse in-
terface scheme and the analytical radius from (dashed yellow line, computed
numerically). Bottom plot: comparison of u;, from the diffuse interface scheme with the
extended analytic solution u from (dashed yellow line), taken at t = 0.1. Here
we take ¢ = 0.39,0.27,0.19,0.09, and 0.049, h ~ 0.028,0.020,0.014, 0.0098, and 0.0049,
At =9x1075,6 x 107°,2 x 107°,107°, and 107°, and dofs ~ 9.2 x 103,1.5 x 10%,2.9 x

104,4.6 x 10%, and 1.7 x 10°.
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Figure 4.4: Top plot: comparison of the radius, in R3, computed using the sharp interface
scheme (blue line) and diffuse interface scheme @ (red line), with the analytical
radius from (4.4.2)) (dashed yellow line, computed numerically). Bottom plot: comparison
of uy, from the sharp interface scheme (blue line), from the diffuse interface scheme (red
line), and with the extended analytic solution u from (dashed yellow line), taken
at t = 0.3. For the diffuse interface scheme we choose ¢ = 0.1, h = 0.014, At =5 x 1076,
dofs = 8.2 x10°, and for the sharp interface scheme we choose At = 1.0 x 107°, h = 0.06,
dofs = 1.5 x 10%.

4.4.1 Sharp interface experimental order of convergence

Using the analytic solution to , and the numerically computed solution to ,
we compute the experimental orders of convergence for the sharp interface scheme
This is done with both w = 1 and w = 1073. For each of these choices of w, we smooth
the bulk mesh with either the harmonic extension method, detailed in Section or
with the DeTurck method, detailed in Section [2.3.2

We perform these simulations for both a uniform, and a non-uniform mesh. We addi-
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tionally present experimental orders of convergence for the unfitted sharp interface scheme
(for w = 1 since the mesh is uniform) with a uniform mesh.

Throughout the simulations in this section we take « = 1.0, 5= 0.5, Q = 1.5, T = 2.0,
and the initial radius Ry = 1.5. The values of At¢ and h chosen are shown in the respective
tables. In all cases h is the maximum over all time steps; in the case of the unfitted
sharp interface scheme it is the mesh size for D (although the mesh size for I'} is reduced

accordingly).

Uniform mesh

When constructing the uniform mesh, we choose

X1 (q) = 1.5(cos(q),sin(q)), (4.4.3)

for vertex ¢ of the mesh for F?l. This leads to the mesh shown in Figure

Figure 4.5: Uniform mesh, with F% given by 1'

Table shows the errors and Table shows the experimental order of convergence
for the sharp interface scheme , with w = 1, and the DeTurck method. Table
shows the errors and Table shows the experimental order of convergence for the sharp
interface scheme with w = 1073, and the DeTurck method. Table shows the
errors and Table shows the experimental order of convergence for the sharp interface
scheme with w = 1, and the harmonic extension method. Table shows the errors

and Table shows the experimental order of convergence for the sharp interface scheme



Chapter 4 124

with w = 1073, and the harmonic extension method. Table shows the errors and
Table shows the experimental order of convergence for the unfitted sharp interface
scheme with w = 1, and the DeTurck method. We use the L™ in time norm when
dealing with the unfitted sharp interface scheme.

We use the L? in time norm for the computations regarding the sharp interface scheme
This is because it captures the effect of the mesh improving (whereas the L in time
norm may have the largest error near to ¢ = 0 when the mesh is at its least uniform). Since
the mesh in this section is uniform, the improvement of the mesh has very little effect,
however we choose the L? norm for consistency with the results regarding the non-uniform
mesh given in Section The experimental order of convergence in the H' norms of ap
and I are approximately 2, while the L? norms of Qp and I tend to give an experimental
order convergence of approximately 2 or greater.

We see, by comparing Table [£.2] with Table [£.4] that we have almost identical exper-
imental orders of convergence for w = 1 and w = 10™3 when using the DeTurck scheme.
This is due to the initial mesh being uniformly distributed, and so the boundary mesh
cannot be significantly improved by taking smaller w. Thus, as the circle grows we only
have the effect of the DeTurck method, which is identical in these two cases. We have a
similar effect when comparing Tables and (in which w = 1 or w = 1073, respec-
tively, and we use the harmonic extension method). Again, the boundary mesh cannot be
significantly improved by taking smaller w.

We see only very slightly improved experimental orders of convergence for Table
in which we take w = 1 and use the DeTurck method, compared to Table in which we
again take w = 1 and this time use the harmonic extension method. This is because the
initial mesh is uniform, and so the small amounts of improvement that can be done to the
mesh can be carried out equally well by the DeTurck method as by the harmonic extension
method. This is also reflected in results for w = 1073, when comparing the experimental
orders of convergence for the DeTurck method (Table with the harmonic extension
method (Table , since they are almost identical.

With regard to the errors themselves, we see a similar effect as reported for the ex-
perimental orders of convergence. There is a slight improvement for w = 1 compared to

w = 1073 when considering the DeTurck method, and identical results when comparing
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w = 1 with w = 1073 and the harmonic extension method. Similarly the results are almost
identical when comparing the DeTurck method with the harmonic extension method.
The experimental orders of convergence for the unfitted sharp interface scheme
shown in Table improve slightly upon the results for the sharp interface scheme
for all but the L? norm on X. With regard to the errors, when comparing them for similar
values of h and At, we see that the errors in the H' norms on u and X for the unfitted
sharp interface scheme are much smaller than the corresponding fitted errors, and that an

experimental order of convergence of approximately 4 is seen for the errors for u; in L?

over .
h At L2(u, Q) | HY(u, Q) | L2(X,1) | HY(X,1)
4.60E-01 | 7.40E-03 | 3.06E-04 | 4.09E-02 | 2.84E-05 | 3.48E-02
2.38E-01 | 3.90E-03 | 2.68E-05 | 1.04E-02 | 2.50E-06 | 8.63E-03
1.22E-01 | 2.00E-03 | 2.75E-06 | 2.62E-03 | 2.95E-07 | 2.16E-03
6.16E-02 | 1.00E-03 | 3.57E-07 | 6.58E-04 | 4.86E-08 | 5.40E-04
3.09E-02 | 5.20E-02 | 6.37E-08 | 1.63E-04 | 1.11E-09 | 1.34E-04

Table 4.1: Errors for the given norms, solving the sharp interface scheme with w =1,
and the DeTurck method. With I') given by (4.4.3). Here L?(v,U) for function v and set

U denotes the norm At En:O o) — (tn)||L2 ()’ and H'(v,U) for function v and set U

denotes the norm At ZTJLO | — v(tn)\%{l(w.

h At L2(u, ) | HY(u, Q) | L2(X,T) | HY(X,T)
4.60E-01 | 7.40E-03

2.38E-01 | 3.90E-03 | 3.69 2.08 3.69 2.12
1.22E-01 | 2.00E-03 | 3.39 2.06 3.19 2.07
6.16E-02 | 1.00E-03 | 2.99 2.03 2.64 2.03
3.09E-02 | 5.20E-02 | 2.50 2.03 2.14 2.02

Table 4.2: Experimental order of convergence for the given norms, solving the sharp
interface scheme - with w = 1, and the DeTurck method. With F given by (4
Here L?(v,U) for function v and set U denotes the experimental orders of convergence for
the norm At ano o — v(t )||L2 ry» and H'(v,U) for function v and set U denotes the

experimental orders of convergence for the norm At SN jon — v(tn)\%p(U).
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h At L2(u, Q) | H'(u, Q) | L*(X,1) | HY(X,1)
4.59E-01 | 7.40E-03 | 2.98E-04 | 4.08E-02 | 2.83E-05 | 3.48E-02
2.38E-01 | 3.90E-03 | 2.66E-05 | 1.04E-02 | 2.49E-06 | 8.63E-03
1.22E-01 | 2.00E-03 | 2.74E-06 | 2.62E-03 | 2.95E-07 | 2.16E-03
6.16E-02 | 1.00E-03 | 3.56E-07 | 6.58E-04 | 4.85E-08 | 5.40E-04
3.09E-02 | 5.20E-04 | 6.42E-08 | 1.64E-04 | 1.12E-08 | 1.35E-04

Table 4.3: Errors for the given norms, solving the sharp interface scheme with w =
1073, and the DeTurck method. With I') given by (4.4.3). Here L?*(v,U) for function v
and set U denotes the norm At 25:0 [lvp — v(tn)||%2(U), and H'(v,U) for function v and

set U denotes the norm At ZT]:[:O lop — v(ty) %1([]).

h At L2(u, Q) | H'(u, Q1) | L3(X,1) | HY(X,T)
4.59E-01 | 7.40E-03

2.38E-01 | 3.90E-03 | 3.68 2.08 3.71 2.12
1.22E-01 | 2.00E-03 | 3.39 2.06 3.19 2.07
6.16E-02 | 1.00E-03 | 2.99 2.03 2.64 2.03
3.09E-02 | 5.20E-04 | 2.49 2.01 2.13 2.01

Table 4.4: Experimental order of convergence for the given norms, solving the sharp
interface scheme with w = 1073, and the DeTurck method. With I‘?L given by .
Here L?(v,U) for function v and set U denotes the experimental orders of convergence for
the norm At Zgzo vy — v(tn)||%2(U), and H(v,U) for function v and set U denotes the

experimental orders of convergence for the norm At Zg:o |y — v(tn)ﬁ{l(w.
h At L2(u, Q) | HY(u, Q7)) | LA(X,1) | HY(X,T)
4.70E-01 | 7.40E-03 | 3.23E-04 | 4.10E-02 2.94E-05 | 3.47E-02
2.40E-01 | 3.90E-03 | 2.73E-05 | 1.04E-02 2.55E-06 | 8.63E-03
1.22E-01 | 2.00E-03 | 2.77E-06 | 2.62E-03 2.98E-07 | 2.16E-03
6.11E-02 | 1.00E-03 | 3.57E-07 | 6.57E-04 | 4.88E-08 | 5.39E-04
3.06E-02 | 5.20E-04 | 6.44E-08 | 1.64E-04 1.12E-08 | 1.35E-04

Table 4.5: Errors for the given norms, solving the sharp interface scheme with w =1,
and the harmonic extension method. With F% given by |l Here L?(v,U) for function
v and set U denotes the norm At Ef:o [|lof — v(tn)

and set U denotes the norm At Zg:o Ty —v(tn)

H%Q(U)v

|2
HY(U)

and H!(v,U) for function v




Chapter 4 127
h At L2(u, Q) | H'(u, Q) | L*(X,1) | HY(X,1)
4.70E-01 | 7.40E-03
2.40E-01 | 3.90E-03 | 3.69 2.04 3.65 2.08
1.22E-01 | 2.00E-03 | 3.35 2.02 3.15 2.03
6.11E-02 | 1.00E-03 | 2.98 2.01 2.63 2.01
3.06E-02 | 5.20E-04 | 2.48 2.01 2.13 2.01

Table 4.6: Experimental order of convergence for the given norms, solving the sharp
interface scheme [P¢;| with w = 1, and the harmonic extension method. With I 2 given

by - Here L“(v,U) for function v and set U denotes the experimental orders of

convergence for the norm At Zn ollvp —

U denotes the experimental orders of convergence for the norm At Zﬁ;o lvp —v(ty

v(tn)||2, () and H'(v,U) for function v and set

h At L2(u, Q) | HY(u, Q) | L2(X,1) | HY(X,I)
4.68E-01 | 7.40E-03 | 3.23E-04 | 4.09E-02 | 2.95E-05 | 3.47E-02
2.40E-01 | 3.90E-03 | 2.73E-05 | 1.04E-02 | 2.55E-06 | 8.63E-03
1.21E-01 | 2.00E-03 | 2.77E-06 | 2.62E-03 | 2.98E-07 | 2.16E-03
6.11E-02 | 1.00E-03 | 3.57E-07 | 6.57E-04 | 4.88E-08 | 5.39E-04
3.06E-02 | 5.20E-04 | 6.44E-08 | 1.64E-04 | 1.12E-08 | 1.35E-04

Table 4.7: Errors for the given norms, solving the sharp interface scheme with w =
1073, and the harmonic extension method. With FO given by Here L?(v,U )

for function v and set U denotes the norm At En:O th (tn)||L2 ()’ and H'(v,U) for

function v and set U denotes the norm At Zg:o o — v(tn)]%p(U).
h At L2(u, Q) | HY(u, Q) | L2(X,1) | HY(X,1)
4.68E-01 | 7.40E-03
2.40E-01 | 3.90E-03 | 3.70 2.05 3.66 2.08
1.21E-01 | 2.00E-03 | 3.36 2.02 3.15 2.04
6.11E-02 | 1.00E-03 | 2.98 2.01 2.63 2.02
3.06E-02 | 5.20E-04 | 2.48 2.01 2.13 2.01

Table 4.8: Experimental order of convergence for the given norms, solving the sharp
interface scheme With w = 1073, and the harmonic extension method. With F% given
by ( - Here L*(v,U) for function v and set U denotes the experimental orders of
convergence for the norm At SN jjor — v(tn)|[32 > and H'(v,U) for function v and set

U denotes the experimental orders of convergence for the norm At 227:0 vy, —v(tn)ﬁ{l(U).
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h At L2(u, QP) | H'(u, Q) | L2(X,T) | HY(X,T)

1.33E-01 | 1.30E-03 | 1.86E-06 | 1.76E-04 | 1.83E-06 | 2.53E-06

9.38E-02 | 9.40E-04 | 4.78E-07 | 8.46E-05 | 9.61E-07 | 1.13E-06

6.63E-02 | 6.60E-04 | 1.29E-07 | 4.04E-05 | 4.74E-07 | 5.18E-07

4.69E-02 | 4.70E-04 | 3.11E-08 | 1.94E-05 | 2.41E-07 | 2.51E-07

3.31E-02 | 3.30E-04 | 7.48E-09 | 9.41E-06 | 1.19E-07 | 1.21E-07

Table 4.9: Errors for the given norms, solving the unfitted sharp interface scheme
with w = 1. With I') given by (4.4.3). Here L?*(v,U) for function v and set U denotes
the norm sup,,_o__n |[v} — v(tn)Hp(U), and H'(v,U) for function v and set U denotes the

11111

h At L2(u, Q) | H'(u, Q1) | L3(X,1) | HY(X,I)

1.33E-01 | 1.30E-03

9.38E-02 | 9.40E-04 | 3.91 2.11 1.87 2.31
6.63E-02 | 6.60E-04 | 3.79 2.13 2.04 2.26
4.69E-02 | 4.70E-04 | 4.10 2.12 1.96 2.08
3.31E-02 | 3.30E-04 | 4.11 2.09 2.04 2.10

Table 4.10: Experimental order of convergence for the given norms, solving the unfit-

ted sharp interface scheme with w = 1. With T') given by 1) Here L?(v,U)
for function v and set U denotes the experimental orders of convergence for the norm

sup,—o,..n ||V — v(tn)H%z(U), and H'(v,U) for function v and set U denotes the experi-

n 2
mental orders of convergence for the norm sup,,_o _y |v} — ”(t”)‘Hl(U)'

Non-uniform mesh

When constructing the non-uniform mesh, we choose
X7 (g) = 1.5(cos(q +0.9(¢” — q)),sin(q + 0.9(¢* - 9))), (4.4.4)

for vertex ¢ of the mesh for F%. This leads to the mesh shown in Figure
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Figure 4.6: Non-uniform mesh, with F2 given by 1)

Table[4.11|shows the errors and Table shows the experimental order of convergence
for the sharp interface scheme with w = 1, and the DeTurck method. Table
shows the errors and Table shows the experimental order of convergence for the sharp
interface scheme with w = 1073, and the DeTurck method. Table shows the
errors and Table [£.16] shows the experimental order of convergence for the sharp interface
scheme with w = 1, and the harmonic extension method. Table shows the errors
and Table shows the experimental order of convergence for the sharp interface scheme
with w = 1073, and the harmonic extension method. In all cases the experimental
orders of convergence for the H' errors (both in Q) and I) are very similar to ones seen
for the uniform initial mesh, yielding values of approximately 2. The experimental orders
of convergence for the L? errors (both in Q) and I) are slightly better than those for the
uniform initial mesh, yielding values of 2 or greater.

It is not clear from tables[4.11]- [4.16] which mesh smoothing yields the best errors, since
the difference between the errors is very small. It is also not clear because the errors at the
start of the simulation, for small ¢, compound as t grows towards T'. For this reason it is
often the mesh smoothing technique that yields the quickest mesh smoothing (as opposed
to the best mesh at time T') that also yields the best error values. Choosing w = 1072 (as
opposed to w = 1) gives better errors for the L? norm of X, this is as expected, since
smaller values of w lead to greater amounts of mesh smoothing. However, with w = 1073,
the DeTurck mesh smoothing yields worse errors for the L? norm of X}, than the harmonic

extension method. This may be because the DeTurck method aims to improve the bulk



Chapter 4 130

mesh as well as the boundary mesh; the optimum transformation to improve the boundary
mesh may not be optimal when also considering the bulk mesh. The DeTurck method
does not appear to improve the value of h significantly between Tables and and
Tables and (here we compare tables with identical values of w, as the mesh size
is often greatest on the boundary, and thus is significantly different for different values
of w). This appears to be because, as discussed in [42], the DeTurck method aims to
transform the triangles on the bulk mesh to triangles of a similar shape to those on the
reference mesh, regardless of triangle size. This means that although the meshes generated
by the DeTurck method have greatly improved meshes with regard to thin and distorted
triangles, the value of h is not always significantly improved. This can be offset by the
refinement and coarsening scheme introduced in [42], also detailed in Section this
scheme was not included in this section, as it has a significant effect on the value of h for a
short time, thus causing issues with the experimental orders of convergence. The L? error
for uy, is best for the DeTurck scheme with w = 1073; this agrees with what we would
expect from the meshes shown in Figure We stress again that the difference between
the errors for different mesh smoothing techniques is very small; they are all of the same
order, and often differ only after the first significant figure.

In Figure we see the meshes at ¢ = 20, under the four different mesh smoothing
techniques discussed in this section. In order to reduce the time taken to improve the
mesh, we can reduce @ (the timescale parameter for the DeTurck method) to @ = 0.1.
This yields the mesh shown in Figure 4.8 at time ¢ = 0.1; note how it is almost identical
to the image in Figure [£.7] with the DeTurck method and w = 1 at ¢t = 20. In order to run
this simulation, we had to significantly reduce At, thus greatly increasing the execution
time. We use w = 1 for the simulations in Sections and (as opposed to a smaller
value for @) since the mesh smoothing given by w is sufficient for our purposes, and allows
for a much greater value of At.

It appears from Figure that taking w < 1 speeds up the mesh smoothing given by
the DeTurck method. We see a similar effect for w < 1 in Figure This is an advantage
if the initial mesh is significantly sub-optimal, for example that in Figure However, the
simulations in the remainder of this chapter begin with a “good” mesh. Experimentally

we find that our simulations evolve at such a speed that the DeTurck method is able to
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maintain the mesh quality with w = @ = 1; we do not need the additional speeding up

given by taking either w < 1 or w < 1.

Figure 4.7: Left: the DeTurck method with w = 1. Center left: the DeTurck method with
w = 1073, Center right: the harmonic extension method with w = 1. Right: the harmonic
extension method with w = 1073, All at ¢t = 20.

Figure 4.8: DeTurck method with w = 1, @ = 0.1 (recall that @ is the timescale parameter
for the DeTurck method). Taken at ¢ = 0.1.

h At L2(u, Q) | H'(u, Q1) | L3(X,1) | HY(X,I)

1.02E+00 | 7.40E-03 | 2.69E-03 | 1.03E-01 | 4.38E-04 | 1.13E-01

5.52E-01 | 3.90E-03 | 2.22E-04 | 2.90E-02 | 2.89E-05 | 2.82E-02

2.88E-01 | 2.00E-03 | 1.74E-05 | 7.63E-03 | 2.02E-06 | 7.06E-03

1.47E-01 | 1.00E-03 | 1.46E-06 | 1.95E-03 | 1.66E-07 | 1.77E-03

7.39E-02 | 5.20E-04 | 1.57E-07 | 4.89E-04 | 1.98E-08 | 4.42E-04

Table 4.11: Errors for the given norms, solving the sharp interface scheme with w =1,
and the DeTurck method. With IT') given by (4.4.4). Here L?(v,U) for function v and set
U denotes the norm At ZT]LO v — v(tn)H%Q(U), and H!(v,U) for function v and set U

denotes the norm At 25:0 |y — U(tn)\%p(U)-
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h At L2(u, Q) | H'Y(u, Q) | L2(X,1) | HY(X,1)
1.02E+00 | 7.40E-03
5.52E-01 | 3.90E-03 | 4.03 2.05 4.40 2.25
2.88E-01 | 2.00E-03 | 3.91 2.05 4.08 2.12
1.47E-01 | 1.00E-03 | 3.67 2.03 3.71 2.05
7.39E-02 | 5.20E-04 | 3.26 2.02 3.10 2.02

Table 4.12: Experimental order of convergence for the given norms, solving the sharp
interface scheme with w = 1, and the DeTurck method. With F?L given by 1)
Here L?(v,U) for function v and set U denotes the experimental orders of convergence for

the norm At 30 (v — v(ta)l[32

experimental orders of convergence for the norm At Zfl\;o i — v(ty)

U)’

and H'(v,U) for function v and set U denotes the

‘2
()"

h At L2(u, Q) | HY(u, Q7)) | L2(X,I) | HY(X,])
7.85E-01 | 7.40E-03 | 1.63E-03 | 8.27E-02 | 3.10E-04 | 9.01E-02
4.81E-01 | 3.90E-03 | 1.65E-04 | 2.59E-02 | 2.29E-05 | 2.54E-02
2.69E-01 | 2.00E-03 | 1.49E-05 | 7.29E-03 | 1.73E-06 | 6.78E-03
1.42E-01 | 1.00E-03 | 1.35E-06 | 1.92E-03 | 1.50E-07 | 1.74E-03
7.30E-02 | 5.20E-04 | 1.51E-07 | 4.87E-04 | 1.88E-08 | 4.40E-04

Table 4.13: Errors for the given norms, solving the sharp interface scheme with
w = 1073, and the DeTurck method. With I‘% given by 1} Here L?(v,U) for function
v and set U denotes the norm At EnN:O o) — v(tn)||%2(U), and H'(v,U) for function v

and set U denotes the norm At YN |or — v(tn)ﬁ{l(U).
h At L2(u, Q) | HY(u, Q) | L2(X,1) | HY(X,T)
7.85E-01 | 7.40E-03
4.81E-01 | 3.90E-03 | 4.68 2.37 5.33 2.58
2.69E-01 | 2.00E-03 | 4.12 2.18 4.43 2.27
1.42E-01 | 1.00E-03 | 3.77 2.10 3.84 2.13
7.30E-02 | 5.20E-04 | 3.29 2.05 3.11 2.07

Table 4.14: Experimental order of convergence for the given norms, solving the sharp
interface scheme with w = 1073, and the DeTurck method. With F% given by 1'
Here L?(v,U) for function v and set U denotes the experimental orders of convergence for
the norm At SN f|ur — ’U(tn)H%Q(U), and H'(v,U) for function v and set U denotes the

experimental orders of convergence for the norm At Zg:o |y — v(tn)@{lw).
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h At L2(u, Q) | HY(u, Q) | L2(X,I) | HY(X,])
7.85E-01 | 7.40E-03 | 1.63E-03 | 8.27E-02 | 3.10E-04 | 9.01E-02
4.81E-01 | 3.90E-03 | 1.65E-04 | 2.59E-02 | 2.29E-05 | 2.54E-02
2.69E-01 | 2.00E-03 | 1.49E-05 | 7.29E-03 | 1.73E-06 | 6.78E-03
1.42E-01 | 1.00E-03 | 1.35E-06 | 1.92E-03 | 1.50E-07 | 1.74E-03
7.30E-02 | 5.20E-04 | 1.51E-07 | 4.87E-04 | 1.88E-08 | 4.40E-04

Table 4.15: Errors for the given norms, solving the sharp interface scheme with w =1,
and the harmonic extension method. With I') given by (4.4.4)). Here L?(v,U) for function
v and set U denotes the norm At ZnN:() vy — v(tn)H%z(U), and H'(v,U) for function v

and set U denotes the norm At 27]:[:0 v — v(tn)|12q1(U).
h At L2(u, ) | H'(u, Q) | LX(X,T) | HY(X,T)
7.85E-01 | 7.40E-03
4.81E-01 | 3.90E-03 | 4.68 2.37 5.33 2.58
2.69E-01 | 2.00E-03 | 4.12 2.18 4.43 2.27
1.42E-01 | 1.00E-03 | 3.77 2.10 3.84 2.13
7.30E-02 | 5.20E-04 | 3.29 2.05 3.11 2.07

Table 4.16: Experimental order of convergence for the given norms, solving the sharp
interface scheme with w = 1, and the harmonic extension method. With F% given
by (4.4.4). Here L?(v,U) for function v and set U denotes the experimental orders of

convergence for the norm At ZTJLO o — v(tn)H%Q(U), and H'(v,U) for function v and set

U denotes the experimental orders of convergence for the norm At 25:0 |op — v(tn)ﬁp(w.

h At L2(u, Q) | HY(u, Q7)) | L2(X,I) | HY(X,])
8.18E-01 | 7.40E-03 | 2.22E-03 | 9.68E-02 | 2.56E-04 | 9.06E-02
4.85E-01 | 3.90E-03 | 1.96E-04 | 2.77E-02 | 1.98E-05 | 2.55E-02
2.69E-01 | 2.00E-03 | 1.65E-05 | 7.46E-03 | 1.56E-06 | 6.78E-03
1.42E-01 | 1.00E-03 | 1.45E-06 | 1.93E-03 | 1.43E-07 | 1.74E-03
7.29E-02 | 5.20E-04 | 1.58E-07 | 4.88E-04 | 1.88E-08 | 4.40E-04

Table 4.17: Errors for the given norms, solving the sharp interface scheme with
w = 1073, and the harmonic extension method. With F% given by 1' Here L?(v,U)
for function v and set U denotes the norm At Eg:o oy — v(tn)H%Q(U), and H'(v,U) for

function v and set U denotes the norm At Zivzo vy — v(tn)ﬁ{l(m.
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h At L2(u, Q) | H'(u, Q1) | L2(X,1) | HY(X, 1)

8.18E-01 | 7.40E-03

4.85E-01 | 3.90E-03 | 4.64 2.40 4.90 2.43
2.69E-01 | 2.00E-03 | 4.21 2.23 4.32 2.25
1.42E-01 | 1.00E-03 | 3.81 2.11 3.74 2.12
7.29E-02 | 5.20E-04 | 3.32 2.06 3.04 2.06

Table 4.18: Experimental order of convergence for the given norms, solving the sharp
interface scheme with w = 1073, and the harmonic extension method. With F?L given

by |D Here L*(v,U) for function v and set U denotes the experimental orders of

convergence for the norm At Zg:o oy — v(tn)||%2(U), and H'(v,U) for function v and set

U denotes the experimental orders of convergence for the norm At Zﬁ;o vy — v(tn)\%{l(m.

4.4.2 Comparison of the radius in R3

In this section we compare the radii of spheres in R?, evolving under the sharp interface
scheme in Figure and the diffuse interface scheme in Figure We take
a number of values of h in order to see how it affects the error. We chose a« = 5 = 1.0,
@ = 1.66, and the initial radius Ry = 1.0. In the sharp interface simulations we take
h ~ 0.45,0.35, and 0.21, we take At = 5x1073,2.5x 1073, and 1.25x 1073, and the number
of degrees of freedom dofs are dofs ~ 3.9 x 103,1.5 x 10%, and 6.3 x 10%. In the diffuse
interface simulations we take ¢ = 0.151,0.125, and 0.1 for the values h =~ 0.027,0.024, and
0.014, At =5x107°,107°, and 5 x 1079, and the number of degrees of freedom dofs, at

t =0, are dofs~ 1.1 x 10°, 2.6 x 10°, and 8.2 x 10°.
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Figure 4.9: Top plot: comparison of the radius, in R3, computed using the sharp interface
scheme with varying values of h, and the analytical radius (dashed red line). Center
plot: the error |R — Ry| for different values of h. Bottom plot: Comparison of u; from
the sharp interface scheme, with the extended analytical solution u (dashed red), taken
at t = 0.3. We take h ~ 0.45,0.35, and 0.21, we take At = 5 x 1073,2.5 x 1073, and
1.25 x 1073, and the number of degrees of freedom dofs are dofs ~ 3.9 x 10%,1.5 x 10%,

and 6.3 x 10%.
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Diffuse interface R_h against R
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Figure 4.10: Top plot: comparison of the radius, in R3, computed using the diffuse interface
scheme [P? /| with varying values of h, and the analytical radius (dashed red line). Center
plot: the error |R — Ry| for different values of h. Bottom plot: comparison of uy from the
diffuse interface scheme, with the extended analytical solution u (dashed red line), taken
at t = 0.3. We take ¢ = 0.151,0.125, and 0.1 for the values h ~ 0.027,0.024, and 0.014,
At =5x107°,10"°, and 5 x 1075, and the number of degrees of freedom dofs, at t = 0,
are dofs ~ 1.1 x 10°, 2.6 x 10°, and 8.2 x 10°.
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4.4.3 Effect of the regularisation parameter 7 in

In , vVu - n was introduced in order to give both formulations of the model Robin
boundary conditions. The effect of adding this term is not clear, although for a small ~
we show the effect to be negligible. In order to investigate this we consider the radially
symmetric case, and compute the error. We consider the steady state with Ry = R(t) =
2.0. This corresponds to 3 = 1.0 and Q = 1.5, and we choose a = 0.01, At = 1074, 7 = 1.0,
and h =~ 0.03.

The results of the simulations are displayed in Table We can see that for y < 104
there is a negligible change in the error. For this reason we take v = 107> for all other
simulations. It is interesting to note that the error only changes in the L?(0,T; L*(2}}))
norm. This is because, in the stationary radially symmetric case, changing ~v only serves to
translate u to u+ ¢ for some constant ¢ (so the gradient remains unchanged). Importantly,
the gradient only remains unaffected in this special case; we are not able to take v large
if () is not radially symmetric. The velocity law 1’ is only forced by the gradient of

u, so this is unaffected.

gl lun — ullL2z2(apy) | llun — ullzz@apy) | 1Xn = Xlze@e) | 11Xn — X2 @)
12.5048958 0.000106 0.00032 9.13E-05

1071 | 0.1292175 0.000106 0.000332 0.000104

1072 | 0.00175579 0.000106 0.000335 0.000106

1073 | 0.00011647 0.000106 0.000336 0.000109

10~* | 6.3455E-05 0.000106 0.000337 0.00011

1075 | 5.9258E-05 0.000106 0.000337 0.00011

1076 | 5.8849E-05 0.000106 0.000337 0.00011

Table 4.19: Comparison of errors for different values of v when solving with h ~
0.03 and At = 10_4. Here HfHLQ(LQ(U)) = Ath”LV:OanH%Q(U)? and ||f”L2(H1(U)) =
At Ziv:o |f”|%[1(U) for a set U and function f.

4.4.4 Diverging from radial symmetry: reducing invasion

Spheroid models are often used as a bridge between in vivo and in wvitro tumours, for
example in [56], as they are relatively easy to cultivate in a laboratory [12| [14], and they

occur naturally in vivo, see for example Figure and [34]. They are also useful as an
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intermediary between mathematical models and physical tumours [20], as the mathematics
can often be simplified to one space dimension. The diameter of the spheroids is limited by
the distance that nutrients are able to diffuse, often reaching a diameter of around 1—2mm
[14, 23], and page 25 of [34]. Research into spheroids is ongoing, as the applications
include, among others, drug testing [60] and photodynamic therapy (activating a drug
with a specific wavelength of light) [35]. Running simulations using our model, we see
that many non trivial geometries converge to a spheroid, for example Figure shows a
rounded star shape converging to a circle. This section, however, investigates the converse

of this: spheroids becoming unstable and loosing their symmetry.

Figure 4.11: Two examples of slices of spheroids in vivo (outlined in red). The images
are taken from the database used in [22, [29]. There is more information on the database
in Section The tumour type (both meningiomas), file number, and patient ID are
written above the images.

OO0

Figure 4.12: This figure shows a rounded star shape converging to a spheroid steady state.
Here we solve the sharp interface scheme with @ = 1.0, 8 =0.3, a = 1.0, h = 0.075
and At = 1072, From left to right we have ¢t = 0,0.1,1, and 10. The geometry does not
change significantly for ¢ > 10. The initial geometry is formed by distorting a circle of
initial radius Ry = 1.0 in the normal direction by 0.2sin(66), where 6 is the polar angle.

Behaviour similar to that which we are trying to reproduce (instability in a spheroid,
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also called unstable budding) is seen in [24]. In this paper they discuss possible therapies
that would inhibit morphological instability (and thus reduce the chance of metastasis
and invasion). In particular, they provide evidence that morphological instability could
be suppressed in vivo by inducing a spatially homogeneous oxygen and nutrient supply.
Note that in our simulations the nutrient supply is homogeneous, so something else is
driving the instability, possibly the initial mesh.

We focus on choosing parameter values that cause the radially symmetric steady state
to become morphologically unstable. Figure[4.13]is an example of the eventual morphology
if we allow the tumour to continue evolving. In our model we can see from that (for
fixed dimension d) @ and 8 determine the radius at which a steady state lies, and whether
the steady state is stable or unstable (when assuming that the solution is constrained to

radial symmetry); « has no effect on the radius of the steady state.

O O Ocr

Figure 4.13: Solving the finite element scheme with a = 1072, 8 = 0.5, Q = 1.5,
and initial radius Ry = 2.62. Taken at t = 0,11,16, and 21. We choose At = 1073 and
h =~ 0.076. We can see that at t = 11 the radial symmetry begins to break.

The effect in Figure is not caused by a lack of refinement in the mesh, as simu-
lations with a = 1072, 8 = 0.5, and Q = 1.5 were run with h as small as 4 x 10~%, with
no change in the behaviour (At was reduced in proportion to h). We believe, instead,
that it is caused by the slight instabilities in the initial meshes. This instability has not
been replicated in the diffuse interface paradigm, as the diffuse nature of the interface
makes any differences in the mesh negligible. The nature of the diffuse interface ensures
a significantly “smoother” initial circle.

The times at which the solutions of the model diverge from a circle are given in Tables

14.20] 4.21] and |4.22] in which we fix & = 1072, Q = 1.4, and 3 = 0.6, respectively. Here we

start each simulation at the radially symmetric stable steady state, the radius of which can

be found in Table (recall that this depends only on § and @, not «). The simulation
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is run until the L2(T) error of X}, is greater than 0.1. This is an effective proxy for telling
us when the radial symmetry is lost. The values of A for the initial meshes are given in
Table (again, note that this depends only on the initial radius, which itself depends
only on 8 and @, not «).

Our simulations show that lower values of 5 lead to greater instability, which makes
sense physically as the Sk term physically pertains to cell-cell adhesion, and if this is
reduced we would expect to see instabilities form in the tumour. Our simulations seem to
suggest that larger values of @ (the surface source nutrient term) also lead to instabilities.
Additionally we see that smaller values of « lead to instabilities. This agrees with [47],

since the authors note that « has a regularising effect.

B
0.4 0.5 0.6 0.7 0.8 09

@ 1.6 6501 |8.616 | 13.926 | 68.912 | >100 | >100

1.5 | 7.627 | 11.799 | 43.513 | 95.509 | >100 | >100

141974 2459 |90.66 | >100 | >100 | >100

1.3 | 15.663 | 82.154 | >100 | >100 | >100

1.2 | 78.771 | >100 | >100 | >100

1.1 | >100 | >100 | >100

Table 4.20: Time at which the L?(I) error in X, for the finite element scheme is first
greater than 0.1. Here o = 1072, At = 1073, and the values of h can be found in Table
The initial shape is a circle, with initial radius given in Table For entries of
> 100 the error did not diverge for ¢ € [0,100]. We did not use GMSH. The blank entries
have no steady state.
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«
0.005 0.01 0.025 0.05
g 0419538 |9.74 | 10.366 | 11.522

0.5 | 23.143 | 24.59 | 30.127 | 48.107
0.6 | 89.428 | 90.66 | 96.173 | 98.543
0.7 | >100 | >100 | >100 | >100
0.8 | >100 | >100 | >100 | >100
0.9 | >100 | >100 | >100 | >100

Table 4.21: Time at which the L?(I) error in X, for the finite element scheme is first
greater than 0.1. Here Q = 1.4, At = 1073, and the values of h can be found in Table
The initial shape is a circle, with initial radius given in Table Recall that Ry
(and thus h) depends only on § and Q. For entries of > 100 the error did not diverge for

t € [0,100]. We did not use GMSH.

Q 1.6
1.5

1.4
1.3
1.2

1.1

Table 4.22: Time at which the L?(T) error in X}, for the finite element scheme is first
greater than 0.1. Here 8 = 0.6, At = 1073, and the values of h can be found in Table
The initial shape is a circle, with initial radius given in Table Recall that Ry
(and thus h) depends only on 8 and Q. For entries of > 100 the error did not diverge for

o

0.005  0.01 0.025 0.0
13.53 | 13.926 | 15.21 | 17.821
38.857 | 43.513 | 66.409 | 70.972
89.428 | 90.66 | 96.173 | 98.543
>100 | >100 | >100 | >100
>100 | >100 | >100 | >100
>100 | >100 | >100 | >100

t €[0,100]. We did not use GMSH.
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B
04 05 06 07 08 09

Q 1.6 |0.084 | 0.082 | 0.080 | 0.078 | 0.074 | 0.071

1.5 | 0.078 | 0.076 | 0.073 | 0.070 | 0.067 | 0.063

1.4 | 0.072 | 0.069 | 0.066 | 0.062 | 0.058 | 0.052

1.3 | 0.065 | 0.062 | 0.058 | 0.053 | 0.046

1.2 | 0.058 | 0.054 | 0.049 | 0.041

1.1 | 0.050 | 0.045 | 0.036

Table 4.23: This table shows the values of h (to 3 decimal places) for the initial meshes
used in the simulations of Section[f.4.4] The values of h are different for each initial radius,
as we generate the mesh by refining a triangulation of a circle a fixed number of times.
These initial radii can be found in Table The blank entries have no steady state.

p
04 05 06 07 08 09

Q 1.6 293|285 277|268 | 258|247

1.5 270 | 2.62 | 2.52 | 242 | 2.31 | 2.17

1.4 | 248 | 2.38 | 2.27 | 2.15 | 2.00 | 1.80

1.3 224|213 |2.00 ]| 1.84 | 1.60

1.2 1 2.00 | 1.86 | 1.69 | 1.40

1.1 | 1.74 | 1.56 | 1.20

Table 4.24: Here we show the radius of the radially symmetric stable steady state for the
given () and 8. These are shown to 2 decimal places. The blank entries have no steady
state.

4.5 Simulations in R?

In this section we restrict the simulations to R?. Sections - start by fixing
@ = 1.0 and investigating the relationship between o and 5. We start with the parameter
space a < 3, followed by o > 3, and then «o,8 <« 1. These investigations include
complex initial geometries, and the effect of taking o = 0. This section concludes with

the presentation of a number of in vivo tumours.



Chapter 4 143

4.5.1 The parameter space a < [

Our simulations show that for 5 2 0.3 the geometry tends to a radially symmetric steady
state, with the radius shrinking as § grows. This radius can be calculated by setting
R'(t) = 0in (4.4.2). This holds for a € [0.1, 1], and initial geometry given by an ellipse of
width 0.5 and height 1.0.

For the choice of § = 1.0 and « = 0.1, our simulations show I'}, transforming from an
ellipse towards a circle, which then shrinks until it is too small for the mesh to resolve
it. The time at which the interface produced by the sharp interface scheme with
h ~ 0.03 and At = 1073, reached what visually looked like a point was ¢ ~ 0.4004, the
time at which the interfacial region produced by the diffuse interface scheme with
e = 0.075, h ~ 0.06 and At = 10~* reached a similar geometry was t ~ 0.4443, while
the time associated with the unfitted sharp interface scheme with h ~ 0.05 and
At = 5 x 1073 was t ~ 0.43. The discrepancy between the sharp interface and diffuse
interface schemes is due to the fact that the imposed interfacial thickness in the diffuse

interface scheme means that it is only an approximation of mean curvature flow.

4.5.2 The parameter space o > (3

We first investigate the parameter choice a >  with a simple initial geometry: an ellipse
of width 0.5 and height 1.0. We choose o = 1.0, 8 = 0.1, and Q = 1.0. We use the sharp
interface schemes and and the diffuse interface scheme For the diffuse
interface scheme we choose ¢ = 0.075, At = 10~%, and h =~ 0.07. For the sharp interface
scheme we take At = 1072 and h ~ 0.03. For the unfitted sharp interface scheme we take
At =5 x 1072 and h ~ 0.05. The results of the simulations can be seen in Figure
where we see very good agreement between the schemes.

Figure [4.15] extends Figure [4.14] in time, and displays the evolution of the diffuse
interface scheme. We see topological changes occurring beyond ¢t = 45. Although from
a purely mathematical standpoint the model holds when “holes” such as those visible in

Figure [4.15| occur, this is not biologically realistic.
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Figure 4.14: Solution wj, from the sharp interface scheme Eﬂ (top row) with h ~ 0.03
and At = 1073 (top row), from the unfitted sharp interface scheme with h =~ 0.05
and At = 5 x 1073 (second row), and from the diffuse interface scheme with € =
0.075,h = 0.07 and At = 10~* (third row). On the fourth row: a comparison between X},
from the sharp interface scheme (in white), X} from the unfitted sharp interface scheme
(in black), and ¢p from the diffuse interface scheme (in red and blue). The black line is
covered by the white line. With o = 1.0, 8 = 0.1, and @@ = 1.0. Taken at ¢t = 0, 15, 30,
and 45.
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Figure 4.15: ¢y, from the diffuse interface scheme (red and blue, top row). Diffuse
interface solution uy, (bottom row). Taken at t = 0,25, 50, and 75, with o = 1.0, 8 = 0.1,
Q =1.0e=0.075, h =~ 0.07, and At = 10~*. This extends Figure in time.

More complex initial geometries

In Figure we display two results from simulations using the sharp interface scheme
in which the initial geometries F?L are chosen to reduce symmetry. We choose o« = 1.0,
B =0.1,Q=1.0, At =103, and h ~ 0.017. To create the initial geometries we perturb
a point X}, on an ellipse of width 0.5 and height 1.0 by a distance of either 0.2sin(560) or
0.2sin(66) in the direction é—’;‘, where 6 is the polar angle of X},. We present the solutions

at t =0, 14,29, and 46. Beyond ¢ = 46 we would see a change of topology due to merging.
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Figure 4.16: Two simulations (top row and bottom row) using the sharp interface scheme
with different initial geometries. The initial geometries are created by distorting an
ellipse of width 0.5 and height 1.0 in the é;ﬁ\ direction, by a distance of either 0.2sin(50)
on the top row, or 0.2sin(66) on the bottom row. We choose o = 1.0, 5 = 0.1, @ = 1.0,

At =103, and h ~ 0.017. The snapshots are at t = 0, 14, 29, and 46.

Colliding circles

Figure displays a simulation of two circles colliding, using the diffuse interface scheme
with o = 1.0, 8 = 0.1, Q = 1.0, £ = 0.07, At = 5 x 1074, and h ~ 0.03, taken at
t =0,1,6,20,30, and 40. The initial geometry is given by two circles of radius 1.0, with
centres at (1.3,0) and (—1.3,0). As they evolve, the circles grow and merge. Recall that

the model is not biologically valid once “holes” have formed.
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Figure 4.17: Diffuse interface scheme with a = 1.0, 8 = 0.1, Q = 1.0, ¢ = 0.07,
At =5 x 107, and h ~ 0.03, taken at ¢t = 0,1,6,20,30, and 40. Rows one and two
represent p, at these times, while rows three and four represent uy at these times.

4.5.3 The parameter space o, < 1.0

In Figure we display the solutions of the sharp interface schemes and and

the solution of the diffuse interface scheme These are taken at t = 0,3, and 7. We
take a = 0.1, § = 0.1, and @) = 1.0; this is the smallest that we can feasibly take « for the
diffuse interface scheme, since reducing « forces us to reduce e, which greatly increases
the computation time. For the sharp interface scheme we choose At = 1072 and h ~ 0.03.
For the unfitted sharp interface scheme we choose At = 1073 and h = 0.02. For the diffuse
interface scheme we take ¢ = 0.01, At = 1074, and h ~ 0.02. We see a good agreement

between the schemes.
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Figure [£.19) extends Figure [£.18]in time. We see topological changes occur after t = 7.

Recall that the model is not biologically valid once “holes” have formed.

Figure 4.18: Solution uy from the sharp interface scheme @ with h =~ 0.03, At = 1073,
(top row), from the unfitted sharp interface scheme@with h ~ 0.02, At = 1073 (second
row), and from the diffuse interface scheme with € = 0.01, h =~ 0.02, At = 10~ (third
row) at ¢ = 0,3, and 7. On the fourth row: a comparison between X} from the sharp
interface scheme (in white), X} from the unfitted sharp interface scheme (in black), and
¢p from the diffuse interface scheme (in red and blue, fourth row). The black line is
covered by the white line. With o = 0.1, §=10.1, and @ = 1.0.
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Figure 4.19: ¢}, from the diffuse interface scheme (in red and blue) (top row). Diffuse
interface solution wu, (bottom row). All taken at ¢ = 0,10,20, and 24, with a = 0.1,
f=0.1,Q=1.0 =001, At =107, and h ~ 0.02. This extends Figure in time.

More complex initial geometry

In Figure we display two results using the sharp interface scheme in which the
initial geometries match exactly those in Figure[£.16, We choose o = 0.1, 8 = 0.1, Q = 1.0,
At =103, and h ~ 0.017. We present the simulations at ¢t = 0,1,5, and 7. Beyond ¢t = 7
we see a change in topology. We can see that the initial geometry has much more of an
effect on the final geometry than in Figure possibly due to a small o leading to less

stability.
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Figure 4.20: Two simulations (top row and bottom row) using the sharp interface scheme
with different initial geometries. The initial geometries are created as described in
Section with the top row generated by 0.2sin(50) and the bottom row generated
by 0.2sin(66). We choose a@ = 0.1, 3 = 0.1, Q = 1.0, At = 1073, and h ~ 0.017. The
snapshots are taken at ¢t = 0,1,5, and 7.

Sharp interface comparison with the alternate model

In this section we present a comparison between the sharp interface finite element schemes
for the original model, and for the alternate model, Experimentally we see that
the sharp interface schemeis unstable for a 2 0.01. For this reason we choose o = 0.01,
along with 8 = 0.1, Q@ = 1.0, h ~ 0.026, and At = 10~3. The comparison is presented in
Figure [£.21] Note that our comparison is only concerned with the geometry, not the value
of up, since has different equations for u than . We see a good agreement.
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Figure 4.21: wy from the sharp interface schemes (first row) and M (second row).
Comparison of X}, from each scheme (third row). Here is in red and % is in blue.
The red line is almost entirely behind the blue line. We choose o« = 0.01, 3 = 0.1, Q = 1.0,
h ~ 0.026, and At = 1073, The initial geometry is an ellipse of width 0.5 and height 1.0.
The snapshots are taken at ¢ = 0 and 5.

Setting a =0

In this section we investigate the effect of formally setting o = 0. We see in [47] that o
has a regularising effect on the model.

It is only appropriate to take a = 0 in . We numerically approximate this with the
sharp interface scheme choosing 8 = 0.1, @ = 1.0, At = 1073, and h ~ 0.03, with an

ellipse of width 0.5 and height 1.0 for the initial geometry. The simulation can be seen in

Figure [1.22]
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Figure 4.22: We solve the sharp interface scheme with « = 0, 8 = 0.1, Q = 1.0,
At = 1073, and h ~ 0.03, with an ellipse of width 0.5 and height 1.0 for the initial
geometry. The snapshots are taken at t = 0,2, 3,4, and 5.

4.5.4 Example of tumours in vivo

This section includes a number of examples of tumours in vivo. These are included as
a counterpoint to the simulations given in the rest of Section We include two sets
of tumour images: one set (in Figure is visually similar to the parameter space
« > 3, investigated in Section m and one set (in Figure is visually similar to the
parameter space «, 5 < 1.0, investigated in Section

The database used was the same as in [22], 29], and contains 3064 slices of brain
tumours, taken from from 233 patients. This includes 708 meningiomas, 1426 gliomas,
and 930 pituitary tumours. The slices are T1-weighted contrast-enhanced MRI images,
which the authors of [22] 29] acquired from Nanfang Hospital, Guangzhou, China, and
General Hospital Tianjing Medical University, China, between 2005 and 2010. The slice
thickness is 6mm and the slice gap is 1mm. The tumour border was manually delineated
by three experienced radiologists. In Figures and the slice is displayed in grey
scale, while the tumour outline is shown in red. The type of each tumour, file number,
and patient ID is written above each image.

In Figure there are four images that are similar in morphology to the simulations
in the parameter space o > 3, investigated in Section [4.5.2] In particular, the simulations
in Figure appear to show a similar “budding” structure, with two larger regions
connected by a relatively long, thinner, strip.

Figure displays four images that have a similar morphology to the the simula-
tions in the parameter space «a, 5 < 1.0, investigated in Section In particular, the

simulations in Figure have a similar structure, in which two sides have “pinched in”.
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It is interesting to note that the tumours in Figure [£.23] and the tumours in Figure
are of different types. Figure consists of gliomas, whilst Figure consists
of pituitary tumours. This suggests that the different parameters spaces investigated in
Sections and [£.5.7] might relate to different types of tumours.

This comparison has a caveat: the slices of the in vivo tumours are in R?, however
the tumours themselves are in R3. This is in contrast to the simulations, in which the

tumours are in R? (and not slices from R3).

Figure 4.23: Slices of in vivo tumours from [22], [29]. The slice is shown in grey scale, while
the tumour is outlined in red. Above each image is the tumour type (in this case they
are all gliomas), the file number, and the patient ID. Each image is taken from a different
patient.
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Figure 4.24: Slices of in vivo tumours from [22], 29]. The slice is shown in grey scale, while
the tumour is outlined in red. Above each image is the tumour type (in this case they are
all pituitary tumours), the file number, and the patient ID. Each image is taken from a
different patient.

4.6 Simulations in R?

In this section we solve the three dimensional (in space) sharp interface scheme and
the diffuse interface scheme (with D C R3). As in R?, we fix Q = 1.25 in order
to investigate the relationship between o and 5. We take > 1 (in contrast to the
simulations in Section as we computationally found that in three space dimensions
smaller @) leads to trivial solutions, where the tumour shrinks beyond resolution. When
taking a, 8 < 1.0, we do not use the diffuse interface scheme since the smaller value
of o requires a smaller £ (and thus smaller h and At). This in turn significantly increases
the execution time. This investigation of parameter spaces is followed by two examples of

n vIvo tumours.
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4.6.1 The parameter space a > [

We choose @ = 1.0, 5 = 0.1, Q@ = 1.25, and the initial geometry F% is given by the oblate
spheroid with equation % + [)?f? + % = 1. In the sharp interface case h =~ 0.014 and
At =5x 1073,

Figure shows X, the solution to the sharp interface scheme from three
different angles: looking down the z-axis, down the y-axis, and a cross section in the plane
z = 0. Figure also shows the solution uy, via a cross section in the plane z = 0. Note
that the morphology has many similarities with the two dimensional simulations. This is
particularly noticeable in the cross sections.

In Figurewe display the solution to the diffuse interface scheme (with identical
parameters to the ones used in the sharp interface results shown in Figure [4.25] apart from
e =0.1, h ~ 0.04, and At = 1073). In Figure we see the zero level set of ¢j, looking
down the z-axis, down the y-axis, and a cross section in the plane z = 0. We also see a
cross section in the plane z = 0 displaying uy. The relatively large value of h (chosen to

reduce the simulation’s run time) is the most likely reason for the difference between the

sharp interface and phase field solutions for the pressure up.
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Figure 4.25: X, for the sharp interface scheme looking down the z-axis (first line),
looking down the y-axis (second line), cross section in the plane z = 0 (third line), and
up, in the plane z = 0 (fourth line). Taken at ¢ = 0,5,10, and 15. The initial geometry
is an oblate spheroid with the equation % + % + f22 =1. We take o = 1.0, 8 = 0.1,
Q =1.25, h ~0.014, and At =5 x 1073,
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Figure 4.26: The level set ¢, = 0 for the diffuse interface scheme looking down the
z-axis (first line), looking down the y-axis (second line), cross section in the plane z = 0
(third line), and uyp, in the plane z = 0 (fourth line). Taken at ¢ = 0,5,10, and 15. The

initial geometry is an oblate spheroid with the equation % + % + % = 1. We take
a=1.0,=01,Q =125 ¢=0.1, h~ 0.04, and At = 1073,

We also repeat the simulation shown in Figure m (solving the sharp interface scheme
with o = 1.0, f = 0.1, and Q = 1.25) with a different initial geometry, given by
an oblate and prolate spheroid with the equation % + % + % = 1. The result of the

simulation can be seen in Figure 4.2
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Figure 4.27: X}, for the sharp interface scheme looking down the y-axis (first line),
looking down the z-axis (second line), cross section in the plane x = 0 (third line), and
up, in the plane x = 0 (fourth line). Taken at ¢ = 0,10, and 18. The initial geometry is

an oblate and prolate spheroid with the equation % + % + % = 1. We take o = 1.0,
B=0.1,Q =125 h=~~0.014, and At =5 x 1073.

Topological change

In Figure we extend the simulations shown in Figure in time. In order to run
these simulations in a reasonable time, we had to increase the mesh size to h ~ 0.09. We
can see that topological change creates “holes” within the tumour. Recall that the model

is not biologically valid once these “holes” have formed.
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Figure 4.28: The level set ¢, = 0 for the diffuse interface scheme displayed as a cross
section in the plane z = 0. Taken at ¢t = 0,15,19, and 24. The parameters match Figure
(but with A increased to h ~ 0.09).

4.6.2 The parameter space o, < 1.0

In this section we investigate the parameter space o, < 1.0. We take o = 0.1 and
£ = 0.1. Due to the small a, we are only able to feasibly run the sharp interface scheme
the execution time for the diffuse interface scheme is too great. This is because
a smaller « requires a smaller £, which in turn requires greater h and smaller At. We
take Q = 1.25, h ~ 0.019, and At = 5 x 1073, In Figure m the initial geometry '}

y2

oer + % = 1.0, while in Figure

is given by the oblate spheroid with equation % +
the initial geometry I'} is given by the oblate and prolate spheroid with equation
2+ &+ & =10

Figure shows X, the solution to the sharp interface scheme from three
different angles: looking down the z-axis, down the y-axis, and a cross section in the plane
y = 0. It also shows the solution u; via a cross section in the plane x = 0. Similarly,
Figure shows X}, the solution to sharp interface scheme from three different
angles: looking down the y-axis, down the z-axis, and a cross section in the plane x = 0.
It also shows the solution uy via a cross section in the plane y = 0.

In Figure we see that the symmetry in the y direction is lost in the image taken
at t = 4.1 (this is particularly visible on the second line, looking down the y-axis). It
appears to reach a similar geometry to that in Figure at t = 4.3. This may be related
to the effect discussed in Section although it might be due to instability caused by

the relatively large values of h and At.
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Figure 4.29: X, for the sharp interface scheme looking down the z-axis (first line),
looking down the y-axis (second line), cross section in the plane y = 0 (third line), and
up, in the plane x = 0 (fourth line). Taken at t = 0,1.4,2.9, and 4.1. The initial geometry
is an oblate spheroid with the equation % + % + % = 1. With « = 0.1, § = 0.1,
Q =1.25, h ~0.019, and At =5 x 1073,
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Figure 4.30: X}, for the sharp interface scheme looking down the y-axis (first line),
looking down the z-axis (second line), cross section in the plane x = 0 (third line), and
up, in the plane y = 0 (fourth line). Taken at ¢t = 0,1.4,2.9, and 4.3. The initial geometry

is an oblate and prolate spheroid with the equation % + % + % =1. With a =0.1,
f=0.1,Q=1.25 h~0.019, and At =5 x 1073,

4.6.3 Example of tumours in vivo

In this section we present two in vivo tumours in R3. These are taken from the IRCAD
database, which contains the 3D CT-scans of 10 men and 10 women, 75% of which have
hepatic tumours (liver tumours). In Figure we see two different tumours (one in row
one, and one in row two) from three different angles. The tumours are orientated so that
we see them looking down the x-axis, down the y-axis, and down the z-axis. They have
been scaled so that they are the same size.

We see “ridges” forming in both tumours, which bear some resemblance to the simu-

lations in Figures [£.29] and [4.30]
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Figure 4.31: Two hepatic tumours taken from the IRCAD database. The first tumour is
on the top row, and the second tumour is on the bottom row. We see each tumour looking
down the z-axis, down the y-axis, and down the z-axis.
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Conclusion

In this thesis we derive, numerically analyse, and simulate a mathematical model for
tumour growth. This model is tractable, which means that we are able to prove a number
of applied and numerical analysis results, as well as accurately and effectively compute
numerical solutions.

The model involves an evolving domain, the velocity law of which is coupled with an
equation in the bulk. This type of model can be adapted to a wide range of phenomena,
a few examples of which follow. Phase transitions often couple a parabolic equation with
mean curvature flow, see the Stefan problem [28]. There is ongoing research into the mod-
elling of cells, for example their internal chemistry [45], and motility [65]. The modelling
of cells often involves reaction diffusion equations coupled with a free boundary. These
types of equations are also employed when modelling diffusion induced grain boundary
motion [39], in which a mean curvature equation is coupled with a parabolic equation.
So, although this thesis is focussed on modelling tumour growth, the techniques can be
adapted to apply to a wide range of phenomena; however, there is the notable difference
that the examples presented here couple parabolic equations, whilst our model considers
an elliptic equation (although in the case of the diffuse interface applied and numerical
analysis, the elliptic equation is regularised by transforming it into a parabolic equation).

In order to numerically compute a solution to the model, a number of techniques are
employed. The programming complexity of these techniques is high, and the code itself
can be used and extended by future researchers.

A major hurdle that we overcame when implementing the sharp interface scheme was
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that of the mesh. As the domain evolves, both the boundary and bulk meshes have to
be maintained. In this thesis we combine a number of techniques to construct a practical
approach to this problem in R? (which can be extended to R?), thus allowing us to con-
tinue the simulations until a topology change occurs (and thus the model loses biological
realism). Our solution was first to implement the technique introduced in [43]. Although
effective, this technique only smooths the boundary mesh ’7}”’. We thus sought to smooth
the bulk mesh 7}, and so implemented the technique described in Algorithm 1 of [42].
This powerful algorithm allowed us to maintain high quality meshes for both ’TFh and 7}?
In the rare instance where the mesh became degraded beyond repair, we employed the
re-meshing software GMSH [52] to construct a new mesh for 7. This combination of
techniques may be of particular interest when implementing simulations in future research
as it is effective, allowing the sharp interface simulations to run until a topology change
would occur.

The existence and uniqueness of the solution to the diffuse interface formulation of
the model is proved. This proof follows many of the techniques used in [38], in which
they prove the existence and uniqueness of a solution to a diffuse interface formulation
of a mean curvature equation, coupled with a parabolic equation restricted to the curve.
Since our model is a mean curvature equation coupled with a parabolic equation (in the
regularised diffuse interface case) on the bulk, we have had to make numerous changes to
the proof in order to adapt it to our model.

The proof of convergence of the diffuse interface finite element method follows many of
the techniques used in [39]. Similar to the existence and uniqueness proof, the paper that
we follow shows convergence of a diffuse interface formulation of a mean curvature equation
coupled with a parabolic equation restricted to the curve. We have made significant

changes to this in order to adapt it to our diffuse interface model.

5.1 Summary

We start by deriving a model for tumour growth in Chapter [I} Although there are
significantly more complex models in the literature, see for example [34], the model that we
derive has the advantage of being highly tractable. It uses Darcy flow as its constitutive

assumption, and models forces such as the internal pressure and surface tension. The
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model is unique in that we pass to the thin rim limit. We conclude the derivation by
regularising the model.

The sharp interface approach is discussed in Chapter We first consider the case
where I'(¢) is an evolving closed curve in R?; we introduce a weak formulation of the prob-
lem which we then use to derive a finite element approximation. Next, mesh smoothing
techniques are discussed, and then an unfitted finite element approximation is considered.
Lastly, we introduce a finite element approximation for the case where I'(¢) is an evolving
closed hypersurface in R3.

The following chapter, Chapter [3] introduces the diffuse interface approach. We first
write the model in the diffuse interface paradigm; here we regularise the elliptic
equation in time with an e2u; term, thus transforming it into a parabolic equation. This
is followed by the weak form for the diffuse interface version of the model. We then
prove the existence and uniqueness of a solution to this model. A finite element scheme
is presented, along with a proof of existence and uniqueness of a solution to it. We finally
prove a convergence result for the finite element scheme.

Finally, Chapter [4] presents numerical simulations for the finite element schemes given
in Chapters[2and[4l The chapter starts with the introduction of an alternative formulation
of the model. We then introduce a diffuse interface approximation that does not include
the e%u; regularisation term. We follow this with a summary of the techniques used in
the implementations of the finite element schemes. The simulations begin in the radially
symmetric paradigm. Since we can derive an analytic solution when restricted to radial
symmetry, we begin our numerical simulations by using this analytic solution to argue
for the accuracy of our finite element schemes. We then include a biologically focussed
investigation. Geometries without radial symmetry are then presented (in R? and R3),
and we investigate the relationship between the parameters o and 8 (by fixing Q). We

conclude the sections on R? and R? with a small number of examples of tumours in vivo.

5.2 Future directions

We conclude this thesis with a number of possible future directions for research. This list
not exhaustive, but it represents many ideas that naturally follow from the work presented

in this thesis.



e Although we compare our simulations to a small selection of tumours in wvivo, it
would be beneficial to deepen this comparison, as it would help to ground the model
in a biological setting. In particular, it would be beneficial to match the evolution

of tumours in vivo or in vitro to simulations in particular parameter spaces.

e The tumour model is intentionally tractable in order to allow a relatively large
amount of mathematical analysis to be carried out. A possible future direction
would be to extend the model. This extension could, for example, include physical
effects, chemical effects, or genetic effects. Ideally, this addition to the model would
allow for an extension of the applied and numerical analysis results given in this

thesis.

e The external medium is modelled very simply. This medium could be more closely

modelled, perhaps so as to induce an external physical pressure on the tumour.

e Implementing topological changes in the sharp interface case, perhaps using [1§],

would be useful in verifying the topological changes in the diffuse interface case.
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