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Abstract

In this thesis we focus on questions of stability, existence and uniqueness for PDE con-
strained problems in both dynamics and statics under appropriate convexity conditions.
In the first part, we establish a Garding-type inequality for quantities associated to (A, 0)-
quasiconvex functions, where A is a constant-coefficient, linear differential operator with
constant rank. In dynamics, we initially apply a simplified version of our derived inequal-
ity to prove weak-strong uniqueness results for conservation laws possessing involutions
i.e. a differential constraint A propagated by the initial data, provided that the system
is endowed with an A-quasiconvex entropy. In addition to this, combining our Garding-
type inequality with the relative entropy method, we establish a weak-strong uniqueness
result for the hyperbolic system of adiabatic thermoelasticity under quasiconvexity condi-
tions. In particular, we show that classical solutions of that system are unique within a
suitable class of dissipative measure-valued solutions, provided that the internal energy is
stronly (curl, 0)-quasiconvex. In statics, we investigate the so-called Weierstrass problem
of finding necessary and sufficient conditions for local minimisers. More precisely, we prove
an A-quasiconvexity based sufficiency theorem for local minimisers for general problems
constrained by an operator A. An additional contribution of our result is that we infer
uniqueness of these local minimisers and quantify the difference in energy between them
and arbitrary comperitors. In the second part, in the context of image processing, we
study a class of PDE constrained variational problems whose regularising terms depend on
the differential operator. We prove the lower semicontinuity of the functionals in question
and existence of minimisers for the corresponding variational problems. Then, we embed
the latter into a bilevel scheme in order to automatically compute the space-dependent
regularisation parameters, and we establish existence of optima for the scheme. We finally

substantiate its feasibility by numerical examples in image denoising.
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Chapter 1

Introduction

In this thesis, using tools from the calculus of variations, we study mathematical prob-
lems where their solutions satisfy linear partial differential constaints. The problems we
are interested in arise from physics, and more precisely continuum mechanics and image

processing.

1.1 Continuum mechanics: dynamics and statics

In the setting of continuum mechanics and the theory of electromagnetism, often problems
are constrained by linear partial differential equations (PDEs), that is their solutions are
constrained to lie in the kernel of a certain differential operator A. The prototypical
example arises in elasticity. In elastostatics, one is concerned with the minimisation of the

functional
/Q W (Vy) (1.1)

and thus solutions U = Vy are constrained by the operator A = curl. Similarly, in
dynamics, the equations of elasticity can be written in the form of the first-order system

of conservation laws

O — divDW (F') = 0,
8,5F —Vov = O,
curl FF = 0.
Note that the last equation constrains solutions F' to be gradients and it is satisfied as long

as the initial data are curl-free. More generally, one may consider problems constrained by

other differential operators A, leading to the study of minimisation problems of the form
W(U) = /W(U), AU =0 (12)
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and systems of conservation laws
U +divf(U)=0 (1.3)

with involutions A, i.e. with the property that AU(¢,-) = 0 whenever AU(0,-) = 0. PDE
constrained problems of the above form, and others, have been studied extensively. Indeed,
the theory of compensated compactness developed by Murat and Tartar originated within
this A-free context [87, 102, 103].

In particular, they understood that quadratic forms that are convex in certain directions
associated to A are lower semicontinuous along A-free, weakly converging sequences. This
set of directions, A 4, is referred to as the wave cone of A, see Section 2.1, and contains the
amplitudes along which ellipticity is lost. For example, for vectorial problems and A = curl,
the wave cone consists of rank-one matrices and rank-one convexity becomes the relevant
convexity condition. Note that rank-one convexity for quadratic forms is equivalent to
the less transparent notion of quasiconvexity which is itself equivalent to the weak lower
semicontinuity of (1.1), see [33].

Indeed, for problems of the form (1.2), an appropriate extension of quasiconvexity,
called A-quasiconvexity, was introduced by Dacorogna [32] and shown to be equivalent to
the weak lower semicontinuity of (1.2), in [32, 52|. Following the work of Murat and Tartar,
a developing body of literature has emerged on PDE constrained problems, including recent
results on appropriate modifications of BV spaces, lower semicontinuity, Young measures,
Sobolev-type inequalities etc [6, 7, 15, 46, 58, 80, 92, 93, 98|.

In the context of dynamics, part of the thesis focuses on the system of adiabatic ther-

moelasticity in Lagrangian coordinates given by

atFm — 8avi =0

atUi - aazia =0 (14)
Oy (;MQ + e) — O0a(Ziqui) =1,

that describes the evolution of a thermomechanical process (y(t, x),n(t, x)) € R3 xR where
the time variable ¢ € R and the spatial variable x € R3. This is a first-order system and
a solution to (1.4), consists of the deformation gradient F = Vy € M3*3, the velocity
v = Oy € R? and the specific entropy 1. The first equation is a compatibility relation
between the partial derivatives of the motion, the second describes the balance of linear
momentum, while the third equation stands for the balance of energy. One must include
o (1.4) the constraint

0 Fip = 0gFiq, ,a,0=1,2,3, (1.5)



which guarantees that F' is a deformation gradient associated to the motion y(¢,z). We
note that relation (1.5) is an involution, namely, it is propagated from the initial data to
the solution via (1.4);.

The remaining variables in (1.4) are the Piola-Kirchhoff stress ¥;,, the internal energy
e, and the radiative heat supply r. Here, the referential heat flux @, = 0 as this theory
describes adiabatic processes, and it does not appear in the equations (1.4). The balance

of entropy holds identically as an equality for strong solutions, that is

0(F,n)

and it can be derived from system (1.4). By contrast, for weak solutions, (1.6) is replaced

On = (1.6)

by the Clausius-Duhem inequality [28, 105, 37|, according to the second law of thermo-
dynamics, and it serves as a criterion of admissibility for thermodynamic processes that
satisfy the balance laws of mass, momentum and energy. The system is closed through
constitutive relations which, for smooth processes, are consistent with the Clausius-Duhem
inequality and describe the material response. For thermoelastic materials under adiabatic
conditions, the constitutive theory is determined from the thermodynamic potential of the
internal energy depending solely on the deformation gradient F' and the entropy n, via the

relations

Oe Oe

e=-e(F,n), E:a—F:: er, —a—n:: en,

(1.7)

for the stress ¥ and the temperature . We refer the reader to [28, 105] for a detailed

derivation of adiabatic thermoelasticity and its relation to other constitutive theories.
System (1.4) belongs to a general class of hyperbolic problems that are symmetrisable

in the sense of Friedrichs and Lax [54], under appropriate hypotheses. It turns out that

symmetrisability is guaranteed by the positivity of the matrix

err 0 ey

1
Bl 1.8
ol (1.8)
ern 0 ey
which in turn amounts to e(F,n) being strongly convex and 6(F,n) = %ﬁ:’n) > 0. In

subsection 4.1.2 we discuss the connection of thermoelasticity to the general theory of
conservation laws for symmetrisable systems.

Convexity of e(F,n) suffices to apply the standard theory of conservation laws to (1.4),
however, the condition of convexity is too restrictive to encompass a large class of materials.

A broader notion of convexity is polyconvexity, that is e(F,n) = g(F,cof F,det F,n) for



some convex function g. For polyconvex energies stability and weak-strong uniqueness
results for system (1.4) have been obtained in [22, 23, 24]. Note that due to the presence
of involutions (1.5), the positivity of the matrix appearing in (1.8) is indeed only required
on the cone

{(a@n,v,n):a, n,v€R3,n€R}

amounting to a notion of rank-one convexity for e(F,n).

Nevertheless, as it was proved by Dafermos in [38], weak-strong uniqueness for hyper-
bolic systems of conservation laws with entropies which are convex on the wave cone, can
be established under an extra assumption of small local oscilations on the weak solutions.
In particular, Dafermos studied the system of conservation laws (1.3) endowed with invol-
utions where A = >~ A,0, was assumed to be a first order operator. He showed that if
the involutions are complete , see [40] for the respective definition, system (1.3) becomes
hyperbolic and he constructed a first order potential operator B = ) B,0, such that
U = BW whenever AU = 0. Through this potential B, he extracted a Poincaré type
inequality for A-free functions which played a decisive role in the proof of his main tool: a

Géarding-type inequality for the quantity

RWU|U)=R(U) - R(U) - DR(U)-(U-0)

- /01(1 “HD?R(T + (U — 0)) dt(U — ) - (U — D), (1.9)
associated to the A 4-convex entropy R. Nevertheless, this Garding inequality required that
the weak solutions, assumed bounded and in the space BV, satisfy an extra assumption of
small local oscillations. Then, naturally, it leads to stability and weak-strong uniqueness
results for such entropic weak solutions. In [74] and the case of elasticity, it was understood
that the crucial Garding inequality and the subsequent weak-strong uniqueness result can
be proved without the assumption of small oscillations, provided the entropy instead sat-
isfies the stronger condition of quasiconvexity. Indeed, that nonlinear Garding inequalities
are connected to strong quasiconvexity and that they can be useful in the setting of the
calculus of variations can already be found in [30]. We note that elements of the proof
of the Garding inequality in |74] appear in [30]. More recently, Kristensen and Campos
Cordero in |79] have obtained a similar Garding inequality in the curl-free setting following
a different approach.

More generally, Garding inequalities have been very important, for example, to estab-
lish existence, uniqueness and regularity for elliptic problems, see [1, 56, 57, 86, 88, 97|.

Crucially, a Garding-type inequality for the function in (1.9) also appeared in the resolution



of the so-called Weierstrass problem in the vectorial calculus of variations, i.e. the problem
of finding (quasiconvexity based) sufficient conditions for a map g to be a strong (or LP)
local minimiser of (1.1), see Section 4.2. This was indirectly employed in the original proof

of [60] and more explicitly in the subsequent proofs in [31, 29] which seek the positivity of

/ W(V7 + Vol V),

related to a Garding-type inequality for the function W(-|-). In this context, this quantity
is known as the Weierstrass excess or E-function, see [60, 29| for functionals depending on

lower order terms.

1.1.1 Continuum mechanics: our contribution

Motivated by the problems presented above and in particular, in terms of notation, by the
equations of adiabatic thermoelasticity, our work establishes a Garding-type inequality for

quantities of the form
6(21, 22|§1, 52) = 6(21, 22) — 6(21, 22) — €F(§1, 52)(21 — Zl) — 6,7(21, 22)(22 — Zz), (1.10)

associated to (A,0)-quasiconvex functions e : RN x R — R satisfying suitable growth
and coercivity assumptions, see Section 3.3. We note here that for consistency, we adopt
the notation of adiabatic thermoelasticity where by er and e, we refer to the derivatives
with respect to the first and the second variable respectively. As it has been probably
already understood from the above discussion, these kind of quantities play an important
role: on the one hand, they appear as the relative entropy in the theory of conservation
laws and form the central object in the popular relative entropy method which allows to
tackle problems of local stability and weak-strong uniqueness. On the other hand, in the
calculus of variations, they correspond to the Weierstrass excess function which is crucial
in the so-called Weierstrass problem of finding necessary and sufficient conditions for local
minimisers.

More precisely, using ideas from the recently developed contributions of Raitd and
Guerra in PDE contrained analysis [92, 63| and those from Campos-Cordero and Kristensen
in the vectorial calculus of variations [31, 29|, we prove a new Gérding-type inequality,

Theorem 3.2:

[ (et 1o+ 017 4 10) 5 [ eF 0.7+ 0P + Belfy-saigy + Ils2c0r

(1.11)



for all (F,n) € Uk, ¥ € LY(Q) with Jo ¥ =0and all A-free p € LP(Q) with [, ¢ =0. We
refer the reader to Section 3.3 for the detailed setting and assumptions.

In dynamics, in [75], we employ a simplified version of our Garding inequality to
prove stability and weak-strong uniqueness results for dissipative solutions of general PDE-
constrained systems of conservation laws of the form (1.3), under the assumption that the
entropy is A-quasiconvex. We note that no restrictions on the order of A are required and
as in [38] weak solutions need only be bounded but with no additional assumptions on the
local oscillations. Thus, we extend the ideas in [74] to the A-free setting by exhibiting
that in the general framework of [38] the assumption of small oscillations can be removed,
assuming A-quasiconvexity. In addition to this, in [55], we establish a novel uniqueness
result for the hyperbolic system of adiabatic thermoelasticity (1.4) under quasiconvexity
conditions, Theorem 4.3. In particular, we show that classical solutions of the system
are unique within a suitable class of dissipative measure-valued solutions, provided that
the internal energy e satisfies appropriate quasiconvexity assumptions, see Definition 3.1.
The proof is achieved by combining the relative entropy method with our Garding-type
inequality (1.11). Our definition of quasiconvexity is associated with the symmetrisability
of the system and hence guarantees its hyperbolicity.

In statics, we investigate energies of the form (1.2), i.e.

WIU] ::/QW(U(x))dx, (1.12)

for A-free and zero average U € LP(Q). In particular, Theorem 4.5 establishes unique-
ness of local minimisers in the W~ topology for the above functionals, whenever W is
strongly A-quasivonvex, and we quantify the difference in energy between the minimiser
and arbitrary competitors, i.e. we prove that if the Euler-Lagrange and the positivity of

the second variation hold for some U, then there exists € > 0 such that
WU - W] 3/ (U TP +|U—TP), (1.13)
Q

for all A-free, zero-average U € LP(Q)) with ||[U — UHW—I,p(Q) < €. The proof comes as a
direct consequence of our main tool for the proof of (1.11), Theorem 3.1. As an example, we
study the classical case A = curl and bounded domains 2 with mixed boundary conditions
and extend the results from [29], see Corollary 4.1. We note that the quantification of the

difference in energy (1.13) was not known even in the classical case A = curl.



1.2 Image processing: bilevel schemes

In the second part of this thesis, Chapter 5, we study a bilevel training scheme for the auto-
matic selection of spatially varying regularisation weights in the framework of variational
image reconstruction. Specifically, given a suitably defined class Adm of admissible weights

«, we look for solutions to the problem
a* € argmin {F(uq) : @ € Adm}, (1.1)
where F' is an assigned cost functional and wu,, is an image reconstructed by minimising
Iu; o] == ®4(u) + R(u; ). (1.2)

Here, ®, is a fidelity term that penalises deviations of u from the datum g, whereas R (u; c)
is a regularisation functional whose strength can be tuned by an appropriate selection of
the regularisation parameter « belonging to the admissible set Adm. The datum g is

typically a corrupted version of some ground truth image wug;. Often, one has
g = Tug +,

with 1 denoting a random noise component and 7" being a bounded linear operator that
corresponds to a certain image reconstruction problem. For instance, T is a blurring
operator in the case of deblurring, a sub-sampled Fourier transform in magnetic resonance
imaging (MRI), the Radon transform in tomography, or simply the identity in denoising
tasks, on which we will be focusing here. The aim of solving a problem of the type (1.2)
for suitable ®,, R and « is to obtain an output u which represents as well as possible the
initial ground truth image ugt.

Among classical regularisation functionals we find the total variation (TV) [95, 20|, as
well as higher order or anisotropic extensions of it. Particularly relevant for this work are
the second order total variation (T'V?) [91, 11] and the total generalized variation (TGV)

[13]. For a function u € L*(£2), these functionals are defined by duality as follows:
TV (u) = sup {/ﬂudivgﬁdx e CX(Q,RY), |9l < 1} ; (1.3)
TV?(u) = sup {/Qudivqud:r © e CC(Q, R, ¢l < 1} : (1.4)
TGV (u) = sup {/Qudiv2¢dm D e C2(Q, 8T, |[Blloo < ap, [|divie|ee < ozl} . (L.5)

Here S%*? denotes the space of dxd symmetric matrices. Note that the scalar regularisation

parameters g, a1 > 0 are inserted within the definition of TGV, while the other functionals



admit a single weighting parameter o acting in a multiplicative way, i.e., TV and oTV?Z.
If the supremum in (1.3) is finite, then we say that u € BV(Q), the space of functions of
bounded variation [5], and TV (u) = |Dul|(€2), where |Du| is the total variation measure
associated with the distributional derivative Du € M(2, R?). Similarly, if the right-hand
side in (1.4) is finite, then u € BV?(Q), the space of functions of bounded second variation
[91, 11], and TV?(u) = [D?u|(Q), with D?u € M(Q,S?*?). Finally, it turns out that if the

supremum in (1.5) is finite, then u € BV(Q) as well and

TGV(u) = min {al/d\Du—w|+a0/d|@@w},
weBD(Q) Q Q

see |14, 12]. In the previous formula, BD(Q2) is the space of functions of bounded de-
formation and &w denotes the symmetrised gradient of w. The advantage of higher order
regularisers lies in their capability to reduce an undesirable artifact typical of TV, the so-
called staircasing effect, that is, the creation of cartoon-like piecewise constant structures
in the reconstruction [90].

Based on the concept of convex functions of Radon measures [48|, variants of the
above regularisers involving convex integrands have also been considered in the literature
[91, 108, 70]. A widely used example is the one of Huber total variation TV, which is
defined for u € BV () as

TV,y(u):/va(dDu):/QfV(Vu)dx—F/Qd]Dsu\, (1.6)

with Vu and D*u denoting respectively the absolutely continuous and the singular part of

Du with respect to the Lebesgue measure. The function f,: R? — R is given for v > 0 by

1
’Z‘_if}/a if ’z‘zf%
fy(2) = (L.7)
L el <
2y ) -

Note that TV, (u) can be equivalently defined via duality as

TV, (1) =sup{ [ wdiods - 5o [ Pz o€ CR(@.RY, ol < 1}, (1.8)

see [48]. This modification of TV, is typically considered in order to employ classical smooth
numerical solvers for the solution of the minimisation problem (1.2). In this specific case,
however, it also leads to a reduction of the staircasing effect by penalising small gradients
with the Tikhonov term (2v)~! [, |[Vu[*dz, which promotes smooth reconstructions [70,
18).

In all these models, the choice of the weights in the regularisation term is crucial

to establish an adequate balance between data fitting and denoising. On the one hand,



the reconstructed u may remain too noisy or have many artifacts if the regularisation is
too weak. On the other hand, a very strong regularisation may result in an unnatural
smoothing effect. In the last years, bilevel minimisation methods have been employed to
select these weights automatically. A subfamily of these methods assumes the existence
of one or several training pairs (ugt,g) consisting of the ground truth and its corrupted
counterpart [19, 44, 43, 42, 84]. In these works the energy in the upper level problem (1.1)

is usually given by
Fpsnr(u) = [[u — ug|72(0), (1.9)

and its minimisation essentially corresponds to finding reconstructions that are closest
to the ground truth in the least square sense. Since typical images generally feature
both homogeneous regions and fine details, it is reasonable to assume that the optimal
regularisation intensity is not uniform throughout the domain. This matter of fact has
prompted researchers to consider bilevel schemes that output space-dependent weights,
i.e., functions a: Q — [0, +00) [26, 45]. A recent series of papers [68, 69, 66, 67| deals with
schemes for TV and TGV that yield such weights without resorting to the ground truth.

2

If the corrupted datum g is obtained by some additive Gaussian noise n with variance o=,

this is achieved by the introduction of the statistics-based upper level objective

1 1
Fiar(u) == 2/ max(Ru — 52, 0)%dx + 2/ min(Ru — ¢2,0)dx, (1.10)
Q Q

2 2

where 2 =02 —¢, 52 :

=02 +¢, and

Ru(x) = /Qw(a;,y)(u —9)*(y)dy for w e L®(Q x Q), /Q/Qw(a:,y)da:dy =1.

The idea is that if the reconstructed image u is close to ug, then it is expected that on

2

average the value of Ru(x) will be close to 0. This justifies the use of Fyat, since its

minimisation forces the localised residuals Ru to fall within the tight corridor [o2,7?].
Image processing: the contribution of this thesis

Our contribution in the field is connected to the aforementioned literature on several levels.
Starting from an arbitrary I-th order, homogeneous, linear differential operator B between

two finite dimensional Euclidean spaces U and V, we introduce the general regulariser

-1
R(u; o) —;/gai(a:)fi(:c,leu)+/Qal(x)fl(x,d6u), (1.11)

a;:  — [0,400) being for i = 1,...,1 the spatially dependent weights. The functions f;

are of linear growth and convex in the second variable. We assume them to be Carathéodory



integrands, or in other words, they explicitly depend on the spatial variable  in a meas-
urable way. More details about the setting are to be found in Section 5.1. As a first
contribution, we prove lower semicontinuity of the functional in (1.11) with respect to a
suitable weak-x convergence, a necessary step towards the existence of solutions of the
corresponding variational image reconstruction problem (1.2). Secondly, we introduce and
prove existence of solutions to the bilevel scheme, which provides an optimal spatially
dependent weight and an associated reconstructed image.

Not much work has been done for functionals depending on general differential operat-
ors. One example comes from the recent preprint [41], where a bilevel scheme for first order
differential operators B is developed. Interestingly, the authors identify classes of operators
B such that the scheme outputs an optimal reconstructed image and an optimal B for the
upper level problem. However, in their analysis one always obtains BV minimisers. In
contrast, in our method the operator B is allowed to be arbitrary, see Theorems 5.4 and
5.6.

From the theoretical point of view, one of the main advantages of our approach is the
fact that we can allow for spatially dependent weights and for general convex integrands
in the regularisers. Our hypotheses on the convex integrands are optimal, due to the use
of Young measures for oscillation and concentration, see Section 2.3. From an analytical
point of view, our regularity assumptions on the weights are minimal, as can be seen from
Section 5.1.3. In the future, we aim to develop our theory to include optimisation problems
over linear PDE operators B that satisfy as few assumptions as possible. We expect that
our lower semicontinuity and existense results, Theorems 5.4 and 5.6 respectively, will serve
as preliminary work in this direction.

We conclude with a series of numerical examples that deal with versions of the Huber
TV and TV? in which both the Huber and the regularisation parameter are spatially
dependent. We devise a strategy to prefix the former in a sensible way, while the latter
is computed automatically by the bilevel scheme. Even though the main purpose of these
numerical examples is to support the applicability and versatility of the framework, we are
able to draw two interesting conclusions. The first one is that the bilevel TV? with spatially
varying weight, in combination with the statistics-based upper level objective Fy,t is able
to produce high quality reconstructions, even outperforming TGV, both in its scalar and
spatially varying versions. The second one is that the introduction of the spatially varying

Huber parameter can further enhance the detailed areas in the reconstructed images.
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Chapter 2

General Preliminaries

In this chapter we summarise some general notions and tools which are widely used in this
thesis. In particular, we present some important aspects from the theory of constant rank
differential operators which is central in our work. After that, we proceed to a review of
the theory of generalised Young measures, and then we mention some key results from the
PDE constrained quasiconvex analysis. More specialised notions and tools that are used

in this work, are mentioned in the respective chapters and sections of the thesis.

2.1 Constant rank linear operators

We first clarify the notation and then we present some important results which play a
key role in the analysis of our work. For each d-multi index j = (j1,...,7q4) € N¢, let us
consider a collection of linear operators A; € Lin(RY,R™). We define a homogeneous k-th
order linear operator A by
Ap = Z A, p:RT 5 RY, (2.1)
li[=F
where [j| = )", ji. We think of A as a polynomial in 0 and so we write its principal symbol

as

A:RY— Lin@®RY,RM), A9 = (2mi)" ) A;¢.
ljl=k

The wave cone associated with A is denoted by

Aa= |J kerA9),

£€Sd71

and contains the amplitudes A € R™ along which the system fails to be elliptic where
ellipticity means that ker A(§) = {0} for all £ # 0. Indeed, it is straightforward to check
that A ¢ A4 if and only if the operator Ry(v) := A(Av) is elliptic, where v € C*°(Q;R).

11



Moreover, we assume throughout that the linear differential operator A has the constant

rank property, i.e. there exists » € N such that
rank A(¢) = r for all £ € §971, (2.2)

As we already mentioned in the introduction, the constant rank assumption, first intro-
duced in the context of compensated compactness by Murat [87], ensures the smoothness

of the projection mapping
P: R\ {0} = Lin(RY,RY), ¢ Projieae),

and thus makes tools of pseudo-differential calculus available. More precisely, the projec-

tion mapping P can be represented as
P(¢) = Idy — AT€)A(), for & € R\{0},

where by Af(€) we denote the pseudo-inverse of A(£). We recall the notion of Moore-
Penrose generalised inverse (so-called pseudo-inverse): for a matrix K € RV*M its pseudo-

inverse KT is the unique M x N matrix defined by the relations
KK'K =K, K'TKK' =K', (KK"* = KK', (K'K)* = K'K,

where we use the symbol * for the adjoint matrix. Using the above representation together

with [47, Theorem 3|, Raitd in [92]| gave a new characterisation for constant rank operators:

Theorem 2.1. Let A be a linear homogeneous differential operator with constant coef-
ficients of order k € N. Then A has constant rank if and only if there exists a linear

homogeneous differential operator B with constant coefficients and order I € N such that
imB (&) = ker A(€) for all € € R?\ {0}.
We write, for some Bj € Lin(RM/,]RN),

Bo:= > Bjo'¢, ¢:R*—RM. (2.3)
e

We refer to the potential operator B simply as the potential of A although no meaningful
notion of uniqueness is known, see [63] for a discussion. We mention here that the potential
operator B is also of constant rank, see [92, Lemma 3.

For the sake of concreteness, we present some examples which are mainly motivated by
material science and are also used in this thesis.

(1) UNCONSTRAINED CASE: If A = 0 then it is straightforward to see that A4 = RY. We

12



note that in that case A-quasiconvexity, see Definition 2.3, is just the normal convexity;
(77) NON-LINEAR EvAsTICITY: If A = curl then curl-free vector fields can be written as
gradients of some other vector fields, i.e. B =V, and the associated wave cone is the cone
of rank-one matrices i.e. Ay = {a @b:acRN be Rd}. Similar arguments can be done
for higher gradients or even when only some of the partial derivatives are considered, see
[53, Example 3.10.[;

(7i7) LINEAR EvasTtICITY: For A = curlcurl then the potential operator is given as the
symmetric gradient £ so that Ay = {%(a @b+b®a): ac RN be Rd};

(t7v) THERMOELASTICITY: In this case we observe a couple of constraints described via

the operator A = (curl, 0) where the associated wave cone is given by
AAZ{(&@n,n):aERN,nGRd andneR},

We note that the above situation can be generalised by coupling any admissible constraints

and hence obtaining a new operator.

Refer to reader to |63, 53, 81] for the details and also some more delicate examples.

2.1.1 Sobolev estimates

We first take a moment to clarify our setting. In a large part of this thesis and in particular
in the analysis of our Garding type inequality and its applications, for technical reasons
we restrict attention to functions ¢ : R? — RY that are A-periodic where A denotes the

unit cell of the lattice Z4, i.c.
oz + P)=¢(zx) VP eZ%
These functions can be viewed as functions on the d-dimensional (flat) torus T¢
T¢ .= {(e%ml, €T (L mg) € ]Rd}

via the identification

@p(e¥™ | e2TAY = ah(xy, ..., xq).
Thus, letting @ be (any translation of) the unit cube (0, 1)¢, we may identify LP(T¢) with
LP(Q), understanding that the natural measure on T¢ is the pushforward of the Lebesgue

measure £ on Q via the map f: Q — T¢,

flxy,... xq) = f(e%ml, .. .,627”“).

Then, for any function pr € L'(T%) and any unit cube @ (up to the obvious modifications

[er=[ o
Td Q
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For the purposes of this thesis, we do not distinguish between 7 and ¢, or between T%
and @) and their respective measures, and we prefer to define our integrals and function
spaces over () with opposite boundaries glued, rather than T¢. This is because we often
consider functions defined on cubes which are seen as subsets of the unit cube @, although
@ itself is a unit cube with opposite sides identified. Consequently, we write LP(Q) instead
of LP(T?) but also C*(Q) instead of C*¥(T9), i.e.

crQ) = {cp € C*(RY) : 9%p A-periodic for all d-multi-index |a| < k} . (2.4)

Henceforth, for a function ¢ € LP(Q) we say that “Ap = 0 in Q" in the sense of

distributions on the torus, i.e.

—/ ¢ - A*v =0 for all ve C>®(Q), (2.5)
Q

where A* is the adjoint operator. We call A-free any function satisfying (2.5). Taking this

into account, we define the space

Q) = {¢€LP(Q): Ap =0, /Qw—o},

which contains all the A-free and zero-average functions of LP(Q).

In this section, we present some fundamental estimates in Sobolev spaces for a class of
primitive functions which we refer to as Bf-primitives, constructed in [92]. These estimates
are necessary to replace Poincaré-type inequalities which we particularly require when
introducing cut-offs in the analysis of our main inequality, section 3.3. We note that these

estimates may fail for general primitives.

Remark 2.1. Throughout, W%4(Q) denotes the closure of C*(Q) in the W4 norm.

Then, for p = ¢/(q — 1), the space W~5P(Q) is its dual and its norm is equivalent to

| [(14:5\(§|)2)l/2”

Lr(Q)

Note that when [, Q¥ = 0 this norm is equivalent to the norm

= %]

since the Fourier multipliers (1 4 |€]?)7%2 and |¢|~* are comparable for ¢ € Z¢\ {0}.

LP(Q)

Here, F~! denotes the inverse Fourier transform, and for the Fourier coefficients we use

the notation

px) = > @™, for x€Q, p€C¥(Q), where §(¢) = /Qso<y>e—2mf~ydy.

¢ezd

14



Before we proceed to the proof of the Sobolev estimates, we present a well-known
result from Harmonic analysis which we use repeatedly, the Héormander-Mikhlin multiplier

theorem:

Theorem 2.2. Let m € C®(R%\ {0}) be 0-homogeneous. Then

|5 @)ty < el oy Jor all o € LP(RY).

In the sequel the symbol < is used to denote that the inequality < holds up to a positive
constant i.e. for two quantities ¢; and g2 we say that g1 < ¢o if there exists a constant

C > 0 such that ¢; < C ¢o.

Lemma 2.1. Let A and its potential B as in Theorem 2.1. Then for all ¢ € LZ(Q), there
exists ¢ € WHP(Q) such that

(i) o= B¢ ;
(i) 19llr(@) < Clliellw-1r) 5
(i) |9llwerq) < CllellLre)s
(i) ¢llwi-in@) < Cllellw-10q) for alli=1,.,1.
We will call ¢ a B -primitive of ¢.

Although (i), (i73) and (iv) follow from the construction in [92], a proof is not explicitly

given. Hence, for completeness, we provide a proof here.

Proof. We prove the result for ¢ € C°°(Q) and the general case follows by approximation.
Indeed, (i) is known from [92, Lemma 2|, where the primitive function ¢ € C*°(Q) is

constructed as
¢(z) = Y BIE)PE)™ ",
40
and Bf(-) is the pseudo-inverse of B(-) which is itself smooth whenever B is, see [63]. This

justifies our adopted terminology Bf-primitive.

For (i4), since BT(-) is smooth (B(-) is smooth by construction) and (—I)-homogeneous,
the operator Bf(£/|€]) is 0-homogeneous and smooth, and thus a Fourier multiplier, see
[52, Proposition 2.13|. Hence, by the Hérmander-Mikhlin multiplier theorem, Theorem
2.2, and Remark 2.1

tora = [ [0l < o]

% (20|

L = lelw-irq)-
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For (iii), by applying the Poincaré inequality for all the derivatives of ¢, since [ 0 Vig =
@(0) =0, we have that ||V/=%¢||zr < ||V!¢| s for all i=0,..,l and so |||y < VIO Lo
Then, by differentiating ¢ we obtain

z) =Y BI(O)PO)™ " © ¢,
€70
where Bf(¢) ® ¢! is a 0-homogeneous multiplier of o, since Bf(-) is (—I)-homogeneous.

Hence, again by Theorem 2.2, we find that

§
€l

For (iv), by working similarly to (iii) we prove that

IVl o) = |77 [B 2@ |

s [z@]|,, = ez = 1Bl

IV oy < |7 [506)]|

K, = HSOHI/V*LP(Q)

and since |V 7¢||» < |V e for i=1,..,] we conclude the proof. O

Lr(Q)

2.2 A-quasiconvexity

Here we recall the definition of A-quasiconvexity and collect results that are used in the

sequel. The following definition is due to Fonseca and Miiller in [53].

Definition 2.3. A locally bounded, Borel function W : RY — R is A-quasiconvex at
A e RN if

/ WA+ p(z) = WN)]dz =0,

Q

for all ¢ € C°°(Q) such that A¢ = 0 and fQ »=0.

It is proved in [92]| that the above definition can equivalently be expressed over arbit-
rary domains and compactly supported test functions, i.e. it coincides with Dacorogna’s

definition of A-B quasiconvexity [33] given below.

Definition 2.4. Let Q C R¢ be a non-empty open subset. A locally bounded, Borel

function W : RV — R is A-quasiconvex at A € RY if and only if
/ (WA 4+ Bo(z)) — W(A)]dz >0, for all ¢ € C°(),
Q
where B is the potential of A.

Additionally, assuming that W has at most p-growth, i.e. |W(z)| < ¢(1 + |2|P), , using
density results, the above definitions can also be expressed with test functions in LP(Q)

and W/P(Q), respectively, where W/P(€2) denotes the closure of C°(€) in the W-P-norm.
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The results presented in this thesis, require strengthened versions of the quasiconvexity

condition. Let p > 2 and for k € N define the auxiliary function V), : RF - R as
Vo(2) i= (|22 + )2, z e RV (2.1)
If there exists a constant ¢y > 0 such that
/Q [W()\ + Bo(z)) — W(/\)]da: > co/Q \V(Bqﬁ(m))]Qdac, (2.2)

for all ¢ € Wé’p (Q), we say that W is strongly A-quasiconvex at A € RY. Equivalently, W

is strongly A-quasiconvex at A € RV if

/ WA+ (@) — W) dz > o / Vi () [P,
Q Q

for all ¢ € L¥(Q). We say that W is (strongly) A-quasiconvex, if it is (strongly) A-
quasiconvex at A for all A € RY.

Note that A-quasiconvex functions are not in general continuous as, unlike quasiconvex
functions, they are not generally separately convex. However, the condition spanA 4 = RV

recovers this loss of separate convexity, see [63, Lemma 4.4], and then
W (z1) — W(22)| < C(1+ |21 [P~ + |22|P7Y)|21 — 22, for all 21, 2, € RY.

We end this subsection with a remark on quadratic forms. It is well-known that for these
functions rank-one convexity, see [34] for the respective definition, implies quasiconvexity.
Here, repeating the arguments of [33], we extend the above implication in the case of

A-quasiconvexity. We first present a result which is crucial in the proof of the extension.

Lemma 2.2. Let M € RN*N be a symmetric matriz and define the function f(\) = M-\,
for all € € RN, Then, if

for all p € C°(Q), A-free and zero-average, the function f is A-quasiconver.

Proof. Let A € RN, ¢ € 0°(Q) A-free and zero-average. Then

[ 10t ela)do= [ MO+ pla)) - (A + pla))ds
Q Q
:/M)\-)\da:+/Mgp(w)-g0(:U)dx
Q Q
> MM\ - Adx = f(A),
>/Q ey

where in the second equality we used the fact that fQ p=20. Ul
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The above lemma together with the fact that A 4-convex quadratic functions are non-

negative on the wave cone A 4 yields:

Lemma 2.3. Let M € RN*N be a symmetric matriz and define the function f(\) = MA-),
for all € € RN, and assume in addition that f is convex in the wave cone Ay. Then f is

A-quasiconvez.

Proof. Since f is convex on the cone A4, for any ¢ € RY it holds that

Vef©OX- A=
MXN-X>0, forall \e Aq\{0},

and so f(A) > 0 for all A € A4\{0}. From Lemma 2.2, it is enough to show that

/ f(p(@))dz > 0,
Q

for all p € C°(Q), A-free and zero-average. Indeed,
/ ))dz = / Mola) - plo)dz = [ Mo(€)- 4(€)de >0,

where the last equality follows from Plancherel’s theorem. O

2.3 Young measures

In the sequel, we are interested in two classes of integrands. The first one E, (€2, RY), which
is mainly associated with Chapter 3, is more natural with respect to the assumed growth
behaviour of our integrands, while the second one, denoted by ]L(Q,]RN ) and studied in
Chapter 5 for integrands with linear growth, is larger from the respective class E(Q, RY) :=
E; (2, RY) and contains integrands for which, it will turn out, that we are able to compute
limits. We note that all of the following results hold the same if we replace RN with
any finite dimensional space V, however we restrict ourselves to RN for simplicity of the
notation.

We want to understand the limiting behaviour of the sequence (f(-,y;)) over weakly
convergent sequences (p;) C LP(Q,RY) (or the sequence (f(, 1;)) for weakly-* convergent
sequences of measures p; € M(Q,RY) in the case p = 1). To this end, we define the
natural space

Ny . « RN — su |f($ z)| o0
Gp(Q,RY) == {feC(Q RY) [ flle, o (1+|Z|) < }
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which can be equivalently described using the sphere compactification operator T, : G, (£2, RN ) —

Cy(Q x BY) (and its inverse )

(Tpf)(x, 2) := (1 — |2|)Pf <:c,1_2>, reQ, ze BY,

(Tp_lg)(x,z) = (1+]z\)pg< ) , e, zeRY.

2

142
In particular it holds that T}, : G,(Q, RY) — C,(Q2 x BY) is a linear isometric isomorphism
and therefore, the same holds for the adjoint operator T : Cy(Q x BNy — GP(Q,RN)*,
a property which reveals that the transformation mapping 7; captures the behaviour of
the p-growth integrands. However, due to the fact that G,(Q,RY)* ~ Cy(Q2 x BN)* is
the dual of a non-separable Banach space, by testing with integrands in GP(Q,RN ), we
lack an appropriate compactness principle. In order to overcome this issue, we look at the
subspace of (Gp(Q,]RN ) which is isomorphic to the separable space C(Q x BY), and we

define the space of p-admissible intergrands E, ({2, RY) as follows:

Ey(Q,RY) := T, 1(C(Q x BY))

- {f CC@xRY): X = im0

ER, for (z,2) € A xRV},
where f7° : QOxRY — Ris called the (strong) p-recession function of f. It is straightforward
to see that the function f7° is itself a p-admissible integrand and positively p-homogeneous

in z, i.e.
o€ E,(Q,RY), and J(w,tz) =P f0(w,2) for t 20, 2€Q, z € RY.

In the sequel, we write just E(Q, RY) and f°° for the case p = 1.

Using the above definitions, we are able to understand the space of Young measures as
a subspace of E, (€2, RV)*. To this end, we embed the space LP(Q,RY) ( or M(2,RY) in
the case p = 1) into E,(Q,RN)* via

p>1: e,(f) ::/Qf(:c,ap(x))dx, for @ELP(Q,RN),
1. — — a oo M
b=t 2(f) = [ fdn) = [ sanass [ (o 55 @) dulto),

where p = p®L"_Q+ p® is the Radon-Nikodym decomposition of u € M(2,RY). By the
sequential Banach-Alaoglu theorem, we can infer that bounded LP (or M in the case p=1)
sequences are weakly-* compact in E* under the above identification. In particular, if (¢;)
is bounded in LP (Q,RN ), we know that, along a subsequence which is not relabeled, we

have that €, Svin By (Q,RV)*.
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We define o := (T, ')*v € C(Q x BN)* = M(Q x BN) and, for f € E,(Q,R"Y), we

write
(w, )=, fleg = (0, 1pf)
= /Q><BN(1 — 2P f <x, 1_’2‘> do(x, 2) +/§2st f;o(a:,é)da(m,é),

where SV denotes the unit sphere in RY. From this formula we derive two necessary

conditions for the weak-+ limit v, namely that o > 0 in M(2 x BV) and

/ Y(x)dr = / P(x)(1 — |Z|)Pdo(z, 2) for all ¥ € C(Q). (2.1)
Q Qx BN
In particular, these two conditions characterise Young measures. We define:

(o]

p )xeg) is said to be a Young

Definition 2.5. A parametrized measure v = ((v3)zeq, A, (v

measure (or generalized Young measure) whenever

(a) (Vz)zeq C M7 (RY) is weakly-* L£"-measurable (the oscillation measure).
(b) A € MF(Q) (the concentration measure).
(¢) (V%) ,eq C MT(RY) is weakly-* A-measurable (the concentration-angle measure).
(d) [q Jzn |2Pdve(2)de < oo (the moment condition holds).
Then v acts linearly on E,(Q,RY) via
(v, ) = / f(z, +)dvydx +/ [l (x, +)dvgedA(z), for fe E, (9, RY).
Q JRN QJsN
We write YP(€2,RY) for the set of all such v.

Moreover, the Young measures lie in E(Q, RY)* and, more precisely, the inclusion
YP(Q,RY) ¢ E(Q,RM)* is strict. The theorem below can be seen as the fundamental

theorem of Young measures.
Theorem 2.6. We have that
YP(Q,RN) = T*{c € MT(Q x BN): equation (2.1) holds}.

Using the above characterisation it has been proved that the space of Young measures
YP(Q, RV) has the following closedness and compactness properties:
Theorem 2.7 (Compactness of Young measures). Let (¢;) be a bounded sequence in
*

LP(Q,RN). Then there exists v € YP(Q,RYN) such that, along a subsequence, Ep; — V
in E,(Q,RV)*, ie.,

Jj—o0

im [t = [ [ fepweas [ [ e oureae, 02
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for all f € Ep(Q,]RN). In this case, we say that the sequence (ypj) generates the Young

measure v. In addition to this, YP(Q,RY) is convex and weakly-* closed in EP(Q,RN)*.

The above result holds also in the case p = 1, where we consider bounded sequences of
measures in M (2, RY). In our analysis in Chapter 5, we use the following consequence of

Theorem 2.7:

Lemma 2.4. Let (u;) € M(Q,RY) generate a Young measure v. Then
i = LML Q A+ 7PN in M(Q,RY).
The limit measure is refered to as the barycentre of v.

This follows simply by taking f(z,z) = ()2 for 1 € C(Q) in Theorem 2.7, where we
write
Uy = / zdvg(z) and 70 = / 2dvy°(z)
RN BN
for the expectations of the probability measures v, and v3°.

We next formalise an idea which helps us distinguish between the case of sequences
produce only oscillations and those that produce also concentrations. In a way, as it
becomes obvious from the result below, the recession integrand captures the concentration
effects of the generating sequence and hence we expect the lack of it in the presence of

suitable equiintegrability assumptions.

Proposition 2.1. Let Q C R? be bounded and open with £L4Y(0Q) = 0, p € [1,00), and
f: QxRN — R be a measurable integrand such that f(z, +) is continuous for almost every
x € Q (is a Carathéodory integrand). Let (p;) C LP(Q,RY) generate v € YP(,RY) be

such that (f(+,¢;)); is p-equintegrable. Then

iim [ Flavpy@)de = [ (S

j—>oo O
In particular, the barycentre v, := (v,,id) of the oscillating part of the generated Young

measure v identifies the weak limit of the sequence (¢;), i.e.
0 — Uy in LP(Q).
In Chapter 5, we focus on the case p = 1 and in particular we study Carathéodory
integrands f : Q x RV — R with linear growth at infinity i.e.

fis £4 x B(RY)-measurable such that z — f(-, z) continuous and |f(-, )| <1+ |z].

(2.3)
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More precisely we are interested in a smaller class of Carathéodory functions which is

defined as
L(Q,RY) :={f: QxRN — R : f satisfies (2.3) and f>* € C(Q x RY) exists},

and we want to study the limiting behaviour of the sequence ( {(i;, f))) for f € L(Q,RY)
and bounded sequences of measures (4;). From the above discussion, we understand that
the statement “(u;) generates v € Y(Q,RY)” only implies the convergence ({uj, f)) —
(v, f)) for f € E(Q,RY). However, the next result reveals that this convergence holds
also for the class L(€2, RY).

Proposition 2.2. [82, Proposition 2(i)] Let @ C R? be bounded and open, and f €
L(Q,RY). Let (uj) € M(Q,RY) generate v € Y(Q,RY). Then

tim [ fodus0) = [ (ol Do+ [ @2, 12, ) dN).
j—oo /o Q Q
The idea behind the proof of the above result is to decompose f € L(Q,RY) as f(z,2) =

h(z,z) + g(x, z) where

b 2) o= o) = A (o5 ) and (o) = a7 (o)

Now it is not hard to check that, due to the continuity and the 1-homogeneity of f°,
g € E(Q,RY) and hence {(u;,9)) — ((v,9)) = (v, f*)). Regarding h, the observation
that h> = > — f* = 0 allows us to deduce that ((u;,h)) — ((v,h)) = (v, f — f>)),
and hence conclude by putting the two convergences together. We refer the reader to [82,

Proposotion 2(i)| for the detailed proof.

Before we proceed, we present some examples which help in the understanding of the
difference between the oscillation and the concentration effects of the generating sequences,

see [81] for the details of the corresponding proofs and more complex examples.

Example 1. (No concentration) Let Q = (0,1)" and ¢ € L? (R4 R¥) be Q-periodic. Set

loc

@j(x) := @(jz), so that, by using Riemann sums, we obtain that
| vz [ v Fiew),

for ¢ € C.(Q), F € C.(RY). However, by using the formula (2.2) together with the fact
that for these particular test functions F>° = 0, we get that v, = x(L"|Q). Now, by
testing (2.2) with ¢ ® | - |P where ¢ € C(Q), we see that the concentration measure \ is
given by the weak-x limit of the sequence (|p;P — (vz,| - [P)). Since we already found the

oscillation measure v,, we can conclude that A = 0.
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Example 2. (No oscillation) Consider now @ = (—1,1) and ¢; = jl( /5, where 14
denotes the characteristic function of the Borel set A C ). Then again as in the previous

example, for ¢ € C.(Q), F € C.(R), we have that

/llwx)F / //]w 0)da + Ol”w dH/ e

ie. v, = dp. Since we found the oscillation part, similarly with the previous example,
considering the fact that ¢;L" {(_171)i do in M([—1,1]), we infer that A = §p. Regarding
the concentration angles, since the measure v2° concentrates on the sphere, we know that

v = ad_1 + B0; for some «a, B > 0 such that o + 5 = 1. So, for

A, z=-1 - —Az, 2<0
F
B, z=1 Bz z >0,

and ¢ € C([—1,1]), if we calculate the limit we get that
1
[ @ P a)is w08

By using now the Young measure representation (2.2) and comparing the two limits we

deduce that o = 0 and so 1§° = §;. Remember that (2.2) gives us that

/w (6i( —>/¢ (v P /¢ F)dA = $(0)(aA + BB).

Hence, to summarize we showed that for the weakly-* convergent sequence of measures

(Sﬂjﬁn L(—l,l)) it holds that

go; = ((00)ae(-1,1), 605 (01)ge(-1,17)» in Bi(—=1,1)%.

In the L? case, where 1 < p < oo, we set ¢;(z) = jl/p]l(ovl/j) and we see, similarly with

the p = 1 case, that

Ev, — ((60)ze(=1,1)> 00, (01)gef-1,17)» in Ep(—1,1)"
The only difference between the two cases is that in the case 1 < p < 0o, the concentration
is not visible in the weak limit, ¢; — 0 in LP(—1,1).
2.3.1 Jensen-type inequalities
One of the main interests of this thesis is the study of functionals of the form
= [ (@) 24)

whenever the function ¢ is constrained by a constant rank differential operator A, i.e.

Ap = 0. Young measures reveal the link between the lower semicontinuity of (2.4) and
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the convexity of the associated integrand f(z,-). One of the main contribution of Young
measure theory is that they make sense to the limits F[p;], whenever f satisfies suitable
growth conditions.

Let us first consider f € Ep(Q,RN ) and PDE-constrained, p-equiintegrable sequences
©; = ¢ in LZ(Q,RN ). Then, in view of Theorem 2.7, the question of weakly lower
semicontinuity of F reduces to a question of some sort of convexity for fixed x € ) via the

following:

lim inf Fle;] =/Q<vm,f(w,-)>dw>/gf(fca <vm,id>)dw=/gf(w,<ﬁ(x))dx:f[sO]-

]*)OO
The missing element which makes the above relation true, is the so-called Jensen-type

inequality
Ve, f(2,)) = f(z, (vp,id)),  for L%ae. z € Q. (2.5)
As a first step to the understanding of the above inequality, it turns out that:

Theorem 2.8. Let f : Q x RY be a Carathéodory function such that the mapping z —

f(z,2) is convex for L%-a.e. x € Q. Then, it holds that
[ f2duz) > 1 <x / zdu(Z)) L forallpe MERY),
RN RN
and L%-a.e. x € Q.

Even though the lower semicontinuity of F is equivalent to the convexity of f(z,-)
in the unconstrained case A = 0, this is not the case when PDE-constraints are present.
In particular, for the case A = curl and hence, when Young measures generated by a
sequence of gradients are considered, quasiconvexity suffices for weak lower semicontinuity
[71, 72, 77,100]. The extension of the latter to constraints given by constant rank operators

is due to Fonseca and Miiller [53]:

Theorem 2.9. Let Q C R? be a bounded Lipschitz domain, 1 < p < oo, and let A be
defined by (2.1) and satisfy the constant rank assumption (2.2). Then, v is generated by a
p-equiintegrable sequence p; € LZ(Q,RN) if and only if

(a) there exists ¢ € LF (L, RY) such that (x) = (vg,id) for L%-a.e. x € Q;
(b) v has finite p-th moment, i.e. [o(v,|-|[P)dz < co;
(c) the Jensen-type inequality
War fO)) > F((verid)),  for Liae. 2 €9,
holds for all A-quasiconver f € C(RN) with p-growth, i.e. |f(-)] <1+ P
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Case p=1

In contrast with the case where p > 1, in the case p = 1 bounded sequences in L' do
not necessarily have a weakly convergent subsequence and thus, as we saw in the previous
subsection, in the case of linear growth integrands it would be more natural from the
compactness point of view to consider weakly-x convergent sequences of measures. In that

case, the barycentre of v, which due to Lemma 2.4 is
V=0 L7 QA+ U0,

retains information from the concentration part, something that technically can be seen
from the fact that for f(z,z) := ¢(z)z in Theorem 2.7, we have that f° = f # 0 = f5°
where p > 1.

The analysis behind the study of weak lower semicontinuity in the presence of PDE-
constraints for p = 1 and linear growth integrands is much more complicated, and its
theory is based on very recent and powerful results that lead beyond the scope of this

thesis, see [3, 82, 94].
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Chapter 3

Garding-type inequalities for

quasiconvex integrands

3.1 Quasiconvexity

As we already discussed in the introduction, motivated by applications arising from ma-
terials science, we study problems where the solution is constrained by a constant rank
differential operator A, while we also consider the case where part of the solution remains
unconstrained, and so in that case the constraints are enforced via operators of the form
(A,0). To this end, we study quasiconvex integrands where our notion of quasiconvexity
at least guarantees convexity on the directions of the associated wave cone A(40). Even
though our definition of quasiconvexity is associated with the operator (A4,0), we call it
just quasiconvexity to distinguish it from the typical definition of (A,0) quasiconvexity,
see the discussion below Definition 3.1.

In particular, we say that a continuous function e is quasiconvex at (A1, A2) € RY x R

if the inequality

/Q et + (), Do + () — e, o) — e(M1, Aa)b(a)dez > 0,

holds for all ¢ € C*°(Q) and all A-free and zero-average ¢ € C*°(Q). The above definition,
using the potential operator B of A, can equivalently be expressed over arbitrary domains.
In particular, for @ C R? a non-empty open subset with |0Q| = 0, e is quasiconvex at

(A1, A2) € RY x R if the inequality

[ e+ Bia). e + () = e, 22) = en (A, Ay > 0

holds for all ¢ € C°(Q2) and ¢ € C(R).
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Henceforth, we assume that e has (p, ¢)-growth, i.e. |e(z1,22)| < ¢(1 + |21/ + |22|%), and
then by density we can also express the above definition with test functions in WP (Q)

and L(Q) or in WP(Q) and L(Q) respectively.

The results presented in this chapter require a strengthened version of quasiconvexity
which we now introduce. Remember that the auxiliary function V; : R¥ — R has been
defined by

Vi(z) == (2] + [2[)"?, (3.1)

where k=1, k=dor k=N and i € N.

Definition 3.1. Let Q C R? be a non-empty open subset with [9Q] = 0. A continuous

function e is strongly quasiconvex at (A1, A2) € RY x R if the inequality

/Q e + B ha + 1) — e(h, ha) — en(A Al > o /Q V(B + V().

holds for all ¢ € Wé’p (Q) and ¥ € L1(Q2). Equivalently, e is strongly quasiconvex at
(/\1,)\2) S RN x R if

/Qe()\l + Bo, A2 + 1) — e(A1, A2) — (A1, A2)t) > CO/Q Vo (Bo) + [Vy() [,

for all ¢ € W'P(Q) and ¢ € LI(Q). In addition, we say that e is (strongly) quasiconvex if

it is (strongly) quasiconvex at (A1, Ao) for all (A1, Ao) € RY x R.

At first sight and as we already mentioned above, our definition of quasiconvexity,
Definition 3.1, differs from the classical definition of (A, 0)-quasiconvexity associated with
the cone A4 ). We remark that, with respect to the latter definition, e is strongly (A, 0)-

quasiconvex if
/Q e\ + B, o+ 1) — e(Arhe) > i /Q V(B2 + V() (3.2)

for all ¢ € WEP(Q) and ¢ € LI(Q) with Jo¥ = 0. In fact, as it can be seen from
the corollary below, the two definitions are in a sense equivalent (the one direction is

straightforward).

Corollary 3.1. Let e € C* (RN x R) with (p,q)-growth i.e. |e(z1,22)| < 14 |21|P + |22].
Then, if e is strongly (A, 0)-quasiconvex, there exists a constant co > 0 (smaller than ¢p)

such that
[ O+ Booda+ ) — e da) = eyOuda)o > o [ WBOP + V()P (33)
Q Q
for all ¢ € Wé’p(Q) and ¥ € L1(Q), i.e. e is strongly quasiconvex.
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Proof. Let (A\1,A2) € RN xR, ¢ € Wé’p(Q), Y € L9(Q) and for | := [, 1 we infer that

/Q e+ Bo, As + 1) — e, Aa) — en(As, Ao)
= [ el +B6.30-+ vl +6 = wla) — (A, Ao + V1)
+ / 6()\1, Ao + 'LMQ) — 6()\1, )\2) — 677(/\1, )\Q)IMQ
Q
- /Qen(Ala )\2)17& + 677(>\17 )\2)¢|Q = II + I2 + 13'

From the (A, 0)-quasiconvexity of e, see (3.2), we deduce that

h>@lgnwwﬁ+nmw—wmﬁ

Concerning the second term, we claim that

b>@é%@@ﬁ (3.4)

and taking this into account, since I3 = 0, we infer that

/Qew LB A+ ) — e(h, Ag) — en(An M) > éo/Q V(B2 + Vi — )2
+@Anuwmﬁ (3.5)

Due to the convexity of the function |- |? for r > 2, we have that

[ —vlal” + [Ylel” =2y,

and so, applying this into (3.5) for 7 = 2 and r = ¢, we conclude the proof for ¢y := ¢y /2179,
It remains to prove our claim, inequality (3.4). In particular, we show that (3.2) implies

that
e(A1, B) — e(A1, @) — ey(21,0) (B — ) = cola = B (1 + |a — 8]772)
for all z; € RY and a, 8 € R. To this end, for A € (0,1) and , 3 € R let

—(1=XN(a=p) =€,
P(x) =
Ma—B) x € g,
where €2, and Qg are two disjoint cubes such that £4(Q,) = AL4(Q) and L4(Qp) =
(1 —X)L4). Then, for ¢ = 0 and Ay := (1 — A)a + A3 in (3.2), we infer that
colex = APAL =X)Lt o B2 (L= 27+ 2] 4 e(Ar, (1 Na+ A9)

< Ae(A1, B) + (1= Ne(A, a).
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Using the latter inequality, for 5y := (1 — A\)a + A3, we infer that

1

On.8) = (M + 2520~ )] > e, o) +

+eola = BAL = A) [L+]a—BI772 (L= )T+ AT ]

1—-A

(e(A1, Br) — e(A1, )

Hence, since

;1;%% (e(A1, Bx) — e(A1, ) = %ﬂ%% [e(A1, 0 + A(B — @) — e(A1, )] = en(A1, ) (B — a),

we take the limit A\ — 07 to conclude the proof of the claim. O

3.2 Decomposition Lemma

The proof of Theorem 3.2 is based on a decomposition lemma which splits a weakly conver-
ging sequence into A-free oscillating and concentrating parts. This extends |31, Theorem
3.4] for the operator B, rather than V, and finds its origins in the decomposition results
of Kristensen [78], and Fonseca and Miiller [52|. The former of these results is based on
the Helmholtz Decomposition, a version of which in the A-free setting can be found in
[63]. Below, we instead use the construction of Fonseca and Miiller [52, Lemma 2.14] but
follow the structure of proof found in [31] to help the reader understand the connection
and differences between the curl-free and A-free cases.

Below we present a crucial result of Fonseca and Miiller [52, Lemma 2.14] in which the

constant rank property is essential and cannot be avoided.

Lemma 3.1. Let A as in §2.1. For every 1 < p < 400, there exists a linear and continuous

projection operator P : LP(Q) — LP(Q) and C > 0 such that
A(Pv) =0, / Pv=0 and [v—"Pv|rsq) < CllAV[lw-150)
Q
for allv € LP(Q) with fQ v=0.

To reduce the number of indices in the proof of Lemma 3.2 we assume that the operator
A has order 1 and its potential operator B has order [ > 1. Nevertheless, the result holds
in the general case where the operator A has order k£ > 1 and the proof remains essentially

the same.

Lemma 3.2. Let 2 < p < +oo and (¢;); C WH(Q) such that B; — B in L*(Q). Let
also (r;); C (0,1) such that (rjB¢;); bounded in LP(Q). Then, up to a subsequence, there
exist sequences (f;); € WH2(Q) and (b;); € WH2(Q) such that
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(1) Bf; — 0 and Bb; — 0
(2) (I1Bf;|?); is equiintegrable;
(3) Bbj — 0 in measure;
(4) Bo; = Bo + Bf; + Bb;.
In addition, for a further subsequence, (fj); and (b;); can be chosen so that
(1') r;Bf; = 0 and r;8b; — 0 in LP(Q);
(2') (|riBf;|P); is equiintegrable;
(3') r;Bbj — 0 in measure.

Proof. By extracting a subsequence, we may assume that B¢, X, (V2)z and rjBp; —
(t4z)z- The latter notation means that the sequences generate the respective Young meas-
ures and in particular that
GBoy) = (e, G) = [ G=)dui(2) in L1(Q),
R
whenever (G(B¢;)) is equiintegrable, see Section 2.3 for details on Young measures. We
also observe that, by working with the sequence ¢; — ¢ instead of ¢;, we may assume that

¢ = 0. We split the proof into 4 steps.

Step 1. Truncation: Define, for k € N and z € RY, the truncation operator 73 by

2 2| <,
h(2) =
kz/|z|, |z|> k.
Its straightforward to see that for fixed k& € N the sequence (\Tk(8¢j)|2)j is uniformly

integrable, and hence, by Proposition 2.1 and the Monotone Convergence Theorem, we

have that

lim lim / 7k (Bo;)|*dx = hm / (Ve |T8(4) d$_/<yx7|.’2>d$.
Q

k—o00 j—00
Moreover, if 1 < ¢ < 2, then

k
/ I70(Boy) — By = /
Q {IBo;|>k}

[Bo;|

IB! / g1 1B
(IBg; 1>k} |Bos|*1

< k2q2q/ |Bo;|*dx — 0,
Q

1-—

as k — oo. Summing up the above results, we may find a subsequence such that

. 2 2, .
kl;n;o/Qm(Bml —/Q<\.| V), (3.1)
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fim | 1rBos,) ~ Boyl" =0 (3.2)
for 1 < ¢ < 2. Letting vy = 7,(B¢;j,), it then follows from (3.1), (3.2) that (vg)x is
2-equiintegrable and generates (v),. From (3.2) and the continuity of the operator A, it
also follows that Avg — 0 in W~19(Q).

Step 2. Decomposition: Since vy € L?*(Q), we can extend it periodically to R? and then

apply Lemma 3.1 to infer that
Uk—/ v = Fr. + By,
Q

where Fk = P(Uk - fQ’Uk), Bk =V — vak’ - P(Uk - fQ ’Uk>.
Claim 1: B, — 0 in measure.

By Lemma 3.1 we infer that

IBellnigy = o= | =P (v = [ 1) linig) < Cldakll-saig) = 0
for all 1 < ¢ < 2. Hence, By — 0 in L9(@) and so in measure.
Claim 2: (|Fg|?)y is equiintegrable.

By Step 1, (vk - 0 vk) i} is 2-equiintegrable, and hence for every € > 0 and all ¢ > 2 there

exists a sequence (Wy)y such that

’Uk_/QUk_WkHLQ(Q) §€/C

and supy, [[Wi| £a(g) < +oo. This is an equivalent characterisation of equiintegrability, see

[78]. Taking into account the properties of the projection P, we infer that

1Bk~ POWi) 12 = P (v - /Q ok = W) g2 < Cllo /Q vk — Wil < e

and

Sl;p |P(Wi)llra < C’sip |Wi|lLa < +o0.
This concludes the proof of Claim 2.
Claim 3: Fy, By — 0 in L*(Q).
Since B¢;, has zero average, (3.2) and Claim 2 imply that
Fk—Bgf)jk :Uk_/QUk_B¢jk —Bk:vk—qujk —/Q(Uk—qujk)—Bk—)O

in measure. In addition, by (3.1), vy is bounded in L?(Q) and by the continuity of P,
(F))x is also bounded in L?(Q) and Fy — B¢;, — 0 in L*(Q). This proves the claim for
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Fy, since Be;, — 0 in L?(Q). For (By) the claim is immediate as it is bounded in L*(Q)

and converges to 0 in measure.

Step 3. Concluding the L?-decomposition: Since Fj, is A-free with zero average, from

Lemma 2.1 (i), there exists a function f € W'2(Q) such that Fy, = Bf,. Set by, := ¢, — fr-

We thus conclude that

Bbk:B¢jk—Uk+/vk+Bk—>0
Q

in measure as, by Claim 1, B¢;, — v — 0 in measure. Also, fQ v — 0 since fQ Boj, =0

and (3.2) with ¢ = 1, and By — 0 by Claim 1. Thus,
Boj, = Bfr + Bby

satisfying (1)-(4).

Step 4. LP-decomposition: This follows the arguments in [31] but we include it for com-

pleteness. Similarly to Step 1 we can extract a p-equiintegrable subsequence such that

tim [ s BoF = [ () (33)

and with v, = 71,(B¢;, ), we infer that

170k ()] = [Tk, (7 B ()] < |70 B ()]

since r7(2) = Tir(r2), krj, < k and k — 75(2) is non-decreasing in z. Hence, the sequence
(7, vk is p-equiintegrable and bounded in LP(Q). From the linearity and continuity of

the projection P, we find that

P(rjkvk —/ rjkvk.) = TjkP<Uk —/ vk) =r; Fy
Q Q

and so |7, Fillze@) S I7uVkllr(@) which implies that the sequence (rj, F)x is also
bounded in LP(Q). Hence, we can proceed as in Steps 2 and 3 and deduce that 7;, B fy,
;. Bbr — 0 in LP(Q). Since rj, € (0,1), (3') is a straightforward implication of (3). O

Remark 3.1. We remark that the above decomposition applies to any A-free and zero-
average sequence (¢;); C L?*(Q) with ¢; — ¢ in L*(Q). Indeed, by Lemma 2.1 (i),
Y = Boj, » = B¢ for some ¢;, ¢ € WHP(Q). In addition, we can choose b; to be a
Bf-primitive and hence to satisfy the bounds of Lemma 2.1. Note that fj is already chosen
as a Bf-primitive.

Moreover, we note that a similar decomposition lemma can also be applied to functions
¢j which are defined on an open, bounded set €2 C RY with £4(0Q) = 0. We refer the

reader to [62, Lemma 1.1] for details.
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3.3 Garding-type inequality

In this part of the thesis, and more precisely in Theorem 3.2, we prove the Garding in-
equality (3.15) which plays a crucial role in the proof of our weak-strong uniqueness results,
Theorems 4.2 and 4.3. Henceforth, we study functions e : RY x R — R which satisfy the

following assumptions:
(Hy) e € C3(RYN x R);

(Ha) ca(lz1fP + 22| — 1) <e(z1, 22) < eaf|z1]P + [22] + 1);

—1 —1
(Hs) lep(21,20)] S 1+ |21P~ + 22|77, and |ey(21, 22)] S 1+ |21 P T + |z0f7 1.

We collect all continuous functions I : R? — RY and 7 : R? — R in the ball of L>(Q) of

radius K, with uniform modulus of continuity w, in the set
Ui = {(F,7) € Ck(Q) : |F(z) = Fy)| + |(z) — 1(y)| < w(|z —yl),Vz,y € Q},

where Ok (Q) = {(F,7) € C(Q;RY) x C(Q;R) : ||F|| oo (@) + [17ll 1= (q) < K}

Next, for (z1,22) € RY x R and e € C3(RY x R) which satisfies the growth conditions

(Hs) and (H3), we define the function
é(z1, 22) 1= e(z1, 22) = C1|Vy(21) P = Cal Vg (2) P, (3.1)

which is not hard to check that satisfies the same growth and coercivity conditions with
e up to smaller positive constants. Note that for integrals without the zo-dependence i.e.
W : RN — R, the associated function W is defined naturally as above without the last
term on the RHS. Integrands of the latter form concern us in the subsection 4.1.1 and
section 4.2. The corresponding Hessians of e and é are denoted by L and L respectively,

i.e.

L(A1, A2)[(€1,2), (€1,&2)] := err (A1, A2)&1&1 + 2e5r (A1, A2)€182 + eny( A1, A2)6262,

for all (£1,&) € RY x R and (A, \2) € B(0,K) := {A € R¥N xR : |\| < K}. In the
sequel, without loss of generality, we assume that p > ¢. In the opposite case, i.e. if
p < q, the results below can be proved following the same strategy but with the respective

adjustments in the proofs.

We next prove a series of results which lead to the proof of Theorem 3.1. Lemma 3.3
provides some properties of the relative function e(-|-) and its proof can be found in the

Appendix. For brevity, henceforth, constants shown to depend on K, e.g. C(K), may
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also depend on the modulus of continuity w but the latter dependence is omitted from the

notation.

Lemma 3.3. Let f (in place of e) satisfy (H1), (Hz2) and (Hs). Then the following hold:

(a) There exists C = C(f, K) such that for all (A1, 2) € B(0, K)

|F(AM 4 &1, A2 + &2| A1, A2) — (A1 + 21, Ao + 22| A1, A2)]
p=1
< C(&1] + o] + [z1] + |2a] + 6P + |21 P + 16077 )€1 — 21

g—1
+ C(|é1] + |&] + |21] + |22] + |&]T + |22|7! + |21 7 )|& — 22

Additionally,
|FO + & A2 + &A1, X)) S C(IV(E0) P + [Vg(&2)]?).

(b) For every 6 > 0 there exists R = R(, f, K) > 0 such that for all (A1, \2), (u1,u2) €

B(0, K) with |(A1, A2) — (p1, p2)| < R, it holds that
|F (A1 + &1y A2 + &2 A, A2) — fpn + &1y e + &2l pi2))|

< O(|Vp(&)” + [Vg(&) ).

(c) There exist constants dy = di(f,K), do = da(f, K) such that for all (A1,)2) €

B(0,K)
FOM+ &L + |, A2) = di(|G]P + |&]) — dao(Jé]® + 1&)?).

Next, we prove two important properties of the function €. In the first lemma below,
Lemma 3.4, we show that € retains the key quasiconvexity property of e in B(0, K), and
as a consequence of this result we next prove in Lemma 3.5 that the Hessian L is positive

for fixed xp € Q.

Lemma 3.4. Let e satisfy (H1)-(Hs) be strongly quasiconvex. Then, the function € is

strongly quasiconver at all (A, A\2) € B(0, K) with constant co/2, i.e. for any Q" C Q and
all |)\1| + |)\2| <K

P+ B0 e ) 0 X0) = E X 2 o [ VB V()
holds for all ¢ € WP(Q') and ¢ € LI(Q').

Proof. Let Q' C Q, ¢ € Wé’p(Q’), P e LYQ') and (A1, \2) € B(0, K). Then, noting that
fQ/ B¢ =0,

[0+ Boxa )~ 0 da) &0, M)
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= // e(A1 + Bp, Ao + 1) — e(Ai, A2) — en( A1, A2)t
e /Q, A1+ Bol? + [+ Bof2 — [afP — 2
B R L R e e
=1L+ 1L+ 1.
By the quasiconvexity of e we infer that
Bz | B+ 1B+ i+ o,

and for f(-) = |Vi(-)|> with 4 = p and i = q respectively in Lemma 3.3 (a), taking again
into account that fQ/ B¢ = 0, we deduce that

I > —010/ B[P + |Bol?,
Q/
I3 > —020/ [BIP + .
Q/
So, we may choose C1 < ¢9/(2C) and Cs < ¢/ (2C) to conclude the proof. O

As a consequence of the above lemma, in the result below, we deduce the positivity of

the Hessian L for fixed z¢ € Q.

Lemma 3.5. Let e satisfy (H1)-(Hs) be strongly quasiconvexr and Q' C @ and xo € Q'.
Then for all ¢ € Wé’p(Q’) and ¢ € LY(Q'") it holds that

/ £ (o 10) [(Bo(x), (), (Bo(x), ()] dz > co / Bo(@)? + [ () P,
Q' Q'

where Fy = F(zq) and g = 7(xg).

Proof. The quasiconvexity of €, Lemma 3.4, says that I(¢,v) > 1(0,0) for all ¢ € Wé’p(Q’)
and ¢ € LY(Q’), where

16:0) = [ &R+ Boui+ ) - é(Fo, o) — é(Fo. o)
R MLCOINIAGTS

and so we infer that %I(sgf), Ew)‘ . > 0. However,
e=

!

%I(sd)v 6¢) = / éF(FO + 5B¢7 770 + 5¢)B¢ + én(FO + 6B¢a 770 + 5¢)¢

s o, o g
— én(Fo,m0)Y — Epfp YBo[P — coe|Bo|* — EQEq Hap|9 — coelp?,
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and so
d? _ _
@I(&b, eY) = // err(Fo+eBo,no + ) Bo : Bo + &y (Fo + eBo, 1o + )y - 4

+ 28y (Fo + B, o + ) Bo -

— S — DB — ol BoP — Tala — Dl — colusl

We conclude that

d2
0< @1(505781@

0 = / E(Fba 7_70) [(B¢7¢)7 (Bﬁbﬂb)] - 00’B¢’2 - CO‘¢|2'
e= Q
[l

We are now ready to prove a Garding-type inequality for the delocalised version of the

Hessian L, which is crucial for the contradiction argument of the proof of Theorem 3.1.

Proposition 3.1. Let e satisfy (Hy)-(Hs) be strongly quasiconvex. Then, for every é > 0,

there exist constants ¢ > 0 and Cpep, := C(6) > 0 such that

l
F o _ 52 2 2 1= 4|2
/Q L(F(2),7(2))[(Bé, ¢), (Bb, )] > e(1 — o) /Q B2 + [ CZ /Q vi-ig)

for all ¢ € WHP(Q), v € LI(Q) and (F,7) € Uy.

Proof. Fix § > 0 and pick a finite cover {Q;}i, Qi := Q(x;,7;) C Q such that

epr(F(). (@) — epp(F (@), A(e0)| + (o (F (@), @) — ey (P, ()|
+ 2oy (F(), 1)) — my(F(r), 1(z)| < 5ed(1— 5).

Note that since (F(x),7(z)) € Uk (bounded with uniform modulus of continuity) and
¢ € O? the cover can be chosen uniformly.

Now choose a partition of unity (p;)i, pi € C°(Q;) and Y, p? = 1. Given ¢ € WhP(Q)
and ¥ € L9(Q), we infer that

2 /Q L(E, )[(piBo, pind), (p:Bo, pit)] — L(Fs, ) (piBb, picd), (piBBeb, pit)

> 500 -0) [ (BOF +1Bollyl + bf?) > ~es1 ~9) [ (1B + 1wP),
and so,

/Q L(F,7)[(Bo,v), (Bé, )] =

Z/ L(E,)[(piBo, pi), (piBBe, pit))] — L(Ey, 71)[(piBBe, pit)), (piB, pith)]

7 7

36



5 L (9B, p0) (089, o) =t i+ Y1

Since we already bounded the term ), I; from below, it remains to prove a similar bound
for the second term. Since B(p;¢) = piBé+dRppi, where pQpp; := Zé-:l BjL [Vip;, VIZig)

and BjL are given by the Leibniz rule, we infer that
I = /Q err(F, i) B(pid) : B(pid) + nn(Fiy i) (pit)) : (pinh) + 28p(Fy, 1) B(pid) = (pi)

+ [ ewn(Fum@Bp)  (@enp) ~ [ err(Fm)B(pio): (696 p)

@ Qz

4
— [ era(Em 6@ )< (o) = 3T,
| 2

K3

In particular, for TZ-1 we apply Lemma 3.5 testing with p;¢ € Wé’p(Qi) and p;p € L1(Q;)
to infer that
7! > /Q (1B(0:6) + lor ).

For the remaining three terms, by Young’s inequality, we find that

l
72> —c (sup [Vpillo | 3 / Vg,
j j:1 Qz

l
T3> —c(1—6)2 | |B(pid)]> — 2C1(6 Vg,
(1= [ 18(pi9) 1“;/@’ |

4 1+ 0 2 : I 112
L2 iy = 2C5(8) Y [ IV g%
Qi j=17@Qi

Finally combining all the above and since

1 1
1B(pid)|* = |piBd + ¢ @5 pil* < glpz’&ﬁ!z + 510 @5 pil,

1B(pio)|* = |piBo + ¢ @ pil* = (1 — 8)pF|B|* — C(8)|¢ @5 pil*,
we conclude that
l
L(EF,7)[(B,v), (B, )] = (1—68)% [ |Bo|? + |w|* —C(6 ViTig2.
/Q< DB w), (Bo, )] 2 ( >/Qr¢r %] <>;/Q| 9
O

Following ideas of [31, 109], the following lemma shows that the function é(-|-) has
convex-like behaviour on the wave cone when it is integrated over cubes with sufficiently

small radius and plays a crucial role in the proof of Proposition 3.2.
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Lemma 3.6. Let e satisfy (H1)-(Hs) be strongly quasiconvex. Then, there exists R =
R(cp, K) > 0 such that for all zg € Q the inequality

[ aP@+ Boa@) +vF@. @) = L [ VBOR + V)
Q(zo,r) Q(zo,r)
holds for all ¢ € Wé’p(Q(:ﬂo,r)) and ¢ € LYQ(xo, 7)) with r < R.

Proof. Observe that by Lemma 3.3 (b), letting 6 = ¢¢/4 we find R = R(cp, €, K) such that

for all (F,7) € Uy and whenever |z — zo| < R
= _ _ - _ _— ¢
[E(F + B, + I F.0) — &(Fo + Bo, o + 1 Fo. )| < ' (Va(BOI + [Va(¥)[).

Note here that é satisfies the growth conditions of Lemma 3.3. So for ¢ € Wé’p(Q(xo, T))
and 1 € LY(Q(xo,r)) with r < R we infer that

/ é(F + B, i+ |F, 1) 2/ é(Ep + Bo, 1o + 1| Fo, 7o)
Q(zo,r) Q(zo,r)

— L (VB + 1Va(w)P)

= /Q( ) e(Fo + B, o + 1) — &(Fo, o) —en(Fo, i) — ér(Fo, 7o) Bo
To,r
co €0
STUGEE @) 2 D [ (B G )
zo,r
where in the last inequality we used Lemma 3.4 and that |, Qzo,r) By = 0. O

We next prove a central result which can be seen as a limiting version of a Garding

inequality and replaces the quasiconvexity condition in the proof of Theorem 3.1.

Proposition 3.2. Let e satisfy (Hy)-(Hs) be strongly quasiconver and (Fy, 7)), C Uk,
(r) € WHP(Q), (V) € LI(Q) and (ag)r C R such that

. a,?le(Vl_i(ﬁk) — 0 strongly in L*(Q) for alli =1,..,1,
. (a,;le(BgZ)k))k is bounded in L*(Q),

—1 . . )
o (a Vq(wk))k is bounded in L*(Q).

Then,
L. co _
tim inf Pa? /Q Vi (B P+ Va2

< liminf a;” / &(Fy + B, il + il Fi. ).
Q
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Proof. Since (a,f]Vp(Bc;ﬁk)]Q + CL,;2|VQ(;D;€)|2)]C is bounded in L!'(Q) we may assume that

(up to a subsequence)
a2 Vp(Bon) 2+ a2 V() PL g™ g1, im M(T?) = (€(T9))"

Since p is a positive measure, there can be at most a countable number of hyperplanes
parallel to the coordinate axes which admit positive u-measure. Hence, we can extract a
finite cover of @ by non overlapping cubes @, := Q(x;,r;) with the property that r; < R,
so that Lemma 3.6 applies and

1(0Q(zj,7;)) = 0. (3.2)
Next, consider cut-off functions p; € C°(Q(x;,r;)) such that for A € (0,1)

c
HQ(Ij;)\T‘j) < Pj < ]lQ (zj,m5) Hv p]HLOO(Q m’

for i = 1,..,1. For simplicity, we denote @, := Q(z;,7;) and Qxr, := Q(z;, Arj). We now
apply Lemma 3.6 for the functions p;¢y € Wé’p(er) and p;vr € LY(Qy;) to find that

€0

i Vo(B(pjdi))I* + [Va(pjibe)|* < / e(Ex + B(pjow), Tk + pitr Fi, M),

r

T4 j

J

where (F, ) € Ug. Thus by Lemma 3.3 (a) and for C = C(¢, K), it holds that

€o

D] WP Vi + Y [ ValBloso)? + Ve
Q@xr; i \@ar

N

e(Fy, + B, Tk + Vi Fiy i) + /Q o é(Fx + B(pjon), Tk + pit Fr k)
I AT

)\'rj

é(Fk+B¢k>ﬁk+¢k!Fk,ﬁk)+C o0 [Vo(Blpjdi)|* + [Va(pjtoe)|?
T Xr‘

(Fk+3¢k7nk+¢k!kak +C/ \Q Vo (Bow)|* + [Vg(ur)|?

+z\v(vl 2o

where in the last inequality we used the definition of the cut-offs and the fact that B(p;¢r) =

N

N
@\G\\

oK @ pj + piBor. We observe that the second term on the left hand side is positive and

so by summing over j we infer that

co/,v Bow) 2 + |V ()| —Z/T\ o Vo (Bow)|? + [V (top)?

</Qé(Fk‘f’B(ﬁkvﬁk‘i‘?bk’Fk:ﬁk)_Z/ o E(Fy, + B, i + il Fi, k)
; T A

a8y

Bow)[ + Va(v) MZ\V( e

rey [

Vi
\Q)\'rj
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Using again Lemma 3.3 (a) we deduce that

il / Vi (Bog) 2+ Va2 < / &(F + Bobp, e + Ul Frs )
4 Jq Q

+cz/ VoBawl? + V() !”Z\V(Vl )

Multiplying with a;Q and taking the limit over k£ we conclude that

hmkmf—a / |V (Béy) \ —|—\V(1/Jk)| athmklnf/ E(Fy + Boy, M + x| Fr, M)
Q

+ CZM(QT] \Q)\rj)'
J
Finally, send A — 1 to complete the proof via (3.2). O

The Garding inequality, Theorem 3.2, follows as a consequence of Theorem 3.1 below
which forms the core of this section. Before we proceed to the theorem, we define the

auxiliary mapping || - ||y -1.2p @ LP(Q) — R (though not a norm) by

1/2
Il 2= (lel-vaigy + 10l -1mgy ) > (3:3)

Theorem 3.1. Let e satisfy (Hy)-(Hs) be strongly quasiconvex. Then, there exists ¢y > 0
and constants Cy = Co(e, K) > 0, C1 = Ci(e,K) > 0 such that for all (F,7) € Uk,
Y€ L1(Q) with fQQ/J =0 and all p € L'(Q) with ||¢||1rq) < €o it holds that

| (Moo + Vo)) o
< Co | (F(@) + o). () + (@) F @), 1)+ Calplfy s

Proof. Tt is enough to show the existence of some ¢y > 0 such that for all (F,7) € U,

Y € LY(Q) with zero average and ¢ € L% (Q) with [|¢|ly-1s(g) < €o it holds that

/ &(F + B, + vIF, 1) + pmz / VIR > 0, (3.4)
Q

where ¢ is the Bf-primitive of ¢ whose existence is guaranteed by Lemma 2.1.
Indeed, due to the convexity of the functions f,(+) := [V,(-)|? and f,(-) := |V,(+)[?, we

see that (3.4) implies that there exists C' > 0 such that
¢ [ (Vo + Ww)?) < 01 [ P+ Bolr) 40 [ fae vl

pen — 2
/Q o(F + B, 7+ IF, 1) + Z/rv igf2,
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This would conclude the proof of Theorem 3.1 since by Lemma 2.1 (iv),

Z / VI < 10121120 + 191211 < CIBOIE 1o

We proceed to prove (3.4) by contradiction. Suppose that (3.4) fails. Then, there exist

(Frs i) © U, ()i © L9(Q) zero-average and pairs (¢, o) C WHP(Q) x LP(Q) with
H(pkHW—l,p(Q) — 0 and (Fk,ﬁk) — (F,ﬁ) in CO(Q) such that

!
~/ T . — — Cen —1
/Qe(Fk+5¢k,77k+¢k|Fkﬂ7k)+ ]; Z/QWZ o> <0, (3.5)
j=1

where ¢y, is the Bf-primitive of ¢,. Note that, again by Lemma 2.1 (iv), we extract the
strong convergence || ¢k |lywi-10 S ||k |lw-10 — 0.

We split the proof into 5 steps. Let

1/q 1/p
= (UBokI L0y + bl aigy) s BE = (1B ) + Ik

1/2
and o, = (1Bol2a0) + [0l

Step 1: We show that |[Bok | rr() — 0, [|¥kllLe(@) — 0 as k — oo and

Fyp
A= B oo arm B o (3:0)
koo koo

Indeed, by the coercivity of ¢ and Young’s inequality we infer that

E(Fy + Bop, T + | Fi, k) = €(Fy + B, T, + Ur) — €(Fy, k)

— & (Pl ) Bow — &y(Fi ) > =C(0) + (55 = 0)|Benl” + (55 — O,

and for 6 > 0 small enough we conclude that

(35)
0 > /Q é(Fy + By, Tk + x| Fi, k) = C+C/ |Bow|P + v

The above inequality tell us that the sequences (B¢y,)r and (¢ )y are bounded in LP(Q) and
L4(Q) respectively. We now apply Proposition 3.2 for the sequences (Fy, g )i, (Béw)k, (Vr)k
and aj = 1 to find that

L. C .. o= _ = _
hmklnf ZO /Q \%(quk)\Q + |‘/(1(1/1k)]2 < hmklnf/ e(Fy, + Bog, Mk + Vx| F, ) < 0,
Q

and so, up to a subsequence, ||Bé|/rrq) — 0 and [[¢x|[La(g) — 0. Note that, in order to
apply Proposition 3.2, we used the fact that ¢, — 0 in W!=1P(Q).
For the rest of Step 1 we recall Lemma 3.3 (c) which tell us that

05y [ (o + tiut?) = [ (Bouf + i),
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3.5)

05y [ (1B0utt+ ")~ [ (1B + ),

and so by dividing both inequalities by ai we conclude the proof of this step. In the second

inequality we used that
e(F,n) 2 =1+ |FP+ " 2 =1+ |F["+ nl,
since p > g and so |F|?9 <1+ |FP.

Step 2: Following the strategy of [31], [29], [61] we decompose the normalised sequences

Ok Yk
== and ¢:=—.
&7 Ak

Sk

Since ||BskH%2(Q) + ||Ck”%2(Q) =1 we find s € WH2(Q) and ¢ € L?(Q) with fQ ¢ = 0 such
that Bs, — Bs and ¢; — c in L?(Q). Moreover, fQ Bsp =0 and A (Bsy) = 0. Setting

F . o—BE2 0 n . a—L20
Mk =2 2 IBT and Mk =2 2 ﬁ’
k k

we also infer that | M Bl @), IMckllLaq) < 1 and M, M}! € (0,1]. The first two
bounds come directly from the definition of the sequences s and ¢, while for the rest we

have that

9 5 \P/2
MEy _ of <||B<bk\\L2 + ||1/JkHL2> N | P LA R
o=t (BL)P 1Bowls +llelze 1BowllTe + Illte =

for k large enough. The last inequality comes from the fact that, since p > ¢ and ||¢x||La —
0, we may find a subsequence (denoted again by 1) such that |17, < [|1k]|%,. Similarly,

we see that

9 5 \9/2
(MP)? _ af (HB@HH + H@kaLz) < oa-22 IBEIL + Il _ o2
9= (B 1BokNq + l¥ell7q 1BSkN7q + I¥ell7q

According to the decomposition lemmas [51, Lemma 8.13] and Lemma 3.2, we find Bf-
primitives gx, by € WH2(Q) and functions Gy, B, € L?*(Q) such that (up to common

subsequences)
(a) Bsy = Bs + Bgy + Bby;
(b) Bgy, Bby, — 0 in L*(Q) and M{ Bgy, M§'Bb, — 0 in LP(Q);
(c) (IBgx|?), and (\M{ng]p)k are equiintegrable;

(d) Bby — 0 and M} Bb; — 0 in measure,

42



and
(87) ek = ¢+ Gi + By;
(b") Gi, By — 0 in L*(Q) and MGy, M]'By, — 0 in LY(Q);
() (|Gk|2)k and (|M,§Gk|q)k are equiintegrable;
(d’) By — 0 and M;'Bj, — 0 in measure.

We define

fr(@) = <é(Fk + B, T + | Fio, k) — €(Fy, + oBby, Tk + B | Fy, ﬁk))

and then we deduce that

l
o= _ — C i
/ka(x)+Ozk2e(Fk+Odkak,77k+OékBk‘Fk,77k)+Z;m E ’Vl zsk‘Q
=1

l

o [ - ) . C p
= %2/ e(Fy + agBsy, Mk + ok | i, M) + gen > IV sy ?
@Q =1

l

_ e _ _ Chren i (3.4)
_akZ/Qe(Fk+B¢k7nk+¢k\Fk,77k)+ g Z!Vl or|* < 0.
i—1

This shows that

!
-y F _ = _ Chpen —q
/ka(ﬂﬂ)+0<k2€(Fk+ak5bk,ﬁk+ak3k|Fk,77k)+ ; D Vs <. (3.7)
i—1

Step 3: In this step we show that the contribution of the concentrating part must be

nonnegative in the limit due to quasiconvexity. In particular, we prove that
hmkinf a,:z /Q é(Fk + apBbg, i + OékBk|Fk, M) = 0.

To this aim we apply Proposition 3.2 for the sequences (Fi, )k, (axbr)k, (cxBg)r and

(o), after noting that

ap—?_ (lﬁlf)p ai
o (B

where, by Step 1, A" := sup, (55 )P /ai is finite. Thus, again due to the control of the full

—2
<27 AF|MEP,

Sobolev norm of the Bf-primitives by, Lemma 2.1, we infer that
a2 Vp(ax Vi) |2 = [V 70k 2+ a2 2V by [P < |V g 2+ AT MEV T P — 0,
in L1(Q), for i = 1,..,1. Also,

sgp/ a;2|‘/},(akl’>’bk)|2 < sgp/ |Bbk\2 + AT sgp |M£Bbk|p < 00,
Q Q
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sup/ a,;2|1/(1(akBk)|2 < sup/ |Bi,|? + A" sup |M}!By|? < oo,
k Jg k Jg k
and so Proposition 3.2 says that
hmklnf—a / Vi (e Bby)|? + |V (o By)|?
< limkinf oy / é(Fk + apBbg, T + Oszk|Fk, ﬁk)
Q

Combining this with (3.7) we have that

hmlnf/ fr(z pen Z |Viis,|? < 0. (3.8)

Step 4: Next, consider the (A, 0)-2-Young measure generated by the sequence (Bsg,cx),
say v = (Vz)zeq, and recall that (Fy, k) — (F,%) in C°(Q). In this step we show that

;/Q<Vx, .Z/(F(x), n(z)) [A, Al >dac < limkinf/Q fr(z)

where for simplicity we use the notation A := (Ap, Ay).
We first prove the equiintegrability of fi. Recalling that Bsy — Bby := Bs + Bgy, and
¢y — B = ¢+ Gy, by Lemma 3.3 (a), we find that

ol = |e(Fy, + apBsy, ik + o) By, ) — €(Fy + o Bby, i, + o By | F, )|
- 2

Qe

041:2(|04k35k| + |ager| + |agBby| + | By

+ B[P + |orBby P + o BT )ak|38 + By |

+a. 2 (|agBsk|+|ager| + |arBby| + ok Byl

g—1
+ |akck|q_1 + ‘OékBk|q_1 + ‘akak’p q )ak]c + Gk"

=(|Bsk| + |ck| + |Bbx| + |Bi| + o} 2 |Bsi|P~" + of "*[Bbg[P~")|Bs + Byl
t (1Bse] + lex] + [Bbr| + [ Byl + o lexl ™" + af"*[Bi|")|e + G

—2 g2t —2 Pt
+ oy "|agBel" 7 ag|Bs + Bgr| + ap “lapBbg|" 0 aglc+ Gi| = [ + Iz + I3.

Regarding I, k = 1, 2, for a given set A C @), we apply Young’s inequality and we integrate
both sides to infer that

/ I, <Co+ C(é)/ \Bs + By | —i—aﬁ_Q\Bs + Bgi[? + |c + Gi|? —i—ozz_?\c—i- G|,
A A
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where we used the boundness of the sequences (Bsy), (Bby), (ck), (Bg) and (ai72|Bsk]p),
(@2 72Bbg[P), (af™2|cx]9), (ad7?|Bg|?) in L*(Q) and L(Q) respectively. For I3, again by

Young’s inequality, we see that

1 -1
Iy = a;%( | Bi| 7 ay|Bs + Bgg| + [axBb [P T aglc+ Gy )
< a;.?(6af|By|? + C(8)ak|Bs + Bgy|P + dak |Bbg|P + C(8)af|c + Gy|?)

=daf” |Brl?+C(5 )ad |Bs+l’>’gk|p+5ak °|Bb P + C(5 )aj 2l + Gyl
Combing the above we conclude that
/Afk <C§+C(6) /A 1Bs + Bgi|* + o ~%|Bs + Bgy|P
+C(5) /A e+ Gil2 + a7 2|c + G,

All sequences appearing on the right hand side are equiintegrable so, choosing § > 0
appropriately, we see that f; is equiintegrable. Then, for € > 0 fixed, we can find m. > 0

such that
/ fr = / Ir +/ fr > —€+/ fr (3.9)
Q AEUBE ApNByg ArNBy
for all m > m,, where

Ay = {x €qQ: (|Bsk]2 + \ck|2)1/2 < m},

By ={z€Q: (IBo* +|B/H'? < m}.
This indeed follows from the fact that Bb,, By — 0 in measure and that
Jim sup|{@ € Q : (|Bsu(@)? + |ex(@)?)/* > R} = 0,
—r 00 k

where the latter holds from Chebyshev’s inequality. Now, by choosing m. larger if neces-

sary, we assume that
’/ {vy, L(F, 1) [AvA]]leXdXR\B(O,m)(A)>‘ <eg, forall m=>me, (3.10)
Q

where 14 denotes the indicator function of a set A € RY x R. Indeed, due to the fact that

/. Q(%:, |A|?) < oo, Young’s inequality and dominated convergence give us
‘ /Q (Ve, L(F, 7)) [ A, A gaxaygy (o,m) (A)> < C/ | (Ve |A P Lgaxa s p(o,m) (A) )]

_ c/ (Ve [A12) = (s [AP L0,y (A) )] — 0

and so,
/ (v, L(F, 1) [A, A]) = / (s E(F7) [ A] L0,y (A)
Q Q
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T /Q (ves L(F. 1) [AA] L o (M) < /Q (ver E(F.7) [, A Loy (A)) + .
(3.11)

for all m > m.. However, 1p(gy,) is lower semicontinuous and hence, for all x € @, the
function

A L(E, ) A, A]Lp(om)(A)

is also lower semicontinuous. Then, since (Bsg, ¢x) generates (v, ), we infer that

[ (v LCF0) [0 A] g0y (4)) < limpint [ L(P.0) (B, ), (B )
Q Ak

= limkinf/A L(F, k)| (Bsg, cx), (Bsg, cx) ]
k

where the last equality follows from the strong convergence (Fy,7x) — (F,7) in C°(Q).
Going back to (3.11) we conclude that

/ <1/m,[:(F,ﬁ) [A,A]) < limkinf/ L(Ey, ) (Bsg, cx), (Bsg, )] + ¢, (3.12)
Q Ay

for all m > m.. We now claim that

1 .
liminf/ L(Fk,ﬁk)[(l’j’sk,ck),(Bsk,ck)] = liminf/ Jrs (313)
2 k Ap k AgNBy

for all m > m.. Indeed, we observe that
1 ~ —
fir = / (1 — t) < L(Fk + tagpBsg, i + takck)[ (Bsk, Ck), (Bsk, Ck) ]
0
— E(Fk + takak, Nk + tOékBk)[ (Bbk, Bk), (Bbk, Bk) ] )dt.

Then, since f01(1 —t)dt = 1/2, we infer that

Layng, fx = Layns, /01(1 - t)<l~/(pk + tagBs, M, + tagck) [ (Bsk, ¢k ), (Bsk, i) |
— L(Fy, 1)[ (Bsk, cx), (Bsi, cx,) ] )dt
+ La g L ) (Bsis ), (B, )|
- ]lAk%E(Fk, M) (Bsk, ck), (Bsk, ) ] (1 — 1p,)
— 14,08, /01(1 — t)L(Fy, + toyBb, iy + tog By)[ (Bby, By), (Bby, By) ] dt
= IP 4+ 15+ 1§ + IF,
and so it is enough to prove that

lim [ If= lim [ I§¥ = lim [ I} =0.
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Recall that a, — 0 and (Fy, M%) — (F,7) in C°(Q). Thus, for I¥ and since we are in the
set Ay, we find that

‘i(Fk + teuBsg, ik + tawcr) [ (Bsg, k), (Bsk, c) — L(Fx, k) [ (Bs, cx), (Bsk, cx,) |

< C(K)apm® =0, k — oo,

and thus, fQ I{“ — 0 by dominated convergence. As for Iéf, again since L is continuous,

[(F, 7)o () < K and we are in Ay, we get that
[I5] < C(W, K)m? (1 — 1p,) = C(W, K)m®1p;.
Hence, fQ Ié“ — 0 as Bb, — 0 and By — 0 in measure. We note here that

{z € Q:|Bb(2)* + |B(x)]* > %}

C{zxe@: ]Bbk(x)]2 > 52/2} U{re@: \Bk(az)|2 > 52/2}.
Lastly, for I}, as we are in By, and t € (0,1), we get that
(Fr, k) + tog (Bbg, Bx) — (F,7), k — oo,
uniformly and thus
151 < C(W, K)(Bby|* + | Bi[*) < C(W, K)m(|Bbg| + | Bi|) = 0

in measure. In particular, restricting to By, fQ I Zf — 0 by dominated convergence. Finally

combining (3.12), (3.13) and (3.9) we infer that

;/Q<Vx,i(Fﬂ7) [A,A]) < limkinf/ fote)2

ArNByg

<liminf/ fre +3¢/2,
FoJe

for all m > m.. Since ¢ is arbitrary and the dependence on m. has been removed, we take

the limit € — 0 to deduce that

1 -
2/Q<VI,L(F,77) [A,A]) ghmkmf/ka.

Combining the above inequality with (3.8), and since s, — s in W!=12(Q), we conclude

that l
;/ (Vi L(F, 7)) [A, A]) + Cpen > IV 7's]* < 0. (3.14)
Q

i=1
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Step 5: In this step we show how (3.14) leads to a contradiction. By Lemma 3.5, the

function
h(‘/L"fl’g?) = E(F(x)’ﬁ(x))[(fl>§2)v (51,52)]

is strongly (A, 0)-quasiconvex for each = € (). Hence, since (Bsy, cx) generates the (A, 0)-
2-Young measure (), and h(z, &1, &) grows quadratically in (£1,&2), Jensen’s inequality

for (A, 0)-quasiconvex functions, Theorem 2.9(c), says that, for a.e. x € Q,

L(Fa ﬁ)[(BS7C)7 (8576)] < <Vx7[~/(F7 77) [(AFa)‘n)7()‘F7)‘77)]>'

Adding Cpen, Zé:l |V~is|2 on both sides and integrating over @, we infer that

/ Cpenls/*+L(F,7)[(Bs, ). (Bs,c)]

I R o (3.14)
< /Q Cpen 3 [V 705 + (e, L(F, ) [ Ag), s A)]) < 0,
=1

However, by Proposition 3.1, since Bs € W'P(Q) and ¢ € LI(Q), we know that

0> /Q L(F(x), 7(x))[(Bs, c), (Bs, o)] +cpenz|vl o > e / 1Bs[2 + [c]?.

=1

In particular, we see that Bs = 0 and ¢ = 0, and so s = F~1(Bf(-)) x Bs = 0. We may thus
apply Proposition 3.2 for the sequences (Fy, 7t )k, (ksk)k, (arxck)r and (a)r. Recall that

ah? < QPT_QAF|M,5|7’ < oo and hence
Vol V! ) P = [V s P 4 of 2 V! s P S Vil AT MEV! s P — 0,
in LY(Q). Also,
Sup/ oz,;2|Vp(oszsk)\2 < sup/ |5 |? + AF sup ]M,fsk\p < 00,
k Jo k Jo k
sup/ a,;Z\Vq(akck)\Z < sup/ |lek|? + A7 sup | M ep|? < oo,
k- JQ k JQ k
and recalling that agsp = ¢ and aycp, = Y, Proposition 3.2 yields
0< %0 = hmmf / |Bsg|* + |e)?

< liminf - / 1Bsi.|? + |ex|* + a£_2|Bsk]p + az_2|cqu

k—o00

k—o00

hmlnfak /Qé(Fk+OékBSk777k+akck|Fkank)

k—o0

!
_ _ C L (34)
= liminf ), / E(Fy, + B, ik + Y| e, i) + —2 Z/ IVis)2 < 0.
Q 2 —Jq
But ¢y > 0, concluding the proof. O
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We are now ready to prove our main result, the Garding inequality. Note here that it
suffices to show that the Garding inequality of Theorem 3.1 remains valid for test functions

¢ such that |||l z»(q) > o

Theorem 3.2. Let e satisfy (H1)-(Hs) be strongly quasiconvex. Then, there exist constants
Co = Co(e, K) > 0, C1 = Cy(e, K) > 0 such that for all (F,7) € Uk, ¥ € LY(Q) with
fQ Y =0 and all p € L'(Q), it holds that

| (Wote@n? + (@) )
<Co [ e(F@) + o), 1) + Y@ ). A + Colglposon (315

Proof. We claim that for all e > 0, all (F,) € Uy, ¥ € L(Q) zero-average and all
p € LP(Q) with [|@|lw—1s(q) = € it holds that

| (W@ + Wiw)?) < Coe) [ B+ o0+ 91F,1) + Ca@lely v
Q Q

where Cy and C; also depend on e. By Lemma 2.1 (i), we find ¢ € WP(Q) such that
¢ = B¢ and by the assumed coercivity of e, its smoothness and the fact that (F,7) € Uy,

we estimate by Young’s inequality

e(F +Bo,ij+¢|F.7) = c(=1+|F + BolP + 7+ ¢|)
— C(O)er(F,q)["" — 8|Bg|P — C(8)]ea(F,7)|7 — S]]
—C(8) + (217Pc — 8)|Bo[P + (2% — §) ||

WV

Since p > q, choose § = 27P¢ to find that
e(F + B, i+ ¢|F.7) = —C + 27Pc|Bo|P + 27 %c[y|1. (3.16)
Note that since [|Boly-1.(q) = €, it follows that

*H&?HW Lo
so that, integrating (3.16) over @) with |Q| = 1, we infer that
2ve [ |Bor +27%c [ [0l < [ P+ Bon+ vIF.) + S0l g (317
Q Q Q
But, by the virtue of the compact embedding LP(Q) — W ~1P(Q), we have that

1
< S IB61Ey i) S 1881,

1
/Q Vo (BO)? = 1B]13(g) + 1Bl 0 < 1+ 20B8I1E, 0 < (€p+2) 186120,
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and similarly

2 1 p q
/Q Vi) S 518620 ) + 161Lu g

So combining the above two results,

1
[ e+ [ i s (sp+1> 1B8IE, g + 11,
C(e) (1N gy + 1¥1%aqqy) -

Together with (3.17) we infer that

S /Q Vo (B +Vy ()2 < /Q e(F + Bo, 1+ 1P, 1) + S 1B6Bysy

which is the desired inequality. However, Theorem 3.1 says that there exists g > 0 such

that whenever |||y -1(@) < €0 it holds that

/rv )2 4 [Va()? < / e(F + 0,71+ I, ) + Cull ol 1o

Choosing € = ¢y we conclude the proof. O
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Chapter 4

Applications in dynamics and statics

4.1 Dynamics: conservation laws with involutions

This section is devoted to applications of Theorem 3.2 in dynamics. In particular, we
study systems of conservation laws for which the corresponding entropy is not convex, and
hence additional structure in such systems compensate this lack of convexity. This special
structure is enforced via PDE constraints propagated by the initial data, and lead to more
general notions of convexity, which in our case are different versions of quasiconvexity. In
the first part of the section we use a simplified version of Theorem 3.2 to prove stability
and weak-strong uniqueness for general systems of conservation laws with involutions,
typical examples are the (non-)linear elasticity and Maxwell equations. In the second part,
the combination of our Garding-type inequality, Theorem 3.2, with the so-called relative
entropy method leads to weak-strong uniqueness results for a class of dissipative measure-
valued solutions for the system of adiabatic thermoelasticity.

We note that the relative entropy method provides a general structure upon which one
can compare two solutions in various frameworks [35, 36, 49| as it can be interpreted as
a “metric” measuring the distance between two solutions. The calculation provides means
to control the norm of the difference of two solutions by the initial data, and the most
important ingredient is the convexity of the entropy. Our Garding inequality, Theorem

3.2, compensates this lack of convexity.

4.1.1 General systems of conservations laws with involutions

Here, we study local stability and weak-strong uniqueness properties for general systems

of conservation laws (4.1) possessing involutions (4.3) and an .A-quasiconvex entropy. In
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particular, for 7' > 0 and @ the flat torus, we examine the system

QU (t,z) + diva f(U(t,2)) =0, (t,z) € (0,T) x Q

(4.1)
U©0,z)=U%%), zecQ
for the unknown periodic function U : (0,7) x Q@ — RY with
/ U(t,z) de =0, forall 0 <t <T. (4.2)
Q

In (4.1), the flux function f = (fia)(ia)ernxa : RN — RN*4 is a given C® mapping. We
say that system (4.1) possesses an involution if there exists a linear differential operator A

with the property that
AU =0 = AU(t,-)=0 forallte (0,T). (4.3)

Note that in continuum mechanics, systems like (4.1), are typically supplemented with
an inequality of the form

o + div,q <0, (4.4)

known as the Clausius-Duhem inequality, expressing the second law of thermodynamics in
this context. Mathematically, 7 : RN — R is referred to as an entropy and ¢ : RY — R¢

as an entropy flux and are assumed to satisfy

8QQ _ ﬁafja
ou; — oU; oU;

(4.5)

In particular,
Ofja 0®n 9 0fja
oU; dULOU; — 0U;0U; U,

and thus Lipschitz solutions to (4.1) satisfy (4.4) as an equality.

(4.6)

Typical examples include the equations of elasticity and electromagnetism, see [39].
Indeed, the equations of motion of a hyperelastic body in the absence of external forces
take the form y;; = divDW (Vy) where W denotes the stored energy function. Upon the

change of variables v = y; and F' = Vy, we obtain the system

Oy — divy DW (F) = 0,
8tF — Vv = O,

curl F = 0.

The second equation shows that A = curl is an involution. Similarly, in linear elasticity,

the equations take the form
Oyu — div,CE =0,

52



atE — S(U) = 0,

curlcurl £ = 0,

where 2€(u) = Vu + (Vu)? and A = curlcurl is an involution whose kernel consists of
symmetric gradients. Also, note that a natural assumption on the quadratic form CE - E
is convexity on the wave cone of the operator curl curl which, by Lemma 2.3, is equivalent
to curl curl-quasiconvexity. Moreover, the equations of electromagnetism in the absence of

charges and currents become

0B + curlE = 0,
0D — curlH = 0,

divB =divD =0,

where B is the magnetic induction, D is the electric displacement, and E, H are, respect-
ively, the electric and magnetic fields. Typically, Maxwell’s equations are assumed linear,
however, there are relevant nonlinear theories, see [27], [96], [39], with the so-called Max-
well’s equations in the Born-Infeld medium being the most known. The reader is referred
to [17] for a mathematical treatment.

Entropies in physical systems are often convex which, combined with (4.6), renders
the system symmetrisable upon the change of variables U — Dn(U) and hence locally
well-posed, see [39]. At the same time, inequality (4.4) restricts admissible solutions and
may rule out unphysical solutions.

On the other hand, it is also known that convexity of the entropy may be ruled out as a
consequence of physical invariance. This is precisely the case in nonlinear elasticity due to
frame-indifference [39], and in electromagnetism due to Lorentz invariance [96]. However,
the presence of involutions may compensate this loss of convexity, but only in the directions
where the operator A has elliptic behaviour. Essentially, the “bad” behaviour is expected
to occur in the directions of the wave cone A 4, and convexity along these directions, i.e.
A _4-convexity, may be enough to partially recover results ensured by convexity.

Indeed, Dafermos in [38] examined such systems endowed with a A 4-convex entropy
and, under additional assumptions on the involutions A, recovered hyperbolicity. Moreover,
he showed that local stability and weak-strong uniqueness results can also be recovered
within a class of BV weak solutions, if they satisfy an assumption of small local oscillations,
required to prove a Gérding-type inequality for A 4-convex functions. In this section, we
show that in fact this assumption is redundant when the entropy is A-quasiconvex. In this

sense, A-quasiconvexity captures the structure of these systems and arises as a natural
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convexity condition.

We note that Maxwell’s equations do not generally fall under this setting. For vector
fields B, D : R® — R3, the wave cone of A = div is the entire space R® and thus A-
quasiconvexity and A 4-convexity reduce to convexity. However, when B, D : R? — R3,
the wave cone is strictly smaller than RS. Still, it is a matter of tedious computations to
show that the entropy at least for the Born-Infeld medium is not even A 4-convex and thus,
unlike polyconvex elasticity, not convex in the null-Lagrangians of A = div. Nevertheless,
similar to polyconvex elasticity, the system can be extended to an enlarged system that

admits a convex entropy, see [39, 96].

Weak-strong uniqueness

In the sequel, we assume that an entropy-entropy flux pair exists satisfying (4.5) and that

7 satisfies the assumptions:

(h1) € C3(RN);

(h2) [n(2)] < er(1+ |2[P) and [Dn(z)| < e(1 + [2P71);
(h3) ea([zlP — 1) < n(2);

(h4) n is strongly A-quasiconvex;

Remark 4.1. Recall that, as discussed in §2.2, if A4 spans R, the growth on Dn in (h2)
follows from (h1l) and the growth of 1 in (h2).

We note that the assumptions (h1), (h2) and (h3) are the same with the respective assump-
tions (H1), (H2) and (H3) in section 3.3, if in the latter we remove the zp-dependance. In
addition to this, the same holds for the quasiconvexity assumption (h4), inequality (2.2),
and the respective quasiconvexity assumption in section 3.1, Definition 3.1. This observa-
tion is crucial in the sequel, since it allow us to apply Theorem 3.2 for the entropy n which
is crucial for the proof of our weak-strong uniqueness result. In this case, inequality (3.15)

takes the form
/Q Vo (eo(@))Pdz < Co /Q N(F(2) + ¢(2)|F(2))dz + Cullelfy -1, (4.7)
for all F' € Fg and all A-free functions ¢ € LP(Q) with fQ © = 0. Here
Fr ={F €C@Q): |Fllr=q) < K, |F(z) - F(y)| <w(lz —yl), Yo,y € Q},
constitutes the projection of the set U, defined in section 3.3, on RV,

54



Moreover, as in [38|, we assume that weak solutions are bounded. We refer the reader

to Remark 4.2 following the proof for a discussion on these assumptions.

Definition 4.1. Let U € L*((0,T) x Q). We say that the function U is a dissipative

weak solution to (4.1) with initial data U° if

/ ¢i(0,) U + /T/Qat¢i Ui + /OT/Qaad% - fia(U) =0 (4.8)

for any ¢ € C1([0,T),CY(Q)) and i=1,..,N, and the dissipation inequality

/Q o)+ [ ' /Q i) >0 (49)

holds for any nonnegative test function 6 € CL([0,T)).

Recall that Lipschitz solutions U € W ([0, T x Q) satisfy (4.9) as an equality, that

/9(0)n(00)+/T/ 0 (1) = 0. (4.10)

Moreover, note that if [, UY = 0 then also JoU(t,-) =0 for ae. t € (0,T). This follows

18

by testing (4.8) with ¢ (¢, x) = 0(t) where 6 localises at a fixed time, as in (4.13). The main

theorem of this section now follows, cf. [38, Theorem 4.1].

Theorem 4.2. Let U € WH([0,T]x Q) and U € L>=((0,T) x Q) be, respectively, a strong
and a dissipative weak solution of (4.1) emanating from the zero-average initial data U°,
UY € L>®(Q). Assume that U and U satisfy the PDE constraint AU = AU = 0, and that
the entropy n satisfies (h1)-(h4). Then, there exist constants Cy, Cy > 0 such that for
almost all t € (0,T)

[ W) =0 <01 [t~ 00
Q
see (2.1) for the definition of V.

Proof. Let U and U as in the statement and test the equations (4.8) with the function
o(t,x) = 0(t)Dn(U(t,x)), where § € CL([0,T)). Note that this is an appropriate test

function by density. Subtracting the equations for U from the equations for U, we infer

70y (770 _ 770 Tl 7 J
/QH(O) Dn(U°) (U] —Uj)+/0 /QHDM(U) U; = Uj)

T
— _/0 /QH{@ Dn(U) (fra(U) = fra(U)) + 0:Djn(U) (U; — U;)},

that
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where 0., 0; and D; stand for the operators %, % and ain respectively. By (4.6), we

observe that

8Uk 677(U) (4.1) 8f]m( )82 (U)

WD) =5 OU;0U}, ~0all U,  OU,0U,
62 ( )afka(U) _ _
- = — |0aD D: fra
Oa UaU oUs  OU; [0aDin(U)] D; fra(U)
and thus

— — T . — _
/ 6(0) Dyn(0°) (U — T9) + /0 /Q 6 D(0) (U; — T)
/ / (00 Din(0)] fraUIT) =

where fro(U|U) = fra(U) = fta(U)—Dj fra(U) (U;—U;) is the relative flux. This complies

(4.11)

with the notation in the previous section as U = U + (U — U). By using the definition of

the relative entropy, testing with § € C1([0,7)) and integrating in space and time, we get

/ /en U|U) + /9 n(U°10°)
/ [ inw)+ [ oomar) - ( [+ [ BOnT)) a2
/ /GDm U; - ;) /9 Dn(U°) (U} - U7)

(4.11)
2 _Rv

that

where the quantity in the second line, due to the relations (4.9) and (4.10), is non-negative.

Recall that the relative entropy is given by

nU|U) = n(U) = n(U) — Dyn(U)(U; - Uj).

We next follow a standard argument to localise in time. Let (0,)men C C2°([0,T)) be a

bounded sequence approximating the function

1, T € [0,1)
0(r) =% (t—7)/e+1, TEt,t+e€) (4.13)
0, TeE[t+eT)

such that (6,,), is nonincreasing and 6,,(7) — 0(r) for all 7 # t,t + . Note that 6,, < 0
and so testing (4.12) with 6,, we find that

T
/ / 100 (7) (U (7, 2)|U (7, 2)) dedr < R + / O (O)(U(@)|00(2)) dz.  (4.14)
0 Q Q
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Since U € L*((0,T) x Q) and 9,Dyn(U) is bounded, for the locally Lipschitz function
fra, we compute from (4.11) that

T
| <c/ / 6 |U — T2,
0 Q

As U is bounded, taking the limit m — oo in (4.14) by dominated convergence, gives

1 t+e B t+e B B
/ /n<U\U><c/ /U—U12+/n<UOrU0>.
€ J¢ Q 0 Q Q

Then, sending € — 0, we get that for almost all ¢ € (0,7,

/Qn(UIU)<C/Ot/QIU—UI2+/Q77(UOIU°)~

Note that since 7 satisfies (h1)-(h4), by Lemma 3.3 (a), n(U°|U®) < |V,(U° — U°)]? and
thus, integrating (4.7) ( Theorem 3.2) in time, we deduce that for almost all ¢ € (0,7") and

up to a suitable constant

/|V (U-1) 12</ / U U + /|V — U+ U = Ul3-r.0ms  (4.15)

where || - ||y -1, is the auxiliary mapping defined in (3.3). In order to apply Gréonwall’s
inequality and conclude the proof, it remains to estimate the last term on the right-hand
side of (4.15). Similarly to Dafermos in [38], for » € {2,p}, we infer that, since L"(Q)
embeds into W17 (Q),

t
lU(t,) =Tt ) w10 SN0 =T°zr +/0 10U (s,-) = U(s, ) Hlw-1.rds.

By taking into account (4.1) we deduce the bound

10U (s,-) = U(s, ) Hw-1r@) < 10afia(U) = Oafia(U)llw-170)
CHfza( ) fia(U)HLT(Q)
< CU(s,-) = U(s, )l o) (4.16)

where the last inequality follows from the fact that f is locally Lipschitz and U is bounded.
Finally, by Hélder’s inequality, we infer that

lUt,) = Ut iy-1r SNU° =T + T7 1/ 1U(s,-) = U(s, ) |rds.
Returning to (4.15) and applying the above bound for » = 2 and r = p we arrive at

/QIVp(U—U)IQ5/Ot/QI%(U—U>I2+/Q|%(U°—UO)IQ-

An application of Gronwall’s inequality completes the proof. O
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Remark 4.2. Note that the L> bounds on weak solutions are needed in the estimate
(4.16). Moreover, we note that the assumed growths on 7 do not e.g. directly apply to
elasticity where n(v, F') = £|v|> + W(F). However, as |v|? is convex, it is immediate to

deduce the result assuming (h1)-(h4) on W [74].

Remark 4.3. (L bounds and elliptic estimates) Here, we propose an additional
structure to the PDE that allows one to prove weak-strong uniqueness for merely LP
bounded weak solutions of (4.1). For simplicity, we focus on p = 2. For p > 2 similar
arguments were used in |[74] where we refer the reader. To be more precise, instead of the

PDE constraint (4.3) we assume that

where B is a first-order elliptic potential operator of A and g : RN — RY is globally
Lipschitz. Then, the estimates of Lemma 2.1 on the primitives follow directly due to
the ellipticity of B and in particular due to the fact that B*(£)B(&) is invertible for all
¢ € R4\ {0}. We claim that these assumptions suffice to bound the term ||[U — U3, .
and replace estimate (4.16) without any L* assumptions.

Indeed, for zero-average U € L>(0,T; L*(Q)) and W € L*(0,T; W'%(Q)) a primitive
of U, equation (4.17) implies that

T T
| [or=wisv [ ] @) -go)se-o
0 JQ 0 J/Q
for all ¥ € C°((0,7); C*°(Q)). Now, by testing the above equation with ) = Bh where,

for p € C°((0,T); C*°(Q)) with zero average, h is the unique solution of the elliptic system

—B*Bh = ¢, / h=0, (4.18)
Q

we infer that

/OT/Q(WW)tqb/OT/Q (g(U) — g(T)) ¢ = 0. (4.19)

Note that we have moved the time derivative on (W — W). This is indeed possible since
by (4.17) and the fact that g is globally Lipschitz, U; € L>(0,T; H~'(Q)). In particular,
BW, € L>(0,T; H-(Q)) and by ellipticity of B, we infer that W, € L°°(0,T; L*(Q)). We
may now test (4.19) with the function ¢ = W — W, while localising in time, to get that by

Young’s inequality and the Lipschitz condition on g,

/Qrw—ws/wao—vv“\%/:/QraU)—g<U>\2+/0t/QW—WP, te (1)

t t
§/|W0—W0|2+//]U—U|2+//|W—W|2, te (0,7).
Q 0JQ 0 JQ
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Then, the above estimate inserted in (4.15) and Gronwall’s inequality allows us to complete
the proof. This setting may seem restrictive but it is, up to suitable modifications, the
case of elasticity where (B, .A) = (V, curl) and (4.18) reduces to the Poison equation which
provides the appropriate elliptic estimates. We present the above remark as we find its

generalisation to the A-free setting interesting.

4.1.2 Quasiconvex adiabatic thermoelasticity

We turn our attention to the system of adiabatic thermoelasticity which, recalling from

the introduction, is given by

GtFia - &ﬂ)z‘ =0

&wi - 8a2ia =0
Lo
Oy §’U| +e] — 8a(Emvi) =r.
We remind that smooth solutions of (1.4) satisfy the entropy production identity

6,57] =

I

3

which is replaced by the inequality dyn > § for weak solutions. The latter serves as
an admissibility condition for our system. We additionally assume that the differential

constraint curlF = 0 is an involution i.e.
curl F(0,-) =0 = curlF(¢,-) =0 for any ¢ € (0,7), (4.20)

which enforces F' to be a deformation gradient as long as the solution exists.
System (1.4) belongs to a general class of symmetrisable hyperbolic systems of con-
servation laws describing the evolution of a function U : RT x R? — RY and have the

form
atA(U) + aoafoa(U) =0 (4'21)

where 4 and f, : O C RN - RY, a =1,...,d, are smooth functions describing fluxes.
Here the matrix A(U) is globally invertible on the domain of definition O > U and VA(U) is
nonsingular. System (4.21) is endowed with an entropy - entropy flux pair 7, ¢, : RY — R
if any smooth solution U(t,z) € C*(RY) of (4.21) satisfies the additional conservation law

of entropy

On(U) + 0aqa(U) =0. (4.22)

99



This is equivalent to the existence of a multiplier G : RY — R which is a smooth function

of the solution G = G(U) satisfying the relations

G-VA=Vng
(4.23)
G- Vfa=Vq,
or equivalently the relations
VGTVA=VATVG
(4.24)

VGV fo =V VG.
In particular, whenever (4.23) is satisfied by a smooth solution of (4.21), then it also
satisfies the entropy identity (4.22).
Suppose now that (4.21) is endowed with a smooth entropy pair 77— ¢qq, that is for some
multiplier G(U) relations (4.24) are satisfied. We can rewrite (4.21) for smooth solutions,

in the form of an equivalent system with symmetric coefficients:
(VGTV AU + (VGTV £,)0,U = 0. (4.25)

The hypothesis
VGTVA >0

guarantees that the system (4.21) is symmetrisable in the sense of Friedrichs and Lax [54],
it has real eigenvalues and it is hyperbolic. Moreover, it induces a relative entropy identity
and therefore a notion of stability for the system (4.21), see [54, 25|. Using (4.22), it can
be equivalently expressed in the form

Vi =Y GFvEAF >0, (4.26)

k=1

For weak solutions the entropy pair 1 — g, gives rise to a notion of admissibility. The func-
tion U € L} (RY) is an entropy weak solution if it satisfies, in the sense of distributions,

(4.21) and the entropy inequality
Om(U) + 9aqa(U) < 0. (4.27)
Adiabatic thermoelasticity (1.4) fits into the general form of system (4.21), by setting
U= (Fv,n) AQU)=(Fv, i +eFn)).

The positivity condition § = de/dn > 0 for the temperature guarantees that A(U) is
invertible and VA(U) is nonsingular. By construction of the theory, there is a multiplier

G(U) that leads to the entropy pair 77(U) - §o(U) with

ﬁ(U) = qa(U) =0, G(U) = 9(}%77) <§;1(F, 1), _1> :
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We may compute that

V() - S GOV == | 0 1 o
k=1 K
and thus the condition of symmetrisability (4.26) amounts to e(F,n) strongly convex and
0(F,n) = %ﬁ;’n) > (0. Convexity of e(F,n) suffices to apply the standard theory of conser-
vation laws to (1.4) and, in that case, the entropy admissibility inequality (4.27) amounts
to the growth of the physical entropy.

However, as we already discussed in the introduction, the requirement of convex in-
ternal energy is too restrictive due to frame indifference, and so we here assume a weaker
assumption which is associated with the symmetrasibility of the system and hence with
the positivity of the matrix (1.8) in specific directions. The latter is guaranteed assumping
that the free energy e is strongly quasiconvex, see Definition 3.1, and hence, if in addition
it satisfies the assumptions (Hy), (Hz2) and (Hs), we show that smooth solutions of the
system (1.4) are unique within a suitable class of dissipative measure-valued solutions,
Theorem 4.3. As we mentioned in the Introduction, for polyconvex energy e, stability of
classical solutions in the class of entropy weak and dissipative measure-valued solutions of

the system (1.4) has been established in [22, 23, 24].

Dissipative measure-valued solutions:

For p > 0, let C,(R%) denote the space of continuous functions such that
Cp(RY) := {g e C(RY) : lim 9(z) = 0}

while the space Co(R?) is defined as

Co(RY) := {g e C(RY : lim g(z) = O}.

|2|—s00
Identifying the space of signed Radon measures M(R?) equipped with the total variation
norm as isometrically isomorphic to the dual of Co(R%), a (parametrised) Young measure
v = (Vz)zeq is an element of the space L, (Q, M(R?)) taking values in the space of prob-
ability measures. The space L2, (Q, M(R?)) consists of all weak-+ measurable, essentially

bounded maps v : Q 3 z + v, € M(R?), i.e. all maps such that

e (v,g) = / 9(2) dv(2)

is measurable for all g € Co(R?) and

Sup ||z || pq(ray < 00
z€Q
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Since Cy(R?) is separable, we have
L@ M(R) = LH(Q, Co(RY))"

and this defines the weak-* limits of Young measures. The Fundamental Theorem of Young
measures in LP states that given a bounded sequence (Uy,) in LP(Q) (1 < p < 00), there

exists a subsequence and a parametrized family of Young measures v = (v;)eq such that
g(U,) — (vz,g) in LYQ), ¥ g € Cp(RY), (4.28)

and we say that the sequence (U,,) generates the Young measure v. We call v a p— Young
measure since it is generated by a bounded sequence in LP. We note that the space of
Young measures as defined here coincides with the space Y (Q;R?) defined in Section 2.3,
see [81] for more details. In fact, as we already mentioned in section 2.3, the sequence
(9(Up)) converges as in (4.28) whenever it is equiintegrable and the barycentre (v, id) of

the generated Young measure gives the weak limit of the sequence U, i.e.
Up, — (Vz,id) in LP(Q).

If U, = Vu, for u, € WHP(Q), then we call v a gradient p— Young measure. Below, we
wish to consider generating sequences (U,,) bounded in the Bochner space L>(0,T"; LP(Q)),
defined both in time and space, for some 7" > 0. Then, (U,,) is also bounded in LP(Qr)
and generates a p-Young measure v ,, with (¢,z) € Q7 := (0,T) x @, which satisfies
/ (Vg | - |P)dx < 0.
T
However, the above integrability can be improved to obtain L* bounds in the time variable,
see [16] for the proof. In particular, it holds that
sup /(Vm, |-1P) < oo.
0<I<T
In our context, we naturally consider measure-valued solutions as limits of approximations
that satisfy the uniform bound
sup / e(F*,n°) + 1]1)5\2 dr < C, (4.29)
o<t<T J1d 2
coming by integrating in Q7 the energy conservation equation (1.4)s, given that the radi-
ative heat supply 7 is bounded in L!'(Q7) and that the initial data have bounded energy.

Since the energy satisfies the growth-coercivity condition (Hs) i.e.

c(IF[P+ n|* = 1) < e(F,n) < c(|[F[P+n|* + 1), (4.30)
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together with (4.29), implies the following uniform in & bounds:
F€ e L™(0,T; LP(Q)), ©° € L>®(0,T;L*(Q)), n° € L®(0,T;LY(Q)). (4.31)
Then, the sequence {(F*¢,v%,n%)} generates a family of probability measures
Ve € MT(MP*3 x R® x R)

given by the mapping (v;,) : Qr 3 (t,x) — 14,. The Young measure (1 ,) is an element

of the space LS, (Qr, M(R'3)) representing weak limits of the form
wk-x- lir%l/)(FE,vE,nE) = Ve, VAR, v, Ap)),s (4.32)
E—

for all continuous functions ¢ = ¥(Ar, Ay, Ay) such that

. [W(AF, Aoy Ap)|
IAFIPHA 2+ Ayl 1—s00 [AR[P 4 [ Xy |2 4 [ Ay |7

=0, (4.33)
where in (4.32) the notation (14, -) stands for the average

(Vi 00y Ao Ay)) = / PP Ao Ay) v (@A, dA, dNy)

and A\p € M3%3) A, € R3, )\, € R. The marginal of v, generated by (F?). = (Vy?). is a
gradient p—Young measure, while the marginals generated by (v°) and (1°) are a 2- and a

¢-Young measure respectively. In particular,

Fe = <Vt,x,)\F> =: F weak-* in LOO(()’T; LP(Q)) 7
v = <Vt,$7 >"U> =:v weak-x in LOO(O,T’ L2<Q)) 7

n° N (Vtz, Ag) =:m  weak-x in L*°(0,T; LY(Q)) -

We note that the space C,(R?) is separable equipped with the norm ||g(-)/(1 + |- |P)|| e,
and so is the space Cp4(R? x R) defined as
Cpo(R? x R) := {g cC®IxR):  im  dCLE) 0} :
[z11P-+za]100 [21[P + |22/

equipped with the norm ||g(-)/(1+|- [P+ |- |?)||L>. As a result, the internal energy function
e(Ar, Ay) belongs to the separable space Cj 4(R?xR) (M?*3 ~ R?) under the aformentioned
norm.

To take into account the formation of concentration effects, we introduce the concen-
tration measure -y, that depends on the total energy. This is a well-defined nonnegative

Radon measure for a subsequence of
1 €12 e €
S0P 4 e(F, ).
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Since we know that the functions (F,v%,n®) are all bounded in some LP space -because of
(4.31)- we may apply the Theorem 2.7, in order to pass to the limit. Indeed, letting Q2 be
an open subset of R?, the theorem asserts that given a sequence of functions (uy,), u, : Q@ —
R™, bounded in LP(Q2), (p > 1) there exists a subsequence (which we will not relabel), a
parametrized family of probability measures v € L7, (€2; (R™)), a nonnegative measure \ €
M () and a parametrized probability measure on a sphere v>° € LS, (€2, p); M7 (5™ 1))
such that

Y(z, up) de = . Y(x, z) dvdx + /S 1 Y (x, z) dv™(z)d\(x), (4.34)

for all ¥ continuous with well-defined recession function

P(x,s2")

o

0 (e 2) = iy U
22—z

The sequences (F¢,v°,7%) are bounded in different spaces and have different growth,
and as a result, we need to apply a refinement of the aforementioned theorem as, for

1,2 1

instance, in [64]: consider a sequence of maps u, = (u,,u;) where (u,) is bounded in

some LP(Q;R®) and (u2) is bounded in L9(2;R!) and define the non-homogeneous unit
sphere

SEHTL = {(B1, B2) € RPT 1 By P + | Bo]9 = 1},
for exponents p,q > 1. Then one can pass to the limit as in (4.34) where

W(a', 598, sPBh) W(a! v B, 7 BY)

P(x,z) = lim = lim .
v ( ) ' = spPq ' = T
S—00 T—00
(B1,83)—(B1,62) (B1:83)—(B1,B2)

We define the generalized sphere
S = {(Fv,m) € R« [FPP + [o” + [n|? = 1} .
The form of the recession function for the energy follows from [2, Thm 2.5| and reads
1 o0 1 (r7 F, i)
1 L 1 o elrrF,Tin
(2\11! +6(F,n)> = lim (2!1)\ LE— ) :
and we require it to be continuous on S'2. Then, along a subsequence in ¢,
L2 4 e(F, ) & L 4 e(hm Ay ) d o (124 e0may) DA
§|U’ +6( 777) Vt,ma§| v| —I—E( F, T)) T+{VvT, §| U| —|—€( F, 77)

weak-* in the sense of measures, where v € M{ (Qr;R3), v>° € MT((Qr,)\); S'2) and

A € MT(Qr). Then (4.30) implies
1 9 o
§’Ary‘ +e()\F,)\17) >0
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so that the concentration measure v € M™*(Qr) is nonnegative, i.e.

1 [e.9]
o= <z/°°, <2|)\v\2 + e()\F,)\n)> > A>0. (4.35)
The following definition of a measure-valued solution for system (1.4) thus arises:

Definition 4.1. A dissipative measure-valued solution to adiabatic thermoelasticity (1.4),
(1.6) consists of a thermomechanical process (y(t,z),n(t,x)) : [0,T] x Q — R3 x R for any
T>0,

y € Wh(0,T; L*(Q)) N L0, T; W'P(Q)), n e L>(0,T;LYQ)), (4.36)

a parametrized family of probability measures v = (vt 4) (1 2)e@, and a nonnegative Radon

measure v € M1 (Qr). The measure v is generated by a sequence (v¢, Vy©,n°) such that
(y°) is bounded in L*°(0,T; WhP(Q))
(0:Vy) is bounded in L*°(0,T; H 1(Q)) (4.37)
(n°) is bounded in L*(0,T; LY(Q)).

If (v, F,n) denote the averages

F - <Vt,x7)\F>7 V= <Vt,x7)\v>7 n= <Vt,1’7)‘77> )

then v, and -~y satisfy

F=VyeL®(P), v=3dye L%, (4.38)
and the relations
atF = aoﬂ)i
9 Ao,) = 8 % ApA
t<7/t,x7 vi> = Oq Vt,x’ﬁ( F, 7]) (439)

.
a CBvA 2 Ty /N N )
) > (v i)

in the sense of distributions. Moreover, they satisfy the integrated form of the averaged

energy identity,
1 2
©(0) { 0,55 §|/\v| +e(Ar,Ay) ) do
T 1
/ /@'(t) (<um, 5|A,,|2 +e(Ar, )\n)> (t,x) dx dt + vy(dx dt)) (4.40)
0

_ _/OT/%M)W) dx dt,

holding for all ¢ € C2°([0,T)), ¢ > 0.
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Remark 4.4. On the definition of the dissipative measure-valued solution:

(1) We remark that in addition to the uniform estimate (4.29), natural approximations
of (1.4), (1.6) produce a uniform bound on the time derivatives of (F¢) and (v°) in

a negative Sobolev space. We take all this into account by assuming (4.37).
(2) The first equation holds in a classical weak form, due to its linearity.

(3) Henceforth, we assume the measure vy = 0, meaning that we consider initial data

with no concentrations at time ¢t = 0.

(4) We choose to work with dissipative measure-valued solutions, namely solutions that
satisfy the integrated form of the averaged energy equation (4.40). This approach has
the technical advantage that one does not need to place any integrability condition
on the right hand-side of the energy equation (1.4)3, namely on the term ¥;,v;, since

it appears as a divergence and its contribution integrates to zero.

The averaged relative entropy inequality

Consider a strong solution (F,9,7)T € W (Qr) to (1.4) that satisfies the entropy iden-
tity (1.6) and a dissipative measure-valued solution to (1.4), (1.6) according to Definition
4.1. Similarly with the first part of this section, subsection 4.1.1, we use the relative en-
tropy method to estimate the distance between the above solutions. To this end, we first
write the difference of the weak form of equations (1.4) and (4.39), to obtain the following

three integral identities

T
/(Fm — F;0)(0,2)¢1(0, 7) do + / /(Fw — F;0)0:01(t, ) do dt

/ / 0;)0q¢1(t, x) dz dt,

T
/ (Vo M) —1(0,2))a(0, ) dx + /0 / (Vi Awr) — 0)Orbalt, ) d dt

(4.41)

T (4.42)
= /0 / (<Vt,mv Sia(Ar, Ay)) — Em(F,ﬁ)) Oa@2(t, x) dx dt

/ (<”°vz’ ) 'Av’2+€<AF7An>> - (;\@!2+6(F,77)> (0,w>) $3(0) da
+ /T/{ <<yt,x, %‘)\v|2 + e()\F,)\n)> - 7\1112 (F,m) +7}8t¢3(t) do di
/ / Vi, 1) — T)$3(t) dz dt, (4.43)
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for any ¢; € C1([0,T) x Q), i = 1,2 and ¢3 € CL([0,T)). Similarly, testing the difference
of (1.6) and (4.39)3 against ¢4 € C1([0,T) x Q), with ¢4 > 0, we have

/(<m, ) — 1(0,2))4(0, d,a:—/ / Viz, An) — 0)Oca(t, z) d dt

g /0 [ (e 9<AF,An>> g b

(4.44)

We then choose

(¢17¢27¢3) = _9(F777) G(U)(p(t) = (_E<F7ﬁ)7 —U, I)TSO(t)?

for some ¢ € CL([0,T]). Thus, by virtue of (1.7), equations (4.41), (4.42) and (4.43)

become

/ ( ai (Fo)(Fia = Fi) ) (0,2)6(0) d
( F 0)(Fio — Fm)> ' (t) dx dt (4.45)
[ [ - Fia) = 0n (5 (Fo)) (s = )| olt) dr

| i o)~ 50,000 do + | ' [ =02 = 00 d
//[ <8Fm i )> ((Vews Avi) = 1) (4.46)

~ Oe Je _
+0u0 ( (v =) ) = g () )| (0 o

[ ({3l 4 cm )} = (G102 = e} 0.9)) 610 e
i /T/ <<V“”’ SInl+ e(AF’/\n>> - %\77!2 - e(F,ﬁ)> - ’y}w’(t) da dt
/ / Ve T) = T)plt) de (4.47)

For inequality (4.44), we choose accordingly ¢4 := 0(F,7)p(t) = 0, ¢ > 0 so that

and

—/G(F, 1) ((v0,e, Ay) — da:—/ / ((Vez, \y) — M) (t) d dt

I

OO(F, ) ((Vez, Ay) — 17) (4.48)

w00 (e 3~ ) ] P da

Adding together (4.45), (4.46), (4.47) and (4.48), we obtain the integral inequality

[0~ g (F i Fn = Fi)(0.0) = 00,50~ 5)0,2)
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1 1 _
+ <V0,x7 §|)\v‘2 + e()‘Fa)‘T]) - 5’“2 - €(F,’I7)> (Oax)

— O, 7) (o Ay — 1) (O, x)} i

Tr de - _ _ _
+ @' (t)| — OF (£, 1) (Fia — Fia) — (V2 0i( A, — 0i))
0 i
1 9 1, _9 _
+ Vt7a:7§|>\v‘ +€()\F7)‘77)_§’v| _G(Fﬂ?)

- 0(F7ﬁ><yt,3?7)\7] - 77) + ’}’:| dx dt

> = [ [ o] -0 .0) Fia -

_ Oe de - _
+ 8an <<Vt,z7 ﬁ(AFv A’r])> - %(F777>>

— O0(F, ) ((Vees Ag) — 1)

) (g )~ ) e =] e
_ /0 ' / o(OVR(t,x) da dt . (4.49)

Using relations (1.7), the entropy production identity (1.6) that holds for strong solutions

and equation (1.4);, since

7o
—r=—-0—-=0
" 6" §
the quantity R(¢,z) in the integrand on the right hand-side of (4.49) becomes
D%e d%e -

== F‘iﬁ‘_Fia_F’ia_ _713‘7_ Fia — Fia
_ Oe de  — _ _ 0%  _ _

+8tF7;a <Vt’r7aﬂ()\F,)\n) — %(F7n)> —atF 7(F,77)<Vt,m,An —77>
0%, - _ _

- 8t7787772(F’ 1) (Vs Ay — 1)

+ 8t77<yt,x7 H(AF7 )‘77) - 0(F7 77)> - 81577(1/15735, G(AFa )‘77) - G(F) ﬁ)>
T

-8 ({ne gy )~ + e

= atﬁ <Vt,x7 H(AFv )‘77) - H(Faﬁ)>
0 o, )
- OF., (F, 1) (Fia i) — %(F 77)<Vt,xa)\n 77>]

+ 8tFj/3 <Vt,ma Ejﬁ()\p, )\T)) - Ejﬁ(Fa 77)>

d%e _ _ H%e _
— (P 5)(Fia — Fia) - o) (Vraes Ay — 7

Ve, 0(Ap, Ay) — O(F, 1))

=3

s

0(F, 1)
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_ r T
—0(F,n T - = € —T
) (e gy )~ )+ =
= atf, <Vt,x70()‘F7)‘77‘F777)> +8tFj5 <Vt,x72j6()‘Fa)\n’F7ﬁ)>

+ <um, (O(Ap, \y) — O(F, 7)) (9 ,n)>> : (4.50)

T

(A Ag) 6

Above, we have used the following notation:

gal =3

(4.51)
00 _ a0  _
- FﬁFioc_-FlL’a_iF77)‘_7 )
3Fm( ;7)( ) 677( (A n)>
and
<Vt,xa Eia()\F7 )‘n‘Fa 77)> ::<Vt,$7 Eia(AF; )\n) - Eioz(pv 77)
(4.52)
T (E e - ) - 2 (F a0 1)
OFiq0F;5 dF,on M)
If we define the averaged quantity
_ _ 1 _
IO|U) = I(Ar, Ay, M| F,0,7) = 5]% — 02+ e(Ap, \y|F, 1) (4.53)
for
_ _ Oe Oe , - _ _
e(ArAlF', 1) := e(Ar, Ay) — e(F, 1) — (F,MAF = Fia — o~ (F,7)(Ay — 1),
O0F;, an
we observe that the term on the left hand-side of (4.49) becomes
(F ) (Fia = Fia) = (Ve Ui( Ao, — 0i))
1 _ _
Vta, ‘)‘ | + G(AF, A ) EW‘Q - 6(F,77)> - Q(Fvﬁ)<yt7$7)‘77 - 77>
(4.54)

= (i 3l = 8} + (s chr M)
<Vt:B7 )‘Fa)‘vv)\ |F v 77)>
We then combine (4.49),(4.50), and (4.54) to arrive at the relative entropy inequality
2O (e, 100[00)) da]

/ / (e, IO |T)) de dt + (de dt)]

(4.55)
/ / ) 041 (Vs 0O, Ml Fa D)) + 01 Fs (vs S s Ag| B 1)

,ﬁ>>>] ot

r

+ <ut,x, (B, Ag) — O(F. 1) <9<AF7An) o
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Measure-valued versus strong uniqueness

Due to the relative entropy inequality (4.55), we may now show that classical solutions
are unique in the class of dissipative measure-valued solutions. Before we proceed, we

summarise the assumptions on the internal energy:
(Hy) e € C3(R¥? x R)

(H2) co(|F[P + |7 —1) < e(F,n) < ca(|[FP +[n]?+ 1)
=1 g1
(H3) ler(Fyn)| STH[FP 4+ [p" 7, and |ey(Fyn)| S 1+ [F[P e + o7 h
To establish the measure-valued vs strong uniqueness result, we first assert that the
following bounds on the relative entropy and the terms on the right hand side of (4.55)
can be obtained given the above hypotheses and the quasiconvexity assumption, Definition

3.3.

Lemma 4.1. Given hypotheses (H1) — (Hs), for p, ¢ > 2, assume that the smooth solution

(F,v,7) lies in the compact set

FK = {(Faﬁvﬁ) : ‘F(ta)’ < Ka ”D(t: )’ g K?‘ﬁ@?)’ < K}

for a positive constant K. Then there exist constants Cy,Cy,Cs > 0 such that

[L(F,v,n|F,5,7)] < Ci (Jv—0]*+ |[Vp(F — F)]* + |[Vy(n — )|?) (4.56)
0(F,n|F, )| < Co ([Vp(F = F)? + [Vy(n — 7)[?) (4.57)

and
IS(F,nlF,m)| < Cs (|Vp(F = F) + [Va(n = 1)) . (4.58)

Under the additional hypothesis:

9@wﬂ=§§Fm>za>o, (4.59)

and given that r(t,x) = 7#(t,z) € L>®(Qr), there exist a constant Cy > 0 such that

o) =00 (50005~ )

(F.n)  0(F < Cu (IVp(F = )P + [Vg(n = m)?)  (4.60)

for all (F,v,7) € Tk.

Proof. For the proof of (4.56), observe that
1
e(F,n|F,n) = /O (1—s)D% (F +s(F = F), 7+ s(n =) (F = F,n =) : (F = F,n —1).
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Given the set of hypotheses (Hi) — (Hs), (4.56) follows from Lemma 3.3 (a) by setting
gle—F,fgzn—ﬁ, )\1:F, Ao =1 and z; = 29 = 0.
Moving to bound (4.57), we cannot use the proof in the Appendix directly, as 6 does

not satisfy the same growth conditions as e. We start by expressing 8(F, n|F,#) as follows:
O(F,n|F,n) = /01<1 = 8)D*0(F + 5(F — F), i+ s(n = 7)) (F = F,n —17) : (F = F, 1 — 7)
so that

Ol P, )| < C(IF = FI* + |n— "),

where C = C(d,max D?6) in the region |F — F|+ |np — 7| < 1 and (F,5) € I'g. If
|F — F|+|n—n|>1and (F,7) € T'x we have

00
OFiq

B0l < 10(F) = OF. )|+ | o (P 1P = Fil + | 5 (F.)| b=
<WﬂFmMHF—F%Hn—m+1
SIFPT 4l + |F = Fl+ I~ + 1
SPTTHF — P 4 BT ) 202 (g -l )
+|F=F|+n—17+1
SIE = FIP+n—q"+ |F = F| +[n— 7] + 1
SIE = FIP+|n—a" +|F = F|+[n— |
SI|F=FP+n—=ql"+ (|F = F| + [n - q])?
SIF=FP+n—al +|F = FP* + |n —ql”
C(1Vp(F = F)P +[Vy(n —m))
because of (H3)a, Minkowski’s inequality and Young’s inequality.
Bound (4.58) can be obtained similarly by employing (H3)1, as now the function ¥(F, n)
is given by (1.7)2 as a partial derivative of e(F,n).
Finally for (4.60) in the region where |F — F| + |p — | < 1 and (F,7) € T'x we have

_ 18(F.n) — 6(F, ) ?

o OFEI(F,n)
S10(F,m) = 0(F, )|

o) =000 (s = )

SIF—FP+n—n

where the constants involved depend on (||7||p, K). If |F — F| + |n — 7| > 1, given (4.59)
it holds that

o6 =06 (75 = )
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for all (F,7) € I'x and for a constant depending on (||r||ze,d, K). Then we can proceed

as above to bound the term |0(F,n)|. This concludes the proof. O

As in the proof of Theorem 4.2, in order to establish weak-strong uniqueness for the
system of adiabatic thermoelasticity (1.4), we use our Garding-type inequality, Theorem
3.2. In the current setting, due to the fact that the involutions correspond to the differential

operator curl, inequality (3.15) takes the form

/ (V)2 + |Vy() 2 < Co / e(F + Vo, 7+ Y|F.i) + O / Vo2 (461)

where Cy = Cy(e,K) > 0, C; = Ci(e,K) > 0 and ¢ € LY(Q) with [¢ = 0 and ¢ €
VVO1 P(Q). We note here that in the RHS we used the equivalent norm for the penalty
term, expressed with respect to the primitive functions. In the sequel, we use (4.61) for
(F,7) a classical (Lipschitz) solution of (1.4), to prove the measure-valued versus strong
uniqueness result. Hence, the proof of Theorem 4.3 relies on Theorems 3.1 and 3.2, and

we refer the reader to those statements for the proof of (4.61).

Lemma 4.2. Suppose that (v,7, F,v,n) is a dissipative measure-valued solution to adia-
batic thermoelasticity according to Definition 4.1 and that (F,v,7) is a classical solution
to (1.4) with initial data (F°,v° n°) and (F°, 0%, 7") respectively. Under the assumptions
of Theorem 3 and by denoting vy = vy, 4, it holds that

/ (W0 [Vo O — F (0, 2) 2+ [Va (A — i1(t0, 2))[2) da

<G / (o e\, Ay E (o, 2), 7 (to, x))) d + Cy / Vi(y(to ) — G(to, 2))? de,
(4.62)

and
/(1/0, Vo(Ar — F(to, )] + [Vy(Ay — 7i(to, )] + [Ay — B(to, 2)|?) da

< Co /(Vo,I(F,vaFvvﬂ?; (to, x))) dx + C, / Vo (y(to, =) — §(to, x))|? dz,
(4.63)

for almost all to € (0,T). In addition, at t =0
JHE AP0 < [ 00— P o V(FO— PO+ VG~ 0 (1.64)

Proof. We prove (4.62) as a result of Theorems 4.4 and 3.2. In (4.61) take F' = F(tg, ) and
71 = 7(to, -) and then fix t € (0,T") and choose ¢ = zi(t,-)—7(to, -) and ¥ = wi(t, ) —7(to,-),
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see Theorem 4.4. Observe in this case, that the relative quantity e(F + V¢, + ¥|F,7)

becomes e(Vzy, wi| F(to, ), 7(to, )) and Theorem 3.2 gives that
/Q Vo(Var(t,z) — F(to,2))|* + [Vg(wi(t, 2) — 7i(to, 2)) | da

<C~’0/Qe(zk(t,a:),nk(t,x)|F(t0,x),77(t0,a:)) dx+é’1/cg|%(zk(t,x))—y(to,a:))]2 dx.

Integrating the resulting inequality in time and since, from Theorem 4.4 (Vzp, wy) gener-

ates the measure (4, 2)zeq, (|V2r|P + |wg|?) is weakly relatively compact in L'(Qr) and

2k, — yY(to, ) strongly in LP(Q), by taking the limit k¥ — oo, we obtain inequality (4.62).
For (4.63), we exploit inequality (4.62), together with the fact that the relative entropy

I is given as a sum in (4.53). Indeed, let (F*,v*, n*) be a generating sequense satisfying
F*e L®(0,T: LP(Q)), "€ LX(0,T:L*(Q), n* € L*(0,T;LU(Q)).

Note that whenever g : Q7 x R¥*? x R? x R is a function that admits an additive decom-
position
g(t,a:, F,U,’I]) = gv(t,fl,’,”l)) + gF,n(t7x7 F,77)7

where
90| < c(L+[v|*) and |ggy| < c(1+|FP + |n|%),

the action of the generated measure v, is equivalent with the action of v ® v where
vV and v are generated by the sequenses (v¥) and (F*,n*) respectively. Therefore, it

suffices to add the term

[t = o0, )P o
to the inequality (4.61). Finally, (4.64) follows directly from Lemma 4.1 and in particular
bound (4.56). O

Combining the above lemma with the averaged relative entropy inequality (4.55), we
are now in a position to prove that in the presence of a classical solution, given that the
associated Young measure is initially a Dirac mass, the dissipative measure-valued solution

must coincide with the classical one.

Theorem 4.3. Let U be a Lipschitz bounded solution of (1.4),(1.6) with initial data U°
and (Vz,7,U) be a dissipative measure-valued solution satisfying (4.39),(4.40), with ini-
tial data also U°, both under the constitutive assumptions (1.7) and such that r(t,z) =
7(t,x) € L=(Qr). Suppose that e is strongly quasiconvex according to Definition 3.1 and
the hypotheses (Hy) — (Hs) hold for p, ¢ > 2, together with (4.59). If vg, = dgo(z) and
Yo = 0, we have that v; , = 6 and U = U a.e. on Qr.
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Proof. Let {¢n} be a sequence of monotone decreasing functions such that ¢, > 0, for all

n € N, converging as n — oo to the Lipschitz function

1 07t
t_
o(t) = T i1 t<T<t+e
€
0 T>2t+e

for some € > 0. Writing the relative entropy inequality (4.55) for r(t,z) = 7(t,x), tested

against the functions ¢,, we have

[ onO v 10w, 00) da
T
+ /0 / Gn(t) [(Vew, IO|0)) da dt +(da dt)]

T
= _/ /Son(t) [81577 <Vt,:p7 H(AFv )‘77|Fa77})> + atF]ﬁ <Vt,xa Ejﬁ()‘Fa )‘T)|F7 77)>
0

+ <ut,x, (O Ay) — O(F, 7)) (9()\,:, o 0(;,77)»] da dt.

Passing to the limit as n — oo we get

/<V07w’I<AF’)\U’ A"?’Fﬂ_):ﬁ)> (0,.%') dx
1 [tte )
_ E/t /[(l/m:,I()\F,)\v,)\n]F,@,ﬁ)> dx dr + (dzdr)]

t+e - B i
= _/(; /[atﬁ <VT,3:7 G(AF, )\T)|F7 77)> + OtFjB <VT7$, Zj,B()\F, )\T)|F7 77)>

erewhlT ,mm dedr.

and using the estimates (4.57), (4.58), and (4.60) we arrive at

) <)

N <Vm, O\ Ay) — O(F. 7)) <9

/<V07m, I(Ap, Ay, )\n\F,z’), 77)> (0, ) dz
1 t+e _
— E/ / [<V7—7x,f(>\p, )\v,)\n\F,T),ﬁ» dx dr + ’y(dxdr)]
t
t+e B
> —C/ /@W Vo(Ar — F)? + [Vy(\y — 0)|?) dadr.
0
Passing now to the limit as ¢ — 0" and using the fact that v > 0 we get
/[(Vt,zvI()‘F7)\U’AT]|F>5777)> dx < /<V0,27[()‘F7)\v7)\?7F777177)> (0,$) dx

t
4 [ [ ensVoOr = BF + VO = ) dzdr, (165)
0
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which together with (4.56), (4.63), and (4.64) yields
[ = 0P Wy = I+ Vi, — )P d

t
< C/O /<VT,:E,M(AF—F)P+\Vq<An—ﬁ>‘z> dg;dwrc/\vp(y_g)‘%
(4.66)

for a.e. t € (0,7). Here we used the assumptions that the two solutions have the same
initial data and that y9 = 0. Note that the constant C' depends only on the smooth bounded
solution U.

To apply Gronwall’s inequality and close our argument it remains to estimate the last
term on the right hand-side of (4.66). This was done in [73|, using elliptic estimates and
equation (1.4);, together with (4.20). Here, for the sake of completeness, we briefly sketch
their arguments. Note that, due to the fact that F and F are deformation gradients,

involution (4.20), we have that

T
/ / (Vy — Vi) ¢ — (u — @)dive dadt = 0, (4.67)
0 JQ

for all ¢ € C°([0,T); C*°(Q)). Then, consider the unique solution of the system

—Ag(t, x) = @Z}(tv fL‘)

/Q glt,z) =0,

where ¢ € C2° ((0,T); C*°(Q)) such that fQ Y(t,x) = 0. Taking ¢ = Vg in (4.67), we infer
that

T
/ / (=), — (u— )b dvdt = 0. (4.68)
0 JQ

Note that in the above equation we integrate the time derivative of y — g. This is indeed
well defined, since we have that 9;Vy, 9;Vy € L*® (0, T; H_l(Q)). We now test (4.68) with
the function (y —g) (1 + |y — 4P ?) — Jo(y =) (1 + |y — gP~?), and since [, (u — @) =
Jo(y —9) =0, we infer that
d |y(t7 JI) —g(t,.'li‘)P ’y(tvx) _g(t7x)‘p
— +

< /Q fu(t, ) — a(t, )| [y(t, 2) — §(t, 2))de + /Q fult, @) — (t, 2)] |y(t, 2) — §(t, 2)PLda

dx

Now, by integrating in time and applying Young’s inequality, we get that for almost all
te(0,7T),

ly(t,z) — g(t,z)|®>  |y(t,z) — g(t,z)P t e
/Q 2 T » dwi/{)/@lu(m) (1, 2)|? dedr+
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/ / ly(r,z) — y(, x)]dedT—i—/ / ly(,2) — g(r, )|*P~2 dxdr. (4.69)

Then, since 2p — 2 > p > 2, we use the fact that WP(Q) — L*~2(Q) to deduce that

/ / yr) =52 5 [ () = 5N + 193 = V()
< /O (7. ) = 5, + 1987, ) = T, M)

where in the last inequality we used the fact that
D — (T )|P2 Vy(r.) — Vi(r. )|P-2
onp {I(ro) =57 Mgy + 190t = Vot g} < o
T7e(0,

Going back to (4.69), we finally conclude that,

t
/IVp(y—y)!de < O/O /<ut,x,|Vp(AF—F)|2+|Av—v|2> dx dr

t
+C/ /Vp(y—y)dedT.
0

Adding the term [|V,(y — 9)|? dz on both sides of (4.66) we arrive at
/ (Vo ho = 0 + [Vo(Ap = )2 + [Va(hg = 2)%) + [Vo(y — 9)I*) da
<0 [ [ (ol Woun = B+ a0 = D) + Voo~ )F)
Gronwall’s inequality completes the proof. O

Remark 4.5. The radiative heat supply 7 (¢, z) is a field that can be regulated externally.
Therefore, one could think instead the theory of thermoelasticity with zero radiative heat
supply and prove Theorem 4.3 in this less general setting. In the case r(t,z) = 7#(t,z) = 0,
the result of Theorem 4.3 holds without the assumption on the temperature (4.59), and
bound (4.60).

Localisation in time

In Theorem 4.3 we are required to localise our measure-valued solution in time and the
generating sequences for these localised measures must be given by a proper time modi-
fication of the generating sequence for v. However, due to the lack of equiintegrability of
the assumed generating sequence, we need to construct a new sequence which lies on the
desired wave cone, has suitable equiintegrability and convergence properties and generates
the localised measure (14, 4)zcq. To this end, we first prove a technical result which is
used for our time-dependent decomposition lemma, Lemma 4.4. The latter is not needed

if, instead of measure-valued solutions, weak solutions of (1.4) are considered.

76



Lemma 4.3. ([Lemma 15,[73]]) Let v € L*° (0,T; LP(Q)) for any p € [1,00). Then, up to

a subsequence which is not relabelled and for almost all ty € (0,T), it holds that

lim |v(to + et/ T, x) — v(ty, x)|? dedt = 0.

e—0 QT

Proof. By the continuity of the translations, for almost all ¢,
lo(- +&t/T,-) = 0( s,y = 0 as € — 0.

Also, due to the fact that v € L (0,T; LP(Q)), the above quantity is uniformly bounded

in € and hence, by dominated convergence,

T
lim/ / lv(to + et/ T, x) — v(ty, x)|P dedtdty = 0,
0 T

e—0

where tg is considered as a variable. Indeed, the above limit holds since

T T
/ / w(to + et/ T, ) — vlte, )P dedtdto — / / lo(to + et /T, ) — v(to, z)|P dadtodt
0 T 0 Qr

T
D.C.T.
= [ I+ et/T) = 00 gy e VS

Hence, up to a subsequence, for almost ¢

lim [v(to +et/T,x) — v(ty, x) P dedt = 0.

e—0 QT

O

Theorem 4.4. Let v = (Viz)42)er be a family of probability measures generated by a

sequence (Vyg,ni) such that

(yx) is bounded in L>=(0,T; W'P(Q))
(0, V) is bounded in L>®(0,T; H*(Q))

(k) is bounded in L*(0,T; LYQ)),

and write (Vy,n) = (v,id) for its centre of mass. Then, for almost all ty € (0,T), there
exists a sequence (Vzp,wy) also bounded in L*°(0,T; LP(Q)) x L>(0,T; L1(Q)) with the

following properties
(1) (Vz, wg) generates the measure (Vi z)zcq GS a p-g-Young measure;
(2) (IV2|P + |wi|9) is weakly relatively compact in L' (Qr);

(8) zi — y(to,-) strongly in LP(Qr).
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Proof. For ty € (0,T) define
YRt @) = yp(to + et/ T, ), 78t z) == np(to + et/T, x).

We claim that for a.e. ¢y an appropriate subsequence of (¢;) can be chosen such that
(Vy*=, nF<) generates the measure (v, ;)zeq and that y*<+ — y(to,-) in LP(Qr). To this
end, note that, up to a subsequence which is not relabelled, for any g € vaq(RdXd x R)

and any Borel set E C Qr for a.e. ty € (0,T) it holds that

lim /E g ety O M) = Wz (A, M) = 0. (4.70)

e—0

This is a consequence of Lemma 4.3 noting that the function v(¢,x) = (144, g) is an element

of L*°(0,T; L'(Q)) since, due to the growth behaviour of g,

b [ |9} S50 [ s Wl + Pl7) < .
t JQ tJQ
Hence, it follows that for any such g and F, denoting by Xg the characteristic function of
E and t fixed a.e. in (0,T") using (4.70), we infer that

lim lim g(Vyk’E(t,$)a77k’€(ta$))

e20k—oo J

~ lim lim © /+ /Q X ((t — to)T /2, z) g(Vy* (), 7 (1, 2))

e=+0k—o0 €

= lim XE(tvx)<Vt0+at/T,x7g()‘F7 )\n»

e—0 QT
= [ tt0ss0w A0 (471)
E

In addition, similarly with [|73],Lemma 16| we have that

lim lim lyk(to + et/T, z) — y(to, z)|P = 0. (4.72)

e—=0k—o0 Qr

Indeed,
/ Y (to + et /T, x) — y(to,z)P < C [ |y*(to +et/T,x) — y(to + &t/T, z)[?
T Qr

+C | |ylto+et/T,z) —y(to,x)[" = I +1I.
Qr

Then , since y € L>(0,T; LP(Q)), Lemma 4.3 says that (up to a further subsequence), for
a.e. to € (0,T)
lim IT = 0.

e—0

Regarding the first term, noting that the sequences

(y*) € L0, T;W'P(Q)) and (9w*) € L*(0,T; L*(Q))
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are bounded in the respective spaces, we apply the Aubin-Lions lemma to infer that
y* —yin C(0,T; LP(Q)),

which is enough to conclude that

lim I =0, .

k—o00
Now, for g and E in a countable dense subset of Cj, ,(R¥*¢ x R) and of the collection
of Borel subsets of Qr, respectively, we may choose a subsequence (¢j) such that (4.70)

and (4.72) hold. In particular, for ¢ fixed almost everywhere in (0,7),

lim g(Vy’“’a’“,nk’ak> :/<Vto,$7g<)‘F7)‘77)>>
E

k—o0 E

for all the elements of the countable subsets where g and E belong and, by density, for all
g € Cpy(R™*? x R) and all E C Qr, i.e.

g (V5,15 ) = (g 9O, A) i LH(Qr),
and (Vyk’ak,nk’ak) generates the measure (14, 4),. Note also that
(Vy*=) € L%(0,T5 LP(Q)) and () € L>(0,T5 L(Q))-
For n € N and (21, 22) € R®? x R consider the truncation operator

(21, 22), 2112 + |22]> < n?,
(21, 22) 1=
n(z1,22)/|(z1, 22)|, |21 + |22|? > n?.

We observe that 7,(z1, 22) = (Tf(zl, 22), T (21, zz)) where

1, 21| 4 |22|? < n?,
75(21722) =
nz/|(z1,22)|,  |z1]* +|22)* > n?,

and 7, (21, 22) is defined respectively. It is straightforward to see that for fixed n € N the

sequence (|75 (21, 22)|P + |77 (21, 22)|9) is equiintegrable and so

lim lim |rf(Vykv5k7nk75k)‘P 4 ‘Tg(vykﬁk,nk,ak”q

n—00 k—00 Qr

= Jim [ o [T QAP + [P A = [ Gt A6+ ol (473)
T

n—o0 QT

where the second equality uses monotone convergence. Moreover,

lim lim |70 (Vyfosk sy — (Wyker phee)| = 0 (4.74)

n—o0 k—00 Qr
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due to the L'-equiintegrability of (Vy*k, n¥<k). Then, from (4.73) and (4.74), there exists
a subsequence k,, such that

Y
Vn — (Trf;(vyknﬁkn , nknyc‘fkn ), Tg(vyknﬁkn , nknyé‘kn )) — (VtQ,I)$EQ;

(\Tf(vykmakn7nkn,akn)’p + ’Tg(vyknﬂfkn’nknﬂfkn)“]) is equiinegrable.

Next, for almost all t, consider the decomposition

V, = <7>er (V,@— / V,§1>> , V@ - / Vn@)), (4.75)
Q Q

where

= (VS itk

and Py denotes the projection operator onto curl-free vector fields. For convenience, let
us write y" := yF%n and n" := nf%n and recall that Peyy is a strong (r,r) operator,
1 <r < oo. Then, for a.e. t € (0,7),

v, MNer@@) < CIVY"(Et,)lle@) < CSlth VY™t )l e (@)

V2, M ra) < ClIn" ()l pago) < CSlip "™, )l La(q)s

which shows that the sequences ( ~7§1)) and ( ~7§2)) are bounded in L*(0,7; LP(Q)) and
L>(0,T; L9(Q)) respectively. To see that (V) generates the measure (v, .)zeq, nOte

that, denoting by Pgiy the projection onto divergence-free vector fields,

[(Vy"(t, ), " (t, ) = Valt, )l < Vo™ (E,) = V@) + 0" (2, ) = V(¢
= |vyn(tv ) - Tf(Vyn(t, ')7 nn(ta )) + Puiv (Tf(vil/n(t ')7 nn(tv )) - Vyn(tv )) |

Ll ) — Ty ) () + /Q

VYL ), 0 ()|
< ’vyn(t7 ) - Tf(Vyn(t, ')777n(t7 ))| + |Pdiv (Tf(Vyn(t7 ')7 nn(tv )) - Vyn(tv )) ‘

4
‘HU”(ta ) - Tg(vyn@? ')ann(ta ))‘ + ’/QTZZ(Vyn(t, ')ann(ta ))’ = ijn (476)
=1

However, for any € > 0 and almost all t

LA VY ()0 (1) = Valt, )] > €}) < ! edr

™

/{I(Vy"(tw)m"(tw))—Vn(tr)>€}

1 n n - (4.76) 1 L
9 Q I Q
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Then, we claim that

T
LTV ") = Val > €}) :/0 LUV (8, ), 0" (8,-)) = Valt, )| > €})

gg I+ 13 + I3 + I} — 0.
€ JQr
Indeed, for the first term
| =1V o en <2 [ vyl
Qr {IVy™[2+In"2>n?}

2 2
<2/ (IVy" [+ n")" _ / (IVy™| + "))
(Vg 2+ zsnzy (VYR + 0" vy +lnmsny VY™ + 0"
2

2T
<2 [P < Zsw [ 90 E o
nJQr not JQ
whenever n — oco. Similarly we may prove that fQT I¥ — 0 as n — oo. Since Pgiy is a
weak (1,1) operator, the term [, I behaves like [, I and thus

/ 13— 0, whenever n — oo.
T

Concerning the last term, since || — 7/ (Vy™,7")| 11(,) — 0 and fQ n"™(t,-)dx = 0 for

a.e. t € (0,T), we infer that

i | i [ mwy e, e = o
nJo /g
which concludes the proof of the claim. From the above estimates we infer that the sequence
Vi = (Nn(l), ~752)) generates the Young measure (14 »)zcQ-

The equiintegrability of the sequences ffn(l) and f/n(Q) comes directly from the equiinteg-
rability of VY and V1%, We note that since f/n(l)(t, -) is curl-free for a.e. t € (0,7, there
exists z € L0, T; WP(Q)) s.t. ‘N/n(l)(t, ) = Vz"(t,-). In addition, we set wy, := v, (t,-)
to serve the requirements of the theorem.

Finally, for the strong convergence of the primitives of the sequence ‘7751) we follow the
proof of |[73],Lemma 16]. We note that by (4.74) and the Lebesgue interpolation theorem,
it holds that

T
lim/ / V) = Vy"| = 0 = lim [|V,Y — V|| 1rpmy = 0, (4.77)

for all » < oo, m < p. Since Vn(l) = Vz" + PdiV(V,ﬁl)), by adding Vy™ to both sides and

taking the divergence we get that
—A(E" —y") = div(Vy" — V). (4.78)
Then, by standard elliptic estimates, for all 1 < m < oo it holds that
IV2"(t ) = Vo' (& )llmig) S IVY" () = Vi () lmq)- (4.79)
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In our setting we treat the case d = 3 and so letting m = 3p/(p+3), by Sobolev embedding
and (4.79) we have that

Hzn(t7 ) - yn(tv )HLP(Q) S ”vyn(ta ) - Vrgl)(ta )HLm(Q)v

and by integrating in time,
T T .
/0 ||zn(t7 ) - yn(ta )Hip(Q)dt 5 /0 ||Vyn(tv ) - Vn( )(tv )Hpm(Q) — 07
as n — o0o. The last convergence comes from (4.77) and concludes the proof of the theorem

since, from (4.72), y"™ — y(to,-) in LP(Q7). I

4.2 Statics: sufficient conditions for local minimisers

The problem of finding sufficient conditions for a smooth extremal to be a strong local
minimiser is an old problem. It has been first solved by Weierstrass for the case of one
single independent variable, while for scalar variational problems see [65, 21].

Motivated by applications arising from continuum mechanics and material sciences, the
question of finding necessary and sufficient conditions for strong local minima in the vec-
torial case gained great interest. It turned out by the work of Meyers [85] that the notion
of quasiconvexity is a necessary condition for strong local minima, while in [10] Ball and
Marsden, by introducing the notion of quasiconvexity at the boundary, proved a similar
result for minimisers that take free values on part of the boundary of their domain. In
addition to this, regarding the sufficiency questions, Ball in [9] conjectured that if the solu-
tions of the weak FEuler-Lagrange is sufficiently smooth, then the combination of the strict
positivity of the second variation with suitable quasiconvexity-based assumptions should
imply that the extremals are strong local minimisers. Later, the work of Taheri [101] in
LP-local minimisers enriched the existing theory around the Weierstrass problem, however
it resulted in a convexity-based sufficiency theorem, and hence it left Ball’s conjecture
open.

After a few attempts which partially answered Ball’s conjecture, see [110, 59], it was
Grabovsky and Mengesha in [61] who, by following the strategy of [59] enriched with a
proper decomposition result, settled a sufficiency theorem for C'-extremals in the quasicon-
vex setting. The importance of the C''-smoothness requirement on the extremals is high-
lighted by the example of Kristensen and Taheri in [83]. More recently, Campos Cordero in
[31] presented an alternative strategy for the sufficiency theorem for C'-extremals, which

also formed the basis of the proof of our Garding inequality, Theorem 3.2. At this point, we
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want to emphasise that the strategy of Zhang in [110], which shows that smooth extremals
of quasiconvex integrands are minimisers with respect to localised variations, constitutes
one of the most crucial tools in this alternative approach by Campos Cordero. The latter
can be also revealed from our arguments in Section 3.3, see Lemma 3.6.

In this section, we study functionals of the form

WU = /Q WU (z))dz, (4.1)

for U € L*)(Q) where we remind that

Q) = {UeLP(Q) : AU:O,/QUzo}.

Motivated by recent developments in the vectorial Weierstrass problem [31, 29, 60|, we
provide an appropriate generalisation for functionals of the form (4.1) and differential
operators other than curl, that is we establish sufficient conditions for local minimisers
in the strong W—1? topology based on A-quasiconvexity assumptions. We remark that
the presented result entails a quantitative version of uniqueness for these minimisers, see
also Corollary 4.1, which had not been previously observed. The proof comes as a direct
consequence of Theorem 3.1 which formed the basis for the Garding inequality, and its proof
has been largely motivated by these recent developments on the Weierstrass problem.

In particular, we prove the following theorem. We note that the natural space of

variations for W is given by

{wGC(Q):A@—O,/Qw—O}-

However, under the growth assumptions (h3), see (4.1.1), one may equivalently consider
the closure of variations in L? given by the space L (Q).

In the sequel, similarly with subsection 4.1.1, we remove the zo-dependence from the
analysis of the Garding inequality part of the thesis, section 3.3. Having this in mind,
we are able to apply Theorem 3.1 for our integrand W, whenever the latter satisfies the

growth assumptions (h1)-(h4).

Theorem 4.5. Assume that W € C3(RY) satisfies (h2), (h3) (see (4.1.1)) and let U €
LP(Q) N C(Q) such that the following conditions hold:

e U is a weak solution of the Euler-Lagrange equations, B*DW (U) = 0, i.e.
/ DW (U (x))¢(x)dx = 0,
Q
for all p € LY (Q);

83



e the second variation is strongly positive at U, i.e. there exists ¢ > 0 such that

| DPWO@)eta) pla)de > ¢ [ o),
Q Q

for all p € LY (Q);

o W is strongly A-quasiconvex at U(xq) for all g € Q, i.e. there ewists cg > 0 such

that
[ W)+ o) = WO o)) do > o [ V(o))
for all ¢ € LY(Q).
Then, there exists eg > 0 and C' > 0 such that
WIU] - WI[U] > C/Q V(U(z) — U(z))|*d,
Jor all U € L5(Q) with ||[U = Ully-1.0(q) < €0

Proof. The main ingredient in the proof is Theorem 3.1 combined with the simple obser-

vation that if U solves the Euler-Lagrange system, then
[ WO +el0) = [ WO+ ) = W(O)] = WO ) = WD),

for any ¢ € L (Q). Note that the relative energy W (-|-) is precisely the so-called Weier-
strass excess or E-function for the functional WW. Thus, given U as in the statement, let

Ue L (Q) and set ¢ = U — U € L (Q). We prove that there exists g9 > 0 and C' > 0

[w@+amzc [ vwp
Q Q

whenever [[¢|ly-1.0(g) < 0. Note that this is precisely the statement of Theorem 3.1

such that

without the penalty term H‘PH%/VA,(M)' One may indeed proceed in the exact same way
as in the proof of Theorem 3.1 setting ¢; = 0. The only difference lies in Step 5 where

Proposition 3.1 is replaced by the stronger assertion that

/D2 U)g- 90>/ ol (4.2)

which is a consequence of the strong positivity of the second variation of W at U. Indeed,
W is defined in (3.1) as W (z) = W(2) — C1|V(2)|? where C; = C;(W, K) can be chosen

even smaller if necessary. For |\| < K and z € RY, we compute that

ID* (IVINP) 2 - 2] < 202 + p(p = 2)APTIN 22 + pIAP 7?22 < (24 p(p — DEPT?) |2,
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and hence, due to the positivity of the second variation of W at U, setting C := 2 + p(p —
1)KP=2

/ DW(O)p - = / DW(0)p- o Cy / D2 (VD)) -
Q Q Q

20/ \90|2—010/ |p|?
Q Q

and we may thus choose C} = C1(p, K) < ¢/(2C) so that for |U||r~ < K and ¢ € LY (Q),
(4.2) holds. This completes the proof. O

Remark 4.6. Note that in the case A = curl, Theorem 4.5 reduces to a statement about
LP local minimisers, thus recovering partially the result in [31]. In fact this is a statement
about LP local minimisers for any operator A that admits an elliptic, first-order potential
B. Indeed, ellipticity is required to control the LP norm of the primitive by the W~ norm
of the function without reverting to properties of the potential operator as in Lemma 2.1.

We also remark that extending the presented result to the case of a bounded domain 2 is
nontrivial as, working on the torus, allows for Fourier Analysis tools that are otherwise not
available. However, for A = curl, the above result can be extended in a straightforward
way for pure displacement boundary conditions. In fact, with slight modifications one
may treat problems with mixed boundary conditions, whereby a part of the boundary
remains free. Then, one needs to append the sufficient conditions of Theorem 4.5 with
quasiconvexity at the boundary, see [31] as well as [60, 29] for L> local minimisers. Below
we show that this is indeed true in the form of a corollary that extends existing results to
include a quantitative estimate of uniqueness. The case of functionals depending on lower
order terms and L local minimisers lies outside the scope of the present thesis. We refer
the reader to [60, 31, 29| for discussions on quasiconvexity at the boundary. Note that a
notion of A-quasiconvexity at the boundary for p-homogeneous functions was defined in

[76] in the context of lower semicontinuity for signed integrands.

For the following corollary, let Q C R? a bounded domain with C'* boundary 9 such
that
oN=IpnNTy

where I'p is a relatively open subset of 9Q and I'y = 89\%. We consider the minimisation

problem
W) = [ W(Vyla) da

for y € Wyl(;p '»(€2) where for a generic function g we write
1
WEB() = {y € WH(@) : y =g on T},
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in the sense of trace. We thus interpret I'p as the Dirichlet part of the boundary, and I'y

as the Neumann boundary. Moreover, for a unit vector n, we define the half ball

B,

:{xERd:|m|<1,x‘n<0}.

Corollary 4.1. Assume that W € C?(R™*%) satisfies (h2), (h3) (see (4.1.1)) and let
yeCH)N W;(;{DD(Q) such that the following conditions hold:

e § is a weak solution of the Euler-Lagrange equations, divDW (Vy) =0, i.e.

/ DW (Vy(z))Vo(z)dx =0,
for all ¢ € CH(Q) N W B(Q);

e the second variation is strongly positive at i, i.e.

| DPW (Vi) Vo) - Vola)de > ¢ [ [Voa)Pa,
for all ¢ € CH(Q) N W B(Q);
o W is strongly quasiconvex at Vi(xzo) for all xg € Q, i.e.
[ W (Vi) + V() = W (Vatan)ldo > o [ [V(Vo(w)Pda,
for all ¢ € Wol’p(B), where B denotes the unit ball in R?;

o W is strongly quasiconver at Viy(xzo) for all xg € Ty, i.e. denoting by n(xzg) the

outward pointing unit normal at xg € 'y,

. W (V(wo) + V()| Vi(wo))dz > co | |[V(Vo(x)) | da,

n(20) By (w0)

for all € WP(B

n(ZO)) such that ¢ =0 on BN B_

(wo)”

Then, there exists eg > 0 and C > 0 such that
Wil = Wil > € [ [V(Vaa) - V(o) P,
for ally € Wyl(fD(Q) with ||y — Jll zr ) < €o-

Proof. The proof that (h2), (h3), the strong positivity of the second variation and the

quasiconvexity conditions imply that

/ W (Vy+ Vo|Vy) =0, (4.3)
Q
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is given in [31, 29]. Note that the proof relies on proving Proposition 3.2 also for points
on I'y and appropriate test functions, using the quasiconvexity at the boundary. This
is the content of |29, Proposition 4.6] where, due to the presence of lower order terms,
L°° assumptions are needed which are not required here. Proposition 3.2 replaces the
quasiconvexity conditions for the rest of the proof which thus remains the same. Then, the
satisfaction of the Euler-Lagrange equations implies that (4.3) gives the minimality of 3.
Thus, in order to obtain the lower bound and the quantitative estimate of uniqueness,
we prove (4.3) for the function W, in place of W. In particular, we need to find a constant
C1 = C1(W,||7llc1) such that W satisfies (h2), (h3), the strong positivity of the second
variation, as well as the quasiconvexity conditions. That C; can be chosen so that (h2)
and (h3) holds is straightforward, while quasiconvexity is the content of Lemma 3.4. That
the second variation is strongly positive is part of the proof of Theorem 4.5 and we are thus
‘2

left to infer the quasiconvexity at the boundary. Denoting by f(\) = [V()\)|?, we compute

| W (Vg + Vol = [ W(Tgtan) + TolViao)

n(zq) n(zq)

e [ f(Taa) + V@Va@) > (@-ai0) [ V(ve)
B, (z0) Br (o)

by the strong quasiconvexity at the boundary of W and Lemma 3.3 (a). We may thus
choose C < ¢9/(2C) to complete the proof. O
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Chapter 5

Bilevel training schemes in imaging:
total-variation-type functionals with

convex integrands

5.1 Mathematical setup

We collect in this section all the assumptions and the notation to be used in the sequel. We

also include some heuristic motivation for the definition of the class of admissible weights.

5.1.1 Functional setting: BV? spaces.

We work in the d-dimensional Euclidean space R, d > 2, that we endow with the Lebesgue
measure .Z%. We let Q C R? be a fixed open and bounded set with Lipschitz boundary,
which stands as the image domain. In typical applications d = 2 and ) is a rectangle. We
suppose that the image functions take values in a finite dimensional inner product space U,
which, for instance, is R for grayscale images, R? for RGB images, or it can be even more
structured like e.g. S¥¢ for diffusion tensor imaging [106]. In order to describe further
the functional setting in which our analysis is carried out, we need to introduce the class
of differential operators that we consider.

Let V be another finite dimensional inner product space and let Lin(U, V) be the space
of linear maps from U to V. Hereafter, for I € N\ {0}, B denotes a I-th order, homogeneous
and linear differential operator with constant coefficients. Explicitly, as we discussed in
section 2.1, given B; € Lin(U,V) for any d-dimensional multi-index j, we define for a
smooth function u: RY — U

Bu = Z Bjaj u.

1=l

88



When w is less regular, we interpret Bu in the distributional sense. In particular, we are
interested in the case in which Bu is a finite Radon measure.

Given a generic open set O C R?, we recall that a finite (U-valued) Radon measure
on O is a measure on the g-algebra of the Borel sets of O. We denote the space of such
measures by M(O,U), and, by means of the classical Riesz’s representation theorem, we

can identify it as the dual of the space
Co(O,U) := {u: O = U : {Ju| > 0} is relatively compact for all § > 0},

equipped with the uniform norm. The dual norm induced on M(O, U) turns out to be the
one associated with the total variation, which we denote by | « |. We refer to [5, Chapter
1] for further reading on measure theory.

In our case, given p € M(Q,U), we have that By € M(Q,V) if and only if there exists
v e M(£,V) such that

(v, ¢) = / B*¢du for all ¢ € C2°(2, V),
Q
where (-, «) denotes the duality pairing and B* is the formal adjoint of B, i.e.
B'¢:=—> Bjdi¢  forall g € CP(RV),
l71=t
B} being the transpose of B;.
It is convenient to have at our disposal a specific notation for the spaces that we are

going to work with. For Q, U and V as above, and for p € (1, +00), we set
B . .
BV, (Q) = {u € LP(Q,U): Bu € M(Q,V)},

and we abbreviate BVE(Q) = ng () when p = 1. The spaces above are naturally

endowed with weak-* notions of convergence, namely
wj = u in BVE(Q) if and only if w; — win LP(Q) and Bu; = Bu in M(Q,V).

Stronger convergence may be retrieved if the class of differential operators is restricted.
We give a brief account on this point in the following lines.

Due to the interaction between Fourier transform and linear PDE, often analytic prop-
erties of BV? spaces (and of the equation Bu = v in general) can be expressed in terms
of algebraic properties of the characteristic polynomial. We recall that the characteristic
polynomial, or symbol, of B is

B(¢) =) B¢ eLin(U,V), ¢eC,
|j1=l

where & = 5{1 o -5&”. In our study, the following property will be particularly relevant:
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Definition 5.1 (|99, 15, 58]). An operator B is said to be C-elliptic if
kerc B(¢) = {0}  for all £ € C%\ {0}.

It was shown in [99] that C-ellipticity is equivalent with full Sobolev regularity for the
equation Bu = v on Lipschitz domains, provided that v € LP(Q,V), p € (1,+00). For

p =1 we have the counterpart:

Theorem 5.2 ([58|). Let Q C RY be a Lipschitz domain. An operator B is C-elliptic if

and only if
[[ullyyr-1.a/a-1) ) < € (1Bul(Q) + llull 1))  forue BV5(Q),
where |Bu| is the total variation measure associated with Bu.

In particular, the above result constitutes a generalisation of the Gagliardo-Niremberg-
Sobolev inequality on domains € and of the Korn-Sobolev inequality in [104]. The proof
relies on the extension of maps in C*°(Q, U) to the full-space boundedly and the application

of an estimate of the form
l_
|D 1uHL1*(Rd) S ”BUHLl(Rd)-

The latter inequality, which characterise a particular class of operators, see [107], is guar-
anteed by a novel result of [58], where the authors proved that the C-ellipticity of B implies
that

() imBE) = {0},
€eRA\{0}

the so-called cancelling property. In other words, Theorem 5.2 says that an operator B,

which is defined as above, is C-elliptic if and only if

BVE(Q) c wi-t4/@-1(Q U).

5.1.2 The bilevel scheme

We are now in a position to formulate our problem rigorously. Let us fix p € (1,400). As
we have touched upon in the introduction, our goal is to provide an existence result for

solutions to the following training scheme: given g € LP(Q,U),

find o € argmin {F'(us) : @ € Adm} (L1)

such that u, € argmin {I[u;0]: u € BVf(Q)} , (L2)
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where

Iu; o] = ®4(u) + / a(x) f(z,dBu). (5.2)

Q

All the due definitions and assumptions are collected below.

— Cost functional: As for the upper level problem (L1), F': LP(Q,U) — R is a proper,
convex and weakly lower semicontinuous functional. Typical choices for this functional
are the Peak Signal-to-Noise Ratio (PSNR) maximising Fpgng in (1.9), which makes
use of the ground truth wug, and the statistics-based, ground truth-free Fi,¢ in (1.10),

in the spirit of supervised and unsupervised learning respectively.

~ Fidelity term: The assumptions on the functional ®4: LP(Q,U) — R in (5.2) are
similar to the ones on F', namely ®, is a proper, convex and weakly lower semicontinu-
ous functional that is also coercive. This means that
jEToo |lu; — gHLp(Q7U) = +oo implies jLiTOO Q4 (uj) = +00.
In particular,
(I)g(u) = ||UJ - 9“[111:(97@)
is a simple instance of a fidelity term.

— Weights: Given o, @ > 0 with a < @, the scalar fields a € C(£2, [a, @]) are supposed
to share the same uniform modulus of continuity w, that is, an increasing function
w: [0,+00) — [0, +00) such that w(0) = 0. As a consequence, the class of admissible

weights
Adm = {a € C(Q,[a,ad)) : |a(z) — a(y)| < w(|z —y|) for every z,y € A},  (5.3)

is compact with respect to the uniform norm by Arzela—Ascoli theorem. We will mo-

tivate the definition of the set Adm below, see Subsection 5.1.3.

— Integrand: The function f: Q x V — [0,+00) is a Carathéodory integrand such
that z + f(z, 2) is convex for L%-a.e. x € Q. We remind that, Carathéodory integrand
means that f(-,z) is Borel measurable for all z € V and f(z,-) is continuous for a.e.
x € ). We also suppose that the integrand satisfies the linear coercivity and growth

bounds
o]« | -1) < flz, ) <CA+]+]) for L%ae z€Q, (5.4)
for some ¢,C > 0.
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We note that (5.2) makes sense via the discussion we made in section 2.3. In particular,
for an integrand f: Q x V — R satisfying (5.4), we recall that the recession function is

defined as

) f(a t2)
o0 = 1 —
f (1’, Z) (w’,z’,t)ir(r:lr,zﬂroo) t

for (z,2) € Q x V, (5.5)

which we assume exists and is jointly continuous. We also remind that, for p € M(Q,V),

[swam= [ 1 (r ) ars [ 2 (n 2 0) @, 60

where p® denotes the singular part of p with respect to Lebesgue measure and du/dv is
the Radon-Nikodym derivative of p with respect to the measure v. To summarise, in this

chapter we consider integrands
feLT(Q,U) suchthat z~ f(z,2) is convex, and | « | < f(z, +) for L%a.e. z € Q,

where the space L1 ({2, U) contains all the non-negative valued functions of L(Q,U), see

Section 2.3 for the respective definition.

5.1.3 Rationale for the definition of the set of admissible weights

In order to highlight the main technical obstacles that are encountered in the analysis of
bilevel training schemes with space-dependent weights, we start with an example involving
the total variation with spatially varying weight, which, in spite of its simplicity, exhibits
the typical features of such class of problems. The model we address has been already

studied in 68|, using a slightly different approach from the one we outline.

_d_
v d—1

Let © C R? be a bounded open set with Lipschitz boundary. For p € [1 ), we sup-
pose that a training pair (ugt, g) € L?(2, R) x LP(Q,R) is assigned, where ug; and g encode
the ground truth and the corrupted datum respectively. We also fix two positive paramet-
ers a and @, and we provisionally allow the regularising weights to vary in LSC(9, [a, @),
the space of lower semicontinuous functions on 2 with range in [a, @].

For v € BV(f2) and a € LSC(, [@, @]), we introduce the first order functional
Ju; a) = /Q ]u—g|pdm+/ﬂa(ac)d]Du|(x), (5.7)
and the ensuing corresponding training scheme:
find a* € argmin { Fpsnr (uq) : @ € LSC(Q, [o, @)} (5.8)
such that u, € argmin{J[u;a]: v € BV(Q)}. (5.9)

The functional in (5.7) is reminiscent of the one considered in [8], where, motivated by
vortex density models, the authors studied the property of minimisers, i.e., of solutions to

(5.9).
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Before discussing the existence of solutions to the scheme (5.8)—(5.9) as a whole, let us
justify the choice of the class of weights in (5.8). Note that the definition of J itself calls
for some degree of regularity for a. Indeed, if in (5.7) a: @ — [, @] is a given function
and u is allowed to vary in BV(Q) (as it is the case of (5.9)), there might be choices of u
for which the coupling

/ o()d[Du (z)
Q

is not well-defined. Prescribing lower semicontinuity for the admissible weights « allows
to circumvent the issue, because lower semicontinuous functions are Borel measurable and
Du € M(Q,R?%) is a Borel measure. Besides, for any o € LSC(Q, [, @]) the existence of a
solution u, to (5.9) follows by the direct method of the calculus of variations. Indeed, we
firstly observe that the coercivity of J in L' is deduced by the following standard result
(see e.g. |5, Theorem 3.23|):

Theorem 5.3 (Compactness in BV). Let Q C R? be a bounded Lipschitz domain and let
(uj)j be a bounded sequence in BV (S2). Then, there exist u € BV(Q) and a subsequence of

(uj) (which is not relabelled), such that (u;) weakly-x converges to w, that is, u; — u in

LY(Q) and

jEToo/Q(ﬁdDuj = /Q(bdDu for all ¢ € Cy(Q).
Additionally, we notice that J[+;a] is lower semicontinuous with respect to the L!-
convergence, because, when o € LSC(€2, [a, @]), general lower semicontinuity results in BV
may be invoked (see e.g. |50]; and also [4] for lower semicontinuity and relaxation results
with BV integrands).
Once we know that, due to the lower semicontinuity of the weights, solutions to (5.9)

exist, we can handle the complete scheme. So, let (a;); C LSC(, [a, @]) be a minimising

sequence for (5.8). Then, by definition, the integrals
Fpsnr(uj) = |Juj — UgtH%%Q)a with u; = U,

converge, and we deduce that (u;); is a bounded sequence in L*(Q2). Denote by u € L?()
the weak L?-limit of (a subsequence of) (u;);. By lower semicontinuity of the L*mnorm,

we obtain
FPSNR(U) < limjinf FPSNR(U]') = inf {FPSNR(Uj) o RS LSC(Q, [Q, a])} .

If we manage to show that u = u,+ for some admissible a*, then the latter is a solution to

(5.8). The natural choice for a* would be the weak-* limit of (c;); in L*°(2), which can fail
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in general to have any lower semicontinuous representative. On the positive side, J[u; «] is
continuous with respect to a suitable weak-* convergence. Indeed, if (a;); C LSC(, [a, @])
is bounded and u € BV(2), then there exist a subsequence, which we do not relabel, and

a* € L*(Q, [a, @]; |Du|) such that

vligl aj(z)p(x)d|Dul(x) = / o (z)p(x)d|Du|(z) for all ¢ € L*(Q;|Dul).

In particular,

lim Jlu; o] = J[u; o). (5.10)

J—+oo
The previous lines suggest that what is missing to solve the scheme (5.8)-(5.9) is a
compactness property for the class of admissible weights. This leads us to reduce ourselves

to the problem

find o € argmin { Fpsnr(uq) : @ € Adm} (5.11)

with u, € argmin {J[u;a]: u € BV(Q)},

where we assume a priori that Adm C C(€, [, @]) is compact with respect to the uniform
convergence. Under the compactness assumptions on the class of admissible weights, if
(aj); € Adm is a minimising sequence for (5.11), and if (u;); and w are constructed
as above, we are actually able to prove that u = uy+, where a® € Adm is the uniform
limit of (c;). In other words, the couple (a*,u) is a solution to the scheme consisting of
(5.11)~(5.9).

To prove the claim, we need to show that
Ju; "] < J[v; o] for any v € BV(2). (5.12)
We start from observing that from the definition of u; we get
Juj; 5] < Jv; a) for any v € BV(Q),
and hence, for any v € BV(Q),

liminf J[u;; ;] < liminf J]v; o] = J[v; o], 5.13
lim inf J{uj; 03] < liminf J[v; aj] = Jv; o] (5.13)

where the equality follows by (5.10). In particular,

lim inf J{u;; o] < 4-00.
J—+0o0

Then, the uniform lower bound a; > « and Theorem 5.3 yield that (u;) converges weakly-x
in BV(Q) (again upon extraction of subsequences) to a limit function which is necessarily
u. We thereby infer

u € BV(Q) N L*(Q).
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Finally, from the weak-x lower semicontinuity of J[-, &*] and the uniform convergence of

(aj) we obtain that

Ju; o] < liminf J[u;; o] = liminf J{u;; 5] < Jv; o], 5.14
[u; o] < dim inf Jluj; o7] = lim inf J{u;; o] [v; "] (5.14)

which is the desired inequality.

Remark 5.1. In the absence of compactness for the set Adm under uniform convergence,
the analysis becomes more delicate. We outline here some of the issues.

Keeping in force the notation above, let u € BV (2) be the weak-* limit of (u;) and
let o € L*(Q, [a, @]; |Dul|) be the weak-* limit of (cj). Proving the optimality of u, i.e.
U = Uqg+, Means

Ju; o] < J[v; o] for any v € BV ().

However, the right-hand side might not be well-defined. Intuitively, an ideal class of
weights should be a priori “sufficiently compact”, and at the same time it should give rise
to “well-behaved” weighted BV functions.

Another passage that is needed in the proof of existence (cf. (5.6), (5.7)) is the following
semicontinuity inequality:

Jlu; o*] < liminf J[uj; 9],
Jj—+oo

Knowing that (u;) weakly-* converges to wu, its validity is undermined if only weak-x

convergence is available for the weights.

5.2 [Existence theorems for the lower level problems

We begin with a general lower semicontinuity result for convex integrands with rough z-
dependence, Proposition 5.1. Before we present this result, we will prove a technical lemma

which is needed in the latter’s proof.

Lemma 5.1. Let g : V — R be a convex function with linear growth at infinity. Then,
9(2) +tg>(w) = g(z + tw),

forall z,w eV andt > 0.

Proof. We observe that

t t
z+tw=—(z+sw)+(1—--)z,
s s

and hence, due to the convexity of g and for all s > ¢, it holds that

w | o+
~

oz sw) + (1= Dyg(z) » LEXZ9E) B0 2 9(2)

tw) <
g(z+ w) S t S
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Taking the limit s — oo in the above inequality, we infer that

g+ tw) —g(z) _ g tsu)—g(s) gl sw)

t s—00 S §—00 S

However, since g is convex and it has linear growth, it is also Lipshitz and thus
z 4+ sw sw z

i |9 s0)  g(sw) Shmu

$—00 S S §—00 S

=0.

Combining the above we finally deduce the required inequality

ozt tw) — () _ o olw)

w).
t 8§—00 S

O

Proposition 5.1. Let f € LT(Q,V) such that f(x,+) is convex for almost every x € Q.
Then, it holds that

pi = pin M(Q,V) = hmlnf/fmdu] /fa?du

J]—00

Proof. From the weak-* convergence, due to Theorem 2.7, we consider the associated Young
measure v which is generated by the sequence (u;);. By Proposition 2.2 and Jensen’s

inequality Theorem 2.8, we have that
fiminf | fGod @) = [ oo )>dx+/< 2, £, +))alA
/f T, Uy dx—i—/ [z, v2°)
—/ [f(z,03) + X () f>(x dx—l—/foo ) A\
Q

where A = A*L? + \* is the Radon-Nikodym decomposition of A\. We note that in the last
inequality we used that the recession function of a convex integrand is itself convex. The
latter constitutes a straightforward consequence of the definition of the recession function.

Now, due to the convexity of f(z, «), we apply Lemma 5.1 to get that
[ [rtain) 4 3@ (7))o > [ o+ X (@)52)da,
and hence, combining the above, we conclude
lijrgggf/fa:d,uj /fxl/z—l—Xl d:r+/f°° oO)dA®
> [ tapta@nae+ | ) = [,

where = p®L% + 1 is the Radon-Nikodym decomposition of x. In the last inequality
above we applied Lemma 2.4 for the sequence (y;); together with the fact that f* is

non-negative, while in the last equation we used the 1-homogeneity of f>°. O
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We next prove two general existence results for convex integrals defined on BVE spaces.

The first one holds for arbitrary operators B.

Theorem 5.4. Let us firp € (1,40), g € LP(Q,V), a > 0 and a € C(Q, [a,@]). Then, if
f:QxV —[0,+00) satisfies the assumptions outlined in Subsection 5.1.2, the functional
I, defined in (5.2), is weakly-+ lower semicontinous and admits a minimiser u € BV?(Q).

If in addition the fidelity term is strictly convex, then the minimiser is unique.

Proof. There is no loss of generality in assuming that o = 1, and hence denote the func-
tional I[-,1] just by I[-]. We will employ the direct method of the calculus of variations.
From the non-negativity of f we have that the functional I is bounded from below, and
hence, there exists a minimising sequence (u;); C BVI[,g () such that the limit of I[u;] as
J — oo is finite. Since @, is coercive on LP(Q2,U) and f satisfies the growth condition in

(5.4), we have that
sup ([ o) = at@Po+ [ Bus(@)l) < sup (500 + [ o)) < o,

and so (u;); must be bounded in BVE (©). Thus, on a subsequence that we do not relabel,
we have u; — u in LP(Q,U) and Buj = Bu in M(Q,V). By the weak lower semicontinuity

of the fidelity term we have that

®4(u) < liminf @g4(u;), (5.1)

Jj—+oo

whereas by Proposition 5.1 we obtain

/f(x,d[)’u) gliminf/ f(x,dBuj). (5.2)
Q Q

Jj—o0
On the whole, we deduce

Iu] < lim inf I[u;],
[u] < lim inf Iu;]

and we conclude that u € BVE () is a minimiser of I.
Uniqueness follows easily when ®, is strictly convex. Indeed, let ul, u? be distinct
minimisers and u® := (u! +u?)/2. Then, ®4(u’) < $®,4(u')+ 1®,(u?), while the convexity

of the second term gives
0 1 1y, L 2
flz,dBu”) < = | f(z,dBu’ )+ = [ f(x,dBu”).
Q 2 Ja 2 Ja
By adding the last two inequalities we infer I[u"; a] < min I, a contradiction. O

Remark 5.2. Notably, in the previous theorem uniqueness holds for ®4(u) = |ju— gHZp(Q).

Indeed, for instance by the uniform convexity of the LP spaces, we have for u" :== (u!+u?)/2

2/ [u® — g|Pdz < / lu' — gPda +/ lu? — gPdz.
Q Q Q
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Remark 5.3. There is no immediate counterpart of Theorem 5.4 when p = 1, due to the
fact that bounded sequences in BV? are not weakly-* precompact. One possibility would
be to embed BVZ in the larger space of measures {u € M(Q,U) : By € M(Q,V)}. A

second option is to assume B to be C-elliptic, as we do below.

The second existence result involves the smaller class of C-elliptic operators, which was
introduced in Definition 5.1. In this case, we are able to treat regularisers that also involve
lower order terms, see (1.11), and we can obtain much more precise information on the
minimisers. We make the unconventional convention that ﬁ = +o0 if | > d, and we

denote by sym’(R¢, U) the space of symmetric U-valued i-linear maps on RY,

Theorem 5.5. Let us fiz p € [1,5%), g € LP(Q,U), @ > a > 0, o; € C(Q,[0,a))
fori=1,....,01—1 and oy € C(Q,[a,@]). Let f;i: Q x sym’(R?, U) — R be Carathéodory
integrands such that fi(z, *) is convex with linear gowth at infinity i.e. fi(xz,«) < C(1+]-]|)
foralli=1,...,1—1 and almost every x € Q, and let f;: Q x V — [0,400) satisfying the

assumptions outlined in Subsection 5.1.2. Then, if B is C-elliptic, the functional
~ l_l .
Huia) = 0y(0) + Y [ i@ fle, Vu@)de + [ al@)fie.dbu). (53
=179 Q
is weakly-+ lower semicontinuous in BVZ and admits a minimiser
u e BVB(Q) n Wi—h4/(d=1 (0 1).

If the fidelity term is strictly convex, then the minimiser is unique.

Proof. If I = 1 the statement collapses to Theorem 5.4. The C-ellipticity of B is still needed
to make use of Theorem 5.2, which grants that the minimiser v € L% (@~ (Q,U). We now
turn to the case [ > 2.

If (u;); C BVP(Q) is a minimising sequence, as in the proof of Theorem 5.4, due to
the coercivity conditions on the fidelity term ®,, the integrand f; and the lower bound of

the higher order weight «;, we have that
sup (/ luj(x) — g(x)Pdx + / a]Buj(ac)O < sup jz[uj,a] < o0.
J Q Q J

The above inequality guarantees that the sequence (u;); is bounded in BVZ(€2), and hence
also in W/=14/(@=1)(Q) ) thanks to the C-ellipticity of B, Theorem 5.2. Let u € BV5 be a
weak-+ limit point of (u;);. Following the same arguments with the proof of Theorem 5.4,
we have that (5.1) and (5.2) with f = a;f; hold. We now fix 1 < ¢ <[ — 1, and we look at
the Young measure v generated by (Viu;);, which is bounded in L¥(@=1(Q). Thus, due to
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the linear growth of f;, we have that (a; f;(+, Viu;)); is uniformly bounded in L% (@~ (Q)

and hence uniformly integrable. We can thus employ Proposition 2.1 for f = «; f; to obtain

Jim inf /Q i () (e, Vi (2))dar = /

j—>OO Q

@) v S N > [ @)l )da
- / (@) filw, Viu(a))de,
Q

where, due to the convexity of f;(z, ), we used Jensen’s inequality and Lemma 2.4. Com-
bining the above, we infer that
ljigjgoff[u]-;a] > I[u; al,
which translates to u € BVE(Q) ¢ W=14/(@=1(Q 1) is a minimiser of I[-, al.
The uniqueness follows exactly by the same argument as in the proof of Theorem 5.4,

so the conclusion is achieved. O

Remark 5.4. If ®4(u) = [|u — g/ 11(q), uniqueness might fail in Theorem 5.5.

5.3 The bilevel training scheme in the space B\/]lgg

We devote this section to the proof of our main theoretical result, that is, the existence
of solutions to the bilevel scheme (L1)—(L2). The study of the lower level problem will be
addressed by Theorem 5.4. A variant involving functionals as in Theorem 5.5 will also be

presented, see Remark 5.5.

Theorem 5.6. Let us fir p € (1,400), g € LP(Q,U), @ > a >0 and a € C(, [, @]). Let
f:QxV —[0,400) be an integrand satisfying the assumptions outlined in Subsection 5.1.2.
Then, the training scheme (L1)—(L2) in Subsection 5.1.2 admits a solution o € Adm and

it provides an assoctated optimally reconstructed image uqo+ € BVZZD3 Q).

Proof. Let (a;); C Adm be a minimising sequence for the upper level objective F' i.e.,

li )= inf a)s 1
im Fuy) = inf F(ua) (5.1)
where we abbreviated u; = uq; € B\/f (©) for a minimiser of (L2) associated to the

weight o, which, together with u, € BVE (Q) above, exists in light of Theorem 5.4. Since
a; € Adm which is a compact space (see the respective discussion in the subsection 5.1.2),
we find a* € Adm such that a; — o uniformly in Q. Thus, to prove our theorem, it
suffices to show that

F(ug+) < lim F(uj), (5.2)

Jj—+oo
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where uq+ € BVE(Q) is a minimiser of (L2) with respect to the weight a*.
We firstly show that (u;) is weakly-* precompact in BVE (€2). To see this, we observe

that by the definition of u; we have
Iuj; ;] < Ifv;ay],  for any v € BVE(Q). (5.3)

In particular, by selecting v = 0 and recalling that ||| < @, we find that Iuj; ;] < C
for some C > 0 independent of j. Then, owing to the coercivity of I and similarly with
Theorem 5.4, we infer that (u;); is bounded in BV?(Q). Hence, there exists u € BVI{”(Q)
such that, upon extraction of subsequences, u; X uin BV? (Q).

We now claim that u = uqg=, which is enough to conclude due to the lower semicontinuity

of F'. In other words, we need to show that
Iu; o*] < Iv; ],  for any v € BVf(Q). (5.4)
The uniform convergence of (c;); along with (5.3) yields

liminf I{u;; o] < liminf Iv; o] = I[v;a*], for any v € BVE(Q). (5.5)
Jj—+oo J—ortoo

Further, in view of the growth condition (5.4) and the fact that the sequence (u;); is

bounded in BV]ZLJg (), we obtain the estimate

[T [ug; aj] — Tug; ]| < /Q loj — | f(z,dBuy) < C(1 + |Bu;|(Q))|le; — o™ || poo
< C”Oéj — Oé*HLoo — 0, (56)

for j — +o00. Hence, by the lower semicontinuity result in Theorem 5.4, we obtain that
(5.6) (5.6)

Iu; ] < liminf Iuj; o] < lminf Ifuj; o] < Ifv, o], for any v € BVE(Q), (5.7)
j—o0 j—o0

which proves our claim. Finally, due to the weak lower semicontinuity of the upper level

objective F', since uj; — u = uq+ in LP(Q)), we conclude that

inf F(ua) < Flua:) = F(u) < liminf F(uj) 2 inf Flua),
acAdm J—o0 acAdm
which completes the proof. O

If in the lower level problem (L2) the functional I is replaced by I as in Theorem 5.5,
a result in the same spirit of the above holds. We only sketch it in the next remark, since

it parallels closely Theorem 5.6.
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Remark 5.5. Within the general framework of subsection 5.1.2, we introduce a variant

of the scheme (L1)—(L2). For [ € N, I > 2, we define the sets

Admyy,, = {a e C(Q,[0,al"™Y) : Jai(z) — ai(y)| < w(|x —y|) for every i and z,y € ﬁ} ,

Adm = Admyyy, X Adm,

where w is the same modulus of uniform continuity as in (5.3). We consider the bilevel

problem
find o* € argmin {F(ua) ra € K(\ir/n} (5.8)
such that u, € argmin {f[u, al:u e BVB(Q)} , (5.9)

where T is as in (5.3). Under the assumptions of Theorem 5.5, notably C-ellipticity for B,
we are able to prove the existence of a solution, that is, an optimal regulariser o* € Adm
for (5.8). Let us outline the argument.

If (aj )j C A?ir/n is a minimising sequence, as in the proof of Theorem 5.6, we may assume
that o/ — o* € Adm uniformly. By Theorem 5.5, we can pick a sequence (u;); C BV5(Q)
made of minimisers for (5.9) associated with (a);. As a consequence of the coercivity of
I, (uj); is bounded in BVE(Q), and thus, owing to Theorem 5.2, also in W/=14/(d=1(().
Denoting by u € BVZ(Q) the weak-* limit (up to subsequences) of (uj);, the remainder of
the proof follows the one of Theorem 5.6, the most significant difference being the use of

Theorem 5.5 instead of Theorem 5.4 to obtain the analogue of (5.7).

5.4 Numerical examples

In this section, due to the cotribution of my collaborator Kostas Papafitsoros, we are able
to provide some numerical results for image reconstruction by focusing on some specific
instances of the differential operators considered above. These numerical examples show
the applicability and versatility of our approach, which, as we will see, is able to yield results
that are comparable, and in certain cases even better, than the ones obtained by using some
standard high quality regularisers, such as the Total Generalized Variation (TGV) [13] and
its version with spatially varying weights [67]. Since our main target here is to evaluate
the performance of the types of regularisers that we introduced, we restrict ourselves to
two particular cases of image denoising. Firstly, in the class of first-order functionals, we
consider a Huber-type TV regularisation, with both the regularisation parameter o and the
Huber parameter v being spatially dependent. This can be considered as a functional that

incorporates a local choice between TV and Tikhonov regularisation. The second example
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is a spatially varying TV? regularisation, which is a second-order functional and has the
capability to improve the reconstructions by eliminating the undesirable staircasing effect
of TV [91]. Even though in theory the TV? regularisation is not able to preserve sharp
edges, we will see that its spatially varying version produces high quality results and can

even outperform both the scalar and the spatially varying versions of TGV.

5.4.1 Spatially varying Huber versions of TV and TV?

Let v € L*(Q), with v > 0, be fixed. We define the spatially varying Huber function
fy: QxRN — [0, +00) as follows:

ol = 57(@), i 2] 2 (),
fw(:c,z) = (51)

1 9 )
z|%, if |z| < v(x).

Obviously, for all z € RV and for almost all z € Q, f satisfies the coercivity and growth

conditions in (5.4), namely
2] = [Vl oo (@) < fr(,2) < 2. (5.2)

Indeed, for |z| = v(z) and since ||7]|c = v(x) for a.e. x € Q,

1
Fal@2) = || = 37(@) < I3,

1 1
Fy(@2) = |2| = 5y(@) = |2] = Sllvlleo = 12l = [l

On the other hand, if |z| < v(z),

1 |z 1
fy(z,2) = |2? = lz| < 5l2| < |z,
! 2v(x) 2v(x) ol < I#]
1 2
= =202 - )
B, = sl 203 12| = s

since, in this case, |z] < ||7|lco-
Then, if u € BV(Q), we define the ensuing convex function of the measure Du with the

alternative notations

TV, (1) = £,00)|2) = [ f,(a.dDu).
A straightforward check shows that the recession function of fy (cf. (5.5)) is

1
(2, 2) = lim het) _ lim = rle) 2]
T (@' 2/ 1) (@,2,4-00) t (! ,2" )= (@,2,4-00) t ‘
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Thus, all the assumptions of Theorem 5.6 are trivially satisfied. Consequently, TV, is

indeed well-defined as

TV, (u) = /Q £, (2, V) da + /Q d|D%u),

and for a € C(Q) with @ > a(z) > a > 0 we can define its spatially varying version

TVa,ﬁ,(u):/afv(x,Vu)dx—l—/ad|D5u|.
Q Q

Similarly, for a function v € BV3(Q) = {u € WH'(Q) : D*u € M(Q,SV*N)} and
a € C(Q) with @ > a(z) > a > 0, we define the spatially varying Huber TV? functional

as

V20 = [

afy(z, Viu)dz + / ad|(D%u)?|,
Q

Q
where f, now is a function defined on Q x RN*¥ defined by the natural analogue of (5.1).

Our examples concern the following lower level image denoising problems:
Bl = [ fu=glde+ TV (w). (5.3)

2[u; 0] = /Q lu — gl?dz + TV2_(u). (5.4)

5.4.2 The bilevel problems

The family of bilevel problems for the automatic computation of the spatial regularisation

parameter « associated with the functional If/ fori=1,2is:
find o* € argmin {F'(us) : o € Adm} (5.5)
such that u, = argmin {Ify [usal: u e BVH(Q)}. (5.6)

In view of (5.2), the lower level problems (5.6) are well-defined, while from Theorem
5.6 we know that the overall schemes (5.5)—(5.6) admit a solution for the two alternative
upper level objectives F' considered next. As we discussed in the introduction and repeat
here for the sake of reading flow, we take into account two alternatives for the upper level

objective functional F"
Fron(u) = /Q [ — ugs|2da, (5.7)
Fyar(u) = ;/QmaX(Ru —32,0)%dx + % /Q min(Ru — o2, 0)?dz, (5.8)
where Ru(z) = /Qw(a;,y)(u —9)*(y)dy for w € L™(Q x Q), /Q/Qw(a:,y)dxdy =1.

The first cost functional corresponds to a maximisation of the PSNR of the reconstruction

and requires the knowledge of the ground truth wug [19, 44, 43, 42, 84], while the second
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enforces the localised residuals Ru to belong in a certain tight corridor [02,5?] = [0? —
€,02 + €], 0% being the variance of the noise 1, which is assumed here to be Gaussian, see
also [68, 69, 66, 67]. The latter option has the advantage of being ground truth free, but

2 is needed. For the discrete version

knowledge or a good estimate for the noise variance o
of the averaging filter w in the definition of the localised residuals (5.8) we use a filter of
size Ny, X N, with entries of equal value that sum to one.

Since a numerical projection to the admissible set Adm is not practical, here we also
follow [68, 69, 66, 67] and add instead a small H' term of the weight function a in the
upper level objective, together with a supplementary box constraint C = {a € H*(Q) :

a < a < a} for some a,@ € R with 0 < @ < @. On the whole, we will use the following

upper level objectives:
2 A
Fesnr(enu) = [ |u—ug | de + S llallz o),
Q
1 —2 \2 1 . 2 M2 Al
Fstat(,u) = = | max(Ru —7-,0)*dx + = [ min(Ru — ¢*,0)°dx + *||O¢||H1(Q),
2 /g 2 Jo 2

for some small A > 0. We will denote by F the corresponding reduced objective functionals,
that is ﬁPSNR/Stat(a) = FpsNR/stat(@; Ua). That leads us to the bilevel minimisation

problems that we tackle numerically: for i = 1,2
find o* € argmin Fpgng /stat (@, Ua) (5.9)
(03

Uq = argmin I [u; o,
such that u (5.10)

aeC.

Note that in this setting it is not guaranteed that a € C(Q), since H!(Q) does not
embed in that space for dimensions higher than 1. However, one can take advantage of a
regularity result of the H!-projection onto C, denoted by P see [69, Corollary 2.3]. This
projection is applied to every iteration of the projected gradient algorithm, which is to be
used for the numerical solution of (5.9)—(5.10) and is described in [89]. In that case, it is
ensured that the computed weight o' at the I-th projected gradient iteration belongs to
H?(Q), which for d = 2 embeds compactly into any Hélder space C?(Q), 8 € (0,1).

5.4.3 Strategy for fixing ~

Since in our set up the function = is not part of the minimising variables, it has to be
fixed from the start. Our rationale for fixing ~+ is that we would like to regularise high
detailed areas with a Tikhonov term with a spatially varying weight % fQ &|Vul?dz, with

& having as low regularity as possible, e.g. L*°(2), in order to increase flexibility in the
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regularisation. In the other areas we would like to regularise using a TV or TV? term with
a spatially varying weight «. This will happen if v is large in such detailed areas in order
to allow for the second case in (5.1) and small otherwise. We thus adopt the following
strategy: We first solve an auxiliary bilevel problem with a weighted Tikhonov regulariser
using the upper level objective Fgiat. The output is a spatially varying & that essentially
acts as an edge detector, since it is small on the edges and on the detailed areas of the

image. We then invert this weight and set
v =s—= (5.11)

for some constant s > 0. By choosing the function 7 as in (5.11), we have that when & is
small (fine scale details), v will be large and thus the second case in (5.1) will be selected
with a weight ﬁ(x) = 26 in front of the term [Vu|?. On the other hand, when & is large,
then v will be small and thus a TV or TV? term will be preferred, i.e., first case in (5.1). In
the third images of the top rows of Figures 5.1 and 5.3, we see how the resulting ~ function
looks like for the example images. Details for the computation of & via the auxiliary bilevel

Tikhonov problem are discussed in [89)].

5.4.4 Numerical results

Our main tools for the quality of reconstructions are the peak signal-to-noise ratio PSNR
and the structural similarity index SSIM. Those two metrics has been widely used in the
literature to assess the quality of the reconstructed image, and more precisely, even though
PSNR is a measurement tool that is more popular and more widely used than SSIM, the
later (SSIM) is designed based on three factors i.e. luminance, contrast, and structure to
better suit the workings of the human visual system. Note that a perfect reconstruction
has SSIM= 1.

In Figure 5.1 we report our numerical results on the Parrot image, see also Figure
5.2 for zoom-in details. Here the spatially varying regularisation weights « are produced
with the ground truth-free bilevel approach, i.e., using Fgat as an upper lever objective.
Among the regularisers with scalar parameters, second row, first three images, the best
reconstruction both in terms of PSNR and SSIM is achieved by the scalar TGV. The
bilevel Huber TV reconstruction with spatially varying « and scalar « is able to better
preserve the details around the eye of the parrot, third row first image. When we use the
spatially varying ~, the details in that area become even more pronounced, compare the
first two images in the third row of Figure 5.2. This is also accompanied with a slight

increase of the SSIM index but also with a decrease in PSNR. Observe that the weights
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Ground truth Gaussian noise, o2 = 0.01 Spatially varying -y

PSNR=00, SSIM=1.000  PSNR—20.04, SSIM=0.2773

scalar Huber TV scalar Huber TV? scalar TGV Bilevel TGV
PSNR=29.25, SSIM=0.8354 PSNR=29.28, SSIM=0.8305 PSNR=29.50, SSIM=0.8509  with spatially varying « and

PSNR=29.84, SSIM=0.8606

Bilevel Huber TV Bilevel Huber TV Bilevel Huber TV? Bilevel Huber TV?
with spatially varying o with spatially varying a with spatially varying o with spatially varying a
and scalar ~ and spatially varying v and scalar ~y and spatially varying v

PSNR=29.20, SSIM=0.8549 PSNR=28.92, SSIM=0.8571 PSNR=29.81, SSIM=0.8705  PSNR-29.84, SSIM=0.8700

w . i :
w0 w oo W m

Weight a of Huber TV Weight a of Huber TV Weight o of Huber TV? Weight o of Huber TV?

Figure 5.1: Parrot image: Huber TV and TV? denoising with spatially varying Huber
parameter v and regularisation parameter . The weights o are produced with the ground

truth-free bilevel approach using Fyat. The highest PSNR and SSIM values are highlighted
in bold font.

106



Ground truth Gaussian noise, o2 = 0.01

PSNR=00, SSIM=1.000 PSNR=20.04, SSIM=0.2773

scalar Huber TV scalar Huber TV? scalar TGV Bilevel TGV
PSNR=29.25, SSIM=0.8354 PSNR=29.28, SSIM=0.8305 PSNR=29.50, SSIM=0.8509  with spatially varying o and

PSNR=29.84, SSIM=0.8606

Bilevel Huber TV Bilevel Huber TV Bilevel Huber TV? Bilevel Huber TV?
with spatially varying a with spatially varying o with spatially varying a with spatially varying o
and scalar y and spatially varying v and scalar y and spatially varying y

PSNR=29.20, SSIM=0.8549 PSNR=28.92, SSIM=0.8571 PSNR=29.81, SSIM=0.8705  PSNR=29.84, SSIM=0.8700

Figure 5.2: Details of images shown in Figure 5.1

« that are computed in these two cases are quite different, see first two images of the last
row of Figure 5.1. The bilevel Huber TV? approach with spatially varying a, produces
similar reconstructions for both the scalar (slighly higher SSIM) and the spatially varying
v case (slightly higher PSNR). These reconstructions are of very good quality and even
outperform the spatially varying TGV in terms of SSIM, having also the same PSNR. This
is due to the fact that the combination of the statistics-based upper level objective and
the second order TV is forcing the weight « to drop significantly in the detailed areas of
the image, see the last two images of the last row of Figure 5.1. It is characteristic that
while the PSNR of scalar TV? is only 0.03 dB higher than the one of scalar TV, the PSNR
of bilevel Huber TV? with spatially varying o and scalar v is 0.61 dB higher compared to
the corresponding Huber TV result.

The superiority of the bilevel Huber TV? with spatially varying weights, is even more
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Ground truth Gaussian noise, o2 = 0.01 Spatially varying -y

PSNR=00, SSIM=1.000 PSNR=20.00, SSIM=0.3349

scalar Huber TV scalar Huber TV? scalar TGV Bilevel TGV

PSNR=27.75, SSIM=0.7701 PSNR=28.22, SSIM=0.8142 PSNR=28.20, SSIM=0.8132  with spatially varying a and 8

PSNR=28.33, SSIM=0.8145

Bilevel Huber TV Bilevel Huber TV Bilevel Huber TV? Bilevel Huber TV?
with spatially varying o with spatially varying a with spatially varying o with spatially varying a
and scalar ~ and spatially varying v and scalar ~y and spatially varying v

PSNR=27.50, SSIM=0.7702 PSNR=27.15, SSIM=0.7688 ~ PSNR=28.66, SSIM=0.8367  PSNR-28.44, SSIM=0.8285

w0 oo W : ) w oo oW oz

Weight a of Huber TV Weight a of Huber TV Weight o of Huber TV? Weight o of Huber TV?

Figure 5.3: Hatchling image: Huber TV and TV? denoising with spatially varying Huber
parameter v and regularisation parameter . The weights o are produced with the ground

truth-free bilevel approach using Fyat. The highest PSNR and SSIM values are highlighted
in bold font.
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Ground truth Gaussian noise, 02 = 0.01

PSNR=o00, SSIM=1.000 PSNR=20.04, SSIM=0.2773

scalar Huber TV scalar Huber TV? scalar TGV Bilevel TGV

PSNR=27.75, SSIM=0.7701 PSNR=28.22, SSIM=0.8142 PSNR=28.20, SSIM=0.8132  with spatially varying « and

PSNR=28.33, SSIM=0.8145

Bilevel Huber TV Bilevel Huber TV Bilevel Huber TV? Bilevel Huber TV?
with spatially varying o with spatially varying a with spatially varying o with spatially varying a
and scalar v and spatially varying -y and scalar y and spatially varying -y

PSNR=27.50, SSIM=0.7702 PSNR=27.15, SSIM=0.7688 ~ PSNR=28.66, SSIM=0.8367  PSNR-28.44, SSIM=0.8285

Figure 5.4: Details of images shown in Figure 5.3

evident in the second image example Hatchling, Figures 5.3 and 5.4. Here the reconstruc-
tion is more challenging due to the oscillatory nature of the ground truth image. The
bilevel Huber TV? with scalar  gives by far the best result with respect to both PSNR
and SSIM. Again, the automatically computed regularisation weights o have much lower
values in bilevel TV? than in bilevel TV, compare the first two versus the last two figures
of the last row of Figure 5.3. In this example, the spatially varying v leads to a reduction
of PSNR and SSIM in all cases, but nevertheless also to more highlighted details in the
eye area, see second and fourth images of the last row of Figure 5.4.

In order to verify further the regularisation capabilities of these regularisers, we make
another series of experiments with these two example images, using the ground truth-based

upper level objective Fpgng, see Figure 5.5. In both images, the highest PSNR and SSIM
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Bilevel Huber TV Bilevel Huber TV Bilevel Huber TV? Bilevel Huber TV?
with spatially varying a with spatially varying a with spatially varying a with spatially varying o
and scalar y and spatially varying -y and scalar y and spatially varying y

PSNR~=29.95, SSIM=0.8610 PSNR~=29.66, SSIM=0.8644  PSNR=30.27, SSIM=0.8736  PSNR-=30.19, SSIM=0.8651

Weight a of Huber TV Weight o of Huber TV Weight o of Huber TV? Weight o of Huber TV?

Bilevel Huber TV Bilevel Huber TV Bilevel Huber TV? Bilevel Huber TV?
with spatially varying o with spatially varying a with spatially varying a with spatially varying a
and scalar y and spatially varying -y and scalar y and spatially varying -y

PSNR=28.23, SSIM=0.7979 PSNR=27.86, SSIM=0.8016 ~ PSNR=29.09, SSIM=0.8494  PSNR=28.96, SSIM=0.8492

™ " o1 ™ o
- " w

B . w oo ™ aos
z0 %0 . 0 .

Weight « of Huber TV Weight a of Huber TV Weight o of Huber TV? Weight o of Huber TV?

Figure 5.5: Huber TV and TV? denoising with spatially varying Huber parameter v and
regularisation parameter . The weights o are produced with the ground truth-based

bilevel approach using Fpsngr. The highest PSNR and SSIM values are highlighted in bold

font.

is achieved by the bilevel TV? with spatially varying o and scalar Huber parameter =,

third images of first and third row, with the corresponding regularisation weight a having
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Figure 5.6: Values of the reduced objective F (uF) along the projected gradient iterations.

The inner boxes show zoom-in plots of the last 10 iterations.

again smaller values compared to the TV one. Nevertheless, we observe that the spatially
varying - results in higher SSIM in the Huber TV examples in both images, again with
more pronounced features around the eye.

Finally in Figure 5.6, we have plotted the values of the reduced objective F (u¥) along
the projected gradient iterations, for all bilevel Huber TV and TV? examples. The top row
shows these plots for the reduced statistics-based upper level objective Futat. We observe
that in both images, the introduction of the spatially varying + in both Huber TV and
Huber TV? functionals, helps towards a further reduction of this objective, compare red
versus green and blue versus black plots. We observed already that in some cases this is
accompanied with a larger SSIM index and more pronounced details in the images, but
in most cases the PSNR in decreased. This is in accordance with the plots of the second
row, where we see that the reduced PSNR-maximising upper level objective Fpsnr is not
further decreased by the introduction of the spatially varying =y, compare again the red
versus green and blue versus black plots.

We conclude that the bilevel Huber TV? is able to produce remarkably good results.
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This is perhaps even surprising as the use of its scalar version is not that popular due
to its inability to preserve sharp edges. We showed that the use of a spatially varying
Huber parameter v can result in improved results both quantitatively and qualitatively,
thus justifying our rigorous analytical study on spatially inhomogeneous integrands acting
on TV-type regularisers. We also stress that by no means our strategy for setting -~ is
necessarily the optimal one. In fact, future work will involve setting up a bilevel framework
where also this parameter is included in the upper level minimisation variables along with

the parameter «, adding further flexibility to the regularisation process.

112



Appendix A. Proof of Lemma 3.3, pg. 34

Proof. We define the associated Hessian Ly as follows

LA, A2)[(61,62), (§1,82)] :=frr(A1, A2) &1 &1+ fun(A1, A2) &2 & + 2fmy (A1, A2) &1 &a.

In the sequel we write simply L instead of L.
For (a), note that if |£1] + |&2] + |21] + |22] < 1, it holds that
SO+ &1, A2 + & A1, A2) — f(A1 + 21, A2 + 22| A1, A2)
1
= [ a=0(20u+ #6000+ )] 61,60, (61, €2)]
— L(A1 + tz1, Mg + t22)[ (21, 22), (21, 22) ] )dt
1
= /0 (1- t)(L(/\l + 161, A2 + t&2)[ (61, §2), (61, &2) ]
— L(A1 + &1, A2 + t62)[ (€1, €2), (21, 22) ])dt
1
+/ (1- t)<L()\1 + 181, A2 + 1&2)[ (&1, €2), (21, 22) |
0
= LA+ 861,02 + )] (21, 22), (21, 22) )
1
+/ (1- t)<L(/\1 + 181, de + 182)[ (21, 22), (21, 22) |
0
DO+t e + £22)] (21, 20), (21, 2) ] )

=: /1(1 —t)(I1 + Iz + I3)dt.
0

Concerning the term I we observe that

I < L] < | frr(M 4 t€1, Ao + t&2)]1€1][&1 — 21

+ | fon( A1+ t&1, Ao + t&2)|&al|€2 — 22| + 2| frn (A1 + t&1, Ao + t&2)||6162 — 2122],

and since £1&o — 2120 = £1&2 — 21&2 + 21&9 — 2120 we infer that

I < O([alén — =] + [&llér — z1] + [21l|€2 — 22| + [&2]|€2 — 22])
= C(l&] + |&l)l& — 21| + C (|| + 1€al) €2 — 2.

Similarly for I we find that

L < C(la]l& — 21| + |&llér — z1] + 21162 — 22| + |&2]|€2 — 22])

= C(|z1] + |22]) &1 — 21| + C(|&1] + |22]) €2 — 22].
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Considering the third term since for |z1| 4 |22| < 1 we have that (|z;|+ |22\)2 < 21| + |22
it holds that

I < |I] < C(l& — 21| + [& — z2]) (Iza] + |22])? < C(I&1 — 21| + €2 — 22]) (|21] + |22]).
Combining the above we deduce that

|F(A 4 &1, A2 + &2| A1, A2) — (AL + 21, A2 + 22| A1, A2)]

S (Jeu] + &) + [z1] + |z2]) 161 — z1] + (€] + 1&2] + |21] + |22]) [€2 — 22].
Now, for &1 + |&a] + |z1] + |z2] > 1

|f(A1 4+ &1, A2 + &l A1, A2) — f(A1 + 21, Ao + 22| A1, Ag)|
=[f( M+ &, e+ &) — f(A 421, A0+ 22) + fr(A, A2)(§1 — 21) + (A1, A2) (&2 — 22))|
|fA+ &, e+ &) — fM + 21, e+ &)+ 1f( A+ 21, A2 + &) — F(AL + 21, A2 + 22)]

+Cl& — 21| +Cl&a — 20| =2 1 + Jo+ J3
So, from the growth assumptions on f and on its partial derivatives we infer that

1
J1 < / |fr(A 4 21+ 8(& — 21), Ao + &2)[dt - [€1 — 21
0

p=1
SA+ [Pt lalPt e )6 - 2|

S (6] + leal + 1zl + 22l + 2P+ 1P + 1€l T)lE - 2l.
Similarly for the second term
T2 5 (6] + 16l + [ + [22l + [&l7 + |z2l7 ™ + |17 Jea — =,
For Js3, since [&1| + |&2| + |z1] + |#22] > 1 we have that
J3 S (Ja] + &) + |z1] + |z2]) 1€ — 21] + (|&] + 1&] + [21] + |22]) 1€2 — 22,
and together with the first two terms we deduce that

|f( A+ &1, A2 + &| A, A2) — F(A + 21, A2 + 22| A1, A2)]
-1
< C(|&| + |€a| + |21] + |22] + [E[P7 4 |21 ]P 7 + |§2|qp7)|‘51 — 21|

q—1

+ C(I&] + ] + |21] + |22 + 1&l77 " + 12297 + 2P 0 )[€2 — 22l

For the second part we just set (z1,22) = (0,0) in the above inequality and apply Young’s
inequality to conclude the proof of (a).
Concerning (b) we see that for [£1] + [€2| < 1 and & = (&1,&2), it holds
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[f(AL 4 €1, A2 + &2fA1, Ag) — fpn + &1y p2 + S, o)
< /OI‘L(A1+75§1,>\2+75§2)[€,§] — L(p + &, po + t&2)[€, €] |dt
< C(IM — |+ [ha = pal) (167 + &)
When |€1] + |€2] > 1, from the growth of Df = (fz, f,), we have that
[fF(AL 4 €1, A2 + &2f A1, Ag) — fpn + &1, p2 + o, o)
<|fO 48, X2+ &) — fun + &, p2 + &) + [ (A, A2) — fpa, p2) |
+|Df(M, Ae) = Df(pa, p2)| - €]
<[FO 4 & A + &) = Fl + &1, 00 + &)
+ | f (1 + €1, A + &) — fpa + &, pe + &)| + (1G] + &) (1M — pal + (A2 — p2l)
S /01 |fr (&1 + pa (A — pa), Ao + E2)[dt - A — pua
+ /01 | fo (11 + €1, 82 4 pa + t(ha — p2))|dt - [ A2 — o

+ (16 + 1&]) (1A = | + [A2 — p2|)
< (L1l + 16l ) =l + (1+ 16T + el ) e — pl

+ (1&] + 1€]) (1AL = pa] + [A2 — pal).

p—1 g=1
But since |£1]|4|£2| > 1 we have that |§1|p_1—|—|§2|qpp , ]§1|pqq +]&]971 < 24|61 |P 469 S
&1] + &2 + &P + €217 S &) + &% + |&1]P + |£2|9. Combining both cases we infer that

[f(A1+ &1, A2 + &2 A1, A2) — fpa + &1, pa + &2l , p2)|
<CO(IM = |+ X2 — M2\)(|51|2 + &2 + &P + €2]9),

and by choosing R < §/C we conclude the proof of part (b).
Regarding the proof of (c), again for |£1] + |2] < 1, since p,q > 2

1 ~
FO1+ 81,22 + &2 M he) = / (1= t)L(A1 + t€1, Ag + &) [€, E]dt > —da¢[?
0
> d[(16 " — &%) + (€207 — [&*)] — da(|&]? + [&2l).
For the case |£1| + [€2] > 1, from the coercivity of f we have that

M +&, 2 + & AL A2) = fFM + &, A+ &) — F(A, A2) — fr(A, Ae)ér — (A, A2)é
>ds(— 1+ &P +1&19) — da(|a] + |&))
> ds(|G]” + |£17) — da(|&0) + &)%)
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So, combining the two cases, we may choose di,ds > 0 to conclude the proof of the

lemma. O
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