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Abstract

This thesis introduces a program logic for an extension of the call-by-value simply typed
A-calculus (STLC), with a mechanism for the generation of fresh names via gensym, which
is an adaptation of Pitts and Stark’s v-calculus [52]. Names can be compared for equality
and inequality, producing programs with subtle observable properties.

Hidden names, produced by interactions between name generation and A-abstraction,
are captured logically with a new restricted quantification. The restrictions require only
derived values from previously derived terms, ensuring hidden names are not revealed.
The concept of derivation is extended to type contexts and models, ensuring hidden names
are not revealed at later stages. Type contexts are adapted to include an order and the
ability to represent future extensions. The logic quantifies over future extensions, using a
second-order quantification over future type contexts. This quantification names the future
context to allow for them to be reasoned about within the logic.

A new model construction is introduced to replicate the order in which names and
values are produced with potentially hidden names. The semantics of the logic in the new
model are used to prove each axiom and rule sound and as such the soundness of the logic.
A proof that the logic is an extension of the STLC logic is given alongside a sketch of the
proof that the extension is conservative.

Usage of the logic is illustrated through reasoning about numerous examples. These ex-
amples range from simple STLC and v-calculus examples to well-known difficult programs

from the literature.



Preface

This thesis is an extended version of the work presented in [17]. The paper was written
by myself as the lead author, and my supervisor, Dr Martin Berger, as the co-author,
however, the work outlined is substantially my own. The program logic, the model and
the soundness proofs have all been designed and proven by myself under the supervision
of Dr Martin Berger. The text from the paper has primarily been expanded upon and no
longer exists in its original form in this thesis. This thesis extends the paper with some
new axioms and more detailed explanations and reasoning examples, however the core
mathematical concepts remain the same. Unlike the paper, the soundness proofs and all

the requirements for it are included in their entirety in this thesis.
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Notation

Notational abbreviations are included here to provide an easy reference for the reader.
The abbreviations F.O.L., M.P. and I.LH. are shorthand for First Order Logic, Modus
Ponens and Induction Hypothesis, respectively. When particular definitions, semantics,
lemmas and theorems are referred to, these are abbreviated to Def., Sem., Lem.and Thm.
respectively. When chapters and (sub)sections reference a particular part of the text, they
are abbreviated to Chapt. and Sec. respectively.

The base program logic will be written in standard text where needed but when reas-
oning about this base logic, a meta-logic is required and for this a colour coded version
is used i.e. meta — logic . This applies to all logical symbols listed here: —, A, V,
= = B3 . El

Logical formulae or meta logical formulae which extend over the page width are re-
written over multiple lines with the assumption that horizontal alignment is within the

same bracket i.e. AAVX.(B — C) is identical to the following.

A
AVX. B
—C

Many soundness proofs and program logic derivations are displayed in the following form.

1 Step1l remark 1

2 Step 2 remark 2

3 Step 3 remark 3
The line numbers are included to be able to discuss the (meta) logical statement on the
line with the remark on the right explaining how the statement is implied by the line(s)
above using lemmas/tautologies or rules and axioms. Sometimes a — or < is included
before the “Step X” to show that the proof works in a single direction or in both directions.
A summary of the notation used throughout this thesis is introduced in the following

table, with the location of first introduction for convenience.
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Notation Meaning First Defined In
- (=) one (multiple) step reduction Def. 4
(3 conversion relation Def. 4
STLC The simply typed A-calculus Sec. 2.1.2
vgs-calculus The gensym version of the v-calculus Sec. 3.1
vpg-calculus The Original version of the v-calculus Sec. 3.2
A-logic program logic for the STLC Sec. 2.2.2
v-logic program logic for the vgg-calculus Chapt. 4
Local-logic program logic for the STLC with local state Sec. 2.2.3
Alias-logic program logic for the STLC with state and aliasing Sec. 2.2.3
{A}M{B} Hoare triples (imperative) Sec. 2.2.1
{A} M -, {B} Hoare triples (functional) Sec. 2.2.2
fv(+) free variables Def. 1
r Standard Type Context (STC) Sec. 2.1.2
r Logic Type Context (LTC) Sec. 4.1
4] Type Context Variables (TCV) Sec. 4.1
M\ _rcv removal of all TCV from LTC Def. 41
Mz removal of variable z from LTC Def. 41
Il rc convert LTC to STC Def. 41
a(-) all names Def. 20
rrF (ITkH) LTC (STC) typing judgement Def. 4.2 (Def. 36)
ftev(-) free type context variables Def. 47
le/x]p logical substitution (v-logic) Def. 50
[T /8] logical substitution of LTC (v-logic) Def. 53

EXTINDgyn (Sem)

THIN Syn (Sem)

~G
~a

3
[]e

M I, €

Ex& |
I'es¢
3
£=2¢

%
<)

syntactic (semantic) extension independence
syntactic (semantic) thinness
contextual congruence (vgg-calculus)
model
interpretation in model &
LTC derived value
single (multi) step model extension
LTC constructed model
semantics in model &

congruent models

Def. 54 (Def. 77)
Def. 55 (Def. 78)
Def. 29
Def. 58
Def. 13
Def. 68
Def. 69 (Def. 70)
Def. 71
Def. 74
Def. 106
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Chapter 1

Introduction

This chapter introduces the underlying concepts for the thesis at a level of understanding
for all. The concept of names are introduced alongside the idea of program logics in
Sec. 1.1 and Sec. 1.2 respectively. The overlap of these two concepts form the basis of the
contributions of this thesis which are covered in Sec. 1.3. The outline of the thesis is given

in Sec. 1.4.

1.1 Names

At birth each human is (normally) given a name. Each name uniquely identifies that single
person however the name itself may not be unique. Consider the name Steve McQueen
which may refer to the king of cool, the actor Terrance Steven McQueen or the Oscar
winning director Steve Rodney McQueen. Now consider the name Pancho Eliott which,
to the best of my knowledge, refers only to the author of this thesis. Names are used
to refer to a wide range of “things” including companies, buildings, pets, ... you name
it. Some names have structure such as the IP address 172.16.254.1, other names do not
such as gobbledygook1234XYZ (or any other random combinations of letters and numbers).
Names may not even be unique to homo-sapiens, signature whistles are thought to be used
by bottlenose dolphins (Tursiops truncatus) to address each other [30, 32| and similar
behaviour has been observed in parrotlets (Forpus passerinus) |3].

Names can be public knowledge, such as the web address www.google.com, whilst others
are known to a select few, for example a secret password. In contrast, anybody can name
any item by any name, this can be taken to their grave or shared with whomever they
care to, but in either case these names are equally valid even if only one person uses such

a name. The sharing of a name can be thought of as a scope, where a name never shared
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has a small scope, while a name that is widely shared has a large scope. The scope of a
name is fundamental to names themselves, considering that without the ability to share
names they can only be known to one person and hence have very limited use.

One key aspect of names is the ability to distinguish them, i.e. is the king of rock and roll
the same name as Elvis Presley? which is clearly false as they use different combinations
of letters. A secondary aspect of names is the item they represent (or denote) i.e. is the
king of rock and roll the same person as FElvis Presley? which is clearly true given the
wide usage of the former to refer to the latter. The distinguishing of the identifier used as
a name and the actual item the name denotes has been investigated at length throughout
history [35, 21, 45]. This thesis focusses on the former by abstracting the idea of names
and ignores the latter by not assigning meaning to names.

In many instances the actual name does not play an important role, it is purely the
fact that everybody uses the same name to refer to the same object which is important.
Consider the name George in English, this name can be, and often is, replaced by the name
Jorge in Spanish or Giorgio in Italian, and it isn’t the specific name which is important
but the fact that everybody uses the same name when referring to the same person (or
item). If the two members of a conversation agree on a common name change for an item
then the exact same meaning is conveyed by using the different name if used in the same
context. This assumes the new name is not used elsewhere, otherwise complications arise.
This same idea applies to programs which use variables. The variables do not have an
inherent meaning so the names of the variables can be swapped if the swapping is done
consistently. This feature is known as a-convertibility and is introduced in more detail
later in Def. 2.

Sometimes systematic methods of producing names are required. Examples of these
include the names of pictures taken by digital cameras. These names may be given by a
human (for instance a descriptive name), or sometimes these will be given by a machine.
The machine may just number the pictures using information such as the date i.e. Pic-
turel/1/2021at00:00, Picturel/1/2021at00:04, Picture3/1/2021at12:00... Alternatively a
counter system may be used to name the images using some number that increases for each
image i.e. Picturel, Picture2, ... The infiniteness of the number system and the purity of a
counter, which adds one each time, makes this an attractive method to come up with new
names.

Without considering what names represent, the most general idea of names includes a

method to create new names and a method to share names (i.e. scope) and a method to
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compare whether two names are equal. In common natural language, names are not often
created, due to the learnt dictionary of names instilled in us from a young age, however
any time anything new is created, a new name is often created for said item (including
people).

Names are used in computers and programming languages to introduce identity in a
variety of applications. Take the simple case of naming files which can be done by the
human user or sometimes by the machine itself. More technical applications of names in
programming languages include references, objects, exceptions, channels and many more
which builds on the idea of names, often by making the name represent something within
the language. For each of these examples the names are of a particular type such that
the names used in one application cannot be used in another. For example a channel-
name cannot be used to refer to an exception-name even if the name itself uses the same
characters in the same position (exceptions to this statement do exist).

Given the importance of names, studying them in the setting of programming lan-
guages in their simplest form, ensures the essence of the concepts described above are
represented in the language and studied without the complications that may arise from
more complicated uses of names. The m-calculus introduced names in their simplest form
using a single constructor for names (the fresh name generator) and a single destructor for
names (the equality of names). However, the 7-calculus mixes names with message passing
and parallelism, which is not necessarily the simplest use case. The v-calculus introduced
names to the minimal sequential programming language of the STLC. This captures the
essence of names without the complexity of the specific applications of names (in channels
and parallelism), meaning any work on this simple extension of pure names can be applied
to the more complicated (sequential) uses of names.

In typed programming languages every type has a constructor and a destructor. This
includes the type of names in the v-calculus (introduced in more detail in Chapt. 3). The
constructor for names is vn.M, which creates a fresh name n which can be used within the
M part of the program. The destructor for names is the equality operator M = M’, which
compares the two names at M and M’ for equality and returns true if they are equal and
false otherwise. The dual inequality operator can also be included to mean two names are
not equal. The fresh name n in vn.M may share the name with the outside world if M
shares the name n. For example: vn.n creates a fresh name and outputs that same fresh
name; however, vn.true creates the fresh name n but never shares the name because it only

outputs the value true, so this name is created but lost forever as it is never “shared”. More
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complicated examples exist which may even use the freshly created name but never share
it,.

In day to day life there is nothing to stop names being guessed. If the name is common
or clues (such as a pattern) are given then this guessing becomes easier. However, given
a limited alphabet from which to make names, and given an unlimited number of guesses
there is always a way to systematically work through all possible names, i.e. a, b, ... |,
aa, ab, ... ba, bb, ... and so on. Clearly the longer the name the longer it will take to
guess, however it is just a matter of time before it is guessed. This guessing feature is not
considered in the v-calculus introduced in Chapt. 3, as the names are defined such that
they cannot be guessed. This ensures that the only access to names is through producing
them and sharing them and not some “guess”. The field of cryptography studies the ability
for names (or passwords) to be “guessed” in many different forms, however this is not in

the remit of this work.

1.2 Program Logics

The ubiquity of computers in everyday life means life depends more and more on the results
these machines output. Defining what programs do can be simple in the case of running
the program i.e. run program X in situation Y, or can be tricky if a general property of the
program is required as the definition, i.e. program X does not leak credit card information
in any situation. Common practice for programs is to provide documentation (which is
often hand written) stating what each part of the program does. This is useful but does not
guarantee that what the program does will coincide exactly with what the documentation
states.

It is possible to formally define what a program does by stating how the program is
“run” (using reduction semantics) however this requires doing this for each possible initial
state the program is run in. For example if x = 3 in the initial state then y := x+1 returns
y = 4 as the final state. However this doesn’t hold if x # 3 in the initial state, hence the
whole reduction needs to be performed in each initial state. This may seem trivial for
this example, but given the infiniteness of numbers it is impossible and for more complex
programs this can get even more complicated very quickly.

Ideally for the program y := x + 1 it can be stated that for any number x in the initial
state then after running y := x + 1 then y = x + 1 in the final state. This abstraction is
captured by Hoare logics (which are often referred to as program logics). They allow for the

reasoning about what programs do in an abstract manner, so that they can be used under
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any initial starting condition. This is referred to as compositionality. More complicated
properties of the initial and final state can be defined. Taking the same program y := x+1
with the initial state which contains an odd number at = then in the final state clearly y
must be an even number. More complicated properties can be defined for more complicated
programs which increases the power of what this method of reasoning can achieve.

Program logics build on a foundational mathematical logic (for example Set theory
or Peano arithmetic) to reason about program behaviours. For terminating (or stateful)
programs, the logical formula and the (initial or final) state share variables which must be
compatible. For instance the state with the variable z storing 3 and the formula z = 2 fail
to be compatible as 3 = 2 is false. However the state with = storing 3 and the formulae
x < 4 are compatible as 3 < 4 is true. Peano arithmetic then allows for the manipulation
of these logical formulae, for instance x < 4 and (z < 3 or x = 4) are identical. The
examples introduced here are simple but the formulae can get more complex the larger the
number of variables and the more complex the programs become along with the specific
behaviours the program logic is intending to capture.

Hoare logic relates the initial state requirements, a program and the final state require-
ments through the use of these logical formulae as follows. The Hoare triple {A}M{B}
states that if the initial state satisfies the pre-condition formula A, and M is a program run
in this state which produces a final state, then this final state satisfies the post-condition
formula B. If M never terminates then there is no final state and the Hoare triple is of
no real use. Rules dictate the derivation of these triples based on the structure of the pre-
and post-conditions, or the structure of the program being reasoned about. The intention
of deriving a Hoare triple using rules is that the triple states something useful (and ‘true’)
regarding the program itself which can also be used in reasoning about applications of the
program in a compositional manner.

This leads to the question:

Can a simple sequential language with names be reasoned about using a Hoare-

style program logic in a simple manner that allows for compositional reasoning?

1.3 Contributions

This thesis aims to answer the question posed above. The programming language reasoned
about is an adaptation of the v-calculus which separates the scope of names from the

generation of fresh names. The program logic introduces a version of type contexts, into
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the logic itself, alongside a new higher order quantification over type contexts, which has
the benefit of being able to name said type context within the logic. A new restricted
quantification over values derived from a type context is also introduced to replace standard
universal quantification such that the possible names that a quantifier can now range over
are derived only from previous uses of the name, ensuring that hidden names do not
become revealed. The program logic is proven sound and a sketch for the conservativity
of the program logic for the STLC is given. Numerous programs are reasoned about using

the program logic provided to show applications of the logic.

1.4 Thesis Outline

The thesis content is organised as follows.

Chapter 2 introduces the technical background required in the thesis. This includes
the core programming languages, starting with the untyped A-calculus, then the STLC.
Program logics for a simple imperative programming language and functional programming
language are introduced as the foundation of the work in this thesis in Sec. 2.2.1 and
Sec. 2.2.2 respectively. A programming language with local state, which has clear uses
of names, and an adaptation of the logic for the local state language is introduced in
Sec. 2.2.3.

Chapter 3 introduces the different approaches in the literature, to adding names to the
STLC. Sec. 3.1 introduces the vgg-calculus which generates names via gensym. This will
be reasoned about using the program logic of the future chapters. The original vpg-calculus
is introduced in Sec. 3.2 and comparisons are made between the two versions in Sec. 3.3.
A summary of the different methods to prove equality in the original vpg-calculus is found
in Sec. 3.4. The Av-calculus, which introduces names to the CBN STLC, is introduced in
Sec. 3.5, alongside its relation to the vpg-calculus in Sec. 3.6.

Chapter 4 formally defines the v-logic, the logic used to reason about programs in the
vgs-calculus. This includes formally defining the logical syntax, type checking, logical
substitutions, syntactic properties of formulae, the axioms/axiom schemas and the rules
required to reason about programs, in Sec. 4.1 to Sec. 4.6. Discussions on design choices
are also included in Sec. 4.7, to show alternative options in the development process of the
logic.

Chapter 5 provides a mathematical model in which to interpret the v-logic. The syn-
tactic properties of formulae are given a semantic version of the property in Sec. 5.3. To

make the soundness proof shorter and more readable, various lemmas regarding the model



are introduced and proven in Sec. 5.4.

The soundness proof of the v-logic is provided in Chapter 6. The soundness proof
requires that syntactic properties of formulae imply the semantic properties of the formulae,
for which a proof is provided in Sec. 6.1. The soundness of all axioms (Sec. 6.2) and all
rules (Sec. 6.3) form the basis of the soundness proof of the v-logic in Sec. 6.4. The v-logic
is proven to be an extension of the program logic for the STLC in Sec. 6.5, whilst a sketch
is also provided to prove that the extension is a conservative extension.

Key programs in the rgg-calculus are reasoned about in Chapter 7, including most
programs found in the literature.

Chapter 8 concludes with an analysis of the research, with a discussion on possible
future work and related ideas including further generalisations of the axioms, relations to
both nominal logic and hybrid logic, mechanisation of the proofs and further applications

of the v-logic.



Chapter 2

Technical Background

This chapter gives an introduction to the technical background required to understand the
content on this thesis. The basics of A-calculus are introduced in Sec. 2.1 covering the
untyped A-calculus and the STLC. The STLC will form the basis of calculus introduced in
Chapt. 3, which adds names to the STLC which in turn is the core language researched in
this thesis.

Program logics are introduced in Sec. 2.2 in detail for three different languages: an
imperative language, the STLC and an extension which adds local state to the STLC in
Sec. 2.2.1, Sec. 2.2.2 and Sec. 2.2.3 respectively.

2.1 The )M-Calculus

The A-calculus was introduced by Alonzo Church in 1932 [12] as a logical system for the
foundations of mathematics in a time before computers. The theoretical understanding of
computation developed in parallel to, but independently from, the development of physical
machines. At a similar time various attempts at capturing the essence of computation were

also developed:

— Turing Machines: Alan Turing in 1936 [66]

— p-recursive functions: Kurt Goédel in 1934 23]

Rewrite systems: Emil Post in 1936 [54]

— Combinatory Logic: Moses Schonfinkel in 1924 [61], further developed by Haskell
Curry in 1929 [16].

All of these systems model computation in differing forms, but all turned out to be com-

putationally equivalent including the A-calculus, i.e. they could each model each other.
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Each of these systems has been developed and extended in many different directions, with
works often overlapping and work in one area often inspiring developments in another.
Stephen Kleene and John B. Rosser proved Church’s logical system inconsistent using
what is now known as the Kleene-Rosser paradox [33]|. This logical system was later fixed
using types in the STLC [13]. The logical system of the A-calculus is adapted to be used as
a programming language (or calculus), with some alterations made to introduce the ideas

behind term reduction. Both the untyped and typed A-calculus are introduced below.

2.1.1 The Untyped M-Calculus

Introducing the untyped A-calculus as a programming language requires the syntax from
the logical form of A-calculus introduced by Alonzo Church, however a slightly different
notion of reduction is introduced in the style of computers “running” programs. This
calculus is refered to as the untyped A-calculus, to distinguish it from the STLC, introduced
in Sec. 2.1.2. Both calculi are introduced here to have a common syntactic basis.

The syntax for the untyped A-calculus is defined recursively as the terms M in Fig. 2.1.

M = x| XM | MM

Figure 2.1: Syntax of the untyped A-calculus.

The infinite set of variables range over z, y, 2, ... but are introduced as above for
simplicity. Functions Az.M bind the variable x in the term M, meaning the variable x
may occur freely in M. Functions are applied to other terms as (Az.M)M' where the M’
is substituted (in some form) for the occurrences of x in M. Variables are used as place

holders or binders for where terms will be substituted.

Definition 1 (Free and bound variables). Bound variables of a term M are those variables
occurring in M that are bound by a A within M. Variables that occur unbounded are defined

as free variables and the set of free variables in a term M is defined fv(M) inductively as

follows.
(@) = {2}
fv(Az.M) def fv(M) — {x}
f(MN) % f(M) Uf(I)

Consider the two terms Az.z and Ay.y, the exact name of the binding variable can be

replaced if the uses are also swapped within the bound term, meaning the manner in which
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the bound name is used is more important than the specific variable used. This gives rise
to renaming of bound variables known as a-conversion as follows. Let the terms M (x) and

M (y) be the same term with y replacing all free occurrences of z in the latter.

Definition 2 (a-equivalence). Two terms are deemed a-equivalent if they differ only in

the names of bound variables.

Two a-equivalent terms are also a-conversions of one another and vice versa hence the
two notions are often used interchangeably.
The a-equivalence is similar to how names can be swapped if every use of the name is

also swapped for a fresh name (as mentioned in Sec. 1.1).

Definition 3 (Capture avoiding substitution). Free variables are used to define substitution
of a term N for the free occurrences of the variable x in a term M written M[N/x|. This

1s defined inductively as follows.

y[IN/z] =y if #y
z[Njz] & N
Oz M)[N/z] ¥ Xem
(Ay-M)[N/a] € My (M[N/x]) if o #y and y ¢ fv(N)
Oy M)N/2z] € O (M[z/y])[N/2]  ifz#£y andy € f(N) and 2-fresh
(MM')[N/z] € (M[N/z])(M'[N/x])

Line 4 ensures for the substitution (Ay.M)[N/z] that the bound variable y does not
occur free in N, without which the free name y appearing in N would become bound by

the Ay.-binder, hence the name: capture avoiding substitution.

Definition 4 (Reduction relation). The untyped \-calculus reduction relation M — N,
relates the term on the left M, to the term on the right N, as a reduction from M to N.
The reflexive, transitive closure of the — relation is written —*. When values are defined,
if M =*V for some value V' then this is written as M || V.

The common reduction relations are seen in Fig. 2.2.

(Ax.M)N —5 M[N/x]
Ax. M —a AyMly/z] y ¢ fv(M)

Figure 2.2: Reduction relations of the untyped A-calculus.
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A function \z.M applied to the term N asin (Az.M)N is reduced by the [ rule where
the function substitutes in N for the A-bound variable x occurring inside M. The —,
relation is that of Def. 2 and is often taken for granted as it simply allows for the renaming
of bound variables.

The 7 relation: Ax.(Mxz) —, M if z ¢ fv(M) captures the idea of extensionality
meaning functions are the same if they give the same results for each argument. If (Az.Mx)
is applied to any term N, it will g-reduce to M N which is the same as just applying M
to N. So this rule pre-empts the application of terms of the form Ax.Mx to another term.
The n-equivalence rule is not always included in reduction relations thus two reductions
are often discussed: [-reduction and fBn-reduction, where the former excludes n-equality,
and the latter includes it in the possible reduction rules. From here onwards, calculi will
not include 7-reduction, but will freely rename bound variables whenever convenient via
the a-equivalence. If further constructors such as if B then M else M’ or (M, M') are
included then further reduction relations are required.

There is no specific order in which to apply reduction relations, meaning there are often
a number of ways to reduce a term. Consider the example (Az.((Ay.(zy))a))b =5 (Az.za)b
which holds by reducing the (Ay.(zy))a —p xa first. However, (Az.((Ay.(zy))a))b —g
(Ay.by)a also holds as it evaluates the outermost function application first. Both reduction
relations are valid and both, in turn, reduce to ba. A term is defined as (5-)normal form
(or a value) if no further (-)reductions are possible.

It is of interest whether the application of these rules results in a term which can or
cannot be reduced further. A program which can always be reduced further is defined as

i (Az.zz)(Az.zx) as

non-terminating. An example of a non-terminating program is (2
Q =3 (zx)[(A\v.22) /2] “ Q. Under any reduction strategy 2 reduces to itself hence can
always be reduced again. Strong normalisation is the property of a language that each term
reduces to a single normal form, hence the untyped A-calculus is not strongly normalizing.

Evaluation strategies are introduced to specify the order of applying the reduction rules.
Although others exist, the most common evaluation strategies are Call-By-Name (CBN)
and Call-By-Value (CBV). In general, evaluation strategies can be expressed in small-step
semantics which describes each step of the reduction, or big-step operational semantics
which describe the final result, although other approaches also exist. For example, the
evaluation of (Az.((A\y.(zy))a))b via big-step gives (Az.((Ay.(xy))a))b | ba directly, and via
small-step can give the steps of the reduction as (Az.((Ay.(zy))a))b —g (Ay.(by))a) — 4 ba.

The example € cannot be reduced via big-step operational semantics as it never evaluates
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to a value, however small-step semantics can show that € —  and hence express the
non-termination.

The CBV evaluation strategy is introduced here in both big-step and small-step se-

mantics. This first requires a definition of values.

Definition 5 (Values). Values consist only of A functions and variables, as these cannot

be reduced further.

V o=z | Aa.M

Definition 6 (Call-By-Value (CBV) operational semantics). The semantics of the CBV
evaluation strategy requires the application of a A-abstraction to be applied to a value, as

opposed to a term.

The small-step operational semantics is found in Fig. 2.3.

M— M N — N’ —
—MN n APPL(CBV) 7, A
—~ M'N VN > VN (Az. M)V = M[V/a]

PPR(c BV BeBv)

Figure 2.3: CBV small-step operational semantics of the untyped A-calculus.

The big-step operational semantics is found in Fig. 2.4 consisting of one rule which in
essence combines all the rules of the small-step semantics into one rule and fails to evaluate

any term which does not satisfy the assumptions (unless it is already a value).

_ MUXeM NUV' MVl C
ViV MN |V Piemv)

Figure 2.4: CBV big-step operational semantics of the untyped A-calculus.

An alternative method of expressing these reduction strategies is through evaluation

contexts as shall be introduced here for the CBV reduction relation in the style of [15].

Definition 7 (CBV operational semantics: evaluation contexts). The reduction relation

is defined as above with Bcpy) rule in Fig. 2.5, then the order of evaluation is defined by
evaluation contexts E[-] which are defined in Fig. 2.5.
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E] == [ | €M | VEL]

Figure 2.5: CBV evaluation contexts of the untyped A-calculus.

The evaluation contexts define when the reductions can be applied inside a term using
the following rule.
M—N — E[M]— &[N]

If the language is extended with new terms, the relevant reduction relations are ad-
ded alongside the relevant new evaluation contexts. This thesis will tend to express the

reduction relation through evaluation contexts, hence their introduction here.

2.1.2 The STLC

Although many variations of the untyped A-calculus exist, one primary development was
the restriction of the untyped A-calculus via types, introduced by Alonzo Church in 1940
[13]. In the simple case of the STLC described here, types ensure non-termination does not
occur. By definition types restrict the number of possible programs the language allows.

Types are an abstraction of programs, in the sense that functions obtain the type
a1 — ao where ao is the type the function outputs having accepted the term of type .
Constants are added to the language with respective types which ensures types obtain
some fixed type. The types of these constants are called base types. The binary type Bool
(short for Boolean) with the constants true and false, with negation =M, are included
with the conditional operator if - then - else - as the destructor. The pair type a1 X as
represents a 2-tuple with the first element being of type a; and the second element of type
agy. Constructors of pairs are (-, -) whilst the destructors are 71(-) and ma(+) to obtain the
first and second element of the pair respectively. Projections are often written 7;(+) to
mean for each i € {1,2}. The unary type Unit and the respective constant () is included
without a destructor.

The syntax for the STLC defined in Fig. 2.6 extends the untyped A-calculus with the
types a described above and typing contexts I' mapping variables to types which is used in
typing judgments. Values and terms remain almost unchanged from the untyped A-calculus
with the exception of a type annotation for the A-bound variables (which is often dropped)

and including the constants in the values. The pairs and pair projection are also added
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here to make future extensions more interesting. The common syntactic abbreviation is

included here as let 2% = M in N %< (Ax*.N)M.

z= Unit | Bool | a —»a | axa«a
= 0 | Tz«
() | true | false | Az“.M | (V,V)
w= x| V| =M | MM | if M then M else M
| (M, M) | mi(M) | mo(M) | let x® =M in M

Types)
Typing Context)

(
(
(Values)
(

2 <~ o
i

Terms)

Figure 2.6: Syntax of the STLC.

Further base types such as integers are often included alongside relevant operations on
these base types, however these are not included here.

Terms (and types) are classified as zeroth-order (/ground type/base types) if they are
a constant i.e. contains no functions. A term is of order k if its type is of order k. The
order of a type can be defined by the O(-) function of a term as follows.

O(Bool) “ o(Unit) ¥

0
max(O(az),1+ O(a1))
de]

O(ar x a2) ¥ max(O(ar), O(az))

O(Oél — OéQ) d:ef

Typing judgments are a check on programs prior to evaluation to ensure programs
terminate. The typing rules can be found in Fig. 2.7 where I'(x) is the type that z maps
toin I'.

The untyped A-calculus program 2 i (Azr.zz)(Az.zz) is not a STLC program as it
fails to type check. This fails as Az® 72, zx requires I', 2 : @1 — as -z : a1 — ay whilst
simultaneously requiring I';xz : a1 = o F 2 @ ag.

Programs such as (AzB°°'.2)true however are typed correctly as seen below.

I', x : Bool - = : Bool —
' AzB°° 2 : Bool — Bool [ I true : Bool

I F (AzB° z)true : o

Hence, reducing (AzB°°.z)true will produce a new term of type Bool. This property is
known as type soundness and is often summarized as “well-typed programs cannot go
wrong” [39]. Type soundness ensures that for any program M, if I' = M : « then M is
either a value or will reduce to a new term of type a. Hence if a well typed program of

type « terminates it will produce a value of type .
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- ¢ € {true, false} I'z) =«
I'F () Unit Tk c: Bool T'Fz:a

Fe:anFM:as I'EM:a1 a9y TTHEFN:o
' Xx®™ .M : o] — as I'EMN : as

'+ M : Bool 'EM:Bool THM:a i€{l,2}
I' =M : Bool '+ if M then M else M5 : «

I'EMi:a1 T My: oo I'EM:a; X ag
Fl—(Ml,M2>:a1><oz2 F"?TZ(M)OQ

I'M:ap Tx:a1FN:as
I'kletz® =M in N : ag

Figure 2.7: Typing rules of the STLC.

Definition 8 (Evaluation of the STLC(evaluation contexts)). Evaluation of STLC terms
builds on that of the CBV untyped A-calculus in Fig. 2.5 if the type annotations and con-

stants are included. The evaluation contexts are those of Fig. 2.8.

EL w= [J [ €M | VE[ | E[]=M | V =E[] | ~€[]
| if &[] then M else M’ | if V then &[] else M | if V then W else &[]
| (ELLM) | (VLELD) | m(EL]) | let = &[] in M

Figure 2.8: Evaluation contexts of the STLC.

The reduction rules are those of Fig. 2.9.
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Vv =V
M\ M)V =  M[V/a]
b=b — true b € {true, false}
b=V — false bV, bt € {true,false}
—true — false
—false —  true
if true then Velse V' — V
m((V1,V2)) = Vi
etz =VinM — M[V/x]
M— M — E[M]— EM]

Figure 2.9: Reduction rules of the STLC.

This version of the STLC is strongly normalizing (or terminating) as recursion is not
included and terms must be well typed.

The STLC provides an excellent base to express features in (functional) programming
languages. Numerous extensions are common in the literature including integers with in-
teger arithmetic [13], recursion, a store, parametric polymorphic types, names (introduced

in Chapt. 3), and many more.

2.1.3 Contextual Equivalence (STLC)

The most common method of distinguishing or equating two terms is contextual equival-
ence, first introduced by Morris in 1969 [41]. Two programs are considered contextually
equivalent if they cannot be distinguished by any context in the same programming lan-
guage. If two programs are contextually indistinguishable then they can be swapped for
one another in any situation they may occur and produce the same result.

Contextual equivalence is introduced here for the STLC, however extends to most other

languages.

Definition 9 (Single holed contexts). For the STLC, a single-holed context is defined in
Fig. 2.10.
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Clla == [a | Aa®Clla | ClJaM | MCl]o | =Cl]a | Clla=M | M =C[]a
| if C[-]o then M’ else M" | if M then C[], else M" | if M then M’ else C[-],
| {Clas M) | (M, Cla) | mi(Cl]a)
| let x =C[|oin M | let x =M in C[],

Figure 2.10: Single holed contexts of the STLC.

The hole []4, in a single holed context, can be filled with a term of type « such that
the typing conditions still hold. Any context filled with an appropriately typed term is
a STLC term and can thus be typed accordingly. Unlike capture free substitution, the
context may capture free variables that occur in the term filling the hole. For instance
C[-] = Az.[-] binds any free occurrence of the variable z in the term which fills the hole, i.e.
C[z] becomes Az.x.

Contexts (with an empty hole) can be typed using the typing rules in Fig. 2.7 and the

following rule for holes.

MF[]a:a
Definition 10 (Contextual equivalence in the STLC). Conteztual equivalence of two closed
terms M and N both of type o (written M =5TLC N ) is defined as the inability for any

context to distinguish these terms, formally defined as follows.

M=STLC v &y, 0 C[]a : Bool — (C[M] |} true <> C[N] { true)

The contexts are chosen to evaluate to true, however the definition holds identically if
the constant false is chosen.

This definition quantifies over all single-holed contexts which makes it difficult to reason
about. Some methods of proving more coarse or fine relations are introduced to make the
task of proving equality or inequality easier. In Sec. 3.4 some of these techniques are

introduced for the vpg-calculus which by extension also hold for the STLC.

2.2 Program Logics

In 1969, Tony Hoare introduced a formal system for reasoning about correctness of pro-
grams |24] based on work by Robert W. Floyd [20]. Hoare logic (or Floyd-Hoare logic)

originally used classical First Order Logic (F.O.L.) as the basis for logical assertions to
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reason about the state prior and post evaluation of programs in an imperative program-
ming language. A Hoare (logic) triple of the form {P}M{Q} states that if assertion P
(pre-condition) holds, then executing program M establishes assertion @ (post-condition).
Originally this was introduced for the While language introduced in Sec. 2.2.1 and has since
evolved to reason about numerous extensions and other different languages. For example
the triple {Odd(x)}x := = % 2{Even(x)} states that if x is initially odd and the program
x := x * 2 (which assigns x * 2 to z) is evaluated then x is now even. The pre-condition
Odd(z) and post-condition Even(x) are logical formulae in the formal language of Peano
arithmetic.

The name program logic is often interchangeable for the name Hoare logic however in
this thesis the latter will refer only to program logics for imperative languages, whereas the
former will be used for all languages. The Hoare logic for a simple imperative language is
introduced in Sec. 2.2.1 and referred to as the While-logic. The program logic for the STLC
is introduced in Sec. 2.2.2 and referred to as the A-logic, alongside the program logic for an

extension to the STLC which includes local state in Sec. 2.2.3 referred to as Local-logic.

2.2.1 Hoare Logic for a Simple Imperative Language (While-Logic)

The Hoare logic for the simple, yet useful, While programming language is introduced here.

The While language consists of the syntax in Fig. 2.11.

E = ne€eZ |V | E+FE | E-E | ExE | ..
B = true | false | E=E | EE | ..
M w= V:=E | M;M | if Bthen M else M | while B do M

Figure 2.11: Syntax of the While language.

The set V' of variables range over (uppercase) X, Y, Z, ... Expressions F, range over the
natural numbers n, variables and primitive operations on expressions. Boolean statements
B include the Boolean constants and operations on expressions which return Booleans.
Commands (or programs) M, include assignment of an expression E to a variable in V
in the store, composition of commands, conditionals and a while loop. The execution of
these commands with a state (consisting of non-aliased variables in V' mapped to natural
numbers) is as expected and not discussed here.

The logical language of formulae used in the pre- and post-conditions of the Hoare triple



20

is that of F.O.L. (or more precisely Peano arithmetic) with (auxiliary) variables ranging
over (lowercase) a, b, ¢, ... different to the set of variables V' in the programming language.
The formulae are formally defined in Fig. 2.12 using an an extension to expressions E from

Fig. 2.11 to include the auxiliary variables a as E.

E == neZ | a |V |E+E] ..
P = T|F||E<E]| P | PAP | Va.P |

Figure 2.12: Syntax of formulae in the While-logic.

The logical expressions E, consist of integers, auxiliary and logical variables and op-
erations on expressions. These logical expressions are a superset of the program lan-
guage expressions. The formula P, consist of the Boolean constants truth and falsity,
predicates on expressions, negation, conjunction and universal quantification which quan-
tifies over integers. The standard logical definitions are normally included as follows:
disjunction A V B ) —(=A A =B), implication A — B “oay =B, if and only if
AsBY A5 B A B — A, existential quantification Jda.A “ —Va.—A.

Substitution in the logic P[E/X] replaces all occurrences of variable X in P with
expression F, which is defined inductively as expected.

The proof rules of propositional rules can be used to reason about these formulae.
These consist of the axioms or axiom schemas (referred to simply as axioms from here
on) of propositional logic and F.O.L., some of which are seen in Fig. 2.13 and Fig. 2.18
respectively, where the formulae are represented by A, B and C instead of P and @ to
coincide with later logics. These axioms are not discussed here but are widely used and
are introduced as they are required in later logics. These are not full lists of axioms and
also not minimal as some axioms are derivable from other axioms.

Partial correctness Hoare triples {P}M{Q}, state that whenever the program M is
executed in a state satisfying the pre-condition P, then if M terminates then the state
in which M terminates satisfies the post-condition ). Partial correctness states nothing
about the case where M is non-terminating. Total correctness Hoare triples [P] M [Q)],
state that whenever the program M is executed in a state satisfying the pre-condition P
then M terminates and the state in which M terminates satisfies the post-condition Q.

The proof rules of Hoare logic are rules of inference that allow for the derivation of

triples. The Hoare rules for the While-logic are introduced in Fig. 2.14.
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(Truth) T
(-1) (-=4)
(A1) A
(V1) A
(A2) AN-A
(V2) AV -A
(A3) (AN B)
(V3) (AV B)
(<> 1) (A< B)
(A4) (AN (BACQO))
(v4) (Av(BV(0))
(N6) AV (BAQC)
(V6) AN(BVO)
(AT1) ANT
(AF1) ANF
(VT1) AVT
(VF1) AVEF
(AT) (AA(AV B))
(V7) (AV (AAB))
(—1) (A— B)
(MP)  AA(A— B)
(MT) -BA(A— B)

_>
—

-F
A (Double negation)
ANA (Idempotency)
AV A (Idempotency)
F (Consistency)
T (Law of Excluded Middle)
(BNA) (Commutativity)
(BVA) (Commutativity)
(B+ A) (Commutativity)
((AANB)AC) (Distributivity of A)
((AvB)Vv(C) (Distributivity of V)
(AVB)AN(AVC) (Associativity of A)
(AANB)V (AANC) (Associativity of V)
A (Identity for A)
F (Annihilator for A)
T (Annihilator for A)
A (Identity for A)
A (Absorption)
A (Absorption)
(=B) — (mA) (Contrapositive)
B (Modus Ponens)
-A (Modus Tollens)

Figure 2.13: Logical axioms (or axiom schemas) of propositional logic.
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. oy, PIMIQ) {@)M(R)
{PIE/X]}X := E{P} PIMLE

[SEQUENCE] 1 p

{PABIM{Q} {PA-BIM{Q} {PAB}M{P}
(PJif B then M else M'{Q} ™" {P}while Bdo M{-B A Q}

[WHILE] 7y

P—P {PIM{Q} Q —Q
{PYMA{Q}

[ConsEa] 1y

Figure 2.14: Hoare (inference) rules of the While-logic (partial correctness).

The logic of axioms is introduced to the logic of triples via the [CONSEQ] s, rule. The
other rules are standard and represent the programs in logical form. The [ASSIGN|y, rule
substitutes the expression E for the variable X in the pre-condition. Comnsider the simple
example {Y = 1}X = Y{X =1}, where Y = 1 = (X = 1)[Y/X] which is precisely the
result of applying the [ASSIGN]|pm, rule. Both [IF]| 1y, and [WHILE]| ), require the Boolean
B, to be a logical statement that can be used directly in pre-condition and reflect the
semantics of the program. The sequentially executed commands M and M’ are reasoned
about in the [SEQUENCE]y, rule which first reasons about M and then M’.

An alternative, yet similar set of rules to Fig. 2.14 for total correctness exists with a
more restrictive [WHILE|f,,, rule which ensures termination, however this is not included
here. Partial and total correctness are equivalent for a language which always terminates.

A Hoare triple derived from the rules and axioms is written as - {P}M{Q}. The
triples can be given semantics in a mathematical model (similar in idea to the model in
Sec. 2.2.2) and when a Hoare triple is satisfiable in every model, it is written F {P}M{Q}.
Soundness ensures that - {P}M{Q} implies F {P}M{Q}, whereas completeness ensures
the opposite i.e. F {P}M{Q} implies - {P}M{Q}. Due to the undecidability of the
underlying logical basis (i.e. F.O.L. or Peano arithmetic) the completeness in this form
is not achievable. Hence, the definition is weakened to state that: if an oracle is used to
prove the implications in the logic of axioms in each application of the [CONSEQ] 1y, rule,
then the logic is relatively complete.

Extensions of Hoare logic include: separation logic, reasoning about programs that
manipulate pointers in various different ways and settings [59, 29, 48, 58, 11]; incorrectness
logic, the ability to reason about bugs [49]; quantum Hoare logics, to reason about quantum

programs [71, 69]; adding to the imperative language a constructor which generates fresh
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pointer names [11]; and many more. The next section introduces a program logic for the

functional language (STLC), introduced in Sec. 2.1.2.

2.2.2 Program Logics for the STLC

Since the inception of Hoare logics in 1969 a Hoare logic for functional programming
languages was always a possibility. Although not the first attempt, in 2004 such a logic
was introduced for the STLC which succinctly captured the desired aspects for such a
logic [28]. The original paper [28], has been refined over time to a more stable syntax and
semantics, introduced (in part) here.

The original Hoare logic reasoned about programs with assignable global variables hence
the logic itself reasons about these variables, this is not the case for the STLC. The Hoare
triple for the STLC is thus extended to contain an anchor variable which allows for the
assignment of values to variables. This results in a judgement of the form {A} M :, {B}.
This is still referenced to as a Hoare triple or just triple even though there are now 4
elements to the triple. The triple states that if A holds, then M terminates to a value
denoted by u then B holds. The variable u is the anchor, which cannot occur in the
pre-condition A, but can occur in the post-condition B.

The program logic for the STLC in Sec. 2.1.2 is referred to here as the A-logic. It is
introduced here as it will be built upon in future program logics for languages which extend
the STLC. The program logic in [28] reasons about the STLC containing integers (and op-
erations on integers), recursion and more however these are not included here. The common
abbreviation for equality of Booleans is used as M = M’ i M then M’ else ~M’.

The logical syntax is introduced in Fig. 2.15 such that the types a range over units,
Booleans and function types and pair types with the standard type context I', mapping
variables to types. Expressions e range over the Boolean and unit values (constants ¢ €
{(), true, false}), variables ranging over a, b, ¢, ... and pairs and projections. Formulae (or
assertions) A are logical statements using expressions in various manners and are referred
to by any variable A, B, C, ... . Formulae consist of equality, negation, conjunction,
universal quantification and evaluation formulae. Evaluation formulae allow reasoning
regarding functions, as e e ¢/ = m{A} states that the application of function e to term e’
returns a value which, when denoted by the anchor variable m, satisfies A. From these
logical constructors some shorthand notation is used which is common in other logics i.e.
e#e, AVA, A— A Fz.A. The evaluation formula ee e’ = m{m = €”} can be shortened

as e e ¢/ = ¢”. The shorthand notation {A}e e ¢’ = m{B}, represents A — ¢ e ¢’ = m{B}.
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The type annotations in formulae are often dropped.

a == Unit | Bool | a—a | axa«a
= 0 | Iz«
e == () | true | false | = | (e,e) | mi(e)
A = e=e | "A| ANA | Va*.A | eee =m*{A}

Figure 2.15: Syntax of the A-logic.

All expressions and formulae are type checked using typing judgments mimicking the
type checking of STLC terms. The typing judgment for expressions, formulae, and triples
are written I' - e : o, ' B A, T' + {A} M :, {B} respectively. The typing rules for
expressions, formulae and triples are seen in Fig. 2.16. Most logical constructs are typed
as expected. The typing of evaluation formulae ensures the type of the function is that
which: accepts the type of the expression it is applied to, and outputs the type of the
anchor. The typing of triples adds the anchor of the type of the term being reasoned
about, to the type context to type check the post-condition. All other typing rules are

elementary.

b € {true, false} — MNz)=a Trkei:ar The:ar The:a xas
I'+b: Bool FE():Unit Traz:a I'F (e1,ea) : a1 X o 'Emie): oy

'Fei:a ThFes:a Thre:ag—=ar I'Fe:ag Tz:ank A
ke =ey I'eee =x*2{A}

I'tA THA, THA Tz:abA THA I'FM:a T)m:ab B
I'FAANAy ThH-A THVa®A T'F{A} M, {B}

Figure 2.16: Typing rules for expressions, formulae and triples in the A-logic.

The notion of free variables of terms is extended to define the free variables of expres-
sions and formulae. All variables occurring in expressions and those that are not bound

by a quantifier or the anchor in an evaluation formulae, are free.

Definition 11 (Free variables in expressions and formulae). The free variables of an ez-
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pression e and formula A, written fv(e) and fv(A) respectively, are defined as follows.

c € {(), true, false}

= fv(e) Ufv(ez)

)
fu(z) € {z}
)
) fue)
) = fv(er) Ufv(es)
) (4)
f(AAB) ¥ f(A)Uf(B)
fu(er @ e2 = m{A}) (e1) Ufv(ea) U (fu(A) \ {m})
) L () {2}

= fv €1

A wvariable x is not in A, written A, if x does not occur in the free variables of A.

Logical substitution is defined similarly to that of Hoare logic, with the exception that
variables now only appear in expressions, hence substitution is defined on expressions and

formulae as follows.

Definition 12 (Logical substitution). Substitution of an expression e for a variable x in
an expression €' is written €'[e/x], whilst the same substitution in a formula A is written

Ale/z]. Both are defined as follows assuming x # y.

cle/x] def c
x[e/x] def e
yle/z] €y (x #y)
(e1 = e2)le/a] £ (erle/a]) = (esle/al)
(er.ea)le/a] X (erle/a], eale/a])
milen)le/r] € mleile/z))
(=A)e/z] & —(Ale/a])
(AN B)le/x] &t Ale/z] A Ble/x]
(Va®. A)fe/z] ¥ wvze.A
(Fy™.A)le/z] L Wyo.(Ale/a]) z#£y, y¢ e
(ty*Alefz] & (v22.(Alz/y]))le/x] x4y, y€e),z — fresh
(eroea =m{ANe/z] € eile/a]oesle/a] = m{Ale/a]} z#m, m ¢ fv(e)
(e1oer=m{A})e/z] € (ereer=u{Al/m]})e/z]  x#m, mefule),u— fresh

In a similar fashion to the program logic in Sec. 2.2.1 the logic can be split into the

logic of axioms and the logic of rules. The logic of axioms consisting of the axioms and
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axiom schemas (referred to simply as axioms) include the axioms of predicate logic seen
in Fig. 2.13, the axioms of equality seen in Fig. 2.17, axioms of F.O.L. which can be
seen in Fig. 2.18, and axioms of evaluation formulae seen in Fig. 2.19. Most axioms are
standard with the axioms of equality representing reflexivity, symmetry and transitivity,

and substitution.

(eql)x e=e

(eq2)x e=¢ & =e
(eg3)y e=e N =¢" — e=¢€"
(eq4)x r=eNA — Ale/z]

Figure 2.17: Axioms for equality of the A-logic.

An axiom for pairs is often not included, but is the following tautology.

(p1) mi({e1,e2)) = e;

The axioms of F.O.L. are standard from [38] in Fig. 2.18. This list is not minimal as
some axioms are derivable from others, but included for convenience. Later the universal
quantifier will be adapted with the relevant adaptions to these axioms.

Evaluation formula axioms in Fig. 2.19 originate from how functions interact, expressed
in logical form. These axioms are for the terminating STLC language without recur-
sion. Some axioms differ when non-terminating features are added. Axiom (ext)) requires
Ext(e, €’) Y recor = m{e’ @x = n{m = n}}, and implies extensionality as the functions
e and ¢’ cannot be distinguished through application. Axioms (el), (€2) and (e3) show
conjunction, negation and invariance, within the evaluation formulae. Axiom (e4) shows
how evaluation formulae interact with universal quantification under certain restrictions,
these ensure the quantified variable does not interact with the evaluation formula vari-
ables. Axiom (e) is essentially the idempotency of evaluation formulae combined with

a-equivalence.
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(ul)y V¢ A — Ale/x] (Instantiation)

(u2)y xé¢fv(A) — (A « Vz*A) (Vacuous Generalisation/Instantiation)
(u3)a Ve AANVz*.B <+ Vz*AANB (Distribution)

(exl)y Ale/x] — Fz.A (Existential Generalization)

(ex2)y AP ANJz.B <« FJz.(ANB) (Derivable)

(udl)y Vi Vy®2 A <« Vy*2Vz*. A (Derivable)

(ud2) Jz* Fy*2. A < Jy*2.Jzx*.A (Derivable)

(ud3) Jz* AV Iz B < Jx* AV DB (Derivable)

(ud4) Jr* Vy*2 A — VYy*2.3z*1 A (Derivable)

(ud5)x V. (A — B) — (Va*.A) — (Vz*.B) (Derivable)

Figure 2.18: Axioms for first order logic of the A-logic.

el)y ececd =m{A} Neee =m{B} cec =m{AANB}

e2), eee =m{-A} —eee’ =m{A}

e3)y eec =m{AA B} ANneee =m{B} m ¢ fv(A)
)

A eeoe =m{Va*. A} Va*.eee' =m{A} a ¢ fv(e, e, m)

/

exrt)y e=e Ext(e, e’) e,e o — o

ea)y eee =m{A}

r¢+T ¢

coee =micee =afa=mA A}}

aé¢fviee),acfv(Ad) —a=m

Figure 2.19: Axioms for evaluation formulae of the A-logic.

The logic of rules is introduced via rules based on the programming language construct-
ors in Fig. 2.20. The rules intend to represent the behaviour of programs within the logic.
All rules are well typed, with certain formulae containing requirements such as C~™ to
mean m ¢ fv(C'), which ensures the typing conditions are met.

The [LAM]) rule states Vz.(B — uex = m{C'}) in the post-condition of the conclusion,
meaning for any value x such that B holds, if u (i.e. the Ax.M value) is applied to z and

denoted by m then C holds. This requires the assumption, which states a similar intention
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but reasons about the term M and uses the equivalence of M and (Az.M)z.

The [APP|y rule requires M and N to be reasoned about individually, resulting in
men = u{C~™"} where m and n represent M and N, respectively. This states: applying
m to n and denoting the result by u implies C holds, which is precisely the required meaning
in the conclusion of the rule, where M N is denoted by uw. Requiring C~""" ensures m and
n do not occur freely in C, satisfying the type checking of the rule.

The [VAR]) and [CONST]|y rules are similar to the [ASSIGN|pp, rule if the assigned
variable is considered as the anchor. They require the substitution in the pre-condition to
ensure the intention is captured correctly.

The [NEG]) assumes —m as an expression and substitutes it for v in the postcondition
of the assumption, ensuring v in the conclusion is the negation of m in the assumption.

The [Ir]y rule differs from [IF]p, as the Boolean condition in the A-logic is not a
formula in the logic, hence must be reasoned about first. The substitution of both Boolean
constants for b indicates the two possible cases for the conditional and hence reason about
the two respective programs.

The [PAIR]) and [PROJ;|)\ rules express the idea of pairs and projections in the as-
sumption via their substitution for w, whilst in the conclusion the same pair or projec-
tion programs are represented by u. The [LET|) rule can be derived from the definition
let 2@ = M in N % (Ax®.N)M and the relevant rules, but is included for convenience.

The [EQ]) rule reasons about M and N, and then requires the result to be in the
form that substitutes m = n for v in C'. This implies that the result of equating M and
N can be substituted for u which indicates precisely the conclusion. It is common to
write Clm = n/u] in the [EQ|y rule, even though m = n is not an expression, but this
is shorthand for substituting u = true for m = n in C. The expression e = €’ could be
included to make this syntax correct but is not included for simplicity and brevity, as is
common in the literature |28, 72, 6]. It is also possible to set the evaluation formula as
an expression, as is done in [28]. However, this transfers some complications from the
axioms to the manipulation of expressions. This balance of where to focus the reasoning is

a matter of preference and fashion, but has no computational benefits except readability.
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- . {A} M 2y {B} {B} N :n {C7""[m = n/ul} -

{Alz/m]} @ :m {A} {A} M = N =, {C}

— {A*ANB} M :,, {C}

{Alc/m]} ¢ {A} o {A} \x®. M 2, {V2*.(B — uex=m{C})} [feaxily
{A} M 3 {B} {B} N iy {men=u{C™"}} (A} M 2y {C[-m u]}
{A} MN -, {C} (Aeely S T

{A} M :p, {B} {B[bj/m|} N; , {C™™} b1 =true by =false i=1,2
{A} if M then Nj else Ny :,, {C}

[TF]x

{A} M {B} {B} N :n {C7"™"[(m,n)/u]} [Pas] (A} M e {7 mi(m) ful} [Pros;]

{A} (M, N) =, {C} {A} m(M) = {C}

{A} M {B} {B} N:u{C™"}
{A}let x =M in N :, {C}

[LET] )\

Figure 2.20: Inference rules of the A-logic.

Structural rules introduced in Fig. 2.21 allow for the manipulation of any triple under
specific circumstances. The [CONSEQ] rule introduces the logic of axioms to the triples in
both the pre-condition and post-condition. The other rules allow for combining two triples
of similar form [A-POST|) and [V-PRE|) or allow certain formulae to be moved from the
pre-condition to the post-condition or vice versa under certain conditions in [A —|x, [= A]a

and [INVAR],.

{A} M =, {B} {A} M :, {C} {A} M =, {C} {B} M {C}
(A} M - {BACY reThs (AVBY M -, {C} e
{AAB) M, {C} (A} M+ {B~" = C}

Ix [= Alx

(MM By T{AABY M, {C}

(A} M -, {B) A A [AYM:{B} B B
[INvAR] \ [ConsEQ] \

{ANC} M : {BAC) (A} M -, {B}

Figure 2.21: Structural inference rules of the A-logic.
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Similar to the While-logic, if a triple {A} M :, {B} can be derived from the rules and
axioms, this is written - {A} M :, {B}. Well typed terms in this STLC always terminate,
meaning this program logic is partially correct if and only if it is totally correct. However,
the inclusion of non-termination into the language (and rules) means this no longer holds

as in |28] which contains recursion.

Example 1. The simple example of the identity function applied to true which should
clearly output true is proven below, using this logic. The resulting triple in line 6 states
that in any valid initial state (represented by T), if the program (AzB°°.z)true is run and

denoted by the variable u then w must be equivalent to true, which is exactly what is

required.
1 {ez=z}x:y{u=2c} [VAR] A
2 {T} AzBooly o, (V2B m e x = ufu = 2}} [LAM]
3 VaBolmer=uf{u=2} - metrue = u{u = true} (ul)y
4 {T} MoBool g o {m e true = u{u = true}} |CONSEQ|y, 2, 3

5 {metrue = u{true = u}} true:, {men =u{u=true}}  [CONST|y

6 {T} (AxBe°.2)true :, {u = true} [APP|y, 4, 5

Bool

Example 2. Reasoning about the program Ax=°°.if = then false else true which should
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essentially return —z can be proven as follows.

1 {x=true} x4 {z =true=d} [VAR]

2 {(z = true = d)[true/d]} false :;, {b = false} [CONST|
3 {(z = true = d)[false/d]} true : {F} [CONST]
4 {x = true} if = then false else true :; {b = false} [IF]x, 1, 2, 3
5  {T}if x then false else true :; {x = true — b = false} A=, 4
6  {z=false} z :q {x = false = d} [VAR] A

7 {(z = false = d)[false/d]} false :;, {F} |[CONST| 5
8  {(z = false = d)[true/d]} true : {b = true} [CONST]
9  {x = false} if = then false else true :; {b = true} [IF]x, 6, 7, 8
10 {T} if x then false else true :;, {z = false — b = true} [A—=]x, 9
11 {T} if = then false else true :;, {x = —b} [A-POsST|y, 5, 10
12 {T} AzBoLif z then false else true :, {VzB.aex = -2}  [Lawm]y, 11
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Example 3. The program (\fBoo=Bool ftrye)(\xBo° false) which should return false is

reasoned about as follows.

1 Let B(f) = f e true = false

2 Let D(c) =Vf.B(f) = ce f =false

3 AB(f)} [ {B(9)} [VAR]x

4 {B(g)} true ), {g o h = false} [ConsT]

5 {B(f)} ftrue ;q {a = false} [APP]y, 3, 4
6 {T} Mf.ftrue:. {D(c)} [Lam]y, &
7 {T} false :, {a = false} [ConsT]y

8  {T} \aBedl false :; {Vz.f @ x = false} [Lam]y, 7
9 {T} AeBoofalse :; {B(f)} [CoNsEQ]y, (ul)y, 8
10 {D(c)} \a.false :f {D(c) A B(f)} [INVAR]y, 9
11 {D(c)} Mz.false :f {c e f = false} |ConsEQ]y, (ul)y, M.P., 10

12 {T} (AfBool=Bool firye)(AxBo° false) @, {a = false}  [APP]y, 6, 11

In Chapt. 7 these examples will be reasoned about again using the v-logic, showing

that an equivalent triple is derivable.

Model

The logic is given semantics by first defining a model and then defining a satisfaction
relation for triples. This requires an interpretation of expressions and the semantics of
formulae in the model. The model and semantics are introduced here for the A-logic to be
built upon in Chapt. 5 to model the v-logic.

A model £, is defined as for the While-logic, as an unordered mapping between variables
and closed values. The value mapped to by = in a model £ is written £(z). The domain of
a model £ is the list of variables from which the model maps to values, and the codomain
(range) of the model is the list of values to which the model maps, dom(§) and cod(§)
respectively. A model ¢ is typed by T' (or is a model of type I') if I' and £ have the same
domains and for each variable x in the domain then {(z) : I'(x). The model is used to

interpret expressions as programs in Def. 13. The semantics (or interpretation) of formulae
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are given by Def. 14. This leads to the modelling of triples in Def. 16 which are used to

prove soundness of the rules.

Definition 13 (Interpretation of expressions). The interpretations of the expression e in

the model & written [e]¢ are defined as follows.

[0l £ 0 [truefe % true
[]¢ o () [false]¢ © false
leve)le € ([edelecle)  [m(e)le & m(lele)

Definition 14 (Semantics of formulae). A model § interprets a formula A written £ = A,

also referred to as semantics of formulae or & models A, is defined as follows.

(re=¢ L [ =" [
EE-A E gpA
EEANB € A A €EB
EEeoe =m{A} et lelele]e bV N Em:VIEA
fevee A ¥ ovveg s viEA
The semantics for equivalence requires the interpretation of expressions to be contex-
tually equivalent as per Def. 10. The semantics for the evaluation formulae is for total
correctness as the language is strongly-normalizing, however if non-termination exists in
the language this can be redefined for partial correctness. The semantics of universal quan-
tification, quantifies over all possible values of the correct type and assigns them to the
quantified variable in the model to satisfy the formula A. The semantics of other formulae
are standard.
It is often referenced that an open term (or expression) is evaluated, this is short for
the closure of said term by a model is evaluated. The model must be typed by the same

type context that types the term, ensuring all free variables in the term are mapped in the

model.

Definition 15 (Closure of terms). Model £ closes the open program M written ME defined

as follows, where £~7% is the model & with the mapping for x removed assuming it exrists.

0 = 0 Az M) = Az (ME)
true¢ % true (MN)e ¥ (Mme)(Ng)
false¢ % false (M, NYe (e, Ne)
2 € &) (m(M)g = 7 (M)
(let 2 = M in N)¢ % let 2 = M¢ in Ne—@
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The previous three definitions are required to define the semantics of triples.

Definition 16 (Semantics of triples). The semantics of triples mimics the description of

the Hoare triples with the model closing the free variables in the term within the triple.

EE{AYM (B} ¥ ¢4 5 AV(MEYV A Eu:V EDB)

If T F{A} M :, {B}, write = {AY M :, {B} if V& € ={A}Y M :, {B}.
Definition 17 (Soundness and completenesses). The A-logic is defined as:
— Sound if - {A} M =, {B} implies ={A} M :, {B}

— Complete if = {A} M :, {B} implies - {A} M :, {B}
However as with the While-logic, the incompleteness of F.O.L. [23] makes complete-

ness impossible and hence different notions of completeness are introduced [14, 26].

The A-logic presented above (and in [28]) is sound, and various notions of completeness
are all proven for extensions to the STLC with recursion [26] and also aliasing and local

state [4], hence these results hold for the smaller STLC presented here.

2.2.3 Program Logic for Higher-Order Functions with Local State

Names are an abstraction of many concepts (see Sec. 1.1), one of which is local state. The
addition of local state to the STLC is reasoned about by a program logic introduced in
[72]. This logic is introduced here due to the similarities of local state to the v-calculus.

The full language in [72] is complex with a store and the ability to generate fresh
references to the store. The program ref(M) generates and returns a reference, and fills
it with the value M evaluates to. The references denoted by M can be dereferenced by
IM and assigned a new value M’ evaluates to written M := M’. Take for example the
function let z = ref(0) in A().z :=!z + 1;!x where “ref(0)” produces a new reference (or
location) to the store which contains the value 0. This reference is assigned to the variable
x in let x = ref(0) in ... which allows the reference to be used in the ... part via the use
of . When the function A().z :=!z + 1; !z, is applied (to unit) it will increment the value
stored at the reference z, and return the new value.

The inclusion of a store and fresh reference generation has many useful applications.
However, here the restriction of the logic is to only contain the STLC extended with
the ref() constructor. The syntax is extended from the STLC as seen in Fig. 2.22. The
ref() function produces a fresh reference each time it is evaluated, with no distinguishing

content stored at the location, i.e. (). This is in essence the generation of fresh names. The
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programming language is referred to here as the Local-STLC. The program logic in [72] is
adapted and introduced here for this very minimal extension to the STLC and described

below. This program logic is referred to here as the Local-logic.

a = .. | Ref(Unit)
M == .. |ref() | M=M
Vi o u= |1

Figure 2.22: New syntax of the Local-STLC extending the STLC syntax.

The new type Ref(Unit) represents the type of memory location storing () however
this is essentially the type Nm. The ref() term constructor of locations returns a fresh
location (or reference) which ranges over [, I', 1", ... (or sometimes /;) which cannot be
used directly in the language and whose content cannot be accessed without access to the
specific location. The equality constructor is also included as the destructor for references.

The typing rules for the new constructors are those of Fig. 2.23.

- ' M :Ref(Unit) T+ M’: Ref(Unit)
T+ ref() : Ref(Unit) I'+M =M :Bool

Figure 2.23: Typing rules of the Local-STLC.

Given the locations all store (), the concept of a store is not required and hence is not
included in this version of the language. The reduction relation adds another additional
construct which is that of the hiding of locations as (1), where v is a (hiding) binder of the
names in the vector [, so that the CBV reduction relation is as follows (vI)M — (vI')M'.
The evaluation contexts and reduction rules are those of the STLC in Fig. 2.8 and Fig. 2.9

respectively with the additional reduction rules defined in Fig. 2.24.
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ref() —  (v)(l)
=1 — true
li=10, — false (Iy # l2)
M—M — (WM - @W)M
(V)M — (Vi) M'  —  (Wl)E[M] — (vily)E[M]

Figure 2.24: Reduction rules of the Local-STLC.

Contextual equivalence of configurations are defined as standard, requiring all single-
holed contexts filled with the terms to evaluate to the same Boolean.

The syntax of the logical expressions and formulae build on the A-logic in Fig. 2.25.

e == x| c

A = e=¢ | "A| ANA | V2 A | vo. A | eee =m{A} | OA | e—¢

Figure 2.25: Syntax of the Local-logic.

The expressions build on the A-logic with constants ¢ now including locations [. This
may be a mistake in [72], given the language does not have direct access to locations,
however it is included here.

Formulae are extended from A-logic by first adding the new hiding quantifier vx.A,
which means for some hidden reference x then A holds, with its dual vz.A ) —vz.—A,
meaning for all hidden references x then A holds. The v quantifier sits between V and 3
quantifiers in quantifying power given dz.Vy.A — Vy.dz.A and va.Vy.A — Vy.vx.A but
Jrvy A — vy.dz.A.

The modal quantifiers JA and its dual $A dof —[0-A, come from modal logic and
state that A holds in all reachable states and in some reachable state respectively. Finally
e — ¢ states that the reference denoted by €’ can be reached by the datum e, with the
dual €'#te W _es e meaning the reference e’ cannot be reached by (or is fresh from) the
datum e. Substitution of expressions e for the variable x in the formula A, written Ale/x],
is defined similarly to the A-logic.

The model builds on the type context for variables and hidden references hence the

model M ki (ui)g hides the names in [ and maps variables to values in &. This is a
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simplification of the model in [72].

The free locations of a term M are defined as expected and written fl(M). The free
plain names of an expression e is the set of references in e which do not occur dereferenced,
which in this limited case is all references. A model M’ is an extension of a model M if
the extension contains all mappings of the extended model (i.e. model equivalence, written
M ~ M'’) and potentially some new mappings, this is written as M ~» M’. These are
defined as expected. The semantics for formulae is given using these definitions of the
models, with the new logical constructor semantics defined as follows (adapted from [72]

for this simpler language).

MEDA = WMM~s M 5 MEA
MEvz.A = IM.WMx=MAM[z:l]EA
MEe — e def lea]e o € fl([e1]e,s) for each M ~ (VZ)(f,O‘)

Properties of formulae are introduced to restrict certain axioms and rules to ensure

soundness (and completeness) proofs hold.

Definition 18 (Properties of formulae in the Local-logic). Thinness is defined for a for-
mula if o particular variable x, can be removed from the model M alongside its map-
ping, written M /x, and still satisfy the formula. Monotonicity of a formula is defined
if references can be hidden in the model and still satisfy the formulae. The formula A is

antimonotone if = A is monotone. A formula A is stateless if it holds in all future states.

A-thin wrtz = VM MEA—>M/zEA
A-monotone & v M,l. M EAANLEf(A) — (V)M E A.

A-stateless = A - 0A
The paper proposes that monotonicity and antimonotonicity are not required but in-
clude them for the soundness proofs. Thinness is a development of A™% meaning x
is not in the free variables of A but covers this more complex model which cannot re-
move variables in a formula even when not used in the formula. For example the model
M =2z : 1,y : Az.if z = [ then true else false and the formula 32’.y e 2’ = true{} is not
satisfied by M /x as [ is only derivable from x and is the only input to y that returns true.
Syntactic definitions of each of these properties are defined, allowing for syntactic checks
on whether these properties hold for certain formulae. These syntactic definitions cover all
formulae that are required to obtain certain properties in the reasoning, however may not

cover all formulae that obey the property.
The axioms from |72] are extensive, however the related axioms to the logic introduced

here are introduced below. Many of these axioms will be replicated in essence in the v-logic



38

in Sec. 4.5, hence their introduction here. Axioms of note are (v5) which states how the
v-quantifier interacts with the V-quantifier, (r4) states how freshness proves inequality of
references, the axioms for modality are standard, apart from the 2 introduced below, which

define how modality interact with the v-quantifier(s).

(ul) A — Va.A x ¢ fv(A) A A-thin w.r.t z

vl v2) vr.A & A x ¢ fv(A) A A — monotone
ve. (AVA) & ve.AVve A

A — vz A x ¢ fv(A) )
)

v6) Jywvr.A — vaJy.A
)

(v1)

(v3) vax.(ANA) — vz AAve A
(v5) vaVy.A — Vywvz.A

(v7)

(
(v4
(
(

ve.vy.A — bywvzr.A v8) vx.wy.A < vywvx.A

(rl) z—x (r2) zoyAy—z = x>z
(r3) x#y“ a € {Unit, Bool} (rd) a#y — xz#y
(rd) x#HYANy—z — x#z

(nl) Ovx.A < vzx.0A (n2) va.OA — Ovx.A

Figure 2.26: Axioms for the new logical constructors in the Local-logic.

The rules of inference for triples build off the A-logic and some key extensions are seen
in Fig. 2.27. The rules differ from the A-logic in various ways, primarily the inclusion of the
auxiliary variable ¢. This variable 7 is used to reference any datum that already exists in the
state. The [LAM|Locq rule includes a quantification over Vi which is a quantification over
arbitrary variables (of arbitrary type). The 7 is used in [REF|ocq; to represent this freshness
alongside the v-binder to ensure x is hidden. The i can be quantified over in: [AUXyV|Local
if the program is a value; [AUXy|Locqr if the type of i is a base type; or [LAM]|rocqr if
applicable. The ¢ can also be replaced by an expression using [SUBS|1ocq; Which allows this
variable to be seen as a quantification over all possible locations (or expressions) in the
initial state and hence it should not be possible to obtain the contradiction u#u, however
it is not entirely obvious or easy to use this variable 1.

The [REF()|Local Tule is the only rule that introduces the v-binder to hide the name
that the reference represents within the logic. This rule can be used to reason about vn.n
by letting ref( () ) Y vn.n, then the resulting triple would be {T} ref( () ) @ {vz.(u =
x Au#ti)} meaning the reference is hidden but in this case can be accessed by u, and is fresh

from all other references which can be accessed in the initial state. The definition of the
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initial state comes from the [SUBS|ocq: rule instantiation forbidding [u/i] as u ¢ fpn(e).
For the example A().ref() (which will be thought of as a translation of gensym in the
vgs-calculus), the triple {T} A().ref() , {Vi.me() = u{vz.(u = x Au#i)}} can be derived.
This means ¢ can be instantiated as any reference except that of x and u and hence this
means z (and u) are fresh from any previously generated reference.
Finally the [CONS-EVAL|ocq rule is included here in this simplified version of the logic.
The rule is a strengthened version of the standard consequence rule which represents the

compositionality of the language alongside the chosen method of expressing freshness of

references.
{C'A A‘zg} M :p, {C}
{A} Ar.M {\V/ZL‘;C —uexr = m{c/}} [LaM] Local
1 — auxiliary
{C} ref() u {Vx(C A U#ZX Au = x} [REFO)]Local
. u —1 » o - base type
C ¢ V C/ C M C/ b

[AuxyV]Local [Avxv]Local

(CYV o {Vi.C'} {CY M =, {Vi*.C"}

{A} M :, {B} u ¢ fpn(e)
{Ale/d]} M =, {Ble/i]}

[SuBs|Local

{Co} M =, {C}} x fresh; 7 auxiliary
OVi.{Colx e () = m{C}} — OVi.{C}z e () = m{C"}
{C} M o {C'}

[CoNs-EVAL] 1, pcal

Figure 2.27: Key new inference rules of the Local-logic.

The [LETOPEN]Loeq; Tule below does not occur directly in [72] but as a rule for an
extension of the logic which contains a similar rule. This rule allows for the temporary
revealing of a reference within a let z = M in N constructor. This rule does not seem to
exist in this exact form in the paper, but is expected to be sound.

{A} M -, {vy.C} {C} N:, {B} B-thinwrtaz
{A} let x = M in N :, {vy.B}

[LETOPEN] Local

The Local-logic is proven sound and three completeness results are proven in [4] however

the [LETOPEN] Loeq is not included in this proof.
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Compared to the original program logic in [72], the Local-logic above ignores all the
elements of state that are not related to the naming of fresh locations. The original logic is
complex, as it builds on the program logic for state with aliasing [5], referred to here as the
Alias-logic. The Alias-logic is for a language which uses locations directly, and does not
include the fresh generation of locations, ref(M). In both logics with memory, a new logical
substitution is introduced to deal with aliasing in memory. A new logical constructor to
ensure (in)dependence of a particular location in the state is also required.

The quantifiers vz.A or vz.A are not required in the Alias-logic, as these are used
purely for the fresh reference generation. Similarly, the modalities [JA and {A are also
not required when simply discussing non-fresh references as all references exist at initiation,
and hence reasoning about future references (or states) is not required. Both logics are
proven sound, alongside different notions of completeness [4].

The extra complications of the logic, which are originally introduced due to the values

stored in the state, encouraged the search for a simpler logic specifically for the v-calculus.

2.2.4 Other Logics of Interest

This thesis builds upon the Hoare logic introduced in Sec. 2.2.2 for the STLC [28]. Al-
ternative approaches to Hoare logic and their relation to names (or their applications) are

briefly introduced here.

Separation Logic

Reynolds’ separation logic [59] is an extension of Hoare logic which allows for reasoning
about states consisting of the store and heap. The primary concept is the separation of
the heap memory into disjoint heaps and reasoning about these disjointly. The frame rule
introduced enables local reasoning about component programs and their effect on a portion
of memory whilst not affecting another disjoint part of the heap.

Extensions to separation logic in [7] do allow for reasoning about fresh name generation
via the standard use of Ref() as the name generator, alongside equality of references.
Further work is required to extract the essence of the logic required for reasoning purely
about fresh names and identify any issues which may arise. It is not clear whether key
examples such as the “hard” example introduced later in Ex. 19 can be reasoned about

using this logic.
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A Hoare Logic For CBV Functional Languages

Regis-Gianas and Pottier introduced a higher-order typed Hoare logic for CBV functional
languages in [57] similar to [28] with some technical differences. Crucially, equality is only
considered for values and hence function applications (and other non-value terms) are not
considered in the formulae. This simplification of the logic does have the added benefit that
verification conditions can be proven interactively in Coq or with an automated theorem

prover. Names or local state are not explicitly considered in this paper.

Hoare Type Theory

Hoare Type Theory combines Hoare triples with dependent types, formalizing the generat-
ing process of verification conditions for effectful computations using monadic judgments
[44, 43|. This combines standard static checking techniques with logical verifications. The

introduction of local state to the former work can be seen in [42].

2.3 Summary

The underlying principles have been introduced in this chapter that will form the basis of
the rest of the thesis. The untyped A-calculus and the STLC introduced with the common
syntax that will be used throughout the rest of the thesis alongside important ideas such
as types and equivalence. The basics of program logics are covered for an imperative
language and a functional language. The extension to the STLC which includes local
state, is introduced with the program logic for the case where the state only stores (),
which draws parallels to the study of names.

In the next chapter the STLC will be built upon via the introduction of names in
programming languages referred too as the vgg-calculus and Av-calculus, alongside an
analysis of relations between these languages and methods to prove equivalence, all from the
literature. The program logic for the vgg-calculus extends that of the A-logic introduced in
this chapter. The standard technique of proving soundness in this chapter is then extended

to prove soundness of the v-logic.



42

Chapter 3

The v-Calculus

The 7-calculus introduced the concept of scope of names with fresh (channel) name gener-
ation which was one of its fundamental developments over previous attempts at developing
process calculi [40]. In 1993 Andrew Pitts and Ian Stark developed the idea of scope and
name generation from the m-calculus to the STLC [52]. The addition of names to a simple
programming language such as the STLC comes in the form of the v-calculus, referred
to here as the vpg-calculus. The simple method of generating names (constructor) and
equating names (destructor) are introduced which captures the essence of names without
any complications of what the names represent.

In the following two sections, two versions of the vpg-calculus are introduced. In Sec. 3.1
the first version uses the fresh name constructor gensym in the programming language which
shall be referred to as vgg-calculus. The following chapters will develop a program logic
for vgg-calculus hence its introduction here. The original vpg-calculus, which combines
the creation of the fresh name with a scope of the name, is introduced in Sec. 3.2. A
translation between the vgg-calculus and vpg-calculus is provided in Sec. 3.3, showing the
two languages are essentially equivalent.

Previous work on the vpg-calculus focuses primarily on the method of proving equality
of programs in the vpg-calculus and the various methods are summarised in Sec. 3.4. These
methods consist of: an equational logic in Sec. 3.4.1, logical relations (and predicated logical
relations) in Sec. 3.4.2, Kripke logical relations in Sec. 3.4.3, environmental bisimulations
in Sec. 3.4.4, nominal games in Sec. 3.4.5 and probabilistic programming in Sec. 3.4.6.

In 1993 Martin Odersky introduced a CBN version of the STLC with names and equal-
ity known as the Av-calculus, which is introduced in Sec. 3.5 [46]. The relation between the
vpg-calculus and the Av-calculus were discussed and formalised in [36] which is summarised

in Sec. 3.6.
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3.1 The vgg-Calculus

The gensym function (short for generate symbol) is used in the LISP programming lan-

guage and is defined in LISP 1.5 Programmer’s Manual [37] as follows:

“The function gensym has no arguments. Its value is a new, distinct, and
freshly created atomic symbol with a print name of the form G00001, G00002,
.o, G99999.

This function is useful for creating atomic symbols when one is needed; each
one is guaranteed unique. gensym names are not permanent and will not be

recognized if read back in. 7 [37]

In essence, gensym produces fresh names (or atoms) which have useful applications within
the language (LISP). In LISP, gensym can be used to create hygienic macros so that
variables in the macro are guaranteed to be distinct from any other variable outside of the
macro.

The vgg-calculus introduces gensym to the STLC as a method of generating fresh
names. In this case, names do not attach any additional meaning such as the store or vari-
able names. The only operation on names is that of equating them. This simple addition
of names captures the essence of names as described in the introduction (Sec. 1.1). The
vgs-calculus is introduced formally in the Sec. 3.1.1, and some key examples of programs

in the vgg-calculus introduced in Sec. 3.1.2.

3.1.1 The yg5-Calculus Programming Language
Syntax

The types of vgg-calculus extend the STLC types in Sec. 2.1.2 with the single new type
for names, Nm.

The terms are extended from the STLC in Sec. 2.1.2 with three constructs: gensym to
produce fresh names, = to equate names (similar to the equality of Booleans) and names
themselves ranging over n, n’, ny, ... A possibly empty set of names is written G.

The equality operator could be split into an equality on names and an equality on

Booleans, however for simplicity they are combined into one operator.



44

a == Unit | Bool | Nm | a—a | axa

I == 0| To:a

Voou= () | true | false | Ae®*.M | n | gensym | (V,V)

M =V |z | M| MM | M=M | if Mthen M else M
| (M,M) | m7(M) | mo(M) | letx =M in M

G == Set of names

Figure 3.1: Syntax of the vgg-calculus.

Typing rules

A type check in this format does not require a secondary check as this will be done separ-

ately, hence the typing judgment is as in the STLC, i.e. I' - M : «

Definition 19 (Typing rules for the vgg-calculus). The typing rules for the vas-calculus

are those of Fig. 3.2 and only require that names are indeed names.

- b € {true,false} n — name -

I'F () : Unit I'+b: Bool I'n:Nm It gensym: Unit — Nm

Fz:akFM:d 'FM:a—d TFHN:«a I'+= M : Bool
FFXe*M:a—d I'FMN :d I'=-M : Bool

'M:a, THFN:a, ap€{Bool,Nm} T'HFM:Bool 'kM;:a« TFM:a«
I' M = N : Bool T'Fif M then M else Ms : «

'M:aa TFN:dd TFM:aixas i=1,2 I'FM:a Iiz:aFN:d
F'(M,N):axd M'Em(M): o F'kletz=Min N :d

Figure 3.2: Typing rules of the vgg-calculus.

Unlike LISP, the type of gensym is Unit — Nm, this is because the STLC does not
execute commands but reduces them, hence this clarifies that the function is called when
it is applied to (). The typing rules ensure that gensym will always be applied to a () and

hence these two forms of gensym are equivalent.
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Operational Semantics

There are no binders for names and thus the idea of bound or free names of a term becomes

simply all names in a term. A set of names is defined as a nameset.

Definition 20 (All names in terms). All names of a term M written §(M) are defined as

follows.
50) < 0 s(ac M) € ()
s(true) < 0 sM=N) ¥ 50U
(false) © &(—-M) dof (M)
sn) ¥ ()} &(if M then M else My) & s(M) U (M) U 8(Ms)
s(gensym) € ¢ A(M,N)) € 5(M)UA(N)
ax) g a(r < ) & ao
slet o =Min N) ¥ s00)usn)

The abbreviation &(M, N) is used to mean &§(M) U &(N).

Definition 21 (Configurations). A nameset G (stands for Generated) and a term M are
combined into a configuration of the form (G, M).

A configuration is valid if the nameset contains all the names in the term
(G, M) is valid % a(M) C G
All configurations will be considered valid from here on.

Definition 22 (Reduction relation). The reduction relation for the vgs-calculus, — relates

two configurations (G, M) and (G', M'), as (G, M) — (G', M"). The reflezive transitive

closure of — is written —*. If (G, M) —=* (G', V) for some value V', then this is written

(G, M) | (G, V).

Definition 23 (vggs-calculus CBV operational semantics (evaluation contexts)). The CBV

operational semantics of the STLC in Def. 8 are extended to the vgg-calculus as follows.
The evaluation contexts for the vgs-calculus are those of Fig. 3.8 which only differ from

those of Def. 8 through the introduction of = for names.

ELl u= [ | €M | VEL] | =€[] | E[]=M | V =£[]
| if &[] then M else M’ | if V then &[] else M | if V then W else &[]
| (ELL M) | (VLELD) | m(EL]) | let = E[]in M

Figure 3.3: Evaluation contexts of the vgg-calculus.
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The reduction rules of the vgg-calculus are introduced in Fig. 3.4. The application of
gensym to () is the only manner of creating a new name which must be added to the original
nameset. All other rules are standard, except the final rule which allows for the addition

or removal of unused names to the nameset in the configuration.

@ V) = (G V)
(G, (e MV) = (G, MV/a))
(G, gensym()) — (GU{n}, n) e
(G, v=v) — (G, true) v € {true, false} UG
(G, v=1") — (G, false) v#v, v,v € {true, false} UG
(G, —true) — (G, false)
(G, —false) — (G, true)
(G, if truethen Velse V') — (G, V)
(G, if false then Velse V')  — (G, V)
(G, m((Vi,W2) = (G, Vi)
(G, letz=VinM) — (G, M[V/z])
(G, M) = (G, M) — (G, EM]) — (&', E[MT])
(G, M) — (G', M) <+ (GUGy, M)— (G'UGy, M) G'NGy=10

Figure 3.4: Reduction rules of the vgg-calculus.

Definition 24 (Static syntax). A term is classified as static syntax if it contains no names
i.e. (M) =0.
Static syntaz is required in the initial state of the reduction relation, hence (0, M) is

the initial configuration if 4 M) = 0.

Static syntax guarantees that any name produced is freshly produced by an application
of gensym. The program logic for the vgg-calculus introduced in Chapt. 4, only allows
reasoning about static syntax programs.

Some properties of the vgg-calculus are introduced here. The function (a b) - X is the
swapping function from nominal logic [50], which swaps the names a and b in X uniformly,

where in this case X is a configuration.

Definition 25 (Properties of reduction relation). These are all proven in [68, 62, 22] and

are assumed as definitions here.
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Weakening If (G, M) —* (G';, M) then VG".G'NG" =0 — (GUG", M) —=* (G'UG", M")
Equivariance If (G, M) —* (G', M') then Y a,b. (a b)- (G, M) —* (a b)-(G', M)

Nominal Determinancy If (G, M) —=* (G', M') and (G, M) —* (G", M")
then 3 ay, by, ...,an,by & G. (G', M') is identical to (a1 by) - ... (apn by) - (G", M").

This means (G', M') and (G", M") are identical up to permutation of fresh names.

Strong Normalisation Fvery well-typed valid configuration terminates.

Contextual Congruence

Contextual equivalence in the vgg-calculus is defined with similar intentions to the STLC

in Def. 34 now with the new syntax, but first some standard definitions are re-introduced.

Definition 26 (Single holed contexts). Single-holed contexts are formally defined in Fig. 3.5,

with the hole being filled with a term of type o in the context C[]q,.

CHOéo = Hao | )\ZL‘O‘.C[‘]QO | CHOéoM | MCHOéo | _‘CHOto
| if C[]a, then M else N | if M then C[],, else N | if M then N else C[-]4,
| (Clag, M) | (M,C[]ag) | m(Cl]ao)
| Cllag=M | M =Cl]ay | letz=C[]o, in N | let x =M in C[]q,

Figure 3.5: Single holed contexts of the vgg-calculus.

Definition 27 (All names in a single-holed context). The function &(-) is extended to
single-holed context from Def. 20 by including the definition &([-]) = 0.

Definition 28 (Typing single-holed contexts). Contexts are typed using the rules in Fig. 3.2
extended with the obvious rule for the typed hole as follows.

Nk []a:a
Definition 29 (Contextual equivalence (vgg-calculus)). Contextual equivalence is defined

for two closed terms M and N such that 0 M : o and O = N : o with § M) U 4(N) C G,

written M =G N. Contextual equivalence holds if all contexts with names in G and holes



48
filled with the two terms evaluate to the same Boolean constant as follows.

M=2N ¥ y(C[].. 0F Clla:Bool A &C[]) CG

(3 G(G, C[M]) | (G, true)
— <~
(3 G".(G, C[N]) | (G”, true)

Contextual congruence compares two closed terms with the same nameset. Clearly for
any equivalent programs M =G N then (G, M) || (G', W) and (G, N) || (G”, V) with
G'NG" = G does not imply W =&"VG" I/ as the simple counter example of gensym() 27,
gensym() fails this property.

To show how the namesets G’ and G” may differ, consider the example M = gensym()
and N = m1((gensym(), gensym())). Although the result of the outputted Boolean constant
true is not affected, the nameset G’ would contain one less name than the nameset G” due
to the production of two fresh names by N.

The following lemma states that unused Let assignments (including those pointing to

gensym()) can be removed if unused.

Lemma 30 (Let removal).
VG, M,z,N. (z ¢ fv(M) A &N,M)CG) — (G, M)=% (G, let z =N in M)

Proof. Clearly holds given x does not occur free in M meaning any term N cannot affect

M. For case where N is gensym() see [52, Corollary 6]. O

The following lemma shows names can be regenerated assuming (V' (Z))[n/Z] is identical

to V(n) and &(V(z)) n{n} = 0.
Lemma 31 (Name regeneration).

VG, M,z,n0,V(z), V(). (V(Z))[n/Z] is syntactically identical to V(i)
%

(G, M)} (GU{R}, V(7)) — M =€ let = gensym() in V(x)

Proof. See |52, Corollary 6]. O

The following lemma show that namesets can be added or removed if the names are

unused in both terms in a contextual congruence.

Lemma 32 (Adding/removing excess names maintains contextual congruence).

VGG &M N)NG) =0 — (M= N+« M={""N)
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Proof. Clearly holds by Def. 29 and the final rule of Def. 23 which allows for unused names

to be added and removed freely from namesets in configuration reductions. O

It is unknown whether contextual equivalence is decidable above first-order [62].

3.1.2 Programs in the yg;s-Calculus

This section gives simple examples of vgg-calculus programs which will later be reasoned
about using the program logic in Chapt. 7. Many of these examples are not original and
appear in the literature [52, 62, 2, 68].

Before these examples are introduced, the idea of reachable and unreachable (hidden)
names are introduced. Names can occur in a term but get trapped inside with no escape,
meaning there is no method to use the term that allows for the name as output, i.e. hidden.
This typically occurs when names are bound outside a A-binder but are used inside the
A-binder under a destructor (in this case equality). For example the name n is reachable
from the terms n, (n,n’) and Ay.n but is unreachable from n’, Az.m1((n’,n)) and Az.(z = n).
This concept extends to a set of terms M, such that the term N is reachable by M if there
exists some My such that 8(My) = 0 and (8(M), MyM) | (G', N), and is defined as
unreachable otherwise.

The following abbreviation is used when numerous fresh names are generated using
let © = gensym() in ... . Sometimes the set of variables 1, x9, ..., z) is abbreviated further
to 7.

let z1, ...,xx = gensym() in M Y et x1 = gensym() in

let x3, = gensym in M

Example 4 (STLC programs). All STLC programs evaluate identically in the vgg-calculus

in any nameset configuration as follows.

Example 5 ((, gensym())). The core example of generating a fresh name clearly holds

directly from the reduction rules in Fig. 3.4.

(0, gensym()) 4 ({n}, n)

Example 6 ((§, (AzN™.z)(gensym()))). The identity function applied to a fresh name
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produces the same fresh name as follows.

1 (0, gensym()) 4 ({n}, n)

2 ({n}, (Aa"™z)n) & ({n}, n)

3 (0, (Az"™.z)(gensym())) 4 ({n}, n)

Example 7 ((0, gensym() = gensym())). The equating of one fresh name with another

fresh name evaluates as follows.

L (0, gensym()) | ({n}, n)

2 ({n}, gensym()) I ({n,n'}, n')

3 ({n,n"}, n=n') | ({n,n"}, false)

4 (D, gensym() = gensym()) & ({n, '}, false)
Example 8 ((§, (A\zN™.2 = z)(gensym()))). Comparing a fresh name with itself is clearly

true as follows.

1 (0, gensym()) I ({n}, n)

2 ({n}, AaN™.z =2)n) = ({n}, n=n)

3 ({n}, n=n) = ({n}, true)

4 (0, A2z = z)(gensym())) 4 ({n}, true)

Example 9 (0, AzN™.(AyN™.2 = y)(gensym())(gensym()))). The equating of one fresh

name with another fresh name after being passed through a function, evaluates as follows.

1 (0, gensym()) I ({n}, n)

2 ({n}, AN (XN™.z = y)(gensym()))n) = ({n}, (AyN™.n = y)(gensym()))

3 ({n}, gensym()) 4 ({n,n’}, n')

4 ({n,n'}, AzNm.n=2)n') = ({n,n'}, n=n’)

5 ({n,n"}, n=n") | ({n,n"}, false)

6 (0, AxN™.(\yN™. = ) (gensym()(gensym())) I ({n,n'}, false)

Example 10 ((0, let x = gensym() in x)). Using let z = M in x in the case below is

identical to using the identity function on M in Ex. 6.

(0, let z = gensym() in z) | ({n}, n)
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Example 11 (((, let « = gensym in z() = z())). Using gensym prior to application
to () and as a function that will create fresh names gives an example that shows how

extensionality fails for gensym.

1 (0, gensym) | (0, gensym)

2 (0, let x = gensym in () = z()) — (0, gensym() = gensym())

3 (0, let z =gensym in z() = z()) § ({n,n’}, false) See Ex. 7

Example 12 (let x = gensym() in let y = gensym() in z = y). Producing the two fresh
name prior to comparing them in let © = gensym() in let y = gensym() in z = y reduces as

follows to false.

L (0, gensym()) I} ({n}, n)

2 ({n}, gensym()) ¥ ({n,n’}, n')

3 ({n,n’}, n=n") {§ ({n,n’}, false)

4 (0, let z = gensym() in let y = gensym() in z = y) | ({n,n’}, false)

Example 13 (let 2 = gensym() in \yN™.(z = y)). A key example of a hidden name is
let z = gensym() in AyN™.(x = y), reduced below. This function can never reveal the name
stored at z, no matter how the function is used, as it is produced outside the A-binder but

only occurs deconstructed by equality inside the A-binder.

1 (0, gensym()) 4 ({n}, n)

2 (0, let o = gensym() in \yN™.(z = y)) I ({n}, AyN™.(n = y))
Any application of this function should always output false, as it must be applied to a

name which can never be equivalent to n.

Example 14 (let z = gensym() in (\yN™.(z = y), x)). In contrast to Ex. 13, the following
example let z = gensym() in (\yN™.(z = y), x) outputs a pair where the first element is
the function above and the second element is the name at x. This is reduced below. This
output does reveal the name stored at x, so the function in the first element of the pair

can now potentially return true.

L (0, gensym()) I} ({n}, n)

2 ({n}, letz=nin AN (z =y),z))  {n}, MN™.(n=y),n))

3 (0, letw =gensym() in (\yN™.(z = y),2)) 4 ({n}, (\yN™.(n =), n))
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Example 15 (let 2 = gensym() in AyN™.z). In contrast to Ex. 13, a simple example which
reveals a name inside a A-binder is let z = gensym() in AyN™.z, reasoned about below.

Once evaluated the value will be a function that always returns the same name.

1 (0, gensym()) I ({n}, n)

2 (0, let x = gensym() in AyN™.2) | ({n}, AyN™.n)
Example 16 (The “chain” example [68]). A set of functions that are indexed by some
integer p, which creates p fresh names and cyclically permutes the names depending on

the input name, can be defined by the functions Chain, of type Nm — Nm as follows.

. d . .
Chain, tef let g, ...,zp = gensym() in AzN™.if 2 = x( then 7 else

if x = x1 then x5 else

if x = x, then zg else xq

As an example let p = 2 then:

— (@, Chainz) — ({no,n1,n2}, V)

— (0, let f = Chaing in f(gensym())) — ({no,n1,n2,n}, no)

— (0, let f = Chainy in ff(gensym())) — ({no,n1,n2,n}, n1)
— (0, let f = Chainy in ff f(gensym())) — ({no,n1,n2,n}, n2)

— (0, let f = Chaing in ffff(gensym())) — ({no,n1,n2,n}, ng)

Clearly if p # p' then Chain, 228 .\, Chain,.

Example 17 (The “inaccessible chain” example). This example is adapted from Ex. 16
but itself does not seem to appear in the literature. An adaptation to Ex. 16 that creates
p + 1 names with a cyclic dependency on p of these names but never gives access to any
part of the cycle can be seen as follows. The function only gives access to a single name

not in the cyclical chain part.

. d . .
InaccessChain,, S et Zo, ..., Tp,y = gensym() in AzN™if 2 = xo then z else

if £ = x1 then x5 else

if z = x, then xq else y
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For each p clearly InaccessChain, can access the name y but it needs access to some
name at xx with 0 < k£ < p to output another name in x; with 0 < k& < p so this circular
dependency ensures that none of the names in xp with 0 < k < p are actually accessible
and only the name at y is accessible. For this reason InaccessChain,, %Q)NmHNm (gensym())

should hold for any p.

Example 18 (The “lasso” example [68]). Another adaption of Ex. 16 is lasso(; ) defined
below. lasso; ) changes the final if-case name in chain, to some n; for 0 <4 < n forming
a loop of names that starts after ¢« number of calls to the function. If ¢ = 0 then Chain, =

lasso(g p)-

d . .
lasso(; ) S et xg, ...,Tp = gensym() in AzN™.if 2 = 20 then z; else

if + = x1 then x5 else

if £ = x, then z; else g

As an example let G; = {ng,n1,na,n3,n} then:

— (0, let f = lasso( 3) in f(gensym())) — (Gi, no)

— (0, let f = lasso(y3) in ff(gensym())) — (Gi, n1)

— (0, let f = lasso( 3) in fff(gensym())) = (Gi, n2)

— (0, let f =lasso; 3 in ffff(gensym())) — (Gi, n3)
— (0, let f =lassoqi 3y in fffff(gensym())) — (Gi, n1)
— (0, let f =lassoqy 3y in ffffff(gensym())) = (Gi, n2)

Example 19 (The “hard” example). An example that deserves some discussion is the
“hard” example which has been discussed in [2, 52, 68] and is a recurring problem in many
of these papers. The program is My below, which is simple but highlights the nuances of
the v-calculus.

My L et z, 2’ = gensym() in AfNm=Bool ro — £/

e Vir). One might expect Vi to

Assume (0, Mg) — ({n,n'}, X\fNm=Bool fn — fp/
hide the names n and n’ under the \f-binder and hence the returning function should be

equivalent to \f.true. One could verbally argue that “Mpy cannot reveal n or n’ and hence



54

any function of type Nm — Bool to which this is applied should not be able to distinguish
n from n’ so must treat them equally and hence returning true”, however this is not entirely
true. Although the names cannot be revealed from the function, the function itself can be

used to internally compare the names. Consider the context Cp[-] defined as follows.
Cul] @ let F=[]inlet G = MyN™ PNy = 2) in FG

The reduction of Cy[Mpy] is introduced below, where the outermost application of Vi
returns true, but within the evaluation there are applications of Vg in lines 7-10 and lines
11-14 such that the applied Vp returns false. However, the two occurrences of applied Vi
returning false are equated to each other in line 15 and hence the outermost application

of Vg does return true as expected.

1 LetG, % {n,n"}

2 Let: Vg = AfNm=Bool £ — £/ and Wy = XaN™. vV (\yNm.2 = y)

3 (0, My) — (Gn, V)

4 (0, Cu[Mpu]) — (Gn, CulVul) Line.3

5 = (Gp, let G =Wgin VgG) — (G, VaWrx)

6 — (Gn, WHn = WHnI)

7 (Gn, Wyn) = (Gpn, Vu(yN™.n = y)))

8 = (Gn, (\N™n=y)n = (AyN™.n = y)n')

10  — (G, true = false) — (G, false)

11 (Gn, Wgn') = (Gpn, Va(yN™.n' =1)))

12 — (G, ()\me.n/ =y)n = ()\me.n’ =y)n’)

13 = (Gn, (n"=n)=(n"=n")

14  — (G, false = true) — (G, false)

15 (Gp, Wgn =Wgn') = (G, false = false) — (G, true) Lines.10, 14

16 (0, Cy[Mpy]) — (Gy, true) Lines.4-6, 15
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Because the outermost application of Vi does return true the contextual equivalence
My ’Eﬁi%Bool AfNm=Bool trye holds. Proving this equality was one of the key aims of

several papers discussed in Sec. 3.4 [52, 68, 2].

Example 20 (The alternative “hard” example). If Ex. 19 is altered by generating the

second fresh name under the A-binder then the result is the following function Mj,.

d . .
My, Vet 2 = gensym() in AfNM=Bol jet > — gensym() in fz = f2'
This clearly will not be contextually congruent to AfN™7Bo° true as the context Cpy
below, distinguishes these two programs as it applies the function twice to “re-use” the
name n. The evaluation for Cr/[M},] is seen below to show how it differs from Ex. 19. The
two applications of V}; returning different results in lines 12 and 17 alongside the final

comparison of these two results in line 18.

CH’H d:ef ()\F(Nm—>Boo|)—>Boo|'F()\me.F(Ame.l‘ _ y)))[]
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1 Let G; def {n}, G2 def n,n'}, Gs def {n,n",n"} Gy def {n,n";n" n""}

2 Let: V}, = AfNm=Bool et 2 = gensym() in fn = fz and Wi, = AaNm. V(N2 = y)

3 (0, My) — (G, Vi)

4 (0, CH/{M}{D — (G, CH/[V],{]) Line.8

5 = (G, VW)

6 — (G1, let z =gensym() in Wjn =Wy, z)

T = (Ga, Win=Win)

8 (G2> W;{”) — (GQ, V]{—I()‘me'n = y))

9 = (Gy, let z=gensym() in (AyN™.n = gy)n) = (AyN™.n = y)2))

10— (Gs, (AN™n=y)n) = ((AW"™.n = y)n"))

11 — (Gs, (n=n)=(n=n"))

12— (Gs, true = false) — (G, false)

13 (G3, Win') = (Gs, Vi(AyN™n’ = y))

14  — (G3, let z = gensym() in (AyN™.n’ = y)n) = (A\yN™.n" = y)2))

15 = (Ga, (WM™’ = y)n) = (™0’ = y)n™)

16 — (G4, (n"=n)=(n"=n"))

17— (Gy, false = false) — (G4, true)

18 (Gpn, Wyn=Wpn') — (G, false = true) — (G, false) Lines.7, 8-12, 13-17

19 (0, Cw[My]) — (G, false) Lines.4-7, 18
Clearly (0, Cps[\f.true]) | (0, true) hence this context proves by counterexample that

My

(Nm—Bool)—Bool Af.true as expected.
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3.2 The vpg-Calculus

The vgg-calculus is an adaptation of what is referred to here as the vpg-calculus introduced
by Andrew Pitts and Ian Stark in 1993 [52|. The ideas originated from 7-calculus which
uses similar notation and concepts in creating fresh channels using a vn. P constructor. The
introduction of the vpg-calculus lead to a flurry of research, e.g. [22, 19, 25, 51, 50, 70].
The language is briefly and informally introduced in Sec. 3.2.1 alongside the definition
of contextual congruence. The similarities between the vpg-calculus and the vgg-calculus

are intentional and the translations between the two versions are introduced in Sec. 3.3.

3.2.1 The Programming Language

The syntax of the vpg-calculus extends that of the STLC with the type Nm, and a con-
structor for names now in the form vn.M, which binds a new name to n in M. The
destructor of type Nm is again the equality operator =. Pairs and pair projection are not
originally included; however, they are not expected to introduce any new issues.

Unlike the vgg-calculus, the binding of names now requires the definition of free names,
similar to the definition of free variables. Free Names in the vpg-calculus are similar to

the “all-names” function in the vgg-calculus. The key definition is that of fn(vn.M) o

(M) \ {n}.

Type checking for the vpg-calculus follows that of the STLC but adds a nameset (a
list of generated names) s, to the typing judgment as s,I" -, M : a. This means M has
type « in the type context I', with names occurring freely in M contained in the nameset
s. Adding name n to the nameset s is written s @ {n} and adding two namesets s and s’
is written similarly as s @ s’.

The key new typing rules are those including names provided in Fig. 3.6.

(nes) s®{n},T'H, M:a« $,I'y M :Nm s,I', N:Nm
$,I'F, n:Nm s, 'y, vn.M : « s,I', M = N : Bool

Figure 3.6: Key new typing rules of the vpg-calculus.

This type check performs two checks. Firstly that the free names used are part of the
nameset, secondly that the variables are correctly typed by the type context. This differs
from the vgg-calculus, which splits the two checks by using valid configurations to check

the names in the term exist in the nameset and the classic type check for a check on the
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variables. The two approaches are equivalent.

As with the typing rules, the reduction relation is also extended from the STLC with
a nameset s. The reduction relation becomes s = M — (s') M’ and states that the term
M with the fn(M) € s reduces to a term M’ with free names in s @ s’. Substitution also
builds on the STLC definition (Def. 3) to now include names in the terms and values being
substituted, as M[V/x] substitutes V for the free occurrences of variable x in M whilst
avoiding capturing free variables and names in V.

The operational semantics for the vpg-calculus is defined using the same evaluation
contexts as those of the STLC in Def. 8. The key new reduction rules are those involving

names seen in Fig. 3.7.

skEn=n—(0) true
skFn=n"— (0) false n#n’
stFvnM — ({n}) M

Figure 3.7: Reduction rules of the vpg-calculus.

Bound names can be “a-converted” if required which replaces one of the binding names
and any occurrence of that name in a term for another unused name. For any M with fresh
names n an n’ not occurring bound or free in M, then vn.M|[n/y] =, vn".M|[n’/y]. This
removes the focus on the precise name being used and emphasises the binding relationship

and when names are generated similar to the a-equivalence for variables.

Contextual Equivalence in the vpg-calculus

The definition of contextual equivalence for the vpg-calculus is the standard definition for

the STLC in Def. 10 with an adaption to include the names.

Definition 33 (Single holed contexts vpg-calculus). The single-holed contexts of the STLC
in Sec. 2.1.83 are extended to include the new constructors of the vpg-calculus as follows.

The equality context is included as this now equates names as well as Booleans.

Cla = o | v0Clla | Clla=M | M=C[]a

Any context filled with an appropriately typed term is a vpg-calculus term and can

thus be typed accordingly. Contexts can be typed using the typing rules in Fig. 3.6 and



29

the following rule to type holes.

s,I'Fy []a:
A context C[-] is M closing if it binds all free variables in a term M, hence s, -

C[M] : a.. Contextual equivalence can now be defined as follows.

Definition 34 (Contextual equivalence (vpg-calculus)). Two possibly open terms M and
N of type «, that are both typed by s,T (i.e. s, M :« and s,I' = N : ) are defined as
contextually equivalent, written s,T = M =D N if any closing context of both M and N

15 unable to distinguish these terms and is formally defined as follows.

s,TFM=PS N ¥ v, 5,0k, C[M]q:Bool A s,0, C[N],: Bool
(3. sEC[M] | (&) true)
— >

(3" sEC[N]{ (s) true)
3.3 Relation Between the vgg-Calculus and the vpg-Calculus

The formulations of vgg-calculus and vpg-calculus are equivalent [68]. The vpg-calculus
combines the fresh name generation with the scope of the name, whereas the vgg-calculus
separates these two aspects and uses the A-abstraction as the basis for the scope of the
names. These differences can help in thought processes depending on the application. The
term gensym() is sometimes replaced by the term new [68, 2|, however in this thesis the
gensym version is used.

One slight difference between the two formulations is that the vpg-calculus allows for
the binding of names within a single-holed context, i.e. C[-] = vn.C'[] is permitted whereas
vgs-calculus cannot bind specific names. However, it seems these contexts are not intended
by the definition, or used in practice [68, 62].

A translation from vgg-calculus to vpg-calculus, written ((-)¢s— ps can be defined in-
ductively with the key translation being ((gensym)cs—, ps “ A().vn.n. The reverse trans-
lation from vpg-calculus to vgg-calculus, written () ps—as, can be defined inductively
with the key case being (vn.M))ps—cs et n = gensym() in (M) ps—cs. Ignoring
pairs and projections from the vgg-calculus, the other cases to both these translations are
trivial.

This leads to the following statements for any terms M and N in the respective lan-
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guages (denoted by the X € {PS, GS} in Mx) .

Mas =5 ((Mas)as—ps)ps—as

Gr Mps =B5 ((Mps)ps—»as)as—ps
Mgs 2§ Nags  +  GF {(Mgshas—ps =L (Neshas—ps

GF Mps=2E5 Nps  «++ (Mps)ps—as =5 (Nps) ps—as

The proof of these statements are trivial.
Hence all programs (and equivalences) in Sec. 3.1.2 can be directly translated to ex-

amples in the vpg-calculus, and vice versa.

3.4 Proof Techniques of Contextual Equivalence in the vpg-

Calculus

Reasoning about programs often means proving contextual equivalence. Proof techniques
are introduced to prove certain classes of contextual equivalence for the vpg-calculus. A
key sticking point in many of the contextual equivalence proofs is the ‘hard” example

equivalence (Ex. 19) defined as follows.
0,0 F vnpwng A\fNM=Bool (01— fny) %&Sm%Bool)_)Bool Af.true

This needs special attention due to the reuse of hidden names as seen in Ex. 19.

Alternative proof techniques to prove contextual equivalence are sought after, which
allow for smaller, more manageable proofs. It is still not known if contextual equivalence is
decidable in the vpg-calculus for all terms [52, 68, 2], however, it is proven that contextual
equivalence is decidable for first order types [52]. A simpler proof of contextual equivalence
would be useful, and various attempts at more manageable definitions are introduced in
[62, 52, 74, 2, 68] these are introduced and discussed in the following subsections.

Given most of the research is focused on the vpg-calculus variant the rest of this sub-
section will focus only on this variant. All proof techniques here for the vpg-calculus are

expected to hold in the vgg-calculus, given the equivalence of the languages.

3.4.1 Equational Logic

In 1998 Tan Stark introduced an equational logic using the CBV B-equivalence, n-equivalence
and various other rules to construct the equivalence relation using derivation rules [63]. In
equational logics, assertions are of the form s,I' = M Zpgir,0(a) N. Equational assertions

can be derived using inductive rules
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This equational reasoning of two terms implies contextual equivalence and corresponds
exactly with contextual equivalence at first order types and ground types. i.e. deriving
$, ' M =pgirog(a) N implies s,I' = M 255 N, with the opposite direction holding for «
a first order or ground type.

This logic is sound, however it cannot distinguish between public and private names,

~PS

S Nm_Bool AT-false meaning

hence fails to prove certain equivalences such as (vn.Az.x = n)
it is not complete. This is extended to a more powerful relational logic in [63], similar to

the logical relations introduced in Sec. 3.4.2 but with a set of rules to derive these relations.

3.4.2 Logical Relations

In general, logical relations allow for the reasoning of properties such as termination, type
safety and contextual equivalence by introducing an intermediate layer of reasoning. A
logical relation is a unary, binary or n-ary, type-indexed relation between terms in a lan-
guage, with suitable closure properties. Termination for the STLC was proven using logical
relations [65], and its applications have steadily grown (in number and complexity) over
time. Logical relations are typically used for proofs regarding the STLC and its exten-
sions, and have been adapted to the vpg-calculus in [52, 63]|. The vpg-calculus was proven
to terminate using logical relations in [52].

To prove contextual equivalence in the vpg-calculus, a binary logical relation R, between
two vps-calculus values of type «, written V73 R, Vb, is defined. The relation R, has a
span written as Ry, : $1 = s9, which is an injective partial map from the nameset s; to the
nameset so. The span states which names are public (and hence which are private), and
states how the names are related from one value to the other.

The identity partial bijection id}, for any nameset, is a logical relation which implies
contextual equivalence. However, the contextual equivalence is only proven to imply the
identity relation at first order.

Logical relations fail to prove the hard example equivalence, hence an extension to
logical relations: predicated logical relations was introduced for this specific form of equi-
valence. Predicated logical relations introduce an extra symmetry of names for each term
being related. The identity partial bijection in this new relation is proven to imply contex-
tual equivalence. This can now be used to derive the “hard” example equivalence above.
Predicated logical relations are also only complete up to first order.

Further extensions to logical relations are possible and may provide extra insight in this

context, but it is suggested the complexity and lack of completeness makes these possible
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extensions unworthy of further research [62].

3.4.3 Kripke Logical Relations

A Kripke logical relations derived from the categorical model of the vpg-calculus and the
general notion of Kripke logical relations is equally powerful to Pitts and Starks logical

relations in [52] at first order types [74].

“The failure of the equivalence for high-order function types is due to the non-
fully abstract categorical model, while a similar Kripke logical relation defined
directly on the computational metalanguage has been shown to be equivalent

to the operational logical relation for any type [73]” [74]

This is not discussed any further here.

3.4.4 Environmental Bisimulations

Pitts and Starks’ predicated logical relations [63| are derived precisely for examples such
as the “hard” example equivalence. A more general approach is introduced in |2, 68], using
environmental bisimulations to prove the ‘hard” example equivalence and more complex
equivalences.

A bisimulation for the extension of the vpg-calculus which includes assignment was in-
troduced and proven complete but not sound [31], however the “hard” example equivalence
fails to hold as the context can distinguish these functions with side-effects.

Environmental bisimulations [64, 34|, extend bisimulations as a set of relations as op-
posed to a single relation. The set of relations grows as the environment of the terms being
equated changes.

A sound and complete theory for reasoning about (contextual) equivalence in the vpg-
calculus (without assignment) is provided in [2]. A theory of adequate sets of relations
is developed, such that the largest adequate set of relations coincides with contextual
equivalence. A set of proof obligations are given, which need to be satisfied to ensure a set
is adequate. The resulting proofs of equivalence are simpler compared to other methods.

All examples in [62] are provable using this technique, including the hard example,
which uses two applications of this technique, establishing the equivalence through the
proof of another equivalence. The proofs in |2] are all proven in Coq, providing a cast iron

level of certainty that these hold.
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3.4.5 Nominal Games

Call-by-value games provide a semantics for the STLC [27]. Call-by-value games are gener-
alised to nominal games, giving the first fully-abstract model for the vpg-calculus was first
proposed in [1], but there was a bug which was then fixed in [68]. The contextual equival-
ence coincides with the equational theory provided by the model. A further extension to
a fully-abstract model for a language with nominal general references was introduced in
[67]. Discrepancies in the proof for the hard example from [1], were discussed and rectified
in [68]. This model, although fully abstract, is complicated to use and does not provide a

general method for deriving equivalences.

3.4.6 Probabilistic Programming Semantics for Name-Generation

In [60], a model of probabilistic programming called quasi-Borel spaces is used to model
the v-calculus. This takes the idea that each name produced in the vpg-calculus can be
thought of as a random number from the reals (R), and hence to all intents and purposes
will always be distinct. These semantics are sound and also fully abstract up to first order-
types meaning any two vpg-calculus programs are observationally equivalent if and only if

their interpretations are observationally equivalent in the quasi-Borel spaces.

3.5 The M\v-Calculus

In 1993 Martin Odersky introduced a call-by-name variation of the vpg-calculus, called the
Av-calculus [46] (later [47]). The Av-calculus does not contain state (i.e. the namesets in
the vpg-calculus and vgg-calculus), however does allow A and v to commute unlike in the

vpg-calculus.

Definition 35 (Syntax (Av-calculus) ). The Av-calculus types are identical to the vpg-
calculus extending the STLC types with that of Nm. The typing context maps variables
to types and names to type Nm which simplifies the typing judgment for the language
somewhat.

The \v-calculus syntax of terms is identical to that of the vpg-calculus with the same
v-binder, an infinite set of names, and the same equating operator =. The values however
are different, the Av-calculus does not allow vn.n or n (a name) as values but instead
requires all programs to be of Boolean type. This ensures all names are always compared
within the scope of a v-binder, meaning the programs vn.n and (vn.n) = (vn'.n') (which are

both common in vpg-calculus) are terms which get “stuck” in the original A\v-calculus. This
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reflects that the identity of the name is known only within its scope. A reduced version of

the syntaz is introduced in Fig. 3.8.

2= Bool | Nm | a— «
2= 0 | Tyz:a | I',n:Nm
c|ln|az| XeM | MM | vnM | M=M

<§’19
|

2= ¢ | n| x| M

Figure 3.8: Syntax of the Av-calculus.

Although pairs, and various primitive operations on pairs are included in the original
paper [46], they are not included here for brevity. The operator name? which checks if a
term is a name is also not included here but performs a check on a term to see if it is a

name.

Definition 36 (Typing rules (Av-calculus)). Av-calculus terms are typed using the STLC
typing judgment T' = M : «, not including the nameset in the typing judgement as in the
vps-calculus. The typing context maps variables to types and names to type Nm. The

typing rules are introduced in Fig. 3.9.

— Fz:ab M:d 'M:¢/ >a THN:d
F,chal—xzavAR FI—)\QJ.M:oz—>o/LAM I'FMN:« hr

— Fn:NmEM:« I'EM:Nm T'FN:Nm
1",n:Nm|—n:NmNAME I'tvnM: « " I'M =N : Bool "

Figure 3.9: Typing rules of the Av-calculus.

The reduction relation for the Av-calculus is based on the CBN STLC reduction rela-
tion, relating two terms M and M’ as M —, M’. A nameset is not required because the

name binder is never deconstructed to create names as in the vpg-calculus.

Definition 37 (Evaluation contexts (Av-calculus)). Evaluation contexts (of the Felleisen-

Heib style [18]) are defined below in Fig. 3.10.
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EM w= [ | €[ M | vn. €[]

Figure 3.10: Evaluation contexts of the Av-calculus.

The first three cases above are as expected for evaluation contexts for the CBN -
calculus and the final case vn.E[-], ensures evaluations occur inside v-binders which does

not occur in the vpg-calculus.

Definition 38 (Reduction rules (Av-calculus)). The reduction rules are introduced in

Fig. 8.11.

OMe.MIN =y, [N/2]M

n=n —), true

vnix.M —»y, Az.vn.M

vn.n' =y, n

vn.n Ay
M —y, N — E[M]—x, E[N]

Figure 3.11: Reduction rules of the Av-calculus.

The first three rules are standard Call-By-Name lambda calculus rules with equality
(adapted to include names). The A-binder and v-binder commute in only one direction
via the fourth rule, which is not permitted in the vpg-calculus. The fifth rule shows the
absorption of the r-binder by a distinct name. The penultimate rule states that vn.n
cannot be reduced further, hence Av-calculus with this rule “fails to satisfy the progress
part type soundness” [36]. Similar to a-convertibility for bound variables a-convertibility
for names ensures bound names can be swapped and specific names are not important.
The final rule states the reduction via evaluation contexts.

The Av-calculus can be extended to model local state with mutable local variables via
an extension of the type Nm to Nm(«), for some type «, allowing the name to map to a
term of type a.

Contextual equivalence in the Av-calculus is defined as for the vpg-calculus. The
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primary difference when compared to vpg-calculus is that in this case because vn.n = vn'.n’

gets “stuck” then the definition clearly falters in some aspects.

Definition 39 (Contextual equivalence (Av-calculus)). Contextual equivalence of two terms
M and N is defined if for all contexts C|-| such that C[M] and C[N] are both closed, then
C[M] =3, true iff C[N] =3, true.

The Av-calculus is proven to be a conservative observational extension of the A-calculus.
There is a syntactic embedding of the Av-calculus in the A-calculus, which uses a de Bruijn
indices style translation to maintain the number of “levels” between the name and v-binder.
This assumes some form of integers in the A-calculus and the embedding. Although simple,

this translation requires a lengthy proof to show the semantics are preserved [47].

3.6 Relating vpg-Calculus and Av-Calculus

The two languages vpg-calculus and Av-calculus are compared in [36], with the vpg-calculus
being translated using a Continuation Passing Style (CPS) translation into the Av-calculus.

To make the formalities easier, both calculi are rewritten in an equivalent big-step
operational semantics and various syntactic alterations are made.

The only alteration to the language in Loschs Av-calculus [36] compared to Oderskys
Av-calculus [47] is that the former now defines vn.n to be a canonical value and similarly
(vn.n) = (vn.n) is chosen to evaluate to true, ensuring type soundness and totality of this
variant of Av-calculus. The later choice of (vn.n) = (vn.n) —), true, must presumably be
matched with a similar choice of (vn.(n = (vn’.n’)) —,, false, however this is not clarified.

A translation from the vpg-calculus to the Av-calculus is introduced using CPS, a
common extension to the standard CBV to CBN translation [53]. This translation is

proven computationally adequate, defined as:

(i) All Boolean typed terms in vpg-calculus and their translation to the Av-calculus

evaluate to the same Boolean constant.

(ii) Two terms of any type that are observationally equivalent (in the vpg-calculus) must
translate to two terms in the Av-calculus that are observationally equivalent (in the

Av-calculus).

The opposite direction translation from the Av-calculus to the vpg-calculus is sketched

(in a similar CPS-form) but not covered in detail in the paper.
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The translations used between vpg-calculus and Av-calculus fails to satisfy full abstrac-
tion, that is: “the target language must not be able to observe more about a translated
term than is possible in the source language”. The two contextually congruent vpg-calculus
programs Af.(Ax.true)(ftrue) and \f.true do not translate to contextually congruent terms
in the Av-calculus as the translation can be distinguished by a context, “this failure of full
abstraction has more to do with the nature of continuation-passing transformations than

with locally scoped names” [36].

3.7 Summary

The rest of the thesis will be work based on the vgg-calculus, which has been introduced
here. The original vpg-calculus is introduced as the primary language discussed in the
literature, however the two languages vgg-calculus and vpg-calculus are proven equivalent.
Numerous proof techniques for proving contextual equivalence in the vpg-calculus are sum-
marised, showing the difficulty that the simple language with names presents. The syntax,
typing, reduction relation, and contextual equivalence are introduced for both of these
languages. Numerous example programs in the vgg-calculus are introduced and reduced
to show the intricacies of the language. Many of these programs will be reasoned about
using the v-logic.

A summary of the Av-calculus is provided which extends the CBN version fo the STLC
with fresh name generation. The relation between the Av-calculus and the vpg-calculus,

as summarised in the literature, is also introduced.
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Chapter 4
Logical Language

The vgg-calculus extends the STLC, hence the program logic for the vgg-calculus (or the
v-logic), is inspired by the A-logic, with the relevant changes to reason about names.

In this chapter the logical language is introduced. The logical syntax is introduced in
Sec. 4.1, with typing of the logical constructs introduced in Sec. 4.2. Two versions of sub-
stitution in the v-logic are introduced in Sec. 4.3, these are inspired by logical substitution
in the M-logic. Two properties of logical formulae are (syntactically) introduced in Sec. 4.4
those are: extension independence and thinness with respect to variables.

The axioms for the logic (also referred to as the the logic of azioms) are introduced in
Sec. 4.5. The axioms are split into their primary logical constructors i.e. equality, restricted
quantification, freshness, quantification over LTCs and evaluation formulae, in that order.

The rules for the logic allow for the reasoning of programs and are introduced in Sec. 4.6.
This logic of rules introduces classes of rules: core language rules based on the programming
language constructors, structural rules and derived rules.

Finally, in Sec. 4.7, a summary of the alternative options regarding the design of this

logic is provided.

4.1 Logical Syntax

The logical syntax for the vgg-calculus builds on the A-logic, with an adaptation of univer-
sal quantification and a new logical operator to quantify over future states with the added
benefit of naming the future state. Fzpressions, ranged over by e,e, ..., formulae, ranged
over by A, B, C, ... and Logical Type Contexts (LTCs), ranged over by I', IV, ', ... , are
defined in Fig. 4.1. The extensions over the A-logic are those of LTCs and the final two

logical operators.
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e n= 2% | e | (e,e) | mile)
' == 0| T4z:a | I'+6:TC
A = e=e| A | ANA | eee=a"{A} | Vz* e (I').A | Vi&.A

Figure 4.1: Syntax of expressions, LTCs and formulae of the v-logic.

Expressions, e, are standard as in Sec. 2.2.2, where constants, ¢, range over Boolean
constants true and false and unit constant (). Names are not included directly in the
expressions and can only be referenced via use of variables. For reasons explained in
Sec. 2.2.2 there is no expression e = ¢’; however, it is sometimes treated as an expression

for brevity (see [EQ|,). The new logical constructs are now explained in detail.

4.1.1 Logical Type Contexts (LTCs)

LTCs extend standard type contexts (STCs) which map variables to types in two ways:
LTCs are ordered, and LTCs also map type context variables (TCVs) to the type TC
(meaning Type Context). TCVs range over §, &, d;, ... and are always mapped to the
new type TC. This type TC is normally dropped as it only applies to TCVs.

A key concept is derivable expressions from an LTC. Syntactically, an expression is
derivable from an L'TC if it is typed by the LTC. Derivations ensure names are not revealed
when previously hidden.

Consider the function Az.(x,n), the name n is derivable from this function. Now con-
sider the function Axz.z = n, the name n can never be derived from this function as it is
deconstructed under a A-binder. Hence, if an LTC contains a variable which represents
one of these functions (and no other occurrence of n), then the values derived from that
function must use n in the form the function provides it as. This means n may occur freely
in the former case, but only in the form Az.xz = n in the latter. In the next chapter, a
semantic definition of a value derivable from an LTC (and a model) will be introduced,
which has a more concrete meaning.

The shorthand notation I'+ 1 represents the LTC " added to the LTC I such that

the order is maintained if I" and I have disjoint domains, formally defined as follows.

r+0 ¥ 1
TC+(z: a+I

IS8
L

€

= (P+z:a)+I

€

)
C+(6+1) < (L+6)+I

!
=
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Definition 40 (Syntactic LTC extensions). Define the LTC I’ as an extension of II' if
there exists some I such that T = T+, The LTC T is then a contraction of .

LTCs are the basis for typing expressions, formulae, triples and LTCs themselves. The
ordering in L.TCs is essential because of the new TCVs. The LTC I'+x : «, means that
x is a value of type «, derived from the LTC to its left i.e. I'. Hence the “#’ for LTCs is
not commutative. In a similar fashion, the LTC T'+4, implies that the ¢ represents some
extension of the LTC to its left i.e. II', hence again the ‘4’ for LTCs is not commutative.

This will become more apparent when the model is introduced in Chapt. 5.
Definition 41 (Actions on LTCs). The following actions on LTCs are defined as expected.

— Mapping variable x to its type in I written IT'(x). The same applies to TCVs, T'(0)

which always return TC.

— Obtaining the domain of an LTC ' written dom(Il'), defined as all variables and
TCVs mapped by the LTC. The codomain is defined similarly and written cod(Il").

— Removal of a variable x from an LTC ' written I'\x maintains the order of the

original LTC. Similarly I'\0 removes the TCV § from the mapping II".

— It is common to require the removal of all TCV from an LTC T written T\ _pcov,

which maintains the order element of the LTC .

— The removal of TCVs to produce an STC is written IU' | _7c and formally defined as

follows.
0l _rc oy
(T+z: «a) l-rc def bore, 7 @
('4+-6 : TC) | _7c © o l-1c

4.1.2 Standard Formulae

Formulae are constructed similarly to those of Sec. 2.2.2 with the standard equality e = ¢/,
negation —A, conjunction A A B and evaluation formulae e @ ¢ = m{A}. Evaluation
formulae internalise triples and express that if the program denoted by e is executed with
an argument denoted by €/, then the result, denoted by m, satisfies A. Since the v-calculus
is strongly normalizing, partial and total correctness are not distinguished. The shorthand

notation from the A-logic in Sec. 2.2.2, also applies here.
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4.1.3 Restricted Universal Quantification

The meaning of Vz® € (II').A is intuitively simple: A must be true for all = that range
only over values of type «, derived from I'. Deriving the values from II' ensures hidden
names in I' are not revealed in . This is achieved logically by ensuring that the restricting
LTC types each expression quantified over. Logical instantiation of a restricted universal
quantification must be an expression which is typed by the restricting LTC (or constructed
out of the variables in the LTC), and hence unlike standard universal quantification which
would quantify over all names (including those which are hidden), the restricted quantific-
ation cannot quantify over hidden names. The name restricted quantification comes from
the fact that the quantification restricts the possible names and terms that the variable
may obtain to those only derivable from the LTC.

Consider the example (x : Nm+4y : Nm x Bool+z : Nm) I- VpN™ € (z+4).A. Then it
is required that p can be instantiated as x or as m1(y) but not as z or ma(y) due to the
restricting LTC: (z : Nm+y : Nm x Bool) typing the former two expressions and not the
latter.

As will be shown later, if the variables in an LTC II', map to values and the name n
only occurs in the mapping to Ay.y = n then n is hidden from these mappings and hence
VaNm ¢ (I).A cannot quantify over the name n at 2. Formalising this requirement is
subtle.

The quantification VaN™ € (). A ensures that x is a fresh name, however this is the only
way of expressing the introduction of a fresh name and thus this cannot be instantiated.
Hence any formula of the form VzN™ € (I').A quantifies over = being a fresh name and
any value derivable from I'. The formula VzN™ € (()).A draws comparison to the nominal

logic constructor “Uz.A”, as both ensure that x is a fresh name in A.

4.1.4 Quantification Over LTCs

The gensym function needs to be reasoned about such that each application of gensym in
any state will produce a name which is fresh with respect to that future state, hence the
requirement to name the state. The modal operator [JA, is often used to expresses “for
all future extensions”, but fails to allow for the naming of the future state. The purpose
of V0.A is to name the future (or current) state using the TCV 4. This TCV can then be
used in LTCs in A. The use of these TCVs must be in the LTCs in restricted quantifiers,
which allows expressions to be derived from the future state.

Quantification over LTCs is similar to modal logic in the sense that it quantifies over
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all future possible states which are now represented by the LTCs (through typing of the
state), but differs from modal logic by assigning the future state to a variable TCV. The
quantifier V4.4 is similar in essence to the hybrid logic formula “0O |5 A” which quantifies
over all future states (in time) using the O modality and assigns that state to a variable §
using s [9, 55]. The LTCs introduced here contain more information than the states used

in hybrid logic, as they can be used to restrict quantification.

4.1.5 Notes On the Logical Syntax

In this logical language, names can never be referred to directly. Names can only be
reasoned about through variables which represent those names. This is similar to how the
vgs-calculus does not allow the programmer to state specific names, only specific variables
that names are assigned to i.e. in let z = gensym() in M the fresh name cannot be referred
to directly, instead the variable x is used to refer to the name.

As a motivation for LTCs, consider the example program let y = gensym() in Az\™.z =
y. The name assigned to the variable y will be fresh and can only ever be used in the
returned function in the comparison to x. For example, every future possible application
of the resulting function from (), let y = gensym() in AzN™.2 = y) | ({n}, A\aNM.z = n)
will never be applied to n itself as it is in a sense “lost” or “hidden” under the equality and
A-binder. Hence the unrestricted universal quantification, if used naively, cannot suffice
to reason about the vgg-calculus as the [LAaMm]|y -rule from Fig. 2.20 (seen below). fails
to hold. This is because the post-condition {Vz®.(B — u e x = m{C})} would include
quantification over all names including hidden names, such as n.

{A*ANB} M :p, {C}

[Lam]x

{A} Ae® M = {Vz*.(B - uex=m{C})}
Hence the restriction placed on quantifiers in this logic to allow us to reason about which
values can be quantified over by introducing L'TCs as a list of variables which can be used
to derive a value.
It may be possible that a more abstract or complex notion of LTCs could be used with
a more mathematically based set of operations to manipulate them, however this was not

required in this case.

4.1.6 Shorthand Notations

The restricted existential quantification is defined using the standard definition as follows.

3o € (T).A ¥ —v2® e (I).-4
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This reads as: there exists a value x derived from the LTC II', such that A holds. This
behaves similarly to the unrestricted existential quantification.

Fresh names are produced by gensym but freshness is not an absolute notion, instead
a name is fresh with respect to something. In the case of programs a fresh name produced
by gensym() is fresh from the nameset in the configuration (see Fig. 3.4). However, in the
logic, freshness is with respect to an LTC (or the names derivable from an LTC). Thus
freshness of the name x relative to the LTC II' is written e#Il" and defined below. Freshness

is used pervasively, hence this shorthand notation.
dﬁf Nm
e#I' = V2" e (ID).e # 2.

Intuitively, e#I" states that the name denoted by e is not derivable, directly or in-
directly, from the LTC II'. Freshness is a variant of a similar predicate in [72] seen in
Sec. 2.2.3, which only states freshness from another expression i.e. e#e’.

The typing in LTCs is often dropped for brevity such that where « is obvious, I'+y : «
becomes I'+y. A further reduction in notation writes I'+6+ 1" as just  +1II'" because
0 represents an LTC which is an extension of I' and thus will contain all mappings in
I', but § does not include any mapping in I'" as I is an extension of §. If types are
obvious in formulae they will often be dropped i.e. e e ¢/ = m*{A} Y ae = m{A} and

vz € (0).A Y va e (I0).A.

4.1.7 Triples

Triples are introduced for the v-logic as they are for the A-logic and Local-logic. The triple
{A} M :, {B} has the standard meaning: if the pre-condition A holds and the value
derived from program M is denoted by the anchor u, then the post-condition B holds.
In this case the program M must now be static syntax, meaning the program contains
no names (4(M) = ), and hence can only reference names via gensym. If names are
included in the programs then they would also be required in the logic, which requires a

more complicated logic.

4.2 Typing of Expressions, Formulae and Triples

New type judgments are introduced to type expressions, LTCs, formulae and triples using
the LTCs as a basis and written ' IF e : o, ' IF IV, T I+ A and T I+ {A} M :, {B}
respectively. The LTC doing the typing (i.e. I in ' IFF) is referred to as the global LTC.
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LTCs are required to be typed by a global LTC, to ensure all LTCs used in formulae (i.e.
Vo € (I').A and z#1I"), are ordered subsets of the global LTC.

Definition 42 (Typing of LTCs, expressions, formulae). The rules for typing expressions,
LTC and formulae can be seen in Fig. 4.2. In all cases the LTC doing the typing (in these
cases ') is referred to as the global LTC.

Expressions:
b € {true, false} - I(z) =«
T Ik b: Bool TCF():Unit TlFrz:a
TlFe:a; TIFe:a TlFe:a; X as
I IF (e, e') s ag x as ICIFme): oy
LTCs:
— Iy I'IFITy II'IFITy

T T+z:allTy+z:a T+6IFTy+6 I | R |

Formulae:
IT'rFe;:a Tikey:a IT'FA; TIF Ay TIFA

I'iFel =eo C'IFA; A A IiF-A

Lie:a o TIFe:ap THz:anlFA
Ll-eee =z2{A}

T T+z:al-A Tl-e:Nm TIFIT I'+6:TCIFA
L Ik vz® € (T').A L I eI II' I-V6.A

Triples:
I'+rA 'l _pc-M:a0 T+m:alb B

T I {A} M -, {B}

Figure 4.2: Typing rules for expressions, LTCs, formulae and triples in the v-logic. In the

last rule for triples, M is static syntax.

The primary novelties are the typing rules for restricted quantification and quantific-
ation over LTCs. Each addition to the global LTC II' must add the variable or TCV as
an extension to the global LTC II', ensuring the order is maintained. This extended LTC

then types the sub-formula which may now use the variables or TCV in LTCs with the



75

assurance they occur in the correct order. For example the following type check fails if
'y = I'+ x4, as this implies ¢ is an extension of I'+x, which is not the case as z is
derived from §. Hence the type check holds if I'g = I'+d+x or any LTC typed by this
LTC (referred to as sub-LTCs).

II' Ik Yo.Vz € (6).Yy € (Iy).A

Definition 43 (Typing of triples). Typing rules for expressions, and LTC are used in
the typing rules for formulae which in turn are used in the typing rules for triples written
II'I- {A} M :, {B}. Programs are typed as in Fig. 3.2 which require an STC to type the
programs, hence the use of I' | _pc, which removes TCV and converts the LTC to an STC,
wn the typing rule for triples in Fig. 4.2.

From now on it is assumed all LTCs, expressions, formulae and triples are well-typed,

and typing will mostly be omitted unless explicitly required.

4.3 Advanced Substitutions

Reasoning with quantifiers requires quantifier instantiation. This is subtle with the two new
logical quantifiers. Substitution of an expression e for a variable x in a formula A requires
a global LTC II" to ensure that substitutions of formulae with LTCs (which contain z) are
well typed by the global LTC, this substitution is written Ale/z]r. Quantification over
LTCs requires the substitution of an LTC II'y for TCV ¢ in a formula A written A[Il'y/d]r
where II' is the global LTC required to maintain the order of any substitution. If the global
LTC is obvious or not required then it is often dropped i.e. [e/z]r o [e/x].

The free variables and TCV of expressions, LTCs and formulae are first defined as

follows.

Definition 44 (Free variables of expressions). The free variables of expression e, written

fv(e), are simply the variables occurring in the expression.

M) =0 A E {2
fu(true) L 9 f((e,e)) X fu(e) Ufu(e)
fv(false) Loy fv(m;(e)) &t fv(e)

Definition 45 (Free variables of LTCs). Free variables of an LTC II' written fv(Il'), are

defined as all the variables of the domain i.e. fv(II") ot dom(I' |_7¢) &t dom(IM\_rcv).

For brevity, if x ¢ fv(Il') then write IT'™".
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Definition 46 (Free variables of Formulae). The free variables of formulae are defined
as those occurring unbound by the anchors in evaluation formulae or quantifiers, with the

formal definition as follows.

fue=¢) ¥ fu(e)Ufu(e) fucoe =mi{A}) ¥ fu(e) Ufv(e’) U (fu(A)\ {m})
fu(-4) ¥ f(a) fu(Vz € (0).4) % (f(A)\{z}) Ufu(D)
f(AAB) ¥ f(A)UR(B) fu(z#T) © A0 U {z)

fu(vo.4) ¥ f(a)

Similar to free variables, a function on LTC and formulae are defined on the free TCVs

as follows.

Definition 47 (Free TCVs of LTCs). The free TCVs of an LTC I' written ftev(Il'), are
simply the TCVs occurring in the LTC as follows.

ftev(0) &y

ftev(l'+2 : o) of ftev(Il)
ftev(D+6 : TC) % frev(ID) U {6}
frev(ID+17) L frev(IN) U frev(I)

An LTCT is closed or TCV-free if ftev(Il) = 0.
The same function is used to define free TCV of formulae.

Definition 48 (Free TCVs of formulae). The free TCVs of formulae are those occurring

unbound by a quantifier over LTCs with the formal definition as follows.

ftev(e =€) e

ftev(—A) LT frev(A)

ftev(A A B) L ftev(A) U ftev(B)
ftev(eoe! =m{A}) & ftev(A)
frev(z#ID) L fev(ID)
fev(Vz € (0).4A) L ftev(A) U frev(I)
frev(V5.A) L frev(A) \ {0

A formula A is TCV-free if ftev(A) = 0.

Before substitutions are defined, it is necessary to define when substitutions can occur
safely. This extends the check in [38], which check that no variable being introduced is
bound by a binder (assuming the typing holds) as follows.

Definition 49 (Expressions free for variables in formula).

Define an expression e-free for x® in A in some LTC IU if the following hold.
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—eisoftypea (T'IFe: a)
— For all occurrences of x in A all variables in fv(e) do not become bound in A.

— If e contains destructors i.e. w;( ) or =, then all free occurrences of x occurring in

any LTC (say IUy) itself occurring in the formula A must imply Ty IF e : a.

The extension to [38] is the final case above, which is introduced to ensure no complic-
ations arise from substituting the expressions containing m;( ) or = into terms with LTCs
in restricted quantification.

Consider the substitution of the expression 7 (y) for some variable x in a formula, such
that the z occurs in an LTC 'y which occurs in the formula. If y occurs in I’y then no
new variables are introduced by this substitution. However, if y does not occur in 'y then
via the construction of the logic, substituting in the expression 7 (y) is not permitted as
it is not a variable, but substituting in the variable y may introduce the other side of y i.e.
ma(y) to the LTC, which extends the LTC beyond its intended reach and has the potential
to introduce previously inaccessible names. Hence the introduction of the definition above
to restrict these forms of substitutions.

Similarly, consider the substitution of the expression y = z for some variable x in the
formula Vp € (I'y).A, such that the x occurs in an LTC II'y. Then two options for the
substitution exist. Either y and z both already occur in 'y or not. In the former case
then the substitution results in the same formula. In the latter case this cannot be a valid
substitution as the expression y = z cannot be introduced into the LTC II'y due to the
construction of LTCs. However, adding both y and z to I'g then allows for names derivable
from these variables to be quantified over for p but these same names are not accessible
from the expression y = z. This substitution however is not permitted as y = z is not free
for x in Vp € (Ily).A as Iy I/ y = 2z hence the justification for the new case is introduced
in Def. 49.

The expressions of the form 7;(e) and e = ¢’ are defined as destructors, as they take
larger typed expressions e and €’ and produce a smaller typed expression either «; or Bool
which means information (primarily about names) is lost. If further extensions to the

programming language are considered the list of destructors may need to be altered.

Definition 50 (Logical substitution of expressions in expressions). The logical substitu-

tion e[e’/x], of expression €' for variable x in expression e, is inductively defined on e as



78

follows which has no restrictions, and no global LTC to type the substitution.

Ole/z] € () zle/z]

le/x]

le/a] € (eile/a], eale/z])
le/a] € m(ele/])

Definition 51 (Logical substitution of expressions in formulae). Logical substitution of e

truele/x] L true Yy

8

false[e/x] 4 false (e1,€2)
m;(e)[e/x
for x in A in the context of I' , written Ale/z|r, assumes e-free for x in A , and is defined

as follows. The first line introduces logical substitution of e for x in I in context of I.

) gor | T s-t. dom(I'y) = fv(e) Udom(IM\z), I I- T, 2 € fv(II")
e/xlr =

I x ¢ fu(IT)

le/xlr = T

le/zlr = F

le/zlr = eile/z] = ese/7]
le/alr € —(Ale/2]r)

le/zlr < (Ale/z]r) A (Ble/]r)
le/alr = eile/a] e edle/a] = m{Ale/alrm} (£ m, m ¢ fu(ID))
le/alr = ee/a)#(I[e/a]r)

le/alr = Vm e (I[e/alr).(Ale/tlrm)  (z£m, m ¢ fu(ID))
(Vo.A)e/zlr < Vo.(Ale/a]irs)

For I[e/z|r, Def. 49 guarantees that if = is in I' and e contains a destructor such as
7;(-) or = then every free variable in e must occur in LTC II'. So this substitution returns
IM"\z as fv(e) C fv(II"\x) is implied by the assumption. However, if e is destructor-free
and z occurs in IV then a new LTC is returned, consisting of the original LTC I with x
removed and the addition of all free variables in e mapped to their respective types defined
and ordered by II'. Clearly if x does not occur in I'” then no substitution is required.
Cases which use LTCs i.e. freshness and restricted quantification both require substitu-
tion of expressions in LTCs as described above, whilst all other substitutions are standard.
The definition of type context substitution of LTCs for TCVs in both LTCs and formulae
are introduced in Def. 53, but first requires first defining when an LTC is free for an LTC

in a formula similar to Def. 49.
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Definition 52 (LTCs free for TCVs in formula). The LTC Iy is free for § in A in a global
LTCT i no free occurrence of any TCV in Iy becomes a bound occurrence of the TCV if
Ty 1s substituted for 0 in A. This requires Iy to be a sub-LTC of II'.

Definition 53 (Type context substitutions). The substitution of 'y for § in I’ in the
global LTC T requires that Iy is free for § in . This requires Ty and I to be sub-LTC's
of . The LTC substitutions are as expected where TCVs can only appear in freshness
and restricted quantification formulae, and are defined inductively for the other logical

constructors as expected. The first line defines the substitution on LTCs.

gef | 1 s.t. dom(I') = dom(I'y, I"\6), ' IF 'y § € ftev(Il)

I 6¢ftcv(]1“’)
TCo/olr & T
FMo/olr < F
=[To/0lr & e=¢
(~A)[To/dlr € —(A[To/0]r)
(AAB)[o/olr % A[Io/6]r A B[To/d)r
(er0e2 =m{ANTo/dlr < e1er = m{AL0/d]rem} (m ¢ fv(Io))
(e#I)[To/olr & e#(I[To/8]r)
(¥m € (I).A)To/dlr < ¥m e (I[To/0)r).(ATo/dlre)  (m ¢ fu(Io))
wr | (90 AL /8]iys) 6 # & (6" ¢ fev(INg))

(V&' A)[ITo/olr =
V4. A otherwise

In IV[ITy /6] if 6 occurs in I then the result is the union of I'\§ and 'y with the
order defined by I''. If § does not occur in I then that LTC is unaffected by the change
in § and hence the same LTC is returned. The V4§.A case requires the cases to guarantee
capture avoiding substitution for LTCs. If 6 = ¢, then § will never occur free in A, hence
can never be substituted for. Otherwise, the substitution occurs as expected with the
condition that ¢ does not occur in 'y, meaning this is a capture avoiding substitution for
type contexts.

In both substitutions, the evaluation formulae and the two new quantifiers (i.e. fresh-
ness and restricted quantification) require the addition of a binding variable/TCV to
the LTC II' to ensure the correct order is maintained in subsequent substitutions i.e.

Ale/x)mym and Ale/x]nys. These additions to the LTC unsurprisingly match the addi-
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tions in the typing rules seen in Fig. 3.2. The global LTC is often dropped for brevity i.e.
Ale/z|r = Ale/z] and [Ty /| i [T'o/0], as the LTC T is only used for ordering and

types, which can be obtained from the global LTC that types the triple/formula.

4.4 Properties of Logical Formulae

In first-order logic, if a formula is satisfied by a model, then it is also satisfied by extensions
of that model, and vice-versa (assuming all free variables of the formula remain in the
model). This can no longer be taken for granted in this logic.

Counsider the formula Vd.3z € (9).(2#I0' A —z#0) typed by 'y = I'+1,. This states
that there exists a name z which is fresh from I' but not fresh from any extension i.e.
J, essentially meaning there is a reachable name in the II'{, part which is not in I'. The
quantification over LTCs requires this must hold for § representing the current state Iy
(and all its extensions). Hence if I'|j has a new variable mapped to a fresh name then
this holds, however I'; = () is a clear contradiction as no name exists in I';. Hence the
formula may hold for I', # 0, but fail if I'j = (). The negation of the formula fails for
LTC extensions and this shows how some formulae may become invalid under contracting
or extension of the LTC in which it is typed.

Fortunately, such formulae are rarely needed when reasoning about programs. However,
in order to satisfy the soundness proofs, a restriction on formulae referred to as extension
wndependence is introduced, ensuring the formulae are stable under LTC extension and
contractions. This is first introduced as a syntactic definition however the formal definition
is introduced later using models.

Sometimes a weaker property is required to ensure formulae preserve their validity
when a specific variable is removed from the general typing LTC. The example I'+x :
Nm+1Ig IF V6.3z € (6).(2#I0 A —2#0) is an example where the x is required if I is all
Nm-free for the same reason as above. This property is referred to as thinness with respect
to a variable.

Syntactic definitions of sets of formulae which obtain these respective properties are

introduced as follows.

Definition 54 (Syntactic classification of extension independent formulae). Define a set
EXTINDgyn, of formulae that are syntactically extension independent, using the following
set of inductive rules. A formula A is defined as EXTINDgy,, written A-EXTINDgyy,, if it

i5 in EXTIND gy, .
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1. T, F, e =€ are all EXTINDgyy,.

2. If Ai-EXTINDgy,, and Az-EXTINDgy,
then ~Ay, AiNAs, AiVAy, A1 = As, uee = ma{Al}, dx € (E/).Al, Va € (E/)Al

are all in EXTIND gy, .

3. If Ai-EXTINDgy,, and 0 ¢ ftcv(Aq)
then V6.A1-EXTIND gy,
and x ¢ fv(Ay) implies Yo.Yx € (6).A1-EXTIND gy

4. Two extra specific cases are:
Vo.f o () = b{b#6}-EXTIND gy,
and Vo.Nz € (9).f ® x = b{b#0+2}-EXTIND gy

This can be used to show e#]l“’(d:ef Vz € (I).z # €)-EXTIND gy, as follows:

(1.) implies z = €-EXTINDgyp,
(2.) and the above implies =z = €-EXTIND gy,
(3.) and the above line implies Vz € (II").—z = ¢/-EXTIND gy,

This is an incomplete characterisation of all extension independent formulae, but
provides a simple method for checking whether a formula is EXTINDgy, and hence this
will later be shown to prove it is also EXTINDg,,,. Given the incomplete characterisation,
this cannot be used to prove non-extension independence. Case 3. could be generalised
further but was not required in any of the reasoning examples.

The EXTINDg,,, definition is similar to the syntactic definition for monotonicity in the
Local-logic in |72], however the meaning is more similar to statelessness from the same
paper. Statelessness implies A = [JA which only ever looks forward however EXTINDg,y,
requires a more complex version of A = [JA to look at previous states.

In Sec. 5.3 extension independent formulae are given a semantic formalisation, and a

proof that EXTINDg,,, formulae are indeed extension independent is given.

Definition 55 (Syntactic classification of thin formulae). Define a set THINgy,(x), of
formulae that are syntactically thin with respect to the variable x, using the following set
of inductive rules. A formula A is defined as THINgy, (x), written A-THINgy,(x), if it is

in THINgyn(x).
1 IfIUIFAand T I 20 a_(Nm,—) then A-THINg,, ()

2. If A=T,Fe=¢, e# ¢ and x ¢ fv(A) then A-THINgy(x)
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3. If A1-THINgy,(z) and As-THINgy,(z) then A1 A Aa, A1V As, e o€ = m{A},
Vy c (El).A1, Hya'(Nmﬁ‘) c (IF1).A1, Ely S (IFl \LfTC)‘Al are all THINSyn(I),

4. If Ai-THINgy,(x) and 6 ¢ ftev(Ay) then V0.A1-THINgy, ()
5. If A;-THINg,,(z) then ¥Y6.¥y® € (T+6).A;°-THINg,,(z)

Thus e#Ig-THINgy, () given e#Ilg Yy, e (ICg).z # e-THINgy, (x) as follows:

(2.) proves z # e-THINgy, () given z ¢ fv(e),
(2.) again and the above implies Vz € (Il'g).z # e-THINgyn ()

This is an incomplete characterisation of all thin formulae and hence cannot be used to
prove non-thinness, but covers all formulae required for the proofs. This definition follows
that of the thinness of formulae in Local-logic in Sec. 2.2.3, adapted to the new logic [5, 72].

In Sec. 5.3.2 the thinness property is formally defined in the model and a proof that

THINgy,(x) formulae are indeed thin with respect to the semantics is given.

The following lemma is required in the soundness proofs, but included here for con-
venience (proximity to the previous definition). For variables x : a3 — a9 and y : a1,
the types ensure z is not of a.(ym,—) type as it contains a function and hence cannot be

formed from the first case of Def. 55.

Lemma 56 ( THINgy,(x) implies THINgy,(y) under certain type conditions).
VI, z 72 y* A T\z,ylF A — A-THINgy,(z) — A-THINgy,(y)

Proof. If a1 € a_(Nm,—) then this clearly holds as A-THINgy,(y) clearly holds by Def. 55.
Otherwise, a1 — az ¢ a_(Nm,—) implies the first case in Def. 55 cannot be used and
thus the definitions are identical if 24172 or y*! are used as I'\z, y IF A meaning clearly
A THINgyn(x) — A THINgy,(y) holds.

O

This fails to hold in the opposite direction as a1 € a-(Nm,—) causes issues in the first

case of Def. 55 in proving A THINg,,(z), but does hold if a1 ¢ a_(Nm —)-

4.5 Logic of Axioms

Axioms and axiom schemas are similar in intention to those of the A-logic seen in Sec. 2.2.2,
but expressed within the constraints of the new logic. Axiom schemas are indexed by the
LTC that types them and the explicit types where noted. The axioms and axiom schemas

are referred to simply as axioms and are introduced here. This is neither a maximal nor
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minimal list, but contains the axioms which are interesting and useful, i.e. those used in
the reasoning examples seen in Chapt. 7.

Some axioms only hold for the types in the STLC, i.e. Nm-free types, written a-ym-
Other axioms use the type a_(ym,—) which are the function free types of the STLC. These

two types are defined as follows.

Definition 57 (Nm free types and Nm and function free types). Define two subsets of
types as follows.

O_(Nm,—) = Unit | Bool | Q_(Nm,—) X ®—(Nm,—)

O-Nm = Unit | Bool | acnm X @cnm | @oNm — QoNm

Bool

A term which is of type a.nm may contain names for instance A\z°°°.n = n’/, however

it will be shown that all a-ym typed terms are equivalent to a nameless term.

4.5.1 Axioms for Equality

Axioms for equality are standard and found in Fig. 4.3, the three axioms (eql), (eq2)
and (eq3) are reflexivity, symmetry and transitivity respectively. Axiom (eq4) allows for

substitution, however there are constraints that e-free for x in A must hold.

IT'Fe=e
TFe=¢ + €€=e
TiFe=ene=€" & e=¢€"

TFAANz=€e <« Ale/z|r

Figure 4.3: Axioms for equality of the v-logic.

4.5.2 Axioms for Restricted Quantification

The axioms for universal restricted quantification alongside the axioms for existential re-
stricted quantification are found in Fig. 4.4.

The axioms (ul), (u2) and (u3) are instantiation, vacuous generalisation (and instan-
tiation), and distribution respectively. These are inspired by (ul)y, (u2)x, (u3) which are
axioms of first order logic.

Axiom (u4) uses 'y IF 'y which ensures that 'y is a subset of I'y. Hence, if y

quantifies over all expressions derived from I['g, then clearly this implies quantification over



ul I+ Va® € (INy). A Ale/z)r Totle:a

u2 A" Vo € (IIy).A™" A-EXTINDgyp

u3 Vo € (Iy).(AA B) (Vz € (INy).A) A (Vz € (Iy).B)

ud Vz € (I0p). A Va € (). A o IF Iy
vz e (0).A a € aenm

C+z+y - a#IU A y#HIU 4
T+z+y - a#HID A y#HIU 42
I Ik vaNm € (). z#T A A vaNm e (). A

I I VaNm € (Ty).aex =e VzNm ¢ (I +a).aez=e Tyl-e:Nm
ul0) II'+a:a — Bool - Vite (M)aef=c = Vf*e (l+a)ae f=c

VNm=Nm c (M) f @ 2 = m{m # y}
VN80l ¢ (). f 0 = m{f oy = n{m = n})

N

(ul)

(u2)

(u3)

(ud)

(ub) vz € (INy).A
(u6)

(u7)

(u8)

(u9)

(

(exl) I+ Ale/zlr — FJre(Ty)ax=enA TFTyand TokFe:
(ex2) ANTz e (ITy).B < dzxe (ly).(AANB)  A-EXTINDgy, Az ¢ fv(A)
(ex3) II'+a+4+I0 IF aeb=c{c=2} — Fa'e My)x=2a {a,b} C fv(Ily)
(exd) T4zl  Wye @).3Nm e (To+y)a=2 — 3Jze(To)z==z

Figure 4.4: Axioms for universal and existential restricted quantification of the v-logic.

all expression derived from II'; given II'; is a subset of I'y. This allows for the reduction of
LTCs in the restricted quantifier. Critically, (u4) is not <> as Iy may quantify over more
expressions than II';, hence the < direction fails.

Axiom (u5) shows how a-nm types can be derived from any LTC as the values of a_ym
type are always equivalent to an STLC value.

Axioms (u6) and (u7) state that if x and y are fresh from I' and each other, then any
function derived from II' cannot contain z or y and hence the right hand side holds, given
these restrictions on f. The axiom (u8) states that the x in VaN™ € (). 4 is indeed always
fresh from any global LTC which types the formula.

Axioms (19) and (u10) are both used in specific cases where the quantifying LTC needs
to be expanded. The axioms hold in specific circumstances. Axiom (u9) requires that every
output of a is some name e allowing the quantifying LTC to be extended with a. Axiom
(u10) requires a to be of type o — Bool meaning it can never be used to output a name, at
best a can be used to compare names, however because the output is always the Boolean

constant ¢, a can be added to the quantifying L'TC.
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Axioms for existential restricted quantification contain two standard axioms (ex1) (the
dual of (ul)) and (ex2) which are inspired by (ex1)) and (ex2), respectively with the addi-
tional requirement that A-EXTINDgy,, in (ex2) to ensure it holds when x is added /removed
from the model satisfying A.

The new axiom (ex3) allows for the introduction of the existential quantifier restricted
to Iy given the evaluation of ab evaluates to some constant x, then if ¢ and b are in II'y
an existential quantifier can be introduced. It makes sense, that if a substitution of e for x
in A holds and 'y types e then there exists an expression derived from the LTC Ty such
that A holds. Axiom (ex3) is a specific axiom, introducing the existential quantification
from evaluation formulae of two variables in II'y which evaluate to a fixed result x which
cannot be a fresh name.

Reducing I in 3z € (I'').A is possible via (ex4) for a specific structure where y is any
expression derived from an empty LTC which equates to either a constant or a fresh name,
however knowing that z = z and x is a previously generated name means even if y is a

fresh name then it is not required in the existential quantifier for z.

4.5.3 Axioms for Freshness

Axioms for the derived freshness constructor are found in Fig. 4.5. The (f1) axiom states
when freshness implies equality, whereas (f2) show instances LTCs can be reduced. The

axioms (f3) and (f4) show instances LTCs can be extended under specific circumstances.

e#Ily

e#Ily

Ctaz+f:a— a(nm) Ik x#I
TIF  e# AVy® € (ITy).A

e#e Lok e€ :Nm
e#T, Ty IF Ty
r#L+f = ao(nm—)

Vy* € (I'g).(e#(I'o+y) A A) y ¢ fv(e)

T L L4

Figure 4.5: Axioms for freshness of the v-logic.

To deconstruct freshness, axiom (f1) states that any expression €', which can be typed
by the LTC I'y to be of type Nm, is guaranteed not to be equivalent to the name at e.
This can be derived from the syntactic definition of e#I'y Uy Nm ¢ (Iy).z # e and the
axiom (ul) instantiating z with e’.

Axiom (u4) and the syntactic definition of freshness gives rise to the Axiom (f2) i.e. if

e cannot be derived from II'g, then clearly any sub-LTC II'y of 'y cannot derive e either.
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Clearly (f2) fails to be «<» as Iy is larger than I'; and hence may reveal the name e.

Axiom (f3) holds due to f being derived from I'+z, meaning no name can be derived
using f and hence neither can the name x. Interactions between freshness and universal
restricted quantification in axiom (f4) states for an LTC II'y which the name x is fresh
from, then any y derived from II'y by definition cannot reveal the name at e, hence the
right hand side of (f4) is obtained. The <« direction of (f4) is derivable from the axioms
(u3) and (u2).

4.5.4 Axioms for Quantification Over LTCs

Axioms for universal quantification over logical type contexts are also similar to those
for the classical universal quantifier except (utc4) and (utch) which extends the restricted

quantifier to any future LTC in two specific cases.

(utcl) I I V6.A — A[l/8|r

(utc2) A7 & VAT A-EXTINDgy,,
(utc3) Vo.(AANB) < (V8.A)A(¥6.B)

(utcd) I - VaNm e (N).A7° « VovzN™ € (I"+6).4 A-EXTIND gy,
(utc5) T I+ Ve c (Maef=c — YoNf € (§).aef=c cc {true,false}

Figure 4.6: Axioms for universal quantification over LTCs of the v-logic.

Axioms (utcl), (utc2) and (utc3) are instantiation, vacuous generalisation (and instan-
tiation), and distribution, respectively, inspired by (ul)y, (u2)x, (u3) which are those of
first order logic.

Instantiation is given by (utcl) taking the global LTC II', which types the formula,
as the LTC to replace the TCV § in A. Axiom (utc2) mimics (u2) where § does not
occur in ftcv(A) (written A~%) hence the quantifier can be introduced/removed assuming
A-EXTINDgyn. The axiom (utc3) allows the quantifier over LTCs to be merged and split
over conjunction A, similar to (u3) but for quantification over LTC.

In the special case where a name z is derived from the global LTC II' then this is
equivalent to introducing a “Vé4.” and deriving a name from § as can be seen in axiom
(utcd). The reasoning behind (utcd), is that on the left hand side, the name z can either
be derivable from II' or be completely fresh and hence on the right hand side, x will be

derivable from ¢ which includes I and any new name which will be fresh from the extension
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to I i.e. 4.

The axiom (utch) is similar to (utc4). It states that if all terms f, derived from the
global LTC, satisfy a e f = ¢ for some Boolean ¢, then any f derived from a future state
also satisfies a @ f = ¢. This axiom is not dependent on the actual Boolean result ¢, only
the fact that af always returns the same Boolean constant. The axiom (utch) allows for
the LTC in a universal quantification to be extended to all future LTCs, if the formula is

of this specific form.

4.5.5 Axioms for Evaluation Formulae

The axioms for the evaluation formulae are similar to those of the A-logic and are introduced
in Fig. 4.7. The axiom (ext) maintains extensionality in this logic for the a.nm typed

expressions and requires the following definition for Ext(ey, e2).
Ext(er, e2) & Va € (0).e1 0 2 = my{es ® & = ma{my = ma}}

The (ext) axiom fails on non-a-nym types. The simple counter example with e; and ey
being the gensym function, then clearly gensym = gensym, however e; @ () = mi{es o () =

ma{m1 # ma}} holds by definition as m; and my are fresh from each other.

(ext) Ext(e1,e2) <> e =172 ¢q (1 = a2) € aenm
(ea) coec =micec =afa=mANA}} & eee =m*{A} «a € anm, a € fu(e, e, A)
(el) eroea=m*{A} Nejoea =m*{B} < e 0e2=m*{ANB}

(e2) e10ea =m*{—A} < —ejees =m{A}

(e3) ecreea =m{AANB} < AANe;ees=m{B} A-EXTINDgyn, m ¢ fv(A)
(ed) e1eea =m{Vr e (')A} + Vre (I).ereea=m{A} m¢fv(l), x ¢ fv(er, ez, m)
(e5) e1 @eg = mA-m=){V5 A} < Vie @eg =m*-Om=){A} A-EXTINDgyp

Figure 4.7: Axioms for evaluation formulae of the v-logic.

All STLC values are included in the variables of a-nm type as stated previously. The
axioms (ext) and (e, ) require a-nm types as these are direct copies of A-logic axioms, thus
ensuring the logic is a conservative extension of the A-logic(See Sec. 6.5). These axioms
may hold for other types but are not required in the reasoning examples.

Axioms (el), (e2) and (e3) are standard axioms from the A-logic with the constraint
that A-EXTINDg,y, in (e3) to ensure the formula holds if m is added or removed from the

global LTC (or model).
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The interaction between evaluation formulae and restricted quantification, and quan-
tification over LTCs, are shown in (e4) and (e5) respectively. These behave as the A-logic
axiom (e4)y, but with more constraints due to the LTC. A clear comparison of (e5) and
(e4), is apparent, with a swap in variable/TCV. In (e4) the restrictions on I not containing
m ensures the LTC is not interfering with the anchor in the evaluation formula, similarly
2 not occurring in eq, eg or m ensures no interference with the quantifying variable with
the evaluation formula.

The additional constraints of EXTINDgy, in (e3) and (e5) ensures A holds when vari-
ables/TCVs are added and removed from the global LTC (or model) which is a book

keeping requirement in the soundness proof.

4.6 Logic of Rules

The logic of rules is now introduced for the v-logic. This allows for the reasoning about
static-syntax vgg-calculus programs using the triples introduced in Sec. 4.1.7. This requires
the logic of axioms introduced in the previous section.

The use of F, {A} M :, {B} indicates that {A} M :,, {B} can be derived from
these rules and the previously introduced axioms, however this notation is dropped where
obvious (i.e. in the rules themselves). These rules are similar to those of the A-logic and
the Local-logic, but suitably adapted to the effectful nature of the v-logic.

All rules are typed following the corresponding typing of the programs occurring in the
triples, but with additions to account for auxiliary variables. These types can be included

or dropped where needed.

4.6.1 Core Rules

The core rules of inference can be found in Fig. 4.8.

One primary difference with these v-logic rules is the logical substitution introduced
in Sec. 4.3 which has no effect on the rules [VAR]|,, [CONST|,, |IF], and [PAIR|,, and a
minor effect on [EQJ, and [PROJ(7)],. The latter two rules substitute for a variable u, the
expressions m = n and 7;(m), both of which cannot add their constituent variables (m,n)
to an LTC without potentially introducing hidden names. Hence, e-free for v in A ensures
all LTCs containing v must also type m = n or m;(u) respectively.

The other difference from the A-logic is the need for thinness to replace the standard
“free from” in the A-logic often denoted A™. Thinness is introduced in the Local-logic and

is also required here for the soundness proof. For example [APP|,, which produces u from
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1 [GENsYM],

{(Alz/m]} 7 om (A} [T gensym u {Vé.u® () = m{m#5}}

- {A} M :, {B} {B} N :, {Clm =n/u|} -

{A[c/m]} c:m {A} {A} M =N 3, {C}

I'+é+z:al- {ANB} M, {C}  A-EXTINDgyn

ITIF{A} Aa®. M =, {Vo.¥z™ € (§).(B > uexz=m{C})} [Lam],
{A} Mo {B} {B} N o {men=u{C}} [Arr] {A} M -, {C]=m/ul} [Ngc]
A A C Moy M

{A} M -, {B} {BiJtrue/m]} N1, {C} {Blfalse/m]} Ny, {C}
{A} if M then Nj else Ny 3, {C}

[TF]o

(A} Moo {B} ABY N oo {Clm,m)/ul} A4} M {Clmim)/ul}

{A} (M, N) - {C} {A} mi(M) = {C}

Figure 4.8: Inference rules of the v-logic. The rule [PrROJ(4)], requires C-THINgy,(m) and
[EQl., [APP|,, [PAIR], require C-THINgy,(m,n). The non-essential LTCs are omitted in

typing and substitutions.

m and n, hence I'+m+n+wu |- C implies that EXTINDg,,, is insufficient, given w is still
required and I'+w is not a contraction of I'+m+n-+wu as w introduced after m and n.
This will be discussed more when the model has been introduced in Sec. 5.3.2 and the
soundness proofs in Sec. 6.3.

The rules [VAR|,, [CONST],, [EQ|,, [APP]|,, [NEG],, [IF],, [PAIR], and [PROJ(7)], are
those of the Local-logic with the changes discussed above regarding logical substitution
and syntactic-thinness and are not discussed further.

In the post-condition of the [GENSYM], rule, u @ () = m{m#4} indicates that the
name produced by u() and stored at m is not derivable from the LTC 4. If there were
no quantifications over LTCs prior to the evaluation, m could at most, only be fresh from
the global LTC which types the formula. However, the freshness of the name produced by
u() must hold in every future typing context in which the evaluation occurs. To ensure
freshness in future LTCs (or states) quantification over LTCs, “Vd.”; is introduced, thus
quantifying over all future names derivable from the future state. Placing he quantification

over LTCs prior to the evaluation of u() ensures that instantiating the ¢ cannot include
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the anchor of u() which ensures m#m cannot be derived. Elsewhere in reasoning it is key
that the post-condition of [GENSYM], is EXTINDg,, and hence holds in all future and past
LTCs assuming the anchor for gensym is present. This ensures application of gensym in
any context produces a fresh name each time it is applied.

Rules for A-abstraction [LAM], in the A-logic universally quantifies over all possible
arguments. This needs to be restricted in this logic as hidden names should not be quan-
tified over. The corresponding v-logic rule [LAM|,, refines this and quantifies only over
current or future values that do not reveal hidden names. A key example for this is the
term let x = gensym() in Ay.z = y, which contains the name stored at x, but can never
use the name as it is hidden under an equality. Hence reasoning about this program (See
Ex. 29), initially quantifies over all future LTCs which includes x. However, in removing
the quantification over z, this allows for the derivation that the function always outputs
false.

Comparing the two LTCs typing the assumption and conclusion of the [LAM]y rule,
implies ¢ is an extension of I' and z is derived from I'+¢J. Hence the typing implies
precisely what is conveyed in the post-condition of the conclusion: “¥é.Vx € (J).”. The
introduction of the formula B allows for the introduction of constraints on 6 and x. Re-
quiring A-EXTINDg,,, implies A still holds in all extensions of I including I'+6+x. The

evaluation formula part is trivial when ((Az.M)z) =G M is considered.

4.6.2 Structural Rules

The structural rules are found in Fig. 4.9.
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A=A {AYM:,{B} B —-B {A} M, {B} C-EXTINDgyy,
(A} M -, (B} (el [(ANCYM - {BACY
{ANB} M :,, {C} B-EXTINDgy, {A} M :, {B— C} B-EXTINDgy,
(A} M o {B = C} o {ANBY M ., {C} o
{A} M 2 {B} {A'} M :, {B} {A} M 2 {B} {A} M :, {B'}

[V-Pre], [A-Post],

(AVA} M, (B} (AY M -, {BA B}

I'l-{A} M =, {B} A, B-EXTINDgy,
T4zl {A} M~ :, {B}

[Weak(z)]w

L+ IF{A} M i, {B} A, B-EXTINDgy,
T+6+I IF {A} M -, {B}

[WEAK(S)]w

Figure 4.9: Structural inference rules of the v-logic.

The [CONSEQ], rule introduces the logic of axioms to the logic of rules. This rule is
identical to [INVAR],.

The [INVAR]|, rule extends the [INVAR]) rule with the constraint that C-EXTINDg,, to
ensure C holds in the extension where m has been assigned. The [A —|,, [—= Al., |[V-PRE|,
and [A-PosT|, rules are lifted directly from the A-logic, with the addition of B-EXTINDg,y,
required in the first two. These are standard rules and allow for the manipulation of
standard predicate logic constructors via rules.

The [WEAK(x)], and [WEAK(J)], rules are only used in the soundness proof of the
derived [LET|, rule and hence also the [LETFRESH], rule introduced in the next section.
The |WEAK(z)], rule allows for the addition (or removal depending on perspective) of
variables as an extension to the LTC that types the triple assuming both pre- and post-
conditions are EXTINDgy,, and do not contain the variable being added. The [WEAK(J)],,
rule allows for the addition (or removal) of a TCV to the LTC that types the triple in any
location, assuming the pre- and post-conditions are EXTINDg,,, and do not contain the
TCV in an unbound state. Both rules are introduced specifically for the derived rules in

the following section and no applications in any reasoning examples have been found yet.
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4.6.3 Derived Rules

Two rules are introduced that are useful in reasoning about examples but are derived from

the previous rules, these are introduced in Fig. 4.10.

{A} M =, {B} {B} N, {C} A,B,C—EXTINDgy,
{A}let m =M in N :,, {C}

[LeT],

{AANm#I'} M -, {C} A,C-EXTINDgy,
{A} let m = gensym() in M :,, {C}

[LETFRESH],

Figure 4.10: Derived inference rules of the v-logic. In both |LET|, and |[LETFRESH|, the

requirement that C-THINg,,(m) is required.

The STLC’s [LET] rule can be written to introduce x in the post-condition by means of
an “dx.C”. This fails here as  may be unreachable, hence not derivable from any extending
or contracting LTC. The requirement that C-THINgy, () ensures x is not critical to C so
can either be derived from the current LTC or is hidden. Thinness ensures no reference to
the variable m is somehow hidden under quantification over LTCs.

The [LETFRESH]|, rule is commonly used and hence included for convenience, but it is
entirely derivable from the other rules (|[LET|, |GENSYM|,, [CONST|, and [APP|,) given
the triple ' I {T} gensym() :,, {m+#I'} proven in Ex. 24 in Chapt. 7.

Given the translation in Sec. 3.3, (vn.M)) pitts—as “etn = gensym() in (M) pitts—Gs,

then [LETFRESH]|, is essentially the inference rule for vn.M.

4.7 Alternative Design Choices

Some alternative design choices for the construction of the program logic are introduced

here and discussed briefly.

4.7.1 gensym as a Constant in the Logic

When designing a program logic there is a balance between what is placed in the logic of
axioms and what is placed in the logic of rules. For instance the expressions ,(e) and
(e, €’) could be placed into the formulae in a form of pair constructors and pair destructors

which would require axioms and rules which allow for manipulation of these formulae.
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Similarly the evaluation formulae could be expressed as an expression with a different,
more complicated, yet equally powerful, set of axioms.

When considering the construction of this logic, various alternatives were considered.
The primary alternative involved including gensym as a constant in the expressions and
then letting the derivation of freshness stem from the axioms. Primarily the axiom of the
form “Vo.gensyme () = m{m+#d}” would allow for the derivation of [GENSYM]|,, harnessing
the power of the [App], rule. However, this made the other definitions more complex
such as substitution and requirements on some of the other axioms to be more restricted
to account for the expression gensym. Using gensym as a constant is not expected to
strengthen or weaken the logic, but it is expected to make the applications and proofs less

ntuitive.

4.7.2 The Use of LTCs

The reason for the introduction of LTCs is not obvious. A list of names in place of LTCs
is insufficient, as it fails to quantify over hidden names. A list of expressions in place
of LTCs contains no structure, hence reasoning is difficult, in particular substitution and
instantiation. In both these cases, the concept of extensions also becomes less apparent, as
extensions cannot be referenced within them so clearly. The need to quantify over future
states, means the LTC must be able to refer to the future states by name (or TCV). This
ensures L'TCs must include TCVs and the ordering of the LTC ensures this happens in a
formulaic manner. This accumulates to a single form of LTC with a dual purpose, both

typing the logic and used within the logical formulae.

4.7.3 Separating “Derived” and “Quantification”

The common use of the mathematical symbol “€” is used to mean an element of a set.
Universal quantification often uses this by default as “Va € S.A” to mean for all elements x
in the set S then A holds. This can be separated to mean “Vax.xz € S — A” where “x € 57
checks whether z is in the set S. A similar separation could be introduced in the v-logic
such that Vo € (II'). A becomes “Vz.x € I' - A” where “z € I'” does not represent “element
of” but instead “derived from”. It is not known if the logic for splitting the “derived from”
can be generalised in a succinct form. However, the full power of this generalisation was

not required for reasoning about names in this logic.
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4.7.4 Syntactic Characterisations of Properties of Formulae

The definition of THINgy,(z) is not a complete list of all thin formulae however it covers
all cases required in the examples reasoned about. A more complete definition would be
useful such that the syntactically thin and semantically thin formulae, introduced in the
next chapter in Def. 78, match precisely. However, this seemed to be a complicated task as
the non-thin formulae are not common and no pattern was found when constructing these

non-thin formulae.

4.8 Summary

This chapter introduced v-logic. The logical syntax is introduced with the primary novelty
being the introduction of the ordered LTC, with a new mapping of TCVs representing
extensions of type contexts. LTCs are used in the logical syntax to restrict the expres-
sions (and thus names) which can be quantified over in the new restricted quantification
constructor. This new constructor builds on the inability for the language to reintroduce
hidden names, which do not have a reference, out of thin air. The quantification needs to
derive values from a set of other values, i.e. the LTCs. A new quantifier over all future
type contexts is introduced, with the ability to name the future state using TCVs.

Relevant changes are made to substitution to satisfy the new constructors. Syntactic
properties of formulae are introduced to ensure the certain requirements are held in the
soundness proofs in later sections. The logic of axioms and rules are introduced to allow
for the reasoning about vgg-calculus programs.

Certain choices made throughout the construction of the logic are introduced and dis-

cussed to show the motivation behind certain aspects of the logic.
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Chapter 5

Model

The soundness proof for the A-logic requires a model which maps variables from the typing
context to closed values, as seen in Sec. 2.2.2. This approach is built upon here for the
program logic for the vgg-calculus, introduced in Chapt. 4, which will be used for the proof
of soundness in Chapt. 6.

The model is defined in Sec. 5.1 with the interpretation of expressions introduced in
Sec. 5.2 and the semantics of formulae and triples introduced in Sec. 5.2. The definitions of
syntactic extension independence and syntactic thinness of formulae introduced in Sec. 4.4
are given semantic definitions in Sec. 5.3. These are specifically required to ensure that
the soundness proofs hold.

Using these definitions, core lemmas are introduced in Sec. 5.4 which are used through-

out the soundness proof in the next chapter.

5.1 Defining the Model

The model required to prove the A-logic sound is typed by the standard type contexts
(STC), which are unordered maps from variables to closed values, of the type given by
the STC. Whereas any closed value in the STLC can be written by the programmer, the
vgs-calculus does not have this luxury. Consider the simple example of a particular fresh
name n, the programmer cannot mention this name directly as the only tool to reference
names is the gensym operator which by definition will not produce the desired fresh name n
if it is in the nameset. If the name n appears in the model then using the relevant variable
could allow this name to be accessed. However the name may appear in the model in
an unreachable form, for instance if the name only appears in the term Az.z = n, then

without any other access to the name n, the name n cannot be reproduced. This means
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this function will never be applied to n, meaning the function is equivalent to Ax.false, this
is not the case if n is accessible as (Az.z = n)n returns true.

In the v-logic, future states are mentioned using Vd.A which could be modelled naively
as the addition of any mappings to the model. However, consider the example above:
(Ax.x = n). Where n does not appear elsewhere in the model, this means the function is
equivalent to Az.false. If the name n is added to the model in some extension, then this
equivalence no longer holds. For this reason the model is now based on the Logical Type
Contexts which now contain Type Context Variables (T'CVs) and an inherent order. This
now places a restriction on the possible model extensions, by stating that for any value
added to a model, it must have been derived from the model it is being added to. By
definition, this restricts the example above where n cannot be added to a model if it only
appears hidden in the model, for example in Az.x = n. This is formally defined as follows.

Models now map variables to closed values, and TCVs to closed LTCs, i.e. TCV-free
LTCs. If TCV were to map to an open LTC, then a secondary(or more) call to the model
would be required to close the LTC. This is similar to the requirement of models mapping

to closed values

Definition 58 (Model). A model is a map from variables to closed values and TCVs to

closed LTCs.
E = 0| &x:V | £6:T

where V and ' are closed

Key functions on models are as expected and defined as follows. The domain of the

model £ written dom(§) contains all variables and TCVs that are mapped by the model.

Definition 59 (Model assignment). Use £-z : V as the assigning of a value V' to variable
x in the model £, where x ¢ dom(&). Similarly £ - : Ty means the assignment of LT'C Ty

to TCV 6 in the model £ assuming 0 doesn’t occur in &

Definition 60 (Model mapping). Define the value obtained by variable x in a model, £, as
&(x) or by a TCV, 0, in model & as £(0). The result is either a closed value (i.e. contains
no free variables), or a closed LTC, I' (i.e. contains no TCVs).

Whereas in most formalisations, the removal of a variable, z, from a model, £, is simply

“the removal of that variable”, this needs clarification in this logic due to the TCVs.

Definition 61 (Model variable removal). Removing the variable x from the model & written

E\x: removes x from the mapping of variables, and from any LTC U, mapped to by a TCV
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in the model, written I'\x. Both {\x and I'\z are formally defined as follows.

Q.
[¢]
n

Ne < 9 Ne = 0
€z Vo\r € fa (T 4z a)\e & Ty
€y Ve E (E\a)y: Y, T4y op\e E (M\a)+y : ay
(€-6:T)\e € (E\a)-0: ()\a) (T +6: TO\e & (I'y\z)+0: TC

The final case above, (I'1+9 : TC)\z should never be used as £ - 0 : I'; requires I'y to
be closed and thus TCV-free, however it is included here for completeness.

The standard T'\x holds as the standard removal of the variable x from the STC T.

Definition 62 (Term closure).
The closure of a term M, by a model &, written ME, assuming fv(M) C dom(§) is defined
as standard with the additions, gensymé def gensym and n§ e This is defined in full as

follows.

g = &)
€ = ¢ c € {(),true, false}
Ox e 0 aa(M(E\))

)6 = (ME)(NY)

) = letx=MEin N{\x
(M =N)§ = M¢=N¢

)6 = m(ME)

)6 = (Mg, N¢§)

(if M then Nj else No)¢ = if ME then Ni€ else No&
(gensym)§ = gensym
né = n where n is a name.

Clearly TCV are not required for term closure hence: ME\_roy = ME = M(E-6 : V)
holds for all 5 and .

Term closure can be thought of as the environment in which terms are run. Term
closure replaces the free variables by values that have previously been produced and stored

in the model, hence the following lemma holds trivially.

Lemma 63 (Closure equivalent to substitution). Closure can be interchanged with substi-
tution: M(§-xz:V) = (M[V/x])¢
Proof by induction on the structure of M.

Similar to the operation on LTCs to remove all TCVs \_pcy a similar operation on

models is defined.
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Definition 64 (Removing TCVs from a model). The removal of all TCVs from a model

&, written E\_rov is defined as follows.

M\ -rcv e
E2:V\_rov ¥ (@ _rev) iV
(€ 8:T)\_rov & &\ _rov

The &(-) function for terms in Def. 20, is extended to models.

Definition 65 (All names in an environment). All names that appear in a model & written
3(), is a function defined as the union of all names in the codomain of the model as follows.

Here X ranges over variables and TCVs.

Xedom(X)

For all LTCs, 4(I') = 0 ensures &(§\—rcv) dof a(¢).

In the A-logic in Sec. 2.2.2 a model was typed by a type context. This required every
variable in the type context to be mapped by the model to a closed value of the type given by
the type context for that variable, i.e. &F = dom(I") = dom(&) A Vz € dom(I").£(x) : I'(x).
This new model for the vgg-calculus extends this idea to use LTCs as a basis. Conceptually
a model is typed by an LTC if the model values match the LTC types for each variable
and for any TCV in the LTC which appears as I'g+9, then the model maps § to an LTC,
which is a subset of I'y. This if formally defined as follows.

Definition 66 (Typed model). A model £ is typed by an LTC I, written I' I+ £ if it can

be typed using the following rules. If IT' |- & then for brevity this is written as L.

- The 0FV:a Tlée Ty,
OIFo T+z:alké-z:V TH+oIFE-0: Ty

It is important to note, in a model €T, that all variables in dom(I") are mapped in the
model. This definition of typing ensures that for any model €T+ then 2 ¢ dom(£(6))
which guarantees that the order of the LTC is “maintained” in the model.

In a similar fashion to the interpretation of expressions by a model in the A-logic

(Def. 13), the LTCs in the v-logic are interpreted by a model.

Definition 67 (Interpretation of LTCs). The interpretation of an LTC, Ty in a model
€T, written [Tole, outputs an (unordered) STC which is used to type programs. This is
defined as follows, assuming I IF IT'y.
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Interpretations of LTCs produce STCs which can be used to type terms, hence the
typing judgment [II]¢ - M : « is often used.

Given a particular LTC and a model, it is desirable to consider which values can
be derived from these without the external introduction of names, in particular which
names are present and from those which are reachable or hidden. Consider the model
& =z : Az.z = n, and the values which can be derived from &;. Clearly the derived values
from &; cannot contain the value n directly, as any use of x will never return n. However,
it is possible that a value A\f.(fn’ = (Az.z = n)n’) is derived from &;. This value uses n
but only under the Az.z = -, i.e. the manner in which it occurs in &;. It is precisely for
this reason the concept of derivation is introduced. A more complicated example is the
model & = x : Az.if z = n then ny else ny -y : Vme, which has two possibilities when it
comes to the use of name ni. If V,, = n then clearly the term zy evaluates to ni, however
if Vi, # n then clearly no combination of x and y can possibly return n; and hence ny is
hidden. Hence it is the combination of the LTC and the model which allows us to define

derivation of a term as follows.

Definition 68 (Value derived from an LTC and model). Deriving a value V' from a term

M typed by an LTC IU' and model & is written M []1;,95] \%4

[T7 g] def
od =

M 1% dM)=0 A [T]etM:a A (&8),ME) I (4¢),G, V)

The values which an LTC can derive are called the reach of the LTC in a given model.

Derivations of values from LTCs take inspiration from programs which cannot access
names without prior generation and using only the variables and names which are accessible
to them and not those which are hidden. For example, (M, let x = M, in let y = M, in M)
can use the M, and M, using  and y in M, but cannot use the My in M, as there is
no connection between the two elements of the pair. This idea is extended to models
in the next definition. Consider the program let x = M, in let y = M, in M, where
let y = M, in M may use x in the term, then consider that M may now use both z and y,

where now it is clear that M, is derived from z.
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Definition 69 (Singleton model extension). The model £ is a single point extension to the
model ¥, written & < &, if it is an addition to € at a single: variable mapped to a value
derived from &, or TCV mapped to an LTC, which is a subset or equal to I'. Formally

U < ¢ is defined as follows.

U se © Ty ME M, SV, A ETe =€y,

v d6,Ty. Ty A IF()EIFO\_TCV AN E=E-6:T

¢

In the definition above, the first case ensures that values are derived from the previous
model, ensuring that no names which appear hidden in £ appear reachable in £’. The latter
case ensures the LTC added is an ordered subset of the initial type context meaning no
new mappings are introduced and ensures the LTC is closed so cannot contain TCVs. By

definition ¢ ¢ dom(I") is guaranteed.

Definition 70 (Model extension). The transitive reflezive closure of the singleton model
extension < is written <* such that the model §(I)FO 1s extended to the model §,]§F’“ is written

&o <* & and is defined as follows.

Gt =6 Vox& V Tb1 b G S &

The model & is defined as a contraction of & if & <* &. Contractions are the dual of

extensions.

Although a typed model ¢I' means the domain of both the model and the LTC are
identical, the LTCs used in the logic of the form I'o+ ¢ are intended to express that ¢
is any future extension of II'y. This motivates the next definition which is introduced to

construct a model from the LTCs used in the logic.

Definition 71 (Well constructed model). A model £ is constructed by an LTC T, written

> ¢, if any TCV represents a model extension, formally defined by the rules that follow.

- Toe amem™v  SgTee A &< e A T =T\ _rov

D0 T+x:avé-x:V T+o>&-6:1

A model €U is defined as well constructed if there exists an LTC I such that TV > €.

Well constructed models relate the LTCs used in the logic to a model and ensure that
all TCVs in the LTC (from the logic) map to type contexts which represent a future LTC.
Well constructed models ensure all names in values are either fresh, or occur in the
form in which they were accessible in the previous model. This restricts the reintroduction

of a previously hidden name, yet allows them to be used in their hidden form. Consider
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the example above in the context of models: let & = x : Az.if z = n then ny else ny then
n1 would become reachable if y : n were a valid extension to & however the requirement
of well constructed models ensures that & £* & -z : n in this case. It is worth noting that
even though & #£* & -z : n, it is the case that y : n <* y : n-xz : Az.if 2 = n then ny else no.

For any model &, constructed by an LTC II', the type of the model always types the

LTC which constructed it, hence the following lemma is introduced.

Lemma 72 (LTC model construction implies sub-LTC).
VIL,ETe T — Tyl
Proof. Trivial given the manner in which models are constructed in Def. 71 O

All future models in this thesis are assumed to be well constructed unless otherwise

stated.

5.2 Semantics

To interpret the triples in the model it is first necessary to interpret the formulae in the
model which in turn requires the interpretation of LTCs defined in Def. 67 and expressions.
These are all defined in the following definitions.

The expressions in the v-logic are a subset of the terms of the v-calculus in Fig. 3.1. As
such, expressions could be interpreted by the model simply by the closure of the expression
by the model as in Def. 62 (i.e. [e]c = ef). However, to maintain the style presented in

the literature, interpretation of expressions is formally defined below.

Definition 73 (Interpretation of expressions). The interpretation of expression e in a

model €U, written lele, is given by the following clauses, assuming I' I+ e : a.

[c]
[2)e & ¢(2)
]
]

¢ = ¢ c € {(), true, false}

823

[{e;eNe = (lele, [€]e)
def
[ri(e)le = mi(lele)
Formulae are given semantics using the well constructed models based on the semantics

of the A-logic and the new concept of models.

Definition 74 (Semantics of formulae).
The semantics of a formula A in a well constructed model £¥, written € = A, is defined
inductively on the structure of A as follows. The derived formulae are also defined for

convenience.
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~

—tEAT@)e/ar & addom(@) A AV.e SV A €2V An)

— & A" (x)[e/x]r e dom(¢§) A Va'.a' ¢ dom(§) — £ = A(x)[e/]r

By definition, all models on the right hand side of Def. 74 are well constructed models, as
all additions are closed values or closed LTCs derived from the initial model, and extensions
of the model £, as defined in Def. 70.

The semantics of the previous definition are discussed in more detail here.

e = ¢’ Uses the contextual congruence from Def. 29, to equate the interpreted expressions

using any names in the model, including the hidden names.
—A and A A B These are both standard definitions.

eee’ =m{A} Given &(ee’) = ) (see Def. 20) and II" IF ee’ : « by the typing rules in Fig. 2.16 then
ee "y oo (8(¢), [elele’le) ¥ (G', V) hence this is the standard semantics for
evaluation formulae. Termination is guaranteed, hence the existence of such a V is

guaranteed, meaning this condition is often dropped.

Vz® € (II").A This quantifies over all values of type o which are derived from the LTC I and
the model used to satisfy the formula. This definition ensures £ - x : V is a well

constructed model of € by definition.

Vd.A This quantifies over all possible extensions of the initial model. The LTC which types
the extension is then assigned to the TCV. Models must map TCVs to closed LTCs

hence the TCV-mappings are removed prior to assigning the LTC in the model.
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The derived semantics:

x#I0y The freshness formula is syntactic sugar for Vz2N™ € (I'y).z # x, and the semantics

of the two formulae are equivalent.

Jz* € (I').A This is dual to Va® € (IIV).A i.e. equivalent to —-Vz® € (I'').~A and this can be

proven using the semantics using the F.O.L. axioms in the meta-logic.

A7*(x)[e/x]r This case splits into two, dependant on whether = occurs in dom(&) or not.
If x ¢ dom(&), then evaluating e and assigning the value to the substituting variable
must satisfy A.
If z € dom(€), then the x variable is a-converted to an unused variable then proceed

as above.
Finally the semantics of triples can be defined.

Definition 75 (Semantics of triples). A triple is modelled by a well constructed model €%

as follows.

e Ma B ¥ cea 5 3vr™Iv A comvEB)

Programs in Hoare triples must be static syntax, meaning for any triple {A} M :, {B}
then (M) = 0 and the typing requirements ensure [II'|¢ = M : « hence by Def. 68 then
a Vo« (8(§), M) U (8(€),G, V). All well typed terms are terminating in the
vgs-calculus so the existence of such a value V' is guaranteed and is often dropped in the
soundness proofs for brevity.

Triples must be well typed by an LTC which can be used to construct a model via
Def. 71 and if the triple is satisfied under all such models then this is defined as being a

valid triple.

Definition 76 (Valid triple). Let I' IF {A} M :,, {B}, then the triple {A} M :,, {B} is
valid, written |= {A} M :,, {B} if the following holds.
(T IF{A} M :, {B} —)
def
={A} M, {B} € V&0 T — &= {A} M, {B}

In the definition above, variables occurring in dom(§p)—dom(II') cannot occur directly in

the triple, but they may still be used in the semantics of the formula via the Vd.-constructor.
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5.3 Semantics of Extension Independence and Thinness

The definitions of syntactic extension independence (EXTINDg,,,), and syntactic thinness
with respect to a variable ( THINgy,(x)), are introduced in Sec. 4.4. Semantic versions
of these definitions are now introduced with the intention of representing these properties
within the semantics. It will later be required to prove that the syntactic definition implies
the semantic definition for each. These properties are clearer when defined using the model
as they originate specifically from the requirements of the soundness proofs. The semantics
and idea of extension independence and thinness are similar respectively to statelessness

and thinness found in the Local-logic in Def. 18 with slight differences to be discussed.

5.3.1 Semantic Extension Independence

To prove the v-logic sound it is often required that certain formulae that are satisfied by
one model are satisfied under any extension or contraction to that model, defined below

as semantic extension independence.

Definition 77 (Semantic extension-independent formulae). Formulae that are semantic-

ally independent of extensions, written EXTINDg.,,, are defined as follows.

A-EXTINDsem ©f T A

S VEE. ThE A EE
S (A & EEA

The dual of EXTIND e, 1s that the semantics of the formulae do depend on the extensions.

The requirement that £ and & are well constructed models by virtue of being extensions
of one another, ensures that if a formula holds for a model, it also holds for all extensions
and contractions, assuming the typing holds. This differs from the statelessness property
in Def. 18 for the Local-logic which only proves the formula must hold in future states. The
contraction part of the definition is required in the soundness of rules such as [WEAK(z)],
and [WEAK(6)],.

Although all formulae used in the reasoning proof are EXTINDgey,, there are formulae
which are not. An example of a formula that does not maintain its validity under model
extensions/contractions is one which depends on how many names exist in the current
model, e.g. V8.32N™ € (' +6).(x#I0 A —2#IT +6) for some I'. This example intends to
capture the existence of a name at x which is derived from the extension § but fresh from

I but not fresh from § itself. Consider the simple model & = 2 : n then the following
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holds as x can always be instantiated as z : n.
¢ = V8. 32N™ € (8).(x#D A ~z#0)

However, §? <* ¢ holds, as do the type checks, but the model fails to satisfy the formula.
0 B V6.32N™ € (8).(z#0 A —~z#d)

This is because the instantiation of V4. via (utcl), with the empty LTC @, results in the
formula 3zN™ € (0).(x#0 A —2#0) which is clearly a contradiction.

More complicated examples of non-EXTINDg,, formulae exist, however it is not clear
if these formulae can be constructed from the axioms and rules hence the requirement
that all formulae are indeed EXTINDge,, in the soundness proof. To prove EXTINDgem,
of formulae, a subset of all possible EXTINDg,,, formulae are defined in Def. 55, and in

Lem. 112 it is proven that these EXTINDg,, formulae are indeed EXTINDgepy,.

5.3.2 Semantic Thinness with Respect to a Variable

Certain proofs in Chapt. 6 require the ability to remove a variable from the model and still
satisfy a formula. In this case it is assumed that the model is well constructed both before
and after the variable is removed. The syntactically thin formulae defined in Def. 55 are
a subset of all thin formulae if thinness is considered with respect to a specific variable

defined as follows.

Definition 78 (Thin formulae with respect to a variable).
Define a formula A, as thin with respect to the variable x, written A-THINgen, (), as the
potential to remove the variable x from the model and still satisfy A. Formally defined as

follows.
VI Tz lFA A 2% € dom(Il)

%
A THINgep(2%) <> VETE — EFA — Sz EA
(Assuming E\x is a well constructed model)

Lem. 113 proves syntactic thinness implies thinness from Def. 55 and Def. 78 respect-
ively with respect to the same variable.
5.4 General Lemmas Used in Soundness Proofs

General lemmas are introduced here to simplify the later proofs in Chapt. 6. For brevity,

sometime M | V is used in place of (§(M), M) | (G', V).
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5.4.1 Lemmas Regarding Function and Nm-Free Types

The following lemmas are regarding a_(ym,—) (name and function free) types introduced
in Def. 57.

The following lemma confirms a.(ym,—) typed values contain no names.

Lemma 79 (Function and name free typed values are name free).
V V-value. DEV i o nm—y) — (V) =10

Proof. Assume some value V' such that () = V' : a_(ym,—) and prove that &(V) = () by

induction on the structure of values of type a.(ym,—), as follows.
— «a = Unit implies V' = Unit so this clearly holds.
— «a = Bool implies V' = true or V = false so this clearly holds.

— = Qo (Nm,); X O=(Nm,—), then V' = (V1,V5) and by LH. assuming
— Q(Vl) = @

g 8(Va) =10

then clearly 8((V1,V2)) = 48(V1)U&(V2) =0

YV Vi-value.0 - Vi - Qo (Nm,—);

V Vo-value.0 = Va : o (nm,—)

O

The previous lemma implies that the closed function and name free type values are
also terms which can be typed by any type context, hence the following lemma. Let =,

mean syntactically equivalent (which by definition implies contextual congruence).

Lemma 80 (Function and name free typed values can be derived equally from any LTC).

[0, €

- _ T,
\V/]I_—‘7€]1_‘7H_117Va-(Nm,—>)_I[‘||— IFl — (3 M(‘))‘ (Nm,%). MO Voo 3 Mfé (Nmyﬁ>'M1 [ «1/95]

V)

Proof. Holds as V' is always a suitable name free closed term i.e. My =4, V =4, M; always

holds as (V) =0 A 0FV :a_(nm—). O

From the previous lemma it is clear that when deriving a value from an LTC, that
function and name free typed values can be included or excluded from an LTC as the
variable in the term can be replaced by the function and name free typed value mapped

by the model to produce the same value.

Lemma 81 (Function and name free typed values don’t extend reach of an LTC).

[, £

I = (Nm,—)s
Vo, €70 n. Do Ik T4y : aopum, ) — (3 MN™M " n 5 N gy e d

n)
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Proof. Clearly holds from Lem. 79 and Lem. 80 so no names are added to the LTC. OJ

Lemma 82 (Function and name free typed values can be added and removed from the

TCV mappings and model equivalent formulae).
VI, &8 A T(z)=a nms) — (6T EA < £6:(T\z) E A)

Proof. Assume some II', ¢1') A such that 2 € dom(Il') and II'(z) = @ _(Nm,—) and prove
(£-6:T"EA < £€-6: (I"\z) E A) by induction on the structure of A considering the
possible occurrences of TCVs in formulae as follows.

The only two occurrences of 4 possible in assertions are in II'g in the constructors Va € (Il).
and x#Iy.

If A contains Vo € (II'p).A” and 'y contains ¢ then it is unaffected by the addition (or

E, IF - m,%v&
removal) of z : a_(nm,—) as el V<—>M[ ot im > ¢

V from Lem. 81

If A contains x#I'y and Iy contains ¢ then it is unaffected by the addition (or removal)
of 2 croumy 88 M "V o i T Dy o Lem. 81

Any occurrence of V¢'. A’ in A extends some model equivalently if z is present in ¢’ or not,

and all other cases are trivial, hence the Lemma holds. O

Lemma 83 (Function and name free typed values can be added or removed and maintain

extensions).
VIF, {I[" ‘/7_2"(Nm,—>)7 ]Iw/’é-lr/. é. 4* 5/ < 5 m: VWL 4* 5/ em: Vm

Proof. Assume some I, ¥, Vi "™ TV ¢ and prove that £ <* & <> &-m: Vy, <*
& -m : V,, by proving the two directions individually as follows.
— ¢ Clearly holds given Lem. 80 and Lem. 82 ensure V,,, is name free and does not affect
the derivation of terms in the extension.
< : The proof by induction on the structure of <* is satisfied by the following cases.

If £ = ¢ then this clearly holds.

Lem. 80 ensures any value derived from I';,, &, can equally be derived from I';\m, &, \m
for any LTC II';, and model &,.

Lem. 82 ensures all TCV mapping extensions can add/remove function and name free

typed values with equivalent results.

O

The next lemma is used to prove axiom (f3) which is restricted to only functions of

type @ = a_(Nm,—) Where a can be any type. A more general axiom than (f3) may exist,
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but a use hasn’t been required yet. The lemma ensures that any function of this type can
never reveal any names in the function in any context which does not contain the name

itself.

Lemma 84 (Functions that map to function and name free types cannot reveal names in

that function).

v MNm yema-mm ) oNm oG = 5(M) U &(V))
ne ¢ a(M)
AN fra—ainmey M :N
Fro= acmmey PAERT (6 My 46,6, )
A ngy € &(V)

A DEV: (a — a_(Nm7_>))

Proof. Assuming some MN™ V(@7@-mm-) and some nN™ such that n, ¢ &(M) and
fra— a (nm—y M :Nmandn, € 8(V)and 0 F V : (@ = a_(nm,—))- Then prove that
- (G, M[V/f) I (G,G, ng) by contradiction by first assuming a smallest such term M
for which this holds, then showing a smaller case must exist as follows.

Given n, ¢ 3(M) then it is clear M # n, and given ) = V : (& — a_(nm,—)) then it
is clear V' # ng, hence n, must be derived from terms M and V. Assume there exists at
least one such M for which this holds, then take the smallest one M, then by definition
there exists an M}, such that
(G, M[V/f]) I (G,G', ny) < (G, M[V/f]) =* (G,G', My)— (G,G, n,)

Then each possible case of M}, is accounted for as follows:

— My, = m({ng, V')): hence M[V/f] = E[m((My, M))][V/f] where E[Ms][V/f] I ny

so this £[Ma] is smaller than M hence contradiction.

— My = m2((V',ng)): hence M[V/f] = Ema((My, M2))][V/ f] where E[M][V/f] I n,

so this £[Ma] is smaller than M hence contradiction.

— My, = if true then ny else V': hence M[V/f] = E[if M, then M; else Ms][V/ f] where
E[M1][V/f] I ng so this E[M;] is smaller than M hence contradiction.

— My, = if false then V” else n,: hence M[V/f] = E[if M, then M else Ms][V/ f] where
EIM][V/f] I ng so this E[M>] is smaller than M hence contradiction.

— My = (Ma.ng)V': hence M[V/f] = E[(Aa.My)Ms][V/ f] where E[Mi][V/f] |} n. so

this £[M1] is smaller than M hence contradiction.

— My = (Aa.a)ng: hence M[V/f] = E[(Aa.M1)Ms][V/ f] where E[Ms][V/ f] I ng so this

E[Ms>)] is smaller than M hence contradiction.
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— My =let z =V’ in M: Similar for let z =V’ in M
— There are no other possible terms that reduce to n,.
— M}, = gensym(): fails to produce n; as n, € G

i.e. Assuming a smallest M such that M | n, (which is assumed to exist), for each term
My, which is just one —-step away from n, then it can be proven that a smaller M can be

found which produces n; hence a contradiction exists. O

5.4.2 Lemmas Regarding Nm-Free Types

The following lemmas will be defined for types which are a-nm. These represent the STLC
types although there are vgg-calculus programs that are of this a-ny, type which do contain
names e.g. Az.(n = n). It is shown that a-nym typed terms can be equated to a name-free
term i.e. a STLC term. One of the key assumptions to make the proof simple is that the
initial STLC is simple enough to not contain infinite values of a single type i.e. there are
no integers and no recursion, however proving these harder extensions would be harder.
To prove a finite number of values of any particular a-nm type (up to equivalence), it
is first proven that it is possible to define when two functions of a-n, type are equal, this

is essentially through comparing each of the finite values of the input type.

Definition 85 (The equating formula). For a € a.nm , inductively define EQ®(M, N) on

the type o as the program that equates two functions of type a as follows.

EQUt(M, N) % true
EQR° (M, N) ¥ m=N
EQe~Unit(M1, N) L true
Quxe2(M, N) ¥ if “EQ™ (w1 (M), m1(N)) then false else
if "EQ*?(mo(M), m2(NN)) then false else true
EQ ~e2(M,N) ¥ if ~EQ®2(MVj, NVp) then false else
if —|EQ‘“2(MV17 NVl) then false else

if "EQ*2(M Vi, NV;) then false else true

s.t. Vi are all finite-k number of values of type o (Lem. 86)

Note the program —M LFif M then false else true is used for brevity.
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In the following lemmas M), represents standard vgg-calculus terms and M), represents
a vgg-calculus term constructed only from STLC terms (i.e. no names and no gensym).

The let x = M in N term constructor is ignored for simplicity.

Lemma 86 (Finite STLC values for each a-nm type). Write a list of STLC values of type
a as W)‘\’ﬁmte.

Vo € acnm. I Wikpie: ¥V M. 3V € Wi My = V)

Proof. Assume some o € a-nm, then it must be shown that there exists a finite list of
STLC values of that type, written W/\O‘ﬁnite. Then prove for any v-term there exists an
equivalent value in Wf‘ﬁnite. This is proven by induction on the structure of o and by

creating a complete list of values of type a written W& = V[a] as follows.

— « = Unit then this clearly holds as (G, M) | (G’, ()) must always hold and so
V[Unit] = () holds.

— « = Bool then this clearly holds as (G, M) || (G’, true) must always hold or (G, M) |
(G, false) must always hold and so V[Bool] = true | false holds.

— a = aq X ag then clearly Vo x a1] = (V]ay], V]ag]) where the right hand side
V]aq] represents every possible value of type a1, hence the right hand side is the list

of every possible combination between V]a;]| and V]as].

— «a = a1 — a9 then by induction on «; it can be assumed there are finite values of

this type i.e. let W = V]ay], this is used to state the values of type oy — g as

Viag — ag] = Az, if EQY(z, Wp) then V[ao] else

if EQ**(x, W7) then V]ag] else

if EQY (2, Wy,) then Vo] else V]as]

hence the right hand side is the list of every possible combination between W, and

V]ag] in each instance.

The number of values grow exponentially with the size of the type but there are always
finite number of values for each type. These values cover all possible cases by definition as

no other possible inputs or outputs exist to a function of the given type. O

The next lemma proves that for any term of type a.nm, there is an equivalent term

which contains no names and is a subset of the STLC syntax. The proof relies on the
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language containing a finite number of values of any particular a-ym, type as seen in the

previous lemma.
Lemma 87 (a_nm, typed terms are equivalent to a name free STLC term). Let o € a-ym

v M2, 3 Ny.M, ~¥M) Ny

07

Le. for each term in the vgg-calculus of a type which in a-nm then there exists a contex-

tually congruent term constructed only of core STLC constructors.

Proof. This is proven by induction on the type o € a-nm as follows.
All v-terms that are of type Unit and Bool are equivalent to a constant of that type.
The case for a = a3 x ag holds trivially by induction on 71 (M, )* and mo (M, )*2.

The case for &« = ;7 — a9 holds as follows:

1 LH(a)™ vme 3nNg m=200 N 1.H.(a)
2 Assume I.H.(ay) N I.H.(ag) for a1, as in a-nm
3 Prove: I.H.(a1 — a2) for a1 = as in anm
4 Vo IWe, VM .IVEeWM=V o € anm Lem. 86
5 I.H.(ay) implies for each v-term of type i there exists an equi-  I.H.(aq)

valent A-term(which must mean there are finite ones of these). Let

W be this term
6 VMM 3N My, =M Ny, I.H.(a1)

7  For each value in W, then MW is a term of type ap which by  I.H.(ag)
I.H.(a) implies there is an equivalent A-term. Let U; be this
term i.e. MVZ = UZ

8 VWM eW, VMo~ 3 N2 MW, &AM N I.H.(a3)

9  Using lines 5-8 an equivalent formula to M can be constructed
by brute force such that for each input case there is an equivalent
output case i.e.

Ny = Az, if EQ® (z, Vp) then Uy else

if EQ*!(x, f/k_l) then Uj_; else Uy,

10 By definition M, ~3(My) Ny as any use of N behaves identically

“al—as

to M, in any application it is used in.
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5.4.3 Lemmas Regarding Expressions

As discussed in Sec. 5.2, the following lemmas treat expressions as terms in the language.
Each expression constructor, ¢, z, m;(e), and (e, e) is also a syntactic constructor in the
language, hence [e]s = e£ (closure) implies the expression e is treated as a term.

The next lemma guarantees that no new names are ever generated by evaluation of
expressions (represented by the lack of new names in the final configuration). Expressions
contain no gensym and no application of functions, hence the subset of the language is

guaranteed to produce no fresh names.
Lemma 88 (Expressions cannot create new names).
VI e Tire:a — V. (4&), [ele) ¥ (4(¢), V)

Clearly guaranteed termination implies 3 V'.(4(€), [e]e) I (8(§),G', V'), however this

lemma proves that no new names are produced in such an evaluation.

Proof. Trivial by induction on the structure of e noting that gensym cannot occur naturally,

and can only occur under a A-binder which cannot be applied. O

The next two lemmas prove that expressions are name free when considered as terms
and when evaluating expressions closed by a model then all names in the value produced

are contained within the model.

Lemma 89 (Expressions are name free).
Ve TlFe:a — &) =0

Proof. Assuming some I' and some e such that I' I e : «, then 3(e) = () is proven by
induction on the structure of e, knowing that e € {c,z,m(e), (e1,e2)}, i.e. no built-in

names. Hence names in e only come from closing with a model via the semantics of
[e]e- O

Lemma 90 (Expressions are fresh name free).

VI e Vo TlFe:a A e =TV, 5 &V.) C 4(€)

Proof. Assuming some II', ¢T, e and some V, such that I'' IF e : o and e [ﬂlﬂ Ve then

3(Ve) C &(¢) is proven by induction on the structure of e. Given e € {c,x,m;(e), (e1,e2)}
contains no built in names, names only come from closing with a model via the semantics
of closure e&, and hence no evaluation of gensym() can occur, and only old names occur in

the value produced. O



113

The previous lemma ensures that any evaluation of an expression closed by a model
will be contextually congruent to the value it evaluated to, due to no fresh names being

introduced. This is formalized in the next lemma.

Lemma 91 (Expressions are congruent to their evaluation).

&

VI, e, VoDlkera A e~ Ve — e 2Oy,

Proof. Lem. 90 implies all values V, only contain names in the model.

€

Assuming some I, €T, e and some V, such that ' IF e : o and e Ve then ef %i(g) Ve

can be proven by induction on the structure of e as follows.
e = ¢: clearly holds for ¢ € {(), true, false}.
e = x: clearly holds as € = {(x) =V,

e = m;(€’): holds as by induction €',
e TIe:arxas A ¢ s (11, 15) = e 22©) 11 1)

o Xag
hence m;(e')€ %i(f) Vi

e = (e1,e2): holds by LH. on e; and ey
e e :ar A e 17 o 66220
and II'lFeg : g A €9 []lilaﬂ Vo — eaf gi(f) Va

implies (eq, e3) ~4() (V1, V)

o Xag

5.4.4 Lemmas Regarding Derivations

LTCs typing other LTCs can be seen as an ordered subset, as the order is ensured by the
typing and the subset is seen when the LTC is interpreted into an STC by a model, as

follows.

Lemma 92 (Typed LTC’s implies sub-type-contexts).
VI, Ty, " TIFTy — [Tole € [I]e

Proof: clearly holds through induction on structure of II' and IU'y and using the typing rules
for LTCs in Fig. 3.2.

An LTC derived value can always be derived from any extension to the LTC as it will

always contain the original LTC, as seen in the following lemma.
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Lemma 93 (Values derivable from one LTC are also derivable from an extension of the

LTC).

VT, T T+, M,V. T Ik Ty A TohbTy, A M "9y o Tty

Proof. Assuming some I, (U, Ty, T'y, M, V such that I' I Iy and Ty I+ I'; and

M "2y then prove M "% V using Lem. 92 i.e. [IyJ¢ C [T1]¢. This then holds

trivially as all requirements of LTC derived values are satisfied trivially. Ul

5.4.5 Lemmas Regarding the Revealing of Names

If a name can be derived from a model but when added to the model it cannot be derived,
then this name must be fresh, which is proven in the following lemma.
Lemma 94 (Adding a name to the model but not to the context means it is fresh).

VT ng. (3 Mp My 5Ty A = 3NN, T ), ¢ )

[T, ¢

Proof. Assuming some I, €T and some nN™ such that 3 M,.M, n; and

= I NN, [, £genel ny then ny ¢ &(§) is proven by contradiction. Assume n, € &(&) then
clearly there would be a direct contradiction in the assumption as 3 N,.N, i gf:nz] Ty
as 8(£-x:n,) = &(). Hence n, ¢ 8(§). O

Any value derived from an LTC and model cannot reveal previously accessible names
from that same LTC and model when added. Hence any name occurring in a model derived
from an LTC and the model can also be derived from the LTC and model with the addition

of a value derived from said model. This is formally defined by the following lemma.

Lemma 95 (LTC derived terms cannot reveal old names).

T -, 9 My My oS

VE’§E7E07M;y’ nNm' A\ My [E‘«O/;ﬂ Vy — >

A ne ) 3 My M, T

Essentially V,, cannot reveal any names in § that are not already available to I'y.
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Proof.

1 Proof by contradiction:

2 Assume some I, €%, o, MC, V™ with T IF Ty A M, "9V, A nea)

3 Clearly a contradiction — 3 Mq.M; [Ewbéy:vy] n A I My.Mg [E«Of»ﬂ n Def. 68
4 Letting 'y, = 'p+y and &, = -y : V), then:

5 Prove the following is a contradiction as follows:

6 an 3 TS g e T

7 o 303 MMy TSN A S 3 "%

8 ¢ 3n3Miy) My 0 A S I My=lety =M, in Mi(y).Mp "% n

9  Contradiction given the name derived by (M (y))&, can also be derived by
(let y = M, in M;(y))¢ given the semantics of the evaluation of

(let y = My in Mi(y))§ — (let y = Vy in Mi(y))§ — Mi(y)(§ -y : Vy).

r
As M, o, ¢l Vy then this holds given any fresh names in V, has no affect on

the name produced by My and M; as n € §(¢).

10  This works because n € &(§) hence the name cannot be fresh (derived from Vj,
and any fresh names in V, can be replicated by a new generation via M, and

will be treated equally.
O

Similar to the previous lemma, any name that occurs in a model can be derived from
said model if and only if it can be derived from any extension of said model. This is defined

in the next lemma and uses the previous lemma for one of the extension cases.

Lemma 96 (Extensions cannot reveal old names).

5 mrm
VI, ET, T, e nNm, §x7¢ - o
A ne€é
© 3 "y

Essentially £ cannot reveal any names in € that are not already available to .

Proof. Assuming some I, ¢0') IV, ¢ and some nN™ such that & <* ¢ and n € &(¢) then
M .M i £ n < JdMM I, 4 n holds by proving both directions of the <+ indi-

vidually as follows.
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I, & [T, ¢'] N

< this clearly holds as the same M can be used i.e. 3 M.M n— M ~

—: Proof by induction on the structure of £’

— & =& This clearly holds.

— & =¢,-0 : To\_pov: then this holds as no new names are reachable by the

introduction of ¢ as [II']¢ = [TV +0]¢r 5.0 and I.H. on &.

1 — TG L1 Mo, €] . P
- =& y:Vy then 4 M. M, ~ V, and using Lem. 95 and L.H. on & this

clearly holds.
O

In a reduction evaluation, if a name occurs in the initial nameset but not in the term

then it can never occur in the produced value, as proven in the following lemma.

Lemma 97 (Names fresh in term imply name fresh in value).
VID,EY Mn,V.ndg §M) A (4M),n,Go, M) (8(€),n,Go,G', V) — n¢ &V)

Proof. Assume some I, ¢ M, n, V such that n ¢ &(M) and (4(M),n,Go, M) |
(&4(¢),n,Go,G’, V) and prove n ¢ &(V) by induction on the structure of M. Most cases
are trivial, the only non-trivial case is as follows.

M = M Mos:

By LH. (G, M) | (G, Gy, Vi) and (G,G1, Ms) | (G, Gy, Ga, Va) with n ¢ Vi Vs hence 2
cases occur:

Vi = Az.Mj then this evaluates to Mj[Va/z] which by assumptions and the operational
semantics implies n ¢ M/ [V2/x], hence by induction n ¢ 3(V).

Vi = gensym and Vo = () then by the operational semantics this generates a fresh name

(#n) hence n ¢ 8(V). O

The previous lemma extends to LTC derived values as the impossibility of deriving a

fresh name from a model with the fresh name but the LTC without the name as follows.

Lemma 98 (Fresh names are not derivable from an LTC of a model where the name is

added to the model).

V]F’{E’n. n ¢ é(f) — = 3 MNm Ar [, &m:n] 0
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Proof. This holds as n must be a freshly generated name not appearing in £&. Hence, no

term can be derived from the model £ to generate such a name.

1 Assume I, €T then prove by contradiction:

2 ie. assume — (n¢ &) — — 3 AMNm s [r, Nf/\-_}m:n} ")

3 o (n¢ae) A 3 M ) F.O.L.

4 o nga@E) A IMN s(M)=0 A T+M:a Sem.
A (&(&),n, M(£-m:n))d(&(&),n, G, n)

5 << nédaé) A IMN a(M)=0 A TFM:a m ¢ dom(TT)
A (&(8),n, ME) U (a(€),n, G, n) ANTHEM:a

6 — ndaE) A IMN aM)=0 A TFM:a n¢ &(M¢) and
A ngadME N nén Lem. 97
A (8(E),n, ME) U (3(€),n, G, n)  implies contradiction

7 ngae) — — 3 mm T, by contradiction

O

5.4.6 Lemmas Regarding Model Extensions

The following two lemmas prove interpretations of LT Cs and closure of terms are equivalent

under model extensions/contractions.

Lemma 99 (Semantics of LTC is equal in model extensions).

VI, g, 65 M2 (6 5% 6 A Ty IFTy) — [ole, = [To]e,

Proof. Assume some II'y, 5]11“1’ Iy, §g2 such that £ <* & and I'y I- Ty and prove [ITy]e, =

[ITo]e, by induction on the structure of 'y as follows.

Iy = 0: Clearly [0]¢, = 0 = [0]¢,.

'y =)+ : a: By LH. [IIy]¢, = [IT{]¢, and also by Def.<*, 'y (z) = o = Iy (x).

'y =I')+0 : TC: By LH. [I'y]¢, = [ITH]¢, and also by Def.<*, 'y (§) = TC = I'y(6) and & (0) = &2(9)
this case holds.

'y = T'{+1I'G: by LH. on both II'{; and I’ this clearly holds.



118

A model extension adds variable and TCV mappings to the base model and hence

interpretations of expressions are equivalent under both base and extension models.

Lemma 100 (Extensions give equal semantics of expressions).
VI, 6 T, 60 % e &1 556 A Tilke:a — [elg =y [ele
Proof. Trivial given I'y IF e : a and V o € dom(Il'). &1 () =4y &2(2). O
Lemma 101 (Model extensions close terms equally).
VI, 6 e, 60 % (6 <" & A [Ti]g M :a) — Mé = Mé
Proof. Trivial given [I']¢, IF M : a and V o € dom([IT']¢,). &i(z) =gy E2(2). O

Derivations are shown to be equivalent under model extensions assuming the same

typing LTC as follows.

Lemma 102 (Evaluation under model extensions are equivalent).

VE1>§{[‘17E2155‘2>E07M7V
(G176 A TIEg A &(V)Na(S2) C 4(6))
S R A Y T 0

Proof. Lem. 101 (M¢& = M¢&) and Sem. — prove this in both directions of the <>
assuming (& <* & A T IFTy A &(V)N&((&) C &(&)).

1 Assume I[‘l,IF27§F1, gQ,IFO s.t

[To, &1]

2 <& ARy A MUYV A A(V)NAE) Ca6) Assume
3 <& ATIFI Lem. 101
A SM)=0 A [Tole F M :a (M& = M&y)

A (a(6), M&) L (a(&), G, V) < (8(&), M&) 4 (a(&), G, V)
4 <& AT IFT Sem. —
AN EM)=0 A [Tofe, WM :a (38(V)Na(&) € 4(&))

A (&), M&) L (8(&), G, V) < (8(&2), M&) U (8(&2), G, V)
5 hence: YV Iy, &0t Ty, 02 g, M. Lem. 99,
(&1 7& A Ty IFT) [Tole, = [Mo]e,
SV KR VAP VL SRS Sem %
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This includes the case where £ <* -9 : Ty for any Iy.

Extensions are often needed to maintain the extensional property when an LTC derived
value is added to both models. This is proven by first proving this for the single step
extension in the following lemma, then the reflexive, transitive closure extension in the

following lemma after that.

Lemma 103 (Values derived from I' maintain extension (single) when added to models

which are extensions).

VLT T, T M V<& A MIST YV A s(V)naE) Cae) stV <EaV

Proof. This is proven by proving the two cases of single step extension individually as

follows.

[, €]

1 Assume IT, ¢TI ¢V Mo Vst e<€ A M 1%
2 The case for & =¢-6: T\ _rcy is proven below:
3 assume some Iy s.t. IT'IF Ty with £ K €+ : To\_rov Sem.<

then T'+x IF Ty and hence £ -z : V g &0 : To\oroy -2 : V

as adding § doesn’t extend the number of values that can be derived.

4  The case for & = ¢ -y : V' is proven below:

[, €]

5 Assume (<& AN M V) (Sem. < implies E KX E-x: V)
6 — am. My oA =y voA My Sem.<
T — aa. T E A gz V=¢Ex:V-y: VvV Lem. 102
8 — . TSy e v vy Lem. 93
9 — &V x:V Sem.=<

0

If a base model and two extensions of the base model are considered, then Lem. 104
ensures the extensions can be combined and still maintain the extension property under
certain conditions. This can be thought of as the diamond property for model extensions

as seen in Fig. 5.1.
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£-&
i hx
VE &, & a(6)Nas) Cag) — ¢ £-61-&
> £
§-&

Figure 5.1: Diamond property for model extensions.

Lemma 104 (Two extensions combine to make extensions of each other (diamond property

for model extensions)).

vrarla]]-—‘%g]r?gllrla ;FQ-
766 N €& N () Na(Se) C a6
— (a6 -8&% o £ L8 6-8)

Proof. By induction on the structure of &; the following cases hold.
&1 = 0 Holds trivially.
& =6:10; Clearly £-&1-& €& -& -0 : II'; holds as I'+1'y IF I implies T'+ 17+ 10 - 1T,
& =2 :'V Holds via Lem. 103.
& =& - & Holds by 1.H. on both & and &f.
O

If a TCV does not appear in a formulae then the TCV can be removed or added to the

model in any position and still satisfy the formula.

Lemma 105 (Extending the model by § maintains models). (A -EXTINDg,, not required)
VI, T, 6T T, AL TR, — (66 A 5 £-6:T,\_rov-& £ A0

where A= means 6 does not occur syntactically in A.

Proof. By definition of =, £ < & -6 : I'y\_rcy holds and implies via Def.<* that
-8 €6 : T\ _rov - € which allows the use of Lem. 100 and Lem. 102 (4(¢ - &) =

§(§ . (5 . ]Fa\—TCV . fl))

The proof follows by I.H. on structure of A:
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— e1 = ez proven by noting that [e;]e.er = [ei]e.5m,\ 1oy-¢r (Lem. 100).
— A1 NAg, A1V Ay, A1 — As: 1TH. on Ay and As.

— A1, proof by LH. on Ay, assume £ -9 : T\ 7oy - & | —A; then clearly £ -6 :
Ira\fTCV . fl I;é Ap and by I.LH. on A; then £ - fl b& Ajie. &- {l ): -A;.

— a#II” holds by Lem. 100 and Lem. 102 (&(§ - &) = (-0 : Tp\—rev - £')) which

ensure [z]¢.er = [¥]e.5:m,\_pey-¢ and
_— T, £&6:a\_rcv-£’
M, M, 5 Y o am, a, TETereved

T, ¢.¢
— aMy My, TS 2o & - 3 M. M,

V' respectively, hence clearly

[, £&6:0a\—rcv-E']
~ [[1"]]5'5111—‘0,\—TOV‘§"

— eec =m{A;} by LH. on Ay with [e]e.er = [e]e.s.mo\_rov ¢
and [€'Jeer = [€]esr,\_roy-er (Lem. 100) hence evaluation is equivalent and this

holds.

— Vz € (IV).A; knowing that § ¢ IV then the same possible terms are quantified over
. (I, &£’ I, £&6:Ta\—rcv-£']
given Lem. 102 (M, = ~3° "V <> M, ~ V) and by LH. on A; the

case holds.

— V¢'.A; by LLH. on A; this holds for any model containing § and ¢’ then by the

semantics the lemma holds.

5.4.7 Lemmas Regarding Congruent Models

Congruent values should be interchangeable in models, assuming the models are well con-
structed, hence the introduction of congruent models in Def. 106, ensuring the two models
are point-wise contextually congruent. Congruent models are proven to satisfy the exact
same formulae in Lem. 108 using Lem. 107 which states that any term used to derive a
value from one model produces a contextually congruent value using congruent models.
These proofs assume that any fresh name produced by one model can be swapped for the
same names as those produced by another model. This is valid under injective-renaming

of fresh names (nominal determinacy Def. 25).

Definition 106 (Congruent models). Two models & and & are congruent models (& =

&) iff the values are contextually congruent and the LTC are identical in both models as
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follows.
VI, s, &, 65 %
G162 < 4&)ué) =G
A dom(Il'y) = dom(Il'y) A [IM]e, = [T2]e,
AV 8TC € dom(Ily). &1(0) = &(6)
A Y a® e dom(Ihy\ _rov). &i(x) =5 ()
The TCVs in 'y are equated in the second to last line and the standard variables are
equated in the final line, hence the use of I'1\_rcov in the bottom line. This definition
requires &1 and &y to be well constructed models. The LTCs in firl = 552 can be different

but must contain the same domain, the LTCs are often dropped for brevity.

Lemma 107 (Values derived from equivalent terms extend congruent models).

[0, &]
S

VMO, g, 611,602 626 A M Vi & Vi&a Vs

Assuming the names produced in Vi are the same as those in Vo which can be written more

formally as follows.

V MOy, T, &0 1,602 & 2 &
A v M ERS Y

3y, MR

Voo = &Gro:Vi=86Ha: W

Proof. The requirement for the names to be the same in both Vi and V5 is possible under
injective renaming as the fresh names produced in V5 can be selected to be the fresh names
produced in Vj. The proof that this holds is simply a case of proving that because the
values that close M in &; are congruent to those that close M in & then M&; 23(51’52) Méy
the values produced are by definition congruent up to the renaming of certain fresh names

(nominal determinacy Def. 25). O

Lemma 108 (Congruent extensions implies their evaluation added to a model, model

equivalently).

VI, T, 60,602, A. & =2 & AT IFA A Ty lFA
_>

HEFEA < LEA

Use I.H. as the additions are all of the same form when proving A:
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Proof. Proof by I.H. on the structure of A:

1 Assume Ty, Ty, 5, VO, Vi st a2V = E-x:Vp A TIFA

2 Let G =a(&) Us(&)

3 Assume & = A to prove {&o = A

4 Where &= A — & E A by symmetry

Prove the final step in line 2 by [LH. on the structure of A as follows.

A=e=¢

A=-A
A=A N A;
A=AV A
A=A — As

A=ceoc =m*{4A'}

A=Vu® € (I0y). A

A=3ue (INy).A

This holds trivially via Lem. 107 as the models &; have contextually congruent values

o

hence [e]e, 2 [e]e, and [e']¢, =G [¢']e,-
By LH. on A’

By I.H. on A; and As.

By LLH. on A; and Ao.

By LLH. on A; and Ao.

Assuming & Feee’ = m*{A'}iff IV, e ey Vin N & -m:Vy, EA
then it is clear that for all W,, s.t. ee’ [Tz, %] Wi

assuming the same critical names are produced in both V,,, and W,, then Lem. 107
ensures Vi, %SUQ(V’"’WM) Wi,
thus & -m:Vy, 2 &H-m W,
hence by LH. on A": & -m: Wy, = A’
hence & = eee’ =m*{A'}

[To, &1]

Assume & | Vu® € (0g). A" it VMYM, ~~ V, =& u:V, A

Prove & b= Vu® € (). A iff v MM, "% Wy 5 & u: W, | A

Assume some M, such that M, o, 2] W, then given [IIg]e, = [Mo]e,
[T, &1]

the assumption implies M,,  ~~ "V, and & -u:V, E A’

and as W, and V,, are derived from M, then Lem. 107 ensures V,, %gug'(V“’W“) W,
hence & -u:V, 2 & -u: W,

by induction on A’ this implies & -u: W, | A'.

Hence V My M, "2 Wy =5 & -u: Wy = A’ hence & = Vu € (D). A/

Proof holds as Ju € (ITy). A’ Y e ().~ A’ which can be proven using the cases

above.
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A=V5.A" Assume & = Vo.A iff VI, €l 6 <€ &5 T\ _roy = A’
Prove & |= V6.4 iff VT, €0 2.6, < &) — €, -6 : T\ _rev = A’
Assume some Iy and 5;]1“’2 such that & <* &)
then derivation (terms and LTCs) required to derive & from & derives a model &}
from & such that &) = &, (using Lem. 107)
and hence &} -0 : T \_roy = & -6 : TH\_pov (Def. 106)
and LH. on A’ can now be used to show that given & - § : I')\_rcy E A’ then

&, -0 : T\ _roy | A’ hence the case holds.

A = e#Il'y Proof holds by definition of e#Il'y def VN € (INg).z # e whose cases are covered

above.
O

The next 3 lemmas are introduced to prove axiom (utcl) which requires that model
extensions are maintained when a derivable name is added to both models, proven in
Lem. 111. To prove this the single-point extension version in Lem. 110 uses Lem. 109
which states that for any II', £ derived value W, a contextually congruent value can be

derived from I'4+2x : Nm, £ -z : n where n is any name derived using the original value W.

Lemma 109 (Derivable names can be added to the model to maintain extensions).

VIO, e W M,n. n¢ &) A ne (W)

A M []I‘—&-Z:oi,ﬁf-z:W] N

— V N*.N []I:lf] W — 3N W N, [Eﬂ:N\T_; &-a:n] "

A W=l

The essence of the proof is that the value W, can be derived in the same way W is derived
but with a swap of names. The name swapping can occur because both names are accessible

(through = and through M) and a name swapping function is provided.

Proof. Using N, = N would produce W with a fresh name ny where n should be and n ¢
3(W). Define a set of functions that allows for the replacement of one name n’ by another
name n, in an outputted value V as Replace, (n for n” in V). Then Replace,(n for n’ in V)
reduces to a value which is clearly contextually congruent to V', except any occurrence of

the name n in V would be swapped for the name n’. This function is defined inductively
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on the type of V' as follows.

Replace,,i.(z for 2’ in V) =V

Replaceg,,(x for 2’ in V) =V

Replacey, (z for 2’ in V) = letv=Vinif v =2 then z else v
Replace,, s o, (z for 2’ in V) = letv="Vin

(Replace,,, (x for 2’ in m (v)), Replace,, (x for z" in my(v)))
Replace,, .o, (x for 2’ in V) = let v =V in \2®'.Replace,, (x for ' in vz)
Clearly ¥V V(n)*,n".n" ¢ 8(V(n)) — V(n) AV (m)n) Replace, (n for n” in V(n")) holds by
definition. This function is used to prove that the value W can be obtained from N, by

deﬁning the N, given that N []1:1\5] W and M []I‘+Z:a'\,A_>§-z:W] N

Ny= let z=Nin produces W with different n
let pew = M in extracts new n from new W
Replace,, (Zpnew for x in 2) SWap Tpew for x in the W produced

This produces the value W, which, assuming all other fresh names are equivalent (nominal
a(W,Wy)

determinacy Def. 25), satisfies W 2, W, by definition, as required.
O
Lemma 110 (Derivable names can be added to the model to maintain extensions).
n¢ &) N ne (W)
VI, ET, W, M, n. Ay Ttme, £2W] S oawew ~AW)UEWa)
AN EKE 2 W — Ex:nx€E-z:We-x:n

Proof. This is as a direct consequence of Lem. 109 and the semantics of extensions <. [

Lemma 111 (Names produced from an extension can be added to an extension and still
hold).
VI e Mo M T A et 5 3 ¢ ain
AN Ex:ng & x:n
Proof. Proof by induction on the structure of £ <* £ as follows.

& =¢ The proof is trivial given £” = ¢ = £.

£<¢ Then & = ¢-6 : Ty holds trivially with some Iy such that [Io]e = [IIH]e via
f// = f . (5 : Eo.
Then ¢ = £ -z : W holds by Lem. 110.

" N x* & Then this holds by induction.
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5.5 Summary

A model for the v-logic has been introduced, based on the LTC from the logic. Derivations
of values from a model and LTC are introduced to ensure hidden names in the model can
be used, but are not revealed. The derivations are used to define models being extensions of
one another, which, again, maintains the hidden property of names within the model. These
two concepts provide the key novelties in the semantics introduced for the expressions,
formulae and triples of the v-logic.

Semantic definitions of properties of formulae are introduced for the two syntactic
properties of extension independence and thinness. These semantic definitions model what
the syntactic definitions were initially intending.

As a precursor to proving soundness, numerous lemmas regarding the model are intro-

duced and proven. These lemmas facilitate the soundness proofs in the next chapter.
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Chapter 6

Soundness

Soundness of a Hoare logic ensures that for any triple derivable from the rules and axioms (-
{A} M :, {B}) then the triple is logically valid with respect to the semantics (= {A} M :,
{B}). The converse, completeness ensures that any logically valid triple with respect to the
model can be proven via the rules. In this section the v-logic is proven sound with respect
to the semantics provided in Chapt. 5. This is achieved through proving all axioms sound
in Sec. 6.2 and then proving all the rules sound in Sec. 6.3. The lemmas in Sec. 5.4 provide
a basis from which to prove soundness of the axioms and rules introduced in Chapt. 4. The
definitions of syntactic extension independence and syntactic thinness introduced in Sec. 4.4
are proven to classify formulae which are indeed semantically extension independent and
thin in the model in Sec. 6.1.

In Sec. 6.5 a definition of what it means for a program logic to be a conservative exten-
sion is defined alongside a sketch of the vgg-calculus program logic being a conservative

extension of the STLC program logic seen in Sec. 2.2.2.

6.1 Soundness of Properties of Formulae

Syntactic definitions of extension independence and thinness introduced in Def. 54 and
Def. 55, respectively, can now be proven to be so by the model under Def. 77 and Def. 78
respectively. The proof of these properties is not essential to the understanding of the
logic, but is key to the soundness of the logic. These are represented in the following two
lemmas.

The EXTINDgen property of formulae is used throughout the soundness proofs in
Chapt. 6 to ensure specific formulae modelled by one model are also modelled by any

extensions and contractions of that model, assuming the typing condition holds.
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The syntactic definition of EXTIND gy, in Def. 54 provides a syntactic check on formulae
which is proven to imply satisfaction of the EXTINDge,, property from Def. 77 in the

Lem. 112.
Lemma 112 (EXTINDg,, implies EXTINDgep, ).
A-EXTINDgy, — A-EXTINDgem

Proof. This is proven in Ap. A.1, Lem. 122. O

The syntactic definition is designed to capture all formulae in the reasoning examples
yet still satisfy this property, hence this result is not unexpected.

As with the EXTINDge,, property of formulae, the semantic thinness property of for-
mulae is formally defined in Def. 78. The property is used throughout the soundness proofs
to ensure certain variables can be removed from a model whilst maintaining satisfaction
of the formulae.

In Def. 55 a syntactic check is introduced which guarantees a formulae is thin with
respect to a certain variable. A proof that each syntactically thin formulae is indeed

semantically thin is as follows.
Lemma 113 (Syntactically thin formulae implies semantically thin).
VI Az IMzlkA — (A-THINgy,(z) — A-THINgem(2))
Proof. This is proven in Ap. A.1 in Lem. 123. O

The syntactic definition is designed to capture all formulae in the reasoning examples

yet still satisfy this property.

6.2 Soundness of Axioms

The axioms introduced in Sec. 4.5 are proven sound in the following sections, categorised
into primary logical constructors used as follows. The axioms for equality are proven in
Sec. 6.2.1. The axioms for universal restricted quantification (and existential) are proven
sound in Sec. 6.2.2. The axioms for the freshness constructor are proven sound in Sec. 6.2.3.
The axioms for universal quantification over TCV are proven sound in Sec. 6.2.4. Finally,

the axioms for evaluation formulae are proven sound in Sec. 6.2.5.

6.2.1 Soundness of Axioms for Equality

The following axioms are proven trivially:

(eql) =e=e,(eq2)=e=¢€ e =¢,(eq3)=e=e Ne' =" s e=¢€"
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Soundness Proof of Axiom (eq4)

This axiom is critical to allow us to deconstruct the logical constructor of equality. The

primary idea is that because x and e are congruent they can be substituted in the model

for one another using Lem. 108.

I'FAANx=e— Ale/z|r

Proof.
1 Assume I, P4 st. T & AT IFAAz =e — Ale/z]r then:
2 ¢Uil=AAz=c and e free for z in A Assume
3 EEANEET=C Sem. N\
4 tEA N [2]e 229 [e]e Sem.=
5 Vel A A [0 229 [e]e A ey Lem. 88
6 Vet A A [2]e229 [ A [ 22OV, A W, Lem. 91
~A(8) (I, ¢ e ~

7 AVe. EEA N [z]e =™ Ve N e~ Ve Transitivity of =
8 5 aV. A Ay Lem. 108

AN V' Ag. 2 ¢ dom(ID) AT -2/ : IT'(z) IF A

— (&2 {(x) | Agla!/a] > -2 Ve |= Aola’/x])

9 o V. =4 Ay €2 E(x) b= Al jz] < €= A

A Vo' 2’ ¢ dom(Il) Let Ag = A

(R A©E Y, AW )

10 — 3V.e™TY A Voo ¢dom(T) = £ : V, = Al /a] M.P.
11— Voo ¢domT) — 3Vie WV, A€oV, Al /a)) F.O.L.
12+ Va'a' ¢ dom(I) — & (Al /z])[e/] Sem.Ale/z'] (x' ¢ fv(€))
13 < (= Ale/x] Sem.Ale/x] (v € fv(§))
14 Hence: VETTIFAAz=e— Ale/z] »EE ANz =e — Ale/x] Lines.1-13

O
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6.2.2 Soundness of Axioms for Restricted Quantification
Soundness Proof of Axiom (ul)
IylkFe:a — ICIFVe* e (). A — Ale/xlp

Proof.

1 Let: (ul) =Va® € (Iy).A — Ale/x]

2 Assume I, e st Té A T (ul) and Ty IFe: a

3 Assume £ EVz® € (Tg).Aand Ty ke :

s M VM, "oy eV A Sem.¥ € ().
5 e —expression — e—term — 8(e) =1 Lem. 89
6 Ty —» ([Tofele:a — [Telre:a) Lem. 92
7 Tolke:a — 3V.e wdy, Lem. 88

8 AV A criV.e A Instant. Line.3 M,,V, toe, V., M.P.

9 ¢ Ale/x] Sem.[e/z], x ¢ dom(&)
10 Hence £ EVa® € (Iy).A and Iy F e : a implies £ = Ale/z] Lines.3-9
11 Hence VI Ty, Aje Tl (ul) A Tplke: « Lines. 1-10

— VEI>E — ¢ E (ul)

Soundness Proof of Axiom (u2)
A-EXTINDgy, — A" Va® e (Ily).A

Proof. Given Lem. 112 ensures A-EXTINDgy,, implies A-EXTINDge,, then clearly it is only
required to show that for any V derived from 'y and £ then £ <* £ - x : V which is easily
proven by Lem. 93 and Def. 70 and hence this holds. O

Soundness Proof of Axiom (u3)
(Vz* € (INy).(A A B)) <> (Vz* € (Iy).A) A (V2 € (IIy).B)

Proof. This clearly holds given the F.O.L. axiom in the meta-logic: (V x.A A B) <+ (V z.AA
V z.B) and the use of V in the semantics of Va € (Iy).. O
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Soundness Proof of Axiom (u4)
Iy -1 — vz € (I[_‘())A —  Vz% e (El)A

Proof. Clearly holds by Lem. 93 and the semantics of Va € (II;).. O]

Soundness Proof of Axiom (u5)
a€ann — Va®e(ly).A + Ve (0).A

Proof. Both Va € (I'y). and Vz € (0). quantify over the same set of values as the values
are all of type a-ym hence Lem. 87 applies. The essence is that every value of type a-nm
is contextually equivalent to a value without a name (i.e. an STLC term) which can be

derived from 0. 0

Soundness Proof of Axiom (u6)
T4 z4y I 240 A y#D+2z — V2N o (D) f o 2 = m{m # y}

Proof. Trivial given some model I'+-a+y>¢ such that £ = a#I0 Ay#Il+x then for any My
Tetyt+-f, €V i
s.t. My I Vy then fx etyt], &Vl V. Given £(y) ¢ &(Mjy, Vi, x) then {(y) ¢ &((fx)E)

and £(y) ¢ 8(V) =V hence V # £(y) and the axiom holds. O

Soundness Proof of Axiom (u7)
T4z+y - 2#0 A y#D 4z — VNM7Bol c (1) fex = m{f ey =n{m =n}}

Proof. Clearly f is derived from I' which does not contain the names x or y given well
constructed models and x#I" and y#I'+x. Hence the function f cannot distinguish
names x and y or any other fresh name meaning the output of fx is a Boolean and the
same Boolean is outputted by fy (and also f(gensym())). This is holds given the nominal
determinacy property Def. 25. O

This is used in Ex. 36 where ideally the axiom would have the form

atata - (Nm — Bool) — Bool IF a#II A y#Il+x
— Y fNm=Bool ¢ (T'1q).f ez =m{fey=n{m=n}}

However this fails for some cases of a for instance if a : \zNm—Bool -

and f: AmN™. (a(AnN™.n = m)) hence this version of the axiom does not hold.
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Soundness Proof of Axiom (u8)
T I- (VaN™ e (). z#T A A) & VazNme (). A

Proof. Clearly the only name derivable from the LTC () is a fresh name produced by a
term equivalent to gensym() hence the name stored at x must be fresh from all other
names derived from the nameset from which it is fresh which is represented by I' hence

x#I is guaranteed.

Soundness Proof of Axiom (u9)
TilFe:Nm — TIVzN"e(@)aezr=e — V"™ e (1 +a)aex=e

Proof. Clearly any application of a to a name derivable from II'; is another name derivable
from II'y, however there is a possibility that a can be applied to a name derivable from
I'y+a yet not derivable from II'y hence producing a name not equivalent to e. Assume some
model I' > ¢ such that I' I T'y+a, and Ty +a IF e : Nm and € = VaN™ € (I0)).aex = ¢ it
is required to prove ¢ = VaN™ € (' +a).a ez = e.

For example consider the case where £(b) = A\fN™2Nmif fn; — n, then n3 else ng where
ni, N2, n3 are not derivable from &\a, with £(a) = AzN™.if 2 = n; then ny else ng. The
evaluation of ba returns ng which was not previously derivable from £\a, however this is
impossible by the fact that £ is a well constructed model hence cannot reveal previously
hidden names and thus the names n; and ny cannot appear in a unless they are already
derivable from £\a or are fresh which is known not to be the case.

The general case is satisfied by the fact that £ is a well constructed model ensuring
that any name n’ derivable from £ ensures an’ does not return e. By definition n’ must be
in 4(¢(a)) (otherwise an’ =, a(gensym())(=y;, €)), hence n’ cannot be derived from ¢&.

This means n’ isn’t quantified over by Vo € (I'; +a). and hence this axiom holds. O

Soundness Proof of Axiom (u10)
I'+a:a—BoollFVf*e (IN).aef=c — Vf*e (I'+a)ae f=c

Consider the simple case where & = Nm then M (a) uses a : Nm — Bool. However by
definition of a well constructed model, the name at f cannot be the fresh name hidden in
a as this is not revealed by a. Hence f must be fresh (in which case a cannot distinguish
it), or derivable from £ and hence no new terms are derivable from I'+a which were not

already derivable from II'.
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Proof.

1 Assume £ -a: Vg st. I'+a:a — Bool>€-a:V,

2 Assume-a:V,EVf*e(l)aef=c

3 YRS \V/M?.Mf[]r7§”.gzva]v‘f%é'G:Va‘f:Vf’:a.f:C

4 Proveé-a:V,=Vf*e (l'+a)ae f=c

5 o Ve TET eV, iV ae =0

6  Proof by contradiction:

7 Assume-a:V,EVf*€e(D)aef=c A If*c (T+a)ae f=-c

8 = MMy TS A eV, fi Vi Eaef=c

9 Select smallest M } for which this is the case, and show a contradiction exists

10 [C+afeav, F Mo A OFVy:a— Bool

11 Hence M } must apply (or discard) every use of a

12 Each application of @ in M} must be to a term smaller than M} hence will return ¢
13 Hence each application of V; in (M}[V,/a])§ is equivalent to Az.c

14 Hence (M}[Va/a])§ is equivalent to (M}[Az.c/a])§

15 Given I' = M}[Az.c/a] : « then by line 3 implies (M}[Az.c/al) I £ovel

16  Hence a contradiction with line 9 meaning no such term exists

17  Hence contradiction with the original assumption in line 7 and the axiom holds

Soundness Proof of Axiom (exl)

Proof.

(TFETyATolFe:a) — TIFAle/zlr — 3z € (Ty)z=enA

Assume IT%, ¢%a 5% e, A

such that I' I+ Ale/z] - 3z € (I').A, T'IFTyand I'y Fe: a
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1 Assume I's.t. IT'IF Ale/z] — Jz € (Tg).x =e N A

2 Assume II'g, es.t. I'IF 'y and Ty IF e :

3 Assume (T st I'>€ and € = Ale/7]

I, ¢

4 <+ 3TV.e VANEx:VEA Sem.Ale/z], x ¢ dom(§)
5 o Ve ™IV A cniVEA A ez V)2 e 0 V) Lem. 91
6 o 3IV.endy A E-x:VEx=eNA Sem.=, A
7T — M., V.M, []1“3;5]‘/ ANEax:ViEz=eNA Clearly holds for M, = e
8 <« (EJre(parz=end Sem.3x € (Iy).

O

Soundness Proof of Axiom (ex2)
A-EXTINDgyn A 2 ¢ fv(A) — ANTr € (Iy).B < Jx e (y).(AAB)

This is inspired by a similar axiom in F.O.L. and is proven using this axiom in the meta-

F.O.L..
Proof. Clearly A-EXTINDg,,, implies A-EXTINDg,, via Lem. 112.

1 Let: (ez2) = ANz € (I).B « Jz e (Iy).(AAB)

2 Assume I s.t. IT'IF (ex2) and ¢%¢ sit. T €

3 Assume { E AN Tz e (Dy).B

4 s eEAN IMV M"Y A ez vEB Sem.A, 3 € ().
[Ty, &]

5 o IMV.M "%V A¢EAANE s VEB F.O.L.

6 « IMV.M "2V A s VEAAE2:VEB  AEXTINDgm

N

< EEdre(y).(ANB) Sem.A, 3 € ().

8 Hence: VII. T'IF (ex2) — VETe, I'npé — € = (ex2) Lines.1-7
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Soundness Proof of Axiom (ex3)
{a,b} C fv(Il'y) — T+z4Tylkaeb=c{c=12} — ' € (Ty).x =2

Proof.

1 Let: (ex3)=aeb=c{c=2} — F' € (Ly).x =1

2 Assume U4 st. T+z4+To>¢ and £ [=aeb=c{c=uz}

3 S aveab %IV A cciViEa=c Sem.e = {}
4 s aAM Ve M TRy A= M! = ab, {a,b} C fu(ITy)
5 —&EIe(y)x=2a Sem.3 € ().

6 Hence: VI+az+Ig M4+a+TglF (ex3) — VETd THa4+Tor€é — € = (exd)
O

Soundness Proof of Axiom (ex4)
T4z IFVyNm € (0).3:N™ € (To+y).x =2 — Fz€ (Ty).z =

Proof.

1 Assume some model £%¢ s.t. T +z> ¢ and € = VyN™ € (0).3:N™ € (Tg+y).z = 2

2 Let: & =8y :Vy, §=&-2: V2, & =621V,

r ’
3 = v v, M, v g v TSy A =
Nm @, ¢ Nm To, &] o
4 — VM;™ Ve My "V, — IM;™V,. M, " VAN Fr==z Lem. 32
Nm [@v 5] Nm [ ] fyz —
5 — vy, M, 2y o 3t v TS v A ], 28 [, Sem. =
6 — vMNm v, M, %y, [2]¢,. = [l

[ 0) f]

— M VLML Vo A [a]e. _foz []e.

[0, €] [Ty, €]

T VMMV, M, SV, s 3 MYV M, Vo A [o]e. 2289 [2)e. Lem. 52

8 3am v, "Ly A e 229 [ F.O.L.
9 —¢EJze(My)x==2 Sem.3 € ().
10 Hence: V&ld, T4zpé Lines.1-9

— VYN € (0).3NM € (To+y)xz=2 — Fz€ (Ty).x =2
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6.2.3 Soundness of Axioms for Freshness
Soundness Proof of Axiom (f1)
TolFe :Nm — e#lg — e#e€

Proof. Proven directly from syntactic definition of e#Il'y and (ul).

Soundness Proof of Axiom (f2)
Iy IF Iy —  e#lly — e#lly

Proof. Proven directly from syntactic definition of e#Il'y, and (u4).
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Soundness Proof of Axiom (f3)

Ltz :Nm+f:a— a (nmo) IF2#L — o# 0+ a — a(nm,—)

Proof. Use Lem. 84 to so show that f cannot help produce z if f:a = a_(nm—)-

1 Let: Typ =N+z:Nm+f:a— a (ym—) and Lo,y = Mo +z+ f

2 Assume &ps.b. Ty (E00 zing, - f Vp)lloer = ¢

3 Tapvber — 3MeMy "0y A 30y, TRET Yy,

4 Assume &5 = a#I0 Assumption

5  Hence: 3 My M, T n, A = IN,.N, 50, Sem.x 4T, Lines.3, 4

6 Hence: 3 My.M, " ng A = INGN, Lem. 102

7 — ng ¢ &(6) Lem. 9

8 Assume n, ¢ 4(Vy) — — I PP, [Eﬂifzf] Ny Trivial Lem. 97

9  Assume n; € a(Vy) (proof by contradiction, Lines.10-15)

10 Assume 4 P,.P, [D—h&ﬂ Ny

11 ¢ AP, 4(P) =0 A [T]e, fF- Py : Nm Sem.k)
A (é(fxf)v ngmf) (8 (é(gxf)7Gla na:)

12 < 3P, a(P)=0 A [I]e,f+ Py:Nm Lem. 63, P*
A (&), PulVi/f1€) U (8(&y), G, na)

13 <« I P, &Py)=0 N [[I]¢, fF Py : Nm Def.closure, V-value
A (&), (Pe8)Vi/f]) U (8(8ap), G's na)

14 <> 3P, 8P) =0 A [[e,fF Py:Nm ne & € 5 ny ¢ 8(Pe),
A (é(ng)v (ng)[vf/f]) J (é(gxf)aG/7 nz) Nz € é(Vf)
A (@), (PeO)Ve/SD) 4 (8(&ep), G, ne) Lem. 84 —

- ( l} nx)

15 Contradiction, hence: — 9 P,.P, [Tﬂifzf] Ny

16  — & Ea#+f for both n, cases, Sem.#

17 Hence: V& 4o+ fo&r — &op Ea#D — a#I0+f Lines. 1-16

O
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Soundness Proof of Axiom (f4)
y ¢ fvle) — (e#lg AVy™ € (INy).A) < Vy* € (INy).(e#(Io+y : ay) N A)

Proof. The < direction is elementary given (f2), (u2) and (u3).

The — direction is proven as follows.

1 Let: (f4) = (e#lo AVy* € ([y).A) — Yy € (Ig).(e#(Mo+y : o) N A)

2 Assume some 'y, €01 s.t. Ty IF (f4)

3 Assume £ = e#0) A (Vy € (ITy).A)
4 = 3 M "% e Sem.e#T
A Y MV, M"Y ey EA Sem.¥y € ().
5 v M, V, M,y F.O.L.
O A YA N AAYz B—C
ANEy:V,EA — Vz.B— (AANCQ)
6 vV, M, "=y Lem. 95 "% 5 o Mo &1
— - I M.M, Poty, SvVil leley:v, Lem. 100, [e]e = [e]e.y:v,
NEy:V,EA
7 VMV, M, 0V, ey VB e Tiya E A Sem.4, A
8 ¢EVye (y)e#(Mo+y)ANA Sem.V € ().
9 Hence: VIL.IN IF (f4) — VE b€ — € E (f4) Lines.1-8

O

6.2.4 Soundness of Axioms for Universal Type Context Quantification

Soundness Proof of Axiom (utcl)

I (¥5.A) —  A[T/8]r
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Proof.

1 Assume I's.t. I'IF (V6.4) —  A[Il'/¢]

2 Assume "4 st. T'>€ and € = V6.4

3 o Ve e g —» &0 EA Sem. V4.

4 5 ExYE » £-6: TNy = A Instantiate / £5° with ¢
5 5 £-85:TyEA F.OL (676 (=T)

6 — (-5 TEA el — [ = [Tae

7 £ AT/ Sem.[I0/6]

8 Hence: VI. TIF (V6.4) — A[I'/d] Lines.1-7

— Ve e — ¢ (VA — AL/S]

Soundness Proof of Axiom (utc2)
A — EXTINDgyn, — A7 & VA

This holds trivially given A-EXTINDg,, implies A-EXTINDge,, via Lem. 112. The full

proof is included here.

Proof. Assume: I, €04 s.t. ¢ then assume I IF A0« V4. A for some A~0-EXTIND germ,
then:
< : Use (utcl) knowing that A=°["/6] = A.
— N
1 Assume £ = A0

2 Prove: { EVI.A

3 EEAY 5 VT exv¢ 5 =AY Tautology

4 EEAT 5 VET exq¢ 5 € =AY A-EXTINDgem

5 A0 5 VW egre A5 =AY Lem. 105

6 (EEAT? 5 EEVYLA Sem.Vs.

Hence V &Td A, A-EXTINDg,, — & A% < VoA O
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Soundness Proof of Axiom (utc3)
Vo.(AANB) + (V6.A) A (V6.B)
This holds trivially given F.O.L. but the full proof is included here.

Proof. Assume ¢4 then:

—:

1 Assume & = V0.(A A B)

2 Ve exre 5 ¢.6:T"=AAB Sem. V6.

3 o VET exre 5 ¢.5:T=AAB F.O.L A+ (AN A)
AVET exx¢ — ¢.0:T'=AAB

4 = Vel exre —» ¢€.0:T'EA A-elim
AVET exx¢ — ¢.6:T"EB

5 <> £ (V0.A) A (V6.B) Sem.¥0o., A

—:

1 Assume & = (V0.A) A (V6.B)

2 o VT e 5 ¢ T EA Sem. A\ V.
AVET exx¢ — ¢.6:T'=B
, oM EA
3 = Vel . exrd — : = & unifing
ANE-0:T"EB
4 <+ £EVI(ANDB) Sem.N\, V0.

Hence V &la. € EV0.(AA B) 5 (V5.A) A (V8.B).

Soundness Proof of Axiom (utc4)
A-BEXTINDg,, — TIFVa"N"e().A7° <« Vovz™ e (I+4).47°

Proof. Clearly A-EXTINDg,,, implies A-EXTINDge,, via Lem. 112.

+: Holds through (utcl).
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1 Let: (utcd)_, =VaN\m € (I).A70 — V6.vaN™ € (0 +6).470

2 Assume II' s.t. II' IF (utcd)

3 Assume (% st. T'>€ and € = VaN™ € (7). A4

I, €

4 < \V/M,no.M n0—>£-:n:ng):A

/ , €8\
5  Assume &M, M/, ny st € <* € and M/ (4, &0 —rov] ny “VoNzx € (0).”
, [T, €] i

6 — M ~> Ny [[E+(S]]§/,5:]I‘/\7TCV =1 5 Lem. 102

7 necé&l)—on=n—>&x:nEA Lem. 96 — ng = ny obtainable

8 n €8 —freshng=n —&-z:n A Let ng = ny as ny ¢ 4(§)
(fresh names can be swapped)

9 — & r:mEA Lem. 111, Lem. 108, A-EXTINDgepm

10 — ¢ 6:T"\_rey-z:nEA Lem. 105, A0

11— &EVoVaN™ ¢ (T+6).A7° Lines.4-9

12 Hence: VI.TIF (utcd), — VET4T ¢ — €= (utcd), Lines.1-10

(Assuming A-EXTINDgep,)

Essentially in line 7: if ny is in &(&) then it can be derived from &, and in line 8 if ny is
not in §(§) then instantiating M = gensym() produces a fresh name which can easily be

set as (or swapped for) ny using Lem. 111 and Lem. 108.
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Soundness Proof of Axiom (utcb)

LCIFVf*e (M).aef=c — VoVf* € (6)aef=c  ce€ {true false}

Proof. This is the proof for ¢ = false, however the proof holds for ¢ = true via symmetry.

1 Assume ¢l ¢ A EEVS € (ID).ae f = false
2 Assume &M s.t. € <* ¢ then prove & = V[ € (IV).a e f = false
3 Assume false then proof by contradiction £’ = 3f* € (I').a e f = true
e '+, €-f:V,
4 ie 3Mp MU A o TETY e
11 1" ]IV/ s ", :V 1
5 — HMf. Mf[Ml/xl] [IF«Z-)&]VJC VAN af[ +f~£> J f]true flEfﬂr -z : W1
M, [, €] Vi
6 — ... The TCV mappings have no effect on the evaluation of af
T+f, &-f:V .~
7 3 My MMy M TV A ap TPE e e =6z 7
M, [T+, &, - A
I+f, &' f:V
8 = an. Ny A af TPET e Ny = MMy /21][ My /)
9 Hence contradiction with Line.2
10  Hence axiom holds
O

This works due to £ x* & requiring the values in &\ € being derived from & in an

orderly manner. Each value being derived from a term ensures that term can be used to

reconstruct Vy from §.

The axiom fails to hold in a more general form i.e. I' IF Vf® € (I').A — Vo.Vf® €

(0).A even if A-EXTINDg,, but the restricted form of A in this case provides enough

constraints to ensure this holds. There may be more general forms of this axiom that hold

but are not currently needed in the reasoning examples.

6.2.5 Soundness of Axioms for Evaluation Formulae

Many of these axioms are adapted from the program logic for the STLC as seen in Sec. 2.2.2,

and the soundness proofs are included to show their validity under the new model con-

struction and semantics.
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Soundness Proof of Axiom (ext)
For all e1,es : a1 — a9 s.t. a1 and a9 in aonm:

(Vzt € (0).e; e x = m{?*{ez e x = m3*{m1 = ma}}) ¢ e =17 ey

Proof. Use Lem. 87 to see that any vgg-calculus term of type a-nm has an equivalent

STLC (name-free) term hence the proof for (ext) in the STLC holds here too.

Soundness Proof of Axiom (e,)

cee =mieec =afa=mAA}} < cee =m*{A} € Q-Nm,
a ¢ fvee),ad¢fv(A)
Proof. Given a € a-nm and Lem. 87 clearly the value at m is equivalent to a name-free

value equivalent to the value at a hence this holds.

O

This fails to hold for all types given ee’ equivalent to gensym() producing two fresh

names at m; and meo which are not congruent.

Soundness Proof of Axiom (el)
cee =m{AANB} < cee =m{A} Neee =m{B}
Proof.

1 Let: (el)=cee =m{AAB} < ecee =m{A} Neec =m{B}

2 Assume ¢Td

3 (Eeee=m{AAB}

4 HV.ee'[]l:/’f]VA@m:V%A/\f-m:V}zB Sem., e ={}, A

5 <« dV.ee [EJﬂV ANEm:VEA F.O.L., nominal determinacy Def. 25
AV "V A emvEB

6 <> EEeed=m{A} N EEecec =m{A} Sem.e = {}, A

7  Hence: V¢&Ve € = (el)

The line 5 is guaranteed as termination is guaranteed and the fresh names can be chosen

to be identical. O
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Soundness Proof of Axiom (e2)
cee =m{-A} < —cee =m{A}
Proof.

1 Assume &0 s.t.

2 (Eeee =m{-A}

3 o Ve "V A tmiviE-A Sem o = {}

4 o vy oA =& m:VEA Sem —
[, ¢

5 4 —m dVied SV AEmMm:VEA Termination Guaranteed

6 <« EF—eee =m{A} Sem.e = {}, =

7 Hence: V¢V, € = (e2)

O

Soundness Proof of Axiom (e3)

m ¢ fv(A) A A-EXTINDgy, — e1eea=m{A"" AB} < (AAejeey=m{B})
Proof. Clearly A-EXTINDg,, implies A-EXTINDge, via Lem. 112.

1 Let: (e3)=e10ea=m{A"™ AB} + (AAejeey=m{B})

2 Assume 74 st

3 therees=m{A™AB) m ¢ dom(I)

4 & Ve WV AEmMVEAAEm:VEB Sem.e = {}, A
5 o AViees IV A EEAAEm:VEB  Sem<*, Lem. 93, A-EXTINDgom

6 <> £EE=(ANeroea =m{B}) Sem.e = {}, A

7  Hence: V&V, A-EXTINDg,, A m ¢ fv(A) — €= (e3)



145

Soundness Proof of Axiom (e4)

m ¢ fv(Il') A x ¢ fv(er,ea,m) — ejeea =m{Ve € (I').A} < Vz e (I').e;eeqa =m{A}
The typing of this axiom implies = ¢ fv(e1, e2, m) and m ¢ fv(Il').

Proof.

1 Assume &Td

2 ¢EVre(l).e; eea =m{A}

3 [, ¢

& VM, Ve M, "y, Sem¥ € ()., o = {}
S AV (ere U A femi ViV A
4 o VM,V M, "y, x ¢ fv(er, ea,m),
S TV (ere2 STV A Emi Vi oz Ve A) Lem. 102
(8(Va) N 8(Vin) C 4(§\2))
5 o VL. erer WV Ve

T
AN M, Ve M, Sy

r
— 3 Vm. e16e2 [ﬂlﬁg] Vm
~J 7Vm7VT/n
A Vi 22d&VmVn) o

ANEmM:Vy-x:VyEA

6 <« V. een BARS v Lem. 108

T
AN M, Ve M, By

T
— 3 Vm. e16e2 [ﬂlﬁg] Vm
~Y 7Vm7VT/n
A Vm :i(g ) Vr,n

ANEm:V x:V,EA

[, £

7T« JVL. ejeq V) Vi 22V,
A VMx7Vx~Mx[IF":“)£]Vx — &m:V, eV A
8 (Eeeey=m{Vee (I).A} Sem.N € ()., e ={}

O
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Soundness Proof of Axiom (e5)
A-EXTINDgy, — e1®@ex =m - (m={V5 A} < Vi.e; @ey =m-m={A}

Proof. Clearly A-EXTINDg,, implies A-EXTINDge, via Lem. 112.

1 Assume &4

2 Assume { = e @ eg = m*-(Wm—){V45. A}
3 o AV e WV, Sem.e = {}, V6.
A Ve Em: Vin M€ > €8T\ rey A
4 <~ A V. eres I, Vi Rewrite £,
A VEY Em:V, < m: Vi, Lem. 82
— & m:Vy -6 T\_peyv EA
5 o AV erer WV, Lem. 83
ANV e = € emi Vi 5T\ rov A
6 < IV erer SV, Vi i o Vi
A VET . £8 — AVL. erey VL AV 22Oy
A& miVy, 5T\ oy = A
7 < AV,,. elea []1:/’»5] Vi Lem. 108
A VET e8¢ — AVL. erey VL A Vi 22Oy
A m:iV 5T\ _rey A
8 o VT ¢xr ¢ Vin 25 umsy Vi
AV e IV A m V6 T oy E A
9 & Vel exre Lem. 102

[0, &-5:"\_rcv]
PSS

— 3 VT% (6162 v’

roN 0T\ oy -m V), EA)

10 < Ve gexr¢ I Ik eres :

T4, &6\
3V (6162[ +9, € oI \ TCV]VT:1

G- (Nm,—)

A&\ ey -m: V] EA)

11 <« {E=Vie eeg =m-0Om=){A} Sem.e = {}, V0.

O
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6.3 Soundness of Rules

In this section, the soundness of the rules is proven.

Given the logic is limited to static syntax, the condition then for any term s.t. II' -
M : a where (M) = @ is implied then clearly (3(¢), M¢) I (3(6), &, V) «» M "y
hence this will be used equivalently for brevity. Throughout the proofs it is assumed that
there exists a value V; that a term M; reduces to given the guaranteed termination of well
typed terms in the language hence this 3 V;. ... is often dropped for brevity.

Both Lem. 113 and Lem. 112 ensure that for any A then A-THINgy, (x) implies A-THINgep, ()
and A-EXTINDg,,, implies A-EXTINDg,,, respectively and are both used at each time the
syntactic definition is used.

The soundness proofs are split into the three separate sections in which they are in-
troduced. The core rules are proven sound in Sec. 6.3.1, with the structural rules proven

in Sec. 6.3.2, and finally a derivation from these rules proves the Derived rules sound in

Sec. 6.3.3. Let “Op. Sem.” refer to operational semantics of the vgg-calculus in Sec. 3.1.1.

6.3.1 Soundness of Core Rules

Soundness of [VAR|,

(Ale/ml} om (A}
Proof.
1 Assume IU s.t. T - {A[z/m]} @ 1 {A} s.t.
2 Assume € s.t. T'> € and € = Afz/m)]
3 €k Ale/m < &-m:E) A Sem.[a/m], m-fresh
4 ek Ala/m) - «"e@) A emig@) A £(x) a value
5 VETSE 5k Alr/m] — o @) A E-mié(z) E A Lines.2, 4

6 VI.TI{Alz/m]|} z:pm {4} — VETBE — EE{Alx/m]} x 0y {A}Y  Lines. 1,5

= {Alz/ml} = :m {A}

7 Hence:
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Soundness of [CONST|,

[Const],,
{Ale/m]} ¢ :m {A}

Proof. See proof for [VAR], and replace = with c. O]

Soundness of [EqQ|,
{A}y M :p, {B} {B} N : {Clm=n/u]} C THINgy,(m,n)

[EQ]y,

{A}y M =N, {C}
Proof. Clearly Lem. 113 ensures A-THINgy, (z) implies A-THINgep, ().
1 Assume I.H.(1): YV To,& " Mol {A} M =, {B} A To>&
— & ={A} M 4, {B}
2 Assume I.H.(2): Vo, &0 TolF{B} N:, {Clm=n/u]} A Ty>&
— & E{B} N :; {Clm =n/ul}
3  Assume I's.t. T'I- {A} M =N, {C}

4 Assume s, I'pé A EEA

5 = (88, ME U (&4(8).Gm, Vi) N E-m: Vi EB LH.(1)

6 — My, A Ny LH.(2)
AN E-m:Vy-n:V,EClm=n/ul

7 IR VAL Vi, AN N [, € m:Vm] V., Sem.Clm = n/u]

[Trmtn, €m:Vi, n:Va)
>

A (m=n) Vu
A &pn-u:V, EC
g mTy, A Ny C THINgem(m, n)
A (m=n) [torein, &V iV Vu
ANEu:V,=EC
9 (M= N) eVl e v e C Op. Sem.(~)
10 — Ve — E={A} M =N, {C} Lines.4-9

C THINgyp(m, n)

11  Hence: }: {A} M m {B} ': {B} N {C*mvn[m - n/u]} Lines.1-10
= (A} M=N:, (C}

A common shorthand abbreviation is used here in the form of m = n as an expression

which is substituted for the variable u in C[m = n/u]. Although this isn’t strictly legal



149

it is obvious this means where m = n appears in a formula it is substituted for u = true.
A formalisation of this has not been written out in full but is often used in the literature

without explicit formalisation |28, 72, 5|. O

Soundness of |[GENSYM]|,

[GENSYM],

{T} gensym :,, {Vo.u e () = m{m+#5}}
Proof.

1 Assume II' s.t. IT'IF {T} gensym :, {Vo.u e () = m{m#d}}

2 Assume¢st. ' A EET

3 Let: fu=¢.u:gensym A Eg=6-6: T\ _rov gensym-value and u ¢ dom(§)

4 VeEe,n (8(&), gensym()) U ((8(&),n), n) A n ¢ &(&) Op. Sem.gensym()

5 — ‘v’{{n. & =& — Inou) &l A ngd(&) restrict V& to &y &y

6 Vel g <t = Fna() T n A o 3 aNmag, AT, Lem. 98

TVl L n = [mle, gomn
S oA ) T A o 3 TS e

I e Lem. 102
= 3na) TS0 A o 3, TS e

9 v gllrl §u U6 [[Irl]]ﬁld = [[I[‘1+5]]£1d
S oanw() T A = 3z, TTET e

10 VEr eo<r6 — 3na() %0 A gy omen Em#s Sem. 45

11 Vel <t = Fnu) T S g omen e m#s Lem. 102

12 &-u:gensym = Vo.ue () = m{m#d} Sem.Vo.u e () = m{m#d}

13 VvV I'ng — T — gensym ~~ gensym Lines.2-12

A &-u:gensym =Voue () = m{m#T+u+4d}

14 Hence: _ Lines.1-13
= {T} gensym :, {Vo.u e () = m{m#d}}

O
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Soundness of [LAM]|,

(I'+é6+x:a)l-F{AANB} M :, {C} A-EXTINDgy,

[Lam]y

I IF{A} \a®. M =, {V6.¥z® € (§).(B = uex =m{C})}

Proof. Clearly Lem. 112 ensures A-EXTINDg,,, implies A-EXTINDg¢p,.

1 Assume I' s.t. II'IF {A} A\a®*. M =, {V6.V2® € (§).(B > uex=m{C})}
2  and T'+dé+z - {AAB} M :, {C}
Assume I.H.(1) :
3 Vel P44 &
A & ):A/\B — A V. (5(&)), Mfo)ll (G,, Vm) A & -m:Vpy }:C

4 Assume T st Tné A EEA

5 — (&(¢), (A\x.M)E) | (&(¢), A\z.(ME\x)) Op. Sem. \xz.M

6 Let: V=X e M(E\z) & & =6 u:V,
=€ 0 Dya\orov & €2 = Eua- 0 : Dya\—rev -2V,

7 — Vv fq]fdu‘i- Eu < &ud Tautology (B — B)
ANVEV P Y A B 5 6B

8 = Ve, € Line.4, A—EXTINDgem, Sem.A
ANVEV P Y A e eB 5 e AAB

9 o Ve g, <* € LH.(1)
A VPV P TSy T+ utd+z 0 &

AN&EB = 3V MUy A 6omiv,EC

10 — VErmg, <€ M¢ = ((Ax.M)z)€ = [u]g, [2]e,

A Y PV P Sy [T1le, = [Tua+d]e,
A&bEB = 3V w2V, A b omivaC
1 — Vfgd"d. Eu < Eud Sem.B — uex =m{C}
A VPV BT Y s G e B s wer =m{C)
12— (a6), M. M)E) | (3(€), Vi) Line.5 & Sem N6z € ().
AN Eu:V, EVOVz € (§).B > uexr=m{C}
13 — EA{A} .M, {VoVz € (T+u+6).(B—>uex=m{C})} Lines.1, 4-12
A-EXTINDg,, E{AAB}M :, {C
14  Hence: 5 il / e Lines. 1-18

= {A} Ao M o, {V6.Vz € (T+u+6).(B — uex =m{C})}
O
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Soundness of [APP|,

{A} M, {B} {B} N:y {men=u{C}} C-THINgy,(m,n)

[APp],

{A} MN -, {C}

Proof. Clearly Lem. 113 ensures A-THINgy, () implies A-THINgep, ().

1 Let: =& -m: Vi, and i =& - n: Vi
2 Assume I's.it. I'IF {A} MN :, {C}
3 — DT IF{A} M :, {B} N T'+mI-{B} N:, {men=u{C}}
4 IF¢_TCI—MN:042—>I[‘¢_TC}—M:041%042/\I[‘i_TCI—N:Oq
) Iy [T, &
5 ITH((1): v&g'I'nég — G EA—-M Vin N &m E B
r []Fz, 2]
6 LH@2): Ve T+meé — &EB— N Vi
AN & n:Vy,Emen=u{C}
7 Assume o st I'né A E=A
[, € .
8 5 M Vy A Em:iV, =B LH.(1)
(I, ¢] (T, &m] _
9 — M Vin N N Voo A &nn Emen=u{C} LH.(2)
10 - vy, o v Tty Sem.e = {}
A BV mn TS A e u VL EC
1 vy, A vty Sem.[z]e
A IV (Bmn)s ViVa) U (G", Vi) A & -u:Vy EC
12— mBTy, A vy C-THIN gem(m, 1)
A TV (8Emn), VieVi) U (G, Vi) A €-u:Vy=C
13 — 3V, MN[ S Vo N Eu:V, EC Op. Sem.(App)
14— Vel Toe 5 =4 — 3V, MN "y, Lines.7-13
ANEu:V,=C
C-THIN gy, (m, n)
AY M ., {B ={B} N :, {men=u{C
15 Hence: ) {8 =15 { 1SS Lines.1-13

={A} MN =, {C}
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Soundness of Other Key Rules

The soundness proof of the rules [PAIR|,, [PROJ;|, , [NEG]|, and [IF], follow closely those

of the STLC. They are not included here but are proven in Ap. A.2.

6.3.2 Soundness of Structural Rules

The structural rules from Fig. 4.9 are similar to those that are seen in the literature
[28, 5, 72| with adaptations to the alternative logical constructors. They are proven sound

in the following subsections.

Soundness of Structural Rules [A —|,, [ A, [V-PRE|,, [A-POST],

{ANB} M 4, {C} B-EXTINDgy, {A}y M :p, {B — C} B-EXTINDgyp
{AY M 1 {B > C} o {AANBY M . {C} e
(A} Mo (B) ()Mo (B} (A M (B) (A} Mo {B)

{Av A'Y M -, {B} {A} M -, {BAB'}
Clearly Lem. 112 ensures A-EXTINDgy, implies A-EXTINDg,,, hence the proofs for

these rules follow the equivalent proof of the A-logic rule with the addition of B-EXTINDgem,

ensuring these hold trivially.
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Soundness of Structural Rule [CONSEQ],

The [CONSEQ], rule allows for the use of the logic of axioms in Sec. 4.5 in the logic of

rules. The proof is trivial and follows the proof of [CONSEQ]|, as follows.

A=A {AYM:,{B} B —B

[ConsEQ],

{A} M -, {B}

Proof. By application of the assumptions.

1 AssumeII',s.t. IT'IF {A} M -, {B}

2 Assume typing holds for assumptions i.e.

TrFA—-A ANTIH{A}Y MY, {B'} N T+m:al-B —- B

3 Assume LH.(1): V&°. & — SEA— A

4 Assume LH.(2): V& °. & — & E{A} M, {B'}

5 Assume LH.(3): V&It T4+mv & — & =B — B

6 Assume U st. e A=A

7T A M.P., I.H.(1)
[H—" 5] . /
8 > M 'V AE&Em:VEB M.P., L.H.(2)
9 [, €] .
— MV A &m:VEB M.P., I.H.(3)
I, €] . :
100 - ¢FEA > M~ VAEmM:VEB Lines.6-9
11 — velTrese — €={A} M, {B} Lines.3-10
A—-A E{AYM:,{B} B —-B
12 Hence: Lines.1-11
={A} M :n {B}
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Soundness of Structural Rule [INVAR],

The [INVAR], rule is similar to the STLC program logic [INVAR]y rule with the additional
requirement that C-EXTINDg,, to ensure C is satisfied when the resulting value derived

from M extend the model in the proof.
C-ExTINDgy, {A} M :, {B}

[INvar],

{ANC} M :, {BAC}

Proof. Clearly Lem. 112 ensures A-EXTINDg,,, implies A-EXTINDgep,.

1 AssumeIl'st. T'IF{AANC} M, {BAC}

2 — TIF{A} M, {B}
r [, €]
3 Assume LH.(1): VO sE — (A M 'V
A&m:VEB

4 Assume for some model £T0 st. T'>¢& A EE=ANC

5 ¢EA AN EEC Sem. A
(I, €]

6 M 'V AEm:VEBAEC LH.(1)
[, &

7 M~V AEm:VEBANEm:VEC C-EXTINDgem

£ E-m:V

[, & )

8 M ~"V A&m:VEBAC Sem. N\

9 VvVelhooé - ¢={ANCYM :, {BAC} Lines.5-8

C-EXTINDgyn AV M ., {B
10  Hence: 5y =4 (B} Lines.1-9
E{AANC} M ., {BNC}
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Soundness of structural rule [WEAK(z)],

I'I-{A} M, {B} A, B-EXTINDgy,

[Weak(z)]w

T+x b {A™*} M~ ., {B~"}

Proof. Clearly Lem. 112 ensures A-EXTINDg,,, implies A-EXTINDgem,.

1 Assume I'sit. T'+x - {A™"} M 1, {B™"}

2 — Tl pct M :a < (T+x) l_pck M™": « Def. 43, M—*

3 Assume LH.(1): Ve Tpe 5 ¢4 —» MV A cou: VB

4 Assume T4z =(¢.z:V,)ie I'péand Ex*E-2:V,

5 Assume & F A

6 — (A £ x* &, A -EXTINDgem

7 o MV A cwivEB LH.(1)

8 o MmFV A cwvEB Lem. 102 (8V) N &(Vy) C 4(¢€))

9 = MRSy L cuvEB Lem. 93

10 (Lem. 104 A (&(V)N&(Vy) C&() — &-u: V=& -u:V) B-EXTINDgenm
o MREy A e wvEB

N ca:VokAd —» M™%y A e u:vEB Lines.7-12

12 Ve THasé, A —» MUTSYy A e w:vEB Lines.6-13

13— = {A=) M, {B—)

u A, B-EXTINDgy, I'IF{A} M :, {B} Lines.3, 7, 10, 13

T+ b {A"} M+, {B*}
0
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Soundness of structural rule [WEAK(d)],

L+ IF {A} M :,, {B} A, B-EXTINDgy,

[Weak(8)]

T+6+I - {A~°} M -, {B%}

Proof. Clearly Lem. 112 ensures A-EXTINDg,,, implies A-EXTINDgep,.

1 Assume I'+T7 s.t. T+6+1 IF {A™°} M 1, {B7}

2 — (]F—I—IF/)\_TCV FM:a < (]F—F(S—FIF/)\_TCV FM:a«a F’Zg. 2.16

3 Assume LH.(1): VETHIse 5 ¢4 — MV A cou:VEB

4 Assume & = ({0 &g 0: Ty - &) st. T4+ > &
ie. T>&, T+60 (& - &)V - 0: T\ —rov

5  Assume '+ > &y - & hence & <* & - &

6 Assume & -&-0:,- & FA Assumption
T & &baiEA &b EEA Lem. 105, Lem. 108
8 < LHh-&FEA (Lem. 104 — &o - & <" &0 - &1+ &q) A-EXTINDgen,
9 o MMy e u:VEB LH.(1)
10 - M [, €066l VA - b1ouiVobs =B Lem. 102 N Lem. 104
B-EXTINDsem
1 o M ey e 6w VEB Lem. 107 A Lem. 108
12 o M™%y b uvESB Lem. 102 A Lem. 105
13 o M"™EEy L huwvEB Lem. 93
4 A M"Yy L uvEB Lines.6-13
15 — E(T+6+I7 1H){A°} M, {B7} Lines.4-14

= (T+I IF){A} M -, {B}
16 — , = — Lines.3, 8, 10, 15
= (T+6+T 1F){A°} M 1, {B™%}

6.3.3 Soundness of Derived Rules

The proof that the derived rules [LET|, and [LETFRESH], are introduced in the following

sections.
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Soundness of [LET|,

{A}y M . {B} {B} N :, {C} C THINgy,(z) A,B,C—EXTINDgyp

[LeT],

{A}let x =M in N :, {C}
Proof. The abbreviation let z = M in N e (Ax.N)(M) is used as follows.

1 Let: DY Vo.Vy € (8).(B = pex =u{C})[y/x] which is EXTINDgyy, Def. 5/

2 Assume I'st. T'I-{A} letz =M in N :,, {C}

3  Assume [.H.(2): I'+xzIF{B} N :, {C}

4 THd6+zlF{B°} N {C79)} B, C-EXTINDg,, [WEAK(J)],
5 LI {T}Ax.N 3 {Vo¥z € (8).B = pex = u{C}} [Lam],
6 II'IF{A} \z.N:, {AAND} [INVAR|,, A -EXTINDgys

7 Assume [.H.(1): T I+ {A} M :, {B%}

8 I'+pl-{A} M :, {B} A,B -EXTIND gy, [WEAK(z)|,

9 T+pl-{AAND} M :, {BAD} D-EXTINDgyy |INVAR],

10 T'+p+zl-BAD
— BAVye (I'+p+x).(B—pex=u{C})y/x] (utcl), B~% and C~9

— BA(B—=pex=u{C}) (Aly/z][z/y] = A) (ul)
— pex=u{C} M.P.
11 T+4+pl-{AAD} M :, {pex=u{C}} [CONSEQ],, Lines.9, 10
12 C THINgy,(z) — C THINgy,(p) Lem. 56
13 T'IF{A} Az.N)(M) :, {C} |APP|,, Lines.6, 11, 12

C THINgyn () A, B,C — EXTIND gy,

14 A} Mo 1By B} N {C) Lines.3, 4, 6, 11, 12 — Line.13
{A} \&.N)M -, {C}

C THINgyn () A, B,C — EXTIND gy,
{A} M o {B}  {B} N :wW{C}

15 : let 2 = M in N ¥ (O\a.N)M
{A}let x =M in N :, {C}

O
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Soundness of the Derived Rule |[LETFRESH|,

The [LETFRESH]|, rule can be derived from the [LET|, rule and the derivation for gensym()

which can be seen in Ex. 24 in Chapt. 7. This rule is introduced as the let z = gensym() in -

construction is commonly used in the reasoning.

I+zlF{AANz#I} M, {C} C THINgyn(z) A, C-EXTINDgyn

[LETFRESH],,

IT'IF{A} let z = gensym () in M :,, {C}

Proof.
1 Assume II's.t. I' |- {A} let x = gensym() in N :, {C}
2 T IF{T} gensym() :, {z#I'} See Bx. 24
3 I'IF{A} gensym() :n {A A x#I'} [INVAR|,, 7, A-EXTINDgy,
4 THzl-{ANz#D} M, {C} Assumption
5 C-THINgy,(x) Assumption
6 A, C-EXTINDgy, — (AN z#I')-EXTINDg,, Assumption, Def. 54
7 T I+-{A} let x = gensym() in M :,,, {C} [LET|,, Lines.3, 4, 5, 6
{ANz#I'} N 2, {C} C THINgyn(z) A,C-EXTINDgy,
8 Hence: - Lines. 1-7
{A}let x =M in N :, {C}
6.4 Soundness Theorem

The individual soundness proofs of each axiom and rule in Sec. 6.2 and Sec. 6.3 can now

be used to prove the soundness of the logic in Thm. 114, below.

Theorem 114 (The v-logic is Sound). The soundness of the logic is defined as follows.

VI, {A} M {B}. TIF {A} M+ {B} — F{A} M {B} — F{A} M1, {B}

Proof. Trivial given all axioms and rules are proven sound in Sec. 6.2 and Sec. 6.3 respect-

ively.

O
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6.5 Conservativity

The vgg-calculus is a direct extension of the STLC with a simple addition of names (in
types and syntax constructor/destructor). Thus the v-logic can reason about STLC terms.
If the v-logic cannot prove anything about an STLC term which the A-logic cannot prove
then the v-logic is defined as a conservative extension of the A-logic (or conservativity for
brevity).

First a proof that every triple derivable in the A-logic can indeed be derived in the
v-logic is introduced in Sec. 6.5.1. A sketch that the v-logic is a conservative extension of
the A-logic is provided in Sec. 6.5.2. For convenience the A-logic axioms from Sec. 2.2.2, are
written (), and the v-logic axioms from Sec. 4.5 are written (-),. Similarly Hoare triples
from the A-logic and v-logic are written {A} M :, {B}) and {A} M :, {B}, respectively

with their respective derivation symbols -y and F,,.

6.5.1 The r-Logic Extends the \-Logic

A translation from triples in the A-logic to triples in the v-logic written ((-))x—,, primarily
translates Va®. to Va® € (().. as this is the only discrepancy between the two syntaxes and

it is guaranteed that o € a_nm-

Definition 115 (Translation from A-logic to v-logic). Define the translation of \-logic

formulae and triples into v-logic formulae and triples as follows.

(e=ehrw & e=¢
(Ao & (AN
(AABYAs € (Ao A (B
(eoe =m{Asw £ eoe =m{{(A)r}
(V2 Ay Y € (0).(ADrss

def
({A} M o {BE))A—v = {{ADr=v} M o {{(Bhasv v
This leads to the first lemma that if {A} M :, {B}, is derivable in the A-logic then its

translation is derivable in the v-logic.
Lemma 116.
V{A} M : {B}x. Fa{A} M, {B}x — F, {({A} M {B}\)rov

Meaning, if the rules and axioms of the \-logic allows for the derivation of {A} M =, {B}x

then the translation can of {A} M :, { B} into the v-logic can be derived in the v-logic.
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Proof. This holds through noting that each axiom in the A-logic translates to an axiom in

the v-logic, and each rule in the A-logic also translates to a rule in the v-logic. The key

axiom used for this proof is (u5) which allows for the removal and addition of LTCs to any

restricted quantification of a-nym (i.e. all STLC types).

The key axioms are discussed here.

Axioms of F.O.L. from Fig. 2.18 are identical given the a-nm types.

Equality axioms are identical in both Fig. 2.17 and Fig. 4.3 where substitution of

a-Nm types is identical in both.

Translated axioms of the F.O.L. from STLC Fig. 2.18 exist in the exact forms in the
axioms for the v-logic Fig. 4.4 given the restriction of name-free types and axiom
(ub), which allows the LTC to be extended in any universal restricted quantification

over a-nm types.

The axioms for evaluation formulae are identical in both A-logic Fig. 2.19 and the
v-logic Fig. 4.7 on a-nm types excluding (eb) in the v-logic which does not affect

a-Nm quantifiers.

The A-logic rules introduced in Fig. 2.20 and Fig. 2.21 are all discussed here.

[ConsT]y, [VAR]A These clearly are identical to the v-logic equivalent given substi-

tution is equivalent in both logics for constants and variables.

|LAM]y This clearly translates to the |[LAM|, with the same post-condition of the

conclusion given (u3) and (ute3) which can introduce 6 and to the restricted quantifier

Vo € (0). via (ub),.

[App|y This rule is identical given all constituents are identical aside from the
EXTINDgy, condition which can be guaranteed given all axioms and rules introduce

d-free formulae which implies all formulae are EXTINDgyp,.
[IF] This is identical to the the v-logic version hence holds.

|[PAIR|) This is identical to the the v-logic version except the substitution which is

identical for pairs.

[PrROJ;|» This is identical to the the v-logic version except the substitution. Given
all LTCs used in universal restricted quantification introduced are of types which are

a-Nm types then the substitution is also identical.



— The structural rules in Fig. 2.21 are all identical aside from the EXTINDg,, which
can be guaranteed given all axioms and rules introduce §-free formulae which implies

all formulae are EXTINDg,y,.

Hence all rules and axioms in the A-logic have a direct translation to the v-logic, hence the

translation of derived A-logic triples can be derived in the v-logic by using the corresponding

translated rule or axiom.

6.5.2 The v-Logic is a Conservative Extension of the \-Logic

Conservativity requires the opposite direction of Lem. 116, but for this the opposite dir-
ection of translation is required. Clearly YzN™ € (II").A has no direct translation into the
Mlogic hence a check on which expressions, formulae and triples are translatable from the

v-logic to A-logic is introduced as --Nm-free which requires a-nm kef {Unit, Bool, a_ym X

QNms Q=Nm — Q-Nm } as follows.
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Definition 117 (Nameless expressions, formulae and triples).

c-Nm-free
x-Nm-free
mi(e)-Nm-free

(€/,e")-Nm-free

e = e¢'-Nm-free
—A1-Nm-free

A1 N\ Ay-Nm-free

eeoe’ =m{A1}-Nm-free
Vat € (IT).A;-Nm-free
eNM LI -Nm-free
V0.A1-Nm-free

{A} M :, {B},-Nm-free

The translation from v-logic formulae and triples to A-logic formulae and triples, written
{(-Dv—a is defined as follows assuming --Nm-free holds. A translation of expressions is not

required as the -Nm-free check ensures all expressions are name free and hence do not

need translating.

true
'l 2x: conm
e/-Nm-free

e'-Nm-free A €”-Nm-free

e-Nm-free N\ € -Nm-free
Aq1-Nm-free
A1-Nm-free N Ay-Nm-free

e-Nm-free N € -Nm-free N\ A-Nm-free

A1-Nm-free N a1 € acnm
false

A1-Nm-free

A-Nm-free N M € STLC-syntax N\ B-Nm-free
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Definition 118 (Translation from v-logic to A-logic). Given I' - A and A-Nm-free then
(A is defined inductively on A as below. Given II' - {A} M =, {B}, and {A} M -,
{B},-Nm-free then ({A} M :, {B},)v—a is defined inductively on {A} M :, {B}, as

follows.

»
(A or € (Ao
(AN Auon 0 (Ao A (A2
»
)

(eoe =m{A})yon = eoe =m{(A1)yon}
(Vo1 € (0). A )yor 2 Va1 (Ar)on
(6. AN on = (Ao

({A} M i {BY)on = {(Ahon} M i {(B)omrha

As described in the chapter introduction, the vgg-calculus is an extension of the STLC
hence the v-logic should conserve A-logic ensuring that the logics agree on validity on STLC

terms. This is formalised as follows.

Theorem 119 (The v-logic is a conservative extension of the A-logic). This is formally

defined as follows.

V{A} M :, {B},. {4} M =, {B},)-Nm-free
— (R A{AY M (B — B ({A M {BIA)-a)

Proof. A general sketch of the why this holds is introduced here.

The logic of axioms. All v-logic axioms either have a direct translation to the A-logic
or cannot derive any new formulae about Nm-free variables that are not derivable in the

A-logic.

The logic of rules. The {A} M :, {B},-Nm-free condition ensure that M is gensym-free
(and clearly (M) = 0 ensures M contains no names either) hence [GENSYM|, can never
be used hence this rule is ignored. The other rules translate directly to the A-logic rules
with [LAM], using axiom (utcl), and (u5), to be a direct translation. The [CONSEQ], rule
uses the statement above that no new formulae about Nm-free variables can be derived in

the v-logic.

A more detailed proof is left for future work.
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6.6 Summary

The soundness of the r-logic is proven in this chapter. This consists of a proof that
syntactic extension independence and thinness imply their respective semantic definition.
Each axiom and rule is then proven sound using the numerous lemmas in Sec. 5.4 and the
semantic properties of formulae, thus proving the v-logic sound.

A proof is provided that the v-logic extends the A-logic. A sketch is given of the proof

that the extension mentioned is a conservative extension.
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Reasoning Examples

The purpose of introducing a program logic is to allow programs to be reasoned about,

hence in this chapter a variety of programs in the v-calculus are reasoned about to show the

application of the program logic. Simple example programs from the STLC are introduced

in examples Ex. 21-23. Example programs from Sec. 3.1.2 are introduced in Ex. 24-34.

Finally Ex. 36 reasons about the “hard” example and the hard example in the critical

context discussed in Ex. 19 |2, 52, 68]. A table of the examples reasoned about and where

(if) they are reduced in Sec. 3.1.2 alongside the program itself is included for convenience.

Reasoning | Reduction | Program

Ex. 21 (AxBo° 2)true

Ex. 22 AzBo°Lif 2 then false else true

Ex. 23 (AfBool=Bool rirye)(AzBoO false)

Ex. 24 Ex. 5 gensym()

Ex. 25 Ex. 7 gensym() = gensym()

Ex. 26 Ay.gensym()

Ex. 27 Ex. 15 let z = gensym() in A\y.x

Ex. 28 AzNm g =2

Ex. 29 Ex. 13 let z = gensym() in A\y.x =y

Ex. 30 Az.x = gensym()

Ex. 31 Ex. 14 let x = gensym() in (z, \y.x = y)

Ex. 32 let ,y = gensym() in AfNM=NM (fo = ) A (z = fy))

Ex. 33 Ex. 16 Chain,,

Ex. 34 Ex. 17 InaccessChain,,

Ex. 35 Ex. 20 let 2 = gensym() in AfNM=Bo0l |et o — gensym() in fz = fy
Ex. 36 Ex. 19 let 2 = gensym() in let y = gensym() in A\fNm=Bool £ — £y
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Example 21. The simple application of the identity function to the Boolean constant
true clearly returns true. The program (A\zB°°.z)true is reasoned about as follows and

guarantees the expected result.

1 T+o+xl-{T}z:} {r=0a} [VAR],

2 TIF{T} AzBoz ., {Vo.Vx € (§).cex =a{a = z}} [LaMm],, 1

3 T IF{T} Bz {cetrue = af{a =true}}  [CONSEQ],, (utcl), (ul), 2

4 T+clk {cetrue =a{a = true}} true :y {c e d = a{a = true}} [ConsT],

5 T IF{T} (AxB°°.z)true :, {a = true} [APP|,, 3, 4
This proof is very similar to Ex. 1 in the A-logic. The same rules are applied along with

similar axioms (except (utcl)).

Example 22. The STLC program which takes a Boolean and returns the negation of it

as follows Moo def AzBo°l if & then false else true as follows.

1 T+zlk{z =true} x :q {x = true = d} [VAR],
2 T4z Ik {(z = true = d)[true/d]} false :;, {b = false} |CoNsT|,
3  T'+zlk {(z = true = d)[false/d]} true ;;, {F} [ConsT],
4 T'+x - {z = true} if = then false else true :;, {b = false} [IF],, 1, 2, 8

5  I'+z - {T}if = then false else true :; {x = true — b = false} N =], 4

6 II'+zl-{z =false} z :q {x = false = d} [VAR],
7 T4z Ik {(x = false = d)[false/d]} false :;, {F} [ConsT],
8 II'+ux - {(x = false = d)[true/d]} true ;, {b = true} [CoNsT],
9  I'+xz Ik {x = false} if = then false else true :; {b = true} [IF],, 6, 7, 8

10 '+z Ik {T} if x then false else true :, {x = false — b = true} AN =], 9

11 T+z Ik {T} if x then false else true :, {z = -z} [A-PosT],, 5, 10

12 T I-{T} My :q {V6.¥2B € (§).a 0 2 = -1} [Lam],, 11

13 T IF{T} Moy {V2B € (0).aex =—-z}  [CONSEQ],, (utcl), (ul), 12
The last line is not necessary but is equivalent to the line 12 via (utc2) and (u5) which

allows quantification over Bool types to add/remove the LTCs freely from the quantifier.
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This proof is very similar to Ex. 2 in the A-logic. The same rules are applied along

with similar axioms (except (utcl)).

Example

23. The STLC program (\fBoo=Bool frye)(AxBo°l false) which should clearly

return false is reasoned about as follows.

1 Let Ags(f) = f e true = false

2 Let Bog(c) = VO.Vf € (6).Agz(f) — co f = false

3 I+o+f1F{Axs(f)} f g {A2(9)} [VAR],
4 T+6+f+gIF {As(g)} true:, {g o h = false} [ConsT],,
5  TH0+fIF {Ags(f)} ftrue ;o {a = false} [APP],, 3, 4
6 T IF{T} Af.ftrue : {Bas(c)} |Lam],, &
7 T4ct+d'+z - {T} false :, {a = false} [ConsT],,
8  THcl- {T} AxBo false ;g {Vo.Vx € (§').d @ z = false} [Lam],, 7
9 T+clF {T} AzBo false :y {Az3(d)} [CoNsEQ],, (utcl), (ul), &
10 T+clF {Bas(c)} Aafalse :q {Baz(c) A Asz(f)} [INVAR],, 9
11 T+clk {By(c)} Az.false :q {c o d = false} [ConsEQl,, M.P., 10
12 T IF {T} (AfBool=Bool firye)(AzBo° false) :, {a = false}  [ApP],, 6, 11

This proof is very similar to Ex. 3, and has a similar result.

Example 24. The important program gensym() is reasoned about in an LTC T, as follows.

In line 2,

(utcl) instantiates the post-condition to b e () = a{a#I'+b} and in line 3

(f2) removes the b from the LTC to ensure the post-condition satisfies the THINg,,(b)

requirement in [App|,. This proof holds under any LTC I' and will be used throughout

future examples under many different LT Cs.

1 Tl {T} gensym 3, {Vo.be () = a{a#d}} [GENSYM],
2 I I {T} gensym 1 {be () = a{a#T+b}}  [CONSEQ],, (utcl), 1
3 T I {T} gensym, {be () = afa#T}} [Consral,, (f2), 2
4 T+bl{be () = a{a#T}} () i {boc = afa#T}} [CoxsT],
5 T I-{T} gensym() :q {a#I'} [Apply, 3, 4
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Example 25. The following program compares gensym() with another gensym(), clearly
this returns false. This is reasoned about by applying Ex. 24 twice with different LTCs
such that the second LTC contains the anchor of the first, as follows. In line 3, the axiom

(f1) allows the a # b inequality to be derived from line 2 given a € I'+a.

1 T {T} gensym() :o {a#I'} See Ex. 24

2 T+alk {T} gensym() :p {b#I+a} See Fx. 24

3 T+alk {a#I'} gensym() = {a # b} [CoNsEQ],, (f1), 2

4 TIF{T} gensym() = gensym() :,, {u = false} [EqQ],, 3

Example 26. Placing name generation inside an abstraction halts the production of fresh

names until the function is applied.

1 T+d+y - {T} gensym() :p, {Mm#L +0+y} See Ex. 2/

2 TIF{T} \y.gensym() :o, {VO.Vy € (§).u ey =m{m#L+d+y}}  [LaM],, I

If y is of type Unit then this specification is identical to that of gensym, given (utcl) and
(ul) and (f2) imply (Vo.Vy € (0).uey = m{m#IL++y}) — (ue () =m{m#I}), the
post-condition of [GENSYM],. If y : a # Unit then applying this function to a value of
type « ensures Vo.Vy € (0). are instantiated at the point of application, making m fresh

from any name derivable from the LTC at the point of application.

Example 27. Generating a name outside an abstraction and returning that same name
in the function is often compared to Ex. 26 |2, 62]. The difference is that Ex. 26 returns
a fresh name each time it is applied, whereas once let z = gensym() in Ay.x has been

evaluated it will always return the same name when applied.

1 LetAsr(p) “ VoVy € (0).uoy =m{m#I Ap=m}

2 {x#I'} z o {m#L Az =m} |VAR],
3 {a#I} My.x 2y {Agr(x)} [Lam],, 2
4 Ax#I} M\y.x o, {32 € (u).Ag7(2)} [CONSEQ],, 3

5 T IF{T}let z = gensym() in \y.x :, {I2' € (u).As7(2')}  [LETFRESH],, 4

Proof of line 4 above is shown below. Essentially this proves x is derivable from u and

hence Ag7(x) can be written as 3z’ € (u).As7(2”), such that now 32’ € (u).Ag7(2)-THINgy, ()
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holds which ensures [LETFRESH]|, can be used.

6 A27(£L')

7 A27(ZC) A A27(:E) F.O.L.

8 Ay(x)AVye D)uey=m{z=m}  (utcl), (ud)

9 Au(x) AVy € (0).3 € (uty)w =o' (ex3)
10 Ayr(2) AJa’ € (u).x =2 (ex4)
11 32 € (u).(Agr(2) Aw = ) (ex2)
12 32 € (u).Agr(2) (eqd)

Example 28. The function that takes in a name and compares it to itself is as follows.
d
Moy kef AaNm g =z

This clearly returns true and can be reasoned about as such as follows.

1 {T}zyp{z=20} [VAR],
2 {z=blx:{b=c} [VAR],
3 {T}x=ux:{d=true} [EqQl,, 1, 2

4 T I-{T} Mg :q {¥0.¥2N™ € (5).a ® 2 = true} [LaM],, 3

Example 29. Ex. 10 introduces the following program in order to demonstrate the subtlety
of hidden names. The subtlety arises from the name being generated outside the A-binder,
but then being equated (= destructor) inside the A-binder, hence the name can never be
retrieved from the function, meaning it is hidden. Hence, any application of this function

will always be to other names, meaning this function always returns false.
d .
Mg etz = gensym() in \y.x =y

The v-logic is used to reason about Mag as follows.
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I {Ttz=yum{m=(z=y)} [EQ],

2 {Tthyx=y:Ww{V¥WVyec()uey=(x=1y)} [LaM],, 1

3 THal-{z#T} \yx =y {a# T AVIVy € (§)uey=(x=y)}  [INVAR],, 2

4 T+axlk{z#I} \yx =y {Vy € (T+u).u ey = false} [CONSEQ],, 3
5 IIIFA{T} My 1 {Vy € (T'+u).uey = false} |LETFRESH|,, 4
6 T I {T} Mgz {Vo.¥yN™ € (8).u o y = false} |[CONSEQ],, (utcd), 5

To prove line 4 above the axioms are applied as follows.

7 THaz+ulk a#T AVOVY € (§)uey = (x=1y)

8 a#I'AVye (T+z+u)uey=(x=y) (utel)

9 a#l+uArVye (T+z+u) uey=(x=y) (f3)

10 z#D+uAVye (T4u). uey = (z=1y) (ud)

11 Yy e (M+u). a#Fl+utyAuey = (z=1y) (f4)

12 Vye(4u).z#yAuey=(x=y) (f1)

13 Vy e (I'+u).uey = false (e3)

In lines 9 and 10, the freshness of x and the quantifier of y range over the same LTC,
meaning y cannot quantify over x. Then using (f4) this implies z is fresh from I'+z+y

and hence (f4) implies © # y in lines 11 and 12, which then obtains the result required.

Example 30. The function which takes a name and compares it to a fresh name clearly
also returns false.

M W\ g = gensym()

The reasoning about Msg is as follows.
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1 T4é+zl-{T}z:y {z =10} |[VAR],

2 T+o0+a+blF {x =b} gensym() :c {c#I'+5+x+b}  See Example 24

3 T'+d+z+bl- {z = b} gensym() :c {b # ¢} [CoNSEQ],, (f1), 2
4 T'+o+zl-{T} z = gensym() :c {c = false} |Eql,, 1, 3
5 T I {T} Msg :q {Vo.Y2N™ € (§).a @ x = false} [LaM],, 4

The final triple in line 5 contains the same pre/post-conditions as Ex. 29.

Example 31. To demonstrate the release of a hidden variable similar to Ex. 29 above but

with the output being a pair with the function and the name as seen in Ex. 14:
def .
Ms, = let x = gensym() in (z, \y.x = y)

The reasoning regarding M3, is as follows.

1 Let Asi(p,q) Y p#I AVGNy € (8).qey = (p=1)

2 {a#I} x oy {z=bAa#I} |VAR|,
3 AT yax=y:({VVyec (d).coy=(r=y)} See Example 29, Lines.1-2
4 {x=bANx#I} \yx=y:{x=0bA Az (x,c)} [INVAR],, 3

5 {z=bAz#I'} Ay.x =y :c {(A31(m1(a), m2(a))) [(b,c)/a]} [CONSEQ],, See Below

6 {z#I'} (x,\y.x =y) ;0 {A31(7m1(a), m2(a))} [PAIR|,, 2, &

7 TTIF {T} M31 ‘a {A31 (71’1(61,), ﬂg(a))} [LETFRESH]V, 6

The post-condition of line 6 is THINg,,(x) ensuring the conditions of [LETFRESH], in

line 7 are satisfied. The detailed proof of line 5 above is provided below.

8 x=bAAs(z,0)

9 Asq(b,c) (eq4)

10 Azi(mi((b, 0)), m2((b; ) (p1), b=mi((b,c)), ¢ =m2((b;C))

11 (Asi(mi(a),m2(a))) [(b, c)/al Def. 51

Example 32. An example from [68]:

Mz, “ let 2,y = gensym() in AfNTNT(fa = y) A (2 = fy)
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Where (fx =y) A (x = fy) i fxr =1y then fx = y else false. This should be equivalent

to Af.false as one might expect because the function f cannot distinguish z and y and
so (fr = y) and (z = fy) must always return false. The program is reasoned about as

follows.

1 Let: Gso = if fx =y then fax = y else false

2 Let: F,ymr, = 2#L0 A y# o+

3 Let: Bf=F, s~ fex=m{fey=n{n#zVvm#y}}

4 {Foyr ABy} foim {f ey =nin#£aVm £y} [App],, [Var],
5 {fey=n{ntavmAy}}y{fey=n{n#avm#e}) [VAR],
6 {FaoyrABfl for=y:p {fey=n{n+#xVp="false}} [EQly, 4, 5
T Afey=n{n#z}} fywm {n#a} [APPL,, [VAR],
8 {ntatay{n#k) [VAR],

9 {(fey=mn{n+#azVp="~false})[true/p|} fy=x: {b = false} [EQl,, 7, 8

10 {(fey=n{n+#aVp=rfalse})false/p]} false :, {b = false} [CONST],,
11 {Fuyr A By} Gag 3 {b = false} [1F],, 6, 9, 10

12 {Fhyr} Mf.Gss :a {V6.Nf € (8).B; — a e f = false} [Lam],, 11
13 {Foyr} Af.Gss 0 {Vf € (IN).a e f = false} [CONSEQ],, (ub), 12

14 {x#I'} let y = gensym() in A\f.G32 ;¢ {Vf € (I').a e f = false} |[LET],, 13

15 {T} Msg ;o {Vf € (II').a e f = false} [LET],, 14
16 {T} Mse :o {Vf € (I'+a).a e f = false} [CONSEQ],, (ul0), 15
17 T} M3y 1 {VO.Vf € (9).a e f = false} [CONSEQ],, (utch), 16

The first part of the conditional is reasoned about in lines 4-6 where the true case is
reasoned about in lines 7-9 and the false in line 10. The following lines 11-17 reason about
the context the conditional occurs in. line 13 is proven by axiom (u6) by construction of

the axiom applied twice with the second application using symmetry of x and y as follows.
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18 T+z+y+al-VoVf e (§).Bf — ae f=false

19 —=Vfe(Il').Bf —ae f=false (utel), (ud)

20 — Vfe(Il').Byf —ae f=false Hold in I+z+y+a
N z#HD ANy#D+z - Vf e (IU).fex =m{m #y} (ub) as EXTIND gy,
Nz#HD Ny#L+z - Vfe (II).fey=n{n#z} (ub)

21 — Vfe(I').Byf — ae f=false (u3), (e3), F.O.L.
Na#HID Ny#L+z — Ve (). fex=m{fey=n{m#y AN n#zx}}
22 — Vfe(I).(Bf »ae f=false) A By (ex2), F.O.L., (u3)

Example 33. The “Chain” example introduced in Ex. 16 [68] is a program that creates p
number of fresh names and outputs a function which takes in name number z and outputs
name number z + 1 with the pth name looping back to the first name. The program Chain,

is defined as follows.

. d . .
Chain, X et 20, ..., Ty = gensym() in AzN™. if z = x( then z; else

if x = x1 then x5 else

if x = x, then zq else xq
The final conditional if x = x,, then zq else z¢ is clearly equivalent to xg, hence the
simplest informative example Chainy is equivalent to Chain ki let 29, 21 = gensym() in Az.if z =

o then x1 else g and is reasoned about below.



173

d .
1 Let: Nsj3 ef Ax.if © = xg then 21 else xg

2 Let: Fp# def o#ID N1 #I+x0 Ao A 2p#HD+20+.. 251

3 Let: Ass(a) o Jzf € (a).32) € (atz() Vovx € (). = # [ > aex =z

AN =z —aexr =1}

4 {FFf Az =20}z =0 {b=true} [Eq],
5 {(b=true)[true/b]} 1 :c {c = x1} [VAR],
6  {(b=true)lfalse/b]} z¢ :c {c = x1} [VAR]|,
7 {F¥ Nx =m0} if x =z then z; else 20 1o {¢ =21} [IF],, 4, 5, 6
8 {F} Nyy:o {VoNz € (8)x =20 —aex=u} [LaM],, 7
9 {FFfAx#x0} =102 {b=false} [Eql,
10 {(b = false)[true/b]} x1 :c {c = o} [VAR],
11 {(b= false)[false/b]} ¢ :c {c = z0} [VAR],
12 {F¥ Az +# a0} if 2 = 2o then ; else zg . {¢ = 20} [IF],, 9, 10, 11
13 {F7} Ns3:q {VoNz € (6).x # 20 — a @z =z} [Lam],, 12
14 {F¥} Ns3:o { VN2 € (8)x £ a0 —>aex=mz } [A-PosT],, 8, 13

AYONT € (0).x =20 > aex =x;

15 {F7} Na3 :q {As3(a)} [CONSEQ],, See Below
16 {F]} let z; = gensym() in Ni :q {A33(a)} |[LETFRESH],, 15
17 {T} Chain] :, {A433(a)} [LETFRESH],, 16

The case where x = xg is reasoned about in lines 4-8 such that the function outputs z1,
whilst the case where z # xg is reasoned about in lines 9-13 such that the output is zg.
These are combined in line 14 which are then manipulated into the correct form in lines
14-17. Proof of line 15 is seen below. The proof manipulates the initial post-condition in
line 14 into As3(a), such that Ass(a)-THINgy,(x1) and Asz(a)-THINgy,(x0) to satisfy the

|[LETFRESH|, rules on lines 16 and 17 respectively.
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18  VoVx € (0)x #xog— aex =x

AYONz € (0).x =20 > aex =x

19 VoVz e (§). x#x0—>aexr=x0 N\e=x0 > aex=ux] (ute3), (ul)

20 VYévVze (). x#xg—>aer=x90 NT=20 >aeT =21 F.O.L.
AYONT € (0). v #xg >aexr =290 NT =29 > aexr =umx

AVONT € (0). T #x0 >aex =29 N\T =29 > aexr =21

21 VoVze(d). x#x9g—>aer=x90 Nz =20 —>aexr=umx] (utel), (ud)
AVz e (D). x#x9g>aex =290 Nx =20 >aex =2

N aexyg=x

22 VoVz e (f). x#x)—vaer=x90 N\e=x0 > aexr=ux] (u8), M.P.
AVz € (0). aex =z

Naexy=1x

23 VoVzre (). x#x9g—>aer=x90 Nz =20 —>aer=umx] (ex3)

A (Vz € (0). 3zj € (a+z).aex =1z() A Ti € (atxp).2] =1

24 VoVz e (§). x#x9g—>aer=x90 Nz =20 > aexr=umx (ex4)

A Jzj € (a).xo =z A ) € (atx0).2) = 21

25 3z € (a).37) € (a+x(). YoV € (). x £ 29 > aex =1 (ex2)
AT =29 —>aexr =1x1

/ /
Nxog=2x5 N 1 =27

26 3Jxj € (a).32) € (a+xy). YOVx € (§). x £ ) — aex =1 (eq4)

AN =z > aex =1,

In essence this proves that xg and x; can be derived from a and a+x( respectively and
hence the axiom (eg4) can be used to state Jzf, € (a).32) € (a).... to ensure that the
formula is now THINgy, (2o, 21). Although line 26 suffices in the proof above, ideally
line 26 would read Jzf € (a).3z] € (a).... however further development of the axioms is
required for this and is not introduced here.

A similar but more complex derivation for the program Chain, for p > 1 is not discussed
here. The “lasso” example from Ex. 18 is also expected to hold similarly without any

complications.
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Example 34. The inaccessible chain is introduced in Ex. 17. The program InaccessChain,
is defined for a general p such that it produces a chain of names similar to Chain, without
access to any name in the chain, hence the output is equivalent to simply outputting a
fresh name.

For simplicity, the program with p = 1 is reasoned about below but a similar reasoning

strategy is expected to hold for p > 2.

. de . .
InaccessChaing tef let g, z1 = gensym() in AzN™if 2 = 2 then z¢ else 21

(M)

Given let z1,20 = gensym() in M %2 let xg,x1 = gensym() in M due to Nominal

determinacy, this ensures InaccessChain; is identical to the example reasoned about below.

1 Let: N3y = if £ = g then xg else a1

2 Let: Fyu = x1#I0 A 2o# 1+ 21

3 Let: A3y =32] € (a).Vo € (T +a+a)).aex =m{x#I' Am =2/}

4 Let: Bgy =3z} € (a).VoVz € (§).a ez = m{z|#T Am =z}

5 ATz =m0 {b= (v =um0)} [Eql,
6 {z =m0} 20 {c= a0} [VAR],
7 {T}aow{z =20 c=x0} (A=, 6
8 {v#z0)mc{rtag—c=mn} [VAR],
9 {T}ay e f{z£m—c=a} A=, 8

. =g —>C=2
10 {T} if 2 = xg then xq else z1 :. [IF],, 5, 7, 9
AT # 19 = =11

Nm ) _ =g —> C=20
11 {T} A" N3y 14 S VoV € (§).aexz = [LaMm]|,, 10
AN F# x9g—>c=1x

r=x9 —>C=2X
12 {Fy} MaNm N3y 10 { Fy AVSVT € (§)aex =c [INVAR],, 11
AC # x9g —>c=x1

13 {Fy} AaNm. N3y 10 {Ass} |[CONSEQ],, See Below
14 {z1#I0} let 29 = gensym() in AzN™. N34 4 {A34} [LETFRESH],, 13
15 {T} let 21,20 = gensym() in AoN™. N3y 1y {Az4} [LETFRESH],, 14

16 {T} let 1,29 = gensym() in AzN™. N3y :, {Ba4} [CONSEQ]y, (utcd)
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The conditional is reasoned about in line 10, producing two outputs dependant on whether
the name at xg is the input. line 13 above is proven below. The two cases x = xg and
x # xo are forced into the latter case when the quantification for x is restricted to just
the LTC I'+2; in line 19, which is then taken advantage of to show that all names
derived from I'+x; are fresh from zg and hence the output of ax is always x1. The second
half of this proof, lines 21-26, takes advantage of the fact that x; can be derived from
a to manipulate the formula to a THINgy, (2o, z1) form. This manipulation is required
to ensure the thinness requirement of the [LETFRESH]|, rules used in lines 10 and 11 are

satisfied.

T =x9 —>C=2Xp
17 Fy AVéNz € (0).aex =c
Ax # 19 = ¢ =11

18 Fy A VoV e (§)o#x9o—aexr=ux F.O.L.

19 o #I A zo#l 421 A Vo e T4z1)x #xog > aex =x (utel), (ud)

20 1 #I0 A Ve € (T+x).xo#T+z1+z A #£x9g > aex =x; (f4)
21 o #I A Ve e (T+z).a0x =x (f1), M.P.
22 m#IL A Ve e (T+x1).aex =xq F.O.L., (utcl), (ud), (ex3)

AVz € (0).32) € (a+z).x = 2]

23 i #ID AN Ve e (T4z1+a).aex =1 (u9)

NVz € (0).32] € (a+z).x = 2]

24 i #T A Ve e (D+zi+a)aexr =121 A J2) € (a).x1 =) (exd)

25 3zf € (a).2|#L AV € (T+a+z)).aex =z (ud), (ex2), (eq4)

26 3Jz) € (a)Vr € (M4a+a)).aex=m{zi#L Am =2}  (u2), (u3), (e3)
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Example 35. The alternative “Hard’ ’example introduced in Ex. 20 is the program M},

as follows.

My, Y et & = gensym() in AfN™= Bool et o) — gensym() in fx = fy

1 Let: Gss o A fNm= Bool |t oy — gensym() in fz = fy

2 Let: Fp = a#I and Fppy = Fy ANy#D+a+f

3 Let: Bf(D) =V, € (6).a# — fox=c{V,.Vy € (0,).y#I'+z — D}

4 Let: Ass(a) @ VoNf e (8). By(fey=d{c=d}) —aef=true
N By(fey=d{c#d}) = ae f="false

5 {foex=c{fey=d{c=d}}} fx:c{foy=d{c=d}} [APP|,, [VAR|,
6 {fey=d{c=d}} fy:af{c=d} [APP],, [VAR],
7 A{fex=c{fey=d{c=d}}} fx = fy: {b=true} [EqQl,, 5, 6

8 {FyyNBi(fey=d{c=d})} fe = fyy {b=true}  [CONSEQ|,, (utcl), (ul), M.P.

9 {FABpu(fey=d{c=d})}lety=gensym() in fz = fy: {b= true} [LET]), 8
10 {F,} Gss 0 {¥6.9f € (8).By(f oy = d{c=d}) — ae f = true} [Lam],, 9
11 {F,} G35 : {VONf € (6).Bf(f oy = d{c # d}) — ae f = false} See 5-10 above
12 {F,} G35 10 {As5(a)} [A-Post],, 10, 11
13 Tk {T} MYy 10 {Ass(a)} [LET],, 12

The final line 13, states that for any function f when applied to the fresh names x and y
and the results are equated, such that: if the equating always returns true then this clearly
implies a e f = true, and if the equating always returns false then this clearly implies
a e f = false. This doesn’t cover the case where some equating fx and fy return true
whilst others return false, however if more information is known about the function f then
this can be used, but in this general case this is the most general informative statement

possible.
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Example 36. The “Hard” example from the literature is the program that creates two
fresh names and applies some function to these names, such that the function should not

be able to distinguish these names as it has no access to them, as follows.

My “ et 2 = gensym() in let y = gensym() in AfNm= Bool o — £y

One may typically assume that this function is equivalent to AfNm—=Bo°l trye as the
function f never has access to the names at z and y and so can never distinguish such
names. Applying the function f to the two names must then output the same Boolean
constant and hence the equality must return true. Typically this is the case, however there
is a context introduced below as C[-], in which My fills the hole and at some point in the
evaluation My (or its derived value) is applied to a function and the output is actually

A fNm—=Bool trye i5 false, but

false. This does not mean the equality My %?Nm ~Bool)—+Bool
that in some situations the output of the function does not equate true and hence this
should be represented as such in the logic. The logical reasoning about this program can

be seen as follows.

1 Let: F, = a#I A y#+x

2 Let: By=fex=c{foey=d{c=d}}

3 ABs} fr: {fey=d{c=d}} [APP],, [VAR],

4 Afey=dlc=d}} fy:a{c=d} [APP],, [VAR],

5 {FpyAFuy— Bs} fz = fy s {b=true} [EQl,, 3, 4

6 {Fayt Mofo=fyq {VOf € (6).(Fry — By) — ae f = true} [Lam],, &

7T AFuy} M. fe=fy: {Vfel).(Fyy = Bf) = ae f=true} [CONSEQ],, (utcl), (u4)

8  {F. ) M.fo=fy:a{¥fe (). aef=true} [CoNsEQ],, (u7)
9 {a#T} let y = gensym() in Af.fz = fy 0 {Vf € (I').a e f = true} [LET],
10 T I-{T} My :, {VfNm= Bool ¢ (T).a e f = true} [LET],

11 T IF{T} My :q {VfNm= Bocl ¢ (T +-a).a e f = true} [CONSEQ],, (u10)
12 T {T} My o {V0.VfN™ Bool € (§).q e f = true} |CONSEQ)],,, (utc5)

The post-condition in line 6 is not THINgy,(x or y) (or THINgen, (2 or y)) and hence



179

cannot be used in the [LET], rule and hence lines 7 and 8 remove the z and y dependence.
However the post-condition in line 10 only quantifies over the functions f derivable from
the LTC II', which cannot be used to reason about the program Cpg[Mp]. This requires
quantification derived from the LTC I'+a or preferably any future LTC §. Axiom (u10)
extends the restricting LTC in the f quantifier and hence (utcb) can now be used to intro-
duce the V6. from which f is now derived. This triple ensures that any future application
of a to some future derived f returns true.

The reduction evaluation of Cy[Mp] (defined below), can be seen in Ex. 19.
Cul] Y e g=1[]inlet h = N".g(AN"y = 2) in gh

In the case of Cy[Mp], if My evaluates to Vi, then two internal applications of Vi return
false, however the most external application returns true. This is not captured in the

reasoning for Cy[Mp] which uses the reasoning above in lines 1-12 as follows.

13 Let: O(g) = Vo.¥fNm= Bool ¢ (§).g e f = true

14 {T} My 4 {C(g9)} See Line.12 above

15 {T} A.g(Awo =w) 3 {T} |[Lam],, Trivial

16 {C(9)} Ww.g(Aw.v =w) :;, {g ® h = true} [INVAR|,, [CONSEQ]|,, (utcl), (ul), 15

17 {g e h =true} gh :; {a = true} |[APP|,, [VAR],

18 {C(g)} let h = Av.g(Aw.v = w) in gh :, {a = true} [LET],, 16, 17

19 {T} Cuy[Mpy] :q {a = true} |LET|,, 14, 18
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7.1 Summary

Numerous examples have been reasoned about using the v-logic. Programs in the STLC
can be reasoned about using this logic as seen in Ex. 21-23, with the results that one would
expect. All interesting programs introduced in Sec. 3.1.2 are reasoned about effectively;
including the “Chain” example and the “Hard” example with the expected results. Some
programs which were not reasoned about include the more complicated versions of Chain,,
Lasso, and InaccessChain, ;), although these are expected to hold similarly to the smaller p
cases that were reasoned about. This covers most key programs in the literature and some
new programs that have caused issue over the construction of the logic. Many axioms are
introduced for specific examples, thus a more general set of axioms that allow for reasoning

about more complicated examples, is of course desirable.
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Chapter 8

Conclusion

In the introduction the question was posed:

Can a simple sequential language with names be reasoned about using a Hoare-

style program logic in a simple manner that allows for compositional reasoning?

This thesis has affirmatively answered this question. A program logic for the vgg-
calculus is introduced to reason compositionally about this simple program language with
fresh name generation and name comparison.

The program logic introduced in Chapt. 4 builds on the idea that names are generated
and used in a sequential manner such that if a name only appears hidden in a function,
then any future use of the name must be derived from the function and hence cannot reveal
the hidden name. This motivates the introduction of a new logical quantifier which does
not quantify over all values, but instead quantifies over all values derivable from a set of
variables. This ensures that names that have been previously generated and appear in the
“state” can be used only in the form they are created. The state is represented by LTCs,
which are introduced to define the variables from which quantification restricts over.

The application of gensym produces a name which is fresh from the current nameset,
however future applications of gensym need to produce a name which is fresh from that
future state’s nameset. Similarly, quantification restricted to only the current set of vari-
ables (or state) is insufficient. A new quantification over all future states (which extend the
current state) is introduced which denotes the future state by a TCV. The TCV allows for
the naming of the future state, which can be used within the LTC to restrict quantification.
Deriving values from future states maintains the hidden names but allows access to future
derived values (which themselves cannot reveal hidden names).

The LTCs reflect the extension element of TCVs and variables through the requirement

of order. The ordering implies that if a variable is added to an LTC then it must have
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been derived from the LTC, and for a TCV to be added to an LTC it must represent an
extension of the LTC.

These concepts are formally introduced in the logic in Chapt. 4, which includes the
syntax for these new constructors. The logic is typed using LTCs, inspired by the typ-
ing rules of the A-logic. The logical formulae are reasoned about via axioms and axiom
schemas that convey the intentions described above, often inspired by their traditional
F.O.L. counterparts. Some new axioms are introduced regarding the restricting LTC.

Hoare triples for the v-calculus are restricted to static syntax, which ensures names
are not used directly in the logic, but referred to only via variables. The logic of triples is
introduced through rules which capture the operational semantics of the new name-related
operators, yet also maintain the reasoning about the STLC operators.

A model based on the ordered LTC is introduced such that semantics of logical formulae
and Hoare triples match the intended definitions. The soundness proof of the v-logic with
respect to the model and semantics introduced is provided. No claim or proof of any form
of completeness for this logic is made.

Most interesting examples found in the literature [52, 62, 2, 68| are reasoned about
compositionally using the v-logic. The properties of these programs match the derived

triples for each program.

8.1 Directions for Future Work

The work in this thesis has various directions in which it could be extended or developed.

These are discussed in the following sections.

8.1.1 Generalisations of the Axioms

The logical axioms in Sec. 4.5 cover the cases required in the reasoning examples in
Chapt. 7. However this logic for axioms may be further abstracted to a more complete set
of axioms. For instance, axioms (u9) and (u10) represent similar cases of extending the
LTC in a universal restricted quantification, and axioms (u6) and (u7) also obtain similar
forms, taking fresh names z and y and a function that accepts names. A more general
form of these axioms may exist which prove these axioms but also capture more cases.
The axioms inspired by the F.O.L. axioms such as (ul), (u2), (u3), (exl), (ex2) are most
likely in their most general form. However it is expected that many of the other axioms
may have potential to be generalised.

It is possible that the separation of Yz € (II').A into Vz. x € I' — A may facilitate
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the search for a more general set of axioms for the v-logic, where x € II' is a separate
logical formulae meaning “derived”. The splitting of quantification and “derived” may
prove fruitful if a more general set of axioms are found for “derived” alongside the standard
F.O.L. axioms.

The v-logic presented here holds only for static syntax. Extending this logic to all
programs (i.e. those which include names directly) would be of interest. Complications
are likely to arise through the introduction of names into the logical expressions which are

not currently considered here.

8.1.2 Related Logics

It would be interesting to investigate hybrid logic and nominal logic in the context of the
v-logic. There are clear similarities in both logics which may give further insights into the

v-logic and vice-versa.

Hybrid Logics

The quantification over LTCs in the v-logic, is essentially the model operator [J in modal
(or temporal) logic with the additional ability to name the future state. This idea is not
new. Hybrid logics extend modal and temporal logic with the idea of naming states and
the ability to revert back to these states [10, 9, 8|. The original ideas for temporal hybrid
logic are ascribed to Arthur N. Prior [55, 56] and more recent developments to hybrid logics
are ascribed to Peter Blackburn, et al. [10, 9, §|.

Hybrid logic builds on standard modal logic including the operator [J. The extension
includes the |5 A logical operator, which names the current state § (or any variable)
which may be used in A. Hybrid logic also has the ability to revert back to particular
(already defined) states in the form of the logical operator @5 A, meaning at state 0, then
A holds. Originally, hybrid logic does not do much with these states except evaluate them
for validity.

A gimilarity between the v-logic and the hybrid logic may exist. The obvious starting
point for a translation is V6.A ~ [0 |5 A, stating for any future state [J, if the state is
named 0 via ls, then A holds using the variable 0. Similarly the translation Vo € (I').A ~
QrVz.A states that reverting back to state II" via @ then quantifying over all values in this
state Va, then A holds. This later translation requires care for the definition of universal
quantification, as normally the universal quantifier would quantify over all names available,

which is not the intended result as hidden names still need to remain hidden.
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The v-calculus has the ability to extend and remove TCVs and variables from the LTCs.
A more fundamental approach to LTCs may exist. This cannot be represented in original

versions of hybrid logics but with further research this may be a possibility.

Nominal Logic

In 2019 Andrew Pitts and Murdoch Gabbay were awarded the Alonzo Church Award for
their introduction of nominal techniques in [50, 22, 51]. Nominal techniques use nominal
sets to provide a mathematical theory and logic for most key concepts regarding names.
The nominal logic [50], bears many similarities to the v-logic and ideas from nominal logic
are likely to progress the v-logic further. In nominal logic the new logical quantifier Nx. A
states that for any fresh name x the logical formula A holds. This resembles the v-logic
formula VaN™ € (0).A, which states that for any fresh name x, A holds. Further work
could explore the axioms of nominal logic in the setting of the v-calculus, or alternatively

introducing aspect of the v-logic (such as “derived” x € ') to nominal logic.

8.1.3 Mechanisation of Proofs

Although the soundness proof of the v-logic can be seen in Chapt. 6, proving this in
an automated theorem prover, such as Coq or Isabelle/HOL, would provide a cast iron

guarantee of the proof.

8.1.4 Full Proof of Conservativity

A sketch of the proof of conservativity has been provided in Lem. 119, however a full proof
would clarify that the v-logic is a conservative extension of the A-logic. Although this is

expected to hold, this is left for future work.

8.1.5 Applications of Names

My initial reason for studying names was their use in meta-programming, although this is
not the only application of names. The v-logic could be adapted and applied to other pro-
gramming language constructs which use names. The use of names in meta-programming
could be reasoned about using v-logic and the combination with other logical constructors
would be an interesting avenue of research.

Applying the v-logic to uses of names such as references to a local state may be of
interest. Comparing the result to the Local-logic introduced in Sec. 2.2.3 would also be

of interest. Other applications of names include objects (as in Java), exceptions, channels
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(as in the m-calculus), cryptographic keys (as in the cryptographic lambda calculus) and

more. These are all potential applications of the v-logic with unknown consequences.
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Appendix A

Deferred Proofs

A.1 Lemmas for Soundness of Syntactic Properties Implying

Semantic Properties

To prove that A-EXTINDg,, implies A-EXTINDge,,, two lemmas are first introduced to
factor out the two most complicated cases: A™% — EXTINDg,, —+ Vd.Va € (§).A7% —

EXTIND gy, and
Lemma 120 (Constructing EXTIND gy, formulae from Vo.Vx € (9).).
vV A. A= — EXTINDg,, — Yoz € (§).A"° — EXTINDgy,

Proof.

1 Assume A~° -EXTINDgy,,

2 VI g (Diaalk A A &6 <06) » (G FEA & & F A

3 Show: VIO T & TI-Vove e (8).A0 A ¢

¢ = Vo.vz € (5).A
cy
( s € Vo € (5).4 )

4 Hence assume: I, &0, M st T IFVoVz € (6).A A €=<*¢

5 — : Show that: { EVoVz € (§).A — ¢ VoV € (0).A Line.7 below

6 < : Show that: & EVéVz € (0).A — £ EVivVx € (§).4 Line.13 below
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—

7 Let: £&4=&1-6: Tl\_ch and féd = fé -0 EQ\_TCV

8 £x*¢ A EEVSNz e (5).A

[9, &14l

9 o ETE AN VELESE - YMV. MUY Sem.Vo.Nz € (0).
— fld-x:V):A
10 o< A Ve 5 vy M B3y Lem. 105

— G- VEA

11 — e8¢ A VER ¢xe, - YMV. M 1% select &) s.t. € <* &}

— & VEA

[0, €54l
VN

12 <« { EYOVz e (0).A Lem. 105, Sem.NoNz € ().
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13 Let: &, =& -0 :Mo\_prev and {1 =& -0 : Ti\_pov and &, =& -6 : T \_rev

14 ¢x7¢ N ¢ EYYEe ()).A

15 vggm.g’ <* & = VM,V mPBdy &y x:VEA  SemNivz € (9).
16 < Verzggre — VM. BBy g-z:VEA Lem. 105
17 & Varesrg Intro &
Sovele g 5 vMV. MPE Y g avEa
18 « V(€)M exreg write
= V(&g e dxe-8 g ¢=¢-¢
LovM v MPE Y g pvieA a=¢d
G=¢-4
19« V& e ()T A Esr (e Select & as &
Sovm v mBEy e g g v Iy, =1 F.O.L
20— V&L a€)na) ca) Subset of ¥ &
AEST(E-E) A s (e
O VA 7. S LR VA S iy B
21 V&L a(&)Nna(g) ca) Lem. 104
ANEST(EE)T A a (€G-
Sovmv B3y g 8 viea
22— V& (&) NaE) Cae) Subset of possible M’s
ANEST(E)T A a (€G- I IF 1y
ovMvMPElYy e f VA Lem. 102
23— V£ a(&)NnaE) Cae) Lem. 104 A -EXTINDg,,
AESTET A GG
S ovMyvMPElY LoV a
21 s ve.e<x e 5 v v. MPEYY ¢ VEA Nominal Det. Def. 25
25 o VeLe<em o v v.MPEly e vEa Lem. 105, A=)
26 <+ €=V € (5).A Sem.Vo.Nz € (T +0).

line 24 holds as any name appearing in &; in line 24 which doesn’t appear in £; in line

23 can be introduced through a fresh name in &; from line 23 and swapping the names for
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the required fresh name. O
Lemma 121 (The formula used in the reasoning for Az.gensym() is EXTINDgep, ).

VoNz € (6).f @ x = b{b#0+x}-EXTINDgm,
Proof.

Vel & e g7 — £ =VONT € (6).for = b{b#dta} > & =VoNz € (8).fox = b{b#dta}

Assume some II' such that IT' |- Vé.Va € (6).f @ x = b{b#5+x}. Assume some 14, &' such
that I'> € and & <* €’ then prove the <+ as follows.
Extending (§ = Vo.Vx € (0).fex = b{b#d+x} — & EVOVx € (§).fex = b{b#d+x}):

1 Assume & =Vo.Vz € (0).f @z = b{b#d+x}

2 o VEEST G &0 T\ rov EVr € (6).f ex = b{b#i+x} Sem. V0.

3 o veher g 66T\ pov EVa € (0).fex=b{b#5+ax}  Subset V&

4 5 VEN Y e 5 6-6: T\ _rov = Ve € (0).f o x = b{b#d+x} Remove & <*

5 — ¢ EVOVze (d).f ex=0b{b#i+x}
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Contracting (¢ = Vo.Vz € (9).fex = b{b#MHx} + & EVIVE € (§).fex = b{b#dtx}):

6  Assume ¢’ EVo.Vz € (9).f e x = b{b#0+1}
T Let: &, =& 0:\ rov (€€ &0 (T+I+I01)\ _rev) and €],
8 o Vel gxgrg Sem.¥é., Yz € (3).
VMV M, CEN Y, s ez Vb fex = b{b#éta)
9 o Ve dxe g g = ¢l gl
S VM,V M, DR I = gr. g gl
— &y Ve = fex=0b{b#i+a}
10 — VN g &g 86 A ExEd Subset ¥ &,
A &(&)Nnad) ca) only & s.t.
S Y ML VM, P8y, £76-6
— &Ey-v: Vo = fex=b{b#it+a}
11— VN e e @b A ExEd Lem. 102
A a(E)Na(E) Ca) [0]e,, = T4,
R R T At i
L a V= fex=b{b#i+a)
12 Let: L=¢-&-0: (D+T1)\—rov
13— VN g Fgre 86 A exEd Subset \/ M,
A a(é)nad) cae) &\8 C &14\0
S VM Ve My Y, g a Ve fer = b{b#ota)
14— VEM @ @4 A ExEd See below, Line.18
A a(&)Na(g) ca)
L VML VM, B i Ve fen = b{b#64a)
15 — VEM e e & €, =o€ (0).f ox = b{b#i+a} Nominal Det. Def. 25
16— VELEST & — gy for=b{b#i+a} I _ er,
17— E=Vo.fex=b{b#itx) Sem. 6.
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VETET N e g gre 8 G A exrend

A a(6)NA&(E) Ca(¢)

b Ga=E-€ &8 (DI +1)\_rov
N &=E& -6 (T+I)\—rev

A Y My, Vy. My

[]T-&-ﬁ“}/; £-&1] v

T

S fa Vi fex = b{b#s+a}
— &-x:V, E fex=>0b{b#i+x}

18  Assume some £, &1, Tl st &8 xr¢-8-6,
§x*¢-& and 8(5) NA(E) Ca(¢) then:

19  Assume some M,, V, s.t. M, [r+ﬁ“@§-£1] V.. then:

20 a(é)na)caE) —» ¢-fx¢-& &« = Lem. 104

21 = £-&binp LG biny Lem. 104 ny ¢ 4(¢-€ - &)

22 Let & =¢-€ &8 (D+I+11)\_rev 22V and Egp = (€3:\0) - b ny

23 Let & =€ & 6 (M+T)\—rov 21 Vo

24 Assume: Ex*E-E N £ 0666 N ERFEG

25  Assume: &3, = f e x = b{b#i+x}

2% o Tny folomS e A o 3 MM T, Sem.e = {}, #

27 4+ dm. fx [P2g, foal np A — 3 M. M, 110, Lagtinel np  fiw € [Taze,, € [MMse]es,,
Lem. 102

28 ¢ Ty fo = A o 3 g0 TR [6+2]e,, = I'sy, Lem. 102

20— Tny fz =l A o 3 TS, Subset, Ts, IF Ty,

30— TJny fr =l A o 3 My T @\ Lem. 96, Line.20

31— 3y oA 2 3Man PO E™ 0 [4afe, = Do, Lem. 102

32— G, = fex=b{b#i+a}
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Lemma 122 (EXTINDg,, implies EXTINDgepm ).

A-EXTINDgy, — A-EXTINDgem

Proof. Proof by induction on the structure of A, knowing that A is constructed using the

definition of EXTINDg,,, in Def. 54. Using Lem. 99 (ie. I'o CII' — [IIg]¢ = [ITo]¢) and

Lem. 100 (i.e. [e]¢ = [e]¢/) the proof builds on the structure of Def. 54 as follows.

1. Base Formulas:

A =T,F Clearly hold.

A=e#lly

II'IF e#lg implies ' IF e : Nm and II' I+ IT'g.
Lem. 100 implies [e]¢ = [e]e .
Lem. 99 implies [ITg]¢ = [Mo]er.

Lem. 102 implies 9 M. M Mgy <] lele «» I M. M

2. Core Inductive Cases:

AE—|A1

A=A NAy

A=A,V Ay
A=A — As

A=cec =m{A}

A=V € (Eo)Al

Holds from T.H. on Ay as { = Ay <> ¢ E Ay
hence § £ A1 <+ & B~ Ay, hence § = —A; +» ¢ = AL

Holds from L.H. on A; and As, as £ = A; <> & E A; implies

EEAINAy < EEAINEEA « dEAANEEA < ¢ EANA,.
Derivable given AV B = =(-=A A —B)

Derivable given A -+ B = ~(A A =B)

Given &(V,) N &(¢') C (¢):

T I, ¢
RPN U
[, £
ol

]

Lem. 102 implies e€ Vin-

Lem. 104 implies £ <* &' A e€ Vin =& m: Vg8 -m:V,

Induction on Ay implies & -m : Vi, E A1 <+ & -m:V, E A;.

Hence & Ecee =m{A}

[, &

< AV, e Vin N &E-m:V, E A
[T, ¢

< AVpeed "V A mi Vi, BEA
& € eed =m{A)

Lem. 99 implies [I'g]¢ = [ITo]¢r

Given &(V;) N&(¢’) C &(¢):

Lem. 102 implies M DFBS&] Ve < M

Ve
. . *x & [EO7 &] . * &/ .
Lem. 104 implies E ¥ & AN M,  ~"V, > €2 Vo578 - x:V,

[To, &']
PONN

Induction on A; implies £ -z : V, E A <> & -a:V, E A
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Hence

5 'Z Vo € (IF()).A1

o vMvM Tty e ViE A SemVa e (Do)

/ IF = IF /
o vy ey gy, Tole=Tole
Lem. 102
o vMvM T2y ¢ viE A LH on A,
< & EVr e ([y).4 Sem.Vz € (I'y).

A =3z € (INy).A1 Derivable from 3z € (I'y).4; = Vo € (IT'y).—4;

3. Vé.-Inductive Cases:

A =V0J.A; holds by I.LH. on Ay, Knowing that A; is §-free then:
EEV0.AL — £ E V6.A; clearly holds through the semantics.

¢ = V5.4,
o Ve 66T A Sem V.

= Vg a s aEA Lem. 105 A7°
- {FA Ve — ¢

— {FA LI

— VEREH — LA LH.

s Vele gl & 6Ty A Lem. 105 A7°
— {EVLA Sem. V4.

A =VoNz e (8).A; holds by LH. on A7, Lem. 120
Let: €104 =¢ -0 T and &7 =& -x: Vi and &9 = Eygp -V
£ =Vovz € (0).4;

o Vel a - VMM 3y, e E o4 Sem. ¥z € (5)
Sovele< g <o o VM VM3, e = A Subset Ve
& ¢ Vo € (6).A4, Sem.¥5.¥z € (5).
For any j or / version of these then let:
§;.1:1jd = f;rj -0 : T;\—rcv and ;2” =¢-x:Vy and ;l;fz =&a-x:Vy

Let: €14 =¢,.5:Ty\_rov and 0 = & -6 T\ _pcy and &), =&, -2 : V,
and & =&, -2V,

Wiite ¢ =¢-&, & =¢-&, §=¢-8&, & =¢.4.¢&
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¢ = Yoz € (5).A,

<~

<~

<~

(6, €54
S

VT e el Y M, Ve M
Ve e g gh — Y M, Vo.M
veresta -
Vel g el Y M, Vo M
Vel e g s g
v VM PE3 e poa
VEN £ e AE G ASE) NAE) CAE)
v VM P3 e g
VEN v e NG T E AE)NAE) CAE)
SovM VM P3Ny, e A
VEN £r e NG T E ASE)NAE) CAE)
v ML Ve M PET Y A a(v) nae) C ae)
— &lax F A1
VEL £ a A G ST E AAE) NAE) C A
Y MV M PET Y A a(v,) nae) C ae)
— &1de F A1

Vel e <v e 5 v M,V M 08

V, — §éd$ E A
Ve — &, E A1

[0, €54
S

5, /
v

Vw — gldm ): Al

¢ = Vo.vx € (5).4,

4. Two specific cases:

Sem.Vé.Vz € (0).
Lem. 105 A7°

Introduce &

Select &, = &

Subset of V &}

Lem. 104

Subset of possible
M’s & V,.'’s

Lem. 104,
A1 -EXTINDgem,
Lem. 105, A}

Nominal

Def. 25
Sem.Vé.Vz € (0).

Vo.f @ () = b{b#0} This holds given Lem. 121 as simply stating = : Unit ensures this holds. The full

proof follows a similar reasoning as the proof for Lem. 121 but with the slight

simplification without the Va € (d).-complication.

VoNz € (5).f @ x = b{b#d+x} Proven in Lem. 121.

Lemma 123 (Syntactically thin formulae implies semantically thin).

VIL,Ajz. T\zlF A — (A-THINgyn(xz) — A-THINgem())

determinacy
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Proof. This proof assumes that all models & and \z are well-constructed models.

L IfIMzl-Aand ' Ik 2 : a_(nm—) then A THINgep, (2):
Given [e]e = [e], o= and [II']e = [II']

£V, a-(nm,—) the proof holds easily.
Lem. 81, Lem. 82, Lem. 83.

é'I:VT

2. The assertions A =T,F,e = ¢/, e # ¢ are all free from x (x ¢ fv(A)) then A THINgep, (x):

— T, F: clearly hold.
— e =¢': hold as follows.
1 EEe=¢

2 < [e]e ~3() le']e Sem.=

3 < [e]]é\z %éxw [[e’]]g\:D MzlFe:a— [ee = [e]]g\z

4 o [eas =8 [ Lem. 32

5 <« \ekEe=¢
— e # €’: Same proof as above as proof is <+ .

3. If Ay THINgy,(z) and Ay THINg,,(x) then by LH. Ay THINgep,(2) and Ay THINgem ()
Then it is necessary to prove that A; A Aa, A1V Ag, ee e’ = m{A;}, Vy € (I'1).A;,
Jy*-tm=) € (TT'y). A1, Jy € (T1\_rov). Ay

are all THINgen ()

— Ai; AN As, A1V Ay: The proofs are trivial by induction and hence are omitted.

— eee¢’ =m{A;}: holds by LH. on A; as follows.

1 EEeeed =m{A}

¢

2 < AV, ee Vin N &-m:V, E A LH.
3 — IV, e [T, S\ Vin [ee'le = [e€]e\z, Sem. —
A Q\z-m: Vi | Ay (4(Vin) N &(Vz) € 4(§\))

4 — SarxkEeee =m{A}
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— Vy € (I').Aq: holds assuming A; THINgy,(x) as follows.

1 EEVye ()4
0 o VM, VM, v, ey v B A Sem.¥y € (I'y). A,
3 VM,V 8(M,)=0 A [Tie+ M,:a Sem.d
A (é(g)aMyf) ‘U’ (é(&),G/’ Vy)
— Sy VyEA
4 — VY My, Vy. Q(My) =0 A [[Tl]]g\x H My e’ [[Ell]g\z - [[I[‘lﬂg
A (&), Myé) I (a(6),G", Vy)
— f Yy Vy ): A1
5 — V ]\4317 Vy. é(My) =0 A [[Tl]]g\x H My JyeY x ¢ fV([[Tl]]g\x),
A (8(8\x), My&\z) I (8(E\x), G, Vy) Sem. —
— Yy VyEA (4(Vy)N&(Vy) C 4(&\z))
6 — vM, VM"Y ey V) A Sem.
7 [y, €\ .
S Y M,V M, TS Y s (g Ve A LH.
8 s VM, VM"Y ey v A Defé\x
9 — §\x ): Vy S (El).Al Sem.Vy € (El).Al
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— Jy*-(\m—=) ¢ (I'1).A;q: holds as follows.

1 & yo-tmo) € (I0)).4

o o AM, VM, v, A cyiv, A Sem.3y € (I11). A

3 MV, 8(M,) =0 A [Ti]eF M, :a Sem.d
A (é(f),Myg) U’ (é(g)lea Vy)
A€yl A

4 = IAM,,V,. a(M,) =0 A [Ti]e, =My :a V;u,a_(Nm’H) equally derivable

A (&), My€) U (a(€), G, Vy) from any TC, Lem. 80
A\ f y: Vy ): A1
5 — 3 My,Vy. é(My) = @ A [[I]‘—‘l]]f\ét - My NeY% x §é fV([[IFl]]é\x),
A (8(€\z), My&\z) I (4(§\2), G, V) Sem. —
A&y Vy = A (a(Vy) na(Vz) € 4(§\x))
6 — 3M, VM, v A ey, A Sem.
7 =AM, VM, TR A 6y Ve A LH.
8 — 3IM, VM"Y A fzoy Y, E A Defé\x

9 — SaxkEIye ()4 Sem.3y € (I'1). 4,
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— Jy € (I'1\—7cv).A1: holds as follows.

1 f |: Ey S (El\_ch).Al
[Ci\-rcv, €
2 <~ d My, Vy.M, ~ Vy A&y, = A Sem.Jy € (I'1\—7cov).- A1
3 MV, 8(M,) =0 A [T1\_rev]e - M, a Sem.
NSyl = A
4 — 3 My, Vy. é(My) =0 A |IIF1\,Tov]]£\z H My e’ [[If‘o]]g\z = [[Iro]]g
A (8(8), My) I (8(8), G, Vi)
NEy:V,EA
5 — 4 My, Vy. Q(My) =0 A [[]Fl\—TCV]]g\x = My e’ x ¢ fV([[IFl]]g\z),
A (8(&\z), My&\z) | (8(&\x), G, V) Sem. —
N &y VyEA (8(Vy) Na&(Ve) C 4(§\x))
6 MV, M, TNy ey Ve A LH.
7 =AM VM, "Ny A a4 Defé\x
8 AM, VM, " Ny A ey Ve b A Sem.
9 — {\HJ ': Ely S (]Fl\_ch).Al SemEIy € (El\_ch).Al

The formula Jy € (I'y).A; is not THINgy,(z) for all cases of I'y as 'y may contain a

TCV ¢ which could be used in M, hence be explicitly dependant on x. This means the

two previous cases state two clear cases for II' (or the type of y) where formulae of this

form are guaranteed to be THINgy, ().
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4: If Ay THINgy, () and 0 ¢ ftev(A1) then V8.A; THINGen (x):
Holds by I.H. on A; as follows

1 VoA

2 o VeV e 5 €0 T A Sem.\/é.

3 o Vel exrd —» ¢EAPY Lem. 105

4 o VEV exre 5 kA LH.

5 — VOV Qg = oA Subset of / €™
as [IT\z]¢\, C [I]¢ and §\& C &

6 — V¢ e, e — ' E Al_é Rename " = ¢'\x

7 — Vf” 11“//. 5\3: <* {// — f// R ': A1—5 Lem. 105

8 — &\rEVLAY Sem. V6.
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5: If A; THINgyn(x) then Vo.Vy®v € (6).A7° THINgem(x): Holds by LH. on A; as follows.

1 Assume A; THINg,,(x)

2 ie. assume VI, 0,y. d+y:ay\zlF 41 — V Ef;y:ay. CyEA — &y\eEA

3 Assume I, €6 s.t. T\z IF V&.Vy € (6).A; and & = Vo.Vy € (6).A;

4 — M\z+0+y: oy - Ay Typing rules,

A VET e e v MY, M, STy Sem.., ¥ € ().
— 51-5:]F1-y:Vy|:A1

5 = velesra - vMe v, M, 0SSy, AT, Lem. 105

— &y VyEA
Ir‘l * 16} [5, £1~5:E1] .

6 — velesrgs - VMLV, M, RSy LH., Line.2
— (fl "y Vy)\x ): Ay

7 o velegra - vMe v, M, 0 STy, ATS, Lem. 105
— (&0 Ty V)\z = A

8 = Ve — YMV,. Ga=6-0:T [0]esine € [6]ess
a, & &Ny v ¢ (M) — M = M(€\x)
— -y Vy)\r A Sem. —

9 = VeEhegrg o (60 T)\z EVYye (0).4; Sem.¥ € ().

10 — Var e & x:V, — (&a-2:V,-0:T)\z Wy € (0).4; G=6&-2:V,

11— Vs ax & — &-6:T3 =Wy e (0).4, Subset of ¥V &y extending §\x

12 — \ax E=Vovy e (6).44 Sem.Vé.

13 Hence: VI IM\zl-ViVy e (d).41 Lines.3-12

— VU ¢ VoYY € (0).41 — &\xE=VoVy € (§).4;
14 Hence: V4.¥y € (§).A1 THINgem ()

Hence all cases from Def. 55 are satisfied and hence the lemma holds.

and this is THINgy,(x) hence also THINgen, ().

A.2 Soundness of the Extra Core Rules

O

Again it is emphasised that y#I'1 is THINgy,(z) given y#I' Ly Nm ¢ (M).2 # vy

Here are the proofs for the core derivation rules of the v-logic not included in Sec. 6.3.

A.2.1

Soundness of [PAIR]|,
{A} M -, {B} {B} N 3, {C[(m,n)/uirmin} C THINgyn(x)

{A} (M, N) - {C}

[PaIr],
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Proof. Clearly Lem. 113 ensures A-THINgy, () implies A-THINgep, ().

1 Let: &l =¢.m:V, and L =¢, - n
2 Assume I' s.t. IT'IF {A} (M, N) =, {C[(m, n)/ulmimin }
3 s T {A} M o {BY A THmlF {BY N i {C[(m,n)/ulrsmm} A TFN:a
4 VI Emo e s A MU Y, A ¢ omi v, B LH.(1)
5 VI ympg, s ¢ B NI ly LH.(2)
A & Vo = Climyn) [ulrmn
6  Assume o st Tné A EEA
7 s MBI, A e miV, B LH.(1)
s = My, A NSy A e Climn) /i, LH.(2)
0 — mBTy, A NPy Sem.[e/z],
A AV (myn) TSy A eV O u ¢ dom(Epn)
10 — VRS ]V A N ol Va Op. Sem.(Pair)
A MNIVA fui Ve C
1 — M[ X Vin N N Ty ) Vo C THINgem (m,n)
AN BTy A v EC
12— (M, N>[ }V}L ANEu:V,=EC Remove Excess
13 — Vo Toé — €A — (M,N) ~ AR g] Vau Assumption, Line.5
ANEu:V,=C
C-THINgyn (m,n)
A}y M, {B B} N 1, {C[(m,n)/u]r,,,
14  Hence: = (B} =5 Ll AL, Lines. 1-12

= {A} (M, N) = {C}
O
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A.2.2 Soundness of [PrROJ(7)],
{A} M {C[Wz(m)/u]ﬂ"—‘ﬂﬂ} C THINSyn(m)

{A} mi(M) 2 {C}

Proof. Clearly Lem. 113 ensures A-THINgy,(z) implies A-THINgep, ().

[Proia(i)],

1 Assume I's.t. II'IF {A} (M) -, {C}

\]

— TIF{A} M :p, {Clmi(m) /u]mm} Typing rules

3 W Iee 5 e=A MV A comi Vi = Clmi(m) il LH.(1)

4 Assume "o st IT'né A EEA

[, ¢

5 — M "~ Vi, A E-me Vi, = Clmi(m) /ulingm LH.(1)

6 — My, A am)TTE Y, Sem.[e/z],
ANEm:Vy-u:V, =C u ¢ dom(§-m-n)

7 — M I ¢ Vin A m;(m) [Tm, & m:Vm] V., C THINgem (m)
ANEu:V,EC

8 = mn Ty, A v EC Op. Sem. (Pair)

I, &

9 — Vo TIné — €A — m(M) Vau Assumption, Line./
ANEu:V,EC
10 Hence: A} M i (Olmi(m) /ulien} O THINsyn(m) Lines.1-10
={A} m(M) = {C}
O

A.2.3 Soundness of [IF|,
(A} M o, {BY {Bltrue/m]} Ny w0 {C} {Blfalse/m]} Ny :o {C}

[TF]o

{A} if M then Nj else Ny 3, {C}
Proof. The proof is standard, given that substitution is equivalent to standard substitu-
tion for b;-values of type Bool. It holds trivially through the operational semantics of

if M then Nj else Ny and the semantics of substitution in the logic. O

A.2.4 Soundness of [NEG|,
{A} M {Cl-m/ul}

[NE],,

{A} ~M = {C}
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Proof. The proof is standard, given that substitution is equivalent to substituting the
negation of w for u. It holds trivially through the operational semantics of =M and the

semantics of substitution in the logic. O
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