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Summary

General relativity and quantum theory are two cornerstones of modern physics, which,
despite their huge individual successes, have so far failed to work together in a complete
and consistent way. As a consequence, the unification of the two theories in a consistent
formulation of quantum field theory on curved spacetimes and eventually in a theory of
quantum gravity has become one of the holy grails of modern physics. In this thesis, some
of the many aspects of such a theory of quantum gravity are explored.

The first part of the thesis is devoted to the construction of diffeomorphism invariant
theories on a spacetime that is itself fluctuating. We show how this can be achieved
for basic theories using second order geometry, which is an extension of the geometrical
framework applied in general relativity.

After these elementary considerations, we move on to study predictions from quantum
gravity at sub-Planckian energy scales, where quantum field theory and general relativity
can be combined in the framework of effective field theory. The resulting effective field
theory of gravity allows to make model independent predictions in quantum gravity.

In the second part of the thesis, we discuss perturbative predictions following from the
unique effective action for quantum gravity. Here, we particularly focus on predictions
from this formalism for compact stars, black holes and the fate of singularities in quantum
gravity.

Finally, in the third part, we use effective field theory and the universality of the
gravitational coupling to study quantum gravitational effects that lie within the reach of
current experiments. We then discuss the implications for beyond the Standard Model

physics and dark matter models in particular.
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Part 1

Introduction



Chapter 1

Prelude

Quantum theory and general relativity are among the most successful theories in physics
and are regarded as two of the corner stones of modern physics. Both theories were
developed early in the 20th century, and managed to resolve several issues that were much
discussed at the end of the 19th century. However, despite all successes of both quantum
theory and general relativity, the theories seem to be at odds with each other. This
realization led to the search for consistent quantum theories in gravitational backgrounds
and the idea halfway the 20th century that gravity itself must be quantized in a theory of
quantum gravity.

General relativity, on the one hand, is an extremely successful theory that provides a
precise description of the gravitational force and relativistic effects. It has, for example,
successfully predicted the existence of gravitational waves and black holes. Moreover, the
Standard Model of cosmology or ACDM Model, which provides our best understanding of
the evolution of the universe, has been formulated within this framework.

An important feature of general relativity is that the theory is mathematically con-
sistent. Nevertheless, it predicts the existence of singular spacetimes, which indicates
physical incompleteness of the theory. Moreover, by construction, general relativity does
not incorporate any quantum effects, and is therefore only valid in the limit 7 — 0.

On a phenomenological level, the ACDM Model has several shortcomings. For example,
the model requires a vast amount of dark matter and dark energy to be consistent with
observations, but it is still a mystery what comprises this dark matter and dark energy.

Furthermore, the ACDM Model provides a good description of the evolution of the
universe from the cosmic microwave background, which indicates the decoupling of photons
in the early universe, up to our current epoch. Combined with insights from particle
physics one can extrapolate the theory back to the end of a hypothetical inflationary era
at which point matter begins to form. However, little is known about what happened
during the first picosecond after the hypothetical Big Bang.

Quantum field theory, on the other hand, is arguably even more successful, as it lies at
the heart of our understanding of both particle physics and the theory of condensed matter
systems. As such, it underpins a large fraction of all technological advancement in the 20th
and 21st century. Moreover, the Standard Model of particle physics is formulated in the

language of quantum field theory, and has been tested to extreme precision in experiments.



However, whereas general relativity is a mathematically consistent theory, the math-
ematical underpinnings of quantum field theory are not yet completely understood. Al-
though the Euclidean approach in quantum field theory has allowed to give a proper
mathematical treatment of many quantum field theories in dimensions d < 4, and no go
theorems have been formulated for various theories in d > 4 dimensions, there are still
many open questions about the mathematical foundations of quantum field theory in any
number dimensions, and, in particular, in the critical case d = 4.

Furthermore, even though the Standard Model of particle physics has been tested to
extreme precisions, there are still many outstanding issues within the Standard Model.
For example, the model has a large number of free parameters whose values can be fixed
by experiment, but not on the basis of theoretical considerations. A more fundamental
theory that fixes a subset of these parameters by theoretical arguments is desirable.

A major shortcoming of both the Standard Model and general relativity is that they
have not yet been combined in one framework. This is problematic, as it implies that the
corner stones of modern physics can only be applied in the regime where either quantum
effects or gravitational effects are negligible. Although this allows to describe most of the
physical phenomena, it also prevents from developing a proper understanding of the nature
of black holes and the very early universe. It is hoped that a theory of quantum gravity
that combines general relativity and quantum field theory in a consistent framework will
be able to answer such questions. Furthermore, a theory of quantum gravity could provide
handles towards the resolution of the aforementioned issues encountered in both the ACDM
Model and the Standard Model of particle physics.

The search for this theory of quantum gravity has gained a vast amount of attention
during the last decades. However, despite the formulation of many approaches to the
problem and despite a huge amount of research within these approaches, there still is no
widely accepted complete and consistent theory of quantum gravity. Nevertheless, using
the various approaches, progress has been made towards a resolution of the problem, and
many hints have been provided towards both the mathematical and phenomenological
properties of such an illustrious theory of quantum gravity.

Early attempts to quantize gravity focus on the quantization of the fluctuations of
the metric as a spin-2 graviton field. However, as was soon realized such a theory is
not renormalizable. Later, it was realized that renormalizability of the theory could be
regained, if the gravitational action is modified with higher derivative terms. However, this
comes at the price of introducing a ghost in the theory. Nowadays, the modification of the
gravitational action lies at the heart of the higher derivative gravity, the non-local gravity
and the asymptotic safety approach. These approaches aim to obtain a renormalizable
and ghost free theory of quantum gravity by adding a finite number of terms to the
gravitational action.

The path of quantizing fluctuations around a fixed background metric is also followed in
string theory and string inspired approaches such as the holographic approaches. However,
in these approaches the fundamental point-like degrees of freedom encountered in ordinary

quantum theories are substituted by the excitations of strings.



Another class of approaches aims to quantize gravity in a background independent way.
Whereas string theory and higher derivative gravity quantize fluctuations of the metric as a
gauge force around a fixed background spacetime, the background independent approaches
aim to quantize spacetime itself without fixing a particular background metric. As there
is little guidance on how to do so, this leads to a variety of ideas. Notable approaches
include Loop Quantum Gravity, Causal Dynamical Triangulations, Group Field Theory
and Causal Set Theory.

This thesis discusses two conservative frameworks at two extremes of the spectrum of
approaches to quantum gravity. In part II, the elementary considerations, we will follow
the line of thought that a final theory of quantum gravity must also provide a mathematical
consistent framework of quantum field theory. As stochastic techniques have been very
successful in constructive quantum field theory, we will explore what stochastic analysis
can teach us about the interplay between gravity and quantum theories. Here, we will use
methods from stochastic mechanics and stochastic quantization, i.e. combine ideas from
the foundations of quantum mechanics and constructive quantum field theory, to obtain
a consistent quantum theory in curved spacetimes.

As this framework has not been explored much in the literature, we won’t be able to
go beyond any elementary considerations. However, we will see that stochastic analysis
provides a strong clue about the type of extensions of differential geometry, which is the
mathematical foundation of general relativity, that are necessary to incorporate quantum
effects in the theory of general relativity.

In parts III and IV, we jump to the other side of the spectrum of theories of quantum
gravity, and discuss the low energy effective field theory of quantum gravity. Although
general relativity with a quantized graviton is not renormalizable, any theory of quantum
gravity that contains a graviton in its spectrum, respects general covariance, and reduces
to general relativity at low energy scales, can be studied at sub-Planckian energy scales in
a model independent way using methods from effective field theory.

In part III, we focus on predictions from a purely quantum gravitational theory using
the unique effective action of quantum gravity, which allows to study quantum corrections
to general relativity. In part IV, we will introduce the coupling of quantum gravity to mat-
ter, which allows to systematically study a wide range of effective interactions generated

by quantum gravity.



Chapter 2
General Relativity

General relativity is undoubtedly the most successful theory of the gravitational force.
It describes the gravitational force to great accuracy, and has been verified in many ex-
periments. It correctly predicts the existence of gravitational waves and serves as the
mathematical framework of the ACDM Model. In this chapter, we review some basic

aspects of this theory.

2.1 Construction of general relativity

In this section, we review some of the essential ideas of the theory of general relativity
by constructing the theory step by step, starting from the theory of classical Newtonian
gravity for a massive point particle. In the Newtonian theory of gravity the motion of

such a particle is given by a trajectory
z: T —RY (2.1)

where t € T C R labels the universal time, and R? is the d-dimensional space through
which the particle propagates. The motion of such a particle is governed by Newton’s

second law )
R

m dt2 = ngl"aV(x) + Fcl;ther(xv :ta t)7 (22)
where
ngrav(x) =—-m vivg;rav(-r) (2.3)

is the gravitational force described in terms of the gravitational potential Vgray, and Foher
represents other non-gravitational forces.

The first step towards a theory of general relativity is the realization that the gravita-
tional force is induced by the geometry of the space through which the particle propagates.
For this description, we promote the configuration space to a d-dimensional Riemannian
manifold (M, g), where the metric g encodes the geometry that induces the gravitational

force. We now consider trajectories

z: T = M (2.4)



and the motion of the particle is described by a generalization of Newton’s second law

d?z ; dad dz® ,
m|—+1%(r) —— | = F(z, 1,t 2.5

(dt2 + jk( ) dt dt) ( s by )7 ( )
where m is the mass of the particle, and I' is the Christoffel connection. Moreover, F
represents the non-gravitational forces, that can generically be described in terms of vector

and scalar potentials, i.e.,

dzxd

Fi(z,2,t) = q |ViAj(z,t) — VA (2, 1) e

— qOtAi(x,t) — Vish(z, t) (2.6)

with ¢ the charge of the particle. We notice that in this geometrical description the
gravitational force is described through a modification of the acceleration term rather
than an external force.

For Fj(z,d,t) = 0, eq. is the geodesic equation and its solutions are geodesics.
These are paths that minimize both the length

Liz(t)] = /T ds = /T N (2.7)

and the energy
Elz@t)] =2 / gijitad dt, (2.8)
2 Jr

where the line element ds is defined by
ds? = g;jda’dx’. (2.9)

More generally, for a non-vanishing force eq. (2.5) minimizes the action

Sla(t)] = / L(w, 1) dt (2.10)
T
with the Lagrangian L : T x TM — R given by
L(z,&,t) = %gij(x) itil 4 q Ag(x,t) &7 — U(x, t). (2.11)

It is straightforward to show that minimization of the action with respect to the trajectory
x(t) indeed leads to eq. with a force given in eq. (2.6).

The guiding principle of general relativity is that any Lagrangian defined on the man-
ifold M should satisfy the principle of general covariance, i.e. the physical theory is
coordinate invariant and there exists no preferred frame of reference. In the described
non-relativistic framework, this is reflected by the fact that the action must be invariant
under transformations generated by the inhomogeneous Galilean group.

Up to this point, we have described a non-relativistic test particle subjected to a
gravitational force induced by the geometry. However, it is well known that the world is
relativistic. This must be included in our description. In order to do so, we must promote

the d-dimensional Riemannian manifold, which looks locally like the Euclidean space R%



to a n-dimensional Lorentzian manifold with n = d + 1, which looks locally like the n-
dimensional Minkowski space R%!. Furthermore, we must impose that any theory defined
on this space satisfies general covariance. For this, the invariance under the inhomogeneous
Galilean group is promoted to an invariance under the Poincaré group.
We thus study trajectories
z: T = M, (2.12)

where A € T C R labels an affine parameter along the trajectory of the particle, and M

is a Lorentzian manifold. As we consider a Lorentzian manifold, the line element
ds? = g drtdx”, (2.13)

is no longer positive definite. Therefore, in order to obtain a well-defined variational

principle, one must separate the tangent spaces into three sections:

<0 timelike,
ds* =0 lightlike, (2.14)
>0 spacelike,

where we use a (— + ...4) metric signature. By restricting the tangent spaces to any of
these sections, one can define a norm and construct a variational principle.
In addition, the construction of a relativistic theory requires invariance under reparametriza-

tions of the affine parameter. It is easy to see that the lengtkﬂ

lﬂ$(Aﬂ::l/;dS::‘/;«/—guyiﬂiydA (2.15)

is indeed invariant under reparametrization of the affine parameter A, but the energy

Elz(\)] = % /T G a dA (2.16)

is not. We note, however, that reparametrization invariance of the length leads to a
secondary constraint
pupt +m* =0, (2.17)

which can be implemented in the energy functional by introducing a gauge fixing term.

The equations of motion can then be derived by minimizing the action

Sla(r)] = /T Lz, &) (2.18)

with the Lagrangian L : TM — R given by

2

. 1 gy EM .
L(z,%) = 2—69#,,(33) ¥ — — qA,(z) 2", (2.19)

!'We consider timelike or lightlike paths satisfying ds? < 0



where e(\) is an einbein field along the wordline of the particle. The equations of motion

are given by P e p
v , dxP dx? x
G (dTa + prm) =ca (Vudy = Vudy) G (220)

The relativistic constraint (2.17)) can be written as

dx* dxt
G = —e*m? (2.21)

and follows from minimization of the action with respect to e. Finally, we gauge fix

m~ if m >0,
e= (2.22)
1 if m =0.

For timelike particles, this fixes the affine parameter to be the proper time A = 7.

We have discussed the motion of a test particle moving on a Riemannian or Lorentzian
manifold (M, g). Although this provides a correct description of a test particle, it is
not the theory of general relativity. Indeed, general relativity describes the interaction
between matter and the geometry through which the matter propagates. Since the particle
gravitates, a complete theory of gravity must include the change of the geometry due to
the presence of a particle. In order to treat this interaction, we must leave our description
of point particles and move towards a classical field theory.

Before discussing a field theory, we review some basic definitions. Given a point x € M,
a real (k,1)-tensor is a map T'(z) € TED (T, M) = (T, M)®F @ (T M)®!, i.e

T(z) : (T; M)* x (T, M) = R. (2.23)
The bundle of (k,l)-tensors is

TE(TM) = | | T®(TM) (2.24)
reM

and a tensor field T is a smooth section T € F(T(k’l)(TM)) of this bundle, i.e. it is a
smooth map
T: M — TE)N(TM). (2.25)

We have encountered three examples: the real scalar field

U: M- MxR (2.26)
with (k,1) = (0,0); the covector field

A:M—T*M, (2.27)
with (k,1) = (0,1); and the metric

g: M= T*(T*M) (2.28)



with (k,1) = (0,2).

More generally, in classical field theory one considers a fiber bundle over the manifold
M, ie. a tuple (E,m, M), where m : E — M is a projection, that looks locally like a
product space M x F with fibers F'. A field ¢ is then defined as a section of this bundle.
This is a map ¢ : M — E such that 7(¢(z)) = z for all x € M. We note that the tensor
bundle T (T M) is an example of a fiber bundle with fibers 7 (T, M).

In classical field theory, one considers k-dimensional fields ® = {¢%} ¢ (1,...,k} as sections
of some fiber bundle F, which may be equipped with internal symmetry groups. The
typical example is classical electromagnetism, where the fibers are invariant under the
action of the U(1) symmetry group.

We note that fields cannot always be defined globally, i.e. global sections may not exist.
Therefore, one considers local sections ¢ € I'y(F) instead. These are fields ¢ : U — E
such that U C M is open and € U. We say that two local fields ®, ¥ € T';(E) are

1-equivalent at x, if

¢%(x) =*(x) and 0,¢%(x) = 0,90 (x) Va,p. (2.29)

This defines an equivalence relation on the field space I';,(E') whose equivalence classes are
called first order jets at x. The first order jet containing the field ¢ is called the first order
jet of ¢ at x and denoted by jl¢. The set of all first order jets

Jin={jlo:x e M,¢ € Tp(m)} (2.30)

is called the jet manifold and can be endowed with a (n + k 4+ nk)-dimensional manifold

structure. Moreover, it is a fiber bundle over M with source projection
it M ost. jléom (2.31)
and a fiber bundle over E with target projection
mo:JJir = E st jlo e o(x). (2.32)

The jet manifold is the configuration space for a classical field theory. A Lagrangian

is thus a function £ : J'7 — R, and the action is given by

S = / Vgl £ d"x. (2.33)

After this brief review of classical field theory, we can discuss the action of general

relativity. This action contains two parts
S = Sgu + Sm (2.34)

The second part is the action of all matter defined by a Lagrangian Ly (P, V®,g) that
depends on the metric, the matter fields and derivatives of the matter fields. The first

part is the Einstein-Hilbert action, and it depends on the metric and derivatives of the



10

metric. It is given by

1 mn
Son = 1o / Vgl (R —20) d'z, (2.35)

where R is the Ricci scalar, and where we have introduced a cosmological constant A.
Minimizing the action ([2.34) with respect to the metric tensor then leads to the Einstein

equation
1 81G
RNV + (A - QR) g/“, == 71—;“,, (236)

where

T, = 2_05m (2.37)

Vgl o9

is the energy-momentum tensor.

The Einstein equation is the fundamental equation of general relativity and it describes
the interaction between matter and geometry. Here, the kinetics of the geometry, as
derived from the Einstein action is written on the left hand side and it is sourced by the

presence of matter given on the right hand side.

2.2 Singularities in general relativity

In previous section we described the basic ingredients of the theory of general relativity,
which despite its apparent simplicity is a very rich theory. The rich structure of the theory
appears when one solves the Einstein equation in the presence of various matter fields. In
general, this is a hard task due to the non-linearity of the equations. However, it leads to
a plethora of physically interesting properties. In this thesis, we will only discuss a few
aspects of this theory. For more detail we refer to the large body of literature on the topic
and to introductory textbooks such as Refs. [106}342].

One particular aspect of relevance for this thesis is the presence of singularities in the
theory of general relativity. Singularities are characterized by the divergence of curvature
invariants. These are scalar quantities constructed from products of the Riemann tensor.
The presence of singularities is often associated to the notion of geodesic incompleteness
of the theory.

It is this property of geodesic incompleteness that is problematic from the physical
point of view, as it means that not all geodesics can be extended infinitely far into the
past and the future. Instead, some geodesics have a starting or endpoint. If the geodesic
incompleteness is due to a curvature singularity, these starting and end points are located
at the curvature singularity.

The geodesic incompleteness implies that particles moving along such geodesics hit the
singularity within a finite proper time towards the future or the past. The singularities
thus act as sinks or sources for physical information. From the physicist’s perspective this
is problematic, as the predictivity of the theory breaks down at these singularities.

As an example of a singular spacetime, we consider the Einstein equation in vacuum
such that T, = 0. It is well known that the unique time independent and spherically

symmetric solution of this equation is the Schwarzschild solution, whose existence was
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first derived by Schwarzschild [312], and whose uniqueness is provided by the Birkhoff
theorem [47,216]. In the coordinate frame of an asymptotic observer, the solution can be

represented by the line element
ds® = —f(r)dt* + f(r)~tdr? +r2d9?, (2.38)
where
d0? = d6? + sin(0)?dep* (2.39)
is the metric on a unit 2-sphere, and

fr)=1- 2G| (2.40)

r

with M the mass of the solution. This representation of the solution is well known to have
a coordinate singularity at the horizon r = 2GM. However, this coordinate singularity is
harmless, as it can be resolved by choosing a different set of coordinates. In addition, the
solution has a true curvature singularity at » = 0, which is characterized by the divergence

of the Kretschmann scalar

48G? M*?
lim Ry,p0 R = lim ——— = oo
r—0

r—0 7“6 (241)

Another example of a singular solution in general relativity is the Reissner-Nordstrom
solution [217,|276}|300}|352], which describes a charged black hole. In the frame of an
asymptotic observer, the line element can be represented by ([2.38) with

2GM  GQ?
_26M | GQ

r r2 ’

fr)y=1 (2.42)

where Q is the total charge. This solution has a curvature singularity at » = 0 and horizons

re=GM+/G2M? — G Q2. (2.43)

Another textbook example of a singular spacetime is the Kerr solution [222], which

at

describes a rotating black hole. It can be generalized into the Kerr-Newman solution
[273,[274] that describes a rotating charged black hole. The line element for the Kerr-

Newman solution in Boyer-Lindquist coordinates is given by

i = - (1 2L an - CEMD S s+ ot
+ pX,(f))Q dr® + p(r,0)* do* + ;1(1;((99))22 (r? +a®)? — a®A(r)sin(0)?| d¢®  (2.44)

with @ = J/M and J the total angular momentum. Furthermore,

p(r,0)* = r* 4 a® cos(6)?, (2.45)
A(r) =r? —2GMr + GQ? + o> (2.46)
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The Kerr-Newman solution has a curvature singularity at (r,0) = (0,%). We note that

this is a circle at » = 0 with radius a. In addition, the solution has horizons at

ry=GM ++/G2M? - GQ? —al. (2.47)

The mass M, charge @ and angular momentum J fully characterize all classical black
hole solutions. This is conjectured in the no-hair theorem [107,212,213,262], which states
that all stationary asymptotically flat black hole solutions of general relativity coupled to
electromagnetism that are non-singular outside the event horizon are completely charac-
terized by the mass, charge and angular momentum.

In this classical setting gravitational mass, electromagnetic charge and angular mo-
mentum is the only hair of the black hole. All other information contained in matter
falling into the black hole is lost to outside observers, once it crosses the event horizon.
In the classical theory this can be explained by the fact that all geodesics that cross the
horizon end up at the singularity within finite proper time. All particles that fall into
the black hole will thus end up at the singularity, which acts as a sink for the physical
information contained in the particle, while leaving an imprint of their mass, charge and
angular momentum in the geometry.

Although one could hope that the singular solutions of the Einstein equations are only
spurious effects and do not occur in reality, there are several reasons why they have to
be taken seriously. On theoretical grounds, they are expected to be the endpoints of the
gravitational collapse of massive stars. This is due to the fact that there are no known
forces that can counteract the gravitational force at the core of collapsing massive stars.

The critical point in such a collapse is the formation of a closed trapped surface. Any
future directed light ray that is sent from such a surface will be directed towards one
side of the surface. Such a surface thus splits spacetime into two regions: one that can
be reached by future directed light rays and another region that cannot be reached by
future directed light rays. Consequently, the region contained by the trapped surface is
hidden from outside observers. The typical example of a closed timelike surface is the
event horizon encountered in black hole solutions.

Early models of the collapse of massive objects up to the formation of a horizon were
considered in Ref. [280]. Later, the idea that such a collapse indeed leads to black hole
solutions was strengthened by the formulation of singularity theorems first developed by
Hawking and Penrose [191,[291]. Typically these theorems prove geodesic incompleteness
of a spacetime under generic assumptions about the global structure of the spacetime and
energy conditions that are satisfied by the matter defined on the spacetime.

On top of these theoretical considerations, there are strong empirical arguments in
favor of the existence of black holes. Astronomical observations provide strong evidence
for the existence of dark compact objects that induce a Kerr-like metric. Evidence is for
example provided by the observation of dark supermassive compact objects at the center
of galaxies [59,/169,/176,1231], the observation of massive compact objects in other regions
of galaxies [54,(114,117},348,355], the analysis of gravitational waves from black hole like

sources [2-5], and an image of a black hole like object [12].
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2.3 Dark matter and dark energy

Another issue arising from general relativity is that, assuming general relativity and the
Standard Model of particle physics, a large part of the energy content of the universe is
unknown. Indeed, within the best current model of cosmology, it is estimated that the
energy content of the universe consists for about 68% out of dark energy, 27% dark matter
and only 5% ordinary matter [8,9]. Therefore, the Standard Model of cosmology is referred
to as the ACDM Model, where A is the cosmological constant indicating the presence of
dark energy, and CDM stands for cold dark matter.

Dark matter refers to the presence of matter that interacts gravitationally with other
matter, but not or very weakly through the Standard Model interactions. In short, the
presence of dark matter is necessary to account for the imbalance between the amount
of matter observed through gravitational interactions, and the much smaller amount of
matter observed through electromagnetic interactions. Concrete evidence for the presence
of dark matter comes from a wide variety of sources such as galaxy rotation curves [122],
velocity dispersions in galaxies [152], gravitational lensing [361], the cosmic microwave
background [8,|9], and observation of the bullet cluster [118].

Despite the wide range of cosmological evidence for the existence of dark matter, little is
known about the nature of dark matter, as it has not been observed directly in laboratory
experiments. As a consequence, there exists a large variety of models explaining dark
matter. Most popular are Standard Model extensions, but alternatives exist and include
modifications of gravity, neutrinos and massive composite objects, such as primordial black
holes and MaCHOs. However, it is expected that the latter two can only make up few
percent of the total dark matter [158]. Modifications of gravity, on the other hand, are
not always compatible with data from the bullet cluster [118]. Moreover, classes of these
models can be mapped to Einstein-Hilbert gravity with a Standard Model extension, as
will be discussed in the next section.

If dark matter is a type of matter, not much is known about its fundamental properties.

Indeed, it can have any spin and its mass must roughly be in the range
10722eV <m <10 eV, (2.48)

where the upper bound comes from the absence of observed tidal disruptions in galaxies,
and the lower bound from the fact that dark matter must be bound within the smallest
galaxies, i.e. its de Broglie wavelength should not be larger than the size of the smallest
galaxies. In addition, as dark matter has not been detected in laboratory experiments,
its non-gravitational interactions with Standard Model matter must be extremely weak.
Furthermore, cosmological data implies that any non-gravitational interactions between
dark matter particles themselves must be very weak and that the dark matter is cold or
non-relativistic.

Dark energy is necessary to explain the accelerated expansion of the universe. Evidence
for this acceleration follows from a variety of observations such as the observation of

supernovae [292], the cosmic microwave background [8,9], large scale structure [50], and
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the integrated Sachs-Wolfe effect [1231|172}/198].

Dark energy can be explained by a non-vanishing cosmological constant
Ax1071220 2 (2.49)

where [, = \/W is the Planck length. However, there exists no explanation for this
particular value within the ACDM Model nor in the Standard Model of particle physics.
Moreover, there is a small tension between the value of A as determined from the cosmic
microwave background, i.e. early universe measurements |89, and the value as determined
from standard candles, i.e. late universe measurements [301]. There are various models
that attempt to explain the presence of dark energy. Examples are modifications of the
gravitational theory and the introduction of a dynamical quintessence field that satisfies

unusual energy conditions.

2.4 Modifications of gravity

As discussed in previous sections, general relativity is a mathematically clean theory that
provides an extremely well tested description of the gravitational force. Nevertheless, there
are several issues, such as the existence of singularities and the presence of dark matter,
that cannot be described by general relativity. This tension provides a strong indication
that classical general relativity is an incomplete theory of gravity that should be regarded
as a limit of a more complete theory of gravity.

In the next chapter, we will discuss the construction of such a more complete theory
by incorporating quantum effects into the gravitational theory. However, before moving
to such quantum theories of gravity, it is important to point out that the classical theory
of gravity can also be modified in several ways. Here, we discuss some general classes of
modifications.

A first natural way to modify general relativity is to extend the geometrical description
of spacetime. In the construction of general relativity as a theory on pseudo-Riemannian
geometry, it is assumed that the connection of spacetime is the Levi-Civita connection,
which is the unique metric compatible and torsion free connection on a pseudo-Riemannian
manifold. However, generalizations of general relativity exist that use a more general
connection.

An example of such an extension is the Palatini formalism in which one considers the
Einstein-Hilbert action with the metric and connection as independent degrees of freedom.
Variation of the action with respect to the connection then leads to new field equations
for the connection. If the connection is assumed to be torsion-free, this field equation is

solved for the Levi-Civita connection, implying that the non-metricity tensor given by

Qp,ul/ = vpg;w (2.50)

vanishes.

If, on the other hand, the torsion is non-vanishing, then, under the assumption that
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the non-metricity vanishes, one obtains the Einstein-Cartan theory of gravity, which is

characterized by the torsion field

_omP  _
5, = QF[W} =, -1, (2.51)
or equivalently by the contorsion tensor
1
Ko = 9 (me + Thwp — TVpu) (2.52)

with Ty = gpoT),. The two extreme cases of this theory are given by general relativity,
in which the torsion vanishes but the curvature does not, and the teleparallel theory of
gravity, in which the curvature vanishes but torsion does not.

More general theories that include both torsion and non-metricity are referred to as

metric-affine theories of gravity. In this case the connection takes the form
re, =1r° +K* +1QP (2.53)
72 Za 11 7] nv 2 nv .

with I'}, the Levi-Civita connection.

Notice, however, that there exist equivalences between the Einstein-Hilbert theory of
gravity with additional matter fields and theories of gravity that include torsion or non-
metricity. Indeed, instead of referring to K and () as contorsion and non-metricity, one
could include these fields in the matter Lagrangian and thus treat them as new matter
degrees of freedom.

A second natural modification of general relativity can be obtained by modifying the
Einstein-Hilbert action. This generically leads to a higher derivative theory of gravity,
as such theories often incorporate higher powers of curvature scalars or derivatives of
curvature scalars. A typical example of such theories is an f(R) theory for which the

gravitational action is of the form

Sa = wjrcl/\/@f(m d"z, (2.54)

with f a smooth function of the scalar curvature. More generally, one can consider smooth
functions f(Ruvpe,guw) or even smooth functions containing derivatives of the Riemann
tensor. Finally, non-analytic functions can be considered, but this generically leads to a
non-local theory.

A third modification of general relativity can be obtained by introducing an extra term
in the action Sjyt that explicitly couples certain matter fields to curvature. The standard
example of such a term is provided by a non-minimal coupling of a scalar field ¢ to gravity,

which introduces a term of the form

Sint = —g /\/@Rgﬁ2 d"z. (2.55)
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In this case, there exists two special cases: £ = 0 is called minimal-coupling and

n—2

= - 2.56
¢ 4(n—1) (2.56)

is called conformal coupling, since for this value the massless scalar field theory

1 mn
§— _2/./19 (V6 + £ R ¢2) d'z. (2.57)
is invariant under conformal transformations

g,ul/(x) — guu(‘r) = WQ(I') g/w($)' (2'58)

A more general class of theories that contain an interaction between gravity and scalar
fields is the Horndenski theory [201]. In four dimensions, this is the most general theory
that includes an interaction between gravity and scalar fields, and yields second order
equations of motion.

Finally, we point out that there exist equivalences between certain classes of the second
and third modifications of general relativity and Einstein-Hilbert gravity with additional
matter fields. If this is the case, the representation with a modified gravitational action is
called the Jordan frame representation, while the Einstein-Hilbert action with additional
matter fields is the Einstein frame representation. We will encounter an example of such

an equivalence between modified gravity and classical gravity with additional matter fields
in chapter [11]
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Chapter 3

Towards a Quantum Theory of

Gravity

In previous chapter, we have discussed general relativity, which is a geometric theory
of gravity. In doing so, we have treated both spacetime and the matter defined on the
spacetime as classical fields. However, it is well known that all matter in our universe
must respect the laws of quantum theory. In this chapter, we discuss the quantization of

the theory described in the previous chapter.

3.1 Quantum field theory

Quantum field theory is the most advanced theoretical framework that combines quantum
theory with classical field theory and general relativity. This framework has been hugely
successful, as both the Standard Model of particle physics and many condensed matter
models are formulated within this framework.

The starting point of a quantum field theory is a classical field theory defined on some
fiber bundle with an underlying manifold given by the real space R for a non-relativistic
field theory and the Minkowski space R%! for a relativistic theory. For example, the
Standard Model is formulated on the Minkowski space R?!, and the fibers are invariant
under the action of the group SU(3) x SU(2) x U(1).

In order to obtain a quantum field theory, one must introduce the quantum fluctu-
ations into the theory. This is called the quantization of the theory and the two most
used procedures to quantize a theory are canonical quantization and functional integral
quantization. A thorough treatment of the various quantization procedures is beyond the
scope of this thesis, but can be found in any introductory book on quantum field theory.
Here, we will simply highlight a few basics of the quantization procedures.

In a canonical quantization procedure, one quantizes a theory by promoting all vari-
ables and their conjugates to operators. One then imposes commutation relations between
the variables and their conjugates. As discussed in previous chapter, the variables of a
field theory are the fields, i.e. smooth local sections of the fiber bundle. In a canonical

quantization procedure, one must thus determine the conjugate momenta of the fields,
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which are given by

_9L(6,V9)

w(Z,t : , 3.1
HER) .

and impose canonical quantization conditions of the form
[p(Z, 1), m(& )=y = i K64 (T — Z). (3.2)

As is the case in ordinary quantum mechanics, it is convenient to rewrite the fields in terms
of creation and annihilation operators, which in the case of a field theory corresponds to

a Fourier expansion of the fields given by

o [N dp | L[ my ikd—iwt |t o—ikd it
00 =\ gy | 4% 5 [a(k)e +af(k)e } :
= . h d w 7\ ik-T—iwt P —ik-Etiwt

The creation and annihilation operators, a and a, then satisfy the commutation relation
la(k),at (K')] = 64(k — k'), (3.4)

and they can be used to construct excited states of the lowest state or quantum vacuum
|0) of the Fock space corresponding to the theory. The observables of a quantum field
theory are correlation functions. In a canonically quantized theory these can simply be
calculated by sandwiching the operators between the vacuum states. For example, the

expectation value of an observable f(¢) is given by

(f(#)) = (011(¢)|0). (3.5)

Another widely used quantization approach, which is more relevant for this thesis, is
functional integral quantization or quantization by path integrals. The central object in

this procedure is the path integral, which can formally be written as

/D¢ e#S(9), (3.6)

and should be interpreted as an integral over all possible field configurations, where every
field configuration has a weight given by e#°(®). The path integral allows for a straight-

forward calculation of expectation values:

_ [ Do f(g) i@

N ==

(3.7)

For this purpose, it is convenient to define a generating functional by

Z[J] = /D¢ei[5(¢)+(%¢>} ’ (3.8)
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where (.,.) denotes the standard L? inner product. This allows to calculate n-point cor-

relation functions as .

(64) = (i)t Sz

which allows to compute (f(¢)) for any analytic function f.

i’ (3.9)

Although these basic ideas of quantum field theory are rather straightforward, the
actual calculation of correlation functions in quantum field theory is a difficult task. This
is partially due to the complications in defining and evaluating path integrals. The path
integral for a free field theory can, however, be evaluated. The result is an ordinary
integral over space or equivalently over the dual momentum space. Any interaction term
in the Lagrangian can then be introduced using perturbative methods. This can neatly
be represented using Feynman diagrams. These provide a diagrammatic language for the
remaining ordinary integrals that need to be evaluated.

These ordinary integrals are often divergent, but can be regularized in various regu-
larization schemes. After regularization of the divergences, they can be absorbed into the
theory by a redefinition of the original fields and coupling constants. This process is called
renormalization of the theory. Any theory where this process can be applied, while adding
only a finite number of new terms into the Lagrangian is called renormalizable. Theories
for which this cannot be done are non-renormalizable.

In order to study quantum field theory in gravitational backgrounds, a framework of
quantum field theory in curved spacetimes is necessary. Following the above construction,
it can be obtained by simply replacing the Minkowski spacetime R%! with an arbitrary
smooth Lorentzian manifold M.

An issue that arises in such a construction is that the vacuum of the Fock space becomes
an observer dependent notion. In other words, a quantum system that is in its ground
state according to one observer can appear excited in the frame of another observer. In
fact, any observer that accelerates through a Minkowski vacuum will observe a thermal
spectrum of particles, which is known as the Unruh effect [128}162,1339).

This effect does not only apply to accelerating observers, but is also observed in grav-
itational fields. Indeed, the equivalence principle states that observers cannot distinguish
between accelerating frames and frames in a gravitational background field. This implies
that an effect similar to the Unruh effect must be present in the neighborhood of gravitat-
ing objects. This leads to the prediction of Hawking radiation [192] and the idea that black
holes are thermal objects with a radiation spectrum and entropy [41]. These predictions

are among the most fascinating ideas of quantum field theory in curved spacetime.

3.2 Quantizing general relativity

In previous section, we have discussed quantum field theory in curved spacetime, which
treats quantum theories on a static spacetime. However, as discussed in previous chapter,
spacetime is dynamical in general relativity and its dynamics is governed by the Einstein
equation

1 87
Ruy — §Rg,u,1/ + Aguy == CTTMV. (310)
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When the quantum properties of matter are introduced, the energy-momentum tensor on
the right hand side of this equation is quantized. If the left hand side is kept classical,
this leads to an inconsistency in the equation, as the classical and quantum configuration
spaces are different.

A first approach to resolve this inconsistency is provided by semiclassical gravity. In
semiclassical gravity the right hand side of the Einstein equation is classicalized by taking

the expectation value of the energy momentum tensor:

1 8rG
Ruy - §Rguy + Ag/“’ = 7<Tuy> (311)

This semiclassical approach is consistent and incorporates the quantum behavior of matter.
However, it does not provide a complete picture of the interplay between quantum field
theory and gravity, as it neglects the back-reaction of the gravitational field on the quantum
fluctuations of matter. Therefore, semiclassical gravity is only an approximation to a more
complete theory that can treat both quantum field theory and its interplay with gravity.
Such a more complete theory requires the quantization of the gravitational field on the
left hand side of the Einstein equation and is therefore called a theory of quantum gravity.

A second reason for the quantization of gravity is that there still exist many unanswered
questions within both the Standard Model and the ACDM Model. Although it is not
expected that a theory of quantum gravity will resolve all open questions in particle physics
and cosmology, it is hoped that the quantization of gravity will shine a new light on several
of these issues. In particular, quantum gravity could provide solutions to cosmological
issues related to dark matter, dark energy, and the resolution of singularities.

A consistent and complete formulation of quantum gravity is still absent, but many
approaches to its formulation have been suggested. A first approach to the quantization of
gravity is the background field method in which fluctuations of the metric are quantized
using standard methods from quantum field theory. In this approach, one uses the fact
that the the tangent bundle T'M is itself a fiber bundle over the manifold, where the fibers
are the tangent spaces T, M with the Lorentz group SO(3, 1) as its symmetry group. One
then interprets gravity as a gauge force associated to this symmetry group by splitting the

metric g into a background metric g and a perturbation h:

G = Guv + K hpw, (3.12)

where k? = 87hG. The background can be chosen arbitrarily, but the most common
choice is the Minkowski background g = 7. One then defines a new fiber bundle, where
the underlying manifold with metric ¢ is replaced by a manifold with metric g. Moreover,
the fibers are extended such that they include the new (2, 0)-tensor field h that is associated
to the SO(3,1) symmetry of the fibers. The gauge field h is a massless spin-2 particle, it
is called the graviton, and its wavelike dual is the gravitational wave.

The background metric is kept classical, while the gravitons can be quantized similar to
the gauge forces. However, the resulting theory is non-renormalizable, which can easily be

checked by power counting from the fact that the mass dimension of the coupling [k?] = 2
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is positive.
If one checks the non-renormalizability explicitly, one finds that the one-loop diver-
gences of pure gravity can in 4 dimensions be canceled [200] using the Chern-Gauss-Bonnet

identity
1

= 3272

x(M) /M d*z\/|g| (R* — 4R R™ + Ryuwpe R*77) (3.13)

where x(M) is the Euler characteristic of the manifold M. However, this is no longer true
for the divergences appearing in 2-loop diagrams [179]. In order to cancel such divergences

one would require an infinite number of counterterms, and thus an action of the form
[o.¢]
S = /d4l' gl Zak k2E=2) sy (3.14)
k=1

where aj, are dimensionless coefficients and SR* denotes any scalar contraction of a product
of k Riemann tensors. As this would require to fix an infinite number of coefficients ax by

experiment, such a theory is not predictive.

3.3 Quadratic gravity

The fact that the non-renormalizability of the Einstein-Hilbert action can be deduced
from power counting arguments suggests that an action must be constructed where the
coupling constants have non-positive mass dimensions. A natural candidate for such an

extension is quadratic gravity with an action given by
4 R 2 v
S = [ dz\/|g| @—FQR +caRuWRM ). (3.15)

Here, we have not included the quadratic curvature invariant R, ,,R**?, as it can be
rewritten in terms of R?, R, R* and a boundary term, that does not affect the equations
of motion, using the Chern-Gauss-Bonnet identity. The couplings for the quadratic inter-
actions in this theory are dimensionless, which suggests renormalizability of the action by
power counting.

It was shown by Stelle [329] that this action of quadratic gravity is indeed renor-
malizable. However, the renormalizability of the quadratic action comes at the price of
introducing a ghost field in the action, i.e. a field with negative energy excitations. The
presence of this ghost can be deduced from the propagator of quadratic gravity. This
propagator can be derived from linearizing the action around flat spacetime [330], and is

given by
0ROy + 0080 — mun™ PP P T 10
252 TR_ml 2 —md) (3.16)
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with
" e
mj = —2;202, (3.17)
and where the Nieuwenhuizen operators are given by
PP = (6067 + 6762) — S0 (3.18)
with
Opv = Ny — % (3.19)

The first term is the same as the propagator encountered in Einstein-Hilbert gravity.
This term corresponds to a massless spin-2 field, which is the graviton. The second term
represents the propagator of a massive spin-2 field, and the third the propagator of a
massive spin-0 field. Both these fields are not present in the Einstein-Hilbert action of
gravity. Moreover, the negative sign in front of the second term indicates that the massive
spin-2 field carries a negative kinetic energy, and is thus a ghost field. In addition, the new
degrees of freedom could be tachyonic. However, this can be avoided by simply imposing
constraints on the coefficients ¢; such that mg, m3 > 0.

As a final remark, we note that the definition of the masses allows to rewrite the

quadratic gravity action as [197]

1 1 1
— d4 2 oo pvpo 92
S 2,€2/ zv/ gl <R+6 (QJR' 9 %Cuﬂ C )7 (3.20)

where C,, 0 is the Weyl tensor.

3.4 Gravity and gauge forces

In the next chapter, we will build an effective field theory for quantum gravity using the
background field method. As we will see in parts [[TI] and [[V], this allows to study quantum
gravity at sub-Planckian energy scales in a way that is independent of the details of the
ultraviolet completion of quantum gravity.

Before moving on to this framework, we point out that the failure of constructing a
renormalizable quantum theory of gravity in the background field method does not come
as a complete surprise. Indeed, in the previous chapter we have seen that the configuration
space of classical general relativity is a fiber bundle over a manifold. Moreover, gravity
is associated to the general covariance of the underlying manifold, while gauge forces are
associated to symmetries in the fibers. Even though there are many similarities between
gravity and gauge forces, this makes that they are fundamentally different on a classical

level.
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In the background field approach we quantize gravity by reformulating gravity as a
gauge force. An opposite approach is to reformulate the gauge forces as a gravitational
type of force by equipping the fiber bundle with a higher dimensional manifold structure.
Ideas along those lines go back to the works of Kaluza [220] and Klein [225], who attempted
to unify gravity with the electromagnetic force in a geometric formulation, and are now
prominent in string theoretic approaches.

In part [[] of this thesis, we will explore how to incorporate quantum effects in the
theory of general relativity, while keeping the fiber bundle structure from classical general
relativity intact. We will do this by exploring stochastic formulations of quantum theories,
and in particular stochastic mechanics using the stochastic quantization procedure as
developed by Edward Nelson [270].

Stochastic quantization in the sense of Nelsonlﬂ finds its roots in two closely related
ideas from the 1950s. First, the development of stochastic mechanics [153/267] showed that
quantum fluctuations can mathematically be described using extensions of the theory of
Brownian motion, and can thus be interpreted as a special kind of stochastic fluctuations.
This idea has since then become important in the foundations of quantum mechanics, as
it provides a solution to some of the outstanding issues in this field.

The second root for Nelson’s stochastic quantization approach lies in the mathematical
foundation of quantum field theory. Despite the elegant construction of path integrals
introduced by Feynman, their mathematical construction is still not properly understood
[14]. Nevertheless, it was realized shortly after the introduction of the path integral that
one can make sense of the path integral for the free field using a Wick rotation by mapping
it to a stochastic integral [218]. Since then, stochastic analysis has become foundational
to constructive quantum field theory [177}/185,269].

In part [T, we will find that the extension of a stochastic framework to manifolds
requires second order geometry [150], which is an extension of ordinary first order differ-
ential geometry. The latter provides the mathematical foundation of general relativity.
Both Nelson’s theory and the second order geometry framework will be introduced exten-
sively in chapter [6] and will therefore not be discussed in more detail in this introductory

part.

!There exists a different stochastic quantization procedure developed by Parisi and Wu |284]. This
approach will not be covered in this thesis.
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Chapter 4

Effective Action of Quantum

Gravity

In previous chapter, we have discussed the fact that a quantum field theory of general
relativity, in which the fluctuations of the metric are quantized as a massless spin-2 field,
is not renormalizable. This non-renormalizability is reflected by the fact that, in order
to absorb all divergences in the coupling constants of the quantum theory, one must add
an infinite number of counterterms. Therefore, the quantum action for the gravitational

interaction will be of the form

S = /d4x \g< L R+a 9%2+W9%3+M49%4 ) (4.1)
where M), is the reduced Planck masﬂ a; are dimensionless coefficients and R™ denotes
any contraction of the product of n Riemann tensors. Since there is an infinite number of
coeflicients that must be fixed by experiment this theory is not predictive.

It is important to notice that this action is perturbative in the Planck mass, i.e.
at scales R < Mg one can safely truncate the action, and neglect higher order terms.
Therefore, the quantum field theory of general relativity can still provide predictions that
are under perturbative control as long as the curvature does not grow beyond the Planck
scale, i.e. as long as R < MPQ.

In practice, super-Planckian curvatures are only reached in the very early universe,
and at the center of black holes. Therefore, an action as described in eq. applies to
all visible scales and all scales that are achievable by current and near future experiments.

For comparison, the LHC reaches an energy scale of the order 1.3 x 10* GeV, whereas
M, = 2.4 x 10'8 GeV.

4.1 Construction of the effective action

The idea sketched above can be made more precise in the language of effective field theories.

In this framework, one constructs a quantum field theory around a low energy limit of

M, = x~! in units where ¢, h = 1.
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the theory. The resulting effective field theory is valid from this low energy limit up to a
certain cutoff scale of the theory. The main philosophy behind this approach is that the
high energy modes of a theory are not always the relevant modes for physical processes
taking place at low energy scales. This is due to the fact that high energy modes cannot
be excited at low energy scales.

The first step in constructing an effective action is to set the cutoff scale of the theory
and split all modes of the theory in high energy modes, i.e. modes with energies above
the given energy scale, and low energy modes, i.e. modes with energies below the given
energy scale. One can then obtain the effective action by integrating out all the high
energy modes in the path integral formalism.

If the microscopic theory is known, one can perform this integration explicitly and
obtain an exact effective action. On the other hand, if the microscopic theory is unknown,
one cannot perform the integration explicitly. Nevertheless, if one knows the symmetries of
the underlying microscopic theory, one can make predictions about the type of interactions
that are present in the effective action. This is due to the fact that any effective interaction
that is added to the Lagrangian by integrating out high energy modes must respect the
symmetries of the underlying theory.

The calculation of the effective action by integrating out high energy degrees of free-
dom has been performed in the literature in a variety of models, cf. e.g. [65,66}/167] for
introductions to the topic. For some of these models the ultraviolet completion is known.
This allows to compare the effective field theory obtained by integrating out fields with
and without assuming the properties of the ultraviolet completion. An example of a model
where the ultraviolet complete theory is known and such integration has been performed
explicitly is the linear sigma model. The effective field theory for this model and its
similarity to quantum gravity is discussed in more detail in Refs. [64}|141}/142].

In the case of gravity, the low energy limit is given by general relativity, but the
microscopic theory is unknown. General relativity respects general covariance, and it is
expected that this symmetry is respected by a fundamental theory of quantum gravity.
Therefore, all operators appearing in an effective action of quantum gravity must respect
this symmetry, and will be of the form R™. Furthermore, using dimensional analysis, one

can set the cut-off scale of the effective theory to be equal to the reduced Planck mass

he
M, = 1/% = 2.435 x 10'® GeV. (4.2)

Knowing the cut-off scale, the fundamental symmetries and the low energy limit, one
can qualitatively write down an effective action for quantum gravity. Indeed, after inte-
grating out any unknown heavy degrees of freedom of the microscopic theory, one will
obtain corrections to the Einstein-Hilbert action that respect general covariance and are
Planck scale suppressed. One thus arrives at an action as given in eq. . We note
that the dimensionless Wilson coefficients, a;, in this action are unknown, and can only
be derived in a specific ultraviolet complete model of quantum gravity, where the heavy
degrees of freedom are known and can be integrated out explicitly.

Additionally, one can integrate out the gravitons, as these are expected to be present
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in any fundamental theory of quantum gravity and are excited at the Planck scale, cf.
eq. (3.12). This integration can be performed explicitly by considering a microscopic

graviton action of the form

MQ

Sl == [ d'av/ldl 2. (143)

The moment generating functional for this theory is defined as the path integral
W = —ihiIn [N ( / Dy et (Sl ' '9'%"‘]’”))] , (4.4)

where NV is a normalization factor. The effective action can then be obtained by taking

the Legendre transform of W:

rlg) = WiJ) - / 02/ [9] Gy T, (4.5)

where W
guu = W = <guu> (46)

is the vacuum expectation value of the metric. One can then plug in the expression for
the metric (3.12):
v = Guv + Mjgl h;w' (47)

This yields

. 2/~
I'[g] = S[g] + Q&gTr [111 (5 gg”)] +O(M;?), (4.8)
where we note the g is the classical background metric. Unlike the original microscopic
action , this action no longer depends on the quantum fluctuations h,,,, as these have
been integrated out of the path integral.

The next step in obtaining an effective action is the evaluation of the corrections to
the classical action. In the language of Feynman diagrams, the expansion can be
regarded as a loop expansion of the gravitons: the leading order term is the on-shell
graviton action; the next term represents the diagrams containing one graviton loop; and
higher order represent Feynman diagrams with multiple graviton loops. The corrections to
the on-shell action can thus be obtained by evaluating the loop diagrams order by order.

Calculation of the loop diagrams gives rise to two types of operators in the effective
action. The first are local or analytic operators that were already obtained in eq. (4.1J).
These originate in the UV-divergences of the graviton loops. The second type are non-
local or non-analytic operators that originate in the infrared divergences of the graviton
loops, which result from the masslessness of the graviton. Within the effective field theory
approach, the local and non-local terms do not impact each other at any finite order in
the energy expansion, as they have a different origin.

The calculation of these terms requires to fix the gauge for the graviton field A, .
However, fixing the gauge for h,,, will generically also fix the gauge of the background
field g,.. Therefore, the resulting effective action will be gauge dependent. The gauge
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freedom for the background field can, however, be preserved using DeWitt’s method of
background or mean-field gauges. This method allows to fix the gauge of h,, without
fixing the gauge of g,,, [341,[356/358], and leads to the Vilkovisky-DeWitt unique effective
action.

The calculation of the unique effective action for gravity can be done using a method
called covariant perturbation theory or the generalized Schwinger-DeWitt technique, which
has been developed in Refs. [34-39]. The resulting unique effective action of quantum
gravity is given by

I'eqc =TI't + ' + Swm, (4.9)

where we I't, and 'y, denote the effective gravitational action and Sy is the matter action.

The local effective action is given by

M2
'L = /d4:c lg] {;(R —2A) + c1(p) R* + c2(p) Ry R*
+ e3(11) Rynpo RMP7 + cq(1) OR + O(M;2)] (4.10)

and the non-local action is given by

O O
I'nL = —/d4az lg| [aRln (;ﬂ) R+ BRuwn (u““) RH

(]
+’7 Rp,upo’ In <M2> RHVP + O(MI;Q):| . (411)

We note that O(M };2) denotes the higher curvature terms that appear in multiple
graviton loop diagrams. In this thesis, we will neglect such terms and focus on the linear
and quadratic parts of the effective action, i.e. the on-shell and one loop contributions.
Additionally, we will ignore the cosmological constant. Furthermore, we note that the
Ruvpe R*P? terms can be rewritten in terms of R2, R, R* and a boundary term using
the Chern-Gauss-Bonnet theorem. This boundary term and the boundary term with
Wilson coefficient ¢4 do not affect the equations of motion and will therefore be ignored
in the remainder of the thesis.

The local coefficients ¢; are associated with UV-divergences in the Feynman diagrams,
and can therefore not be calculated within the effective field theory approach. They are,
however, calculable in ultraviolet complete theories of quantum gravity, cf. e.g. Ref. [15]
for an example in string theory. Moreover, the graviton contribution to the running of
these Wilson coefficients can be determined within any renormalization scheme. This
introduces the dependence on the renormalization scale u.

The fact that the Wilson coefficients cannot be calculated within the effective field
theory approach renders the local theory unpredictive. Nevertheless, the coefficients are
expected to be non vanishing, unless some unknown symmetry in the ultra-violet complete
theory is present or if fine tuning occurs. Therefore, the presence of higher order local
interaction can be regarded as a qualitative prediction of the effective field theory.

The non-local coefficients, on the other hand, are associated with IR-divergences in

the Feynman diagrams and can be calculated within the effective field theory approach.
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a B g

Scalar | 5(66 —1)? | —2 2

Fermion -5 8 7
Vector —50 176 | —26
Graviton 250 —244 | 424

Table 4.1: Non-local Wilson coefficients for various fields. All numbers should be di-
vided by 1152072. Furthermore, ¢ denotes the value of the non-minimal coupling for a
scalar theory. The values for the scalar, fermion and vector field have been calculated in
Refs. [48]/132]. The values for the graviton can be gauge dependent due to the graviton
self-interaction diagrams [219]. However, it is possible to define a unique effective ac-
tion with gauge independent coefficients leading to the gauge independent results quoted
here [34,35,341].

The values of these coefficients depend on the type of matter that the graviton couples
to, and are given for several types of matter in Table For any theory, the value of the

non-local coeflicients is then given by
a = Nsas+ Nyay+ Ny, + Ngayg, (4.12)

where Ny, Ny, Ny, Ny denote the number of scalar, fermionic, vector, and graviton fields
in the theory.

We conclude this section with a remark on the chosen cut-off scale. We have used
dimensional analysis to set this scale equal to the Planck scale. However, a priori, there
is no reason for the scale of quantum gravity to be exactly equal to the Planck scale. One
expects

Mqg = aMp, (4.13)

where a is an unknown numerical factor.

Despite the fact that a is unknown, one can set rough bounds on its value. Indeed,
since quantum gravity effects have not been observed in the lab, the scale of quantum
gravity is expected to be several order of magnitude above the TeV scale that can be
reached in collider experiments. This provides a lower bound on the value of a. An upper
bound can be obtained from the violation of tree unitarity in the effective field theory of

quantum gravity [190]:

0 < 480

4.14
o N5+3NF—|-12NV7 ( )

where Ng, Nr and Ny denote the number of scalar fields, Weyl fermions and vector bosons
in the theory. This bound can roughly be translated into a < 1.

By constructing the effective action with an arbitrary value of a, one can easily see
that the larger the scale of quantum gravity, the larger the range of validity of the effective
field theory, and the larger the suppression of quantum gravitational effects. In this thesis,
we use the conservative estimate a = 1. This provides a maximal suppression of quantum

gravitational effects.
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4.2 Comparisons to quadratic gravity

The effective field theory of quantum gravity allows to calculate quantum gravitational
corrections to any gravitational observable. Perhaps, one of its most interesting predictions
is the computation of corrections to the Newtonian potential. The corrections due to the
local terms were first calculated by Stelle in the framework of quadratic gravity [329,
330], while the corrections due to the non-local terms were first obtained in the works of
Donoghue [491/139,140]. More recently, the two types of corrections have been put together
yielding a quantum corrected potential of the form [93,94]

®(r) = _GM (L ooy _ A Re(ma)r (4.15)
T 3 3
with complex masses given by
L a3
° 4(Ba+p+vy) W MR oxp [~ ateta])
v 2Batpy) OXP | T Barsy
M2

ma = D (4.16)

2(8+4m) W (—%exp [—Eiiif]) |

where W (z) denotes the principal branch of the Lambert-W function, which is defined as

the solution w = W (z) of the equation
we” = z. (4.17)

We note that these complex masses are generalizations of the masses of the spin-0
and spin-2 field in quadratic gravity that were given in eq. . The major difference
between the masses given in eq. and those given in eq. is that the masses
of the spin-0 and spin-2 fields in the effective action are complex and include corrections
due to the non-local part of the action. The complex parts of the masses represent the
decay width for the decay of the spin-0 and spin-2 fields into the classical graviton and
into Standard Model fields [94].

There are many other similarities between quadratic gravity and the effective action
for quantum gravity, which is due to the fact that the quadratic action is contained in the
effective action of quantum gravity. As we truncate the effective action at quadratic order,
the only difference resides in the presence of the non-local terms in the effective action.

Given these similarities, it is important to stress some fundamental differences between
the two frameworks. In quadratic gravity, the fundamental classical action is the quadratic
action, which contains three classical degrees of freedom: a massless spin-2, a massive spin-
0, and a massive spin-2 particle. When quantized, the theory is renormalizable, implying
that the quantum action is also the quadratic action. However, quantization of the theory
requires to quantize all three degrees of freedom. This is problematic for the massive
spin-2 field, as it is a ghost field.

In contrast, in the effective field theory of quantum gravity the fundamental classical
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action is the Einstein-Hilbert action. This action contains only one degree of freedom,
which is the massless spin-2 graviton. When quantized, there is no ghost problem, as only
this particle is quantized. However, the theory is non-renormalizable implying that an
infinite number of counterterms must be added.

Since the counterterms are perturbatively under control up to the Planck scale, the
resulting quantum action can be truncated at some order and be treated as an effective field
theory. From the effective field theory perspective, the resulting action is again classical,
since the quantum degrees of freedom have been integrated out. If the truncation is made
after the quadratic order, one will find three degrees of freedom. If, on the other hand, the
truncation is made at a higher order, one can find other new degrees of freedom appearing
in the action [95].

By the Ostragradsky theorem [1481282,360], at least one of these new degrees of free-
dom will be ghostlike. Therefore, when treated as a fundamental theory, such a theory will
suffer from instabilities. However, in the effective field theory approach, these instabilities
are harmless, as they lie at the Planck scale just beyond the range of validity of the ef-
fective field theory. They result from truncating an expansion of the unknown ultraviolet
complete theory around the known infrared limit and do not necessarily correspond to
poles in the ultraviolet complete theory [64238,315]. However, the presence of these new
poles also modifies the infrared regime of the theory. These modifications at sub-Planckian
energy scales can be studied reliably within the effective field theory framework.

The new massive spin-0 and spin-2 fields thus provide perturbative quantum correc-
tions to the gravitational field that are obtained by integrating out the quantum fluctu-
ations of the graviton. The massive spin-0 provides an attractive correction, while the

massive spin-2 provides a repulsive correction to the gravitational force.

4.3 Coupling quantum gravity to matter

In the previous sections, we have focused on the effective action of quantum gravity for
a purely gravitational theory. However, all matter interacts gravitationally, and therefore
quantum gravitational effects will also generate new effective interactions in the matter
Lagrangian L.

In order to see this, let us recall the effective action

I'eqe =T' + ' + S, (4.18)

where the local and non-local action are given by eqgs. (4.10) and (4.11)). Linearizing this
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action around Minkowski space in the Einstein frame yields [93]
r= (e |- n,0tme - Loy — o o,n0 + v o,0,m0
= 33—5“1, +§U v Myp"i_ pUrity

1 2
+ 5('9#08“0 - %02

1 21,4V 1 21,V v v
Sk 0K — SREOPRY + K 0,0,k — K 0,0,k

2
m v 12
B 22 (k" — Klky)
1

1 v -2
_Mip (h/'”’ - kl’”’ + \/30'77’“/> T'LL + ﬁM(T]) + O(Mp ) s (419)

where 7 is the Minkowski metric, h is the graviton, k is the massive spin-2 particle and
o is the massive spin-0 particle associated to the effective quantum gravity action. Here,
the first lines result from the effective gravitational action and the last line follows from
linearizing the matter Lagrangian Sy;. We see that the last line generates an explicit
interaction between the gravitational degrees of freedom and the energy momentum tensor.
As the gravitational degrees are heavy, this leads to effective contact interactions of the
form

= Om Oy, (4.20)

where M; is the mass of the massive spin-0 and spin-2 degrees of freedom, i.e. the real
part of eq. , and On;, Oy € Lu are matter interactions.

As M; ~ Mp, these interaction are heavily suppressed, and lie beyond experimen-
tal reach. However, in constructing these interactions, we have only used the quantum
gravitational effective action generated by graviton loops, i.e. perturbative effects. Non-
perturbative quantum gravitational effects, such as virtual black holes, will also generate
new interactions between matter.

Little is known about these non-perturbative quantum gravitational effects. However,
following the standard reasoning from effective field theory, one should expect any type of
operator that respects the symmetries of the underlying theory. We should thus expect any
interaction that respects the symmetries of the Standard Model and general covariance, as
long as the interaction is turned off in the limit Mp — oo, where quantum gravitational
effects vanish. As an example, consider a matter Lagrangian that contains a real scalar
field ¢ and a vector field A,. For such a Lagrangian quantum gravity will generate an

effective interaction of the form
Mip ¢ F FH (4.21)

where F,, = 0,A, — 0,A, is the field strength and c is a dimensionless constant. For a

more general classification of the possible effective interactions we refer to Ref. [72].
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Chapter 5

Outlook for the Thesis

The remainder of the thesis consists of 4 more parts. In part [lI, we discuss the construc-
tion of diffeomorphism invariant theories on fluctuating spacetimes. This will be done in
the framework of Nelson’s stochastic quantization. Here, we will only discuss the most
elementary theory in such a framework, which is the stochastic quantization of a single
relativistic scalar particle in an arbitrary gravitational background. As we do not consider
field theoretic extensions, we stick to a first quantization approach in which we quantize
the particle but do not quantize gravity or the gauge forces.

In chapter [6 we provide a review of stochastic mechanics, and discuss in depth the
framework of second order geometry, which is key in constructing diffeomorphism invari-
ant stochastic theories on pseudo-Riemannian manifolds. In chapter [7, we employ the
results from chapter [6] to consider the physically relevant case of a relativistic particle on
Lorentzian manifolds. Finally, in chapter [8] we show that the Nelson process, used in
stochastic quantization, can be redefined as a complex Brownian motion.

In part [[TT, we move away from the elementary considerations of part [T, and discuss
model independent predictions of quantum gravity. This will be done in the framework of
the unique effective action of quantum gravity.

In chapter [9] we discuss quantum gravitational corrections to the metric of a compact
star and chapter [I0]we discuss the consequence of these corrections for the motion of scalar
test particles and scalar fields in this geometry.

In chapters and [12] we discuss the existence of singularities and secularities in
the effective action of quantum gravity. Chapter discusses the avoidance of classical
singularities due to the quantum gravitational effects, while chapter [I2] discusses how the
effective action generates new singular and secular solutions.

Finally, chapters [13] and [I4] deal with issues related to black hole information. In
chapter we employ the effective action of quantum gravity to calculate the leading
quantum gravitational corrections to the entropy of a black hole, and, in chapter we
show that quantum gravitational effects generate hair for compact objects.

In part we move away from the unique effective action for a purely quantum grav-
itational theory and consider effective matter interactions generated by quantum grav-
ity. Here, we discuss how quantum gravity generates new interaction terms between the
Standard Model and a hidden sector. In chapter we discuss how these new effective
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interactions can be combined with experimental results to set new lower bounds on the
masses of dark matter fields. In chapter we then combine these results with upper
bounds on dark matter masses.

Finally, in part [V] the results obtained in this thesis will be summarized and we will

provide an outlook for future research directions.



Part 11

Construction of Diffeomorphism
Invariant Theories on Fluctuating

Spacetimes
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Chapter 6

Stochastic Quantization on

Lorentzian Manifolds

Folkert Kuipers

Department of Physics and Astronomy, University of Sussex, Brighton, BN1 9QH,
United Kingdom

Abstract

We embed Nelson’s theory of stochastic quantization in the Schwartz-Meyer second or-
der geometry framework. The result is a non-perturbative theory of quantum mechanics
on (pseudo-)Riemannian manifolds. Within this approach, we derive stochastic differ-
ential equations for massive spin-0 test particles charged under scalar potentials, vector
potentials and gravity. Furthermore, we derive the associated Schrédinger equation. The
resulting equations show that massive scalar particles must be conformally coupled to
gravity in a theory of quantum gravity. We conclude with a discussion of some prospects

of the stochastic framework.

This chapter has been published in the Journal of High Energy Physics 05, a. 028 (2021).
A preprint of this chapter can be found at arXiv:2101.12552 [hep-th].
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6.1 Introduction

The construction of a theory of quantum gravity is one of the main open issues in theoret-
ical high energy physics. One of the reasons why such a theory is desirable is that general
relativity is unable to completely describe physical aspects of gravity at extremely high
energy scales. This feature is most prominent in the fact that singularities seem to be
unavoidable in general relativity, when natural assumptions are made [191,280,291,312].

From a physical perspective, the formation of such singularities would require the con-
tinuous collapse of a matter distribution to a delta distribution located at the singularity.
On R”™ one can make sense of such a collapse, as one can construct a family of smooth
distributions that converges to the delta distribution. In general relativity, on the other
hand, point-like sources cannot be obtained as a continuous limit of matter distributions
defined on manifolds with smooth metrics, as the Einstein equations must be satisfied
during the collapse [168].

It is expected that this paradox will be resolved, when general relativity is embedded
into a quantum theory such that gravity is quantized. However, when one attempts such
an embedding using standard quantum field theory methods, one runs into the problem
that the resulting quantum theory is non-renormalizable [200]. Up to the Planck scale, one
can still make predictions regarding quantum gravity using effective field theory methods,
since the ultraviolet divergences responsible for the non-renormalizability of the theory
can be kept under control perturbatively. However, beyond the Planck scale this is no
longer true, which renders the theory incomplete.

Over the last decades many approaches to an ultraviolet complete theory of quantum
gravity have been developed, and many interesting insights have been obtained within
these approaches. In this paper, we argue that Nelson’s stochastic quantization framework
could help gain further insight in theories of quantum gravity. We will motivate this by
showing that stochastic quantization allows to construct a well defined non-perturbative
theory of quantum mechanics on (pseudo-)Riemannian manifolds.

We will adopt the framework of stochastic mechanics, also known as Nelsonian stochas-
tic quantizationEl, that was proposed by Fényes [153] and Kershaw [223], rederived by
Nelson (267,268, 270] and further developed by many others. The main idea governing
stochastic mechanics is that quantum mechanics can be derived from a stochastic theory.
In this more fundamental theory all particles follow trajectories through a randomly fluc-
tuating background field. Due to the interactions with this background field all matter
behaves quantum mechanically. An equivalent WayE| to state this idea is that all particles
and fields are defined on a randomly fluctuating space-time.

We focus in this paper on ordinary quantum mechanics. We will thus work with
point-like particles instead of fields. Moreover, we work on a fixed Lorentzian manifold.

Therefore, the metric is not considered to be a dynamical field. We leave extensions to

'In this paper, we use the terms stochastic mechanics and stochastic quantization interchangeably. We
emphasize that the framework is related to, but different from the Parisi-Wu formulation of stochastic
quantization.

20ne could call this a ‘passive’ description of stochastic quantization, since the space-time fluctuates,
while in the previous ‘active’ description the matter defined on the space-time fluctuates.
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a field theory framework and to dynamical geometries for future work. In the stochastic
quantization framework such extensions lead to a theory of quantum gravity.
6.1.1 Stochastic quantization

Since the quantization procedure in stochastic quantization is different from more com-
monly used quantization procedures, we will compare the main steps to canonical quan-
tization. In a canonical quantization procedure one starts with a classical Hamiltonian

H(p,z) and promotes the variables p, x to operators P, X such that

H(p,z) - H(P, X).
One then imposes canonical commutation relations
(X", P,] = ihd,. (6.1)

Moreover, one postulates the existence of a wave function ¥, which is an element of a

complex Hilbert space with L?-norm, that can be used to calculate observables, i.e.,
(W|0) = 0. (6.2)

In stochastic quantization, one starts with a classical Lagrangian L.(z,v, ), and pro-
motes the position of a particle x to a stochastic process X (7). Since the stochastic process

is not differentiable, one can define two velocities v+ using conditional expectations:
1
vy (X(7),7) = i 5 B [(X(7 4 h) = X(7)|X(7)],

1
v-(X(r),7) = lim  E[X(r) = X(r — h)|X(7)]. (6.3)

One can then introduce a stochastic Lagrangian
1
L.(z,v,7) = L(X,V,V_ 1) = 3 [Le(X, Vi, )+ Le(X, Vo, T)] (6.4)

Moreover, one fixes the quadratic Variationlﬂ of the process X by the background hypoth-
esis: 5
X7, X,])(r) = — 8. (6.5)
m
We remind the reader that the joint quadratic variation of two processes X,Y is itself a

stochastic process and can be written as

X, Y])(r) = X(7)Y (r) — X(0)Y'(0) — /0 " X (s)dy (s) — /0 "Y(s)dX(s).  (66)

3More commonly used notations for d[[X?, X7]] are d[ X, X7] or dX?dX?. We use the double brackets
instead to avoid confusion with the commutator, first order bilinear tensors and second order vectors that
will be introduced in section
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The It6 integral used in this expression is defined by

Tf
[rnax = tm S X)) X)X (6)

= [7j:Tj1]E€mK

where 7, is a partition of [, 7¢].

Observables in stochastic quantization can be calculated using the expectation E, which
is defined on a filtered probability space, and evaluated as a Lebesgue integral in the L*-
space of stochastic processes. The construction of expectation values in modern probability
theory as founded by Kolmogorov [230] requires the existence of a probability measure P
in the probability space, and a measure p in the L2-space, but not the existence of a
probability densityﬁ Therefore, the wave function ¥ no longer needs to be postulated in
stochastic quantization.

Since the wave function is no longer fundamental to the theory, the interpretation of
quantum mechanics in the stochastic quantization framework is different from the standard
Copenhagen interpretation. In stochastic quantization, one assumes that particles follow
well defined trajectories through space-time. However it is assumed that all matter moves
through a fluctuating background field, which is sometimes called the aether, but can also
be regarded as a fluctuating space-time or as a diffeomorphism invariant quantum vacuum.

Due to the fluctuating background field, the motion of massive particlesﬂ will become
stochastic and comparable to a frictionless Brownian motion[f| This Brownian motion
is imposed to be time-reversible. This additional assumption introduces an important
distinction from Brownian motion processes that are more commonly studied in statistical
physics.

Most stochastic diffusion processes that are studied in physics, such as for example
the Ornstein-Uhlenbeck process, are dissipative diffusions. These processes are not time
reversible, and energy is transferred from the system to the environment until an equilib-
rium is reached. The processes studied in stochastic mechanics are conservative diffusion
processes. These processes are time-reversible and the expected energy transfer between
the system and environment is 0 at all times.

The fact that the wave function is no longer fundamental in stochastic quantization
has two further important consequences. First, constructing normalized wave functions on
Riemannian manifolds is a difficult task, that complicates extensions of ordinary quantum
mechanics to manifolds. This problem is circumvented in the stochastic approach, as the
wave function no longer needs to exist globally.

Secondly, due to the secondary role of the wave function, there is no measurement
problem in stochastic mechanics. The wave function and probability density in stochastic
mechanics have the same status as in standard probability theory. A theoretically perfect
measurement in stochastic mechanics thus corresponds to conditioning of the process.
Conditioning is a mathematical operation that still leads to collapse of the wave function,

but since the wave function is only a mathematical construct and not a physical object,

4If a probability density p(z) exists, one has the familiar relation du(z) = p(z)d™z.
5Stochastic quantization has yet to be extended to massless particles.
SNotice that eq. (6.5) characterizes a scaled Brownian motion [242].
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this does not correspond to a physical interaction.

6.1.2 Successes of stochastic quantization

The success of stochastic quantization relies on the relation between probability density
functions associated to stochastic processes and partial differential equations. In the case
of dissipative diffusions, the probability density associated to the solution of a stochastic
differential equation evolves according to a parabolic differential equation. This result is
known as the Feynman-Kac formula [218]. An example of this relation is the fact that
the probability density of a dissipative Brownian motion evolves according to the heat
equation, which is a real diffusion equation.

A similar relation exists for conservative diffusion processes. For example, the prob-
ability density of a conservative Brownian motion evolves according to the Schrodinger
equation, which is a complex diffusion equation. This result is closely related to the
Feynman-It6 formula [14,214]. Before this latter relation was formally established, it was
discovered independently by Fényes, Kershaw and Nelson [1531223,267.268,270| that the
Schrédinger equation can be derived from a stochastic theory, if one assumes that particles
follow a time-reversible stochastic process, governed by a stochastic version of Newton’s
second law, where the force is derived from a potential.

The theory that was developed in this way is called stochastic mechanics. The im-
mediate consequence of this discovery is that all predictions of quantum mechanics that
follow from the Schrodinger equation, are also predictions of stochastic mechanics. Later
it was shown that the same result can be formulated in terms of Lagrangian dynamics
using the stochastic variational calculus developed by Yasue [362-364]. This Lagrangian
approach goes by the name of stochastic quantization.

The theory of stochastic mechanics and stochastic quantization has been extended to
Riemannian manifolds, see e.g. Refs. [127,|135-137,|187,270]. Moreover, extensions of
stochastic quantization to bosonic field theory have been developed, cf. e.g. Refs. [165,
184./1864(188,,189,1227}251,265,]289]. Furthermore, the notion of spin has been discussed in
this framework, cf. e.g. Refs. [127,|159,270].

It is worth noticing that in the dissipative field theoretic stochastic framework that
was later developed by Parisi and Wu [125,284], and also goes by the name of stochastic
quantization, extensions to fermionic field theories have been developed, cf. e.g. Ref. [126].
Although this framework is different from the stochastic quantization as developed by
Nelson and others, there exist many similarities. It is also worth mentioning that several
authors have incorporated stochastic mechanics into models of quantum gravity, cf. e.g.
Refs. [151,249].

Many basic results from quantum mechanics such as the commutation relations, the
uncertainty principle, the double slit experiment and the motion of particles in various
potentials have been discussed within the stochastic framework, see e.g. Refs. [164,/184,
270,1278L290,293,364]. We emphasize that the interpretation of these results radically
changes in the stochastic quantization framework, as the particle follows a well defined

trajectory. For example, in the double slit experiment, a particle always goes through
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one slit. One still obtains an interference pattern, as this is the unique solution of the

time-reversible diffusion process!']

6.1.3 Criticism on stochastic quantization

Despite the successes described above, stochastic quantization has never been widely stud-
ied. We will therefore review some of the main concerns that have been raised against
stochastic quantization.

Historically, one of the more prominent confusions arose from the idea that a diffusion
process is necessarily dissipative, and cannot give rise to quantum mechanics. As argued
before, this is not the case, when the diffusion is time-reversible. This point has been
well explained by Nelson in section 14 of Ref. [270], where an analogy is made with the
difference between Aristotelean and Galilean dynamics. It should be noted that in order
to describe entanglement in stochastic quantization, the background field has to be non-
local. This particular feature was disliked by Nelson, cf. e.g. Ref. [271]. We stress that
this non-locality is merely a feature of quantum mechanics, and not specific to stochastic
quantization. Moreover, it is an open question, whether the non-locality of the background
can be avoided, if one considers non-Markovian diffusion processes.

Another concern that may be raised against stochastic mechanics is that it can be
regarded as a hidden variable theory, as it is assumed that a background field exists that is
responsible for the quantum fluctuations. One could thus expect that stochastic mechanics
satisfies the Bell inequalities, which would distinguish it from quantum mechanics. We will
avoid this issue by assuming that the background field is fundamentally random, in the
sense that the fluctuations cannot be derived from a more fundamental theory. Under this
assumption there are no deterministic hidden variables. This assumption distinguishes
the framework from for example the Brownian motion of a colloid suspended in a liquid,
where the trajectory of the colloid can in theory be derived by solving the equations of
motion of all the molecules in the liquid.

A more pressing issue for stochastic quantization is Wallstrom’s criticism [346}347],
which states that the 27 periodicity of the wave function has to be imposed as an additional
assumption. Such an assumption must be made ad hoc, since the wave function is not a
fundamental object in the theory. Several responses against this criticism have been given,
such as for example the incorporation of zitterbewegung [130,/131], adding a postulate
regarding the boundedness of the Laplace operator acting on the probability density [309]
or by adding the assumption of unitarity of superpositions of wave functions [159]. It is also
worth mentioning that it was pointed out in Ref. [11] that the stochastic processes should
be lifted to the universal cover of the configuration space, as the configuration space itself
might not be simply connected. When this is done, the wave function obtains periodicity

factors that are related to the winding numbers around the holes in the configuration

"Let us be a bit more precise, as the process is slightly more complicated in stochastic quantization:
after passing through one of the slits, the particle will diffuse according to a one slit diffusion process.
However, due to the imposed time-reversibility of the motion, it will transition into a double slit diffusion
process. The length scale associated to this transition is the width of the slit, cf. e.g. sections 16 and 17
in Ref. [270].
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space, which could resolve Wallstrom’s criticism.

Since no consensus yet exists about the solution of Wallstrom’s criticism, we will take
a more pragmatic approach: we accept this ad hoc constraint and remain agnostic about
its solution. The reason for this is that imposing such a constraint is only problematic at
a foundational level. Even if Wallstrom’s criticism cannot be resolved within stochastic
quantization, the theory can still be used as an alternative mathematical model of quantum
theory, and can thus be used to make predictions about quantum systems. As we will show
in this paper, a particular advantage of the stochastic model is that it can be formulated
on (pseudo-)Riemannian manifolds, which could help guide the way towards a theory of
quantum gravity.

A more practical concern regarding stochastic quantization is that analytical calcu-
lations require to solve stochastic differential equations. This is notoriously difficult. In
fact, an important solution method relies on the mapping stochastic differential equa-
tions to path integral problems and to partial differential equations, as established by
the Feynman-Kac formula. It is thus expected that many calculations can more easily
be performed in ordinary quantum theory. This would render stochastic mechanics as
an alternative mathematical model unnecessary. Despite this fact, it is expected that
stochastic quantization could prove to be useful in numerical calculations, and a small
number of analytical calculations. More interesting, however, is the potential of stochastic
quantization on a more formal level. In particular, it could prove to be useful in math-
ematically rigorous definitions of the path integral, which is expected to be essential for
constructing a theory of quantum gravity. We note here that stochastic approaches already
serve as one of the stepping stones of the Euclidean approach in quantum field theory, see
e.g. [269,313}332,354].

6.1.4 Postulates of the theory

Before moving on, let us summarize the fundamental assumptions of stochastic quanti-
zation: we assume that all particles follow well defined trajectories through a diffeomor-
phism invariant background field. This background field induces stochastic fluctuations
such that the motion of particles resembles a conservative Brownian motion. Moreover,
the quadratic variation of this process scales with the Planck constant according to the

background hypothesis. We have the following postulates:
e All observables are invariant under a change of coordinate system.
e The stochastic motion of a particle with mass m is Markovian.
e The stochastic motion of a particle with mass m is time-reversible.
e The stochastic motion obeys the structure equation [[X,, X"]|(1) = ;-d}/T.

We note that the classical limit of the theory can be obtained straightforwardly by taking
the limit A — 0.
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6.1.5 Main results of the paper

In this paper, we work in the (— + ++) signature with a Riemann tensor defined by

Rpa,ul/ = a,urll/)a - 8I/FZO' + FZK/Fl’jo' - Fﬁmrn

*» and Ricci tensor R, = R’y In addition,

we set ¢ = 1 throughout the paper.
The main result we present in this paper is the following: in the stochastic quantization
framework, a massive scalar particle moving on a Lorentzian manifold and governed by

the stochastic Lagrangian
1 1
L(X,V , V_,1)= iLc(X’ Vi, 7)+ §LC(X, V_,7) (6.8)
where the classical Lagrangian is given by

L.(z,v,7) = % G () V' 0¥ — h A, (x, )" — Wz, T) (6.9)

with = = (¢,Z) and 7 is the proper time, evolves according to the Stratonovich stochastic

differential equation

2
m g (XY + T, dXPdX7) = <h O A, — V8l — 1ZmWR> dr?
—h(V,A, —V,A,)dX"dr. (6.10)

Furthermore, if the probability density p(z,7) associated to the probability measure p =

Po X! exists, one can construct the wave function

T

U(zx,7) = \/mexp{;EUn

L(X(£), Vi (1), V_(t),t) dt)X(T) - x] } (6.11)

that evolves according to a generalization of the Schrédinger equation given by

i %\If - [—:'; ([vu Tidy| [V iar] - én) +u] v, (6.12)

This wave function obeys the Born rule
U (2, 7)|* = p(x, 7). (6.13)

If there is no explicit proper time dependence in A, or i, one can solve by separation of

variables such that

im /\k
v = 14
(x,7) %gbk(fv) exp( oh 7‘> , (6.14)
where ¢ (x) solves the generalization of the Klein-Gordon equation given by
2 : : 1 2
B ([W +idy| [+ iar] - 673) b = m? Ay b+ 2m 8Ly (6.15)

We note that the derivation of eqgs. (6.11), (6.12) and (6.13) is a well established
result on R", see e.g. Refs. [184]223,267,268|,270,364]. Moreover, partial extensions to
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Riemannian manifolds have been known for some time, cf. Refs. [127},/135-137}|187,270].

In this paper, we show that these results can be generalized to pseudo-Riemannian
manifolds. An important ingredient for these extensions is the second order geometry
as developed by Schwartz and Meyer [150,257,[311]. This is an extension of ordinary
differential geometry that allows to describe stochastic processes on manifolds. In addition
to the extension of stochastic quantization to pseudo-Riemannian manifolds, we will give
some new interpretations of stochastic quantization.

This paper is organized as follows: in the next section [6.3] we introduce the relevant
semi-martingale processes for quantum mechanics; section discusses integration along
semi-martingales on manifolds; in section [6.5] we discuss stochastic variational calculus; in
section we discuss the shape of the stochastic action; in section [6.7] we put everything
together and derive the stochastic differential equations for quantum mechanical scalar test
particles on pseudo-Riemannian manifolds, and the associated Schrodinger equation. Fi-
nally, in section[6.8] we conclude and summarize some future perspectives of the stochastic

approach.

6.2 Second order geometry

In this section, we review the theory of Schwartz-Meyer second order geometry, that can be
used to extend the theory of stochastic calculus to manifolds. The first three subsections
are loosely based on Ref. |150]. The later subsections contain new material and extend
some important concepts from first order geometry into second order geometry. For more
detail we refer to the work of Emery [150] and the original works by Schwartz [311] and
Meyer [257].

6.2.1 Second order vectors and forms

We consider a (n = d + 1)-dimensional pseudo-Riemannian manifold M with the usual
first order tangent and cotangent spaces T, M, TX M. For every x € M and any coor-
dinate chart containing x one can write down bases for the tangent and cotangent space
respectively given by {0,|p € {0,1,...,d}} and {dz*|u € {0,1,...,d}}. In particular for
v e T,M and w e T;M we have

v =0v"0,,

w = wy, dzt. (6.16)

Furthermore, a form w € T;M can often be written as the differential form of some
function f: M — R i.e.
w=df =0,fdx". (6.17)

The product rule for such differential forms is given by

d(fg) = fdg+ gdf. (6.18)
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In addition, there exists a metric associated to the tangent space that is given by
g TIMXTM =R st (v,w) = (vlw) = gpo*w”, (6.19)

and is bilinear, symmetric and non-degenerate. Moreover the metric induces an isomor-

phism gl’ s TyM — T M between the tangent and cotangent space, that is defined by

(9" (v),w) = (v,6"(w)) = (v|w) (6.20)

We define a similar bracket for two forms «, 8 € T M by

(alB) = (a, g*(8)) = (g* (), B). (6.21)

We will now define a second order tangent space and cotangent space T M, T;M
For every x € M and any coordinate chart containing x one can write down bases for
the tangent and cotangent space respectively given by {8“, aw,‘,u <ve{0,1,.., d}} and
{doxt,dxt - dx’|p < v € {0,1, ..., d}} In particular, for V € T, M and Q € T M we have

V =" 0, + v" Ouw,
Q= w, dozt + wy,, dat - daz”. (6.22)

Notice that T,M C T M and TAM C T M. Furthermore, 8y, := 9,0, is a symmetric
object, which implies that v** must be symmetric. Moreover, we choose the basis of the
cotangent space dual to the basis of the tangent space. This imposes dx# - dz”, and w,,
to be symmetric as well.

We have a duality pairing between the bases of the tangent and cotangent space such
that:

<alu d2x >

(O, dax’ - dx”)
(O, dz)
z7)

I
o= o O

(Opw, dx?

(6z oy + 0, 55) . (6.23)
The duality pairing of an arbitrary vector and covector is then given by
(V,Q) = vlw, + v wy,. (6.24)

As in the classical case, forms Q € T M can often be written as a differential form of

some function f: M — R:

Q= dyf = O,f dox + Oy f da - da. (6.25)

8Notice that dz* - dz” # da* @ dz.
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The product rule for differential forms is given by

do(fg) = fdag+gdaf +2df - dg (6.26)

where the product of first order formsﬂ w, 0 € Ty M is defined by

1
w'9:25(wuﬂy+wyeu)dx“~dx”

= w0, dz" - dx”. (6.27)
Therefore, the product for two first order differential forms can be written as
df - dg = Opf Opg dat - da”. (6.28)

It will be useful to define mappings between the first order and second order tangent

spaces. The projection maglV| can be defined as:

) Pldaf) = df,
PTIM S TIM st (def) = df (6.29)

P(w-0) =0.

Furthermore, there exists a unique smooth and invertible linear map H from bilinear first
order forms to second order forms, such that P o H = 0, given byE

H-TIMXTIM = TIM st (w,0)—w-0, (6.30)

The adjoint of this map is denoted by H* : TyM — TyM @ Ty M. In addition there exists
a unique linear magl TiM — T;M such that for any f € C*°(M,R), w € Ty M and
u,v € T M

d(df) =
d(fw) = f +df - w,
(dw, [u, v]) = (w, [u, v]),
(dw, {u, v}) = ulw, v) + v{w,u), (6.31)

where [u,v] is the commutator, {u, v} the anti-commutator and [[u, v]] the joint quadratic
variation of v and v.

Finally one can define maps F : TM — TyM and G : TP M — T M such that
for any affine connectionE I': X(M) x X(M) — X(M) the following relations define a

9More generally, one often defines the carré du champ operator or the squared field operator associated
to a linear mapping L for two functions f,g by I'(f,g) := % [L(fg) — fLg—gLf]. Cf. eg. Lemma
6.1 in [150]. We can then interpret df - dg as the squared field operator associated to the second order
differential operator da acting on f,g.

1%Tn Ref. [150] this map is called the restriction R.

Hef. Proposition 6.13 in Ref. [150).

12¢f. Theorem 7.1 in Ref. [150]. We use an underlined d to avoid confusion with the exterior derivative.

13¢f. Proposition 7.28 in Ref. |150].

14%(M) is the space of all smooth vector fields on M, i.e. the space of all smooth sections of the tangent
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bijection between F and I'

(FV)f =V = MHTdf), V),
F(u,v)f =uv f— F(uv)f, (6.32)

where V is a second order vector and wu, v are first order vector fields. A bijection between
G and I is then defined by

G(df) = dof — HT(df),
L(u,v)f =uv f—(G(df),uv). (6.33)

Moreover, F and G are each others adjointE

6.2.2 Coordinate transformations

In this section, we investigate the change of vectors and covectors under coordinate trans-

formations. For a vector field V' we find:

V= (0"0, + v 0u) f
= (waxa + M), P”” d ])f

Oxt ox?
ozP 0%FP - , 027 0zP
_ w= uv
= <U o Ha + v E Haxllﬁp—l— Dt axyﬁgp> f. (6.34)

Hence, we find the active transformations laws

T 2540
vt = Pt = vpg 5 +”paaipng’
vHY — o = P? gzl; gi"’ (6.35)
or equivalently the passive transformation laws
Oy — Oy = %ap,
Oy — Dy = Fat_y 0w 0ty (6.36)

oxrozvy P ok oz P

A form () transforms as

QVf) = (wudoa! + wypdat - dx”) (V f)

oz 0%t ox+ Ox¥
- —p “p . g
= (wuajp doT +w“7ajpajadw dzx —I—ww,a ;95

924z . dz° >(Vf). (6.37)

bundle T M.

514 is possible to take a connection in the defining relation for G that is different from F. If such a
choice is made, F and G are no longer each others adjoint. In this paper, we will not make such a choice,
as we will restrict ourselves to the Levi-Civita connection.
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Therefore, the active transformation laws are given by

- oz’
Wy — Wy = wp@,
. 0% xP oxP 0x°
W}u/ — wlu/ = LL)p 8%#81"/ wpo' a‘%'u 85&”7 (638)
and the passive transformation law is
OzH 02k
I s ZY g P I
doxt — dozt = 9P dox? + 527000 dx? - dx?,
1 Qv
dat - da¥ — dit - di” = gxp gxa dz? - dz°. (6.39)
P Ox

The transformation laws should leave the duality pairing (6.24) invariant. Indeed we ﬁndﬁ

(V,Q) = vlw, + v"wy,

_ O0x* 017 _ 0%zt OFF _ Ozt ¥ 9%FF _ Ozt 9x¥ OFF 0 _
=9° — Wy + 0 ———— ——,, + 07 W, + 07 Wi\
OxP O+ 0xTPOT° Oxt 0xP 0I° dxHoxv OxP 0T dxH dxv

= D+ . (6.40)

6.2.3 Covariance

In previous subsection, we found that vectors and forms in second order geometry trans-
form in an affine but not contravariant/covariant way. This can be fixed by introducing a
covariant basis {éﬂ, 5#,,} for T, M such that

V= 0"0s = 0"y + 0" Dy, (6.41)

and

O = Oy,

A o
Opv = O — I'},0p,
G M L PO
o =0l 0T

DY = (6.42)

In a similar way, we can introduce a contravariant basis for the cotangent space T M,
such that
- LB - . . . .
Q= W do@?r = Wy, dodt + &y, d” - diP (6.43)

0One can use the Christoffel symbols to make the second term in the second line vanish.
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with

dod" = doa + 1) ,dx” - da”,
Azt - di? = da - da”,

Wy = Wy,

Wpp 1= Wy — wpl'l . (6.44)

It is possible to extend the notion of vector fields and forms to arbitrary (k,[)-tensors.

Indeed, one can construct mappings
T(x): (T;./\/l)k X (Tx./\/l)l — R. (6.45)
In local coordinates such a tensor will be given by

T = T((fp))ll((fpgf 8(50)1 ®...R 8( )k (4 de(zA)l ®R..Q dQQ;(ZA)l

N
KA KA ve

=TEEE Oy @ @0y, ® dor™ @ ... ® dax”
F TP @ Dy @ . @ Oy, ® doa”t D ... ® dpa”
+ TP 9 @ Dy ® Oy ® .. @ Oy, @ A7 @ ... @ dpz”!
+ ...

T Oy @ oo @ Oy @ d22™ @ ... ®@ daa” ! @ dz*™ - da™

01...01_1(KN);

+ TP WP 9 @ Oy @ Oy @ e @ Dy @ A2 @ ... @ !

+ o

T Dy @ s @ Dy, @ da™ - da™M @ @ da™ - . (6.46)

The components of 7' do not transform in a covariant/contravariant way. However, one

can construct a representation with components 7' such that

T = T(ﬁp;rn((fp)k é(u )1 ®...Q é(u

o
(n)\ 17 n)\)l ve ve

), ® doi( i @ @ dpz ()i (6.47)
k

If expanded as in eq. , the coefficients 7' do transform covariantly /contravariantly.
The relation between components T and T for a general (k,1)-tensor can then be derived
from the transformation laws for (1,0)- and (0, 1)-tensors.

Finally, we note that there exists a relation between the second order contravariant

vectors and covariant forms and the maps F,G,H. For V € T, M we have

= 01 0, (6.48)

” (6.49)
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and for o, f € TX M

G(a) = ay (ot + Tk, dxP - dz?)

= Gy, dyi*, (6.50)
Hia® B) = aufy dat - dx”
= G,f6, dit - di". (6.51)

Therefore, all second order vectors and forms can be decomposed into first order vectors,
forms and symmetric bilinear tensor products of first order vectors and forms. More
generally, any second order (k,l)-tensor can be decomposed into first order tensors of
degree (k,\) with k <k <2k and [ < X <2l

6.2.4 Second order metric

In this subsection, we extend the notion of a metric to the second order geometry frame-
work. We can define a symmetric bilinear function g : T, M x TyM — R, that we call the
second order metric tensor. Analogously to the first order metric, it acts on two second
order vectors V, W € T, M, such that

gV, W) = (V|W). (6.52)
Moreover, it induces an isomorphism between vectors and forms

_ (b
P ToM=TEM st WVIW) =g (V). W, (6.53)

(2,0) = (2|3#(8)).

In a local coordinate chart the metric tensor g can be written as

7= (3 (1) o) @ daah)

= gul/ d2x'u & dQZL‘V + g‘u(ﬁ)\) dga}‘u ® dx” - dx)‘
+ J(poyw dz” - dz7 @ dox” + §(po)(rr) d2” - dz” @ dz" - dz. (6.54)

Using the defining isomorphism (6.53]) and the duality pairing, eq. (6.24]), we find the rules

for transforming second order vectors into second order forms:

() () U T Yo
f],ul/ v” + gu(n)\) ’UHA = Vpu,

Fipoyr ¥+ Jpo)s2) V= Vpor (6.55)
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1

Furthermore, the inverse g~ can be used to transform second order forms into second

order vectors:

g(gd)(z/\) QJU/\ = wﬁ"

© )

3wy + G wer = wh,

g(po’)li Wy + g(Pg)(R/\) Wr) = wpa" (656)

The components of the metric tensor do not transform covariantly. Therefore, we

define a covariant representation of the second order metric:

9=9(1)(z,) dyxP* @ dyaer
= G dodt @ doi”
+ (Guger) — G T2) dod® @ di" - di
+ (Gpoyw — Guv Ty) d2” - d2” @ dod”
+ (Gt () + Gy Dl Tiin = Gputen) Ty — Gpo Tn) 2 - di7 @ di” - di
= G dod" ® da®” + Gy (en) dad” ® di” - d2?
+ ooy d27 - di” @ doi” + §(poy(er) 427 - di7 @ di" - di
= (1) () B © dain, (6.57)

We notice that a second order vector can be uniquely decomposed in a first order vector

and a bilinear first order tensor. We will therefore impose

b
b Gog’oF
= 6.58
g (H ) (gb ® gl’) o 7—[*) ( )

We can then write in a local coordinate system

g 123 v e g/»‘”/ QM(HA)
(hor)(22) 9oy 9(po) (k)

v 0
= (9 (6.59)
0 2 (gpnga)\ + gp)\gan)

where we have suppressed the maps F, G, H, H* in the second line and where g, are the

components of the first order metric. The inverse can be written as

) — (9 Y
GPov Glpo)(sA)

- ! (6.60)
= 6.60
0 % (gpnga)\ + gpz\gan)

We can now raise and lower indices on covariant forms and contravariant vectors in the
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usual way

Guvv Vs
N AKX~
9(po) (k)Y = Upo,

PN G = P (6.61)

where we used the symmetry of v and w,,. Finally we can express the second order

metric components § in terms of the first order metric:

35 (c0) = (g Juen )

9oy I(po)(rN)

I‘Oé
—( I Jpec & i 5 (6.62)
Gav Fgg 5 (gpngaA + gpAgan) + 9o F,‘fo F,M
Its inverse is given by
) — (9 g
g ~ gleow  Glo) )
_ g + gaﬁgﬁﬁrgﬁr71/76 _gaﬁgﬁ)\rgﬁ (663)
_gpagoﬁrgﬂ % (gpnga)\ + gp)\gan)

6.2.5 k-forms

In this subsection, we extend the notion of k-forms to the second order geometry frame-
work. As usual, we denote the bundle of covariant k-tensors by T%(T* M) and the sub-
bundle of alternating k-tensors by A*(T*M). The rank of the latter bundle is (Z) and a
k-form w € A*(T*M) can be written as

W= Wy gy, AP N LA datE (6.64)

where we assume p; < ... < ug. Similarly, we construct a bundle of second order k-tensors
T*(T*M) and a subbundle A¥(T*M) of rank (]I::[) with N = n(n +3). A second order
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k-form Q € A¥(T* M) can be written as

D=w,) (5,), B A daol

o) (bo
= Wyy .y 2! A LN dph®

+ Wp) oy AT - AP N daxt? A LN dotE

+ W (vp)apg.py A2 N dT™? - dxP? N doxtS N LA doztt

+ ...

+ Wy g (vp) Q2T N do? AN doxt T A da™ - da
+ Wp) 1 (vp)aps.oqp AT - APt N dx? - dxP? A\ daxtt A LA ottt
+ ...

+ Wp)r..(wp)y, AT - dxPt A LA xR - daPE (6.65)

6.2.6 Exterior derivatives

In this subsection, we extend the notion of the exterior derivative to the second order geom-
etry framework. The first order exterior derivative is a map d : AF(T* M) — AF1(T* M)
such that

dw = Opwy,..py dz” Ndxt A LA dat®, (6.66)

which is linear:

dw+0)=du+di Ywbe AT M),
dlcw)=cdw Ywe A (T*M), ceR; (6.67)

satisfies the modified Leibniz rule:
dwAd) =don+ (~1DFundd  VweAH(T*M), 6 € A(T*M); (6.68)
satisfies the closure condition
ddw)) =0  Ywe AHT*M); (6.69)
and commutes with pullbacks:
¢ (dw) = d(¢*(w)) Vwe ANT*M), ¢ € C°(M,R). (6.70)

Analogously we define a a second order exterior derivative dy : A¥(T* M) — AFT1(T* M)
such that

dod = 0v wyn u dQ.CI}:)\ VAN dQZC(gc)l NN dQ.%'(gg)k
KA (Pv)l"'(ﬂo)k

=0, w w dox? A dgilf(go)l A A dgx(g")k
(ho) (5o )y

7
po )q\po

+ 0,0\ Wy (k) dz" - daz™ A d21’<g0)1 A A dgx(g")k. (6.71)
17\P9

i
po
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This second order exterior derivative is also linear and commutes withs pullbacks. Fur-

thermore, it obeys the closure condition
do(da(Q) =0  VQ e A¥(T*M); (6.72)
and a new modified Leibniz rule
da(QAO) = deQAO+(—1)*QNd0+2d0-dO YV Q € AF(T*M), © € A{(T* M), (6.73)

where

dQ-dO = 0, w wy 0wy y da:a-da:ﬁ/\dga:(g")l/\.../\dgx(g")k/\dgx(ZA)l/\.../\dgx(ZA)z.
( )1 ( >k (nA)f(A)l

o
po )\ po e

(6.74)
The proof for these properties is similar to the proof for the corresponding properties in

first order geometry, and is therefore omitted.

6.2.7 Interior products

In this subsection, we extend the notion of the interior product to the second order geom-
etry framework. The first order interior product is a map v, : A¥(T*M) — AF=Y(T* M)
such that

k

Ly W = Z:(—l)li1 VM Wy, AP A A dxP A daP Y AL datE (6.75)
=1

This map is linear, commutes with pullbacks, satisfies the modified Leibniz rule and sat-

isfies the anti-symmetry property
{tu, to}w = 0. (6.76)

Similarly, one can define a second order interior product vy : A¥(T* M) — AF=1(T* M),
such that
k ) ) ) ) u
w=3 0wy ) dali . ndsal e ndyalioin n L ndyalio)s,
o)1 \po )
=1
(6.77)

which satisfies the same properties with the modified Leibniz rule replaced by a new

modified Leibniz rule as in previous subsection.

6.2.8 Lie derivatives

Using the results from previous subsections, we can extend the notion of a Lie derivative
to the second order geometry framework. A family of diffeomorphisms ¢y := Rx M — M
satisfying the usual (semi-)group properties can be thought of as a vector field v € X(M)
that generates a set of integral curves ~, : R — M along the vector field. Along any such

integral curve parametrized by A, one can define the first order derivative of a function
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f € C>®(M,R) by
dxt

Tl = S0, = 0 =0 . (675)

This derivative is equivalent to the Lie derivative along the vector field v
Lof=vf, (6.79)
which can be generalized to a Lie derivative acting on vectors and forms given by

Lou = [v,ul,

Low = {ty,d}w. (6.80)
In a local coordinate chart, these expressions can be written as

Lout =07 9,u? — u o, v, (6.81)

Lywy = 070wy + (0,07 )wy. (6.82)

Furthermore, using the Leibniz rule one can construct Lie derivatives acting on arbitrary
tensor fields.

We can analogously define a notion of a Lie derivative of second order tensors along
a second order vector field V' € X(M). As defining relations for derivatives of vectors
U € TyM and forms Q € T M we take

‘CVf = Vf7
LyU = [V, U],
ﬁvQ = {Lv,dQ}Q. (6.83)

In order to make these expressions well defined, we impose

v 0,u"? = ut’ Oyv"P, (6.84)

Wy = Opwy. (6.85)

In order to satisfy the first condition, we impose u*” = kv*” with k € R and define
W € TM C TM such that

kot — yP
W:kV—U:(”O“> (6.86)
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In local coordinates we then find

Ly f =70, +v7"0:0) [,
Ly UF = (0705 + v7"050,) u* — u® 050" — u’"0,0,0",
Ly UYP = w2 0,07 — v 0pw” — v O,w",
Ly Q) = (V705 +1v770,0,) wy + we0yv7 + wWer0,v°",
Ly Qyp = (V705 + 177050,) Wup + We0y 0yt + Wek0, 007"
+ 20,07 9pywo + 200,07 0y Werk.- (6.87)

or equivalently with respect to the covariant bases

Lyf= ({;C’VJ + ffmvavn) 1
Ly UM = (1°V, + 07"V, V) @' — 07V 0" — 47"V, Vot + RV 6750,
Ly U = @7V 40"P — V7V pt0? — 9P7V ",
Ly Q= (67V g + 07"V Vi) O + @0V 07 + Do V87 + R, 000,
Ly Qup = (07V + 075V, V) Gup + 0oV, V )07 + Qi V (, V ) 875 + 2V 07V )06

+ 2V 075V ) D — Ry o0 + 207" <R§m(ywp) \ RA(VP)UQKA)

~NOK A A A
— UV W) <VO—R (vp)k -+ V(V‘R O'|p)l€> . (688)

The Lie derivatives for first order vectors and forms and along first order vector fields
can easily be obtained from these formulae by taking the appropriate limit. Only the Lie
derivative of a second order vector field along a first order vector field cannot be derived
as a limit from these formulae. This one can be obtained by replacing v** — u*” and

wH — v* in the above formulae.

6.2.9 Parallel transport

In this subsection, we discuss the notion of parallel transport along second order vector
fields. This notion is similar to the notion of stochastic parallel transport along semi-
martingales as developed by Dohrn and Guerra [135,|136]. It is different from first order
parallel transport, as the second order part of the vector fields generate geodesic deviation.
Here, we closely follow the presentation of stochastic parallel transport by Nelson, cf.
section 10 in Ref. [270].

Let X (7) be a path in M, passing through the points z,y € M at times 71, 75. We will
assume that there exists a convex coordinate chart (U, x) such that =,y € U. Moreover,
let V € T, M be a second order tangent vector at = with & = F (V) its contravariant first
order projection, such that in x(U) we have y# = xH + o*.

Let do X (1) € F(TM) be a transport and let dgi* = dp X (1) and doj* = da X (72) be
its values when passing through = and y respectively. Then, using the standard notion of

parallel transport, da X (7) is said to be a parallel transport, if

do = dodt — TH () 0 dpd”. (6.89)
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In order to extend this notion to second order vector fields, we define the difference vector
dg@“ = deM — dgm“. (6.90)
Using the parallel transport equation (6.89)), the relations

dpd = doa + TV (z) d2” - d2”,

doyt = doyt + T, (y) dy” - dy” (6.91)
and the Taylor expansion
_ N ~2
Iho(y) = Ty (2) + 0,1, (2)0" + O(27), (6.92)
we find

dyt" = =% 0°dyax” — (9,1, + T, T, — 200 T, ) 0 da” - da”

VKT po PR VO
= —Ih 0Pdyi? — (0,Th, — 204, T3, ) 0¥ di? - di” (6.93)

where 'y, = I'hy(x). We will call this the equation of second order parallel transport.
Notice that the equation of first order parallel transport is obtained if dX € TM is a first
order transport and V € T M is a first order vector, as this implies dx” - dx® = 0 and
U = v respectively.
The equation of second order parallel transport is linear in ¥ and has a solution of the
form
0#(12) = P, (72,71) 0" (1), (6.94)

where P',(2,71) is the second order parallel propagator. Using this propagator, we can

define the second order directional covariant derivative d by

dyt" = PH (11, 79) 0" (12) — 9% (11)
= dyt" + T, 07da2” + (8,1, — 2T, I'y,) 0¥ d2” - dz°. (6.95)

pK* VO

6.2.10 Embeddings into higher dimensions

As an aside, we discuss the relation between second order geometry and first order geom-
etry on higher dimensional manifolds. One can embed a n-dimesional pseudo-Riemannian
manifold with signatur (d,1,0) into a N-dimensional pseudo-Riemannian manifold M
with signatur (D,n,0) with N = in(n+3) and D = In(n+ 1). We can for example
take the trivial embedding

LM M s.t.

¥ (x) =2% ifa<d,
(6.96)
0,

1%(x) if a > d.

1"We denote the signature by (+,-,0). i.e. (d,1,0) corresponds to a (— + ...+) metric.
¥More generally, if M has signature (k,I,m), then M has signature (K,L, M) with K =
Lk(k+3)+1(1+1)], L=1(k+1) and M = 2 (2k + 2l + m + 3).
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The pushforward ¢, of this embedding defines for every x € M a bijection between the
second order tangent space T, M and the first order tangent space Tb(m)./\;l. Additionally,
the pullback ¢* defines a bijection between the cotangent spaces T. M and TL*(x)M‘ This

bijection ¢* acts on the basis vectors ad™)|

doxt — dx*,

da - dz® v dz"TaPn—p—to, (6.97)

Moreover, this induces a bijection between the second order metric on M and the first

order metric on M:
9(8.)(z,) 7 Gas (6.98)

with a, 8 € {0,1,..., N}. One can thus describe the second order geometry framework
using the first order formalism on a N-dimensional manifold M instead of the original
n-dimensional manifold M. However, the support of functions defined on M must be
restricted to the subspace M C M.

6.3 Manifold valued semi-martingales

In this section, we discuss stochastic motion on a manifold. Classically, a particle follows
a trajectory or path on the manifold, that is parametrized by its proper time. In other
words a trajectory is a map vy : T'— M, where T' = [r, 7¢] C R.

We make this notion stochastic by promoting the manifold to a measurable space
(M, B(M)), where B(M) is the Borel sigma algebra of M. Furthermore, we introduce
the probability space (2,3, P), and the random variable X : (Q, %, P) — (M, B(M)).
Given T = [1;,7¢] C R we can introduce a filtration {P;},cr, which is by definition an
ordered set such that P,, C Ps CP; C X Vs <teT. Inaddition, we assume the filtration
to be right-continuous, i.e. Pr = Nes0Prae-

We can then introduce a stochastic process adapted to this filtration as a family of
random variables {X(7) : 7 € T'}. We will restrict the set of stochastic processes to the
continuous manifold valued semi-martingales. These are the continuous manifold valued
stochastic processes {X(7)}rer such that f(X) is a semi-martingale for every smooth
function f € C*°(M,R™). In particular, for a coordinate chart x : U — V with U C M
and V C R the coordinates X# = x*(X) are semi-martingales. A semi-martingale is a

process X (7) that can be decomposed as
X(T) =x; + C+(7') + W+(T), (699)

where z; := X (7;) is the initial value of the process, C(7) is a local cadlag process with
finite variation, such that Cy(7;) = 0, and W, (7) is a local martingale process, such that

Wy (m;) = 0, satisfying the martingale property

By [Wo (7)) i= E[Wo () {Pa}rcsct) = Wal(t) Vi<reT (6.100)

9Notice that p € 0,1, ...,d, and that p < o.
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We will make the additional assumption that the time-reversed process is also a semi-
martingale. Hence, we can construct a time reversed filtration {F;},cp, which is a left-
continuous and decreasing set of sigma algebras, i.e. Fr = NesoFr—e and .7-"Tf C Fs C
F: C X Vs>teT. Moreover, X is adapted to this filtration and can be decomposed as

X(r)=ap+C_(1)+W_(1), (6.101)

where X (7¢) = x¢, C_(7¢) = 0 and W_(7¢) = 0. Furthermore, W_ satisfies the backward

martingale property
Ei-[W_(7)] == E[W,(T)\{fs}tgsgf] =W_(t) Vit>teT. (6.102)

For obvious reasons, we will call {P;},cr the past filtration and {F;},er the future
filtration. The intersection of the two B, = P, N F,, will be called the present sigma

algebra, and we denote conditional expectations with respect to this sigma algebra by
By [X ()] := E[X(7)[F]. (6.103)

Furthermore, we will assume Markovianness of both the forward and backward process,
i.e.

B [X(r)] =E[X(r)] and  E,[X(7)] = E[X(r)]. (6.104)

Finally, one can define a sample path for every w € 2 as the set y(w) := {X(1,w) : 7 €
T'}. The measurable space of sample paths is the cylinder (MT, Cyl(./\/lT)), where we take
the cylinder sigma algebra on M7”. This construction allows to interpret the stochastic
process as a single random variable v : (2, X, P) — (./\/lT, Cyl(/\/lT)).

6.3.1 Time derivatives

Stochastic motions are not differentiable, and therefore the notion of velocity is not well
defined. However, one can define the conditional velocities for the forward and backward

process:
1
FX(7),7) o= lim 2o [XA(r 4 B) = X4(7)],

o' [X(7),7] = 1}51& %ET_ [XH (T —h) — XH(7)], (6.105)

Using these velocities, we can construct the compensators Cy (7). These cadlag processes

are given by

Cl(r) = /Tf vl (X (s), s)ds. (6.106)
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Since we are dealing with stochastic processes with non-zero quadratic variation, we can

also define
o 1X(7),7) =l 5B {07+ B) = XP()IX (7 + ) = X1,
o [X(7),7] := lim %Ef{[xu(f —h) — XM()[XY (T — h) — XV(T)]}. (6.107)

This can be used to construct the compensatoﬂ CH (1) of the quadratic variation process
[[X*, X"]], which is given by

T

CiV(T) = 2/ U?V(X(s),s)ds,

T
Tf

CH(r) = 2/ )" (X(s), s)ds. (6.108)

In practice, we choose the direction of time. We will therefore introduce a slightly

modified notion of velocity and define a forward velocity and backward velocity by

U-l-(X?T) = vf(XvT):
v (X,7) = —0p(X, 7). (6.109)

Using the Markov property, these velocities can be defined by@

VLX), 7] = lim 2B [XP(7 4+ ) — X4(7),

o (X (1), 7] = 1}311%1]11[}37 [(XH*(T+ h) — XH(T)], (6.110)
and

o (X(r),7) 5= Y 5B {0 4+ ) = XPEXY () = X)),
o [X(r),7] = lim %ET,{[X“(T Y h) — XPO|XY (7 + h) — X"(T)]}. (6.111)

Reversibility of the process imposes

vy (1) = v} (7), (6.112)
and therefore
ol (1) = =t (7). (6.113)

Moreover, the background hypothesis imposes

X X)) = 2 (6.114)

20The compensator of the quadratic variation process is often denoted by the angle bracket (XH, XYY,
We will use C*¥(7) instead to avoid confusion with the duality pairing.

*'Note that the backward velocity can equivalently be defined as v" [X(7), 7] := limpjo +E-[X*(7) —
XH(1 = h)].
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Hence,
dl[X,, X"]] = % 5 dr. (6.115)
Consequently,
X (), 7] = 5B [ (X () dl[X(7), X (7]
- %QW(X(T)). (6.116)

v+[X(7),7] has the structure of a second order vector, i.e. vi(z) € T,M. If the
metric is ﬁxedlﬂ the second order parts v4”(z) are also fixed. The vectors then live in
n-dimensional subspaces v} € T;FM C T, M. Since these slices are not invariant under
coordinate transformations, we will consider (04,0_) € Tj MaT - M instead.

Finally, we define a current velocity by

1
vi=g (vy +vo) (6.117)
and an osmotic velocity by
1
U= §(U+—v,). (6.118)

Notice that v € T,, M is a first order vector, while u € TxM has the structure of a second

order vector.

6.3.2 Diffeomorphism invariance

In classical physics, one imposes a theory to be invariant under diffeomorphisms: general
relativity should be invariant under the action of any diffeomorphism ¢ € C°°(M, N'). The
diffeomorphism ¢ induces associated maps on the tangent and cotangent spaces, which are
the pullback ¢* : TyN — T; M and the pushforward ¢, : T M — T, N, where y = ¢(z).
The tangent space and cotangent space are invariant under respectively the pullback and
the pushforward.

In quantum physics, we would like to impose the same invariance under diffeomor-
phisms. However, it is not immediately clear that the n-dimensional tangent subspace
T,M c T,M and cotangent subspace T; McT »M with fixed second order parts are
invariant spaces under the the pullback gg* : T;N — Tx* M and pushforward <;~5* : oM —
T, N of a diffeomorphism ¢. In order to establish this invariance, we require the notion of

a Schwartz morphism{®|

Definition. Given two manifolds M,N and points x € M, y € N, a linear mapping
f:TyM — TyN is called a Schwartz morphism, if

1. f(TyM) C TyN,
2. VL eT,M, H*(f(L)) = (f°® f)H*(L),

22In this paper, we only consider test particles in a fixed geometry.
#cf. Definition 6.22 in Ref. [150].
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where f° is the restriction of f to T, M.

A Schwartz morphism is thus a morphism that leaves the slices T, M invariant. Fur-
thermore, it can be show that a mapping f : TyM — Tyj\f is a Schwartz morphism
if and only if f = T,¢ for a smooth ¢ : M — N with ¢(z) = y. It immediately follows
that the pushforward d;* of a diffeomorphism ¢ is a Schwartz morphism. Therefore, all
slices TM C TM are invariant under the pushforward ¢, : Ty, M — T, ()N induced by a
diffeomorphism ¢ : M — N. Moreover, all slices T*M C T*M are invariant under the
pullback &* : T;( w)./\/' - T »M of the diffeomorphism ¢. We note that this invariance is a

consequence of the construction of the ‘covariant slices’ T, M.

6.4 Integration along semi-martingales

In the previous sections, we have introduced manifold valued semi-martingales and second
order geometry. This allows us to construct a notion of integration along semi-martingales
on manifolds. This section is loosely based on the review by Emery [150]. For mathematical
detail we refer to this work by Emery [150] or the original works by Schwartz [311] and
Meyer [257].

In first order geometry, one defines integrals using forms w € T* M. The integral of a

form along a curve vy : I — M with I C R is given by

/:T*M —R s.t. w»—>/w(w), (6.119)
g g

which can be written as

Ty Ty
/w = / wy dyt = / wu Y dr, (6.120)
Y Ti Ti

7 K3

where dy = v*(w). If we assume that the form can be written as a differential form w = dF
for a function F' € C*°(M,R) we find

/7 dF(z) = /T _Tf 0, F(v) dy* = /T _Tf O, F(v)3" dr. (6.121)

(3 k3

Moreover, the fundamental theorem for line integrals states
[ 4@ = Pl - i) (6122)
¥

One can analogously construct an integral of second order forms Q € T*M. The

integral of a second order form along a semi-martingale X can be written as

/:T*M—>]R s.t. QH/Q(QS) (6.123)
X X

24¢f. Exercise 6.23 in Ref. [150]
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with

Tf Tf
/Q—/ wud2X“+/ Wy AXP - dXY
X i T;

Tf

N Tf N A~
= / Gy do XH + / Gy dXP - dXY, (6.124)
Ti Ti

where (de X dXdX) = X*(Q). If we assume that the form can be written as a differential
form ) = daF for a function F' € C*°(M,R), we find

Tf Tf
/ BF(x) = | 0,F(X)dy X" + / 0,0, F(X)dX" - dX"
X .

i

Tf ~ Tf N N
= / V. F(X)dy X* + / V.V, F(X)dX" - dX". (6.125)

The fundamental theorem for line integrals can be extended to the second order context,
such that??]

| d2F (@) = FIX ()] = FIX (7). (6.126)

Moreover, one can relate the second order integral to first order order integrals. For this
we consider a form w € TM C TM. We can then construct two second order integrals,

that are manifestly invariant under coordinate transformations, using the maps d and G

respectively:
e s
X X
f f
_ / W, s XP + / By, dXH - dX”
TTf ) TZTf A )
:/ cDMdQX“—I—/ Vow, dXH - dX" (6.127)
Ti Ti
and

Tf
- / wuda X"+ / wa M, dXY - dXP
T

i i

Tf ~
:/ & dg X, (6.128)
.

The first of these integrals is a Stratonovich integral,@ while the second is an Ito integralm

We immediately find a relation between the two

Tf ~ ~
][w: /w—i—/ V@, dX* - dX. (6.129)
X JX T

In order to evaluate the integral over the second order part we use that the integral over

25¢f. Theorem 6.24 in Ref. [150].
26¢f. Definition 7.3 and Proposition 7.4 in Ref. [150].
27cf. Definition 7.33 and Proposition 7.34 in Ref. [150].
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a bilinear form is given by
Tf Ty
/ (X, 7)dX! @ dX" = / fu (X, 1) d[[XH, X"]]. (6.130)

Using the map H one can then map the integral over the second order part to an integral
over a bilinear form. This yieldﬂ

f 1 [7f f
/ (X, 1) dXF X" = / F (X, ) d[[XP, X)) = / Fou (X, ) 0 (X, 7) dr.
Ti Ti Ti
(6.131)
Moreover, if w can be written as a differential form w = dF', the two first order integrals
can be written as]

/X doF () = ][ ff 9, F(X) dX*,

/X doF(z) = / %f V. F(X)dy X"+ / %f V,.V,F(X)dX"-dX". (6.132)
Using the decomposition of the semi-martingale, we can then write
/X doF(z) = / _T'f (X, 7)0,F(X)dr + ][Tf O, F(X)dWwH, (6.133)

Tf Tf Tf
/ doF (z) = / (X, TV, F(X) dr + / V. F(X)dW" + / (X, 7)Y,V F(X) dr.
X T, J7 T,

2 2

Notice that all integrals are manifestly invariant under coordinate transformations. Fur-

thermore, the It6 integral is a local martingale, i.e.
T
E,. { / v, F(X) dWﬁ] 0. (6.134)
I
In addition, we will construct a backward It6 integral such that
7S N Tf N N
/ doF (z) = / V. F(X)d_X" — / V.V, F(X)dX"-dX" (6.135)
X T T
¢ [7f f
= / (X, )V, F(X)dr + / V. F(X)dWH —|—/ "X, )V, V,F(X)dr.
The backward integral is a local backward martingale, i.e.

ET; [ /:f V,.F(X) dW’_‘} =0. (6.136)

?8cf. Theorem 3.8 in Ref. [150].

29¢f. Proposition 6.31 in Ref. [150).

39We use the notation [ f,(X)d4+X* instead of [ f,(X)dX" to make the covariance of the expression
explicit. B N
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We note that the three integrals are related by

]{( dF(x):i( /X dF(z) + /X dF(m)). (6.137)

Let us now relate the Stratonovich and It6 integral to their well known definitions in
R™. If there exists a coordinate chart x : U — R" such that f([r,7f]) C U, we hav@

k—o00
[7j,Tj+1]€Emk

][.Tf f,u(X’T)qu = lim Z %[f“(X(Tj),Tj) —I—fu(X(Tj+1),Tj+1):|

X | X0 (i) = X0(5y)]

/Tff“(X,T)d+X’u = dim Y fu(X (1)) [X () - X)),

k—o00
’ [7j,j+1]€Emk

/‘Tf fulX,7)d-X* := lhim > fu(X(Tj+1)aTj+1)[Xu(Tj-&-l)_XH(TJ‘)}7

[7j,Tj+1]€m

k—o00
[7j,Tj+1]€Emk

[ Xl X = fim Y (X)) [X0(70) - X0
X [XV(TJ‘+1) - X”(Tj)}, (6.138)
where 7, is a partition of [1;, 7¢], fu. = (x o f), and X* = (x o X)*. We thus have

][%f fu(X,7)dXH = % < /Tf fu(X,7)dy XH + /Tf fu(X;7) d_X“) , (6.139)

and we will define an osmotic integral by

Tf 1
F a5 (

6.4.1 Integration by parts

Tf [T
/ fM(X,T)dJrX”’—/ fM(X,T)dX‘L). (6.140)

T

In this subsection, we state two integration by parts formulae, that will be useful for

stochastic variational calculus. The first is given by

[ A9 = fulry) 95 — Fulr) (5

i

Tf Tf
" g+ {7 g drtr

7

_ /Tf fu(m)dygh(m) + /Tf gH(T)dy fu(T) + 2/_Tf dfu(7) - dg"(7)

2Ty 2Ty

— /Tf fu(r)d_g"(7) + /Tf g (T) d_ fu(T) —2/_Tf dfu(7) - dg™(T),

(6.141)

31This is a consequence of Theorem 7.14 and Theorem 7.37 in Ref. [150].
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where we write f,(7) = fu(X(7),7), ¢*(7) = g*(X(7), 7). We immediately find

/fu(T) dogh () +/9”(T) dofu(T) = —Q/dfu(T)-dg“(T), (6.142)

where we recall

/ df,(7) - dg"( / d[[ £, 9" (7). (6.143)

There exists another integration by parts formula, which can be derived from eq. (6.138))
and is given byP7|

/:d[ /f# deg )+ [P0 d S
/fu d-g(r)+ [ o

Combining eqgs. (6.142)) and (6.144) then yields

7Y dy fulT). (6.144)

/fM(T) dogh () = /g“(T) dofu(T) = —/dfM(T)-dg“(T). (6.145)

6.5 Stochastic variational calculus

In this section, we discuss stochastic variational calculus as developed by Yasue [362-364].

We will consider the tangent bundle

M= || (Mo Tm), (6.146)
reEM
which can be endowed with a (3n)-dimensional manifold structure with coordinates (z#, v’y ,
We define the Lagrangian as a map
L:TM — R, (6.147)
and the action as the integral
T
S=E [/ L(X,V,,V_)dr|. (6.148)

Equivalently the action can be expressed as a function of the processes X, V(V,,V_) and
U(V4,V_), which we will use later on. We emphasize that Vi (7) are processes on the
tangent bundle, while vy (X, 7) are second order vector fields. The two are related as

follows

lin B, [VE(s)] = ok (X,7),
lim E, [V¥(s)] =" (X, 7). (6.149)

S—T

32Gce also e.g. Refs. [270,364] for a derivation of this formula

o).
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As we intend to do variational calculus, we require the notion of a norm on the space
of manifold valued time-reversible semi-martingales. In order to construct such a norm,
we would like to split the space of all processes into spaces of time-like, space-like, and
null-like processes. For this, we need to define the notion of a time-like process. We will
call the process X = X (7) time-like, if

G (X)v*(X, 7) 0" (X, 1) <0 vVrel. (6.150)
Moreover, we call the process space-like, if

G (X)v*(X, 1) 0" (X, 1) >0 VreT, (6.151)
and light-like or null-like, if

G (X)v*(X, 1) 0" (X,7) =0 VreT. (6.152)

Note that sample paths of a time-like process are not necessarily time-like. Indeed, for

a time-like process we have
E[gw,(X(T)) dX (1) ® dXV(T)} <0 Vr7eT (6.153)

However, this relation does not hold without the expectation value. Therefore, sample
paths can contain segments that are not time-like. A similar remark holds for space-like
and light-like processes.

We will now restrict the semi-martingales on M to those that are time-like. After a

Wick rotation, the space of these time-like processes can be equipped with the L?-norm

X1 = \/E [/IXM(T)X“(T)!dT : (6.154)
which is the conventional choice in quantum mechanics.

6.5.1 Euler-Lagrange equations

The stochastic Euler Lagrange equations can be derived similar to the classical Euler-
Lagrange equations. We vary the action with respect to a semi-martingale § X independent
of X that satisfies

0X (1) =0X(7¢) = 0. (6.155)
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This leads to
0S(X):=S(X +0X)—S(X)

Tf

S
Tf
EU L(X 46X,Vy +6V,V_+6V.) dr] —IE[/ L(X,Vy, V) dr

s aL(X7V+7V—) aL(Xa v+7v—)
= v T SXH o\ T T 1%
E [/ { R T

OL(X,Vy,V.)
v
s 8L(X7V+7V—) 8L(X’V+7V—)
= T T ISXH I S S A XM
E[/T { S X T + T 4
OL(X,Vy,V.)
oV

i 8L(X7V+7V*) 8L(Xa V+)V*)
= QTN T T T g — N T T
E [/T, 0X { X dr —d_ VT

A

(5V_”} dr] +O(]|6X]|%)

d_éX“H +O(||6X|%)

OL(X,Vy,V_
-0, ZEE T oaxie

(6.156)

where we used the partial integration formula (6.144)). We find a system of stochastic

differential equations given by

Tf 8 Tf a a
/n- QXHL(X,VJF,V_)dT:/Ti {d—ML(X,VJmV—)+d+ML(X,V+,V_)}
(6.157)

or equivalently

o0 Ty o 9
/n aX“L(X,V,U)dT:/Ti {davuL(X,V,U)—doaUML(X,V,U)}. (6.158)

Since § X Il X, the osmotic integral vanishes, and we obtain
Tf a
| o

6.5.2 Hamilton equations

Tf o
L(X,V,U)drz/n dmL(X,V,U). (6.159)

As in classical physics, one can define an Hamiltonian picture. We define the generalized

momenta by

oL
P;(T) = Twa
_ oL
P (r) = v (6.160)

and the Hamiltonian as the Legendre transform

H(X,P*,P7) =PIVl + PLV — L(X,V,, V). (6.161)
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We can take a first order total derivative. This yields

0H 0H 0H
dH = d dP, 6.162
oxH o) ) ( )
and
L L
dH = PV} + VIdP] + Py dV! + V¥dP, — ;XH dx* — ;V#dvﬂ - aawdvf‘
d_ d
_ + — +, % p
=V{dp; +Vtdp, — (d Pr+o- > dx*. (6.163)
One can then read off the Hamilton equations:
0H
Vf: (T ) = ﬁa
VE(T) = LH_, (6.164)
0P,
and oH
/ (d+Fy +d-FJ) = = [ 55dr (6.165)

Furthermore, if an explicit proper time dependence is introduced, one finds

0 LoD
5 H(X.PT.P™ 1) =~ L(X.Vy, Vo, 7). (6.166)

As is the case for the Lagrangian, one can express the Hamiltonian in terms of current

and osmotic momenta. These can be defined as

0

Pu(r) = 5 X VD),
Qu(T) = %L(X V,U). (6.167)
The Hamiltonian is then given by
H(X,P,Q)=PV'"+Q,U" - L(X,V,U). (6.168)
This leads to the Hamilton equations
H
Vi) = 5
UH(T) = géi (6.169)

and

/ ap, —— [ 98 4. (6.170)
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Let us summarize the relation between U, V, V,, V_:

1
V=g Vet+Vo), Vi=V+U,

1
U=g(Vi-Vo), V.=V-U. (6.171)

Furthermore, for P, @, P, P— we have

P=P.+P, Pi=2(P+Q),
Q=P, - P P,:%(P—Q). (6.172)

6.5.3 Hamilton-Jacobi equations

The Hamilton-Jacobi equations play an important role in the derivation of the Schrodinger
equation in stochastic quantization. We will therefore review the derivation of these equa-

tions. We define Hamilton’s principal function as the action conditioned on its end point

S(X,7)=E [/:L(X, V+,V)ds‘X(T)] : (6.173)

i

such that the Euler-Lagrange equations are satisfied.
We consider the variation of the principal function under a variation of the end point.
This yields

§S(X,7) = S(X +0X,7) — S(X,7)

i

L(X, V., V) ds‘X(T)}

- / L(X+5X,V++5V+,V+5V)ds—/

Ti

L(X, V., V) ds’X(T), 5X(T)}

) ) "

L(X, Vi, V) 6X" + = L(X,V}, V)6V
av?

I L(X, Ve, V) 6Vi‘} ds)X(T),(sX(T)] +0 (||6X][?)

oL oL
XM _
+oXdy g

L L
OL g sxry aav” déX“} ‘X(T), 5X(7')] +0(|I5X]P)

_E [/ d K;VLE + %) 6X“] +O (I5XIP) [x (), 6X(7)}

_ (p;<X,T) +p, (X, T))axuo(ucsxu?), (6.174)

where we used the Euler-Lagrange equations in the fifth line. Furthermore, in the third
line, we have rewritten the original trajectory which is the minimal path between (7;, x;)
and (7, X (7)+0X (7)) as two independent trajectories X, X, which are the minimal paths
between (7;, x;) and (7, X (7)) and between (7;,0) and (7,0.X (7)) respectively.
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We conclude with the first Hamilton-Jacobi equation
VuS(X, 1) = py (X, 7) + p, (X, 7) = pu(X, 7). (6.175)

Moreover, taking a first order total derivative of Hamilton’s principal function yields

dS =E,[Ldr],
S 9
—E, |22 axr+ L2ar| 1
ds o X" 4 2 dr (6.176)

This leads to the second Hamilton-Jacobi equation

%S(X, 7) =E, [L(X,V,U)] - pv™. (6.177)

6.5.4 Kolmogorov equations

In this section, we derive the Kolmogorov equations. Although these do not follow
from a variational principle, they are another crucial ingredient for the derivation of the
Schrédinger equation.

Let p(z,7) be a probability measure on M x T, such that

/ Fo,7) du(z, 7) = / E[f(X(r), )] dr (6.178)
MXT

T

for any smooth function f compactly supported on M x int(T), where int(T) is the interior

of T. We will assume that the probability density p associated to the measure p exists,

such that du(x, ) = \/|g|p(z, 7)d"xdr. Then
0 =E[f(X(ry), m7)] = E[[f (X (), 7:)]
- | 2Bl ) e

- / E _<§T F (X, 7)Y, 4 (X, T)vuvy> (X, t)] dr

— / <8 + oM (x, )V, + ﬁ“y(az,T)VuVl,> fz,7)du(x, )
MXT or

= / lg| p(z, T) (8 + oM (x, 7))V, + 01 (2, T)VMV,,> flz,7)d"zdr
MxT or

= [ V) (= g pln) = D68, )] 4 T [0 o) pla )] )
MxT T
(6.179)

for all compactly supported functions f. We can choose v = v+, and plug in the back-
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ground hypothesis
oh =+ —gh”. 1
=t (6.180)

This leads to the Kolmogorov forward and backward equations or equivalently the Fokker-

Planck equations associated to the forward and backward process:

0 . h
(@) = =V, [#h (2, D)o, )] + 5 V0l )

%p(l‘ﬂ') ==V, [0" (2, 7)p(z,7)] — %V%(m,r). (6.181)

Adding and subtracting the two equations leads to the continuity and osmotic equations

867_/)(1‘,7') ==V, v (z,7)p(x,T)], (6.182)
W (z, 1) = %V“ In[p(z,7)]. (6.183)

6.6 The stochastic Lagrangian

In classical physics a Lagrangian is a function of the form L(X,V, 7). In stochastic quan-
tization on the other hand the Lagrangian is a function of the form L(X,V,,V_,7). Due
to the existence of two different velocities, it is not immediately clear how the classical
Lagrangian should be generalized to the stochastic framework. However, it was shown by

Zambrini, cf. Ref. [364] that for any classical Lagrangian of the form
L.(z,v,7) = %Tw(xﬁ)v“v” — hA,(x, 7)o" — U(x, T) (6.184)

the minimal stochastic extension that is compatible with gauge invariance and Maupertuis’

principle is given by
1 1
L(X, Vi,V 1) = §LC(X7 Vi, )+ §LC(X7 V_,7). (6.185)

We note that this form of the Lagrangian was also assumed by Yasue [362,363]. In the

remainder of this paper, we will assume that gravity is the only spin-2 field, i.e.
T/W(l‘, 7—) = gm/(x)- (6186)

The stochastic Lagrangian corresponding to the classical Lagrangian (6.184]) is then given
by

m

L(Xa V+,V_) 4

h
g (VIVY +VIVY) — 5 Au(X) (VI +VH) —U(X) (6.187)
or equivalently

L(X,V,U) = %g,w (VEVY 4 UFUY) — h A, (X)VH — 4(X). (6.188)
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Compared to the classical Lagrangian there is an additional energy contribution:

m

5 9 U U". (6.189)

This is the osmotic energy and can be interpreted as the kinetic energy of the background
field.

There also exists a Hamiltonian description. The momenta for this Lagrangian are

m y h
PJ(T) = Egﬂy‘/:l* (r) — §AM(X)’
_ m " h
P, (1) = EQWV— (r) — §AM(X)a

PM(T> = mgw,V”(T) - hAu(X):
Qu(r) =m g U"(1). (6.190)

The Hamiltonian is then given by

1 h?
H(X,PT,P7) = %g‘w <P;Pj + P P, +h(PF+P;)A(X) + A#(X)AZ,(X)> +U(X)

2
(6.191)

or equivalently
1
H(X,P,Q) = 59" (PP + QuQu + 20 P, A, (X) + 1? Au(X) Ay (X)) +4(X). (6.192)

6.6.1 Conditional expectations

In section [6.5.3] we derived the Hamilton-Jacobi equations and obtained expressions that
contained the conditional expectation of the Lagrangian E, [L(X,V,U, 7)]. We can calcu-
late this expression for the Lagrangian obtained in previous subsection. For this
we notice that for any smooth function 3 : 7' x M — R

E, (X (1), 7)] = lim E, [L(X(s), s)] = WX (7), 7). (6.193)

S—T

For the terms that depend on the velocity process, we need to make sense of the processes

V4. This can be done by performing an integration over dr. At linear order we have

T+h

Au(X (), T)VE(r) = lim % A (X(s), 8)V(s) ds
T+h
= lim % [ / (Au(X(s), §) dy XP(s) + 0, Au(X (s), 5) X" - dX”(s))}
T+h . . .
- ’%% {/ (AM(X(S),S) d X" (s) + V, A, (X (s), ) dX* - dX"( ))] :

(6.194)
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By a similar calculation, we obtain

1 TT+h . R R
A(X (), VA (r) = lim 5 [ / (AH(X(S),S) d_X"(s) — V, A, (X (s),5) dX" - dX”(s))] .
- T
(6.195)
We note that we can write these expressions in differential notation as
AVEdr = A, do XM £V, A, dX" - dX” (6.196)
Taking the expectation value of these expressions yields
1 T+h
E, [A,(X(7), 7)VE(T)] = ’llin% EET {/ Au(X(s),s) 0 (X (s),s)ds
- T
T+h
b [ A ) )
B T+h
+ V,Au(X(s),s) 08 (X (s),s) ds
h
= A (X (), 7) (X, 1) + %VMA‘LL(X(T), T), (6.197)
where we used the martingale property ((6.134]). Moreover,
h
E, [A,(X(7),7) VE(T)] = Au(X (7),7) 0" (X, T) — %VMAM(X(T),T). (6.198)
Consequently,
E [A,(X(7), 7) VI (T)] = Au(X (1), 7) v"(X, T), (6.199)
h
E. [A,(X(r), 1) UA(r)] = Au(X(r), ) (X, 7) + -V, A4(X (), 7). (6200)

For the terms quadratic in velocity we will perform a double integral over dr. In

differential notation we havﬁ

GuVIVY % = gy dy X4 0 d X + gV, (44 X1) @ d X7 - aX?

+ g dX" - dXP RV, (d+X”) _ gRng dX" . dXP @ dXY - dX°,
Gu VIV AT = g d X" @ d_X* - g, Y, (d-X*) @ dX" - dX?

~ gu dX" - dXP 0V, (d-X") - gnwm dX" - dX? @ dX" - dX°,
Gu VIV dr? = g di X @ d XY = g, V, (4 X7) @ dX¥ - X7

+ G dX" - dXP @V, (d-X") + SRy dX - dXP @ dXY - dX7.
(6.201)

33¢f. section 9 in Ref. [270].
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We can take the expectation values of these expressions. This yields

Er g di XV © dy X7| = Er g (8405 dr? + 0! dWY dr + 6% AW dr + AW} @ W)
= g (90 dr? + 201" dr )

h
=" G0 0 dr? (6.202)
m

where we used that the expectation value of the terms linear in dW, vanishes, due to
the martingale property of W,. Moreover, we used eq. (6.130) to evaluate the term
dWﬁdW_‘; = dW_ﬁ ®@ dWY. By a similar calculation we obtain

h
E; [g,w d_X"®d_ X”} = —”— dr + g, 0" 9" dr? (6.203)
E, [gm, d+X“ ®d_ X”} = gu,,v o dr2. (6.204)
Furthermore,
Er |9V, (44X") @ dX" - dX?| = B, |0V, (o4 dr + aW?) dr|
ho
= %Vuvi dr. (6.205)
Similarly,
. s h o
Er |9V, (d-X") @ dX” - ax¢| = 5Vt dr (6.206)
For the remaining term we find
Er |Ruvpo dX - dX? @ dR7 - dX7| = By [Rynp 070" dr?)
h? 9
We conclude,
NN N h2 n h
Er (g VEVY] = gu o} + —V 0 6m2R o
v INTENY] h N h2 nh
Er [g,uu VEV_] = g;u/UﬁU_ - %v/ﬂ)/j T2 N T mdr
E v __ ~H AV h N7 h N7 h2
T [g,u,u V+ V_] = guyV3v_ — %V#UJF + %Vuv, + WR (6208)
or equivalently
E, [gu,, V“V”} = gu vt
h h?
E; (9w U*UY]| = guta” + V s o2 R,
h
z (6.209)

14 ~V h
E- (g VFU"] = guvta” + %V,ﬂ)“ + S
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The conditional expectation of the Lagrangian ((6.188)) is thus given byﬁ

h K2
E. [L(X,V,U,7)] = % Guw (V0" + WW) SV, — TR =R A S (6.210)

6.6.2 Correlation functions

Observables in quantum mechanics can be constructed from correlation functions com-
puted in the path integral formalism. Since this computation is slightly different in
stochastic quantization, we review the main steps.

In order to compute correlation functions within the stochastic quantization, one must
first solve the stochastic equations of motion derived from the action. The solution is a
stochastic process { X (7)|7 € T'}. For this stochastic process one can define a characteristic

functional ®x(.J), and a moment generating functional Mx (J):

Ox(J) = E [ef S Hnxr@ir) (6.211)

My (J) = E [ef I InXHdr] (6.212)

where J(7) is a bounded process of finite variation that corresponds to the source in the
path integral formulation. We emphasize that one no longer averages over the action, as
this is essentially done in the first step, where the stochastic differential equation is solved.
Using the characteristic and moment generating functionals for the process X (7), one
can calculate all moments of the theory. For example, the two-point correlation function
is given by
0 0

E[XM(5)X ()] = T ROLIAG) Mx(J). (6.213)

We emphasize that the integrals that need to be evaluated in the path integral formal-
ism and stochastic quantization are constructed in different ways. Due to this different
construction, theories that require renormalization in the path integral formalism can be

finite in stochastic quantization.

6.6.3 Uncertainty principle

Due to the relevance of the uncertainty principle in quantum mechanics, we will derive it

in stochastic quantization, which can be done using the results from section [6.6.1]

34Note that the divergent term nng does not appear in the Lagrangian.
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For s > 7 we find

Covr [Xu(s), X¥(5)] = Er [Xu(s) X" (s >] E. [X,.(s)] Er

— 5, | (%0 + [ Vit )(X“T /V” ')
R A ey

= %61;(5 —7)+ % (Vuv+ + V4, — %RZ (s —7) 2+ o(s — 1)?
(6.214)
Furthermore, the covariance for the momenta is given by
m2
Cov, [P (s), P*(s)] = T{IET [Viu()VY(5)] = By [Vip(s) Br [VZ(5)] }
- mTh{ET Vi ()47 (5)] = Br [V ()] Er [47(5)] }
g [AuVE(E)] - Er [Au(s)] E. V()] )
2
LR, (44547 (9)]  E- [A,(9)] B [47(5))}
= mTh(s;(s —7) 4 %ﬁ (V08 + Vi)
G 12
= (VuA” + V9 4,) = SRS+ o(L). (6.215)
If we take the limit s — 7, we find
P_rg Cov, [X,(s), X" (s)] =0, (6.216)
;E;I_ Cov, [P (s), P*"(s)] = oc. (6.217)

This reflects the fact that we have constructed the stochastic theory in a position repre-
sentation, i.e. the process (X, Py, P_) is adapted to the filtration generated by the process
X.

We can calculate the product of the two variances. For this we fix the indices y = v = i,

and obtain
Var, [X#(s)] Var, [P (s)] = h—Q + hj Vaih — N VaAF — iRﬁ (s—7)+o(s —7).
T T 4 2 UMt om TH 6m *
(6.218)
If we then take the limit s — 7, we find
_ . K2
il_rgVarT [ X (s)] Var, [P (s)] = T (6.219)

This corresponds to the lower bound given by the Heisenberg uncertainty principle.



7

6.7 Scalar test particles

In this section, we derive the equations of motion that govern a quantum mechanical spin-0
test particle on a pseudo-Riemannian manifold subjected to the Lagrangian (6.188)).

6.7.1 Stochastic equation of motion

We consider the Lagrangian (6.188]):
L(X,V,U) = %gw, (VAVY + URUY) — R A,V — L. (6.220)
After integrating this expression twice over 7 we obtain, cf. eq. (6.201]),

E[Ldr?] =E [%gw {dX“dX” +dXMd, XY +V, (dof(“) d[[ X", X7]]
h2 v K o}
g R dIX, X dLX7, X7}

~h A, dX"dr — Udr?]

2
—E|™ BAXV _ pr h 2
E [2 G AXHdXY — h A, dXHdr <il+ 12mR> dr ] , (6.221)
where we used
E [gw {dof(“dof(” +V, (dof(“) d[[ X", Xﬂ]]}] —0, (6.222)

which follows from eq. (6.145)) and the metric compatibility. If we vary this expression
with respect to a stochastically independent deviation process 6 X, we obtain the stochastic
Euler-Lagrange equations (6.159)) that take the form

h2
m (g,wdQX” + gWFZUprdX") = (ﬁ@TAN -V, U - 12mv,ﬂz> dr? — hH,, dXVdr,
(6.223)
where
H,, =0,A, —0,A,=V,A, -V, A, (6.224)

In the classical limit & — 0, the quadratic variation vanishes. This gives®)]

gWW_‘_gW PT dr  dr

d2Xv y dXPdX? : axv

which is consistent with general relativity. On the other hand, taking the flat space-time

limit G — 0 gives g, = 7y, and therefore
mn X" = (ho; A, — OM) dr* — h Hy,, dXVdr. (6.226)

If we then take the non-relativistic limit ¢ — oo, we identify ¢ = 7 and replace 7, — d;;.

35Note that ¢ and A, could contain an additional # dependence.
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The resulting equation is consistent with stochastic quantization in flat spaces [184,223
267,268, 270L364].

The stochastic differential equation is the fundamental equation of motion in
stochastic quantization. The solutions describe the stochastic trajectories of quantum
mechanical spin-0 test particles in any geometry. In section [6.7.3 we will show that prob-
ability density function associated to the solution X (7) of this equation evolves according

to the Schrodinger equation.

6.7.2 Stochastic Newton equation

The stochastic differential equation derived in previous section can be rewritten as a
diffusion equation for the vector fields vy (z,7). This representation is known as the

stochastic Newton equation, see e.g. Ref. [270]. In order to derive it, we define a function
h
R(z,7):= B In [p(z, 7)]. (6.227)

The osmotic (6.183]) and continuity equation ((6.182)) can then be rewritten as

VHR(z,T) = mut, (6.228)
9 Riw,m) = — (mgwi” + 29, ) o (6.229)
5 B@,7) = = mgud” + 5V, | 0. :

by

V,.S(x,T) = pu, (6.230)
;_S(x, 7) = E: [L(X,V,U,7)] — puv*. (6.231)

We consider the Lagrangian ((6.188])
L(X,V,U,7) = %g,w (VAVHE 4+ UMUM) — R AV — U (6.232)
with momenta

P,(1) =mguV"—hA,

QM(T) = mguuUV' (6.233)
Therefore,
pu(x,7) = Er [Pu(7)] = m guv” — h A,
‘?u("’ca 7—) =E; [QM(T)] = mgw/&y' (6.234)

Moreover, in eq. (6.210]), we found

h 12
E, [L(X,V,U,7)] = %gw (0" + @0) + DV — TR —h AL~ 8L (6.235)
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Putting everything together yields

VMS(x7 T) =Pu= mglwvy - hAM, (6236)
V. R(x,T) = G, = m gu,a" (6.237)
and
0 m v new h_ . K2
a—TS(a;, T) = — 5 9w (vto” —akta”) + §Vuu“ — %R — 8l (6.238)
0 .k
ER(.%, T) = —m gt et — §V,ﬂ)’”. (6.239)

We take the covariant derivative of eq. (6.238)). This yields

ov 0A v oy . h » h2
ma—: - ha—: = —mv'Vyu, +ma Vi, + 5V, V0 - %V,ﬂ% — Vil (6.240)

Using eqs. (6.236]) and ((6.237]), we find
Vi, = Vi,
h
Vuv,, = VV/U,U, + %HNV’
V. V,a" = 0ay, — Ry a”. (6.241)

Therefore,

DA 2 00
h (87“ - HW@V> — 5= VaR— Vsl =m <;T" 'Yy — 0V,
— PV, iy, + famnymay). (6.242)

We will associate the left hand side with a force, i.e.
h2
FM =h ( — H'UJ/’UV> — %V,ﬂz — VML( (6243)

Moreover, we rewrite the left hand side in terms of the forward and backward velocity.
We find

0 o ~ HPo [Y
Pt = % [(87 + 05V, + f’i vao> oL — Rupfwvi v

d
+ <aT + YV, + @vayvp> o — RI 0070 | (6.244)

As we would like to associate the right hand side with an acceleration, we define second

order acceleration vectors a1+ by

o1
aiy(z,7) = }lg% EET [Vi“(T +h) — Vj’E‘(T)],

.1
a  (x,T) = flzli% EET [VE(r) = VE(r = h)], (6.245)
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and

. (w,7) = lim thﬂ«: {VE( +n) = VE@)[X7(r + 1) - X7(7)] }

+ o B [XP(r 4 h) = XP(0)] [VE (7 + 1) - (T)]}

@ (z,7) = lim 21h]E {2 = Ve = m)[X7(r) = X7 (7 —

+ QhE AXA(r) = X0 = )] [VE(7) = VE (7 = h)}} (6.246)

Using the parallel transport equation (6.95)), we then find

iy = lim — [d+@i + T dya? + (0,1, + T T% — 2T% T ) % da? - da” + o(dr)}
= 0,0l + 00,0 + 017 0,0,04 + T 0408 + (9,0h, + T4, T — 208 Ty ) o v
= 0- 0 + OV 0 + 087V Vol — 2T 087V 0 — RF 0870 (6.247)

and

a" L = dljgo %ET d_vh +Th,08d xP — (9,Th, + T4, Th, — 2UA.T5, ) 0da? - da + o(dr)
= 0,0 + 0V V0l + 077V Vil — 2T 077V 08 — RF 0770, (6.248)

where we allow for an explicit proper-time dependence of the velocity vy (X, 7). For the

second order parts we find

2
aff = lim —E, [d@ﬁ_f cda? + Tt da - dal?) + O(df)}

= 0"V, 0T + 057V .08 (6.249)
and

g : 2 -~ (o} K g
a?’, = lelgo %ET —dvﬁf - dz?) — Fl(f)!vi da? - dz!?) + O(dT)]

= 0"V 0] + 977V 0. (6.250)
Eq. (6.244) can now be rewritten as the stochastic Newton equation
1
FMX,T) = 3 lah _(X,7)+a"  (X,7)], (6.251)

where a* = a* + F ~aP? is the covariant form of a* and F'* is a first order vector.

There exists another representation of the stochastic Newton equation that is given by
1
FHX,T)= 3m (DyD_+ D_Dy) X", (6.252)

where the covariant diffusion operators Dy act on an arbitrary first order (k,[)-tensor
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field A(X,7) as, cf. Refs. [135L|136,[270],

o o _
DiA= [aT + h VYV + 08 (VuVy + R W)] A, (6.253)
where
k \ l
R g ALl =Y R GAULTI I N TR g A e (6.254)
i=1 j=1

Using that v” = i%g*‘”, eq. (6.253)) can be rewritten as

h
DiA= (;T +OhV, + DDG> A, (6.255)

2m

where the Dohrn-Guerra Laplacian is defined by
Opc :==g" (V,Vu+R,.,) - (6.256)

6.7.3 Schrodinger equation

The solutions of the stochastic differential equation are stochastic processes. One
can associate a probability density to these stochastic processes, and derive a partial differ-
ential equation for the evolution of this probability density. As argued in the introduction,
the equation governing this evolution is the Schrodinger equation. Here, we present an

explicit derivation.

Using eqs. (6.236]) and (6.237]), we can rewrite eqs. (6.238]) and ((6.239)) as

1 h?
;TS(@«, ) =5 (vusws — V,RVFR — hOR + 2hA*V ,S + h* A, AP + 6R> — 8L,

(6.257)
o) 1 i i h h? i
aR(m,T) = V.SVER+ AV, R + §DS + ?VMA . (6.258)
If we define the wave function
() = en(FHis), (6.259)
we find that these equations are equivalent to the equation
e & . w1
zhglll =\ "2 (Vu+iA,) (VF +iAY) — ER + 4. (6.260)

This is a generalization of the Schrodinger equation to pseudo-Riemannian geometry@

We note that the Born rule is an immediate consequence:

U(z,7)| = en®@) = p(z, 7) (6.261)

36Note that for flat space-times R = 0. Moreover, in the non-relativistic limit one replaces z* — z* and
identifies 7 = t. Therefore, in the flat non-relativistic limit we obtain the standard Schrédinger equation.
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by the definition of R in eq. (6.227)).

6.7.4 Conformal coupling

In this section, we show that the generalization of the Schrédinger equation (6.260)) imposes
a conformal coupling of massive scalar particles to gravity. For this, we consider the

Lagrangian of a free scalar field non-minimally coupled to gravity

1 m?
L(9. Vo) = —5 (v,@ Vi + o ¢ +ER ¢2> : (6.262)
The field equation is given by the Klein-Gordon equation

m2
We can construct an explicitly proper time dependent field ® defined on M x T', such that
O(x,7) = Plz) eH 7, (6.264)

where z = (¢,Z) is a four-vector. Then & satisfies the generalized Schrédinger equation
(6.260) with A, =0, 4 = 0 and conformal coupling § = %. This result can be generalized
in a straightforward manner to the cases A, # 0 and 4 # 0.

We conclude that stochastic quantization predicts that any scalar test particle must
be conformally coupled to gravity. It is expected that this result can be generalized to
arbitrary scalar fields. However, proof of this latter statement can only be achieved within

a field theory description of stochastic quantization.

6.8 Discussion

In this paper, we have reviewed some aspects of second order geometry and stochastic
quantization, and shown that the combination of the two leads to a consistent quantum
theory on manifolds. In addition, we have further developed second order geometry, and
constructed the notion of a Lie derivative in this framework. Furthermore, we have pro-
vided new results within stochastic quantization. In particular, we have shown that a
diffeomorphism invariant framework of stochastic quantization imposes a conformal cou-
pling of massive spin-0 test particles. It is expected that this result can be generalized to
arbitrary scalar fields, but a proof of such a generalization requires further study of a field
theory framework.

Since stochastic quantization can be formulated on (pseudo-)Riemannian manifolds,
it is a natural approach to explore quantum gravity. However, in order to do so, a major
hurdle must still be overcome, which is a consistent extension to both bosonic and fermionic
field theories. Until now only a few specific bosonic examples have been studied in this
framework, see for example Refs. [165,184.|186,|188},189,227,251,265|,289], but no general
formalism has yet been developed. The embedding of stochastic quantization into second

order geometry, as developed in this paper could help guide the way towards such an
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extension. Particularly interesting in this respect are recent developments in the study of
Lagrangian dynamics on higher order jet bundles, see e.g. Refs. [102,/103], as this is the
natural extension of second order geometry to a field theory setting.

There are several studies that can be performed within the stochastic quantization
framework without going to a field theory description or to dynamical backgrounds. The
stochastic differential equation allows to solve and simulate the motion of quantum
mechanical spin-0 test particles charged under scalar and vector potentials in any geometry.
Such a study would be particularly interesting when performed in black hole geometries.
One can then calculate the probability that a particle hits the singularitylz] or escapes
the black hole. Furthermore, one can calculate the expected proper time until one of
these events occurs. Also, higher moments such as the variance for these events can be
calculated. Such calculations could provide microscopic insights into Hawking radiation
and black hole thermodynamics.

In this paper, we have restricted ourselves to time-like processes with positive mass. A
formulation for space-like processes can be obtained by considering imaginary masses and
by replacing the proper time with the proper distance. However, a theory for massless
particles on null-like surfaces is not easily obtained from the theory presented in this paper,
and deserves further study.

There are many other issues that deserve further exploration within the stochastic
framework. For example, as discussed in the introduction, there is no consensus yet
on the resolution of Wallstrom’s criticism. Moreover, the notion of spin in stochastic
quantization is only partially understood, see e.g. Refs. [127,/159,[270]. In this paper, we
have focused on scalar particles, in the presence of commuting spin-0 and spin-1 fields and
gravity. Extensions to fermions, non-commuting potentials and higher spin fields would
be interesting to investigate.

Furthermore, the formulation of stochastic quantization presented here was entirely in
a position representation. Investigation of the dual picture in terms of momenta deserves
further exploration. Early considerations along these lines can for example be found in
Ref. [314].

Another open question is whether stochastic quantization can be formulated on com-
plex manifolds instead of real manifolds. An argument for such a construction is that the
wave function resembles the probability density of a complex random variable Z = X +4iY
with dZ = (V +iU)dr. Discussions along these lines can also be found in Ref. [285].
Related to this is the question whether the function R can be interpreted as an action for
the background field in a Wick rotated version of the theory. The action S would then be
related to the probability density for the coordinates Y.

Finally, the presence of an osmotic velocity in stochastic quantization could provide
new insights in the nature of dark matter. In this respect, it is worth noticing that
the kinetic energy in stochastic quantization does not only contain the classical kinetic

energy given by g,,vHv”, but also the osmotic energy of the background field given

37In stochastic quantization, geodesic incompleteness of the space-time does not imply that the particle
ends up at the singularity. One should study the Brownian completeness of the geometry instead, see e.g.
Section 5 in Ref. |150].
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by % guata”. It is expected that the notion of osmotic energy is also present in a field
theoretical extension of stochastic quantization. In such an extension it will take the shape
of the kinetic term of additional fields that only interact gravitationally with other fields.
This suggests that the osmotic energy could be interpreted as dark matter.

We conclude that stochastic quantization is an interesting framework, that deserves
further exploration. We are currently investigating several aspects of the theory along the

lines mentioned above, and hope to report on it elsewhere.
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Chapter 7

Stochastic Quantization of

Relativistic Theories

Folkert Kuipers

Department of Physics and Astronomy, University of Sussex, Brighton, BN1 9QH,
United Kingdom

Abstract

It was shown recently that stochastic quantization can be made into a well defined quanti-
zation scheme on (pseudo-)Riemannian manifolds using second order differential geometry,
which is an extension of the commonly used first order differential geometry. In this letter,
we show that restrictions to relativistic theories can be obtained from this theory by im-
posing a stochastic energy-momentum relation. In the process, we derive non-perturbative
quantum corrections to the line element as measured by scalar particles. Furthermore, we

extend the framework of stochastic quantization to massless scalar particles.

This chapter has been published in the Journal of Mathematical Physics 62, no. 12, p. 2301
(2021).
A preprint of this chapter can be found at arXiv:2103.02501 [gr-qc].
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7.1 Introduction

Stochastic quantization is a quantization scheme comparable to canonical quantization
and path integral quantization that is employed in the theory of stochastic mechan-
ics [153]/184)/187)223,/267,268,2701362-364]. Stochastic mechanics is a theory of Newtonian
mechanics coupled to a fluctuating Gaussian background field. Due to the coupling to this
background field, particles follow stochastic processes instead of deterministic trajectories.
The evolution of the probability density of these processes is governed by complex diffusion
equations.

Processes described by complex diffusion equations generically have a single well de-
fined position, but two independent well defined velocities. If one imposes there to be a
single well defined velocity, one obtains a real diffusion equation that is better known as
the heat equation. The process described by the heat equation is the well known dissipa-
tive Brownian motion. This dissipative Brownian motion breaks time reversal symmetry.
If, on the other hand, time reversibility is imposed as a constraint, the governing complex
diffusion equation is the Schrodinger equation. The resulting process is often called a
conservative Brownian motion or a Nelson process.

The derivation of the Schrodinger equation for a Newtonian system coupled to a time
reversible Gaussian background field is the central result of stochastic mechanics. The
stochastic quantization scheme that is employed in stochastic mechanics is build upon
five fundamental principles: diffeomorphism invariance, gauge invariance, time reversal
symmetry, the principle of least action and the background hypothesis.

The background hypothesis states that all variables in the theory must be promoted to
random variables and the trajectories to time reversible semi-martingale processes. The
quadratic variation for these stochastic processes is fixed by the background hypothesis.

For massive scalar particles the condition on the quadratic variation takes the formE]

d[[X*, X)) = %h‘“’ dr, (7.1)

where h is a positive definite metric tensor, obtained from the metric tensor g with
Lorentzian signature by a Wick rotation. The construction of this positive definite ten-
sor is discussed in more detail in Ref. [137] and reviewed in appendix 7.A. We note that
this condition imposes the stochastic part of X to be a scaled Brownian motion by the
Lévy characterization. Furthermore, we remark that this relation is the equivalent of the
canonical commutation relation imposed in the canonical quantization scheme.
Stochastic quantization is closely related to the path integral formulation, as it can
be regarded as a local construction scheme for path integrals. In imaginary time, this is
achieved by the Feynman-Kac theorem [218], which maps the path integral formulation to
the stochastic formulation. Stochastic quantization extends this stochastic formulation to
a real time description. An extension of the Feynman-Kac theorem to the real time path

integral is given by the Feynman-It6 theorem [14,[214]. Although this theorem does not

In order to avoid confusion with the commutator, we denote the quadratic variation with a double
bracket [[X*, X"]] instead of a single bracket, which is the more common notation.
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have an immediate stochastic interpretation, the real time path integral has been related
explicitly to the stochastic quantization framework [288].

The mathematical advantage of the stochastic quantization scheme over the path in-
tegral formulation resides in the fact that stochastic integrals are better understood than
path integrals. This is an important motivation for the study of stochastic quantization.
For similar reasons, the framework is used as an important tool in constructive approaches
to quantum field theory [14,270]. The study of constructive approaches to quantum field
theory bears relevance, as the absence of a mathematically rigorous framework of rela-
tivistic quantum field theory lies at the heart of several issues in quantum field theory.
One of which is the non-renormalizability of gravity as a quantum theory.

A second motivation for the study of stochastic mechanics is of a foundational nature.
The philosophy governing stochastic quantization is closely related to the quantum foam
introduced by Wheeler [353]. However, in stochastic quantization the quantum foam is
considered to be the source rather than the consequence of quantum mechanics.

Stochastic mechanics is a classica]ﬂ probabﬂisticﬂ interpretation of quantum theory.
In this framework, the physical configuration space is a measurable covering space of
the classical configuration space. The L?-space containing the wave functions is built on
top of this. Although this L2-space is crucial for mathematical analysis, global existence
of the wave functions is not required in a stochastic formulation. The wave function
represents the best possible prediction of a system given the measurements of the system
at earlier times, but is not a physical object. Measuring a system amounts to conditioning
the stochastic processﬁ Collapse of the wave function thus occurs due to updating the
filtration to which the process is adaptedﬂ

Finally, stochastic quantization has received attention, since it can be used as a com-

putational framework in quantum field theory. Stochastic quantization provides an alter-

2We call the theory classical, as the quantum configuration space is a covering space over the classical
configuration space. The covering is crucial for the treatment of intrinsically quantum properties such as
spin and discretized spectra, cf. e.g. Ref. [270].

3We call a theory probabilistic, if there is a structure of a probability space (Q,3,P), a measurable
configuration space (M, B(M), 1) and random variables X : (Q, %, P) — (M, B(M)) such that y = PoX ~'.
The random variables are elements of an LP-space. As usual in quantum mechanics, we consider the L2-
space, which has the important properties that it is a Hilbert space and that it is self-dual.

4We consider measurements where the interaction between the measurement device and the system is
negligible. For microscopic systems, such measurements are unachievable. However, these interactions are
unrelated to the wave function collapse in the stochastic interpretation.

5Let us add a clarification by making a comparison to stock markets: the shares in a stock market
have a well defined value at any point in time. However, if we do not observe the value for a certain
amount of time, we can only give a probabilistic description of the value of the stock, which is modeled by
a probability distribution. Once we decide to observe the market this probability distribution collapses to
a delta distribution. According to stochastic mechanics the situation in quantum mechanics is similar. A
difference between the two pictures is that quantum mechanics is governed by a time-reversible Brownian
motion, while stock markets are usually modeled by a dissipative Brownian motion. As a consequence,
quantum mechanics is modeled by a complex wave function, while the probability distributions in stock
markets often take the shape of a Gaussian profile. We should stress that the picture is not in conflict
with the superposition principle. The superposition principle holds in the stochastic interpretation as
particles move between different layers in the covering space. Before measuring a particle, the observers
can only give a probabilistic prediction on which layer they will measure the particle, and thus what values
of spin or other discretized spectra they will measure. This leads to the superposition principle in the
description given by the observer. Furthermore, we emphasize that stochastic mechanics is agnostic about
the question whether the quantum fluctuations are fundamental or can be derived from a more fundamental
deterministic theory. However, the Bell experiments suggest that the stochasticity is fundamental.
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native mathematical model that can be used to calculate observables in quantum theo-
ries. For certain problems this could simplify the calculations, while other problems are
more easily solved using standard quantum field theory methods. Stochastic quantization
should therefore be regarded as complementary to other approaches. In this respect, the
reformulation due to Parisi and Wu [125|1261284] has achieved considerable success in nu-
merical calculations. This reformulation has also been related to quantum gravity inspired
theories [134,248,281].

The general formalism of stochastic quantization is a well defined approach to quan-
tum mechanics for non-relativistic scalar particles on R™ charged under scalar and vec-
tor potentials. Extensions have been made to Riemannian manifolds [127,{135-137,/187,
270]. In addition, particles with spin have been discussed in this framework, cf. e.g.
Refs. [127,|159,270]. Furthermore, field theoretic extensions have been developed, see
e.g. [165,184,186,/188||189.[227,[251}265,289]. We note that the field theoretic framework is
more evolved in the Parisi-Wu formulation. Furthermore, it is worth noticing that many
standard quantum mechanics problems have been discussed in the stochastic quantization
framework, see e.g. Refs. [164,/1781[184}270,278.290.293,364]. Finally, the ideas governing
stochastic quantization have been incorporated in models of quantum gravity [151},249].
For a more complete review of stochastic quantization we refer to Refs. [184}233,270,364].

Most successes of stochastic quantization are of a non-relativistic nature. Although
a relativistic version has been treated in the literature, cf. e.g. Refs. [137,/165,/184}/188]
189,251,265,1289], it is not as well established as the non-relativistic theory. In this let-
ter, we remedy this and show that stochastic quantization can be made into a relativistic
quantization scheme. Here, we build on our previous work [233], where stochastic quan-
tization was extended to (pseudo-)Riemannian geometry. In this letter, we restrict this
general framework to a special class of theories, namely the relativistic theories defined
on Lorentzian manifolds. More concretely, we discuss the stochastic quantization of a
single relativistic spinless particle on a curved space-time charged under scalar and vector
potentials.

A difficulty that arises, when one tries to extend stochastic quantization to (pseudo-
)Riemannian manifolds is that there exists a single well defined position X, but two

independent well defined velocitied”|

0 (X(7),7) = lim S E[X( + ) — X(D|X(7)],

1
v (X(7),7) = lim EX(r) = X(r = B)|X(7)] (72)
which are often re-expressed as v = 1 (v +v_) and u = 1(v; —v_). These velocity vectors
are not vectors in the usual geometrical sense, i.e. they do not transform as vectors under
coordinate transformations. Therefore, stochastic quantization cannot be easily embedded
in differential geometry, which is the mathematical corner stone of general relativity. This

issue was resolved for semi-martingale processes on smooth manifolds with a connection

5Note that the definition requires to take conditional expectations. Without this conditional expectation
there is no notion of velocity, as the stochastic process is almost surely nowhere differentiable.
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by extending the ordinary first order geometry to a second order geometry, cf. Refs.
[150,257,1311]. In second order geometry the (co)tangent spaces are extended to second
order (co)tangent spaces. This allows to interpret vy as vectors in these second order
spaces. Consequently, the stochastic processes discussed in this paper are diffeomorphism
invariant. We refer to Ref. [233] for a more detailed exposition of stochastic quantization
in the context of second order geometry.

This paper is organized as follows: in the next section we discuss relativistic
massive theories. In section we extend stochastic quantization to massless theories.
In section [7.4] we discuss the notion of off-shellness in stochastic quantization, and in

section [T.5] we conclude.

7.2 Massive scalar particles

We consider the classical relativistic action

S(z) =— [/m\/—gw(m) vl oY 4+ q A,(x) U’“‘] dr (7.3)

defined on an (n = (d + 1))-dimensional Lorentzian manifold M. Following standard

procedures we rewrite this action in the form

S(z) = / [g (e_zgwj(m) vH oY — mQ) —qAu(x) v“] dr, (7.4)

where e is an einbein field along the worldline of the particle. As we will consider the
equations of motion of massive particles under the gauge fixing condition e = m™"', this

action is equivalent to the action

S(z) = / {m;)\ Guv () V0" + % —qAu(z) v“] dr, (7.5)

where A is a Lagrange multiplier that must be gauge fixed to A = 0 in the equations of

motion. Its equation of motion is algebraic and reproduces the energy-momentum relation
gt = —1. (7.6)

We will thus consider the classical Lagrangian

A A
L.(z,v) = % Guv(x) v 0" + 5 qAu(x) vt (7.7)
If the gauge symmetries of the classical action are to be preserved, the stochastic quanti-
zation of this Lagrangian is given by, cf. Ref. [233,1364],

A A
LX,V,U) = T2 g () (VEVY + URTY) + 5 = q AlX)VE, (78)

where (X, V,U) is a stochastic process on the second order tangent bundle TM. X repre-

sents the position, V' the current velocity and U the osmotic velocity. The corresponding
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action is given by

S(X)=FE [/L(X, V,U) dT} : (7.9)

where 7 is the proper time. The equation of motion for A yields the stochastic energy-
momentum relation
E (g (VFVY +UFU")| = -1 (7.10)

or equivalently, cf. Ref. [233],
]E[g ) (dX“dX” + doXﬂdoX”) + iy <dof(“> PR dﬂ — —dr?  (7.11)
K m " 6m2

We note that the geometrical line element remains g, dz"dz” = —dr?. However, a quan-
tum particle traveling through this geometry does not measure the same length, as it
fluctuates around its classical path. Due to these quantum fluctuations, the line element
as measured by a quantum particle obtains a quantum correction as given in eq. .
For a single scalar particle adapted to its own natural filtration the osmotic integral van-
ishes, cf. Ref. [233]. This allows to re-express the quantized energy-momentum relation

as

h2
E [gu,, dXHdX" + <1 - WR) er] = 0. (7.12)

It follows that scalar quantum particles fluctuate around a quantum corrected path, where

ﬁ2
6m2 """

Minimizing the action leads to the stochastic differential equations in the sense of
Stratonovich, cf. Ref. [233],

the quantum correction is given by the term

h2

- 12m

m g (A*XY +T0, dXPdX7) = V,Rdr* —q(V,A, —V,A,)dX"dr  (7.13)

and the condition (7.12)). When supplemented with the background hypothesis

d[[X*, X)) = %h“”(X) dr, (7.14)

these equations can be solved for the appropriate boundary conditions. The result is a
stochastic process X (7) parametrized by the proper time. Observables of the theory can be
determined from this stochastic process using the standard definitions of the characteristic

and moment generating functional

dx(J)=E [e%fJu(T)X“(T)dT} 7 (7.15)

Mx(J)=E [e%f%(f)x“(ﬂ ﬂ : (7.16)

We remark that in contrast to the path integral framework, these expressions do not

average over the action. The averaging over the action effectively takes place when the

system of equations ([7.12)), ((7.13)) and ([7.14]) is solved.

If a probability density p(z,7) associated to the stochastic process X exists, one can
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construct the wave functior|’]
W(x,7) = /plw, 7) 757 (7.17)

with Hamilton’s principal function defined by
S(:ZI,T):E[/ L(X,V,U)dt‘X(q-):x]_ (7.18)

One can then show that this wave function must evolve according to a generalization of

the Schrodinger equation, cf. Ref. [233] and references therein,

ih;)T\Il:—;; [(V#+i§AH> (WH%AM) —én] . (7.19)

As there is no explicit dependence on the affine parameter 7, one can solve eq. ((7.19))

by separation of variables such that

U(z,7) = Bo(z) exp <i?ha7> : (7.20)

where « is a dimensionless parameter. If we gauge fix 7 to be the proper time, we impose
the condition (7.10). Under this constraint the expectation of the energy becomes —%,
which implies a = 1. We conclude that

U(x,7) = B(x) exp (g;%) , (7.21)

where ®(z) solves the generalization of the Klein-Gordon equation given by

2

{(vuﬂ'qAM) (v +idar) lgom

: : ; h?] d =0. (7.22)

We remark that the function ¥(z,7) and the relativistic Schrodinger equation are
not constructed in the traditional approaches to the quantization of relativistic theories.
However, their construction is not forbidden in these approaches, while their construction
seems necessary in the stochastic approach. The reason for this is that the probability
density is defined on the space M x T, where M is the space-time manifold and 7 is
the proper time monoid. Moreover, the wave function ¥(x, 7) is defined on the universal
coverf of M x T.

An important feature of relativistic theories is that the theory is invariant under proper
time reparametrizations. Therefore, one can always perform separation of variables. Con-
sequently, it is sufficient to consider the Klein-Gordon equation for the wave function ®(x)

in any relativistic quantum theory, as it determines the dynamics of the function ¥(x,7)

"Note that the wave function is not always well defined on the configuration space, as this space might
not be simply connected. This is the essence of Wallstrom’s criticism [346,347]. However, if the process
is lifted to the universal cover of the configuration space, the wave function ¥ becomes well defined, cf.
Ref. |270].

8See previous footnote



92

completely up to a phase factor. This phase factor is given in eq. (7.21]) and is a genuine

prediction of stochastic quantization.

7.3 Massless scalar particles

Following similar arguments as in previous section using the gauge fixing e = 1, we obtain

the stochastic Lagrangian

LOX V) = 5 gunl(X) (VA VY 4 U4 UY) — g 4,(X) T, (7.23)

where the Lagrange multiplier must be gauge fixed to A\ = 1 in the equations of motion.
The equation of motion for the Lagrange multiplier yields the stochastic energy-momentum
relation

E[g,w VAV + U“U”)} =0, (7.24)

which can be rewritten as
h?
E [gm, dXFdX" — FR dﬂ =0. (7.25)

Minimizing the action leads to stochastic differential equations in the sense of Stratonovich
given by

v v g h2 v
g (XY +T0,dXPdX7) = ~ o ViR an® — q(V, Ay, — V,A,)dX"dn (7.26)

and the constraint ([7.25)). We note that 7 is an affine parameter that has the dimension
of time per unit mass. The background hypothesis in the massless case under the gauge

fixing A = 1 takes the shape
d[[X*, X"]] = R (X) dn. (7.27)

The system of equations (7.25)), (7.26)) and (|7.27)) can be solved for the appropriate bound-
ary conditions. The result is a stochastic process X (n) parametrized by the parameter

1. Observables of the theory can be determined from this stochastic process using the
characteristic and moment generating functional.

The derivation of the Schrodinger equation in the massless case is similar to the deriva-
tion in the massive case, which can be found in Ref. |233] and references therein. If a
probability density p(z,n) associated to the stochastic process X exists, one can construct

the wave function

n
/n' L(X(1),V(t),U(t),t) dt‘X(n) = :c] } (7.28)

¥(e.n) = vowm exo {15 |

that evolves according to a generalization of the Schrédinger equation

ih ;7\1/ - —22 [(vu + i%AM> (v*+i 1 Ar) - éR] v, (7.29)
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As there is no explicit dependence on the affine parameter 7, one can solve by separation

of variables, such that

U(z, 1) = () oxp (”;O‘ n> , (7.30)

where « has the dimension of inverse length squared. If we impose the condition (|7.24)),

the kinetic energy becomes 0. This imposes o = 0. We conclude that
(2, ) = O(x), (7.31)

where ®(z) solves the generalization of the Klein-Gordon equation given by

<[Vﬂ +i % A [+ % ar) - éR) o =0. (7.32)

We remark that the vanishing phase factor in eq. ((7.31)) is expected, as massless particles

are restricted to d-dimensional submanifolds of M.

7.4 Off-shell motion

Let us consider the Lagrangian (7.7) for a massive particle in the simple case that g, = 1.,
and ¢ = 0. The on-shell condition ([7.12)) is then given by

E[n,w dX“dX”} = —dr?, (7.33)
Moreover,
1
AX¥(7) = v'(r) dr + 5 (awt(r) + aw* (7)), (7.34)

where W4 are independent Brownian motions, cf. e.g. Ref. [233] and references therein.

Consequently,
E |1 dX“dX”} =E [UW <v“v”d7‘2 + v (dWY + dW?)dr

% (W (7) + dW*" (7)) (dWY + de))]

= Nuv vh” d7—27 (735)
where we used that
E [dWE] =0, (7.36)
E [dW}dW?] = E [dW}] E [aW"], (7.37)
E [dW{dWY] = —E [dW"dW"] . (7.38)

The first equation follows from the fact that W, is a martingale, the second from the
stochastic independence of the forward and backward processes W, and W_, and the

third from the time reversibility of the semi-martingale X.
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Under the expectation value the particle moves on-shell, i.e.
N VPV = —1. (7.39)

However, without the expectation value this relation is not satisfied. Therefore, the ex-
pected trajectory of a particle is on-shell, but the actual trajectory of a particle can be
off-shell. As dWk(r) ~ N (O, %dT), it is easy to see that the quantum fluctuations domi-

nate in the regime

cdr < i, (7.40)
mec

which corresponds to length scales less than the de Broglie wavelength. On these length
scales the event {7, dX*dX" > 0} becomes very likely. Therefore, according to stochastic
mechanics, particles have a high probability of traveling faster than light on length scales
less than the de Broglie wavelength, while the probability of traveling faster than light
over length scales larger than the de Broglie wavelength quickly decays to 0. According
to the stochastic interpretation, this is the reason why particles are not localized within
their de Broglie wavelength. We remark that this interpretation is given in a position
representation, where the process (X, V,U) is adapted to the natural filtration of X. In
other words we perform position measurements only. As is the case in other quantization
schemes, stochastic quantization predicts an uncertainty relation between position and
momentum measurements.

We note that this result is similar in the path integral approach. However, there
is a difference in the interpretation: in the stochastic approach there is a single well
defined stochastic trajectory, while the path integral approach considers the statistical
ensemble of the sample paths of the stochastic trajectory. These sample paths are virtual
and in this approach there is no notion of the real trajectory. From the perspective of
modern probability theory, the path integral can in principle be derived from the stochastic
integral, if both are well defined. Consequently, it is unlikely that the two interpretations

can be distinguished experimentally, as their physical predictions are equivalent.

7.5 Conclusion

In this letter, we have shown that stochastic quantization can be made into a well defined
quantization scheme for relativistic theories. Furthermore, we have extended the frame-
work such that it includes massless particles. We point out that stochastic quantization
is a local quantization scheme and that the motion of particles in this framework is gov-
erned by stochastic differential equations. In this framework, the Schrédinger equation
and Klein-Gordon equation are derived from first principles. Finally, we have discussed
the interpretation of off-shellness in the stochastic framework. We conclude that stochastic
quantization is an interesting framework with important implications for the mathematical

and philosophical foundations of quantum theory.
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7.A Construction of the Brownian metric

The background field hypothesis was introduced in Ref. [270] for massive particles as
14 h 174
d[[X*, X"]] = ag“ (X)dr. (7.41)

If g has a definite signature this condition has a semi-martingale solution, but for indef-
inite signature there exist no semi-martingale satisfying this condition. The extension of
this condition to manifolds with indefinite signatures, and in particular with a Lorentzian
signature has been the subject of several studies, see e.g. Refs. [137}/165,/184} 188,189,251,
265,1289]. In this paper, we adopt the approach discussed in Ref. [137].

We reformulate the background hypothesis as

d[ X", X"]] = %h‘“’(X) dr, (7.42)

where h*" is a positive definite tensor that is sometimes called the Brownian metric. Its

inverse h,, is defined by the relation
hyuh"P = 6y, (7.43)
Moreover, it is related to the kinetic metric g, through the compatibility condition
Gu PR = g (7.44)

where g"” is the inverse of the kinetic metric g,,. If the kinetic metric g, has a definite
signature, the compatibility condition yields a unique solution for the Brownian metric
g’ = h*, but for a Lorentzian signature there is a family of positive definite solutions

h*¥. In this paper, we work in the (— + ...+) convention and set
h* = g 4+ 2 utu” (7.45)

with time-like vector u* = (1,0,...,0), which is uniquely defined and satisfies the given
conditions.

We remark that in order to obtain a covariant stochastic theory, we have adopted the
Schwartz-Meyer second order geometry framework discussed in Refs. [150,257,311]. In a

local coordinate system second order vectors can be expressed as
V =o' 0, + 0" 0,0y, (7.46)

where v is the second order part of the vector v. As discussed in Ref. [233], the back-
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ground hypothesis fixes the second order part of the velocity vectors such that
v = :I:i gt dr (7.47)
+ om )

which is defined in terms of the kinetic metric. Consequently, the kinetic equations ,
and are independent of the Brownian metric, as was already observed in
Ref. [137].

Finally, we notice that the constructions in this appendix can be generalized straight-

forwardly to the massless case discussed in section [7.3]
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Chapter 8

Analytic Continuation of

Stochastic Mechanics

Folkert Kuipers

Department of Physics and Astronomy, University of Sussex, Brighton, BN1 9QH,
United Kingdom

Abstract

We study a (relativistic) Brownian motion on a complexified (pseudo-)Riemannian man-
ifold. Using Nelson’s stochastic quantization, we derive three equivalent descriptions for
this problem. If the process has a purely real pseudo-variance, we obtain the ordinary
dissipative Brownian motion. In this case, the result coincides with the Feynman-Kac
formula. On the other hand, for a purely imaginary pseudo-variance, we obtain a conser-
vative Brownian motion, which provides a description of a quantum particle on a curved

spacetime.

This chapter has been published in the Journal of Mathematical Physics 63, no. 04, p. 2301
(2022).
A preprint of this chapter can be found at arXiv:2109.10710 [math-ph].
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8.1 Introduction

Brownian motion has been at the forefront of physics research ever since the phenomenon,
first observed by Brown, was described by Einstein. Moreover, it has attracted much
attention in the mathematics literature, since the early works of Wiener, Kolmogorov and
Lévy, and it plays a major role in the stochastic calculus developed by It6 and Stratonovich.

Nowadays the literature on Brownian motion is rich and extends far beyond its orig-
inal purpose of describing the motion of pollen suspended in water. In particular, since
the introduction of the path integral by Feynman, it has become an important tool in
quantum physics. This is mainly due to the Feynman-Kac theorem [218], which made use
of the relation between the Euclidean path integral and the Wiener integral. This result
became one of the cornerstones of the mathematical foundations of Euclidean quantum
field theory, and has been used by several authors as a starting point in attempts to de-
velop a mathematically consistent formulation of Lorentzian quantum field theory, cf. e.g.
Refs. [14,|177] for reviews.

Later, Parisi and Wu exploited the relation between Brownian motion and Euclidean
quantum field theory to develop a framework called stochastic quantization [125,284],
which became a very useful computational tool in Euclidean quantum field theory. In
recent years, this framework has also been used to relate various string theory inspired
models [134},196}248],281].

Before the work of Parisi and Wu, the notion of stochastic quantization was used by
Nelson in the theory of stochastic mechanics [267]. This theory, originally proposed by
Fényes [153], serves as an interpretation of quantum mechanics in which quantum mechan-
ics is generated by a time reversible Nelson process. However, later studies of stochastic
mechanics were also motivated by the fact that it can be used as an computational frame-
work in quantum theories [184] or as a mathematical tool in constructive quantum field
theory [270].

Both the Nelsonian and the Parisi-Wu framework quantize a theory by bringing it
in contact with a stochastic background field. However in the Parisi-Wu framework this
is done using an ordinary dissipative Brownian motion, while the Nelsonian approach
makes use of a Nelson process, which can be regarded as a time-reversible or conservative
Brownian motion. As the Parisi-Wu framework uses an ordinary Brownian motion, it can
only establish an equivalence between a Euclidean quantum theory and the equilibrium
limit of the stochastic theory. The Nelsonian approach, on the other hand, allows to
establish a full equivalence between quantum theories and stochastic theories. However,
as the Nelson process is more complicated than the ordinary Brownian motion, its field
theoretic formulation is not as far evolved as the Parisi-Wu formalism.

Since the early work by Fényes and Nelson, the theory of stochastic mechanics and its
associated stochastic quantization scheme have been extended to include spin [127]159,
270], to describe processes on (pseudo-)Riemannian manifolds [127,135}/136,|187,229}233,
270], and to relativistic theories [137,/165,/184}|188} 189,234,251}, 265, 289]. Furthermore,
field theoretic extensions have been made |151,/165,184./186./188227,228|265}[269,272], but

this theory is still in its infancy.
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In this paper, we focus on stochastic mechanics of a single particle on a manifold.
However, we will do this by reformulating the Nelson process as a complexified Brownian
motion. We will thus study a Brownian motion of a relativisti(ﬂ spinless test particle
on a complexified (pseudo-)Riemannian manifold. We then find that for a real pseudo-
variance the ordinary real Brownian motion is obtained, while for a purely imaginary
pseudo-variance the Nelson process is obtained.

This paper is organized as follows: in the next section|8.2] we review the ideas governing
stochastic mechanics and the complex generalization discussed in this paper; in section
we review the connections between stochastic mechanics and generalizations of the
Feynman-Kac theorem; in sections and we introduce the relativistic stochastic
process considered in this paper and the manifold on which this process is defined; in
section we discuss the variational equations that govern the stochastic process; in
sections and we then derive three different formulations for the diffusion
problem; finally, in section[8.10] we conclude. Furthermore, in appendix 8.A, we summarize
our results for the non-relativistic case; in appendix 8.B, we review the basics of stochastic
integration and appendix 8.C contains calculations of conditional expectations that are
necessary to derive our results. Throughout the paper we work in Planck units, i.e. A =1,

c=1,G =1 and kg = 1. Moreover, we work in the (— + ++) signature convention.

8.2 Stochastic mechanics

In order to illustrate the ideas governing stochastic mechanics, we will start with the
discussion of a single scalar non-relativistic particle with mass m moving on R".
In classical mechanics, the motion of such a particle is governed by the Euler-Lagrange

equations that can be derived using a variational principle from an action

T
S:/O L(z,v)dt (8.1)

with Lagrangian L. Given some initial conditions (x,v)(0) = (zg,vo), one then obtains a
unique solution z(t) on 7 = [0, T].

We will now make the additional assumption that the particle moves through some
randomly fluctuating background field. In order to introduce the stochastic fluctuations
from this background field, we must promote the trajectory {z(t) : ¢ € T} to a semi-
martingale process {X; : t € T}. We then impose, as before, that this process must satisfy
the Euler-Lagrange equations, which should now be interpreted as stochastic differential
equations. On top of this, we will fix the stochastic law of the background field. The
simplest way to do so is by imposing a condition on the quadratic variation. For example,

a Brownian motion satisfies the structure relation
d[[X*, X7)]y = a 6" dt, (8.2)

where « is a positive definite constant. If, on the other hand, we were to consider a Poisson

!'We implement relativity following Refs. [137,/234].
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process, the quadratic variation would be given by
d[[Xt, X))y = a 69 dt + 69 ¢, dXF, (8.3)

where ¢ is a constant covector.
Many stochastic processes are completely determined by such a structure relation. It is
thus expected that, if quantum mechanics allows for a stochastic description, there exists

a quantum structure relation. In fact, the canonical commutation relations
(X', P =6} (8.4)
suggest that such a structure relation must be of the form
md[[ X", X7)]; = i 6V dr. (8.5)

However, since the right hand side is not a positive definite tensor, there does not exist a
real semi-martingale X satisfying this relation.

In stochastic mechanics this issue is circumvented by promoting the process X to a
bidirectional stochastic process that is adapted to both a future and a past filtration. One
then introduces two time generators d4 and d_. The first is the forward generator, which
is adapted to the past filtration and generates the future. The second is the backward
generator, is adapted to the future and generates the past. This allows to construct the

Nelson process X that satisfies the condition

mdy [X', X)), = 6 dt,
md_[[X*, X7]]; = 6 dt. (8.6)

The stochastic Euler-Lagrange equations supplemented with these structure relation can
then be solved within the framework of stochastic optimal control theory. It is well-
established that this process indeed generates quantum mechanics of a spin-0 particle
with mass m, cf. e.g. [184},270.|364] for reviews.

In this paper, we advocate a slightly different route. Instead of introducing the notion
of a bidirectional process and two time generators d+, we will analytically continue our
space R™ to the complex space C". We can then impose a condition on the quadratic
variation of the form

md([Z%, Z7)); = a 6¥ dt. (8.7)

where o € C. As the right hand side now determines a pseudo-variance, it no longer has

to be positive definite. Similarly, for the complex conjugate process Z, we impose

md[[Z', Z7]); = a ¥ dt, (8.8)
md[[Z", Z7)]s = (la| + B) 67 dt (8.9)

with 5 € [0,00). We note that this last expression is positive definite as required for the

existence of Z;. Furthermore, we remark that g determines the conformal part of the
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process, i.e., if & =0, Z is a conformal martingale.

If we use polar coordinates o = pe® and set Z = X +iY, we find

_ B+ p(+cose)

md[[X*, X 5 6% dt, (8.10)
md[[Y?, Y]], = 5“’(12_ <059) sii g, (8.11)
md[[X', Y]], = @ 511 d. (8.12)

It is then easy to see that for («, ) = (1,0), we recover the Gaussian process defined by
eq. . Moreover, the case (a, §) = (i,0) suggested in eq. is now well-defined.

We will set § = 0 and in analogy with the ordinary Brownian motion defined by
eq. (8.2), we call the process defined by eq. a complex Brownian motion. Furthermore,
we refer to the special case a = 417 as a conservative Brownian motion. This is due to
fact that its stochastic dynamics is symmetric under the time reversal operation. As a
consequence the conservative Brownian motion is at all times in a statistical equilibrium
with the background field. This is in stark contrast with the real Brownian motion obtained
for @ = 1, which is known to be a dissipative process.

In the remainder of the paper, we study the complex Brownian motion defined by the
structure relation for a general o € C in more detail. We will do this in the more

complicated setting where the particle is relativistic and moves on a curved spacetime.

8.3 Stochastic mechanics and the Feynman-Kac theorem

Using Nelson’s stochastic quantization, we will in section [8.9] derive a complex diffusion
equation that governs the process described in the previous section. This result is closely
tied to the Feynman-Kac theorem [21§], which we review in this section.

The Feynman-Kac theorem statesﬂ that given the real diffusion equation

9 3 .
V(1) = - [% 59 0,0 + v (w, ) s — U(x, t)] U(z,t) (8.13)
with z € R™ and t € [0,T] subjected to the terminal condition

U(z,T) = u(x) (8.14)

The solution can be written as the conditional expectation

U(z,t) = E [exp <— /t Cd(xs) ds> u(Xr)| X, = x] (8.15)

%We present an elementary form of the Theorem. Extensions beyond the formula presented here are
known.
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for the Itd process defined by

dX} = v'(Xy) dt + dM;},
d[[X", X))y = a6 dt, (8.16)

with @ > 0, M a local martingale and [[X, X]] denotes the quadratic variation. The
process X thus describes a real Brownian motion with drift.
It was suggested by by Gelfand and Yaglom [166], that a similar relation could exist

for the Schrédinger equation

Z'aat\p(%t) = — [% 54 81‘8]‘ + vi(x7t) 0; — il(x,t)} \I/(:L',t). (8.17)

However, soon after, it was pointed out by Cameron and Daletskii [14,/101,/124] that a
straightforward generalization does not exist, as the complex measure necessary to con-
struct such an equivalence will have an infinite total variation.

Later, Pavon [288] showed that, if one considers, instead of the process , a bidi-

rectional Nelson process defined by

dJng = Ui_ (Xt) dt + d+Mti,
dy [[X%, X))y = a6Y dt, (8.18)

and

d_X! =2t (X;)dt +d_M],
d_[[X", X))y = a6 at. (8.19)

such a relation could still be established.
In deriving this result Pavon build on earlier work [285-287|, where the forward and

backward velocity were combined into a single complex velocity
Vg =V —iu, (8.20)
with the current velocity v and osmotic velocity v given by
v =

(vy +v-), (8.21)

u =

(vy —v-). (8.22)

N =N

In contrast to the the earlier works [101,|124}/166], Pavon did not only complexify the
measure, but also the underlying degrees of freedom. In this case, the velocity of the
process. In this work, we go one step further and also complexify the position of the

process. As pointed out in the previous section, we can then replace the bidirectional
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Nelson process by a complex process satisfying

dZ} = w'(Z;) dt + dM;},
d[[Z%, Z7]); = a6 dt (8.23)

with o € C.

8.4 The geometry

We will generalize the discussion in previous sections to the context of relativistic particles
on Lorentzian manifolds. For this, we consider a set 7 = [0,T], a real (n = d + 1)-
dimensional Lorentzian manifold (M, ¢), and trajectories z(7) : T — M.

We intend to superpose stochastic dynamics on these trajectories. However, stochastic
dynamics violates the Leibniz rule, as stochastic processes have a non-vanishing quadratic
variation. As a consequence, diffeomorphism invariance of stochastic theories defined on
this manifold is broken. In this paper, we resolve this issue using the second order geometry
framework as developed by Schwartz, Meyer and Emery [150%257],311].

The most important aspect of the second order geometry framework is that all tangent
spaces T, M are extended to second order tangent spaces 75, M. In a local coordinate

chart, second order vectors can be expressed ag’|
1 L
v=20v"0,+ 3? 0,0y, (8.24)

where v#0,, € T, M C T3 ;M represents the first order part and v**9,0, the second order
part. This second order part can be mapped bijectively onto a symmetric bilinear first
order tensor, which in turn can be mapped bijectively onto the quadratic variation of the
process X;[]

When regarded as part of a second order vector, the first order vector v#d,, € T, M no

longer transforms in a covariant manner. However, one can construct the objects

1
A v (8.25)

B =P, (8.26)

which both transform covariantly. Diffeomorphism invariance of the physical theory can
then be restored by replacing all vectors v* with their covariant expression 0*.

For a more complete exposition of the material, we refer to the works of Schwartz,
Meyer and Emery [150,257,[311]. We note that the construction of a diffeomorphism
invariant theory of stochastic mechanics was already studied extensively, cf. e.g. Refs. [135),
136,1270]. Recently, we have translated and extended these results into the second order

geometry language [233].

3We slightly deviate from Refs. [150,[233|, as we have introduced a factor % in the second order part of
the vector.
4cf. Theorem 3.8 and Proposition 6.13 in Ref. [150]
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As a final step, we will need to analytically continue the manifold to the complexified
manifold MC. Similarly the tangent spaces are analytically continued, such that we obtain

a first and second order tangent bundle

(TM)C =TM@C=T"MaeT""M, (8.27)
(TeM)C =ToM @ C =Ty ' M e Ty M. (8.28)

8.5 The stochastic process

In order to introduce stochastic dynamics, we must promote the complex manifold to a
measurable space (MC,B(MC)) with Borel sigma algebra. Moreover, we introduce the
probability space (€2, X, P) and study random variables Z : (2, %, P) — (MC, B(MC),M)
with 1 = Po Z~1. More precisely, we study stochastic processes, i.e. families of random
variables {Z; : 7 € T}. We will therefore introduce a filtration {F;},c7, which is by
definition an ordered set that is increasing, ie. ) C Fs C F;, C ¥ Vs <t e T, and
right-continuous, i.e. Fr = NesoFrte-

We assume the stochastic processes Z, to be continuous semi-martingale processes
adapted to a filtration. We remind the reader that continuous manifold valued semi-
martingales are processes such that for every every coordinate chart x : U — V with
U Cc M® and V C C" the processes Z* = x*(Z) are continuous semi-martingales, i.e they

can locally be decomposed uniquely as
Z.=Cr+ M, (8.29)

where C; is a continuous local cadlag process with finite variation and M, is a continuous

local martingale satisfying the martingale property
E[M:|F] =M, Vt<teT. (8.30)

In the remainder of the paper, we will also use a shorthand notation for conditional

expectation values:

E[Z;] :=E[Z:|F]. (8.31)

Using this notation, one can define the second order velocity of the process by the condi-

tional expectatiorﬁ

1

wh(Zy, 1) = }ILILI(I) EET |z, -z, (8.32)
v : 1 v v

w(Zy,7) = lim +E, [( Yo — ZT) (Zf% - Zf)] (8.33)

The object (wh, w"?) is a second order vector field. As discussed in the previous section,

SWe note that the definition for the second order part deviates by a factor 2 compared to the definition
used in our previous works [233}234], see also previous footnote.
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these objects are not covariant. However, one can obtain a covariant formulation given by

1
0 =t + S Th ™, (8.34)

WP = w”P. (8.35)

Moreover, using these velocities, one can reconstruct the Cadlag process as

T

, 1
Oy = Cf = lim T E, 2%, — Z¥] ds (8.36)

and the angle bracket process

OB — Y o= (21, 27))7 — (12", "))

- 1
= Jim | S E, [(Zg+h - Zg) <Z§+h - Zg)}ds, (8.37)

which is the compensator for the quadratic variation, i.e. the process
ME” = (12", 2] = (2", 2))+ (8.38)

is a local martingale.
The process Z can be lifted to the tangent bundle, yielding a process (Z,, W) that
is a continuous semi-martingale on the second order holomorphic tangent bundle T21 oM.

This process can be decomposed into the real processes X, Y; and V;, U, such that

Zr =X, +iY;, (8.39)
W, =V, +iU,. (8.40)

As discussed in section 2, we will fix the quadratic variation of the processes by
d[[Zz¥", Z")], = WE = aXg"(Z;) dr, (8.41)
where o« € C and ) is a dimensionful constant characterizing the particle. Moreoverﬁ

W (Zy,7) = W0 (Zr,7) = Br [WEY] = a X g (Z;). (8.42)

8.6 Variational equations

Having specified the geometry and the stochastic dynamics, we can derive equations of mo-
tion for the stochastic particle. For this, we assume the geometry to be non-dynamical, and
thus the metric to be a fixed symmetric bilinear form g, (2). Consequently, the processes

(ZE, WY WF?) defined on the W—dimensional second order holomorphic tangent bun-

5Note that @*” is the second order part of a second order vector field, while g"* is a bilinear first order
tensor. Therefore, the two cannot be equated straightforwardly. However, there exists a unique smooth
and invertible linear map H from bilinear first order forms to second order forms, cf. Proposition 6.13 in
Ref. [150] or eq. (2.15) in Ref. [233]. Using this mapping, which is notationally suppressed in equation
(8.42)), one can equate the two objects.
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dle T21 Y M are restricted to (ZF, W) defined on the 2n-dimensional slice T M C T21 M.
The Lagrangian for these processes is a complex function on the holomorphic tangent bun-

dle, i.e.
L:TYM = C, (8.43)

and the action is given by

S=E U L(Z, W) dT] . (8.44)

The stochastic Euler-Lagrange equations are given by

0

L(Z,W)dT:][od 0

owHr

577 L(Z, W), (8.45)

which is a stochastic differential equation in the sense of Stratonovich. Omne can also

construct a stochastic Hamiltonian function
H(Z,P)=PWF—L(Z W), (8.46)

where P, is the conjugate momentum process, i.e.

B 0
oWk

P, L(Z,W). (8.47)

In addition, we define Hamilton’s principal function by
S(z,7) =E [/ L(Z, W) ds ‘ Z, = z] . (8.48)
0

The corresponding stochastic Hamilton-Jacobi equations are given by

V,uS(z,7) = E; [P, (8.49)
%S(z, 7)=E,[-H(Z,P)]. (8.50)

Finally, we remark that our relativistic theory is invariant under rescalings of the proper
time parameter, which imposes
0

5-5(2.7) =0. (8.51)

8.7 Stochastic Euler-Lagrange equations

We consider a classical real Lagrangian L : TM — R of the form

1 L Am?
L(xz,v) = ﬁguy(x) vhyY —

+qA,u(z)v", (8.52)

where A is an einbein field along the worldline of the particle with charge gq. For massive

theories we gauge fix A = m™!, while for massless theories we gauge fix A\ = 1 in the
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equations of motion. We consider the stochastic analytic continuation of this Lagrangian
given by L : T"YM — C such that

Am?

LZW) = -

= HV
2)\gW(Z)VV w

+qA(Z)WH. (8.53)
The Euler-Lagrange equations for this Lagrangian become
][][ Guv © (dzZ” + FZUdedZU) = /][ Aq(V,A, =V, A,) odZ"dr, (8.54)

which is a complex second order stochastic differential equation in the sense of Stratonovich.

This equation must be supplemented with the relativistic constraint equation
E: [guw 0 dZMdZY + N> m? dr?] =0 (8.55)

that follows from the variation of the action with respect to A. In addition, it must be

supplemented with the condition on the quadratic variation
d[[Z*, Z"]] = aXg'(Z) dT. (8.56)

We note that in the limit @ — 0, one obtains the classical results: the Euler-Lagrange

equations become ordinary differential equations

A2z dzP d7° dzv
(B2 d2rdz7 ( A, — VA)— 8.57
g”<d7-2+p"dr dT) 0 (Vid, = Vi4,) = (8.57)
with constraint A1 7V
L2 = N2 8.58
I e dr " (553

and the quadratic variation vanishes.

8.8 Field equations

Although the equations of motion derived in the previous section can be written down
formally, for practical purposes it may be easier to solve a system of first order stochastic
differential equations in the sense of It6. In this section, we will therefore derive an
equivalent system of stochastic differential equations in the It6 formulation using the
Hamilton-Jacobi formalism.

The Hamilton-Jacobi equations for the Lagrangian introduced in previous section yield

V#S(z, T) = At G’ + q Ay (8.59)
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and
0 1 Am?
—_— =-E, | —qgu(Z2) WtWY + ——
1 « a2\ Am?
= —— DY — = Nl RN —
o, I W0 2Vuw + 0 R 5 (8.60)

where we used the results from appendix 8.C. We can combine these two equations by
taking a covariant derivative of the second equation and plugging in the first equation.
This yields

1, R o " a?)

N Vi, + avuv,,w ~ 17 V,R =0, (8.61)

where we applied the relativistic constraint 9;5 = 0. Then using that

Vb, = Vi, — Aq Hp, (8.62)
YV, V¥ =0y, — AqVYHy, — Ryuid” (8.63)

with the field strength defined by

Hp,l/ = vp,Ay - VVA,LM (864)
we find
1 p o} L, QA y o
S 9y 0 V= g Hyo + 5(gWD - RW) 0 = == (qv Hyu + v,ﬂz) . (8.65)

which can be solved for the velocity field w"(z) under the relativistic constraint

aZ)\?

G MY + a AV it — R =-\m’ (8.66)

The solution can then be plugged into the first order stochastic differential equation in

the sense of Ito

dZ" = w'(Z,) dr + dM", (8.67)
(2", Z")]; = a X g"(Z,) dr. (8.68)

where we note that w* = w" + 0‘7)‘ I'*#. This system can be solved for the appropriate
boundary conditions, yielding a stochastic process Z,. The moments of this process can

be calculated using the characteristic and moment generating functional

®,())=E [eifJuZ“ﬂ , (8.69)

My(J)=E [ef Tu2" dﬂ . (8.70)
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8.9 Diffusion equation

In this section, we derive a diffusion equation governing the stochastic process described
in previous sections.
The Hamilton-Jacobi equations (8.59) and (8.60) can be combined such that

;TS = —% (v,“s*v“sur a0S —2qA, V'S —aqV, A" + ¢* A, AV — O§R+m2> :
(8.71)
If we then define the wave function
U(z,7) =exp {; [S(z, T) + )\72712 T:| } , (8.72)
we find that eq. is equivalent to the diffusion equation
8‘97\1/ - —%A [(v# - EAQ (v - %A“) - én} . (8.73)

Moreover, we have

2

9 (2, 7)[? = exp [Z <cos(¢) {Re[S(z,T)] + MQ” T} + sin(g) Im[S(z,T)]ﬂ 874

We note that this equation should be interpreted as a backward equation, i.e. subjected
to a terminal condition.

We will now set p = |a| = 1 and consider several special cases. As anticipated in
sections [8.2| and for ¢ € {0, 7} we obtain the heat equation

Ju==) [(vu Fa4,) (v Fqar) - én} v (8.75)

with
U(z,7) =exp {i [S(Z,T) + )\;7127'} } , (8.76)
‘\I/(Z,T)‘Q = exp ( + {2 Re[S(z,7)] + )\777,27'}). (8.77)

On the other hand for ¢ € {7, T}, we obtain the Schrédinger equation

1'57\1: = :F% [(vu Tiga,) (Vi Figar) - éR] v (8.78)

with

W(z,7) = exp {ii {S(Z,T) + AZ‘QT} } (8.79)

W (z,7)|* = exp { +2Im[S(z,7)] } (8.80)
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Furthermore, we note that the relativistic constraint imposes S(z,7) = S(z), which
allows to solve eq. (8.73) by separation of variables. We then obtain

U(z,7) = ®(z) exp (%) , (8.81)

where ®(z) = exp [a15(z)] solves the Klein-Gordon equation

[(vu ~ L) (v L) - éR 4 ’;ﬂ = 0. (8.82)

8.10 Conclusion

In this paper, we have derived three equivalent descriptions for the diffusion of a single
scalar relativistic particle on a complexified Lorentzian manifold charged under a vector
potential. The first is as a second order stochastic differential equation in the sense of
Stratonovich; the second is a system of first order stochastic differential equations in the
sense of It6 and the third is as the Kolmogorov backward equation associated to the
process. In addition, we have presented the results for the non-relativistic particle in
appendix 8.A.

In fact, this result is well known for non-relativistic diffusion processes on R™ with
a real variance, and is given by the Feynman-Kac formula. In this paper, we have used
Nelson’s stochastic quantization scheme to generalize this result to the case of (relativistic)
diffusion processes on (pseudo-)Riemannian manifolds with a complex pseudo-variance.
We should emphasize, however, that we have derived our results under the assumption of
the existence of unique solutions to the given formulations. A mathematically rigorous
proof of our results will be left for future work.

It is worth pointing out the similarities and differences of the rotation of the pseudo-
variance around the angle ¢ studied in this paper and the Wick rotation. Both rotations
transform a heat-type equation into a Schrédinger-type equation. This is due to the fact
that both rotations act on the proper time parameter. However, there is also an important
difference, as the rotation discussed in this paper also acts on all coordinates. As a
consequence it preserves the (k,l,m) signature of the (pseudo-)Riemannian manifold. In
contrast the Wick rotation only acts on the time-like coordinates, and therefore transforms
a pseudo-Riemannian manifold with (k,l,m) signature into a Riemannian manifold with
(k +1,0,m) signature.

Furthermore, it is worth noticing that the diffusion equation contains a term
proportional to the Ricci scalar. This term comes with a prefactor % that results from
a Taylor expansion, cf. appendix 8.C. On the other hand, it is well known that for a
prefactor given by 4(’27121) the diffusion equation is conformally invariant. Interestingly, the
two prefactors coincide in 4 dimensions.

Finally, as the description given in this paper requires the complexification of space-
time, we are forced to give a physical interpretation to the imaginary part of position
and velocity vectors. Here, Pavon’s formulation in terms of bidirectional processes and

complex velocities as discussed in section [8.2] might provide an answer: Pavon considered
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a velocity vy = v — i u, where v is the current velocity associated to the particle itself and
u is the osmotic velocity associated to the motion of the background field through which
the particle propagates. In our formulation in terms of unidirectional complex processes,
we can give the same interpretation to the velocity field.

We will thus interpret Re(WW) = V as the velocity of the particle and Im(W) = U as
the velocity of the background field. Consequently, we must also associate Re(Z) = X
to the position of the particle and Im(Z) = Y to the position of an associated particle
in the background field. We conclude that both matter and the background field move
under evolution of the proper time. Interestingly, for & € C\ R the stochastic dynamics
of the particle and the background field are coupled and therefore they cannot be treated
independently. This is particularly true for pure quantum systems where o € iR, but is in
stark contrast with the real Brownian motion with o € R. In this latter case, the motion
of the background field and matter are completely decoupled, which allows to neglect the
motion of the background field.

We conclude that our results further illustrate the close connection between Brown-
ian motion and quantum physics and open up new avenues to tackle quantum problems
using the theory of stochastic differential equations. In addition, our results reaffirm the
central result of stochastic mechanics that quantum physics can be understood in terms

of stochastic processes.
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8.A Non-relativistic theories

In this paper, we have presented a stochastic formulation of relativistic diffusion processes.
In this appendix, we present the results for non-relativistic diffusion processes, which can
be derived in a similar fashion.

We consider a set 7 = [0,7], a real (n = d)-dimensional Riemannian manifold and
trajectories x(t) : T — M. We consider a classical non-relativistic theory of the form
m

L(z,v,t) = 5

gij(2) v'v? + q Ay(w, ) v" — U(w, 1), (8.83)
The stochastic analytic continuation is then given by

L(Z,W,t) = % 9i;(Z)WWI 4 q Al Z,t) Wi — U(Z, 1) (8.84)
and the stochastic Euler-Lagrange equations are

™ gij © (dQZj +1Y, dele) =q (ViAj — Vin) o dZ?dt — (q D Ai + Vm) dt?, (8.85)
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which must be supplemented with the condition on the quadratic variation
2, 29 = & ¢ (2) at. (8.86)
m

On te other hand, in the It6 formulation, we find that the velocity field is governed by

the equation

2
Il — q0,A; — ~Vill+ 5 ViR.

(8.87)

[mgij <3t + l@kvkz> —qH;; + %(gij U — Rm)] g =5

As in the relativistic case the solution w'(z,t) can be plugged into the first order stochastic
differential equation in the sense of It6:

dZ} = w'(Z,t) dt + dM, (8.88)
dl[2', 2T = —g"(Z)) dt, (8.89)

where we note that ' = w® + %Fi.

Furthermore, we can define the wave function

W(z, 1) = exp {S (Z’t)] (8.90)

«

for which we find that eq. (8.71) is equivalent to the complex diffusion equation

aaatq;:—{;i [(vi—(qlAi) (vi—gAi) —én} +u} . (8.91)

If there is no explicit time dependence, i.e. 4U(z,t) = U(x) and A;(x,t) = A;(z), this can

be solved by separation of variables, such that

Z@k exp [E ] (8.92)

where ®(z) solves the wave equation

{az (vi-La)(v-La) - iR +usmfu-o s

2m

8.B Stochastic integration

In this appendix, we review some notions from stochastic integration on manifolds. Let
us first review the definition of stochastic integrals on R™. The Stratonovich integral is
defined as

XE =i
freaxs =iy

[Ti,Tir1] €Ty

[f(Xr) + f(Xrp )] [XE,, — X2, (8.94)

DO |
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where 7, is a partition of [0,T]. The It6 integral is defined by

T
/Of(XT)dxg ;:klgo[ Z]E F(X7) (X8 — XE (8.95)
- TiyTi+1 Tk

and the integral over the quadratic variation is given by

/f(XT)d[[X“,X”]]T = lim. S f(Xn) [XE - XE][XY,, - X2]. (8.96)
[Ti,Ti+1]E7Tk

By a straightforward calculation, one can then derive a relation between the three integrals:

[ rxaaxe= [ pxaxe sy [osaodis x. o
The Stratonovich integral has the advantage that it obeys the Leibniz rule:
o d(XHYV)=XtodY"+Y"odXH, (8.98)
while the Ito integral satisfies a modified Leibniz rule given by
d(XH*YY) = XPAYY + YVdXF + d[[X*, Y]] (8.99)

On the other hand, the It6 integral has the advantage that for any martingale M,

E, [/TTf(XS)dMg‘] = 0. (8.100)

All these integrals can be extended to smooth manifolds with a connection. As usual
this must be done using differential forms. We will express a first order form w € T* M in
a local coordinate chart as

w = wy odzt. (8.101)

The Stratonovich integral is then defined by

][Tw ::]éTwu(XT) o dX". (8.102)

The right hand side can be calculated using the definition in a local coordinate
chart.

The construction of the Itd integral on the other hand, requires the construction of
second order forms 2 € T5 M. These can be expressed in a local coordinate chart asﬂ

1
w = wy, dzt + 3 Opwy, d[[zh, z¥]] (8.103)

"Note that we deviate here from the notation used in Refs. [150,233], where first order forms are
expressed as w = wydz” and second order forms as w = wudez! + wpuw dz? - dz”. The notation used in
Refs. |150,/233] is the standard notation in the geometry literature, while the notation adapted in this
paper is closer to the stochastics literature.
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Expressions of the form
T T
/ wy(X7)dXE and / wu (X7) d[[ X*, X)) 7
J0 0

can then be calculated in a local coordinate chart using definitions (8.95) and (8.96)
respectively. Moreover, the second expression represents the integral over the quadratic
variation on a manifold. The first, however, does not define an It6 integral on manifolds,

as it is not covariant. Instead, the It6 integral is defined by the covariant expression

T
/ W= / wy(X7) dXE
J X7 0

= ' X;)dXH L X )IE (X)) d[[ XY, X° 4
= [ acax e [u,comedxn el o

The relation between the Stratonovich and It6 integral on a manifold is then given by
T X 1 /7
][ wu(X7) o dXt = / wu(X7)dXE + 2/ Vowu(Xr) d][ X", X"]]7. (8.105)
0 JX; 0

8.C Calculation of conditional expectations

In this appendix we derive the following expressions

E-[4] = 4, (8.106)

E;[guW"] =na, (8.107)

E,[AWH] = A0t + O‘TA vV, A", (8.108)
a?)\?

E, [gu WHWY] = gl + a AV, —

R. (8.109)
The proof of the first equality is immediate by “taking out what is known”:
E: M(Z;)] = U(z). (8.110)

For the second equality we find

muwﬁmwwﬂzmvm%MWﬂM
_E, [aA / gW(st"(Zs)ds}

=E, [na)\dT]
=na\dr, (8.111)

In the limit dr — 0 we then obtain the result (8.107)).
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For the third equality, we find

E. [/TTWA( )W“ds] =E, ][A odZ“]

_E,. _/AM(ZS)ng‘Jr ;/@AM(ZS)d[[Z’“‘,Z”Hs}

_E, /(Au(ZS)w“(Zs)—i—wW(Zs)&,A (Zs ))ds+ /A (Zs)dMy]

—E, :(A#(ZT) w(Zy) + W™ (Z,) B, Au(Zy )dT +o(d }

—E. :(AH(ZT)w“(ZT) @ (2,) Vo AL(Z ))dr+ o(dT)}
(A wh + a—)\ \Y A”) dr + o(dr), (8.112)

where we rewrote the Stratonovich integral as an It6 integral, such that the martingale
property (8.100) can be applied on the stochastic integral dM. In the limit dr — 0, we

then obtain eq. (8.108]).
8.C.1 Quadratic in velocity

The calculation of the conditional expectation of a term quadratic in the velocity process
is slightly more involved. This calculation was first performed by Guerra and Nelson in
Ref. [270]. Here, we reproduce their result using a slightly different presentation.

We first notice that

9u(Z:) 0 dZMAZY = 9, (Z:) WHY dr + g, (Z7) WEWY dr? + o(dr?), (8.113)

where the left hand side is a Stratonovich integral. In order to calculate the conditional
expectation of this expression, we will need to rewrite this into an It6 integral. For this,
we note thatf]

P2f=d <a#f 42" + 50,0, d[[ 7", Z”]])
= O f d*Z" + 8,0, f dZ"dZ" + 0,0,0, f dZ" d|[Z", Z*]|
1
+ 1 0:0,0,0,f dl[Z2¥, 27| d[[27, Z7]]
= Ouf &*Z" + 0,0, f dZ"dZ" + % 9,0,0,,f dZ"dZ"dZ"

1
+ 15 000,0,0,f 42147 d2¢dZ° (8.114)

8We make use of the that Brownian motion is completely determined by its quadratic moment: all even
moment can be expressed in terms of the quadratic moment and all odd moments vanish.
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where we introduced the notation

dZrdZYdZP = dZ" d[[Z", Z°)| + dZ" d||Z*, Z°)] + dZ* d[[Z", Z"]), (8.115)
dzrdzYdzPdz” = d|[z*, Z¥)) d[[2°, Z°)] + d[[2*, Z°)) d[| 2", Z2°)] + d[[ 2", Z°)| d[[ 2", Z"]].
(8.116)

This expression can be rewritten into an explicitly covariant form:

VKT po

Pf =V, f [dZ“ + T8 dzvdze + é(ayrgg + YT, )dzvdz0dz”
+ 1—12 O (0T, + TU\T, ) d2” 2P dz dZ"
+% N (ayrj,g + rﬁargg) dZ”dedZ"dZ“}
VYV, f [dZ“dZ” + % T 47" dZPdZ° + é T dZVdZPdz°
1 v o K A 1 A v o K
o+ Tl Ty, d20dz7dZ"d2* + 1 (0T, + TUT), ) dZ¥dzPdz7 dZ
+% (aﬁrg‘, T Ar;c,) dZ“dZ”dZ”dZ"‘}
+ % Y,V VS <dZ“dZ”dZ" + % TH_dZ"dZPdZ° dZ"
+% T, dZ"dZPdZ°dZ" + i T, dZ“dZ"dZ"dZ"‘)
+ 112 VoV, Y,V f dZFdZYdZPdZ°, (8.117)

and therefore

1
2f =V, f [dZ“ +TY, dZdz° + < (ayrgg + P’;KFQJ AR AL Vi
1 A v o K
+ =5 O (0.T%, + TUT), ) d2¥dz7dz" dz
1
© A A o v o K
+ 5 T (T, + DT, ) d2" d2Pdz7dz

va~ po

1
+—-I R“VMdZ”dZPdZ"dZ“}

12/

VLV f [dZ“dZ” + % T dZVdZ°dZ° + % rv_dZrdZ°dz°
+ il“‘p‘g v dZPdZ°dZ A7 + é(a,crga + DT, )d2" dZ° dZ° dZ"
+é (aﬁrgc, 4T Arg(,) dZ“dedZ”dZ“]

+ % Vo ViV f (dZ“dZ”dZ” + % Tt d7"dZPdZ° dZ"

+% T, dZ"dZPdZ°dZ" + % re, dZ“dZ"dZ"dZ"‘)

+ 11—2 VoV VoV, f dZFdZY dZPdZ°. (8.118)
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By reading of the term proportional to V,V, f, we conclude

1

G © AZPAZY = g, [dZﬁ AZy + T, dZYdZ2dZ] + [T, T dZ2dZ]dZ;dZ)

1
+3 (0T, + 1,1, ) dzgdzgdzgde] . (8.119)
where the Ito differential is given by

Az =7,y — 71

dr
_ / W (Z,) ds + dM?P (8.120)
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We can now calculate the conditional expectation of this expression. We find
T4+dT T4+dT
E, [dZﬁ dzg} —E. [dedM: + dM" / w”(Zy) ds + dMY / wh(Zs) ds
T+dT TH+dT
—i—/ wh(Zs) ds/ w”(Z,) dr + O(d’l'?):|
T T

T+dT T4dT T+dr
_ T[/ w‘“’(Zs)derdMﬁ/ wV(ZS)ds+dM:/ wh(Zy) ds

T

T4+dT T4dT
+ / wh(Zs) ds / w”(Z,) dr + o(dTZ)]

T4+dT T4+dT
_E, [wW(zT) / ds + D0 (Z,) / (MP — MP) ds

T+dT s
-l-apw‘“'(ZT)/ / w?(Z,) drds

1 T4+dT
45 00t (Z0) [ (Mg - M) (M7 - 7) d

T+dT T+dT

+w”(Zy) dM" / ds + O, (Z,) dMP / (MP — MP) ds

T T

T4+dT T4+dT
b wh(Z,) dM? / ds + 9, (Z,) dMY / (MP — MP) ds

" T+dT T4dT "
Lt (Z,) ¥ (Zy) / ds / dr + o(d¢2)}
’ ’ T+dT
=K, [w’“’(ZT) dr +w’(Z:) 0wt (Z;) / (s—7)ds
1 THdT  ps
+ 3 0,0, w"" (Z;) / / wP?(Zy) drds
T+dTT s ’ T+dr s
+ 0,w”(Z;) / / whP(Z,) drds + 0,w"(Z;) / / w”P(Z,) drds
Fwh(Z) ! (Z,) dr? + o(dﬁ)}
1 1
= w(Z;) dr + 5 w'(Z7) Opu (Z7) dr? + 1 W (Zr) p0ow™ (Z7) dr?

1 1
+ 3 wh(Z.) Opw” (Zy) dr* + 3 w’P(Z;) Opw*(Zy) dr?

+ wh(Z;)w” (Z;) dr* + o(d7?), (8.121)
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T4+dT T4dT

w?(Zs) ds—f—dM:de/ wP(Zs)ds

T

E, [dZ;’dZﬁdZ‘T’} —E. [dM:de /
T+dT
+dMPdM? / w” (Zs) ds + dMYdMPdMZ + o(dTQ)}

T+dT T+dT T+dT
=E, [/ w”(Zs) ds/ w?’ (Zy)dr + dM:/ w’(Zs) ds

T4dT T4dT T4dT
—i—/ wp(ZS)ds/ w"?(Z,) dr + de/ w"?(Zs) ds

T+dr T+dT TT+dT
+ / w?(Zs) ds/ w"P(Zy) dr + dM? / w"P(Zs) ds] + o(dr?)
—E. [w”(ZT) WP (Z,) dr? + wP(Zy) W' (Z,) dr? + w° (Z,) w'?(Zy) dr?
THdT T4dT
+ WP (Z,) dMY / ds + 0w (Z,) dMY / (MF — M) ds
TT+dT TT+dT
+w"(Z,) dMF / ds + 0w’ (Z,) dMP / (MF — M¥)ds
7-7'—i-d'r 7-7'—i-d'r
+w"P(Z,) dM? / ds 4 O.w"?(Z;) dM? / (MF — MF) ds] + o(dr?)
= B, [w(Z;) W (Z;) dr? + wP(Ze) w"" (Z7) dr? + w (Z7) w"? (Z,) dr?
T+dT s T4+dT s
+ Gﬁw/’U(ZT)/ / w”®(Z,) drds + GHwW(ZT)/ / wP(Z,) drds

THdT ps
+8,€wl’p(ZT)/ / w(m(Zr)drds] + o(dr?)

= %[MVH(ZT) 8anU(ZT) + wpn(ZT) anwuo(ZT) + wcm(ZT) &gwyp(ZT)] dr2

+ [w”(zf) WP (Z:) + wP(Zy) W' (Zy) + w’ (Zy) w””(ZT)] dr* + o(dr?)
(8.122)

and

E, dZﬁdZﬁdZﬁdzg} ~E. [dMﬁdM:de_’de n o(d#)}
T+dT T+dT
=E, [/ wt (Zs) ds/ wPf?(Z,) dr

T+dT T+dT
+/ w“”(ZS)ds/ w"’(Z,) dr

+ /TT+dT wh?(Zs) ds /TT+dT w"P(Z,) dr] + o(dr?)
= W (Z0) W (Zy) + W (Z) w7 (Zy) + w0 (2w (Z) | dr?

+ o(d7?). (8.123)
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If we then use that w*” = a X g"¥, we find

Er g 0 dZ2AZY] = g™ dr
T2 1pa pv 1“’)8” 11/[)3# 1/)035 1\ g2
+ G | WW —|—§w W —|—§w W +§w W +Zw O W T
+ gWFf,f‘7 <w”w’”" + wfw’? + w"w”p> dr?
1
+ §gNVF5cr (u}”“(?,.ﬂum7 + w0, w"? + wo" ,.@w”p) dr?

1
+ 9 e Tin (w””w’”‘ + w4 wp’\w‘m> dr?

4
1
+ 39nv (&Cl“ga + I";)\Ff)‘a> (w””w’” + w’Pw" + w”"wp”> dr? 4 o(dr?)
=naldr + gpw'w’ dr* + a (8Mw“ - Fﬁ,jw”> dr?
Oé2>\2 po RAW TV uw v m 2
+ 5 (gwg T DY 4 T T — 8,,1“”0) dr

+al (gng"I“;aw” +2 Fﬁyw”) dr?

— a®X\2gre (gMVg“)‘Ff,fHFZ,\ +2 Ff,fyfzg) dr?

2)\2
+— G g™ g (F‘p‘o—FZA +2T, ZA) dr”
a?)\?
+ S0 (Tl + 20,1y + Tl Ty + 210, 0, ) dr? + o{dr?)

2)\2
= naXdr + guiti” dr + a AV, aitdr? — O‘T Rdr? + o(dr?).
(8.124)

Plugging this result into eq. (8.113)) then yields eq. (8.109)).
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Chapter 9

Quantum Gravitational
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Abstract

In this paper we consider the full set of quantum gravitational corrections to a star metric
to second order in curvature. As we use an effective field theoretical approach, these
corrections apply to any model of quantum gravity that is based on general coordinate
invariance. We then discuss the black hole limit and identify an interesting phenomenon
which could shed some light on the nature of astrophysical black holes: while star metrics
receive corrections at second order in curvature, vacuum solutions such as black hole

metrics do not. What happens to these corrections when a star collapses?

This chapter has been published in Physical Review D 100, no. 08, p. 6010 (2019).
A preprint of this chapter can be found at arXiv:1909.13277 [hep-th].



123

9.1 Introduction

Since the seminal work of Weinberg in 1979 [351], much progress has been made in quantum
gravity using effective field theory methods [34-437.|61L70}/140]. While finding a consistent
theory of quantum gravity valid at all energy scales remains an elusive goal, effective field
theory methods can be applied at energies below the Planck mass which might be all
that is ever needed as physics is an empirical science. This approach enables calculations
in quantum gravity which are model independent, see e.g. [49,68,69,(73H76//81-83,(91} 93,
94.197,(98},|111,/143]. The model independence only applies to models that assume that
general coordinate invariance is also the correct symmetry of quantum gravity. Obviously
in fundamental models with e.g. Lorentz violation, the effective field theory could be
different. One of the important results recently obtained is that there are no quantum
gravitational corrections to vacuum solutions of general relativity [70] to second order
in curvature. This in particular applies to eternal black hole metrics which are static
vacuum solutions [97]. On the other hand, real astrophysical black holes are clearly not in
vacuum and they undergo a time evolution as they are formed out of some time dependent
astrophysical process such as during the collapse of a heavy star.

Understanding the transition from a star to a black hole state could help to understand
the nature of astrophysical black holes better. The aim of this work is to do a first step in
that direction by calculating quantum gravitational corrections to the metric of a star in
stable equilibrium, as described by the Tolman-Oppenheimer-Volkoff equation. In general
relativity, the metric outside non-rotating black holes and stars is given in both cases by
the vacuum Schwarzschild solution. Our aim is to compare the quantum gravitational
corrections to a star metric and black hole metric as seen by an observer who is far away
from both objects. While it is known that in the black hole case there are no corrections
to the metric at second order in curvature, we will show that there is a correction at this
order in the case of a star. This phenomenon is intriguing as a distant observer could in
principle differentiate a star that is collapsing from an eternal black hole (i.e. a vacuum
solution) by measuring the correction at order GQN to Newton’s potential. The collapsing
star would have a potential that deviates from 1/r by corrections of order Glz\I while the
black hole vacuum solution does not have such corrections.

We then consider the limit when the mass and the radius of the star are taken to-
wards respectively the Planck mass and the Planck length and discuss whether the metric
obtained in that limit could be used to describe the metric of a quantum black hole,
i.e. the lightest black holes that could have masses of the order of the Planck mass and a
Schwarzschild radius of the order of the Planck length. We argue that as quantum black
holes cannot be described as a classical vacuum, the quantum corrected star metric should
be a better model for the metric of a quantum black hole than the Schwarzschild vacuum
solution.

This paper is organized as follows. In Section we introduce the effective quantum
gravitational action and calculate the leading order corrections to the metric for a homo-
geneous isotropic star. In Section we discuss the validity of our results close to the
surface of the star. In Section we discuss the differences with an eternal Schwarzschild
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black hole metric and argue that quantum black holes might be better described by the

star metric. Finally, we conclude with some outlooks in Section

9.2 Quantum corrections to a star metric

Aim of this section is to calculate the leading order quantum gravitational corrections
to the metric of a stable star satisfying the Tolman-Oppenheimer-Volkoff equation. This
investigation was started in [97], but that paper only considered the contribution of the
term R logJ R. Here we consider the full set of corrections at second order in curvature.
We also take this opportunity to fix a calculational mistake in [97].
We work within the framework of the effective quantum gravitational action given
by [34437,614|70%/140,351]
I'[g] = T'w[g] + I'nilg], (9.1)

where the local part of the action is given by E]

R
= [ G | gt 0 B4 i) By B+ a1 Ry R0 (02

and the non-local part of the action by

I'n = — / dr NG} [QR ln<D2>R + B8R ln(%) R"™ 4+~ Ryvap ln<D2>leaﬁ] .
K H M (0:3)
This effective action is obtained by integrating out the fluctuations of the graviton and
potentially other massless matter fields. While the Wilson coefficients of the local part
of the action are not calculable from first principles as we do not specify the ultraviolet
theory of quantum gravity, those of the non-local part are calculable and model indepen-
dent quantum gravitational predictions. We reproduce these coefficients, which have been
derived by many different authors, see e.g. [34}35,48,|140} 143,149,190} 219, 260,1261], in
Table 011
The equations of motion obtained from varying the effective action which respect to

the metric are given by
Gu + 167 Gx (Hyy, + HYy) =0, (9.4)

where )
G,LLI/ = R,uu - 5 Rg,ul/ (95)

is the usual Einstein tensor. The local part of the equation of motion is given by
1
HY =6 <2 RR,, — 5 9w R?+2g,,0R— 2V,NVR> (9.6)

1 1
+ & (2 R Rua = 5 9 Rag B+ ORy + 5 90 OR = VoV, RS, — vavyRau> :

n this paper we work in the (+ — ——) signature and use the convention where the Riemann tensor is
defined by R”,,, = 0,1, — ... and the Ricci tensor by R, = R>‘Ml,
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a B g

Scalar | 5(66 —1)? | —2 2

Fermion -5 8 7
Vector —50 176 | —26
Graviton 250 —244 | 424

Table 9.1: Non-local Wilson coefficients for different fields. All numbers should be divided
by 1152072. Here, ¢ denotes the value of the non-minimal coupling for a scalar theory.
All these coefficients including those for the graviton are gauge invariant. It is well known
that one needs to be careful with the graviton self-interaction diagrams and that the
coefficients o and 3 can be gauge dependent, see [219], if the effective action is defined
in a naive way. For example, the numbers o = 430/(1152072) and 8 = —1444/(1152072)
for the graviton quoted in |143] are obtained using the Feynman gauge. However, there
is a well-established procedure to derive a unique effective action which leads to gauge
independent results [34,[35]. Here we are quoting the values of « and ( for the graviton
obtained using this formalism as it guaranties the gauge independence of observables.

with ¢; = ¢ — ¢3 and ¢ = ¢ + 4 ¢3. Finally, the non-local part reads

1 g
H}E/L = -2« (RW—4QWR+9WD—V“VV> In (/,L2> R

« 1 6] « (0%
B<25(MRV)52gMVR5+5#ngD+gWV Ve

(0% (63 |:|
— 09V gV, — 58 vﬁvu> In <M2> RP,

1 O
> s o @ o oT
_ 2")/ < (w Rl/) or *gm/R Bo'T + (6N Juo + 51/ g/JO') VﬁvT> In <MQ> Raﬁ )

4
(9.7)
Note that the variation of the In[J] term yields terms of higher order in curvature and can

thus safely be ignored at second order in curvature.

We consider a stationary homogeneous and isotropic star with density

po if r < Ry
0 ifr> R,

p(r) = poO(Rs — 1) = (9.8)

where pg > 0 is a constant and O(z) is Heaviside’s step function. The solution to the
Einstein equation inside this star (for » < Ry) is the well-known interior Schwarzschild
metric [312}342]

2
2 2 2\ —1
dsaz(g,/l_zG]gM_ GRM) e

= gLth dxt dx”, (9.9)

where
s Am o3
M:47T/0 pr dr:?RSpo (9.10)
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is the total Misner-Sharp mass of the source. The corresponding pressure is given by

\/1 ZGNM \/1 _ 2GNM7"2
= = O(Gn), (9.11)

0
=P / 2GNMr2 2GNM
R3

and is of order GN in agreement with the fact that the pressure does not gravitate in

Newtonian physics. Of course, the metric outside the star (for r > Rg) is the usual

vacuum Schwarzschild metric [312}342]

2GN M 2GN M\~
ds® = <1 _ 20w >dt2 — (1 _ 20w ) dr® — r?dO? = gt dat da¥,  (9.12)
T

r

from which one can see that M is also the Arnowitt-Deser-Misner (ADM) mass [16] of the
system.

We now perturb the above metrics,

g;w = 9w + gﬂy, (9.13)
and take the perturbation gji, to be O(Gx). The equations of motion then become

Gyl9% + 167 G (Hlg) + Hyvlg]) =0, (9.14)

w9

where the linearised Einstein tensor is given by

2GL, =0g, — g Og + V, Vgt + 2R, g0 — v, V9g%, — v, VPg0,
+ g VOV g, (9.15)

We first calculate solutions to equation due to the local corrections. Outside
the star, where the unperturbed metric equals the Schwarzschild vacuum solution
with R = R, = 0, these corrections are trivially 0. Inside the star this is not the case.
However, these corrections turn out to be O(GY;), and thus sub-leading. Therefore the
local part in the equations of motion does not contribute.

In order to calculate corrections due to the non-local corrections of the equation of
motion we use the fact that the Ricci Scalar, Ricci tensor and Riemann tensor are
all O(Gn). We thus obtain

GL,
16 TGN

O
=20(g,0-V,V,) ln<'u2>R
« a « « U B
+,8(5#g,/5|j+gwjv vﬁfdu V@VV*(SV ngu) In E RF,
]
+ 2y (53 Gvo + 02 Guo) VAV, ln</ﬂ> R.§" + O(GY). (9.16)

We will solve this equation perturbatively in Gx. We use Einstein equations to rewrite
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the Ricci scalar and tensor in terms of the energy-momentum tensor of the source,

R=—87GNT (9.17)

1
Ry, =87 GN (TW 5 9w T) : (9.18)

where, for a perfect isotropic fluid like our star, we have

T = po + O(Gx) (9.19)
Ty = 6316 po + O(Gn), (9.20)

where pg is the energy density.
By applying the results from Appendix to the homogeneous distribution , we
find

f(r)+ O(G%), (9.21)

87 GN ln<D> _ 6GnM

I R}
with

-2 [fy;;—l—i—ln(u Rg—ﬂ)} if r < R,

f(r) = (9.22)
2%—IH<T+RS> ifr> R,

r — Ry

Note that the function f in equation is not defined at » = Rs. In fact, one can
verify that the results should be taken with some care in a small region around Ry, as we
discuss in more detail in Section [0.3

Furthermore, we emphasize that equation is the main source of the discrepancy
between the results reported here and those obtained in [97], where the calculation was
only done for r > Rs. In equation (31) of [97] a factor of 2 is missing in front of the term
Rs/r and a factor of —1 is missing in front of the log term.

In order to obtain the contribution proportional to v in equation , we first rewrite
it in terms of those proportional to « and 3 using the non-local Gauss-Bonnet theorem
[37439,/70], which holds for the non-local part up to second order in curvature (hence
O(G%)). We then evaluate equation using o/ = a—~v and 8 = 3+ 4~. We thus

have to solve

Gy M
Gy =192 (@ = 9) =25~ (V¥ = g ) £ (1)
Gy M 0 3
+ 967 (B +47) R3S (v,uvl/ — g U+ 5# gv0 D) f(r) +O(Gy), (9.23)
where we used that
(9 VOV0 = 6 VoV, — 6) VoV,.) f(r) = O(Gx). (9.24)

We solve this equation, imposing the solution to be spherically symmetric and time inde-
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pendent. In addition we fix the gauge freedom by setting ggg = 0. Doing so, we obtain

the quantum corrections gl, = 592’3 to the Schwarzschild metric (9.12)) outside the star.

The corrections are given by E|

1927w G4 M R r— R C1
oxt N S S 3
dgir = (a+B+37) 7]%2 [2 — —|—ln<r RS>] —1—7 + Cy + O(GY)

A7 G2 M
SAmGy M| % +OGY), (9.25)

6 ext = (v —

gre =@ =) 5y I RY)

where C; are integration constants which must be set to zero, if we require asymptotic
flatness, that is lim, o 09, = lim; 50 769, = 0 ﬂ

In a similar way, using the same gauge condition, one can find the corrections gj, =

59215 to the metric inside the star. These are given by

+Cy + O(G%)

: 1927 G M R? C,
595t = (a+ B+ 37) —— N ln< : >+ -

R? R2—7r2) "
it 38ATGE M2 Cs

Sgrr = (=) R (R —12) o O(GR), (9.26)

where C; are integration constants, which we will set to 0 by requiring regularity in the
origin r = 0.

In the limit r — Rs we find that the corrections diverge, but it is easy to explain that
these divergences are generated, because we assumed a model for the star described by
a discontinuous density at r = Rs, which is not realistic for an astrophysical star. This
discontinuity leads to a discontinuity in the first derivative of the pressure , in the
second derivative of the g;; component and in the first derivative of the g,, component.
We thus do not expect that our star model and hence the quantum corrections apply to
a real star in a small region around Rs. We shall discuss this observation in more details
as well as how to cure these divergences in the next section.

We can now consider our result in different limits. Far away from the star (for r > Ry),
the leading behavior of the metric corrections is given by

128w G2 M
St = —(a+ B+37) — N 1 O(GY)
41 G2 M
S = (o= 2) TGN £ O(GR), (820

whereas, to the same order in Gy, the corrections (9.26]) for the metric inside the star far

away from the star radius (for r < Rs) vanish,
dgit' = dgny' = O(GR). (9.28)

It is important to realize that the correction to the components of a metric are gauge

2Note that we take the metric with signature (4 — ——). With signature (— + 4+) the corrections
obtain an extra minus sign.

3These conditions ensure that we recover the classical weak field limit with ADM mass M as r — oo,
which is the usual boundary condition for the classical Schwarzschild black hole.
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dependent. As such components are not observables, this is not an issue. For example,
one could calculate the metric corrections in the harmonic gauge. In this case one finds

the asymptotic r > Rg expressions

2Gn M 2G3% M? 1287 G3 M
gt =1— f + fQ —(a+ﬁ—|—3y)TN+O(G§I)
9t =0
2GNM G} M? 1287 GE M [1 Cr
gij:—éij{le r + 2 —(QOZ—FB—FQ’Y)T g‘Fln Rs

r2 r2 3

e 2 2 2 2
T [GNM ~(a—n) 384T Gy M FQat B+ 3847TT?NMIH(CR>
+ O(GY)), (9.29)

where C' is a dimensionless integration constant El We derived this result using the ex-
pression for the Schwarzschild metric outside a star in the harmonic gauge, which can,
for example, be found in [349]. Furthermore, we imposed the solutions to be spherically
symmetric and time independent and imposed the harmonic (De Donder) gauge condition
instead of setting dggg = 0.

Taking the graviton values for a, 5 and v from [143], one can set the scale C'/Ry =
pexp(—173/132), to recover the quantum correction due to the vacuum polarization dia-
gram found in [49]. It should be emphasized that the graviton values for a and 3 presented
in |143] are not gauge invariant [219] and do not correspond to the values obtained when
the unique effective action formalism [34] is used, which are presented in Table The re-
sults in [49}[143] are thus dependent on the gauge in which the effective action is obtained.
The results presented in this paper on the other hand do not suffer from this gauge depen-
dence. Naturally, both the results presented in this paper and those in [49,(143] depend
on the gauge (that is, the reference frame) in which the field equations are solved. This
gauge dependence cannot be removed, as the metric components are not gauge invariant
quantities.

Let us emphasize that the results presented in this section are interesting: we have
shown that although the metric outside an eternal static black hole and of a static star
are given at the classical level by the Schwarzschild solution, quantum gravity makes a
difference between the two objects due to its non-local nature. The star metric receives
a quantum correction at second order in curvature, while there is no such correction for
an eternal black hole [70]. A distant observer can in principle monitor the gravitational
collapse of a star by studying the quantum gravitational corrections to Newton’s poten-
tial to second order in curvature. This raises the question whether astrophysical black
holes should really be described by metrics corresponding to vacuum solutions of general
relativity. Note that our argument does not rely on the limit Rs — 0, but rather on a
comparison of the initial state (e.g. collapsing star or star before it has even started to

collapse) and the final state which is an eternal black hole.

4As in previous results, one obtains a couple more integration constants, which can be set to 0 by
requiring that one recovers the classical weak field limit as » — oo.
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9.3 Divergence at the surface

The explicit calculation shown in Appendix makes it clear that the non-local function
In (%) must be treated as a distribution in order to allow for the various exchanges of
limits and integrations. This in turn implies that the functions f upon which it can act
must belong to a suitable set of regular test functions. Clearly, the density profile
does not satisfy this requirement, the Heaviside function © being a distribution itself. It
therefore comes as no surprise that In (u ) p is not well defined around r = Rg, unless
the density (9.8)) is replaced with a function that falls to zero smoothly.

It is important to remark that, although the density generating the classical
Schwarzschild interior metric drops to zero within a vanishingly short length, it
causes no issues in general relativity despite the fact that the manifold is not smooth at
the star surface. Instead, it conjures with the non-local terms of the effective action (9.3))
to give rise to divergences. The divergence thus purely arises due to inclusion of higher
order derivatives of the metric, while the metric is only once continuously differentiable.
However, it is obvious that the density profile of any realistic matter distribution will go
to zero in a finite width € > 0. For instance, we could replace with the infinitely
smooth

€ €2
poexp<R3—R§_r2> for 0 <r < Ry

0 for R < r,

plr) = (9.30)

where we can safely assume that € 2 £,. This implies that our solutions and (| -
should only be considered outside a layer of thickness € around Rs. On the other hand,
it is important to remark that the size of the corrections does not depend on € explicitly
(only the region of space excluded in our results does).

In some more details, Egs. and contain divergences for € = |r — Rg| — 0T,

namely

1927 G4 M 2¢
th .
dgip" ~ —(a+ 5 +37) I <R>
. 1927 G% M
éetz(a+ﬁ+3’y) R3 [ < >]
1927G% M (R
1nt 78_,
1927 G4 M (Rs 1
ext (o 2oeTon M (s L
R <6 2), (931)

which appear in two forms, namely

G2 M Ir — Ry
dy ~ N ] S .32
o~ S (B, (9.32)
o G2 M
do ~o —— N7 .
2~ e (9.33)

Since we obtained the corrections in a “weak” field approximation, such terms should be
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small compared to the unperturbed metric coefficients, that is

Gy M
di SV~ 2R (9.34)

r

By recalling that Gx = 612) in our units, this means that d; < V provided

G (I =R
P S
and do < V if ,
l
—_—t <, 9.36
Rg|r — Rg| ™ (9:36)
The above two conditions are clearly satisfied if € = |r — Rg| < €y, since Ry > £, is

the radius of a macroscopic matter source. To illustrate this, one can derive numerical
estimates on the size of € for various values of Rs. In particular, we find for a typical
neutron star with radius R ~ 10km, that ¢ > 10~"® Ry, while for objects of the order of
the Planck length Ry ~ 1073°m, we find € ~ R,. As expected, our approximation fails for
sub-Planckian objects, and we must therefore restrict our analysis to M > 1//Gy = Mp
where Mp is the Planck scale. Moreover for Planck sized objects these restrictions are of

major importance, and must be considered in any further analysis.

9.4 Model for quantum black holes?

While it is remarkable to be able to calculate model independent quantum gravitational
corrections to the metric of a star or vacuum solutions of general relativity, it is clear
that these corrections are tiny and probably of little empirical value from an astrophysical
perspective. However, quantum gravitational corrections could be important for objects
such as Planckian quantum black holes [68,69}/74-76.[82,83,/111], i.e. hypothetical objects
with a mass close to the Planck scale and size of the order of the Planck length, which
could have played an important role during the big bang. We have seen that quantum
gravity makes a difference between a static star metric and an eternal black hole solution,
the latter being described by a vacuum solution of Einstein equations. In this section we
investigate which of the two external metrics would be better suited to model a Planckian
quantum black hole. In order to address this question, we need to extrapolate our star
model into the quantum regime.

In Section we derived quantum corrections to the metric generated by a homoge-
neous ball of dust with density and isotropic pressure (0.11). According to general
relativity, this unperturbed classical configuration is stable only provided the size of the

source does not violate the Buchdahl limit [62,342], so that its radius must satisfy
9 9
RS>§RME§(2GNM), (9.37)

where R); is the gravitational radius of the ball and would be the horizon radius of the

outer Schwarzschild metric. While this is the classical limit, it may not hold for quantum
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black holes as can be seen by taking Ry ~ ¢, ~ Gy and M ~ Mp ~ 1//Gn ﬂ
Quantum black holes are not expected to be stable objects anyway, but one expects them
to decay very quickly within a time of the order of the Planck time 7p ~ /Gxn. We
thus do not expect Planckian black holes to be well described by vacuum solutions. The
inside of Planckian black holes is certainly not in vacuum as the fluctuations of space-time
are expected to be large and space-time could lose its meaning altogether on such short
distances. A better approximation might thus be to describe such objects might with a
quantum corrected star metric.

In fact, even if we accept the general relativistic prediction that the collapsed matter
giving rise to a black hole geometry must end in a very small region of extremely high
density ﬂ it is not a priori clear that the size of this region remains negligible when the
black hole mass M approaches the Planck scale.

In particular, the external metric receives the quantum corrections in the
regime |r — Rg| > £, (as we explained in Section [9.3). For r >> R, the corrected metric

can therefore be written as

ds? = gy dt® — gpp dr® — r? dQ2, (9.38)
with
2GN M ahGHR M
g ~ 1— - 3
r r
20,0M Q3 M
~po e T (9.39)
Mpr Mpr3
and
26N M\ ' BRGEM
Gy ~ _<1_GN> | BRGRA
r r
20, M\ BLM
~ —(1- at bl : (9.40)
MPT’ ]WPT'3

where & = 1287 (o + 3+ 37) and 3 = 3847 (a — 7). Note that & > 0 for scalar and
vector particles as well as for fermions and gravitons, while B < 0 for vectors, fermions
and gravitons, and can be both positive and negative for scalars depending on the value
of the non-minimal coupling £ (see Table . On considering the particle content of the
Standard Model and minimal coupling £ = 0, one would then find B <o.

The gravitational radius Ry of the system is then determined by the condition ¢"" (Ry) =

5In this section we shall use units with ¢ = 1, Gxn =4 /Mp and K = £, Mp.
6Tt is worth recalling that delta-like sources in general relativity are not mathematically consistent [168].
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Figure 9.1: Difference Ry — Rps for M > 0 and B = —10 in Planck units.

0. For B < 0, one finds
1/3
Ry _2M | M B_l6M2+ 5 B_32M2
l,  3Mp 2Mp 27TM?3 2TM?3
2M 16 M? 32M?2 e
B s 4 [B 8- s : 41
+{ Mp [B 27 M3 \/ﬁ <ﬁ 27M]%>]} (941)

and it follows that Ry > Rjs for any values of M > 0 (see Figure . If we push the
above description to values of the mass M 2 Mp, this implies that, if the matter which

sources the metric is not confined in a singularity, but occupies a finite volume [112] of
size, say Rs ~ {p, its gravitational radius is significantly larger than it would be in the
vacuum Schwarzschild geometry. Consequently, the probability of this system of size Rg to
be a black hole would be larger according to the Horizon Quantum Mechanics [108}/113].
Moreover, this is qualitatively similar to what was found in [110], namely that the horizon
area would also be larger than in general relativity. However, one has to be careful
interpreting the results obtained in Figure since Ry — Ry doesn’t exceed [, which is
precisely the region where our approach breaks down, as discussed in the previous section.

Ideally, for sufficiently large 3 and small mass M, one could have
9
Ru 2 g R, (9.42)

which implies that the classical Buchdahl limit will not survive in this quantum realm as
anticipated. These considerations indicate that the metric of a Planckian quantum black
hole might be better described by our quantum corrected star model rather than by a

Schwarzschild metric.



134

9.5 Conclusions

In this paper we have calculated the full set of quantum gravitational corrections to the
metric of a star in stable equilibrium, as described by the Tolman-Oppenheimer-Volkoff
equation, to second order in curvature. We have found a remarkable result. While eternal
black holes, which are static vacuum solutions of general relativity, and stars have the same
outside metric in general relativity, namely the famous Schwarzschild vacuum metric,
quantum gravity makes a difference between black holes and stars at second order in
curvature. Star solutions receive a quantum gravitational correction at this order, while
vacuum black holes do not. It raises a deep question, namely what happens to this
correction if we were to follow the gravitational collapse of a ball of dust? According
to our results, a distant observer would be able to monitor the collapse of the star by
measuring the quantum gravitational corrections to Newton’s gravitational potential. If
he followed the process, he would have an operational procedure to determine that an
eternal black hole has formed.

It is usually argued that astrophysical black holes are well described by a Kerr metric
(as they rotate), however it is a vacuum solution and there are thus no quantum gravita-
tional corrections to second order in curvature. Our calculations thus raise deep questions
about the nature of astrophysical black holes. Are they truly vacuum solutions?

Clearly answering these questions is beyond the scope of this paper. It would require
to follow precisely quantum gravitational corrections during the dynamical process of a
star collapsing into a black hole.

From a technical point of view, we have obtained an interesting result showing that
the standard textbook metric for a star [312342] is too naive when it is assuming that
matter is distributed according to a step function at the boundary of the star. Quantum
gravity forces us to consider stars with a smooth matter profile at their surfaces.

Our results also have interesting consequences for quantum black holes. We have
argued that the quantum corrected star metric could be used as an effective metric for a
quantum black holes which, if they exist, are clearly not vacuum solutions.

In conclusion, quantum gravity corrections have deep implications for black holes and
stars. Even though these corrections might be too tiny to be observable, they demonstrate

that black holes are even more mysterious than usually assumed.
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9.A Derivation of the non-local term in equation ((9.22)

We will here show how to calculate the expression

m(;) £(4,7), (9.43)

for time-independent and spherically symmetric functions f(¢t,Z) = f(r), where r = |Z|.
In particular, we will consider the following two cases: a) if 3e > 0 such that f(r") = 0 for

|r" —r| < e, we will find equation (9.43)) can be computed rather straightforwardly and it

1n<52> 1) = i/ooo <rir, -5 fm) £y di'; (9.44)

b) otherwise, if 7 > 0, f(r) # 0 and Je > 0 such that f(r’) is smooth for |/ — 7| < ¢,
equation (9.43)) requires some care to make sense and yields

|:| 1 o'e] / , , . 1 r—E€ / , ,
1“<,ﬂ> f“”):r/o riwﬂ”d’"‘i%h{r/o ) dr
+1/OO " fe'ydr'

/
T JpgeT —T

yields

20 e+ 1n(u6)]} . (9.45)

which contains a Cauchy principal value integral, as was found in [97].
As a first step, we use time independence to express the function f in terms of its

Fourier transform f and write

In 92 £(7) = ;lgkgln liz R F(E), (9.46)
<u > /( ) p

where k = \/2] Next, we use the spherical symmetry of f (and f) and assume that

Z = (0,0,7) without loss of generality, so that

n E r —L = 2 i S n(k2> eikrcose ¢
1 <N2> f(r) = (277)2/0 k dk/_l d(cos6) 1 2 f(k)

0o kQ R
- 273%/0 dk:k:ln(luz> sin(kr) f(k)

1 o kY . P
= dk k 1n<'u> sin(kr) f(k). (9.47)

e Jy

We can now Fourier transform back to coordinate space by making use of the relation
between the Fourier and the Hankel transforms for spherically symmetric functions in 3

dimensions, namely

kU2 (k) = (27)2 /0 T2 £ Jy o) dr, (9.48)
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where Jy j5(kr) = \/ %= sin(kr). Therefore, we obtain

ln<D2) f(r):— "k / dr’ ln< )m(m) sin(kr') ' f(r')

p
A k -k
= — dk: dr lim < f(r')r" In{ — | e
d—0+ M

« [ez’wfr') 4 ik (r=r") _ ik (') _ eﬂ-k(m/)} }

oo

o]
= — dr' lim dq f(r") 7' In(q) e 014
A s, | da f(r)r" In(g)
% [eiuq(r—r’) + e tna(r=r) _ gipg(r+r) _ e—iuq(r+r’)] ,

(9.49)

where we rescaled the momentum variable and swapped the limit with momentum inte-

gration in the last line. For Re(a) > 0, we have

/000 dq In(q)e 1 = —é [vE + In(a)], (9.50)

which allows us to get

ln<D) f(r)Z;/oodr'f(r')r’ lim [7E+ID(MR+)+Z.¢+ Vet Ry) — iy

u? 50+ 04i(r—+r) d—i(r+r")
e t+tIn(pR_)+i¢g-  yp+n(pR_)—i¢-
d+i(r—r') §—i(r—r') ’
(9.51)

where Ry = /0% + (r £77)? and ¢4 = arctan[(r = r’)/d]. The first two terms are regular
and we can take the limit § — 0 straightforwardly, whereas the last two terms may contain
a pole at ' = r. Here is where the two cases mentioned above occur:

Case a): since f(r’) = 0 around r, there is no pole in equation (9.51), which immediately
yields the result .

Case b): for f(r) # 0 but bounded and sufficiently smooth, we can rewrite equation
as

r—e 00 / /
ln / d/ hml / d/rf( )+ dr//r.f(r)
7“+7” —0t 1 | Jo | — 7| rie r—1]

1 e+ In(pR)+i¢-  yp+n(uR-)—i¢p_
+7T/T6drf( o 6—>0+[ d+i(r—r') i 0—i(r—rl

1 e e} ’f'/ , , 1 ) T—E€ ,,,/ , , 1 o] ,,,I , ,
== — -1 -

7“/0 r+r’f(r)dr Te—l>%l+[/0 r—r’f(r)dr+7’/T+67“’—7“f(r)dr

—‘y—Ll, (952)

where it is understood that 0 < & < € before the limits are taken. The first line in
equation (9.52)) already reproduces the first line in the result (9.45)), and we need only
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compute

1 r4+e
Li=—— lim dr’ f(r')r" lim

T e=>0t Jp_e §—0+

[’YE +In(pR_)+i¢p- ~yp+In(pR_) —ip_
d+i(r—r') §—i(r—r1) '

By swapping the limit with the integral and defining a contour around the pole at ' = r,

we get

1 2m . . .
Li=—— lim { lim / iee'tdt (r+ee't) f(r+ee't)

T e=0t =0+

YE + ln(,u 62 + €2 62”) - iarctan(ﬁf;t)

X S—
0 —ieetl

it

’YE—i—ln(p 52—|—6262"'t>—i—z’arctaua(‘fS )
d+ieett

+
(9.53)

We can finally use the fact that f is locally smooth and Taylor expand it as f(r 4+ ee't) =
f(r) + O(e). Hence,

f(r) | 2 . 7E+1n<,u, 52+62 ezit> _Z arctan(e@éit)
Ll:_T eli%lJr %i—% - iec'’ dt 0 —ieelt + O(e)
J(r) — oo BT hl(ﬂ 02 4 €2 62“) +1 arctan(%”)

— 1 li ot di 4 ’
T e—l>r(r)l+ 61—I>I(1) . vee 0+ ieetl + O(e)
4 f(r)

=— 27 lim { lim arctan(%) [’yE —Hn(u 62 + 62)] + 0(5)}

s e—0t | 6—0T

=—=2f(r) [ye +In(pe)], (9.54)

which completes the result presented in equation (9.45|).
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Abstract

In this paper we derive the leading quantum gravitational corrections to the geodesics and
the equations of motion for a scalar field in the spacetime containing a constant density
star. It is shown that these corrections can be calculated in quantum gravity reliably and
in a model independent way. Furthermore, we find that quantum gravity gives rise to an
additional redshift that results from the gradient instead of the amplitude of the density
profile.
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10.1 Introduction

In earlier work [77] we derived the leading quantum corrections to the interior and exterior
region of the spacetime containing a constant and uniform density star, which are clas-
sically described by the well-known interior and vacuum Schwarzschild solutions. These
calculations were done in the framework of the effective field theory for quantum grav-
ity [34H37,611/140,[351]. Corrections obtained in this way are the result of integrating out
the quantum fluctuations of the graviton.

Remarkably, despite the fact that quantum general relativity is not renormalizable,
it is possible to make predictions in quantum gravity. These predictions apply to any
model for which Lorentz invariance is a fundamental symmetry, general relativity is the
correct low energy limit, and for which quantum field theory methods remain applicable
up to the Planck scale. The quantum gravitational effective action contains two parts
consisting of local and nonlocal operators. While the Wilson coefficients of the local part
are non-calculable without knowing the ultraviolet complete theory of quantum gravity,
the Wilson coefficients of the nonlocal part of the action are calculable from first principles
and depend only on the infrared physics which is very well understood as we know general
relativity.

Any unknown physics coming from an ultraviolet complete theory, would give rise to
extra quantum corrections in the form of local operators. However, such physics only
gives rise to contact interactions below the Planck scale. For example, integrating out
Kaluza-Klein interactions would give rise to contact interactions. Furthermore, it was
shown in [77] that corrections due to such contact interactions are subleading in the case
of a star, assuming higher order curvature terms are not unnaturally large. The leading
order corrections to the metric describing the spacetime around a star only depend on the
nonlocal physics which is calculable from first principles and in a model independent way,
without a detailed knowledge of the ultraviolet complete theory of quantum gravity.

In this paper we will use the results from Ref. [77] to derive the leading quantum
corrections to the geodesics and the scalar waves in such a quantum corrected spacetime.
A complication in these calculations may arise, since the metric corrections and curvature
invariants, such as the Ricci scalar, diverge when the surface of the star is approached.
These secularities indicate a breakdown of the perturbative approach that is used, and
result from the fact that the interior Schwarzschild solution of general relativity contains
a step-like discontinuity in the energy density at the star surface.

Since the Einstein equations in general relativity only involve second order derivatives
of the metric, step-like discontinuities result in acceptable C'' metrics. E| Quantum gravity
in the effective field theory approach, on the other hand, is an infinite derivative theory
and it therefore requires C'*° sources in order to produce continuous metrics. In other
words, one should also determine a quantum correction to the matter source which makes
it compatible with the effective quantum equations for the metric. However, quantum

corrections to the uniform matter source appear really necessary only within a layer of

'Even Dirac delta-like discontinuities in the energy density produce continuous metrics, which leads to
the well-known case of shell-like sources.
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thickness of the order of the Planck length around the surface, and are expected to remain
phenomenologically negligible.

In any case, and although the non-smooth solutions of general relativity are not ex-
pected to be physical, they can still serve as important toy models. This is particularly
true for the Schwarzschild interior, as it is an analytical solution of the Einstein equations,
that could approximate compact objects.

While it seems difficult to find practical applications for our results, they are a further
demonstration that model independent calculations are possible in quantum gravity at
energies below the Planck scale. This is in sharp contrast to the standard lore which
states that quantum gravity is a mystery: we do not have a theory of quantum gravity
and thus quantum gravitational calculations are not possible. This is simply not true
and our results help to reinforce this point. As such, our findings are very important as
they further demonstrate that quantum gravitational calculations are possible at energies
below the Planck scale.

This paper is organized as follows: in the next section we state the results derived
in [77]; in section we solve the radial geodesics perturbatively and derive the leading
quantum corrections; in section we turn to the radial modes of the scalar field and
solve their equations of motion perturbatively to derive the leading quantum corrections;
finally in section we conclude.

10.2 The quantum corrected metric

We here consider the quantum corrected metric derived in |77, which is static and spher-

ically symmetric and can therefore be written as
ds* = —f(r) dt® + g(r) dr® + r? dQ2. (10.1)

where dQ? = df? + (sinf)? d¢?. Outside the star of radius Ry (that is, for r > Ry), the

metric functions are given by

r)=1- 2 o) (10.2)
-1
o) = (1-222) 4, (103)
where

2GNP2M [ R, — R,

ae(r) :dNTgp [2r+ln <:+Rs>:| -I—O(G%),
- 2 M

felr) = 2N M 5 (63, (109

r(r?2 — R2)

S
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with [

a=967(a+ 6+ 37) (10.5)
f=1927 (v — o). (10.6)

In the stellar interior (given by 0 < r < Rs), we likewise have

26\ [ 26Ny
< J1— GN G% r) +ou(r (10.7)

o= (i- M) e w3y

where now

B QGNKZM Rg
a;(r) = a Rgp In <R2 - r2> + O(GY),
~2GN 2 Mr?

Bi(r) = + O(G%). (10.9)

RE(R2 = 7?)
Moreover, we assume throughout the paper that the Buchdahl limit [62] is satisfied, so
that 0

Ry > §(2GNM). (10.10)

Let us remark that the Newton constant Gy is dimensionful and the displayed per-
turbation expansion is therefore a shorthand notation for two contributions, which are

different in nature. In particular,
O (GR) = 6 RO (2GNM/R?) + O (4 R?) (10.11)

where £, is the Planck length, and R is the curvature scalar. The true perturbation
parameters are thus the inverse of the radius of curvature in units of the Planck length
and the compactness of the star, which are dimensionless as they should.

Furthermore, the quantum corrections become secular when r ~ Rg. This secularity

can be avoided, if the layer

2GN M 2
(1—8)Rs<r<(1+06)Ry with 6~ Gy b (10.12)
Ry R,

is excluded, as discussed in [77].

Finally, we recall that the metric can be rewritten as

ds? = f(r)(—dt? + dr?) + r2dQ? (10.13)

2The values for , 8 and v can be found in [77].
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by introducing the tortoise coordinate

- " g(r’) "
7“*—/ “f(r’)d . (10.14)

This form is particularly useful fo studying waves and will be employed in section

10.3 Geodesics

Geodesic equations can be derived in a way similar to the derivation in a Schwarzschild
metric. The quantum corrected star metric has four Killing vectors. Three of those are
due to the spherical symmetry, and one due to time-invariance. We use two of these Killing

vectors to fix the direction of the angular momentum along the polar axis by setting

m
0=—. 10.15
. (10.15)
The remaining two Killing vectors can then be written as
K" = (0", (10.16)
RI = (0g), (10.17)
and can be used to define a conserved energy
dxt dt
E = —K _— = _— 1 .1
and a conserved angular momentum
dxt do
L=R,—— =71%—. 10.19
“oax T dn (10.19)
Furthermore, along geodesics the quantity
dx? dx”

is also conserved. For massive particles we can set e = 1, as long as we identify A = 7 as
the proper time along the geodesic. For massless particles e = 0 with A an arbitrary affine

parameter. By making use of the conserved quantities, we can rewrite Eq. (10.20)) as

Compatibly with the quantum corrections described in section [10.2] we will solve this

equation perturbatively in the Planck length and the star compactness, by writing

r(A) = re(A) +rq(N), (10.22)
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where

> 2GNM\™
Tc()‘> = T ,m(A) (10.23)
32 e (*55)

represents the classical trajectory, and

rq(A) = i i Trm () (g’s)% (QC;NSMY (10.24)

n=1m=0

is the quantum correction.

10.3.1 Exterior region

In the exterior region, r > Ry, we can write

dr\® L* 2GxM (I? R 5
_ ) B V() = 10.2
(dx\) r2 Ry (7‘2 6) r alr) =1, (10.25)

where n = v/ E? — € and the effective quantum potential is given by

2
Va(r) = E? ae(r) + 1% Be(r) — % Be(r). (10.26)

We notice that the term proportional to E? signals a violation of the equivalence
principle, since the acceleration undergone by the particle following the geodesic depends
on its energy. However, ae = O(G%) ~ ({p/Rs)? in the sense explained after Eq. (10.11]),
and the size of this violation remains negligibly small throughout space. The quantum
corrections to the metric outside the star are larger near the surface. In order to study
geodesics for which the quantum corrections are expected to be the largest, we impose the

boundary conditions

r¢(0) = Ry, (10.27)
Tq (Ao = 00) = 0. (10.28)

This somewhat unconventional choice of specifying the boundary conditions at two differ-
ent points is motivated by the fact that one cannot set rq(A = 0) = 0, as the quantum
corrections diverge at the surface of the star. Instead one can impose any boundary condi-
tion on 74(Ag) for any Ag > 0, as this boundary condition does not impact the cumulative
quantum corrections along a particular segment of the geodesic. For this one has to eval-
uate the difference 74(A2) — 7¢(A1), for specified values A\; and A2, and any such difference
is independent of the specific choice of Ag.

For L = 0 one finds the leading classical solutions for an outgoing radial geodesic
(A=0)

7“070()\) =nA+ Rs, (10.29)

R A
ro1(\) = = In <1 + ”) : (10.30)
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and the leading quantum corrections

7”170()\) =0 (10.31)
aE?Ry 2Rs + 1A nA 2R
\) = oln (2272} o Pn (1
=" [H<RyHM ROV
BRS 77)\(2Rs + 77/\)
] . 10.32
* 4 " (RS + 77)‘)2 ( )

Notice that r11(\) contains a secular term proportional to B for A — 0, which was expected,
and occurs within the interval of Eq. (10.12). However, the term proportional to E? never
grows large even for A\ ~ 0, and the violation to the equivalence principle therefore remains

of order (£,/Rs)? everywhere in r > Rs.

10.3.2 Interior region

In the interior region we can write

dr\' LR (B ) ()T BERR — )| 26 M
) 2 2 )\ R, 2R R,
3E2(11RY — 14R%2 + 3r%) [2GNM \? )
_ S S — 1 .
i (PSM) svm =, os

where we again set 7 = v/E2? — € and the effective quantum potential now reads
2 2 L?
Va(r) = EZai(r) + 07 Bi(r) — —5 Bi(r). (10.34)

Like in the exterior, we impose initial conditions suitable for studying radial geodesics

near the surface, that is

re(0) = R, , (10.35)
R\
o <_n> _ A (10.36)

where we will fix the value of A at a later stage.
For L = 0 one finds the leading classical solution for an outgoing radial geodesic (A < 0)

is given by

r0,0(A) =1 A+ Ry, (10.37)

EA 9 A2
TO,l()‘) = — — (3E —26) (BRS—‘—T]A) TRZ,

10.
T (10.38)
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and the leading quantum corrections read

TL()()\) =0 (10.39)
aF? R, nA nA nA nA
Lx) = 2In (24 ) =2+ —<In|—%(24+ = )| -2
7‘1’1()\,33) 2772 |: n( + Rs) + Rs n RS + RS
BRq nA 2R,
242— —In|—{(1 A. 104
+= + R. n + " + (10.40)

Notice that r11(A) also contains a secular term proportional to f3 for A — 0 which, like for
the exterior expression (|10.32)), occurs within the interval given in Eq. (10.12)).

10.3.3 Crossing the surface

By means of the previous results, we can analyze the discontinuities (of quantum ori-
gin) that the radial geodesics would encounter across r = Rg. Since we assumed initial
conditions such that the classical radial geodesics r. can be joined continuously across
r = Rs, we just need to calculate the difference between the non-vanishing quantum ex-
terior correction in Eq. and the interior analogue in Eq. at r = Rg, which
yields B

tim () - )] = 22

We then notice that the interior and exterior geodesics can be continuously connected by

n(2) — 1] — A. (10.41)

fixing A such that the boundary condition for the interior solution is given by

i (B _BRs o0
i ( n> 5= [In(2) -1], (10.42)

provided for the exterior solution one employs the condition

re<t (00) =0, (10.43)

which was used to determine Eq. .

One could go further and check the smoothness of the solution, and find that there
is a discontinuity in the first derivative that cannot be removed. However, this is not a
physical effect, as it occurs in the interval , and is thus expected to be regularized

once the interior Schwarzschild solution is smoothened like we wrote in the Introduction.

10.4 Scalar fields

The equation of motion for a free scalar field ® with mass p is given by
0® =u%d. (10.44)

Since our metric (10.1)) has spherical symmetry, we can separate the angular variables from
the other coordinates and write ®(¢, 7,0, ¢) = ®(t,r) S(0, ), where S can be decomposed
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in the usual spherical harmonics satisfying

9 cosf 1 ) -
(89 + sin @ 9 + (sin 9)? a¢> Y(0,9)=—-1(1+1)Y(0,9). (10.45)

It is then convenient to consider one mode at a time and further separate time from
the radial coordinate, to wit ®(t,7) = WU(t) ®(r), where ¥ ~ e!“! and satisfies

U(t) = —w? U(2). (10.46)

Furthermore, using the metric (10.13|) with the tortoise-like coordinate 7, yields the radial

equation

a7+’ — l(l; Dl ) = (0 + Vi) ulr), (10.47)

where 7, is given as a function of r in Eq. (10.14), n? = w? — 4? > 0 and
u(r) = re(r) ®(r). (10.48)

Notice that we have explicitly separated the effective potential into a classical part,

Valr) = [f(r) — a(r) — 1] [;ﬁ AR ”] (10.49)
and a quantum contribution
Va(r) = a(r) {/ﬁ + l(l; 1)] : (10.50)

Like for the geodesics, we can expand the radial function in the same perturbative

parameters of the quantum corrections to the metric and write

- i U (7) (2")% <2G}§SM>m, (10.51)

where u. contains all the terms with n = 0.
We are particularly interested in how quantum corrections to the metric affect the
s-waves with [ = 0 originating near the surface of the star. On using the fact that V, and

Vq are of order (at least) G, we immediately obtain

u,0(r) = Acos[n(r« — RY)], (10.52)
uLo(’I") = 0, (10.53)

where A and R} are integration constants which we will suitably set in the following
subsections. The effect of the potentials (10.49) and (10.50) can then be determined

perturbatively by treating them as sources acting on the unperturbed solutions defined by

Egs. (10.52)) and (10.53)).
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10.4.1 Exterior region

In the exterior region, the tortoise coordinate is given by

r«(r) =r+2GNM In < + 1 /00 (e () = Be(r)] dr' + C, (10.54)

"
2 G M 2

where we set the integration constant C' so that

Ry
R!=Rs+2Gn M1 —1]. 10.55
C— R 420Gy n<2GNM ) (10.55)
In order to determine the radial function in such a way that all corrections to the unper-
turbed solutions (10.52)) and (10.53|) vanish at some r = (1 + §) Rs > Rg, we impose the

boundary condition

u[(1+ 6) Ry = A, (10.56)

where A is the same constant as in Eq. and J is the same parameter that defines
the excluded layer in Eq. .
We want to see how these modes behave for values of r > (1 4 0) Rs. The radial
equation can then be rewritten as the integral equation
oo

e = Acostyre =R+ [ Gl [0+ V] wtrtart, - (10.5)

where the Green’s function is given by

sin [n(re — )] it L <,

1
G(ry,rl) =" (10.58)
0

it 7l >,

In order to solve the integral equation, one needs to invert Eq. (10.54)), which can be done
perturbatively using
r« — Ri=1r—Rs+ O (2GNM/Ry) . (10.59)

This is valid if the secularity is avoided, which is the case for r > (1 + §) Rs. The leading

classical solution is then found to be Pl

2R A
2n

up1(r) = {ln(RS/r) sin [n(r. — R%)] + [Si(2nr) — Si(2nRs)] cos [n(r + Rs)]

— [Ci(2nr) — Ci(2nR,)] sin [n(r + Ry)] } (10.60)

3Note we make use of Eq. (10.59) also in order to express the result in the coordinate r.
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and the leading quantum correction

nat) = 42 (Lo [P IO ity — o costr, — )

2r r— Rg
2 — Ry)1
Rs> +20(r — 1) n<r—|—RS>

— Si(2n|r — Rs])} sin[n(rs — R)]

+ [477RS In (
r

— 4nRs [Si(2nr) — Si(2nRs)] cos[n(r + Rs)]

+ 4nRs [Ci(2nr) — Ci(2nRs)] sin[n(r + Rs)]

+ {Ci[2n(r 4+ Rs)] — Ci(4nRs)} cos[n(r + 3Ry)]

+{Si[2n(r + Rs)] — Si(4nRs)} siny(r + 3RS)]>, (10.61)

where Ci and Si are cosine and sine integrals. Notice that the results are independent of
§, since corrections due to § are subleading by its definition in Eq. . Furthermore,
at this order in perturbation theory, the divergences of the metric corrections can
be absorbed in the phase

r« — R =1 — Ry + 2GnM In(r/Rs) + ;/ [Oée(r’) . 5e(7”’)} ar

= (r— Ry) (1 + 2G]§M> + ({a In(2) — 1) + fm [W—Rq

S

R
el pm (T=B] 435 - Ry 2GNM &
2\ YT\ 2R, AP (VTS ) TR R2
4

+O(r—R)*+0 <2GNM>2+(’) <€p> . (10.62)

R

10.4.2 Interior region

In the interior region the tortoise coordinate is given by

2 r
ri(r) =71+ 2 <3 B ;22) 2GRN;W a ;/0 [ai(r") = Bi(r")] dr' + D, (10.63)

and D is chosen so that
R = Ry + GNM. (10.64)

We again impose a boundary condition, in order to fix the wave mode this time at r =
(1 —9) Rs, to wit
u[(1 =) Rs] = A. (10.65)

Like in the exterior, Eq. (10.47)) yields the integral equation

(1-0) R
u(r) = A cosln (R —r.)] + /0 G(re,r}) [Ve(r') 4+ Vo (r')] u(r') dr,, (10.66)
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with the Green’s function here given by

, 0 it 7l <oy,
G(re,ry) = (10.67)
%Sin n(rl —ry)] it 7l >,

Eq. (10.63) can again be inverted perturbatively using

(10.68)

2GNM
R:—T*:RS—T+O<GN ),

Ry

which is valid inside the ball 0 < r < (1 — J) Rs. The leading classical solution is then
found to be [

m*A 2 2 *
= m{% (r® — RS) cos[n(r« — R)]

+ |22 = RO + 7Ry — 8E2) = 3(r + Ry)| sinly(r, — BRI}, (10.69)

U()J(?")

and the leading quantum correction

~ 2A 2 R2
walr) = T (= bt (M) — il - )| costatr - )

2R; |r? — R2|
4nRs1 2n(r — Rs) |2 —In | ———
+{ i n(?”rRs>+ nr R)[ n< R )]

~ Si(2nlr — Ry|) } sinfn(r, — RY)]
+ {Ci[2n(r + Ry)] — Ci(4nRs)} cos[n(r + 3R;)]
+ {Si20(r + R)] - Si(4nRy)} sinfy(r + 3R,))). (10.70)

The results in the interior are again independent of §, to leading order, and the divergences
of the metric corrections (10.9) can also be absorbed in the phase

. r r? R 2GyM 1 [T, o
r*_Rs_r_RS+|:4<3_Rg>_2:| R, _2/0 az<r)_5z(7")d7’

R (RS {541 —In(2)] +f {2““ <|T2_Rf8|>]}

& 2lr — Rg|\ = 38 2GNM 2

2 4
+O(r—R)*+0O 20NN o (L) (10.71)
Ry Ry

10.5 Discussion

In this work we calculated the leading quantum corrections to the geodesics and the scalar
waves in a spacetime containing a constant and uniform density star. We have shown as

a proof of principle that such calculations can be done in quantum gravity. Furthermore,

4We make use of Eq. (T0.68) to revert to the coordinate r.
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we have found that the divergences at the surface of the star found in Ref. [77], do not
cause serious issues for such calculations. In fact, these divergences can be kept well
under control, if a Planck length layer around the surface of the star is excluded from the
analysis. It is then possible to connect the interior and exterior solutions in a continuous,
but not differentiable way, between the boundaries of such a layer.

In the case of geodesics the quantum corrections only affect the velocity with respect
to the proper time for a particle following the geodesic. For scalar waves on the other
hand the quantum corrections give rise to both wavelike perturbations to the classical
wave solution and to a phase shift of the classical solution. The latter could in principle
lead to a measurable blueshift when the star surface is approached. However, this would
require compact objects to have density profiles that are smoothened out within a Planck
length interval around the surface of the star, and thus derivatives of the energy density
that exceed the Planck scale. For any realistic matter distribution one would expect that
all derivatives of the energy density remain below the Planck scale.

We conclude that neither the perturbations nor the phase shift are expected to be
measurable for realistic density profiles with current or near future experiments. However,
the latter effect is in fact very interesting, as it shows that quantum gravity introduces a
redshift due to the gradient of the density profile, while the redshift in general relativity

results only from the presence of mass.
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Chapter 11

Singularity Theorems in the
Effective Field Theory for
Quantum Gravity at Second Order

in Curvature

Folkert Kuipers and Xavier Calmet

Department of Physics and Astronomy, University of Sussex, Brighton, BN1 9QH,
United Kingdom

Abstract

In this paper we discuss singularity theorems in quantum gravity using effective field the-
ory methods. To second order in curvature, the effective field theory contains two new
degrees of freedom which have important implications for the derivation of these theo-
rems: a massive spin-2 field and a massive spin-0 field. Using an explicit mapping of this
theory from the Jordan frame to the Einstein frame, we show that the massive spin-2
field violates the null energy condition, while the massive spin-0 field satisfies the null
energy condition, but violates the strong energy condition. Due to this violation classical
singularity theorems are no longer applicable, indicating that singularities can be avoided,

if the leading quantum correction are taken into account.

This chapter has been published in Universe 6, no. 10, p. 0171 (2020).
A preprint of the chapter can be found at arXiv:1911.05571 [gr-qc].
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11.1 Introduction

The significance of singularity theorems in general relativity first presented in the seminal
papers of Penrose and Hawking [191,/291] cannot be overemphasized. Since these foun-
dational works several adaptions and refinements of the singularity theorems have been
developed (see e.g. [55,604/155,302,[344]). In general, all these theorems boil down to the
same principle: the assumption of some energy condition together with some global state-
ment about space-time leads to the prediction of geodesic incompleteness somewhere in
the space-time. Geodesic incompleteness is then often taken as equivalent to the existence
of a singularity, although the latter is a slightly stronger statement (see e.g. [359]).

A crucial ingredient for the proof of most of singularity theorems is the Raychaudhuri
equatioﬂ that can be derived from the Einstein field equations. It is therefore crucial to
assume classical general relativity for singularity theorems to hold, and for any deviations
of general relativity one would have to reassess the derivation of singularity theorems, as
was done, for example, for f(R) gravity |13].

It is clear that general relativity needs to be embedded in a gravitational theory which
can be quantized, i.e. a theory of quantum gravity, if one accounts for the quantum
properties of matter and space-time. Such a theory of quantum gravity is not known
yet, but many different approaches to such a theory have been formulated. Furthermore
any theory of quantum gravity should in the infrared limit reduce to general relativity.
Despite the lack of a unique theory of quantum gravity, quantum corrections to general
relativity solutions can be calculated using effective field theory methods 343761, /140,
351]. Calculations done in this framework apply to any ultraviolet complete theory of
quantum gravity and are valid at energies scales up to the Planck mass, and thus in the
entire spectrum that can potentially be probed experimentally.

It is expected that in a theory for quantum gravity singularities will be resolved, since
singularities lead to pathologies both in general relativity and quantum field theory. How-
ever, singularities cannot be avoided as long as singularity theorems hold. It is therefore
an important question whether the assumptions of the singularity theorems break down
in a theory for quantum gravity. A discussion of possible quantum loop holes for the
singularity theorems can for example be found in |157].

In this work we discuss the validity of the singularity theorems in the framework of the
effective field theory approach to quantum gravity. A drawback of this approach is that
the theory is not valid at energy scales larger than the Planck mass which corresponds
to regions of large curvature, where singularities are expected to form. We shall assume
that the physics responsible for the avoidance of singularities becomes relevant at energies
below the Planck scale and can thus be described within our mathematical framework,
an example would be, e.g., a bounce solution in a stellar collapse to a black hole [161] or
in FLRW cosmology which would avoid a Big Crunch solution [143]. We note that this
approach goes beyond general relativity and it is applicable to any theory of quantum
gravity that does not break diffeomorphism invariance.

This paper is organized as follows: in the next section we derive the action for effective

"However, see [156| for a recent example that doesn’t make use of this equation
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a B g

Scalar | 5(66 —1)? | —2 2

Fermion -5 8 7
Vector —50 176 | —26
Graviton 250 —244 | 424

Table 11.1: Non-local Wilson coefficients of various fields. All numbers should be divided
by 1152072, ¢ denotes the value of the non-minimal coupling for a scalar theory. We refer
to [48,132] for the calculation of the values for the scalar, fermion and vector field. It is
known that the graviton self interactions [219] make the form factors ill-defined, as the
Wilson coefficients become gauge dependent. However, there is a well defined procedure
to resolve these ambiguities [34,35].

quantum gravity in the Einstein frame. In section [I1.3| we discuss singularity theorems in
effective quantum gravity using this action. In section[I1.4]we then conclude. Furthermore,
in appendix 11.A we discuss the classical Hawking and Penrose singularity theorems, and
in appendix 11.B we discuss a refined statement of Hawking’s theorem using weakened
energy conditions.

In this paper we work in the (+ — ——) metric and use the conventions R’;,, =
@J‘ﬁa -, Ry = RAMU, T = 2 ggﬁ. Furthermore 2 = 87Gx.

Vgl

11.2 Effective quantum gravity in the Einstein frame

While an ultraviolet complete theory of quantum gravity is still elusive, it has been shown
[34-37,/61},140,,351], that quantum gravity can be well described by an effective field theory
as long as one considers physical effects taking place at energies below the Planck scale.
The effective field theory is obtained by integrating out the graviton fluctuations and
potentially other massless degrees of freedom. After the various low energy fields have

been integrated out, one finds the following action

R O
5= /d4$ 1 {_252 +e1() R + ea(p) Ruw B + ¢3(18) Rupoe R*P7 + aRIn <u2> r
O v O vpo 2
+BR, In 2 R" + R0 In 2 RFPT + O(K%) p + Sm,  (11.1)

where p is the renormalization scale. The action is given up to second order in curvature
and higher order corrections are suppressed in the O(x?) term. The effective action of any
ultraviolet complete theory of quantum gravity that respects diffeomorphism invariance
can be written in this form when expanded to second order in curvature. We emphasize
that the Wilson coefficients ¢; depend on the UV-completion of the theory and are only
calculable within a specific UV-complete model of quantum gravity. Nevertheless it is
expected that these coefficients are non-zero unless some undiscovered symmetry protects
them or if fine tuning occurs. Moreover the values are bounded by the Eo6t-Wash ex-
periment [202] to ¢; < 10%1. The non-local Wilson coefficients a, 3, are calculable and

independent of such a specific UV-completion. The values of these coeflicients are given
in Table
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We will now map this theory to the Einstein frame, in which the theory is represented as
standard general relativity with additional matter fields. After this frame transformation,
the usual singularity theorems are applicable, if the new fields satisfy the given energy
conditions. Mappings to the Einstein frame for R and R, theories have been discussed
in [92,]100%/154,215}245,246]. Furthermore, the case of higher derivative gravity without
non-local interactions has been discussed in [197]. Here we follow the same approach but
include the non-local terms in the effective quantum gravity formalism.

Using the Gauss-Bonnet theorem the effective action can be rewritten asE|

1

P —
22

d*z/|g]| {R — k?RI R — HQCMVpof/QC“”pJ + O(H4)} + S, (11.2)
where C is the Weyl tensor and

. 2 O

By = [36100) + calo) + cai) + Ga+ 5+ ) (). (113)
. O

Ly = [CQ(M) +4es(p) + (B +4v)In <M2>] . (11.4)

We apply a Legendre transform to the function

fi(R) = R— KRR, (11.5)
and find
$=-35 | oVl {0 R=VA(6) = K2Cpupr L2 +- O } + S, (106)
where
_ Vi(¢9)
R= 96 (11.7)
_ Ofi1(R)
¢=—"2p (11.8)

We integrate the first equation and fix the integration constant such that

1
4k2

Vi(g) = (6—-1)Li'(p—1), (11.9)

where we use the notation ﬁfl to denote the Green’s function of the operator L. If we

apply a conformal transformation to the metric

_ 22
G — G = 0|9 = exp ( 3X> Juvs (11.10)

2Due to the presence of a In(0J) term in Lo, the Gauss-Bonnet theorem does not hold in full generality.
However, it is valid up to this order in & [37139L{70]
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where we have introduced a new field x, we can rewrite the action as

1 —( - - e Vilo(x)] =~} Apvps
=32 d'z+/|g] {R +V6rOx — K VFX VX — o(x)? — 62 Chpo L CM”
2/§2£m (X7 g#l/) 4 }
_ LOuM Y 11.11
d(x)? () S

where we have used that the Weyl tensor does not transform under a conformal rescaling
of the metric. Furthermore, X represents all matter fields.
We can drop the total divergence term, since it does not affect the equations of motion,

and apply the Gauss-Bonnet theorem to rewrite the Weyl tensor. We then find

Vi L 262 . _
/d4:c El { — K2V X — W )] —2/@2RWL2RW+%RL2R

2’€2£’m (Xv g,u ) }
— 11.12
500)? O(x") ( )
We consider the function
5 5 25 7 puv 267 o -
fQ(RMy) =R -2k RMVLQRH + ?RLQR, (1113)

and apply a Legendre transform to this part of the action, which results in

5= | oVl {WVRW Vo) — RV — [&(;ﬁ”
_QHQLZ(;);, 9") L O(,#)} 7 (11.14)
wherd]
R — %7 (11.15)
v W_ (11.16)

We integrate the first equation and fix the integration constant such thatﬂ

Va(ph) = *# (@Mw L Z\[wgw F Z\fg;w> Ly! (W‘” A $ Z\[ v ¥ Z\fg“”>
(11.17)

We perform another metric transformation such that

Juv — guv - \/mgﬂp (w—l)Py, <11'18)

3Note that the spin-2 field is symmetric in its indices, since R, is symmetric.
4The potential V5 is real, which can easily be shown by evaluating the expression.
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where we define the determinants

9] = det (g,u) , (11.19)
] = det (%), (11.20)
and we write
Ph, =y, (11.21)
P =t g, (11.22)
D = Gupd?,- (11.23)
We obtain the transformed action
S = —# d*z\/|g| { — K2 (7#71)#” VXV X
0 (9,0~ T+ Qo @~ V)
Vilb()]  Va() 2L (X, ") 4 }
- - - ) . (11.24
I RRVAT IRVAT] ()21l (<) (11.24)
where
Qs (V%) = 557 (%) (Voo (%) + Violiow (V%) = Vogu(¥%)) . (11.25)

We again drop the total derivative terms, and we define a new spin-2 field £ such that
v, = (1+5€) o — e, (11.26)

with & = ¢,. We find
v 1 T —1l¢v r—1
V() = —2 (e4Ly'¢, — el3'e). (11.27)

After this transformation the action becomes

4 = Vi[p(x)]
5= [ o/ {_ #5TAT 262532/ [0(E)

- |:2§|j£ - 55#”&5“1/ - 5#1/@“@”5 + SMV@pﬁugpu]

V(o (€)
IEEN G

L (X, g“”)} + O(k), (11.28)

where we used that ¢(x) = 1+ O(k), ¥", = 6L + O(k). In addition, we expand the terms
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containing a potential using L = L + O(k) and find

S = /d49€ ] { 5+ V XVux — X(12/<;2L1)
- [2§Ij§ - %g/“’[jglw - gwj@uﬁué + gwj@pﬁufpu]
- [{“V(IGHQiQ)_lfuu - 5(16n2i2)‘1§] + L (X, g“")} +O®r), (11.29)

where indices on £ are raised and lowered with g. We then find the equations of motion
for the scalar field:
Ox = —(6k2L1) "ty + O(k). (11.30)

We can solve the equation of motion for the Green’s function (6x2L;)~" by Fourier trans-

formation:

1

/d4k k2 + - x(k) = O(k)
16 [3e1() + ea () + e3() + (B + B+ 7)In (57|
(11.31)
This results in the mass of the scalar field given by
9 1
mé = (11.32)

a4 W (g o [

which corresponds to earlier results (see e.g. [93]). We can do a similar analysis for the
tensor field, which yields (cf. [93])

1
225 + AW (gt v | 2U5H2 )

m3 = (11.33)

This resulting action is
4 = L 9 9
S = /d /|9 {——l— —VH XVux — 5MOX
= 1 Vi Uy O IAvAY
- [2555 = 580G = ETVVLE+ & VpVyﬁ’L]

I — €8]+ L (X,6™) | + O(0) (11.34)
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We can then find the equation of motion for the metric

(RW —~ ;REJW) S {TW + V,xVox — %Emﬁ”xﬁpx + %mﬁéwf
— 26,006 — €V, V€ + 26,,06°, + 677V .V € o
+ 267V, V o€ + 269,V V€ + 2677V ,V o€,
— 267, VoV %, — 28,V gV 7, = 2677V, N o,
| 5606 = 56060 — 79,9, 4 79,9,
28 60,60 — €] + 570 1€ €0 — 55]}

+ O(K3). (11.35)

This can be rewritten in the form

1~ - 1 .
R;w =r? {T;w - §Tg;w + V}LXVVX - im%g;wx2
- 2§/w‘j§ - gﬁuﬁué‘ + 2§upm§py + gpaﬁu@z/{pa
+ 280,V Vo€ + 287,V V€ + 2677V Vo€
— 2P VoV 8%, — 26,V oV 1E%, — 26V Vo)
+ G (€06 — €70y — 2677V, Vo6 + 2677V, V087

—ng [gpugup - guuf] + %m%?}uu [fpgfpa - fﬂ} + O(Iis). (11.36)

11.3 Singularity theorems in effective quantum gravity

11.3.1 Massive scalar field

It is known that a massive scalar field always satisfies the null energy condition, but can
easily violate the strong condition (cf. [42,/193]). The energy momentum tensor is given
by
1
Ty = VuxVux — 5 9uw (V”vax + m2x%) : (11.37)

Hence,
T’ = (VV,x)* > 0, (11.38)

where v is an arbitrary null vector. We conclude that the null energy condition is satisfied.

However,
Ty — %gWT =V, xVux — %gwm%f (11.39)
which leads to ) 1
<TW - 2g,wT> Y = (t"V,x)° — §mgx2, (11.40)

where ¢ is an arbitrary normalized time-like vector. We see that this expression could
be both larger and smaller to 0. Consequently the strong energy condition does not

necessarily hold. We conclude that the scalar field arising in effective quantum gravity
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could resolve cosmological singularities, but not black hole singularities.

11.3.2 Bounds on the mass of the massive scalar field

Using the results from appendix 11.B we can derive a bound on the mass of the scalar

field for which the cosmological singularity theorem still holds. First consider the action

(11.34)) containing only the massive scalar. Eq. ([11.36)) then reduces to

. - 1. - = 1 5.
Ry = K2 {TW = 5T + ViuxVix = 2m§gwx2} + O(K%). (11.41)
Let us consider a globally hyperbolic 4-dimensional space-time with compact Cauchy hy-

persurface S, and assume |x| < Xmax 1S bounded towards te past of S. Then

T Crt 1 T Crt
/0 e_i_l RMV(T);)/M:YV(T)CZT Z _552m%X?nax /0 e_i_ld’r
3k?

> *Em(%Xilaxa (11.42)

where 4 is a normalized tangent vector to a past directed time-like geodesic and where we

have used the strong energy condition in the first line. We find

C 0 2CT . N7 C 3/4/2
~ 2+ / TR ()T 2 5 = TEmi (11.43)

for any C > 0. The right hand side is maximized for C' = \/gnmoxmax. By Theorem |11.4
we then find that M is past geodesically incomplete, if

0> \/gnmo Xmax (11.44)

2 emin
<4/2 11.45
mo \/;K: Xmax ( )
the singularity theorem still holds.

We can use the expression for the mass of the scalar (11.32)) to find a condition for the

Wilson coefficients. Let us first ignore the nonlocal terms «, 3,vy. We then find

everywhere on S. Hence for

1
2
my = . 11.46
O 42 Ber (1) + ca(p) + ()] (11.46)
We thus find that the singularity theorem holds for
BXinax
Be1(0) + calp) + e3(0) > 5=, (11.47)

where we have assumed 3¢ (1) + c2(p) + c3(p) > 0, as the opposite would imply that the
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scalar field is tachyonic[| If we include the non-local contributions, we find instead

BXihax 317K X
3c1(p) + ca(p) + c3(p) > Re ( 8>;2. +Ba+p+7v)n [—W]) , (11.48)

where only the logarithm has a complex part that accounts for the decay width of the
field [68,75,/76].

We can make an estimate of the expansion parameter for our universe, by assuming
the FLRW-metric, and by assuming that we live on a compact Cauchy hypersurface with

a Hubble parameter that is constant along the surface. We find

1
Ormin = S~ 10718571, (11.49)

where the Hubble parameter is fixed by experimentﬂ In addition, we require an estimate
for Xmax, which will rely on theoretical prejudice. However, for the effective action to be
consistent one would expect that both the scalar and tensor fields arising in the Einstein

frame do not exceed the Planck scale. We thus make the rough estimate

N =10*2s1. 11.50
Xma 8rGnh S ( )
Hence,

3 2

Xmax _ 10121, (11.51)

8emin

Furthermore, the non-local part leads to a correction given by

312 X

262

min

(Ba+B+7) m[ } ~ 107, (11.52)
where we have used the known values for «, 3,7y assuming only Standard Model fields.
Furthermore, we have set the cutoff scale ;1 =~ x~!. These non-local corrections are thus
negligible compared to the local contributions. We conclude that the singularity theorem

holds, if the local Wilson coefficients satisfy the condition
3c1(p) + cap) + c3(p) = 101 (11.53)

or equivalently
mo < 10731 eV /2. (11.54)

The singularity theorem can thus be violated for a large range of values.
The scalar and spin-2 particles give rise to corrections to the Newtonian potential

according to the formula

D(r) = —Gim (1 + %e*Re(mo)r - geRe(m)r> (11.55)

5We do not consider the tachyonic case, as it is unphysical. It can be shown, however, using eq. (11.40)
that in this case the strong energy condition is satisfied.
SWe take Hy ~ 70km s~ ' Mpc™!
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The Eot-Wash experiment [202] sets bounds on deviations from this potential. Assum-
ing that the corrections do not cancel each other, both corrections should satisfy these
experimental bounds, i.e.

mo, mg > 1073 eV /2. (11.56)

Hence, the singularity theorem can be violated for all feasible values of the Wilson coeffi-
cients.

It might seem counterintuitive that tiny Wilson coefficients already lead to a breakdown
of the assumptions of the singularity theorems, while large Wilson coefficients do not. In
particular, since the smaller the Wilson coefficients the closer the action is to the Einstein-
Hilbert action. However, small Wilson coefficients lead to very massive scalar fields, which
can violate the strong energy condition, as can be seen in eq. . Furthermore, the
Einstein equation is a second order differential equation, while the introduction of the
terms quadratic in the Ricci scalar and tensor make it a fourth order equation. As is well
known solutions of differential equations are generically not stable against perturbations
that change the class of the differential equation (cf. [33] for a discussion of this fact in

the context of general relativity).

11.3.3 Spin-2 massive ghost

Let us now turn to the massive spin-2 field. Since this field is a ghost, one would expect
it to violate the null energy condition. Indeed we can write the energy momentum tensor

explicitly
T = =268 = EV,V 06 + 26,065, + €7V, V60
+ 26,V Vo€ + 267,V V6 + 2677V Vol
- 2§puﬁ(fﬁﬂgau - 25%6061152 - 2§paﬁuﬁagup
- 1 - 1 o= s = e o
G | €08 = 567080 — £V, Vol + &7 VaVe&?,
1 ~ o

- 2m% [gpugup - g,ulxg] + Qm%gm/ [gp §pg — 55] . (11.57)

In order to show that the field can violate the null energy condition, we construct a

counterexample. We consider the special case in which the tensor field is aligned with the

metric: )
fuu = ng,y{- (11.58)

This results in an energy momentum tensor given by

1
T;w = _E (gwﬁmf + gvuvug + gvuvug) . (11'59)



162

Hence,
14 1 14
Tyvtv” = —éé’vuvyﬁv“v

- % (kuvﬂf)Q

<0, (11.60)

where v is an arbitrary null-like vector and where we assumed the field £ to be an eigenvec-
tor of V,V,, with eigenvector k,k,, as is the case if the field exhibits sinusoidal behavior
with wave vector k.

Since the spin-2 field can violate the null energy condition, it can violate the strong
energy condition as well. We conclude that the massive spin-2 field can resolve both kinds
of singularities, since it does not satisfy any of the required energy conditions.

The fact that the ghost field can resolve singularities is less of a surprise, if one takes into
account that the ghost field leads to a repulsive contribution to Newton’s potential |73}95],

and could thus result in a effective repulsive force at small distances.

11.4 Conclusion and outlook

It is well known that the classical singularity theorems by Penrose and Hawking [191,291]
only hold if general relativity is assumed. Quantum gravity, however, leads to devia-
tions from general relativity, as can easily be shown using effective field theory methods.
Furthermore, one of the main objectives of quantum gravity theories is to resolve singu-
larities. In this work, we have discussed the validity of the classical singularity theorems
in the context of the unique effective field theory for quantum gravity at second order in
curvature.

We have considered singularity theorems by making an explicit mapping to the Einstein
frame. The local terms in this theory give rise to an additional scalar and tensor field at
second order in curvature. Moreover, the inclusion of the nonlocal terms at this order only
gives rise to a shift in the mass of these fields.

We have shown that the massive spin-2 ghost field can violate the null energy condition
and thus the strong energy condition as well. This is independent of its unknown mass.
Although this is expected from a ghost field, it shows that the ghost field can be useful for
resolving singularities in quantum gravity. We emphasize that the ghost field in effective
theories for quantum gravity is not problematic, since it results from integrating out the
low energy quantum degrees of freedom. In this framework, it must thus be treated as a
classical field, and not be quantized again [95].

Furthermore, we have shown that the scalar field satisfies the null energy condition, but
may violate the strong energy condition. The latter is a necessary assumption of Hawking’s
original theorem. For the entire mass range that is allowed by experiment the scalar
field poses troubles for a singularity theorem with weakened energy conditions derived
by Fewster and Galloway in [155]. It should be noted that singularity avoidance in our

framework has already been found in [143}/161]. Moreover, other examples of singularity
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resolution in various theories such as higher derivative gravity [170/171], string theory [337]
and polynomial gravity models [6] have been found. The topic has also extensively been
discussed within many ultraviolet complete approaches to quantum gravity.

It is important to notice that the breakdown of the assumptions of Hawking’s and
Penrose’s singularity theorem does not imply the non-existence of singularities. However,
it does imply that singularities can potentially be avoided. If the assumptions for the
singularity theorems hold, the singular solutions of general relativity are the necessary
endpoint of a collapsing star or universe. When considering perturbative corrections in
the effective field theory approach, it is expected that these singular solutions such as the
Kerr black hole remain to be viable solutions. However, it is possible that new solutions
such as the ones discussed in [243,244}330] are present when the higher order curvature
corrections are taken into account. If the singularity theorems are no longer applicable
such non-singular solutions can become the physically relevant solutions.

Finally, we should notice that the results discussed in this paper only hold up to second
order in curvature. Inclusion of higher orders might force us back into a regime where the
singularity theorems hold or might draw us further away from this regime. The effects of
these higher order terms are sub-leading but not negligible, as singularities form in highly
curved regions of space-time. It is interesting, however, that singularities can potentially
already be resolved at second order in curvature without making assumptions about the
correct UV-complete theory of quantum gravity. This fact may help guide the way to

singularity resolution in ultraviolet complete theories of quantum gravity.
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11.A Classical singularity theorems

11.A.1 Hawking’s cosmological singularity theorem

In this appendix we state and proof Hawking’s singularity theorem [191].

Theorem. Let M be a globally hyperbolic n-dimensional space-time with n > 2 and
a Cauchy surface S. Assume that 3C > 0 such that 0, < —C VYax € S, where § =
%g/‘” - Gup 18 the expansion parameter. Furthermore, assume that matter within this space-

time satisfies the strong energy condition
1 v
T = 59T | #4872 0 (11.61)

for every normalized time-like vector t* everywhere in the future of the Cauchy surface S.
Then the space-time M is geodesically incomplete towards the future of S. Moreover, if
0, > C Yz € S and the strong energy condition is satisfied everywhere in the past of S,
then M is geodesically incomplete towards the past of S.
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Proof. Consider an n-dimensional globally hyperbolic space-time M with Cauchy surface
S. Then we can find an open neighborhood S > S and a coordinate system on S such

that the metric is given by
ds* = —dt* + g;j(t, ¥)dz'dz’. (11.62)

In order to proof Hawking’s singularity theorem [191], we can write down the Raychaudhuri

equation [299]:
de 62 y y
E = —771 1 — O-l“jo- B R#l/tﬂ't 5 (1163)

where the expansion ¢ and shear o, are given by

1 v
0= §guv(f)7gw =7 (11.64)
w_ L (o L supo
o, =519 OrGpv — p— léyg Or9op | (11.65)

where we defined

V = 4/det(g) (11.66)

and the time-derivative by V = 8,V . Furthermore, 0 and o, are taken along a time-like
path v parametrized by 7 with normalized tangent vectors t#, and (0) € S.
If we use the Einstein field equation, we can rewrite the Raychaudhuri equation to
do 62 w2 1 s
% = —m — 00 — K T/JJ/ — ig#yT trt”. (1167)

Assuming the strong energy condition

<TW -~ ;ng> e’ > 0, (11.68)

we find " o
TS (11.69)

Hence, p .
%0—1 > — (11.70)

Assume 3C > 0 such that 0,(0) < —C Vz € S, then we can integrate (11.70]) and obtain

1 T 1
— > —_—
6(r) " n—1 C

(11.71)

Hence for 7 € (—oo, %)

o(r) < — (é _ T >_1. (11.72)
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We can rewrite in terms of V' and integrate to find

C n—1
0 < V(r) < V(0) (1 - _71> . (11.73)
Therefore
lim V(r)=0. (11.74)
rnzl

We thus conclude that any geodesic emanating from the Cauchy surface will develop
a focal point for 0 < 7 < "T_l Furthermore, since S is a Cauchy surface and M is
globally hyperbolic, any point y € M is connected to a point = € S through a causal
path of maximal proper time. We thus conclude that no geodesic v(7) can be extended
to 7 > %‘1 Therefore, the space-time is geodesically incomplete towards the future.
This proves the future version of the theorem. The past version immediately follows by

inverting the time direction in the proof. O

We conclude this subsection by mentioning an immediate result of the theorem: if
there exists a Cauchy surface S such that the Hubble parameter H > Hy > 0 on the
entire surface .S, and the strong energy condition is expected to hold anywhere in the past
of this surface, then the space-time is geodesically incomplete towards the past. More
precisely no geodesic can be extended beyond 7 = H ! towards the past. To see this, we

recall that the Hubble constant given by

H:Z:(n—l)“i (11.75)

for the FLRW-metric
ds® = —dt* + a(t)*dz>. (11.76)
11.A.2 Penrose’s black hole singularity theorem

In this appendix we state and prove Penrose’s singularity theorem [291]. Here we closely

follow the proof provided in [359].

Theorem. Let M be a globally hyperbolic n-dimensional space-time with n > 3 and a
non-compact Cauchy surface S. Assume that M contains a compact trapped surfaceﬂ U.

Furthermore, assume that matter within this space-time satisfies the null energy condition
Tyvtv” >0 (11.77)

for every null-like vector v* everywhere in the future of the trapped surface U. Then the

space-time M is null-geodesically incomplete towards the future of U.

Proof. Consider a globally hyperbolic n-dimensional space-time with non-compact Cauchy

surface S, and a compact trapped surface U. Then we can find an open neighborhood

7A codimension 2 spacelike and achronal submanifold such that the null expansion parameter is negative
everywhere on U for each family of orthogonal future going null geodesics.
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U > U and a coordinate system on U such that the metric is given by (cf. [3041359])

ds® = —2edvdu + gAB(da?A + CAdU)(dJ?B + CBdU)y (11.78)

where x4

is an arbitrary but fixed local coordinate system on the (n — 2)-dimensional
surface U. Furthermore, g and ¢ are respectively a scalar and vector function of the

coordinates. In this metric we can evaluate the Ricei tensor and find

1 1
Run = =50 (977 0ugan) — 7 (9" Ougnc) (97" 0ugpa) (11.79)

We can define the area of a bundle of orthogonal null geodesics locally by

A= \/det(gap), (11.80)

which allows us to define the null expansion as

A 1
0 == =_9g"P0.9pa, (11.81)

where the dot represents a derivative with respect to u. Furthermore, we can define the

null shear by

1

of = 3 <9A08u903 -

1
n—2

5§gCDaugDo> . (11.82)
We then find the null Raychaudhuri equation given by

do 62
= — o404 — Ry (11.83)

du~  n—2

Furthermore, we can use the Einstein equation and the fact g, = 0 to write
Ruu = 2T (11.84)

Imposing the null energy condition results in

d 1
—p 1> .
du T n—2

(11.85)

Using that U is a trapped surface 3C > 0 such that 8, < —C Va € U, one can integrate
this equation in a similar way as was done in the proof of theorem One obtains
lin£2 A(u) = 0. (11.86)

u— 5=

Therefore, all future going null like geodesics develop a focal point for an affine distance
O0<u< ”T_Q

Let us now assume that all null-geodesics can be extended beyond this focal point, and
let us pick such a geodesic [ arbitrarily. Then at least a small segment of this geodesic is
prompt, and lies in the lightcone 8J7 (U). Furthermore, the part of [ that lies in J*(U)

is connected, and the part beyond its first focal point cannot be in dJ%(U), since it is not
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prompt. Therefore [NdJ+(U) is a finite non-empty interval, which has to be closed, since
dJT(U) is closed in M.

If we take an arbitrary point p € 8J7(U), then this point can be reached by a null
geodesic originating from U. This point is thus determined by the point ¢ € U, where
the geodesic emanates, the value of the affine parameter u measured along the geodesic
and the direction (i.e. ingoing or outgoing) of the geodesic. Since U is compact and since
the affine parameters measured along the geodesics range over a compact interval, we find
that 0J7(U) is compact.

However, by construction J7(U) is an achronal codimension 1 submanifold of M.
Furthermore, by assumption M is a globally hyperbolic manifold with noncompact Cauchy
hypersurface S, and thus does not allow for an achronal codimension 1 submanifold (see
e.g. [359]). Hence, we arrive at a contradiction and conclude that at least one of the
future going null geodesics orthogonal to U cannot be extended beyond an affine distance
(n —2)/C, which proves the theorem. O

11.B Singularity theorems for weakened energy conditions

In this section, we state a theorem and its proof from [155]. The theorem is similar to
Hakwing’s cosmological singularity theorem, but uses relaxed conditions on the energy

momentum tensor.

Theorem. Let M be a globally hyperbolic n-dimensional space-time (n > 2) with a com-
pact Cauchy surface S. Assume that 3C > 0 such that along every future directed geodesic

v issuing orthogonally from S we have

R e, - s C
lim inf / e R (F)A (7)Y (1) > B(x0) + 2 (11.87)
T—00 0 2

where z9 = v(0) € S, O(xg) is the expansion at xo, and Y(T) is a normalized time-

like tangent vector of y(7). Then M is geodesically incomplete towards the future of S.

Moreover, if

T - C
lim inf/ e o1 R (T)A* ()4 (1)dT > —0(20) + = (11.88)
T—o0 0 2

with v a past directed geodesic, then M is geodesically incomplete towards the past of S.

For the proof we will use the following lemma which is proved in [155].

Lemma 1. Consider the initial value problem

(11.89)
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where q(t) and p(t) are continuous on [0,00) and q(t) > 0Vt € [0,00). If

/ q(t)~'dt = oo, (11.90)
0

T
liminf/ p(t)dt > —xo, (11.91)
T—o0 0

eq. (11.89) has no solution on [0,00). Moreover it implies that lim;_ x(t) — oo for
te € (0,00).

Proof of Theorem [I1.4, We follow the same argument as in the proof of Theorem [I1.4]and
find the Raychaudhuri equation

df 62
d - _n 1 N a“”awl - Rﬁwtutya <11'92)
T _

which can be rewritten to

= 11.
i~ g T (11.93)
with
2(7) = —(0+ C)e T, (11.94)
02 2CT
p(t) = (n 1 + oot + R,M”t”) e n-1, (11.95)
2CT
q(1) = (n—1)e 1. (11.96)

Then ¢(7) satisfies condition (11.90]), while p(7) satisfies condition (11.91)), if

[T » o) —2er
hTHilo%f/o — + oot + Ryt ) e n-tdr > 0(0) + C, (11.97)
which is satisfied, if
T _ser C
lim inf/ e TR, t"t"dr > 0(0) + —. (11.98)
T—00 0 2

By assumption (11.87)), this holds for all geodesics emanating from the Cauchy surface
S. Thus lim; . z(7) — oo for some 7, € (0,00), which immediately implies that
lim; . 0(7) — —oc. Hence
Vy:[0,00) = M with ~(0) €S 3z, €(0,00) s.t. lim V(r)—0. (11.99)
T‘)Tfy
By compactness of S, sup{7y|y : [0,00) = M,~(0) € S} < co. Furthermore, since M is
globally hyperbolic every point y € J(S) can be connected through a geodesic v with

maximal proper time. The past version can be obtained with a similar proof by inverting

the direction of time. O

Let us finally note that one can derive a similar theorem for the black hole case |155].
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Abstract

In this paper we consider a static and regular fluid generating a locally spherically sym-
metric and time-independent space-time and calculate the leading quantum corrections to
the metric to first order in curvature. Starting from a singularity free classical solution of
general relativity, we show that singularities can be introduced in the curvature invariants
by quantum gravitational corrections calculated using an effective field theory approach to
quantum gravity. We identify non-trivial conditions that ensure that curvature invariants

remain singularity free to leading order in the curvature expansion of the effective action.
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12.1 Introduction

Black holes are stationary vacuum solutions of Einstein’s field equations. Despite the
simplicity of these solutions, rotating black holes which are described by the Kerr met-
ric appear to account for the numerous observations of astrophysical black holes with a
remarkable accuracy. Furthermore, it is known that massive stars collapse at the end of
their lifetime and form black holes. The idea that gravitational collapse leads to a black
hole is strengthened by singularity theorems that prove geodesic incompleteness when a
trapped surface is formed [191,[291]. However, the collapse picture may not be fully real-
istic. Solutions like the Kerr metric are in fact vacuum solutions, and delta-like sources
are not well defined in general relativity [168]. The collapse of a star to a Kerr black hole
thus requires the destruction of the matter that made up the star, while some information
like the mass and angular momentum is conserved. Indeed this is the reason why general
relativity is considered to break down at singularities.

It is usually assumed that a theory of quantum gravity will provide a physical mech-
anism to resolve these classical curvature singularities. Although many candidate theo-
ries of quantum gravity have been developed, an ultraviolet complete theory of quantum
gravity is still illusive. There exists however a unique infrared theory of quantum grav-
ity [34H37,/61,/140,351] that is valid up to the scale where the new physics necessary for an
ultraviolet completion kicks in. This scale is known to be far beyond the reach of current
experiments and is assumed to be at the Planck scale unless there is a very large number
of fields in the model.

An important prediction of the effective field theory of quantum gravity is the lead-
ing quantum correction to the Newtonian potential [93,/139,:330]. This correction can
equivalently be described by the introduction of two classical fields. Recently it has been
shown that these fields can lead to the violation of assumptions of the singularity the-
orems and that singularities can therefore be avoided before Planck scale energies are
reached [237,239]. Moreover the possibility of the singularity avoidance in a gravitational
collapse [161] and a hypothetical big crunch [143] was shown earlier in the same framework.

It is thus possible that a space-time that is classically singular becomes regular, when
perturbative quantum gravitational effects are taken into account. In the specific cases
studied in Refs. [143,161], singularities avoidance happens at energy densities that do not
exceed the Planck scale and can thus be described by the effective action approach to
quantum gravity.

In this paper we investigate the opposite scenario in which curvature singularities
can be introduced on regular space-times when the quantum gravitational corrections are
taken into account. Since we are working in an effective field theory framework, this
question should be rephrased as: can quantum corrections to the curvature invariants
reach the Planck scale, if the classical curvature is well behaved, i.e. singularity free? It
is not possible within the effective field theory approach to draw strong conclusions about
the fate of such new singularities, as the logic of any perturbative approach dictates to
dismiss the results in regimes where the perturbation theory is no longer under control.

Nevertheless this is an intriguing question, as non-perturbative quantum gravity is not
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yet well-understood. Moreover, from an effective field theory perspective singularities
arising at any order in perturbation theory should be treated at the same level as the
classical singularities. Indeed in the effective field theory framework general relativity is
the zeroth order approximation of a theory of quantum gravity, and any higher order
theory is considered to be an improvement over this low energy approximation.

In this work we derive non-trivial conditions for which classical regular space-times
remain regular in a first order effective field theory approach. Furthermore, we provide
an explicit example of a space-time that is classically regular but contains a singularity at
first order.

This paper is organized as follows: in the next section we introduce the general form
for the metric considered in this paper; in section [12.3| we discuss some properties of
this metric, related to the pressure and density of its matter source. These properties
can be used to put further constraints on the metric; section discusses the leading
quantum corrections to this metric and derives conditions for which a classical regular
metric remains regular, if the leading quantum corrections are taken into account; in
section we conclude and appendix 12.A discusses the Bardeen metric as an explicit

example.

12.2 A general metric

We consider a Lorentzian (3 + 1)-dimensional space-time containing a regular fluid. We
choose the origin of our local coordinate system at a local maximum in the density of the
fluid and assume the space-time to be locally spherically symmetric and time-independent

around the origin. The line element can then be written as [[]
dr?

ds? = —f(r)dt®* + —

") 9(r)

in which we employ the usual areal radial coordinate r. Consistently with the regular

+ 7% (d6? + sin 6% d¢?) , (12.1)

matter source, we assume the space-time to be smooth and regular everywhere, which we
define in this paper by |R|, |Ru R*|, |Ruupe RFMP7| < 0. E| If we impose these conditions,

we can expand f and g around r = 0 in the following way:

F) =14 amr™ + foolr), (12.2)
n=0

g(r) =14 by ™™ + goo(r), (12.3)
n=1

!Since we assume only local spherical symmetry and time-independence, this line element needs only
be valid in a small region around r = 0.

20f course, R, - is the Riemann tensor, R,, the Ricci tensor and R the Ricci scalar. The above
conditions immediately imply for the Weyl tensor |Cuype CH*P7| < 0.
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where the Lorentzian signature requires ag > —1. Furthermore, the non-analytic parts fu

and go, have the property

tim 220 g 9 oy e (12.4)
r—0 7" r—0 7"
and
Fe>0 st foolr) = foo(—7) and  goo(r) = goo(—7), Vr € |[0,¢€). (12.5)

Since we only want to perform a local analysis, we can truncate the series so that

fmy=14as+apr™+0O (rm+2) , (12.6)
g(r)=1+b,r"+ 0O (r"+2) , (12.7)

where m,n > 2, a9 > —1, am,b, # 0. Furthermore, we say that m = oo, n = oo, if
f(r) =1+ a0+ fos(r), g(r) = 1 4 goo(r) respectively.
12.3 Energy conditions

For the line element introduced in the previous section, the regular energy density, radial
and transversal pressure generating the space-time metric (12.1)) with f and g given in
Egs. (12.2) and (12.3)), respectively, can be calculated from the Einstein tensor and read

1
= “gagy (D06 12.
p 87TGN (n+ )T +O(T )7 ( 8)
! tm —2 -2 1 ,n—1
B T b meh e, 12.
p 87 G <1+a0m7" + b, r >—|—(’)(7‘ , ) (12.9)
1 am m?> 5 N o 1
pl_SWGN <1+a027’ +bn§r >+O(r ). (12.10)

A positive energy density thus requires b, < 0. Moreover, a non-zero energy density and
pressure at r = 0 requires n = 2. Furthermore, |p;| > |pH\, and a necessary but not

sufficient requirement for equality (hence isotropy) is that one of the following is true:
e (m=2Vm=o00) A (n=2Vn=o00),
em=nA apym+b,(1+ay)=0.

We can write,

p A M
S 1
Pl n+1< +bn(1—|—a0
= wp. (12.12)

) rm—”) + O™t el (12.11)
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Depending on the parameter of the model one can find various values for w. It follows

that a de Sitter core with w = —1 requires

Qm
m=n A —2 =1, 12.13
bn (1 —|—a0) ( )

a non-relativistic matter (dust) core with w = 0 requires

A, 1
m=n N ————=——, 12.14
and an ultra-relativistic (radiation) core with w = % requires
am, n+4
=n A = — . 12.15
men by, (14 ap) 3n ( )

Finally an asymptotically Minkowski core with p = 0 and |w| < co requires m > n > 2.

12.4 Quantum corrections to the metric

We shall here use the same approach as discussed in Refs. [77,(97], for which we review

the main steps. E| The effective action is given by
I'=Tv[g] — Inplg] + Sm + O(Gx) (12.16)

with Sy the matter action and
4 R ~ 2 ~ uv
Tolgl = [ d*z /g |——=— +&(n) R* + é(p) Ry R™| (12.17)
16 m Gn
4 ~ U > O y
Inulgl = [ d°z\/g |@RIn 2 R+ [ Run B R (12.18)

where ¢;(p) are renormalization scale dependent coefficients that follow from matching
with an ultraviolet complete theory and experiment. Furthermore, & = o — 1, B=p+ 4
with the values of a, 3, v given in Table [I2.1] The equation of motion for the metric can
then be solved perturbatively in 6123 = hGN (and we will set i = 1 when no ambiguity can

arise). The zeroth order equation is the Einstein equation
Guw =81GNT, (12.19)
and the first order equation is given by

L L NL\ __
G, +167Gx (Hy, — Hy,') =0, (12.20)

¥Note that the signature conventions in this work differ from those in [77,/97].
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a B g

Scalar | 5(66 —1)? | —2 2

Fermion -5 8 7
Vector —50 176 | —26
Graviton 250 —244 | 424

Table 12.1: Non-local Wilson coefficients for different fields. All numbers should be di-
vided by 1152072. Furthermore, ¢ denotes the value of the non-minimal coupling for a
scalar theory. The values for the scalar, fermion and vector field have been calculated in
Refs. [48]/132]. The values for the graviton can be gauge dependent due to the graviton
self-interaction diagrams [219]. However, it is possible to define a unique effective ac-
tion with gauge independent coefficients leading to the gauge independent results quoted
here [34,35,341].

where

1
G/L;l/ = _5 ( ggu - gm,ng + V,uvugq + QROL’Byggﬂ
—V,.VPgl, — V, VP ¢ ngavﬁggﬁ) , (12.21)
1
HY =25 <R Ry, — Zg,WR? + guwOR — V,NVR>

N 1
+ & <2R°‘MRW -3 9uvRapR* +OR,,

1
5 guwOR — VoV, R, vwm";) , (12.22)
NL _ o= 1 a
H/»“’ = 2a R,uy - ZguyR + guy‘:] — VMVV In —? R

2 « « 1 a «
+p ((3# Ryﬁ + 61/ Ruﬁ - 59’“’}2 8 + 5ugyﬁD

O
+ 9w V*NVg —06,;VV, — 53V5Vu> In <_M2> Rﬂa. (12.23)
Equation (12.20) can now be solved for the leading quantum corrections to the metric

such that
Guv = G + RGN 69;W7 (12.24)

where g, is the quantum corrected metric, g, is the solution of Eq. (12.19) and dg,, =

q
Guv-
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12.4.1 Local corrections

The leading local quantum corrections are found to be

g5y = — 327 GN [é1amm (m + 1) ™2 + (261 + &) by, (1 + ag) (n + 1) 7"

+O (rm e, (12.25)
b9k = — 167 G | (281 +62) 5 Dm i (m? — m — 2) P2
ap
+ (461 + &) by (N —n—2)r" 2| + O (r™ ") (12.26)

Hence, the leading local corrections are of the order ™2 and " 2. Form<3orn<3
these corrections would make the space-time singular at r = 0. Interestingly for the special
cases m,n = 2 we find an exact cancellation keeping the space-time regular. Moreover,
due to the assumptions of local spherical symmetry, regularity and smoothness of the
classical space-time, we imposed the conditions m,n > 2 and m,n even from the onset.
Therefore the local corrections do not pose any threats to the regularity and smoothness

of the space-time at this order.

12.4.2 Non-local corrections

Corrections due to the non-local terms in Eq. (12.23) are more difficult to calculate, if
the line element is only known locally, since the In[J is an infinite derivative operator.
However, for a smooth time-independent and spherically symmetric function f, one can

derive an expansion in a flat background given by E|E|

D oo
In (M2> f(z) = Z cop 12K (12.27)

k=0
with ~
_ oy f(r)
co = —2111% [ve — 1+ 1In(pe)] £(0) + ; dr s . (12.28)
€E— €
Therefore, we find
O 2 4
In — 2 R=dy+dor*+0(r"), (12.29)
O
I <_M) Rl = 2o+ 221% + O ()| (12.30)
O
In (—/ﬂ) R =yo+1yar®+0O (7“4) , (12.31)
O
In <_u2> RYy =2+ 2’ +0 (). (12.32)

4Since we assume a regular geometry, In[J can be expanded as a power series in Gx. The leading term
in such an expansion is determined by the flat space kernel of In[J. Corrections due to curvature are
subleading.

5Calculation of such expressions has a long history in both the mathematics and physics literature.
For the calculation of this particular expression we follow the same steps as presented in appendix A of
Ref. |77]. Similar calculations have been performed in e.g. Refs. [119}|143].
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These expressions lead to the corrections

dgn~ = =167 Gx (1 + ap) [2 dy — B (w2 — yo — 2 zg)} r24+0 (), (12.33)

SNl = 327G {5 (Yo — 20) + {Qddz + B (zo 4219 — 22)} 7“2} +0 (1"4) . (12.34)
Hence, if singularities are to be avoided, it is necessary to impose
Yo = 20 (12.35)

Interestingly, this condition can be translated into the following condition for the pressure

anisotropy: |E| -
lim In (u2> (pL—py) =0. (12.36)

r—0

If the time-independence and spherical symmetry holds globally, this is equivalent to

/OO o 2O =) (12.37)
0

r

Moreover, if p) is differentiable, conservation of the energy momentum tensor, V#T,,, = 0,

implies that the above condition is equivalent to ]

py(0) = /Oo dr ) [p(r) +py(r)] . (12.38)
0o 2f() :

These identities are clearly satisfied for isotropic fluids, but cause trouble for many anisotropic
fluids. For instance, it can easily be verified that the condition is not satisfied for the
Bardeen [28] (see Appendix 12.A), Hayward [194] and Frolov [160] metrics, but it is sat-
isfied for the Simpson-Visser metric [316] and for a constant density star (cf. Ref. [77] for

the explicit calculation.).

12.5 Discussion

We have shown that perturbative quantum gravity can introduce singularities to geome-
tries that are classically regular. Furthermore, for a locally spherically symmetric and
time-independent space-time, we have found a condition, given in Eq. , on the
pressure anisotropy for which this scenario occurs. Matter distributions that violate the
condition contain a singularity at this order in perturbation theory.

It should be stressed that the employed methods break down at and close to the emerg-
ing singularity, as the truncation of the effective field theory becomes invalid. Therefore
it cannot be concluded that the singularity is physical. In fact it is not unlikely that the
newly found singularity is a spurious effect, and that it disappears, when the full expansion
of the effective action is taken into account and/or when the non-local terms are evaluated

using the complete curvature expansion. Nevertheless such an effect is interesting, as it

5Notice that only smoothness, along with local time-independence and spherical symmetry are required.
"We assume p|(c0) = 0.
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points out that for certain geometries naive application of perturbation theory fails when
calculating the quantum corrections at first order, even when the classical energy density
is close to the vacuum. On the other hand, one cannot exclude the possibility that the
singularity will persist, when the effective action is considered up to infinite order.

It would be interesting to investigate the higher order corrections within this frame-
work. As the higher order corrections will come with different power of the Planck length,
it is not expected that the terms at 2-loop or at any finite order will cancel the new
singularities. |§| However, such a higher order analysis could generate new singular terms
and thus provide new constraints such as the one in Eq. , for which classical mat-
ter distributions are safe in the sense that quantum corrections do not generate secular
terms. Moreover, a higher order analysis could provide indication whether resummation
effects can occur, which would indicate that the singularities are spurious, as they would
be resolved at infinite order in perturbation theory.

We will leave such an higher order analysis for future research. Let us note however
that higher order terms in the effective action are potentially more dangerous than the
first order terms analyzed in this paper. Indeed, from dimensional analysis, one expects
that local terms in the effective action at order 612)’“ generate corrections to the metric
at order min{r™~2# yn=2k1  This was indeed found in Egs. and (12.26). For
2k > min{m — 2,n — 2}, this generates terms that make the metric singular. For k =1
we found that these dangerous terms are not present, as their coefficients vanish. It is
expected that the dangerous terms also vanish for k£ > 1. If such a cancellation mechanism
were not present, this would pose new challenges for the use of perturbative methods in
quantum gravity. Note that a priori there is no reason to expect that non-perturbative
quantum gravity should be invoked, as the classical densities and pressures we consider
here are well below the Planck scale. For the same reason, we do not expect that the
singularity we found can be removed by any matter rearrangements which keep density
and pressure in the sub-Planckian range.

Furthermore, following the same reasoning, we find that, if 2 < m, n < 0o, the quantum
corrections will always generate corrections with smaller powers of r. In particular, the
non-local terms are expected to generate corrections at order r2. Therefore, a byproduct
of our analysis is that a regular and smooth quantum space-time, that is locally spherically
symmetric and time-independent should always have the form of Eq. with f and ¢
given by Egs. and , with the extra assumption that all coefficients as, and
bo, are non-zero unless some kind of fine-tuning occurs. In addition, ag > —1, and using
the analysis in section one can impose by < 0, and |az| < (1 + ag)|bz|.

Finally, one could try to generalize these results to space-times that do not have local
spherical symmetry or are time-dependent, as it could lead to similar conditions on the

expansion of the metric components. We will leave this for a future paper.

8We might mention in passing the famous result by Goroff and Sagnotti that 2-loop corrections diverge
for pure gravity [179).
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12.A The Bardeen metric

Let us consider the Bardeen metric [28] as an example of regular space-time where one
encounters singularities of the type discussed in this work. The Bardeen space-time has no
central singularity but a de Sitter core (see Eq. (12.13))), and can be motivated by coupling

Einstein gravity to a non-linear electrodynamic field [22]. The Bardeen line element is of

the form in Eq. (12.1)) with

2 GN M T2
flr)y=g(r)=1- I (12.39)
where [ > 0 is some length scale. For sufficiently small values of [, this space-time contains
a horizon and, in fact, it reduces to the Schwarzschild geometry in the limit [ — 0 and to
the Minkowski space-time in the limit [ — oo.
Using the procedure outlined in section[12.4] one can calculate the metric corrections.

Up to O(G%;) the local corrections are given by

1927 hG% M I
(r2 +12)7/?
480w hGE MI2r?

" (r2 4 12)%/2

[é1(p) (r* —41%) — &2(p) (r2 + lz)} , (12.40)

Sgy = —

(261 (1) (r? = 61%) + éa(p) (27* —51%)], (12.41)

and the non-local corrections are given by

12 h 2M 2 2 l2
gyt = T RON M G 620 - 310t - 302 (12— 422) o 2+ F)
(r2 +12)77 z
~ 2 2 l2
+B |t =612 — 71t 4+ 312 (r2+l2) (’yEqun ,u(7"l—|—) )]},
(12.42)
64 hG} M 9 (12 + 12
S = — TN Lo a0 (304 4 820202 — 27310 — 1502 (12 — 61) | i + In 20(t 4 F)
(r2 +12)% l

2u (7“2 +l2)

+312 l

IS

(12.43)

12574 — 22492 + 314 — 1502 (202 = 51?) <7E+ln

)
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where g is Euler constant. Using these expressions, one can calculate the quantum cor-
rected Ricci scalar, which we split into the classical Ricci scalar and a quantum correction
as

R =R+ R} + Ry, (12.44)

The classical part R® is finite everywhere, while the quantum correction contains both a

finite contribution R{ and a contribution

. :_384thG2NMl8
diV T2 (’)"2 + l2)11/2

(12.45)

which diverges for » — 0. This divergence cannot be canceled within perturbation theory,
since corrections only appear at O(G3N). Resolution of this singularity can thus only be
achieved in a non-perturbative way. Notice, however, that this singularity is integrable in
the sense that radial geodesics can be extended through the singularity. Furthermore, the
expansion in Gy consists of both a classical expansion in Gy M/l and a quantum expansion
in hGn/I?. To keep the classical expansion under control we will thus assume [ > GnM.
For this choice the space-time does not contain a horizon, implying that the singularity is
naked.
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Quantum Gravitational

Corrections to the Entropy of a
Schwarzschild Black Hole

Xavier Calmet and Folkert Kuipers

Department of Physics and Astronomy, University of Sussex, Brighton, BN1 9QH,
United Kingdom

Abstract

We calculate quantum gravitational corrections to the entropy of black holes using the
Wald entropy formula within an effective field theory approach to quantum gravity. The
corrections to the entropy are calculated to second order in curvature and we calculate
a subset of those at third order. We show that, at third order in curvature, interesting
issues appear that had not been considered previously in the literature. The fact that
the Schwarzschild metric receives corrections at this order in the curvature expansion has
important implications for the entropy calculation. Indeed, the horizon radius and the
temperature receive corrections. These corrections need to be carefully considered when

calculating the Wald entropy.

This chapter has been published in Physical Review D 104, no. 06, p. 6012 (2021).
A preprint of the chapter can be found at arXiv:2108.06824 [hep-th].
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Black holes are fascinating objects for many different reasons. Hawking’s groundbreak-
ing intuition that black holes are not black but have a radiation spectrum that is very
similar to that of a black body makes black holes an ideal laboratory to investigate the
interplay between quantum mechanics, gravity and thermodynamics. This has led to the
notion of Bekenstein-Hawking entropy or black hole entropy which has attracted much
attention over the last almost 50 years. The calculation of quantum corrections to this
entropy has been the subject of many publications, see e.g. [319}345] for reviews.

In this work we revisit the calculation of the entropy of a Schwarzschild black hole
in quantum gravity and identify new important subtleties that have been overlooked in
previous calculations. To be very specific, we use effective field theoretical methods to
calculate quantum gravitational corrections to the entropy of this black hole using the
Wald entropy formula [343]. We highlight new intriguing relations between the quantum
corrections to the entropy, the Euler characteristic and quantum corrections to the metric
of the Schwarzschild black hole. Previous calculations within the effective theory approach
to quantum gravity [163}/255,256] have used the Euclidean path integral formulation of
the entropy. We present a systematic approach that can easily be extended to any order
in perturbation theory or to any black hole metric.

The Wald approach to the calculation of a black hole entropy is very elegant and does
not involve the Wick rotation to Euclidean time which is known to be tricky in quantum

gravity. The Wald entropy formula reads [343]

oL

SWald = —27T/d2 €u€po

, 13.1
8Ru,,pg r=rg ( )

where d¥ = 72 sin0dfd¢, L is the Lagrangian of the model, R**#° is the Riemann tensor
and 7y is the horizon radius. Furthermore, €,,e#” = -2, €, = —¢,,. The integral is over
the perimeter of the horizon of the black hole and we thus need to determine the location
of the horizon with radius rz. This is our first observation: to calculate the entropy of
the black hole, we do not only need the Lagrangian of the gravitational action, but we
also need to verify whether the metric receives quantum corrections as these could impact
the position of the horizon. This important point had simply been overlooked in previous
calculations for Schwarzschild black holes.

As explained before, we are using the effective action to quantum gravity [|34H37,61,

140L|351]. At second order in curvature, one has

R
SEFT = / \/md4$ (167TGN +c (N)R2 + c2 (M)R/WRI”W + CS(IL‘)RHW)UR“WM + Em) )

(13.2)
for the local part of the action and the nonlocal part is given by

F](\?Ii = — / \/Ed‘k{j |:04R1H <M2> R—|— BR/.U/ In (/ﬁ) RMV + ’YRMVOLﬁ In <l112) Rumxﬁ:| ’

(13.3)
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where [ := g""V,V,.
It is straightforward to show [70,/97] that there are no corrections up to second order

in curvature to the Schwarzschild metric using the non-local Gauss-Bonnet identity [70]

/\/@d%Rwaﬁ <03(u) —vln (;)) RWeB = +4/ Vlgld*zR,, (03(u) — ~y1ln (;)) RM
- / Vgld*zR <03(u) —~1n <MD2>> R

+O(R?) + boundary terms. (13.4)
This identity can be proven using [1441226]
O © et — eisﬂ%
log — = / ds———— (13.5)
K 0 S

and [37]

ORPw = VHV*RY — V'VORM — VHVP R 4 4V VP R
—4R" I RPVIN o Rlk RePN g | v, (13.6)

which follows from the Bianchi identity. One obtains [20,133}226,334]
R ORYPH = AR5, VO VIR + O(R?). (13.7)

It is straightforward to generalize this result to higher power of the Laplacian. Inserting
this relation into the Lagrangian and using partial integrations and the contracted Bianchi
identity, we obtain the non-local Gauss-Bonnet identity. As the Riemann tensor can be
eliminated from the dynamical part of the action at second order in curvature, we find
that there are no corrections to the field equations at this order for vacuum solutions of
general relativity [70].

As there are no corrections to the metric, the horizon radius is unchanged and we can
calculate the Wald entropy at second order in a straightforward manner using and

(331

@) = 42*N +64m2c3(p) + 6477y (log (AGYM?p?) —242v5)  (13.8)
where A = 167(GxyM)? is the area of the black hole. A similar answer was obtained using
the Euclidean path integral formulation. Note that the entropy is renormalization group
invariant and finite. As there are no corrections to the metric, the temperature remains
unchanged and the classical relation T'dS = dM receives a quantum correction. Indeed
we find TdS = (1 + v167/(GnM?))dM.

A possible interpretation of this result is that the nonlocal quantum effects generate a

!Note that we need to use this basis for the calculation of the entropy, as we have not calculated the
boundary term generated by Gauss-Bonnet identity explicitly.
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pressure for the black hole. The first law of thermodynamics is then given by

167

14 167
TGN M2

TdSPdV:< >dM:dM+7
where P is the pressure of the black hole. Its volume is given by V' =4/ 3777"%, where rg =
2G M is the horizon radius. We can then identify TdS = dM and y167/(GyM?)dM =

—PdV with dV = 327TG:1)’\,M2dM. We thus obtain

1

Pe ey
ToGI MY

(13.10)
which can be negative as -y is positive for spin 0, 1/2 and 2 fields or positive as + is negative
for spin 1 fields. Indeed, one finds 7o = 2/(115207%) [132], 71,5 = 7/(115207%) [132],
1 = —26/(115207%) [132] and o = 424/(1152072) [34]. We note that Dolan had discussed
the possibility that black holes would have a pressure [138] in the context of gravitational
models with a cosmological constant. It is remarkable that quantum gravity leads to a
pressure for Schwarzschild black holes. Note that this is the main difference with previous
results [163}[255256] who did not study quantum corrections to the metric. Because there
is no dynamical correction to the metric at this order in curvature, the interpretation of
the correction to the entropy as a pressure term is forced upon us.

At third order in curvature, we need to add the following operators to the effective

action
£B) = ¢sGNR"™,,R°% RV, | (13.11)

where cg is dimensionless. As pointed out by Goroff and Sagnotti [180], there is only one
invariant involving only Riemann tensors in vacuum, as Rargng‘XEZRBE‘SC can be rewritten
“%7R57W, and terms involving the Ricci scalar or Ricci tensors which
both vanish in vacuum. There is a corresponding non-local operator R, log DRO‘%WRMW.

in terms of R"",,

While the Wilson coefficient is known in a specific gauge [180], it is not known for the
unique effective action and we will thus neglect this term.

The dimension six local operator leads to a correction to the metric. We find

1
ds® = —f(r)dt* + ——dr® + r*dQ? (13.12)
g(r)
with
dQ* = df* + sin(h)%de?, (13.13)
2GNM G M3
fr) = 1= =2 4 640mceq % ; (13.14)
2GNM Gy M? GNM
g(r) = 1— =+ 128mes g <27—49 al ) (13.15)
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The corrections to the metric implies a shift of the horizon radius

oT
ry =2GNM (1 - C6> . (13.16)
G% M*
Clearly for astrophysical black holes the correction to the classical Schwarzschild radius
goes to zero very quickly but it can be an order one correction for quantum black holes
with masses of the order of the Planck scale.

The €, tensors also need to be redefined. We have

f(r)/g(r) it (u,v)=(t,7),
ew = =/ f(r)/g(r) it (uv)=(r1), (13.17)
0 otherwise.
One can easily verify that €,, " = =2, €., = —€,,, and €, = 0, if p, v # ¢, 7.

At third order in curvature, we thus obtain the following correction to the entropy:

G
SI(/I?;)aZd = St(/lzf)ald+1287rgc6 -

) 13.18
Atot ( )

where we neglect third order non-local terms which would compensate for the scale depen-
dence of cg ﬂ Note that while the dimension six operator has been considered before [320)],
our result differs from that paper as the metric corrections were not taken into account in
that work.

With corrections to the metric that deviate from the Schwarzschild solution, one may

wonder whether the Euler characteristic given by

1 1/T o s 27
X= 353 / dtp / dr / do / dp/|g] (R* — AR, R + Ry pe R™P7)  (13.19)
327[' 0 ry 0 0

remains 2 for black holes. It is however easy to see that this is the case, because there is

also a correction to the temperature which is given by

- NVS're)gre) 1 1
P GG A (1] e

With this in mind, it is easy to verify that y = 2 is fulfilled, which is required for our results
to be consistent. One can also easily verify that the thermodynamic law T'dS = dM holds
at order of O(cg) with the modified temperature and entropy. The non-local correction to
the action at third order in curvature would lead to a contribution to the pressure which
is much smaller than the seconder order correction obtained in eq. . A back of the

2We can estimate the magnitude of the non-local correction of the entropy (albeit in the de Donder
gauge, the actual calculation in the unique effective action would be much more involved) using the result
in [180] for the two-loop divergences of Einstein gravity I'oc = %% [ d*z\/—gR"",, “%VR‘S"’W. This
divergent term fixes the renormalization group equation for c¢ and thus the Wilson coefficient of the term
R", log DRO‘%WRMW. For the entropy to be renormalization group invariant at third order in curvature,
the non-local correction to the entropy must go as %GN/Atot log(4G3 M?1?). These corrections

are thus very small in comparison to those obtained in eq. (13.8).
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envelop calculation shows that, as expected, the third order curvature nonlocal correction
to the pressure is suppressed by a factor (G M?)~! in comparison to the leading second
order term that we have calculated.

Our work has interesting implications for quantum black holes. The temperature of
black holes can be seen as an indicator of how quantum a black hole is. A black hole with
a mass of the order of ten times the reduced Planck mass Mp would still be a very good

approximation and have a temperature close to its classical value

Tou = 1

87TGNMP QBH

. M3
1+ 1287r5c6M P ] . (13.21)

Assuming that cg is of order unity, we see that the classical temperature receives an
order one correction from the third order curvature term in the action for Moy = Mp,
but these corrections are very tiny for quantum black holes with masses of the order of
Mgpu ~ 10Mp. This justifies the geometrical cross-section adopted for quantum black
holes in the framework of low scale quantum gravity at colliders [83,|174}203,254]. The
semi-classical approximation appears to be an excellent one. Describing quantum black
holes with the classical Schwarzschild metric is clearly a good approximation as well as
long as their masses are larger than O(10Mp).

In this work we have calculated quantum gravitational corrections to the entropy of
black holes using the Wald entropy formula within an effective theory approach to quan-
tum gravity at third order in curvature. We first have revisited the calculation of the
entropy of black holes at second order in curvature and have found that the quantum
gravitational correction to the entropy can be interpreted as a pressure term in the first
law of thermodynamics for black holes. This pressure can be positive or negative depend-
ing on the field content of the theory. Furthermore, we have shown that at third order
in curvature, there are interesting issues that had not been considered previously in the
literature. The fact that the Schwarzschild metric receives corrections at this order in
the curvature expansion has important implications for the entropy calculation. Indeed,
the horizon radius and the temperature receive corrections. These corrections need to be
carefully considered when calculating the Wald entropy, knowing the corrections to the
Lagrangian is not enough. The reason why previous entropy calculations at second order
in curvature match our results is that there are no correction to the Schwarzschild metric
at that order. We can actually justify this result with our approach. Finally, our results
have interesting consequences for the lightest black holes of Planckian masses [68},75] which

are much more classical than naively expected.

Acknowledgments: We would like to thank Yong Xiao for very useful discussions.
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Abstract

We explore the relationship between the quantum state of a compact matter source and
of its asymptotic graviton field. For a matter source in an energy eigenstate, the graviton
state is determined at leading order by the energy eigenvalue. Insofar as there are no
accidental energy degeneracies there is a one to one map between graviton states on the
boundary of spacetime and the matter source states. A typical semiclassical matter source
results in an entangled asymptotic graviton state. We exhibit a purely quantum gravi-
tational effect which causes the subleading asymptotic behavior of the graviton state to
depend on the internal structure of the source. These observations establish the existence

of ubiquitous quantum hair due to gravitational effects.

This chapter has been published in Physical Review Letters 128, no. 11, p. 1301 (2022).
A preprint of this chapter can be found at arXiv:2110.09386 [hep-th].
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14.1 Introduction

Classical no-hair theorems limit the information that can be obtained about the internal
state of a black hole by outside observers [262]. External features (“hair”) of black hole
solutions in general relativity are determined by specific conserved quantities such as mass,
angular momentum, and charge. In this letter we investigate how the situation changes
when both the matter source (black hole interior state) and the gravitational field itself
are quantized.

We begin by showing that the graviton state associated with an energy eigenstate
source is determined, at leading order, by the energy eigenvalue of the source. These
graviton states can be expressed as coherent states of non-propagating graviton modes,
with explicit dependence on the source energy eigenvalue. Semiclassical matter sources
(e.g., a star or black hole) are superpositions of energy eigenstates with support in some
band of energies, and produce graviton states that are superpositions of the coherent
states. Next, we consider quantum gravitational corrections which lead to r—3 and =
corrections to the r~! Newtonian potential. We show that the »~° corrections are sensitive
to the internal structure of the matter source. That is, two matter sources with the same
semiclassical mass M can produce different »~® terms in the metric. These observations
imply that information about the interior state of a black hole exists outside the classical
horizon. This could, in principle, affect the Hawking radiation states produced as the
hole evaporates. We discuss implications for black hole information and holography in the

conclusions.

14.2 Asymptotic quantum states of the graviton field

General relativity relates the spacetime metric to the energy-momentum distribution of
matter, but only applies when both the metric (equivalently, the gravitational field) and
matter sources are semiclassical. A theory of quantum gravity is necessary to relate the
quantum state of the gravitational field to the quantum state of the matter source.

A semiclassical matter configuration S is a superposition of energy eigenstates with

support concentrated in some narrow band of energies
¥s =Y cnthn, (14.1)
n

where 1, are energy eigenstates with eigenvalues F,,. S produces a gravitational field
(metric) governed by the Einstein equations G, = 87 GN T}, where the energy mo-
mentum tensor is itself semiclassical. Here we assume that S is compact — localized in
some spatial region of an otherwise empty universe — and consider the gravitational field
asymptotically far away.

What can be said about the quantum state of the graviton field given the exact quan-
tum state of the matter source? This question extends beyond the realm of classical
general relativity, but we show below that the properties of semiclassical gravity constrain

the result in an interesting way.



188

We find that the quantum state of the asymptotic gravitational field of a matter source
which is an energy eigenstate is controlled by the energy eigenvalue E,,. In particular,
energy eigenstate sources with different eigenvalues produce distinct graviton states. This
immediately implies that the asymptotic graviton field of a typical semiclassical matter

source is a superposition state of the form
%(S) = Z ang(En)7 (14'2)
n

where ¢4(E) # 14(E") when E # E'.

It is typically assumed in many body physics that there are no accidental degeneracies
— i.e., that the eigenvalues E, of a complex matter system are distinct (barring exact
symmetries of the Hamiltonian; note even these may be violated by quantum gravity
effects), although energy level splittings might be exponentially small in the size of the
system. If this is the case, then the above results imply that the state of the matter system
can, in principle, be reconstructed from the asymptotic graviton state. The quantum
information encoded in the matter system is also stored, via entanglement, in the spacetime
metric at infinity.

To obtain the desired result we use the following gedanken construction. In brief, we
want to show that the matter source energy eigenstate 1, produces a different asymptotic
graviton state than another state 1, of the system with E,, # E,. The problem is that
the energy splitting E,, — E, could be exponentially small in the size of S and as far
as the classical Einstein equations are concerned the corresponding sources T' and 1" are
effectively identical.

However, we can imagine configurations made of N identical copies of the original
system S, which we take to be an energy eigenstate (1)s = 1), and the same number
N of identical copies of the system S’ with the source in the eigenstate ¢g/ = 1),,. For
sufficiently large N the difference in source terms T and 7" becomes macroscopic, and the
difference between the corresponding metrics is governed by the classical Einstein equa-
tions. The asymptotic behaviors of these metrics are equivalent to the additive Newtonian
gravitational potentials resulting from each of the N copies of S and S’, respectively. Hence
the asymptotic graviton state 14(IN E,,) of the system S cannot be identical to ¢4 (N E,)
of the system S’, otherwise the resulting sums would also be identicalE

This analysis does not determine the graviton states 14(E), but does establish that
different energies E correspond to different (albeit possibly very similar) states 1.

We can obtain the same result via quantum field theory using the property that the
spin-2 graviton h,, couples to the operator 7},,. The gravitational potential is generated

by graviton exchange between the source “particle” S and a test mass. At long wave-

1Some details of the gedanken construction: 1. Place the N copies of the system S at distances r apart,
where r is much larger than the size of S. We can stabilize the copies against their mutual gravitational
attraction by assuming a repulsive force mediated by a boson with mass ~ 1/r. This finite range interaction
is negligible at asymptotically large distances. 2. Consider the graviton field at distances R much larger
than N'/3r (i.e., far from all of the matter sources). 3. Take the limits R, N, — oo such that the leading
contribution to the Newtonian potential at large R is given by the total energy £ = N E,,, up to corrections
that can be made as small as desired.
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lengths, we can treat the composite state S as a single particle, analogous to a nucleon
which is composite and has its own complex substructure. The Feynman amplitude for
graviton emission from an incoming source particle S has a vertex factor which is simply
its energy eigenvalue F. States S with different energies FE have different graviton emission
amplitudes, and hence produce different asymptotic states of the h,, field.

The graviton quantum state ¢4 (E) is exactly analogous to the quantum state of the
U(1) vector field (Coulomb potential) created by a charge @ [29,/109,[266]. This can be

constructed explicitly as a coherent state

Do =exp Q[ @ a(tpi] Do-o, (14.3)

where b(k) is a linear combination of annihilation operators of the non-propagating (tem-
poral and longitudinal, depending on choice of gauge) modes of the photon. The factor
of @ in the exponent shows how the photon state depends on the source charge. In the
gravitational case () is replaced by the energy eigenvalue of the source state and the co-
herent state modes are temporal and longitudinal graviton modes. In both gauge theory
and gravity the manner in which the charge or energy control the asymptotic quantum
state is determined by the Gauss law via constrained quantization. The direct connection
between the gravitational field (Schwarzschild metric) and the Coulomb potential can also
be seen as a consequence of the double copy relationship [264]. For our purposes the
most important point is that ¢4(E) depends explicitly on E and for each distinct energy
eigenstate of the compact source there is a different graviton quantum state.

The evaporation of a black hole takes place over a timescale ~ M?3 so its evolution from
a matter configuration to outgoing radiation is confined to a finite region of spacetime.
Hence the asymptotic gravitational field at 7 > M3 remains unchanged, in the form ,
throughout the entire process. However, near the horizon the gravitational quantum state
presumably reflects the changing internal state of the hole. The internal state is itself
dependent on the previously emitted Hawking radiation — e.g., due to conservation of
energy, angular momentum, etc. This provides a mechanism connecting the region just
outside the horizon, where the next quantum of Hawking radiation originates, to the
internal state of the black hole and the radiation quanta emitted in the past. Once we go
beyond the semiclassical approximation the amplitude for radiation emission is a function
of ¥4 (E) which itself depends on the internal state of the hole. We discuss this further in

the conclusions.

14.3 Leading corrections from quantum gravity

In general relativity, Birkhoff’s theorem states that any spherically symmetric solution
of the vacuum field equations must be static and asymptotically flat. In other words,
the exterior solution must be given by the Schwarzschild metric. It has been shown that
this is not the case in quantum gravity [77,97]: the asymptotic gravitational potential
of a compact object received quantum gravitational corrections [77,|79] which are not

present for an eternal black hole [70,[77]. Quantum gravitational corrections depend on the
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composition of the compact object. This quantum memory effect has also been observed
in FLRW cosmology [143]. In this section, we show that compact objects are hairy in
quantum gravity. We work within the framework of the effective quantum gravitational
action at second order in curvature [34-37,61}70,(140,351]: T'[g] = I'L[g] + I'nr]g], where

the local part of the action is given by

R
I', = /d493 Vg [167TGN +c1(p) R? + ca(p) Ruw R*™ + c3(it) Ruvap R’“’O‘B] (14.4)

and the non-local part of the action by

O O
FNL = —/d4x\/§ |:O¢R h’l(luz> R+/8Ruu 1n<u2> RHY
U vafS
+’7'R,Wa/3 ln F RM . (145)

This effective action is obtained by integrating out the fluctuations of the graviton and
potentially other massless matter fields. The Wilson coefficients of the local part of the
action are not calculable from first principles, as we do not specify the ultraviolet theory
of quantum gravity. However, those of the non-local part are calculable and model inde-
pendent quantum gravitational predictions. These non-local coefficients can be found in
e.g. |77]. The equations of motion obtained from varying the effective action with respect

to the metric are given by
R — LR 167Gy (Hy, + HY) =87 GNT, 14.6
IW_§ gl“’+ m N( uu+ ;w)_ TONL - ( )
The local part of the equation of motion is given by
1
HY =75 (2737%“” = 5 9w R +2g,, OR — 2vuvy7z> (14.7)
1 1
+ ¢y <2 R, Rua — L Rap R 4 UR,w + 3 uv OR — V.V,R%, — VQVVRO‘#>
with ¢; = ¢; — ¢3 and ¢ = ¢ + 4 ¢3. Finally, the non-local part reads

1 O
Hy = —2a (RW— 4gw,R—|—gWD—V”V,,> In <u2> R

o 1 «a @ e
—/8(25(u7€l,)5—ngRﬁ-i—%guﬁD‘FQuuv vﬁ
a o UY »s
A CRUARA S LI C 3 R

1 O
- <5?L RS or = 3 91 R + (55 guo + 05 guo) VBVT) . <u2> Raf"
(14.8)
Note that the variation of the In[J] term yields terms of higher order in curvature and

can thus safely be ignored at second order in curvature. The non-local parts of the field

equations are responsible for the memory effect. We can easily illustrate this by considering
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the corrections to the metric of a stationary homogeneous and isotropic star with radius
R and density
po if r < Ry
p(r) = poORs —1) = { ™ (14.9)
0 if r > R,
where py > 0 is a constant and O(z) is Heaviside’s step function. The solution to the

Einstein equation inside this star (for » < Ry) is the well-known interior Schwarzschild

metric
-1
2 GN M 2 GN M 702 dt2 M er o T2 dQ2
- R R3
= g da da”, (14.10)
where
Rs 41
M:47T/ pr2dr:?R§p0 (14.11)
0

is the total Misner-Sharp mass of the source. The corresponding pressure is of order Gy [77]
in agreement with the fact that the pressure does not gravitate in Newtonian physics. Of

course, the metric outside the star (for » > Rs) is the usual vacuum Schwarzschild metric

2GN M 2GN M\ !
ds® = <1 — GN> dt? — <1 _ GN) dr? =2 d0% = g™t dat da¥,  (14.12)

T T

from which one can see that M is also the Arnowitt-Deser-Misner (ADM) mass of the
system.

We now perturb the above metrics: g, = gu + gjiv, and take the perturbation g, to
be O(Gx). We solve this equation, imposing the solution to be spherically symmetric and
time independent. In addition we fix the gauge freedom by setting 920 = 0. Doing so, we
obtain the quantum corrections g, = 5geXt to the Schwarzschild metric outside

the star. The corrections are given in |77]:

R3 r+ Ry

(o )3847TG2M 01
V(= R?)

1927 G M [, Rq — R C
Sgit = (a+5+3fy)w[2r+m<r >]+1+C2+O(G§I)

ext

59 + O(GY), (14.13)
where C; are integration constants which can be set to zero. We work with the metric
with signature (+ — ——), in the signature (— + ++) case, the corrections obtain an extra
minus sign. Note the two terms in large brackets, when combined, give rise to the »—2 and
r~® corrections mentioned in the introduction. The coefficient of this term is proportional
to GIZ\IM R:3: ie., it is a quantum gravitational effect proportional to the density of the
source object. Two source objects with the same mass M but different densities give rise
to different metric perturbations.

Now compare the result to that generated by two nested (one inside the other) dust
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balls with densities
po; if r<R;
pi(r) = poi O(R; — 1) = (14.14)
0 if r> Ry,

and masses M; and Ms

4w

3 R? poi (14.15)

M; = 47r/RZ ,0071'7’2617" =
0
with ¢ € {1,2}, such that, e.g., R1 < Rs, Ry = R; and M = M; + M. In other words,
the star built from two nested dust balls has total mass equal to M and the same outer
radius R as the star composed of only one component.

It is straightforward to show that a solution in general relativity exists. In the region
r € [Rg,00), the metric is the exterior Schwarzschild solution with mass M. In the region
r € [0,Ry) (the most inner one), the metric is the interior Schwarzschild solution with
radius R; and mass M; + Mo(R1/R3)3. In the region r € [Ry, Ry), the metric is the
interior Schwarzschild solution with radius Ry and mass Ms.

In general relativity, an external observer cannot differentiate a star with radius R,
and mass M from the star with two different components but same external radius and
same total mass M. However, we will show that the quantum gravitational corrections
are different for the two matter distributions and there is thus a memory effect. Repeating
the same calculation as in [77], using the fact that at this order in Gy the equations are

linearized, we find a correction

1927 G2 M R - R
Sg5 = (a+ B+ 3) TN 1[21“11(7“ 1)}

R‘% T T+ R1
192 G2N MQ R2 r— R2 3
3847 G% M 3847 G% Mo ,
St = (g —~) N7 ) NS L (@GR, 14.16
g?”’f‘ (O[ 7) r (7,,2 _ Ril) + (a 7) r (7,,2 _ RE,Q) + ( N) ( )

While the classical part of the metric cannot distinguish between the one ball of dust
with mass M and two concentric dust balls with masses M7, My and M7 + My = M, the
quantum gravitational corrections depend on the matter distribution of the nested balls.

For the one-layer star we obtain

2GNM
g = 1—
.
12 M 2
—1287%(a + B + 37)T—g [GI\; <1 + :;If; + O(Rs/r)4> + O(GNM/T)2:|

+ O(l,/r)*, (14.17)
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where [, = VG is the Planck length, and for two layers we obtain

2GN M
gt = 1— ;
2 [GyM 3(M1R? + MyR?)
2 N 1 21 4 2
—1287 (04—1—6—1—37)7% [ . (1+ 534742 + O(Rs/7) ) + O(GNM]/T) ]
+ O(l,/r)*. (14.18)

Clearly, the quantum gravitational corrections are different for the two stars. Here we
made explicit the different expansion parameters. The series in [, /r reflects the truncation
of the effective action at second order in curvature. The series in GyM/r is due to
the linearization of the field equations and the expansion in Rg/r corresponds to the
asymptotic limit. In this limit we see that potentials generated by the two stars are
composition dependent at order r—°.

In this case we have considered a two-layered star and shown that the result can differ
from a single-layered star. However, the above argument can easily be extended to show
that any n- and m-layered stars with n # m can be distinguished by an outside observer
due to quantum gravitational effects, although their classical external gravity fields are
identical. The quantum memory effect leads to hairy stars.

To extend the above discussion, consider two homogeneous stars both with initial mass
M; and radius R;. We assume that at a certain time both stars run out of fuel and collapse
towards a new equilibrium state with mass My and radius Ry. Let us furthermore assume
that the first star remains homogeneous, while the second collapses to a two-layered state
as described above. The initial configurations are gravitationally indistinguishable in terms
of classical effects. Moreover, due to Birkhoff’s theorem the two final states are classically
indistinguishable. However, due the quantum gravitational memory effect the two final
states are distinguishable at the quantum level.

While earlier we assumed a time-independent static star, we could consider a collapsing
dust ball which can form a black hole. We introduce time-dependence via the radius of the
star R4(t). For a distant observer, r > R4(t) at all times, we can expand the correction
to the metric in Eq. , and it seems likely that the »—® dependence remains during
the totality of the collapse.

Eventually, Rs(t) will reach 2G M and a closed trapped surface will form indicating
the formation of a black hole. An observer could in principle measure the coefficient of
the r~® correction to the metric. This correction contains information about the matter
distribution that collapsed and could thus enable the observer to differentiate between
black holes formed by different matter distributions.

The =5 correction shifts the location of the horizon slightly and modifies the metric
near the horizon. This presumably has an effect on Hawking radiation. A fully quantum
mechanical treatment of the metric g, as opposed to the semiclassical perturbation analysis
above, would yield the detailed quantum state of the graviton field (analogous to (14.3))
in place of the =5 correction we obtained.

We find that quantum gravity produces a new kind of hair on black holes.
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14.4 Conclusions: holography and black hole information

The existence of a one to one map between the quantum states of compact matter sources
and of their asymptotic gravitational fields is clearly suggestive of holography and area
bounds on entropy. We emphasize that the appearance of the charge or energy in results
like originates in Gauss law constraints which play an important role in the quan-
tization of gauge theories and gravity. The recovery of bulk information from asymptotic
gravitational fields at the boundary is also discussed in [115}116,240L250].

In a fully quantum mechanical treatment the evolution of the matter source cannot be
considered independently from that of its gravitational field. This contrasts sharply with
the usual approximation of a fixed spacetime background in which matter fields evolve.
For example, Hawking radiation from a black hole is computed in this approximation,
whereas our analysis shows that a precise treatment (e.g., one which hopes to examine
the unitarity of black hole evaporation) must consider that the metric outside the horizon

depends on the state of the interior. The evaporation process takes the form

‘B()ago> — ‘317917’71> — |BQ)927/72)’)/1> — |B3,93,'Y3,’Y2,'}’1>"' (1419)

where B is the black hole internal state, g the quantum state of the (external) graviton
field or metric, and v the emitted radiation which originates at the horizon. The radiation
state y,+1 depends on the metric state g,, and each g, depends on, and is entangled with,
B,,. From this perspective it is clear that the Hawking radiation state is connected to the
internal state of the black hole.

We can give some idea of the complexity of this process through the following schematic
description. Consider the semiclassical superposition state in ,

Yg(S) = enthy(En), (14.20)

and suppose that each graviton state ¢, (E,,) (describing the exterior metric) has amplitude
a(Ey,, A) to produce a Hawking radiation quantum ~ with energy A. Then the exterior

state evolves to
A e [g(En) + a(Bn, A)hg(En — A)y(A) +---]. (14.21)

The state after radiation emission (from second term in the sum, above) is a different
semiclassical state constructed from 1, corresponding to energies shifted by A. Through
a(Ey, A) and ¢y(E, — A) the detailed form of this quantum state depends on the emitted
radiation, including on quantum numbers we have suppressed such as momentum, spin,
charge, etc. Even if the deviation of a(FE,,A) from the semiclassical amplitude is expo-
nentially small, the aggregate effect on the process of evaporation could be significant. It
is plausible that each initial black hole state, specified by coefficients ¢,, evolves into a
different final quantum state — i.e., the evolution is unitary.

For each history of radiation quanta {v1,72,-- ,¥,} there is a corresponding quantum
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spacetime {g1,92, - ,9n}. A black hole with entropy A can produce ~ exp A distinct
evaporation states and corresponding quantum spacetimes. Schrodinger evolution of the
initial state will produce a superposition of these radiation states and spacetimes [63},204,
207]. It has been conjectured that black hole evaporation is unitary when all of these

branches of the wavefunction are taken into account [27}205,206.298].
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Chapter 15

Bounds on Very Weakly
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Quantum Gravity
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Abstract

In this paper we consider very weakly interacting and ultra light scalar and pseudoscalar
dark matter candidates. We show that quantum gravity has important implications for
such models and that the masses of the singlet scalar and pseudoscalar fields must be
heavier than 3 x 1072 eV. However, if they are gauged, their masses could be much lighter
and as light as 10722 eV. The existence of new gauge forces in the dark matter sector can

thus be probed by atomic clocks or quantum sensors experiments.

This chapter has been published in the European Physics Journal C 80, no. 08, p. 781
(2020).
A preprint of the chapter can be found at arXiv:2008.06243 [hep-ph].
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15.1 Introduction

A strong evidence for physics beyond the Standard Model of particle physics comes from
the observation that 75% of the matter balance of our universe cannot be accounted for
by the Standard Model. Some form of non-luminous matter must exist. Despite being the
most abundant form of matter, embarrassingly little is known about dark matter and a
wide range of masses and couplings to the Standard Model particles are still possible. In
this paper, we focus on ultralight and very weakly coupled scalar and pseudoscalar dark
matter models which have recently received a fair share of attention and for which a large
part of the parameter space can now be probed experimentally [44-46,51,67,208,210,224,
252.|294,295(297.|306,, 3404 350].

In particular experiments that search for oscillations in the fundamental constants
resulting from the coupling of scalar or pseudoscalar dark matter with the Standard Model
[141719,182,318]/322,[323//326,[327] have a great potential of testing such models in the mass
range mg € [10716,10723]eV. The optimal sensitivity of such experiments typically lies
around 10722 eV, and the bounds on the sensitivity are set by the fact that the oscillation
frequency is proportional to the mass of the scalar field. Masses of the order mg ~
10716 eV correspond to oscillation times of the order T' ~ 10s, while masses of the order
Mg ~ 10723 eV correspond to oscillation times of the order 7' ~ 10 yr.

In this paper we follow the line of arguments put forward in refs. |71}/72] based on
quantum gravity to put further theoretical bounds on such searches. In particular, we
exploit the fact that dark matter will always couple gravitationally to the Standard Model.
Therefore quantum gravity will generate effective interactions between the Standard Model
and the hidden sector. This fact together with current experimental bounds restricts the
mass range for such weakly interacting light particles considerably. While this is the case
for singlet scalar fields, we show that this is not the case if there are new forces in the

dark matter sector.

15.2 Interactions generated by quantum gravity

For any dark matter model we can write the following effective action.

S = Sgg + / \/ \g\ (£SM + Lpm + £int) d4x, (15.1)

where the Standard Model Lagrangian and the dark matter sector Lagrangian can be

written as
Lsv = Z Ci OSM,i, (15.2)
i

Lom =Y _¢; Opmy, (15.3)

J



199

where c¢;,c¢; are dimensionless Wilson coefficients. Interactions between the Standard

Model particles and those of the dark matter section can be introduced via a Lagrangian

Lint = Y ¢k Oint (15.4)
p

where again ¢ are dimensionless Wilson coefficients.

Besides the “particle physics” interactions induced by the operator Ojy k, there will be
some gravitational interaction between the two sectors. Indeed, since both the Standard
Model and the hidden sector couple to gravity, gravity will generate operators connecting
the two sectors whether there is an interaction operator Oy at tree level or not.

For every Osm,; and Opy j, perturbative quantum gravity will generate the additional

interactions MFT4OSM71~ Opwm,j. We thus have

o
Ling =Y ckOmec+ Y ]\j[i Osm,i Opwm 5 (15.5)
k ij P

where Mp is the reduced Planck scale, which is the scale of quantum gravity and where
ci; are Wilson coefficients of order unity. It is clear from eq. that the interactions
generated by perturbative quantum gravity are suppressed by the reduced Planck scale to
the fourth power. Therefore these interactions are not expected to be measurable in any
contemporary or near future experiment. Hence, perturbative quantum gravity cannot
yet provide any constraints to dark matter models.

Non-perturbative quantum gravity, on the other hand, can constrain dark matter mod-
els. Using the same argument, namely that everything couples to gravity as it is universal,
one can deduce that non-perturbative quantum gravity effects could generate effective op-
erators of any dimension. However any such operator must be suppressed by the scale of
quantum gravity as such interactions must vanish in the limit where Mp — oo, i.e. when

gravity decouples. We thus expect quantum gravity induced effective interactions to be of

PP LITIED B j\}g 0QG ks (15.6)

n>0 k n>0 k

the form

where Oqq,, has mass-dimension 4 and Oqq,, has mass-dimension n + 4.

As the Wilson coefficients ¢4 5, depend on the ultraviolet completion of quantum gravity,
one might be inclined to conclude that no predictions can be made until such a theory is
known. However, experience with effective field theories, see discussion in [71}/72], shows
that sensible predictions on the order of magnitude of the Wilson coefficients can be made.
Quite generically, Wilson coefficients are expected to be of order one, if the scale of the
physics generating the interaction is known and properly normalized. In particular, there
is no reason to expect an exponential suppression as it is sometimes claimed. For example,
it has been shown that there is no exponential suppression in the production of quantum
black holes in high energy collisions of particles [203].

In the case of quantum gravity, it is known that the scale of quantum gravity is

dynamical. Naively, one might expect that the scale is the reduced Planck scale Mp =



200

2.435 x 10'® GeV. However it is now well understood that the scale at which quantum
gravitational interactions become relevant is Mp\/m with N =1/3Ng+ Np + 4Ny
where Ng, Nrp and Ny are respectively the number of real scalar fields, Weyl fermions
and vector bosons in the model [21,/68,84.]190]. For the Standard Model, this is very close
to the naive reduced Planck scale. Once the suppression scale for these operators has
been properly defined there is no reason to expect a further suppression via smaller than
unity Wilson coefficients. Furthermore, as we are considering non-perturbative physics,
the Wilson coefficients will not be suppressed by loop factors or small coupling constants
to some power. Note that the scale of quantum gravity cannot be larger than the reduced
Planck scale as adding more fields to the theory can only lead to a lower scale of quantum
gravity. We are thus being as conservative as possible by taking the scale of quantum
gravity to be the reduced Planck scale.

We can now combine the quantum gravitational effective interactions with the non-

gravitational interactions between the Standard Model and the dark matter sector. These

>k Omp = /C\nTk Oint,n k> (15.7)

k n>0 k = mk

can be written as

where A, is the energy scale associated with this effective operator. Comparing these
two we find that non-gravitationally induced effective operators between the Standard
Model and the hidden sector are corrected by gravitationally induced operators. There-
fore, excluding all operators of dimension less than 4, we can write down an interaction

Lagrangian of the form

C k c k
£int = ZZ (A:le + ]\Zg> Oint,n,k
n,

n>0 k
n Nn ATL "
L [1+C k < "“) ] Oimt.n- (15.8)
k

C
=2 2w o, T

n>0 k n,

As both ¢, and ¢, 1, are expected to be of order 1, we find that the quantum gravitational
interactions dominate, if A, , > Mp. Note that ¢, ; could contain further loop suppression
factors if the corresponding operators are generated perturbatively, but this does not
change our analysis, the important point is that as we are considering nonperturbative
quantum gravitational effects, there are no loop suppression factors in ¢y, .

Experiments looking for weakly interacting dark matter put bounds on the interaction
strength ¢, 1/ Az,k. For some operators with n < 2 these bounds have reached the Planck
scale, i.e. ¢, Mp 2 Aﬁ,k- Therefore, since ¢, ¢, = O(1), it is possible to exclude
various models without probing more feeble interactions. In particular, if one operator can
be excluded up to the Planck scale for a certain mass range, quantum gravity will exclude
the existence of the scalar or pseudoscalar field for this mass range. This follows from the
fact that quantum gravity will generate all possible, i.e. allowed by gauge symmetries,

operators at the Planck scale.
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15.3 Scalar and pseudoscalar dark matter

In this section we discuss the consequences of the argument from the previous section
for some specific scalar and pseudoscalar dark matter models. The most relevant models
involving spinless dark matter are dimension 4 operators. However, it is expected that
the Wilson coefficients of dimension four operators must be exponentially suppressed by
a factor e"MP/1_ as such quantum gravity induced operators should vanish in the limit
Mp — o0, i.e., when gravity decouples. Here p is a renormalization scale.

The next most relevant operators for a spinless dark matter boson coupling to the

Standard Model are dimension 5 operators. An example is an operator of the form
c
0y = Ail ¢ F 1, (15.9)

where ¢ is the scalar dark matter field, and F},, is the electromagnetic field tensor. The
results from the E&t-Wash torsion pendulum experiment that searches for fifth forces
[10,/11,[58,202,221},241,|308,317,365] lead to the following boundﬂ

C1 —1 . —3

A S Mg if mg S3-1077eV (15.10)
and slightly stronger bounds for lower masses. Moreover atomic spectroscopy measure-
ments [195335] put even tighter bounds on such an interaction for masses my < 10718 eV,
however these bounds rely on the assumption that the scalar field is the unique component
of the dark matter sector.

As argued above, quantum gravity will lead to an additional contribution

C1 C1

— (&2 fL v
O1.0a (Al + Mp) ¢ F, F', (15.11)

with ¢ ~ O(1) as argued before. Therefore the current bounds exclude this interaction
for all masses mg < 3 x 10~3eV. The resulting bounds on this interaction are summarized
in figure which can be comparedﬂ to figure 31.1 in ref. |328§].

Moreover, since quantum gravity generates interactions between all the particles of
the Standard Model and the scalar field. Any scalar field with a mass below 3 x 1073V
would generate a Planck scale gravitational operator, which has not been detected by the
Eot-Wash experiment. Therefore the derived bound does not exclusively apply to models
containing the non-gravitationally induced interaction . In fact, any dark matter
model containing scalar dark matter fields of masses my < 3 x 1073 eV is excluded. A

similar analysis can be done for a pseudoscalar field a. The interaction between an axion-

'Bounds in the E6t-Wash experiments are usually presented in terms of the coupling strength o and
the length scale of the Yukawa interaction A. Such bounds can be translated into a mass-bound using the
fact that o = O(1) as discussed before and by noticing that mec® = %

%Note that there is a factor 4 difference: g, = %’7 where g4 is the dimensionful coupling in this paper,
and g5 is the dimensionful coupling in ref. [328].
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Figure 15.1: Limits on the linear scalar interaction g4 = ¢1/A1 as a function of the mass of
the scalar mgy. Green: limits from light shining through a wall experiments . Blue:
limits from torsion experiments [10}11}58}202}[221},241}[308}[317,[365]. Red: limits from
atomic spectroscopy experiments . Purple: limits from galaxy formation,
quasar lensing and stellar streams [57,[121}[211}[277,[307,[310]. Black: limits from quantum
gravity as discussed in this paper. Dashed black line: reduced Planck scale.

like-particle @ and gluons will receive a quantum gravitational correction

c c ~
Os2.qa = (A—Z + Vi) a Gl G, (15.12)

where ¢ ~ O(1) and G, is the usual gluonic field strength and GM its dual. Magnetom-
etry measurements [1] constrain the strength of this interaction by
C2

L4 SMyt i me$5-107eV. (15.13)
2 P

Therefore, any dark matter model containing scalar axion-like fields of masses m, <
1072 eV is excluded. The result for this particular interaction are summarized in figure
which can be compared to figure 4 in ref. [1] and figure 31.5 in ref. [328]. Note that
this bound assumes that all of dark matter is described by the axion-like-particle a. It is
possible to relax this bound if dark matter has multiple components.

On the other hand, for interactions of the form

0306 = (Z—Z n 1\%) a F, F" (15.14)
with ¢ ~ O(1), the bounds are much Weakelﬂ Therefore, there is still a large parameter
space to explore. However, the bound excludes axion like particles with masses
below 1072 eV, because of the universality of gravity: one cannot have the interaction
aFWF‘“’ without the interaction aGWG’“’ .

Furthermore, there is no reason why parity symmetry would be preserved by quantum
gravitational interactions, see e.g. . Indeed, it is not a gauge interaction. In this

3¢f. Figure 31.4 in ref. .
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Figure 15.2: Parity conserving quantum gravity. Limits on the linear axion interaction
ga = c3/As as a function of the mass of the axion m,. Green: limits from supernovae
measurements . Blue: limits from the big bang nucleosynthesis . Red:
limits from magnetometry experiments . Purple: limits from galaxy formation,
quasar lensing and stellar streams [57,[121,[211,[277,307,310]. Orange: limits from the
superradiance instability of black holes , however note that these bounds can be
avoided, if the self-interaction of the axion-like particle is sufficiently strong [18]. Brown:
predicted value of the QCD axion ,. Black: axion masses below m, < 1072l eV
are excluded by parity conserving quantum gravity as discussed in this paper. Dashed
black line: reduced Planck scale.

case, the operators
Oy = — aG LG (15.15)

and

a F,, F*, 15.1
05 MP I ( 5 6)

which are parity violating will be generated. As before we expect ¢4 ~ O(1) and é5 ~ O(1).
These operators lead to a Yukawa-type interaction and thus to a fifth force. Therefore,
if quantum gravity violates parity, axion-like-particle with masses m, < 3 x 1073 eV are
excluded. As shown in figure this reduces the parameter space for axion models
massively.

Another possible interaction of a spinless dark matter boson coupling to the Standard

Model is a dimension 6 interaction of the form

C6

Os,qc = <A2 M2> ¢ Flu FM, (15.17)

which does not distinguish between scalars and pseudoscalars, as parity is automatically
conserved. Again we have ¢ ~ O(1). Atomic spectroscopy measurements [323)327]

constrain the strength of this interaction by

Co - . _
A2 + 2 SMp? i my $2-107%eV. (15.18)

Therefore, any dark matter model containing scalar dark matter fields of masses my <
10722 eV that couple to the Standard Model in this way are excluded. Note that bounds
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Figure 15.3: Parity violating quantum gravity. Limits on the linear axion interaction
ga = c3/As as a function of the mass of the axion m,. Green: limits from supernovae
measurements . Blue: limits from the big bang nucleosynthesis . Red:
limits from magnetometry experiments . Purple: limits from galaxy formation,
quasar lensing and stellar streams [57,[121,[211,[277,307,310]. Orange: limits from the
superradiance instability of black holes , however note that these bounds can be
avoided, if the self-interaction of the axion-like particle is sufficiently strong [18]. Brown:
predicted value of the QCD axion . Black: axion masses below m, < 3x 107 3eV
are excluded by parity violating quantum gravity as discussed in this paper. Dashed black
line: reduced Planck scale.

from galaxy formation, quasar lensing and stellar streams are slightly more stringent and
lead to mg < 10721 eV but they have a larger uncertainty. Quantum gravity will however
also generate operators of the type My 1¢FWFW and Mp 1¢FWF~’W even if these operators
are not introduced in the interaction Lagrangian and we can thus rule out masses below
3 x 1073eV. In the case of axions, this bound applies if parity is violated by quantum
gravity which we argued is to be expected. The results are summarized in figure [15.4]
which can be compared to figure 31.6 in ref. .
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Figure 15.4: Limits on the quadratic scalar interaction g4 = cg/A¢ as a function of

the mass of the scalar my. Green: limits from supernovae measurements . Blue:
limits from the big bang nucleosynthesis . Red: limits from atomic spectroscopy
@,. Purple: limits from galaxy formation, quasar lensing and stellar streams
57,[1211[2111[277,/307,[310]. Black: limits from quantum gravity as discussed in this paper.
Dashed black line: reduced Planck scale.
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Our results rule out most of the parameter range for ultralight and very weakly coupled
singlet scalar dark matter models. It is worth mentioning that our bound applies as well
to the quintessence type models which are often advocated to generate a cosmological
time evolution of fundamental constant. A change of the hyperfine constant within the
last Hubble time, implies the existence of a scalar field with a very light mass of the order
of the present Hubble scale H = 10733 eV [145|. This is ruled out because of quantum
gravity. If a time variation of the hyperfine constant is observed, we can safely conclude
that it is not due to such a scalar field or dark matter.

Also, it had already been pointed out that the axion is not a valid solution to the strong
CP problem of quantum chromodynamics because quantum gravitational effects would
destabilize its potential [32,[199], our results imply that the quantum chromodynamics
axion is ruled out for most of its parameter range because of quantum gravity if parity is,
as expected, violated by quantum gravitational effects.

Obviously there is a well known mechanism to avoid the bound from the E&t-Wash
experiment namely the screening mechanism. However, if the masses of light scalar fields
were screened by the matter density on Earth thereby increasing their masses on Earth,
they would also be heavy for atomic clocks and quantum sensor experiments based on
Earth and would thus not lead to the usual signatures mimicking a time variation of
fundamental constants. Interestingly, this could be probed by putting atomic clocks or
quantum sensor experiments on a satellite where the screening mechanism would be inef-
ficient.

While we focused thus far on scalar and pseudoscalar fields which are singlets under
gauge symmetries, it is possible to avoid some of the bounds from quantum gravity dis-
cussed above if we consider scalar or pseudoscalar fields that are gauged under some new
gauge group, as gauge symmetries are preserved by quantum gravity. In that case, the
only relevant operators are dimension 6 ones of the type

070G = <IC\7% + ]\Z%) BB F,, P, (15.19)
where ® is a scalar or pseudoscalar field gauged under some new gauge group of the dark
matter sector and ® - @ is a scalar under that gauge symmetry. We find

T SME i me $2-107 eV (15.20)

Az Mg
in which case we can only exclude masses me < 10722 eV for scalar and pseudoscalar fields
(or me < 1072 eV if we use the bound from galaxy formation, quasar lensing and stellar
streams [57,121211,277,307,310]). If atomic clocks or quantum sensor experiments were
to discover such scalar or pseudoscalar fields, they would not only have discovered dark
matter but also proven the existence of a new gauge force in the dark matter sector. The
results are summarized in figure [15.5] For quintessence fields, the effect would be of order

(A¢/Mp)? and thus more suppressed than usually assumed.
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Figure 15.5: Limits on the quadratic gauged scalar interaction gg2 = ¢7/A7 as a function
of the mass of the scalar mg. Green: limits from supernovae measurements . Blue:
limits from the big bang nucleosynthesis [323]. Red: limits from atomic spectroscopy
@,. Purple: limits from galaxy formation, quasar lensing and stellar streams
57,121}[211}[277,[307,/310]. Black: limits from quantum gravity as discussed in this paper.
Dashed black line: reduced Planck scale.

Let us finally emphasize that the bounds on quantum gravity shown in figures [15.1

[15.2] [15.3] [15.4] and [15.5] carry a small theoretical uncertainty, as the Wilson coefficients

are not exactly known. We argued that we know the scale of quantum gravity and that
it can be calculated given the number of fields introduced in the model. While the scale
of quantum gravity incorporates any suppression for the operators generated by quantum
gravity, it is conceivable that the Wilson coefficients could take values between 10~! and
10. Smaller than unity Wilson coefficients could still decrease the bounds by about a factor
of 10, which would bring the bound from ¢ = 4 x 1079GeV~! to ¢ = 4 x 10~20GeV !
in figures [15.1 [15.2{ and [15.3] and from ¢ = 2 x 10737GeV~! to g = 2 x 10739GeV~! in
figure If the Wilson coefficients were order 10~!, we could only exclude masses below
1 x 107 %eV.

Moreover, the bounds derived from spectroscopy experiments (red lines) and from

models of galaxy formation, are based on the assumption that the scalar field accounts
for the total observed local dark matter density p = 0.4GeV /cm?®. Multicomponent dark
matter models would loosen the bounds shown in figures [15.1], [15.2] [15.3] and [15.4]

15.4 Conclusions

In this paper we have considered models of dark matter with ultra-light scalar or pseu-
doscalar fields which have received a lot of attention as they could be discovered with
tabletop experiments looking for dark matter using modern quantum sensors or atomic
clocks. These particles are usually assumed to be extremely light and very weakly coupled
to the particles of the Standard Model.

We have argued that quantum gravity will induce interactions between scalar or pseu-
doscalar dark matter particles and those of the Standard Model. These quantum gravi-
tational interactions often dominate over the strength of the interaction posited in these

models. We have shown that these quantum gravitational interactions are of the fifth force
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type for scalar dark matter and also for pseudoscalar dark matter if quantum gravity vio-
lates parity symmetry. Such interactions are constrained by torsion pendulum experiments
such as the E6t-Wash experiment. Scalar dark matter must be heavier than 3 x 1073 eV
and the same bound applies to pseudoscalar particles assuming that quantum gravity vi-
olates parity symmetry. If quantum gravity does not violate parity, pseudoscalar particles
are only constrained to have masses larger than 1072 eV. We stress that these bounds
are universal and applicable to any scalar dark matter models including models of fuzzy
dark matter as discussed for example in [208,253306].

While singlet scalar or pseudoscalar fields are constrained to be heavier than 3 x 1073
eV, gauged fields could be much lighter. They could be as light as mge ~ 10722V and
thus very much relevant to current experiments using atomic clocks or quantum sensors.
A positive signal would not only be potentially the sign of dark matter but also a sign
that the dark matter sector is very rich and contains new forces. Another way to look at
our results is that very low energy tabletop experiments such as atomic clocks and other

experiments based on quantum sensors are directly probing quantum gravitational effects.
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Chapter 16

Theoretical Bounds on Dark
Matter Masses

Xavier Calmet and Folkert Kuipers

Department of Physics and Astronomy, University of Sussex, Brighton, BN1 9QH,
United Kingdom

Abstract

In this letter, we show that quantum gravity leads to lower and upper bounds on the
masses of dark matter candidates. These bounds depend on the spins of the dark matter
candidates and the nature of interactions in the dark matter sector. For example, for
singlet scalar dark matter, we find a mass range 10~ 3eV < me S 107eV. The lower bound
comes from limits on fifth force type interactions and the upper bound from the lifetime

of the dark matter candidate.

This chapter has been published in Physics Letters B 814, p. 136068 (2021).
A preprint of the chapter can be found at arXiv:2009.11575 [hep-ph].
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There is overwhelming evidence that most of the matter in our universe is dark and
cannot be described by the Standard Model of particle physics. The case for the existence
of dark matter is strong because it comes from astrophysical and cosmological observations
made on different scales and times in our universe. For example, the cosmic microwave
background or galaxy rotation curves involve very different physics and eras in the evolu-
tion of our universe but they both require that about 75% of the matter content of the
universe consists of cold, non-baryonic, dark matter.

From a theoretical point of view, very little is known of the nature of dark matter. We
know that there is no viable candidate in the Standard Model of particle physics. There
are basically three different approaches. The first approach consists in introducing a new
particle stable enough over the lifetime of the universe which couples at most extremely
weakly to the photon so that it remains dark enough. A typical example of such a particle
would be a weakly interacting massive particle (WIMP), see e.g. [303] for a review. The
second one consists in modifying gravity see e.g. |43},|104,1258,263], but it is difficult to
construct a proper model and even when that is case, it has been argued [92] that this
approach is identical to the first one with the caveat that the new field is only coupled
gravitationally to the Standard Model particles. Finally, one could hope that some massive
astrophysical compact halo objects (MACHOs) such as primordial black holes [183] could
explain the missing matter without having to modify the Standard Model or general
relativity. Alas, this solution to the dark matter problem, while beautifully simple and
minimalistic as it does not require new physics beyond the Standard Model or general
relativity, does not appear to be relevant to Nature, see e.g. [158].

If we accept that new physics is required to address the missing matter problem, we
are faced with a huge theoretical challenge as we have very little information about the
nature of the dark matter particle or particles. We do not know their spins, masses, self-
interactions or couplings to the Standard Model particles. Galaxy formation simulations
seem to prefer cold, i.e. non-relativistic, dark matter. The interactions of dark matter
particles with that of Standard Model or dark matter self-interactions must be weak see
e.g. [338] for a review.

Fortunately, quantum gravity can provide some guidance on the allowed parameter
range for a given dark matter candidate. The reason for this is simple. In general,
quantum gravitational effects will lead to a decay of any dark matter candidate that is not
protected by Lorentz invariance or a gauge symmetry from decaying. Furthermore, gravity
is universal, it will thus couple to all forms of matter and it will create portals between
the Standard Model and any hidden sector. While these decays will be suppressed by
powers of the Planck mass, they will still lead to an upper bound on dark matter particles
given the large age of our universe. Furthermore, if the dark matter particles are light,
the same quantum gravitational effects will lead to fifth force type interactions and these
interactions are bounded by limits coming from the Eot-Wash experiment [10,/11,|58},202,
221/,241,|308,,317,[365]. Finally, there is a well known lower bound coming from quantum
mechanics and more specifically the spin-statistics theorem which applies to fermionic

dark matter candidate. This last bound depends on the dark matter profile. Putting all
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these bounds together, we obtain tight mass ranges for scalar, pseudo-scalar, spin 1/2 and
spin 2 dark matter particles which are gauge singlets. These bounds can be relaxed if the
fields describing these particles are gauged, we however note that there are fairly tight
constraints on the strength of the interactions in the dark matter sector. Finally, we argue
that spin-1 vector dark matter particles are less constrained by quantum gravity, because
of the chiral nature of the fermions in the Standard Model.

We consider local operators that are generated by non-perturbative quantum gravity
effects (see e.g. [32,71,|72,86,199,120}/173,/175,199]):

Co
O F F*, 16.1
! Mpd’ : (16.1)

where Mp = 2.4 x 10'® GeV is the reduced Planck scale, ¢ is the scalar dark matter
field, and F},, is the electromagnetic field tensor. We note that there are solid arguments
showing that the Wilson coefficient ¢; is of order one [86].

The results from the E6t-Wash torsion pendulum experiment that searches for fifth
forces [10,[11}/58,202,221}241}1308,317,|365] imply that mys > 1073V [71,[72,86]. The
same operator can lead to the decay of the dark matter scalar [96,247] with a decay width
I~ mg; /(4rM3) and lead to an upper bound mg < 107eV from the requirement that the
dark matter candidate lives long enough to still be present in today’s universe. Quantum

gravity thus enables to restrict the mass of any singlet scalar particle to be in the range:
1073eV <myg < 107V, (16.2)

independently of its potential non-gravitational couplings to Standard Model particles or
self-interactions. Note that these bounds would not apply to a gauged scalar field as only
dimension six operators would be generated by quantum gravity. In that case, one has
mg > 10722eV [86], and the upper bound disappears H

The same bound applies to the mass of a pseudo-scalar dark matter candidate, an

axion like particle, a if quantum gravity violates parity (and time reversal invariance) [86]
1073V < mg S 107eV. (16.3)

On the other hand, if quantum gravity preserves parity, we have to consider the oper-

ator
Ca

O, = My

aF,, Fr. (16.4)
For an axion-like-particle, we then find [86,247]
1072V < m, <107V, (16.5)

for parity conserving quantum gravity. The upper bound comes from the requirement that

the particle is long-lived in comparison to the age of the universe and the lower bound is

!Note that some readers may be worried about the naturalness of very light scalars. We take an agnostic
approach and simply derive bounds from quantum gravity assuming that such light scalars exist.
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derived from magnetometry searches [|1,[86].
For spin 1/2 fermions v, quantum gravity leads to an upper bound on the mass of the
dark matter candidate [56},96},247] as it could decay to the Standard Model fields, while a

lower bound comes from the Pauli exclusion principle. We consider the operator [96,247):
Oy = L GH DL, (16.6)
Mp

where H is the Higgs doublet of the Standard Model with H = —igpH*. This operator
implies that the singlet right-handed fermion 1 can decay to an off-shell Z boson and
a neutrino, the Z boson then decays to two light fermions. Requiring that the fermion
singlet lives long enough to still be present today imposes an upper bound on its mass.
One finds my < 10'%V using I' = 1}2G%;m2)/(19271'3M1%) where G is the Fermi constant
and v = 246 GeV the electroweak vacuum expectation value.

Since fermions cannot be in the same state, only a limited amount of fermions can be
present in a galaxy with momenta below the escape velocity. Together with the assumption
that the fermions must account for the observed dark matter density in a typical galaxy
this leads to a lower bound on the mass of the fermions [283,305,336]. The bounds on the

mass of the dark fermion are then given by
10%eV < my < 10'%V. (16.7)

The lower bound holds for the Standard Model, but it can be relaxed by assuming multi-
component dark matter [129).

We now consider a vector boson dark matter V#. The well studied dimension four op-
erator F'*¥B,,,, where F*" is the field strength of the hypercharge photon of the Standard
Model and B,,, that of the dark photon, while generated by quantum gravity, is expected
to be exponentially suppressed [86,/96]. Within the Standard Model, the only dimension
five gauge invariant operator is given by cy 5 Mp ! V“(z/_JRiFI T’y#L) but after electroweak
symmetry breaking, this simply accounts for a shift of the photon field. The next oper-
ators are of mass dimension 6 cy.¢Mp 2V, (HD,H)F* or Mp*(Yo,, H' DL)B*. These
operators lead to dimension five operators after electroweak symmetry breaking but there
is a chiral suppression v/Mp. The only useful dimension five operator involves the pro-
duction of a graviton h,

Oy = ]%;hWFﬁ‘,B”a, (16.8)

which enables the decay of a vector dark matter to a photon and a graviton. This operator
exists in the Standard Model with the vector boson replaced by a Z-boson [275]. It is
straightforward to estimate the decay width of the V' boson, one finds I ~ c%,m‘;)’/ /M3 and
we can thus find an upper bound on the mass of a vector dark matter particle from the
requirement that it is still around in today’s universe. We find my < 107 eV. We can get
a lower bound on its mass if we assume that all of dark matter is described by a vector
particle. As for a scalar field, see e.g. [328] for a recent review, the requirement that the

boson’s de Broglie wavelength does not exceed the dark matter halo size of the smallest
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dwarf galaxies gives a lower bound on its mass my > 10722 eV. We thus find
10722eV < my < 107eV. (16.9)

Using the results developed in [72], it is straightforward to see that for a massive spin-2
field dark matter field, one obtains similar bounds for its mass to that of a singlet scalar
field dark matter candidate:

1073eV < my < 107eV. (16.10)

In this letter, we have shown that a few very well motivated theoretical concepts based
on quantum gravity and the spin-statistics theorem enable to constrain the masses of low
spin dark matter candidates. Quantum gravity generates operators that will lead to a
decay of all dark matter candidates that are represented by fields that are not gauged or
prevented by Lorentz invariance from decaying to Standard Model particles. This lead
to an upper bound on their masses. If these dark matter candidates are bosons, they
will mediate a fifth force and we can apply bounds from the Eot-Wash experiment which
provide a lower bound on their masses. In the case of fermion dark matter candidates,
the lower bound comes from the spin-statistics theorem.

Our bounds are derived assuming the worst case scenario for quantum gravity, namely
that it has only one scale and that this scale is the traditional reduced Planck scale i.e.
2.4 x 10'® GeV. In other words, we assumed that quantum gravity is as weak as possible.
Our bounds become much more stringent if the effective scale of quantum gravity is below
2.4 x 10'® GeV as it is the case in models with large extra-dimensions where it could be
in the TeV region or if there is another infrared cutoff that is below the reduced Planck
mass as it is the case in some specific models of quantum gravity see, e.g., [147,[259}:331].

We would like to stress that our bounds are orders of magnitude estimates. We argue
that because we are dealing with non-perturbative quantum gravity, the only relevant
coupling constant should be the Planck mass. It is however conceivable that there is
a further suppression of some of the Wilson coefficients which could involve coupling
constants of the Standard Model. For example, ¢, could contain a factor g*/(4m) where
g is the hyperfine coupling constant of the U(1) group of the Standard Model or ¢, could
be proportional to the electron Yukawa coupling which is of the order of 107°. Clearly,
this would impact our bounds. Here, we made the strong assumption that the dimension
five operators are of pure quantum gravitational origin.

Finally, as explained already, we emphasize that these bounds will not apply to hidden
sector fields that are gauged under some gauge symmetry whether this is a continuous or
discrete gauge symmetry [26,232]. For gauged fields, dimension 5 operators will not be
generated directly, one would expect dimension 6 or higher operators. For a gauged scalar
field ® for example, one has My 2.9 F,, F* in which case we can only exclude masses
me < 10722 eV. Dimension 5 operators, if they exist, would have a further suppression if
they are generated from a higher dimensional operators. For example, if ® has some none-
vanishing expectation value vg in the TeV region, the resulting dimension five operator

v Mp 2o F w M would be suppressed by a factor ve/Mp ~ 10716, A similar suppression
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would be generated in models with a discrete gauge symmetry. Such a suppression would
open up the allowed mass range for dark matter candidates. The situation is similar for
complex scalar dark matter, see e.g. [53], which carries a charge: quantum gravity would
form operators of the type My 2 ¢*¢ Osar (where Ogyy are operators build with fields of
the Standard Model) which would be at least of dimension 6, if the complex scalars are
gauged. If it is a discrete symmetry, one would expect that quantum gravity breaks the
global U(1) symmetry. One would then obtain operators of the type My L $Ogpr and
our bounds would apply. This is particularly important in the case of WIMPs, which
are largely excluded by our bounds, if the WIMP is a gauge singlet. Our bounds can be
avoided if one gauges WIMPs. Clearly the origin of the dimension five operators that we
have discussed in this letter is model dependent and one needs to verify on the case-by-case

whether such operators will be generated in a specific dark matter model.
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Chapter 17

Conclusions

The formulation of a consistent theory of quantum gravity that is valid at all energy scales
is one of the major open questions in theoretical physics. Although direct probes of quan-
tum gravity are beyond the reach of contemporary experiments, quantum gravity could be
probed indirectly and future technologies could allow to directly probe regimes, where both
quantum effects and gravity are relevant. This necessitates a theory of quantum gravity.
Moreover, even when effects of the theory cannot be probed directly in experiments, such
a theory is desirable for aesthetic reasons and is necessary to understand extreme regimes
such as the early universe and black holes. In addition, a theory of quantum gravity could
help to solve some of the outstanding issues in both cosmology and particle physics.

The search for a theory of quantum gravity has been the subject of many studies over
several decades and has led to a variety of approaches tackling the issues involved in con-
structing such a theory. Within these approaches, many insights about the properties of
a final theory of quantum gravity have been obtained. Nevertheless, the correct ultra-
violet complete theory of quantum gravity is still unknown. Furthermore, there is little
experimental guidance directing towards a theory of quantum gravity. As a consequence,
favoring one approach over the other strongly relies on theoretical prejudice.

In this thesis, we have discussed a few aspects of a theory of quantum gravity. Here,
we have taken a conservative approach to the problem, as we have not introduced any new
physics that has not been verified experimentally. Instead, we have investigated what our
state of the art theories of quantum and gravitational physics teach us about quantum
gravity. We have done this by covering two sides of the spectrum of quantum gravity
theories.

First, we have exploited the tight connection between quantum theories and stochastic
theories and discussed the formulation of elementary physical theories from the stochastic
viewpoint. Moreover, we have shown that preservation of general covariance in such
theories requires extensions of ordinary differential geometry due to the modifications of
Leibniz’ rule.

After this, we studied effective field theories of quantum gravity. Here, we used that
a theory of quantum gravity must reduce to quantum field theory in flat spacetime, when
the gravitational interaction is turned off, and to general relativity, when quantum effects

are turned off. Under these assumptions, it is possible to construct an effective action of
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quantum gravity containing features that are independent of the ultraviolet completion
of quantum gravity. Using this effective action, we were able to make model independent
quantum gravity predictions at sub-Planckian energy scales.

In part [[T] of this thesis, we have discussed stochastic dynamics of a single particle on
manifolds and the connections of the stochastic framework to quantum theories. More-
over, we have discussed the necessary geometric extensions that allow to preserve general
covariance in these theories.

In chapter |§| and Ref. [233], we reviewed the theory of stochastic mechanics. This
stochastic theory is known to be equivalent to the first quantization of single scalar par-
ticles in standard approaches to quantum mechanics. Moreover, building on the success
of stochastic analysis in constructive quantum field theory, it is expected that this equiva-
lence can be extended beyond this simple case. In addition, we have reviewed the second
order geometry framework, which allows to describe stochastic dynamics in a consistent
and diffeomorphism invariant setting on smooth manifolds with a connection. This chap-
ter then brings the two frameworks together and shows that this provides a consistent
extension of stochastic mechanics to pseudo-Riemannian manifolds.

In chapter[7]and Ref. [234], we used the results from chapter [6]to formulate a relativistic
version of stochastic mechanics on Lorentzian manifolds. The key ingredient here was the
introduction of a stochastic energy-momentum relation. Furthermore, this formulation
required the construction of a Brownian metric on the manifold, which can be obtained
by a Wick rotation from the kinetic Lorentzian metric.

In chapter [8| and Ref. [235], we have reformulated the Nelson process as the real pro-
jection of a complex Wiener process. This simplifies the cumbersome original formulation
of stochastic mechanics, as this original formulation is makes use of the Nelson process,
which is constructed using two instead of one differential operators: one going forward in
time and one going backward in time.

In part [II]] of this thesis, we have considered the unique effective action of quantum
gravity and used this action to obtain model independent quantum gravity predictions.

In chapter |§| and Ref. [77], we have used this framework to calculate the leading quan-
tum gravitational corrections to the metric of a constant density star. Although the
corrections for this object at infinity were known and reproduce the leading quantum
gravitational corrections to the Newtonian potential, the analysis in chapter [9 allowed
to extend the calculations to the entire spacetime, i.e., both the exterior region and the
interior region.

In chapter 10| and Ref. [79], we have used the results from chapter |§| to calculate the
corrections to the trajectories of test particles and the propagation of scalar fields in this
geometry.

In chapter [L1{and Ref. [237], we have discussed the breakdown of singularity theorems
in quantum gravity. Although extensions of the classical singularity theorems have been
formulated that include the quantum nature of matter, we have shown that the intro-
duction of the quantum nature of gravity allows to violate the sufficient conditions for

singularities to occur. This can be ascribed to the introduction of higher order terms in
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the gravitational action that change the order of the Einstein equations.

In chapter |12 and Ref. 78], we have shown that non-local corrections to the Einstein-
Hilbert action can generate singularities in spacetimes that are classically singularity free.
Moreover, we have derived conditions for which such a scenario can be avoided. From the
effective field theory point of view these singularities indicate regions in spacetime where
the perturbative approach breaks down.

In chapter[13|and Ref. [89], we have calculated corrections to the entropy of a black hole
within the effective field theory formalism. Here, we have uncovered various subtleties in
such calculations. Moreover, we have seen that the non-local terms in the effective action
generate a topological correction, which can be interpreted as a pressure term.

In chapter and Ref. [80], we showed that quantum gravity induces quantum hair
in the external geometry of compact objects. Whereas in semiclassical gravity only the
mass, charge, and angular momentum of an object are stored in the external geometry,
quantum gravity allows to store more information such as the density profile in the external
geometry.

In part [[V] of this thesis, we have considered more general effective field theories that
include the quantum gravitational interactions in the matter section. Here, we used that
all terms that respect the symmetry of the underlying high energy theory are expected
to be present in a low energy effective field theory, as long as they are suppressed by the
relevant scale.

In chapter [15|and Ref. [86], we have applied this idea and have considered dimension 5
and dimension 6 operators generated by the quantum gravitational interaction. We have
then compared the resulting effective action to various experiments looking for weakly
coupled light particles. This comparison allowed us to obtain a set of lower bounds for
various types of dark matter particles using only assumptions about the symmetries of
quantum gravity.

In chapter and Refs. [87,88], we have complemented the results from chapter
with upper bounds on the masses. Here, we used that effective interactions lead to the
decay of massive dark matter particles into ordinary matter. Moreover, the time scale of
such a decay must be larger than the age of the universe for the dark matter particles to

still be present.
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Chapter 18

Outlook

The results discussed in this thesis show that research into a theory of quantum gravity
remains relevant and can be fruitful. We have particularly showed that progress can be
made both on a phenomenological level and on a more formal level.

In part we have seen that quantum theories of gravity likely require a geometrical
framework beyond Riemannian geometry. Second order geometry is a good candidate for
such a framework. However, whether second order geometry or something else, such as
non-commutative geometry [40], is the correct geometrical framework of quantum gravity
remains an open question that must be answered by future research.

Any extension of Riemannian geometry to a quantum framework will require extensions
of many notions encountered in differential geometry. Such extensions will play a crucial
role in determining which spacetime symmetries are broken and which are unbroken in a
quantum theory of gravity. For example, in chapter[6land Refs. [209,233/[236], extensions of
Lie derivatives and Killing vectors are constructed in a second order geometry framework.
It is then found that the second order modifications of first order Killing vectors lead to
the breaking of spacetime symmetries according to classical observers.

Moreover, part [[]| shows that stochastic quantization can lead to important insights
in the interplay between quantum theories and gravity. However, in order to obtain such
insights in a Lorentzian framework, the Nelsonian formulation of stochastic quantization
must be further developed in a field theory context as was initiated in Ref. [184]. As
discussed in chapter [6] and Refs. [233][236], such a stochastic field theory formulated in
curved spacetime will likely build on developments in the study of classical field theories
in higher order jet bundles, as studied in Refs. [102,103]. Future research in this direction
is desirable and could help to tackle outstanding issues in the formulation of quantum
theories of gravity.

The results from part show that model independent predictions of quantum gravity
are possible, due to the fact that all theories of quantum gravity must reproduce general
relativity at low energy scales. In this thesis, we have discussed several predictions at
second order in curvature. In particular, we have seen that the unique effective action
allows to calculate quantum gravitational corrections to classical solutions of the Einstein
equation. An interesting extension of our results would be to go beyond the second order

framework, and calculate corrections at third order.
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Moreover, in chapter we have seen that singularity theorems no longer apply in a
quantum gravity context. This result was obtained by considering higher derivative terms
in the action, which arise in a perturbative treatment. This chapter discusses the fact
that singularity theorems can be formulated for classical gravity interacting with quantum
matter, but also illustrates the difficulty in making any rigorous statements about the fate
of singularities when gravity is quantized.

In order to understand the fate of singularities in a non perturbative treatment of
quantum gravity, it will be necessary to generalize the intrinsically classical concept of
geodesic completeness to a quantum context. Using the strong similarities between quan-
tum and stochastic theories as discussed in part [[, one could argue that in the context of
quantum gravity one should study stochastic completeness instead of geodesic complete-
ness. Stochastic completeness theorems, as for example discussed in Refs. [23,/24], can
then provide strong guidance in the formulation of spacetime completeness theorems in a
quantum context.

In chapter we have discussed corrections to the entropy of a Schwarzschild black
hole. The fact that the effective action allows to calculate such corrections raises the
question whether the framework can be used to improve our understanding of questions
related to the information stored in black holes and the black hole information paradox.
Combining this idea with the calculations presented in chapter [9] it was found in chapter
that quantum corrections obtained from the effective action of quantum gravity induce
a new type of hair for black holes. This presents a loophole in the formulation of the black
hole information paradox.

Indeed, the black hole information paradox is usually formulated for classical space-
times interacting with quantum matter. It is then often assumed that quantum gravita-
tional effects can be ignored at the horizon of astronomical black holes, as the effects are
hugely suppressed. However, as is the case for singularity theorems discussed in chapter
even tiny effects of quantum gravity can invalidate such classical reasoning [90]. This
line of thought has been worked out and has been combined with recent insights from
quantum information theory in Ref. [85]. Here, it is shown that the black hole information
paradox is a semiclassical problem that does not persist in quantum gravity.

Another interesting possibility for future research is quantum gravity phenomenology
and the connection to experiments. Although all the quantum gravity effects found in
part [[T]] are far beyond the range of current experiments, certain effects may build up
on cosmological timescales, which could bring them within experimental reach. In order
to explore such effects, one should go beyond the quantum corrections studied in this
thesis, as these are all obtained for static solutions of the Einstein equations, and consider
time-dependent solutions of the Einstein equations instead.

Another path towards measuring quantum gravity is discussed in part [[V] Here, we
found that general arguments about the symmetries of an underlying UV-complete theory
of quantum gravity provide an effective action that incorporates quantum gravity effects
and is largely independent of the ultra violet completion. This allows to categorize and

test ultraviolet completions of quantum gravity based on their symmetries.
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As shown in part some effective interactions lie within reach of current and near
future experiments. For example, quantum gravity could induce an effective variation
in some of the fundamental constants of the Standard Model. Such variations can be
measured, as for example discussed in Refs. [30,[31]. Related ideas are also discussed in
Ref. 7] for a variety of other experiments. Current and near future experiments can thus

provide guidance towards the formulation of a theory of quantum gravity.
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