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SUMMARY

Motivated by their appearance in the physical sciences, scattering resonances of the three-
dimensional Dirac operator perturbed by a real-valued, smooth, compactly supported,
electric potential are studied. The potentials are 4 x 4 matrix-valued, multiplication oper-
ators. Under a prescribed mapping, the cut-off full resolvent is extended meromorphically
from the physical half-plane to the whole complex plane. The poles that lie in the un-
physical plane are defined as resonances for the perturbed Dirac operator.

This thesis presents basic properties of the free and full Dirac resolvents and
introduces the resonances that the latter creates. Particular attention is paid to the
resonances appearing at the threshold points when the full resolvent is studied near these
limits.

The scattering matrix is analysed as a mapping between solutions of the Dirac
eigenvalue problem and then used to establish the Birman-Krein formula, which relates
the trace difference between functions of the full and free Dirac operators. In turn, a
Poisson wave trace formula in the distributional sense is established via an upper bound
counting function and factorization of the scattering matrix determinant.

Both trace formulas are generalized such that resonances appearing at the thres-
hold points are considered. Finally, under further restrictions on the potential, the exist-
ence of infinitely many Dirac resonances is proved as an application of our trace formulas.
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Chapter 1

Introduction

1.1 Resonances in the physical sciences

In physical scattering processes between two subatomic particles, we can for simplicity,
consider three outcomes: the two particles could first bind to form a new and stable
composite particle, secondly collide and scatter apart, or finally bind together for a short

time before decaying into smaller particles.

In the final case, the short-lived composite particle is considered a scattering
resonance if the lifetime 7 is typically of order 10723 seconds or less. Experimentally,
resonances are identified with a large cross-sectional peak at a characteristic energy £ and
associated half-height width T" (see Figure 1.1). Here the cross section, o, is a measure
of the effective area for scattering to occur and, in the case for resonances, is typically

modelled by a Breit-Wigner distribution. This can be written as

1 r
" T P

where E is the laboratory energy.

Since resonances are characterized by a peak energy ¢ and lifetime 7 oc T'71, it
is useful to denote them by the complex number p = £ — i['/2. This is motivated by the
following observation in quantum mechanics. The motion of a quantum particle of mass
m > 0 under the influence of a potential V' is described by the wavefunction ¢(x,t) that

solves the time-dependent Schriodinger equation

i 6(e,t) = Hyo(a, )



E

Figure 1.1: Idealized cross section profile for a scattering process, plotted against labor-

atory energy E. The resonance corresponds to the energy peak ¢ with width T'.

where Hy = Hy+V =—-A+V = — Z?Zl ;—; + V is the perturbed Schrodinger operator
on L?(R?). This is analogous to solving Newton’s second law of motion in classical mech-
anics. Furthermore if ¢o(x) = ¢(x,0) € L?(R?) solves the time-independent Schrédinger

equation, Hy ¢g = £¢, then we have

o(x,t) = e_it%)o(w).

The quantum mechanical interpretation of |¢(x,t)|? is the probability density of finding
the particle at position  and at time t. Moreover [, |p(x,t)|? dc is the probability of
locating the particle inside €2 at a given t. If instead we consider a resonance state where

$o ¢ L?(R3) then the evolved state is written as
o, t) = e T D)

such that

¢o()]2

Hence for increasing values of time, the Breit-Wigner model suggests that the probability

‘¢($7 t)’2 _ E_Ft.

density of the resonant state decreases exponentially. In practice it has decayed in 10723

seconds or less.

Despite their short lives, resonances play a central role in particle physics. In
fact many of the subatomic particles discovered as a result of scattering experiments are
indeed resonances. Like their stable counterparts, they may possess well defined properties

such as mass, electric charge and quantum spin. Amongst the high energy hadrons, these
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include the delta baryons and rho mesons (see for instance [50, section 3.5]). The Feynman
diagram in Figure 1.2 demonstrates the creation of a delta baryon resonance as a result of

a pion-proton scattering process before separating back into its two constituent particles.

More generally, resonances have been studied in various applications from atomic
physics and quantum chemistry. These range from Stark and Zeeman effects (see [7, 13])

to numerical models of chaotic scattering (see [26, 49])

p p

A+
ot T

Figure 1.2: Feynman diagram of a pion (1) - proton (p) scattering process which tem-

porarily creates a delta baryon resonance (A1),

1.2 Resonances in mathematical physics

As described in the previous section, resonances are metastable states with a well defined
energy and rate of decay. These physical attributes can be encapsulated mathematically
as generalizations of eigenvalues with energies that can scatter to infinity (see for instance
[88]). Such studies of resonances using the spectral properties of the system can be con-
ducted with numerous methods. These include perturbations of eigenvalues, or studies of
various mathematical objects such as the cut-off resolvent, the extended scattering mat-
rix, or even the zeta function. See [54], [12], [67], and [22] respectively for examples of
these studies. Despite the numerous definitions and approaches to studying resonances,

the following two key questions are often explored:

1. Existence: Do resonances exist for a given Hamiltonian and class of potentials?

2. Counting: If resonances do exist, then how many are there? In particular, is it

possible to establish upper and lower bounds?

The answers to these problems are richly studied in the case of Schrodinger operators.

One important area of research stems from the method of complex scaling. This sees the
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previously selfadjoint Hamiltonian, Hy, modified by a complex parameter 6 to a family of
non-selfadjoint operators, Hy (#), such that Hy = Hy (0). Then Im 6 > 0 has the effect of
rotating the essential spectrum of Hy about the origin. This framework is based upon the
work of Aguilar and Combes [2] and Balslev and Combes [3] for 2- and N-body operators
respectively. This led Simon [69] to identify resonances of Hy as the eigenvalues of Hy (6)
in what is known as the Aguilar, Balslev, Combes and Simon (ABCS) theory. A key
implementation of semiclassical analysis towards resonances was provided by Helffer and
Sjostrand [32]. The relationship between this and ABCS theory was established by Helffer
and Martinez [31].

An interesting application of these techniques is to the shape resonance model
originally proposed by Gamow [25] and Gurney and Condon [30]. Consider a quantum
particle of energy, F, supposedly trapped inside a potential well, V', of maximum energy
Vinax where Vipay > E. Assuming lim|g o V() = 0, then by quantum tunnelling effects,
the particle will travel through the so-called classically forbidden region and eventually
escape the well. This model has been used to study alpha particle emission from unstable
nuclei. Notable works in this area include the contributions by Combes et al. [18] who
proved the existence of shape resonances near the real axis, and Sigal [68] who provided

bounds on shape resonance lifetimes.

The task of approximating resonance energies £ and widths I' can be achieved
by the so-called complex absorbing potential (CAP) method. Here the full semiclassical
Hamiltonian is perturbed further by a bounded, complex-valued potential that encom-
passes the bounded support of V' and absorbs the diverging part of the solution. The
benefits of this are twofold; resonances can then be analysed as bound states and numer-
ical calculations can be considered in finite domains. Despite the CAP method being used
extensively in the physical sciences (see for instance [56]), it was not until Stefanov [78]

that a rigorous justification was given for its usage.

An alternative approach to studying resonances that this thesis considers exclus-
ively is via the so-called cut-off resolvent p(Hy —A?)~!p. Given p is a compactly supported
bump function, we consider the meromorphic extension of the cut-off resolvent from the
physical X = \/z upper half-plane, across the real line, to C. In the lower unphysical plane,
the first bump function enables us to consider the resolvent as a mapping from Lgomp(R?’)
to LIQOC(]RS). The second bump function therefore ensures the resultant mapping is back

to L2, (R3). The isolated poles of p(Hy — A?)~1p in the unphysical plane are in turn

comp



defined as resonances.

In this framework Melrose [52] proved the existence of infinitely many reson-
ances for odd dimension d > 3 and V € C§°(R%R). Here C5°(Q;R) denotes the set
of real-valued functions with compact support inside €2 and differentiable to any order.
This remarkable result has since been extended to more general classes of potentials (see
S& Barreto and Zworski [63, 64]). Later Smith and Zworski [77] proposed an alternative
proof by considering the trace of the difference of Schrodinger heat semigroups (see Hitrik
and Polterovich [35, 36] for the heat trace asymptotics). In this thesis (see chapter 7) we
prove a similar result for Dirac operators perturbed by potentials with diagonal elements

in C3°(R3, R).

Other notable results include the class of complex-valued potentials introduced
by Christiansen [16] that have no associated resonances. We also mention here the work of
Sjostrand [72, 73] who presented an alternative trace formula valid for any dimension and
lower resonance number bounds using the complex scaling framework. Later Nédélec [57,

58] used similar methods to obtain lower bounds for matrix-valued Schrédinger operators.

Answering questions on resonance existence and number bounds employs some
key results that are interesting in their own right. For instance, the expansion of the full
resolvent near the threshold is used to study resonances (or half-bound states) at that
point. However these expansions were originally used to study the asymptotic behaviour
of e”"H1v and can be applied to other aspects of scattering theory such as reflection and
transmission coefficients (see for instance [10] and references therein). In chapter 3 we
establish the exact form of the full Dirac resolvent near the threshold points. Along with
our development of the scattering matrix (see chapter 4), these will be used to prove our

two trace formulas.

Motivated by the work of Lifshits [48] in crystal lattice fields, the trace formula
attributed to Birman and Krein [9] relates the trace difference between suitable functions
of two selfadjoint operators Hy, Hy and the spectral shift function (see also [39]). Fur-
thermore if Hy — Hy is trace class then it can be shown that the spectral shift function
is related to the scattering matrix in a simple manner (see for instance [83] or [62]). Our
first trace formula in this thesis is presented in chapter 5 with our interpretation of the

Birman-Krein trace formula for the full and free Dirac operators, Dy and D, respectively.

This naturally leads to the Poisson wave trace formula whose first incarnation is
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attributed to Lax and Phillips [45]. Initially developed for compactly supported obstacle
scattering cases in R3, the original trace formula was also limited to large values of the
time-like parameter t. However it was later generalised to lower values of ¢ by Bardos et al.
[6], to higher odd dimensions by Menzala and Schonbek [53], and for all ¢ # 0 by Melrose
[51] when applied to resonances. A new approach developed by Zworski [84] based on the
scattering matrix determinant provided a new proof that was valid for all ¢ € R. The
Poisson wave trace formula is instrumental to Melrose’s proof in [52] as well as the lower
bounds on resonance number by Sjostrand and Zworski [75, 76]. Our Poisson wave trace
formula (and second trace formula) is proved in chapter 6 and, similar to the Schrédinger
case, is instrumental to our proof for the existence of infinitely many Dirac resonances in

chapter 7.

We finish this section by citing a few review publications. A qualitative introduc-
tion to the ABCS theory and its application to the shape resonance model can be found
in [34]. Simon [70] provides a rigorous overview on complex scaling whilst a review of
its implementation in the physical sciences can be found in [55]. The reader is directed
to Dyatlov and Zworski [23] (see also [88]) for an in-depth analysis of resonances in the
cut-off resolvent framework, as well as [17, 81] and the notes by Sjostrand [74]. In the same
framework, Hislop [33] highlights and proves some of the fundamental theorems whereas

the short surveys by Zworski [85, 86] provide motivation for these studies.

1.3 Resonances in relativistic quantum mechanics

The afore-mentioned work on resonances in section 1.2 are based upon perturbations of
the Schrodinger operator. However the theory is incomplete since Schrodinger’s equation
ignores the intrinsic quantum spin of a particle and fails completely in the relativistic

regime where particle energies are far greater than its rest mass.

One attempt to solve the latter issue was with the Klein-Gordon equation, a
second order differential equation in both temporal and spatial coordinates. However as
spin was again not considered, this was applicable only to spinless particles such as pions.
Further problems arise from the Klein-Gordon equation in the form of negative energy

solutions and the possibility of negative probability densities.

The conundrum was finally solved by Dirac [21] with his celebrated equation
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now named in his honour. By considering a wave equation with first order derivatives,
the relativistic motion of massive spin—% particles such as electrons and protons could be
analysed. The Dirac equation had the extra benefit of overcoming the negative probability
densities observed in the Klein Gordon equation and, more significantly, provided further
theoretical justification of negative energy solutions. Indeed we now interpret these solu-
tions as anti-particles, the mirror image of the subatomic particles we see except for an
opposite electric charge. For instance the electron and positron are antiparticles of each

other.

Therefore to study resonances whilst incorporating the special theory of relativity
on spin—% particles, perturbations of the Dirac operator are considered. However despite
the rich variety of research on Schrodinger resonances, there exists limited studies in

extending these results to the relativistic setting.

Amongst the first studies of three-dimensional Dirac operators were Weder [82]
and Seba [66] who adapted the complex scaling method for Schrédinger operators to associ-
ate Dirac resonances with eigenvalues of the complex scaled perturbed Dirac Hamiltonian.
The microlocal approach initially developed by Helffer and Sjostrand [32] was extended to
the Dirac operator by Parisse [59, 60] who proved the existence of shape resonances in the
semiclassical limit near the real axis. We also mention the work of Khochman [38] who
established a local trace formula via complex scaling and consequently obtained upper
bounds on resonance numbers. Note that this approach does not guarantee the existence
of resonances. In the spirit of Sjostrand [73] and Nédélec [57], Kungsman and Melgaard
[43] considered Dirac Hamiltonians perturbed by a smoothly decaying scalar potential.
This led to the existence of resonances near the potential extrema, and furthermore to a

lower bound on their number.

Balslev and Helffer [4] presented an extended limiting absorption principle for
Dirac operators that provides continuation properties of the resolvent and scattering mat-
rix. These ideas, which extend from similar properties for Schrodinger operators with
short range potentials by Balslev and Skibsted [5], are used to study local analyticity

properties of Dirac resonances.

More recently, inspired by the work of Stefanov [78] for Schrédinger operators,
Kungsman and Melgaard [41] likewise rigorously established the CAP method for the

Dirac operator. As in the non-relativistic case, it was shown in the semi-classical limit that
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resonances near the real axis coincide with eigenvalues of the CAP adjusted Hamiltonian,
and vice versa. The study was extended to clusters of resonances by the same authors in

[42].

We also mention Kungsman and Melgaard [44] who used the Dirac cut-off re-
solvent to define resonances and subsequently obtained a Poisson wave trace formula.

However it is assumed there that the threshold points £=m are not resonances.

1.4 Thesis overview

We study the Dirac operator Dy perturbed by an electric potential V. The goal of this
thesis is to develop the necessary theory and establish for suitable V', two new trace
formulas for the Dirac operator and their relationship to Dirac resonances. To achieve
this we introduce a change of variable that allows us to define resonances as poles of the
cut-off Dirac resolvent. The work is generalised such that the threshold points may also be
resonances. Under our transformation, aside from these threshold points, we assume that
resonances of the Dirac operator reside in the lower complex plane. As far as the author
is aware, this method has not been previously used to study Dirac resonances. The work
in chapters 3, 5, 6 and most of chapter 4 is new in the context of Dirac operators, and
culminates with our two trace formulas. A significant application of these trace formulas
is presented in chapter 7 whereby the existence of infinitely many resonances is proved.
Again this is a new result and, along with the work from the preceding chapters, can be

found in [15]. This thesis is divided into the following chapters:

In chapter 2, the Dirac operator is introduced before we develop fundamental
properties of the free and full Dirac resolvents including their holomorphic and mero-
morphic continuations to the whole k-plane respectively. Assumption 2.4.1 summarises
the properties of V' that we use throughout the thesis, and from which we define resonances

in Definition 2.4.3.

We derive properties of the full Dirac resolvent near the threshold points, +m,
in chapter 3. The purpose of this analysis is so that we may account for the possibility of

resonances at these points in our trace formulas.

In chapter 4 we define the scattering matrix, Si(k), as a mapping between the

incoming and outgoing solutions to the Dirac eigenvalue problem. We prove that it can
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be written as the sum of the identity operator and a trace class operator, and furthermore

establish a series of properties for det ST (k) including its logarithmic derivative.

The first of our two trace formulas is derived in chapter 5 where we use the
properties of the scattering matrix to form our Birman-Krein trace formula. This follows
from a series of resolvent and trace estimates. The threshold resonances are treated

explicitly by employing the main result of chapter 3.

In chapter 6 we prove our second trace formula. The Poisson wave trace formula
relates resonances to the trace difference of the wave groups. Its construction depends
upon the determinant of the scattering matrix, an upper bound on resonance number

inside a disc of radius R > 0, and the main result of chapter 5.

We present an immediate application of our trace formulas in chapter 7. Under
further restrictions on V' in Assumption 7.1.1 we prove that there exists infinitely many

resonances of the perturbed Dirac operator.

In chapter 8 we summarize the key findings of this thesis and suggest a few open
questions that could be studied as an extension to our work. Finally in the Appendix,
numerous results used in this thesis from complex analysis, spectral theory, and Fredholm

theory are listed.



10

Chapter 2

Resonances of the Dirac operator

We begin by recalling some basic properties of the Dirac operator in sections 2.1 and 2.2.
Their proofs can be found in [79]. For convenience, we use the natural units ¢ = h =1
throughout this thesis. The Dirac operator forms part of the celebrated Dirac theory,
describing the relativistic motion of Spin—% particles of mass m > 0 free from the influence
of any external forces. It was derived formally by Dirac [21] as a result of his attempts to
linearise the energy-momentum relation £ = \/m before substituting the quantum

energy and momentum operators,
E— i@t, pj — —iﬁj,

where 0; = 0/0;, 0; = 0/0,; for j = 1,2,3. In quantum field theory, all particles obeying
the Dirac equation (or fermions) are interpreted as quantised excitations of a fermionic

field. This framework forms the basis of the Standard Model of particle physics.

In section 2.3 we define the resolvent of the free Dirac operator and its integral
kernel under the transformation z + k(z) = v/22 — m2. This change of variable provides
a new interpretation of the resolvent, thus enabling us to study the subsequent properties
of the Dirac resolvent and its associated resonances. This includes establishing its far field

behaviour and proving its holomorphic extension from the upper physical half-plane to C.

Finally in section 2.4 we define the resolvent of the Dirac operator perturbed
by an electric potential V. For the remainder of the thesis we assume that V satisfies
the conditions set forth in Assumption 2.4.1. We subsequently prove how the cut-off
resolvent extends meromorphically to C, with the poles leading directly to our definition

of resonances of the perturbed Dirac operator.
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2.1 The Dirac operator

The Dirac equation may be written as

iatW% t) = Dﬁw(xa t)'

The wavefunction 1 (x, t) is a complex-valued, n-dimensional vector (or spinor) and, writ-
ten in its original form,
3
Doz—izaj3j+m5=—ia'v+mﬁ, a = (a1, a2, 03),
J=1

is the Dirac operator. The n-by-n matrices a; and 3 satisfy the relations
ajop + opo = 2051,, 5,k =1,2,3,

B = In,
where 0, I, and 0,, are the Kronecker delta, the n-by-n identity matrix, and the n-by-n
null matrix respectively. It can be shown that the dimension n must be even and at least
equal to 4. In this thesis we assume that n = 4 and for brevity use I to denote the identity
matrix. Consequently Dy and any given scalar perturbation V such that Dy = Dy +V are
4-by-4 matrix operators. In addition, the wavefunction i (x,t) is a 4-component column

vector
4
Y(x,t) = (¢j(mat))1§j§4 e Cn
For completeness we write the ‘standard representation’ of matrices «; and f:

02 o Ir O
a5 = ? ’ ) B = ? ? ; ] = 17 27 37
04 02 02 —IQ
where the Pauli matrices o = (01,09, 03) are defined

01 0 —i 1 0
o1 = ;02 = y 03=
10 1 0 0 -1
Although several choices of ; and 3 exist for n = 4 (see for instance Thaller [79]), this

study is not dependent upon any particular representation, only that the relations in (2.1)

hold.

We consider the selfadjoint Dirac operator Dy acting in the Hilbert space H =

L?*(R3)* endowed with the inner product

4
(9,9) = /]RS Y s@(@)de, b= (b)1<j<a, ¥ = (¥i)1<j<a-
j=1
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The domain of Dy is the first order Sobolev space H'(R3)* with norm

14603 sye = oI Bagars + IV g
4 3 4
Fola oy = S0 IlBasy IVl = S0 1076022 oy
i=1 j=1i=1
The operator Dy is itself essentially selfadjoint on C§°(R?)*. In the above we have used

the notation for 4-component complex-valued spaces
LQ(R3)4 _ LQ(R3) ® C4 _ LQ(RS) D L2(R3) D LQ(R?)) D LQ(R3)

The spaces H'(R3)* and C§°(R?)* are defined similarly. For brevity we may write L? =
L?(R*)* and H' = H'(R3)* when the context is clear. The spectrum of Dy, denoted
spec(Dy), is

spec(Dy) = (—o0, —m] U [m, 00),

and is absolutely continuous. The resolvent set C \ spec(IDp) is denoted p(Dy).

2.2 Eigenvalues, eigenspaces and diagonalization of the free

Dirac operator

Manipulating Dy in momentum space enables us to treat it as a matrix multiplication
operator. This permits easier computations of the spectrum of Dy, particularly when it is
diagonalizable. To do this we introduce the Fourier transform

7 1 —ip-x
(F0)p) = Fip) = G [ e 0@,

acting upon a suitable integrable function ¢ uniquely extended to L?(R3)* = L2(R3, dx)*.

We also introduce the concept of unitary equivalence,

Definition 2.2.1 Let A, B be linear operators in a Hilbert space H with domains Dom(A)
and Dom(B) respectively. If U is a unitary operator, then A and B are unitarily equivalent

provided U(Dom(A)) = Dom(B) and UAU ! = B.

In the momentum space (.# L*(R3, dx)*) = L*(R3, dp), the free Dirac operator

Dy acts as a multiplication matrix in the form

(#DoF ")(p) = a- p+mp. (2.2)
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For each p, this is a 4 x 4 Hermitian matrix with eigenvalues given by

A2 = —A34 = V|p|2 +m? = A(p),

and the projections onto the corresponding eigenspaces given by

T (p) = % (I + %). (2.3)

Introducing
(m+ A(p)) s +mPa-p

T /2@m D)

then it can be shown that Dy and SA(p) are unitarily equivalent under the unitary trans-

)

formation U.%. In the standard representation, this diagonalizes the free Dirac operator,

UZDo(UZF) " (p) = BA(p).

2.3 Resolvent of the free Dirac operator

To study resonances associated with the Dirac operator, the work in this thesis centres on

switching from the spectral parameter z to the variable
k(z) = V22 —m2. (2.4)

This is motivated by writing the free resolvent, defined on p(Dy), as

(D — 2)~' = (Dg + 2)(=A +m? — 2271 (2.5)

since D2 = —A + m? by the anticommutation relations (2.1). Writing k? = 22 — m?2, we

then recognise

Roo(k) = (—A — ](22)71

as the free resolvent of the three-dimensional Laplacian operator (see for instance [23]).
By using the parameter k we can then take advantage of the Laplace resolvent and its

properties.

This change of variable has the effect of mapping p(IDg) to a pair of half-planes
in the k variable. Since we choose the branch of the square root such that Im & > 0, then
p(Dy) maps to the upper (or physical) half-plane. The lower half-plane will be named

unphysical.
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We note here that the mapping k cancels any negative sign of the spectral para-

meter z. Therefore for the inverse map k +— z(k), we use the negative prefactor to restore

this negativity and write z = £vk2 + m?2.

We are now in a position to define the free resolvent via the k parameter

Definition 2.3.1 Let Imk > 0. Then the resolvent of the free Dirac operator is defined
by
Ry (k) := (Do F VK2 + m?)~" : LX(R*)* — L*(R®)*.

We clarify our notation here when k£ € R\ {0}. In this case Balslev and Helffer

[4] proved that the following limits, rewritten in the k-plane, exist

RE (k) = Eli%l+(DO T VE2+m2 —ie)7 L,

(2.6)
RE(—k) = lim (Do F VA2 + m?2 +ie) "1,
e—0t
where € > 0 (Indeed Balslev and Helffer [4] prove in detail when these limits exist in terms
of the uniform operator topology on weighted Sobolev spaces). This is analogous to the
limiting absorption principle for free Laplacians (see [1] for exact details on the weighted
Sobolev spaces that these exist):
Roo(\) = lim (=A = X2 —ie)™!,  Rpo(—A) = lim (—A — A% 4ie) 7,

e—0+ e—0+

where again ¢ > 0. It can then be shown for Imk > 0 that the resolvent acting on

u € 7 (R3), the Schwartz space of rapidly decreasing functions, can be written

R (tyu(a) = [ GF (ki = y)u(y) dy

with integral kernel

GE(k;x) = <ia.w—|—/~caw—|—ﬂm:|:\//~c2+m2> ¢

. ik|z|
|z? || dr|m|’

(2.7)

Since L2 and L2

Comp i are not Hilbert nor Banach spaces, it is necessary to clarify

what is meant by the notion of holomorphic and meromorphic operator-valued functions
between such spaces. Suppose 2 C C is an open set. A holomorphic function with

L2

bounded values in B( loc

Lgomp, ) is a function A(z) with values in the space of linear

bounded operators L2, — L . such that py A(z)ps is holomorphic for p1, p2 € C§°(R?).

It is assumed that such bump functions are contained in Lgomp and L2 .
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Similarly an operator-valued function A(z) is a meromorphic function on € if it
is holomorphic on 2\ S, where S C Q is discrete, and such that if z5 € S, then near z
we have
J A
A(z) = —L _+B
()= =y T B
7=1
with A; : Lgomp — L2 . (bounded in the sense p1A;ps is bounded for all p; as above) of

finite rank, and B(z) holomorphic with values in B(LZ,,,, Lf,.) for z in a neighbourhood

of zp. The integer J is assumed finite to signify poles of finite order.

We note in the following and indeed the rest of the thesis that C' will denote a
positive constant whose numerical value is not important. Furthermore C may correspond

to different values from line to line.

Theorem 2.3.2 The free Dirac resolvent defined in Definition 2.3.1 is a holomorphic

family of operators in the upper half-plane with operator norm

VK2 +m?2 + m)|
k|2 ’

|RE (k)| 22 < Imk > 0. (2.8)

It continues analytically to the entire family of operators by the mapping
RE(k): L2 o (R)Y — L (R3)™.

comp loc

Moreover for any p € C§°(R3) where diam(supp p) < L is finite, we have the estimates
loRG (K)pll 2 < CRY PO G =0,1, (2.9)

where (r)— = max{—=x,0} and (z) = /1 + |z|%.

Proof. We begin by stating the following estimate for the free cut-off Laplacian resolvent

(see for instance [23, section 3.1])
P Roo(Npllzages)oamsesy < OO+ WY HmY- 01,2, (210)

Then by the standard resolvent norm for selfadjoint operators (see Theorem A.2.1) and

assuming Im k& > 0 (or equivalently z € p(IDg)) we have

1 1 m+ VEk2 +m?2
IBE (] = sup = S
nespec(Do) |:u - Z( )‘ ’im:F k?4+m | | ‘

From the integral kernel in (2.7), it is clear that if Imk < 0, then the exponential term

will deem G (k; 2 — y) to be only locally in L?(R?)%.
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To estimate the cut-off resolvent norm we use (2.5) to write
lpRg (k)pll 2 i = llp(Do + 2)Roo (k)pll 12— 115

= llp(=icc- ¥V +mpB) Roo(k)p + zpRoo (K)pl| L2 15
= || —ic- VpRoo(k)p + i - (Vp)Roo(k)p + (mB + z)pRoo(k)pll 2 s
< [IVpRoo(K)pll 2 i + C(1 +mp + |z]) [ pRoo(k)pll 12— 115
< |lpRoo(k)pl L2 i+ + C (k)| pRoo(k)pll L2 s

For j = 0 we then have from (2.10)

IRy (k)pll 22 < Celmk)— 4 (1617;‘)&(1“‘]“)‘ < Cellimk)—
whereas j = 1 gives us

lpRG (R)pll 2 pr < C(1+ k)"0~ 4 C k)0 = < O (ke ™ k), =

The asymptotic behaviour of the free resolvent is captured in the following the-

orem.

Theorem 2.3.3 Let f € .7 (R3) and suppose k € R\ {0}. If ¢ = r0 then

ikr
= [Bm & V2 + m? + ko - 6| /3 e MOV f(y) dy + O (r2)
R

RE(k)f(r0) =

as r — Q.

Proof. Writing v/1+s=1+5/2—s%/8+ O (s*), we have the expansion

r—— |\/1— U (g (208 o)

=r—(0,y)+0O(r" )

where we have used z/|z| = 0 and |[x — y| = /|lz —y|? = /(x —y,x —y). This

expansion is used to write

Moyl = =09 O0/r) = Kr=00) (1 4+ O (r 1)),

We also have

lz—y| ! =

- 2, y>/\w!2 + ly*/|of?

i( (!y!2 <6’;y>) +O(T_2)>
(7

>+o( B,
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where 1/v/1+5s=1—15/2+35*/8+ O (s). Then for p € N we write

— 1 <67y> —2 b 1 <6>y> —(p+
_ P S DI (p+2)
|z — vy P 1+ ; +O(r ) P 1+p . +(9<r >

We will use these expansions to rewrite the free resolvent kernel (2.7) in powers of r.

Component-wise we have

eik|m_y‘ eik(T_<0)y>)
= O (r2
dr|x — y| Ay +0 (™)
- (m — fy) eiklw_yl

-0 o, —2
e —yl? 4r 47rr6( (y))+@(7« )
o @yt

lz—yl® 4 =007,

Hence we obtain for f € .#(R3) and r — oo
ik

e T
Arr

R(jf(k)f(ro) = [Bm + \/er ka - 0} / e*ik<97y>f(y) dy + O (sz)‘ 0
R3

2.4 The perturbed Dirac operator and resonances

Define M4(C) as the set of complex-valued 4 x 4 matrices. In this thesis we consider
electric potentials V' in My(R) that act by multiplication. In particular we assume the

following

Assumption 2.4.1 Let V : R — My(R) be a smooth, compactly supported Hermitian

matriz potential acting by multiplication.

We do not consider perturbations by a magnetic vector potential. We write the

Dirac operator perturbed by a scalar potential V satisfying Assumption 2.4.1 as
Dy =Dy + V.

By the Kato-Rellich theorem (see for instance [34, chapter 13]), Dy is a selfadjoint oper-
ator in L?(R3)* with domain H'(R3)*. The spectrum of Dy, is composed of an essential
spectrum spec,. (D) which coincides with spec(Dy), and its eigenvalues (or discrete spec-
trum, specy(Dy)) are located within (—m,m) (see [8]). Under the transformation z — k(z)
defined in (2.4), any eigenvalues residing in (—m, m) map to wholly imaginary points {iE}}

where 0 < E]’ < m.
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Under the assumptions of the previous section regarding the meromorphy of

functions from L2, (R*)?* to L

(R3)*, we define the full resolvent of the perturbed

Dirac operator and its meromorphic extension.

Theorem 2.4.2 Let V satisfy Assumption 2.4.1. Then the perturbed resolvent
RE(K) == Dy F VE2 +m2)~!: LA(R3)* — LR34,

defined for Imk > 0 is a meromorphic family of operators with a finite number of poles,
corresponding to the eigenvalues of Dy . It extends to a meromorphic family of operators
forkeC

Ry (k) : Liomp(R?)! — Lio(R*)™.

Similar to the limits in (2.6), it was proved in [4] that if £ € R\ {0} then on

suitable weighted Sobolev spaces the following exist where € > 0,
Ri(k) = lim (Do +V F VA2 +m? — ie) L,
e—0

RE(—k) = lim (Do + V F VA2 +m2 +ie)~!
e—0t
Proof of Theorem 2.4.2. We divide the proof into 3 steps.

1. First we show that R‘jﬁ(k:) is a family of meromorphic operators when Imk > 0.

To this end write
(Dy F Vk2+m2)RE(k) = I + VRE (k), (2.11)

and choose k where Im k is sufficiently large such that by (2.8),
IV R (R)|| < IVIIIRg (k)| < 1.

Then by the Neumann series theorem, (—1)V R3 (k) is invertible

(I+VRy (k)™ =) (-VRy (k)"
n=0
We can therefore invert (2.11) so that
RE(K) := (D F V2 +m2)” k)(I+VRE (k)™ (2.12)

Suppose p € C§°(R?) such that pV = V on suppV. For Imk > 0 then pRT (k) :
L*(R%)* — H'(supp V;C*) (and likewise VR (k)) is a compact operator on L? by the
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Rellich-Kondrachov theorem (see for instance [24, section 5.7]). Then by analytic Fred-
hom theory (see Theorem A.3.1), R‘i/(k) is a meromorphic family of operators in the upper

k-plane.

2. To show the meromorphy of R‘jﬁ(k) in C, again assume p € C$°(R3) such that

pV =V on supp V and consider
(I = VRG (k)(I = p))(I + VR (k) = I + VRy (k)p — VR (k)(I — p)VRG (k).
Since (I — p)VRE (k) = 0 by the assumptions on p then
(I = VRy (k) = p))(I + VR (k) = I + VR (k)p. (2.13)

Again by the arguments above choose Imk > 1 such that ||V RZ (k)p|| < 1. Application
of the Neumann series theorem means that (—1)V RE (k) is invertible and hence we may

invert (2.13)
(I+ VR (k)™ = (I + VRS (k)p) (I = VRS (k)(I = p)),
which we use to rewrite (2.12)
R (k) = RE(k)(I + VRE (k)p) (I — VRE(K)(I — p)). (2.14)

By (2.9), pRE(k)p : L*(R?)* — H'(supp V;C*) and therefore pR (k)p is compact on
L?(R3)* by the Rellich-Kondrachov theorem. Since V = Vp is bounded then VR (k)p =
VpRZ (k)p is also compact on L?(R?)*. In turn by the analytic Fredholm theorem, we

have a meromorphic continuation of (I + V RE (k)p)~! to C.

3. We now show that

(I+VRE(k)p)~': L2, (R — L2 (R

comp comp

Let x, X : L2, (R} — L2 (R3) where xp = p and Yx = x. Then for Imk > 1,

comp comp

(I +VRE(k)p)~" exists as a Neumann series. Hence
(I+VR5(k)p)~'x = (I + VRy (k)p) ' X(I + VRG (k)p)(I + VR (k)p) "X
= (I +VRy (k)p)""(I +VRy (k)p)X(I +VEg (k)p)'x  (2.15)
= X(I+VE5 (ko) ™',

as required. Given also that

I —VRER)I - p) : L2, (RH = L2 (R,

comp comp

we combine these with the form of R‘i/(k) in (2.14) to obtain the meromorphy of R (k)

for k € C as a family of operators L2, (R?)* — L2 (R3)%. O

comp loc
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We now define resonances of the perturbed Dirac operator and their multiplicities.

Definition 2.4.3 Let V satisfy Assumption 2.4.1. Then,

1. The poles of the meromorphic extension of R‘f(k) coincide with the poles of (I +
VRE(k)p)™' and are referred to as (scattering) resonances of Dy. The two sets

of resonances are denoted by R4, with their union denoted R :=R_UR.

2. If k is a resonance of Dy then the multiplicity mp(k) is defined by

mp(k) := dim span{ A (LZomp) b1<j<, (2.16)
where
+ L AT AT(C 2.17
R = —_— .
V(C) Jz::l(c_k)] + (Cv )7 ( )

and AT (C, k) is holomorphic for ¢ near k.

Summary

In this chapter, we have introduced the Dirac operator and presented some of its basic
spectral properties. Under our change of variable we have rewritten the free and full Dirac
resolvents and shown that the free cut-off Dirac resolvent continues analytically from the
upper k half-plane to C. Moreover the same extension for the full cut-off resolvent is
meromorphic and the poles have in turn been defined as resonances of the perturbed

Dirac operator.
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Chapter 3

Resolvent near threshold energies

In this chapter we study the full resolvent R‘j}(k‘) near k = 0. In section 3.1 we obtain the
expansion resembling (2.17) and determine how the operators in each term act. We will
use this expansion to analyse the threshold resonances in chapter 5 when we construct
our Birman-Krein trace formula. Moreover we study the exact form of the operator A4

in section 3.2 with a summary of all results presented in Theorem 3.2.5.

3.1 Expansion of the full resolvent near 0

We define the following spaces that the operators in the first two terms of the resolvent

expansion in (3.1) map into.

Definition 3.1.1 Define the following spaces

Vi = {vF e H}R>* | (Dy T m)v* =0},
Ug := {u* € HL (R | (Dy F m)u® =0},

and the orthogonal projection Tl : L2(R3)* — L?(R®)* which maps L?(R3)* functions into

Vi.

Theorem 3.1.2 The full resolvent R‘i/(k:) s L2 (RHY — L2 (R®)* near k = 0 can be

comp loc

expressed

II i A
R?E(@Z?ﬁ( k2+m2—|—m)—|—Zki\/\/k:2+m2+m+Bi(k), (3.1)
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where k — B (k) is holomorphic near 0, and the operators Ty : L*(R3)* — Vi, Ay :

)

comp loc

satisfying (Dy Fm)lly = (Dy Fm)AL = 0 are symmetric.

Proof. We divide the proof into 4 steps.

1. For Imk > 0 and assuming |k| < {E}}, where {E7} is the set of eigenvalues of
Dy mapped onto the positive imaginary axis, then the first result of Theorem 2.3.2 and

analyticity of k£ near 0 suggests the decomposition

A
RE(k) = k;t( k2 +m2? + m) +2—\/\/k2+m2+m+Bi (3.2)

where Ay, AL : Lmp®?)* — LY (R*)* are finite rank operators and Bs(k) is holo-
morphic near £k = 0. The F coefficients will be apparent in the final step of this proof

when we show that A, = II4.

2. The property (Dy F m)fli = (Dy # m)Ax = 0 follows from the identity I =
(Dy F VK2 + mQ)R‘i/(k), using the decomposition (3.2), and equating the coefficients of
k=% where a = {1, 2}:

I = Dy ¥ VK2 +m2) R (k)

= Dy Fm) |F

Ay
k2+m2+m)+z—\/ k2 +m?2+m

Al
k:2( k

F (VK2 +m? —m) :L%(
+ Dy F v k2 + mQ)Bi(k)

A
k2+m2+m)+i;\/\/k2+m2+m

The denominators for the terms containing the prefactor (v k? +m? —m) cancel:

%(\/W—m)( k2 +m2+m) =1,
%(\/m—m)\/i( K24 4+ m) = VELY (V2 T m2 — m),

and we therefore require the stated property.

3. To show symmetry of Ay and Ay, set ¢, ¢ € Lcomp(R3)4 and 0 < t K E; so that
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we have by selfadjointness of R‘i/ (it)
F2m(Asy,0) = Flim(Vm? — 2 + m)(As1), )

= lim <—t2 (R‘ﬂ}(z‘t) — Ati \/m - B(it)) v, <15>

= lim(~ PRE(it), ) = lim (3, —t*RE(it)p) (3.3)
= lim <¢ ,—t? (R#ﬁ(z’t) — %\/ Vm2 — 12+ m — B(it)>>

= Flim (Vm? — 12 + m) (i), Ar) = F2m(, Arg),

and

I At 6) — g%i\/( mZ— 2+ m{ALp, 6)

0 (it)?

= lim (it <R$(it) + ﬁ( m? — 12 +m) — Bi(“)) ¥, )

= }%it(w, (R‘j}(it) + (2;( m? —t24+m) — Bi(it)> ®)

= lim it (¢ \/ —t24+m? + mo) = Z\/7< VY, Ard).

t—0

4. Finally we explore the properties of Ay. First Ay : L2(R3)* — L2(R3)*
bounded operator by Theorem 2.3.2 and so (3.3) holds for all ¢, ¢ € L?(R3)*. As we have
also seen, (Dy F m)fli = 0 and so the range of A is contained in Vi as per Definition
(3.1.1). To show that indeed A+ = IIi then for any vy € Vi, ¢ € L2 (R*)* and

comp

t] < {£} we have by using (Dy F m)vy =0,

A A
it—j( m2 — 2 +m) + Ti\/ V/m? — 2+ m + By(it)

U:I:v¢>

Theorem 3.1.3 For the free Dirac resolvent kernel in (2.7) we list the following useful

relations
+ o (z—y) o (x-— 5 5] etlevl
Gy (ki —y) = 5 +k —|—Bm:|:\/k +m
| |z -yl lz—y \ drle — y|’
i (x —y) 1
GiO;az—y = +m5if},
oOw -y =Ty TrOED Ty

i k 1 iklz—y|
OGE (ks —y) = [imB +ivVE2+m? + <m. x—y)+ ﬂ ,
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m
wGE(0;x —y) = (B+ I)E

Proof. The first relation was introduced in (2.7) and setting & = 0 immediately gives the

second. For 9,GZ (k; = — y) we have

o (@ — . ciklz—yl
OuGE (ks — y) = [w‘ @-y) e @- +ij:\//~c2—|—m2] O
|z —yl |z -yl Atz — yl
N — ciklz—y|
N [(Miak«/ik2+m2] R
[z -yl |z — yl
io-(x—y)  a-(z-y) s i — yleTYl
= 5tk + B8m+VEZ+m
[z -yl [z —yl |z — y|
[a (x—y) k ] etklz—yl
lz—yl — VEZ+m?2] dr|x — y|
ik|lz—y| . _ . _
S @Y iR O @Y
Am |z — y|? |z — y|?

g (e ) |

which provides us with the third relation after cancelling the |& — y|=2 terms. Again

setting k = 0 we obtain G (0; 2 — y) for the final result. O

Theorem 3.1.4 Let AL be defined as Theorem 3.1.2. Then the image of Ay is not
contained in L*(R*)* but in Uy. Moreover if ux € Ux and V satisfies Assumption 2.4.1

then uy = RT(0)g+ where gx = (Do F m)usr = —Vuy € L2 p (R34

Proof. We divide the proof into 3 steps.

1. TInjectivity of RE (k) on L2 (R?)* (the left inverse being Do F /A2 + m?2) implies

comp

for k£ near 0

R (k) = R5 (k) (i;( k2 +m2+m) + —\/\/ k2 +m?2 4+ m+ Ei(k)) (3.4)

where Cy, Dy, Ex(k) : L2, (R3)* — L2 (R3)* and E4(k) is holomorphic near k = 0.

comp comp
This form resembles the identity in (2.14). Let ¢ € L2, (R*)%. Then we have the
expansion
V2mALY =i [\/\/ k2 +m?2 + mAﬂb]
k=0
= [ (kREW) + (V2 T2 kB (k
= [ KRy (k) ?( +m?+m) — kBx(k) | ¢ o (3.5)

+
+3 kffag Kk:Ri(k;) + H—Ij( k2 +m? +m) — kB(k)> 1#]

k=0
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If we consider only the coefficients of k” and use (3.4) then the first term on the right-hand

side of (3.5) becomes

:[Rgt(k)((’;j( k2 +m2? + m) +Di\/ k2+m2+m)w]k20
_ /Rs( K2t mE +m) (W+m(5ﬂ)> “(Diw(y)dy]k:a

ik|lz—y|

| [V <ciw><y>dy] .
k=0

Taking the limit we find that (3.5) becomes

. _ a-(-y)
iV2mALp = 2m ]R3< 2 + (ﬁ:l:]))

z—y

(D+1)(y)
drlx —yl d

.~ a-(x )(Ciw d +Z o [FRE(R)Y),_, .

R3 |ilc - y|2

where [5(D+9)(y)/| — y| dy is not in L*(R3)*. We now show that this term does not
cancel from the remaining derivative terms in the Taylor expansion. Hence for any m € N

m

e op [kRg]

k™ C
= o [Rﬁ(k)(ki( k2+m2+m)—|—Di\/ k2+m2+m>¢] + 0 (k).
! k=0

Equating terms of order kY, we see no term containing D+ as k — 0 since we see from the

first relation in Theorem 3.1.3 that %Roi(k‘) =0 (k) for j=0,...,m

2. We now show that the range of A4 lies in Uy. For all £ € C, where (Dy F
VEZ +m?)RE (k) « L2, — L2, We have

R(K) = RE (k) (Do F VA2 + m2)RE(k), (3.6)

and again expand as in (3.5) for ¢ € L2, (R3)* such that by using (3.6) and collecting

comp

kO terms we have
Wam AL = [kRE(R) (Do 7 VI + md)Rg(R)] _ + Mol kRE(Y], . (37)

Taking the non derivative term in (3.7), collecting k" terms and taking the limit we simply

have

[kR(jf(k;)(Do FVE T mQ)R‘i,(k)w} = VIR (0)(Do F m) A,
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whilst for each j > 1 derivative we have by collecting k" terms:

kI
Fil

ol [kRE(k)0],_, = ’;ia{; [:FH;(\/JC? 4 m)¢] +O k)

k=0

k
VE2 +m? +m)

kI
i
(-1

e L],
)j
(

Hw] —0.
k=0
Hence (3.7) simplifies to

Asp = Ry (0)(Do F m) A, (3.8)

This together with the property (Dy Fm)A4+ = 0 from Theorem 3.1.2 is enough to satisfy
Definition 3.1.1 that the range of Ay lies in Us..

3. Let ux € Ux. By (3.8), we write uy = Ra[(O)gjE € Ux where g+ = (Dg Fm)ug €

Lgomp(RE‘)‘l. Proving g+ = —Vuy follows from Definition 3.1.1 and the result from the
previous step: 0 = (Dy Fm)AL = (Dg Fm)AL + VAL O

3.2 Exact form of the full resolvent

In this section we find, for completeness, an explicit form of the operator Ay. To achieve
this we analyse the far field behaviour of functions in Vi before determining how they
differ from those in U4. This enables us to find a relationship between elements in V4 and
U+, and moreover, ascertain that there is only one unique element of U1. Since the image

of A4 is contained in Uy, this will form our basis for the image of A4.

Theorem 3.2.1 Let vy € Vi and assume V satisfies Assumption 2.4.1. Then,

1. vy = R(]—L(O)fi where fy = (Do Fm)vy = —Voy € Lgomp(R?’)4 and [gs f+ = 0.
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2. Uniformly in w € S? and locally uniformly in y € R3,

vt (y + rw)
= Z%wz%  (vs) Z% i (vs)
5,j=1
m(B =+ 1) 3m(ﬁ + 1)
e Zbi o+ S (B (0) — 26 (s by

j7k

+17)
Sirg ZBi ve) +2> by (vt)ye | + O (r7t), T too,
¢

(3.9)
where
bji(vi) = /R3 zj(Dy F m)vs(x) de, Bjik(vi) = /RB zjrr (Do F m)vs(x) de.
(3.10)

3. Forr >0 and locally uniformly in y € R> then
IF(ry) = / v1(y + rw)dw =0 (r_4),
~ s (3.11)
IF(ry) = / (a‘w)vi(y+rw)dw:(’)(r*2),
SQ

as r — o0.

Proof. We divide the proof into 4 steps.

1. Using (3.6) we have by equating k=2 factors

Iy = RE(0) (Do F m) s, (Do Fm)lly: L2, — L2

comp comp*

The range of this operator lies in Vi by Theorem 3.1.2. If we set fi = (Dg F m)vy €
LZomp(R?)? then vy = RT(0)f is in the range of TI4. Again by Theorem 3.1.2 we have
(Dy Fm)IIL = 0 and so we see that fr = (Dg F m)vy = —Vug.

2. Letr>0andw € S?sorw € R3. Using the second relation in Theorem 3.1.3 we

then write for ve = RE(0)fy € Va

v (y + rw) = R5(0) f+(y + rw)

_ 1 <—io¢-(x—(y+7“w))
A Jp3 |z — (y +rw)|?

f+(x)
|z — (y +rw)

+m(B £ I)> de,

where the —1 factor occurs due to the fact that the second relation in Theorem (3.1.3) is

with respect to y and not x as is the case here. Writing  — (y +rw) = —rjw — (x —y)/r]
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we have

__i [ ake—(@—w) m(B £ 1) fr@) g,
ve(y +rw) = 4mr? /Rs lw — (x )/7”|5 f(w) da dmr /1R3 |w_(x_y)/@3d12)

Next we consider Taylor expansions of the denominators on the right-hand side of (3.12).
Since (14 s)7/2=1-5/2+3s%/8+ O (s%) and (w,w) = 1 then

1 1
w—(x—)/rl 12w,z —y)/r+ & yP/i?

<W,.’E—y> _ |:I’._y’2 +3<w7w_y>
r 2r2 2r2

2

=1+ —I—O(r_?’).

Hence the second term on the right-hand side of (3.12) is

1 fi( )
7“/RS lw — (z )/7"|

. - f+(x) [1+

w.z-y) |lz-yP? 3w,z (3.13)

2r2 2r

; y)Q] de + O (774).

We use the previous expansion to write

1
jw — (z -

r r

) AR LN Y. et ISR
y)/rr?"{” rol )] Sl +0 (),

For the first term on the right-hand side of (3.12) we therefore have

1 [ a[w—(x—y)/r]
/]12{3 fi(x)dx

r? |w - (:D - y)/T‘S (314)
_ ;/RQ Jw— (z—y) /7] {1 + 3<“”jf —yq fe(@)dz + 0 (1),
Bringing together (3.13) and (3.14) with (3.12) we see that
v (Y +rw) = m(ij[) /R3 fr(z)dz + 0O (r7?). (3.15)

By definition vy € L*(R3)* but due to the prefactor r~! we have that % [ps fi(z)dz ¢
L?(R3)%. We therefore require

fr(x)dx =0. (3.16)
R3
3. Equation (3.16) greatly simplifies our expansion of vi(y + rw) in (3.12). To
expand the first term on the right-hand side of (3.12) we use (3.14) to write

L@y,
L, fele)d

r? |w — (@ —y)/rP

L a-fw—(x—1y)/r| [1_1_3<w,w—y>} fe(z)dz + 0 (r*)
R3

r2
/RgZa,wsz:c]fi 33—/ Zozlx,fi ydz + O (r- )
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Hence by (3.10) we obtain the first and second terms on the right-hand side of (3.9)

e [ e o [soton - St

+0 (7‘_4).

To expand the second term on the right-hand side of (3.12) consider first (3.13)

1 fi(:l})
/R o~ (=)

RO “”2‘7;"2 ¥ 3<“”2";;y>2] dz + 0 ()

szmz de — 27"3 fi(:c) Z [azf — 2z,y;| do

%

+ 3/ f+ (:12) [wi:ciwjxj — 2wia;iwjyj] de + O (7’74),
27" R3 T

and by (3.10)

m(3 £ 1) fi()
/Ra o= (@—g)/r "

47r
m(p+1) i m(B+ 1) .
dm? Z " 8 Z Bn vg) — 2 EZ: yib; (v)
3 + 71 i
m8(7€7“3) Z [Bij;(vi) - Q?Jibf(vi)] wiwj + O (r™t),

1’7‘7

which provides us with the remaining explicit terms on the right-hand side of (3.9).

4. To show (3.11) we note that

4
/ wjdw =0, / wjwy dw = I5jk, / wjwpwe dw = 0,
S2 S2 3 S2

where §;;, is the Kronecker delta. For I(r,y) the spherical integrals of all terms on the
right-hand side of (3.9) either cancel or are equal to zero up to the power r~%. Explicitly

we have
Zb;-t(vi) /S2 w; dw =0,
J

whilst we have cancellation amongst the 73 terms. This occurs since the first 2 terms on

the right-hand side of (3.9) cancel. Moreover writing

37718(761_;21) Z {BE(Ui) - 2b;t(’ui)yj} /SZ wiwj dw

]
_ WZ} [Bi( +) — 25?(%)1/]‘] (4;51-])

ZBu Ut _2zyib?:(v:|:)]7

m(B+1)
Comrd
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cancels the final two =3 terms on the right-hand side of (3.9). For I (r,y) we retain only

one term,
T+ — oo
I7(r,y) = /2 Z awiv(y + rw) dw
- zm/ LI PR
2
m(B 1) «~__ B
= (372 Zaib;-t(vi) +0 (r ).
Therefore I (r,y) = O (r=2) as r — oc. O

Theorem 3.2.2 Letv e Vy, ¢ € L? R3; RY) and set uy := Ro (0)p € LIOC(R3)4. Then

comp (

the following limit, independent of y € R? exists:

(v, ug)p := lim vi()ug (x) de = —i(HE, ) +m(B + 1)KL, ), (3.17)
R=c0 JB(y;R)

where we define
1 o - o0
HH W)= o [ Eewdn K@= [feyd G
T Jo 0

Proof. We divide the proof into 2 steps.

1. We first show locally uniformly in y, 7y’ € R3 and for large R that

—ia - (z —y) v (x) 1
10) / [ + Bi]] de =0 (r7). 3.19
5 o | oy T PED oy e =00 @19
Indeed using the fundamental theorem of calculus, d,,r = wj, and & = vy’ + rw we have
8%_ U:I:(-’L') |:_7/CM‘(:B _2y) —i—m(ﬂ:t])] dx
" JB(y';R) \:c—y| |z — y|
— 9y . ! — _
// Yy +rw) [ io- (Y +rw 2y)+m(ﬁi1)} 2 dr dew
s2Jo |y +m yl L |y +rw—yl
"+ Rw) [—ia- (¥ + Rw —y) -
_R2/ vy [ - +1)| dw
52 le +Rw—yl| [y +Ro—yf mp =)
(¥ —y+ Rw)
/s2wjvi(y + Rw)— !y’—y+Rw\3 “
( "+ Rw)
B+I R2 =

Since vy (x) = O (|&|~2) then the two terms above on the right-hand side are O (R™?)

and O (R_l) respectively. Then (3.19) holds true locally uniformly in y,y’ and implies
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that
—ia - (r —y) (B vy () -
/@R)[ FETEa “i”] P
- —ia-(z—-y) m(B v () z ~1
_/(/R){ o (511)} o de oA,

2. For each fixed y' € R? where  —y = 7w and ¢ € Lcomp(R3)4 we have

= lim — —la w_y)—I—m(BiI) vy +1w) g oy dy
/Rg /Bw)[ |

R—o0 41 ]w—yP |z — y|
—ia- (z —1y) - vy +rw) | —— 1
= lim // [ —i—mﬂ:l:[]da:gby dy+ O (R
R—o0 4T Jr3 JB(y/:R) |z — y|? ( ) |z — y| w) ( )
. ia- (z —y) = ¢(y)
= lim / vy (@ / (+mﬁj:.f> dy| dxz
R—00 4T [ p(y.R) +(x) [ r3 \ |z —yl? ( ) |z — y|
= lim ve(x)us(x) de = (ve , us)p. O
R—o00 B(y';R)
Theorem 3.2.3 The spaces Vi and UL are related by
Ve = {’Ui ceUs: / (]D)O F m)vi(a:) de = 0}, (320)
R3
and we define the multiplicity
mp(£m) :=dim(U+/Vy) = {0, 1}. (3.21)
Moreover if us € Uy then
ut + m(/B + I)AiV/ (Do F m)ug € V. (3.22)
R3

Proof. We divide the proof into 2 steps.

1. Clearly Vo C Uy. Theorem 3.2.1 indicates that 0 = [p3 f+ = [ps(Do F m)v+
which gives rise to (3.20). However the method leading to the expansion (3.15) can also

be applied to us € Uy in which case the 1/r term is non-zero. This leads to (3.21).

2.  Extending the notation in Theorem 3.2.2 and analogous to that in Theorem 3.2.1,
set ur = RT(0)g+ such that gr = (Dg Fm)ur = —Vuy € Lcomp(R3)4. If p € C3°(R?)

such that p =1 on supp V' then we consider the Taylor expansion of u4:

Ut = R ]D)v FVE2+ m2 Z 8]R0 ( ) ]k=0~ (3.23)
j= 0
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Justification for inserting the bump function p follows from (2.11). Since (3.23) is holo-
morphic on the left-hand side, then the poles on the right-hand side must cancel. Then

collecting k¥ terms in the non-derivative term (3.23) becomes
Rx%(k)P(DV F V2 +m?) [R(j)c(k)gi]kzo m 0,

since (Dy F m)uyr = 0. Next consider the first derivative term on the right-hand side of

(3.23). Collecting k" terms again and using the final relation in Theorem 3.1.3 we have
kR‘:‘/:—(k)(]D)V FV k2 + m2) [8kR6t(k)gi] k=0 m iAi(DV F m)\/ 2m/ %(,@ + I)gi.

This remaining term lies in the range of Ux. From (3.23) we note that any further k°

terms will be mapped into II.. Hence

my2m
47

ve + (ﬁinAi(Dwm/gi VL.

To obtain (3.22) we show that

BED@oFm) [ 0sw)dy = (3D (ia-V+omFm) [ gx(u)dy =0

which follows from o - Vg [gs 9+(y)dy = 0 and (8 £ I)(B FI) = B> — I = 0 by the
conditions in (2.1). O

Theorem 3.2.4 The operator A+ has the explicit form
AL = ﬁlR(:Em)(w:t ®@i),
where wy s the unique element of Uy satisfying

we () :——%Jro(yac\—?), h=(1,1,1,1)". (3.24)

Proof. We divide the proof into 2 steps.

1. Let vy € Vi, ¢ € LZ,,,(R*)* and p € C§°(R?) such that pV =V and pyp = ¢. If
t < B then we write

(ve,9) = (R (it) Dy F Vm? — 2)vy )

= ((Dv Fm) F (Vm? — 2 —m)]ox, Ry:(it))
= F(Vm? — 12 —m){vs , Ry (it) (Do F vVm?2 — 2) R (it)),
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where we have used (Dy Fm)A+ = 0 from Theorem 3.1.2. Explicitly we write

</Uia’(/)>
:F( m? —t2 —m) via:/ [ 5 —|—z'ta'(w_y)—|—ﬁm:|:\/m2—t2
R3 R3 |ac—y|

|z — y|
(Do F vVm? — t2) R (it)y(y) dy da.

e—tlz—yl|

“inlz —yl yl

Let rw = & — y where r > 0, w € S%. Hence
(ve, )
=F(vVm? —t2—m) lim / / Y+ rw)
R3 R—o0 S2
X [—ia cw(147rt) +r(Bm 4 Vm?2 — t2)}
R
= ;(\/mQ —t2—m) lim / —iIg[(r,y)(l + rt) 4+ r(Bm £ Vm?2 — t2) I (r, y)]

R3 R—o0

m? — t2) Ry, (it)(y) dw dr dy

m?2 — t2) Ry, (it)y(y) dr dy,

where we have used (3.11). We proceed with the expansion e® =3, 27 /5. For conver-

| ey [T
0 0

that & < 3 and § < 1 by (3.11). If we introduce

gence we require for

1 o
T = -y [ Py an
47T 0
and use (3.18) we write
<Ui )Tr[}>
S22 t2 _
::F( m m) Rlirn / in )+ r(Bm £ V/m2 —t2)IE(r,y) 1—7't)]
]R3 — 00

x (Do F Vm? — t2)RE(it)y(y) dr dy + O <t3/2)
=F(Vm2 -2 — m)/ [ iHE (y) + (Bm £ vVm?2 — 12) (KF(y) + tJf(y))}

R?)

x (Do F vV'm?2 — t2)RE(it)y(y) dy + O <t3/2)

(3.25)

From (3.1) we note

F(Vm? — 2 —m)RE(it) = My Fide\/ Vm2 — 2 —m + O <\/m2 — 12— m),
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such that we rewrite (3.25) as

(e, ) = —i(HE (Do F V'm? — 2)I114)
—i(HE  (Fi)\ Vm? — 2 —m(Do F V/m? — £2) Ax1))
+ (Bm £ V/m? — 2)(Kf, (Do T v/m? — £2)T14h)
+ (Bm £ Vm?2 — 2)(KE (Fi)\/ Vm? — 12 — m(Do F V/m? — 12) A1)
+ t(Bm £ V/m? — 2)(JF , (Dg F Vm? — £2)TLe4))
+4(Fm + E — BT (Fi)V ViR — 2 — m(Do F v — ) Asp)
o) <m>

Collect v vVm? —t2 —m terms, let t — 0 and use (3.17) so that we have

0= —i(H, , (Do F m)ALy) +m(B + I)(K, , (Do F m)ALy)

= (vx, Ry (0)(Do F m)Arih)o = (vt , Axth)o.

(3.26)

2. We now concentrate on (3.26) which suggests that we have some form of orthogon-
ality between vy € Vi and A1y € Uy on the inner product defined by (3.17). Trivially
if m(+m) = 0 then the sets Uy and Vi coincide exactly and we imply Ay = 0. Now
consider when m(£m) = 1. Existence and uniqueness of the element w4 defined in (3.24)
follow the arguments as in the proof of Theorem 3.2.3. The range of A1 is contained in

the span of wy. As Ay is symmetric (see Theorem 3.1.2) we have for some ¢ € C
Ay = c(wi X E:ﬁ:)'
The constant ¢ can be determined by inserting w4 into (3.22):

Visws + VQer(ﬂ:I:I)AiV/

g+ (z) de, (3.27)
R?)

where we have set g+ = (Do F m)ws € L2,,,(R*)* and wy = RE(0)g+ € L (R®)L To
determine ng g+ (x) dx we expand w4 as in the proof of Theorem 3.2.1. Analogous to
(3.15) we obtain

B m(B+1)
 Adnr

w4 (x) /}R3 ge(z)dz + O (r?). (3.28)

Unlike the case for v4 € V4, the first term on the right-hand side is non-zero since we
have shown that we require a r~! term for wy. Comparing the »~! terms in (3.24) and

(3.28) we have
h m(B=£I) .
_\/% — i /R3 gi(m) dar:,
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or

- A 1
/RS is(@)de = —— (3% 1)"'h (3.29)

Insert (3.29) into (3.27) and using A4V h = cwy we find

Vi3 wy — cwy,

orc=1. O

Summary

In this chapter, we constructed the full resolvent of the Dirac operator near the threshold
points. In section 3.1 we proved the basic properties of Theorem 3.1.2 and why that form
exists. In section 3.2 we studied the exact form of the operator AL. The final result is
summarized below and will be used in the proof for our Birman-Krein trace formula in

chapter 5 when dealing with threshold resonances.

Theorem 3.2.5 Let V' satisfy Assumption 2.4.1 and assume mpr(£m) > 0. Then near

k = 0 we have the decomposition for the full resolvent

I mpg(+
RE(k) = T (VE2 +m? +m) + mR(km)(wi ®@i)\/\/k2 +m?+m+ By(k),

where k — B4 (k) is holomorphic near k = 0, I11 is the orthogonal and symmetric projec-
tion defined in Definition 3.1.1, and the multiplicity mgr(£m) and wi are defined respect-
ively by (3.21) and (3.24).
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Chapter 4

The Dirac scattering matrix

In this chapter we introduce some concepts from scattering theory that will be used
throughout the remainder of this thesis. The key ingredient is the scattering operator
that maps between the initial and final states of a system perturbed by a potential V. In
general there are two main approaches to scattering theory; the inverse problem assumes
that the scattering operator is known and hence used to determine V. If, on the contrary,
V' is known, then studying the direct problem determines the scattering operator. Since

we have outlined the properties of V' in Assumption 2.4.1 we use the latter approach here.

In section 4.1 we introduce the concept of scattering states and the scattering
operator for the Dirac system. These standard definitions and results can be found in [79]
and references therein. With this in mind, in section 4.2 we define the scattering matrix,
S*(k), as a mapping between incoming and outgoing terms of the solutions to the Dirac

eigenvalue problem
Dy F VA2 + m2)w® = 0. (4.1)

We finish the chapter by proving several properties of S*(k) and det S* (k) which will be

used later in the thesis.

4.1 Scattering states

Standard arguments in spectral theory state that the Hilbert space H can be decomposed

into the orthogonal spectral subspaces H = Hpp @ Heont Where Hyp, is the closure of the
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span of eigenvectors of Dy and Hcont corresponds to scattering states. If ¢ € Heont then

1 [T ,
i 7 [ (e < Re ™Vl de =0,
oo 0

where y is the indicator function. If we consider a particle state v (t) passing through
the interaction region of the potential V', then we expect the external forces to affect the
direction that 1 (t) leaves the region of influence (see Figure 4.1). Our assumption that
V has compact support suggests that the state ¥ (t) = e~ Dvty) may be approximated by
solutions of the free Dirac equation ¢4 (t) = e Polgp,, ¢ € H as t — Foo:

lim [le PVl — e Polp, || = 0. (4.2)

t—*+o0

We introduce the Mgller wave operators
Wy = lfs—_}:ltroré eithe—iDot : H — Heont,

that map the initial (WW_) and final (W) states to 1(t). A key question in scattering
theory is whether these operators exist for a pair of Hamiltonians (H, Hy). Indeed, under
our assumptions on V,; Wy exist for the pair (Dy,Dy) and, moreover, the completeness
property in (4.2) holds (see [79]). Such a system is termed asymptotically complete and as

a consequence we can use the Mgller operators to define the scattering operator
S =WiW_:H—=>H,

that maps scattering states from t = —oo to t = 4-00. It can be shown that S commutes
with Dy and as a result, can be represented by the scattering matrix S (k). In the next

section we explore further the properties of S*(k).

4.2 The scattering matrix and its properties

We first define the concepts of incoming and outgoing solutions. These will be used in the
definition of the scattering matrix. The reader should note these definitions and not to

confuse them with the + notation introduced in section 2.3 for the sign of z.

Definition 4.2.1 Any solution u* to (Dy F Vk2 +m2)u™ = f* where V satisfies As-
sumption 2.4.1, for k € R\ {0} and f* € L?

comp

(R*)* is outgoing if

ut = Ry (k)g™, (4.3)
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Figure 4.1: Schematic of a scattering process where the grey area indicates the support of
V. Outside this interaction region, as t — —oo the state 1(t) is approximated by ¢_(t)

and likewise by ¢ (t) as t — oo.

holds for some g& € L2, (R®)*. Similarly u* is incoming if u* = R(j):(—k:)gjE provided

comp

k€ R\ {0} and some g* € L2 (R3)* exists.

comp

Using (2.12) we can rewrite (4.3) such that

ut = Ry (k)Ve @) = R (k)g*, (4.4)
4.4
gt = —(I+ VR (k) 'Ve ke e L2 (R

To introduce the scattering matrix and provide motivation for its usage, we make

use of the following theorem:

Theorem 4.2.2 Let € =70 € R3. Then for k € R\ {0} in distributional sense we have

etk w) % efikr(s(e _ w) _ eikr5(9 + w) , r — 00. (4.5)

Proof. Assume ¢ € C*®(S?) and w = (1,0,0). Since @ € S? then the scalar product
(0 ,w) = 0 has stationary points at §; = £1, corresponding to opposite poles. We assume
further that ¢(6) will have compact support at these poles. Then writing ¢ = (t1,t2) € R?
such that 8 = (£+/1 — |t|2,t) we have

I(r) = /S O o0)d0 = Y /B GFIVI (TR, ) (1) dt,

+ z2(0;1)
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where J(t) = 1+ O (t?) and the summation is over each pole. Using the method of

stationary phase (see for instance [29, chapter I|) we therefore have as kr — oo

1) ~ 27 [e76(1,0) — ¥ o(~1,0)] + 0 ((kr) )
— % [ek . $(0)5(6 — w)d@ — e . $(0)5(0 + w)d@| + O ((kr)~?).

Hence we obtain (4.5) in distributional sense for the special case w = (1,0,0),
ignoring the higher powers of 1/kr as r — co. In general any w can then be constructed

as a sum of such functions. O

We now introduce the scattering matrix which maps the incoming components

of w¥* solving (4.1) to the outgoing components.

Definition 4.2.3 Solutions to the eigenvalue equation
Dy F VA2 + m2)w®(z, k,w) =0,

where V' satisfies Assumption 2.4.1, will be considered of the form
wt(z, k,w) = e F®@) Loyt (@ kW),

and the outgoing u™ satisfies (4.3). If b*(x, k,w) is the leading asymptotic term of
uF (x, k,w) such that
+ 270 ik -2
ur(x, k,w) = 7€ b (z, k,w) + O (r7?), (4.6)
r
then we define the absolute scattering matriz as

Si

abs

(k) : 6(0 — w) — —(6(8 4+ w) + bE(k, 0,w)), (4.7)
which we normalize to define the scattering matrix

SEE) :6(0 —w) = 6(0 —w) + b5 (k, 0, —w). (4.8)

To motivate the concepts of Saibs

(k) and S*(k), we use the distributional form
presented in Theorem 4.2.2 and (4.6) to write the leading term of w® (x, k, w) for r — oo

as

wr(z, k,w) = e FB9) L oyF (@ kW)

- % (077600 —w) — 750 + w)| +ut (@, kw)
r
omi [ '
N kirz [e—zkr5(0 —w) = *T(8(0 + w) + b (z, k,w)) |



40

The e?*" prefactor is due to (4.4) and Theorem 2.3.3. Then the absolute scattering

matrix maps the incoming terms (those containing the prefactor e~%") to the outgoing

terms (those containing e’*") above, thus leading to (4.7). Note that if V = 0 then
S:t

abs

scattering matrix, S*(k), such that for V.= 0, STf(f) = f(d). This is our chosen

f(0) = —f(—0) for suitable f. It is therefore more natural to consider an alternative

normalization of the absolute scattering matrix as defined in (4.8). These two notions of

the scattering matrix are therefore related by

SE(k) = —SE _(k)J, Jf(0) = f(—0). (4.9)

Theorem 4.2.4 Let V satisfy Assumption 2.4.1. Then the scattering matriz can be writ-

ten as the operator

SE(R) =T — A%(k) : L2(S?)* — LA(S?)%, (4.10)
where
(k) = £ (1 4V RE(R)0) IV Bk,

4r? (4.11)
Es(k, @, w) = e (kO)p(x)e™®<) : L2(RY)* — L*(S%)*,

the projection Iy (kw) is defined in (2.3) and E4(k,x,w) is the kernel of Ex (k). Moreover

A*(k) is a trace class operator.

Proof. We divide the proof into 2 steps.

1. From (4.4) and Theorem 2.3.3 we write

uE(r0, k,w) = —RE(R)(I + VRE(k)p) " Ve hew)
ikr
Z 7ﬁ(/’m-‘9+m5ﬂ:\/k?Jrirn?)
7

x / e MO + VRT (k)p) Ve o dy + O (r72).
R3
Setting w — —w in accordance with (4.8), we write the Schwartz kernel of A% (k) by
comparing 1/r terms in (4.6):
bE(r0, k, —w)
k ) ikr
(=) (€ (ko 0+ mB + VR + m?)
2me a7
x/ e"*YO (I + VRE(k)p) Ve @) dy
R3

_ikVE2+m? 1 (ka0 +mp
N 47T2 2 \/k2+m2

+ I> / e HRWO (T 4 VRE(k)p) TV ek @) dy
R3
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ik k2 +m?
472

where (I +VRZ(k)p)~'V = p(I + VRE(k)p)~'V by (2.15). This proves (4.10).

= —(£1) 11 (k6) /RS e kW0) p(y) (I + VRE(k)p) "V p(y)e™ =) dy,

2. To prove for a given k, where k ¢ R (see Definition 2.4.3), that A*(k) is a trace

class operator, we use (4.10) and (A.4) to write

1A= (k) I, < CMNEL®NIT + VRS (k)p) I D silEx (k). (4.12)
j=1

Since k ¢ R, then ||(I + VRE(k)p)~!|| is bounded. In addition we have for u € L?(R3)*
| By (k)ul| p2(s2ya < Ce“W||ul p2(rays. (4.13)

To estimate s;(Ey(k)) in (4.12) we denote by A, the Laplace-Beltrami operator on S? so
that by (A.4) we see

SHEL(E)] < s30T — M) I = Au) Ba (bl oyt ety (4.14)
Evaluating s;[(I — A,) %] follows from (A.10) on the two-dimensional surface of S?. Hence
sil(I— Ay~ < i (4.15)

Similar to (4.13) we also have
IT = A B (b)ul eyt < (204 Ml g, (4.16)

where the (2¢)! factorial is due to differentiating the exponential. Using (4.15), (4.16) and
Stirling’s approximation (see for instance [80, section 1.87]), n! < Cn™ alongside setting

the free parameter £ = (1/j/e)/2, we estimate (4.14) as
s;[E+ (k)] < CeCl*li=t20)1 < CeClkle=Vi/C, (4.17)

We therefore conclude that the summation in (4.12) is finite and so AT (k) is a trace class

operator. ]

Theorem 4.2.5 Let V satisfy Assumption 2.4.1 and suppose k € R\ {0}. Then for a
given g= € C°(S*)* there exists a f£ € C®(S*)* and vt € HL (R such that
Dy F VK2 + m2)vjE =0,
c o .
v (r@) = - (eilkrgi(e) + elkrfi(0)> +0 (7‘72).
Moreover we have
Sans(k) - g7 (8) = 1(0),
SE(k) : —g™(—0) = [7(0).

(4.18)
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Proof. For gt € C>(S?)*, we define
up () = Y
it (@) = /S gH@) (a0 w)e HE) d,
x) == ui () — RE(K)[V +mB F VE2 + m2ug (z) + RE(k)kus (x).
Then Doua: = —kﬂoi + m[i’u(jf and so
(Dy F VK2 + m2)ud = —kug + mpug + Vui F V2 + m2u,
which satisfies

Dy F VE2+m2)vE = Dy F VE2 +m2Jud — [V +mB F VE2 + m2ui + kug = 0.

Using (4.5) and Theorem 2.3.3 we finally have

=ud(x) — RE(R)[V +mB F VE2 + m2ud (x) + R (k)kis ()

~ /g2 g (w) <2k:7:> (e‘ikré(B —w) —e*rse + w)) dw
" — (ka6 +mf VE2 + m?2)(27)3/2

ﬁ[(I+VRO(k)) IV — ka-w+mBF VE2 +m?] —Z’“w} (k6) dw + O (r2)

e_ikrgi(e) + eikrfi(0)> +O (7“_2), 7 — 00,

and so (4.18) holds. O

Akin to Stone’s formula for the free Laplacian (4.21) (see also [11, section A.3]),
the next theorem describes the difference above and below spec(IDg) of the cut-off free
resolvent. This will prove instrumental in proving the trace properties of det S*(k), the

determinant defined in (A.7).

Theorem 4.2.6 Let V satisfy Assumption 2.4.1 and assume p € C§(R3) such that V =
pV on the support of V. Then the analytic extension of the free cut-off free resolvent

satisfies

(oRE ()0 — pRE (k)] = £ L (k2 (k). (4.19)
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where E4(k,x,w) is defined in (4.11) and the projections 11+ (k@) are defined in (2.3).

Proof. We divide the proof into 2 steps.

1. We first prove the following useful relationships for the Schwartz kernel of the
free Laplacian resolvent satisfying (Roo(A)u)(x) = [gs Goo(® — y; N)u(y) dy. Assuming
Im\ >0, 2=\ then

Azl
Goo(m )\) e |$’ (4.20)
G . el . _ A IAw-x 4
00(x; A) — Goo(x; —A) = 872 Js dw, (4.21)

where w € S? in (4.21). To prove (4.20), first let » = |k| and a = cos#. Then consider

etlzlra I 0o r ) )
dk =2 2dadr = — il _ o=ilelry qp,
/Rs|k|2 k=2 [ / 3 e =gy Jy ol e

This can be rewritten so that the integral is considered over the whole real line and solved

by standard contour methods
/ o — dk = 2m [ ﬂdr = ﬁeiwu.
R K[> — A2 N ||
Finally we recognise that for suitable f, we have (Roo(A\)f)(x) = (Goo * f)(x), the con-
volution between the kernel and f. This follows from standard arguments that utilise the
fact that the Fourier transform acting upon a differential operator is akin to multiplication
by the momenta variable. Hence

o \ 1 etk K ei\:c\)\
00(®; A) = (27)3 /R kZ—X2"" " dr|z|

To prove (4.21), let w = (7,0, ¢) € S? where r = 1 such that setting a = cos § gives

- 1
. y 4 -
/ o WT Jy — 27r/ eiMzlcost i p qp — 27‘r/ eirzla 4, — sin(A|z|).
S2 0 -1 )\| |

Hence by (4.20)

b (ei’\|”cI - e_i)‘lml) S (sin(Alx])) = z)\/ e T qu.
SQ

Goo(®; A) = Goo(@; =A) = 47 || 27 || 82
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2. Using (4.21) alongside (2.5), (2.2) and (2.3) we write for f € L*(R3)*

[p(R5 (k) = B (—k))p (=)
= pl@) | (Do £ Vi +m?) (Roo(k) — Roo(—k) pf] ()
8k2p (Do £ V2 +m?) /2 ”““’/Rg e~ *Yp(y) f(y) dy dw

2 2 . : i
_ iR /S2 ik (M + I) /R3 eV p(y) f(y) dy dw

s N
4 VEZ +m? - )
o /S ¢ p(@)IL (k) /R e p(y) f(y) dy dw
y 2 2
= T B (kB ) ) (@), .

Theorem 4.2.7 Let V satisfy Assumption 2.4.1. Then for k € C the scattering matrix

SE(k) is meromorphic and whose poles coincide with the poles of RE (k). Moreover
ST(k)Th = ST(k) = JST(=k)J,  Jf(0) = f(-0), (4.22)

and

(det SE(k)) ™! = det S*(—k). (4.23)

Proof. We divide the proof into 3 steps.

1. We first prove S*(k)~! = JS*(—k)J. For k € R\ {0}, we have from (4.18)
that Sajis( k) = S;is(k‘)_l. Since R‘f(k) extends in a meromorphic manner to C (see
Theorem 2.4.2) then by (2.14) and (4.11), S*(k) also extends meromorphically to C. The
poles of R(k) and S*(k) hence coincide. Since S*(k) = —SE (k)J from (4.9) then
—SE (k)™' = JS* (k)™ and so

SE(—k) = -5

abs

(=k)J = —5%

abs

(k)~YJ=JS% (k)1

2. To prove ST(k)~' = S*(k)*, we note for k € R that R (k)* = RT(—k). Then
taking the adjoint of (4.10) we have

2

+ + *
T (S SH ) - 1)
= Be(k)(I + VR (k)p) 'V Es (k)" = Ex(R)V (I + pRg (=k)V) ™ Ea (k)"
4 VST )0+ V RS (R)) ™V Bk B9V UL+ pReE(—k)V) ™ B ()’

= E+(k)(I + V Ry (k)p) "'V | pRy (—k)p — pRy (k)p
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n kv k2 +m?

1 De(R) Ex(k) V(I + pR5 (=k)V) ' Ex(k)",
which is equal to zero by (4.19). Hence ST (k)~! = S*(k)* as stated.
3. Finally to prove (4.23) we use (A.7) and (A.8) (with A; = A*(k) and Ay =
A*®(k)*) so that (det ST(k))~! = det(S*(k)*). Using this and (4.22) we write
(det SE(k)) ™! = det[JSE(—k)J] = det[I — JAL(—k)J] = det[I — AX(—k)],

where we used the second property in (A.8) for the last step. O

Theorem 4.2.8 Let V satisfy Assumption 2.4.1. If p € C§°(R3) such that pV =V on

supp V', then the scattering matriz satisfies

Te[ST (k) 710, ST (k)] = Tr FE(k) + Tr FH(—k),
k

F5(k) = IWR(T(M(I +V Ry (k)p) 'V R (k), (4.24)
FE(—k) = i\/inWRSE(—k)(I + VRE(—k)p) 'VRE(—k).

Proof. From Theorem 4.2.4 we use (A.8) and (A.9) continued analytically from small p
until © = 1 so that

det S*(k) = det (I — T=(k)),
T*(k) = (I +VRg(k)p)"'V [Ry (k) — Ry (—k)] p: L*(R?)* — LA(R?)*,
where we substituted in (4.19). Then
det S*(k) = det [(I + VR5 (k)p) ™ (I + VRF (k)p) — VRT (k)p + VRT(~k)p)]
= det [(I + VR (k)p) ' (I + VRT(=k)p)].

Taking the logarithmic derivative and using the Jacobi determinant formula (see for in-

stance [27, section IV.1]) gives

O log det S*(k) = Oplogdet [(I + V Ry (k)p) (I + VRF (—k)p)]
— Tr | [(I+ VRE(k)p) (I +VRE(—k)p)]
O (I +VRF(k)p) (I +VRs(—k)p))

= —Tr [(I + VRy (—k)p)'0_k (VR (=k)p)]

+Tr [(I+ VR (K)p) (0x(I + V Ry (k)p)~1)],
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where we have used the trace cyclicity. We note that by the spectral theorem (see Theorem

A.2.3)

OupRE(k)p = [ 0T VI D) 2pd ) = £ o (2,

k
[ e —
VE2 + m? VR tm2 0

(4.25)

and, similarly,

k
+ T o = = A
O—kpRy (=k)p=F o spRy (—=k)p,

oI+ VRE(k)p) ™' =+ ( > (I + VRE(K)p) 2V RE(k)2p.

k
VIZ - m?

Hence by trace cyclicity we have

O log det ST (k) = Tr FE(k) + Tr FE(—k),

FE(h) = F—tes B (BT + VRS ()0) VS 8)
FE(oR) = £ RE ()T + VRS (k) VRS (),

where
Ry (k)(I + VR (k)p) 'VRy (k) = Ry (k)p(I + VRy (k)p)~ 'V pRy (k),

which follows from (2.15). We obtain the desired result by using the Jacobi determinant
formula once again

Or log det ST (k) = Tr[SE (k) "1, SE (k). O

Summary

In this chapter, we have, from basic principles, constructed the Dirac scattering matrix
as a mapping between the incoming and outgoing components of the solution to (4.1).
We have proved that it can be written as the sum of the identity operator and a trace
class operator. Moreover, we have shown that the logarithmic derivative of the scattering
matrix determinant is even in k. This will be directly used in obtaining our Birman-
Krein trace formula, and also in chapter 7 where we prove the existence of infinitely many

resonances.
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Chapter 5

The Birman-Krein trace formula

In this chapter we present the first of our two trace formulas for the Dirac operator. In
section 5.1 we prove that the difference between Schwartz functions of Dy and Dy is trace
class. This leads to section 5.2 where our trace formula shows the relationship between
the trace difference and the scattering matrix. To calculate the contribution from the

threshold resonances, our main result from chapter 3 (Theorem 3.2.5) is employed.

5.1 Trace estimates of the resolvent

Theorem 5.1.1 Let V' satisfy Assumption 2.4.1. Then

1. If p € C§°(R3) such that pV =V on supp V we have the following singular value
estimates
Sifa [P0 = )77, 8570 [0 — i) 0] < 5P, o)
Sifa [Py =) P|, 5500 [y = )| < 5P

2. Ifze€pDy)N{|Imz| <1} we have the trace estimates

A(z), |Rez| <m,
H(]DV — Z)_l(DV _ i)_4 _ (DO _ z)_l(]D)o _ Z.)_4HB1 < ( ) ’ ‘ <
B(z), [Rez|=m,

A(z) = max ¢ ¢
N Eespec(Dy) |Rez - E‘Q + |Imz[2’

3. If f € S (R), then f(Dy) — f(Dy) is a trace class operator.
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Proof. We divide the proof into 4 steps.

1. For z € p(Dg) we first show for the free resolvent norm

1

(Do — Z)_1HL2—>L2 = m» |Re 2| > m,
I@o — )7 . |Re o
0—2) |lr2—gr2 = , ezl <m,
Lk VIRez —m[?2 + [Im z[?
and, likewise, for the full resolvent norm, where z € p(Dy),
T S T Rez| > m,
| Im z| -
I@v -7 : [Re o
v —2) |22 = max , ezl <m.
L=l Eespec(Dy) \/‘ Rez — E|?2 + | Im z|?
We use these to show that
(Do —4) 2w, Dy —4) em < C. (5.5)

For the L? — L? norms in (5.3) and (5.4) we use Theorem A.2.1. By the geometry of the
C plane, if |Re z| > m then dist(spec(Dy ), z) = dist(spec(Dy), z) = |Im z|. Alternatively
for |[Rez| < m, if E € spec(Dy ) is the nearest point to z € p(Dy ) then

1 1
dist(spec(Dy ), 2) VIIm 22+ [Rez — E|Z

For (Dp — z)~! then there are no discrete spectra in (—m,m) and we require E = m. In
this case we obtain the second estimate in (5.3). For the first estimate in (5.5) we use

(2.5) and the Laplacian resolvent norm estimates (see for instance [23])

k
IRVl < 1517

— Im A\ <k<2
T A mA>0, 0<k<2,

to show that
(Do — 2) Ml r2mm = (Do + 2)(=A — k)" 2 i

<CUY gl + 181+ 1 | (=2 = &) oo

j=1

(2)°
<O oyl + 181+ 1 T 2P
j=1

where |T| = +/T*T is the absolute value of each element in T, (k(2))2 =1+ |22 — m?| <

C(z)? and C|Imk| > |Imz|. Set z = i to obtain the first bound in (5.5). To show

C|Imk| > |Im z| we assume z = = + iy and use the complex square root relation

ﬁ:\}i [\/|z|+Rez:|:i\/|z|—Rez},
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so that

=

| Imk| = |

V(z+iy)2 —m2| = |Im /22 — y2 — m2 + 2ixy|

V= =B+ @y - (02 — 2 — m2)

Sl =Sl Sl Sl

\/\/x4 + yt 4+ m + 222y% — 222m? + 2y>m? — (2? — y? — m?)

\/\/;E4+m4—21:2m2—(:n2—y2—m2)

Y

22— (22— 12 —m2 ‘:M
Vv (22 —y ) /5

For the second bound in (5.5) we use (2.12) to write
1Dy = 2) "Mz = (Do — 2) (I + V(Do — 2) ") " 2 (5.6)

As in the proof of Theorem 2.4.2, (I+V (Dg—z)~!)~! exists as a Neumann series provided
(2.8) is true for large |k|. Given (5.3) then there is a large enough z for this to occur. By the
Rellich-Kondrachov theorem, V(Dy — z) ! is compact on L?(R3)* and in turn, application
of Theorem A.3.1 proves the meromorphic continuation of (I +V (Dy—2)~1)~! to the rest
of p(Dy). Set z = i and using the first bound in (5.5) on (5.6) proves the second bound
(5.5).

2. We next consider the singular value estimates on (Dg —4)~! in (5.1). The proof

follows from (A.10) with m =1, (A.6) and (5.5). If [-] denotes the ceiling function then

sty [0 = )] <=8 = DY D0 — i) 12, [s7570 [(-0 - 1772]]

. [JB-‘ ~1/377 (5.7)

< ||P/(]D)O - 2.)_1”[22_)15(1 < C/j_ﬁ/?’a
where p = (p/)? also satisfies V = p/V. A similar proof holds for s1j/a11(Do — i)~Pp]. For

the estimates involving (Dy —4)~! in (5.1) we prove by induction. The 3 = 0 case follows

immediately: sp;/q1[0((Dy —i)1)°] = s1j/a1[(Dy —i)~1)%] < C. Assuming the estimate
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holds then we note by (A.5) and (A.6) that

B+1

stij2al | D Py — i) P2V Dy — i)_k]

=1
B+1

<> sria(ial (DV—Z) k=2~ V)(Do—"')fk}

B+1

<3 stiaenal [Py — 2= V)p(Dy — i) ]
k=i
B+1

<Y spaeena [Py = 1@y = ) IV Ilsg a0 [pDo — )]

p+1 j (—B+k—1)/3 j —k/3 oy
<C — — < ¢y~ Pr/3,
= ; [4a(6+1)w [4a<6+1)w =

(5.8)

Rewriting using the second resolvent identity (see Theorem A.2.2), we have for general z

Dy —2)7P — Dy — 2)77

_(DV B z)iﬂ+k71(D0 _ Z)karl — (Dy — Z)—ﬁJrk(DO _ Z)fk}

_ (5.9)
_(DV — Z)_B+k [(]D)V — Z)_l - (DO - Z)_l] (DO - Z)_k+1:|

Il
M= I I

Dy - )77 Dy — )7 (=V)(Do - 2)71] (Do — )71,

T
I

and hence
8[j/a] {P(Dv - i)_’g_l}
B+1
< s1j/2a1 [P0 = )77 + 57201 [Z p(Dy — i) P2 (V) (Do — i)"“]
k=1
< = BHD/3,

This completes the inductive proof. A similar argument holds for s/, [(Dy — i)~ 1pl.

3. For (5.2) we prove the first inequality. The second inequality follows similarly.

First we write using (5.9)
Dy = 2)" Dy i)™ = (Dg = 2) " (Do —5) ™"
=[Oy —2)" = o —2) 7] (Do =)™ + Dy —2) 7 [Dy =)™ = (Do —i)™"]

4
—(Dy —2) V(g — 2) (Do — i) = Dy —2)7" > Dy — )PV (D — i) F,
k=1
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where we have used the second resolvent identity once again. Using the method in (5.8)

we estimate the singular value as

si[(Dy = 2) 1Dy — i)~ = (Dg — 2) " (Do — ) "]

< sty [=v - z>*1V<Do ) Dy — )]
—(Dy —2) 12 RSV (D — i) k]

< 1Dy —2) 1o — 2) "IV IIsj/a [p(Do — )]

+ S15/2)

4
Oy = 2) 7 1Y spigst (v = )* V(D — i) ]
k=1
C (1o — )71 +1) |y - 2) 75~

Hence

[(Dy —2) 1Dy =)~ = (Do — 2) "1 (Do — i) | 5,

o

55 [(Dy —2) " (Dy — i)~ — (Do — 2) " (Do — i)~
1

< ClI@o - )M+ 1] @y —2) 7D,

j=1

<.
Il

where the summation is finite. It remains to use the estimates in (5.3) and (5.4) alongside

the assumption | Im z| < 1 to obtain (5.2).

4. To show the final part of the theorem, we write f(z) = (2 — i) *g(2) where
g € Z(R) since f € Z(R). Introduce also g as an analytic extension of g satisfying
(A.12). Using the generalized Helffer-Sjostrand formula in Theorem A.2.7 with N = 4

and zg = 7 we write

1f(Dv) — (Do)l

— i / [(Dy — 2) Dy — i)~ — (Do — 2) (Do — i) %] 9.4(2) dm(2)
T Jo By
=C I(Dy —2)"H(Dy =)~ = (Do — 2) (Do — ) ~*[|5,10:9(2)| dm(2)
{| Rez|>m}
+C (Reslom) Dy —2)" Dy — i)~ = (Do — 2) " (Do — i) ~*||5,10:9(2)| dm(2).

It remains to use (5.2) and note that for N > 4 in (A.12) of Theorem A.2.6 that this is
finite. 0
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5.2 The Birman-Krein trace formula for the Dirac operator

We now state and prove our first trace formula.

Theorem 5.2.1 Let V satisfy Assumption 2.4.1 and f € Z(R). If ST (k) is the scattering

matriz as outlined in Definition 4.2.3 then
1 oo
2m F(VE2+m?2) Tr [ST(k) 1 oRST (k)] dk
~ 5 / F(=VE2+m?) Te [S™(k) 08~ (K)] dk (5.10)

£ miF(E) + 5 3 Eem) f(zm),
E; +

Tr (f(Dy) — f(Do)) =

where Ej; are the eigenvalues of Dy with associated multiplicity mj;, and the resonance

multiplicity mpr(£m) is defined by (3.21).

Proof. We divide the proof into 6 steps.

1. By the spectral theorem of selfadjoint operators (see Theorem A.2.3) and Stone’s
formula (see [11, section A.3]) we have

f(Dy) = / f(z)dE(z /f )dE(z > mif(Epu e

EEspecd(Dv)

f(2) [(Dy — (2 +i0))"" — (Dy — (2 —i0)) "] dz
27”/ " ' | (5.11)

2771 / F(2) [(Do = (= + i0))~' — (Do — (2 — io))_l] dz
Y mifE)y e,

Ejespecy(Dy)
where F; are the eigenvalues of Dy with corresponding eigenvectors u;. We concentrate
first on the continuous part of the spectrum. By the final result of Theorem 5.1.1 we take

the trace difference between functions of the full and free Dirac operator and rewrite in

the k variable
4mi Tr [f(Dy) — f(Do)]

- Tr / R ) [Ry (k) — Ry (=k) — Ry (k) + Ry (k)] L —

; N
Ty /OO FOVRE T m2) [RE(k) — R (—k) — RE (k) + RE(—)] \/kzliimz dk.

(5.12)
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Using (2.14) introduce
k

BE(k) = to—s (Ry (k) — Ry (k)
_ im’iimg (~ RS (K)VRE (k)
= qcm’iw (R (k)(I + VR (k)p) 'V Ry (k) + % (%m)’

where we have used the second resolvent identity (see Theorem A.2.2) and made explicit
the threshold singularities of the full resolvent from Theorem 3.2.5. Note that the simple
pole there is cancelled by the k prefactor here, and that we do not include any contribution

from the opposite resonance. We similarly introduce B¥(—k) such that

B 114 (m+m)
BE () = () + I,
b gy ot g e (VE2+m2 +m)
PR = = e (5.13)
FE(h) = F—tes (R (0T + VRF (1)) VS ()
FE(k) = e (R (=D + VEG (—hp) VG (b)),

Note that F*(k) and F*(—k) match the definitions in (4.24). We introduce f € .#(C) as
an almost analytic extension of f satisfying (A.12). Hence if 0 < € < m then we write
Ami Tr[f (Dy) — f(Do)]

=Y 4 lim F(EVE2+m2) (Tr BE(k) + Tr BX(—k)) dk
+

E—0OO R\[_@d

+ )+ lim F(—=Vk2 +m?2) Tr B~ (+k) dk

T €E—00 ’Yi(€)
) (5.14)
+)F lim f(VE2 4+ m?2) Tr BY (k) dk
:I: € (e.) ’Yi(e)

+) =+ lim F(=Vk2 + m2) Tr B~ (Tk) dk
:I: E—0Q0

Oz (e)

+) & lim F(Vk2 + m2?) Tr B*(£k) dk,
:I: E—0Q0

)

using the notation (see also Figure 5.1)
I'i(e) = D(0;¢) NCq, Cy={keC:+tImk > 0},
v+ (€) = {04 (e) : £Imk > 0},
where the positively orientated contours OI'1 (¢) enclose the open regions I'y (¢), and D(0; €)

is the open disc of radius € centred at the origin. We number the terms on the right-hand

side of (5.14) from 1 to 5 and evaluate each in the remaining steps.



Figure 5.1: The contours 0I'; (e) and OI'_ (¢) in the k plane. We have assumed that e < m.

2. In this step we examine term 1 on the right-hand side of (5.14). The explicit
simple poles at the origin in (5.13) cancel and so we can take the limit ¢ — 0. By

employing (4.24) we show for term 1

lim F(EVE2+m2) (Tr BX(k) + Tr BX(—k)) dk

€E—00 R\[—e,e]

= lim FEVE2 +m?2) (Tr FE(k) + Tr FE(—k)) dk

€E—0Q0 R\[—E,E]
_ / FEVE + m2) Tr [S* (k) 10,5 (k)] dk.
R
By (4.24), the integrand is even in k and we evaluate the integral on [0, 00).

3. To examine the remaining integrals in (5.14) located near the origin, we use
Gohberg-Sigal theory (see Theorem A.3.2) to study the structure of F*(k) near this point.

To this end we have
I+ VRE(k)p = U (k) (QFk* + Qi k + QF) Us (k),

where U ]i are holomorphic and invertible. Furthermore the projection operators Qjc satisfy

(A.13) and
rank QF = Tr Il = mp(+m) — mg(+m), rank QF = mp(+m).

Since the free and perturbed resolvents meromorphically extend from the upper k-plane to
all C (see Theorems 2.3.2 and 2.4.2), then we can apply the generalized argument principle
in (A.14) with

No(I + VRE(K)p) = 2Tr Iy + mg(£m), No((I +VRE(k)p)™") =0,
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which count, with multiplicity, the number of zeros and poles of I + VRSE(k) p respectively
(see Theorem A.3.2). Using the definitions in (5.13) we therefore have
k
Tr FE(k) dk = Tr% () R (k)(I + VR (k)p) 'V RT (k) dk
Frersm k= 2T f (ot ) REG + VRS ()0) VS ()
- Trjéak(f + VRE(k)p)(I + VRE (k)p)~' dk

= —2mi (2Tr Iy + mmp(£m))

_ _% <2TI'H:‘: —i—ﬁuﬂim))
k

dk,

where we have used (4.25). A similar argument holds for Tr F*(—k). Hence near k = 0

we have

Tr FE (k) = f% 2Te T + Fogg(m)] + o (), (5.15)

where ¢4 (k) is holomorphic for Imk > 0.

4. In this step we consider how terms 4 and 5 on the right-hand side of (5.14) behave
as we take the limit ¢ — 0. In fact we take one particular case below with the method
applicable to the remaining integrals. First write using Green’s formula (see for instance

[46, chapter 16])

/ f(=Vk2 +m?)Tr B~ (k) dk| =
o'y (e)

T [f(—\/k? +m?) TrB_(k)] dm‘

Iy (e)

2/F+(€) (Ekf(—\/lﬁ + m2)) Tr B~ (k) dm,

where m denotes the Lebesgue measure on C and Tr B~ (k) defined by (5.13) and (5.15)
is analytic. Given

Orf(=VE2 +m?) < Cy|ImkN, VN €N,

and Tr B~ (k) = O (k™!), then

‘ / V2 +m2) Tr B (k) dk‘ < CyeVt
Al (e

/ dm| = CyeV T, VN € N.
Ly (e)

We conclude that this and indeed all contributions from terms 4 and 5 in the right-hand
side of (5.14) tend to 0 as € — 0.

5. For terms 2 and 3 in the right-hand side of (5.14), we use the indentation lemma

(see for instance [61]) to compute the integrals along circular arcs. Using (5.13) and (5.15)
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we have for term 2

lim f(=VE2 4+ m?2)Tr B~ (k) dk — lim f(=VE24+m?2)Tr B~ (—k) dk

AATIC) 0y (0
Fl—/12 2 V2 2
i [ LEVEETD D o o a(m)) + T Y g
=0/ (e) k vVE2+m
Fl—/2 2 V2 2
— lim f=VE2+m?) (2 TrII_ + mp(—m)) — Tr H_ﬂ dk
=0.J5 (¢ k Vk? 4+ m?

= —2mimpg(—m)f(—m).

This completes the analysis on term 2 on the right-hand side of (5.14). Term 3 similarly
follows

111%/ F(VE2 +m2) Tr B* (k) dk—lim/ F(VE2 +m2) Tr B (—k) dk
=0 /5 (o) ¥+ (€)

e—0

= 2mimpg(—m)f(m).

6. Bringing together all the previous steps with (5.12) produces the first, second and
fourth terms on the right-hand side of (5.10). For the third term, it remains to bring back
the contribution from the discrete eigenvalues. This follows immediately from the form in

(5.11) since Tru; ® u; = 1. O

Summary

In this chapter, we have brought together our resolvent expansion and scattering matrix
determinant from chapters 3 and 4 respectively to derive our first trace formula; a reinter-
pretation of the Birman-Krein formula. Using various trace estimates from section 5.1, we
proved in section 5.2 how the trace difference between Schwartz functions of Dy and Dy,
relate to the scattering matrix, the eigenvalues of Dy and the threshold resonances. Our
Birman-Krein trace formula will be used in the proof of our Poisson wave trace formula

in chapter 6.
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Chapter 6

The Poisson wave trace formula

In this chapter we present our second trace formula. In preparation for this, we prove two
pre-requisite theorems in section 6.1. The first estimates an upper bound on the number
of resonances contained within a disc located at k = 0 of radius r > 0. In the second, a
factorization of det S*(k) in terms of Weierstrauss products is presented. In turn, these
results alongside the Birman-Krein formula (Theorem 5.2.1) are used to construct our
Poisson wave trace formula in section 6.2. This is valid in distributional sense for all ¢t € R

and, like the previous chapter, the threshold resonances are treated explicitly.

6.1 A resonance counting function and factorization of the

scattering matrix

As a reminder, the Dirac resonances occur as poles of the full resolvent, R‘j}(k‘), when
extended to C. As in Definition 2.4.3, the two sets of resonances are denoted R, with
the total set of resonances formed by their union R := R_ UR. We will continually use

this notation for the remainder of the thesis.

Theorem 6.1.1 Let V satisfy Assumption 2.4.1 and assume p € C§°(R3) such that pV =
V' holds. If we also define

H* (k) = det(I — (VR (k)p)*),

then
]Hi(k)] < Cexp(C|k|4). (6.1)
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Moreover the number of resonances inside the disc D(0;r) denoted
N(r)=#{keR:0< |kl <r},

satisfies

N(r) < Crt. (6.2)

Proof. We divide the proof into 4 steps.

1. Recall from Definition 2.4.3 that the resonances of Dy coincide with the poles of

(I + VRF(k)p)~'. Since we have
— (VRE(k)p)* = (I + VRE(K)p) (I = VRE(k)p+ (VRE(k)p)* — (VRE(K)p)®), (6.3)

and provided (V’Rét(k),o)‘1 € Bi, then the resonances where k # 0 correspond to the zeros
of H*(k) = det(I — (VRZ (k)p)*). Using (A.3), (A.6) and Theorem A.2.4 we have

H 1+ IV (g3 [oBE (R)]) ] (6.4)

In the next two steps we will show that (VRI(k)p)* € By for Imk > 0 and Tmk < 0

respectively.

2. To estimate the singular values of pR7 (k)p for Imk > 0, we argue as in (5.7) and

use (2.9) to write

5 [PRE®)P) < 55 [(=8 = 1)72) (=2 = 1)V2pRE (K)ol 212

< Cj—1/3<k,>eC(Imk),‘

(6.5)

Then _; sj[(p1RE (k)p1)*] converges. Back to (6.4) we find H* (k) for Imk > 0 is indeed

trace class

|Hi ﬁ [1 +Cj~ 4/3 (k) } < HeXp[C<k>4j—4/3] — exp (C<k‘>4 ij4/3)
< exp(C({k)*") < Cexp(C|k|*)

3. In estimating the singular value s;((VRE (k)p)*) for Imk < 0 we use (4.19). By
(A.3) and (A.5) plus the fact that ||A|| = ||A*|| for bounded A (see for instance [40,
Theorem 3.9-2]), we obtain

siloRg (kK)p] < s/ [CRV k2 + m2 B (k k)] + s7j/21[p Ry (—K)pl

(6.6)
< Ce“Msp o [Ei(k)]HEi(k)HLZ(R‘“’)‘lﬁLQ(SQ)“ + CspjymlpRy (—k)pl.
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For the first term on the right-hand side of (6.6) recall (4.13) and (4.17) whereas the

second term can be estimated using (6.5). Hence
s(pR3 (k)p)] < CeOWlemvilC 4 =13 (k). (6.7)

4. We now aim to estimate (6.7) depending upon the value of j. First let j < 2C*|k|?,
then
sil(pRg (k)p)] < CeClF,

since e~ V9/C and §71/2 are monotonically decreasing functions. Moreover, up to a con-

stant, the latter is greater which enables us to also estimate (6.7) for j > 20%|k|?
sl(pRg (k)p)] < Ce™ VT + O3 (k) < O/ (k).
In summary, taking the quartic power we have

.| cefH, j < 20%k|?,

s;l(pR (k)p)"] < (spjm RS (K)p))” <
Ci~*3(k)*, j > 20k,
Substitute into (6.4) and we have
H k) < [T a+ce™) I a+ci .
3204 k|2 3>2C4k|?
Evaluating
H (1 +C€C|k|) < (20€C|k|)204|k|2 < CeC|I<:|3’
J<2C4 k]2
and
[[ a+vei*Pmh< I en@ Pt < o,
J>2C4 k|2 J>2C*|k|?
proves (6.1). It remains to insert (6.1) into Jensen’s formula (see Theorem A.1.3) to obtain

(6.2)
1 27 )
log(2)N(r) < 2/ log | exp(|20rew|4)| do < C|r|4,
™ Jo

where log(2)N(r) < N(r) [2" Lat < [2r "0 qq, 0

T

Theorem 6.1.2 (Scattering matrix factorization) Let V' satisfy Assumption 2.4.1.

Then the scattering matriz determinant may be written

ot SE(K) — (— TTLR(:I:m)eg(k)Pﬂ:(_k>
det SE(k) = (1) SN (6.8)

where
p
Pe(k):= [ Ealk/k)™=®), Ey(k) = (1—k)exp (Zk%),
k;jeR+\{0} =1

g(k) = azk® + a1 k.
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Proof. We divide the proof into 4 steps.

1. First we shall use the following bound on the determinant of the scattering matrix

outside the union of discs surrounding each resonance

| det SE(k)| < CeCIF™T

6.9
k ¢ U D(k‘j; <k‘j>_4_6), e >0, ‘Z| > 1. ( )
ij'Ri
Indeed by Theorems A.2.4 and 4.2.4 we write
|det ST (k)| = | det(I — AT (k) H 1+ s,[A (k)
. = (6.10)
< T (1 + UM + VRS R)0) "V s; 2 (b)),
j=1
Using (2.9), (6.3) and the second part of Theorem A.2.4 we have
17+ VRG (k)p) ™ < Z | = VRS (k)plla_, 12 I (T = (VRG (K)p)) 7|
(6.11)

_det(I + |pR7 (k)pl*)
| det(I — (pRg (k)p)*)|

The numerator of the right-hand side of (6.11) can be estimated in the same vein as (6.1),

namely

det(I + [pRg (k)pl*) < Cexp(Clk[*).
To estimate the denominator of (6.11), we can apply Cartan’s minimum modulus theorem
(see Theorem A.1.7):
| det (! — (pR(j)E(’f)p)4)! > Ce ORI
k¢ |J D =€) €0, |z| > ro.

kj€ER+

(6.12)

On the same set, we insert Equations (4.13), (4.17), (6.11), and (6.12) into (6.10) to find

o0
| det S* (K H [1 + C’ec‘kwee*‘ﬁ/c]
= H [1 + Cec|k|4+€e_‘/j/c} H [1 + C’ec‘k‘4+66_‘/3/0] .
jS4C4‘k‘2(4+€) j>4c4|k|2(4+e)

By the same arguments as in the last step of the proof for Theorem 6.1.1 we estimate

H {1 —I—Ceo|k|4+éefﬂ/o} < C H |:eC‘k‘4+e:| < C’eCWlHE,

j§404‘k‘2(4+5) j§404|k|2(4+5)
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whilst for j > 4C*|k[2(*19) < {/7/2 we have

J>4C4|k|2(4+e) §>4C4|k|2(4+e)

H {1 + Cec‘k‘4+66_‘/5/c} < H exp (C’e_c\/j) < C.

This concludes the proof of (6.9).

2. The zeros of H* (k) defined in Theorem 6.1.1 coincide with the non-zero reson-
ances of Dy. However (4.23) implies that zeros of det S*(k) when Imk > 0 correspond
to the resonances of Dy when Imk < 0. By the Weierstrass factorization theorem (see
Theorem A.1.5) we then obtain (6.8). The genus of E, is equal to 4 due to (6.2) plus The-
orems A.1.4 and A.1.5. Note that (—1)77”3“””) appears due to the cancellation between

(—k)™rEM) and (k)™RE) when accounting for zeros at the origin (see (A.2)).
3. Next we show that g(k) is a polynomial. By virtue of the estimate (6.2), then
(A.1.6) and (A.1.7) imply that
e O™ < | P(dk)| < €T (6.13)

We use this alongside (6.8) and (6.9) so that

P (k)‘ 12+€
90| — | det 5% (k)| LRI < CeCIRIe, 6.14
9] = | ( )I| Py (k)] (6.14)

on the set defined in (6.9). The upper bound of resonance number in (6.2) implies for

e > 0 that we have a sequence r; — oo such that the circles 0D(0;7;) do not intersect

circles around a resonance at k. That is for all j

@D(O; ’l“j) N U D (k‘j; <k7j>_4_6) = 0.
kjE'Ri

The maximum modulus principle (see Theorem A.1.1) implies that the estimate in (6.14)
holds on the circles 7, and thus everywhere as 7, — 0o. Since |e9(F)| < CeRe9(®) by (6.14)
we have Re g(k) < C|k|'?*€. For the entire function g, we apply the Borel-Carathéodory
theorem (see Theorem A.1.2) such that

lg(k)| < Clk|*Fe,

which implies ¢ is a polynomial of maximum order 12.

4. To show that g is a polynomial of degree no greater than 3, we first show that

|det ST(k)| < Cexp(ClE]}),  Imk >0, |k| > C, (6.15)
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where |k| is sufficiently large to avoid the eigenvalues of Dy . By retracing the steps from

(6.10) onward and estimating ||(I + VRE(k)p)~!|| < C for Tmk > 0, |k| > C, we have

[det SE(k)] < [ (1 + CIERIT + VRS (k)p) ™15 [Bx (k)])
j=1

' Clk| ,—Vi/C
§j131<1+06 e VI )

= H (14 CeClle=VilC)y H (14 CeClFle=Vi/C)y
J<2C4k|? J>2C4k[?

< CefM,
which proves (6.15). Insert into (6.14) for Imk > 0, |k| > C whilst using (6.13) we have
le9®)| < CeClkI* e
As in the previous step this suggests that g is a polynomial of degree no greater than

4. However (4.23) implies exp(—g(k)) = exp(g(—k)), or that g is an odd polynomial:
g(k) = ask® + a1k. O

6.2 The Poisson wave trace formula for the Dirac operator

In this section we state and prove our second trace formula.

Theorem 6.2.1 Let V satisfy Assumption 2.4.1. Then in distributional sense on Ry,

2t Tr(cos(t\/m) — cos(t\/M))

— 44 Z Z j:'m(kj) el 4ot Z m; COS(t/{j),

+ kjeR+ E;

where in accordance with (2.16) and (3.21) we have the multiplicities

mR(k)v k 7é 07

mpr(k), k=0,

m(k) =

and E; are the eigenvalues of Dy with multiplicities m;.

Proof. We divide the proof into 7 steps.

1. By the relations in Theorem 6.1.2 we first show that

1 1
5 +01) ot —
Oy log det S~ (k) = E mp(k;)O0y, <k Tk he kj). (6.16)
kjeR+\{0}
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Indeed by recalling the properties of Py (k) from Theorem 6.1.2 then

97 log det S (k)

5 [1og (eg““ Pﬂ"‘”)] — 97 [g(k) + 1og Pa(— k) — log o (k)]

4 14 4 14
k 1 k k 1/ k
= 2 k) llog (1 - k) 2.7 (w) ~log (1 - k») 2.5 (k) ]
J _ J J _ J
kjeR1L\{0} =1 =1
1 1
= g mg(k;)0; [ - }
k;eR+\{0} Rtk k—hk

2. Let u(t) = 2t*Tr |:COS (t\/]D)%/ —m2> — cos (t D(Q)—m2>} € 2(R) and ¢ €

C3°(R). Then

(u, ) = /2t4T&~ [cos (tW) — cos (t\/Wﬂ B(t)dt

_ /t4 Tr [eit\/D%/frrﬂ + efz't\/]D)%/me _ eit\/]D)%fwﬂ o efit\/Dgme} ¢(t) dt

;@Gﬁ%w%i@@ﬁ%wﬂ

+

=V2rTr

= V21 Tr [f(Dy) — f(Dy)],

where
f(z) = tip(V/22 — m2) + tho(—/22 — m2). (6.17)

Using Theorem 5.2.1 we obtain

\/12?<u7d>> = 217”/00 FOVE2 +m2) Tr (5F (k)1 0,S* (k) dk

2m/ F(=VE2 +m2)Tr (S~ (k) 'O, (k) dk

+> myf(E) + 3 Z g (Em) f(£m).
E; +

To aid later calculations we label these terms as

1
— (u,¢)=A+B+C+D,
o (U 9)
1

A= TRV ) T (ST (k) 05T (k) d,
i Jo

o0 6.1
Bt [ f(—VR ) T (S (k)OS (k) d, o

C=Ymif(Ey), D=3 % in(Em)f(m).
E; +

~

3. Consider first the continuous part of the spectrum. Define h(k) := ¢(k) so that
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O*h(k) = t4¢ (k). Then

2mid = / TRV ) Tr [ST (k) 0uS T (k)]
0
_ ;/ FOVRZ £ m2)0; log det ST (k) dk
R

= 5 | [0 + (-] axtomet 5* () ak

- 1/ [0¢h(k) + Oth(—k)] Oy log det ST (k) dk
2 Jr

_! / (k) + h(—k)] 8} log det S* (k) dk,

2 Jr

where the surface terms disappear since h € .(R). Using (6.16) then

o 1 1
2miA = Q/R[h(k) +h(=k)] Y malk)of [k+kj - k—k‘J dk

kjeR1\{0}
mR(k‘j / [ 1 1 ]
= IEh (—Fk)] — dk
L €R+\{0} 2 k+ kj k— kj
mp(k; —~ —~ 1 1
= 2 Rz(])/ [#00k) + 16—k [k+k:- - kk] dk.
kj€R+\{0} R J J
Explicitly we have
. mg(k;) / / —itk 4 ( 1 >
2miA = )t dt dk
™ 2v2n [ O esh, h—k

kj€R+ \{0}

+/R/Re“k¢(t)t4 (kik] — k_lk) dtdk]
> w[/IR(/OOO e~ R (1) dt+/_ioe“|kt4¢(t)dt

ki ER\{0)

e 0 ; 1 1
itk 44 —i|t|k 4
+ /0 """t (t) dt + / e t () dt> <l<: 5k kj) dk} :

Hence

1
CA— —i|t|k 4
2miA 2\/% [// to(t <k+k k:k:j> dtdk

ky em\m}

itk 44 1 > ]
—i—/R/Re t¢(t)<k+kj o) drak]

To utilise Jordan’s lemma (see for instance [61, chapter 19]) and obtain semi-circular arcs

(6.19)

that produce closed loops, we note that we require Imk < 0 and Imk > 0 for the first
and second terms on the right-hand side of (6.19). Since we defined the resonances to lie

in the lower k-plane, then we remove half of the terms in (6.19). Define

C1(R) = [-R,RJU{Re? | 0 € (m,2n)},  Co(R) = [-R,R]U{Re? |6 € (0,7)},
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where C;(R) and C2(R) are both orientated positively. Hence

—z\t|k
omiA= Y 2\/77 R%O[// t%()dkdt

ki ER4\{0}

z|t\k
4o(t) dk d

. mR(kj) / itk iltl(—k)] 4
=omi Y 2 [ e e too(t) dt
bRy 2V2T B | i

27Ti — .
= \/T< Z mp(kj)tte |tk3,¢>.
T \kjer\{0}

4. We follow the same method as in the previous step to find

omi .
B = —\/% < Z mR(k:j)t‘le_thlkJ ,q5>

K eR_\{0}

5. For the discrete spectra we write using (6.17)

€ = > mif(By) = Y my [,/ B} —m?) + #16(— /B —m2)|
E; Ej

Z \/ﬂ ( itky 4 efthi ) o(t) dt

\/ﬁ <Z 2mjt* cos(tk;) ¢>

6.  For the threshold resonances we similarly use (6.17) to write

1 1
D =) +=mp(Em)f(+m) = — +m j:mt4,qz5>.
3 s )~ (5 sn(i

7. Insert the results from the previous steps into (6.18) to obtain the desired result.

O]

Summary

In this chapter, we have obtained the second of our trace formulas; a Poisson wave trace
formula for the Dirac operator. The proof was dependent on our Birman-Krein trace
formula as well as two other theorems from section 6.1. The first concerned a resonance
counting function that estimated the upper bound of resonances inside a circle centred
at the origin. The second pre-requisite is a factorization of the scattering matrix, made

possible by the fact that zeros of det S*(k) coincide with the resonances of Dy. Our
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Poisson wave trace formula in section 6.2 holds in distributional sense for all ¢ and relates
the trace difference between cosine operator-valued functions of Dy and Dy to the sum of
all resonances and eigenvalues of Dy . In chapter 7 we will use a less general version of

our Poisson wave trace formula to prove that infinitely many resonances exist in certain

circumstances.
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Chapter 7

Existence of infinitely many

resornarnces

This chapter presents a significant application of our trace formulas from chapters 5 and
6. Under certain conditions we prove that there exists infinitely many resonances of the
perturbed Dirac operator. As a prerequisite we use an asymptotic expansion of the Dirac
scattering phase in section 7.1 and show its relationship to an amended version of our
Poisson wave trace formula. We then prove by contradiction in section 7.2 that under

further assumptions on V' we have infinitely many resonances.

7.1 The Dirac scattering phase

We use asymptotics of the Dirac scattering phase accredited to Bruneau and Robert [14].

We therefore further restrict our class of real-valued potentials to satisfy

Assumption 7.1.1 Let V : R? — My(R) take the form

Vil, 0
0 V.

)

where Iy is the 2 X 2 identity matrix.

Theorem 7.1.2 Let V satisfy Assumptions 2.4.1 and 7.1.1. Also, define the scattering



phase, o1(k), by
1
o'y (k) == 5O log det S*E (k).

Then in the far field limit there exists a sequence a; such that

/ / - aj(v)
a+(k)—a_(l<:)~zlk2(j1), k — .
]:
Moreover around t = 0 we have the expansion
o (t) — o (t) = C1o(t) + Zc 123, (7.1)
where
€1 = —2ama(V), O = (-pvar UL sy
"y -3
! Vi —V_\? Vi4+V_\?
= [ [(555) +<v+_v_>_2(2> oy

Proof. We divide the proof into 2 steps.

1. From [14, Theorem 2.1] we have the asymptote of the Dirac scattering phase in
the spectral parameter. Since z — Foo corresponds to k — oo, then changing variable

gives

V) [im} o

v3(V) - Y4(V)

k
oy (k) ~ :F\/WZ;%(
]:

~=n(V)kF (V) - -

k k2
If ag;(V)) = —2v9; then we obtain as required
ag;(V)
ol (k) = ol (k) ~ > e (7.2)

j=1
2. Write k = ak, t = 67 and kT = 1 so that as kK — oo, then 7 — 0. Then we take

the Fourier transform of (7.2) (see [37, section 7.3]) so that we have as 7 — 0,

;’J\F(BT) — ;Z(BT) = \/L/ (a;(om) — U/_(om)) g taRpT d(ak)
—iakBT

ZGQJ (&
var Ji (on)2i D

1 T
= VI35 + S o) f )(2?7 _(f))_l). sgn(B7).

d(ak)

Let B =1 and use a;(V) = —2v2;(V). Hence

—

o () — 0" (t) ~ —2V2ma (V)i (t +FZ J%\t\?ﬂ'?’, t— 0. O
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In the following theorem we use a less general result of Theorem 6.2.1 whereby

we do not use the prefactor t*. Hence the trace formula in this instance would hold in

distributional sense on R\ {0}. Only minor changes to the proof of Theorem 6.2.1 are

required to show that the trace formula still holds.

Theorem 7.1.3 Let V satisfy Assumptions 2.4.1 and 7.1.1. Near t = 0, the less general

distributional trace formula in Theorem 6.2.1 on R\ {0} satisfies

2Tr [cos(t\/}D)%, —m?2) — cos(ty/DE — mz)} —T(t)

_ _47_‘_72 +27TZ j ’72j ) ’ |2] 3

where T(t) = 2 ZE], myj cos(tk;) + > Emp(Em).

Proof. Similar to the proof of Theorem 6.2.1, we use

u(t) = 2 Tr [cos(t\/m) _ cos(t\/nW)] — T,
plus ¢ € CP(R) and f(z) = (V22 — m?) + p(—v/z2 — m?2) to write
(wd) = [ SO ol )k = [V ) (k) ak
= [ 1600+ -kl (k- / Oo[aﬁuf) + B(=k)lo (k) dk

([ cammo ([ man
U ceema) ([ e
(s (frsnd

= (e} — 1), 9),

1
V2T

where (4.24) dictates that o/, (k) is even. Then using (7.1) we obtain (7.3) as required. [

7.2 Existence of infinitely many resonances

We now reach our final theorem which establishes the required conditions for the existence

of infinitely many resonances associated with Dy . This result is an application of our two

trace formulas and is inspired by Melrose [52] and his result for Schrédinger resonances.
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Theorem 7.2.1 Let V satisfy Assumptions 2.4.1 and 7.1.1 such that v2(V) # 0 and
v2; (V') # 0 for at least one j > 2. Then there exists infinitely many scattering resonances

of the perturbed Dirac operator.

Proof. We divide the proof into 2 steps.

1. We first prove that there are exists at least one resonance. By contradiction we
assume that there are a finite number of eigenvalues and that the only resonances are at

z = +m. Then
Z mR(kj)e_iltlkj — Z mRUﬁj)e_imkj =0. (7.4)

kj€R+ ijR,
Incidentally (7.4) is also zero if resonances in Ry and R_ at k; with equal multiplicit-
ies cancel out but this automatically implies that there exists at least two resonances.

Inserting (7.4) into the Poisson wave equation in Theorem 6.2.1 we therefore have

2Tr[cos(ty/D% — m?) — cos(t\/W)] —T(t) =0,

where T'(t) is defined in Theorem 7.1.3. It also implies that

0= —dm2(V)3(t) + 2w Y _(~1) (;jjfvg))! R
j=2

For any small ¢ > 0 the delta distribution is equal to zero but for any v9;(V) # 0, j > 2
the right-hand side is not zero and hence gives a contradiction. Therefore there exists at

least one resonance not at z = +tm.

2. Next assume that there are only a finite number of resonances. Then rearranging

the Poisson wave equation in Theorem 6.2.1, the right-hand side of

2Tr [cos(t\/ﬂ))%, —m?) — cos(ty/DE — mz)} —T(t)

= Z mp(k;)e 1tk — Z mp(kj)e ks

ki€R ¢ kj€R—

(7.5)

is finite (possibly zero). Then we may continuously extend (7.5) to ¢ = 0 such that the
right-hand side is equal to or between — ijeR_ mp(k;) and ijeR+ mp(k;). However
this contradicts (7.3) which is not continuous at ¢ = 0 due to v2(V) # 0 and the delta

distribution. We therefore conclude that there are infinitely many resonances. O
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Summary

In this chapter, we have applied our trace formulas to prove that it is possible to have
infinitely many resonances. With further restrictions on the potential, we found a far
field asymptotic expansion of the scattering phase. Using its Fourier transform, we then
studied how the Poisson wave trace formula, when restricted to R\ {0}, behaves as t — 0.
Further considerations in this limit were then used to prove the existence of infinitely

many resonances associated with the perturbed Dirac operator.
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Chapter 8

Concluding Remarks

Motivated by their appearance in the physical sciences, mathematical resonances have been
studied extensively using Schrodinger operators. Numerous methods have been utilised
to study their existence and number bounds. One drawback of Schrédinger operators
is that they do not account for relativistic effects. This can be corrected by instead
considering Dirac operators. However the literature concerning Dirac resonances is limited

in comparison with the non-relativistic case.

To this end, in this thesis we have studied resonances of the Dirac operator
perturbed by a smooth, compactly supported electric potential. They are defined as poles
of the cut-off full resolvent when extended from the physical k£ half-plane to C. The author

is not aware of Dirac resonances being studied in this manner previously.

By considering our change of variable, we have had to construct from first prin-
ciples various concepts such as operator resolvents, the scattering matrix, and how reson-
ances are linked to the bigger picture. This enabled us to prove our Birman-Krein and
Poisson wave trace formulas that explicitly deal with any threshold resonances on a sep-
arate basis. Finally we applied our trace formulas to prove that it is indeed possible to

have infinitely many resonances associated with the perturbed Dirac operator.

8.1 Future work

This thesis leads to various open questions which could be addressed as extensions to this

work
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e An immediate question is whether our proof for the existence of infinitely many
Dirac resonances (see chapter 7) can be amended to avoid using our less general
Poisson wave trace formula. This could for instance follow the method described
by Smith and Zworski [77] who expand further on scattering phase asymptotics and

factorization of the scattering matrix determinant.

e The dimensionality was fixed to R3. For Schrédinger operators it is an interesting
observation that many results concerning resonances hold for odd dimension d > 3,
with generalized proofs that hold for all of those dimensions. Different considerations
are necessary for the d = 1 and even d cases. One would expect that a similar
generalization would hold for Dirac operators. It would also be interesting if our
result on the existence of infinitely many resonances holds if we increase from 4, the

n X n dimension of the Dirac operator.

e Throughout the thesis, we have consistently assumed favourably smooth properties of
the potential. For the Schrodinger case, this too was initially considered for proving
the existence of infinitely many resonances. However the proof was later amended
to hold true for more general classes of potentials. With respect to this thesis, this
would require reworking large sections of our work to allow this. Likewise, studying
the effect of a magnetic potential on Dirac resonances would also require a major

recalculation of our work.

e It would stand to reason that any open questions on resonances of the Schrédinger
operator would also be open for the Dirac operator. One area still under investigation
in the former case is whether there exists an optimal, lower bound on resonance
number for smooth, compactly supported potentials. In the Schrédinger case only
partial results have been obtained with restrictive conditions imposed on V' (see for

instance [33, section 5.4]).
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Appendix

A.1 Entire functions

All theorems in this section are used to define properties of det S*(k) in chapter 6. For
any given analytic function, Theorem A.1.1 describes how its maximum can be found on
the boundary of a compact region whereas Theorem A.1.2 shows how such a maximum

can be bounded by its real part. Both theorems can be found in [80, chapter V].

Theorems A.1.3 to A.1.5 culminate in a product description for an entire function
with growth restrictions on its zeros. These have been adapted from [19, chapter XI] and
[47, chapters 2 and 4]). See also section 4.3 of the latter reference for a proof of Theorem

A.1.6.

Theorem A.1.7 provides a lower bound for holomorphic functions on a disc
D(0; R) that excludes the family of internal discs centred at the zeros of f (see for in-

stance [80, section 8.71]).

Theorem A.1.1 (Maximum modulus theorem) Let f be a non-constant analytic
function on a bounded region Q C C. If |f(z)| < M on 9 then |f(2)| < M on all interior

points of €.

Theorem A.1.2 (Borel-Carathéodory theorem) Let f be analytic on a closed disc

D(0;R) C C. Then forO<r <R

W 1) < 0 s e () + O]

Theorem A.1.3 (Jensen’s formula) Let f be holomorphic in Q C C with zeros {a;};
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inside the disc D(0; R) of radius R centred at the origin. If f(0) # 0 then

Bopwy 1 (% i0
/0 tdt_%/o log | f(Re™)| df — log | £(0)],

where n(t) counts the zeros of f inside D(0;t).

Theorem A.1.4 (Hadamard factorization theorem) Let f be an entire function
with zeros {z1, za,...}. If the zero counting function satisfies n(r) < rP for r > ro then

the summation
=1
2 (A1)
j=1""

s finite.

Theorem A.1.5 (Weierstrauss factorization theorem) Let {2, : 2z # 0}32, satisfy
|zk] = 00, k — oo. Suppose also pr, € N and r > 0 such that (A.1) is finite. Then the
Sfunction
i z
P(z) = =z
(Z) H Epk (Zk:) ’
k=1
is entire and the Weierstrauss factors, FE,, for n € N are defined
(1—2), n =0,
En(2) = L
(1 —2)exp Zz— , n#0.

=17

Moreover let f be an entire function with zeros {z; : z; # 0}, repeated according to its

multiplicity, and such that f(0) is a zero of multiplicity m > 0. Then there exists an entire

function g and sequence of integers {py} such that

£(z2) = 2med ﬁ E,, <Z> (A.2)

Theorem A.1.6 Let p be the smallest integer such that (A.1) is finite. Then the growth

order for a Weierstrauss product is also equal to p.

Theorem A.1.7 (Minimum modulus theorem) Let P(z) be a canonical product of

order p with zeros {z;}. Then for e >0

log |P(z)| > —|z[PT, z ¢ U D(zj;(z;)"P79), |2| > ro.
{z}
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A.2 Spectral theory

Theorems A.2.1 to A.2.3 concern standard results in spectral theory (see for instance [34]
and [65]). We then introduce the concept of singular values and trace class operators. The
details for the properties listed from (A.3) to (A.9) can be found in [71, chapters 1 and 3]
and also [28, chapter VII)).

We direct the reader to [27, chapter V, section 5.1] for proofs of the estimates in
Theorem A.2.4. Weyl’s asymptotic counting law for eigenvalues of the Laplace-Beltrami

operator on compact Riemannian manifolds in Theorem A.2.5 can be found in [11, section

A3).

Finally Theorems A.2.6 and A.2.7 are generalized versions of almost analytic
extensions and the Helffer-Sjostrand formula (see for instance [20, chapter 8] and [87,

section 14.3] respectively).

Theorem A.2.1 Let A be a selfadjoint operator. Then if A € p(A), we have the resolvent

norm
1

14 =2""1 = G spect))

Theorem A.2.2 The following are known as the first and second resolvent identities

respectively.

1. Let A be a linear operator on a Hilbert space H. Then for z,( € p(A),
(A=2)'=(A-Q)'=(E-OU -2 (A-O".
2. Let A and B be closed operators whereby z € p(A) N p(B). Then

(A-2)'—B-2)'=UA-2)"Y(B-A)[B-2)""

Theorem A.2.3 (Spectral theorem of selfadjoint operators) Let H be a selfadjoint

operator on a Hilbert space H. If f(\) is a complez-valued function and uw € H such that

J IO BN, By < .
then we have the operator

F() = / SO AER).
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Next we consider the singular values of compact operators. For a compact op-

erator C, then its singular values, s;[A] where ||A|| = s1[A] > s2[A] >, ... are defined as

1/2

the non-zero eigenvalues of |C| := (C*C)"/*. Moreover if C;,Cy and B are compact and

bounded operators respectively then

s;|BC1] < || Bl|s;[C1], (A.3)
si{C1B] < [|B||s;[C1], (A.4)
$j+k+1[C1 + C2] < 8j41[C1] + sp41(Ca], (A.5)
$j+k+1[C1C2] < 5541[C1]sk41[Co]- (A.6)

An operator is trace class (denoted Bj) if its trace norm

Alls, = s;(A),

j=1
is finite. In that case, if {vg} is an orthonormal basis in the Hilbert space, H, the trace of

A is defined

TrA:= Z(vk, Avy).
k=1

Moreover if A is trace class and B is a bounded operator, then the trace satisfies
Tr(AB) = Tr(BA).

If A is a trace class operator, then we define the determinant of I — A as

o0

det(I — A) = [ (I - »;(4)), (A7)

j=1
where \; are the eigenvalues of A counted with multiplicity. Denoting A;, A> and B as

trace class and bounded operators respectively then we have the following properties

det[([ — Al)(l - AZ)] — det([ — Al) det([ — AQ),

(A.8)
det(I — A1 B) = det(I — BA;).
Furthermore for small values of u then
det(I — pA) = exp Zp . (A.9)

Theorem A.2.4 Let A€ By. If A € C is such that the inverse (I — NA)~! emists, then
|det(I — AA)| H (1+])s;(A

;et(I+ VA*A )
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Theorem A.2.5 (Weyl law) Let (M, g) be a compact n-dimensional Riemannian man-
ifold and suppose that —Aps is the Laplace-operator on M. Furthermore denote the (dis-
crete) spectrum as

spec(—Ap) ={0=120 < 21 < 22 < ...},

with corresponding eigenfunctions 1; that form an orthonormal basis in L?(M). Then the

counting function for the eigenvalues of —Ayr satisfies
VOIQ(M) rn/2
(n/2+1)(dm)m/2 -7

#{zj € spec(—Apn) 1 zj <1}~ -

or equivalently
volg (M) 2/n
Y T(n/2 + 1)(dm)n /2

Using Theorem A.2.5 where n is the number of dimensions of (M, g), it can then
be shown that
sil(=An +1)"™2 < cjmmn, (A.10)

Theorem A.2.6 (Almost analytic extension) Let f € /(R) and x € C5°((—1,1))
such that x =1 on [—1/2,1/2]. Assume also z = x+1iy such that 8, = (0, +1i0,)/2. Then

Flat i) = —e=xt) [ x< vA )f<A>eM<f+w>dAec°°<<c> (A1)

1+ a2
is an almost analytic extension of f to C satisfying

fla=1f  suppfcC{z:|Imz| <1},

| Im 2|V
N ey

(A.12)

IN

a.f VN € N.

Proof. For y = 0 on the real line, then f = f as required. The cut-off function y outside
of the integral in (A.11) ensures the support of f is restricted to {|Imz| < 1}. For the
final property in (A.12) we calculate

[ () o
— (; -4 -:iyﬂ)) i Jrlx2) /RX, <1 ?ﬂ) AF(N)eNE+) g
- (é B (1 j—yﬁ)) (1 +3£;[)N+1 /RX/N 1 ilt)\ﬂ) )‘NHJ?()‘)QM(H@) dA

S Ul
= N gy
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where we have assumed |Im z| < 1 and used

—N
/ yA [ A i YA —
XN(HxQ)—(sz) \ (sz)eco (=1,1)).

For x'(y) [ X (sz) ()\) iXz+iy) Q) we use the substitution

yA 2\~ N YA
B Gl
X<1+x2) (1+2°) XN(1+3;2>’

and note that x/(y) < Cn|y|" in the assumed range of Im z. This completes the proof. [

Theorem A.2.7 (Generalized Helffer-Sjostrand formula) Let H be a selfadjoint
operator on a Hilbert space H. Suppose f € /(R) such that f(z) = (z — z0) N g(z) where

Imzp > 0 and g € L (R) has analytic extension g. Then

jon =+ /(C (H — =) (H — 2)"V8.3(=) dm(2),

s

where m denotes the Lebesgue measure on C.

Proof. Let u,v € Hand Q = 1 [.(H—z)"'(H—20)"N9.§(z) dm(z). Then using Theorem
A.2.3 we have

1 1
(Qu ,v) /ng /pec T Y= d(E(t)u,v)ydm(z)

N /spec(H) (t f(Z)N d<E(t)u ’ U>

_ / FO) AB()u, ) = (f(H)u,v),
spec(H)

as required. ]

A.3 Fredholm theory

Theorem A.3.1 (see for instance [87, section D.4]) is used to prove the meromorphic con-
tinuation of RT (k) and R‘j}(k) from the upper k£ plane to C. To study the structure of
F*(k) near k = 0 in Theorem 5.2.1 we use the method described in Theorem A.3.2 (see
[28, chapter XIJ).

Theorem A.3.1 (Analytic Fredholm theory) Let U C C be a connected open set and

suppose {A(2)},ev is a holomorphic family of Fredholm operators. If A(z9)~! ewists at
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some point zg € U, then {A(2)"'}.eu is a meromorphic family of operators with poles of

finite rank.

Theorem A.3.2 (Gohberg-Sigal theory) Let A()\) be a family of meromorphic Fred-
holm operators. If u € Q C C and

AN = 30 2 (),

= A —p)y

with Ag(X\) holomorphic near p and zero Fredholm index, then there exists operators Uy o(\)
and Qr, 1 < k < K such that near p,

K>

AN =01 | D A=Wk | (V) keZ
k=—Ki

Here Uy 2(X\) are holomorphic and invertible near pn whilst Qy, are disjoint projection op-

erators satisfying

rank(/ — Q) < oo, rankQr =1, k > 0. (A.13)
Moreover if ZJK:() Qr = I, then the inverse satisfies

Ky

AN =M DD =Rk | iy
k=—K;
and we have
% Tr j'{ (AN 9AN)] dA = Ny(4) — N, (A7), (A.14)

where the positively orientated contour is around the single pole p of A(X\)"L0\A(N), and
N, (A) and N,(A™) count, with multiplicity, the number of zeros and poles of A respect-

wely.
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