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ABSTRACT

The current thesis consists of two results obtained during my PhD, both related to approx-
imations of high/infinite-dimensional measures emerging from the Bayesian approach to
inverse problems. In the first part, we study a technique for the reduction of the dimension
in the finite but high-dimensional case when the prior is 1-exponentially distributed. In
Chapter 4, this is done in a way that the approximated posterior measure minimises the
distance to the posterior by using an appropriate metric. In the second part, we consider
the problem of estimating the drift and diffusion coefficient of a stochastic differential equa-
tion using noisy measurements on a single path. There, we use a perturbation technique
on the solution of the SDE to obtain an approximated posterior; in Chapter 5, we study
the convergence properties of this approximation.
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List of Abbreviations and Symbols

: It means that there exists a constant C' such that a = Cb.
: It means that there exists a constant C' such that a < Cb.
: It denotes a density function of a random variable X, or a
probability N(0,~?), .

: It is the o—algebra of the measurable space (X, X x).

: Expectation of f(X), where X ~ 7.

: It is the smallest o —algebra which is generated by a random

variable Y.

: Conditional expectation of X given o—algebra o(Y).

: Entropy of f(X), where X ~ 7, see Definition 4.4.1.

: U is the matrix with columns the vectors a1, ag, ..., ay.
The above definition, it also extend also with matrices

instead vectors.

: In Chapter 4, we define the one exponential probability

measure, where m, B are parameters of the probabilty meas-

ure Ty, B.

: It is a function space which contains bounded function over

the domain D.



Chapter 1

Introduction

In the present thesis, we study the approximation of measures defined on high or infinite
dimensional spaces. In particular, these measures emerge in the context of the Bayesian
approach to inverse problem.

Let us start with the definition of inverse problem with measurements subject to addit-
ive noise. Without noise, the measurement y is generated by the forward model represented
by G : X — Y. We hence write

y=G(u)+n

The aim of the problem is to recover the unknown u from the knowledge of y. In general,
either the distribution or the size of noise term 7 is known. In our set-up, we assume that
the distribution of 7 is given.

Intuitively speaking, the Bayesian approach to the inverse problem can be described
as follows. Given prior information about the location of the unknown u within X and
measurements y, we are interested in an update of our prior information according to the
measurements y. In the context of Bayesian approach, both the prior information and its
updated version are considered to be distributions over elements of space X, and we call
them prior distribution and posterior distribution, respectively. Essentially, this approach
emerges from Bayes’ Theorem, if both prior and posterior distributions admit a probability

density function, Bayes’ formula provides us the following expression

fU|Y(u‘3/) X fY\U(y’u)fU(u)

In a more general mathematical framework and under appropriate conditions, Bayes’ for-
mula provides us with the Radon-Nikodym derivative of the posterior probability with
respect to the prior probability, and the derivative is the so-called likelihood.

In statistics, one needs to introduce quantities of interest for a better understanding of
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distributions, such examples are the mean value of distribution, the variance, the mode,
etc. Returning to the Bayesian approach and considering large or infinite dimensional X,
such quantities are usually expected values of bounded continuous functions with respect
to the posterior and are approximated using Monte Carlo methods. An advantage of using
Monte Carlo is that the convergence rate of those methods is the same regardless the
dimensions of the problem.

Let us introduce the Importance Sampling method; this is a method derived from the
theory of Monte Carlo simulations. In this concept, we consider the proposal distribution
7, and we are interested in evaluating the target distribution p. An essential condition is
that p needs to be absolute continuous with respect to 7 and its Radon-Nikodym derivative

to be known up to a multiplication constant

Given the structure of the Bayesian approach, i.e. the Radon-Nikodym is known, the Im-
portance Sampling is a suitable method for the approximation of the posterior distribution.

In most presentations of Importance Sampling, it is highlighted that a way to accelerate
the computational time of the Monte Carlo is to focus on an appropriate region of X.
Essentially, we consider a subset that contributes the most to the evaluation of our Monte
Carlo simulation.

Let us now consider the following example. We assume probabilities g and 7 are defined
on the infinite dimensional space R*, and the Radon Nikodym derivative of © with respect
to 7 is defined as the infinite product of a non-trivial function g, i.e. g # 1, then we have
that p and 7 are singular, see for instance Agapiou et al. (2017). Consequently, we have
that for non-trivial probabilities p and 7 defined on the infinite dimensional space X with
1 absolutely continuous with respect to 7, the part of space X, which contributes the most
to the evaluation, tends to be restricted to low-dimensional subspaces.

That subspace is derived by a minimisation problem. More precisely, we consider can-
didate measures for the approximation of the target measure u. Such measures correspond
to a subspace of X and the approximated measure is the one that minimises the distance
between the candidate measures and p. The distance used in the minimisation problem
is the Kullback-Leibler divergence. The advantage of this technique is that it applies to
the Bayesian approach with nonlinear forward operators, non-Gaussian priors, and non-
Gaussian noise term, also provides us with a relation between the considered dimension r
and the error of the approximation. This methodology was proposed in Zahm et al. (2021)

where the authors consider the case of sub-Gaussian prior distributions.
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My contribution to the above mentioned methodology is its extension to the case of
l-exponential measures. In Sections 4.4.1 and 4.4.2, one can find my contributions to that
methodology. More precisely, my main contribution is Theorem 4.4.3, which allows to
extend the methodology for the case of 1-exponential measure. Also, the results of that
methodology are summarised in Proposition 4.4.1. Therein one can find error estimates
of the method with respect to Kullback Leibler divergence and the way to recover that
optimal space.

As we see in Section 2.3.1, the 1-Besov priors are defined through 1-exponential distri-
butions. These priors are important especially for the field of signal and image processing
because of their edge-preserving and sparsity-promoting properties, see e.g. Leporini and
Pesquet (2001); Kolehmainen et al. (2012); Jia et al. (2016); Tan Bui-Thanh (2015); Ran-
tala et al. (2006).

In the second part of the thesis, we study the problem of estimating the drift and
diffusion coefficients of a stochastic differential equation with a small diffusion coefficient
from discrete noisy measurements of a single path of the solution. Such equations are

usually represented as,

1
AX(6) = (@(X(0) = HX(0)) db + Va(X (1) + b(X (1)) dW, (1.1)

where N is a large number, i.e. N > 1. We assume that the process is restricted to the
bounded interval [0, 1] and measurements are collected from a realisation of (X (t1),... X (t,))
at times 0 <t < ...t, < T, for positive time T

Let the forward map G : C?([0,1]) x C?([0,1]) — R" be defined as
G(a,b) := (X (t1),... X (tn))(a,b)

where X (¢;) (a, b) is the solution of the above SDE with coefficients a — b and TIN Vva +b.
Denote the noisy measurements by y € [0, 1] and the noise term by en = (en1,...eny),
where ¢ > 0 and 7; are independent and identically distributed. Then, the above inverse

problem can be written in the following form,
y=Gla,b) +n

where the functions a and b are unknown.

At this point it is worth mentioning that equation (1.1) is closely connected to the
birth death process. Consider for instance (Yt)t20 birth death process with state space
{0,...,N}, where N, T > 0, as described for example in Renshaw (2015). Next, we

consider the following two set of parameters: wy is the up jump rate the k state and d
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down jump rate, with k& € {0,..., N}, and an initial condition Yy. Under the condition that
uy =dp =0 and Yy € {0,..., N}, we have that the process Y; will remain in {0,..., N}.
Suppose now that these jump rates have the so-called density dependent property Ethier

and Kurtz (2009), meaning that there exists functions a, b : [0,1] — R such that:

Yk € {O,...,N},%za(ﬁ) and ?\?:b(}@),
and where we assume that U and D are non-negative on [0, 1]. Then, it is well-known, see
for instance Kurtz (1971), that in the limit of large N, the rescaled BD process (%Y})DO
can be approximated by a diffusion process, that satisfies equation (1.1) with reflective
boundary conditions and initial condition xg = %Y@ € [0,1].

In Chapter 5, we consider the posterior distribution p¥ that emerges from the above
inverse problem. More precisely, we have that the likelihood is the product of transition
probabilities, which are the fundamental solution of a parabolic differential equation. Such
solutions are usually expensive to compute. We propose an approximation of the likelihood
using a random perturbation technique. This leads to an approximation of solution X, in
the form of XV ~ Xy+ \/LﬁXl with X the solution of a deterministic first order differential
equation and X7 a Gaussian process. As a result, the likelihood of the approximated
posterior is much easier to compute. We establish some convergence properties of XV under
appropriate regularity conditions on the drift and diffusion, and study the convergence

properties of the resulting approximated posterior.

1.1 Organisation of the thesis

The thesis is organised as follows. Chapter 2 summarises some of the already known
background materials for the Bayesian approach to Inverse problems and the Importance
Sampling method. In particular, Section 2.5 demonstrates a version of the Bayes’ Theorem
on Banach Space. Later in Section 2.5, there is a general framework for approximating
the posterior based on an approximation of the forward map; this is the same framework
that we desire to establish for the approximation of the posterior of the second problem,
see above. Later on, in the same chapter, there is an introductory section for Monte Carlo
simulations. More precisely, Section 2.6.1 is devoted to the Importance Sampling technique
and provides some materials about Kullback-Leibler divergence.

Chapter 3 is an introductory Section for stochastic differential equations, where the
reader can find results relevant to the existence and uniqueness of the solution. We also

study the behaviour of the solution near the spatial boundary. Furthermore, Section 3.3



is devoted to the Fokker-Planck equation.

In Chapter 4, we first recall the methodology proposed by Zahm et al. (2021) for
dimension reduction in the case of sufficiently regular prior. Then, in our main result, we
extend this dimension reduction technique to the case of 1-exponential priors in Section
4.4.1.

In Chapter 5, we study the above mentioned inverse problem which involves the
stochastic differential equation. Section 5.2 explores the perturbation technique and in-
troduces the ODE and the Gaussian process, which describe Xy and X7, respectively. In
addition, we demonstrate our results related to the convergence of perturbation technique.

In Section 5.3, we build the framework associated with the approximation of the posterior.



Chapter 2

Bayesian inverse problems

This chapter is devoted to background material related to Bayesian approach to inverse
problems, and gives an introduction to Monte Carlo methods. In particular, Section 2.1
starts with the generic inverse problem and then focuses on inverse problems with measure-
ments subject to additive noise which are the main interest of the current thesis. Afterward,
Section 2.2 presents the Bayesian approach to inverse problems, where we present Bayes’
Theorem on Banach spaces, which plays a central role to the definition of the current ap-
proach. We then review the conditions for the well-definedness of the solution emerging
from the Bayesian framework, the so-called posterior distribution. We then study the ef-
fect of the approximation of the underlying forward operator on the posterior distribution.
Finally, Section 2.6 is an introduction on Monte Carlo methods. More precisely, it fo-
cuses on importance sampling, which is a suitable method for approximating the posterior

distribution that emerges from the framework of the Bayesian approach.

2.1 A generic formula for inverse problems

Suppose X, Y are Banach spaces. We consider the problem of recovering the unknown

u € X from some data y € Y given the model
y = G(u),

where G : X — Y is a generic stochastic mapping that associates the unknown variable u
with the observed data y. We usually call it the observation map.
One example is the case where a noise effect has been incorporated into the observed

data, and the stochastic map G is given as follows
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where G : X — Y is a deterministic map that relates u to y, G is usually called forward
map. The noise term 7 is also known in some sense, one may consider either its distribution
or its magnitude to be known. In our set-up, we assume that the distribution of 7 is given.
Intuitively speaking, we have been asked to invert the operator G. One strategy for
recovering the unknown u is to deploy an estimator which behaves similarly to the inverse
of the operator G.
There are several difficulties that one needs to overcome in this problem:
1. Non-existence:

Consider the inverse problem of recovering u from the data
y=G(u)+n

where 7 is an element in R” and the forward map G : R" — Im(G) (€ R") is invertible.
Consider the situation where one uses the inverse of G as the estimator which retrieves
u. Observe now that since we only know the distribution of 7, we have that y and 7 are
inseparable and that there may be several choices of 1 such that y € Im(G), thus there
are several y for which our estimator cannot solve our problem.
2. Non-uniqueness:
We consider the inverse problem without the noise term here for simplicity, and assume an
underdetermined system of equations, that is a linear map G : R™ — R™, where n > m,
satisfying

y = G(u).

In this example, we may have several u € R™ solving the above equation.
3. Instability:

Let us once again consider the problem
y=G(u)+n

where G is an invertible linear map G : R™ — R", also assume that the noise term is
bounded by some ¢ > 0, ||n|| < €, where || - || is some norm over R™. In addition, we
consider the specific case, where G is a diagonal matrix and the elements on the diagonal

decay fast to zero, for instance \; = 1/i. Then the inverse of G is given as follows

1/
Gl = ( - >
1/

Then using the inverse map as an estimator for the unknown w may mislead us as we see

now. Let the noise n = (0,...,0,¢) and n > 1. Denote the data with noise by y and
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without noise by 3" = G(u'). Let us now check the contribution of the error term in the

estimation of the unknown u,
Ju =t = 1Gy =51 = 1 (0,...,ne) || = nell (O,..., 1) |.

Therefore, we observe that small noise in the data could lead us in large changes of the
solution w.

The above difficulties are summarised in Hadamard’s definition of well-posedness: A
well-posed problem is a mathematical model which has the following three properties:

(a) The solution exists.

(b) The solution is unique.

(c) The solution is stable, i.e. small variations in the observed data cause small changes
to the solution.

In the following section, we introduce the Bayesian approach for inverse problems, a
probabilistic approach for recovering the unknown u in a wellposed manner. Section 2.4
presents a suitable set of assumptions which addresses the well-posedness of the Bayesian

approach.

2.2 The Bayesian approach for inverse problems

Let us consider the inverse problem of finding u from y given as

y=G(u)+n. (2.1)

We assume that (X,¥x) and (Y, Xy ) are measurable spaces, G : X — Y is a measurable
map and the distribution of 7 is given and n € Y.

Intuitively speaking, this approach can be described as follows: Given prior information
about the location of the unknown u within X, and measurements y, we are interested
in an update of our prior information according to the measurements y. Both the prior
information and its updated version are considered to be distributions over space X, and
we call them prior distribution and posterior distribution, respectively.

In this approach, we treat u,y and n as random variables and determine the joint
distribution of (u,y). Notice that the distribution of 1 is given above. Given the prior
distribution and knowing that w and 7 are independent, we can then determine the joint
distribution of (u,y) using (2.1). Finally, we obtain the conditional distribution of ul|y,

the so-called posterior distribution in this approach. As we show in the following sections,
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Bayes’ rule plays a central role in obtaining the posterior distribution. If v and y are finite-
dimensional random variables, Bayes’ rule implies the following for the density functions

of the concerned random variables
Fury (uly) = o (vlu) o (u). (22)
fy ()
In the context of Bayesian approach, the density function fyi7(y|u) is called likelihood.

Using this approach allows us to incorporate a priori information about the unknown
u by choosing an appropriate prior distribution.

Next, we provide some notations to facilitate our study of the distribution of u, n and
u|y, which are used in the following section. Let (2, F,[P) be an abstract probability space
and (X,Xx) and (Y, Xy ) measurable spaces. We consider y and u as realisations of the
measurable functions ) : Q2 — Y and U : Q — X. We use the notation n :  — Y for the
random variable representing noise as there is no room for confusion. Then we define the
two probability measures Qo(-) =P (n € -) and puo(-) =P (U € ) over (Y, Xy) and (X, Xx),
respectively. Observe that according to the same notation the posterior probability can be
written as pY(-) =P (U € -|Y =y) defined on Xx.

Looking at the Bayes’ rule (2.2), we also need to determine the probability emerging

from the random variable Y|{{f = u}. For any A € ¥y and v € X, we have

Qu(A) =P Y eAU=u)=P(GU)+nec AU =u)=
P(neA—Gw)U=u)=PneA—Gu)=QA-Gu)
(2.3)
where the third equality holds due to the independence of u and 7.

Now Bayes’ rule (2.2) provides us with the following Radon-Nikodym derivative

dpy
2 (W = 9(uw;y) 9(x; y)po(dz).
Ho X
Notice that the Radon-Nikodym derivative is proportional to g(u;y) which is the so-called
likelihood, see for instance (2.2).

In the following two sections, we present an example of a finite dimensional space and

then we introduce Bayes’ theorem defined on Banach spaces.

2.2.1 Application of Bayes’ Theorem in finite dimensions

Let us consider two euclidean spaces X = R™ and Y = R™ equipped with the Borel
o-algebra, measurable map G : X — Y and given probabilities o and Qg defined as

above. We further assume that pg and Qp admit a probability density function pg and p,
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respectively, i.e.

Qo (A) = /A p() L7 (dn) A€ B(R™)

m(B) = [ ww o) BeBE"
where £" is the Lebesgue measure defined on B (R™) and analogously for £™. We can
then define the joint distribution (4, )) in terms of Q, and g, but first let us observe that
the density function of Q,, is equal to p (y — G (u)), for fixed u, see for example equation
(2.3). Therefore, the density function of (U4,)) is proportional to p(y — G (u)) po (u). If

we further assume that

/ p(y— G (u))po (u) L™ (du) > 0", for a given y € R™

then Bayes’ rule implies the following, see for instance Theorem 1.1 in Dashti and Stuart

(2015),
dpy

g (W) < p(y =G (u) W0 (). (2.4)

acr

Or, in other words

Yy o po(y — G (u)) u
p ()= /A Ton 0 (5 — G (@) o (i) "0 (™)

Notice that Bayes’ theorem, as it is stated in this section, requires the joint distribution

(U, Y) to admit a probability density function, i.e. Radon-Nikodym derivative with respect
to the Lebesgue measure. The following section demonstrates Bayes’ theorem on separable
Banach spaces. In an infinite dimensional space, the main problem is the absence of a

Lebesgue measure.

2.2.2 Bayes’ Theorem on Banach Spaces

Suppose that X and Y are separable Banach spaces equipped with their respective Borel
o-algebra, G : X — Y is a measurable mapping, and that we are interested in solving the
inverse problem (2.1).

As we mentioned in the description of the Bayesian approach, the prior distribution and
the noise distribution are known, so that we can derive the joint distribution (U,Y) € X XY
from which we are interested in computing the conditional distribution U|).

Let us consider the same notation as in the last two sections:
e Qo and Q, are defined on Yy, the distributions of noise and U|Y, respectively.

e 1o and pY are defined on Y x, prior and posterior distributions, respectively.

!Notice that the above integral is the marginal distribution of y, i.e. P(y) # 0, see for example (2.2)
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Notice also that the o-algebras of X and Y are given as follows, ¥y = B(X) and Xy =
B (Y). In the following theorem, we assume that Q,, is absolutely continuous with respect

to Qg for pp-almost every wu, i.e.

Qu <€ Qo, VY po-a.e. u.

According to Theorem 3.8 in Folland (2013), we have that for ug-almost every u, there exists
a B (Y)-measurable function ®(u,-) : X x Y — R U {400} such that e~®®) ¢ L' (Qg)?

and

d@u L —<I>(u,)
a0, (y) :=e v, (2.5)

Since Qp is assumed to be a probability measure, it also holds that E,.q, e~ ®wy) =1 for
[o-a.e. u.
As noted above, the approach starts with the determination of the joint distribution of

(U,)), thus we define probability v which is defined on B(X) ® B (Y),
v(du,dy) =P U € du, Y € dy) = Qu(dy)po(du) = p*(du)P (Y € dy).

To compensate for the absence of a Lebesgue measure in function spaces, we consider the

probability measure vy defined on B (X) ® B(Y) and given by

vo (du, dy) = Qo(dy)po(du)

as the reference measure. In what it follows, we assume that ®(-,-) is vp-measurable. Note
that the definition of v and 1y implies that v < 1y and its Radon-Nikodym derivative is
written as

T%(u,y)ze .

The following theorem summarises all the above assumptions and it is applicable to inverse
problem with measurements subject to additive noise, in the case where X and Y are

separable Banach spaces. The proof can be found in Dashti and Stuart (2015).

Theorem 2.2.1 (Bayes’ Theorem). Suppose ® : X xY — R, giwen in (2.5), is vy-

measurable, and

Z(y) == /Ueq)(“’y)ug (du) >0, VQo — a.s. y.

Then the conditional distribution of U|Y =y, denoted by p¥ (-), exists under v. Further-

more, if p¥ < po for v-a.s. y, then we have

dp? L o)
— (u) ;== ——e R 2.6
duo( ) Z (y) (2:6)

2L' (Qo) is the space of all real-valued Qo-integrable functions
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2.3 Random series construction of priors

This section presents how to build a prior probability measure on a Banach space, using
random series through a Schauder basis. It is known that a Banach space with a Schauder
basis is necessarily separable. Therefore, the following construction can practically only en-
dow a separable Banach space with a probability measure. That means that we can always
define a probability measure on a Banach space X, but the support of that probability, it

is always contained in a separable subspace of X.

Definition 2.3.1. A Schauder basis, for a Banach space X, is a sequence of elements
¢; € X such that for every element u € X there exists a unique sequence of u; € R

satisfying
o0
u=> uid
i=1
where the convergence of the above sequence is understood with respect to the norm of X.

Note that we understand the convergence in the above definition as follows: Let us

consider partial sums,
n
n __
u" = § Ui Pi
i=1

then we have,
|lu" — ul|x — 0.

The basic concept of constructing a prior measure on a Banach space X with a Schauder

basis {¢;};=, and element mg € X, is based on the following random series,
o0
u=mo+ Zu’¢’ (2.7)
i=1

where u; = 7;§; with deterministic sequence v = (7;);=, and random sequence & = (& )0,
of independent and identical distributed &;. Using the definition of the random element wu,
one can think of the prior ug as the following measure: P (§ € -) which defines a measure
on (R*°, B(R>)), the push forward of this measure under £ — wu gives the measure gy on
X.

Observe that both v and £ are used to define the appropriate probability over X, to
keep it separate from {¢;}, we assume that ||¢;|| = 1. For fixed {¢;} and &, the faster
~ converges to zero, the smoother space X is. Notice also that if £ is centred, i.e. the
expectation of &; is zero, the expected value of u is equal to my.

In the next section, we demonstrate two examples of priors defined on Banach spaces.

Those have been highlighted in the literature.
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2.3.1 Examples of priors

This section describes three examples of priors defined on Banach spaces based on the
above construction. Those are uniform, Gaussian and Besov priors. For a more detailed
proof, see for instance Dashti and Stuart (2015).

Uniform priors
In this example, we consider the Banach space X = L°°(D) and we endow X with a
uniform probability measure. Note that the specific space is not separable, but the above-
mentioned procedure for the endowment of a Banach space with a probability measure
requires a separable Banach space; at least, the support of that probability measure has
to be contained in separable Banach space. For the definition of that separable Banach
space, we take mg and a sequence of {¢; };~, such that mg, ¢; € L>(D), then the separable
Banach space X’ is defined as the span of that sequence with respect to the || - ||oo norm,
e (X' | - loe) = (mo + span {¢; : i € N}, || - ).

Then, we can define the probability measure over the Banach space X as the push-
forward probability measure of the following random series,

oo
w=mo+ Y uidi
i=1
where u; = ;& with deterministic sequence v € I!, and random series ¢ of independent
and identical distributed with & ~ U[—1,1].

According to Theorem 2.1 in Dashti and Stuart (2015), one use appropriate condition
on the sequence v and myg, which can control the push-forward measure emerging from
the above random series, i.e. po(-) = P(u € -), where u is defined through (2.7). For
example, for given a,b > 0, one can choose v and myg in such a way that the support of
po is contained in {u: D — R|u(x) € [a,b], for a.e.x € D} N X'. That can be especially
useful in the case of the elliptic inverse problem, see for instance paragraph 1.3 in Dashti
and Stuart (2015).

In the same notes and more precisely in Theorem 2.3, one can find also appropriate
conditions on myg, ¢; and -, in order to define a uniform prior on Holder space with [-
exponent, i.e. X = C%%(D).

Gaussian and Besov priors

This example builds the framework for priors over Besov and Sobolev spaces endowed with

exponential probability measures. Let us start with the following Hilbert space

X =LYT?) = {u T 5 R: /w lu(x)|*de < oo,/Td u(z)de = 0}
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of real valued periodic functions d < 3 with inner-product (-, )y and a norm || - || x, where
T? is the d-dimensional torus.

Consider {¢;};°, to be an orthonormal basis of X, so that u € X is written as
o0
U= Zuﬂbi, where u; = (u, ¢;)
i=1
Then, we can define the Banach space X%,
X1 .= {u (TS R u(@)| xee < oo,/ u(z)dr = O}
Td

1/q
where ||ul| xtq 1= (Zfil i(t?q+%_1)\uj|q) with ¢ € [1,00) and ¢t > 0. One can see that

using a different basis, i.e. {¢;};o;, X &4 yepresent a different space, for example:

e If we choose {¢;};2, to be the Fourier basis and ¢ = 2, then the space X t2 represents
H (T9), i.e. Sobolev space of periodic functions with mean-zero and square-integrable

derivatives up to t.

e On the other hand, if we choose {¢;};; to be a wavelet basis, then the space X'

represents the Besov space B},

Then, using the random series which introduced in (2.7) with appropriate deterministic
sequence v and random sequence &, one can endow the space X»¢ with a probability
measure. In this example, we take £ to be i.i.d with &; centred g-exponential distribution,
that is

—|x|?/2
& ~ ool

for some ¢ € [1,00) and with ¢, the normalising constant. For example for ¢ = 2, we
have that & are Gaussian distributed and for ¢ = 1, §; are Laplace-distributed. Also, for

5,0 > 0, we define the deterministic sequence v as follows:

(54l 1
’y] =J 72 q (51/(1

According to Theorem 2.6 in Dashti and Stuart (2015), under the appropriate assumptions
on t, s,q, we have that the support of the the push-forward measure emerging by (2.7) is
contained in X9,

An interesting example of X% is the 1-Besov priors with wavelets for {¢; }:o; and £ are
Laplace-distributed. According to Donoho and Johnstone (1998), B!, contains functions
with considerable spatial inhomogeneity, i.e. it is extremely spiky in some parts of its
domain and in other parts is extremely smooth. Also, there is an appropriate basis {¢; };o,

such that the most likely draws from the prior are described by relatively few non-zero
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coefficients w; in basis {¢;};-;. These two properties are particularly interesting in the
field of image processing and signal processing. In those fields, one needs to recover a
solution which is rapidly changing its values, see for example ultrasound images. Those
images are very smooth on some parts and it is changing rapidly on other parts.
Furthermore, using the same random series, we can endow Holder spaces with a g¢-
exponential probability measures. We only need to take a basis {¢;};~; which consists of
bounded and a—Hdélder functions ¢;, and both the bound of ¢; and its Lipschitz constant
are growing with respect to . Then, Theorem 2.8 in Dashti and Stuart (2015), implies
that under appropriate conditions the support of the the push-forward measure emerging

by (2.7), is contained in C%%(T%).

2.4 Well-posedess of Bayesian approach

This section presents a set of conditions that ensure the well-posedness of the Bayesian
approach. Thus, the following results are divided as follows: the posterior is well-defined,
i.e. it satisfies existence and uniqueness, and stability under an appropriate metric, that
is, small variation in the observed data causes small changes in the posterior distribution.

Let us consider X, Y to be separable Banach spaces equipped with the Borel o-algebra,
and po is a measure on X. We also assume that p¥ < po and the Radon-Nikodym

derivative of u¥ with respect to ug is given as follows

dp® L oy / o
— (u) = =——e \WY), where Z (y) = e~ W) o (du 2.8

Assumption 2.4.1. Let X' C X and assume that ® € C (X' x Y;R). Assume further
that there are functions M; : [0,00)? — [0,00), i = 1,2 monotonic nondecreasing separately
in each argument, and with My strictly positive, such that for all w € X', y,y1,y2 €
By (0,7),

— My (r, [Jullx) < @ (u;9)

@ (u;91) = @ (u;92) | < My (1, [[ul|x) [ly1 — v2lly

Remark 2.4.1. Note that in the case of an inverse problem with finite dimension data
and with Gaussian noise, we always have that the corresponding ®(u;y) satisfies the first
inequality. For the second inequality, we need further to assume that the forward operator

1s Lipschitz, or even satisfies the condition of polynomial growth.

In the following theorem, we see that, under appropriate assumptions, for any y € Y,
there exists a unique posterior distribution p¥, the proof of this theorem can be found in

Dashti and Stuart (2015).
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Theorem 2.4.1. Let Assumption 2.4.1 hold. Assume that po (X') =1 and that py (X' N B) >
0 for some bounded set B in X. Assume additionally that, for every fized r > 0,

M (r,||u 1 .
eM(r[ullx) €L, (X;R).

Then, for everyy € Y, Z (y) given by (2.8) is positive and finite and the probability measure
wY given by (2.8) is well-defined.

The following result is related to the stability of the posterior distribution p?¥ which
means that for 9 in a small neighbourhood of y, i.e. for 0 < d < 1,9y € By.y (y,9), the
posterior p¥ is close to p¥. For the definition of this kind of stability, one needs to consider
a metric on the probability space M (X)) := { probabilities 7 defined on (X,B(X))}. In

this case, we consider the Hellinger distance,

2
dpen (1, v)* = ;/ <\/§ - \/i> d¢, where ¢ € M(X) with p, 7 < ¢

Then, we know that Hellinger distance defines the metric space (M (X), dgey). The follow-
ing theorem provides the stability of the posterior distribution with respect to Hellinger

distance and its proof can be found in Dashti and Stuart (2015).

Theorem 2.4.2. Let Assumption 2.4.1 hold. Assume that uo (X') = 1 and that po (X' N B) >

0 for some bounded set B in X. Assume additionally that, for every fived r > 0,
M) (14 0y (1 ul x)?) € L, (X3R). (2.9)
Then there is C = C (r) > 0 such that, for all y,y' € By (0,7)

dizen (1, 1) < Clly =/

2.5 Approximations of the posterior

This section demonstrates a continuity property of the posterior distribution based on &,
see for example (2.5). The metric on the probability space M (X) is considered to be the
Hellinger distance.

In this case, we only need to focus on X, so we drop the subscript about the data
y. Let us consider X Banach space and juq prior defined on X. We consider p and p?v
posterior distributions which are absolutely continuous with respect to pg, and are given

by the following two formulas

d L o) / o
— (u) = =——e "WV, where Z (y) = e~ ®WY) 4 (du

(2.10)
e (u) = e~ N (uy) where Z% (y) = / e~ W) 10 (du)
b
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As we see the following assumption is analogous to the one in the former section.

Assumption 2.5.1. Let X’ C X and assume that ® € C (X';R). Assume further that
there are functions M; : [0,00) — [0,00), i = 1,2 monotonic nondecreasing, and with Mo

strictly positive, such that for all u € X',

=My ([Jullx) < @ (u)
=My ([[ullx) < @V (u)

|® (u) — DN (u) | < My (J|ul|lx) (N)  where ¢ (N) =0 as N — oo

Notice that the important result in the following theorem is that p can be used as
an approximation for the posterior distribution of u, its proof can be found in Dashti and

Stuart (2015).

Theorem 2.5.1. Let Assumptions (2.5.1) hold. Assume that po (X') =1 and that po (X' N B) >

0 for some bounded set B in X. Assume additionally that, for every fized r > 0,
MR (14 My (Jlul|x)?) € L, (X5R).

Then the probability measures u and u given by (2.10) are well-defined. Furthermore,
there is a constant C > 0 such that, for all N sufficiently large, the following holds

drgen (1, 1Y) < C1p (N)

2.6 Monte Carlo approximation

In the previous framework, we start with a known prior probability and we are interested
in approximating the posterior distribution. This approximation computes the posterior
distribution indirectly. Essentially, we are interested in evaluating the so-called quantity of
interest. Those quantities describe the statistical behaviour of the posterior distribution,
for example they are: confidence intervals, mean values, variances, probabilities for certain
events, etc. In most of the cases, those quantities are expected values of measurable
functions with respect to the posterior distribution.

Consider a measurable function ¢ : D — R, a probability space (£2,%,P) and the
random variable X which is distributed uniformly on the set D, i.e. X ~ U(D). Suppose,

we want to compute the integral

1(6.U(D)) = /D o(x)dz = /Q H(X () P(dw)
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One way for the approximation of those quantities is to use Monte Carlo simulations. This
method arises from probability theory and more precisely an inspiration about this theory
comes from the law of large number.

Let us consider the following method, for given X7, ... Xy random variables independ-

ent and identically distributed by X; ~ U(D), we define the approximation Iy as follows

1 N
In(6,U(D)) = 5 > 6(Xa)
n=1

For simplicity, let us now denote I(¢,U(D)), In(¢,U(D)) by I, In. According to the
Strong law of large number, if X7, X5... is a sequence of independent and identically

distributed with finite mean and finite variance then we have that
1 N
Iy = 5 3 60X0) + B(X) = /D oa)da = I

Thus, based on this, we can build the basic Monte Carlo method. Another important
factor for an approximation method is to estimate its convergence rate, or in other words,
how fast our method converges. The answer to that question is given by the central limit
theorem,

VN (Iy —I) = N(0,6%),  in distribution

where 02 = Var(g(X)). Notice that the central limit theorem does not depend on the
dimension of X. Then, the convergence rate can be assessed and we get that the "error
term" is of order O(1/v/N) regardless of the dimension of X.

Let us consider the Riemann approximation and compare it with the above mentioned

method. First, we assume D = [0, 1] and define the Riemann approximation as follows,

. 1 X
Iy := N Z¢(yn)
n=1

where y, = n/N. For a smooth function, one can take that the convergence rate for
this approximation is of order O(1/N). Apparently, in this particular case the Riemann
technique has better convergence rate in comparison to the Monte Carlo. On the other
hand, deterministic approximations are not invariant to the change of the dimension. See
for example that if we define the same technique on D = [0, 1]!°, in order to achieve the
same level of accuracy O(1/N), we need to evaluate O(1/N1?) points. Therefore, Monte
Carlo simulation are more suitable for the computation of integrals in high-dimensional
space.

The following example aims to present an idea for the acceleration of Monte Carlo based

on a better sampling technique. Consider the function ¢ with support within the interval
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[a,b] and two probability measures p, m with density functions f,, fr, respectively. The

following two Figures2.1.(a) and 2.1.(b) consists of the graphs of ¢, f, and fr. Notice that

(a) density of u (b) density of 7

Figure 2.1: The solid line refers to the function ¢ and the dashed line refers to the density

function p and 7, respectively.

most of the mass of the probability p is on the complement of the support of ¢, while in
case of 7, it happens quite the contrary. Similar to the above mentioned Monte Carlo, we
define the approximations In (¢, 7) and In(¢, ) which approximate the integrals I(¢, )
and In(¢, u), respectively. We observe that most of X;, in the case of In(¢, ), takes
values on [a, b]¢, while in case of 7, it happens quite the contrary. Therefore, we have that
In(¢, ) approaches I(¢, ) faster than In (¢, ) approaches I(¢, u).

The above example suggests that the acceleration of the computation of a Monte Carlo
method can be achieved using a sampling technique that concentrates most of the drawn
points in a region, where ¢ takes its largest values.

In the next section, we study the importance sampling method. In that method, we
consider two different measures: the first is the one we want to approximate, i.e. I(-, ), and
the other is the one, we draw the sample from, i.e. In(-,7), those are the so-called target
measure and proposal measure, respectively. In addition, we observe that the definition
of that method provides a more suitable framework for the approximation of the posterior

distribution.

2.6.1 Importance sampling

Let us consider a probability measure p defined on (X, B (X)) and a p-integrable function
¢ : X — R. The purpose of this method is the computation of the following integral using

a similar probabilistic technique as the above relying on the (L.L.N.)

1(g) = /X o(x)udz)

In contrast with the above technique, the sample is not drawn directly from g, but instead

from an appropriate probability m, the so-called proposal probability. Also, in this point
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it is worth mentioning that u is the so-called target probability measure.
The definition of the current method is based on the assumption that the Radon-

Nikodym derivative of u with respect to m, is known up to a multiplication constant

P =atw) / [ atan(ae)

Since p and 7 are measures, then g : X — R, is a non-negative function. Moreover,
an equivalent condition for the existence of such g is that u is absolutely continuous with

respect to . Notice that

d
o) = [ o Pumtin = [ ot tn) [ [ g =
X n X X
which is basically the inspiration for the following definition.

Definition 2.6.1. The auto-normalised importance sampling estimator is given by:

i (9) =" u ~ i
Nmzzlg(um)
S (")
:and)(u") where  wy, 1= Ng l

n=1 Zm:l 9 (um)

Next, we examine the convergence of the auto-normalised importance sampling estim-
ator. These results are presented as follows. First, we study the estimator’s asymptotic
consistency, and then we provide bounds for the bias of the estimator and the mean square
error (MSE). Note that the last two quantities quantify the accuracy of the given estimator.
On the other hand, asymptotic consistency tells us that the distribution of the estimator
becomes more and more concentrated around the true value of pu(¢) as the sample size
becomes larger, i.e. N > 1.

The convergence of estimator pV(¢) to u(¢) is a consequence of (L.L.N.) and the
following property,

X, 5X, YV, 5Y = (X.Y,)5(XY)

Thus a sufficient condition for the convergence of the estimator is that both 7(g), 7(¢g)
should be finite. Similarly, for the application of the central limit theorem, we use Slutsky’s

theorem, which says that

in law in law

X, 22oxo v, B = X,/v 2 X/e
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where c is constant. Therefore a sufficient condition for the application of the central limit

theorem is that 7(g?) and 7(¢?g?) are finite,

7 (60— n(6)))
m(9)*

VN (1N (¢) — 1 (9)) 225 N | o,

The following estimations about bias and MSE are obtained in Agapiou et al. (2017).
Therein, the author emphasises the importance of the quantity p, which is defined as the
second moment of the Radon-Nikodym derivative of the target measure with respect to

the proposal, i.e.

It is also easy to see, using Cauchy-Schwarz inequality, that p > 1. The proof of the

following theorem can be found in Agapiou et al. (2017), see Theorem 2.1.

Theorem 2.6.1. Assume that p is absolutely continuous with respect to w, with square-
integrable density g, that is, ™ (gQ) < 00. The bias and MSE of importance sampling over

bounded test functions may be characterized as follows:

sup |E [pV — &
sup [E [ (6) ~ u(0)]| <

and

sup E [N — 2 @
sup (1 (9) (D))" < 5

It is easy to see that the above estimates do not apply only to the case where |¢| < 1,
but they can be used as a general statement for bounded functions. The extension for any
bounded ¢ can be shown by using the estimator definition and p(¢). In addition, Theorem
2.3 in the same paper provides us with bounds on the bias and MSE for given ¢ which is
not necessarily bounded.

We remind the example of the last section, see Figure 2.1, its purpose is to highlight
that an appropriate proposal distribution can accelerate the computation of the Monte
Carlo estimates. Let us re-state that example in a way that matches with the definition
of the importance sampling. Suppose we have a given function ¢ and probability u that
admits a density function f,, then similarly to that example, we see that the best candidate
for fr is a function in the shape of the product of ¢ and f,.

Based on that example, we study the effective sample size (ess) which is defined as
follows, see for instance Agapiou et al. (2017),

v (ENewm)
ess = w™)? = . = N1MC 9)
o (2( ) ) S g e ()

m=1 g
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where 7711\\740 is the empirical Monte Carlo estimate

N
1
o (9) =5 D 9@, u'~m
n=1

The following inequality provide the range of ess, the right-hand side of the inequality is a

result of the Cauchy-Schwarz, for the the other side, w™ is less than or equal to 1
1<ess(N)<N

In order to see that ess(NN) quantifies the effectiveness of the sample, we show two extreme
examples. Let us consider an N-sized sample (u1, usg,...,uy). In the first case we assume
that only one w" is non-zero, then by definition ess(N) = 1. On the other hand, we
consider a sample that all weights are equal, so we get ess(IN) = N. Observe that between
the former two examples, the most efficient sample is the second one. The last example is
given through the following Figure 2.2, observe that for a typical N-sample drawn from T,

it is more likely for the ess(IV) of Figure 2.2(a) to be smaller than ess(/V) of Figure 2.2(b).

(a) Low ess (b) High ess

Figure 2.2: Notice that in both figures, there is a dashed line and a dot-dashed line, in order
to spot the differences the dot-dashed line is chosen in both figure to be the lower function.
The dashed line represent the density function of the target measure u, the dot-dashed line
the proposal measure 7 and the solid line represents the unnormalised Radon-Nikodym of

u L.

If we further assume that 7(g?) < oo, then the Strong Law of the Large Number implies

that
™o (9)° as. 1
mirc (9%) p

Or equivalently, we get that for sufficient large N, it holds that

N
ess(N) ~ —.
p

Therefore, for sufficient large N, the MSE can be controlled using ess(N)

su N — 2~
MSPIE[M (¢) — 1 ()] EeSS(N)
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2.6.1.1 High and infinite dimension case

The purpose of the following example is to highlight a particular behaviour of the Radon-
Nikodym derivative, i.e. g, for probability measures p, 7 defined in High-dimensional
space.
Suppose two probability measures pq and 7 are defined on (R, B(R)) with g1(u) =
~h(w) and h: R — R, . In addition, we assume that the mean and the variance of ;1 and
w1 are finite and also A is not constant in order to avoid the trivial case pu; = m1. Now, we

consider the product probability measures p, and 7, on (R", B (R")) with

du) := H,ul(dui), Ty 1= Hm(dui)
i=1 i=1

The unnormalised Radon-Nikodym is given by

Since h is non-negative, we have that has all the polynomial moments of g, under m, are
finite. Moreover, we have that for every finite n, u, < m,, thus we can apply importance
sampling on each one of them.

Let us define the set

Ay = {UEROO:A}EPOONZUZ _/x,ul dfﬂ)}

and oo and s are the limit probability measures of u, and m,, respectively.

Next, we want to evaluate (A, ) and 7o (A, ). Notice also that

/mul(dfn) :/ 7?11((91) (dx) # /3:7?1 (dx)

Using the Strong Law of Large Number, one can prove that

froo(Apy) =1, Too(Au) =0

Thus, pe and 7wy are mutually singular. The above mentioned example taught as that
any two measure o, and m which differ, in the above sense, in infinite dimension without
that difference is vanishing as long n goes to infinity, then we will always have that those
two measures, [ioo, Too, are mutually singular. Note that since po, and 7o, are mutually
singular, thus there is no Radon-Nikodym derivative and hence importance sampling can
not be defined.

Based on the singularity, it is worth investigating how this affects MSE as the dimension

of the problem increases. Remember that p/N controls MSE. Using that h is not constant,
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we get that p; > 1, and also due to the structure of u, and m,, we have p, = (p1)". Let
us say we are interested in achieving the same accuracy, i.e. MSE, as n goes to infinity.
In order to compensate the exponential growth of p,, we need to increase the sample size
exponentially with respect to n.

Essentially, the above example says that if each coordinate of g plays a significant
role for the construction of pe, then the probability measures po, and 7y are mutually
singular. As a consequence, we have that for non-trivial probabilities y and 7 defined on
the high dimensional space X with u < 7, the part of X that contributes most to the
evaluation, tends to be limited to a low-dimensional subspace.

Motivated by these considerations, we are interested in a distance that can quantify
the significance of each coordinate of g. In order to determine that distance, we use the
exponential structure of p that emerges from the above example. Therefore, we introduce
the so-called Kullback-Leibler divergence.

Let us assume two probability measures p and 7 are defined over the same measurable

space (X, B (X)). Then their Kullback-Leibler divergence is defined as follows

Dict (sl = [ 1og (jjj) du (2.11)

Notice that

<oo, pukT
Dgr(pllm) =
oo, otherwise
Thus it is obvious that Kullback-Leibler is not symmetric.

Using Jensen inequality, one can show that

d
Dicr(ul|7) > log </ di@) =0 (2.12)
In addition, it may be shown that

ePrrullm) < p

Let us recall that p/N controls the MSE, see Theorem 2.6.1, thus we have that N has to

be at least exponentially larger than Dy (u||).
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Chapter 3

Stochastic differential equations

In this chapter we discuss stochastic differential equations. We review the theory of ex-
istence of solutions and well-posedness and their corresponding forward and backward
Kolmogorov equations. As we shall be considering these equations on bounded intervals
later in the thesis, we shall also look at how the process is defined in a neighbourhood of

the boundary points.

3.1 Existence and uniqueness in R

We consider a complete probability space (€2, F,P) with a filtration (.7-})1520 that is right-
continuous and Fy contains all P—null sets. Also, (W), is a brownian motion defined
on that space. Let consider p: [0,7] x R — R and o : [0,7] x R — R to be measurable
functions. Then, we can define a stochastic differential equation of It6 type with initial

values, as follows
dXt =K (t, Xt) dt +o (t, Xt) th, te [O, T]
(3.1)
X (tg) = xo
There are several frameworks that one consider in oder to define a solution to the above
equation. Let start with the most common structure for a solution that satisfies (3.1)

and summarise the structure in the following definition, this definition comes from Evans

(2012) book.

Definition 3.1.1. A real-valued stochastic process (X (t)),eo) 15 called solution of (3.1)
with initial value X (tg) = xo, if the following hold:

(i) (X(t))sepo,r) @ continuous for a.e. path and Fy adapted

(i1) EfOT I (s, Xs) |ds < oo andIEfOT lo (s, Xs) |2ds < o

(111) equation (3.1) holds for every t € [0,T] with probability 1.
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The question that naturally comes to a person who is interested in the solution of such
equations is, whether there are more than one solution to this problem. There are several
definitions about the uniqueness of such problems, but specifically in this framework the
one we consider is the so-called path-wise uniqueness and it is given in the following terms:

We say that the solution of equation (3.1) is unique, if for any processes (X (¢))e(o1

and (X (t)) which solves equation (3.1) holds that

te[0,7)
P(X(t)=X(t),Vt€[0,T]) =1

The following theorem gives the most common assumptions under which equation (3.1)
has a unique solution, for more details about its proof see for instance Theorem 3.1 in Mao

(2007),

Theorem 3.1.1. Assume functions p and o satisfy the following two properties:

(i) (Lipschitz condition) there exists a constant C' such that: Yx,y € R and t € [0,T]
|t ) = p(t,y) |+ lo(t,2) —o(t,y)| < Clz —y|
(it) (Linear growth condition) there exists a constant C' such that: Vo € R and t € [0, T
|t 2)| + |o(t,z)| < €7 (1 +|xl)
Then, there is a unique solution X for equation (3.1).

For the purpose of the present thesis, we study the particular case,

dX; = ) (Xt) dt + /o (Xt)th, t e [O,T]

Xto =Xy

(3.2)

where u, o are Lipschitz and o > 0. As, we can see the so-called diffusion coefficients of
(3.2) is 1/2-Holder, so it does not fulfill the requirements of theorem 3.1.1. We can easily
see that y/o () is 1/2-Holder because it satisfies the following inequality,

[Vo(x) = Vo)l < Vio(e) —a(y)] < VCV]z —yl (3:3)

The following theorem will provide us with the existence of solutions to (3.2). Before that

theorem, one needs to extend the definition provided above for the solution of equation
(3.2). The following definition determines a weak solution, see for instance Karatzas and

Shreve (2014).

Definition 3.1.2. A weak solution of (3.1) with initial condition x is a stochastic pro-
cess (X(t));>g on some probability space (Q, F,P) such that for some Brownian motion

Wit and some filtration (JF; with the usual condition', X satisfies the following:
t>0 t>0

LA filtration {Ft};>¢ is said to satisfy the usual conditions, if it is right-continuous and Fo contains all

the P-negligible events in F
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(i) (X(1));>o s continuous a.e. and F; adapted
(ii) w — a.e., we have that: fOT | (s, Xs) |+ fOT lo (s, Xs) [2ds < oo for every T > 0,
(1ii) equation (3.1) holds for every t > 0 with probability 1.

We see that the following theorem relaxes the condition for the existence of such a
solution but also refers to a more general solution, for the proof of the following theorem,

see page 60 of Skorokhod (1982).

Theorem 3.1.2. Consider equation (3.1) with coefficients u, o € C([0, T] xR) and assume
that p and o satisfy the linear growth condition from Theorem 3.1.1. Then, equation (3.1)

has at least a solution which is bounded with probability 1.

Using inequality (3.3) and the Lipschitz continuity of x, we can obtain a constant C' > 0

in the following way

u(@)| + Vo ()] < u(0) + Cule| + 0(0) + v/Co/lz| < C(1L + )

Hence, we can see that the coefficients of equation (3.2) satisfy Theorem 3.1.3.
Let us now state the following theorem which provide us the uniqueness for the solution

of equation (3.2), the proof of that Theorem can be found in Yamada and Watanabe (1971).
Theorem 3.1.3. Consider the equation,
dX = p(Xy)dt + o(Xy)dW,. (3.4)

Suppose that

(i) there exists a positive increasing function p(x) for x € (0,00) such that:
o(x) —o(y)l < p(lz —yl),  Ve,yeR
and / p2(s)ds = 400
o+

(ii) there exists a positive increasing concave function k(x) for x € (0,00) such that:

[u(z) = p(y)l < w(lz —yl),  Va,yeR
and / k1(s)ds = +oo.
0+

Then, the solution is pathwise unique.

3.2 SDEs on bounded sets

In this section, we consider processes which take values in an I sub-interval of the real

line. In particular, we have that the equation in (3.1) determines the behaviour of the
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process only in the interior of interval I, where for the boundary, we need to take further
assumptions.

According to Feller (1954a) and Feller (1954b), in one dimension, there are only four
kinds of behaviours that a process can have on the boundary in order for this to have
continuous paths:

(i) absorption: once the process reaches the boundary, it remains there.

(ii) instantaneous reflection: when the process reaches the boundary, it returns to the
interior of the interval in a continuous way; moreover, the time that almost each path
spends on the boundary is zero.

(iii) delayed reflection: similarly as the above, but instead of leaving instantaneously, it
remains for a positive time, so for almost each path, we have that the time the process
spends on the boundary is positive.

(iv) partial reflection: this is a combination of absorption and instantaneous reflection,
which means that once the process reaches the boundary it either remains there, or
reflects instantaneously.

In the case of an SDE with absorption on the boundary, this is the so-called SDE with
absorbing barrier, Doob (1955) suggests that the solution of an SDE with absorbing barrier
can be realised as the stopped process of the solution of the equation (3.1). In particular,
the author defines the standard Itd process as the solution X; of equation (3.1) under
the conditions that the coefficients: p and o are Baire functions with respect to the pair
(t,z), also these are satisfying the Lipschitz and the linear growth conditions, see (3.1.1),
and last ¢ is positive. Then, if X; is a standard Itd process and 7 is a stopping time, the

process Xiar is given by the following equation
t t
X (tAnT)—X(0) :/ (s, Xs) 1(r > s) ds+/ o(s,Xs) 1(r > s) dWj
0 0

Also, in the same paper, one can find the following theorem which provides the uniqueness

conditions.

Theorem 3.2.1. Consider two standard It6 processes (X1(t))eio ) and (X2(t)),epo 1) with
initial value X;(0) = z and coefficients p; and o;, for i = 1,2, respectively. Assume that
Xi(t), i = 1,2 are defined with the same Brownian motion W (t). Consider a closed interval
I (finite, or infinite) such that for every t € [0,T] and y € I, p; coefficients coincide and
similarly for o;, and, define the stopping times 7; = inf {t : X;(t) € 0I}. Then, if x € I,
we have that:

Pri=m)=1 P(Xi(t)=Xa(t),Vt<m)=1
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For boundary cases (ii)-(iv) above, one can find the conditions for existence and unique-
ness of the process in Skorokhod (1961) and Skorokhod (1962). The following is an example
of a reflecting SDE with instantaneous reflection on the boundary, the so-called SDE with
reflecting barrier. Let us consider the case, where the domain of the process is the half-line
{z : > 0}, and the boundary point is 0. The above references suggest that the solution

should be sought as a pair of two processes (£, 1) which satisfy the following equation

fm—am:Au@@w+Aa@mmm+m> (3.5)

where [ satisfy the following properties: for almost every path, [ is a continuous monotone
function and the points of growth can only occur when the process £ attains the boundary,
ie. £ =0, and the set {t: £(t) = 0} has Lebesgue measure 0. Also in Skorokhod (1962),
we can find a different representation for the process [ from the one that follows in the
next section.

In the following two subsections, we focus on the above example in order to develop
some necessary tools that we need later for this thesis. In the first subsection, we intro-
duce the Skorokhod problem and the corresponding Skorokhod map, while in the second
subsection, we use that map in order to obtain an equivalent differential form of equation
(3.5), where that new differential form looks similar to (3.1).

Our main interest is to focus on these two cases, so we are not going to provide any

further details about boundaries as in case (iii), or (iv).

3.2.1 Skorokhod problem

In this problem, we consider a continuous function f and we are interested to divide it in
a unique way into the difference of two positive functions g and I. The following is a more

rigorous definition of that problem, see for instance in Pilipenko (2014).

Definition 3.2.1. For a given f € C ([0,T]) with f(0) > 0, a pair of continuous functions
g and l are called a solution of the Skorokhod problem for f if

(i) g(t) >0, t€ 0,7

(i) 1(0) = 0 and | is non-decreasing w.r.to t

(iii) [ 1(g(s) > 0)di(s) =0

() g(t) = F()) +1(5), Ve e[0,T)

The following theorem provides the existence and uniqueness of the Skorokhod prob-

lem’s solution; the proof is omitted but it can be found in Skorokhod (1962).



31

Theorem 3.2.2. Suppose f € C([0,T]) and f(0) > 0. Then, the Skorokhod problem has

a unique solution. Furthermore, the solution is given as it follows:

1) =~ min {(s) A0} = max {(~f(s)) v 0}

s€(0,¢ s€[0,t]

ot) = F0) +1(¢) = £(2) ~ min (£(s)70)

Before, we return in the case of the reflecting barrier, we define Skorokhod map as it

follows:
9()=Tf()=1 ()= min {/(5) A0} (3.6
The following Lemma summarises some of the Skorokhod map properties, the proof of

which is omitted, but it is easy to obtain and can be found in Pilipenko (2014).

Lemma 3.2.1. Let consider the Skorokhod map I : (C([0,T]),| - ||) — (C([0,T)),] - 1),
where || f oy = supgejo,q | f(s)]. Then, the following holds:
(i) for every fi1, fo € C([0,T]) and t € [0,T]

Hgl - gZH[l].t] < 2||f1 - f2||[0,t]
”ll - lZH[U.f] < ||f1 - f2H[(].f]

where g; =T'f; and l; = f; — g; fori=1,2
(i1) for every § >0 and f € C([0,T)):

we(0) Swp(d),  wi(d) < wp(d)

where g =Tf, l = f —g and wy (6) := sup |f(t) — f(s)]
t,s€[0,T]
[t—s|<d

(1it) for every f € C([0,T]) and t € [0,T]

T F o0 < 20 o> Welloa < 1N

From point (i) of the above Lemma, it is immediate to conclude that Skorokhod map

is continuous.

3.2.2 Existence and uniqueness of SDE’s solution with reflecting barrier

Let us consider once again the example that introduced in (3.5),

d&t = ,U,(t, ét)dt + O'(t, ft)th + dlt, t Z 0
(3.7)

with reflection at 0 and initial condition £(0) = &.

The following definition summarises all the properties suggested in Skorokhod (1961) and
can be found in Pilipenko (2014).
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Definition 3.2.2. A pair of continuous Fi-adapted processes (&, 1)~ is called solution

of the stochastic differential equation (3.7), if £(t) and l(t) satisfy the following:
(i) £(t) >0 fort >0
(i) 1 is non-decreasing and [(0) = 0

(iii) [ 1(£(s) > 0)di(s) =0, >0

(iv) For almost every w, we have that: for t > 0 it holds that
¢ t
€)=+ [ uts.cis+ [ ot eenaw 10 3

and all integrals are well-defined.

We now show that equation (3.7) and the Skorokhod problem can be combined in such
a way that we can obtain an equivalent differential form to equation (3.8).
Let us assume that there exists a pair of processes following definition 3.2.2 and fix w

that satisfies equation (3.8), and define

Y(t) =% —i—/o u(s,&(s))ds —|—/0 o(s,&(s))dWs, t > 0. (3.9)

According to the definition 3.2.2, the integrals are well-defined which implies that the
process Y is continuous. Observe that for fixed w, we can apply Theorem 3.2.2. We
only need to see that &(¢,w) satisfies the same assumption as the one considered for the
function ¢(t) in definition 3.2.1, and also the same holds for I(¢,w) and the corresponding
[(t) comes from the definition 3.2.1. The uniqueness of Theorem 3.2.2 provides us that
there is a unique pair ({(¢,w), [(t,w)) which satisfies the definition in 3.2.1 and defines
Y (t,w). Therefore, using the representation for the solution of the Skorokhod problem, we
get that
E(t,w)=TY(t,w), t >0

Hence, equation (3.9) can be written as follows:
t t
Y(t) =& +/ (s, I'Y (s))ds +/ o(s,I'Y (s))dWs, t >0 (3.10)
0 0

Conversely, assuming a process Y that satisfies equation (3.10). The application of
Theorem 3.2.2 on Y provides us with such & and [ which satisfy definition 3.2.2.

Since equations (3.8) and (3.10) are equivalent, it make sense to take the following
notation: let consider equation (3.8) with coefficients u(t, -) and o(t, -), then the coefficients

of equation (3.10) can be denoted by fi(t,-) := u(t,I'(-);) and &(¢,-) := o(¢,T'(+)). By using
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Lemma 3.2.1, it is easy to see that if u and o satisfy Lipschitz continuity and linear growth,

as in Theorem 3.1.1, then i and & satisfy similar properties:

[t fr) — At f2)l + 1o (t, f1) = 6, f2)] < 20 fr = fallos
a(t, /)l + 16t ) < 20" (1 + [ fllo)

where the above ||-|| is the supremum-norm, the same as the one, we use in the last section.

vf7f17f2 S C([OvT]) and t € [O:T}

The following theorem is the analogue of Theorem 3.1.1, the proof of which is omitted,
but we can find it in two different forms, either by using the above observation for the
coefficients of equation (3.10) and then apply the proof of Theorem 2.2 on page 150 in
Mao (2007), or we can use an alternative proof based on equation (3.8), see Theorem 1.2.1

in Pilipenko (2014).

Theorem 3.2.3. Let & be a non-negative Fo-adapted random variable and also assume
functions u and o satisfying the following two properties:

(i) (Lipschitz condition) there exists constant C' such that: Vx,y € R and t € [0,T]
u(t, 2) = p(t,y)| + ot 2) — o(t,y)| < Clz -yl
(ii) (Linear growth condition) there exists constant C' such that: Vo € R and t € [0,T)
|t )| + lo(t,z)] < €7 (1 + |])
Then, there exists a unique solution according to the definition 3.2.2.

Similarly, as in section 3.1, we are also interested to study the analogous equation to
equation (3.2), i.e. the case where p and o are Lipschitz, o > 0 and &, [ satisfy the following
equation:

A&y = pu (&) dt + /o (§)dW; + dly, t € 0,T]
£(0) = &o

By using the same notation for & and &, as the one is used earlier in this section, applying

(3.11)

part (iii) of Lemma 3.2.1 and the Lipschitz property of 1 and o, we are able to obtain that

i and /& satisfy the linear growth condition:

(T ))|+VoTT )] < 0(0) |+ 1/ 0) | +2C (ITE )il + TV )2) < CO+[Y o)

The following theorem provides us the uniqueness of the solution of equation (3.11) and its
proof can be found in section 3.4.1 below. Therein, we combine the following two proofs:

Theorems 1 from Yamada and Watanabe (1971) and Theorem 1.2.1 from Pilipenko (2014).

Theorem 3.2.4. Let & be a non-negative Fo-adapted random variable and p and o from

equation (3.11) satisfy the Lipschitz condition. Then, Equation 3.11 has a unique solution.
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3.3 Fokker-Planck equation

The purpose of the current section is to introduce Fokker-Planck equations and associate
them with the solution of parabolic and elliptic equation. We open this sections with
the demonstration of the generic form of Kolmogorov equations, backward and forward.
Then, an introduction to semigroups defined over a Markov process follows and then,
we provide several examples of semigroups which represent the solution of parabolic and
elliptic equations.

Let X be the strong solution of equation (3.1), which also admits a transition probab-

ility density function p(t,y; s, x), i.e.
P(X; € dy|Xs = x) = p(t,y; s, ) dy, for s <t

It is worth to point out that the transition probability density function p has two set of
variables (¢,y) and (s,x) which represent the current position (at time s) and the future
position, respectively. Therefore, a Kolmogorov equations is called backward, or forward
respectively, based on which set of variables is differentiated. For a better visualisation of
the two differential forms, we choose to omit the set of variables that does not contribute

to the problem. A backward Kolmogorov equation is given in the following terms

Op(s,a) 1 5 . 9p(s,a) dp(s, )
as - 20- (57’1") 8262 +M(S,$) 8:[) (312)

li : =6y —
sl;r;p(t,y,s,x) oy — )

A forward Kolmogorov equation, which also called Fokker-Planck equation, is given in the
following terms

dplty) 1 8*
ot 2 0y?

(o2(t,y)p(t,y)) — ;(u(t, y)p(t,y))
Y (3.13)

].;i\rgp(t, y;s,x) =6(y — )
Next, an example follows which aims to highlight the relation between solution of
equation (3.1) and the backward Kolmogorov equation. Consider a differential operator in
the form of L(-) = p(z) L (-) + %a%x)%(-), a continuous function f which is non-negative,

or it has a polynomial growth, and also the following equation

—%:Lu, for s € [0,t), z € R
u(t,r) = f(z)

Let p satisfy backward Kolmogorov equation. Next, we define u to be given by the following

expression, essentially u is defined through the following semigroup which act over the
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function f,
u(s,z) = / F)p(t.y: 5. 2)dy

Now, we take the derivative of u with respect to ¢t and see that

(5.2) /f < 8pty,sa:)>dy
= [ 1) (3075) bt + s 2) epltonisa) ) dy
= Lu(s,x)

Notice that lim, ~ p(t,y; s, ) = d(y — =) implies that

b u(s,z) = f(x)

The formula that relates the solution of equation (3.1) and of a parabolic equation is
known as Feynman—Kac formula, for its proof see for instance the proof of Theorem 7.6 in
Karatzas and Shreve (2014).

Next, a brief introduction of semigroups defined over homogeneous Markov process is
presented, that builds a concept which can be applied on solutions of a homogeneous SDE,

see for example (3.4). This concept can also be extended in order to cover the solutions of

SDEs in the generic form of (3.1).

3.3.1 Markov process and semigroups

Let us consider a probability space (£2, F,P) and a Markov Process X; which takes values

on X, where (X, B (X)) is a measurable space, with transition probability
P(tT;s,z)=P(X; €T Xs=1x), for 0 <s<t, I'e B(X)
We consider that the transition probability is stationary, that means
P(t,;s,z) =: P(t —s,z,I).

We also say that a transition probability is stochastically continuous, if for any x € X and

any neighbourhood I' contains = holds,
P(t,z,T) =1, tl0.
Also, Markov property provides us with the so-called Chapman-Kolmogorov identity,

P(t+5,2,T) = / P(s.y.T)P(t, z, dy).
X
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Let us denote B to be the Banach space of bounded measurable functions on X endowed
with the supremum-norm ||f|| = sup,cx |f(x)|. Now, we can associate a Markov process

with a family of operators T} acting over the space B, for t > 0, in the following way,

Tof(x) = Eaf (X)) = /X f(y)P(t,z,dy),  VfeB.

As we can see, T} is a contraction linear map? and satisfies the semigroup property?, the
latter being a direct consequence of Chapman-Kolmogorov identity. Similarly, we denote
V to be the Banach space of finite and finitely additive measures on B (X), the norm of V'
is the total variation, and then, we can define the semigroup U; acting over the space V,

as follows
Ua(®) = [ PltaDuldz),  ¥ueV,T € BXY)
X

As we can see V is the dual space of B, so the following equality comes to highlight that

T; and U, are conjugate operators

/ T, f () (dz) = / f@)(Up)(de),  feBpeV
X X

Let us now focus on T} semigroup and define its infinitesimal generator A
Af :=1lim L (T, f —
f=lim 3 (Tf = f)

where the limit is with respect to the norm of B, i.e. limyg ||  (Trf — f) — Af|| = 0. As,
we observe in order to define Af, we need at least to be restricted on those f which satisfy
lime o |[T2f — fl[ =0
By= {1 < B timlins - il =0

Let us now denote with D(A) the domain of the infinitesimal generator A. Then, we know
the following about it: D(A) is a vector space and it is everywhere dense in the space By,
see for instance Theorem 1.4 in Dynkin (1965). In the same book Theorem 2.3 states that
every stochastically continuous P is uniquely determined by its infinitesimal A. Also, we
have that for every for every f € D(A), the corresponding Cauchy problem,

Ouy(z)
ot

13&)1 u(t,x) = f(x)

= Auy(z), where u;(x) = u(t, z)
(3.14)

has a unique solution within the class of bounded functions: u(t,z) = T} f(z), see Theorem

1.3 in Dynkin (1965).

2That means that T} satisfy the inequality ||T:f| < || £|l
3 A mapping Ty : Ry — L(X; X) is called semigroup, if satisfy the following two properties: Tp = I,

Tivs = Tt - Ts, where the product of two semi-groups is given by the composition of those two mappings.
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Similarly, we can define the infinitesimal generator A* for the semigroup Uy, for a u €
D(A*), we can define a function v4(I") = Upu(I") which is the solution of the corresponding
Cauchy problem.

3.3.2 Association between diffusion processes and differential equations

In diffusion theory one usually considers that the transition probability P(¢,z,I"), as above,
with a density function p(t, z,y) that for fixed y satisfy the backward equation (3.12). A
rigorous definition about the Diffusion process can be found on page 12 in Bogachev et al.
(2015) and also in the same page we have Proposition 1.3.1 which says that the transition
probability of such process is the solution of the corresponding Fokker-Planck, see for
instance (3.13).

Let now take an It6 diffusion X, the solution of equation (3.4) with coefficients which
satisfy the Lipschitz condition. We also know that an Itd diffusions satisfy the strong
Markov property, admits an infinitesimal generator and characteristic operator, see for
instance Chapter 7 in Qksendal (2010). Let take a function f € C?(R) and apply Ito’s

formula, see for instance Theorem 6.2 in Mao (2007)
t t
f(Xe) = f(z) = /0 FI(Xs)(Xs) + %f//(XS)UQ(XS)dS + /0 J(Xs)o(Xs)dWs

Let denote by L, the following differential form

d2
da?

d

LE) = (w) () + 50*(@) 25 ()

Let consider again the semigroup T}, as in the preceding section. In this case, the limit
in the definition of the infinitesimal generator understood point-wise, with respect to z,
and the domain D(A) is the set of f where the limit exist for every x € R. Let consider
the following abbreviation T;f(x) = E,f(X;)* and proceed with the calculation of the
infinitesimal generator
t
Af(a) = lim }BL((X) = F(X0) = lim }Eul | LF(X0)ds) = Lf(a)

In the above calculation, we use that the expectation of the above stochastic integral is
zero, the continuity and the boundedness of Lf(z), which comes from f € C?(R). Using
the fundamental theorem of calculus combined with the dominated convergence theorem,
we obtain the above limit.

Notice that A is an extension of the differential operator L, also as we mention in

the previous section f € D(A), (C3(R) C D(A)) then u(t,z) := E,f(X;) is the unique

“The abbreviation is a shortening for the conditional expectation, E, f(X:) := E (f(X:)| X0 = z).
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solution of (3.14) within the space of bounded functions, therefore if there is a classical

solution for the problem

u(0,z) = f(z), reR

it holds that u(t,z) := E, f(X;) is its solution.

Similarly, let consider the following Cauchy problem

8u(8tt, ) = Lu(t,x) + c(x)u(t, x), zER,t>0
u(0,2) = f(x) rzeR

where ¢(z) < 0 bounded uniformly continuous function, and L, as before, with the extra
property that its coefficients are bounded.

If we define the following map T} f(z) := Emf(Xt)efOt c(Xs)ds geting over B. It is easy
to see that 7} f is a semigroup. Let us denote by A the infinitesimal generator of T;f. See
that Lemma 3.4.1 implies that Af(z) = Af(z) + c(z) for every f € C2(R). This implies

that the solution of the above Cauchy problem can be written as follows
ult,w) = T f (@) = Ep f(X)elo 5

One can also prove that the solution of the non-homogeneous parabolic equation:

Ju(t, x)
ot

= Lu(t,z) + c(x)v(t,x) + f(x), r€eR,t>0
v(0,z) =0

it is given in the following form,
t S
v(x,t) = Ex/ F(X,)edo cXuw)dugg
0

Before, we derive the solution of elliptic problem, let us go back to the definition of a
diffusion process. According to Feller (1954a), a process is called of diffusion type, if it is a
Markov process which satisfy Kolmogorov backward equation (3.12) and also, if we define

the Laplace Transformation over the semigroup 71} f

FA(:U):/OOOe_Mth(:E)dt, A>0

is a solution of the differential equation,

AF)\(z) — LEy\(z) = f(x)
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Taking this into account, we can now move on the elliptic problem. Also, in what fol-
lows, we present examples which are defined on an open bounded interval D with boundary
oD.

Example(Dirichlet problem):

Lu(z) — c(z)u(z) = f(x), x €D

u(z) = Y(x), x € 0D
where c¢(z), f(x) and ¢(z) are bounded continuous functions and c(z), ¥(x) are non-
negative. Let us also consider operator L with coefficients which satisfy Lipschitz condition
and o has a positive lower bound for « € D, closure of D. Next, let us define the first exit
from the boundary with 7 = inf {t > 0: X; ¢ D}, if D is open then we have that 7 is a

stopping time, see for instance Example 7.2.2. in Oksendal (2010).

Thus it is obvious that, we should start by applying the It6 formula to u(Xt)eYt, where
Y, = — fg ¢(Xs)ds and wu is a solution of Dirichlet problem. See also that the process Y; is
monotone, so using a similar version to Theorem 7.14 in Morters and Peres (2010), we get

that
u(Xt)eYt —u(z) = / eYSu’(XS)U(XS)dWS +/ eYs (Lu(Xs) — u(Xs)e(Xy)) ds.
0 0

Next, we have that for ¢ < 7, it holds that Lu(Xy) — u(Xs)c(Xs) = f(Xs). Also, we have
that under the above conditions that E,7 < oo and according to the definition 5.15 in Mao
(2007), we have that
tAT
Ez/o eV (X))o (X)dW,s =0
Therefore, we have that u satisfies the following equation
u(z) = Bpp(X,)e™ Jo €8s _ g, /0 F(X,)em I8 eXtgy,
Let us consider a simpler elliptic equation with Neumann boundary conditions. Suppose
that A > 0 and ¥ and L as in the last example,
Lu— > u=0, zeD
u'(z) = ¥(z), x € dD

has a unique solution. Next, let us take the reflected SDE, see for instance (3.11),

d&t = ,U,(é.t)dt + O'(ft)th + dls, §0 =T

Considering the function e=*u(x) and applying It6’s formula, we get that

t

Eyu(é)e™ —u(z) =By [ e (L — Au(&)ds + / t e M/ (&)dl,
0

0 (3.15)

t
= Ly s sdls
B [ e



40

For the last equality, we use part (iii) in definition 3.2.2, which provide us that & does
not sticky on the boundary for positive time, therefore, we can use that (L — \)u = 0.
For the following we use the boundedness of u, similarly with the last example u assumed
to be the solution of the elliptic problem on a bounded interval. According to the last
equality, we have that u(x) satisfies the above equation for each ¢, thus, by letting ¢ goes
to infinite, and applying the Dominated convergence theorem on the right-hand side and

the monotone convergence theorem on the left hand-side we have that

u(z) = _EI/O e (&) dl

Let us now take an open bounded interval D, the boundary consists of two components
0Dy and 0D,, also ¥ and \ are defined as above,
Lu— M u=0, zeD
u(x) =0, x € 0D,
W' (z) = (), x € 0Ds
Let u has a unique solution u. Let again consider the first exit from the boundary 90D

and denote it by 7. Similarly, we get that that equation (3.15) holds also for this case, so

we have that
tAT
Eyu (§(tAT)) e AAT) — u(z) = E, / €_>\S¢(58)dl8
0
Similar to the previous example, we get that

M@zEw@ﬁ»f”—E{[%@wm

The last example is for mixed boundary value problem, for A and v as above, we

consider the problem,

Lu =0, xeD
v — =g, x € 0D

Let u be the unique solution and define

m=wm—%w@ws

Y; is martingale®, next apply Ité’s formula for the product Yie ¢,

d (Yte—”t) = e M (W (&) 0 (&)dW, — AYidly)

5Take into account that u is the solution of the elliptic problem and by applying It&’s formula on Y;,

we get that dY; = u'(&)o(&)dW;
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equivalently,

d (ulg)e™") - ( e /0 (e dl>

_m< (€0 (€AW, — Nu(E)dly + A / (€.)dl, dlt>

equivalently®,

@ (u(€)e ™) = (u/(&) — M) (&) e Nedly + e New (&) (€)W

Similar as before, we have

t t
w(&)e N —u(g)e Mo = / P(&s)e Madls + / e Mo/ (&) (&)dW, (3.16)
0 0

Under the assumption that ¢ is uniformly positive, we can show that: l[; — oo ast — oo
and so to obtain that

lim Epe Mt =0 (3.17)

t—o00

In order to prove it, one can for instance use equation (21) in Anderson and Orey (1976),
in that paper, the authors consider an open set Uy inside the interval D and defines two
sequences of stopping times: Sy = 0, S1 = inf{t: X € Up}, Th = inf{t > S; : X € 0D},

Sy =inf{t > Ty_1: X € Up}, Ty, := inf {t > S : X € 0D}, then shows that there ex-

ists positive ¢ such that for every k > 1 the following hold

P (lsk+1 — lsk > C|fsk) >

| =

Using the last inequality, the authors prove that for every M > 0 and every n > 8M/c,
one can conclude that:
n
P(Z(lsk+l_lsk+1)<M> — 0, as nm — 00
k=1

from that point, it is easy to obtain our claim.

Next, we apply the expectation on the formula (3.16) and take the limits for ¢ to oo,
using that u is bounded and the limit (3.17), we get that:

u(@) = —Eq /0"" Y(&)e M dly

3.4 Proof for Theorem 3.2.4 and Lemma 3.4.1

Lemma 3.4.1. Suppose that X is a solution of equation (3.4) with uniformly bounded coef-

ficients p and o which satisfy Lipschitz and linear growth properties. Consider a bounded

SWe have that: d (e*“t I u’(fs)dls) = —Xe Mt [/ (& )dlodl, + e Ml (&) (&) dl
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and uniformly continuous function c(x) < 0 and define Tpf(x) := Exf(Xt)efOt o(Xs)ds pper
the set of bounded measurable functions with its infinitesimal generator denoted by A. Let
us also denote by A the infinitesimal generator of Ty f(x) := E, f(X¢). Then, we have that
for every f € C2(R), it holds that

Af(x) = Af(z) + c(2) f ()
Proof.

- 1 t
Af(z) = lim (f(Xt)efo o(Xs)ds _ f(:c))

— limlEx /td (f(X )elo c(Xs)ds>
t10 t 0 1

t
—tim By [ O (FO0)) + X0 + 5 (X)) ) da

1 tog
Z%thA”““m%ﬂ&kmo+Lﬂ&»@

Note also that, from ¢(z) < 0, we have that elo e(Xa)ds < 1, also since f € C2(R), we get
the continuity and the boundedness of f(X,), Lf(X,) and also by definition, we have that
c¢(x) is also bounded.

Using the dominated convergence theorem, we have that

Arr) = Bytim © [ B0 (100)e(X,) + L1(X,) dg
0

= f(@)e(x) + Lf(x)
the last equality is a consequence of fundamental theorem of calculus and the continuity

f(Xg)e(Xy) + Lf(X,) with respect to g. O

3.4.1 Uniqueness for reflecting barrier

In this proof, we consider an increasing sequence of C2(R) functions denoted by ¢y (z),
such that its limit converges in the absolute value of x, i.e. |-|. Using that sequence,
we can show that for any two (£1,11) and (&2, l2) satisfying equation (3.11), it holds that
P(&1(t) = &(t), vt = 0) = 1.

First, let build the sequence of those ¢y:
We have that for every T" > 0, it holds that fOT 1/udu = oco. Hence, we can choose a
positive decreasing sequence of a; that goes to zero such that: fai’“_l 1/udu = k. Let take

a sequence of ¢ € C? (RT) with the following properties:
0, u € [0, ay] 0, u € [0, ay]
$(0) =0,  ¢p(w):=q[0,1], uwe(mar) (W) =00,

1, u € [ay_1,00) 0, u € [ag—1,00)
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Once, we have ¢ for x > 0, they can be extended on R in the following way:
ér(u) = ¢r(|ul). Therefore, it is easy to see that: ¢ (u) = —¢}.(—u) and ¢r(u) 7 |ul.
Since, ¢ are twice differentiable, we can apply It6’s formula, see for instance Theorem

6.2 at page 32 Mao (2007),

ou(61(0) = a(0) = [ hier — )l — nleas+ 5 [ ot — @) (Vole) - Vol ds

+ [ il - @)(Vol&) — Vot@Daw. + [ o6 - el ~ 1)
0 0

Let us denote the above integrals by I, ... I4, respectively. Using the properties of ¢, and

also Lipschitz conditions of p and o, we get

t
11§Kp/|&—sww
0

lo(€1) — o (&2)]
€1 — & d

According to the definition of I;, see part (iii) 3.2.1, we have the last integral

1 [t 1
I, < k:/ 1(1&1 — &2f € (ak, ak—1)) EKat
0

s <

t

I = /0 1(& = 0)¢), (&1 — &2)dl(s) _/o 1(& = 0)¢, (&1 — &) dla(s)

=—( [ 1@ =0 + [ 1<52=o>¢z<£1>dz2<s>) <0
0 0

The last equality holds because ¢ is an odd function. Also, the last part is non-positive
because &; are non-negative, thus ¢} (§;) are non-negative, furthermore l; are increasing
functions, thus the integrals with respect to dl;(s) over a non-negative function are also
non-negative.

Let fix n and denote the stopping time:
7o = inf{t > 0: &1 A [&2] = n}

So, we have

tATh 1
EWKNAm%fﬁAmDSEA 6~ &ol(e)ds + 2B A,

+E /0 " (6 — &) (Vol&) — Vo) )dW,

We have that: £t B, (&1 — &) (Vo(&) — Vo (&2))1(s < 7,)dW; is martingale, so the last
term is zero. In this point, we need to mention that the proportionality of the above

inequality does not depend on the choice of k. Therefore, using the monotonicity of ¢y,

; . EATn t ATy
E|& — &A™, = h’ICnEqbk (E1(tNAT) —&(ENT)) S hmksup <E/O &1 — &2(s) ds + ? >

tATh t
=E/O |5152|<s>dss/0 Elé1 — /(s A7) ds
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Using Gronwall’s inequality, one can see that:
E|fl — €2|(t /\Tn) =0, Vi>0

Therefore, we have that: V¢ > 0 and n, it holds P(&(tAT,) =&(EAT,)) = 1, the
monotonicity of 7, implies that: V¢t > 0, it holds P (&;(¢t) = &2(¢) ) = 1. Last, the continuity

of &; provides us the following:

P (&1(t) = &2(t), VE > 0) =P (&1(¢) = &(1), Vi€ Qy)
— lim P(&1(1) = &a(t). VE € Pp) = 1
where P,, is an increasing sequence of partition of Q4 and m is the cardinality of that
set. The first equality holds because Q4 is dense in Ry and a.e. path of & is continu-
ous, where for the second equality use P,, is an increasing sequence and also holds that
P (&1(t) = &(t), VE € Ppy) = 1 for every m.

Last, the uniqueness of I; follows from equation (3.11)

L(t) = &(t) — & —/0 a(&1(s))ds —/0 b(€1(s))dW, = Ia(t), Vt > Oaus.
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Chapter 4

Dimension reduction for exponential

priors

4.1 Introduction

In this chapter, we consider probabilities ¢ and 7 with the assumption that the Radon-
Nikodym derivative of p with respect to m, similar to Section 2.6.1, is given, up to a
multiplication constant. Here y and 7 are defined on a finite but high-dimensional space R¢.
We consider a methodology for the identification of the optimal subspace for sampling in
the case of exponential priors. That methodology was first proposed in Zahm et al. (2021),
and recovers a subspace that contains the most weight of the prior distribution based
on Kullback-Leibler divergence. The methodology is based on the logarithmic Sobolev
inequality. The logarithmic Sobolev inequality can be obtained for Gaussian measures,
and then can be extend also in the of sub-Gaussians. Therefore, the methodology depends
on the prior distribution.

Observe that l-exponential probabilities measures have heavier tails, i.e. the tails
tend to 0 slower than the tails of Gaussian and also that logarithmic Sobolev inequality
does not apply to l-exponential probabilities measures. Therefore, the extension of that
methodology is based on a modified logarithmic Sobolev inequality, see in LEDOUX (1997).
My main contribution for this extension is Theorem 4.4.3, which allows us to extend the
methodology proposed in Zahm et al. (2021) in the case of 1-exponential prior measures.
Then the identification and recovery of the optimal subspace come from Proposition 4.4.1,
where we can also find the error estimates of that method with respect to Kullback Leibler
divergence. In addition, using the proof in LEDOUX (1997), we obtain a local version

of the modified logarithmic Sobolev inequality. That local version aims to provide some
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further control of the method based on the local properties of the likelihood.

4.2 The general methodology

Suppose, we have a probability m which is defined on (Rd,B (Rd)) and a non-negative
integrable function f with respect to m, ie. f € L'(w) N {f >0}. Also, we have a
probability p which is defined through the following expression:
W ) o 1 1) (11)
Observe that the above expression follows the same framework as in Section 2.6.1.

We first review the methodology suggested by Zahm et al. (2021) for approximation
of p on an appropriate subspace of dimension r < d. The core idea of this method is the

approximation of u using probabilities which are defined as follows,

dpty
dm

(u) x go P, (u) (4.2)

where P, : R? — R? is a linear projection with rank r, i.e. Im(P,) 2 R" which satisfies the
property P2 = P, and g : RY - R 4 is a Borel function. At this point, it is worth men-
tioning that P, is not necessarily an orthogonal matrix. Let us now observe the following

decomposition: for every = € R?, we have that
x=UI;—P)r+Pr=x, +z,

where z, € ker(P,) and x, € Im(P,), i.e. RY = ker(P,) ® Im(P,). This method aims to
identify an r dimensional subspace of R?, i.e. Im(P,), which contains ‘most’ of the weight of
the measure . Intuitively speaking, the structure of P, implies that probability u, replaces
the function f with a function in the form of go P,.(x) = g(x,), where z, € Im(P,) = R".

Therefore, we are looking for a probability ;9f* which minimises the distance to p.
The suggested distance for this methodology is the Kullback-Leibler divergence, denoted
by Dk (+]]) and it is defined as follows

dp
D = /1 — | du. 4.3
alullm) = [ rog () an (1.3
Let us now denote by P, the collection of candidate projections P,
Py = {P. e R™|Im(P) 2 R", P2 = P, | (4.4)
Then the minimisation problem can be written in the following form:

py = argmin Dgr, (pf|per)
prEMp,
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where Mp,_ is defined as follows

g:R?— R, is a Borel function,

dpsy
P. P, &=

r

Mp. =< p, defined on B <Rd>

(u) x go P,

The above minimisation problem can also be written in terms of g o P, as follows

(9o P.)* = argmin Dy, (ul|pr) - (4.5)
NTGMPT

4.3 Optimal g

In this section, we fix the projection P, and find the solution of problem (4.5) only with
respect to g.

The notation o (P,) is used for the o—algebra generated by P,, or in other words, is defined
as the smallest o—algebra which includes the collection {P1A : for some A € B (Rd) }.
According to Lemma 2.2 in Zahm et al. (2021), which is a special case of Doob-Dynkin’s

Lemma, for a given projection P, € R?*¢  the following two assertions hold:

go P, is a o (P,)-measurable function (4.6)

and conversely, for a given o (P, )-measurable function h, there exists a measurable function

g defined on R? such that
h=goP, (4.7)

for the general statement of Doob-Dynkin’s Lemma, see for instance Lemma 1.13 in Kal-
lenberg and Kallenberg (1997). Essentially, the Lemma allows us to replace go P, with any
o (P,)-measurable function. Hence, our first consideration is on the conditional expecta-
tion of f given o (P,) under the distribution 7, denoted by E, (f|o (P,)), that defines a
real valued function on R?. A property of the conditional expextation is that E, (f|o (P,))
is the unique o (P,) measurable function which for every o (P.)-measurable function h,

satisfies
/fhdw = /IE7T (fle (Pr)) hdm. (4.8)

We can now state the following result by Zahm et al. (2021).

Lemma 4.3.1. Suppose P, and consider the following minimisation problem

argmin D, (MHMQOPT)

g Borel function
Then, we have that the above problem attains its optimal solution at fi, given by
djiy
dm

(u) o< Er (flo (Pr)) - (4.9)
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Proof. Given u9"" we evaluate the following difference,

ZEr (flo(Pr))

ZOTEﬂ— Upr Ew UPT . 7 s
—/log< st E=UIo(P ) B0l g — Dy (i 169 7)

Dict (™) Dics () = [ o (75t =P fam

where Zyop,, Zg, (f|o(p,)), and Z; are the normalisation constants. Using (4.8) we have

Zs o= /fdw = /H-Lr (flo (Br)) dm = Zg, (flo(p,)-

The second equality follows from (4.8), observe that the logarithm is a o (P,)-measurable
function. According to (2.12), we have that the Kullback—Leibler divergence is non-

negative, so using it in the above difference, we have that

Dxr, (ul|fir) < Dicr (p[p®")

giving the result. O

4.3.1 Properties of conditional expectation on P,

We start with showing that the sets in the collection { P 1A : for some A € B (R?)} have

the following form

B + ker(FR,), where B C Im(P;). (4.10)

Consider z, € Im(P;), z € ker(P,) \ {0}. We have

P71{0} = ker(P,), Pz} = ker(P,) + {z,}, Pz, 42} =0.

Notice that the above formula for {z,} comes from the property P? = P,. Hence, every
set from the above collection is written in the form of (4.10). In addition, we have that
o(Py) is the smallest c—algebra generated by sets of the form (4.10).

Therefore, it is natural to construct a map U which separates R? in the following two
subspace Im(P,) and ker(F,). Thus, we consider the invertible matrix U = (U,|U_) :
R" x R4 — R? such that U(R" x {0}) = Im(P,) and U({0} x R") = ker(P,). Based
on that matrix, Proposition 2.4 in Zahm et al. (2021) provides a representation for the
conditional expectation of f given o(F,) under the probability measure 7. We recall it

here.

Proposition 4.3.1. For any probability measure m which admits a probability density

function p, i.e. w(dx) = p(x)dx, and for any r-rank projector P,, consider the matrix
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U, € R™UE=7) with columns consisting of vectors that form a basis on ker(P,). Let p, be

the conditional probability density on R, defined by

B p(Prx+U,&))
po (§LlPrx) = Jga—r p (Prz + U € ) dE

(4.11)

for every £, € R and x € R?, under the convention that p, (&1 |Prx) = 0 whenever the
denominator of (4.11) is zero. Then, for any Borel function f, the conditional expectation

E, (flo (P)) is given us as follows

B (o (PO) @)1= [ (P +UL€0) p (€1l Pr) dés.

Remark 4.3.1. i) Looking at the proof of the above Proposition (Zahm et al. (2021)),

one can define the following integration rule that applies to every Borel function f:

f(@)m(de) = f(x) p(z)dz = foUE)|U|p(UE)dE

— fo p(UT£T+UL£L) < " //>
= 1o U e e (101 [ ot + Uieact ) de

= foU(§) pL(&L|Ur&r)dEL pr(&r)dEr = foU(E) mo(dL|Er) mr(dEyr)
(4.12)

&
&L

w1 (&), () are defined through the probability density functions py (-|Ur&), pr(-)

where &, € take values in R™ and R4, respectively, & = and the probabilities

on the following Borel o-algebras B (Rd_") and B (R"), respectively.

Since P, is a projection hence P? = P,, and by definition of U, and U, , which says
that every column vector of U, and U, form a basis for Im(P,) and Ker(P,) respect-
wely, we get that P.U = P.U,. = U,.. Therefore, the above mentioned representation
of Ex (flo (P,)) can be written as follows

B (e (P) (U +Us€1) 1= [ J (U6 +ULE0) pr (€1lP) s (413)

ii) Another interesting property of the conditional expectation given a o-algebra generated
by a projection is that: for any two projections Q,, P, with ker(Q,) = ker(P,), the
following holds

Er (f‘O'(P,,)) =E, (f‘g (Q’I‘)) (4'14)

To see that let us consider Q,, P, as above, then we have that Q, o P, = Q, and
P.oQ, = P,, see for instance the proof of Proposition 2.2 in Zahm et al. (2019). Let

now use the last observation in combination with (4.6) and (4.7), we are able to get
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that every o(P)-measurable function is o(Qy)-measurable, and conversely. Hence,

for any h o(P,)-measurable, or o(Q,)-measurable, we have

[ = [Er (510 () him = [E.(f10 (@) ha

the uniqueness of such a function implies that (4.14) holds.

4.4 Constructing P,

In this section, we complete the theoretical part of the method, by minimising an upper
bound on the distance between p and fi, given in (4.2) and (4.9) respectively. More
precisely, we first obtain an upper bound on the the Kullback-Leibler divergence of u and
[l in terms of the projection P.. We then obtain a P, which minimises this upper bound.

By Lemma 4.3.1 the optimal g o P, is attained at E (f|o (P,)) and we hence have

(L) = o) —f i T
Dicr (i) = [ 1 g<E,r : f|U(Pr))) - (4.15)

According to (4.13), for the calculation of denominator of the above logarithm, we have that
as long as P, is a projection and 7w admits a Lebesgue density, we can define the conditional
probability density p; as in equation (4.11). More precisely, using the integration rule as
it is stated in (4.12), we can define the probability measures 7, (d¢ | |€,) and 7, (d§,) which,

for every Borel function f, satisfy the following equality

f(@yn(dz) = / FUE + ULEL)m (dEL |6 ().
]Rd T Rd—r

Applying the integration rule together with the representation of E (f|o (P;)), see (4.13),

on the above mentioned Kullback Leibler divergence, we get that

ZyDicr (ul|fir) = / flog (E <;|a <Pr>>> R

_ o o fo(f)~ - . 4.16
[/ U(g)lg(HoU@M(me)> L(dELl€) m(dgy) (416)

B /E”tmwm (f o U)mr(der)

where £ = (g ) and the last equality emerges from the definition of the entropy of f o U

under the probability 7 (d§] |§,) given below.

Definition 4.4.1. Suppose a probability = and a non-negative function h with E hlog™ (h) <
00. Then we define the entropy of h under the probability m as follows,

Enty (h) :=E;hlog(h) — E h log (Eh). (4.17)
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Therefore, the suggested minimisation of Dxr (u||f-) is based on some entropy in-
equality, or more precisely, on the logarithmic Sobolev inequality.
Let us denote the Lebesgue measure with A\. Then, we say that A\ satisfies the logar-

ithmic Sobolev inequality, if for every smooth function f, the following inequality holds

[ ronon (L) san) < @ [ 19 slaas)

The above inequality emerges from Sobolev inequalities, a proof for the Lebesgue measure
is given in Gentil (2003), also, we can show that C' is independent from the choice of f and
the dimension of R

An analogous inequality for Gaussian measures, v(dz) = We—\\ﬂﬁﬂg)\(dx), has been
proved in Gross (1975). In addition, paper Zahm et al. (2021) summarises some conditions
on the probability 7 that imply that 7 satisfies LSI. Those conditions are the following:
probability 7 needs to have convex support K = supp(n) C R? and its density function p
should satisfy p(z) oc e=(V(®)+¥(@) where V € C?(K) is a strongly convex function on K
and V¥ is bounded in K. More precisely, the above assumptions imply the existence of a

positive definite matrix I' and a constant x > 1 such that

V2V (z) —T, is a positive semi-definite matrix Vz € RY

and

£SUP U—inf ¥ <k

Then, such probabilities satisfy the following inequality for a sufficiently smooth f

[ ronon (L5 ) wtan) < 2 [ 1950 fnta)

where I'"*-norm is defined through the following inner product, ||z||p-1 = (I'"'z,z). The
above assumptions are the result of the Bakry-Emery Theorem Bakry and Emery (1985);
Bobkov and Ledoux (2000); Otto and Villani (2000) and the Holley-Stroock perturbation
Lemma Holley and Stroock (1986).

Observe that the last two assumptions for the density function of the prior probability
7 cover quite a wide class of probabilities, essentially this class contains the Sub-Gaussian
distributions, i.e. distributions decaying to zero at least as fast as the Gaussian tails.
Examples include uniform and ¢-Besov measures, whenever g > 2, see for instance Section
2.3.1.

A very interesting case of Besov priors not satisfying the above assumptions is the case

where ¢ = 1. These are of interest especially for the field of signal processing because
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of their edge-preserving and sparsity-promoting properties, see e.g. Leporini and Pesquet
(2001); Kolehmainen et al. (2012); Jia et al. (2016); Tan Bui-Thanh (2015); Rantala et al.
(2006). The edge-preserving property is useful when the function of interest has spatial
inhomogeneity, i.e. it is extremely spiky in some parts of its domain and in other parts
is extremely smooth. These priors are said to be sparsity-promoting property since they
promotes solutions that under an appropriate expansion, see for instance equation (2.7),
can be represented by a small number of coefficients. That is, there is an appropriate
basis {¢; };-; such that the most likely draws from the prior are described by relatively few
non-zero coefficients u; in basis {¢;}:0;.

As we mention in Section 2.3.1, the construction of 1-Besov prior is based on 1-
exponential probabilities. The considerations presented in the previous paragraph mo-
tivate our work in this chapter in extending the approximation methodology of Zahm
et al. (2021) to the case of l-exponential probabilities. Let us recall the formula for the

density of 1-exponential measures in R¢

- dx
dr) = e 1B @mlh 22 4.18
T, (d) = € 2d|det (B) | (4.18)
where m is the mean value, B is an invertible matrix on R?*? and | - ||; is the 1-norm

defined on R?, ie. |z[; = Zle |x;|. We note that in the case of 1-Besov priors, as
explained in Section 2.3.1, by construction B is a diagonal matrix.

For establishing a logarithmic Sobolev inequality for the 1-exponential probability
measures, we follow the approach by LEDOUX (1997). Therein, the author provides a
simplified version of the proof of the concentration property for the 1-exponential probab-
ility measures which has been previously proved in Talagrand (1991). The concentration
property for the 1-exponential probability measure mg s, is given as follows: for every Borel

set A with mo 7,(A) > % and for every r > 0, it holds that

==

0,14 (A +/rBs + 7“31) >1—e

for some K > 0, where By is the Euclidean unit ball and B is the ! unit ball in R?, i.e.
d
B, = {xERd:Z\xi| <1}
i=1
At this point, it is worth mentioning that a probability measure m which satisfies a logar-
ithmic Sobolev inequalities, also satisfies a concentration property. This can be shown by
using the Herbst argument, see for instance section 2.3 LEDOUX (1997).
We state Theorem 4.2 of LEDOUX (1997) here, which provides us with the modified

logarithmic Sobolev inequality for the 1-exponential probability measures. For the sake of
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completeness, we include the proof of that theorem in Section 4.5. In what follows, we call
a positive function h : R? — R log-Lipschitz, if there exists a constant L such that every
z,y € RY

| log(h()) —log(h(y))| < Lllz =y

We denote the induced operator norms for a matrix A by ||A||} and || A%, for I* and [*°

vector norms respectively.

Theorem 4.4.1 (LEDOUX (1997)). Consider the probability my, g, as defined in (4.18).
Let h: RY — R be log-Lipschitz and suppose that K := ||V log (h) || < 1/||B||%,. Then,

2
Entr,. 5 (h) <

< —— " [ h|BTVIiog (h) |3 drpm. 5.
1- (HBII&K)/ 2

Using the ideas of the proof of the above theorem, we also prove another modified
version that can be found in the next section. The purpose of the modified version is to
address the case where K := ||Vlog (h) || is very close to 1/||B||%,. Then, Theorem 4.4.3
is an application of Theorems 4.4.1 and 4.4.2 on a subspace, which essentially provide us
a bound for the Kullback-Leibler divergence, through the expression in (4.16).

Due to limitations of the one-exponential probability measures, we need to re-consider
the minimisation problem and more specifically the collection of candidate projections.
In case of a Gaussian, or a sub-gaussian, measure the collection Py, as it is stated in
(4.4), works perfectly, see for instance Theorem 2.9 in Zahm et al. (2021). In contrast with
the Gaussian case, in order to define the minimisation problem for the one-exponential

probability measure ,, g, we need to restrict ourselves to the following sub-collection

Im(P,) = R", P? = P,, 3P permutation

Propr =4 Pr € RT
such that: ker (P,) = BP ({0} x R4™")

Let us highlight two properties that contribute in the definition of the above collection.
Firstly, we observe that Gaussian probabilities are invariant under any rotation, where
in this case the probabilities are only invariant under permutation, i.e. |[(z1,z2)|1 =
l(x2,x1)]|1. Essentially, the permutation matrix P is used in such way that the conditional
probability emerging from the integration rule stated in (4.12), i.e. 7 (+|&.), is independent
from the choice of &,.. Secondly, the kernel property that is stated in the above collection
can be explained as follows. Let us consider two projections P, Q,., where their kernels
coincide, and define probability measures fi,, &, according to formula (4.9) based on the

projections P, @, respectively. Then, applying the property in (4.14), one can get that

Dict (ullfir) = Dicr (ull7,)-
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Therefore, the proposed minimisation problem for the case of 1-exponential probability

is summarised as follows,

pr = argmin  Dgr (p[pr)
MTEMf”mB’T

4.4.1 Local versions of LSI for 1-exponential priors

The following two theorems give local versions of the modified LSI. Hence, the solution of
the minimisation problem emerging from this section also depends on the properties of a
given set C' in combination with the function f.

In the following we call a convex set C C R? a cube, if we can define d connected

intervals C; C R such that C' can be written in the following way
0201X02X-~'X0d

An example of such a cube on R? is the set C = {z € R?: ||z[| < 1}. Let us also observe
that the above definition is invariant with respect to translations, see for instance that for
a given cube C' C R? and a point z € R?%, we have that (C' — ) is cube.

The following theorem provides a bound for the entropy of 1(- € C')h under the 1-
exponential probability, the proof of which can be found in Section 4.5 and is an extension

of the proof of Theorem 4.2 in LEDOUX (1997).

Theorem 4.4.2 (Local version of Modified LSI). Consider the probability m,, g, as defined
in (4.18) and a convex set C. Let h be a log-Lipschitz function with positive ¢ :== inf {h (z) : x € C}.
Then the following inequality holds

h 2 -
hlog | ——— ) dmpp < = BTV, drp, M 7, 5 (C¢
/o Og(fcdem,B) g ’B—c/c” 2.a .+ M .13 (€

where M := sup {h(z):z € C}, M :=d- M. In addition, if B='(C) is a cube, we have

that M := M. In the particular case where C' = R%, the above inequality is given as follows

h 2
hlog | ——— ) dmpmp <= [ |IBTVA|Z, dr,
O e e [

Having obtained a local version of the modified Logarithmic Sobolev inequality for the
l-exponential probabilities, we use equation (4.16) and the probability defined in there,
71 (d€1 &), to get an upper bound for the Kullback Leibler divergence. The following
theorem provides us with sufficient assumptions needed in order to be able to apply the
modified LSI on the probability m (d€|&.). The result of the following theorem lets us
control Dy, (p||fir) in a way that allows us to identify the directions in R? that contribute

the most to the evaluation of the probability x for a given probability m,, p. The proof of
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the following theorem can be found in Section 4.5. In what follows the standard basis of

RY is represented by {e;}¢_,

Theorem 4.4.3. Consider the probability my, g, as in (4.18) and a projection P, € fﬁm’s,r
and its corresponding permutation P. Let f be a log-Lipschitz function and C a convex set

such that ¢ := inf { f(z) : x € C'} is positive.

i) Assume A to be a convex subset of C' such that B~Y(A) is a cube. Then

2
[ 1108 () et < 2 [ WISy () + R,

where

R0y = max { M, Mce (d =) (S4B + log (K|ULIT + 1) ) , Mo log (252) } o, (C°)

with Uy = BP (ep41,...,eq), Ma :=sup f(z) for ACR?, K =||Viog (f) |, M :=
zeA
dMc, B = mo, (CT UHC\A —m)), and X > min {71 (ef B~1(A — m))}dir.

In addition, if B=*(C) is cube, we choose A = C and then we have that M := M

K|ULIIF

and the term = =g is becoming K||UL|[{. In the particular case where C' = R,

then Ry cx, 5 15 equal to zero.

ii) If f is log-Lipschitz with K = |[UT||*, ||V 1og (f) ||zt ) 0o < 1, then it holds that
) ff g-Lap 1 oo g (Tm,B) ’

f 2 T 2
J 118 () oo = o [ WIS D

Observe that the first bound requires f to be bounded, except in the case where C' = R,

On the other hand for the second bound it is not necessary to assume that f is bounded.

4.4.2 Bounding the error of approximated posterior and constructing P,

The augmented logarithmic Sobolev inequlaities given in Theorem 4.4.3 result in corres-
ponding bounds on Dy (u||fir) given in the following theorem. The proof is given in

Section 4.5.

Theorem 4.4.4. We consider the same assumptions as in Theorem 4.4.3. We also have
that for any P, € fﬁm’B,r there is a permutation matriz P and for that specific P, there
exists a bijective function op : {1,...d} — {1,...d} such that P = (egp(l), . .,eo_P(d)),

Then the next two bounds on Dgr, (u||fir) are respectively corresponding to part (i) and

(ii) of Theorem 4.4.3.
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i) Dir (ullir) <tr(QTAQ) + Rycim,, 5
where Q = (€5 p(r41)s - - - Cop(a)) and A = BTHoB with He = % Jo VIV ) drm B

i) D, (pllfir) < tr(QTAQ)
where Q = (€5p(r41)s - - - Cop(a)) and A = BTHB with H = 2 [ Vg (f) (Vg (f))Tdu.

The result of the following proposition together with the second bound of the above
corollary, gives an upper bound for the following minimisation problem,

min Dxr (pllpr) < min tr(QTAQ).

[ EMfﬂm B PeR¥*4 permutation
’ Q:P(er+17---7ed)

Indeed it gives a projection P, which minimises the trace term in the right-hand side.

Proposition 4.4.1. For the matriz A = (a;;) € R¥™?, we have

d—r

min tr(QTAQ) = Z Ara(i),ma(d)

PERIX? permutation im1
Q=P(ers1,..,€qd)

where T4 : {1,...d} — {1,...d} is a bijective function which satisfies the following property

Ara(1);ra(l) < S Gry(d),ra(d)-

Furthermore, the projection

d—r
Pr=1=3 yy;
j=1

with uj = vj — ( 3;11 p?"ojuj(vi)), v; = Ber, ;) and projy(v) = ) W
is a minimiser of tr(QT AQ).

4.5 Proofs of dimension reduction for exponential priors

Proof of Theorem 4.4.2 The proof is built in the following way: In the first part, we
show the result for mp 1, the one-exponential probability measure on the real-line. Next,
in the second part, we extend the inequality to probability measures g j,, , defined on
a d-dimensional euclidean space as product measure of d copies of i. i. d measures with
density mp1. As we see below, the entropy under a product measure can be written in
terms of the entropy of the individual measures of that product. The last part is a direct
application of Integration by Substitution for the extension to general one-exponential
probability measure.

For simplicity, we replace the left hand side of the original inequality with the notation

of Entropy, see for instance (4.17) and we also use the notation 7 instead of the probability
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7(..), Whenever it is necessary.
Step 1: we consider probability 7y 1 with probability density function eIl /2 and denote

with Z (mp,1) the following collection of differentiable functions,

continuous, differentiable almost everywhere

Z(mp1)=4h:R—=R
| with [ |hldr < oo, [|W|dr < oo, lim h(z)e =0

Notice that using the Integration by parts formula, we can easily show that the following

expression holds for any h € Z (7 1),

/h dmp1 = h(0) + /sgn (z) W (x) mo 1 (dx) (4.19)

Since h is log-Lipschitz, we have that h is differentiable almost everywhere, see for
instance Theorem 6 on page 281 in Evans (1998). In addition, a necessary condition for
h € T (mo1) is to assume that for sufficient large x, |log (k)| to be uniformly strictly
bounded below to 1, i.e. 3¢ >> 1 such that z := sup,>,, | log (h(z))'| < 1. In order to
show that we only need to observe that max {h(:n)e*m,log (h(m))'h(x)e*m} < ezl
with z — 1 < 0.

For the local version of this theorem, we consider the interval C' = (a,b), since C' is not
necessarily bounded we have that a,b € R U {fo00}. Similar to (4.19), we have that the

integral of h over the set C' can be written as follows,

b b
/ h dron = Asy, (ha,b) + / sgn (2) W' () mo,1 (dz)
a a

where Az, , (h,a,b) denotes the boundary term that emerges from the integration by part
formula. In order to avoid dealing with the term Az, , (h,a,b) where is necessary, we can
use Lemma 4.5.1.

We begin the proof with the estimation of the following entropy,
Ent,(1(-€C)H)=E,(1(-€C)H log(H)) —E(1(-€ C)H) log(E;1(-€ C)H)

where ¢ := argmin ¢ [z| and H(z) := h(x)/h(q). In addition, we observe that for every
u > 0, we have that

u—1<wulog(u)
By applying the above inequality to the entropy, we get that
Ent,(1(-€ C)H)<E;1(-€C)(Hlog(H)—H+1)+7(C°

For simplicity, we consider the measure 7(- N C) and use the notation E . ¢ (h) as

an abbreviation for E;(1(- € C) h). Notice also that Hlog(H) — H + 1 € Z (mp,1) and
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H(q)log(H(q)) — H(q) +1 = 0, thus we can apply Lemma 4.5.1 on that function,
Er.ney(Hlog(H) - H+1) < /ngn (x) H' (z)log (H (x)) 7 (dx)

Using Cauchy-Schwarz inequality on the right hand side of the above inequality, we get
that

Er(.ney (Hlog (H) — H +1) < |[H'||2(x(. n o l110g (H) || 22(x(- 1 ¢)) (4.20)

Similar to the above two inequalities, it is easy to show that log (H)® € Z (m;) and
log (H(q))2 =0, so we can apply Lemma 4.5.1 on log (H)2 Then, repeating the last two
steps for the function log (H)Q, we get that

Er(. nelog (H)? < 2 [|log (H) || r2(x(. n oyl log (H)' | 22(x(. ne (4.21)
Applying inequality (4.21) to the inequality (4.20), we get that

Entr(.noy(H) < 21H'|| 2. aopllog (H) | n2(x(. oy + 7 (C°)
Since H(x) := h(z)/h(q), we have that

Bntr (1(- € C)h) < 2/[W || 2(n. neyplllog (h) (| L2(a(- a0y + B (g) w(C°)

Using the positivity of ¢, we obtain that |log (h(x))" | < |h(f)l| for every x € C'. Thus, we
have that
2
Entr (1(-€ O)h) < > / (W) dr + 1 (g) 7 (C°) (4.92)
I

Notice also that the above inequality holds even in the case where C' is unbounded.
Step 2: we consider probability 7o ; on the product space R x ...R, this probability can

be written as product of probabilities 7y 1 as it follows
0,1 (dl’l X R dxd) = 7T1(d.%'1) c .Wd(d.%'d), where ﬂz(dwz) = 7T0,1<dx2')

Since o, 1 is product measure, the entropy of my ; satisfies the following inequality, see for

instance Proposition 2.2 in LEDOUX (1997),

d
Mo, ( Z w01 (Entr, (h)) (4.23)

where Ent,, (h) is defined as follows

E?’Ltﬂ—i (h) (T1y ey Tim 1, Tig 1, - - Tg) 2= /h( oy Xy, log <fh ( T )Tro)l(dx )> WO,I(dmi)

The next step is to apply the inequality obtained in the first part of this proof on the above

inequality, but first, we need to introduce the following notation that allows us to cut a
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given convex set C' into slices. In particular, those slices are based on the standard basis
of RY ie. e; = (0,...,1...,0)T.

Let us consider the permutation map g; : R x R — R? defined as follows g;(z?, 2;) =
(z%,...,@i,...2% ;). It is obvious that g; can be represented by a permutation matrix P.
In addition, it is known that every permutation map is an invertible matrix!, so the inverse
map g, 1(1‘) = (l’i, :L‘Z) is well-defined. Using functions g;, we can define the following two
sets

Cl = {xl e R%!: 3z, € R such that Gi (xz,arz) € C’}
and then, for every 2/ € C* we define
C (xl) = {xz ER:gi(a', x) € C}

For a given set C' and using the above notation, we have that the indicator function of C

can be written as follows,
1(zeC)=1(" € C' z; € Cah))

In addition, let us consider the following notation h;(z;)(x?) := h o g(z%, z;). Then, the

entropy Enty, (h), which comes from the inequality (4.23), can be rewritten as follows
Entﬂ-i (h) (1‘1, R T I T BN .Iid) = EntXZ.Nﬂ-O’l (h o g(ﬁl, X’L))

Using the above notations, we have that the right hand side of (4.23) can be written in the

following way, Er, , (Entx, (h)) = Eg (x: x,) Entr, (h;)(X?)). Therefore, the entropy

i)~T0, 1 (

of 1 (- € C) h under the probability m s is given as follows
Entry, (1(- € CYR) < Eg(xi x,)momo, {1 (X7 € C7) Entr, (1(- € C(X")) hi)(X") }
i=1

It is easy to see that for a given convex set C and 2 € C?, the C (x’) is an interval. To
see that let us consider the set C(z%) := {z € C: 3z; € C(x;) such that x = g;(z", z;) }.
Since C(z) is defined as the intersection of a line and a convex set C', we have that C/(z*)
defines a line segment. Moreover, we have that C(z?) is the projection of the line segment
C(z") on the axis of e;. The continuity of the last projection combined with that the C/(z?)

defines a line segment, we have that for every a2 € C*, C (xl) is a connected set.

. el :EZ
1See also that gi can be written as follows g;(x°*, x;) = | «, ( ) , where e; is the standard basis
T
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Therefore, we can apply the inequality (4.22) to the entropy appearing in the last
inequality. For the application of that inequality, the original ¢ and ¢ will be replaced by
qpi = argmin {|z;| : 7; € C (2")} and ¢, = inf {h ogi(zt, x;) s w5 € m}, respectively.
See also that for every 2! € C?, we have that c,: > ¢ = inf {h(a:) ix € 6}. The application

of this gives us the following inequality

Entr,, (1(-€ C)h) <

d
2 . . ) A
c § :Egi(Xi7Xi)N7TO,I {1 (XZ € OZ) Eyinma 1 (Yz cC (XZ)) (aih)2 (gi (X", Yz))}
=1 d

+ ZEgi(Xi:Xi)NWO,Il (XZ € Ci’Xi € C (Xz)) hio g (Xi’QX'i)
=1

Notice that ¢, takes values either from the boundary of C'(z?), or it takes zero in case of
C(x) N {0} # 0. Thus, we can bound h; o g; (X', qx:), which appears on the right hand
side of the above inequality, by M = sup {h(x) tx € 6}. We also notice that the first
expectation on the right hand side of the above inequality does not involve the random
variable X;. Using that mq 7, is a product of m;, we have that

Bt (1€ CY) < = [ VA droy,

d

+ M Z By, (xi Xi)~ro s | (XielX; ¢ C(XY)
=1
(4.24)

Next, we want to estimate the sum in the last inequality:

For generic C, the following holds
E(Xi,Xi)wﬂ'ng ()(z c Ci,Xi ¢ C (XZ)) < 7T07[(CC)

Let us consider the specific case, where C' is cube, then it is easy to show that:

d

ZE(Xi,Xi)NWO,Il (XVZ (S Ci,XZ' Q C (Xz)) < 71'0’[(06)
i=1

See for example that

E1((X1,X0) € C1 x Co) =E(1(X71 € C1, X2 &€ Co) + 1(X7 € C1,X0 € C2) + 1(X1 € C1, X2 &€ C2))
>E(1(X1¢€C1,Xe€Ch)+1(X1 €C1, X0 & Ch))

It can be easily seen that mg  is invariant under permutations g;, i.e. mo; = g%mo 1,

where 4470 1(-) is the so-called push forward of 7 ; and it is defined through the following

formula g 1(-) = mo,r 0 g~ 1(-). Hence, the above observation about (X?, X;) ~ o, s can

be applied also to the sum in inequality (4.24). Therefore, we get that

2 -
Entr,, (1(- € C)h) < — Ery, 1(- € C) IVA[[5 + M w1 (C°), (4.25)
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—_

_ _ , if C' is cube
where ¢ := inf {h(z):2 € C}, M :=sup{h(z):z € C}, a := , and
d, otherwise

M:=aM

Step 3: We now extend the above inequality to probabilities 7, g using integration by
substitution.

Since B is invertible, we can define the affine map ¢ (z) := Bz +m. Using the Integra-
tion by substitution, we have that Ey.r,, zh(Y) = Exr, hog(X). Also, the linearity of

g(x) — m implies that the inverse image of a convex set is also convex, thus we have that

Entr, , (1(- € C)h) = Entr,, (1(- € g7'(C)) hog)
2 -
<2 / IV (hog) |13 dmos + M 0.1 (57(C)
€ Jg=1(0)

2 -
_2 / BT (Vh) o g|I2 dro.r + N 75 (C)
¢ Jg=1(C)

2 ~
-2 / IBTVAI dry + M 5 (C)
C

where M := sup {h og(x):xz € g_l(C')} = sup {h(z) : & € C'}, this holds due to the con-
1, if g71(C) is cube

tinuity of g, similar with M, we get that ¢ = inf {h(m) RS 6}, a:= ,
d, otherwise

and M :=a M.

Proof of Theorem 4.4.1 All the following steps are similar to the Proof of Theorem
4.4.2 except some minor changes that needs to be made. The part for my is the original
proof as it stated in LEDOUX (1997).

Let us start with the probability measure 7 ;. Here, we consider H(z) = h(x)/h(0)

and using the inequality v — 1 < ulog (u) for u > 0, we have that
Entr (H) < /Sgn (x) H' (x)log (H (x)) 7 (dz) < ||[V'H log (H) || ,2() | VH log (H)' || ()

also for the last inequality, we use Cauchy-Schwarz inequality. Next, an evaluation follows

for the term ||v/H log (H) ||%2(7r), see that H log(H)? € T (m1) and H(0)log (H(0))* =0,

so the integration by part formula stated in (4.19) implies that
E.Hlog(H)” = 2/59n (z) H () (log (H (x)))"log (H (x)) 7 (da)
- / sgn (z) H' (z)log (H (z))* 7 (d)
< 2|VH log (H)' || (x| VH log (H) || 12() + K|VH log (H) ||,

the last inequality holds due to Cauchy-Schwarz inequality for the first term, for the second

term see that H' = H log (H)', using the hypothesis for the derivative of log (H), we have
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that || log (H)' || 1o (r) < 1 and for this part of the proof, we denote ||log (H)" || z50(x) by K.
The above inequality is equivalent to

2
1-K

IVH log (H) || p2(x) < IVH log (H)' || 12(n)

Therefore, we obtain that

2
Ent, (H) <

< 7|V H log (H) 72

Using that H(x) = h(x)/h(0), we have that

Ent, (h) < : 2 I / h(log (h)")*x(dx)

For the next step, we consider 7y ; and apply Proposition 2.2 in LEDOUX (1997). If

we further assume that K = ||Vlog (h) || = maxj<i<q ||0;log (h) ||c < 1, we have that

d
2
Bittny, (1) < 3 Eny (Bnt, (1) < 1 [ WIVlog (h) [3r(da)
=1

For the last step, we extend the last inequality which is obtained for my; to the
probability measure m,, g, applying a change of variable in the same way as we did
in the previous proof. Employing the affine map g (x) := Bz + m and assuming that
K =||Vlog(hog)|. <1, we get that

2
Entr,, 4 (h) = Entr,, (hog) < T % /h og||Vlog(hoyg) H% dmo,1

2

— i [ MBS 05 (1) B dm

Let us denote by b’ the columns of B, i.e. B = (bl, . bd). Then using the chain rule, we

get that K can be written as follows,

K =max{| (', Vlog (h)) |lec 13 € {1,...,d}}

Now, let us consider the vector infinite-norm which is defined on R? and denote it by

*

| - lloo,d- Next, we define its dual norm || - [|%_ ,

through the following expression [|b||%, ; =

SUD||||.a=1 | (b: ) |. Also, notice that || - [|5, ;= - ||l1,4, thus we have that

I3
o0

| (5, log () lloe < 15011V 1og (R) 1 = 167114l log () [«

*

*o.q of the matrix

See for example that the induced matrix norm by the vector norm || - ||

BT is equal to || BT ||z, = max {||b'||y : i € {1,...d}}. Thus, we get that

K < ||B|[%]IV 1og () ||-
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Proof of Theorem 4.4.3 Let us consider the matrix U = BP, where P corresponds

to the permutation matrix considered from the definition of P. € Py In addition,

BT
we consider the standard basis of R? denoted by e;, i.e. e; is the d-vector with zero
everywhere except in the i-th coordinate which take the value 1, then, we define matrices
C, = (e1,...e;) and Cy_, := (€p41,...€4). Furthermore, we can define the matrices
U, :=UC, and U, :=UCy_,, see also that "it holds" U = (U, |U_).

Observe also that the columns of the matrices U, and U, forms a basis of the sub-
spaces Im(P,) and Ker(P,), respectively. Therefore, the matrices U, and U, satisfies the
assumptions stated in Section 4.3.1 and in particular for the construction of the probability
measures 7 (-|¢) and m,(-), as it is stated in the integration rule (4.12).

An advantage of choosing that particular U is that m (d§, |&,) is independent of the

choice of &,.. In order to show our claim, we observe that for every & := < & ) € R?, where

EL
& €R” and €, € R4, we have that
IBIUE =) |14 = |CF PBT Un (& — )|l + | C3_, PB U L(EL — 100110

where 1 := U~'m, m, := CT m, m, = CTm and || - ||1,, is the 1-norm is defined on R",
Le. ||z|1,n == >y |zi|. Note that the last equality, is obtained readily by observing the

following matrix

(4.26)

where I, and I;_,. are the corresponding identity matrices. Hence, we have that C? PTB~1U =
(1r|0). Next, using the definition of 7 (d€,|&,) and the expression for the conditional ex-

pectation p, , see expression (4.11), we get that

e ICFPTB UL (€1 —m 1)l ,a—r
T (d€L &) = po (E0|Ur&r) dEL = I o~ ICTPTB=1U (¢
Rd-T T

i_fnL)Hl,d—rdgi

Therefore the structure of U combined with the assumption on the projection P, implies
that 7 (d¢ |&,) is independent of the choice of &, i.e. m  (d€1|&) = T, 1, (dEL).
For the purpose of this proof, the quantity of interest is divided into the following two

integrals,

; o ; )
] s (Em (flU(R))) i = [ 1o (Em (flU(R))) A3

;
A (Em (f\U(Pr))> A3

(4.27)
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For the estimation of the first integral, we apply the local version of the modified LSI
which is obtained in Theorem 4.4.2. Observe that the probability s 1, . (d€)) admits
the assumptions of that Theorem. But first, let us consider the set C' and define the set
C" and C (&) as follows,

Cr = {@ ER 3, U (si) e C} = cTU=1(0)
and for a given &, € C"
C (&) = {gL eRET U (g) e C}

Using the integration rule (4.12) in a similar way as we use it for getting the expression in

(4.16), we get that

f _

for getting the above inequality, we only needs to apply the following inequality, for every

& € C", we have that

&r - &r -
S £V (&) it < [ 1ou (&) man a6
For simplicity, let us denote g (£,) = f(U,& + U, &, ) and apply theorem 4.4.2 on

T, I, ., We have that
Bntay oy (1(€C@)0) £ 2 [ 1M€o 40+ Ve o, (C16))
where M& = ag, M¢, and c,, ag, Mg, are given in the following forms,

ce, :inf{foU<§I> €L Em}

M, ::sup{foU<§i> 3 Gm}

1, if C(&) -, is cube
ag, =
d, otherwise

It is obvious that the definition of cube is invariant under permutations and translations,
i.e. if C C R?is cube, P € R™? permutation matrix and m € R?, we have that P(C —m)
is cube. Notice that if B~(C) is cube, then we have that U~1(C) is cube, so there exist
A CR" and B C R such that U71(C) = A, x A;. See also that by definition of cr
and C (&), U™'(C) can be written as follows

vie)={(&) e ecreee)
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Therefore, if B~1(C) is cube, we have that for every & € C", the set C (&) = Ay, see
also that A is cube by definition. That implies that sup{ag, : & € C"} < a, where a is
defined as follows,

1, if B71(C) is cube

d, otherwise

See also that
inf{%, 6 € OT} > inf{foU (si) 6 eCrEl e é(gr)}
>inf{f(z):z€C}=c
Similar to the lower bound of ¢, , we have that
sup{c& 1€ € C’r} <sup{f(z):ze€C} =M
Let us substitute g with f o U, also see that using the the chain rule, we have that
Vg (€r) =UIVf (Ul +ULEL),
Entr, 1, (1(€C(€)00)

2 ~ ~ c
< / HUIVf(UTST + ULfL)||%,d—r Ty dg—r (d€1) + M Ty dq—r (C (&) )
€ JCE)

Let us integrate the above inequality with respect to m,(d§,) over the set cr,

Entr, , (1 (ec)) foU) 7o (dEy)

cr
2
< C/% /C‘(sr) ||UI(Vf)(Ur£T +U¢§L)H§,d_r Ty 1, (dE1) T (dEy)
M mIg_ é r ‘ r d r
o0 [ (C6)) mas)
=2 [ W@y Fnad) + 3 7 ()
C

In the following part of the proof, we estimate the second term of (4.27) which is an
integral involving the values of f over the set C¢. By applying the integration rule which

is given in (4.12), we obtain the following

] _
.7 <Em ) e

foU N
//(Ulc)c foUlog <]E7rm73 (flo(P))o U) T Lo (610 )mr ()

It is easy to see that the above integral over (U _IC)C, it is bounded by the following two

integrals,

oU
/n/é(g AL (ffoljfcdwm ; >7Tm’[d‘f(dmm(d§’")+

[ Bntn, o (7o) m ()
(@)

(4.28)
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Before, we start with the estimation of the last two integrals, we use the log-Lipschitz
condition of f to obtain a bound for the Logarithm that appears in the above two integ-
rals. Since f is log-Lipschitz, we have that ||V log (f) |1=(r,)~ is finite. In addition, the

definition of log-Lipschitz for positive functions implies that for every z,y € R, it holds

Fly)e Ml < f(a) < fly)eevih

where K = [[V1og (f) || z=(r,,z). -
Let us also consider the following notation, for every £,,&| € R and &, € R", we

denote with &, & € R the following two vectors (g ) , ( &55 ), respectively. Then, we have
that for every & € R” and ¢, € R, it holds

foU(E)

i TGl > [ e )

> /e—KUm lex=€Lh o (dgl)

where ||U_||7 is the dual-norm of U, with respect to || - ||1, i.e. |[UL||j = sup ngﬁ%.
£ €R-T o

Then, using the triangular inequality on the logarithm of (4.28), we have that

folU . - 1
< _
log <ff oUdmm. 1, ) KNULITNIEL = mifls +log e R E =l - (de))

= K|ULI 1€ — w4+ (d—7r)log (K| UL} +1)
(4.29)

the last equality holds, since for any positive a we have
1
(a+ 1)

Next, by applying the inequality (4.29) on the second integral of (4.28), we have that

/]Rd eiauhimJ‘Hl’d*”"ﬁu,fdfr (d€L) =
—r

[ Bty o (0 U©) 7 ()
@)

- foU) ~
) /W Jo £ 2008 <f fo U<§'>7rml,fdr<d5;>> it (5.2 (d6r)

< Mee /( oy [ KIUL g = sl + (@ = ) og (RO + 1) - (0620706

= Mee (d =) (KU +log (KU1 + 1)) /((j ; L mota (e (@)
(4.30)
where Mce = sup{f (z) : x € C°} and the last equality holds, since we have that

/d €L — i |td—rmm, 1, , (d€1) =d—7 (4.31)

For the estimation of the first integral of (4.28), we consider A similar to the one is assumed

in the theorem and then we define sets A", A (&,) similar to the definition of C", C (&,).
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Let us consider the case where & € C™ \ A”. Applying the inequality (4.29) on the

following integral, we get that

foU
! " d
/@(Er)cfo vlos <ffoUd7TT7’LLJd_T) i Lo (461)

<Mce /@(5 . KNULIT 1€ = molls + (d = r)log (KNULIT + 1) w1, (d€1)

Notice that
{(§):eecc\MeelE)}cuc\n
Then, it is obvious that for every & € C7, we have that C (&) € CT U~1(C \ A). Thus,
the following holds
sup {1, (C(6)) & € CNA Y <ty (CLLUTHC\ )

=701, (Ci,U(C\A —m))

B

which implies that
mo e (&) _ B

sup = <
&reCr\A™ iy Ty (C(gr)c) 1-p

Combining the above inequality with the integral of (4.31), we obtain that

~ - d—r ~ ¢
/é(gr)c 1€ = 7l a—rmin, 1, (d61) < 7 5 M dacs (C (&) )

Hence, integrating with respect to m,(d€,) over the set C" \ A", we get that

JoU
/~r\/~\r /é(ﬁr)c JoUlos <f fo Udﬂﬁller) sy (de_)ﬂ'r(dfr)

Mg« (d — log (K[|UL|[; +1 i 6 (dEL ) (dE,
= Mo T)< 1—p sty /vw/é(gmﬂ o fL)W((Z)gz)

Next, we consider the case where &, € A" and define the following constant

A = inf {Wmljd_,« ([\ (ér)) S Ar} = inf {WO,Id_T ([\ (&) — ffu) RINS Ar}
Using the definition of A (&,) and U, we have that
0,y (j\ (&) — ﬁu) =01y, ({@ —mm € RYT (g;’g&) e P'B~1 (A~ m)})
> min {7r071 (eiTB_l(A — m)) : e; is the standard basis of Rd}d_r

for the last inequality, we only need to use that my;, . is the product of mp1 over
span {e1,...eq}. Next, using that B~(A) is cube and P is the permutation matrix,

we get that U~'(A —m) = PB~'(A —m) is cube. Thus, it is obvious that for every e;,
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70,1 (e;fFB_l(A — m)) is positive, and so, it follows that A > 0. Then, the first term of
(4.28) can be bounded as follows

foU
l m
/C'(Sr)c f °v o8 <f f o Udﬂ'ﬁu_,[dfr Ty Loy (dgj_)

JoU
< / JoUlog T, I, (d€ 1)
C(&r)© (f]\(gr) foUdmm, 1, e

Mee
S/ foU10g< ¢ )Wml,ld r(ng-)
C(&)” e

Let us integrate the above inequality with respect to m,(d§,) over the set AT,

foU
/r /0@7»0 Fotlos (f foUdri, 1, > T L (6 1) () <

MCC max{log< ) }/1/ ) T Jg_r de)ﬂ-r(dér)

Applying inequalities (4.30), (4.32) and (4.33) on the relation (4.28), we obtain that

f
/cc flog <Em (flo (R«))) A

KU || M,
< Moemanc{ (@ =) (B1LE sog a1+ 1) ) 1o (220 0} e

(4.33)

Therefore, we have that

J 1108 (g—hmy) o) <2 [ WIVIG@I 0w (i

- M e
+max{M,Mcc - (1“5”%1 g (KU + >) ,Mcclog( 1 )} T (C9)

This complete proves the first two inequalities of the theorem.

The last inequality is a consequence of Theorem 4.4.1. So, proceeding similarly as
above, we fix & € R" and consider the function g (£,) = f (U,& + U, £ ). Next, using the
chain rule, we have that Vlog (g(¢1)) = UTVlog (f()) |a=v,e,+U,¢, - In order to apply
Theorem 4.4.1, we need to define K¢, = ||[Vlog (g) |lz(x; ;)0 for every & € R". See
that for every £, € R", the following holds

K¢, < |IULV10g (f) llxtmm.oe < K = 1T IV 108 (f) =m0 < 1

Since K¢, < 1, Theorem 4.4.1 implies that

Ty g—r (d&_)

Entny, 1, (9) < [ stenivatenia

- 1—K§r

Then, we substitute g and Vg integrate with respect to m,(d&;),
/Entﬂ'ﬁlL,Id_r (f © U) Wr(dgr)
2
<o [ [ 1eu (&) 10T (080 0U (&) Barr 7, () dr)
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Therefore, using the integration rule (4.12), we get that

f P
/ flog (Em flo <Pr>>> A = 5

i [ FIUTV108(1) B

Proof of Theorem 4.4.4 First, we know that for any a € R?, the 2-norm can be

written as follows

lall3.q = (a,a) = a’a = tr(aa)

Hence, if we apply the second bound coming from Theorem 4.4.3 in equation (4.15), we

have that
Dt (pllfir) < i UTvI 2 Iy
KL (pllfr) < +— ULV 1og (f)[13,4-r Z; Tm,B
=7 _K /tr (UTVlog (f) (Viog (f) U ) dpu = tr(UTHU,)

where H = 22 [Vlog (f) (Vlog (f))Tdu € R4,

Also, by the definition of Py, .., we have that for every P, € P, ., there is a
corresponding permutation matrix P. Notice also that the structure of a permutation
matrix is essentially an rearrangement of the columns of the identity matrix. Hence,
for every P there exists a bijective function op : {1,...d} — {1,...d} such that P =
(eUP(l), A eUP(d)). Then if we denote by Q = P (ep41,...,eq) € R we have that
Q = (eaP(H_l), e ,eap(d)). Recalling the definition of U; = BP (ey41,...,eq) = BQ.

Hence, the above integral can be written as follows,
tr(UTHU,) = tr(QT BTHBQ) = tr(Q" AQ)

where A := BTHB.

Similarly for the first bound, we have that

Drcr, (pl|fir) < tr(QTAQ) + Rycimy s

where A = BT Ho B with He := % [ VAV HTdrmp € R

Proof of Proposition 4.4.1 We recall that for every P, there exists a bijective
function op : {1,...d} — {1,...d} such that P = (e,p(1),---»€op(a)). Thus, Q@ =

P (€r+17 ey 6d) = (eap(r+1)’ ey egp(d)) and
eT
- op(r+1)
QAQ = : A (eap(rﬂ)v e aeap(d)) = (CLUP(TJFi)vUP(TJFj))i,je{l,...(d—r)}

T
Cop(d)
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Hence,
d—r
T
Q AQ E aap (r+1),0p(r+j)
=1

Then, the minimum comes naturally from the definition of the function 74.

Notice that the sequence of y; in Proposition 4.4.1 is defined according to Gram—Schmidt
process which ensures us that {y1, ..., y4—,} is orthonormal basis of Im(B (e,, 1y, .-, €rs(a—r)))-
According to the context of Theorem 4.4.3, there is a projection P, € fﬂmﬂB,r such
that U, = B (eTA(1)7"‘76TA(d—7‘))' In Section 4.3.1, we see that Im(U,) = ker(P,) =

Im(I — P,), it is also obvious that if P, is a projection then I — P, is projection too.

Therefore, it is sufficient to prove that for any orthonormal sub-basis {a1,...,aq_,} of R,
d—r d—r

the matrix Z | a;al is an r-rank projection with I'm (Z aiaiT> = P (a;).
i=1 i=1

Notice that

d—r 2 d—r

T T\2 T T
E a; a; (aja; )* + E a;a; a;a;
i=1

i=1 i)

1<i,j<(d-r)
d—r d—r
T T T
=Y (aj,a;)a;a; + E (ai,aj)a;a; = a; a;
i=1 itj i=1
1<i,j<{(d—7)

In addition, we observe that a; # 0, for every i € {1,...d}, so we have that Ker(a;a] ) =
{a: eR?: g, aZTx = 0} = {a: e R?: (ai,x) = 0} thus a; aT is l-rank matrix. Further-
more, we have that a; € Ker(a;al), for every j € {1,...d} \ {i}, thus it holds that

m @1 ] ) = Blo).

=1

4.5.1 Lemmas

Lemma 4.5.1. Suppose an interval I and q = argmin, 7 |x|. Then, the following inequality

holds for any h € T (mp1) with h(q) =0

/Ih dmo,1 < /sgn (z) W (z) 701 (dx)

1

Proof 4.5.1 (Lemma 4.5.1). For simplicity, we consider the interval I = (a,b) where
a,b € RU{zxoo}. Next, let us apply the integration by part formula on the left hand side
of the above inequality and denote the boundary term by Agr,, : L' xR? 5 R,

b b
/ h dﬂ-O,l — ”471'0’1 (h7 a, b) + / sgn (LII) h/ (SU) 7[-071 (d:ﬁ)
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The explicit formula of Ar,, (h,a,b) is given as follows

h(b) e — h (a)e®

5 , ifb<0
Aro, (hya,b) = h(a)e” ; h(b) efb, if0<a
n() - POFR@e g )

2 ’
By definition q € I and takes the closure value to 0, we also have that h is non-negative

and h (q) = 0, so it is straightforward to see that Ax (h,a,b) < 0. Therefore, we have that

b b
/hdwg/ sgn (z) b (x) 7 (dz) (4.34)
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Chapter 5

SDEs with vanishing diffusions on

bounded intervals

In this chapter we consider the inverse problem of recovering the diffusion and drift func-
tions of a stochastic differential equation from discrete measurements of its solution. It
is known that applying the Bayesian approach to this problem gives rise to a well-posed
posterior measure provided that the diffusion and drift functions are Hélder continuous
Croix et al. (2020). Motivated by applications of this problem in estimating the para-
meters of birth-and-death processes in a large population, we study the case where the
diffusion coefficient depends on a small parameter. We use random perturbation methods
to approximate the solution of the stochastic differential equation, and study the conver-
gence properties of this approximation at the limit of vanishing diffusion coefficient. We

also formulate and study the resulting approximated posterior measure.

5.1 The inverse problem

Similarly to Section 3.2, we consider the stochastic process X (¢) defined on a bounded

subinterval of R, denoted by I, such that

1
dX(t) = (a(X(t)) — b(X(t))) dt + ﬁ\/a(X(t)) +b(X(t))dWy, Vit >t (5.1)

with initial value X (t9) = z¢. Furthermore, we assume that N is a large number, i.e.
N > 1. Also, we have that the drift and diffusion coefficients are in the form of a(z) —b(x)
and y/a(z) + b(x), respectively. For simplicity, let us denote them as follows:

w(x) :=a(x) — b(z) and o(x) := V/a(z) + b(zx). (5.2)



73

In addition, (W}), is the standard Brownian motion defined over a filtered probability
space (Q,}", (Ft)>0 ,IP’). Let us assume that I = [0,1] and the behaviour of X on the
boundary is described as follows, the left bound is an absorbing barrier and the right
bound is a reflective barrier. For clarity in what follows, we denote the solution of the
above equation X at time t for a given a and b by X (®b)(¢),

Then, we consider the problem of recovering a and b using noisy discrete measurements
of a realisation of X (*%)(¢). Thus, assuming a given time discretisation of the interval [0, T’
denoted by 0 < t; < ...ty < T, the inverse problem is given as follows: estimate (a,b)

given

Y = X(avb)(ti) + en;, for every i € {1,...J} (5.3)

where € > 0, and 7; are i.i.d. with n; ~ N(0,1). As we mention above, we denote drift and
diffusion coefficients by p and o, respectively. If a + b is positive, we observe that there is
invertible matrix that maps (a,b) — (u,0). That is, we can restate the inverse problem as

follows: estimate y and o given
yi = X0 (t3) + en;, for every i € {1,...J} (5.4)

where € > 0, and 7; are i.i.d. with n; ~ N(0,1).
Let us denote by mp and ﬂﬁ’v the prior and the posterior distribution of the above inverse

problem. We note that the index N of the measure 7% may be omitted at times.

Now, we are interested in evaluating the likelihood of the problem (i.e. the unnormalised
Radon-Nikodym of 7% with respect to ) in the case of no measurement noise, i.e. € =0
(see the remark below for the noisy case). We note that X #?)(.) is an Ito diffusion, thus
it satisfies the Markov property. In addition, let us assume that the transition probability
of X (“7‘7)(-) admits a density function. Notice also that Bayes’ formula implies that the
likelihood is given as the density function of Y (the distribution of the data) for fixed (u, o).
Combining the last two observation with the assumption about the density of X (“"’)(~),
we have that the likelihood is given as the product of the transition density function of

X(9)(.) evaluated in points (y;,t;). Thus, the likelihood £¥* (i, o) can be written as

follows
dn¥ s g (1,0)
dTrO(M’U) oc L9 (p,0) == [ %7 (yisr, tisr; wis i) (5.5)
=0

According to Section 3.3 and since X (“’”)(-) admits a transition probability density func-

tion, p(o) (t,y;s,x), for t > s, satisfies the associated backward Kolmogorov equation
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8p(""7)(s,$) _ 02(x) H? p(”’U)(s,x)
B Os 2N Ox? + p(z)

1 (Nva) - = —
g;r;p (t,y;s,z) =6(y — )

variables (y,t) are omitted in the above expression, since these are fixed.

ap(u,a)(s, )
Oz (5.6)

As we can see in Croix et al. (2020), in the case of noisy measurements, i.e. € > 0, we
have that the likelihood of the problem is similar to the above one where the transition

probability density p(#?) is replaced by the following

PO (G, tiv; Gisti) = //P(“’U)(Zvti+1;w7ti)fN(o,52)(?3i+1 —2)fno,e2) (Ui — w)dzdw
(5.7)
since the noise term has a Gaussian distribution, we denote by fy (g 2) the density function
of N(0,€?). For simplicity, let us define the following notation: we define convolution at

time t, for given function f convoluted with transition density function p as follows

p*tf(yat;xvs) Z:/p(Z,t;ﬁ,S) f(y—Z) dz

R
Also, we define convolution at time s, for given function f convoluted with transition

density function p as follows
p*s f(y, tix,8) 1= /Rp(y,t;z,S) fz—2)dz
Then p can be rewritten in the following way
P(Yit1, tiv1; @iy ti) 1 = /RP %00 N(0,e2) Wit1, ti15 ¢ ti) fvo,e2) (Wi — @)dg

= (p i1 fN(O,eQ)) *t, fN(O,eQ) (yi+1a tiJrl; Yi, tl)
Let us now restate the appropriate framework for the well-posedness of the Bayesian

approach for the current inverse problem. This framework has been introduced in Croix
et al. (2020). Therein, they define the following Banach space,
A= {(,u, o) : w02 € C%([0,1)), my :== min o(z) > 0}
z€[0,1]

endowed with the following norm: given (u,0?) € C%1(]0,1])?, we define

0.1+ llo”]loa

(s, o) == I

where || - ||o,1 is 1-H6lder norm. In general, we define a-Hélder norm for some o € (0, 1] as

follows: given f € C%%(]0,1])

HfHU,a = HfHLoo([OJ]) + sup M

z€]0,1] ||$ - yHa
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Let us then restate the following theorem which provides us with the well-definedness of
the posterior emerging from the above problem, and also, the stability of the Bayesian

approach. Its proof can be found in Croix et al. (2020).

Theorem 5.1.1. Let T>0, J > 1 and consider y = (y1,...,ys) € (0,1)" to be the data at
times t = (t1,...,ty) with 0 < t; < --- <ty <T. Suppose that my a probability measure
with mo(A) = 1 and there exists C > 0 and q > 2 such that

E™ (exp (Cmf =0 (n, o)) ) < oo

Then there exists a unique posterior measure ©¥° given by

dwy’s( )= 1
dmo wo)= Z(y, s)

LY (o)
where Z(y, s) is normalisation constant which defined as follows

2.9 = [ £ (1.0) dmo(. ) € (0,50)

Moreover, the posterior probability w¥° is continuous in y with respect to the Hellinger

metric.

Remark 5.1.1. In the original work for the definition of the above space, they use any
a-Hélder within o € (0,1] instead of C%'([0,1]) and the appropriate norm for each choice

of a. Also, the statement in the original theorem includes the choice of a.

Due to the computational complexity of the likelihood, we can easily see that the
estimation of the posterior is becoming very expensive in terms of computational cost.
Observe that the implementation of a Monte Carlo simulation requires the evaluation of
the likelihood in several points (u,0) which means that for every single choice of (u,0),
we need to compute the solution of the corresponding equation (5.6). For this reason, it is
important to find an approximation that reduces the computational cost for the evaluation
of the likelihood.

In the last mentioned paper, they provide a quite general theorem for the approximation
of the posterior 7¥. For example, that theorem can be used in combination with a Galerkin
method which approximates the solution of equation (5.6). That could probably accelerate
the estimation of the posterior 7¥.

In our case, we consider a slightly different problem, as the diffusion term depends on
a large N, this kind of diffusion term appears in many population models, where also N

is supposed to be very large. Based on the last observation of our problem, we consider
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a different type of approximation from the one considered in Croix et al. (2020). The
proposing approach, for the posterior 7Y%, considers an approximated posterior with a
much easier to compute likelihood. More specifically, we use a perturbation technique to
approximate X (9)(.) with the stochastic process (X[()“’a) + \/LNX]E’W)) (). Considering
now a new inverse problem based on the collected data y and with forward map emerging
from (Xé“’g) + ﬁX%“’UO (1), we end up with a new likelihood which is much easier to
compute.

In the following sections, we firstly discuss the perturbation technique and provide the
convergence of that technique to the solution X (“"’)(-). Then, we state the approximated
formulation for the Bayesian inverse problem using the process (X(()” o) 4 ﬁXfu ’U)) (+).
The approximated posterior is denoted by 1/}(,, also note that both . Then, we prove the
well-posedness of Y, and finally, we show that for large N, 7%, and v} are close under the

Hellinger metric. Also, in most of the following notes the index N on the probabilities 7%,

and vy, may be omitted from time to time without prejudice.

5.2 Perturbation technique

In the case of an It6 diffusion process with fine scale diffusion coefficient, one can use a
perturbation technique for the approximation of that process. We start with the presenta-
tion of that perturbation technique for It6 diffusion process with no boundary conditions.
Afterwards, we suggest a similar approximation for It6 diffusion process with a reflecting
barrier. Our contribution is the establishment of the approximations’ convergence for an
It6 diffusion process specifically with the derivative of the drift coefficient to be Lipschitz
continuous and the diffusion coefficient to be 1/2-Hélder continuous.

Let us start with the simple case where X :  x Ry — R is an [t6 diffusion process
with no boundary conditions as in Section 3.1. Suppose process X with fine scale diffusion
coefficient satisfies the following stochastic differential equation

dX (1) = p (X () dt + jﬁa (X(£))dW;, ¥t >0 and X(0) = a0 (5.8)

with parameter N to be a large number.

Our aim in this technique is to show that there are simpler processes Xy, X7 which
approximate X as IV tends to infinity. For the purpose of this section an extra assumption
has to be made, there exists Ny such that for every N > Ny the corresponding equation
admits a solution. The intuition behind this approximation is that one wants to find

processes Xg, X1... which are independent of N and approximate X; in the following
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way

1 1
Xo(t) + —=X1(t) + =Xa(t) + ..., for every N > N 5.9
o(t) JN 1(t) N 2(t) y 0 (5.9)

If we further assume that coefficients u, o are sufficiently smooth for applying Taylor
expansion on them, then by substituting the above series into equation (5.8), we obtain

that

1 1
dXo+ ——=dX1 + —-dXy ... =
0 \/N 1 N 2

1 1
1(Xo) dt + N 1 (Xo) X1 dt + ~ (W' (X0) X2 + 34" (X0)X7) dt ...

1 1
+ ——0(Xo) dW; + — o' (X)) X1dW; + . ..
ﬁN ( 0) t N ( O) 1 t

Since X;(t) does not depend on N, for any ¢, and the above equation holds for every
N > Ny, we can obtain that Xy, Xi, ... satisfies the following equations
dXo = ,U,(Xo) dt, dX, = ,U,,(X())Xl dt + O'(Xo) dWi, . ..

with initial conditions X¢(0) = zg, X1(0) =0, X2(0) =0,...
In our approximation, we only consider the first two processes, i.e. Xy and X7, which

are defined through the following differential equations

dXo(t) = p(Xo(t))dt with X (0) = xg
(5.10)
dX1(t) = 1/ (Xo(t)) X1 (t)dt + o (Xo(t)) dW; with X7 (0) =0
and our approximation can be written as it follows
~ 1
X(t) = Xo(t) + —=X1(t) (5.11)

VN

note also that X (¢) satisfies the following equation

~ ! % 1
AX(t) = ((p(Xo(t)) + 1 (Xo())(X (1) = Xo(t)) ) dt + T Ko@), (5.12)

X(0) = xo

Note also that the existence and uniqueness of deterministic process X follows from
the Lipschitz condition assumed for p. Hence, Xy is a well defined continuous function, and
on every close interval [0, 7], X is bounded. Thus, it is easy to see that the drift and the
diffusion term of X; are satisfying the Lipschitz and linear growth condition. Hence, there
exists a unique solution for X7, see for instance Theorem 3.1.1. Therefore, the process X
is well-defined.

The following theorem shows that under appropriate assumptions on drift and diffusion
coefficients and for large N, the process X approaches X. More precisely, we prove that

5 1
x-xr0()
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where O(+) is defined based on the norm Esup |- |P and as we will show in the following

theorem a > 3/4. For the sake of clarity of the following result, we define ~
At N) =N (X(t) - X(t)) (5.13)
the so-called residual term of the approximation.

Theorem 5.2.1. We consider equations (5.8) and (5.10) with coefficients p and o, and
v as it is defined in (5.13). Suppose p, u' and o satisfy the Lipschitz condition. Then, it
holds that:
E sup |y(t,N)|P < oo, whenever T'> 0 and p > 1
t€[0,T)
N>Np

Furthermore, if we only have that o is %—Hdlder, then it holds that:

1 p
E sup |—~(t,N)| < oo, whenever T'> 0 and p > 1
tefo,1] | VN
N2>Nog

The proofs of the two above results are very similar. For the proof of the first part,
one can find the original proof of Theorem 3 in Blagoveshchenskii (1962). The proof of the

second part is a modification of the original one and it is given in Section 5.4.2.

5.2.1 Approximated SDE with Reflecting barrier

In the current Section, we define stochastic process £ defined on the positive half-line [0, co)
with reflecting barrier at point 0, which also satisfies equation (5.8) as long £(t) takes values
in (0,00). As it discussed in Section 3.2.2, this kind of stochastic process £ can always be
defined as the pair of stochastic processes (I, £) which satisfies the following equation

dE(t) = p (E(8)) dt + \/}o () dW, + i), £(0) = (5.14)

for a more detailed definition of the pair (/,§), one can see Definition 3.2.2.

In addition, we remind that the definition of (I, ) is related to the Skorokhod problem,
see Definition 3.2.1. Furthermore, as it discussed in Section 3.2.2, one can always define
an equivalent differential form for the definition £&. Let us consider stochastic process Y

which satisfies the following SDE

Y(t) = &o +/0 n(TY (s))ds —i—/o oY (s))dWs, Y (0) =xo (5.15)

where I' : C([0,T]) — C([0,T]) is the Skorokhod map with T'f (t) = f (t)— m[%n] {f(s) N0}
s€|0,t
and £(t) :=T'Y (). For further properties of map I', one can see Lemma 3.2.1.
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Inspired by the approximation demonstrated in the last Section, we are interested in
defining an approximation ¢ in a similar way, as we did for X. Our first step is to define
the analogue of Xy, denoted by &. For the definition of such function, we consider a
non-negative function & which satisfies equation (5.10) as long &y(t) takes values in (0, co)
and also has a reflective barrier at point 0. Thus, (&g, o) is defined as the pair of solutions

which satisfies equation

do(t) = p(&o(t))dt +dlo(t),  &(0) = zo. (5.16)

Then, according to Theorem 2 in Anderson and Orey (1976), &y satisfies the following
limit

E sup [£(t) — & ()" — 0, as N — oo, for any p > 1
t€[0,T]

Let us now define the approximation 5 , for the stochastic process £, to be a non-negative
process with with reflecting barrier at point 0 which satisfies equation (5.12) as long & ()
takes values in (0,00). For the definition of which, we are going to consider a pair of

solutions (l~ , 5) which satisfies the following SDE

dE() = (&) + W (@()E = 0(0) ) dt+ Zo(Ea(O)Wi +die). &) =y
(5.17)
For completeness, we may then define the analogue of X, denoted by &1, but in this
case, &1 is not necessarily a non-negative process with with reflecting barrier at point 0.
The definition of which comes from the following expression &1 := N (é — §0>, and we can

easily see that & satisfies the following equation,

dé1(t) = i/ (&o(t))&r(t)dt + o (&(t)dWy + VNA(l — 1) (t), £1(0)=0 (5.18)

Similarly as we did for the case of the unbounded stochastic process X , we can show
that € is well-defined, but first, we need to define the following two equivalent differential
forms of &, and é . We first consider processes Yy and Y which satisfy the following two

equations
dYp(t) = p(I'(Yo)(t) )dt

4¥ (1) = (T (Y0)(1)) + 1/ (DY) (1)) (T(V)(1) = T(¥o)(1)) dt + jﬁa (N(¥o)(1)) d(wt |
5.19

with initial values Yy (0) = 2 and Y (0) = 20, and then, we can define & and € as follows:
Eo(t) = T(Yo)(t) and £(t) = T(Y)(t).
Note then that Yy is well-defined, since u(I'(-)(t)) satisfies the Lipschitz condition and

the linear growth. Then, using the existence and uniqueness, see Theorem 3.2.2, for the
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Skorokhod problem, we get that the pair (lp,&p) is well-defined. Last, using the bounded-
ness of {n on a bounded interval [0,7], we see that the drift and diffusion coefficients of
¢ satisfy the hypothesis assumed in Theorem 3.2.3. Thus, we have that the pair (l~, 5) is
well-defined.

The following Theorem is analogous to Theorem 5.2.1 for the case where £ is a fine
scale diffusion coefficient with reflecting barrier at zero. The proof of the Theorem can
found in Section 5.4.2. Let us also re-consider and re-write the definition of the residual

term for this case,
At N) = N (£ - €) (5.20)

Theorem 5.2.2. We consider equations (5.14) and (5.17) with coefficients p and o, and

v as it is defined in (5.20). Suppose u, p' satisfy the Lipschitz condition and o is %-H(’)’lder

continuous. Then, it holds that:

1 p
E sup |—=~(t,N)| < oo, whenever T'> 0 and p > 1
te[0,T] VN
N>No

5.3 Likelihood of the approximate posterior

Using the approximate stochastic process of the previous section in our Bayesian inverse
problem, for finding the drift and diffusion terms, gives rise to an approximation of the
posterior which is the subject of this section. At this point, we need to mention that
the results of the current Section concern only the case where the stochastic process X
has no boundary conditions, i.e. X has neither absorbing nor reflecting barrier on the
boundaries. Therefore, the posterior distribution #¥ and its approximation v¥ correspond
to the Bayesian inverse problem with forward map the unrestricted stochastic process X.
The proof for the case of the stochastic process with absorbing and reflective barrier is still
in progress.

Let us consider an appropriate function space for the unbounded stochastic process:

given constants C1, Co, C3 > 0, then we define
AC1,CQ,C3 = {(M?U) IAS Cl’l(]R)?O'2 € Co’l(R)’gneiIgU(x) > Oy, ”0'2”071 < Oy, H/J’”Ll < 03}
we also recall the definition of || - |11 which is given as follows: given f € Cb1(R)

£l = 1 ooy + 1 ey + sup =S WL

wyek  lz =yl

For the approximation of the posterior 7%, we suggest the probability measure 1Y over

the function space A¢,,c,,c;- We first define process X (10) (t;&,7) based on the framework
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built in the previous section. In addition, we denote by a4 ; the transition density function
of X(o)(t;¢, 7), and then, we define function Q(y,t;€,7) = ¢+ (y,t;€,7). Using the
definition of @), we then can define v¥ through its Radon-Nikodym with respect to mg,

similarly as in the case of 7Y, see for instance (5.5),

J—1

dvy 5 = (o) / ~ -

dmo (1,0) o< £ (p,0) = [T QU (Giga, tigas G i), (5.21)
1=0

where Q) (y, t; x, s) is defined as follows

QU (g t: 2, 5) = / / QU (2, 85w, ) o) (U — 2) Fv(o.n (& — w)dzdw.  (5.22)

Let us then take y € C'(R) and 02 € C%'(R), and consider X similarly as in equation
(5.12) with the only difference that we know the initial values of X, Xy and X at time
7 instead of time 0. Since, X depends on @ and o, it is more convenient to change the
notation of Xy to ¢-(t; u,&), or simply ¢-(t; &), where parameters 7, { correspond to the
initial value of ¢, i.e. ¢,(7;&) = & Similarly for X;, we may use the parameter 7, i.e.
X1(t; 7), to highlight that X is the process with initial value 0 at time 7, i.e. Xi(7;7) = 0.
Let us now rewrite equations (5.11) and (5.12) in terms of ¢,(¢; 1, &) and X5 (¢;7)

X(t:6,7) = or(t;1,6) + jﬁXl(t;T) (5.23)

where ¢, (t; 1, €) and X (¢; 7) satisfy equations (5.10) with initial value at 7. Next, we have
that X (t;€,7), or simply X (t), satisfies the following equation

s N 1
dX(t) = p(X(t),t)dt + —=5(t)dW,, fort >t
(t) = a(X(),t) Wi (t) 0 520

where ji and ¢ are defined as follows

ﬂ(xvt) - M(¢T(t;€) ) + /1,’((;57_(15; 5)) (x - ¢T(t; f))
o(t) = o (¢r(t:€))-

Let us now obtain the transition probability of X. We see that equation (5.10) can be

also be written as follows
d(Xl( Ye — fi 1 ¢T/\§))d/\> o (r(t:6)) e “(¢T(Af))d)‘dW
Or equivalently, we have that for tg < s <t
Xi(t) = Xl(s)effu’(¢r(>\;f) )dx 4 /t o (dr(q;6)) ofa 1 (87(X€))dA dw, (5.25)

in Section 5.4.1, one can find more details on how we obtain the last equation.
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Next, if we apply the explicit form of X into the expression of (5.23), we get that

t t 7
£ = 6r (56)+ (X0) = 6r (5 02 4 T [T (0:()) ol O
(5.26)
Hence, we have that the transition probability of X (1:9)(t: €, 7) is Gaussian distributed, i.e.
( 1 _ —2(tw,5))?

1,0) -
Jhx,8) = ————e 2PN 5.27
de ; (y ) 27TFN(t; 5) ( )

where @ (t;x,s) and Fi(t; s) are defined as follows
B (t2,5) = dr () + (T — br (5:€)) fs W (9r(XO))dA
witis) = / (60(g:6)) i (o 4

observe that @ (¢; x, s) and Fiy(t; s) depend on £ and 7, but for the readability of the current
work, we choose not to include them in our notation. We also note that g¢ ,(y,t;x,s)
satisfies the associated backward Kolmogorov equation of X (t;€,71),

_dq&T (z,s) B 52(s) 82%’7 (z,s) + e, s) 0qe - (2, 5)

I ta,s) = o(y —
SI;‘I;QS,T(ya ,l’,S) (y l’),

variables (y,t) are omitted in the above expression, since these are fixed.
Since we have obtained the unnormalised likelihood £Y (11,0), we can now state the
following Theorem which provides us that the proposed measure v¥Y is well-defined. Its

proof can be found in Section 5.4.2.

Theorem 5.3.1. Let T>0, J > 1 and consider y = (y1,...,ys) € R’ to be the data
at time t = (t1,...,ty) with 0 < t1 < --- < t; < T. Suppose a probability measure
mo and set Cyy := {(M,U) €Acy o0yt max  |Yip1 — &, (Liv1s i, vi)| < M} such that

1€{0,...J—1}
70(Acy,co,c5) =1 and o (Car) > 0. Then there exists a unique measure v¥ given by

dv¥ 1
(,0) =

ano ) = Ft )

where Z (1) is the normalisation constant given as

~w=A@wmm@wwemw>

Remark 5.3.1. The last theorem can be applied on priors wy which have bounded support
similar to the example of uniform priors as in Section 2.3.1. Similar to the uniform priors,
one can define r-exponential prior distributions, v > 1, on bounded subsets of Ac,.c,,cy, bY
using for example truncated r-exponential distributions on £, see the model (2.7) in Section

2.3.
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5.3.1 Convergence of the approximated posterior

In this part, we provide an estimate for the Hellinger distance between the approximated
posterior vY and the posterior 7% as N tends to infinity. The aim of which is to finally
prove the convergence of v¥ to the posterior 7% as N tends infinity.

Essential component for estimating the above mentioned distance is the following the-

orem. The proof of the following theorem can be found in Section 5.4.2

Theorem 5.3.2. Given (p,0) € Acy,cy,04, we consider the transition density function p
of Ité diffusion X with X satisfies equation (5.8), and the transition density function @Q of
Ito diffusion X (t;€,7) with X (t;€,7) as it is defined in equation (5.24). Then, for every
& eR, it holds that

(1+¢)

C
‘p *t fN(O,eQ)(y, t; &, 7_) —Q* fN(O,eQ)(ya t; €, T)l < \/N (529)

with C depends ont — 1, €, C1, Cy and Cs.

Remark 5.3.2. Using the well-posedness of the transformation which is used for the re-
flective barrier (Skorohod map), see Section 3.2.2, and an appropriate stopping time for
the left hand side Dirichlet boundary condition, one can show this result for the bounded

interval.

We now fix the prior to obtain the approximation rates. We assume that mg is the
truncated a-regular r-exponential measure, with » > 1 and « > 4, that is, the draws u of

7o are defined as

u=YjTE (5.30)

o

j=1
with {¢;} a regular enough basis for Ac, ¢, c; and & appropriately truncated i.i.d r-
exponential random variable with density c,e™1#I"/7 (see Agapiou et al. (2021)). The fol-

lowing theorem provides an estimate for the Hellinger distance between the approximated

posterior ¥ and the posterior 7w¥. Its proof can be found in Section 5.4.2.

Theorem 5.3.3. Let us consider the same set-up as in Theorem 5.5.1. Then, it holds

that
C

=UN

for large N and with C' depend on C1, Cq, C3, J, M, €, w9 (Cpr) and At := I{I%&XJ} |ti —ti—1].
1e1,...

dien(m?, vY)
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5.4 Proofs for Chapter 5

5.4.1 Explicit form of the approximated solution

For given Xy, the second equation in (5.10) can be written as follows:

dXi = g(t)det + b(t)th

t
where g and b are continuous functions. Let us define G(t) = e Jio 9 (s)ds7 the derivative

of which is given as follows: G'(t) = —g(t)G(t). Let us take integral of G with respect to
Xma
G(t)dX, = g(t)G(t) Xqdt + b(t)G(t)dW;

Equivalently, we have that
G'(H) X1 dt + G(t)dX; = b(t)G(t)dW,
Applying 1t6’s formula on the product G(t)X;, we get that:
d(G(t)X1) = G'(t) X1 dt + G(t)d X,
Using the last two equations, we get that:

G(t)X1(t) — G(to)X1(to) = t G(s)b(s)dW;

to

The initial value of X;(tp) = 0, thus we obtain the following solution:

Xi(0) = g |, G,

Therefore, we get:

t
Xi(t) = / b(s) el 9D gy,
0

5.4.2 Proofs of the theorems

Proof of theorem 5.2.1

We first show the desired result for p > 2. Let us first denote the following function

M(X(t),t) := p(Xo(t)) + 1/ (Xo(t)) (X (t) — Xo(t)) and consider v according to (5.13), for
the definition of X and X, see equations (5.8) and (5.11),

1

6N = [ 0(X@) - ME @0 dr+ [ o (X@) =0 (Xola) aW,
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Next, we only consider the term which appears in the first integral

1 (X(0) = M(X(@),0)| < n(X(@) = n(X@)| + | (X@) - M(E®),0)
(5.31)

Using the mean value Theorem, we can obtain 6(q) € [0, -] for every ¢ such that:

VN
u(Xo(q) + ﬁXl(qD — 1 (Xo(q)) = 5 X1(g) 1 (Xo(g) + 0(q) X1(q))

We observe that by the definition of X, the difference X (t) — Xo(t) = ﬁXl(t). In

addition, we note that the above difference appears in the second term of the right hand

side of inequality (5.31). Thus, if we apply the Lipschitz property of u and p/, we get that

w(X(a)) = M(X(0),0)| < lullos [ X (@) - X(a)|

+ jﬁ X2 (@) | 1 (Xola) +0(@) X1(a)) — 1 ( Xo(a)) |

H/JHOl HM/H01 2
< ; N)| + 2101 ¥
<y (g, N)| + N | X1(q)]

(5.32)
we remind that y(¢, N) :== N (X(q) - X(q)). Hence, 7 can be bounded from the following

1 t
ey < B [ sy s+ sup X (s)da
0 s€[0,q] 5€[0,g]

1 t
+\/N/o o(X(q))—o(Xol(g))dW,

See now that |z|P is convex, thus Jensen inequality implies that: (a + b)? < 2P~1 (aP + bP),

(5.33)

whenever a,b > 0. Next, we consider the expectation of v(t, N), the following inequality

is obtained by applying both inequality (5.33) and the above property of |z[P

E sup m<sN|P<E/ @, NP + sup X7(s)dq

0<s<t sE O,q
P

/OU(X(q))—U(Xo(Q))qu

observe also that the last inequality and more specifically, in order to obtain the first term
of the right hand side of the above inequality, we need to apply the Hélder inequality.
According to Lemma 5.4.1, we have that the expected value of the supremum of X 12p
is bounded. Moreover, we have that the expected value of the supremum of X for every
p > 2 is bounded. See that both coefficients u(-) and o(-) are satisfying the linear growth
condition, since u(-) is Lipschitz and o(-) is 3-Hélder continuous and depends only on

and not on ¢. Then, the boundedness of X follows from Lemma 2.3.2 in Mao (2007). The
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upper bound of the integral with respect to the Brownian motion comes from Theorem

1.7.2 in Mao (2007)

I I
E NP < E N)Pdg + 1 —— [ Elo(X — o (X Pd
Oiggt!m(s WS [/ Sup (s N)ldg + ]+Np/2/0 o (X(q)) — o (Xo(q))["dg

Let us now consider only the last term of the right hand side of the above inequality and
apply %—Hb’lder continuity of o, we have that

ya
2

| Bl (x@)—a(xo@Pa< (—=2 )| 5 suw

s€[0,q]

2

s,N)| dg

Xl(s) +

—
VN
(5.34)

Next, we apply once again inequality (a 4 b)? < 2P~1(aP 4 bP), the boundedness of the

expected value of the supremum of X7, and also, that 1 + ]w|% < 1+ |z|’. Applying all

p
dq

three of them in the above (5.34), we get that

L (s N)

VN

¢ 1
/0 Elo(X(q))— o (Xo(q))Pdg < Np/4

t
+/ E sup
0 s€[0,q]

Thus,

—E sup |y(s, N) < — /E sup |y(s,N)|Pdq+
Np 0<s<t 0<s<q NT

Or, equivalently,

1 P t 1 p
E sup |—=7(s, N ,S/Esup s,N)| dqg+1
0<s<t {‘/NW( ) 0 0<s<q f/ﬁv( )

Using Gronwall’s inequality, see for instance Lemmal.1! on page 30 in Freidlin and Wentzell

(2012), implies that,

1
E sup |=7(s,N)F < 20!
0<s<t VIN

note also that C' does not depend on V.

For 1 < p < 2 the result follows from an application of Holder inequality.

Proof of Theorem 5.2.2

The proof of this Theorem is quite similar to the proof of Theorem 5.2.1. We first show
the desired result for p > 2. As we discuss in Section 5.2.1, we can define Yy and Y
which satisfy equations (5.19), then &, and € can be defined through Skorokhod map as
it follows &(t) = T(Yy)(t) and £(t) = D(Y)(t). Let us denote the following function
MEt),t) == pu(&o(t)) + 1/ (€0 (1)) (E(t) — &0 (t)) and consider v according to (5.20) and Y as

f m(t) < afo s)ds + C implies m(t) < Ce**
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in equation (5.15) with £(t) = I'(Y')(¢). Then, let us take the supremum of =,

sup i7(5,]\7 ‘ = sup ‘5 <2 sup ‘Y f/(t)‘
sefo,g [V s€[0,1] se[0,1]
t
=25 d(Y(q)-Y
2321[%%] /0 ( (9) (Q))
< sw | [ s(u(&(q))—M<é<q>,q>>dq]+1 sup /SG(S(Q))—U(&(Q))
™ sefo.q 1o V'N seo 1o

/ o (€(@) - oléo())

t - 1
< | @) ~ M@, [dg+ g s

note that the first inequality is a property of the Skorokhod map, see part (i) in Lemma
3.2.1. We recall the following inequality which is immediate consequence of Jensen’s in-
equality: (a +b)? < 2P~1 (aP + bP), whenever a,b > 0. Then, we take the square of the

last supremum and apply Young’s inequality and Holder inequality on the first integral

1 P —1 t ~ p
s || 507 [ futeta) ~ 2a(Eta) 0| ag
s p
+ 3 2 | [ o€(@) —ot@taam,

After that, we consider the expectation of the above supremum and we combine it with

Theorem 1.7.2 from Mao (2007), we can get an easier form to estimate

E sup <N sN) <IE/ nic(a) (),q)\pdq

s€[0,t]
+ e E [ Iolela) - ool da

we also note that the coefficient y/¢ has been absorbed by "<". Part of the following steps

(5.35)

are similar to the proof of Theorem 5.2.1, thus some explanations are omitted. Similarly

to inequality (5.32), we get that

o Hli1,1
[ (€(5)) ~ M(Es). 9] < P (56, )+ €09)
By applying inequality (a + b)? < 2P~! (aP + bP), whenever a,b > 0, we get that

(6s)) - (o))" < 101 ¢

2
s NP +€7(5))
Let us recall Young’s inequality, for given a, b non-negative and p,q > 1 with % + % =1,
we have that ab < % + %. Using both %—Hélder continuity of ¢ and Young’s inequality,

we get that

lolZ,
2 s
0(6(s)) — olGo(s)P < — 2 (m

- (s, V)] + |51<s>|>

ol2y oy
s (mv <s,N>+|51<s>r+1>
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By applying inequality (a + b+ c)? < 3771 (aP + bP + cP), whenever a,b,c > 0, we get
that

(€6 =@l S it (e + (P +1)

By applying the last inequalities in (5.35), we get that

p

1
77(37 N) dq

1 p t
E sup <7(3,N)> S/ E sup
AN 0

s€[0,t s€[0,q]

L 2p p/2
+ / (E sup &7 (s) +E sup [&i(s)] +1> dq
0

N3p/t sel0.q] selog)

Observe that we can interchange the order of expectation and the integral, since we have
non-negative functions, and then, we can apply Tonelli’s Theorem. Note also that the

multiplication constant of the last inequality, i.e. <, depends on ||u||}; V HO’Hg L
; .
According to Lemma 5.4.2, we get that the expected value of the supremum of |&|?,
for every power p > 1, is bounded thus we get that the integral of the last parethensis in

the right hand side of the above inequality is bounded and of order Hence, we get

_1_
N3/2°
that

1 p t 1 p
E sup (7(3,N)> ,S/ E sup < 7(3,N)> dqg+C
s€[0,t] VN 0 s€[0,q] VN
where C' depends on the bounds of &, T, p. Then the desired result is consequence of
Gronwall’s inequality

p
S Cl 602t

E sup (s,N)

s€[0,t]

1
VN'
note also that (', Co do not depend on N.

For 1 < p < 2 the result follows from an application of Holder inequality.

Proof of Theorem 5.3.1
According to Bayes’ Theorem, see for instance Theorem 2.2.1, for proving that the Bayesian
approach is well-defined, it is sufficient to show that /jy(,u, o) is B(A) ® B (Y )-measurable
and Z(y) € (0,+00) for a.e. y.

In order to get the continuity of Q) (z,tiy1;w, t;) with respect to (z,w,pu, o), we
only need to see that Q(#:) (z,tiy1;w, t;) is an exponential functions of z and the forward
solution of the ODE, ¢(t;4+1; 4, w), and polynomially dependent on ¢; and, one can readily
verify that ¢(t;41; 1, w) are continuous with respect to p and w. From equation (5.22), we
have that Q(H’U)(%twls w,t;) = (Q(u’a) *tir1 fN(O75)) Xt fN(07E)(Z,t¢+1;w,ti). Since, Q(W’)
is convolutions of Q") with Gaussian densities, then we have that also Q(“v(’)(z, tiv1;w,t;)
is continuous. From equation (5.21), we have that the likelihood is given as the product of

continuous functions. It remains to show that Z¥ € (0, +-00).
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Next, we use that Q(“"’)(y,t;f,T) follows the law of N (¢, (t;€), Fn(t;7)), see for
instance (5.27). Thus, we get that

QW) %y fy(o,e2)(y:t:6,7) = /fN(¢T(t;£),FN(t;T))(y —2)[n.e)(2)dz (5.36)

= IN (@ (t:0), Fn (tr)+e) (9)
the last equality holds, due to the following property of Gaussian distributions: If we
assume that X ~ N(ux,0%) and Y ~ N(uy, o) with X independent of Y, then it holds

X +Y ~ N(ux + py, 0% +0%). (5.37)

The proof of the above property is considered trivial, hence its proof is omitted.

From (5.36), we get that Q) (y,t; ¢, 7) is bounded

QWO (y,t;¢,7) = /q(”’“) #t [N (¥ 6w, T) fy,e) (€ — w)dw

1 (5.38)
< 6/fzv(o,e?)(f —w)dw = —
Then, we have that
1
A —/Ey p,0)dmo (1, o /HQ“’ (Yir1 tivri yi, ti)dmo (n,0) < =
C e2CHH/Hoo 2
Let us denote At := I{naXJ} |t; — ti—1], and get N > At( lolloo ) . Then, we
ie{1,...

have that for every i € {0,...J — 1}, it holds that

2 Lot 2 L5+ (e (Asyi) )dA 2 2
€ < Fy(tirit) = o (dr,(qrv:) ) e e WP dg + € < 2
¢
~ 22
If we have that |z| < M and o € [a,b], then we can easily show that m}ﬁefm >

M2
; re 202 . Similarly, we have that for every (u, o) € Cjy it holds that
1 M2 ~

T 2e . — (va) . . ey F.
QGﬁe 28 S fN(d)ti(tiJrl;yi):FN(ti+1§t7;)+62)(y'H‘I) =Q (Yit1, tiv1; Yis i)

for every i € {0,...J — 1}. Therefore, we obtain that

1 J M2

0< me 22 ™0 (CM) S Zy (539)

Proof of Theorem 5.3.3

Let us begin with the definition of the Hellinger metric,

L
2dgen(m?, vY) \/ 'u’ ~7U dmo(p, o
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where £Y(u,0) is the likelihood of the posterior 7¥ and £Y(u, o) is the likelihood of the
posterior 1Y, also Z and Z are the normalisation constant of £Y(u,o) and £Y(u, ), re-
spectively.

Having well-posedness of L, L and Z, Z € (0,00), and, using (v/z — \/37)2 < |z —yl,
using their definitions (5.7) and (5.21), we have that

Yy ~Y
QdHell(ﬂ-yvyy) < /‘C (57 U) - £ (57 J) ’dﬂ-O(ﬂag)

Ly , _Ey , 1 1
</‘ (g U)Z (v U)’+|£y(u,0)HZ_Z\d7ro(MaU)

:/‘ﬁy(u,a)—fy(u,a)‘ ‘Z—Z{

= dmo(p, o) + =
Z o(p, o) Z

< ;/‘Ey(u,a) — /jy(u,a)‘dm)(u,a)

Let us estimate the difference of £Y(, o) — LY(u1, o), we have that

J-1 J-1
1LY (1, 0) = LY(u o) = | T 5% (wisn, tisns win ts) — [ QY7 Wigas tigas winta)| (5.40)
=0 =0

For simplicity, let us define p; = p ) (yiy1, tiv1; i ti), ¢ = QW) (Yir1,tiv1;yirti) and

At = Enaxj} |t; — ti—1]. Then, for every i € {0,...J} we have that
ie{l,...

Ipi — qi| < / ‘ (p(“’a) - Q(“’U)) *t;01 IN(0,2) (Uit 1, tig1; W, 6) v 0,2y (Yi — w) | dw

¢ C(l+é+ Z2
= \/N/ (1 +w?) frqo.e) (i — w)dw = (\FNy)

observe that the inequality holds due to Theorem 5.3.2 and we also note that C' depends
on C1, Cy, C3, At and e.

We can easily see that the following inequality holds

J-1 J-1 J-2 J-1
- 11 < | T] s va) | D Ipi — al
i=0 i=0 j=0 =0

€

2C At 2
" C I oo
In addition, let us assume N > max {At <""°°eu> ,(e’f} Then, we have that

Pi+1 is bounded

1 Cay 2
Pi+1 < Git1 + [pit1 — gita] < 2max{e 1 Zabpoe L o 2

VN €

note that ¢;11 < % according to equation (5.38) in the Proof of Theorem 5.3.1. Also, since
2

2C At
Crron e il , - o .
lolloo , we have that there exists a constant Cyr ey with ZY > Cr e 7,

€

N > At <
see equation (5.39) in the Proof of Theorem 5.3.1.
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If we now apply the last four inequalities in (5.40), we obtain that the following differ-
ence is of order O(v/N),
= |er o) - 2 (o) < =
VA N
with C depends only on J, M, At, e and (Chr). Therefore, we get the desired bound for
the Hellinger inequality, i.e.

dien(m¥,v¥) <

Bl

Proof of Theorem 5.3.2

Let us consider transition density function ¢ as in (5.27) and define the following function

’UJ(iL', S) =P fN(O,eQ)(ya tw, S) — qe,m <t fN(O,e2)(ya l, 8) (541)

for s within the time interval [7,¢]. For simplicity, let us define the following two functions:

u(z,s) = p*t fnoe2) (Y, t; 1, 8)
(5.42)

v(,8) = qer %t fn(,e) (Y, 52, 8)
Thus, the difference can be written as w(z, s) = u(x, s) —v(z, s). Using the corresponding
backward Kolmogorov equation for p and ¢¢ -, see in (5.6) and (5.28), and let us further
denote by A and A the differential operators appear on the right hand of their backward
Kolmogorov equation, respectively. We then can easily see that v and v satisfy the following
two equations —dsu(z,s) = Au(z,s) and —dsu(z,s) = Au(z,s), respectively. For seeing
that we only need to observe that

—0yv(z,s) = / Fr(0en) (2) [ Bster (5 — 2,12, 8)) dz
(5.43)

= /fN(Oﬁz)(z) [[lqg,T (y — z,t;2,8)| dz = Av(z, s)

Next, using the final conditions of p and ¢¢ ;, see in (5.6) and (5.28), we get that « and v

satisfy the same final condition fy (g c2)(y — ),

limv(z,s) = lﬂfﬂ% Ge.r *t I,y (Y 2, 8) = /fN(o,e2)(y — 2)0z (dz) = fn,e2)(y — )

s/t

Therefore, we have that w(z, s) satisfies the following differential problem with final con-

ditions
—dsw(z,s) = Ap(z,s) — Age . (z,8) = Aw(z,s) + g(z, s)
_ (5.44)
}gl}r; w(y, t;x,s) =0,
where ¢ is defined as it follows
a5 i= TO=T g (e + () — i) Osvlas)  (55)
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Using the definition of v, see (5.42), the definition of g¢ ,, see (5.27), and the same argument
as in (5.37), we get that

(Y, 52, 8) = IN(@(ti,5), Py (t55)) * IN(0,62)(Y) = IN(@(t52,8), Fuv (5)+ €2) (Y) (5.46)

Then, let us evaluate the following derivatives of v. Using the form of v which is obtained

in equation (5.46), we get that

(y - (t,fE, S))Z
2(Fn(t;s) + €2)
Yy— @ (tv x, S)
Fn(t;s) + €2

. 2
. <(y— ®(t;r,8)" 1) s log (Fn(t; s) + €%)

dsv(z, s) = v(x,s) [—85 - %85 log (Fn(t;s) + €2)

= u(z, ) [ 8, (t; 2, 5)

2(Fn(t;s)+¢€?) 2

and
Yy— o (t,.’ﬂ, S)

Ov(z,s) = v(x,s) [FN(t; e

0, ® (¢, s)]

Using equation (5.43), we get that

72(s
2(J\f)8mv(:n,s) = —[0s + ii(z, s) O] v(z, s)
_ y—®(t;z,s) N '
= —v(z,s) [W [0s + [i(z, 5) 0z] @ (t;2,5)

(y — @ (t; x, 3))2 1 |
i (2 (Fn(t;s) +€2) 2) dslog (F(t;s) + 62)}

Then, it is easy to see that [0s + fi(x,s) 0z] ® (¢;z,s) = 0, thus we have that

*(s) _ (y—®(tizw5)” 1 !
Waﬂv(w’ 8) = v(z, ) (2 (Fn(t;s) +€2) 2) Oslog (W)

Let us define the following two functions

Thus, the function g can be written as follows

—®(t;x,s 2 1
g(x,s) = X(x,s)v(x,s) (éy(FN(t(, T 2;) _ 2) 0,

y—q)(t,ilj,S)
NFN(t,S)+N€2

+ NM(z,s) v(z, ) [ 0, ® (t;, s)}

Next, we see that J;log (W) is bounded, for every s within [, ],

ECIEIELIGE <\|a\ooe“”"'°°“‘”)2 =

0 <0l =
= 0708 <FN(t;s)+62> NFN(t,s) + Ne? €
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in the last inequality, we use that 9, P (¢;z,s) = els 1w (6r(Xi€) )ar < ellwlle(t=7) " We also
note that the constant C; depends on t — 7, €, ||it]loo and ||o||oc. Also, it is easy to obtain

that for z € R, we have that e 1"l |z| < e~! and e~ |z| < From the definition of v,

2 1/4
see (5.46), we get that

1 U(I‘ S) (y_q)(t;xvs))z
2el/ty/m "2 (En(ts)+ ) T ey

v(x,s) |y — @ (tx,s)| < (5.47)

and by definition of v, we have that v(z, s) Hence, using the last three

V. 27r(FN(t s)+e2)’

< 77—
bounds and the bound for Jslog < ) we have that

Fn( ts )+e?

, S, ) M, 5)]
l9(z9)| < G <\/2 (Fw(s) 1) | 2(Fn(tis)+ 62)>

Since F(t;s) is non-negative, we get that
l9(a,8)| < C1 (1S(x, 5)| + |M(z, 5)])

with constant C; depends again on the same variables as C.

Using the lower bound of oj,¢, combined with the Lipschitz condition of o, we get that

o2(x) — 0 (&7 (s; )|
o%(¢r (53 10))

observe that the constant C, depends only on i, and ||o|o,1. Next, using the Lipschitz

Xz, )| = < Colr = ¢r (s; )]

condition of p’, we get that

|M (@, 5)| = |(x) — p(r (s30)) — 1 (D7 (51 )) (@ — b7 (5510))] < C (@ — & (55.1))

observe that the constant C), depends only on ||||o,1. Therefore, we have that

l9(a,5)] < G (Je = 6 (s:0)| + (2 = 8- (s:12))°) (5.48)

with Cy depends on t — 7, €, oint, ||o|lo,1 and ||p|[1,1. Hence, we have that g satisfies the
following condition

lg(,5)| <2Co sup ¢Z(s;p) (14 27)
s€[r,t]

From the continuity of ¢, (s;u) on s € [7,t], we get that the above supremum is finite.

Also, we have that w(z, s) is bounded

lw(z, s)| < [P [, U G, s)| 4 |ger *e o2y, tiz, 5))|

1
(/p(z,t;x,S)dz + /qg,T(Z,t;x,S)dZ
€V 2T

IN

)= 5
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the second line holds, since fy(ge2)(7) < ﬁ, and p, q¢ r are density functions with
respect to z. Using Feynman-Kac formula, see for instance Theorem 7.6 at page 366 in

Karatzas and Shreve (2014), one can write w as it follows

(el =[z [ (X (s), s

on the last inequality, we use that the right-hand side of inequality (5.48) is non-negative,

<Ca [ BIX() — ér (si)| + E(X(5) — 0 (si))*ds

thus Tonelli’s theorem implies the interchange of the integral with the expectation. Let us

apply Cauchy—Schwarz inequality, as it follows

(&, 7 r<02/ VE(X(s) = 6r (s0)” + E(X(s) = & (si ) ds

Then, Lemma 5.4.4 provide us with the following

2
| 67 |<C2/\/T£2 —{—£2d3<2(\1/7j\;§)

with Cy depends on t — 7, €, oing, |00 and [|]]11.

5.4.3 Lemmas for unbounded process

Lemma 5.4.1. For a given T > 0, we consider Xo € C ([0,T])? and X1 satisfies the SDE
in equation (5.10), where u € C* (R) and o € C (R). Then, it holds that: for every p > 1

E sup |Xi(t)]P <C, forT >0 andp>1
te[0,T)

with C' depending on ||i']|co, ||0]|c0, p and T

Proof. 1t is sufficient to show the lemma for p > 2. For p > 2 and a,b > 0, we have that
|z|P is convex, thus we have: (a + b)’ < 2P~! (aP + bP). Next, we apply the integral form

of equation (5.10) and the last inequality on the following

t t

E sup [X1(5) P <27 (2 sup | [ Xi(q) ! (Xola))daP+E sup | [ o (Xo(a))dW, ")
t€[0,7) tef0,7] Jo tefo,7] Jo
(5.49)
Theorem 7.2 at p.40 in Mao (2007) provides us the following inequality,
E sup ‘/ (Xo(q dW‘ <KpT/ Elo (Xo(q)) [Pdg (5.50)
t€[0,T] 0

Let apply Holder inequality for the first integral in (5.49) and also apply the last inequality

T T
E sup |Xi (1) < Kr, (E [ o) xitopaa + [ ra<Xo<q>>\pdq) (5.51)

te[0,T]

%It is not necessary that X, satisfies the ODE in (5.10), but the existence of the ODE implies Xo €
c([0,17)
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We have that 1/ ( Xo(¢)) and o ( Xo(g) ) are bounded functions. We use Tonelli’s theorem

to interchange the following integrals,

t
E sup X1 (5) [P < Krppl / E sup |X1()dq + Kr.p o
0<s<t 0 0<s<q

Last, by applying Gronwall inequality, see for instance Lemmal.1l at page 30 in Freidlin

and Wentzell (2012), we get the the desired result

E sup |Xi(s)|P < KT,p,”o'”ooeKT’p’H”LIHOOt
0<s<t

For 1 < p < 2 the result follows from an application of Holder inequality. O

Lemma 5.4.2. For a given T > 0, we consider & € C ([0,T]) and & satisfy the following
two differential equations (5.16) and (5.18), respectively. Suppose also that € C* (R) and
o € C(R). Then, it holds that:
E sup [&(8))P < C, forT >0 andp>1
te(0,7

with C' depending on ||i']|cos |00, p and T

Proof. We first show the desired result for p > 2. As we discuss in Section 5.2.1, we can
define Yy and Y which satisfies equations (5.19), then & and 5 can be defined through
Skorokhod map as it follows &(t) = D(Yp)(t) and £(t) = T'(Y)(t). In addition, let us define
£ (t) :=v/N (?(t) - Yg(t)), then we have that £ satisfies the following equation

dgi(t) = VNI (D) (1)) (T(V)(1) = T(Yo) (1)) dt + o (T(Yo)(£) )aWs

Since p > 2, for the evaluation of the expected value of the supremum of £}, we can apply
the same steps as that has been used in Lemma 5.4.1 to obtain an inequality analogous to
inequality of (5.51). Then, we get that

T
E sup [¢(s) SN2 [ E
s€[0,7] 0

W (¥0)(@) (D)@ - T0)@)[ ds

T
" /0 0 (T(Yo) (@) ” ds

and the constant which is implied by <, it only depends on p, T. From the continuity
of 1/, o and I'(Yy)(q), we have that both u/(T'(Yp)(q)) and o(I'(Yy)(q)) are bounded on
interval ¢ € [0, T, thus we get that

E sup [V (P(Y)(s) = T(%0)(s)) [ < 2B sup Jei(s)”
5€[0,T] s€[0,T]

< "E sup [V (K()() - DY) (o)) [ dg + 1

s€[0,q]
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Observe that the first inequality is a property of the Skorokhod map, see for example
part (i) in Lemma 3.2.1. We also note that the constant in the above inequality de-
pends on the upper bound of y/, o, p, T. At this point, it worths to observe that & (q) =
VN (é(q) — §Q(q)) = VN (F(f/)(q) — F(Yo)(q)>, thus the Gronwall inequality implies
that

E sup [&1(s)]P < CeCT
s€[0,7T

For 1 < p < 2 the result follows from an application of Holder inequality. O

Lemma 5.4.3. Suppose p, i are Lipschitz and the corresponding solutions ¢ (-5, yr),
&T(-; i, yr), similar as in Section 5.3, defined for timest > 7. Then, it holds that for every

t>T1

sup, |67 (53 11, 92) — (511 yr)| < Clli— filloo
se|T,t

with C' depending on ||ullo.1 and T.

Proof. For simplicity instead of using the notation of ¢-(+; 4, y,) mentioned in the state-

ment of the Lemma, let us change it accordingly to the following:

y(s) = or(simoyr)  g(s) = dr(si i, yr)
Using the differential form of y, we have that

sup [y(s)| < |yz| + (¢t = 7)[|pllos
s€[T,t]

Looking at the differential equation satisfied by the difference of y and g, we have that

sup |y(s) — g(s)| S/ \u(y(9) — n(g(a)| + |n(g(q)) — lg(q))|dg

s€[Tt]

t
< | Alpllog sup (@) — g(@)| + [l — Allodq
T gelr,q]

Then, using Gronwall inequality, we obtain that desired inequality. O

Lemma 5.4.4. Suppose that X" is the solution of equation (5.8) and ¢ (51, &), or
simply denoted by ¢ (+; &), the solution of the deterministic ODE which appears in the
system of equations in (5.10) with initial value & at time 7. In addition, let us assume
that the coefficients p,o? are Lipschitz continuous. Then, for every t > T there exists a
constant C which depends on ||pljo.1, [|0%]jo1 and t — T such that

C(1+¢&
sup Be (XU57)(5) — o (i &) < SLEE),
s€[rt]
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Proof. We observe that in this case, the Lipschitz condition of i and o2 implies their linear

growth condition, note that for every x € R it holds the following

(@) < Kpla| + [p(0)] < [|pllo (1 + [x])

|02 (2)] < Kopzlz| +0*(0) < [|o®[loa (1 + |])

(5.52)

The following argument implies that the solution X is bounded in the following way:

q q
Eer sup X7 —¢° S Eer sup (/ 1(X,)dg)* + EgT sup}(/ o(X,)dW q)?

q€lT,s] q€|T,s] q€lT,s
< Eer /TS ,u,(Xq)qu(s —7)+ %E&T /Ts a(Xq)qu
< Ee. / C(1+ X2)dq(s — ) + %E& / O +|X,|)dg
< Ee, / C(1+ X2)da(s —7) + B / C(1 + | X,])2dg
S Ee,r /T C(1+ X2)dg(s — ) + %IE&T / C(1+ X2)dg

1 5 1
:C(S—T-l-)/EfT sup XZ2dg+C(s—7)(s—7+ —)
N’ Jr q€[r.q] N

Gronwall’s inequality implies that the following holds for every s € [, ]

E¢ - sup Xg <C(s—T1)(s—71+1) (1 + 52)eC(S—T+1)(S—T)
q€[T,s]

observe that C' depends on the linear growth of u and o2. Using the boundedness of
E¢ 7 supge(r,g) Xg, we get that
S 1 S
Ber(X(9) = 0r(56)* = 2Be. | (X(0) = (@) ((X(0) = n(6r(a:))da + Be. | o(X(0)dg
< 2K, [ Ber(X(0) = 0-(@:€)da+ pKosn [ Ber(1+1X(@)])da

S/Esf( (@) — ¢ (a:€)) dq+f/1E571+X Ydq

S/sEg,r(X(q)f¢r(q;f))2dq+( ;f )(1+Es,f sup X(q)%)

q€[7,s]

Gronwall’s inequality implies that the following holds for every s € [r, ]

B (X(s) - r(5:9)? < CC T (1 4 ¢2)

observe that C' depends on the linear growth of p and o2 and the Lipschitz constant of

C(s—)

p. Using inequality (5.52), we see that C(s — 7)e can be obtained as a function of

leello, [|lo2flo,r and s — 7. -
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