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BEYOND THE STANDARD MODEL IN EFFECTIVE COUPLINGS

THE CHARM CONTRIBUTION TO MIXING AND DECAY OF THE B MESON

SUMMARY

This thesis performs a comprehensive and systematic study of Beyond the Standard Model
(BSM) physics in b — ccs couplings, using an Effective Field Theory (EFT) framework.
The weak effective Hamiltonian is constructed from a complete set of twenty, dimension
six four quark operators and their respective Wilson coefficients. The phenomenological
impact of these operators upon B-physics observables is investigated. Conservation and
violation of CP (where C is the charge conjugation symmetry and P is the parity sym-
metry) are both considered.

Where CP is conserved, couplings take real values. In this case, the following quantities
are calculated; from mixing processes the BY — B decay rate difference and flavour

9 to B((io) meson lifetime ratio, the branching ratio for the

specific CP asymmetry, the B
inclusive B — Xy decay rate and the partonic transition amplitude for the rare decay
b — sutp~ . Subsequently, effects potentially detectable in real valued Wilson coeffi-
cients are predicted and presented for the full basis of twenty operators. Bounds upon
the energy scale at which such operators are generated and which indicate the energy at
which new heavy quanta could be present, are found to be in the TeV range.

Where CP is violated couplings take complex values, and hence carry new weak phases.
Here, the above set of observables is expanded to include the time dependent B((io) —
J/1Kg CP asymmetry and the Bg)) — JIWK ((10) branching ratio. These quantities are
calculated for a subset of coefficients. It is found that a small CP violating shift to SM
coefficients is attainable within constraints from data.

In addition to the above findings, the Renormalization Group Equation (RGE) is solved
for the complete set of Wilson coefficients, and the evolution matrix governing the change
of coefficients with energy scale is obtained and presented.

Finally, a separate technical result regarding one and two loop diagrams which forms part

of an ongoing project on anomalous dimensions in the Standard Model Effective Field

Theory (SMEFT), are presented.
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Chapter 1

Introduction

1.1 Prelude

Motivation for belief in and the study of physics beyond the standard model (BSM) is
twofold; on the theoretical side the Standard Model (SM) of particle physics is extremely
successful in predicting many of the phenomena observed in nature. However it is long
believed to be incomplete due to its inability to explain outstanding questions such as
the hierarchy/naturalness problem and the reason for the observed pattern of masses and
mixing angles of quarks and leptons. These problems lead theorists to believe that the
SM is the low energy limit of a more fundamental theory offering a complete description
of nature. On the experimental side, experiments have reached high levels of sensitivity
to flavour observables. Such levels of sensitivity offer two advantages; the first is when
reported values of measurements deviate from the SM prediction, there is an obvious mo-
tivation for theorists to explain such a deviation by constructing well motivated extensions

to the SM. The second is the power to constrain or falsify models going beyond the SM.

The flavour sector of the SM concerns interactions which differentiate between different
flavours of matter particles. It is known to be sensitive to indirect effects which could oc-
cur due to the presence of new non standard particles. Effects produced by new particles,
too heavy to be produced at energies currently within experimental reach, may effect fla-
vour observables. Hence, this sector of the SM has the potential to probe indirectly the
underlying structure of possible completions of the SM. Some observable quantities in
the B physics sector are suppressed due to small Cabibbo Kobayashi Masakawa (CKM)

matrix elements, or because some processes are forbidden at tree level in the SM and
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hence the leading perturbative contributions are suppressed by loop factors such as Fla-

vour Changing Neutral Current (FCNC) interactions. Other B meson processes are sens-
itive probes of CP violation; a phenomenon which is thought to arise in the SM purely
due to the CKM matrix, but which is much more prominent in the universe than can be
explained through this alone.

In this thesis we consider those processes in B physics which are triggered by the quark
level b — ccs transition. This transition contributes to a wide range of B physics pro-
cesses and thus offers a selection of complimentary observables one can use to constrain
predicted signals of physics beyond the standard model (BSM).

In particular, this transition contributes at loop level to the suppressed rare B decays
triggered by the b — su™p~ transition. This decay mode is one for which there ex-
ist tensions between experiment and theory [4, 5, 6, 7, 8, 9, 10, 11, 12, 13]. Inter-
estingly, such tensions may indicate a beyond the SM contact interaction, which could
cause a negative shift to the SM Wilson coefficient Cyqy/, as has been studied previously
[14, 15, 16, 17, 18, 19, 20]. The significance of such an effect is somewhat unclear, due
to hadronic uncertainties [21, 22, 23, 24]. However, as short distance virtual charm con-
tributions constitute a portion of Cyy, in the SM, in this thesis we consider whether such
rare decay anomalies could be explained by new heavy degrees of freedom affecting the
quark level b — ccs transitions. Such an effect, if indeed responsible for the anomalies,
would also be captured as a negative O(1) shift to Cyy .

If there exist BSM effects in rare decay, affecting B physics observables through a charm
loop, such effects will also show up in mixing and lifetime processes, offering the exciting
prospect of investigating these effects in BY — BY mixing and B lifetimes [1]. In addition,
we extend our study to include radiative processes triggered by the quark level b — sv
transition, as well as the hadronic B — J/¢ K (s) decay, to which b — ccs transitions also
contribute, at loop and at tree level respectively [2].

Using the standard EFT framework, we go beyond research previously carried out by con-
structing the most general weak effective Hamiltonian of b — c¢s operators, and perform
a comprehensive evaluation of new physics effects in B physics observables related to
the processes mentioned above [1],[2]. Namely, the mass eigenstate decay rate difference
AT, and flavour specific CP asymmetry af}, from BY — BY mixing, the inclusive radiative
decay branching ratio B(B — X,v), the time dependent B — J/¥Kg CP asymmetry
observables S,k and Cj/y k., and the branching ratio B(B) — J/¢ K)).
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Further, we consider the impact of operators containing a right-handed strange quark, as-

sociated with the chirality conjugate partners of our basis. We then ask the question as
to whether B} — .J/¢K s observables can impose extra constraints upon BSM shifts
to SM coefficients, through the introduction of coefficients carrying weak CP violating
phases. Finally, we determine the resultant constraints of all these quantities upon each
Wilson coefficient in the Hamiltonian and speculate upon what type of new physics could
have generated this at the TeV scale.

As an additional separate chapter we include a technical result which is a part of an on-
going project. Here, we include a set of two loop and one loop Feynman diagrams which
contribute to the anomalous dimension matrix element governing the mixing of dimen-
sion six operators with dipole operators in the Standard Model Effective Field Theory

(SMEFT), and present the methodology employed to perform the calculations [3].

1.2 Layout of thesis

The remainder of this thesis is laid out as follows; In Chapter 2 we review the SM of
particle physics and introduce some of the existing formalism for meson mixing and CP
violation, the concept and practical application of renormalization, the EFT framework,
and the necessary theoretical tools required for the following chapters such as heavy quark
effective theory (HQET) and the heavy quark expansion (HQE). In Chapter 3 the Charm-
ing Beyond the Standard Model (CBSM) scenario is introduced, motivated and the op-
erator basis and weak Hamiltonian defined. In Chapter 4 the full renormalization group
evolution for our scenario is presented, in Chapter 5 the observables considered in our
work are defined mathematically and their expressions in terms of Wilson coefficients
given. In Chapter 6 the phenomenological implications of our mechanism are presented
and discussed. In Chapter 7, results of the set of two, and one-loop diagrams contributing
to the Anomalous Dimension Matrix (ADM) element which governs mixing of certain
operators with dipole operators in SMEFT are presented and technical details shown [3].

Finally, Chapter 8 contains our conclusions.



Chapter 2

Preliminaries

In this chapter we lay the foundation for our novel results by reviewing the standard model
of particle physics in 2.1 with a focus on the flavour sector. In section 2.2 we review the
basics of neutral meson mixing and derive some expressions for later chapters and in
section 2.3 we define some transformation properties and highlight relevant CP violating
processes. In section 2.4 we review the standard treatment of divergences which appear in
quantum field theory calculations focusing on regularization, the concept and application
of renormalizat SUyy (2)ion and introduce the renormalization group. In section 2.5 we
review the EFT framework and give a simple illustrative example. In sections 2.6 and 2.7
we introduce the Heavy Quark Effective Theory (HQET) and Heavy Quark Expansion
(HQE), respectively.

2.1 The standard model

The Standard Model (SM) of particle physics is described by the Lagrangian density
[25, 26, 27, 28, 29, 30]

1 -
W, W — 7 BB + > il

1=1...3 P=q,u,d,l,e

1 A ~Auv
Lsm =~ > ahaht -

1
A=1..8 4
2\ 2
+ (D, HY) (D" H) — \ (HTH - “—)
- [%}/dde + Qquuﬁj + EjYVeeHj + hC] (21)
which is specified by the gauge group SUq(3) x SUw (2) x Uy (1) and it’s matter con-

tent. The first line contains the gauge and fermion terms and the second and third lines

are comprised of terms involving the Higgs field. The field content of the SM and the
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transformation properties of the fields under the gauge group are given in table 2.1. The

Table 2.1: SM field content and transformation properties of fields under the gauge group.

Fermion fields

(1), ee(0), we(), ean

UR CR tr (3>17%)
dr SR br (3»17—%)
(), (), ee(E), ea
en s TR (1,1,-1)
Gauge boson fields

G4 (8,1,0)
Wi (1,3,0)
B, (1,1,0)

Scalar boson fields

ot
H( HO ) (1727%)
- H()*
H:(_H+*> (1,2,-1)

fermion fields make up the first five rows of 2.1, with the upper three being the quark
fields and the lower two the lepton fields. The first three columns contain the individual
generations of the quark and lepton fields. The sixth to eighth rows which comprise the
gauge bosons have only two columns, similarly for the last last two rows which contain
the scalar boson fields. The fourth column contains the transformation properties of the
fields under the gauge group. These properties are given in terms of the representation
of the gauge group under which the fields transform. To summarise how these trans-
form with respect to each individual group, there are three entries in the row vector in
the last column. The representations of the gauge groups are labelled by their dimension.
The 3-dimensional representation of SUq(3) is written as 3, and this is the fundamental

representation. The 2-dimensional representation of SUy, (2) is written 2, and the trans-
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formation properties with respect to Uy (1) are labelled by the eigenvalue of the generator

Y which is called the weak hypercharge. If a field does not transform, then this is written
as 1 which denotes the trivial invariant representation.

We define the field strength tensors to be

Gh, = 0,47 — 0,A% + g, [P AT AT, A=1.8 (2.2)
Wi, =0.W, —0,W] + g " WIWE, I=1.3 (2.3)
B,, = 9,B, — 0,B, (2.4)

where G, W, and B,, are the gauge fields for the SU¢(3), SUL(2) and Uy (1) gauge

groups respectively. The covariant derivative is
Dy, =0, +ig, T A} +igot' W +igY By, (2.5)

The contraction [) in (2.1) is defined as [) = v*D,, where the 4 x 4 Dirac matrices obey

the anti-commutation relations

{47} = 29", (2.6)

with g"” the Minkowski metric defined in (A.6). An explicit representation of the Dirac

matrices 1s the Dirac-Pauli representation wherein

A 0 1
70 = ) 7= ) ) 75 = ) (2.7)
0 0

where 7° and 7 are hermitian and + is anti-hermitian and the o with i = 1,2, 3 are the
2 x 2 Pauli matrices defined below in (2.15). Here 1 denotes the 2 x 2 identity matrix,

and the matrix 7 obeys

{7} =0, () =1. (2.8)

The other commonly used representation is the Chiral or Weyl representation and this and
its relation with the above representation is given in Appendix A.

Moreover, in (2.5) the T are the SU(3) generators, which obey

[TA7 TB] _ ifABCTC7 (2.9)
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fABC are totally anti-symmetric. The matrices T are con-

and the structure constants

ventionally defined as

1
T4 = §AA, (2.10)
and satisfy
1
Tr(TAT?) = §5AB. (2.11)

In the conventional basis the 3 x 3 hermitian traceless matrices \* are the Gell-Mann

matrices:

=}

010 0 —i
A= 100 |,
000 0 0

>
N
|
~.
o
o O

)
(@)
—_

0 0 —2 0 0O
Xo= 100 0 [, XN=1001
t 0 0 010
00 O 10 0
1
A= o0 -], N=—201 0
Z V3
0 <2 0 00 -2
Similarly, ¢! are the SUy, (2) generators, obeying
[t!,t7] = il 7K (2.12)

K

again the structure constants ¢//¥ are totally anti-symmetric. The ¢’ are defined as

th = =0l (2.13)

satisfying
1
Tr(t't!) = 55” : (2.14)
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The traceless, hermitian 2 x 2 matrices o are the Pauli-Sigma matrices, and are given by

ol = , o? = . ) o = . (2.15)

and Y is the Uy (1) hyper-charge generator. The couplings in (2.5) are as follows: g; is
the SU-(3) gauge coupling, ¢ is the SUy, (2) gauge coupling and g is the Uy (1) gauge
coupling. The fermion fields ¢ = {qr, ur, dg, (1, er} all have flavour indices p = 1,2,3

for each generation in flavour space. These are suppressed in (2.1) for clarity. Explicitly

J

the index j is an SUy, (2) index and Yy, Y, and Y, are Yukawa matrices in flavour (gener-

ation) space. The field H is defined

H; = e H), (2.17)

and €y, is the SUyy (2) invariant tensor which is defined by €15 = 1, €, = —ey;.

2.1.1 Spontaneous symmetry breaking

The Lagrangian in (2.1) is expressed in the gauge eigenstate basis such that its fields
have definite gauge quantum numbers and transformation properties. However, the mass
spectrum of the theory is brought about by spontaneous symmetry breaking (SSB) when

the Higgs field acquires a non zero vacuum expectation value (VEV) [26, 27, 28]:

(0| H|0) = " v=y/E. (2.18)

V2

Working in the unitary gauge we can parameterize the Higgs field in terms of its VEV

value and a real valued field h(z)

o= . (2.19)
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When the field H is replaced with (2.19) in (2.1), the covariant derivative given by (2.5),

in terms of the three weak gauge bosons in the mass eigenstate basis, becomes [30, 25]

Du:aﬂ+r@{Wjﬁﬂ+W;f)+i

V2

where the matrices t* = (¢* + it?) with ¢/ = 36! T =1,2,3 with o’ the Pauli sigma

g2
cos Oy

Z,(# — Qsin® Oy ) +ieQA,  (2.20)

matrices, as given in (2.15). The electromagnetic coupling e and the Weinberg angle 6y

are

9291 . a1 g2
6= —— sin Oy =

VE+ G Vi -+ VE+ G

and the U(1) generator Y is related to t* and Q through Q = (t* +Y). In 2.1.2 we will

2.21)

cos by =

briefly explain the origin of the fermion masses in the SM after spontaneous symmetry

breaking (SSB).

2.1.2 The flavour sector

The masses and mixings of the fermions are determined from the Yukawa term in the
SM Lagrangian (2.1) which couples the Higgs field to the fermions before SSB. For the
quarks, we will need to alter notation to make clear the difference between the gauge

interaction and mass eigenstate bases. Let us make the substitutions

o u’ d t
d s’ v
L L L
, iz v, 78
(=1 = / , / , / (2.23)
¢ L H L T L
Ur — U/R V ugr € {UR, CR,tR} (2.24)
dr — d/R V dr € {dR, SR, bR} (2.25)
er — € YV er € {er, ltr, TR} (2.26)

so that it is clear that when we are referring to gauge interaction eigenstate fields, we

mean those with a prime in the superscript.
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Fermion masses

For the quarks, the Yukawa terms, after replacing H with (2.19) lead to non diagonal mass

matrices of the form

In the quark sector, in order to obtain mass matrices which are diagonal, we make the

field re-definitions letting

urry = ViR UL(r): drry = VLd(R)d/L(R)a (2.28)

where the matrices VL‘I( Ry = U d are unitary matrices which are chosen in such a way
as to ensure that the diagonalized mass matrices have real and positive eigenvalues. Upon

this change the quark mass matrices become

— v v
MY = —— _
V2 V2

with the diagonalized quark mass matrices given in terms of the Yukawa matrices as

diag(y", y°,y") M= diag(y?, y*, y") (2.29)

M =vIivivii f=u,d. (2.30)

We can do the same for the leptons, however because there are no right handed neutrinos
there is only one Yukawa matrix to diagonalize and the two components of the SU(2)
doublet ¢ require the same field redefinition. The result is that the transformation matrices
commute with the SU (2) interactions arising in the covariant derivative and so in the mass

eigenstate basis the lepton mass matrix is

v

i -
V2

diag(Ye, Yy, ), M = VeY. (vt (2.31)

Fermion-gauge interactions

In terms of interactions, we must then apply the field redefinitions to the fermion kinetic
term in the Lagrangian to obtain the interactions between the gauge bosons and the fermi-
ons, in the mass eigenstate basis. Interactions involving quarks and leptons and the electro
weak gauge bosons are present in the standard electroweak theory of Glashow,Weinberg

and Salam [25],[30]. The gauge - fermion interaction Lagrangian consists of a neutral
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and a charged current.

Loy = Lee + Lo, (2.32)

where L. contains the charged current interactions between quark and lepton currents
mediated by the charged gauge bosons W+ and L, the neutral current interactions between
quark and lepton currents mediated by the neutral gauge bosons Z° and A. The charged

current Lagrangian, in terms of the physical W= fields reads

Lo.— —%(ij*“ + TS, (2.33)

The neutral current Lagrangian reads

Ly = —eJ™ A" + g—ZJjZH, (2.34)
cos Oy

where the electromagnetic and neutral currents are given by

T = Qrfryuf”, (2.35)
!
T =Y (Frvgl 2+ Fougnf?), (2.36)
f

when f = v,,e,u,d is a fermion field and with p = 1,2, 3 a generation index. The g{
is the 2 x 2 matrix ¢3 — @ sin 6y, which acts on the SUy(2) doublets f¥, where ¢* is
defined in (2.13) and (2.15) for index I = 3. The g}; acts on the right handed SUy (2)

singlets f5. They are given below as

1 .2
= — Qrsin® Oy 0
o[ 27% 1 . (2.37)
0 —5 Qf Sin GW
gh = —Qysin Oyy. (2.38)

Applying the transformations given in (2.28) to the fields in the neutral current Lagrangian
leads to the cancelling of the matrices VLq( Ry 4 = U d because the neutral current is fla-
vour diagonal. This is due to the matrix ¢* having zero off diagonal elements and hence
the components of the SUy, (2) doublets do not get mixed up. This is the reason why
there are no flavour changing neutral currents at tree level in the SM. Applying the field

re-definitions in (2.28) to the fields in the charged current (2.33), leads to the explicit
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definition of the quark mixing matrix

dr,

J: = < ur, cr, tr >7uVLu(VLd)T SL (2.39)
b,

T = (T (2.40)

the transformation matrix V*(V2)" in (2.39) is the Cabibbo Kobayashi Masakawa (CKM)

matrix [31], [32] and originates from the Yukawa term in (2.1) in that
Vexm = VRV (2.41)

The weak interaction eigenstates of (2.39) are connected to the mass eigenstates through

the Unitary transformation

d/ Vud Vus Vub d
s 1 =1 Vea Vs Va s | (2.42)
v Via Vis Va b

The CKM matrix is a complex 3 x 3 matrix predicted by the SM to be unitary, Ut =01
and therefore UTU = UUT = 1. Some of the complex phases of the CKM matrix do not

have physical meaning. It is possible to re-phase the quark fields

u, = i, (2.43)

d, = eiond, (2.44)

when n, p are generation indices, with a CKM matrix element transforming under this re
phasing as

Ve = =)V (2.45)

Through this re-phasing of the fields, it is possible to eliminate the phases of 2V, — 1
Verm elements where Ny, = 3 is the number of generations. The number of physical

parameters of the CKM matrix may be counted as follows. The number of parameters are

Nparam = NJ — (2N, — 1) = (N, — 1)° (2.46)
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that is the number of elements minus the number of phases which can be eliminated.

These parameters can be expressed in terms of Euler angles and phases. A unitary matrix

has
1
Nangle = §Ng(Ng - 1) (2.47)
rotation angles. Then the number of phases we require to parameterize Vg are
1
Nphase = Nparam - Nangle = §<Ng - 2>(Ng - 1) (248)

That is for NV, = 3 generations the CKM matrix can be parameterized in terms of 3 Euler

angles and 1 phase. It is given in the standard KM parameterization in [33] as

0

C12C13 512C13 S13€
_ 0 0
Verm = —S812C23 — C12523513€ C12C23 — S512523S513€ 523C13 . (2.49)
) )
512823 — C12C23513€" —C12523 — $12C23513€" C23C13

where s;; = sinf;;, c¢;; = cosf;; and 0;; € [0, 5] is chosen such that s;;¢;; > 1. § is
the CP violating phase which accounts for all CP violation in flavour changing transitions.
The complex elements of Vs display a hierarchy which is most transparently displayed
in the Wolfenstein parameterization [34] which is related to the standard parameterization

through the relations [33]

[Vis|

S12 =\ = 2.50
N Vadl? + [Vas 220
S23 = AN = )\ “fl’ 2.51)

s13¢ = AN} (p +1in) = ANp + iV = PN v (2.52)
V1= 22[1 — A204(p + in))

_ Vudvib

The reason for the introduction of the barred p, 77 is to ensure i) that p + i) = VT
cateh

is phase convention independent and ii) that Vx5, when written in terms of A, A, p, 7] is
unitary to all orders in the expansion parameter A. In terms of the un barred parameters

p,n, where p = p(1 — 2A2+---), 7 =n(1 — 1A\ + .- .), the CKM matrix can be written
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in the Wolfenstein parameterization as

-4 A AX(p —in)
Vekm = ) -2 AN +O(\Y). (2.53)
AN(1 —p—in) —AN? 1

This highlights that interactions between quarks will be suppressed to varying degrees
depending upon their CKM structure. The unitarity condition yields 3 normalization re-

lations and 6 orthogonality relations, these are
> ViVw=1 Vg = 0 (2.54)
k=1...3 k=1...3

For the purposes of this thesis, the relation we will use most often is the one governing

the b — s transitions namely
VarVos + Vo Vis + ViV = 0, (2.55)

which may be expressed as

ViV, | VaV2,
b u5+ b

+1=0. (2.56)
VieVis — VnVis

The latest values of the CKM elements are to be found in [33]. Throughout this thesis
we employ the standard phase convention, and calculate the CKM elements from inputs

shown in Table 6.1 using (2.49).

2.2 Neutral meson mixing

In this section we follow the development of [35]. Using a simplification first shown by
Wigner and Weisskopf [36], [37], in the Wigner-Weisskopf approximation, the time evol-
ution of a beam of neutral mesons which are both oscillating and decaying, is expressible

in the rest frame of the P° — P system as a superposition of meson anti meson states
[(t)) = PU()|P") + P(2)| PY). 2.57)

The conditions being that i) at time ¢ = 0 only the wave functions above are non zero,
ii) it is only these functions we are interested in, and iii) ¢ is much larger than the strong

interaction scale. Here we denote P°(t),P%(t) as the the wave functions associated with
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PP) which are the meson states prepared at time ¢ = 0 labelled by their

quark flavour quantum numbers. In this thesis we are considering P(®) = Béo), Kéo)

the states |P?),

meson mixing with ¢ = s, d flavours. The wave functions in (2.57) obey a Schrodinger

type equation

d [ Pt H, H POt
() (e e Al (2.58)
dt \ po(t) Hs Ho PO(¢)

The Hamiltonian governing this mixing and decay of flavour eigenstates is not Hermitian
but it can be decomposed into two separately hermitian matrices M, and I in the following

way

H= M- %F (2.59)

where M = M f I' = I'". In order to diagonalize a non hermitian matrix H with a
unitary similarity transformation, M and I' must be simultaneously so diagonalized. The
necessary and sufficient condition for this is that M and T’ commute, which is possible
if and only if H is normal, i.e [H JH f] = 0. The discrete symmetries C'P and CPT
constrain the elements of the mixing matrix so that My; = Moy = M and I'y; =19 =T
and hermicity of M and T ensure My, = M 15 and I'y; = I'],. This gives for the mass and
decay rate matrices
' Ty ~ M My

) M . (2.60)
Iy, T My, M

>
|
I

The requirement that H be normal in order to be diagonalized by a unitary similarity
transformation is satisfied because the diagonal elements of M and I are real.
The eigenstates of H, which we shall label |p,) and |pp), are states of definite mass and

decay rates. They can be expressed in terms of the flavour eigenstates | P°) and | P°) as

P p°
| Pa) _ pa gA \7 ) 7 2.61)
|Pp) P 4B |PO>
and evolve in a simple way according to
d Pyt My — iT 0 Pyt

dt\ | Pg(t)) 0 My — iT'g | P (t))
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The diagonal elements are the eigenvalues of H which we label A, B in accordance with

the eigenstates of H. They are

7 7
pa = My — §FA7 pup = Mp — érB- (2.63)

Let us introduce and define the mass and decay rate differences as the difference between

the masses and decay rates of the physical eigenstates

AM = My — Mg (2.64)
AT =T,-Tpg (2.65)

The sign of these mass and decay rate difference has physical significance and is different
for different mesons. In order to extract expressions for these observable quantities it is

useful to define the eigenvalue difference as
Ap=AM — %AF. (2.66)

Diagonalization of (2.59) gives the eigenvalues of (2.59)

) 1 .
MA = M — §F —|— \/|M12|2 — Z|F12|2 — ZRG(MTQFH), (267)

) 1 .
up = M — 51_‘ — \/|M12|2 — Z_1|F12|2 — ZRe(MikQFlQ). (268)

In terms of the individual elements of the mass and decay rate matrices in the flavour

eigenstate basis, from (2.66), (2.67) and (2.68) we deduce that

1 .
AILL = 2\/’M12|2 - Z_1|F12|2 - 2R6<Mf21—‘12). (269)

As a consequence of assuming C'PT' to be a good symmetry of (2.59), the ratios

g4 _ 4B

q
ba P P

(2.70)

Upon diagonalization of H, in the way described above, comparison of (2.61) with the
transformation matrix formed of the eigenvectors of H, fixes the ratio q/p to be

q_ 2(M7, — %FE)
P\ JIMif? = H[Tif? — iRe(MpT')

. (2.71)
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B _ B mixing

Let us specialise to BY — g mixing. For this process we have A = H, B = L where

H stands for the heavy eigenstate and L stands for the light eigenstate. The quantity
AM > 0 by definition, and since in the SM B is the short lived eigenstate it means that

I'y, > I'y. We define the mass and decay rate difference in the following sense.

AM, = M}, — M; (2.72)
AT, =T% — T (2.73)

which means that the eigenvalue difference is
Ap =AM + %AF. (2.74)
It is convenient in what follows to express M7,, [']5 as

M3y = |Mp,|e®™ (2.75)
s, = |15, e (2.76)

To fix the expressions for AM, and Al that are needed for construction of the mixing
observables we may equate the LHS of (2.69) with the LHS of (2.66) and notice that the
smallness of the ratio of the magnitude of |I'§,/M7,| in the SM [38]

~5x 1073 (2.77)

S
‘ F12
S

. . s
allows for an expansion in powers of ‘ 12 | 50 that
2

My

; 1
AM; + %AF = 2\/’]\412|2 = 4/Tal? — iRe(MpT's)

— o Mpli[1— =
| 12‘\/ 4| My,

2 _ iRe(Mf2F12)
| M|?

. I112 2 F12

— M| |1 — i |22 Op — 0y) — — | =12
| 12‘\/ "\ M (COS(F M) =g Mlz)

1| i 1| '
= 2| M, {1 ~ 5\, (COS(QF—HM) -1l )
1|0y |? i | T \2

|22 O — 01 — — | =12

8 | My (COS( r =)= 1197,
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(coqep-eM)-Z

1-‘12
M12

1—‘12

l

16

)

Let 6, be the relative phase of M7, and I'},, defined as

MS
0], = arg (— 12) =1+ 0y — O,

'Yy
then
r 1Ty |?
AM + = AF = 2|M12| 1 —|— B 12 COS 612 — g M—1122 sin2 912
i | Ty | Ty [*
— 0 29 O
16 | Moy cos 19 sin” 019 + (‘ Moy

Equating real and imaginary parts yields

1 F12 1—‘12 !
AM = 2|M 1—=|— 20 @
| 12| < 8 | My sin” 019 + (‘ Moy
AT = 2|I'15| cos 0 1+1F122 29, +0 (|12
= COS — |—=1 sin
12 12 8 M12 12 M12

Then neglecting the small corrections, we find

AM?® = 2| M|
AlY = 2|F12‘ COS 912
= —2Re(I"pe M)

+- (2.78)

(2.79)

2.81)

(2.82)

where to a good approximation in the SM, the dominant contribution to the phase of M7,

iGM ~ V ‘/tb

gives e e Ve

[38], and the second line of (2.82) is shown for later convenience. In

addition, for our study of effects in hadronic decay we will need to define the BY mixing

parameter <I%> of (2.71), which is given by
Bs

(1) - et
B, ¢m4ﬂr—&mruMﬁ) NNk

A EE 2 A -1

2

2

F12

— (671'9]»1 _ 7291‘)(1 +

2

2

cos(fr — Oar) + OQ

2 cos(Or — Oar) + OQ

The
Ml2

)
)

The
M12
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sin(far — ep)) ) (‘&

2
M12 )
2
) . (2.83)

, 1|
— 7@91\4 1 - ﬁ
e < + 5 | My

_ it (112

2.3 CP violation

In this section we provide a brief review of some of the basic formalism describing CP
violation in the SM and introduce some notation, define some transformation properties
necessary for later chapters. Where known results are stated, they will be done so follow-

ing the development in [35].

2.3.1 Symmetries and transformation properties

Generically, let us define the decay amplitudes for a pseudo-scalar meson P° and its CP

conjugate P° to decay to a final multi particle state F, and its CP conjugate £ as

Ap = (FIH|P°), Ap = (F|H|P°), (2.84)
Ap = (F|H|P"), Ap = (F|H|P°) (2.85)

The operators representing the transformations C' charge conjugation and P Parity are

denoted here as C, P, and the action of these operators on the meson and final states is

(CP)|P%) = e 7| P?) (CP)|F) = e*r|F) (2.86)
(CP)|P°) = | P) (CP)|F) = e~"|F) (2.87)
(CP)2 =1 (2.88)

The phases ¢, £p are flavour dependent and non- physical. We also define the CP eigen-

states as fop as

(CP)|Fcp) = ncplFer), nep = £1. (2.89)

If CP is conserved then

[(CP),H] =0, (2.90)
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and hence due to (2.90) and from (2.84)-(2.85) we deduce that in the absence of CP

violation

Ap = &r=Er) Ay (2.91)

Ap = e_i(fP‘f’gF)AF‘ (2.92)

In addition, the action of the parity operator on the odd parity neutral mesons P° =

K?, B) is as follows

P|P°) = —|P°). (2.93)

2.3.2 CP violation in the SM

Complex parameters in any Hamiltonian term which contribute to the decay amplitude
will appear as their complex conjugate form after a CP transformation is performed. There
are three sources of complex parameters arising in the SM; 1) spurious flavour dependent
transformation phases, i1) weak phases and iii) strong phases. The spurious phases are
those shown above and are un-physical and arbitrary. We chose in this thesis to set them
to zero for convenience. The weak phases are associated with the charged current interac-
tions shown in (2.39) and violate CP. These phases are associated with the CKM matrix
elements and are the only source of CP violation in the SM. The strong phases are CP
conserving and in general, are non-perturbative in origin.

In this thesis the processes which are studied and which are used in the SM as a meas-
ure of CP violation are i) CP violation in B? meson mixing and ii) CP violation in the

interference between mixing and decay.

CP violation in mixing: B? system

CP violation in mixing is associated with the relative phase of mixing quantities M7, and
I, given as 67, and defined in (2.79). This effect is calculated in the SM as the flavour

specific CP asymmetry and given by

I I's
ass _ Im 12 ) _ 12
! (Mfz Mg,

sin 07, (2.94)
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by examining (2.83) it is clear that for CP violation in mixing, we will find that

;

CP violation in the interference between mixing and decay: Bg system

|

£1. (2.95)

Bs

This class of CP violation occurs when BY and BY can decay to the same common final

state which is a CP eigenstate. For this we define the quantity \r generically to be

q AF
A = | = —ar, (2.96
for (p) B AFCP )

It can be measured by studying the decay of an initially pure B% meson state to a CP
eigenstate and with an initially pure BY meson decaying to the same CP eigenstate. In the

SM this class of decay can happen when

‘ 1, Im(Ary,) # 0. (2.97)

2.4 Renormalization

In Quantum Field Theory (QFT), decay rates and cross sections related to interactions
between combinations of quantum fields contained in (2.1), can be approximated using
perturbation theory. One can calculate the leading order or “Tree level” amplitude for an
interaction by obtaining the invariant matrix element of the term in the Lagrangian cal-
culated between the desired initial and final states. The accuracy can be systematically
improved by including higher order corrections in the perturbative expansion, as long as
this is performed at an energy scale for which the expansion parameter is small. How-
ever, the accuracy in such computations is ultimately limited by non perturbative power
corrections.

In practice, this involves the calculation of integrals over four momenta which represent
the presence of virtual particles at the so called “Loop level” and often these integrals
diverge. Such divergent integrals must be regulated in some way so that the divergence
can be contained in a particular parameter which typically will be associated with the
divergence in some limit. There are various methods of doing this, and in this thesis we

will employ the gauge invariant method of dimensional regularization.
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2.4.1 Dimensional regularization

In Dimensional Regularization [39, 40, 41, 42, 43] scheme the number of spacetime di-
mensions is continued to d = 4 — 2¢ and singularities arising in loop integrals are con-
tained in % poles. As an illustration let us consider the diagram associated with the quark
field renormalization

: 2 4—d/pApA d'k VK
—iXap(p) = =g (IT°T )aﬁ/ (2m) (k2 +ie)((p — k)2 + i€)

d 1 v + 1 — »
= —92M4_dCF5a6/d—g/ dz- (+ 0 —2)pn
0

(2m)d (02 — A+ ie)?
dp 1 _ o

where we have shifted k = ¢ + (1 —2)pand A = —z(1 — 2)p%, T4, A = 1,...,8 are
SUc(3) group generators, and p is a parameter with dimensions of mass, introduced in
order to ensure the strong coupling is dimensionless in d dimensions. In the last line the

Dirac algebra in d dimensions gives

Yy = (2—d)v, (2.99)
V', =d (2.100)

The two integrals over £ arising in (2.98) are evaluated in dimensional regularization to

be

it 1 i Te-H1 2-5

/ (27T)d (52 — A+ ie)2 o (47T)g F(Q) (A) (2.101)
e /

/ 2m)d (2 — A +ie2 0 (2.102)

The second integral (2.102) is zero by symmetry and the (2.101) is expressed in terms of

Gamma functions.

1 —d _d 2-4
= —2ig? (Zszéaﬁp/o dz(1 — z)(e — 1)T(e) (472‘ > (2.103)

with Cr = N;]; L and N is the number of colours. For d = 4 — 2¢, the " function has a

pole at e = 0 so we expand for € close to zero. The quantities in parentheses raised to the
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power € and the Gamma function close to its pole may be expanded under the integral in

€ about zero, where
1
I'(e) = - —ve+0(e), A =1+elnA+ O(), (2.104)
€

where g 1s the Euler Gamma constant. This gives for the integral (2.98) in dimensional

regularization scheme
2 2
g°Cr 1 1

—In4nm + 2/01 dezn (z(1 —z)) + O(E))

€

Qg 1 > .
= ECFéaBP 1—=——In — | +E— In 47 | + finite. (2.105)

This integral has now been regulated, and the divergence is now contained in the % pole,
which diverges as € — 0.

Renormalization is the practice of removing these divergences, represented by the % poles,
order by order in perturbation theory so that one may obtain finite results in the limit as
e — 0 in d = 4 dimensions. These renormalized quantities can then be safely used in the

theoretical prediction of observables such as cross sections and decay rates.

For a concrete example of how the procedure of renormalization works consider the the-
ory of Quantum Chromodynamics (QCD). Following the development of [44], upon first
fixing the gauge via the method of Fadeev and Popov [45], the Lagrangian density is given
by

1 A 1
Lot = —7(0,G) = ,GH(@" G — 9 Gr) - 2—5(0#0;1)2

+ q(id — my)q + x** 0" 9, x*

2
g v Y v
. §fABC(aMGf . aVGZl)GBMGC . ZfABCfCDEGﬁGEGCuGD

+9G Ty q Gy + g f 1P (0N PG (2.106)

where T4, f48¢ with A, B,C' = (1,2, ..., 8) are the generators and structure constants of
SU (3). respectively, G;‘ are the gluon fields, ¢ = (q1, ¢2, g3) are the SU(3) colour triplet
of the quark field of flavour ¢; where i = (u,d,c,s,t,b). x* is the ghost field, £ is the

gauge parameter and g is the strong coupling.
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The procedure for renormalization of the theory is to write the bare Lagrangian as the sum

of the Lagrangian of (2.109) and a counter term Lagrangian.
Locap = Loca + Lyca,or (2.107)

One then expresses the bare Lagrangian containing the bare quantities in terms of renor-

malization constants and renormalizad quantities, via the following prescription:

A
Gy,

\/23G:?7 qy = ZQQ7 lel = Z?)XA?

g = Zgi'yg, my = Zym, & = Z3€. (2.108)

where the quantities with a subscript b are the bare unrenormalized ones and the Z; are the

renormalization constants. The quantity p is introduced to the strong coupling in order to

make it dimensionless in d dimensions. By comparing the RHS of (2.107) given by

(1 + 53) 1 AN2
—(0"G

4 2¢ ( )
+ (1 + 02)qdq — (1 + 6,)myqq + (1 + 53))(’4*8“8”)(‘4
g v
= (14872 47(0.G) - 0,G)HGGE

ﬁch + ['ch,C'T = -

(0,G2 — 0,G) ("G — G —

. (1 + 6;9)%2fABCfCDEG;‘GEGCMGDV
+ (L+ 019) @ T " ;G + (1+ 01)g f 2P (0" x )X PGS,
(2.109)

with the LHS expressed in terms of (2.108)

1
_<8MG;‘L‘)2

Z
,chd,b - _ZS(aMGf — ayG;‘)(aHGVA o 8VGMA) _ 26

+ Z2qdq — Z2Zmaqq + ngA*a“a#XA

3
—z:7,2 SIC0,G) - a,6ham G
_ Z2Z§i fABC’fC’DEG;leGC’MGDV
+ ZngZ?fqu Al Gi + ZaZy 23 g fAPC (0" )N PGY, (2.110)

the parameters for the counter terms are found to be

(53 = Zg—l, (52 Z2_1 53 Zg—l
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3
Om = ZoZm—1, 0 =227, 1, 0y = Z322 — 1,

1 ~ ~ 1
(51 — Z2Z?)2 Zg - 1, 51 — ZgZ32Zg - 1 (2111)

The counter terms are then treated as interaction terms in the Lagrangian and have cor-
responding Feynman rules. These then contribute to the calculation of Green functions at
the desired order in perturbation theory. To fix the renormalization constants Z; one then
determines their value such that they cancel the divergences which arise in computing the
Green functions, in accordance with the selected renormalization scheme. In this thesis
we use the M S scheme, for which only the divergent % poles are subtracted, and not any
of the other finite parts of the calculated loop diagrams. In this scheme the quantity u

introduced in (2.109) is re-expressed as

Hars = —/—47 H

So for example from the result given by (2.105), the quark field renormalization constant

(2.112)

Zy will renormalize the theory at O(a) in M S for

B 1
Zy=1— 20,2
47 €

(2.113)

2.4.2 Renormalization group

The Renormalization Group [46, 47] is the group of transformations between different
choices of renormalization scale p. The renormalization group equations (RGE) govern
the change in renormalized quantities such as Greens functions and parameters (masses,
couplings) with i, in differential form. Let us consider the strong coupling in (2.108) and
derive the differential equations it obeys, keeping in mind that the bare parameters are u
independent. Consider the strong coupling which depends upon x through the rescaling
performed in order to obtain a dimensionless coupling in d spacetime dimensions. We
re-express ¢ in (2.108) as

9(u) = Z; 1 g (2.114)

and take the derivative of g(u) with respect to

d d d
. — Z—l € —€ _Z—l
ﬂdug(u) 9 (udﬂu )+M 9 (udu p )

—€er7— —€ — d
= —en Z gy — 192, ” (N@Zg) :
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= —oln) — 9l - <ng> |

This can be written in terms of the QCD beta function

d
u@g(u) = B(e, 9(1)), (2.115)

where the definition of (e, g(1)) valid in d dimensions is explicitly

Blessto) = ~eo(u) - 960 7 (-2, @.116)

For Z, in the M S scheme to L.O given as

(—11 + %), (2.117)

g 1

Zy =14 D 2
g +327T26

where Ny is the number of active quark flavours and where it is understood that in the
dimensional regularization scheme, the % pole is pre-multiplied by the same factor as the
logarithm of p appearing in the calculation of Z,. Then differentiating with respect to

(2.117) and taking the limit as € — 0 in d — 4 of (2.116) gives

3

B(g) = —Bo—> (2.118)

1672’

with 5y = HN;2Nf , and N is the number of colours. Then at leading order, the RGE for

the strong coupling is given by

d g(p)?

—g(p) = — 2.11
udﬂg(u) b~z (2.119)

and solving this will give the value of the strong coupling at scale p at leading order in
perturbation theory. We give this example here as it will be useful in explaining how the

RG is used in renormalization group improved effective field theory.

2.5 Effective Field Theory

2.5.1 Weak effective Hamiltonian

An Effective Field Theory (EFT) is a framework adopted in order to find the simplest way
to encapsulate the most important physics for the problem. The type of EFT applicable

to B meson processes is a "top down” EFT in that we have knowledge of the theory
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at higher energy scales, but for greater simplicity in calculations, it is useful to obtain

a theory valid at lower energies containing only the relevant degrees of freedom. The
guiding principle in such an endeavour is that in order to describe physics at a scale i, we
need not have detailed knowledge of the dynamics at much higher scales A > i thus we
may remove from the lower energy theory the degrees of freedom not relevant, and focus
on interactions involving those that are. In B meson decays there is a wide variation in
scales within the problem. These include Agcp, my, My where Agep <K my, < My
Agcep is the so called “soft scale” and this is the scale at which perturbation theory breaks
down and non perturbative methods must be applied. The natural scale in the decay of a
B meson is the b quark mass, given that the b quark is the "heavy” quark in the meson and
when the meson decays at rest the most energy which can go into decay products will be
proportional to this. Then My is the so called "hard scale” at which we "integrate out ”
the mass of the W boson. In QCD the relevant expansion parameter is the strong coupling
as (1) which is a valid expansion parameter down to scales i ~ 1GeV. If we consider a b
decay b — ccs then the appropriate scale at which to renormalize the effective operators
is the characteristic scale of the problem . = O(m;). Figure 2.1 depicts the reduction of
a full amplitude to an effective amplitude in diagrammatic from, and is a generalization
of the Fermi theory for 3 decays [48, 49, 50].

Mathematically, according to the momentum space Feynman rues the full amplitude for

C S

Figure 2.1: Full theory to effective theory

the diagram on the lhs is

ViV ol
_ 2 7%cs ch _o « 77 _ B8
A = 195 g U Yu (1 — 75)ug (—q2 Ve ie) Py, (1 — vs)u,. (2.120)
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with ¢? the momentum squared of the T boson, v, the spinors for the quark fields, «, =

1,2,3 SU¢x(3) colour indices. As this process really describes a b — ccs transition, the
momentum release available is of the order ¢*> ~ m? < M{,. We can perform a Taylor

. . 2 .
expansion in 11— on the propagator to give
w

o " ¢
_ZqQ—MVQV+ie‘q2<<M T +O(M2 ) (2.121)

This makes the propagator at LO effectively a constant and removes the heavy W degree
of freedom from the theory. We can write this now as an effective interaction valid for
¢* < Mg,

7

M2

—i g ) L (2122

Agan — QVCSVCb[ Uy (1 — 7s)ug][u f(p)%(l 75)%] +O<

We can obtain the identical result by writing down an Effective AB = 1 Hamiltonian

comprised of only two four fermion operators

G 2
Her = TZVM ; CiQ; (2.123)

where the Fermi constant G is

G 2
F__9 Gp = 1.16639 x 10~°GeV~2, (2.124)

Vi Mg

and where the operators (); are defined as

Q1 = (Fyb) (517" e), Q2 = (b2 (57" cf)- (2.125)

We obtain the same amplitude as given in (2.122) by calculating the rhs of Figure 2.1
where the circled crosses denote the vector minus axial vector (V' — A) currents in oper-

ators ();.

G
Aeff _ TSV* cb [Ol <Q1>Tree + 02<Q2>Tree} (2126)

We define the tree level matrix elements to be

(Qi)y"* = (s(0), c(PL)Q1(0)[e(P2), b(P)) + O(avs) (2.127)
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and explicitly at tree level they are simple products of quark field bilinears

(Q1)y" = [u2y"(1 = ) ul)[a) 7, (1 — 5 )ug] (2.128)

(Qa) e = [aSy" (1 — *)ul][@ly, (1 — y5)up] (2.129)

Therefore the effective amplitude corresponding to the rhs in figure 2.1 is

G
Act = ——=VEVi (Cr[agy*(1 — 72)ul)[@ly, (1 — s )ug]+

V2

+ Cyla®y™ (1 — 7P )u] @by, (1 — 75)uf]> (2.130)

Then by matching (2.122) onto 7 times (2.130) we can determine the Wilson coefficients

Cy and Cs at tree level to be
Ci1(Mw) =0, Co(My) = 1. (2.131)

The reason that (' is zero at tree level is because there are no gluonic colour index chan-
ging contributions. The weak W boson does not change colour and so the two quark
currents have the same SU¢(3) index. The weak effective Hamiltonian in (2.123) is the
starting point of the effective theory and is an Operator Product Expansion (OPE), first

introduced by [51, 52, 53, 54]. In the following section, we discuss this in greater detail.

2.5.2 Operator Product Expansion

The Operator Product Expansion was proposed as a generalization the equal time com-
mutator of two fields X (x) and Y (y) by [51]. This approach is applied to the time ordered
product of operators under similar conditions as was later introduced in [52]. Following
[55], in position space, the bi-local time ordered product (defined in (A.14)) of operators
placed at different space time points a distance z apart, can be systematically expanded in

local operators multiplied by coefficient functions, in the limit as z — 0. That is
T(Qa(2)Q(0)] = Y Carr(2)Ox(0). (2.132)
k

The coefficients C\1(2) are independent of the matrix elements of the operators on the
left hand side and right hand sides, under the condition that the external states have mo-
mentum components which are small compared to the inverse separation. Moreover, the

coefficients are calculated in perturbation theory in an expansion in the QCD coupling o
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due to the “short distance” effects being contained in the coefficients and all non perturb-

ative “long distance” effects occurring at scales much larger than z. Or, to cast this in a

slightly different light, the momentum space expression for the OPE is
/ d* 26T [Qu(2)Qu(0)] = > Cai(q) Ok(0) (2.133)
k

In this case, the limit is ¢ — oo, which the Fourier transform relates to z — 0. Thus
we can think of the expansion in terms of matrix elements representing “low energy” non
perturbative parts and coefficient functions containing the “high energy” scales. Since
again the strong coupling becomes asymptotically small for high scales the coefficients
can be computed in perturbation theory.

The method of moving from a high energy theory to a low energy effective theory depicted
in Figure 2.1 and discussed in subsection 2.5.1 can be viewed as an OPE as was introduced
in [54]. As long as the momentum scale relevant for the decaying meson is much lower
than the mass of the particle we wish to “ integrate out”, we can express the amplitude

describing the weak decay of a meson as

A= (Heg) = %VCKM Z Cip, Mw )(Qi (1)) (2.134)

Here the factor Vi), 1s schematic, it will be different for different operators and contain
a combination of CKM matrix elements. In (2.134) the application of the OPE formalism
has again achieved a separation of scales, the short distance, high energy physics belongs
to the perturbatively calculable Wilson coefficients C;(x) and the long distance, low en-
ergy physics to the non perturbative matrix elements of local operators (Q;(x)) and p is
the scale of separation between the two regimes. Degrees of freedom with mass higher
than p are removed from the theory, but their existence is remembered by the Wilson
coefficients.

The physical amplitude cannot depend upon the factorization scale, which therefore should
cancel out in between the Wilson coefficients and the operator matrix elements. The
Wilson coefficients, as has been mentioned above, can be calculated perturbatively, how-
ever large logarithms of the form In (%) spoil the perturbative expansion due to the
large separation of scales present on weak meson decays. In order to address this prob-
lem, we must employ the Renormalization Group formalism to sum up these large logar-

ithms to all orders in perturbation theory. After this, one may use this ““ renormalization
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group improved perturbation theory” to calculate the coefficients. The operator matrix

elements can be treated separately and these require non perturbative methods such as
Lattice gauge theory , Heavy Quark Effective Theory (HQET), Heavy Quark Expansion

(HQE), - counting rules and so on.

2.5.3 Operator renormalization

The operators in the Weak effective Hamiltonian are renormalized in a way analogous
to that of the quark fields, they are rescaled by a multiplicative renormalization constant,
which is adjusted according to a renormalization condition to remove ultra violet diver-
gences order by order in perturbation theory. In the case of an operator basis, the renor-
malization constant is replaced with a renormalization matrix which leads to operator
mixing. Here and in what follows, where initial and final states are not explicitly labelled,

we denote the matrix elements of operators with hadronic initial and final states I, F' as

(FQII) = (Q), (2.135)

and the matrix elements of operators with partonic initial and final states 7, f as

(f1Qi) := (Q)y, (2.136)

where in the latter case, the subscript p stands for partonic. In this section, the expectation
value of an operator given by (2.136) denotes amputated Greens functions with operator
insertion. In the partonic case this is evaluated using LSZ reduction formula or by com-
puting Feynman diagrams. in the hadronic case as in (2.135) which will become relevant
in later sections, this represents a non perturbative quantity and as such will be paramet-
erised in terms of non perturbative quantities such as decay constants, form factors and
bag factors computed using Lattice QCD (LQCD), Light Cone Sum Rules (LCSR), or
QCD Factorization (QCDF) etc.

To illustrate this let us consider an example of the O(«y) corrections to tree level matrix
elements of () and )5 shown already in subsection 2.5.1. Considering the Hamiltonian
given in (2.123), the QCD corrections to the matrix elements of (), and (), are calculated

by evaluating and summing up the 6 diagrams shown in figure 2.2.



Figure 2.2: QCD corrections to effective b — ccs operators. Circled crosses denote the current current operator
structure.

That is

A(b — ces) = %vcbvc’;<sac\<cl (1Qu (1) + Colw)Qa())B) + Oa2).  (2.137)

The corresponding divergent amputated Green functions of (2.137) are then obtained,

assuming all quarks have the same momenta p and setting all quark masses to zero, as

2
(@i = (@200 (Fm (L)) Qo

€ —-p
2
e I C)
as (1 /LZ oo 3a, (1 M2 .
o (E i (?)) @™+ N (z +1In (7)) (Qa)T
+ % l + 1 /’L_2 <E1>Tree _ 4<E1>Tree + i(<E2>Tree _ 4<E1>Tree)
am\e ™" —p? Hp 2/p NV 2/p 2/)p

(2.138)

The evanescent operators Ei ((3)) will only yield constant and finite contributions and are

not relevant for finding the leading order anomalous dimension matrix. So dropping finite
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and constant terms leaves

(2.139)

as (1 u? - 3as (1 u? m
_ _2 _ 1 LA ree 2 _ 1 LA ree
S (E+ n(_pz))@ﬁp N <€+ n<_p2 (Q2)5

(2.140)

To renormalize the operators a similar procedure is performed as that for fields and para-
meters except for composite operators an extra renormalization must be performed. This
is because at O(«) the colour structure of the interactions generate linear combinations
of operators (); and ()5 and so counter terms for both operators are required. This comes
about by the QCD coupling to quarks involving an SU¢(3) matrix which generates an ex-
tra colour structure. In analogy with (2.108) the relation between bare and renormalized

operators is

Qb = Z;,Q; i,j=1,2 (2.141)

and it is understood that the composite operator is comprised of bare quark fields. The

corresponding relation for the amputated Greens functions is
(Qi)y = 23 2:5(Qs)» ij=12 (2.142)

with Z, the quark field renormalization constant which in M .S scheme is given by (2.113).
Expressing then the amputated Green functions of (2.139) and (2.140) as prescribed in
(2.142)

2
<Q1>;()b) = <1 + QCFZ—;IH <%)> <Q1>;free

Qg 1 1% Tree 3 A 1 :u2 Tree
— 3@ (E + In (—_])2>) <Q2>p + NE (g + In <—_p2)> <Q1>p )
(2.143)
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2
<QMP:<1+%%§§M<%? >@ME*

Qg 1 % Tree 3 Qs 1 :u2 Tree
i (e () @i (Lo (25) ) o
(2.144)

N—

the quark field renormalization factor has removed the pole in the first term of (2.143)
and (2.144) and we can read off the expression for the renormalization matrix in the M .S

scheme to be

(2.145)

Zee

So that the renormalized amputated Green functions on the RHS of (2.142) are now finite

in the limit as ¢ — 0 and are given to O(a?) by

<Q1>p = (1 + ZCFZ—; In (_,LL_;)) <Q1>g‘ree

2 2
Qs H Tree 3 Qs H Tree

2
M2 i o

Qs ee ,u2 ree
~3 . In (_—pQ) (@), + N <_—p2) (Qa) e, (2.147)

Finally, the renormalized amplitude in the effective theory is given by

Aer = %Vcbvci [Ch () (di(Q1),"° + da(Q2),")

+Co(p) (di(Q2)y" + da(Q1),™)] + O(a?) (2.148)

with the coefficients d, d»

2 2
g 2 3 g il
d=1420pm (2 ) 28 (2 2.149
' N F4Wn(—p2>+N4ﬂn(—p2)’ ( )
2
dy = —3%m (£ ) (2.150)
47 —p?

We have calculated the QCD corrections to the matrix elements of the operators in the
effective Hamiltonian (2.123) and obtained their renormalization matrix and subsequently
know the renormalized amputated Green functions and renormalized amplitude in the

effective theory at some scale . However, in order to calculate the Wilson coefficients
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(' and Cy, one needs to compute the O(ay) corrections to Ag,; given in (2.120), and

“match” this onto the result A.¢ given in (2.148). We do not do this here, however it
is detailed in [44]. The coefficients so obtained will contain ;z dependent logarithms
of the form (1) In (AZ—‘§V> which are only small, if the subtraction point is p ~ My .
However the characteristic scale of the problem in b — ccs transitions is u ~ my and
hence the natural scale at which to obtain results. In the next section we will introduce the
application of renormalization group to improve the EFT outlined above, such that large

logarithms are resummed by solving the renormalization group equations.

2.5.4 Renormalization group improvement of EFT

The renormalization group equation for the amputated Green functions is analogous to

(2.119) shown in 2.4 and is obtained by the same principles. It is written as

QU = =5 @.151)

with the anomalous dimension matrix (ADM) given as an expansion in the strong coup-
ling to be
5 =250 L 0@?). (2.152)

S

Where our notational conventions are that where the symbol is shown with a ‘hat’ as in
7, we are referring to a matrix, and where the symbol is given without the ‘hat’ but with
indices as in +;;, we are referring to the component of 4 with indices ¢, 7. Having prior
knowledge of the renormalization matrix of (2.145) leads to a simple way of obtaining
the anomalous dimension. Since the coefficients of the % poles in (2.139) and (2.140) are
the same coefficients of the ;12 dependent logarithms when using the dimensional regu-
larization scheme, we obtain the anomalous dimension matrix by direct differentiation of

the divergent parts of (2.143) and (2.144),with respect to p. That is

ui Q1)) _ O x 6 (@)y + 0(a?) (2.153)
i\ @y ) T\ &)\ @y s

by comparison with (2.151) then

6
FO =N : (2.154)
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Due to the i independence of the Hamiltonian, the RGE of (2.151) holds also for the

Wilson coefficients. For later chapters, it will be instructive here to demonstrate in this
relatively simple case how the solution to this differential equation will give the evolution
of the coefficients with scale u. At leading logarithmic order, the RGE for the Wilson
coefficients is

d = Qg

LAy = Y (A ONTF
udMC(u) = () Clw). (2.155)

and the initial conditions are the Wilson coefficients renormalized at the scale 1, obtained
by the matching the full theory on to the effective theory at O(a;). We solve (2.155) by
transforming to a basis in which the ADM is diagonal. The coefficients in the new basis

are

= —5(Cila) + Cal). C () ==

so that in this basis the RGE becomes

() (Ci(p) = Ca(p)),  (2.156)

Sl

2

M@Cﬂ:(ﬂ) = —WAiCi(M), (2.157)

with the eigenvalues of (2.154) given by AL = —6(%\, + 1). Solving (2.157) is straight

forward, using the relation between the strong coupling and the QCD beta function

d d do, d o d

S — J— = —280 ==
'udu “das du Bla >d048 B 41 dovg

+ 0(a?), (2.158)

we may write

Cx(p) dC" / A a(pw) do/ (1)
/ ,i(‘f) - ——i/ Of(’f) (2.159)
C+(uo) C:I:(/jl) Qﬁo a(po) «Q (M)
and upon integration and exponentiation obtain the solution
(10)\
(o) \ 2%
C = C . 2.160
+ (1) < ) ) + (o) ( )

Transforming back to the original basis gives the leading logarithmic relation between the
coefficients at scale y in terms of the coefficients at the scale

Cilw) \ _ 1" +n nt=n" Ci(po) 2.161)

Colp) 2\ gt = ot Co( o)
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where R

nt = (a(uo))%. (2.162)

a(p)

This result enables the accurate calculation of Wilson coefficients at a scale y in terms

of the coefficients of operators renormalized at scale 9. The Wilson coefficients C; ()

contain no large logarithms.

2.6 Heavy Quark Effective Theory

Here we briefly describe the Heavy Quark Effective Theory (HQET) [56, 57, 58] and state
some results and make some definitions required for later chapters. Where known results
are stated we refer to the development in [59]. In Heavy Quark Effective Theory one
considers a single heavy quark inside a hadron which moves with a velocity comparable
to that of the hadron and interacts softly with light degrees of freedom inside the hadron.
The momentum of an on shell heavy quark is p = mgv and the momentum of an off
shell heavy quark is p = mquv + k where £ is the residual momentum, which determines
the amount by which the quark is “off shell” due to interaction. v* is a four velocity and

v? = 1. It is convenient to define a heavy quark field as
Q(z) = e "™V [h,(2) + H,(7)] (2.163)
where the new fields are
hy(z) = eV PTQ(z) H,(7) = ™" P~Q(x), (2.164)

and with the velocity dependent projectors defined as

1+
pP* = T¢ (2.165)
The following relations hold due to the projectors
Phy(z) = hy(x), YH,(x) = —H,(x). (2.166)

The HQET is obtained from the QCD Lagrangian by substitution of (2.163) in to the part
of the Lagrangian for the heavy quark

Lo = Q)i —mq)Q(x) (2.167)
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Lo = ("™ (hy(x) + Hy(2))) (i) — mg)(e™™2" (hy(x) + Hy(x)))
= hyo(z)(mgy + iD)h,(x) + hy(z)(moy + i) H,(x)+
+ Hy(x)(mop + iD)h,(x) + Hy(x)(moy + i) H,(x)
= mq(h(z)ohy(2) + H(x)ohy(z) + h(z),Hy(7) + H(x), Ho(x))  (2.168)

using (2.166) we find the mass terms for the h,, field cancel and acting with P* and P~
either side of the derivatives in the terms only involving h,(z) and H,(z) respectively,

gives

Leg = hy(z)(iv - D)hy(z) — Hy(x)(iv - D + 2mg)H,(z) + hy(2)i DH, ()
+ H,(z)ilDhy(x). (2.169)

Already we can see from (2.169) that H,, appears to have a mass term with a mass para-
meter of twice the heavy quark mass, and the field h, does not have such a term. To
remove the field H, from the Lagrangian at tree level we solve the equations of motion.

These are derived in a similar manner as the Lagrangian. Given
(i) — m@)Q(z) =0 (2.170)

we find, substituting (2.163) into (2.170) and acting with the covariant derivatives on the

exponential factors gives
(1D + moy)hy(x) + (i) + mop) Hy(x) — mg(hy(x) + Hy(x))] =0 (2.171)
and application of (2.166) leads to
ilDhy(z) + (i) — 2mg)H,(z) = 0. (2.172)

To further reduce this we act from the left with the projector P~ of (2.165) and commute

the 9 terms with the covariant derivatives where
$Ip =2v-D — Py (2.173)

It is also convenient to project four vectors onto components parallel and perpendicular

to the heavy quark velocity v. The we define the perpendicular component of any four
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vector z to be

o =t —x- vt (2.174)
then (2.172) becomes
(1= ¢) (iDhy(2) + (i) — 2mq)H,(v)) =
((iBhy(w) + (i — 2mQ)H,(2)) — (20 D — D) (hy(x) + Ho()) + 2maf) H, (x))

=il) h,(z) — (iv- D + 2mg) H,(z). (2.175)

N~ N

i,

(tv- D+ 2mg)

= H,(z) = hy () (2.176)

This demonstrates that the effects of the H,(z) field are O(—Q) suppressed relative to

1
hy(z). Now, let us substitute (2.176) into (2.163) to give

1
(tv- D+ 2mg)

£eff = Bv(x> ((“) ’ D) + ZlDJ_ lDJ_> hv<x> (2177)

because the derivatives acting on the field h, bring down powers of the residual mo-
mentum which by definition is O(Agcp) < mg we may express the inverse operator

(iv - D + 2mg)~" as a derivative expansion as

1 1 & /—iv-D\"
= 2.178
(iv-D+2mg) 2mg Z ( 2mg ) ’ ( )

k=0
further using the fact that P*h,(z) = h)v(z) we use the identity
Pl i), PT = P* [(uDL)? + %JW,G’W] Pt (2.179)
to give the HQET Lagrangian is to O <m%) as
Q

Log = hy(2)(iv - D)hy(x) — hy(z) (D)

ho(2) — (1) ~2—6,,G* (). (2.180)
mq
In the heavy quark limit mg — oo

Left lmy—so0 = hy(iv - D)h, (). (2.181)
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2.7 Heavy Quark Expansion

2.7.1 An expansion in inverse powers of the heavy quark mass

The Heavy Quark Expansion (HQE) was introduced in [60], [61], [62], [63]. Here we
will follow the reviews [64] ,[65] and [66]. To begin a quark is considered heavy if its
mass term in the QCD Lagrangian has m¢g > Agcp.The hadron itself, denoted H, is
comprised of a heavy quark () and a light anti quark ¢ and a cloud of quarks and gluons
which acts to keep all the constituent parts together in a colourless bound state. In order
to introduce the HQE it is taken as understood that the light constituents of the hadron
have soft momenta of O(Agcp). The heavy quark is treated as a non relativistic object
submerged in a soft gluon background field.

The HQE is an extension of the OPE and as such we begin with the transition operator

which is the imaginary part of the bi-local product of the weak effective Hamiltonian

T(Q—F—Q)=1Im {i/d4xT[HW(x)HW(O)]} . (2.182)

If the energy released in the decay Hg — F'is sufficiently large, 7 may be expressed as
an infinite sum of local operators of increasing dimension, suppressed by inverse powers

of the heavy quark mass

f
. e (p
T:G%m%|VCKM|2Z Jd<_7)30j
i MQ
(f) (f)
~ C
= G Vercu (cé”( 0@+ a5 6o+ 5o,
Q

+C Mo.+ o (i)> (2.183)
m

where Vegar schematically represents the relevant CKM matrix elements, d; is the di-
mension of the operator O; and 4 is the renormalization scale. There is no mLQ term. The
operators of dimension d = 6,7 depend upon the spectator quark and are different de-
pending upon terms arising in the bi-local product of Hamiltonians on the left hand side.
For semi-leptonic and non leptonic decays, the HQE predicts that the the total inclusive
rate for the decay of a heavy hadron to final state f is given by

GQFm f

(HolQQIHo) (1) (1) (HalQ30 - GOIHQ) (k)
2MHQ m2Q 2MHQ



(2.184)

2.7.2 Individual terms in the HQE

The individual terms require some explanation. The first term is universal to all Q fla-

voured Hadron decay and is associated with the decay of a free quark. In HQET

_ H 2 _ H 2 1
L ( Q)zmga( Q) +O<$> (2.185)

q

(Hq|QQ|Hg) =1 —

The two contributions are the matrix element of the kinetic operator x2 and the matrix
element of the chromomagnetic operator 2 and are defined in the rest frame of the heavy

hadron Hy, to be

Hn(Ho) = 53— (HalQUD)*QIHo). (2.186)
Q
1 g, )
12 (Hg) = e <HQ|Q%UWGﬂ Q|Hq). (2.187)
Q

Here (iD)2 = (iv-D)?—(iD)?. The kinetic part is analogous to the Lorenz factor because
the lifetime for a particle in motion will increase due to time dilation. The chromo-
magnetic part is due describes the colour magnetic interaction of the heavy quark inside
the hadron, with the gluon field. The second term is again associated with the chromo-
magnetic operator and arises from a two loop diagram involving the emission of a gluon
from an internal quark like, it results in the chromomagnetic operator which again, due to
its dimension, is suppressed by two powers of the heavy quark mass.

The third term contains dimension d = 6 operators of the form

0 = (QI;q)(ar;Q) (2.188)

where I'; denotes generic Dirac and chiral structure. This term is associated with a one-
loop diagram which called a weak annihilation diagram (for example the annihilation
bs — ccinthe case of Hg = B§°> [67]) and this is the first term in the HQE that is sensitive

to the flavour of the spectator quark. The fourth term is associated with dimension d =
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7 operators which are comprised either of dimension 6 operators such as those above

multiplied by a power of the spectator quark mass or contain additional derivatives.
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Chapter 3

Beyond the standard model in b — ccs

transitions

Chapters 1-2 have focused upon known results, and now in this chapter we begin our
presentation of novel research as detailed in[1, 2]. To begin, we motivate our novel study
of BSM in b — ccs transitions in section 3.1 and give definitions of the weak Hamiltonian

and operator basis constructed to perform the investigation in 3.2.

3.1 Why study new physics in b — ccs

The quark level b — ccs transition contributes to a range of both CP conserving and CP
violating processes providing a number of different ways to theoretically test for signs of
physics beyond the standard model (BSM). One set of processes which have received a
lot of attention in recent years are the rare semi-leptonic decays triggered by the b — s0¢
transition. Anomalies exist in between theory and experiment in observables associated
with these decays [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20], and have
been the cause of much excitement due to their potential to be explained by the presence
of new degrees of freedom.

In contrast, b — c¢s transitions also affect BY — B mixing for which theoretical pre-
dictions of observables such as Al are currently in perfect agreement with experiment
[68]. Another observable which provides a precise theoretical prediction in good agree-
ment with experiment is the branching ratio for the total inclusive B — X, decay [69].
The purpose of this research is to determine effects produced by a complete set of dimen-

sion 6 four quark operators in a full compliment of processes to which they contribute in
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order to both offer possible explanations for anomalies, and to obtain phenomenological

constraints upon the couplings that accompany them in the effective Hamiltonian.

More precisely, we construct the most general set of AB = 1 dimension 6 effective op-
erators which are allowed by the symmetries of the theory, and which mimic the b — ccs
transition in the effective theory, and add this to the SM weak effective Hamiltonian.
These operators differ from those of the SM by their Dirac and chiral structure, and thus
are used to calculate BSM contributions to observables associated with the following
processes, which proceed at loop level: Rare semi leptonic decay through b — su™p~
transitions, Radiative decay through b — s+ transitions, BY — g mixing and B
lifetimes. In addition we consider the BY — J/1 K hadronic decay through tree level
b — ccs transitions. Signs of new physics appear in three forms in our explorative study:
i) as shifts to SM Wilson coefficients C{ and (%, ii) in the form of non zero BSM Wilson
coefficients which accompany our new operators in the extended weak Hamiltonian, and
ii1) as complex parts of SM Wilson coefficients. In what follows, we define the weak
Hamiltonian constructed of the SM and BSM b — c¢¢s operators as detailed above, and
their corresponding Wilson coefficients in terms of their SM and BSM parts, and together
call this the ‘Charming Beyond the Standard Model’ (CBSM) scenario as presented in
works [1] and [2].

3.2 Weak Hamiltonian and operator Basis

In what follows we use from the unitarity relation of the CKM matrix (2.55)

VoV | Ve
=+ == 1, 3.1
‘/tbv;,s V;fb‘/ts
and neglect the small ratio
Vi Vi, _
LU~ O(1073), (3.2)
VieVis (107)

so that in the following definitions we have worked with the approximation that

Vo Vi
S~ 1. 3.3
A G-
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In the CP conserving case, the observable which would be affected by neglecting the small

ratio (3.2) is the flavour specific CP asymmetry a’,, which currently has an experimental
value of roughly ~ 130 times that of the SM central value, so that the above approximation
yields reasonable results. In the CP violating case, we find that the BSM complex Wilson
coefficients can take values much larger than the error we make in neglecting this quantity,
so that the impact of doing so does not appreciably affect our results.

We define the weak effective Hamiltonian governing b — ccs transitions as

. 4G 10
&= 7; VoV D (Co(m)Qi(p) + C(m)QF () | + hec, (3.4)

(=1

The full basis of dimension d = 6 four quark operators is given by [1]

Qf = (Epmby)(517"¢L), Q5 = (G b)) (517" e)),
Q5 = (Crb1)(57.¢h), Q5 = (€Rb)(51.6R),

Q5 = (Crrubi)(517"ch), Q5 = (Er i) (5774,
Q5 = (@LbR)(51ck), Q§ = (€LbR)(51¢R);

Q5 = (GLowby)(510" k), Qo = (ELouwbR) (510" cR),

and there are a further 10 primed four fermion operators can be obtained by letting

Pr/r — Pgy, in the above expressions, where we define the left and right projection

5 . . . . . . .
operators as Prry = (12—7) The roman indices ¢, 7 = 1..3 are colour indices. To describe

the rare and radiative decay processes we will need to introduce the weak Hamiltonian

triggering the b — s/ and b — s transitions as

Hrsl _ 4GF

eff = W[ Ven Vi (077( )Qh(li) + Coy (1) Qov (1)

+C7, (1) Q% (1) + Coy (1) Qo (1))] + hc. (3.5)

The electromagnetic dipole and semileptonic operators, along with their chirality conjug-

ates are given by

€my

@y = 1672

(5Lowbr)FH, Qov = (SL’YubL)(M’Y 1)

emy

Q1) = 152 GrOWbL) E™, Qg = (SwaR)(M’Y )



46
Where m;, is the b-quark mass, e is the electromagnetic coupling, and o =

e

4m
To calculate the ADM and subsequent mixing of the CBSM operators and their mixing

with the dipole and semileptonic operators one should also include the section of the SM
Effective Hamiltonian which contains the QCD penguin operators and the chromomag-

netic dipole operator.

G - ey
i = L V¥ S (CEHQE ) + QY 1)

(=3

+Cs(1) Qs (1) + Cy (1) Qg (1)] +hec (3.6)

The basis of QCD penguin operators is taken from [70]

Q5 = (5L.br) Y _(a7") (3.7)
q
Qh = (5079, T701) > (@7 T°q) (3.8)
q
QF = (S b)Y (@77 q) (3.9)
q
QF = (5.7, 1) > (374" T q) (3.10)

q

where ¢ runs over all active quark flavours in the effective theory. Again, the primed
operators corresponding to the above set are obtained by letting ¢rry — ¥p(r) for
Y € {s,c,b}.
In addition to the dipole and semileptonic operators, in order to obtain the correct evolu-
tion for the b — ccs basis, we also need to include the chromomagnetic dipole operator
given by

Qsy = %(EUWT“PRb)G;V. (3.11)

672
Further, to isolate the BSM contribution we define the Wilson coefficients for the charmed

four quark operators to be split into SM parts and NP parts which are expressed as

CPM () + ACy (), €=1,2
Ci(p) =
AC(u), (=3,.,10

CY () = AC)H(p) (=1,..,10 . 3.12)
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As will be described next, RG evolution then generates BSM contributions to the penguin

and dipole operators, which play a crucial role in the phenomenology of the CBSM scen-
ario. The CBSM scenario should be viewed as a partial effective description of a more
complete UV scenario, which will in general also involve nonzero initial values for the

other AC,.
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Chapter 4

Renormalization group improvement of

CBSM

In Chapter 1 the notion of renormalization in QFT, and further in EFT was introduced
and in Section 2.4 it was explained how renormalization group can be used to sum up
large logarithms appearing in the perturbative expansion. The RGE for operator matrix
elements and for their Wilson coefficients was introduced in 2.5 for the simple case of
QCD corrections to the effective amplitude involving SM operators ) and (5. Here
we now wish to present our novel extension to this known result, by considering the
special and somewhat more complicated case of the renormalization group evolution for
full CBSM operator basis.

The chapter is laid out as follows: In section 4.1 the renormalization group equation
in terms of the full set of Wilson coefficients used in this study and the full anomalous
dimension matrix governing their respective change of scale is given. In section 4.2 a
derivation of the solution to the RGE is outlined and we present two individual cases
in which we solve the RGE and subsequently obtain the evolved b — ccs coefficients.

Finally in section 4.3 the full evolution matrix is given.

4.1 Renormalization group equation

4.1.1 Effective coefficients

To obtain the renormalization group evolution for the full basis of operators we will be
using the Hamiltonian

Hor = HEG + HI +H (4.1)
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where the 1<%, HI! and #23 and the operator basis are defined in chapter 3. Instead

of using the coefficients for the electromagnetic and chromomagnetic dipole operators
it is convenient and conventional to use certain linear combinations of them which are
termed “‘effective coefficients”. We extend the formalism of [71] and [70] and express
the coefficients of the electromagnetic and chromomagnetic dipole operators in terms of
a linear combination of the QCD penguin coefficients and our CBSM coefficients. In the
SM, only the penguin coefficients and the C';, C5 SM coefficients contribute, however here
we present a novel result which necessarily includes all contributing Wilson coefficients

contained in (4.1). Let us define the effective coefficients as
G5 (1) = Cr (1) +§ - Clp), (4.2)
Céa (1) = Ciglp) + 2 C(). (4.3)

here C (1) = (C¢(p), CP(1)) is a column vector with components

C_:c(:u) = (C1(n), C5(1), -, Clo (1)), (4.4)
C_;p(:u) = (G?I:(FL)7C§(M)7 705(:““))7 4.5)

with the coefficients C (1) as defined in (3.12). The vectors z and ¥ are

2N 2 1 4 20 80
—»: 0000 5 4y S 07070,0’07——,——’——7—— , 46
y ( Y ) ) ) 3 x 337 3 9 3 9) ( )
1 10
7= (O707070707x070707070717_67207_3) ) (47)
where N is the number of colours and z, = Zh The first two and the final four com-

ponents of equations (4.6) and (4.7) are known SM results which are taken from [70] ',
and the components y;, 2; for 7 = 3...10 are novel results calculated for the first time here
[2]. There are a further six equations which correspond to the primed parity conjugate
operators defined in chapter 3 which take the same structural form and can be obtained
from those above by simply adding a prime in superscript. This is due to the () and their
chirality flipped counterparts )¢’ not mixing under renormalization.

The need to express the magnetic dipole coefficients in this way arises due to a regu-
larization scheme dependence which is particular to b — s7v decay. In Naive Dimen-

sional Regularization (NDR) scheme, which is dimensional regularization with fully anti-

"'Note that the authors use a different basis for the four fermion operators however the result is the same in our basis.
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commuting +°, when computing the 1 loop matrix elements of the four quark operators in

b — s decay it is found that there are terms arising which are finite in the limit ¢ — 0.
It was found in [71] that such terms are zero when doing the same calculations in the ’t
Hooft-Veltman (HV) scheme. In the SM these terms arise in the calculation of matrix
elements of penguin operators. In the CBSM scenario extra terms arise which are asso-
ciated with the 1 loop matrix elements of ()5 5. The matrix element of H.¢ between the

appropriate initial and final states at order ol is

(57| Hestb) = Cra (1) (571Q7 (1) |) ”"“+ZO“ (s71Q(m)[b) P (4.8)

when (4.8) is renormalized, there will remain some finite terms which are scheme de-

pendent. We then express (4.8) as

(57 Hegr|b) = C5™ (1) (57|Qr- (1) |b)"" (4.9)

with C’?ﬁ (u) as defined in (4.2). This corresponds to a finite renormalization of the op-
erators such that the renormalized operators are the same in either NDR or HV scheme.

There are analogous expressions in terms of (g,
(59| Hetr|b) = Cig (1) (59| Qg (11)[6)™ + Z Ci (1) (s9lQ7 ()[p) 1P (4.10)

(sg|Heg|b) = Coa (11)(sg|Qsy (12)])"°. (4.11)

4.1.2 RGE for the effective coefficients

The evolution of the effective coefficients is governed by their renormalization group

equation

d
u@q-e“(u) =75 (1) C5" (1), (4.12)

where 4°% is a 17 x 17 matrix, and the 17 x 1 column vector upon which it acts is

CM () = (C°(n), C" (), G55 (), Cgf (1), Cov (1)), (4.13)

and the 10 x 1 and 4 x 1 vectors éc(u) and ép(u), corresponding to the CBSM coeffi-
cients and the penguin coefficients respectively are defined in (4.4) and (4.5). The relation

between the effective ADM and the ADM governing the evolution of the non effective
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coefficients is extended beyond that given in [70], such that the terms involving compon-

ents y;, z; now contain novel results [2]

14
0)eff 0 0 0 0 . .
YD =D 3wl = iy — Yoz i=Tri=1,14 (414
k=1
14
0)eff 0 0 0 . .
10T =+ 3 Y — vk i=8g,5=1,.,14 (415)
k=1
7](-? Jefft j(?) otherwise (4.16)

The effective ADM and in addition the QCD beta function both have a perturbative ex-

pansion in ()

’S/eﬁ(,u) _ Oés(:u’) ?(O)eﬂ“ + <M)2ﬁ/(l)eff 4. (417)
4 47
_op s as(w)?
B(p) = —26, - 26, (4 )? + (4.18)

we will work to leading order in both, in what follows.

4.2 Solutions to the RGE

4.2.1 The solution to the RGE

The solution to the RGE gives the direct relation between the coefficients renormalized at
a given high scale pp which is the initial condition for the solutions, and a lower energy

scale p which is the scale of interest. It is

Cs (1) = Ui, 10) C5™ (10), (4.19)

Let us solve (4.12) in order to obtain the evolution operator and hence the full evolution
of the coefficients in (4.13). We truncate (4.17) and (4.18) at L.O. then,

d eff

Qg e e
Hg O ) = et (). (4.20)

4 I

We will use (2.158) to change variables such that (4.20) becomes

d eff 1 1 (O)eff ~eff
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To solve this differential equation we have to diagonalize 4(?) and solve (4.20) in the basis

of coefficients for which 4(*) is diagonal. That is we seek a matrix X with detX = 0 such
that
Ci(p) = (X505 () (4.22)

because X is non singular it has an inverse and satisfies

A A ~

XX '1=X1x=1 (4.23)

where 1 is the 17 x 17 identity matrix. Then inserting (4.22) into the lhs of (4.21) gives

d

dovg

1 1

—a—W(X_l)jk%g%eﬁXmi(X_l)jlcleﬂ(ﬂ) (4.24)

(X aCi (1) =

where the identity matrix has been inserted on the rhs. Then, in the new basis we have

4 oy L
dog it = a, 230

(X (O X)), (4.25)
where the change of basis matrices diagonalize (5(?°)” so that
(XH(AOMNTX) = Diag(Ai, Mg, ooy A, (4.26)

with A1, ..., A, the eigenvalues of (4(©°)T and X is the matrix whose columns are the ei-
genvectors of (3(©°F)T Further it is convenient to define a vector 70 = (A1, Aa, ..., An)”
containing the diagonal elements of (4.26). So now the differential equation is decoupled

and we have a set of n = 17 ODE’s to be solved for each coefficient in C". This is straight

forward at L.O: /
/C (ko) qCi (') _ ( ,(:?))i /aS(uO) di‘; (4.27)
C' (1) Cz/(:u/) 25(0) o () afs

where no sum over ¢ is implied. Upon integrating (4.27) and exponentiating, component-

wise the solution in the diagonal basis is

—(()p);

Ci(p) = (Ois(%) o Ci(1o), (4.28)




53
again, no sum implied. Transforming back to our original basis then we must left multiply

(4.28) with X to give in matrix notation

70

CM(p) = [ X (js&)))”@ X7 O (o) (4.29)

D

where what is meant by the subscript D on the matrix between the X and its inverse is that
this is a diagonal matrix whose diagonal elements are precisely the pre-factor to C7 (1)

in (4.28). Comparing with (4.19), we obtain the LO solution for the evolution matrix

+(0)

UO (o) = | X (a %) X (4.30)

D

Solving the RGE in practice for the full set of coefficients contains a degree of complex-

ity, owing to the fact that at 1-loop level, the contributions from matrix elements of the

operators in our basis enter at differing orders in the strong coupling - that being a§°>, oY,

1)

however the leading order term in the expansion (4.17) is of order ofV. In addition, op-

erator matrix elements of the electromagnetic dipole vanish at 1 loop and contribute at
two loop but order agl). In this section it is shown that the solution to (4.20) is found
by considering two separate cases, categorised as Case I and Case II, for which we must
rescale some of the operators and coefficients in our basis differently, in order to obtain a

solution to (4.20) which is expressible in the form (4.19). For the purposes of solving in

each case, we split the vector of CBSM coefficients as

Ce(u) = (C5 (), C, (1), (4.31)
Cs(u) = (C5 (), ..., C(1)), (4.32)
C51 (1) = (CS(), .., Co(n)). (4.33)

and accordingly in what follows, the ADM which governs the 1-loop mixing of the b —

ccs amongst themselves is split as
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For the effective dipole coefficients we split the ¥/, 2’ vectors as:

7= (2}, 211, 2") (4.35)
1 4 20 80 1 10
o= - —— 2 =(0,1,—~,20, —— 4.36
y ( 37 97 3 ) 9 ) Y Z ( ) Y 67 ) 3 ) ) ( )
2
y; = (0,0, 0,0,Qxc,gxc), Z7 =1(0,0,0,0,0, x.), 4.37)
;= (0,0,0,0), Zy; = (0,0,0,0). (4.38)

422 Casel: Cf(pn) — C§(1)

In this case we consider only the first 6 CBSM Wilson coefficients, and so
Cr(p) = (C5(p), CP (), Ce (1), C§% (1), Cov (1)) . The effective coefficients are defined
through

O (1) = Coy () + G - CF (1), (4.39)

Celi (1) = Cgu) + 2 - CF (n). (4.40)
with i, = (7%, i7).2r = (25, ) and C% (1) = (C5(1), CP(u)). To understand how the
rescaling works and how to scale back after solving the RGE, it is most transparent to

look at the individual coupled equations. For the purpose of clarity in what follows, we

will omit the zero superscript on the ADM.

G0 = 22481l @)
u%@ng@@@m+%@w) (442)
M%C?ﬁ(u) = 2 (G Con) + (T - C¥() + 47Oty (1) + 157 CEl (1))
(4.43)
i) = 9 ()" - Gin) + ()T - P+ 15 ()) (4.44)
i T

The differential equations above are all proportional to one power of the strong coup-
ling, because the partonic matrix elements of their operators, between the relevant states
involve 2 interaction vertices which contribute a power of a,. However, at 1-loop the

entries Vﬁg) are O(a, ago)) and so right hand side of the DE below is not proportional to
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s as it does not originate from QCD corrections. It is therefore necessary to rescale Qgy
7&8) into the full leading order ADM and solve the RGE in a

straight forward manner. Then

and Cly so that we bring

~ 47 = Qg
Qov = —Qov, Coy = —Cyy. (4.45)
o 4
The coefficient Coy (11) obeys
d =T Ac =T ~p
Hg Cov ) = Teo, 1 Cr (1) + 7O (1), (4.46)
now rescaling Cy in accordance with (4.45) gives the expression
d ~ s (p A g ~
Gl = 1 (75.C°(0) + TC7 (1) = 260Cov (1)) (447)

Now it is possible to solve the RGE in matrix form, with a single ADM given symbolically

below and numerically in (4.48) [1, 2] .

T
i () Yeed Aenr Thr Aks Feor i ()
J cr (1) 0 Y ”7;? Vgg Vpo v (1)
p | ot (=5 0 0 w0 o O (w)
C§f§(u) 0 0 Y87 V88 0 Cgﬁ(/i)
Cov (1) 0 0 0 0 79 Cov ()
-2 6 0 0 0 0 0O 0 0 0 0 3 -3
6 —20 0 0 0 0 : 00 ¥ T -3
0 0 2 -6 0 0 0 0 0 0 0 0 £
o 0 0-16 0 0 0 -2 0 0 2 : s
0o 00 0 -160 0 0 0 0 -1 g 0
0 00 0 -6 2 0 0 0 0 - _2¢ g
=10 o0 0o 0 0 0 -2 o 2 - U I (4.48)
0000 0 0 0 % eosoromoamow
o 00 0 o0 0 0 =200 2 %2 G _I2
000 0 0 0 0 -E % o4 oz oumoumoa
o 00 0 o0 0 0 0 0 0 2% 0 0
0 0 0 0 0 0 0 o 0 o -2 s 0
o 00 0 0 0 0 0 0 0 0 0 —280
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To construct the ADM we have extracted elements from our own calculations detailed in

chapter 5 using the procedure outlined in section 2.5 and for the remaining elements used
known entries calculated by the following authors [72], [70], [73], [74]. The full details
of which are given in appendix B and in [2].

The evolution matrix U (i, o) is calculated as prescribed in 4.1, with help from Mathem-
atica for diagonalization of the large matrices. Eigenvalues and eigenvectors are extracted
accordingly and the evolved coefficients are given below after rescaling back the scaled
coefficient C'gv. The values of the coefficients at the Weak scale are all zero except for

the coefficients in C¢(1).

Ci(m) = 55 + 7 2) Cf(Miw) + S — i 5) C5(0w) 449)
Cs(m) = 5 r — ) CE(Mw) + (e + ) C5(0w) (4.50
C5(p) = 7 C5(Myy ) (4.51)
Cilp) = 38 — ) C5(0M) + 75 Cf(My) 452
C(m) = w8 C5(Mw) + 5 (78 — ) Ci(Myy) @59
Ci (o) = n Cg(Muy) (4.54)
Cei(m) = hin™ CF(Mw) + g™ C5(Mw ) + fi” Cs(Mw)

+ k' C5(Myy) + Lim” CE(Myy) + nin® Cs(My)) (4.55)

Cov () = % {min“ C{(Mw) + qin Cs(Myw) + rin™ C5(Myw)
+sin™ Cf(Mw) } (4.56)

where 1 = % and the coefficients and exponents given by alphabetical letters are
a=($ 2 % ,—5 ,0899 ,0.423 ,0.409 ,0.146 )

o .3 o m —3—0899 ,—0.423 ,0.409 ,0.146)

23

3 .-Z 090 ,-042 ,041 015 1)

—20sL oass 3 L 0.009 ,0.051 ,—0.471 ,—0.008)

51730 7 30253 714

c=(& -2 090 ,—042 041 ,0.05 1)

-2 230 ,—-2 ,—& ,—0.019 ,0.038 ,—0.65 ,—0.006)
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— 202 0.04,0.03,0.01, —0.002, —0.05 )

=y
I

=l
I

f:(—ff4811085 ,0.1133 2330986 0,014 ,0.005 ,—0.08 ,0.017>
E:(% ,—0.1138 ,0, -85 —0.037 ,0.007 ,0.057 ,—0.001)
f:<_2902510107() ;0,0 729029%1070 ,0 ,0 .0 ,O)
= ( sto000 » —itsrso 0 o omong 0 50,0 ,O)
mz(—foog, 2.-0.02, 0.05,0.01,—0.003,0.22)

(

(

; —%, 0.03,—-0.01,0.001, 0.006, 0.11 )

Gl

(

In (4.56) it is made explicit the rescaling back of Cyy (14,) and that this coefficient there-

g

4137
0, 2, ~0.08, ~0.01, ~0.001 — 0.002, 1375 )

fore receives an enhancement of

= 4&)) which is the reason for strong RG effects in the
phenomenology section. Below, in matrix form and with numerical evolution matrix

entries is the full mixing of the coefficients to leading order for case I.

C () 112 —0267 0 0 0 0 Ce(My)

C5 () —0.267  1.12 0 0 0 0 Cs(My)

CS () 0 0 0.922 0 0 0 Cs(My)

Cilm) | _ 0 0 0.331  1.92 0 0 C(Myy) 4.57)
C5 () 0 0 0 0 1.92 0.331 Ce(My)

Cs (1) 0 0 0 0 0 0922 Ce(My)

CE (1) 0.0171 —0.185 —0.0147 —0.131 0.560 0.166 0

Cov (1) 849 205  —426 —1.97 0 0 0

423 Casell: CS(u) — C5y (1)

In this case we consider only the last 4 CBSM Wilson coefficients, and so
Cri(p) = (Cs(w), CP(p), O (1), CT (1), Cov ()T This time, we will need to res-

cale the dipole and magnetic penguin operators and coefficients in the following way:

~ 47 Qg

@7y = —Qov, Cr=——Cx (4.58)
Qg 4

~ 4 ~ Qg

sy = —Qs, Cs = —Cj (4.59)
Qg 47

We keep expressing the coefficients in terms of the effective combinations, but the C7, Cg,

parts are rescaled

C (1) = Coy (1) + 1 - C2 (1), (4.60)
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Cet (1) = Csg(p) + Zir - O (). 4.61)

here i, = (5, 97).211 = (5, 2°) and C% (1) = (C¢, (1), CP(11)). The coupled equa-

tions this time are (note that 75 = Y79 = Y39 = Y99 = Vp7 = Vps=0)

d = o . =
M@Cfl(/i) = E(%C,II)TCU(N) (4.62)
d 5 O ~
€)= 2= (Ganan) G + 5,07 () (4.63)
d = Qs ~e e —e ~ ~ X
P Coin) = 2 (G i)+ ()™~ CP(30) + (ror = 280)Cr (1) + 37 ()
(4.64)
d ~veff Qs —eff \T e —eff \T Ap ~
M@C&H(/L) = i (('ch,n) -Clr(p) + (Wps ) CP(p) + (7ss — 250)089(,“))
(4.65)
d =~ s (A ~
P Coli =1 (7€ (1) = 260Co (1)) (4.66)

The full RGE in matrix form is then

— T —
Cir(p) Yee, I Vep,II ’Yff;f II ’Ygg II 0 Ci(p)
g Cp(ﬂ) 0 Yop ’7;51; Ir ’Vps,H V9,11 Cp(ﬂ)
as
“@ o7 et (1) = I 0 0 vymwmr O 0 s t(w)
Cgfgf(ﬂ) 0 0 verar ssir 0O Cgfg[(ﬂ)
Cov.rr(1) 0 0 0 0 o911 Cov.rr(p)

where, again, the ADM contains elements extracted from our own calculations [2] and

the remaining elements are known results from [72], [70], [73], [74], see appendix B for
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full details. The L.O ADM matrix being explicitly given by

2 -6 -I -1 0 0 0 0 @ 2x 0 0
0o -1 -1 & 0 0 0 0 Ze Xc 0
-56 —24 -2 6 0 0 0 0 —8ec 0 0
-48 16 0 ¥ 0 o 0 0 =% —4xc 0
o o o o o -2 0 2 -2 2 -8
=] 0 0 0 0 - oomedosme w2 | (46])
o 0 0 0 0 =% o 2 % o8 L2
N T e s e
o 0 0 0 0 0 0 0 %-200 0 0
o 0 0 0 0 0o 0 o0 % 3280 0
o 0 0 0 0 0 0 0 0 0 —240

Once again, the coefficients at each scale are related via the evolution operator. Upon
solving the RGE with initial conditions at the weak scale My and rescaling back, the

individual expressions for evolution of the NP coefficients are

0.427 0.073 0.073
c 0.718 | c
C 'ub (0 427 770.064 + 770.631 + 771.414) C7<MW)

0.117  0.278 0.133
0.718 | c
+ (0 0287 770064 B 70631 + 7]1.414> CS(MW)

0.773 1932 0.773
0.718 c
+ ( 1.932n 1)0-064 + 1)0-631 + 771.414) O9<MW)
2.949  0.529 0.051
0718 4 c
( 3.5291 770 .064 + 770.631 + 771.414) CIO(MW) (4.68)

0.193 0.966 0.193
¢ - 0.718 _ .
Colim) = (O 96677 0064 0631 + 771'414> Clo(Mw)

0.028 0.133 0.278
0.718 c
—0.117n 1)0-064 - 1)0-631 + 771.414) C7(MW)

(0 oosypms _ 0:008 | 0508  0.508

+

+

n0.064 + 770.631 + 771.414) CSC<MW)

0.051  3.529  2.949

0.718 | c
+{0:529n 70-064 B 10631 + 771'414> C9<MW) (4.69)

0.278 0.117  0.028
¢ 0.718 .
C ,U/b (0 133 0064 + 770.631 + 771.414) OIO(MW)

0.040 0.016  0.040

0.718 _ c
+ | —0.0167 770.064 + 70631 + 771‘414) C7(MW>
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0.011 0.061 0.074 .
70-064 B 10631 + 771.414) CS(MW)

0.073 ~ 0.427  0.427
0.718 c
<0.073n + 0061 + T + 771'414) Cs (M) (4.70)

+ ( —0.0017n*™8 —

0.508 0.008 0.008
c o 0.718 c
Clo(p) = (0'50877 + 70064 - 10631 - 771.414) Clo(Mw)

0.074 0.001 0.011 .
+ 70-064 B 70631 o 771.414) C7(MW)

+<—o Qg 4 0020 | 0.004 0,020

+ 70-064 + 7)0-631 B "71‘414> Cg(MW)

0.133 0.028 0.117
0.718 c
0.278n o 10-064 o 70-631 - 771‘414) Cg(Myw) (4.71)

+

47 0.493 0.590 0.157 0.062 0.001
eff _ 0.72 c
Cr () = () <—0-1217) + 0064 7/23 + 170/23 + 063 L ) Co(Mw)
0.071 0.118 0.025 0.009 0.002
0.72 c
+ (0'01577 + 10-06 - /23 + n9/23 + 7063 o AT ) C7(Mw)
0.02 0.096 0.111 0.033 0.003
0.72 c
+ (0'00177 + 70-06 o /2 + n9/23 - 70-631 - AT ) Cs(Mw)
0.13 0.452 0.467 0.226 0.015
0.72 c
+ (_0'06777 - 170-06 + n7/2 o n9/23 + 70-631 o AT ) Cg(Mw)

4.72)

It was possible to rescale (4.72) because 1) the penguin and CBSM coefficients do not mix
into each other and 2) the entries to %, are all zero. This means that C*?ﬁ (1) = Cry (115).

Again, after rescaling, the full evolution numerically is given below.

CS () 1.0 0049 27 L7 C(My)

CS () 037 2.0 23 —055 CS( My )

Ci(w) | _| 0069 0074 18 0037 Cs(Mw) | )
CSy (1) 0.0091 —0.024 —0.28 0.82 Ce (M)

Csh () ~1.0 —047 4.0  0.70 0

Cov (1) 0 0 0 0 0

4.3 Complete evolution

Finally in this section we present the full evolution matrix which governs the mixing of

the CBSM operators with renormalization through the solving of the RGE. In subsection
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4.2.2 and 4.2.3 we showed that the evolution for the Wilson coefficients was calculated

separately for two sets of coefficients due to the different order at which they appear
in the perturbative expansion. The final result can be recombined into one expression,
due to the dependence of the dipole and semi leptonic coefficients only upon the CBSM
coefficients, and the block diagonal nature of the evolution matrix corresponding to the

mixing of charm coefficients amongst themselves. As explained above, we have

(4.74)
(4.75)
(4.76)
The full evolution matrix for all the coefficients in our study is given below [2].
1.1 —-0.27 0 0 0 0 0 0 0 0
-0.27 1.1 0 0 0 0 0 0 0 0
0 0 0.92 0 0 0 0 0 0 0
0 0 0.33 1.9 0 0 0 0 0 0
0 0 0 0 19 033 O 0 0 0
. 0 0 0 0 0 092 0 0 0 0
U= 4.77)
0 0 0 0 0 0 1.0 005 270 1.70
0 0 0 0 0 0 037 20 230 —0.55
0 0 0 0 0 0 0.07 007 180 0.04
0 0 0 0 0 0 0.01 -0.02 —-0.29 0.82
0.02 -0.19 -0.015 -0.13 0.56 0.17 —1.0 —-0.47 4.00 0.70

850 210 —4.30 -2.00 O 0 0 0 0 0

The computation carried out in this chapter has been performed with only partial know-
ledge of the contribution to the evolution of coefficients C&T and Cyy from operators Q¢
and Q5. These operators do not contribute at all to the evolution of Cyy (1) at leading

order and contribute to the evolution of C< (1) only through finite pieces which enter
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the effective anomalous dimension matrix. Therefore to reliably trust the dependence of

C¢% (1) upon C¢(Myy) and C§5(Myy) which is calculated in (4.77), it would be required
to perform a higher order calculation to obtain the leading anomalous dimension matrix

entries governing the mixing of C¢(y) and C¢(p) into CST(p).
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Chapter 5

Observables

In this chapter we introduce a set of observables used to constrain BSM effects generated
by the CBSM operator basis given in (3.2). The results we present here are novel and are
obtained in sections 5.1, 5.2, 5.3.1, 5.4 by inserting all of the operators in (3.2) into the
expressions for each of the following observables; the rare semileptonic decay coefficient
C’é/‘),l, the inclusive radiative decay branching ratio B(B — X,v), the B? meson width
difference AL, the flavour specific CP asymmetry a},, and the B? to BY lifetime ratio
Bs | respectively. We thus provide a new BSM theoretical prediction for each individual

TBd

observable, in the form of a function of all of the Wilson coefficients present in the CBSM

Hamiltonian #¢5. In section 5.5 we also provide a novel BSM prediction which in addi-
tion to including all operators in (3.2), allows all Wilson coefficients in HS; to be complex
for the quantities Sj/yk, and C/yk, associated with the observable B — J/¢Kg CP
asymmetry, and for the branching ratio observable B (BC(IO) — J/IWK 50)). These predic-
tions have not been calculated before, form part of the novel research presented in this
thesis and may be found in articles [1, 2]. We show the calculations carried out in order
to determine contributions from the operators to each observable and show the methods

used in order to achieve this.

5.1 Therare decay b — su'j~

5.1.1 The partonic amplitude A(b — sutpu™)

We study here the b — ccs contribution to the Flavour Changing Neutral Current (FCNC)

decay b — sl for ¢ = p. This quark level decay would contribute to the hadronic

I'This coefficient is extracted from the partonic amplitude A(b — sfij)
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B — K™y process. This decay is not p6resent in the SM at tree level and so the LO
contribution begins at the 1-loop level at O(«, a§°>) in the electromagnetic and strong
couplings respectively. The Feynman diagram in Figure 5.1 describes the process by
which a beauty quark decays to a strange quark and a di-muon pair with invariant mass

squared ¢?, via a charm quark loop and an off shell photon.

+ —

j 1

Figure 5.1: Feynman diagram for b — sf/ quark level decay

The circled crosses here denote electromagnetic quark currents which make up the dim

6 operators of (3.2). We define the individual four quark operators generically as
Q5 = Capys (T (3TEC) (.1

where C*?? are colour factors, i = 1,...,10, I'Y; X = A, B are Dirac structures and
left - right projection operators. At tree level + 1-loop we express the amplitude for a free

b quark to decay to a strange quark and a photon as
A — sip) = A (b — sap) + AV (D — spp) + O(as, aay), (5.2)

where the leading order tree level and the 1-loop contributions are defined as follows

AG V4V
A — spp) = % (077<Q77> + Cgv(@w)
+C§7<Qh) + Co (Qov)Y)) (5.3)
AD (b =5 sjipr) = 4GFVcbV* Z (C(Q (10 +C(QE 10)) (5.4)

To make clear what is meant by these tree level and loop level matrix elements we

define the following tree level matrix element of the effective operator (Jx for X =
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1,...10,7v,9V as

(@x)p) = Cx (o, B) (s, o), ), u(r)|Qx (0)[blps 8)), (5.5)

where the indices o, 3’ are colour indices and the contractions of these with colour factor
is Cx(a/, B) ensures the whole object is colourless. The 1-loop matrix element of the ef-
fective operator is the third order term in the perturbative expansion of the S matrix which
contains two interaction terms from the neutral current Lagrangian and one insertion of

the operator,

<QX>;(7LO) = C’X(a’,ﬁ’)/d4x /d4y><

(A(r), n(r)]s(p's )| T{(—ied,, (2) A" () (—ieT; (y) A" () Qx (0)}Hb(p; 7).
(5.6)

Where j}i is the muon vector current and 7 is the charm vector current as defined in
(2.35) with @)y = —1 for the left handed muon and @y = % for the left handed charm
quark, and e is the electromagnetic coupling. Only the four quark operators survive (5.6)
and upon employing the LSZ reduction formula [75] and performing the Wick contrac-

tions yields the loop integrals

Q)00 — 2utte / dk [as(p )T (K = ¢) + me)y (k +me)Diuy(p)] [a(r')y v (r)]
p 3 Z,Z. )] )t ((k—q)? —m2+ie) (k2 — m2 + ie) (¢% + te)
(5.7)

where the quark and lepton field renormalization factors are defined in Section 2.4. To

reduce the integrand for all Dirac structures it is convenient to define the numerator as
N =T ((k =) +m)w(k +m)I ©4" (5.8)

where it is understood that the tensor product symbol means that the Dirac matrices on

either side are contracted with spinor fields. Upon expanding (5.8) simplifies as

N =TP (kv k + me(Fy + 1K) — gk — grme + mly, )7 @7
= FzB (7pv0kpka + <2mcnucr - ’vaoqp)kg + (m371/ - mc%ﬂ/qo»F? ® v (5.9

Employing the method of Veltman and Passarino (VP) [76], the tensor integrals are re-

duced to the product of scalar 1-loop integrals over loop momenta k and Dirac structures
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contracted with spinor fields. We can express (5.7) as a master expression

2,&4 d 2
(QJ (L0) 3 Z,Z. {[(2 - d)Boo(mi,mi,f) +m§Bo(m§,m3,q2)
+ QQ(Bl(m(Q:a mgv q2> - Bll(mgv m(Qza q2)) )] <Q:/>P
1
+m.Bo(m?2,m2, ¢*){Q] )p} 2 (5.10)

which can then be evaluated for each operator ()¢ in the basis. Here d is the number
of spacetime dimensions and the Veltman and Passarino (VP) integrals are given in Ap-
pendix C. We define the tree level matrix elements which depend upon the Dirac structure

of each operator for eachi =1, ..., 10 as

(@), = [as (P T B, T iuy () [a(r' )y o(r)), (5.11)
(@) = [us (0P ¢"i0, T uy (p)] [u(r' )y v (7). (5.12)

no sum implied, and the basis integrals evaluated in the dimensional regularization scheme

are
; t 1
Bo(m?, ¢*) = 12 1+1n<'u—2)+2—2\/]z—1 arcan< ) zz
(47)* | € ¢ ( f > — % z<1
(5.13)
2 img [1 Mz
A(m?) = HE -+1+1In " + O(e), (5.14)

€

where z = 4;23. As expressed in Section 2.4 parameter ;12 = L’zz is the usual dimension-
full quantity which is introduced into the calculation so as to give a dimensionless elec-
tromagnetic coupling e, but which is also the renormalization scale. The meaning of the
two branches to By(m?, m?2, ¢?) is that below the charm pair production threshold energy
where ¢ < 4m? we have z > 1 and at or above the threshold where ¢*> > 4m? the
loop function develops an imaginary part and we have z < 1. At the threshold we will
have a resonance where there is enough energy for charmonium states to be produced.
For the purposes of the study of b — s/¢ we will always stay below threshold. In what
follows we construct an observable C’él‘)/ which is an ingredient of the the forward back-
ward (FB) asymmetry observable in B — K*¢+¢~, as calculated in [77] using the QCD

factorization approach. For low ¢?, such observables contain uncertainties due to power

suppressed non perturbative charm effects. In this thesis we neglect these uncertainties
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and work instead, directly with the coefficient C’é’&.

5.1.2 The pseudo observable Cyy and C,

Returning now to (5.2), (5.3) and (5.4), at the tree level there is nothing to be done but at
the loop level we must sum up all contributions from each of the ¢ = 1, ..., 10 operators
and their chirality conjugates in the basis introduced in subsection 3.2. For the sum over
operator matrix elements in (5.4) we find for the primed and the unprimed case that these
are expressible in terms of a linear combination of tree level matrix elements of the dipole

and semi leptonic operators. That is
Z CQIO = QDY + Ci Qi) (5.15)
Let us define the coefficients Cé’&, C§2 as

10
Z iV (1, ) Co = ikl (), (5.16)

i=1
and the x* are functions of the VP integrals from (5.10) and whatever relations result
from the Dirac reduction in (5.11) and (5.12). In (5.2) then we can write for the full
amplitude at tree + 1-loop

AG VeV

7 [(Cry 4 Cry){Qry) Y + (Cov + Cov ) (Qgy )

+(Cq, 4+ CL Q)Y + (Coyr + Cov ) Qv )Y ]
+ O, aay). (5.17)

A(b = spp) =

The coefficients Cé")/ and C%) as defined in (5.16) are

/ / AC(/) 2 /
Cé\i’(qu 2 mC) = (AC{)Q - 2374> h— §ACQ4 ) (5.18)
me / / AC(/)
Cola mme) = - (4808l —C0) y === | (5.19)

with AC, , = 3AC, + AC,, and the loop functions

4 22
h(q%, me, 1) = ~3 {ln TZ; ~3 + (24 z)a(z) — z] : (5.20)
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1 m? 3
y(q27m67:u) = _§ In ,uQ - 5 + 20’(2) ’ (521)

where a(z) = \/m arctan \/%, and the AC, , are just short hand for the linear
combinations 3AC, + AC,, where the BSM coefficients AC, are defined in (3.12) in
chapter 3, and always appear in this combination due to the differing colour structure of
pairs of operators with the same Dirac structure. For this thesis we will find it convenient
to further express these tree level and loop level induced coefficients in a single coefficient

for both the dipole and semileptonic operators.

Cov (1) = CP™M () + CS (e, 1, me) (5.22)
OV () = OV () 1 €O (?, p,me), (5.23)

where the first term on the right hand side (RHS) will mix with the four fermion coef-
ficients AC;(u) through renormalization group evolution if we wish to consider scales
above the scale of the B meson mass > u, =~ my and the second term will contain the
evolved coefficients themselves in addition to a ¢> dependent piece. In Chapter 6 we will
explore the ¢* dependence and study the different constraints we obtain upon rare decay

at the B scale and the weak scale.

5.2 The radiative decay b — sv

In this subsection we introduce the b — c¢s operator contribution to the b — sy decay

amplitude and show how this contributes to the observable B(B — X,7).

5.2.1 The partonic amplitude A(b — s7)

The Feynman diagram for a b quark to decay to a strange quark and a photon via a charm

loop is given in Figure 5.2.
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Figure 5.2: Feynman diagram for b — sy quark level decay

Again, we split the amplitude into tree and 1-loop level contributions as
A = s7) = AD(b = s7) + AD (b = s7) + O(as, aay), (5.24)

where the individual tree level and 1-loop contributions are proportional to

4G rVa Vi ,
F—ﬂb(%@m) + O Q7 )0)), (5.25)

A(l)(b—)s ) 4GF‘/cbV Z Cc (10 +C/C<Q >

AQ(h — s7) =

SO (5.26)
The one-loop O(ago)) contributions from SM operator ()$, Q5 and from Q%, Q)5 vanish for
an on shell photon with ¢ = 0. However, operators Q¢ — (5, do contribute at 1 loop at
order o!”. We do not repeat the steps shown above but state the acquired result for the

master expression, which is

4d2

(Qa)§H° i2H mBy(m®,m*,0)(Q; ), (5.27)

3ZZ

This is none other than the result which contributes to the b — sup amplitude for operat-

ors Q5 — ()5, Thus we write
4G VeV
A<b — 87) = T [<C7’y + C77)<Q77>1(00) + (Cl + C7V)<Q7fy> ] + 0(0537 05045)
(5.28)
and for the calligraphic coefficients C”) and loop function we have
0 me 0 _ o0, A
C7’Y (O, ILL7 mc) - Eb <4A09710 _07,8> y - 6 5 (5.29)




2

y(0,me, ) = —= {lnu—; + —] ) (5.30)

It is customary, as explained in chapter 4 to define a scheme independent effective coeffi-

cient.

5.2.2 The inclusive branching Ratio B(B — X,7)

It is well known that weak radiative B meson decays are sensitive to BSM physics.
The Standard-Model prediction of the branching ratio for B(B — X,)M = (3.36 &
0.23) x 107* [69] is in good agreement with the current experimental average of B(B —
Xyy)®P = (3.32 4+ 0.15) x 10~[78]. In accordance with Heavy Quark Effective Theory
(HQET) we may express the inclusive decay rate for a B meson into a charmless hadron
and a photon as

T(B — X,7) ~ (b — X)) 4+ 5", (5.31)

Here the nonperturbative term 6"P, for £, > F, with the lower cut off of the photon
energy £y = 1.6GeV, is estimated to be at the (3 & 5)% level [79, 80]. Following the
approach of [81, 82] the branching ratio B(B — X,7) can be expressed as

2
6Cterm

wC

VisVi

B(B — XS’Y)E0>E»Y = B(B — Xceﬂ)eXp v
cb

[P(Ey) + N(Ep)], (5.32)

where P(FEy) and N (E,) denote, respectively, the leading-power perturbative contribu-

tion and non-perturbative corrections, and C is defined as

V| T(B — X.ep)
C = — : 5.33
Vo | T'(B — X,ev) (5.33)
The semi-leptonic branching ratio and the ratio C' are taken from [81]:
B(B — X.ev)™ = 0.1061 4 0.0017, (5.34)
C = 0.580+0.016. (5.35)

We neglect BSM corrections to the non-perturbative part and split the perturbative term

P(Ey) into an SM part and a BSM part,

P(Ey) = PM(Ey) + AP(E)). (5.36)
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We similarly split the branching ratio,

B(B — Xy) = B(B = X¥)sum + AByp. (5.37)
To zeroth order in a; and neglecting the strange quark mass, we have
AP(Ey) = 205 MRe(CEh) + |CET2 + |2, (5.38)

which follows from substituting C’?,fyf — C?f SM C’?ff in the SM expression. The SM

contribution to B — X which interferes with our BSM contribution is given by [83]
CE M (my) = —0.385. (5.39)

The barred coefficients are defined as below, where the first term comes from the evolution

detailed in 4 and the second term is the LO result of (5.29).

Cl (1) = CrP PN () + Crq (0, 1, 2) (5.40)
Crsf (1) = C "M () + €1 (0, 1, 2), (5.41)

With expressions (5.32) and (5.38) we determine the shift to the SM branching ratio in
terms of the charmed four fermion coefficients and in Chapter 6 find this leads, in many

cases, to stringent constraints upon the possible size of BSM effects.

5.3 B! mixing observables AT and o,

5.3.1 The calculation of I'},

The quantity we wish to compute is I'],, the off diagonal matrix element of the B _ B

decay rate matrix given in eq (2.60) in section 2.2. This quantity is the absorptive part of
the B{” meson mixing matrix in that contributions to I'j, are associated with intermediate
states for which there is enough energy to actually be produced. As there is no top quark
contribution, the charm will give the leading effect. Following [67], [84] I'12 may be
expressed as 2 '

Il = 53 (BITIBY), (5.42)

20ur operator basis is the hermitian conjugate of those used the literature cited, so we are computing I"12 and not I'a1.
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where we use the relativistic normalization of states (B;|B;) = 2EV and the transition

operator 7 is formed of the imaginary part of the bi-local time ordered product of the two

AB = 1 Hamiltonians at different spacetime points as detailed in section 2.7.

T —Im {z / 12T [Heff(x)ﬂeﬁ(c))]} | (5.43)

with the Hamiltonian being the weak effective Hamiltonian which mediates b quark decay.

We split I'{, into the SM part and a NP part
I, = Iy, + 1%, (5.44)

where the second term contains the effects of b — ccs operators. The time ordered
product of the Hamiltonian is given by (3.4) expands into four terms which contribute to

different processes.

T(H(z)H™(0)) = 8G% ZZ{ )2C, CT[Qn(2) Q0 (0)]

HVal*[Ves PO LT [Qum ()21, (0)]
Ve Ves 2 C CuT[QF, () Q0 (0)]
+(Va) 2 (V) CrCrTQF () QL (0)] } (5.45)

The part of which contributes to I'], and does not vanish between the given initial and

final states is

20 20

reg = 8GLVa(Va)? ) ) CeCedm {2 / d*zT [Q;(@Q;(O)]} : (5.46)

m=1 n=1

T

where here, operators with indices m = 11, ..., 20 are the primed operators of (3.4) with

indices m = 1, ..., 10. Thus we express the second term in (5.44) as

=3 N s {i [ aT Q0@ 01} 18). 647

m=1 n=1
for brevity expressing the normalization factor as

AGRVA(V2)CsCs

Nmn - MB

(5.48)
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The leading contribution to I'y5 occurs at third order in the HQE such that the dimension

6 operators arising in (5.43) are local AB = 2 operators

2
my

(Bl {if a1 Q501 1B = J22 [6lm.m)()(@) + Flmn)(:)(05)].

(5.49)
To compute these quantities, the matrix element of the transition operator is evaluated
between partonic initial and final states - and once the coefficients F'(m,n), G(m,n) of
the new basis of operators are found, the matrix elements of these are expressed between
the full meson (non perturbative) states. That is to say, we may compute the coefficients
F(m,n),G(m,n) using perturbative methods, but when this is done, we will need to use
matrix elements of the AB = 2 operators computed using QCD Sum rules or Lattice

Field theory to obtain a prediction. First let us define the shorthand notation

(AYmie = (by(psa), s2(psa) | Alb1(por), 51 (Ds1))s (5.50)

where p stands for partonic, p,;,j = 1,2,q = b, s are the four momentum of the initial
and final state particles, and Ais any operator, and the superscript “mix” indicates that
the initial and final states are associated with B and a B meson respectively. Consider
the partonic matrix element of the T-product of AB = 1 operators on the lhs of (5.49).

Straight forward application of the LSZ reduction formula [75] gives

[20(T1Qu @)@ = 2y [ [t faty fate: [, ¢

(_i)eipﬂ.w [7152 (ps2>(iay2 - m)]ﬁQieiipsryl [1_)51 (psl)@ayl - m)]/ﬂﬁ X

(OIT [, (w2)eh, (y2) 0, (2105, (51) Qun () Qn (0)]]0) X

<_i)[(_iax1 - m)ub1 (pbl)]me_ipbl.mli[(_Z.gxg - m)sz (pr)]azeip,.m}

(5.51)

here ¢’ (x) are anti commuting fermion fields, greek letters a and /3 are Dirac indices,
roman letters ¢, j, k, [ are colour indices and u(p), v(p) are spinors. Since the time ordered

product of operators is

A A A

T[AB...Z] = N[AB...Z + all possible contractions] (5.52)
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and between the vacuum states, a product of un-contracted fields in normal order vanishes,

that is
(O|N (anything uncontracted)|0) = 0 (5.53)

there are only actually 4 non vanishing contractions, and two of those are related by

symmetry. We find for the correlation function in (5.51)

(OIT [4he, (w2, (y2) s, (21)5, (1) Qum ()@ (0)]]0) =
= (8" ()13 ST (=) 178" (2 = 22)) 0o (S (41 — 2) T ST ()T 8" (=21)) s
— (ST ()T 8" (=2)T5 8" (& = 22)) 100 (S (42 — 2) T 8™ (@) 178" (=21)) ac

+nem (5.54)

where S*(z) are Dirac Feynman propagators and are given in (A.13) in Appendix A.

Now let us substitute these results back in to (5.51) this gives

Im {z /d%(T[Qm(x)Qn(O)]);’m} = Zplm [i(I;(m,n) — Iy(m,n) + n <> m)]

(5.55)
After some simplification, the integrals over loop momenta are
I(m, n) = C¥H / d'k [ul, DB+ m)Caug,] 0aTn((F +p7) + m)T ] 556
1 ) uv (47‘()4 (/{2 _m2_|_2'6) (<k+p—)2 _m2+i€) .
Iy(m,n) = Cijkl/ d*k [ORTE(F+m)Tavi] [l (K +p7) + m)Iug,]
2 ) uu (47‘(‘)4 (]{72 —m?+ ZE) ((k +p+)2 —m2+ ZE)
(5.57)

where C;Ju k(lv) are colour factors and depend upon n and m. Momentum conserving Dirac
Delta functions (see appendix) give the external momentum conservation relations

P~ =D — Ps2 = Pr2 — Ps1 and pT = py1 + ps1 = Pr2 + Ps2” In the same way as was done
in Section 5.1 the integrals in (5.56) and (5.57) are reduced to the product of a scaler loop
integral and some tree level matrix elements which are given below. Upon expanding out

and taking the imaginary part (5.56) and (5.57) reduce to

tmi) = YL (07201 €)@ + (€ + 2@
—6me((QpR);™ = (QFL)y™) — 12mZ(QF);"] (5.58)
Im(ifa) = Y& [(5)2(1 - €)@ + (€72
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—6m((QpR)n™ — (QPL)r™) — 12m2(Qe )™ ] (5.59)

mix

4m?2 .
pmc o with z,y = v, uv

where £ are defined as {* = ;. and the matrix elements (QY)
and X € {V, PP, PR, PL, S} are comprised of spinors and Dirac structure and include
colour factors, colour indices and dependence upon n, m are suppressed for clarity. In
fact we can further simplify (5.58) and (5.59) as in this work we do not keep terms of

O<Z_b) or higher. Expanding the external momenta in inverse powers of the b quark mass

gives
—\2 2 2 - Ds
W) _ s Znopa (5.60)
my, my, my,
+)2 2 2 .
W) ) sy 2P Pa (5.61)
my, my, my,
In this work we approximate (p™)* = (p~)? & p? and this gives T = ¢~ = ~ 42—; .
b

For the lhs, the master integral is

VI—¢

Im(il(m,n)) = T

[P = Q)™ + (€ -+ 2)(Qerly™

—6mc((Qpr)y™ — (QpL)y™) — 12m2(Qs);"]  (5.62)

where a symmetry factor of 2 has been included as the above expression is symmetric
under interchange of labels n <+ m. Finally, taking the imaginary part, the result for the

lhs of (5.49) in terms of perturbative quantities is

. 4 miz | __ 5_1 2 miz
tn i [a'a(TiQu QO | = Yo (01~ 9(Qumn);

+(E +2)(Qpp(m,n))y™
—6mc((Qpr(m,n))™™ — (QpL(m, n))l"™)
—12m2(Qs(m, )] . (5.63)

p

When using the above expression and performing the reduction of Dirac matrices using
their anti commuting properties, the terms dependent upon external momentum may be

reduced using the equations of motion for the b and s quark spinor fields. These are

(P, —mu)up =0 (p, + mu)v, =0, (5.64)
s(p, — my) =0 o,(p, +my) = 0. (5.65)
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Again, neglecting the mass of the strange quark achieves simplification and in addition,

we do not keep terms dependent upon the strange quark momentum - these lead to higher
dimensional operators but are also proportional again to the strange quark mass (see op-
erator basis definitions (R operators)). The dictionary for the above quantities is given
below in table 5.1, where colour indices on spinors and colour factors C*Y, xy = uu, uv

have again been suppressed for clarity.

Table 5.1: Intermediate bilinears : Mixing

Quantity Expression

(Qv (m,n));re C (5ol By, Do) (051 DBy Ty ) — C** (oD By, Ty ) (01T 5 7" T vpa)
(Qp(m,n))mie | C* (gD BpPL i vee) (0 TE P ) — C* (oD EpLa e ) (0T 5 Pl vs2)
(Qpr(m,n))pie| C* (oD BpLavee) (T T Do ) — C* (oD ET munr ) (U1 TS Pl vg2)
(Qpr(m,n))mi| C* (sl BT ve2) (0 TE P aue ) — C* (oD BT upt ) (0 D5 pLitves)
(Qs(m,n))pi® | C" (ol BT vb2) (0a LB pupt) — C*“(tiaDET R upy ) (0 TH T vp2))

Evaluating (5.63) for each n, m results in a new expression in terms of partonic matrix

elements of AB = 2 operators.

2
. mix m mix A \mix
ti i [ata(T1Q (D)@ O™ | = 122 [Glm,m) Q™ + Fm,n)(:)(Qs)}
(5.66)
Now the dependence upon m and n has been placed into the coefficients G(m,n) and

F(m,n) and depending upon the different combination of Dirac structures these will be

proportional to one of two operator matrix elements which are identified as in Table 5.2

Table 5.2: Spinorial form of AB = 2 matrix elements

Quantity | Expression

2C"Y ((ts2yu (1 — 7°)up2) (0517 (1 — ¥°)up1)

2 —C"*(tsa, (1 — 7 )up1) (517" (1 — 7°)vp2))

(Qs)p"® | 20" ((ts2(1 +7°)ve2) (051 (1 4+ 7”)upn) = C** (ts2 (L +9°)up1) (U1 (1 + 7°)vi2))

To summarise the calculation steps

1. we evaluate the LHS of (5.49) using equations of motion and anti commuting prop-

erties of Dirac matrices for each m, n
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2. match this onto the RHS to obtain the coefficients F'(m,n), G(m,n) for each m,n

3. Return to the full expression for I';5 and identify the perturbative matrix elements
with the non perturbative ones and use non perturbative methods to express the eval-

uation of these.

Expressing ['15 in terms of non perturbative objects having performed the integration and

Dirac reduction we find

GLVA(V)m
4MB7T

ms

g = GO1Q) + FO@9)] +0 (1) +0(a) 66

my

The coefficients F'(£) and G(&) are sums over individual coefficients which depend upon

the m, n operators inserted.

20 20
Fe) =YY FO (e)cecs — FS) + Ola) (5.68)
"
G(E) =Y > GY()CsCs — G, + O(ay) (5.69)

m=1n=m

At leading order and neglecting dimension 7 operators, the two primed and unprimed
sectors do not mix. l.e. there are not terms in (5.67) proportional to combinations of
Wilson Coefficients such as C¢,C¢ or C¢ C¢.

Below are given the coefficients FTQ )n and Gfg?n with £ = %, and following this is the
prescription for obtaining the further coefficients not given below, which are associated
with terms quadratic in the primed Wilson coefficients. To reconstruct (5.67), substitute
the below coefficients and the further set obtained through relations (5.70) and (5.71), in
to (5.68) and (5.69) and subtract off all terms quadratic in coefficients CFMCPM i, j =
1, 2. This is necessary to avoid over counting because the SM part of the observables will

already be included in I'77.



FY = %vI=EE+2)
Fyg = S vI-€(+2)

% = %y T=g(c - 2)

iy = 3VT—€(6 —2)
F9) = 3N.yT—E(¢ - 2)
Y = —3NeVET =)
Fii0=2601-¢)

Fio =2/E1-¢)

FY = -3/E0-9
By =Y /E0-¢)
Fig = 1V/E1 =9
Fig = 51—
R - TS
B = 3vI- €&
Ry =-&vI—¢
Fyg = 5Ny T =€

The coefficients G,S??n

Gla=—%01-9>

)

s
G = —3:(1- 9
Gy = SeVI—€(6 -2
G = VT —E(¢ - 2)
(0) J\g\/—é’
Gé%éﬂTé
79—%%_5

G =1vT—¢
Gy = 4vT— €€

G = Vel =9
Gil = —1V/E0 =9
Gy = 3v/E1=¢)
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FY = LT=¢c+2)
Fyd = gvT €€ +2)

FO) = L T=g(c - 2)
R = LT=¢(c - 2)

Fg(?l)() = _3\/ 1- §(£ - 2)
Y =-1/E0-¢
Y =-1/e0-¢)

Fé? = FeVI=¢
Fyg = 56VT—¢
Fy0y =106 yT—¢

Gy = —§(1-¢)
G} = HVT=E(E - )
GO = L T—¢(e - 2)
GO = L T—¢(e - 2)
Gt = gVT— &

G5 = HVT= &
Gilo = 3VT = €€

Gido = VT =€
Gon = —3VT—&¢

Y = -5 VT +2)

Fi) = —fVT-€(+2)

F{ = -3yT=g(e-2)

F{ = 2N.\/E1 =)

Py =109
Fy) = —% ¢1-¢)
Ry = 3/E0-9)
FY = —i §1-9)
FY = —§/E0=9
i,
FY) =N T—¢¢
Fé% = VI &
Qo= 3V
PO = ~5T— &

G} = EVT=E(E —4)
Ga = VT =E(e -2
GO = 3VT=E(e - 2)
Gy = §VT— &

Gio = VT &

Gig = —HVI-&
G = 2N/T — &€
G = —1/E0=9
G =L/E1—¢)
Goa = 3VET=9)
Gy = =% VET-9)
GVl = L/ET—¢)



To obtain other coefficients use the prescription

o n>10,m > 10
FO = ot (5.70)
0 otherwise
\
Gﬁglw 10 n > 10,m > 10
G, = ’ (5.71)
0 otherwise

\

and all others are zero.

5.3.2 Matrix elements of AB = 2 basis

We use the A B = 2 basis in accordance with the SM calculations performed in [84], [85],
[86]

Q = (5"7u(1 — 75)b") x (5°9*(1 — 75)b”) (5.72)
Qs = (3*(1+75)b") x (5°(1 + 5)b°) (5.73)
Qs = (5%(1 +75)b%) x (°(1 + 45)b%) (5.74)
Ry = 2 (3(L4+97)6) x (5°(1 = ")) (5.75)

b
Ry = 25 (14 70) x (71— 7)) (5.76)
b

However, as we do not include O(%) contributions which correspond to the d = 7

operators arising at O <#> in the HQE, so the operator matrix elements of R; and R,
b

are not required. As found in [67] the above set of operators is not independent and we

can eliminate ()g through

Qs = —Qs — %Q +0 (£> : (5.77)

my
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The non perturbative matrix elements of the operators () and Qg are parameterized in

terms of decay constants and bag factors and are given by

8 ~

1 -
(Q) = gmb /5B, (Qs) = 3mpf5,B', (5.78)

with the modified bag parameter defined in [38] as
M2
B'(u) = = B(u). (5.79)

(M () + T2 (1705,) )2

5.3.3 The width difference Al

Using the conventions of [38], in the SM the width difference AI's may be expressed as

ATl = 2|I'],]| cos 0}, (5.80)

where the relative phase is defined in (2.79). For phenomenological purposes as we are
considering NP only in I'{,, it is more convenient to use the following form, in which we

split the SM and NP parts as defined in (5.44) and assume a SM like M7,

AT, = —2Re (T + T'55)eHArs(Mi)) (5.81)
with the SM value of ¢iArs(M3™") — 3 KZZ as given in [38].

5.3.4 The flavour specific asymmetry a:,

Using the same conventions and as found in [? ], in the SM the flavour specific CP

asymmetry may be expressed again in terms of the mixing angle 65 as

sin 015. (5.82)

s
as _ F12
fs — s
M7,

Again, to separate cleanly the SM and NP contributions of I';5 and for ease of calcula-
tion in the study of complex Wilson coefficients we use the following expression, again

assuming SM like M7, and experimentally determined value of AM. It is

. 2Im (D737 + I'§5)etArs(Miz))

aj, = NT (5.83)
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5.4 Lifetime ratio (%)
d

5.4.1 Calculation of the total inclusive width I,

As is shown in the decay rate matrix in (2.60), the diagonal elements of the decay rate
matrix in the Hamiltonian governing mixing and decay of the neutral B mesons is the total
width I'5,. We can compute the contribution of the b — ccs operator basis to this width
using again the HQE, to which the dimension 6 operators enter at O (m%j> as shown in

(2.184) with Hg = BY). The total inclusive width is again expressed as the imaginary

part of the forward matrix element of the transition operator

1

Iy = ——
B oMy

(B | T | BY). (5.84)

The ratio of the B? meson to BY meson lifetimes is proportional to the ratio of the B

meson to B? meson total widths and so we may express it as

T8, :1+F3d—FBS _ 1+F%§4_[‘5M T

TBd FBS F%JSM FBS
SM
%M — TS (5.85)
Bg

In (5.85) we assume no BSM effects in I'z, and for the part to which we introduce the
BSM effects of our operators we use the experimental value of the B, meson lifetime. In
terms of the individual operator insertions, the terms in (5.45) which will contribute to the

transition operator for the B lifetime are the second and third terms

20 20

T|cc—8G%|mb||vcerIm{ /d4 DN (CaCiT (@5, (2)Q5 (0)]

m=1n=1

+C CLT [Qi(2)Q5(0)]) (5.86)

However, the second term in (5.86) can be simplified using translational invariance, under
the assumption that the initial and final 5, meson momenta are equal. Take the matrix
element of the integral in the second term in (5.86), sandwiched between between meson

initial and final B? states

20 20

I= [t 33 CLeuBIT [@5)@: 0] 1B (5.87)

m=1 n=1
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and make a change of variables where z# — z/# = —x*, then the Jacobean is
ox'™
= Det
7=0u 5]
= Det(Diag(—1,—1,—1,-1))
=1 (5.88)
so d*z — d'z’ = d*z. Then I becomes

/d%ZZC* (BT [Q<t(—2)Q5(0)] | BY) (5.89)

m=1n=1

Inserting the translation operator defined through
Ul@)=e ™ with  U(a)g(x)U(a) = é(x + ) (5.90)

Ul(a) = e with Ul(a)¢(x)U(a) = ¢(x — a) (5.91)

whose action on the B meson momentum eigenstates is

U(x)|BY) = e "7*|BY) = |BJye " (5.92)
/ 10323 CLOBIT [V @V Qo) @)U )@ 000" ()0 ()] 152)
/ T 323 OB [QEO)G5 )] 1)
= [ dtaetv-o >3 CLOnBIIT [Q1)@30] 182)

/ d“xZZ(J* (BT [Q, (2)Q5 (0)] 1BY) (5.93)

n=1 m=1

In the last step it was used that dummy indices which are summed over can be relabelled,

and it is assumed that the initial and final B meson momenta are equal. So, then

20 20

75 = 16G% | Vip [*| Ve |21m{ /d%ZZc CrT [QS, (2)Q<H (0 )]} (5.94)

m=1 n=1

T
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and the quantity which we would like to calculate, and which contributes to the lifetime

ratio, is then

20 20

re = Z Z/\Tm,n<35 | Im {z / d*zT [Qm(az)Q;(O)}} | B,). (5.95)

m=1 n=1

o 8GE Vo Pl Ve P

Ce,00 (5.96)

The calculation is carried out in a similar way to the calculation which was performed to
obtain I'j5 except the resulting basis of d = 6 operators will be of the AB = 0 quark
structure. The RHS of (5.95) is matched onto a linear combination of coefficients and

AB = ( opaerator matrix elements
+K (m,n)(2){Qrr) + K(m,n)(2){(Qrr)
+H(m,n)(2)(QF,) + H(m,n)(2)(Q.)
S (m,0)(2)(Qf ) + K (m,m) (2)(Q5 )]
(5.97)

(Bt {if o1z Q! O 1B2) = Jo2 [, n)(:)(@us) + (. m)(2)( Q)

Define the short hand notation for the matrix element of operator A between partonic b

and s initial and final states as

(A= (b(py, ), 5(psy) | A | b(psy), 5(ps,)) (5.98)

where p stands for partonic and Ais any operator of our considered basis, and the su-
perscript ’1t” indicates that the initial and final states are both those quark level states
associated with a B”) meson. There is only one contraction possible for the double in-

sertion between these initial and final states and so

m<i [d*z ¢ (2)QCt L — ZoIm [i(I(m,n )
tin i [a'a(T1Q5, (00 O | = Zetm 7. ) (599

where the imaginary part of the integration over loop momenta yields a similar set of
intermediate spinor bilinears as shown below and given explicitly in table 5.4.

1-¢

Im(iI(m,n)) = 150

[p*(1— f)<Ov>? + (§ + 2)<OPP>? - 6mc<<OPR>Z - <OPL>Z)

—12m2(Os)] (5.100)
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Table 5.4: Intermediate bilinears : Lifetimes

(O = (0 DBy, T vpe) (Us2T By i Tugr) (Op)t = (O DETPL L vb2) (01 TEPA Tusr)
(OpL)lt = (U DB P vp) (0 DB Tt ug1)) (Opr)lt = (O T BT vp2) (0 TE Pt ug )

<OS>§)t = (T}bIFETI‘ﬁlvbQ) (Eélrzrﬁ.rusl)

Again after performing the Dirac reduction, applying the equations of motion and
using the fierz relations given in Appendix A the result is a linear combination of the

following operator matrix elements in table 5.5.

Table 5.5: Spinorial form of AB = 0 perturbative matrix elements

(OLp)lf = (U1 Prus ) (wsoy" Pruss) (Opp)lt = (0§ T Pruly) (alyy  Progy)
(Ot = (U1 Prust) (tisay" Pross) (OLp)t = (09T Pruly)(alyy Progy)
(078 = (91 Prusy) (@ Pross) (O = (W Pruly) (@ Progy)
(OF )t = (Uh1 Prust ) (s2 Prups) (OF )t = (vgy Pruly ) (aly Prugy)

Having shown the procedure used for calculating the results in perturbation theory, it
is now possible to express the full inclusive width in terms of the coefficients calculated
through (5.97) and replace the matrix elements of the AB = 0 operators which have
arisen naturally during the calculation and have been found and are expressed on a per-
turbative level in table 5.5, with their full hadronic form which need to be calculated using

Sum rules. The full result for the inclusive width is then expressed up to m%} corrections

as
v, = VPVl [416)(Qua) + ©@u) + KO (Qur) + K Qur)
+H(E)(Q7,) + H3()(Q7,) + K (£)(Q7R)
LRS5O (ﬁ> +O(a) (5.101)
my

R(E€) =YY" RO, (€)2Re(C5,(CS)*) — REy,

m=1n=m

RE)(&) e {HS)(&), K® (&), HS)(£), K®(£)} (5.102)
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Below are listed the coefficients in (5.101) and following this, relations one can use to

obtain the remaining coefficients related by symmetry. In (5.102), all parts which are
quadratic in the SM Wilson coefficients are once more subtracted. To reconstruct the total
width, substitute into (5.102), the coefficients below and use the following rules (5.103)
and (5.104) for obtaining the remaining coefficients not listed in the minimal set below.
Then one may calculate the CBSM contribution to given in (5.101) to the lifetime ratio in

(5.85).

0) _ N
B = N Tg(e - 4) H{) = Moy T—g(e - 4) H) = e T—€(¢ +2)
0 X
HY) = XeyT=E(E+2) H) = —NeT=g(¢ +2) ) = NegyT—¢
0) _ N,
H) =N [e(1-¢) HS = -N.\E0—9) Y = N\ e —¢)
i 0) _
H{) = %616 HO) = L T=¢g(¢ - 4) H) = LVT—E(—4)
(0) __ ¢p(0) _
Héogz_i 1-¢(E+2) Hsg?foz_% I-¢&(6+2) Hyy =H;6=0
HY, = 0,m < 10,7 > 10
K= -MeyT—¢€(6 - 4) K = NeeyT—¢ Ky = -NeeyT—¢
Kzg)ol)g:% 5(1_5) K§17:_*§V1— 19:]\£f 1-¢
0
Kéol’g = 2N.&T— K, = —Ne 6T —¢) K, =X [e1—¢)
1 19 - N \/ 1 -
KW, =0,m,n<10
S0
H) = - NeyT—g(c+2)  HYY = N.JET-¢) HY) = -2 \JE(T—¢)
S(0
HYY = f2Nc¢T£> HYY = X E1—8) HEY) = 2N, \JE1 &)
B = NeyT—g(e—2)  HSY = —6N.T—E(¢-2)  Hy\y = —2NLYT—¢
H7\) = —2N.yT— &€ Hy\y) = —16N./T— &€

Hy® = 0,m,n < 10
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Ko = WeT=E(og _13¢) Ky = NeVIZE(g 5¢) K39 = e JT= (6 +2)
Ky = e yT=E(€+2) K7W = N E1-§) K3 = 4N\ ET—9)
K38 = —IN/E0T =8 K3 = Mo\ ET—¢) féo) = N./ET— &)
K3 = —IN£LYT—¢ K5 = msﬁ K39 = -No/T—€(¢-2)
K7 = Y yT=E(€—4) Ky = /1€ (28 — 13¢) K50 = LyT—¢(c+2)
EYQ = L/T—g¢+2) K = —2yT—€(¢ —2) KO = —LvI=E(€-4)

K5 =0,m < 10,n > 10

To obtain the other coefficients the following relations hold for the non tilde operators

(

0 m,n even
R 0o m,n =11, .20
Rg)n =9 = Rmn 1 m odd,n=m+3,...,20 even (5.103)
1Rm 1n m even,n odd n>m
| B0 10 m < 10,n > 10

and the remaining relations which determine the tilde coefficients are associated with

colour factors. They are

ég)n - {NLCR(S) m,n even, n>m (5.104)

m—1n—1

AB = (0 Basis

Operators arising in the calculation of the B? lifetime are given below.

Qrr = (b, Prs®) (5" PLb?) Qrr = (b7, Prs”) (5" PLb*)
Qrr = (0%7,Prs®)(5°7" Ppb?) Qrr = (b7, Prs”) (574" Prb®)
in = (0" Prs®) (5" Prb’) Qi = (0 Prs”) (5" Prb®)
1L = (b"Pps®)(s°PLb’) Q7 = (b"Pps”) (5" PLb™)
T = (00 P\ (Fon Pb) QL = (000" Pus?) (570, PLb)
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5.4.2 Reduction of AB = 0 operators in heavy quark limit

There are a further 10 operators found by taking the parity conjugate of the above set,
however the matrix elements of the above operators are found to be equal to those of their
parity conjugates. All in all the counting gives 10 independent matrix elements, however
the number of linearly independent operator matrix elements between 5B meson states
decreases in the heavy quark limit.

Defining the heavy b quark field as
b(x) = e7"[by(2) + By()] (5.105)

In the heavy quark limit, the B, (x) field is integrated out of the theory. In order to reduce
the number of linearly independent operators arising in the calculation we use the remain-
ing component of the heavy quark field in our AB = 0 operators. We work in the fierzed

basis expressing our operators generically as

Qr = (b,I'b,)(3Ts) + O (i> , (5.106)

my

with I € {1, PL(R), v, Pr(r), 0w Pr(r) }. We form alist of all linearly independent heavy
and light bilinears possible. Working in the rest frame of the heavy quark, in the Dirac-
Pauli basis we reduce the number of independent heavy bilinears by one and then determ-
ine all possible heavy-light operators we can construct which respect the parity symmetry
of QCD.

We find that in the heavy quark limit, there are four non vanishing linearly independent

AB = ( operators which can be formed from the heavy-light bilinears.

Hi = (byby)(55) Hy = (byby) (595) (5.107)
Hs = (bs7"7°by)(57"7°s) Hy = (byo"b,)(50" s) (5.108)

To reduce the number of operators in out chiral basis we express their matrix elements in

terms of matrix elements of operators in the basis found in the HQ limit. These are

1
(BJ1QuelBy) = 7 ((BS[Hal|BY) + (B{[Ms|BY)) (5.109)
(BJ|Qrr|BY) = —%<BS|H1|BS> (5.110)
1
(BJIQLRIB) = S(BL[Hs| BY) — (B{[Ha| BY)) (5.111)

8
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(BIQELIBY) =~ ({BYHA|BY) +2( B3 B2) G.112)
(BUQELIBY) = (B BY) — 6(51:] BY) (.113)

4

From the above relations we can deduce that the relation we require is
1
(Bi|QurlBY) = (BJIQLLIBY) + 7(BIQLLIBL)- (5.114)
The stronger statement that this holds at the operator level is given below

Qr, =4Qrr — Q1) (5.115)

and is used to remove the tensor operators Q7 , and QfL from the above basis thus redu-

cing the number of linearly independent operators from 10 to 8.

Matrix elements

The hadronic matrix elements of the above set of operators, evaluated between B meson
states are non-perturbative objects and thus have to be parameterised in some form such
that our ignorance of the hadronic effects are hidden in some small number of parameters.
Using the colour singlet and colour rearranged operator basis below, the parameters B, B;

are defined following conventions in [87] such that

1 1 1 ~ 1 -
m(Bs|QLL|Bs> = gBl(M)féMBa m<35|QLL|Bs> = gBl(M)féMB,
1 s 1 / 2 1 s 1 r/ 2
M<Bs|QLR\Bs> = gB2<:U')fBMBa M<BS|QLR’BS> = §B2(M)fBMB7
1 1 , 1 . 1o
m<BS‘QLR‘Bs> = gBi‘)(:u)fBMB? m<Bs\QLR!Bs> = §B3<:u)fBMB>
1 s 1 / 2 1 s 1 rH/ 2
m(Bs|QLL|Bs> = §B4(:u)fBMBv M<BS|QLL|BS> = §B4(N)fBMB

where we define the modified bag parameter B, is defined in (5.79). In the Vacuum inser-
tion approximation in which the matrix elements of the operators are evaluated by insert-
ing the vacuum state, the following values for the bag parameters of the BSM operator

matrix elements hold

By = —1, By = —1,



For the bag parameters of the SM operator matrix elements we use recently calculated
results from HQET sum rules in [88] which uses non perturbative inputs from [89], [90],

and which are calculated in a different basis. The relation between the different operators

is given as
Q1=4Qrr, Q2=14Q}, (5.116)
- P . P
Ty =2QrL — MQLL , Ty=2Q7, — NCQ“ER. (5.117)

and the matrix elements in the basis of [88] are defined as
(B|Qi|Bs) = Aifp M3 B, (B|Ti|Bs) = Aif M} e (5.118)

with the coefficients

M2
Ay=1, Ay=—5L (5.119)
(my, + my)?

The SM values for the non perturbative inputs, including the meson decay constant taken

from FLAG [91], are

fe., = (227.2 + 3.4) MeV, (5.120)
By (my) = 1.028700% ~ By(my) = 09885957 (5.121)
& (my) = —0.10770 035, &(my) = —0.03370 05, - (5.122)

5.5 The hadronic decay BY) — J/¥ Ky

5.5.1 Operator basis and factorization

Another process to which the b — c¢s operators contribute is the hadronic decay of a
neutral B; meson into a charmonium state .J/v and the short lived flavour eigenstate K.
This process is interesting because in the SM it may be used to predict the value of the
CKM matrix angle (3 as it violates CP and the only source of CP violation in the SM comes
from the CKM matrix. This allows for the introduction of new weak CP violating phases

via the b — ccs Wilson coefficients as a measure of possible new sources of CP violation
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not coming from the SM. For the study of CP violating processes we use the fierzed basis

as it is more convenient when we wish to consider the computation of hadronic matrix

elements in the naive factorization hypothesis. In this basis the operators are

Of = (3Lmby) @y er), 05 = (517,077},
05 = (5L7bL)(Ek" k), Of = (577ub1) (Gp7"c),
05 = (Spbip)(Cher). 06 = (51b7) (Chel).
05 = (51bR)(@ch), 0§ = (5pb7)(ELcR),

05 = (SLowbp)(c0™cp), Oy = (51,0,ubg)(cL0"" ch).

The transformation matrix F which converts the (¢b)(5c) basis introduced in chapter 3,

into the above (¢c)(5b) basis is given by

10 0 00 0 0 0 O
01 0 0 0 0 0 0 0 0
00 -3 0 0 0 0 0 0 0
00 0 —3 0 0 0 0 0 0
s_|00 0 0o 20 0 0 0 o0 5.123)
00 0 0 0 -2 0 0 0 0
00 0 0 0 0 -2 0 -1 o0
oo o0 o o0 0 0 -3 0o -1
o0 0 0 0 0 -6 0 3+ 0
oo o0 0o 0 0 0 -6 0 1

In the limit that the b quark mass is large compared to the scale of the strong interaction
my, > Agep, we can express the hadronic matrix element of a dimension 6 operator as
the factorized product of two matrix elements of quark bilinears, up to non factorizable

corrections of order ay; and power corrections [92, 93, 94], as follows

(J/YK°|O5| B = (J/v|elye|0) (K°|5T ;0| B°) (1 + O(a,) + O <mAa )) . (5.124)
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Equation (5.124) requires some explanation. On the lhs is the full hadronic matrix element

of the operator ;. On the rhs, at leading order is the factorized form of the matrix
element where by it is assumed that interactions between the .J/1¢» meson and the BK
system can be neglected in the heavy quark limit and we can therefore parameterize the
matrix element in terms of a decay constant and a form factor. The next term occurs for
gluon exchange between the .J/¢) meson and the BK system and whilst are perturbatively
calculable in some frameworks, are non factorizable. The third term is associated with
power corrections and where this is usually O (%) for other classes of decays, in this
decay the corrections are found to be larger due to the size of charmonium being small
in the heavy quark limit but its Bohr radius being larger than m%, [93]. In what follows
we restrict ourselves to considering the first term in (5.124). Let us write down the naive
estimate for the matrix element of O;. For the vector and tensor decay constants and form

factors we have the following definitions from [95] and [96]

(/)OO0 = FrrMoyet(p) (5.125)
(J/9(P)](0)0,,c(0)]0) = i f] (€5 (P)pu — €, (P)Dy) (5.126)

(RO 5(0)1,b(0) BO(p) = (05 + 1) — A}f—fp,lwg% . f}‘f_fpupg%
(5.127)

P (K (p')]5(0)0,,6(0)| B (ps)) = P°(p5 + )y — Mpp,] (5.128)

Mg

and p’ = pp — p being the four-momentum of the .J/1) meson and p* = Mﬁw. We work

in the frame of reference in which the B meson is at rest. So that

Pl = (Mp,0) (5.129)

p" = (Mg, ) (5.130)

P = (Myy, p) (5.131)

The decay is back to back with p’= —p’ = —|p]Z , and the charmonium state with helicity

A = 0 is described by the polarization vector

(5.132)
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Moreover, neglecting the mass of the strange quark and the Kaon gives the simplified

relation between the form factors
2

p
FS o= (1 - W) Fii (5.133)
B

Then, applying the Lorenz condition ¢,p* = 0 the simple factorization approximation

gives

(J/OK°|OF| B ) v = i<J/¢\5(0)%C(0)\0>(KOIE(O)’V”b(O)!BO>

1 *
= ZfJ/wMJ/w(% (p) pB)Fi .k (5.134)

Thus we have for the naive factorization estimate of the magnitude of the matrix element

of operator O,

Mg

1
(Dl = 32+ 0 (53). (5.139)

NE

with

P O 30200 36 )
p g
2Mp

. (5.136)

considering all corrections to be proportional to an O(1) number suppressed by two

powers of the number of colours in the large N limit [97], gives the estimate

(O |nvr = (1.23£0.11 4+ O <;2) )GeV? (5.137)

c

5.5.2 The time dependent CP asymmetry

Adopting notation similar to that of [38], as a measure of CP violation we may consider

the time dependent CP asymmetry given by

Acp(t) =

L(B(t) = fer) = T(B(t) = fer) (5.138)
b .

P(B(t) = fer) + T(B(t) = fer)

which describes the difference in rate between the decay of a B; meson into a CP eigen-
state with the anti- B; meson into the same CP eigenstate. If the symmetry CP is indeed
violated, this quantity will be non zero, as it is in the SM. We may express the above in

terms of the mass difference and decay rate difference as defined in (2.64) and (2.65) of
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section 2.2 .
Acp(t) = S’; zlsi((ﬁd)tl_pfi f;ﬁég{‘;t) (5.139)
where the coefficients of the sine, cosine and sinh functions are defined as
Sy = 121%(;\;])2 (5.140)
Cy = %ﬁ:;:z (5.141)
Dy = % (5.142)

S is associated with the CP violation in the interference between neutral meson mixing
and decay, C/ is associated with direct CP violation. In the case where Al'r; < 1 the

above expression simplifies to
Acp(t> = Sf SiH(AMdt) — Cf COS(AMdt) (5143)

Generically, let the amplitude for a B meson to decay to a final state f and an anti B meson

to decay to the same state be

Ap = (f|H"|B), (5.144)
Ay = (fIH"|B), (5.145)

then the quantity important in the study of CP violation in the quark sector Ay is

(q\ AB =)

with § defined generically in chapter 2 section 2.2. Having specified definitions and
relations, let us now specialise to the final CP eigenstate fop = J/¢¥Kg. In (5.146) we
will have

A 4B, -’ZlJ/\I/KS
J/VKg = -

(5.147)
PBy Asjvks

and we define the following hadronic amplitudes for B® — J/¢Kgs and B® — J/¢Kg

as

Ajpurs = (J/ VK| H| By) Ajrprcs = (J/VKs|HT| BY). (5.148)
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The hadronic states for the long K and short Kg lived physical eigenstates are linear

combinations of the neutral Kaon K°, K° flavour eigenstates, as is given generically in

section 2.2.

K1) = pr|K%) + qi | K°) (5.149)
|Ks) = pr|K°) — qx|K°) (5.150)

In what follows we assume no CP violation in Kaon mixing, so that we assume (Z—’;) ~ 1
which is a reasonable approximation [98]. The operators in H.s which contribute to
A 7wk are O;, and those contributing to A /g, their hermitian conjugates OT, so that

(5.148) in (5.147) gives

as e 20 (J/VES|(CLOE + CPOF) | BY)
P AL (T U K| ((C)*O5T + (C¢)* 0™ BY)

AJjuKs = (5.151)

Upon factoring out the ratio of the operator matrix element of Of to that of OfT and using

the CP conservation of the strong interactions we find that

g A 1 (Cf + 325 (Csran + C'ry)
e A ner ((CH) + 3.0 ((Co)ra + (Co)iryy))

(5.152)

AJjwKg =

Finally, we make the approximation that f\‘— ~ 1 € R, which is justified in our phase con-

. Vi Vs —9 4
vention, further we take g—g = Jitd oy o =2iF+O0(X

VooV, ) [33] where the Wolfenstein paramater

A ~ 0.22 which amounts to neglecting CP violation in mixing. With ncp = —1 we get

o—2i8 (C7 + 2322(07;6”1 + Cf'riy))

NjjpK = — . (5.153)
(O + 322 ((C)raa + (Co)irh))
In the above we express the Wilson coefficients as complex quantities
AC; = Re(AC;) +ilm(AC;) 1=1,...,10, (5.154)

and the ratio of the matrix elements of the i’ operator i = 1,2, ..., 10 to that of the matrix

element of the colour singlet operator Of as

A0 — <J/¢KS|O§(/)|?2> i(8;—01)
"t {J/ES|05]BY)

i=1,..,10 (5.155)

where the phases 9; and ¢; are strong CP conserving phases and weak CP violating phases

respectively. There are three observable quantities which we will use to obtain a further
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constraint from this process. From (5.143) with f = J/¢ Kg, the first two are

_—2if_ (O5+320,(Ciran+Ce'ryy)
2lm ( € e+ 1102((06) ri1+(C) :val)

SijKs = - . (5.156)
1+ ‘ (C343 =5 (CErn+C'ryy))
(C +2125((C5) rn+(C);r,y
(c +23°2((CC) Tt cv/ o
. (5.157)
DS (GO Tt O >)‘ )

Cprs =
(1 + ’ CCJ’_Z’}OQ(CCrll—’—CCI '

5.5.3 The branching ratio B(B” — J/yK\")

For the third observable used in this study we consider the branching ratio B (BC(IO) —
J/YK C(lo)), in a similar manner as is done in the SM case in [99], and [100]. It is obtained
by calculating the decay rate F(BC(IO) — J/ z/JKC(lO)) in the usual manner by performing a
two-body phase space integral over the modulus squared of the amplitude. The differential
decay rate is

|
ar = ——IM(BY = J/pK)da?, (5.158)
B

with the differential two-body phase space given by

A :/ - / o (2m)*6 (pp —p — ). (5.159)
(QW)SQEK (27T)32Ew

Replacing four dimensional Dirac delta distribution with
3D (pg —p—p) = 6(Mp — (Ex + Ey)d® (5 + 1), (5.160)

and performing the integration over dp’ and moving to spherical polar coordinates, we

find
1
r=—— = )28M2 —[IMBY — J/p K. (5.161)

(0)

Subsequently, as the B, meson is spin zero, performing the integral over the solid angle

gives only a factor of 47 and this yields

P(BY — J/pKY) = 1(J/ 0 KO R B2, (5.162)

8M2
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for the branching ratio then, we use the lifetime of the Bc(lo) meson to give the final result

for our theoretical prediction of the branching ratio

7_BpZ)CJ.%‘l)‘c|2|
v

B(BY — J/K,) = (O PICH) + (G ra +(CF) 7)) P

(5.163)
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Chapter 6

Phenomenology

In this chapter results obtained from calculations in Chapter 5 are presented in graphical
and tabular format. The theoretical predictions for the collection of observables are com-
pared with their average experimental values, and constraints upon scenarios of modified
CBSM couplings are obtained. The chapter is laid out as follows: In section 6.1 the stat-
istical methods for obtaining bounds and constraints are introduced. In section 6.3 results
constraining scenarios involving pairs of Wilson coefficients AC; — ACjy are shown at
renormalization scales j;, and My, and rare decay anomalies related to the Wilson coeffi-
cient Cgy, are addressed and discussed. In section 6.4 scenarios involving pairs of Wilson
coefficients AC] — AC] are presented and constrained by additional pseudo observables
Cf’éﬁ/ and Cjy,. In section 6.7 complex SM Wilson coefficients are studied and the CP viol-
ating effects which are constrained by flavour specific CP asymmetry and hadronic decay
observables are shown, and finally in section 6.8 we present best fit ranges for individual
coefficients both in the case of individual observables providing constraint, and combined

constraints which lead to naive estimates for the scale at which BSM physics could occur.

6.1 Statistical treatment

Following a procedure outlined in [101] we define the following quantities

xFep _ {Xfrp, .,.,Xﬁjj;} 6.1)
X ={X{", X (6.2)
0=1{61,...,0n,} (6.3)

v=Avy,...,un,} (6.4)
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Where (6.1) is a set of V,,, experimental measurements, (6.2) is a set of Ny, corres-

ponding theoretical expressions which predict values for the measurements, and which
are functions of the Ny parameters 6 and N, parameters v of (6.3) and (6.4) respectively.
Individually, for each XiExp , XI'" we determine regions of the parameter space using a

simple function
(X[ — X0, 7))
o (X + o (XM

and when combining constraints we will use the sum of the individual functions given

X2(0,7) = (6.5)

above

(6.6)

NEge Ezx n =
2(0_’ 17) z:p (Xz p_XiTh(e,y))2
XY Eaxpyo Thy2'
= o(X;T)? +o(X)
For the study of real Wilson coefficients, we will only consider the parameters of interest
6 which are the Wilson coefficients AC; and we will set all other parameters to their
experimental averages. In general when plotting results and obtaining best fit points we

will refer to the offset corrected y? denoted as
AX(0,7) = x*(0,7) = Xorinpw (6.7)

where the last term in (6.7) is the absolute minimum of XQ(@ V), obtained by allowing all
parameters 0 and 7 to be freely varied. This quantity gives a measure of the quality of
agreement of a given theoretical model with the data, assuming the SM to be correct. For
the study of hadronic decay we will use the following definitions. Define the profile x?
as a function of the relevant parameters 0 at the values of 77 which minimize (6.6), at each

point in # space.

We aim to set Confidence Levels (CL) in the space of relevant parameters 6 irrespective
of what values the parameters v might take. Then the quantity which gives confidence

levels for the parameters of interest in 6 space is the offset corrected x?

AX0) = X O minss — Ximinio- (6.9)
Here the first term on the LHS of (6.9) is the minimal value of the X2(§) function with
respect to parameters i/ for fixed 0, and the second term is the same as that described
above for (6.7). For each case it will be made clear which approaches we are using to

represent and analyse results.
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6.2 Numerical inputs

In this section, we describe all the numerical inputs that are used in this work, along with
the experimental results and their corresponding uncertainties. We break these down into
a set of fundamental inputs that are common to all our different observables, and then
some specific input values required for the prediction of BSM contributions to individual

observables.

6.2.1 Common inputs

We show in Table 6.1 input parameters that are common to all our theoretical predictions.

These inputs are taken from the PDG [33] and CKMfitter [102]

Parameter Value Reference

as(Myz) 0.1181 + 0.0011 PDG 2018

Mpe, (0.497611 + 0.000013) GeV | PDG 2018

My, (3.096 900 + 0.000006) GeV | PDG 2018

Mp, (5.27955 + 0.00026) GeV | PDG 2018

Mg, (5.366 84 + 0.00030) GeV | PDG 2018

(M) 4187002 GeV PDG 2018

Me pole (1.67 4 0.07) GeV PDG 2018

me(myp) (0.924 £ 0.07)GeV from me pote and o (Mz) via RunDec [103, 104]
ms(2GeV) | 9575 MeV PDG 2018

Vo / V| | 0.0883515:09221 CKMfitter (ICHEP 2018)
Vep 0.0424071 900932 CKMfitter (ICHEP 2018)
Vius 0.2254745™0-00025 CKMfitter (ICHEP 2018)
v 65.8179-22 ° CKMfitter (ICHEP 2018)

Table 6.1: List of general input parameters needed for our theoretical predictions.

6.2.2 Theoretical inputs

Shown in table 6.2 are the SM predictions for our mixing, lifetime and radiative decay
observables and their references. In tables 6.5 and 6.4 are the non perturbative inputs for
the AB = 0 and AB = 2 matrix elements required for prediction of the lifetime ratio and

mixing observables respectively.
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Quantity Value Reference
ATSM (0.088 £ 0.02) ps—! [38]
ay> M (2.22 +£0.27) x 10~° [38]
(1B, /78,)M 0.9994 + 0.0025 [88]
B(B = X)%™ | (3.36£0.23) x 1074 [69]

Table 6.2: List of SM values needed for our theoretical predictions.

Quantity Value Reference
fB. (227.2 + 3.4)MeV [91]
By (my) 1.02810-0%¢ [88]
By(1my) 0.98810-087 [88]
€1(ms) —0.10715:05% [88]
& () ~0.033+9:921 [88]

Table 6.3: Non- perturbative inputs for AB = 0 matrix elements.

Quantity Value Reference
VBfs, 270(16)MeV [91]
B 1.32(6) [91]
o) 1.07(6) [38]

Table 6.4: Non- perturbative inputs for AB = 2 matrix elements.

Quantity Value Reference
fi/ (407 £ 6)MeV [105]
FB2E (2 = M3/¢) 0.68 £ 0.06 [106]

Table 6.5: Non - perturbative inputs for B — J K matrix elements.

As part of our theoretical calculation of S,k and Cj k¢, We use the most recent

CKMfitter [102] value
sin 26 = 0.73870.050 , (6.10)
where the experimental measurement is not included in their fit. We note there is a very

slight tension between the HFLAV average and the CKMfitter result, at the level of ~
1.10.

The non perturbative inputs in table 6.4 contain the following definitions and conversions.
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The RGI B parameter Bis given in [91] as

. 3(1)?\ o 3(1)? -
() e

for my, < pu < my, the following values are Ny = 5, and N, = 3, 7 = 4, fy = 2,

_ 116 _ 43
M= 7751 =—9-

6.2.3 Experimental inputs

Quantity Value Reference
ATeP (0.088 + 0.006) ps~* [78]
st —0.0006 + 0.0028 [78]
(1B, /7TB,)*P 0.993 4 0.004 [78]
B(B — Xgv)“*P (3.32+£0.15) x 1074 (78]
T 1.509 4 0.004 ps [78]
Syrrcs 0.699 4 0.017 [78]
Crpis —0.005 4 0.015 [78]
B(By — J/¢Ks) (8.7340.32) x 1074 [33]
B(B — X ep)®® 0.1061 4 0.0017 [81]

Table 6.6: List of experimental values needed for our theoretical predictions.

6.2.4 Rare decay Wilson coefficients

For our study of new physics in rare decay and constraints upon all four fermion coeffi-
cients we use the following best fit values for Cé') and (7, from global fits performed by

[19] and [107], respectively.

CNP = 121402 (6.12)
Cy=0.1940.2 (6.13)
C%, = 0.018 0.037 (6.14)

The observables included in these fits for C’é') are; angular observables in B® — K*0putp~
[9,108],[109, 5], B%* — K*0*y% ;= branching ratios [4, 110, 5, 9], B%* — K%~
branching ratios [4, 9], B; — ¢u .~ branching ratio [111, 9], B, — ¢u™ p~ angular ob-
servables [111, 9], the branching ratio of inclusive decay B — X,utp~ [112], with

the standard model predictions of these [18, 113]. For C’;,y the measurements are for
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the exclusive semileptonic angular observables (P,)(B° — K*%ete™) and AI™ [114],

the mixing induced CP asymmetry in B — K*v given by Sk, [115, 116] , and the
B(B — X,y) [117, 118,119, 120, 121], B(B* — K*v),B(B° — K*~) [120, 122, 123],
and B(Bs — ¢y) [124] branching ratios.

6.3 Constraints on BSM in Cyy : ACY, — ACYy

In this section we focus upon the study carried out in [1] concerning the impact of op-
erators () — Q5 upon the partonic A(b — sfiu) by investigating whether it is possible
to achieve a shift to Wilson coefficient Cy;y ~ —1 subject to constraints from mixing
and lifetime data. Currently global fits performed by [19] predict a best fit value of
CMP = —1.21 £ 0.2. Here, constraints imposed by the B meson width difference
and the ratio of the B'” to the B éo) lifetimes are used to determine the viability of such a

shift being due to modified coefficients in the CBSM Hamiltonian.

6.3.1 Low scale scenarios and ¢> dependence

In Figures 6.1 - 6.3 are shown six plots representing scenarios where two Wilson coeffi-
cients are “switched on” and all of the rest are set to their SM values. In all figures the
regions are determined by individual constraints overlaid using (6.5) and best fit points
correspond to points which minimize (6.6). The experimental quantities, their respective

theoretical predictions and parameters of interest are

XEep = (ATEe Cprt (7, )74) ") (6.15)
X" = {ATs, Cov (1), (T8, /78,)} (6.16)
0 = {ACy (1), ACs (1), ACs(115), ACu (115} (6.17)

and the theoretical predictions in (6.16) are given by (5.81), (5.22) and (5.85) in Chapter
5. In these scenarios we consider the scale of new physics to be around the scale of the
B meson mass, Mp. At this scale it is not necessary to employ renormalization group
improvement, as the logarithms appearing in the loop calculations are not large. Such a
situation could be due to “hidden” new particles which although are within the range of
energies probed by current experiments, are for some reason not detectable.

In this ”low scale” scenario, (5.22) reduces to (5.18) as without renormalization group

improvement, Coy () does not contain a BSM contribution and so it does not mix
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with CBSM coefficients. In all plots the black and red dashed lines are contours of

Cov (1p) = —1.21 % 0.2 for two choices of dilepton invariant mass squared ¢> = 5GeV/?
and ¢> = 2GeV? respectively. For values of ¢ above this, the charmonium resonances
are the dominant signal detected and therefore for consideration of rare decay anomalies,

it is most reliable to remain in the region ¢ € [1,5]GeV?2.

1.0 1.0
0.5 0.5
2 00 2 00
Q Q '.:1:
< < :
~05 —05 "
10 kv ~10
210 -05 00 05 10 10 -05 00 05 10
AC(up) AC; (up)

Figure 6.1: Two parameter scenarios for AC'1 (), AC2 (ps) (left), ACt (s), ACs (1) (right). Red dashes and black

dashes correspond to ¢> = 2GeV? and ¢°> = 5GeV? respectively. Overlaid are individual 1o constraints from AT,

(orange shaded) and % (green shaded) with the (orange and green) dashed lines the experimental central value for
d

each respectively.

In Figure 6.1 (left) of (AC) (), AC>(11p)) we are considering shifts to the SM coeffi-
cients C';, Cy. The width difference (orange) here constrains new physics in C'y and the
lifetime ratio (green) new physics in C'; at 1o. There is a current 1.4 discrepancy between
the SM prediction computed recently in [88] shown in Table 6.2 and the measured value
[78] given in Table 6.6, and this is why the lifetime ratio does not pass through the SM
point. The best fit points lie outside the 1o regions for Cyy at (Cy(up), AC (1)) =
(—0.5,—0.03) and (C (), ACs (1)) = (—0.51, —0.04) for the higher and lower ¢* val-
ues respectively. There is no region for which a shift of Cy;; = —1.21 4+ 0.2 is achievable
and in agreement with both mixing and lifetimes, however Al'y easily accommodates a
negative shift for both ¢ values. In the next panel (right hand) we consider BSM effects
as a shift to SM C; and NP AC;. Indeed this is a favourable scenario, it would be possible
to produce a shift by as much as Coy = —1.21 for (AC, (1), ACs(pp)) = (—0.19,0.57)
in the higher ¢ for and (AC, (1), AC3(11p)) = (—0.31,0.58) for lower ¢* and remain

well within allowed values imposed by the lifetime ratio.
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Figure 6.2: Two parameter scenarios for AC1 (i), ACa(us) (left), AC2(1p), ACs(us) (right). Red dashes and black

dashes correspond to ¢* = 2GeV? and ¢* = 5GeV? respectively. Overlaid are individual 1o constraints from AT

(orange shaded) and % (green shaded) with the (orange and green) dashed lines the experimental central value for
d

each respectively.

In Figure 6.2 (left) of (AC) (1), AC4(up)) this scenario is again quite favoured with
points in the plane where all observables agree, and achieve the desired shift of Cyy =
—0.95 + 0.2. It is clear the ACy(up) is not constrained much by the observables, yet a
preference for a negative shift to SM C¢(u,) is observed. The data prefers best fit points
of (ACY (1), ACy(rp)) = (—0.48,0.64) and (AC)(up), AC4(1p)) = (—0.49,0.90) in
the ¢> = 5GeV? and ¢> = 2GeV? cases respectively.The ¢> dependence of Coy (1)
leads to contours closer to the origin for higher ¢?. In the right hand panel, as is the
case with (AC,(up), AC2(up)) the even coefficient is constrained by the mixing and
lifetime observables, and the odd coefficient by rare decay. For this scenario the best
fit points lie close to the if not just outside the region allowed by the lifetime ratio
(ACy(1p), AC5(1p)) = (—0.11,0.63), and (ACs(up), AC3(1p)) = (—0.10,0.60) for
¢® = 5GeV? and ¢° = 2GeV? respectively.

In Figure 6.3 (left) of (AC5 (), AC4 (1)) this is the least viable of the scenarios, the con-
tours of constant Clyy- are only just visible in the top left hand corner and nowhere in the
plane agree with the width difference and lifetime ratio. AC is constrained by mixing and
lifetimes but these impose no constraints at all for ACy. Finally the (AC5(1), AC4(1p))
plane has best fit points very closely placed together at (AC5 (1), ACy(p)) = (0.37,0.69)
for the higher ¢* value and (AC5(up), ACy(1p)) = (0.36,0.68) for the lower. Neither
are in agreement with all observables. This scenario again implies a possible shift of

AC5(up) = 0.3, if we consider only AL;.
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Figure 6.3: Two parameter scenarios for AC3 (i), ACa(us) (left), AC3(1p), AC4(us) (right). Red dashes and black
dashes correspond to ¢* = 2GeV? and ¢* = 5GeV? respectively. Overlaid are individual 1o constraints from AT

(orange shaded) and % (green shaded) with the (orange and green) dashed lines the experimental central value for
d
each respectively.

6.3.2 High scale scenarios

In Figures 6.4-6.6 are shown 2-parameter planes in one to one correspondence with those
in Figures 6.1-6.3 respectively, but in this case the coefficients are evaluated at the weak
scale © = My and evolved down to the scale of the b quark mass through RG im-
provement [1]. Again, in all figures the regions are determined by individual constraints
overlaid using (6.5) and best fit points correspond to points which minimize (6.6). The

experimental quantities, their respective theoretical predictions and parameters of interest

are

XF2 = (ATF™ Cg™ (1,/74)""" . B(B — Xyv) """} (6.18)
X = {AL, Cov (), (75, /78,) , B(B — X:v)} (6.19)
0 = {AC, (M), ACy(My ), AC5(My), ACy(My)} (6.20)

and the theoretical predictions in (6.19) are given by (5.81), (5.22), (5.85) and (5.37) in
Chapter 5. In all panels, 1o constraints from AL’ (orange shading), B(B — X,7) (blue
shading), :—Z (green shading) are given, with the dashed lines in the corresponding col-
ours being the experimental central value respectively. For these scenarios, our pseudo
observable Cyy (14) given in (5.22) contains contributions from AC; (My,) — ACy(My),
in addition to those which are due to Coy-(¢?, i), which appear because of mixing between

Qoyv and Q) — Q)5 upon renormalization. Again in red dashed lines are contours of con-
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stant Coy (p1p) = —1.21 £ 0.2.

The branching ratio of the inclusive 5 — X,v decay has now been included as an ad-
ditional constraint. As can be seen by comparing the three sets of plots, the effect of the
evolution of Cyy (1) upon Cyy is powerful and considerably improves the prospects of
achieving a negative shift to the SM coefficient Cyy,, without being excluded due to mix-
ing, lifetime and radiative decay data. The contours are tightly spaced and closer to the
SM point implying a very small BSM contribution could be hidden in CBSM coefficients
and yet still give rise to a negative shift to Cyy,.

In the left hand panel of 6.4, if there were agreement between the lifetime ratio and the
SM, a small negative AC and very slight shift to AC5 would satisfy this requirement.
In the right hand panel is shown a scenario where AC; and AC'; are modified by NP.
This scenario is favourable, all of the observables agree at the best fit point and allow a

shift to Cyy for a AC3(My) ~ 0.3 and AC; < 0.1. In the left hand panel of 6.5, in the
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Figure 6.4: Two parameter planes of: left AC1 (Mw ), AC2(Mw ) and right ACy (Mw ), ACs(Mw)

AC (M) — ACy(My) plane the B — X, branching ratio constrains only AC} but the
lifetime ratio constrains AC]. In this scenario a negative shift AC} ~ —0.1 and a very
slight negative ACy(Myy) achieve agreement with radiative decay and the AT, whereas
the lifetime ratio with it’s current discrepancy would not support our hypothesis. In the
right hand panel of the ACy( My, )—ACs5( My, ) plane again is found a favourable scenario.
All of the observables agree with a a shift Cy;; = —1.21 within 1o and again, this requires
a positive non vanishing AC3(Myy) € [0.1,0.2] and very slight positive AC5( My, ). None
of the observables constrain AC'; at all with vertical bands from radiative decay and mix-

ing constraints, but these do impose a region of allowed values for ACy(My,). These
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statements will be made quantitative in subsection 6.8.1. In the left hand panel of 6.6, is
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Figure 6.5: Two parameter planes of: left AC1 (Mw ), AC4(Mw ) and right AC2(Mw ), AC3(Mw )

shown the ACy(My ) — ACy(My,) plane which is less favoured by the data. None of
the observables constrain AC,(My,) and in addition there is no point in the plane where
all observables agree with a negative shift to Cyy. In the right hand panel showing the
ACs(Myw ) — ACy(My ) plane again the pattern of favoured new physics in ACs( My ) is
confirmed. There is a point in the plane where all observables support the hypothesis for a

positive AC3(My,) € [0.2,0.3] and a very slight negative ACy( My ). Viewing this “High
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Figure 6.6: Two parameter planes of: left ACy(Mw ), AC3(Mw ) and right AC> (Mw ), ACs(Mw )

scale” BSM in Cyy from AC) (M) — AC,(My ) scenario the distinguishing features are
that a non zero coefficient AC'; at the weak scale is highly favoured, as is demonstrated in
the right hand panels of 6.4, 6.5 and 6.6. All these point to a positive AC5(My,) accom-
panied by either a small shift to SM coefficients or a pure new physics scenario involving

just AC3(Mw ),AC(Myy). The least favoured combinations are ACy( My ),ACy (M)
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for which there is nowhere agreement from any of our chosen observables. It remains to

be seen whether AC, (M ),ACy(My ) and AC, (M ),AC4(My) could become viable
but this is dependent upon future measurement, and SM calculations of the lifetime ratio,

converging.

6.4 BSM in right handed currents: AC|(My ) — AC) (M)

This subsection focuses upon the constraints that the right handed coefficients Cy =
0.19 £ 0.2 and C7, = 0.018 + 0.037 which are associated with the “wrong chirality”
semileptonic and dipole operators respectively, place upon new physics in b — c¢s coeffi-
cients AC" My ) — AC) (M ). In this case our “pseudo observables” are the coefficients
CY, and C’%ﬁ and rather than assuming BSM physics could be hidden in these coeffi-
cients, we instead use their best fit points obtained from global fits from [19] and [107]
to angular observables as our “experimental central value”. Regions are determined by
individual constraints overlaid using (6.5) and best fit points correspond to points which
minimize (6.6). The experimental quantities, their respective theoretical predictions and

parameters of interest are

XF2 = (ATFP O™ C (7o/70)"  B(B — X))} (6.21)
X = {AFS> O9V (Mb)7 éé?yﬁ<ub)7 (TBS/TBd) 7B(B - Xs’y)} (6.22)
0 = {AC](My), ACy(Myy), ACy(My), AC, (M)} (6.23)

and the theoretical predictions in (6.22) are given by (5.81), (5.22), (5.41), (5.85) and
(5.37) in Chapter 5. In all the panels in figures 6.7, 6.8 and 6.9 are shown contours of
Cly = 0.1940.2 in red dashed at central value and dotted at 10, and C%T = 0.018+0.037
in blue dashed (central value) and dotted (10). The observables already mentioned above
are shown according to the same colour scheme. The radiative decay constraint for the
primed coefficients is much weaker than in the previous case due to (assuming par-
ity symmetry) the mixing of operators @, ..., Q) with Q7 under renormalization oc-
curring first at two-loop, and in addition, to the primed coefficient C/* only entering
(5.38) quadratically with no linear dependence upon C?H’SM. For combinations of these
coefficients it is found that the strongest constraint comes from the experimental fits
of angular observables to Cj. This is due to a strong dependence of Cyp>™ (1) upon

ACT (M) — AC)(My) which results in closely spaced contours (red dashes).
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In the (ACT (M), AC,(My)) plane shown in Figure 6.7 (left), the radiative decay does

not constrain the scenario, and the width difference only mildly constrains ACY, and the
lifetime ratio constrains mildly AC7. In the right panel (AC’(Myw ), AC%(My)) does
achieve a best fit point for which all observables agree, however this would imply a
large AC% < —0.4 and AC] ~ —0.3 which has been pulled down to the left hand
corner by the non visible contours of C/" for which the central value is beyond the
right bottom hand corner. The central values for the rare and radiative decay agree for

large negative values of (AC), AC3) ~ (—2.1,—3.5). In Figure 6.8 the radiative decay
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Figure 6.7: Contours of Cj (red, dashed) and C’é‘iff (blue, dashed) for best fit, and 1 sigma ranges, along
with radiative decay (blue), lifetime ratio (green) and width difference (orange) 1 sigma constraints on coefficients
ACT(Mw), ACy(Mw ) and ACT(Mw ), AC3(Mw).

constrains the even coefficients and the rare decay, very tightly the odd coefficients. In
the (ACT (Myw ), ACY(Myw)) plane (left) there is a best fit point for which all observables
agree implying that for this scenario new physics is slightly favoured over the SM. In the
(ACy(Mw), AC3(My)) plane and in Figure 6.9 the (ACy(Mw ), ACy(My)) plane (left)
the best fit value is very close to zero which appears to be due to the pull of the lifetime ra-
tio somewhat cancels out the effect of the radiative decay. Finally in Figure 6.9 right there
is no point in the plane where all observables agree but a (AC,(My ), ACL(My)) =~
(0.03, —0.1) are the best fit for the current data.

6.5 General constraints on BSM: AC’é/) (M) — AC’{Q(MW)

In figure 6.10 are shown three examples of two parameter scenarios involving combina-

tions of the coefficients AC5 — AC], evaluated at the weak scale. For this case regions
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Figure 6.8: Contours of C§,, (red, dashed) and C_’é‘i,ﬁ (blue, dashed) for best fit, and 1 sigma ranges, along

with radiative decay (blue), lifetime ratio (green) and width difference (orange) 1 sigma constraints on coefficients
ACT(Mw ), ACy(Mw ) and AC3(Mw ), AC3(Mw).
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Figure 6.9: Contours of Cgy (red, dashed) and C’é‘?ff (blue, dashed) for best fit, and 1 sigma ranges, along
with radiative decay (blue), lifetime ratio (green) and width difference (orange) 1 sigma constraints on coefficients
AC(Mw ), ACy(Mw ) and AC3(Mw ), ACy(Mw).

are determined as are the cases above, experimental quantities, their respective theoretical

predictions and parameters of interest are

XE = {ATE (7, /7,)""  B(B — X)) (6.24)
XTh = [AT, (15, /78,) , B(B = X))} (6.25)
0 = {ACs5(Miy), ..., AC1o( My ), ACH(Myy ), ..., ACTo(My)} (6.26)

and the theoretical predictions in (6.25) are given by (5.81),(5.85) and (5.37) in Chapter 5.

The presiding feature in all of these panels is the stringent constraint placed upon values
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that these coefficients could take, by B(B — X7).

6.5.1 AC;— AC

As explained in chapter 4, the mixing of operators (Js, ..., Q19 With ()7 first at one-loop
gives rise to strong RG effects which enter C<T and result in the dominant constraint
for such scenarios coming from radiative decays. As the coefficient CST enters (5.38)
both quadratically as well as linearly, it receives a contribution from C?ﬂ’SM which at the
scale i, = 4.2GeV we take to be CS5M (1) = —0.385. This combination results in
a much narrower 1 sigma region, as is shown in all panels of Figure 6.10 as the blue
shaded area. In the first and third panel, the presence of another purple band corresponds
to contours where C£T = iC’?ff’SM. In terms of the lifetime ratio, shown in the green
shaded area, the contours slightly miss the SM point due to the current 1.40 discrepancy
between theory and experiment. For the B, — B3, width difference the scenarios consisting
of coefficients of left and right handed vector currents and coefficients of tensor operators
are the most restrictive. In all cases scenarios between even numbered coefficients are
favoured owing to the Ni suppression which always accompanies colour singlet operators

in the calculations.
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Figure 6.10: Overlaid individual constraints from radiative decay (blue), lifetime ratio (green), width difference (or-
ange) upon ACs — ACY7 plane (left), ACs — AC1o plane (middle), ACy — AC1o plane (right). The SM point and
best fit point are shown as the black and red dots respectively.

652 AC.,— AC,

Three examples of possible 2 parameter scenarios are shown in Figure 6.11 and are the
right handed counter parts in one to one correspondence with those of Figure 6.10. Al-
though as for coefficients ACs5 — ACYy, it is also true in this case that the one-loop mixing
under renormalization of Q% ..., Q}, with @’ results in a stronger dependence of C*f

upon AC} — AC}, than is true for coefficients AC| — ACY, here C/™ only contributes
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quadratically to the B — X7 branching ratio so the radiative decay constraint bands are

wider. All plots show very similar constraints from the lifetime ratio and the width dif-
ference, although differences are more pronounced in Al'y due to primed and unprimed
coefficients not mixing in the theoretical prediction for I'Yy and hence there is no linear

contribution from SM Wilson coefficients C; and C5 here.
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Figure 6.11: Overlaid individual constraints from radiative decay (blue), lifetime ratio (green), width difference (or-
ange) upon ACE; — ACY plane (left), AC§ — AC1, plane (middle), AC§ — ACY, plane (right). The SM point and
best fit point are shown as the black and red dots respectively.

6.6 Prospects for mixing and lifetime observables

In this section we turn our attention to the precision with which we may know exactly the
predicted and measured value of the width difference, the lifetime ratio and the B(B —
X,7) branching ratio. Here, it is investigated whether in the case where the predictions
and the measurements coincide, such observables could discriminate between different
scenarios of Wilson coefficients, and even completely rule some of them them out.

In Figures 6.12-6.14 are shown contours of constant width difference (brown) and life-
time ratio (green) corresponding to the SM central values respectively. The dashed and
dotted lines are spaced either side of this in such a way that any spacing between two
contours corresponds to a prospective 1o region, where we have assumed a combined
experimental and theoretical error of 0.001 on the lifetime ratio and an error of 5% on the
width difference. These future errors are representative of expected theoretical and exper-
imental progress. For the width difference, the experimental error in table 6.6 is already
6%, but in this observable it is the theoretical error which requires most improvement.
Since publication of [1], the state of the art SM prediction is ATy = 0.091 4 0.014 [125]
with a current error of 14% which is a marked improvement on 23% as given by table 6.2
[38]. The main source of theoretical error is due to the lattice determination of dimension

7 operators [126], however it is realistic to expect a future reduction in uncertainty to be-
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low 5%, given further effort from both sum rules and lattice QCD. For the lifetime ratio,

the theoretical error is already 2.5 per mille, and current work in reducing this error by
including SU(3)F violating corrections and inclusion of extra, previously undetermined
terms is in progress [125]. For further reduction, again this would require determina-
tion of dimension 7 operator matrix elements. Experimentally, the error is greater at 4 per
mille, however a recent ATLAS measurement of the Bg width difference has been presen-
ted [127] with reduced errors, indicating a BY lifetime with accordingly reduced errors at
approximately around 2.5 per mille. Other collaborations such as CMS and LHCb provid-
ing independent measurements could result in halving the current uncertainty. With future
developments 1 per mille is achievable.

In addition, we have shown the B(B — X,v) overlaid as the blue shaded region corres-

ponding to a 1o difference between measurement and SM. In Figure 6.12 the left hand
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Figure 6.12: Future prospects for lifetime and mixing observables. Left hand panel: real AC; — AC plane, right
hand panel: real AC1 — AC3 plane. Solid lines are the SM prediction for width difference (brown) and lifetime ratio
(green). Brown dashed and green dotted lines are contours of constant width difference and lifetime ratio respectively.

panel shows a point in the (AC, AC5) plane where Cy;y = —1.21 at a 20 deviation in
the lifetime ratio and a 1o deviation in AI'y which is just within the constraints imposed
by radiative decay. In the right hand panel showing the combination AC; — AC};, con-
tours of Cg;; = —1.21, and the SM contours for both mixing and lifetime coincide within
1o in this scenario favoured already in Figure 6.4. In Figure 6.13 left hand panel, there
are not any points in the (AC7, AC}) plane which simultaneously allow a new contri-
bution to semi-leptonic decay and still lie within 1o of the other constraints. One could
consider that this scenario is potentially ruled out by the lifetime ratio which requires a

larger value of AC) than can be accommodated by radiative decay. In the right hand
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Figure 6.13: Future prospects for lifetime and mixing observables. Left hand panel: real AC; — AC} plane, right
hand panel: real AC> — AC3 plane. Solid lines are the SM prediction for width difference (brown) and lifetime ratio
(green). Brown dashed and green dotted lines are contours of constant width difference and lifetime ratio respectively.

panel we observe that a smaller combined error on the mixing and lifetime observables
can more accurately pinpoint preferred values for couplings in this scenario of approxim-

ately (ACy, AC3) =~ (—0.05,0.15). In Figure 6.14 left hand panel, there are no points for

ACA(My)
AC4(My)

. -04 -02 00 02 04
AC2(My) AC3(My)
Figure 6.14: Future prospects for lifetime and mixing observables. Left hand panel: real AC> — AC4 plane, right

hand panel: real AC3 — ACj plane. Solid lines are the SM prediction for width difference (brown) and lifetime ratio
(Green). Brown dashed and green dotted lines are contours of constant width difference and lifetime ratio respectively.

which all observables considered can accommodate Cgq,; = —1.21 within 1o. Interest-
ingly, although the better agreement between experiment and theory in the lifetime ratio
helps this scenario, the more ambitious future error estimates for the width difference
prevent a negative contribution to our pseudo observable Cy; which is accommodated by
B(B — X,v) and one might therefore conclude that this is a case where more precise

knowledge would rule out this scenario. Finally, in the right hand panel we find again that
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a situation which involves AC} is favoured and with the Cyy = —1.21 contour running

almost parallel with, but just outside the limits of, the lifetime ratio 1o contour, we might
consider the possibility that a further precise determination of AI'; could really pinpoint

the place on this line which offers a candidate for a viable new physics scenario.

6.7 CP Violation: Complex Wilson coefficients AC;, AC5

In this section we determine bounds upon the size of complex shifts to SM Wilson coeffi-
cients C and C§ by introducing a new weak CP violating phase for each coefficient. The
observables which are sensitive to CP violation are the flavour specific CP asymmetry aj
and the time dependent CP asymmetry Ac p(BG(lO) — J/©¥Kg). In subsection 6.7.1 are
shown constraints from aj}s, B(B — Xs7), :—d and ATy, in the complex AC; plane for

1 = 1,...,4. In subsection 6.7.2 we show the above constraints and in addition, a further

set of three constraints from the hadronic B — .J/¢ K sy decay.

6.7.1 CP violating constraints on NP in SM coefficients

Figure 6.15 shows the complex AC| (Myy) plane (left hand side) and the complex ACy(My)
plane (right hand side). In the complex AC (Myy ) plane are shown in red the width differ-
ence, in purple the flavour specific asymmetry and in green the lifetime ratio. For a scen-
ario where CP violation is accounted for by a complex phase in this coefficient the best ob-
servable to discriminate possible values is the lifetime ratio which constrains the real and
imaginary parts to lie in the set of points { AC} (M) € C: 0.21 < |AC,(Mw)+0.16| <
0.31}. Taking into account the other constraints leads to an approximate constraint on the
complex phase of AC (M) of ¢1 € [—‘%, %’r] In the right hand panel there is a stronger
constraint upon the imaginary part of ACy(My,) from the flavour specific asymmetry,
and constraints upon the real part from the lifetime ratio, width difference and inclus-
ive radiative branching ratio. There is no point in the plane where all observables agree
upon a particular value, however the precisely measured and theoretically well controlled
branching ratio and width difference along with the CP asymmetry require a complex
Re(ACy) (M) € [—0.1,0.1] and ImACy (M) € [—0.2,0.2] for agreement at the level
of 1o. In Figure 6.16 (left) are shown constraints upon a complex AC5(My,), which
are dominated by the lifetime ratio. The lifetime ratio requires that complex values of
AC53(Myy) are included in the set {AC3(My) € C: 0.35 < |AC3(My)+0.02] < 0.54}

and here there are no restrictions on the complex phase. In the right hand panel are
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Figure 6.15: Complex Wilson coefficients ACy (Mw ), AC2(Mw )

shown regions of the complex AC,(My,) plane allowed by all of the observables. In
this case, the radiative inclusive branching ratio constrains the real part and the lifetime
ratio and width difference, the imaginary part. For this coefficient there are points in the
plane for which all observables agree at 1o and these are approximately Re AC, (M) €
[—0.2,0.1] and ImACy (M) € [—0.5,—0.3],[0.25,0.5].
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Figure 6.16: Complex Wilson coefficients AC3(Mw ), AC4(Mw )

6.7.2 Constraints from hadronic decay

In the study of the SM Wilson coefficients C (i), Cs(11) in the non leptonic decay B —
J/¢¥ Kg, we assume these be shifted relative to their SM values by amount AC (1), ACy ()
and allow them to take on complex values. Here, we will be using the profile x? in (6.9)

and equations (6.3) and (6.4) take the form

0 = (Re(AC, (M), Im(AC (M), Re(ACs (Myy)), Im(ACy(My)))" (6.27)
7 = (Re(ra1), Im(rqy), (O (6.28)
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and the experimental measured values and their corresponding theoretical predictions are

XE® = {850, O e B(B = J YK )P} (6.29)
X™ = {8151, Crprc, B(B = JJWK)} (6.30)

where the central values of (6.1) are taken from [78] and [33]

S = 0.699 +0.017 (6.31)
Chx = —0.005 4 0.015 (6.32)
B(B — J/YK)*P = (8.734+0.32)10* (6.33)

and the analytical functional form of the observables in are given by (5.156), (5.157) and
(5.163).

Complex AC; plane

Let us now consider what constraints may be obtained in the complex AC) plane. The
naive factorization estimate for the ratio of matrix elements defined in (5.155) with s = 2
is
g (6.34)
21 N ) .
with N = 3. Our first result shown in Figure 6.17, depicts the departure of the complex

parameter ro; from the naive factorization estimate shown above, for all angles ¢5; €

h
[—m, ] at a given radius corresponding to contours of :Egz;t = 0.993 £ 10, in the the

annulus given by the shaded green region in Figure 6.15 (left). The phase ¢»; is given by

=A _— 6.35
P21 rg (Re(ACl _ 5)) ( )
with 6 = —0.16, the offset of the center of the concentric circles from the SM point at

(0,0). Figure 6.17 shows four distinct points (there are only four because + is the same
point) within the region allowed by lifetime data at 1o, for which the x? is minimized to
give a value of 79 in agreement with (6.34). Table 6.7 shows the angles for which the
value of r5; at the minimum coincides with the naive factorization prediction, along with
the corresponding points in the AC' plane.

Analogously, in Figure 6.18 is shown the departure of the |(Of)| from the NF prediction.

In the left hand panel we see the surprising result that there are four distinct points for
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Figure 6.17: Left: Solution 1 and Right: Solution 2 showing the difference between the naive estimate for r21 and the
point wise minimum values of r2; for fixed :—Z € {0.988,0.993,0.998} shown as green, blue, yellow lines respectively.

P21 Re(ACT) + ilm(ACH)
Solution 1

$21 = —0.85rad (—49.4°) 0.01 — 0.2

¢o1 = 2.37rad (136°) —0.35+0.2i

Solution 2

$21 = 0.013rad (—0.75°) 0.1+ 0i

¢21 = 3.13rad (179.3°) —0.4+0¢

Table 6.7: ¢21 and AC} values where r2; agrees with Naive Factorization

KO1)| =KO1) | nF KO | KO |nrF
06 : ; 15¢
. r \
_ 04} _v : ( A
¢ ¢
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Figure 6.18: Left: Solution 1 and Right: Solution 2 showing the difference between the naive estimate for |(Of)| and
the point wise minimum values of |{Of)| for fixed =€ {0.988,0.993,0.998} shown as green, blue, yellow lines
respectively

which the value of [(Of)| at the minimum coincides with the naive factorization prediction
of [{O$)|yr = 1.23GeV?. In the right hand panel there are again only two points at
¢21 = 0,=£m. The corresponding angles and points in the complex plane are shown in

Table 6.8.
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P21 Re(ACH) +ilm(ACH)
Solution 1

¢21 = 0.85rad (48.8°) 0.5 4+ 0.15i

$21 = 2.21rad (126.6°) —0.35+0.2i

¢o1 = —2.11ad (—120.6°) —0.35 — 0.2i

¢o1 = —0.95rad (—54.4°) 0.4 —0.18i

Solution 2

¢21 = 0.01rad (0.43°) 0.14 0

¢21 = 3.13rad (179.2°) —0.37 + 0i

Table 6.8: ¢21 and AC; values where |(O7)| agrees with Naive Factorization

In Figure 6.19 are shown the solutions for the values of [(Of)| again with the phase ¢o;,
and over this is shown the theoretical prediction for |(Of)|nyF given in (5.137) including
parametric error bars plus a correction of O¢ (ﬁ) , which we include to parameterize our

ignorance of the hadronic effects using the large N counting rules of [97]. The purple

KODI KOV

4r ; 0.30¢
. [{O )|NF 0251 Ts/Tq=exp+lo
i | 020 T/Temexp

\ 2t 013, T/T=exp-lo
= : : U

! J

T e Rad
3T 0 T T daRad)

3 ¢21 (Rad)

Figure 6.19: Left: Solution 1 and Right: Solution 2 showing the values of the hadronic matrix element |(Of)| with
phase ¢12 for contours of constant lifetime ratio :—f] € {0.988,0.993,0.998} shown as green, blue, yellow lines

respectively. Theoretical estimate for |(Of)| in purple with errors in blue.

line is the central value and the blue shaded area represents the error. In the left hand
panel it is clear that there are four points where the numerical solution crosses the NF
estimate. In the right hand panel it is less clear to the eye, but there are in fact solutions at
@21 = 0, £7 as was the case with r5;. These are the same points as those shown in Figure
6.18. All in all, this parameter allows six regions in the complex AC' plane which further
constrain the possibility of physics BSM in Cf. All the above results are summarized in
Figure 6.20 which shows all points determined by the above analysis in one figure in the

complex ACY plane. In this graph are shown angular and radial regions which correspond
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to the constraints we can obtain from our minimization procedure as described above.

The squares represent the points in the plane where 5, agrees with the naive factorization
estimate exactly. As ry; is less well theoretically controlled due to the uncertainty in the
matrix element of OF being considered to be greater (as it would receive corrections of
O(a)) we do not estimate errors but simply show points of agreement. These occur at the
angles and points shown in table 6.7. The solid lines represent angular regions where the
solutions in Figure 6.19 coincide with the NF prediction and it’s error at the given radius.
What is interesting about this plot is that there seems to be some sort of degeneracy in the
points allowed in the upper and lower plane, which is broken by a strict agreement of 79;

with the NF prediction.

Im(AC1)
= 7s/td =0.993
04 . 75/1d =0998
_ 7s/td = 0.988
3l
/ 0 L\
e 4 ... Re(ACI
S04 —02 Y o2 oa  ReBCD
N\ _o2l
_04}

Figure 6.20: Naive factorization predictions for |(O7)|, Re(r21), Im(r21) in complex AC (Mw ) plane

In Table 6.9 are given the angular regions and the corresponding allowed real and
imaginary parts of AC; shown in Figure 6.20. As can be seen in the figure, there are four
continuous angular ranges corresponding to each of the contours of the lifetime ratio,
which can be distinctly separated in the region {AC,(My) € C: 0.21 < |AC,(Mw) +
0.16] < 0.31}.

Complex AC plane

We turn our attention now to the complex AC) plane and find a rather different picture

emerge. The same analysis is performed as is done for the coefficient AC; however when
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A¢21 Re(AC’l) ‘ Im(ACl)

25° < oy < 60° ReAC € [-0.06,0.12,] ImAC; € [0.13,0.18]
115° < oy < 151° ReAC) € [—0.34, —0.29] ImAC, € [0.10,0.29]
—149° < gy < —102° ReAC) € [—0.43,—0.20] ImAC; € [—0.20,—0.16]
—73° < g9y < —37° ReAC; € [—0.09,0.12] ImAC, € [—0.2,—0.14]

Table 6.9: A¢2; and AC, values where |(Of)| agrees with Naive Factorization

regarding Figure 6.15 we see that there is no region wherein all the observables under
consideration agree which would provide an obvious region over which to minimize the
x? containing B — J/y K predictions.

The closest region of overlap appears to be along the line Re(AC;) = 0.1 thus we min-
imize for each point on that line to obtain the values of the uncertain hadronic parameters
which give the best description of the data. In Figure 6.21 in the left hand panel there is a
solution to the minimization problem which favours a value of Re(ry;) in agreement with
naive factorization of a small negative value of Im(AC5). The right hand panel however

has no points where there is agreement with naive factorization. In Figure 6.22 in the

Re(AC2)=0.1 Re(AC2)=0.1
__________9._35_» _____________ 0.35;
0.30¢ 030/
251
ﬁ_— 0.25¢
0.20
1= Re(rai)nr ool " Re(r21)ne
0.15 i
I Re(r21) | Re(r21} '

. Im(AC2 . Im(AC2
0 ImAC2) 0 MAc2)

02  Z01 00 o1 ~02 201 00 o1

Figure 6.21: Solution 1 (left) and solution 2 (right) for the value of Re(r21) at fixed Re(AC2) = 0.1 and AC> €
[—0.2,0.2] (blue solid) and the naive factorization prediction of Re(r21) (purple dashes).

left hand panel there is a solution to the minimization problem which assymptotes to the
naive factorization prediction for Im(AC5) — 0.2 and crosses from positive to negative
at Im(ACy) = 0. In the right hand panel the solution is everywhere small but agrees with

naive factorization again at Im(ACy) = 0.
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Re(AC2)=0.1 Re(AC2)=0.1
0 = Im(AC2) 0.0002
-02 —oﬁﬁ 0.1 0.2
‘ —====a——————= Im(AC2
00 = 0.1 0.MAC2)
—0.1:0;»"" Im(r2ne —0.0002}7=="~ Im(r21)NF
' Im(r21) - Im(r)
—-0.0004t

Figure 6.22: Solution 1 (left) and solution 2 (right) for the value of Im(r21) at fixed Re(AC2) = 0.1 and AC> €
[—0.2,0.2] (Red solid) and the naive factorization prediction of Im(r21) (purple dashes).

In Figure 6.23 are the two solutions for the value of the hadronic matrix element of Of
at the minimum of the x? for varying Im(AC}). In the left hand panel there is again one
place where the solution agrees with naive factorization for small negative Im(AC,) and
this corresponds roughly with the agreement found in the left hand panel (same solution)
of Figure 6.21. The right hand panel shows the solution for which there are no points of
agreement with naive factorization and the values found for |(Of)| in this solution are too

large to be realistic.

Re(AC2)=0.1 Re(AC2)=0.1
20, 100,
0] T (0 | |
[{O1)|NF o [{O1)|nF :/80» \
I / \
[ 60}
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! 401
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-02 -0.1 0.0 0.1

Figure 6.23: Solution 1 (left) and solution 2 (right) for the value of [(Of)] at fixed Re(AC2) = 0.1 and AC, €
[~0.2,0.2] (purple solid) and the naive factorization prediction of |(O5)| = (1.23 + 0.16)GeV? (blue shaded area).

Full results for AC; and ACsy

In Figure 6.24 this work is extended to find whole regions of the complex AC] plane
which receive a further constraint from the BC(ZO) — J/1¥Kg time dependent CP asym-
metry B((io) — J/YK 50) branching ratio. In the left hand panel of Figure 6.24 are shown
regions in the complex AC| plane for which Ax?(ReAC), ImAC)) is minimized with
respect to Rergp, Imry; subject to the constraint that [(Of)| € [1.07,1.39] which corres-

ponds to a 1o band given by the naive factorization prediction and it’s error. There are
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three regions in the plane which further constrain AC}: The upper and lower bands con-

strain the imaginary part to be Im(AC, (My ) ~ —0.2 or Im(AC, (Myw ) ~ 0.2. The third
region requires a zero imaginary part. Taken together with the lifetime ratio constraint,
we find that the real part is Re(AC)(My) € [—0.4,0.1] with CP violating phase and
Re(AC; (My) € [—0.45,—0.35], [0.02, 0.12] with no CP violation present.

In the right hand panel the picture is less clear, owing to the absence of any points in the
complex ACy(My,) plane for which all of the observables agree. None the less, should
the SM value predicted for the lifetime ratio and the measured value obtain more precise
agreement, the region for which the hadronic decay observables and the radiative decay
and width difference could allow a value of Re(ACy(My) € [—0.1,0.1] and a very small
Im(ACy (M) € [—0.05,0.05]. The red diagonal band of values in the lower left hand

corner is ruled out by the other constraints.

04 0.4
02
0.2 ~
2 Z —— N Ts
3 swmm B z
=~ 00 < 00 s
g 3 A
E o2 Pt = E g, AT
B(B—)XSY)
-04 _04
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-04 -02 00 02 04
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Figure 6.24: B) — J/yK constraints on (left) AC1 (Mw ), (right) AC2 (M ). Regions for which data agree with
naive factorization prediction for | (Of)| at 1,2 and 30 shown as horizontal red bands.

6.8 Constraints on 1 parameter scenarios

In this section we present best fit ranges for one parameter scenarios in two cases. The first
case is shown and discussed in subsection 6.8.1 for which we set all Wilson coefficients
to zero except the one we are considering and find the best fit point for that coefficient
according to each individual observable separately. The second case is presented in sub-
section 6.8.2 where we combine all of the observables and find the best fit point for each
coefficient and the energy scale we could naively expect the coefficient to be generated at.
The ranges allowed by individual observables as shown in Tables 6.10 and 6.11 are found

using (6.5), while for the combined quantities (Table 6.12), we sum up the individual x?.
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In both cases we normalise to the best fit point by subtracting the relevant y* minima.

6.8.1 Best fit ranges for 1 parameter models

In Table 6.10 are shown possible ranges for each coefficient taking into account only one
observable at a time. Considering AC5 — ACY in the first column of Table 6.10, there
are best fit ranges which correspond to those that pass through the SM point and those
that do not. This can be understood by considering the functional form with which C£f

enters (5.38) and the impact that larger coefficients in C’?H’B sM

have upon reducing the
parameter space allowed by radiative decay. This results in there being two bands instead
of one for each Ax? < 1. Some of these are unphysically large, such as is the case for
AC, — AC, and these points could not be representative of genuine BSM effects as they
would be ruled out upon consideration alongside other observables. The second column
of Table 6.10 does not for any coefficient include the SM point, and this is simply due to
the current disagreement between measurement and theory for the lifetime ratio. Column

3 containing ranges accommodated by AI', always includes the SM point.

In Table 6.11 we show 1o ranges accommodated by Cy and C7,, for the primed coeffi-

Table 6.10: 1o Best fit ranges for scenarios with one Wilson coefficient.

Coeff. AX2 <1 A2 <1 Axar <1
ACH [—0. 71 0. 99] [44.0,46.0] [—0.48, —0.35], [0.03,0.16] [—0.32,1.1]
ACy [—4 4.1],[-0.09, 0.07] [—2.7,—-2.3],]0.09,0.49] [-2.0,—1.9],[—0.08,0.08]
ACs [— 53 O 51 0],[-1.2,0.83] [—0.62, —0.29], [0.16, 0.50] [—0.84, 1.5]
ACy [—6.0,—5.7],[—0.13,0.09] [—0.75,—0.28], [0.33, 0.80] [—0.34,0.58]
ACs [(—0.01,0.01], [0.36, 0.37] [—0.03, —0.01], [0.03, 0.06] [—0.13,0.34]
ACs [—0.02,0.03],[1.1,1.2] [—0.11,—0.03],[0.09,0.17] [—1.5,0.49]
ACy [—0.46, —0.45],[—0.01,0.01] | [-0.21,—0.11],[0.04,0.14] [—1.7,0.44]
ACq [—0.92, —0.88],[—0.02,0.014] | [-0.26,—0.12],[0.06, 0.20] [—0.27,0.27]
ACy [—0.002,0.003],[0.15,0.15] [—0.02, —0.01], [0.003,0.011] | [—0.14,0.035]
ACyy | [-0.05,0.07],[3.2,3.3] [—0.08, —0.05], [0.02, 0.05] [—0.09, 0.09]
ACY [—5.7,5.7] [—0.32, —0.15], [0.08,0.25] [—0.58, 0.58]
ACY [—0.53,0.53] [-1.2,-0.51],]0.39, 1.1] [—0.39,0.39]
ACY [—6.7,6.7] [-1.0,—0.79], [0.06, 0.30] [—1.1,1.1]
AC) [—0.75,0.75] [—1.3,—0.96], [0.09, 0.45] [—0.44,0.44]
ACE [—0.05,0.05] [—0.03,—0.01], [0.03, 0.06] [—0.21,0.21]
ACY [—0.15,0.15] [—0.10, —0.03],[0.10,0.18] [—0.85,0.85]
ACY [—0.06, 0.06] [—0.23,—-0.13],[0.03,0.13] [—0.86,0.86]
AC, [ [=0.12,0.12] [=0.30, —0.17], [0.04, 0.17] [—2.0,2.0]
ACY [—0.02,0.02] [—0.02, —0.01], [0.003,0.011] | [—0.07,0.07]
ACt, | [-0.42,0.42] [—0.09, —0.05], [0.01, 0.05] [-1.2,1.2]

cients. The primed coefficients AC| — ACY are tightly constrained by the right handed
C{y,» which has no expectation of new physics and thus stringently constrains the para-

meter space for these coefficients. Of all the coefficients, the largest value a non SM
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coupling can take is |ACy| = 0.17. In terms of the pseudo observable C7_, the constraints

for the 1 parameter scenarios are much less severe for AC] — AC’ but similarly stringent

for AC, — AC], for the same reasons as are explained in subsection 6.5.2.

Table 6.11: 1o Best fit ranges for scenarios with one primed Wilson coefficient. These correspond to Creft (mp) and
Cy(my) at +10 from fitted values of C and C§ respectively.

Coeff. AX%é <1 Ax%éeff <1
AC] [—0.001, 0.04] [—1.117 3.21]
ACY [—0.004,0.17] [—0.30,0.10]
ACé [—0.07,0.002 [—3.74,1.29]
AC) [—0.13,0.003] [—0.42,0.14]
ACé — [—0.01,0.03]
ACé — [—0.037 0.08]
ACé — [—0.037 0.01]
ACé — [—0.067 0.02]
ACé — [—0.03, 0.01]
AC{O — [—0.08, 0.23]

6.8.2 Best fit ranges and corresponding bounds

By combining the individual constraints we can proceed further and make predictions
upon the possible scale at which new physics generates the b — ccs operators. We

employ a simple approximation to the BSM scale, estimating that at tree level

UCbUc*s \/5 gJ2VP
VoV AGF [AC (Mw)|

A2, > (6.36)

where U, U7, are the quark mixing matrix elements which are generic and represent some
BSM model. The gyp is the coupling at the high scale, in the full theory. If we assume
the value of these is 1 then the simplified expression is

A?>\/§1 1

. 6.37
NP 2 4G ViV JAC (M| (©37)

In column 2 of Table 6.12 the coefficients AC5; — AC'y have 1o ranges according to the
sum of the individual ? including the radiative decay branching ratio. The 1o ranges for
the primed coefficients AC] — ACY, include the sum of x? excluding the radiative decay
branching ratio, as this is already contained in the fitted value of C7,_. In columns 3 and 4
of Table 6.12 are shown allowed ranges for each coefficient according to the sum of the
individual 2. In the following columns we take the modulus of the bound corresponding

to the negative value of AC); in the best fit range, if it exists, and call it A_. We take the
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modulus of the bound corresponding to the positive value of AC; in the same range and

call it A,. This way we allow the possibility of a negative coefficient, corresponding to
new heavy quanta at the associated scale. If there is no negative value because the range
does not include the SM point, then the A_ is left blank as the scale in this case will be
greater than A, and A_ has no meaning. Where there are two ranges per coefficient, as is
the case for ACY, the bounds in the 3rd and 4th column correspond to the magnitude of
the largest negative and positive values in each range, respectively. Adopting a completely

Table 6.12: Allowed ranges and corresponding bounds on NP for Wilson coefficients from all observables combined
atlo

Coeff. | Ax?<1 A_(TeV) | Ap(TeV)
AC; | [0.03,0.161] - 2.1
AC, | [-0.04,0.06] 41 3.4
AC; | [~0.60,—0.25],0.14, 0.49] 23 17
AC, | [-0.14,0.09] 23 28
ACs; | [=0.01,0.01] 9.7 10.5
ACs | [~0.02,0.02] 56 5.8
AC; | [~0.01,0.01] 8.8 9.7
ACs | [-0.02,0.02] 62 6.9
ACs | [=0.001,0.01] 23 12.6
ACro | [0.01,0.05] - 38
ACT [ 10,0.04] 5 43
AC, [ [-0.03,0.14] 55 23
AC, [ [~0.06,0.01] 3.6 8.4
AC, | [~0.12,0.02] 25 64
AC! | [=0.02,0.04] 5.8 45
AC, [ [-0.07,0.11] 33 2.6
AC, | [~0.03,0.02] 5.1 6.6
AC, [ [~0.06,0.04] 3.6 i3
AC), [ [0.002,0.010] - 85
AC!, | [~0.08, —0.06], [0.02, 0.05] 7.1 35

agnostic view of the type of BSM physics generating the operators in (5.123) we make
some general observations about the lower bounds obtained in Table 6.12. Scenarios
involving Wilson coefficients ACé') which correspond to tensor operators, show possible
sensitivity to scales as high as A ~ (8.5 — 22.3) TeV and above. Whereas the colour
singlet operator coefficient AC&)) is sensitive already to lower scales A ~ 3.8 TeV and
above. Operator coefficients AC’é'()ﬁ) are sensitive to the lowest scales with A ~ (5.6 —
10.5) TeV and A ~ (2.6 — 5.8) TeV in the unprimed and primed cases respectively.
Operators corresponding to these coefficients could be generated in the full theory by
vector gauge bosons which couple to left and right handed fermions. Operators which
could be generated by scalar bosons in the full theory are associated with coefficients

AC§/()8) and AC3 . Of these AC%) have lower bounds in the region A ~ (6.2—9.7) TeV
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and A ~ (3.6 — 6.6) TeV for unprimed and primed coefficients respectively. ACj

correspond to lower scales of A ~ (2.5 — 8.4) TeV. Finally the right handed ACY,
which would also be associated with a vector boson coupling to a right handed fermion in

the full theory have a lower bound of A ~ (2.1 — 5.5) TeV.
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Chapter 7

BSM in dipole operator mixing

This chapter presents the technical result of a calculation of two and one loop diagrams,
carried out for a project which is still ongoing. These results are partial, but will be used
in the calculation of the anomalous dimension matrix element which governs the mixing

of certain dimension six operators with the dipole operators of the SM EFT basis.

7.1 SM EFT Lagrangian and operator basis

Dimension six dipole operators contribute to several processes, including radiative de-
cay and electron and neutron dipole moments and are sensitive probes of BSM physics
at high energy scales. Dipoles are important in setting bounds upon CP violation and in
exploring the flavour structure of BSM models. Through renormalization, certain classes
of operators mix with Dipole operators, possibly generating non-negligible effects which
contribute to observables associated with these processes. Some of the operators under
consideration however, such as the 1)? H? class, have vanishing ADM entries at one loop,
necessitating higher order perturbative calculations to capture effects generated by this
mixing.

The goal of this project is to calculate the ADM entry which governs the mixing of operat-
ors with 1) H3 structure (where ¢ € {q, u,d, ¢, e} and H is the Higgs doublet as described
in chapter 2), with dipole operators with ¢)? HX structure (with X € {B*, F* G*}).
The ultimate aim, is to determine phenomenological bounds on BSM physics generated
by ¢? H? operators, through their associated effective coefficients, which we label gener-
ically as Cyp.

Results presented in this chapter include the two loop diagrams with )2 H?3 operator inser-

tions, which evaluate to scalar loop integrals multiplying Dirac structure corresponding to
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that of the dipole operators, and one loop diagrams which will contribute to their counter

terms.

To begin, we define the Lagrangian we use as the Lg); which contains dim d = 2 and
dim d = 4 operators and is given in (2.1), and further higher dimensional effective oper-
ators which are necessarily suppressed by a power of the heavy particle which has been

integrated out at the high scale Ay p.

1 N e
L= Loy + 35— > oQy (7.1)
NP
Below, in Table 7.1 are shown the dimension six /> H?® operators and the dimension six
dipole operators, as taken from the basis used in [128]. The subscripts p,r are flavour

indices.

Table 7.1: Operator basis: Dimension six > H> operators (left) and dimension six dipole operators (right)

Y2 H3 + h.c Y2 XH +h.c

Qe = (HTH)(pe, H) Qew = (Epa“"e,.)TIHWlfy
QuH = (HTH)(quT’H) QeB = (ZPJMVGT)HB”V
Qan = (H'H)(qpd, H) Qua = (Gpo*" T u,) HGY,

Quw = (Zpou”ur)TIﬁWJV
Qu = (Zpaﬂ”ur)f[BW
Qac = (Gpo* T4d,)HG,

Qaw = (Lpotvd, ) HW

Qap = (Lpotvd,)HB,,

7.2 Calculation

7.2.1 Conventions

We work in a basis of operators not reduced by the equations of motion (EOM) and in

all cases work in Feynman gauge. At each interaction vertex the coupling assigned may
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be complex and contains group theory factors if it is a gauge coupling. These are left

unspecified, table 7.2 gives the generic prescriptions. In addition, where there are more
than one vertex with the same type of coupling, the number of the vertex is put in brackets

as a superscript and the corresponding vertex of the diagram will be labelled accordingly.

Table 7.2: Interaction vertices

Coupling Interactions
9ffs Yukawa

grfo Gauge - fermion
Jssb Gauge - scalar
Jssbb Gauge - scalar
Gssss Quartic scalar
Jbbbb Quartic gauge
gobb Cubic gauge

7.2.2 Technical procedure

The two and one loop integrals are simplified and Infra Red (IR) regulated using the
propagator decomposition procedure outlined in [129]. In this procedure the IR diver-
gences are regulated by introducing an artificial mass parameter to each denominator of
each propagator in a diagram. Following this, an expansion in all the particle masses and
external momenta is carried out. The result of this is that all integrals are reduced to those
with only a single mass - the regulator mass in all the propagator denominators and loop

momenta.

1 1 +(]\/[2—1)2—2k~p—7712) 1 (7.2)
(k+p)2— M2 k2 —m? (k2 — m2) (k4 p)? — M? '

The expansion takes the form of (7.2) where £ is a linear combination of loop momenta, p
is a linear combination of external momenta, M is the particle mass and m is the regulator
mass. We define the superficial degree of Ultra Violet (UV) divergence, denoted as as Aw,
in a naive sense as the number of powers of loop momenta in the numerator minus the
number of powers of loop momenta in the denominator. We note that the first term on
the lhs of (7.2) has superficial degree of divergence Aw = —2 as does the first term on

the rhs, however this term depends only upon the regulator mass and the loop momenta.
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The second term on the lhs has Aw = —3 overall and the denominator of the last term in

the product has the identical form as the original propagator. Performing the expansion

iteratively two times more leads to the expression

1 _ 1 +(M2—p2—2k:-p—m2) (M? — p*> — 2k - p — m?)?
(k+p2— M2  k2—m? (k2 — m2)2 (k2 — m2)3
M? — p? — 2k -p —m?)3 1
P e )
E—mdF (P M

Again, counting the superficial degree of divergence of the terms on the rhs we find the
first term as before has Aw = —2, the second term has Aw = —3 and the third term
has Aw = —4. The last term then has Aw = —5. Through this procedure we have IR
regulated the integrals and in addition, we have simplified the terms in the expansion so
that now all integrands contain only loop momenta and mass regulator in the denominat-
ors and polynomials of the particle masses, external momenta and regulator mass in the
numerators which can be factored out and the resultant simplified tensor integrals reduced
further in a next step.

The typical one and two loop integrals arising from the diagrams shown in Figures 7.1-7.3

are rank O to rank 4 tensor integrals in the Minkowski metric, of the form

1 dPk ky, ..k,
1)¢ _
(T s = (%)D / CREs (74)
(I(Z)Km ) _ // dPk qu k kwqm'--(bm
N P By (g — m)((h— g — my
(7.5)

Next, we outline the steps taken to reduce the tensor integrals to scalar integrals.

One loop integrals

The one loop tensor integrals reduce as

(Ir(zl)l) _ A%D)’ (76)
(1) =0 a
([7(11)2);“1#2 - nu[l)uz <A(D1 +m A(D)>v (7.8)

(Ir(zl)g)ll«llmus = 07 (7-9)
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(AP 2m? A, 4 3mtAD)

(17(11)4)u1,u2u3u4 = (NpapaMpspat Mo s Mpapeat 77#1#477;¢2u3) D(D +2)
(7.10)
Where the basis integral AP s given by
1 dPk
AD) = / : 7.11
v eor ) ey o

Two loop integrals

The two loop tensor integrals are more complicated to reduce, we give an example for

(7.5) with £ = 2,m = 2.

(17821)7122271,3)//41#21/11/2 = F177M1u277V1V2 + F2 (77u1z/177mu2 + 77#11/277#21/1) (712)

To obtain the coefficients F;, F, we contract both sides once with 7),,,,,, 7,.,., and then with

Ny s v, €1Ving the following set of equations for scalar integrals X, X,

X, =DF, +D(D +1)F,, (7.13)
Xy = D?F, +2DF,, (7.14)

with the integrals now

X ://dequ(( k- a)” , (7.15)

B =) (g — ) (k- ) — m)

X, = / / dPkdPg s (7.16)
; (0 = (= 2 (= ) — e |

To obtain the coefficient then we must invert the matrix to give

-1
- : (7.17)
£ D> 2D X

The integrals X5, X5 are reduced to linear combinations of basis integrals of the form

dPkdP
n n ns // d 3 (718)
1,Nn2,Nn3 7TD m2 n1 k. _ q)2 _ m2>n2 (q2 _ m2)n3

by re-expressing the scalar products in the numerators using

bog= (b= af —m? = (8 = m?) — (¢ — m?) — 2m?), (1.19)
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K = (K —m®)(¢* — m®) + m*(K* = m®) + m*(¢* — m®) + m". (7.20)

This procedure is implemented in a mathematica workbook by programming all possible
combinations of ¢, m in the two loop integrals arising and programming their reduction
to scalar integrals, through relations obtained analytically in a similar manner as is shown
above. After the above relations are obtained, further contractions of metric tensors and
Dirac matrices are performed using the FeynCalc package [130], [131]. Then, in the two

loop case, these scalar integrals are simplified using the Tarcer package [132].

Computational procedure

1. All diagrams are analytically expressed and input to a mathematica notebook using

graph theory techniques to obtain conservation of momentum at vertices
2. The propagator decomposition is performed and the integrals IR regulated
3. Dirac structure, external momentum are factored out and integrals are isolated
4. Tensor integrals are reduced to scalar integrals

5. Results are expressed in terms of a small basis of basic one and two loop integrals

with Dirac structure and external momenta dependence factored out

7.3 Results

In this section we present the results obtained by the methods described above, for a set
of two and one loop graphs with ¢)2 H? operator insertion. Below in Tables 7.3 - 7.6 are
shown the combination of couplings and the integral and Dirac structure resulting from
calculation of the two loop graphs and their symmetric counterparts ! in terms of the
integrals defined in (7.11) and (7.18) we find only the following are necessary

4 = s | oy .20

dPk,dPk,
KD 7.22
1,11 2D// k¥ —m?2)((ky — ko)2 — m2) (k3 — m?)’ 722

where D is the number of spacetime dimensions, k; are loop momenta and m are the reg-

ulator masses. The parts of the above integrals which will be retained are the divergent %

"'Not all symmetric diagrams are shown
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poles, as it is these which will allow us to construct the ADM element.

7.3.1 Two loop results

We begin by presenting the results from calculation of the Greens functions of /> H3 op-
erators represented by graphs in figures 7.1 - 7.3 and their symmetric counterparts (not all
shown). All of these diagrams represent the calculation of Greens functions with H) X
fields as external states, and are classified according to their different topologies. In all
figures, the black square represents the insertion of a 1)? H3 operator.

Figure 7.1 correspond to the results in table 7.3. The diagrams 7.1a and 7.1d vanish,
whilst 7.1d and 7.1d yield dipole Dirac structure with divergent integrals. These contri-
butions involve gauge-scalar, and gauge-fermion couplings.

Figure 7.2 correspond to the results in table 7.4. All these diagrams are non vanishing,
and except for 7.2d, contain dipole Dirac structure and divergent integrals. Results of fig-
ures 7.2a and 7.2b contribute Yukawa and gauge-fermion couplings, whilst figures 7.2c
and 7.2d contribute gauge-scalar and Yukawa couplings.

Figure 7.3 correspond to the results in table 7.5. All these diagrams are non vanishing,
contain dipole Dirac structure and only include simple integrals of the form (7.21). Res-
ults of figures 7.3a contribute Yukawa and gauge-fermion couplings, whilst figure 7.3b
contribute gauge-scalar and Yukawa couplings.

Figure 7.4 correspond to the results in table 7.6 and unlike those above, correspond to
Greens functions with Hi1) as external states. Figure 7.4a corresponds to a result with
dipole - like o*” structure and divergent integral of type (7.21) only. Figures 7.4b and
7.4c have no dipole structure and are polynomial in the external momenta. They depend

upon both types of integrals. All Class 4 results contribute Yukawa couplings.

7.3.2 One loop results

These one loop results are computed in order to form part of the counter terms for the two
loop results. All one loop graphs are shown in Figure 7.5 and the resultant expressions
and couplings are given in Table 7.7.

Figure 7.5a corresponds to a Greens function with H)X external states and vanishes

identically. Figures 7.5b and 7.5¢ correspond to Greens functions with H11) X X external
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(a) (b)

(© (d)

Figure 7.1: Class 1 topologies of two loop graphs

Table 7.3: Class 1 contributions from two-loop Feynman diagrams and their couplings

Fig. | Couplings Contribution

1) (2
7.1a Cng;f)bg}f)bgssb 0

4 (@
Cng;f)bg}f)bgssb 0

(D—2)° ((p! +io"Pr)Pr — 2(q4 + z‘awz)PR)(A(ID))2 +

7.Ab | Cyrgsrogssbb R b by i (D)
opmr (—2(D + 1)(p] +i0"P )Pr + (D +4)(qy +i0"?)Pr)K 1)
c o2 (ph — i072) P+ 2(gh — i) Pr)(AL))?
$HYfFbTssbt + L9 (2D 4 1) (i — ph) P + (D + 4)(iohe: — g PR)KP)
D—2 D
71c| Cyrg gl grs (6D§§21 3(2q2 PR — (ph +iom ) PR)(AP))2
bt + L8(2(D + 1))+ io" )P — (D + 4)ds Pr)K{T)
D— D
C’ng(‘l;)g(zg)gffb (6DB"'21 3( R (p MM)Z)PR)(A( )) (D)
sobes + 502D + 1) (072 — ph) P — (D + 4)qs Pr) K17}
7.1d| CyrgsrvgvobJssb 0
CyprYf rbIobbTssh 0

states, have tensor structure and contribute gauge-scalar couplings. Figures 7.5d-7.51 cor-
respond to Greens functions with H H H1n) external states. These all have Lorentz scalar
structure and contribute different combinations of gauge-scalar, gauge-fermion, Yukawa

and scalar quartic couplings. Figure 7.5j correspond to Greens functions with H H1n)
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() (b)

4 7 ; \ 2 /
(c)

(d)

Figure 7.2: Class 2 topologies of two loop graphs

4 2
(@)
(b)
Figure 7.3: Class 3 topologies of two loop graphs
2 3 3 2 ‘

= 3 = 2 3

@ T
(b) (©

Figure 7.4: Class 4 topologies of two loop graphs

external states. This graph gives a Yukawa coupling, is of vector structure and is de-
pendent upon external momenta. Figure 7.5k and 7.51 correspond to Greens functions

with H Hyn) X external states. These have vectorial structure and contribute Yukawa and



137

Table 7.4: Class 2 contributions from two-loop Feynman diagrams and their couplings

Fig. | Couplings Contribution
_9)2 N . "
D22 (5(D 4 2)(ph' — io#P") Py
D +20)(¢t — ioh2)) Pr(A(P))2
72a| C g(2)€g g(4)g =
vHIrs9IIrss | D8 (9(D — 5)(D + 2)(ph — io™) Pr
+(5D2 — 6D +40)(gk — io"e2)Pg) K (V)
216Dm,4 (5(D + 2)(p - Zaup2)PR
Corrg.gr 10 (D +20)(gh +i0%2)) Pr(4;”))?
VHSI TSI e |y e (- 2D~ 5)(D -+ 2)(3 +i0") P
+(5D2 — 6D + 40)(q} + io"®2) Pr)K (L)
(7127,33,34 [i(D — 10)oHP* Py
+(2 = 5D)p! Py + 8(D — 1)(ga + ioh%2) Pg] (AP))2
79| C @) () +( P ]
vHIIffIpss | (Do) (3002 — 3D +10)0#P Py — (D? — 9D + 2)pk Pr
~2(D —1)(D + 4)(g} +ic"e) Pr] K{})
DD [i(D — 10)0#72 P + (2 — 5D)ph Pr
c (2) (4) +8(D — 1)(q2 — i0#92) PR (A(D))2
wHIINItEs | g S [i(2D2 — 3D + 10)0## P + (D? ~ 9D + 2)p} Pr
~2(D = 1)(D +4)(¢} — io"%) Pg] K{7)
(D27 (2D + T)pl P — 2(D + 2)g} Py, — 3™ Pr) (AP))?2
72¢| CyngengD9h, | + L2 (D +2)(D + 4)s Pr — (D(D +3) + 14)pl Py
—3i(D — 2)o"? Pg] K\T)
— DD (2D + T)ph P + 2(D + 2)gl Py + 307 P (ALP))2
Congong®.0 | + L3 (D +2)(D +4)¢s Pr + (D(D +3) + 14)ph Pr
—3i(D — 2)oh?2 Pg] K2
_9)2
724| Comgung®g® | ~EiEp (D +20)(a5 — 201)Pr) (47)?
TOISE s —321’5?,22 [(D(5D — 6) + 40)(q5 — 2p}") P K1)
D
C C ( ) 216Dm,4 [(‘D + 20)(q2 + QPQ)PR] (A( ))
ey N ) (gt

+ D=5 [(D(5D — 6) + 40) (¢ + 2pl) Pg] K'P)

Table 7.5: Class 3 contributions from two-loop Feynman diagrams and their couplings

Fig. | Couplings Contribution

730 | Cung(9rmgyfe | — St (oh + io") Pr(A1”)?
Congharng'De | Be2l(ph —ioh) Pr(A)?

7.3b| CyngDgsmdl), | L2 Pr(ph +iotve)(AP))?
CongPgsndlps | — T2l Pr(pt — ior)(A{P)?
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Table 7.6: Class 4 contributions from two-loop Feynman diagrams and their couplings

Fig. | Couplings Contribution

74a| Cungylgf, (D=2 (py - py + io?172) P(A{P)?2

7.4b Cngfjjng(f;)s (DéfégZIQO)png(AgD)ﬁ B (54(D4)D2+(:2—:)D(D(5mD2_6)+40>p§) PRK%)
7.4¢ CngfJ)Sg;?;)q (D ﬁégﬁrzo) 2 Py (A(D 2 (54(D—4)D2+(1:2:[))(D(5WDZ’6)+4o>pf> PRK%)

gauge-scalar, gauge-fermion couplings. Figure 7.5m correspond to Greens functions with

H1n) external states. This result is finite and does not contribute a pole.

Table 7.7: Contributions from one-loop Feynman diagrams and their couplings

Graph | Couplings Contribution

7.5a Crrgssh 0

7.5b CrHGssob %n““PRAgD)
7.5 CrHGssbGssh (D 2)P v AP
7.5d Crugssvdf o D(S?nf)P A
1.5¢ Crugrrogso —%PRAP)
750 | Crugrrsgsse DD-2) p A(P)
7.5g CrHYssbGssb (D&fz Pr A
75h | Crrgssss L=2 prAl”
7.51 Crugrssgsss D2 pp AP
751 | Crugrrs -2y PrAP
7.5k Crrgsssgss — 22, PrA
751 | Crugsssgssn ~ D=, PrAP)
7.5m Cru finite
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Figure 7.5: One loop diagrams with ¢»> H3 operator insertion
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Chapter 8

Conclusions

In this thesis we have made a thorough study of the possible effects of new physics
arising in tree-level in the strong coupling b — c¢s decays. This decay mode contrib-
utes to a wide variety of different observables. In this work we have focused on seven:
the branching ratio for radiative B meson decay B(B; — X,7v), the B? to BY meson
lifetime ratio 7(Bs)/7(By), the B? mixing observables AT, and af;, the branching ratio
B(B% — J/¢K?) and the hadronic B} — J/# K time dependent CP asymmetry ob-
servables Spo_, 17y and Cpo_, j/y k-

The radiative branching ratio is an example of an inclusive decay mode that is under
good theoretical control and is well measured experimentally, while similarly the life-
time ratio and mixing observables are controlled through the HQE. Whilst the remaining
observables are less well theoretically understood, we have adopted a new approach for
extracting further limits upon BSM effects which does not depend upon any particular
theoretical method for estimation of hadronic matrix elements. Taken together, effects in
this set of observables are connected through our “Charming BSM” scenario providing
very complementary constraints.

Our basis of four quark operators contributing to b — ccs transitions is comprised of
twenty dimension six operators, defined in (3.2). We have calculated the contribution
from the full basis to all of our observables; the most complex result being that obtained
for mixing and the lifetime ratio which involved a high degree of detail and required in-
tense analytical and computational effort. We have further calculated the renormalisation
group evolution for our basis, and results are summarised in the full evolution matrix
given in (4.77).

First we summarise our results for BSM in Wilson coefficients AC, — AC}, which form
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some of the most important findings of this thesis. We have shown that it is possible to

generate an effect in rare semi-leptonic decays compatible with hints from LHCb and B-
factory data, while satisfying the B — X constraint. Such an effect can originate from
different b — ccs operators, with scenarios including coefficient ACj5 distinctly favoured.
Considering renormalization scales ;1 ~ Mg we find a mild ¢* dependence of the pseudo
observable Cgy and show that negative shifts of O(1) are achievable in certain scenarios
whilst still respecting the measured width difference and lifetime ratio. However, consid-
erable theoretical progress in the understanding of long distance charm effects would be
required to identify these as genuine new physics effects.

If new physics enters at . ~ My or above, strong renormalization group enhancements
are present. Whilst the ¢> dependence is then lost, we find the striking result that O(1)
shifts to Cgy are indeed readily achievable for very small shifts to our b — ccs coeffi-
cients. In short, we find it possible to provide a new physics explanation to the rare decay
anomalies coming from operators Q){ — () by considering only short distance effects.
Again however, until theoretical methods for calculation of long distance effects are un-
der better control, we cannot make any stronger statements.

Another important result includes our study of future prospects for constraining BSM in
the lifetime ratio and width difference observables with improvements in experimental
and theoretical uncertainties. We find indications that a convergence of the SM predic-
tions and experimental measurements for the lifetime ratio and mixing observables could
confirm or exclude Charming-BSM scenarios and indeed discriminate between different
new physics couplings.

We consider next our results for and AC]_, and AC’é’lw, which provide general con-
straints upon BSM effects in combinations of these coefficients, which could be useful
to model builders, but which do not confront any particular flavour anomaly. We group
them into three categories exhibiting similar behaviour. In scenarios involving coefficients
AC]_, the strongest constraint upon these coefficients comes indirectly from angular ob-
servables through the pseudo observables C}, 7%& for which data from global fits of Cy),,
and C7, sets stringent bounds I, As is the case above, at higher scales there are strong
RG enhancements but in contrast in this case they create a constraining effect due to the
smallness of CY,. Of all the scenarios, we find that scenarios involving the pairs of coef-
ficients ACY and ACY, and AC] and AC], stand out as scenarios where agreement with

all data can be found.

! under assumptions regarding hadronic effects
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In contrast, in coefficients AC5_;, the mixing of C_";g with AC5_1y occurs at 1-loop,

resulting in these coefficients being very highly constrained by radiative decay, and this
indicates that our study disfavours models involving combinations of these coefficients.
Finally, the coefficients AC{_,, are constrained in a complementary fashion by each of
our observables, the crucial difference between scenarios involving these effective coup-
lings and that of their unprimed counterparts is again the quadratic dependence of the
radiative decay rate upon C_'éef, which relaxes the constraints imposed by radiative decay
relative to the unprimed case.

As a step towards converting our many constraints into statements on the viability of
more definite NP models, we considered what the equivalent NP scale Axp we are prob-
ing when we place limits on our Wilson coefficients, and our results were shown in Table
6.12. The tensor operators Qg)c are sensitive to the highest scales, with the best fit to
those coefficients corresponding to scales in excess of 20TeV. Importantly, all our op-
erators probe energy scales above 1.5TeV, showing how our choice of observables can
complement direct LHC searches for NP effects.

When considering the introduction of new weak CP violating phases to C{ — Cf we have
first considered the observables already employed in our CP conserving study but with
an emphasis upon the flavour specific CP asymmetry which in the complex case, comes
into play. We find that a}, leads to constraints on the imaginary part in the complex AC,
plane, but that it does not give much further constraint for the remaining coefficients. The
B(B — X7) constrains the real part of the even coefficients and the lifetime ratio dic-
tates the region of allowed parameter space in the odd coefficients.

To go a step further and study more closely the SM coefficients C and C§ we used the
sine and cosine coefficients Sj/yx and Cj/yk, of the time dependent CP asymmetry
Acp(BY — J/¢Kg), alongside the branching ratio B(BY — J/¥KJ) to constrain the
parameter space. Since the theoretical predictions for this hadronic decay depend upon
non-perturbative parameters which are theoretically problematic to calculate, we adopted
a different approach to constrain our BSM Wilson coefficients. We profiled over the non-
hadronic parameters, fixing the magnitude of the matrix element (O;) to agree with the
naive factorisation prediction and its error whilst allowing the ratio r9;to float freely, and
studied resultant constraints.

For the possibility of a non standard shift to C, our result (shown in Figure 6.24) proves

very interesting — whereas in the SM naive factorisation is not expected to well describe
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this decay mode, we have shown that a small complex BSM contribution with an ima-

ginary part of around ImAC, = £0.2 is sufficient to achieve agreement between the full
compliment of observables and their respective experimental averages. Furthermore, we
find that there are distinct points in the complex AC', plane where ry; coincides with its
NF prediction (shown in Figure 6.20) breaking the approximate sign degeneracy of the
imaginary part. This is indeed a striking and unexpected result, and demonstrates that
including B — J/¢¥Kg observables in our analysis does not imply large violations of
naive factorization. We find the best agreement (within 1 standard deviation) between all
our observables and data, favours a small negative imaginary shift to C.

For C%, we found that the results, whilst clear, were less interesting. A broad band centred
on real shifts is compatible with the NF result for (O;), as well as a diagonal region with
negative real and imaginary parts. Unfortunately the other constraints we consider have
no clear region of overlap where all the predictions can be brought into agreement with
data.

In chapter 7 we have presented the calculation of a set of two and one loop graphs
which contribute to the ADM governing the mixing of > H* dimension six operators
with ¢2 H X dipole operators in the SMEFT framework. For this partial result, we have
shown that the propagator decomposition method of [129] is effectively implemented to
calculate the two loop Greens functions for ¥ H? operators, and that many of these do
result in a dipole Dirac structure, signalling the mixing between these operators.

To summarise, we have shown in this work that new physics in b — ccs operators can lead
to a set of complimentary effects in several well known and studied observables. We have
produced a full set of expressions for these effects which will be of use for any further
study in this area, as well as calculating the leading order renormalisation group running
for the full set of operators. Our results show that a complex AC’(Myy,) can give agree-
ment with all the observables considered, including those associated with B — J/¢ K.
We have placed limits on the real contributions to the coefficients Cé'lclo and C’l('lfl and
shown that these operators can probe NP scales above 10TeV in several cases. We also
showed how possible BSM effects in grouped combinations of coefficients are constrained
by data, classifying the various groups according to the similar patterns of constraints im-

posed upon them by our chosen set of observables.
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Appendix A

Definitions and conventions

Definitions
P = ’V”p,u
é’ = P)/'Mau
In the Chiral/Weyl representation the Dirac matrices are given by
0 1 , 0 o -1 0

10 —ot 0 0 1

The relation between the Dirac representation and the Chiral representation is

fyghiral = U,ylt U= (1]- - 7570)‘

Dirac?

Sl

Conventions

2

1 5
Pp=51-77)

1
Pr==(1+17°

(A.1)
(A.2)

(A.3)

(A4)

(A5)

(A.6)
(A7)
(A.8)

(A9)
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Covariant and contravariant four-vectors

ot = (2, %) (A.10)
z, = (2%, —7) (A.11)

Particles with mass m have
p* =p'p, = E> — |p]* =m? (A.12)

The Feynman propagator for the Dirac fermion is

F _ d4p Z(}’) + m) e_ip,x
S () = / e (A.13)

The time ordering symbol is defined through

(01T[d(x)(y)]0) = O(a” — y"){(0l6(2)d(1)|0) + (5" — 2°){0lé(y)¢()0)  (A.14)

Fierz relations

(V' Pr)ij(vuPr)er = —(0" Pr)a(vuPr) ks (A.15)
(V*Pr)ij(vuPr)e = 2(Pr)a(Pr)ks (A.16)
(PL)ij(Pr)w = %(PL)il<PL)kj + %(UuuPL)il(UWPL)kj (A.17)

(0w Pr)ij (0" Pp)g = 6(Pr)a(PrL)r; — %(UuuPL)il(U””PL)kj (A.18)

The fierz relations between operators, in d — 4 dimensions, with operators defined as

Ovrp = (817, PLby) (S PLb)) (A.19)
Ovir = (517, PLb}) (557" Prb)) (A.20)
Osrr = (51 PLb}) (55 Prbb) (A21)
Orpr = (810, PLbi) (850" PLb)) (A.22)
Osii, = (5, PLb})(5)PLb)) (A.23)

OVLL = (5 'YMPLb])(SQ'YMPLbZ> (A.24)
Ovin = (817, Prb3) (557" Prb}) (A.25)
(

OSLR = Slpr2)< PRbll) (A26)
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Orrr = (810, PLbb) (550" PLbY) (A.27)
Osir = (5, PLbb) (s, PLb}) (A.28)
@VLL - OVLL (A29)
Ovir = —20s1r (A.30)
Orvs = 6051 + 3 Ors (A31)
Osir = ~5Os1s — SOrus (A32)
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Appendix B

Anomalous dimension matrix entries

Here are listed the sources from which some of the anomalous dimension matrix elements
were obtained in the literature in order to calculate the evolution for the coefficients in
Chapter 4. Some elements were obtained from calculations performed for this thesis and

where this 1s the case, it has been stated.

Case 1

This corresponds to the solution for case I obtained in section 4.2. The entries to ¥, are

obtained from [72]

—% 6 0 0 0 0
6 —% 0 0 0 0
. o 0 2 —6 0 0
Yee,I = (B.1)
0 0 0 —6N+2 0 0
0O 0 0 0 —6N+ & 0
0 0 0 0 —6 %
entries for fAypp are obtained from [70]
52
0 —% 2
_40 _ 100 5
=] 6 B2)

]
|
|w
gt
&
ol © vk O
[\
=)

|
wn
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entries to 7,; ; and 7,5 ; are from [73] and note that due to rescaling of their operators

these are part of the 4(!) matrix.

~ — ( 64 —200 6464 _ 11408 \ T
7.l ( 810 243 81 7 243 ) (B.3)
o o ( 368 1409 13052 2740 \ T
8.1 ( 27 1627 27 ° 81 ) (B.4)
Vpo.1 1s from [74]
T
S 16 32 12 512
Tpo.1 = < —% 5 T o ) (B.5)

The first 4 entries of f?ﬁ% ; are 2 loop entries and from [70] and [1]. The last 2 entries are

from my own calculations.

%uz(o, 4610, 20, O)T (B.6)

The first 2 entries of 75 ; are 2 loop entries and from [70].
Yes,r = ( 3, 20,0, 0, 0 )T (B.7)
All entries of 7,4 ; and 9, ; are from my own calculations.

T
5 — 8N 8 AN
IYCQ,I - ( 9 T 9 9> ) 00 )

Ol

O wike O

(B.8)

fch,I =

|
win

o O O o O O
o O o o O O
o O o o o O

o O

The first 6 elements are from [70] and -9 ; in the normalization specified in 4.2.2 from

my own calculations.

32 32
= = =-= B.9
Yrr1 3 V87,1 9 (B.9)
R 28
Tesg = o Yoo = —258 (B.10)
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Case 11

This corresponds to the solution for case II obtained in section 4.2. The entries to Y. i1

are obtained from [72]

6 —6 1_N _1
N N 2 2
. 0 S _6N -1 L
Feedr = | N , N (B.11)
& — 24N —24 4N — % 6
—48 B 0 ON — 2
The below elements are from adaptation of my own results.
00 00
00 00
. 00 00
Vep, 1T = (B12)
00 00
00 00
00 00
Entries to 7,7 ;r and 7,5 ; are from [73],
Vor,11 = ( 0, 0, 0, 0 )T (B.13)
%wp:(a(xo,o)T (B.14)
Ver11 = ( oNge 2. _gNL. = _gic )T (B.15)
%mp=<a ) —@Cyf (B.16)

All entries of .9 ;7 and ., are from my own calculations.

T
%wjz(o,u 0. Q) (B.17)
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These elements are from the above sources but are changed in the normalization employed

in 4.1 from own calculations.

32 32

Yo = 289, VI = g 280, (B.18)
28 (0) (0)

VI = o 28, Yoo.r1 = —2f3 (B.19)

All of the other elements are the same as those in case 1.
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Appendix C

Integrals

Veltman and Passarino integrals

d’k L; ko kox

= C.1
BoBosBon= [ Gt gt agge g O
dk 1
2) = C2
A(m’) / (4m)? k2 —m? + ie €2
and where The Veltman and Passarino reduction yields
1
B1<m27m27q2) = §BO(m27m27q2> (C3)
1 1 A(m?)
2,2 2y _ Lo 2 2 2 2y CA4
BOO(muqu) (]_—d) l(4q m>BO(m7qu) 92 ( )
1 d d—2
Bu(mQ,mz,qQ) = —m [(Zf - m2> BO(mQam2)q2> + ( 9 )A(mZ)]

(C.5)
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Appendix D

Complete set of constraints
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