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Abstract

In this thesis, we explore two distinct but closely linked avenues within the study of geometric
PDEs. The first of these looks at the eigenfunctions of the Laplacian operator on rank one
symmetric spaces. These eigenfunctions bridge the gap between classical and modern analysis.
This is because these eigenfunctions are orthogonal polynomials (in particular the Jacobi
polynomial, pLep) (), and the Gegenbauer polynomial, Cr(f‘)(x).

Making use of the Faa di Bruno formula, we find differential identities involving these special
functions and their matrix counterparts. We also find differential identities for the Hermite

polynomial, H,(z). This includes the proof of the spectral identity:

de
dem

m J \A—j
Hon (f(2))]a=0 ZZZQ(j,m,q)%g,\PM\q, (0.0.1)
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where A is an eigenvalue of the Ornstein-Uhlenbeck operator.
The orthogonal polynomials also have representations using a hypergeometric series. From this,
we produce Maclaurin expansions for composite hypergeometric series, and also identities using

the differential operator:
Ly =Y Py(d/d0) = po + p1d/do + ... + pnd" /dO™.

We then proceed to look at gradient estimates for geometric PDEs on Riemannian manifolds.
These estimates were first introduced by Li and Yau [76, 130, [131], who looked at estimates for
harmonic functions and the heat equation. Since these first estimates were established, similar
results have also been proven for non-linear PDEs. Of particular interest is the case where one
is working on a smooth metric measure space (M",g,e~fdv) with a diffusion operator A; =
A —(Vf, V).

Within this thesis, we choose to look at the parabolic equation:

(Af - 8t>u(x, t) + A(z, tyu(z, t) log u(z, t) + B(z, t)u(z, t)P = 0



and its elliptic equivalent. We produce Li-Yau and Souplet-Zhang estimates, as well as Li-Yau
estimates for the elliptic equation. As a fundamental part of the process of finding a gradient
estimate, a cutoff function is used. This allows the use of the maximum principle, which lies at
the heart of the proofs.

With these gradient estimates, we produce further results such as Liouville-type theorems,
Harnack inequalities, and analysis with ancient solutions. These give further information about
the PDE under consideration, and conditions under which certain solutions are obtained.

Finally, we find estimates under a time-evolving metric g(¢) for different geometric flows:

ggij(x,t) = 2h;(x, 1),
where h is a time dependent symmetric (0, 2) tensor. The flow above is a general flow, but we look

at the specific cases when this is either Ricci, Yamabe, or Perelman-Ricci flow.
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Chapter 1

Introduction and preliminaries

In this study, we access a range of modern topics within differential geometry, partial differential
equations, and classical special functions. The basis of our research is the study of geometric PDEs
on Riemannian manifolds.

Our research takes two clear directions within this area. First, we work largely in the field
of analysis, using combinatorial elements for special functions which arise from the eigenvalues of
the Laplacian on rank one symmetric spaces. Symmetric spaces are Riemannian manifolds whose
groups of symmetry contain an inverse symmetry for each point. We go into more detail on these
in chapters [2] and If we turn our attention to rank one spaces, we see that these are closely
linked to the classical special functions such as the Jacobi and Gegenbauer polynomials (orthogonal
polynomials); they are eigenfunctions of the Laplacian on these spaces. Importantly, they bridge
the gap between these two areas of research, linking the classical with the modern. The spaces in
question also have forms built from Lie groups, which in itself has a wealth of literature due to its
importance within mathematics.

The second direction this thesis takes is to look at gradient estimates for elliptic and parabolic
PDEs on smooth metric measure spaces, also known as weighted Riemannian manifolds. These
were introduced by Li and Yau in the 1970s and provide extensive information about a given PDE
in the absence of an explicit solution. This allows one to carry out useful analysis of the PDEs,
even those with complicated non-linearities. Liouville-style theorems are easily calculated once an
estimate is found. In addition to these, one can also rapidly establish Harnack inequalities. What
often makes these PDEs interesting is their link to pre-existing problems or objects, such as the
Yamabe problem or the logarithmic Sobolev inequality. Further to this, we see that much of the
literature takes these estimates more generally by looking at PDEs involving a symmetric diffusion

operator (or Witten-Laplacian)



Asu = Au— (Vu, V).

We take a deeper look at a variety of these estimates in Chapters [4] and [5] before continuing
to use them to gain additional information about PDEs in Chapter []] Within our research, we
consider a particular PDE in its elliptic and parabolic form with both a logarithmic and power non-
linearity. Here we produce multiple estimates of different varieties and the subsequent analysis of
these thereafter producing the Liouville style theorems and Harnack inequalities mentioned above.
When looking at parabolic PDEs, we also delve into analysis involving ancient solutions. These
are solutions that are valid for all negative time.

In Chapter[6] we also look at estimates that involve a time-evolving metric. This is an extremely
new area of research within gradient estimates, and it takes its roots from the study of Ricci flow
introduced by Hamilton. Ricci flow was also a fundamental component in Perelman’s proof of the

Poincare Conjecture.

1.1 Preliminaries on Riemannian geometry

In this chapter we give a basic account of the tools and results needed from Riemannian geometry.
For a more thorough coverage the reader can consult [19, 20, [74].
Let (M™, g) be a Riemannian manifold of dimension n > 2 and metric g. If {z'} is a positively

oriented local coordinate system then the volume form is
dvy = +/|gldz A ... A dz" (1.1.1)

where |g| denotes the determinant of the metric tensor g. Let exp, denote the exponential map
and {X?} be the standard Euclidean coordinates on the tangent bundle. Then we define the

geodesic coordinates on M™ as
z' = X' oexpy : M™\cut(zo) — R. (1.1.2)

In particular for geodesic coordinates it is easily seen that

9ij(x0) = 6i; (1.1.3)
and
0

Let X(M™) be the space of smooth vector fields on M™. We denote by V the Levi-Civita



connection on X(M™) which can be described in terms of the Christoffel symbols I‘fj as

0 p O
Vit ger ~ Vi ggh (1.L5)
where
1 0 3] 0
ko_ Lokl o v Y

L = 29 (axigﬂ + 9 It (%vlg”) (1.1.6)

(Here g* is the inverse of the metric gi;.)

The Riemann curvature tensor is defined as

R(X,Y)Z =VxVyZ - VyVxZ —Vixy|Z (1.1.7)

where V is the Levi-Civita connection, X,Y,Z € X(M™), and [X,Y] is the Lie bracket of vector

fields X and Y. The Riemann curvature tensor can also be written in local coordinates as

0 0 0\ 0
Rl =R(5057) or 1.1.8
4kl Oz’ Ozl ) Ok ( )
or more explicitly by using the Christoffel symbols as
0 0
I ! l ! 1
Rijk = 530k = g7 Lik + Tjelip = TinLip: (1.1.9)

The Riemann curvature tensor is a difficult object to handle, so one often finds it much easier
to deal with its trace, the Ricci curvature tensor. This is a (0, 2) tensor determined by the metric
and, roughly, relates the metric tensor locally to that of Euclidean space. For X, Y, Z defined

above
Ric(Y,Z) =tr(X — R(X,Y)Z). (1.1.10)

If {e;}]—, is an orthonormal frame, such that g(e;,e;) = J;; then

n

Ric(Y,Z) =Y (R(e;,Y)Z),e;) (1.1.11)
Rjx = zn:Rﬁjk~ (1.1.12)

As we are working on Riemannian manifolds, the Laplace-Beltrami operator is defined as

1 0 , ou
= " (kg 22
Vgl oz (g |g|3xk)
o 0% A ou
jk_~Z = gkpl 7
dzidgk ~ 9 ik g (1.1.13)

Au =V -Vu =

where |g| is the determinant of g. Equation (1.1.13)) is important when we discuss the time-evolving

metrics as hidden inside the Laplace-Beltrami operator is the metric.



Let uw € C*°(M™) such that u : M™ — R then the Bochner-Weitzenbock formula (sometimes

refered to as just the Bochner formula) states:

“A(IVu?) = |V2ul* + (VAu, Vu) + Ric(Vu, Vu). (1.1.14)

1.2 Evolution of various quantities under geometric flow

Various elements of the Riemannian manifold can evolve under an evolving metric.

Definition 1.2.1. Let g(t) be a smooth family of Riemmanian metrics on M™ where t € (0,T),
TecR*. If

%gij(xﬂf) = 2h;j(z,1), (1.2.1)

where h is a time dependent symmetric (0,2) tensor then we say that g;;(x,t) is a solution to the

generalised geometric flow.

Alternatively if we have the inverse to the metric we can find an expression for the time

derivative.

Lemma 1.2.1. Let g~' be the metric inverse. Then

0

597 = 20" hwa. (1.2.2)

With this, we can find the variation of the Christoffel symbols.

Lemma 1.2.2. Let g(t) be a smooth family of metrics that solve . Then

0
al"“ = gkl(VZ-hjl + thil — Vzh”) (123)

Proof. By using the standard formula for the Christoffel symbols

1 0 0 0
Ik = Z gkl S g — ——gii ).
K 29 <8xigjl+ 6$jgl 81‘[9])

ot 20t 0z 92,7 T 0, %9) T 29 o 0t" T Bx; 0t7 T 0wy o9
At an arbitrary point z € MY, T'¥(z) = 0. This gives 52~ gp.(z) = 0. Then using (1.2.1)) completes
» L ij Dz, Jbc

the proof. O

Remark 1.2.1. Christoffel symbols are awkward to calculate. However, if our Riemannian
manifold is a symmetric space, all the points look the same. This means that we can calculate the

tensor anywhere. A choice of the origin gives the easiest way to calculate.

10



The scalar curvature S, the Riemann curvature tensor Rﬁ ko and the volume elements all evolve

in a similar way.

Lemma 1.2.3. Let g(t) be a smooth family of metrics that solve . Then

) .
55 = ~AH + V"V, — (. Ric) (1.2.4)

where H = (Trgh) = gP9hy,.

Lemma 1.2.4. Let g(t) be a smooth family of metrics that solve . Then

9 l
7Rijk:gp

= Vi(Vilp + Vihip = Vphs) = ¥ (Vihey + Vichip vphik)] . (125

The volume element dy evolves in the following way:

Lemma 1.2.5. Let g(t) be a smooth family of metrics that solve . Then

0

—du = Hdpu. 1.2.6

5 1 u (1.2.6)
In Riemannian manifolds, the inner product is defined as |-| : M™ — R, where |X| = 1/¢g(X, X).

Using this, one can compute the time derivative of the inner product.
Lemma 1.2.6. Let g(t) be a smooth family of metrics that solve , then
9 o2
§|Vu| = —2h(Vu, Vu) + 2(Vu, Vuy). (1.2.7)

Proof. By straightforward computations:

0 \guz =2 (i 9w ou
gV ’at( o, aa:j>
o0 0 L9 90

9 8 5
— _opii ¢, % ij ij v 9
Yoz T oz, "o, 0t

a’Ei aSUj 83% &uaixju

= —2h;;(Vu, Vu) + 2(Vu, Vu,),
where we have used that the metric tensor is symmetric in the last step. O

Progressing from this, we can find an expression for the time derivative of the Laplace-Beltrami

operator on a Riemannian manifold.

Lemma 1.2.7. Let g(t) be a smooth family of metrics that solve , then

%Au =Au; —2(V-h— %V(Trg ), Vau) — 2(h, Vu). (1.2.8)

11



Proof.

52 =0 (g~ o)
=Au; — 2(h, V?u) — g% (%Ffj) %

=Au; — 2<h, V2u> — gijgkl(vihﬂ + vjhil - Vlhij)vku
:Aut — 2<h, V2u> — 29kl(g”vih]‘l — ivl(Trg h))Vku

1
=Auy — 2(h, V?u) —2(V - h — 5%(1&:9 h), Vu).

More reading on this and other related material can be found in [35] B6].

1.3 Space forms and comparison theorems on Riemannian
geometry
The distance sphere S(xg,r) is defined as
S(xzo,r) ={x € M™ : d(z,zo) =1} (1.3.1)

where d(x,xg) is the distance function.
The second fundamental form fh, which roughly measures how non-parallel the normal is, is

defined as

19
bij = —Li; = 55,9 (1.3.2)

where % is the unit normal to S(zo,r) and gin = gjn = 0. The Ricatti equation can be produce
from b by:

0
—=bij = —Rpijn + hirg"'hi;. (1.3.3)

The mean curvature ), which is the trace of the second fundamental form of S(xg, ), is defined
as
H=—g"T}. (1.3.4)
ox

It can be seen from the evolution of mean curvature for a hypersurface flow §* = Bv that

%ﬁ = AB — Ric(v,v)B — BJp|>. (1.3.5)

12



The specific case when B = 1 yields

o /0 0 ,
59 = —Rw(g, 5) — 9] (1.3.6)

which can be derived from (1.3.3) as %.6 =g (%bij) - (%gij)hij and %gij = 2b;;.

Take a function ¢ and define the metric as
g =dr’* + ¢(r)’gsn1. (1.3.7)

This is called a rotationally symmetric metric and the sectional curvatures are

Koy = — % (1.3.8)
_ /\2
Ke =17 (@) dv(f) , (1.3.9)

Here, K is the sectional curvature containing the radial vector and K is the sectional curvature

perpendicular to the radial vector. This also gives the Ricci tensor as

Ric=—(n— 1)Q;H + [(n —9)(1— (¢)?) — qs“qs] (1.3.10)

Space forms are complete Riemannian manifolds with constant sectional curvature. Most
notable examples are the unit n-sphere (S™), Euclidean n-space (R™), and hyperbolic space (H™).
These have constant sectional curvature K =1, K =0, and K = —1 respectively.

The Killing-Hopf theorem states that if U is a universal cover for a Riemannian manifold
(M™, g) and the sectional curvature K is constant, then U is isometric to the n-sphere if K = 1,
Euclidean n-space if K = 0, and hyperbolic space if K = —1. See [59, [70] for original documents.

Now let (M7}, gi) be a space form with sectional curvature K. The metric is defined as

gk = dr® + sk (r)?gsn— (1.3.11)
where
%ﬁ sin VKr if K >0,
Sk =< r if K =0, (1.3.12)

\/llﬁsinh\/ﬁ(r if K <0.

If K <0, then gx is defined over R™, and if K > 0 then gk defined on B(0, \/”7) extends to S™ by
taking a 1-point compactification.

The mean curvature § of S(xg,r) is
&

H= (n—l)g. (1.3.13)

If we have that the sectional curvature K is constant, then ) (r), the mean curvature of Sk (xo, ),

13



is

(n —1)VK cot(vVKr) if K>0

Hr(r)=q =1 fK =0 (1.3.14)

V| K| coth(+/| K|r) if K <0.
Lemma 1.3.1. Let (M",g) be a Riemannian manifold with lower bounded Ricci tensor Ric >

(n—1)K for K > 0. Then for points where r is smooth, the mean curvature of the distance sphere

S(xo,7) satisfies
H(r,0) < H(r). (1.3.15)
This leads us onto the Laplacian comparison theorem. If
|Vr(z)]? =1 (1.3.16)

then r(z) = d(z, zo) is the generalised distance function such that r : M™ — [0, 00).

The Laplacian comparison theorem, sometimes referred to as the mean curvature comparison
theorem, compares the Laplacian of the distance function on a Riemannian manifold with the
Laplacian of the distance function with constant curvature K. For K being positive, negative, or

zero it states bounds.

Theorem 1.3.1 (Laplacian comparison theorem). Let (M™, g) be a complete Riemannian manifold
whose Ricci curvature is bounded from below Ric > (n — 1)K for K € R and xg € M™. Then for

any x € M™\ (Cut locus of ) and r as described above

(n —1)VEK cot(VKr) if K >0

Ar < (n1) ifK=0 (1.3.17)

VK| coth(+/|K|r) if K <0.

Another comparison theorem of note is the Bishop volume comparison theorem, sometimes
called the Bishop—Gromov inequality. This describes the relationship between the volume of the

ball of a given radius on a Riemannian manifold and the volume of a geodesic ball.

Theorem 1.3.2 (Bishop volume comparison theorem). Let (M™,g) be a complete Riemannian
manifold with lower bounded Ricci curvature tensor Ric > (n—1)K for K > 0. Then for xg € M™
and R >0

Vol(B(zo, R))

K (1.3.18)

14



is non-increasing in R. Hence, as R goes to 0,
Vol(B(xo, R)) < V(K, R). (1.3.19)

V(K, R) is the volume of the geodesic balls of radius R in the space form of M7 . This M} is a
simply connected space of constant sectional curvature K. See [103] 119, 120] for more information

about comparison theorems.

1.4 Geometry on Smooth metric measure spaces

A complete smooth metric measure space, also known as a weighted Riemannian manifold, is a
triple (M™,g,e~7dv). Here (M™,g) is a complete n-dimensional Riemannian manifold, f is a
smooth real valued function on M™, and du = e~ fdv is a weighted measure on M"™ conformal to
the Riemann volume measure, see [88]. This occurs when a collapsed measured Gromov-Hausdorff

limit is taken on (1.4.2). Let (M™ x F¥ g.) be a manifold with the metric

ge = gur + (ee”7)?gp. (1.4.1)
Then for a normalised measure d~uéz
(M"™ x FF g, dv.) <=2 (M™,g,e P dvyy). (1.4.2)

This causes the Ricci tensor to be warped into the m-Bakry-Emery Ricci tensor.
The m-Bakry-Emery Ricci tensor is a natural extension of the Ricci tensor. It was initially

studied by Bakry and Emery in [I6] [I7], see also [77, [98] [119]. We define this as

Cdfodf

m—-n

Ric} = Ric+ V*f (1.4.3)

for 0 < n < m < oo, where Ric is the Ricci tensor of the manifold M™ and V?2f is the Hessian
operator acting on f. If m = n, then f must be constant. When m = oo, the co-Bakry-Emery

operator is obtained:
Ricy = Ric+ V*f. (1.4.4)

If f is a constant function then Ricy becomes the standard Ricci tensor. For m;,ma < oo, such
that my < ma, Ric}n1 < Ric?”.

The Bakry-Emery Ricci tensor shares many properties with the standard Ricci tensor, but also
holds great importance in the study of Ricci solitons.

The Riemannian manifold can also be equipped with a variation of the Laplace-Beltrami

operator called the Witten-Laplacian, which arises as a natural extension and is a symmetric

15



diffusion operator, Ay = A — (V,Vf). For any u,v € C§°(M™), the integration by parts formula
holds

/ (Vu, Vo)dp = —/ uAyvdp = —/ vA pudp (1.4.5)
n n Mn

so the Witten-Laplacian is the infinitesimal generator of the Dirichlet form

§(u,v):/hn<Vu,Vv>d,u. (1.4.6)

For more information of the above see [134].
The Bochner formula can be extended for use with the diffusion operator Au. When m = oo

we get
1
iAf(\VuF) = |V?u? + (VA yu, Vu) + Ricg(Vu, Vu) for m = oo (1.4.7)

Proposition 1.4.1. Let (M™,g) be a complete Riemannian manifold. Also let uw € C°(M™) be a

smooth function such that v : M™ — R. Then

1 Aju)?
iAf(|Vu|2) > % +(VAyu, Vu) + Ric}' (Vu, Vu) form < oo (1.4.8)

Proof. First we calculate

A Vul? =A|Vul? — (Vf,V|Vul?)
=A|Vul|? = 2(V f, Au)
=A|Vu|? — 2Hess(u)(Vu, Vf)
and
(Vu, V(Asu)) =(Vu, V(Au — (Vu, Vf)))
=(u, V(Au)) — (Vu, (Au, Vf)) = (Vu, (Vu, Af))

=(u, V(Au)) — Hess(u)(Vu, Vf) — Hess(f)(Vu, Vu).

Then these combine with (1.4.3)) to give

1 \V4 2

5Af|vu|2 = |V2ul?> + (Vu, V(Asu)) + Ric} (Vu, Vu) + %.
Looking at the |VZu|? we see

2 2 2
m-—n n m-—n
S (Bgu)?
m

Substitution of this gives the desired result. O

16



Both the Laplacian comparison and volume comparison theorems have versions for smooth
metric measure spaces. These can be seen in [I19, 120] but we adopt the notation taken in

[125] 126]. Firstly, we state the following for Ricy:

Theorem 1.4.1 (Laplacian comparison theorem on smooth metric measure space). Let
(M™,g,e=fdv) be a complete smooth metric measure space with lower bound Ricci estimate

Ricy > —(n— 1)K for K > 0. Let 1 € B(xo,2R). Then if r(x1,z0) > 1

Apr(zy) < p+ (n—1)(2R - 1)K (1.4.9)
where (i := MaXy|q(z,z0)=1 Af7(T).
Similarly, for Ric’/" we have the following:

Theorem 1.4.2 (Generalised Laplacian comparison theorem on smooth metric measure space).
Let (M™,g,e=fdv) be a complete smooth metric measure space with lower bound Ricci estimate

Ricl' > —(m —1)K. Let x1 € B(zo,2R). Then if r(z1,20) > 1
Agr(z1) < (m+n—1)VK coth(VKR). (1.4.10)

Theorem 1.4.3 (Bishop volume comparison theorem on smooth metric measure space). Let
(M"™,g,e~1dv) be a complete smooth metric measure space with Ricy > (n — 1)K. Fiz a point

xrg € M™. Then

1. If 0.f > —a along all minimal geodesic segments from xq then for g\/R >R>r>0,K>0

VOZf(B(SUOa R)) aR VOVIL((R)

ZEAPV0 ) o paRZEKAVTY s

Volp(Blror) = Vol () e
2. If |f(z)| < b then for VK > R>7r >0, K >0

Voly(B(xo, R)) < Voly™(R) (1.4.12)

Voly(B(xo,7)) ~ Vol (r)
where Vol (r) is the volume of the radius r—ball in the model space.

See [119, [120] for more information.

1.5 Some explicit examples of geometric flows on
Riemannian manifolds

Ricci flow, first introduced by Hamilton [55], is the relation between the time derivative of the

metric and the Ricci curvature tensor, and is a method of evolving the metric.

17



Definition 1.5.1. Let g(t) be a smooth family of Riemannian metrics on M™ where t € (0,T),
TeR*. If

0
then we say that g;;(x,t) is a solution to the Ricci flow.

If we normalise this then

0 QfMN Sdu

59(t) = —2Ric+ Wg(t) (1.5.2)
MN

where S refers to the scalar curvature. Hamilton introduced this as an effort to find a proof for
the geometrisation conjecture. However, it was the work of Perelman [90, @], 92] that laid out the
proof, finally confirmed by Kleiner and Lott in [71]. Perelman later built upon his own work to
solve the Poincare conjecture.

If we look at the Ricci flow equation in local coordinates and recall the Laplacian in

these coordinates, where the metric is

ds® = g;;dz'da?, (1.5.3)
it also follows that

Ag;; = —2Ric. (1.5.4)
From this, it is not hard to see the relationship with the heat equation and similarities therein.

Lemma 1.5.1. Let g(t) be a smooth family of metrics that solve , then

g (&F%) —0. (1.5.5)
Proof. Through basic calculations
i (O ok k(o ij .
g (&F”) = —g" (29", Ric; — V,8) (1.5.6)

where S is the scalar curvature. Due to the contracted second Bianchi identity this is identically

Z€ro. O
Remark 1.5.1. A similar statement can be made for Perelman-Ricci flow. We show this later.

Lemma 1.5.2. Let g(t) be a smooth family of metrics that solve , then
0 R
aAu = Auy + 2(Ric, Vu). (1.5.7)

Lemma 1.5.3. Let (M™,g) be an n-dimensional Riemannian manifold. If Ric is positive definite
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then the identity map
id: (M",g) — (M",£Ric) (1.5.8)
is a harmonic map.

If we have a complete Riemannian manifold, such that
) 1
Ric=\g — §£Vg, (1.5.9)

where V is a smooth vector field, £, is the Lie derivative, and A is some constant, then we can
say that the metric ¢ is a Ricci soliton. If f is a real valued function and V = |V f]| then (1.5.9)

becomes
Ric+ V2f = Ricy = \g, (1.5.10)

and it is called a gradient Ricci soliton. Gradient solitons are important in the study of singularities
for Ricci flow. See [56].
DeTurk formulated his own flow to construct a short-time solution g(t) of the Ricci flow equation

with initial condition §(0) = go. Here, the flow is defined as

0
5190 = —2Ric;j + V;W; + V,;W; (1.5.11)
where W (t) is DeTurks vector field:
W; = gjrg™ (F’;q - f’;q), (1.5.12)

I' is the Levi-Civita connection and T' is the fixed background connection. Then by letting ¢ :

M™ — M™ such that

= 0(x0) = =W (9(20),1), (1.5.13)

¢o = id™" (1.5.14)

for xg € M™, and setting the metric of the pullback function ¢, § = ¢*¢(t) it can be shown that
this is also a solution to the Ricci flow equation. For more background information and detail see
[24 (36, [115].

Let go be a conformal class of metrics on M™, n > 3. Then for g € gy the total scalar curvature

is given by

S = V*"ZZ/ Sdu (1.5.15)
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for

V:/ dp, (1.5.16)

and S the scalar curvature. Then by finding the gradient of & the following equation is formed:

dg n—2__4
— = — 1.5.1
9t 5 V=i(s—9)g (1.5.17)

where s is the average scalar curvature. By this we mean that

B an Sdvol

Mn

Using this it then brings us to Yamabe flow.

Definition 1.5.2. Let g(t) be a smooth family of Riemannian metrics on M™ where t € (0,T),
T e R*T. If

—g=—95g. (1.5.19)
then we say that g(t) is a solution to the Yamabe flow.

The normalised version of this, which relates closely to (1.5.17)), is

99 _

5 = (6= 9)g (1.5.20)

Yamabe flow importantly conserves conformal structure. Let
_4_
g=ur-2go (1.5.21)

and take a positive function v > 0 on M™. Then the relationship between the scalar curvature on

g and gg is given by the following:

Sg = —un—-2 (ﬁAgou — Sgou> (1522)
which can be used to find
o} nt2  n+2 4(n—1) nt2
au = 4 <?2)Agou— Sgou+5gu 2). (1523)

Similarly if we let g = e“gsn, then

n—2

gu =(n—-1e" (Au +

2 —
= 1Vl n) (1.5.24)

which is similar to the heat equation. See [23| [37, 81} [132] for more information.

The variational formulas for Yamabe flow are as follows:
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Lemma 1.5.4. Let g(t) be a smooth family of metrics that solve , then
9 2 2
§|Vu| =S|Vul* + 2(Vuy, Vuy). (1.5.25)
Lemma 1.5.5. Let g(t) be a smooth family of metrics that solve , then
0 n—2

Gt T T

(Vu, VS) + SAu + Auy. (1.5.26)

See [133] for more detail.
Alternatively, if we are working on a smooth metric measure space (M™, g(t), f(t)), then (K, m)

Perelman-Ricci flow is defined as:

10yg Cmey
af 1 dg\

10g .

-z m > — ..

5 Bt + Ricy'(g) > — Ky, (1.5.29)
af 1 dg\ _

is called super Perelman-Ricci flow. We discuss this more later.

1.6 The heat kernel on Riemannian manifolds and
symmetric spaces

The heat kernel is a fundamental solution to the heat equation. In Euclidean space the heat kernel

takes the form

_ (r(zyn?
4t

H(z,y,t) = (4nt)" %e (1.6.1)

where r(z,y) is the distance function. If we are looking at the heat equation on manifolds, then
we note that since all Riemanian manifolds are locally Euclidean, we can use (|1.6.1) as an
approximation. We can state the following proposition for a Riemannian manifold with unstated

boundary assumptions:

Proposition 1.6.1. Let (M™,g) be a complete Riemannian manifold without boundary. Then

Vo € M™, the heat kernel is approximated by

_ (r(zy)?
4t

H(x,y,t) ~ (47wt)" % e (1.6.2)

ast— 0 and r(z,y) — 0.
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Theorem 1.6.1. Let (M™, g) be a complete, non-compact Riemannian manifold. Then there exists

a positive symmetric heat kernel such that

f(x,t) = . H(z,y,t) fo(y)dy (1.6.3)

for fo € L2(M™), solves the heat equation on M™ x (0, 00).

Instead, if we have that H(x,y,t) is the minimal symmetric heat kernel then Li and Yau showed

an upper bound for H(t,z,y) on the ball and on (M™, g) for positive time.

Remark 1.6.1. A heat kernel H(z,y,t) on M x M x (0,00) is referred to as minimal if the

following applies. Let H(x,y,t) be another heat kernel on M x M x (0,00). Then

H(z,y,t) < H(z,y,t), (1.6.4)

for all z,y € M and t € (0,00).

Theorem 1.6.2. Let (M™,g) be a complete Riemannian manifold with Ric > (—n— 1)K, K € R,

and H(x,y,t) be the minimal symmetric heat kernel on M x M x (0,00). Let H(x,y,t) solve
0
(Ay 8t) (z,y,) =0 (1.6.5)
and
];I_I}(l) H(z,y,t) = 0a(y)- (1.6.6)
Then for any xo € M™, R,e >0, t < £ and x,y € B(xo, R) the following inequality holds
1 r2 -
H(z,y,t) < CVy * (VE)e M ODt 5 V=2 (/7)o mrime HOV (R 2HK)L (1.6.7)
where p1 (M) is the first Dirichlet eigenvalue on M and V,(y) = Vol(B(z,y)).

Corollary 1.6.1. Let (M",g), H(x,y,t), and Ric be defined as above. Then for x,y € M and

€ (0,00), the following inequality holds
H(z,y,t) < CVi  (VE)e M Dt 5 Y73 (yff)e~ ataiem +OVET (1.6.8)

Behaviour for the heat kernel as t — oo will differ according to whether our Riemannian
manifold is a compact or complete and non-compact. If we have a compact Riemannian manifold
with unspecified boundary and we let ¢ — oo the heat kernels for Dirichlet and Neumann boundary

conditions, it can be expressed using the first eigenfunction and eigenvalue:

H(z,y,t) ~ e M1(z)p1(y). (1.6.9)

If, however, the Riemannian manifold is complete and non-compact, then we observe the following:
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Theorem 1.6.3. Let (M™, g) be an n-dimensional Riemannian manifold with non-negative Ricci

curvature. Let C > 0 be a constant such that

lim inf ‘/;07(8) =C (1.6.10)
S—00 sn
for some point xyg € M™. Then
lim V,,(Vt)H (z,y,t) =n 'A(4n)" % (1.6.11)

t—o0

where A is the area of the (n — 1)-dimensional unit sphere.

See [50, [75] for more information.
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Chapter 2

Special functions in the theory of

symmetric spaces

Symmetric spaces are a special type of Riemannian manifolds whose groups of symmetries contain
an inverse symmetry for each point. The study of these is still quite young in the mathematical
world as its origins date back to Cartan and Weyl in the 1930s, [27, [121], with further study coming
from Gel'fand and Chandra. For greater detail and work therein see [49] 58].

The rank of a Riemannian symmetric space refers to the rank of M, the maximal dimension of
a flat, totally geodesic submanifold of M. In this context, a Riemannian manifold is said to be flat
if its curvature tensor vanishes identically. If the rank is 1, then these turn out to be geodesics.

A Gel'fand pair (G, K), consists of a group G and a subgroup K. The specific case when G
is a Lie group and K a compact subgroup is of particular note. Further, when X = G/K is a
symmetric space, we have that G is a semi-simple Lie group and a member of the Harish-Chandra
class for which it is a reductive Lie group and K is the maximal compact subgroup. For a compact

symmetric space where G a real simple Lie group, Cartan showed that there are seven varieties.

G K Rank
SO(p +q) SO(p) x SO(q) min(p, q)
SO(2n) U(n) [n/2]
Sp(n) U(n) n

Sp(p +¢q) Sp(p) x Sp(q) min(p, q)
SU(n) SO(n) n—1
SU(2n) Sp(n) n—1
SU(p +q) S(U(p) x U(g)) min(p, q)

Table 2.1: The rank of Gel’fand pairs for certain choices of G and K.

In table SO(n), Sp(n), and SU(n) are the special orthogonal group, symplectic group,

and special unity group respectively. Of particular note is that these groups are Lie groups. Lie
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groups have a rich body of research for them as they play an important role in both geometry and

physics. For more information on Lie groups, see [15 [44], 48] [54] [T04].

2.1 Non-compact rank one symmetric spaces

The table above consists only of compact symmetric spaces; however, these spaces can either be
compact or non-compact. For non-compact rank one symmetric spaces, we have some important
examples: the real hyperbolic space Hp, the complex hyperbolic space Hf, the quaternionic

hyperbolic space H}, and the Cayley hyperbolic plane H, . It can be seen that

HE =SO(n,1)/SO(n), (2.1.1)
H? =SU(n,1)/U(n), (2.1.2)
Hg =Sp(n,1)/(Sp(n) x Sp(1)), (2.1.3)
HZ, =F;/Spin(9) (2.1.4)

where F} is a compact form of an exceptional Lie group and Spin is the spin group.

These groups all have Beltrami-Klein models which project their spaces onto the unit disk.

The real hyperbolic space SO(n,1)/SO(n)

The real hyperbolic space SO(n,1)/SO(n), where n € N\ {1}, can be shown to be isometric to
the space Hy. To produce a Beltrami-Klein model for this space, we start by taking the open ball

Bg = {z € R" : |z| < 1} with Riemannian structure

dx|? (x,dx)3
gs? —  AT)R 2.1.5
TP T U faPp (219
This then corresponds to
5ij LUZ'{Ej
= . 2.1.6
99T o T A= ey 219

By calculations we can show that

Rijri = —(9ix 951 — 9k 9it) (2.1.7)

which shows that By with the corresponding metric has constant sectional curvature of —1. As

stated above, this space is isometric to Hp.

Proposition 2.1.1. The Riemannian measure on Hy is

dzx

_ 2.1.8
(1= o)+ e

dp =
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The complex hyperbolic space SU(n,1)/U(n)

Like for the real hyperbolic space, the complex hyperbolic space has a similar isometry;
holomorphically isometric to the space Hg. This is seen when the maximal sectional curvature is
equal to 1.

Let B = {# € C" : |z| < 1} be the open unit ball with standard complex structure z =

(21, ..., 2n) € B¢. The metric for this is

ds® =2 Z 9,7(2)dzdz; (2.1.9)
ij=1
with metric tensor
0? 1 1
_ — Zlog ——— | 2.1.10
glj(z) 02,07, (2 0g 1- |Zz)> ( )

With this we can find the Riemannian curvature tensor:

Rijei = 2(9,7911 + 9:19x7) (2.1.11)

which gives that B¢ with the corresponding metric is a space of constant holomorphic sectional
curvature equal to —4. This space we define as Hg.
Proposition 2.1.2. The Riemannian measure on Hg is

dm,,(z)

where dm,(z) is the Lebesque measure on C™.

The quaternionic hyperbolic space Sp(n,1)/(Sp(n) x Sp(1))

Similarly to what we have seen above, the quaternionic hyperbolic space of maximal sectional
curvature equal to —1 is isometric to H.

Let Bg = {q € Q" : |q| < 1}, for ¢ = (q1, .-, qn) € Bg. Then because of the relation
g z2=(21,.,22n) (2.1.13)
where
4 = Zi + Znyilz (2.1.14)

for 1 <i <n, we see that B& =2e(C?; |z| < 1. iis a basis for Q such that
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Proposition 2.1.3. The Riemannian measure on Hg is

dmay (2)
= o (2.1.15)

The Cayley hyperbolic plane F}/Spin(9)

Despite the Cayley numbers not being associative, the Cayley hyperbolic plane with maximal
sectional curvature equal to —1 is an isometry of HZ,.
Let # = (21, ...,716), ¥ = (Y1, -, y16) € R, Also let

8

Ocala,b) =2 prl(@)pr(y) + po(2)po(y) + pro(x)p1o(y) (2.1.16)
k=1

for p;(z) as defined in [I16]. Then for 7,j € (1,..,16)
L
2 9y; 0y,

aij = 6;5(1 — |2[*)? + Deq(e,y) (2.1.17)

and

aij

gij = m (2.1.18)

16

It can then be shown that [|g;;||;5_; causes a Riemannian structure on the open ball, which is

denoted H,.

Proposition 2.1.4. The Riemannian measure on Hg, is

dx

T REE (2.1.19)

du =

For further information of these spaces and for proofs of the propositions see [116].

2.2 Compact rank one symmetric spaces

Our main focus will be on the eigenfunctions of the Laplacian on compact rank one symmetric
spaces. The choice of rank one symmetric spaces in particular is due to the fact that the
eigenfunctions of the Laplacian on these spaces are the special functions (Jacobi and Gegenbauer
polynomials). From these we can find valuable formulas.

There are also some quite notable examples of these spaces such as the sphere (S™), the real
and complex projective spaces (P"*1(R), P"*1(C)), the quaternionic projective space (P! (H)),
and the Caley projective space (P?(Cay)). These are also notable for their links to Lie groups

mentioned above; the sphere, real projective space, complex projective space, and quaternionic
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projective space are represented respectively by

S" =SO(n + 1)/SO(n), (2.2.1)
P""(R) =SO(n + 1)/0(n), (2.2.2)
P"TH(C) =SU(n + 1)/S(U(n) x U(1)), (2.2.3)
P (H) =Sp(n + 1)/(Sp(n) x Sp(1)). (2.2.4)

In addition to these spaces having equivalent forms using Lie groups, there are also links to
special functions - in particular, the orthogonal polynomials. We can see this through the involutive
automorphism of compact Lie algebras.

The sphere S™

Let
ds* =dzf+ ... +da? (2.2.5)
be the standard Riemannian metric on S™. In spherical coordinates
ds* = db? + sin?0,d0> | + ... +sin?0,,...sin” G,dO?. (2.2.6)
The Riemannian measure on S™ is defined by
dpp = sin™ 1 6, sin" "2 0,,_1...sin fodf; ...d6,,. (2.2.7)

Instead, we can create a similar structure based off the Euclidean space. We denote R” = R"U{oo}.

Now let F; = R™ and F;, = R™ \ {0}. Now introduce the bijective mapping
(bk By — R"™ (2.2.8)
for k = 1,2 with

¢1(p) = p, (2.2.9)

B peR\ {0}

p2(p) = (2.2.10)

0, p = 00.
It can be shown that the atlas (Fy, ¢x), for k = 1,2, is a real analytic structure on R”. Next, if we
let

4(5¢j
= —— 2.2.11
g J (1 + |1‘|2)2 ( )
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for z € R™, 4,5 € (1,...,n), then

2"dx
dy = ——— 2.2.12
STk (2242)
for x € R™. It then can be shown that
Rijki = 9ixgj1 — 95k Git- (2.2.13)

Thus, the following can be stated:

Proposition 2.2.1. The space SO(n 4+ 1)/SO(n) of constant sectional curvature equal to 1 is

isometric to the sphere S™ with the standard Riemannian metric on S™ or to R™ with metric

EZ1).

The real projective space SO(n+ 1)/0(n)

We start by forming the projective space. Take the equivalence relation

T~ AT (2.2.14)

for A € R\ {0} on R"*1\ {0}. We define the set of all equivalence classes to be the real projective
space of dimension n + 1, P"*1(R). It is also useful to note that for € R"*1, there exists A such
that Ax has a norm equal to 1.

It can be shown that this can be turned into a real analytic manifold. Let f = Az where

(foy s fn) = f € R\ {0}. Next, we define, similar to that in the sphere section,
Fy = {[f] € P™L(R) : fy £ 0} (2.2.15)
for k = {0,...,n}. This is a cover for P""(R) = [J;_, F. Also let
bk F, —» R" (2.2.16)

be a bijective mapping. It can then be shown that (F, ¢z) form an atlas, meaning that P"*1(R)

is a real analytic structure. We can then put a Riemannian structure onto P"™(R). Let

0ij Tix;

97 W) A+ (2247
for z € R™, i, € {1,...,n}, and let the metric be defined as
95;(p) = i (¢x(p)) (2.2.18)
for p € Fy,, k ={0,...,n}. The measure on this is
du = de (2.2.19)

(1+|ef2)*5
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for x € R™.
By calculating the Riemann curvature tensor
Rijri = girgit — kil (2.2.20)
it is seen that the sectional curvature is equal to 1. We also have that
P (R) = R" UP"(R). (2.2.21)

Proposition 2.2.2. The real projective space SO(n + 1)/O(n) of constant sectional curvature

equal to 1 is isometric to P"TH(R) with metric .

The complex projective space SU(n +1)/S(U(n) x U(1))

The complex projective space is very similar in its makeup to its real counterpart. Working on
Cn*+1\ {0}, we take the equivalence relation for A € C\{0}. The set of all these equivalence
relations is P"*1(C).

P"*1(C) can now be made into a complex analytic manifold. Let (fo, ..., fn) € C**! and define

F}, as above on P"*1(C). Also let
Gk Fy = C? (2.2.22)

be a bijective mapping. Using this we see that (F}, ¢;) form an atlas, and therefore applying that,
it is seen that P"*1(C) is a complex analytic manifold. A Hermitian metric can be applied to this

giving
9i7 = hij(2)/2 (2.2.23)

where

. 5173' B ZiZj
hij(z) = D GENEEE (2.2.24)

for z € C™. The Riemannian measure on Fj is given by

- dm,, (2)
dp = 7(1 IR NEIEEEE (2.2.25)

The Riemann curvature tensor is given by

Rijut = —2(9ij9x1 + girj) (2.2.26)

which means that P"*1(C) with Hermitian metric has constant holomorphic sectional curvature
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equal to 4. We also have that

P"TH(C) =C"UP"(C). (2.2.27)
Proposition 2.2.3. The complex projective space SU(n+1)/S(U(n)xU(1)) with minimal section
curvature equal to 1 is holomorphically isometric to the space P™"1(C) with Hermitian metric.
The quaternionic projective space Sp(n + 1)/(Sp(n) x Sp(1))

Working on H"! \ {0} with (2.1.13), we have the (2n + 2)-tuples of f = (fo,..., fan+1) Which
give rise to the class [f] = [(fo,..., fant1)]. The set of all these classes is denoted P"*1(H). In

particular, two of these (2n + 2)-tuples f and f only belong to the same class if and only if for
(A 9) € €2\ {0}

Ak = Vfpgren = fr, (2.2.28)

Mns14k +Ufy = frritk (2.2.29)

for k = {0, ...,n}.

Again, we can create a real analytic structure. Let

Fie = {[f]: 1ful® + | farr4al® # 0} (2.2.30)

for k above, and let
Ok B — C*" (2.2.31)

be a bijective mapping. Then we can say that (Fj, ¢y) form an atlas so P"T!(H) is a real analytic

structure.
Let
9a,b(z)
hi+a,j+b(z) = (1 ¥+ |Z|2)2 (2232)
where

fo,0(2) = (1 + |Z|2)5i,j — ZiZj = ZntiZn+j,
90,n(3) = Zn+iZj — Zifn+j,
On.0(2) = 2iZntj — Zntizj,

97La7l(z) = (1 + |Z|2)6i,j - Zizj - E7L+iz7z+j~
Now we define the metric

95 = hii(6(p)) (2.2.33)
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for p € Fy, i,j € {1,..,2n}. The measure on P*"1(H) with metric (2.2.33)) is

dmay (2)

— 5 2.2.34
(1+ [z[2)2n+2 ( )

du =

Proposition 2.2.4. The quaternionic projective space Sp(n + 1)/(Sp(n) x Sp(1)) with minimal
sectional curvature equal to 1 is isometric to P L(H) with metric .

For more detail and examples not linked to the spaces mentioned above, see [58, [116].

2.3 Orthogonal polynomials as eigenfunctions of the
Laplacian on compact rank one symmetric spaces

The importance of compact rank one symmetric spaces is that the eigenfunctions of the Laplacian
on these spaces are orthogonal polynomials. This creates a powerful link between classical and
contemporary mathematics.

Let A be the Laplacian on a Riemannian manifold. Then there exists an orthonormal basis ¢;

which also solves the eigenvalue problem

Ad; = N\, (2.3.1)
where \; are the eigenvalues. Further to this, we define the heat semi-group

U(t) =e '8 (2.3.2)

for ¢ > 0. This produces a heat kernel that is symmetric and smooth. We can express this by the

spectral sum

oo

H(t,z,y) = Ze_’\it¢i(x)¢i(y) (2.3.3)

i=0
for positive time, where =,y € M™. We note that is explicitly for compact spaces, as for
non-compact spaces there can be an uncountable number of eigenvalues.

Specifically for rank one symmetric spaces, the heat kernel is defined as

< mn N
L, (0)e Mt 2.34
2 Vol (O)e (2.3.4)

H(t,0) =

where A} are distinct eigenvalues of A, 917 is the multiplicity of the eigenvalue A} on M", Vol is
the volume of M™, ®; is the spherical function on M" associated with the eigenvalues, and 6 is
the geodesic between two points z,y € M™.

The spherical functions mentioned above are in fact the special functions (orthogonal
polynomials); the Jacobi polynomial (and by extension the Gegenbauer polynomial as this is a

special case of the Jacobi polynomial). With certain choices of ¢, the differential equations of the
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same name also appear. We go into more detail about these polynomials later in chapter 2 Also,

see [I3] for more detail of the above discussion on rank one symmetric spaces of this kind.
For the specific choices of rank one symmetric spaces, we listed out their distinct eigenvalues

A7, multiplicity 917, and volume Vol below:

= A e Vol
N ’L(Z +n+ 1) (21 +n— 1) (i+n—2)! o n«2)»1
il(n—1)! F("T'H)
P"(R) 2i(2i+n+1) (4i 4+ n — 1) 2420 _ap
2)1(n—1)! ey
J ] 2 n n
P"(C) i(i+n) @itn) {I;(Z’J{)T;!)} i
_ _ , ) ]
5 1¢ (2i42n+1)(i+2n) [L(i+2n) (4m)®"
P (H) i(i4+2n 4+ 1) In@n1)(it1) [ e w AR

Table 2.2: Table of A7, 97, and Vol for different choices of rank one symmetric spaces.

Example 2.3.1. Let M™ = S" be the n-dimensional sphere. For the sphere the heat kernel[2.3.7]

has distinct eigenvalues N}, multiplicity 97, volume Vol as defined in table . The spherical

function associated with this is the Gegenbauer polynomial Ci(X), For this specific case we see that
n—1

the polynomial in question has X = ;1. These polynomials are eigenfunctions of the Laplacian

on the sphere solving A®; = i(i + n+ 1)®;. Ezactly

a,(0) = S L%t (2:3.5)
¢ * (1)
where
n—1 Ti+n-1)

o:(0)=1, €7 (1)=

K3

NCESTIR (2.3.6)

Example 2.3.2. Let M™ = P™(R) be the n-dimensional real projective space. As seen above, the
Lie group representation of this space is nearly the same as that for the sphere with its components
being that of the orthogonal group. Due to this, the eigenvalues, multiplicity, and volume for
the heat kernel are very closely related too; see table [2.4 Here the special function is also the

Gegenbauer polynomial.

Example 2.3.3. Let M™ = P"(C) be the n-dimensional complex projective space. It has distinct
eigenvalues A}, multiplicity IT, and volume Vol as defined in table . The special functions
here take on the more general Jacobi polynomial. These take the form

B Pi(a”g) (cos )

o,(0) = 2 (2.3.7)
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witha=n—1 and f=0. Also

MNa+i+1)

®;(0)=1, PM(1)= L(a+1)i!

3

(2.3.8)

Example 2.3.4. Let M™ = P"(H) be the n-dimensional quaternionic projective space. For this
we have A", M7, Vol as depicted in table . Like with the complex projective space, the special

functions are the Jacobi polynomials. This time a« = 2n — 1 and 8 = 1. ®;(0) is the same and

Pl_(a,ﬁ)(l) _ 1}((227:;*)-;)

Authors such as Awonusika, Day, and Taheri have used this as a starting block for their
calculations of differential spectral identities, which can be seen in [IT] 12| 21}, 40} [39]. Some of
these use the incredibly useful Faa di Bruno formula, which finds the n'* derivative of a

composite function. As part of these calculations the Bell polynomials appear.

2.4 The Faa di Bruno formula and explicit formulas for Bell
polynomials

Within our studies, we will find Maclaurin expansions, as well as differential spectral identities on
the symmetric spaces mentioned above. For this, we use the Faa di Bruno formula. This formula
finds the n** derivative of a composite function, f(g(x)). It is an alternative formula to the Leibniz

formula and approaches it from a combinatorial prospective.

Proposition 2.4.1. Let f and g be n times differentiable functions. Then

" n @\ g™ @)\
CiTnf(g(z)) =2 kl!._.!kn!f(’“)(g(w)) (‘qf,)> (‘qn,()> (2.4.1)

where k = k1 + ... + ky, and the sum is over all partitions of n such that
ki1 4+ 2k + ... + nk, = n. (2.4.2)
Here f*)(g(z)) is the k' derivative of f(z) at g(x). Alternatively, there is an equivalent

formula using Bell polynomials.

Proposition 2.4.2. Let f and g be n times differentiable functions. Then

d'n

dzm

Flo@) =Y FP9(@)Bup(g (@), 9" (@), .g" " (2)). (2.4.3)
k=1

Here, B, i is the Bell polynomial. These are defined in (2.4.14) and (2.4.15). For more details
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and the original theory of the Faa di Bruno formula, see [46], [47].

As we can see from , Bell polynomials appear as a combinatorial element within the Faa
di Bruno formula. This is due to their appearance in the study of set partitions; because of this,
they have strong links with such objects as Bell and Stirling numbers.

The number of ways to partition a set of n elements into non-empty subsets is called a Bell

number and denoted B(n) or B,,. Let By = 1. Then

Bt = gBi (’Z) (2.4.4)

The rising and falling factorials are polynomials defined for a product. The falling factorials

(), are defined as

=[] (k). (2.4.5)

for n > 1, with (x)o = 1.

The rising factorials, also called Pochhammer symbols, are defined as

(@) =zx(x+1)...(z+n—1) (2.4.6)
= 1:[(33 — k). (2.4.7)
k=0

for n > 1, with (x)o = 1. For further reading see [128].

Two key functions in the study of combinatorics and Bell numbers are the Stirling numbers of
the first and second kind, see [38]. Stirling numbers of the first kind, s(n, k), count permutations
according to their number of cycles (where fixed points count as length one) multiplied by (—1)"~*.

These s(n, k) are more precisely called the signed Stirling numbers of the first kind, and are defined

by the coefficients of the falling factorials, so by the generating function

(x)p = Z s(n, k)z". (2.4.8)

n
k=0
Alternatively,

c(n, k) = (=1)"*s(n, k) (2.4.9)

are the signless Stirling numbers of the first kind. Stirling numbers of the second kind are defined

as the number of ways to partition a set of n elements into k¥ number of non-empty subsets. They
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are denoted by S(n, k). Stirling numbers of the second kind have a straightforward formula

k
S(n, k) = %Z(—ni (’:) (k—)". (2.4.10)
T i=0

This formula is easily calculated when knowing n and k. The generating function is defined as

=14 3" S(n, k; (2.4.11)

1<k<n

The link between Bell numbers and Stirling numbers of the second kind is
n
B, => S(n,k). (2.4.12)
k=0

In addition to this, Guo and Qi in [53] found an alternative formula for the Bell numbers using

both the Stirling numbers of the second kind and the hypergeometric series:

[

72 )RR (K +1;2;1)S (0, k). (2.4.13)

We define the hypergeometric series in (2.5.5]).

Bell polynomials appear in the study of combinatorics, and are used in the search for set
partitions. A partial Bell polynomial (also called an incomplete Bell polynomial)
By, (21, %2, ..Tn_k+1), shows us the way a set of n elements is split into k blocks. These appear
in the Faa di Bruno formula and will be pivotal in calculations throughout this thesis. From this
point on we will refer to these as just Bell polynomials.

Comtet [38], see also [9], [32], showed that Bell polynomials are a triangular array of polynomials

given by
o(t, u) =e(# Emz1 70 5) (2.4.14)
t’ﬂ
- Y Bty
El n'
n,k>0
=1+ Z *'|: Z Uk:Bn7k(.Tl,I2...xn_k+1)
n>1 s 1<k<n
or

e t'"L
> Buk(@1, 22, o0y Tngg1) (me ) . (2.4.15)

n==k

Comtet also proved in the same book that (2.4.15) could be written in what has become the more

traditional definition:
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Proposition 2.4.3. The incomplete Bell polynomial also has the form

| J1 J2 Jn—k+1
_ n! T T2 Ln—k+1

where the summation is taken over all sequences ji, jo, ...Jn—k+1 Of non-negative integers such that

these two conditions are satisfied:
Loji+je+ .t jnkt1 =k
2.1 +2ja+...+(n—k+ 1)jp_kr1 =n.
Proof. Taking ([2.4.14)) and using the series expansion of e we get
k ¢ F
u m
k>0 m>1

Next, we note that

n
(5 o) oo anr
1<i<m

— al a2 a
= g (a1, ag,...am)x] x5?. . .opm

ay+az+...=n

where a1 + as + ...a,, = n and

(a1 + ag + ...am)!
ailas!...a,!
n!

(al, as, ...am) =

Caylas!...ap,!

Combining the information above we get

- F s () () ()

! alas!... m/!
k>0 a1+az+...=k
T ay To a2 T mi
= 2 1) () -Ga)

aitaz+...=k
We see that n!/(11)?(21)?2... is the number of division into a; 1-parts, ag 2-parts and so on giving

ual+a2+...amta1+2a2+...mam (

ailas!...a,!
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n = aj + 2as + ...ma,,. Therefore

uktm TN (T2\%2 (T, \™
stw= 3 o) (F) -G

aitas+...=k

S G ) ()
- n! ailasl...am! \ 1! 2! Um!
aitas+...=k 162 m

which then implies the equality required.
O

The complete Bell polynomial B,,(z1,...,z,) is the sum of the partial Bell polynomials over

1<k<n:
Bu(@1, e n) = 3 B p(T1, o0y Tni1)- (2.4.17)

k=1

The Stirling numbers of the first and second kind are closely linked to Bell numbers which, in turn,
means they are related to the Bell polynomials as seen in [8]. For Stirling numbers of the second

kind, there exists the relationship between them and Bell polynomials:
Proposition 2.4.4. Let By, ;(21,...xm) be a Bell polynomial and S(n,k) stand for the Stirling

numbers of the second kind. Then

Bp(1,...1) = S(n, k). (2.4.18)

s

Proof. Take (2.4.14) and let ; = 1. Then

+m

¢(t, u) — e(u Zmz1 W) .
The summation above is the series expansion of e! without the first term (which is 1). Thus

ot u) =e D

:1+Z777:[ 3 WFBu(l, 1)

n>1  1<k<n
We note that (2.4.11)), giving the desired equality. O

If we instead have c(n, k), the Stirling numbers of the first kind (signless) have their own

relationship with Bell polynomials.
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Proposition 2.4.5. Let By, j(1,...m) be a Bell polynomial and c(n,k) stand for the Stirling

numbers of the first kind (signless). Then

B, (0,112 ..(n — k)!) = c(n, k).

Proof. Again we start with (2.4.14)) and substitute our values for z;. This time x,, = (m — 1)L

The summation is the series expansion of —log(1 — t).

¢(t, u) —e U log(1—t)

:elog(lft)’" _ (1 _ t)fu

This is, however, not what we want, as by the definition of the Stirling numbers of the first kind
we have (14t)". We take the definition for the Stirling numbers and manipulate it: letting ¢ = —¢

and p = —u, we get

3

(=)

n!

(1+qP =1+ > s(nk)

1<k<n
t’I’L
_ _1\n+kZ Kk
=1+ Y s(nk)(-1) —u
1<k<n
",
=1+ Z c(n,k)mu
1<k<n

where we have used the fact that for signed Stirling numbers (—1)"** = (—1)"~*. This gives the

desired result. O
Comtet also provided us with multiple useful properties of Bell polynomials which will be in
vital future calculations, see [32],

Bn’k(abml,a%x%a?’bxg, ) = a"kan’k(xhx%mg, ). (2.4.19)

The power of ([2.4.19)) is particularly evident when looking for explicit formulas for the nt" derivative
of functions like f(e”) and f(In(1 + z)). Using the Faa di Bruno formula, we need to find an
expression for the Bell polynomials involving e* and In(1 + x). These are closely linked to the

Stirling numbers of the first and second kind.
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Proposition 2.4.6. Let g(x) = e**. Then

B i(d (x), 9" (@), g" " (1)) = (£1)"e***S(n, k) (2.4.20)

Proof. Using ([2.4.19) and Proposition ([2.4.4)) we observe

Bni(g'(2),g" (), ..., " F T (2)) =B p((£1)e™7, (£1)2e™7, ..., (£1)"FHleEr)
=(+1)"e*** B, (1,1, ...)

=(£1)"e***S(n, k).

O
Similarly, we have a relationship for the logarithmic function.
Proposition 2.4.7. Let g(z) =In(1 + x). Then
Bulg (@), 9"(2), s "1 (1)) = M (2.4.21)
Proof. Using and Proposition we observe
Bl (@), (2), 67 0) =B (1 T ((Pjgiﬂffﬂ)
_El_i);): B (0L 11, )
(1) Fe(n, k)
(14 z)n
O

Qi has done extensive work on Bell polynomials and the explicit formula for different sequences

of x,,. For Bell polynomials, where x,, originate from the sine and cosine functions, we can use

Qi’s work [78] [93, [04].

Proposition 2.4.8. Let z, = (cos x,—sinz,—cosx,sinx, ..., — cos [m +(n— k:)g]) Then

—1)Fsin® z Ly 1
Busta) =S (1) L

=0

X zl:(—l)q (é) (2¢ — )" cos ((2q — Dz + W) (2.4.22)

q=0
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Proposition 2.4.9. Let z, = ( —sinx, — cosx,sinx, cos x, ..., — sin [x +(n— k)g]) Then

Box(n) :(71)’“];!:05’C z zk: (2(co?ﬂlc)l <I;) Zl:o <;) (2¢ — )"

1=0 a=

X COS ((Qq Dz + ”—;) (2.4.23)

A useful result of Propositions [2.4.8 and [2.4.9] is when we let z = 0. This will be of particular
use when finding Maclaurin expansions. In chapter [l we do this for composite hypergeometric

series.

Corollary 2.4.1. Let z, = (1,0,—1,0,...sin((n — k 4+ 1)7/2)). Then

—1)k n— k) <
bilsinz] =By k(2,) = (k:él cos (( 2k) ) Z(—l)q (S) (2g — k)" (2.4.24)

q=0

Corollary 2.4.2. Let x, = (0,—1,0,1,...cos(n — k + 1)7/2). Then

brlcosz] =By, i (zn) = (_kl!)k cos (%) Z (_;)l (l;) Xl: ((l]) (2 —0)". (2.4.25)

k
=0 q=0

We have used the notation b} (x,,) = By k(2n)|z=0-
Another formula of interest is the Bell polynomial for g(z) = 2. A formula for this was given

by Qi in [78] [05]. We start by noting that
By x (%), (z®)", .., (x®) kD) = ghea=np o ()1, ()2, ...) (2.4.26)

where (a),, are the falling factorials.

Proposition 2.4.10. Let z,, = (z®)™). Then

1k E
B (), (z)", .., (z*)"7F+D) _ o kll) Z(—I)Z(ID (al)y. (2.4.27)

When calculating b7 (z®) = B, x(2*)]z=0, we only get a value for the Bell polynomial when

n = ak. Hence, we come to the following Corollary.

Corollary 2.4.3. Let x,, = (z*)™). Then

(GO SN MY n, N=a
bZ(ma”ac:O: k! Zl:O( 1) (l)< l> Ly k (2428)

0, n # ak.
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2.5 Hypergeometric series and their matrix forms

The Gauss hypergeometric function (often just shortened to hypergeometric function) o F(a, b; ¢; 2)
is a series function defined on the unit disk. It is classed as a special function and we later see that
it has links to the other special functions, namely the orthogonal polynomials, mentioned above.

If |2| < 1 and a,b,¢c € C with ¢ not a non-positive integer then the hypergeometric function is

defined as
F b; E 2.5.1
2 1 a, C; Z - C k'7 ( )

where (a),, are the rising factorials.

The hypergeometric function is also a solution to the differential equation
2(1=2)w"(2) + [c— (a+ b+ 1)2]w' (2) — abw(z) = 0. (2.5.2)

This equation, which is named after Euler, has three regular singular points at 0,1,00. Using
the Frobenius Method with w(z) = >°7° ;0,2", we can determine that the following relationship

stands:

(nta)ntb) (2.5.3)

T D+

With this, (2.5.1) falls out immediately. The hypergeometric function also has a useful recursive
formula:
d" (@)n(b)n

—Fi(a,byc;2) = o

o oF (a4 n,b+n;c+n;2). (2.5.4)

The generalised hypergeometric series, of which the Gauss hypergeometric function is a special

case (when p =2 and ¢ = 1), is defined for a = (a1,...,a,) and b = (by,...,b,) as

> k
k k Z
p a b Z kE q k F (255)
=0

In relation to convergence, it is seen that
e if p < ¢+ 1, then the series converges for z finite,
o if p =g+ 1, then the series converges for |z| < 1 and diverges for |z| > 1,

e if p > g+ 1, then the series diverges except for when z = 0,
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e if p=¢g+ 1 and

Re(Zbi - Zaj) >0, (2.5.6)

then the series converges for z = 1.

Also, if any a; is non-positive then the series converges to a polynomial. If any b; is non-positive
then the series is undefined except for when —b; < a;. For more information about the
hypergeometric series, and in particular convergence, see [73, [128].

Jodar and Cortes discuss the hypergeometric matrix function for p = 2 and ¢ = 1 in [68]. This

takes a similar form to 2.5.1}

o0 Zk
2F1(A, B; Cr2) = Y (A(BIk(O) ' 55 (25.7)
k=0

for A, B,C € C™ " such that C' + nl is invertible for integers n > 0. They also showed that the
series converges.

The Pochhammer symbols for matrix inputs take the form

(P)y = P(P+1)..(P+ (n—1)I) (2.5.8)

for integers n > 0 and (P)o = I.

Proposition 2.5.1. Let A, B,C € C"™" be positive stable matrices such that

B(C) > a(A) + a(B) (2.5.9)

where

a(X) = max{Re(z) : z € 0(X)}

B(X) = min{Re(z) : z € o(X)}.

Then is convergent for |z| <1 and absolutely convergent for |z| = 1.

A, B, and C are defined as being positive square matrices in Proposition A square matrix
is a positive stable matrix if every eigenvalue has positive real part. Here, o(A) for A € C™*™ (the

spectrum) denotes the set of all eigenvalues of A.

Proposition 2.5.2. Let C € C™*" be such that C + nl is invertible for integer n > 0 and
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CB = BC. Then F(A, B;C;z2) is a solution to
2(1=2)W" —2AW' + W/ (C — 2(B+ 1)) — AWB = O. (2.5.10)

on 0 < |z| <1 with o F1(A, B;C;0) = I.

Remark 2.5.1. Please note that within the paper by Jodar and Cortes [68], there is a typo in the
introduction when stating (2.5.10) with the derivative on the W'(C'—z(B+1)) not present. Within

the proof this error does not appear.

This can be extended to the hypergeometric series for A = (A1,...,4,) and B = (B1,...,By):

W(A;B;2) ZH H[(Bj)n]*l%. (2.5.11)

n=01:=0 7=0

The convergence of this series is closely connected to the scalar case. In [I06] convergence was

shown; this is also discussed in [I]:

if p < g, then the series converges for z finite,

if p=q+ 1, then the series converges for |z| < 1 and diverges for |z| > 1,

if p > g+ 1, then the series diverges except for when z = 0,

if p=qg+1, and if

> a(4) > > B(B;) (2.5.12)

then the series is absolutely convergent for |z| = 1.

We next use a matrix argument X in place of the complex argument z and look into the resulting
hypergeometric series. This appears frequently within the literature on statistical distributions of
random matrices. These matrix arguments take the form of symmetric matrices parameterised
over a single parameter o > 0:

oo
(al)g.“(ap)g
(a;b; X) 2 7(X). 2.5.13
=22 Gty ) (219
k=0 ¢
The second summation is over the set partitions € of k, the parameters a;, b; are complex numbers,

Zg(X) is the normalised Jack function, and (a;)§ is the generalised Pochhammer function

:ﬁﬁ(ai_G;lJrn_l). (2.5.14)

e=1n=1
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See [45] for more information on the generalised Pochhammer function. The Jack function is a

family of orthogonal polynomials, where
I (a1) = 281+ @)..(1 + (£ = 1)a) (2.5.15)
and

Je(a)(xl, ey L) = Z Jé(a) (21, ooy T2l By, (2.5.16)
w

where f, is a function depending on the partitions of p, skew partitions £/, and the Young
diagrams.

The function Zg(X) is the normalised Jack function, which is related to the Jack function by

2 (x) = MJS”(X) (2.5.17)

Je

where

je= [ (¢ —i+oat—j+1)E —i+1+alt—j). (2.5.18)
(i,5)€t
Here, the product (i,7) € € refers to the boxes of the Young diagram of the partition ¢, ¢ being
the conjugate partition to &.

The series converges for all X if p < ¢, and for || X|| < 1if p = ¢+ 1. Here we have || X]
denoting the maximum of the absolute values of the eigenvalues of X. When m =1 and a = 2
this reduces to the hypergeometric series.

The value a changes depending on the area of study. For example, in the theory of real random
matrices, a = 2. In some literature, § is also used instead of . More information on this version
of the hypergeometric function can be found in [51], 52] 87].

In the following sections, we make use of the Gamma function. For positive integers, the
Gamma function is a factorial function I'(n) = (n — 1)!, but for complex entries the function can

be written as an integral:
oo
I'(n) = / t" et dt, Re(n) > 0. (2.5.19)
0

Jodar and Cortes defined the Gamma function for matrix inputs in [67]. Let P € C"™*" such that
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Re(z) > 0 for all z € o(P). Then
I'(P) = / th=Te=t at, tF=1 = exp((P — I)In(t)). (2.5.20)
0

The Beta function is a symmetric function, closely linked with the Gamma function. For complex

scalar functions z,y € C, whose real part is positive, we define B(z,y) via the following integral:
1

By = [l a- 0 (2.5.21)
0

for z,y € C such that Re(z), Re(y) > 0. The Beta function and the Gamma function are connected

by the following formula:
B(z,y) = H@)ly) (2.5.22)

In [69)], it is shown how one can extend the Beta function to accept matrix inputs. Let A, B €

C"™*" such that Re(z) > 0 and Re(w) > 0 for all z € 0(A4) and w € o(B). Then
1
B(A,B) = / tA=I (1 —t)B T ar. (2.5.23)
0
We can relate the matrix versions of the Beta and Gamma functions by
B(P,Q) =T(P)YT(Q)T (P + Q). (2.5.24)

Jodar and Cortes also give the following relationship, linking the Pochhammer function and the

Gamma function for matrix inputs:
P(P+I)..(P+(n—1)DT"YP+nl)=T"(P). (2.5.25)
Provided that P + nl is invertible, the above can also be written as

P(P+1)..(P+(n—1)I)=T(P+nlT}P). (2.5.26)

2.6 Orthogonal polynomials and their matrix forms

The study of orthogonal polynomials dates back to the work of the Russian mathematician
Pafnuty Chebyshev. Further study continued throughout the 19th century by other noteworthy

mathematicians of the time: Gauss, Jacobi, Hermite, and Markov, amongst others.
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Orthogonal polynomials, p(z), are a class of polynomials over a scalar range which obey an

orthogonal relationship with a given weight. These follow the relationship:
b
[ e @pn@pa(e)is = 51.0C. (26.1)

Here the weight function w(z), the range [a,b], and the constant C, correspond to a given
polynomial. Further reading on these can be found in [45] 109] but we do explain further in the
following sections. = We are primarily interested in the Jacobi, Gegenbauer, and Hermite

polynomials. The integral interval, weight function and constant for (2.6.1) are listed in the table

below.
Polynomial p(x) Interval w(z) Cp
2172>‘7TF(11+2)\) £
Gegenbauer [—1,1] (1—a2)> 2 Gy or A£0
i—g for A=
Hermite (—00, 00) e’ Vm2"n)
Jacobi (-1,1) (1-2)*(1+2)° X
Table 2.3: Table of interval, weight, and C), for orthogonal polynomial.
Here X is:

2oL Pln4+a+1)I(n+ B+1)
C2nta+B+1 nT(n+a+pB+1)

In particular, the Jacobi and Gegenbauer polynomials (where the Gegenbauer is a special case of
the Jacobi fora ==\ — %) are eigenfunctions of the Laplacian on rank one symmetric spaces.
With certain choices of the variable t, differential equations of the same name appear for which

the solutions have representations using the hypergeometric function.

The Jacobi polynomial

The Jacobi polynomial was first introduced by Carl Gustav Jacob Jacobi and occurs within the

study of rotational groups. Rotational groups consist of orthogonal matrices with determinant 1.
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For n, o, B we define the Jacobi polynomial in the following ways:

E;}Tz:; (1—2)(1+ m)_ﬂ% (1= @) (14 @)

_ Tla+n+1) " /n\T(a+B4+n+m+1) fz—1\"
_n!F(a+6+n+1)Z(m) L(a+m+1) ( 2 )
(a+1),

=R (—nl4+a+B+na+1;5(1—2). (2.6.2)

P () =

m=0

Moreover these polynomials appear as the eigenfunctions of the Laplacian on the rank one
symmetric spaces. Specifically this is the case for the complex, quaternionic, and Cayley projective
spaces when a = N —land 8 =0, a=2N —1and =1, and o = 7 and 8 = 3 respectively.

Further to this the Jacobi differential equation
1=y () +[B—a—(a+B+2)z]y(z)+n(n+a+B+1)y(x)=0 (2.6.3)

is obtained when ¢t = cos# in the eigenvalue equation for the complex projective space. This has

the solution

1
y(x) = CroFi(—nn+1+a+ 61+« 5(33 —-1))

1
+C2%(x— 1) % Fi(-n—a,n+ 14+ 5;1 — o 5(1 — 1)), (2.6.4)

for constants Cy and Cs.
The formula and relationships above are for scalar inputs «, 3, and variable x. Jodar et al.

[43] took these definitions and found the relationships for matrices A and B.

Proposition 2.6.1. Let A and B be matrices in C"™*" satisfying Re(x) > —1, Vx € o(A), and
Re(z) > —1, Va € o(B). For any natural number n > 0, the n'* Jacobi matriz polynomial P/B (z)
1s defined by

PP (x) :zn: (Z) %F(A + B+ (n+k+1I)
k=0

T Y A4+B+(n+1D)DI(B+ n+ )N YB+ (k+ 1)1 +z)*

_=n” . 14z
— F(A+B+(n+1)1,—n1,B+I,T)

THB+ DB+ (n+1)I)
:%F(A+B+(n+1)]7 —nl:B+1I; I—Tx>
TTH A+ DA+ (n+ 1D)I). 205
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Then PB(x) satisfies the differential equation

(1 —2*)Y"(z) +2Y'(z)B — (A+ B+a(A+ B+ 21))Y'(z)

+n(A+B+(n+1)I)Y(x)=0 (2.6.6)
for —1<z<1.

Jodar and Defez also presented the Rodrigues’ formula for matrices A and B.

Proposition 2.6.2. Let A and B be matrices in C™*" satisfying Re(x) > —1 Vo € o(A) and

Re(z) > —1Vz € o(B). Then for n € Z°F the Jacobi matrixz polynomials are defined as

PAB(g) = (=" (1—x)" (1 + x)_Bjx—nn

2nn!

(1 — )4+ (1 4 x)B+"’} . (2.6.7)
Before we can prove this outright we need first a lemma.
Lemma 2.6.1. Let C, D € C™", with D positively stable, BC' = CB, and
C—D+klI and C+EkI (2.6.8)
are invertible for all non-negative integers k. Then for |t] < 1

—t
o1 (—nl, D;Cit) = (1 — 1)y ( —nl,C — D;C; 17_t) (2.6.9)

Proof of this lemma can be found in [42]. Now we finish off the proof of Proposition which

was first stated in [43].

Proof of Proposition[2.6.2 By using Proposition and Lemma 2.6.1

1+x)

—1)"
P,(lA’B)(x):( )F(A—i—B—i-(n—i—l)I,—nI;B—i—I; 5

n!
xI™YB+DT(B + (n+ 1)I)

_1)»
:(277,72] (1_$>n2F1(—nI,—(A+n[);B+I;

xI™Y B+ DI(B+ (n+ 1))

x+1)
r—1

=g (= X et DB+ 00 ()
(1)

- (3) -+ mDel(B + D1+ )0 24 ),
where (—n)j only takes non-zero values for k& < n. We also note that

(—(A+nl), = (—1)*(A+ nl)y.

49



Then we have

%(1 — x)(A+nI) — <_1)k(A + n[)k(l _ .Z’)A(l _ .Z‘)n_k

and

dn—k

()P = (B4 D) (B4 Da(l+2)° (1 + )",

Using these we can rewrite the Jacobi matrix as

PAB) () :(—1)."(1_:3)_,4(1_'_96)_3 n (n>dk(1_x)(,4+n1)

2nn! k) dx*
k=0
"t (B+nl)
X Tk (1+x)
which by definition is the same as that of Proposition [2.6.1} O

The definitions of the Jacobi polynomials above were then extended to the multivariate case
by Tagdelen, Cekim, and Aktag [114].

The scalar recurrence relation for the derivatives of the Jacobi polynomial is known to be given
by

dF
—Plf)(g) =

F(a +68+n+1+ k’) (at+k,B+E)
dek n P

2k (a+B+n+1) "k

(). (2.6.10)

Cekim, Altin, and Aktag also found a recurrence relation for the derivatives of the matrix

polynomial in [29]:

d* NI+ A+B
TP () = ((n + );; * )’fpfjk“v““(x). (2.6.11)

Jodar and Defez also show that the matrix Jacobi polynomial is an orthogonal polynomial. For
this they set the matrix weight function to be W (x) = (1 — )4(1 + z)® and

2A+B+I

Cn=—1 T(A+B+2n+1)I YA+ B+ (n+ 1)),

xT'(B+(n+1)DIA+ (n+ 1)) I YA+ B+ (2n+2)I). (2.6.12)
To prove this they make use of Lemma [2.6.2]

Lemma 2.6.2. Let A and B be defined as above with AB = BA. Let Q(z) be an arbitary matriz

polynomial. Then

Jim (1 2 (1 —2)2 1+ 22)BQ(x) =0 (2.6.13)
Jim (1- 21— 2)2 (1 + 22 PQ(x) =0. (2.6.14)
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The Gegenbauer polynomial

The Gegenbauer polynomial is a specific case of the Jacobi polynomial when o« = g = \ — %

Under a normalisation condition, these are equivalent to Ultraspherical polynomials. For n, A the

Gegenbauer polynomials are defined as

— (2/\)71 P(A—1/2,>\—1/2)(x)
A+ "

(=)' TA+ T (n+2))

2l TRAOD(A+n+3)

20 ) 11—

O ()

(1- mQ)_)‘H/Qdd—n [(1 _ x2)n+)\—1/2:|
xn

n! 2
[n/2]
F _
= Z kM(Zx)”_%. (2.6.15)

ANEl(n — 2k)!

The differential recurrence relation for the Gegenbauer is defined by
d » A1
d—Cn (x) =2X0C 7 (), (2.6.16)
x

which can be extended to

jx—mmcg(x) = 2" (N CoTm (2). (2.6.17)
For more information on scalar Gegenbauer polynomials, see [g].

From the works [41}, 102], we can find formulas similar to those in but for matrix inputs.
These hold a close resemblance to the scalar cases. For any complex matrix D, the Gegenbauer

matrix polynomial is defined as

n/2

(=D)*(D)n- n—2
O (@) = 1; Kl(n — 2k)!k (2"
- %F(—n[,2D+nI;A+ 1 %)
_ (71)”(23) F(—nl,2D+nl; A+ I ! Zx ). (2.6.18)

The matrix case has an equivalent differential recurrence relation similar to that of (2.6.16[) and

(12.6.17)):
d _.p D1
%Cn (x) =2DC, " (x) (2.6.19)
and for0<r<n
d" D r D+rl
T C, (z) =2"(D),C" " (x). (2.6.20)

The Rodrigues’ formula for the matrix Gegenbauer polynomial is seen in [41].

Proposition 2.6.3. Let D € C™*" such that k € (D) for every integer k > —1 and Re(z) < —1
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Vz € o(D), then

D dn D
Do\ — =171 _ 2y2+1 _ 2\ =2 +(n-1)1
CP(a) = KM (1—a?) B4 [(1 2?) } (2.6.21)
forn e Z% and ko =1 or forn>1
(—1)npl28C-b
_ _ _ 1 - .6.
K, 7 270 ((2n — 3)I — D)((2n — 1)I — D)S,, (2.6.22)
and
D I+D
_r2(_ P ~1_ _
Sn—l“( 2+nI)I‘ ( D+n1)( : )n
e D I+D
 [(=D — I),] 01 ( - 5)1“( - T) (2.6.23)

Above we have used
I'?(x) = T'(z) x T'(x).

The scalar case saw that the matrix Gegenbauer polynomial is a special case to the Jacobi
polynomial. Defez showed that this is also the case for the matrix inputs. This happens when

D
A=B=-5 -1

P,z (x):(;izzl K, CP () (2.6.24)

The Hermite polynomial

The Hermite polynomial is a solution to the Hermite differential equation. The Hermite differential

equation is obtained using the Ornstein-Uhlenbeck operator:
v (z) — 22y (z) + 2)\y(x) = 0. (2.6.25)

The solution is obtained using a series method and

1.1
Y = a01F1( — Z)\’ §;x2) + agH% (Jj) (2.6.26)
for
2n — A
g = — 2.6.27
T ) )" (2.6.27)
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See [10], 18, [72] for further detail. The Hermite polynomial H, (z) is expressed using the following

way

dx
B n_,
(—1)2 "
! _—
"2 (- for even n,
e (2.6.28)
- (—1)"7 !
nt Z '(21:)2l+1 for odd n.

) (21 +1)! (252 1)

We can also define the Hermite polynomial for odd and even terms separately by using the

confluent hypergeometric function [26]:

2n)! 1
Ho () =(~1)" ¢ :;) VR (=i 5ia?)), (2.6.29)
Hopyr (z) =(—1) szlFl( ni i ) (2.6.30)
The recurrence for the derivative of the Hermite polynomial H) (x) = 2nH,_1(z) can be
extended to
dm 2Mnl
—H, =—FH, .(x). 2.6.31
(o) = T (o) (2631)

Once again Jodar et al. extended the Hermite polynomial to cases involving matrices. These
are second order and have a second dependency on a matrix A, see [60, [69]. Here they define the

Hermite matrix polynomial of the second kind with dependencies on a variable x and matrix A.

Proposition 2.6.4. Let A € C™*" with Re(x) > —1 Vz € o(A) and x € C. For any natural

number n > 0, the n*" second order Hermite polynomial H,(x, A) is defined by

n/2 k n—2k
B (=1)*nl(zv2A)
H(e, 4) =3 Kl(n — 2Kk)!
k=0
2 dar 2
_ T A/2(_1\n —n/2 —x~A/2
e A1) A/2) { e ] (2.6.32)
Then H,(x,A) is a solution to the differential equation
Y (x) — 2AY'(z) + nAY (x) = 0. (2.6.33)

It is important to note that we have used the definition of the square root of a matrix 24 as
V2A = ea:p(%log(QA)). This follows from the definition given in [I00]. This formula has a similar
form to 2.6.25

The Hermite matrix polynomial is an orthogonal matrix polynomial only when we let the
matrix dependency A be Hermitian. This happens with the weight function W(z) = e_ATm2 with
C, = 2"nl(2rA~1)2.

As with the scalar case, there exists a recurrence relation for the derivatives of the Hermite
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Matrix polynomial shown in Metwally et al. work [83]:

%Hn(w,A) =nV2AH, 1(z,A). (2.6.34)

2.7 Formulas for orthogonal polynomials and their matrix
forms using Bell polynomials

In this section we shall look at two different methods to calculate an explicit formula for the
orthogonal polynomials; Gegenbauer, Legendre, and Hermite polynomials. Both methods use the
Faa di Bruno formula to find these formula.

Qi and Guo in unpublished work, ’Some properties of the Hermite polynomials and their squares
and generating functions’, use the Faa di Bruno formula with the generating function of the Hermite
polynomial to obtain a formula. In their method the important analytical step is the same as Qi
used in finding the Bell polynomial for the sine and cosine functions mentioned above.

Our aim for this section is to find new formula using Qi’s and Guo’s work for the Gegenbauer
and Legendre polynomials. We also introduce of our method which uses the Faa di Bruno formula
on the Rodrigues’ formula. We finish off this section by producing formula of this type for the
matrix polynomials for the Hermite and Gegenbauer polynomial.

Before stating any theorems, we state the following by Qi and Zheng [96];

(2n — 1! for k = §
Bn,k(x7 17 Oa ) = %132167“ for n Z k > %[TL — %] (271)
0 otherwise

for

azk—1,0 =[(2k — 3)11J?
agk1 =[(2k — 1)1

Qk+1,k :(Zk — 1)”

(n+k—2)l(n—1)!
gn—h-2]

(2.7.2)

Qn,k =

This is a fairly unfriendly looking formula which was later refined by Qi and Guo in [94];

Bp(2,1,0,...) = % (Z) (n f k) p2kn, (2.7.3)

First we find the alternative formulas using the Rodrigues’ formulas.
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Proposition 2.7.1. Let n € N and X € R then the Gegenbauer polynomial can be defined as

= (n — DI(-2)* n—=~k) (n
C’r(z)\) (.’L‘) — An Z ((n++)\)\ 25'( 2))' (1 _ xZ)n—k( 2n7];3)' (k> (n ﬁ k) x2k—n (274)

where

(2.7.5)

Gk (+%>(+2/\)
T2l TEOT(A+ 1+ 3)
Proof. Taking the Rodrigues’ formula we note an n** derivative. Focusing on this, we can use the

Faa di Bruno formula:

n

dar o ol o
= —z?) :Zma — 222 * B, p(=22,-2,0,...)
k=0 ’

n

-y (0“(1 —2?)*F(=2)* B, i (2, 1,0,...).

= (o — k)!

We combine this with « =n + A — % and |D Then by substituting back into the Rodrigues’

formula gives the desired result. O

The Gegenbauer polynomial is a specific case of the Jacobi polynomial when a = g = A — %
Another polynomial of interest is the Legendre polynomial. This polynomial is also a specific
case of the Jacobi polynomial for o and S equal to zero. The Legendre polynomials also have a
Rodrigues’ formula , and we can produce a new formula for these in the way we have done
for the Gegenbauer above.

(- v

S dx—n(l —2%)". (2.7.6)

Pp(z) =

Proposition 2.7.2. Let n € N. Then the Legendre polynomial can be defined as

"L (1) (—2)k n—k)(n
Pu(z) =) (2n1()n (_ ]f))' (1 — a2y ZH_’Z)' <k> <n f k)w%”. (2.7.7)

k=0

The proof is near identical to the Gegenbauer case so is omitted from the text.

Proposition 2.7.3. Let n € N. Then the Hermite polynomial can be defined as

H,(z) = zn:(_1)"+’f(2)k (”2;’;)! (Z) <n ﬁ k) g2h—n, (2.7.8)

k=0
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Proof. Taking the Rodrigues’ formula for the Hermite polynomial we observe an n'" derivative.

H,(x) :(—1)”6“2 (%)ne_:”2

n

=(-1)"e”" > e By p(~22,-2,0,...)
k=0
n

=(-1)"e"" e (~2)* By i(x, 1,0, ...)
k=0

n

=3 (1)) By (. 1,0, )

k=0

Using formula (2.7.3]) gives the desired result. O

Now we move on to the method used by Qi and Guo. This takes the generating function and
finds the m!" derivative with respect to t. Then by sending ¢ — 0 we can rearrange to find a

formula for the desired polynomial.

Proposition 2.7.4. Let n € N and A € R. Then the Gegenbauer polynomial can be defined as

O () = Z <—1)';<!1;!+ A)! (n2 ;'Z)! (Z) (n ﬁ k)xk (2.79)

k=0

Proof. We start by taking the n*" derivative of the generating function using the Faa di Bruno
formula
— d™ dm
= ™) n_% 1 _ 2y—A
7;) T OO (@)t == (1= 20t + £7)
o0 ' m
Wy nm _ _ B 2N —A—k
> M (x) o m)!t = B i(—27+2t,2,0,..)(1 — 22t + 17
n=0 k=0
(—=1)*(k + \)!
S VR
Sending ¢ — 0 we note that the only non-zero value on the left hand side is when n = m. Thus,

with the assistance of (2.4.19)) we can state that

LN (—=1)F(k+ \)!
nlCM () = 2By, k(—1, 1,0, S0
k=0
Using (2.7.3)) gives the desired result. O

Proposition 2.7.5. Let n € N. Then the Legendre polynomial can be defined as

Py(x) = ni (=D (3),2 (T;H__IZ)! (Z) ( F k) g2k, (2.7.10)

| —
n! n
k=0

Proof. Again we take the m!" derivative of the generating function with respect to ¢t but to make

the calculations easier we note that by first taking the integral, this produces a function that can
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adopt the method of using the Faa di Bruno formula.

x—t :i/ x—t a
(1— 2wt +12)3/2 " dt | (1— 22t +12)%
d 1
Tt (1 - 22t +12)%

Then

dm & dm+t 1
- P, ()t =
dtm n:1n n($) dtm+1 (1 — %0t + tQ)%

3 n! n—m-—1 sy (_l)k(%)k
2 o @ = S e e B k(2 262,00,
n=1 ’ k=0 \* T

Sending t — 0 it follows by the same logic as above that the only value other than zero is when

m =n. So
P, (z) :Tf(—m(l) % B 1 (~,1,0,...).
k=0 27k 7 Y
Using and gives the desired result. O

The above method unfortunately doesn’t work for the Jacobi polynomial due to it taking the
form of f(x)g(z) instead of f(g(x)). What we can do however is use the higher derivatives Leibniz
rule. For a set of functions f;(x) for 1 < < k, the n!* derivative product of f;(z) is defined as

k (n) n k
(Hfi(x)) > ( o ) 175 @) (2.7.11)
Py it 025 k)

where

|
J1s 025 -0 Jk Jilgal.. k!

In our case with the Jacobi polynomial, k = 2. Specifically for this, we have

d" " /n _
T f(@)g(2) = > ( k) FOR) ()™ (z). (2.7.13)
k=0
Proposition 2.7.6. Let n € N and o, 8 € R. Then the Jacobi polynomial can be defined as
- —1)2n=F (a4 n)! (8 +n)! _
Ped @) =5 (M) 1— )k 1+ o)k, 2.7.14
n (@) %(k @) k- Gy ) (2714)
Proof. We start by looking at the derivatives:
di o a+n B4n)| _ - n dnik o a+n ik B+n
dz" {(1 7)1+ ) ] N Z k [dw"—k‘ (1-2) ] [dw"' (1+2) ]

k=0

- ki;g (Z) [(_1)nk(n(izi)ﬁ!l)!(1 - x)"“rk] [M(l + x)BJrnfk]

57



Placing this into the Rodrigues’ formula we see that

- a s

“@ap 1 A+ 2 (Z) [ (n(azn)i)l (1-a)""*]

(1= @)t (14 @)

(B+n)!
@l ki z)" (k — 1)

1+ x)"_k.
O

Since there exists the Rodrigues’ formulas for the matrix orthogonal polynomials for Gegenbauer
and Hermite polynomials, thanks to the works of Jodar, Defez, and Company, we can use the ideas
used for the scalar case to develop the same formulas. We note that even though the Faa di Bruno
formula is for scalar x, this does not affect our use of it since we are taking the derivative to the
variable x and the matrix arguments are constant. We do need to note two extra properties. The

first is for use with the Gegenbauer matrix polynomial:

k -1
C‘l%tm*m” =(A+Dm [(A + I)m_k} AT M=k (2.7.15)

For the Hermite polynomial we use the properties of the matrix exponential

%etx = Xe* = XX, (2.7.16)

for a scalar variable ¢ and a square matrix X.
If f(z) and g(x) are holomorphic functions on an open set  on the complex plane, A, B € C™*"

where 0(A),o(B) € 2, and AB = BA then

f(A)g(B) = g(B)f(A). (2.7.17)

Proposition 2.7.7. Let D € C™*" such that 0 € o(D) for every integer 8 > —1 and Re(z) < —1

Vz € o(D). Then

CP(z)=K;'(1— 2?5+ zm: ( - g + I)n—l {( - % + I)n_l_k} -
k=0

X (1 — 22)~BHn-1=R1 gk (r;n_f;)! (Z) (n ﬁ k) g2kn, (2.7.18)

If (g + I) and ( —L4(n-1- k)]) commute, then using (2.7.17) the following holds:

m

cPw =it - (- g [(-5en), ]
k=0
x (—2)* (T;;l;)! (Z) (n ﬁ k) g2kn, (2.7.19)
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Proof. We start by focusing on the differential part of Rodrigues’ formula for the matrix

Gegenbauer. Using the Faa di Bruno formula with (2.7.15) we observe

et e e (-G [(-Fen) ]

x (1 —g2)"7+n=1=RIp (22 —20,..).

By rearranging, this gives (2.7.18). Now if —% +1I and —% + (n—1—k)I commute we can simplify
the bracketed x terms to give (2.7.19)) O

Proposition 2.7.8. Let A € C"™*" with Re(xz) > —1 Vz € 0(A) and x € C. Also let 0(A) C C.

Then for any natural number n > 0, the n'" second order Hermite polynomial H, (x, A) is defined

by

NE

Hy(x, A) = (—1)”*’“2’“(?)16_%% <Z> <n f k)xz’f—”. (2.7.20)

Proof. Taking the matrix Rodrigues’ formula we observe

)= (3) [

_n N d
—e" % (— ( ) ’ Zd— "% |, _y2Bui(—22,-2,0,...)

- ( ) 32_: %( ) (—2)% B 1(z,1,0,...).

b
I

0

We next note that both ¢X™ and X’ are holomorphic functions and assuming that o(A4) C C we

can use (2.7.3)) and can rearrange the above to get the desired result. O
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Chapter 3

Differential spectral identities for
orthogonal polynomials and

hypergeometric functions

As we have seen already, the Jacobi polynomial (and by extension the Gegenbauer polynomial)
are closely linked to rank one symmetric spaces due to themselves being the eigenfunctions of the
Laplacian on these spaces. Awonusika and Taheri in [I1], 12] showed differential spectral identities
for the Jacobi and Gegenbauer polynomials. These look at even derivatives of the polynomials and
find sums of integar powers of the eigenvalues of the respective operators. These identities were
then computed using the Faa di Bruno formula with Bell polynomials in the end product by Day

and Taheri [40]. Day and Taheri then introduced the differential operator
Ly =Y Pn(d/d0) = po + p1d/d6 + ... + pyd" /dO™ (3.0.1)
where
Py(X) =po+ p1X + ... + py X~ (3.0.2)

for (N > 2). With this they found an identity for the Gegenbauer polynomial [39]. Bond and
Taheri then formulated a similar identity for the hypergeometric function [21].

In this chapter we follow the work of Taheri et al.. Our work consists of specialising their work
for the Hermite polynomial, in particular, formulating a differential spectral identity for the even
Hermite polynomial seen in Proposition [3.2.2] This is an important discussion as the Hermite
function is an eigenfunction of the Fourier transform. Our next goal is to look at spectral identities

for the hypergeometric form of the Hermite polynomial. This is achieved in Theorems and
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9.0.2)

The final part of this chapter is concerned with continuing the work of Taheri et al. and
extending it to find a identity for the differential operator £, on the matrix hypergeometric
function. This is achieved in Theorem [3.3.3

To start this section we look at Maclaurin expansions of composite hypergeometric series. This
produces useful results linked to the ones mentioned already. We find Maclaurin expansions for
the composite hypergeometric series in Proposition [3.1.1] before looking at the case when we have
A1, ..Ap and By, ..., By, seen in Proposition @ We also find a formula for the hypergeometric

function for matrix input. We do this in Proposition [3.1.3]

3.1 Maclaurin expansion of composite hypergeometric

series

As seen in (2.6.2), (2.6.15)), (2.6.29), (2.6.30), the orthogonal polynomials (Jacobi, Gegenbauer,

and Hermite) have hypergeometric series representations. Specifically, the Jacobi and
Gegenbauer polynomials are hypergeometric functions, and the Hermite polynomial is a confluent
hypergeometric function.

The hypergeometric series , Fy(a1, ..., ap; b1, ..., by; ) has the Maclaurin expansion (2.5.5)). This
is for a single variable z. Our aim in this section is to develop this into the more interesting case
where in place of the single variable we have a function f(z). Motivation for this comes from the

hypergeometric series representation of the orthogonal polynomial.

Proposition 3.1.1. Let f(z) € C*°(R) such that f(x) is finite and f(0) = 0. Also let p < g+ 1.
Then

F, . . _ — Hf:l(ai)k Ton
pFa(an, s ap;by, b fw) =14 ) ) 2= t2 = hi(X), (3.1.1)
j !
where X = (f'(z), ...~ F D (2)) and b} (X) = By x(X)z—o-
Proof. Using the Faa di Bruno formula and the series expansion of the hypergeometric series:
d" " R
dx—onq(al, ey Api b1,y by f()) = Zqu (@1, ey Qp3 b1, ey by f(2)) Bt (X)

_ n oo (@1)s s (Gp)i (f(x))l—k:
_kz::l; (B1)5s s (bg): (i — ) Bnx(X),

where X = (f'(x),...f %+ (z)). When we let + = 0 the summation only takes a value when
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1 = k. So we observe

dr g
T Falan ity b F(0) = Y Mbn(m.

Then the Maclaurin series expansion is written as

PF‘I(a’h-"ﬂa’p;bh'“ b :1+ZZH<G/17))IC n(X)i

n=1k=1

Explicit examples and special cases

Providing we know the Bell polynomial for f(z) when x = 0, we can find the series expansion
for the hypergeometric series of a given function. The chosen functions have the added property
that f(0) = 0. With Qi et al.’s and Comtet’s work and Proposition [3.1.1} we can formulate the

Maclaurin expansion for the hypergeometric series.

o (e —1)

’I’L

S(n, k) (3.1.2)

F,(a;b;e® — 1) =1+ iz”:

where S(n, k) are the Stirling numbers of the second kind seen in (2.4.10]).

= j)k

(In(1 4 x))
- L (@) "
Fy(abin(l+z) =1+ > Y qui')(—l) the(n, k) (3.1.3)
where ¢(n, k) are the signless Stirling numbers of the first kind seen in (2.4.9)).

e (cosxz —1)
3 o~ L= (@) (1) nmy e (1) [k
pFy(asb;cosx — 1) =1+ E E H?:l(bj)i o cos (72 ) § :( 21 (l)

x (é) (2¢ — z)n% (3.1.4)

e (sinx)

i P (ai)k (=1)F n—km\ < k n "
F,(a;b;sinz —1+Z T ((bjiz (k!ZZ cos <( 5 ) >Z(—1)q<q> (2¢ — k) )

n=1k=1 1+1j=1

e (coshz —1)

b e (e 1S (2K aa"
Fq(a,b,coshx—l)—1+Zzﬁmg(—l) (=Dt (316)



o n 1 1 k l k nCCn
»F,(a;b;sinh z) +ZZ mz(—l) <l>(k—21) — (3.1.7)

2 (1) & o z"
oy O(_l)l<l><al>"n! (3.1.8)

Remark 3.1.1. is calculated over one less summation. This is due to that there is the

additional requirement that k = .

The Taylor expansion for the matrix hypergeometric function with scalar f(z) similar to that
of and [2.5.11] will be procured in a very similar way. As the choice of A; and B; are fixed

so the derivatives only sit on the function f(z). This means we can use the Faa di Bruno formula

the same way as in (3.1.1)).

Proposition 3.1.2. Let f(z) € C°(R) such that f(x) is finite and f(0) = 0. Also let A;, B; €

C™" and q > p. Then

Pyt Ay B By ) = 14 3 Y T[40, [T S0X), (319)

where X = (f'(z), .../ FD(2)) and b} (X) = By x(X)z=o-

Remark 3.1.2. Like with the case for scalar a;,b; the matriz case for A;, Bj has expression for
f(x) being the functions seen in -.

Our final aim is to tackle the problem of a hypergeometric function for a matrix input f(X),
where X is a square matrix. Here a;, b; are scalars. Equation (2.5.13]) will be used along with the

fact that for matrix inputs as described above, the Jack function holds the following property
JENX) = T (@, ooy ), (3.1.10)
where x4, ..., x,, are the eigenvalues of X.

Proposition 3.1.3. Let X be an n X n complex matriz function such that f(X(x)) € C°(C™**™).
Also let X only have y eigenvalues ¢1(x),...gy(x) which are dependent on x. Then, for a =
(a1,...,ap) and b= (b1,...,by):

Y n M1 |[
n w
CTTCEEED 9 DIID DRI (R B D3 B et
n=1 pe vit...tvy=n Lyeer My w:lk:lq:l Pw+1 q
| —a;pn
X f(9(0)) 710 (9 (2))0 (f (1) 1=g.0 (0) Bp e (3.1.11)
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;L (@), --(ap)s, a\m\(mﬂ)[
i e G| (et S ER ) G112
Also
i jyen Bl (15)
= ’ d 3.1.13
ﬁ:u’ll’bw H(i,j)Euw Bllﬁﬂw (7’7]) ( )
for

B (i) = p(g) —i+alp(@) —j+1), if (i) = pw(d) (51.14)

w(g) —i+ 1+ a(p (@) —j), otherwise.
The product over (,7) € u1 means it is taken over all coordinates (i, j) of boxes in the Young

diagram of the partition of y.

Remark 3.1.3. We use the notation of pl, as the conjugate partition of pu, and ., (j) being the

jth element of the partition ju;.

Remark 3.1.4. The second summation is actually a collection of summations over the set i,
such that 5—1 is a horizontal strip. The third summation extends over all m-tuples (vi,...,vy) of

non-negative integers with Y \_, vy =n

Proof. We immediately rewrite hypergeometric the matrix series for f(X) using the standard Jack

function

alml
Ry st f(X) =Y 5 <bq>:( Ul e ()

= Jpa
Yy
k=0 p1
=33 eI (f(g1 (@), s flgy(2)))
k=0 p1

:ZZQZ H f(gw(m»lﬁlﬁuww

k=0 p1 pe w=1

where ¢’ = Q:[(l +a).. (14 (py — 1)a)]. We have also used (3.1.10) between the second and third

line. We also set M“—Jlrl = 1. The third summation on the last line is taken over py = pa, ..., fiy.
Y

Next we focus on the derivatives of the product. For this we again use the general Leibniz rule
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and combine this with the Faa di Bruno formula twice.

Y Y dm
danf gl = 3 (n) @f(gw(w))‘“w“

V1t vy =n w=1
)
|
-2 ( ) IL > ) 18, a0 o)
vit...Fvy=n L w=1 k=1
y n k
n - d? |
= Z ( ) H ZZ d q “wH |Bn k(gw( ))Bkm(f(t))t:gw(r)
V1, ey Uy z
vit...Fvy=n YUY w=1k=1q=1

n k | M1 |] 1

2 <”1~T-l~avy> ﬁ ZZL““’—“MJ‘(%(Q:))UWI a

v1+...tvy=n w=1k=1qg=1 Hw+1

X B k(9w (7)) Br g (f (t)) t=gu ()

where t = g,,(z) and z = f(t). By letting = 0 the proof’s completion follows the normal path. [

Remark 3.1.5. Similar expansions for selected f(x) can be found provided the eigenvalues g1(x)

are known and that the respective Bell polynomials for both f(x) and g;(x) are known.

3.2 Differential and spectral identities for the orthogonal
polynomials as eigenfunctions of given spaces

It is known that the Maclaurin expansion of the heat kernel is given by
e 921 82l
K(t,0) = ———=K(¢,0). 3.2.1
(.6) =3 i g < (00) (3:2.1

The partial differential sits only on the spherical function in . Focusing on this, provided
you know the spherical function, you can calculate it explicitly. Awonusika and Taheri in [12] [13]
as well as Day and Taheri in [39] did just this when ®,,(0) = PT(La’ﬁ)(cos x), where Py(,,a’ﬁ)(x) is the
Jacobi polynomial.

Proposition 3.2.1. Let P,&""ﬁ) (x) be the Jacobi polynomial for a,f > —1 and k > 0. Then

l

d .

pr M (cos0)lg—o = Y _ ch(a, BN (3.2.2)
j=1

where cé-(a,ﬁ) is a constant dependent on o and  and )\,(10"6) are the eigenvalues of the Jacobi

operator.

With this it was computed that

s 21
0) :ZT‘Z(ZZ); (3.2.3)
=0
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for

0o l
I _Z mnNe—tAch L
28 Vol L7k
k=0 j=1

Vl ltr{f)‘il( )e“‘}

where

l
R(X) =) X (3.2.4)

j=1
A similar method was used to find the spectral identity for the Gegenbauer polynomials in [I1].
This coincides with the n—sphere.

As we have mentioned already, the Jacobi polynomial (and by extension the Gegenbauer
polynomial) are eigenfunctions of the sphere, real projective space, complex projective space, and
the quaternionic projective space. We have discussed both these polynomials in some detail
alongside the Hermite polynomial. The Hermite polynomial is not an eigenfunction of a rank one
symmetric space but in fact is an eigenfunction of the Fourier transform. More precisely the
Hermite function (also known as Hermite-Gaussian function) are the eigenfunctions.

For z € R and n € N, the Hermite function is defined as

Un(z) = L e~ Hy(x). (3.2.5)
(2l

M\H

Orthogonality is seen in the usual way

/7 VY (T) P (T)dx = Gy - (3.2.6)

Remark 3.2.1. The weight function w(z) and constant C,, for the orthogonality for the Hermite

function are the same as the Hermite polynomial as it is a scaling.

The Hermite function is an eigenfunction of the Fourier transform in the following way:

Fon)( e (1)

\/ 27 /
=", (). (3.2.7)
For further discussion about the Hermite function as eigenfunction of the Fourier transform see
[30, 3T, 101].

To produce a spectral identity similar to that of Taheri et al. for the Hermite function we

need to know the eigenvalues for the equivalent operator. For the Hermite polynomial this is the

Ornstein-Uhlenbeck operator,

D, f(z) = Af(x) — (2, V(2)). (3.2.8)
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The eigenvalues for this operator acting on the Hermite polynomial are very simple, in fact for the

n-dimensional case:
DyHy, .. 5, (@1, s ) = (M1 + oo F 1) Hpy ooy, (%1, 0 ) (3.2.9)
for x € R™. This gives the eigenvalues A = (ny + ... + 1y ).

Lemma 3.2.1. Let n,p,j € N. Then

jlj;(ﬂ -p)= Z:C(j, q)n?, (3.2.10)

where
C@.j) =1 (3.2.11)
C(,1)=-4¢C(H - 1,1) (3.2.12)
Cla)=C—-1q9-1)—jC(j—1,q) (3.2.13)

forg>1and2<q<j.

Proof. (3.2.11)) and (3.2.12) are elementary. (3.2.13) follows from taking your result for a given

J — u and multiplying it by (n — j + u — 1). Equating coefficients gives the desired result. O

Proposition 3.2.2. Let f(x) be a function such that f(0) = 0 and n € N. Then the following

differential identity holds

d?m m ‘ 1 n—j
o (f(@)amo =3 Y €l ) T o P (3.2.14)
j=1q=1
where €(j,m, q) is defined as
, 27057 (f(2)) .,
€(j,m, q) = TC(% q) (3.2.15)

and C(j,q) is defined as in Lemma|3.2.1]

ok P in the above proposition refers to the k-permutation (also called partial-permutation) of

2k. This is a permutation without repetition.

Corollary 3.2.1. Let f(x) be a function such that f(0) = 0 and n € N. Then the following

differential identity holds

d%n

m J VA —j
Jpam Hon(f(2))|o=o :ZZ¢(j,m,q)(12#2APAAq (3.2.16)
j=1q=1

where X\ is the eigenvalue for the Ornstein-Uhlenbeck operator and €(j,m,q) as defined above.
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Proof of Proposition[3.2.2. Through elementary calculations:

d2m dp

Tpam Hon(f(@)lo=0 = -

The Hermite polynomial has a known value at 0 but is defined separately for odd and even

dimensions of n:

0 for n odd
H,(0) = (3.2.17)

(=2)2(n—1)!! for n even.

Using this the odd terms vanish and thus we are left with just the even values. Thus

A Ha(F@)loo =§ S sy 01770
o B oy ) O ()
=§ 2 2y ien - 25~ (/@)
=§ B g (st
- G )

where we have used that for an odd double factorial

(27!
T —-nh = 5T T (3.2.18)
Looking at factorials using Legendre’s duplication formula and Lemma [3.2.1
(2n)! (2n)!  n!
(n=5!  nl (n—j)
j—1
:2npn H (n - p)
p=0
J
=2nPp Z C(]a Q)nq'
qg=1
Combining the above and simplifying gives the desired result. O
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3.3 Spectral identities for hypergeometric series

Taheri et al. continued their work into spectral identities by defining the differential operator .Z,,
which extends the identities on the Gegenbauer and Jacobi polynomials to the hypergeometric

series. This operator is defined in [39], also in [21];
%, = Py(d/d9) (3.3.1)
where
Py(X) = po + p1X + ... + py XY (3.3.2)

for (N > 2). Taheri et al. represent the result with H,, which is an explicit form of R, found in

the Gegenbauer and Jacobi identities. More precisely

N
LLFi(ab;ci@))| =3 pmHm(—ab), (3:33)
m=0
for
ey N s
Hop(X) =) (1)) O, Xt (3.3.4)

With choices of f(z) = 1= then Taheri and Bond showed a very similar identity to (3.2.1) is
obtained:

m

da
1 —cosx = m -
% [2F1 (a, b,;c; Tﬂ =po + mz::lpgm ; c; [—ab)?

d
2
=Po + Z p2mmm(_ab); (335)
m=1

where Ry, is defined as in (3.2.4)).

Remark 3.3.1. The choice of f(x) here links the hypergeometric function to the Jacobi polynomial

and the eigenfunctions of the compact rank one symmetric spaces listed above.

Above, sf is a function dependent on the elementary symmetric polynomial. We will give a
brief description of these here, however for more detail see [82].

The elementary symmetric polynomials Si(X1,...X;) with j variables and & = 0,1,...5 are
defined by

Sk(x1,...xj) = Z Tjy gy T (3.3.6)
g1 <2< .- <jk

where Sy = 1.

Now we will introduce the notation s{ =5;_1(Yy,..Y;_1) where Y, = k(2 + k), with 0 < k <

j — 1, specifically, Yo = 0,Y; = (2 + 1),...,Y;_1 = (j — 1) + 2(j — 1).
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The hypergeometric function can be used to express the Jacobi and Gegenbauer polynomials.
The Hermite polynomial is expressed using the confluent hypergeometric function. We shall now
create a similar proposition to Taheri et al. for the confluent hypergeometric function before looking
at the specific cases when f(x) is a power function, similar to that found in the representation of
the Hermite polynomial.

First we state an important lemma.

Lemma 3.3.1. Let (a); = Hi;é(k + a) such that a is a scalar, then
J

(a)j = ng(ov ]-7 27 7] - ]-)ala (337)
=1

where s{(X) = 5;_1(X) is the elementary symmetric polynomial.
Proof. Using
Vi =plk) =X =>_ Sy (a1, ...ap)k! (3.3.8)
with p = 1 we observe
1
Yi=pk)—X= Zslfl(a)kl = k.
=1

We note that X = S,(a) = a for the case where p = 1. Thus

(a); = (k—!—a):H(Yk—FX)
k=0 k=0

S;1(Yo, Y, ..Y;_1)X!

I
M~

N
Il
=

S;—1(Yo, Y, ..Y;_1)X!

I
M~

N
Il
—

S;1(0,1,2,..5 — 1)a.

I
MQ.

i
o

O

Proposition 3.3.1. Let % be as defined above. Let f(x) be a smooth function with (0) = 0. Also
let a,b € C such that b ¢ {0,—1,—2,-3,...}. Then

N
Lo[1F1(a;0:§(2))]la=0 = D, pmGm(—a), (3.3.9)
m=0
with
m m_Gipm
Gn(X) =S (1) Y 5107 (@) (3.3.10)
— = ()
where s{ = 5;4(0,1,2,...,5 — 1) is the elementary symmetric polynomial and

70



b7 (f(2)) = Bun, (' (), 7" (2), -.f™ 7+ (@) |o=0-

Proof. We start by looking at the m'" derivative of the confluent hypergeometric function of the

first kind and invoking the Faa di Bruno formula:

dm N
T 11363 7(2)) o0 = > 27 1 1@ b:2) =0 B (1,1, - )la=o-
j=1

Above we have used By ;(f,f",...)le=0 = b07"(f(z)). The j* derivative of the confluent

hypergeometric function of the first kind is defined as ((Z;J 1Fi(a+ j;b+ j; z). However, we know

that 1 Fy(a+ j;b+ 7;0) = 1. Thus we observe

m

dx™

Using Lemma on (a); gives

Changing the limits of summation

m m m ) . al
o P ) =Y 50 SO LRI )
1=0 j=l J
N N 510,12, — 1)(—a) N
—l:O( 1) ; o), by (f())
=G (—a)

O

Motivated by the confluent hypergeometric function formula for the Hermite polynomial seen

in (2.6.29) and (2.6.30), we choose f(z) = z* in Proposition [3.3.1]

Corollary 3.3.1. Let % be as defined above. Also let a,b € C such that b ¢ {0,—1,—2,-3,...}
and o # 0, then

N m
Lol Fa(asb;a®)]la=o = Y pm )X, (3.3.11)
m=0 =0
with
LoD () e i (—a) form = aj
X = ' ’ (3.3.12)
0, otherwise
where s{ =5;-41(0,1,2,...,5 — 1) is the elementary symmetric polynomial.

Here we have used (2.4.28)) to define the Bell polynomial b (f(z)) in Proposition Next
we state a corollary for the specific case when a = 2. This will use (2.7.3) for defining b7*(f(z)).
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Corollary 3.3.2. Let % be as defined above. Also let a,b € C such that b ¢ {0,—1,—-2,-3,...},

then
N m
Lol1 Fi(a;b; 22)] gm0 = Z Pm Z(—l)ZX, (3.3.13)
m=0 =0
with
ST (4 3) 2L form=2j
X = ’ (3.3.14)
0, otherwise
where s{ =5;-1(0,1,2,...,5 — 1) is the elementary symmetric polynomial.

The Hermite polynomial has two forms using the hypergeometric series, (2.6.29) and (2.6.30)),

one each for n odd and even. This leads to two important spectral differential theorems.

Theorem 3.3.1. Let % be as defined above. Also let A be the eigenvalues for the Ornstein-

Uhlenbeck operator. Then

1 m
1 ( CEY :cgﬂ - Z P Z:(_le7 (3.3.15)
=0 m=0 =0
with
s](NRYHL L for m = 2j
X = (3.3.16)
0, otherwise
where s{ =5,.1(0,1,2,...,5 — 1) is the elementary symmetric polynomial.

Theorem 3.3.2. Let % be as defined above. Also let A be the eigenvalues for the Ornstein-

Uhlenbeck operator. Then

N m—1
3
L | 201 Fy ( —n; 2;932)] = ZO P IZ; (-1)'X, (3.3.17)
z=0 m= =

with

-1 _
2m<2j + 1) S22+ form —1=2j

X = (3.3.18)

0, otherwise
where s{ =5;_1(0,1,2,...,5 — 1) is the elementary symmetric polynomial.

Above we have looked at the case for the hypergeometric function and the confluent
hypergeometric function. In unpublished work [22], Bond and Taheri discuss H,,(X) when we
have vectors a,b with p elements. To return to the scalar case from the vector result set
a=(a,b) and b =rc.

To be able to calculate H,,(X) for the vector case of p elements we need to compute s{ . Above
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we have used sf =5;_1(Yy,...Y;_1) with Y, = k(k + ¢ + b), but this is specific to the case where

p#2
We define s] to be the coefficients of the factor X = I’ a

j P !
(a1);(az);...(ap); = ZS{(a)[ ai] : (3.3.19)

=1

We see that
p
Yi=>_ zk (3.3.20)
=1

where z; = Sj_i(a1,...ap). Like above Sy(X) = 1 for any set X. From this we can obtain values
for s{ provided we know what p is. By putting p = 2 we obtain Yy, = k(21 + 22 + k).

A powerful ability of the hypergeometric function for parameters a and b which are vectors is
that we can cancel out terms of the vectors a and b. Thus, if we let p < u, ¢ < v,

pFq(ar,...ap; by, ...bg; 2) and Fy(ai, ...ayu; b1, ...by; 2) with p— ¢ = v — v then
pFy(an, ...ap; b, by 2) = W Fy(a, ...ay; b, ..by; 2), (3.3.21)

so long as ai,...ap,...a, and bi,..by,...b, are chosen such that the additional terms of
wFy(a1,...ay; b1, ...by; 2) cancel.

This property also is valid for the H,,(X) polynomials as they are just the m!" derivatives of
hypergoemetric functions. So, for vectors of more elements we can reclaim the H,,(X) polynomial
for o F1(a,b; c; 2) so long as the above restriction is applied.

The next step to look at is when we have matrix inputs A;, B;. Also in [22], Bond and Taheri
looked at the hypergeometric matrix function o F; (A, B;C; z). Here A, B,C are square matrices.
For matrices A, B, C' it is seen that s{ =9,01(Yo, Y1,...,Y;_1) for Y}, = k(A + B + kI).

Building on this we will look at a vector of matrices A and B, which are vectors of p and ¢
n X n matrices. We let (B; + jI) be invertible for every j > 0 where I is the n x n identity matrix.

Therefore, with the complex variable z, we have the infinite series for the hypergeometric function

pFy(A;B;2) = Z(Al)k(A2)k---(Ap)k(Bl)1§l(32)1?1--~(Bq)zzlﬁ- (3.3.22)
k=0

We note that the matrix extension for the rising factorial is defined by (F')o = I and for k > 1,
(X)k = X(X+I)...(X+(k—1)I). This means we can take derivatives for the matrix hypergeometric
series in the usual way and the function that the Bell polynomial is taken of is still a scalar function
so no additional analysis needs to be done there. It is useful to note that when taking the derivative

of the hypergeometric series for matrix A, B then (X);+5 = (X)n (X +mI);.

Theorem 3.3.3. Let A = (A1, 4,...Ap) and B = (B4, Bs,...By), where A;, B; € C"*™ and
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(B; + j1) invertible. Then

N m P q
LLE OB =3 e St m T4 | TIB; (33.23)
=V =0 =1 $=0 t=0
If Ay to Ay commute and if By to By commute then
N m m ) P l q -1
SO XTI 9% 9 wEITIUEI I 1 P VSRR
a m=0 =1 j=I i=1 t=0

Proof. Using the differential operator defined above and the hypergeometric function for the vectors

A = (A1, Ay, ... Ay) and B = (B, By, ...B;) where A; and B; are matrices we see that

m

N
fp[qu(A;B;f)]L:O = memequ(A;B;f) -
m=0
Focusing on the derivative we make use of the Faa di Bruno formula. As mentioned above, we
note that the Faa di Bruno formula is for scalar functions, thus here we take the hypergeometric
function component wise:
qm

dxm?

z=

Fq(A§B§ ﬂ‘x:O = z; Equ(A§ B;z2)
j:

m - d]
= Z by (f)@qu(A; B;z)

j=1

z=0

Looking at the derivative of the hypergeometric function of f:

%qu(A; B;2) = ?:(Al)k...(Ap)k(Bl)gl...(Bq)lzlk(k —D.(k—j5+ l)Z:;j
_ imlm...(Ap>j+k<Bl>;;k...<Bq>;¢k7;
_ ki(Al)J (A + I (Ap)s (A, + Tl By + D7 x
(B By + 07 (BT 5

and looking at when z =0

d7

@qu(A; B;2)|:=0 = (Al)j---(Ap)j(Bl)j_l---(Bq)'_l-

J

Thus by substitution of this gives the first part of the proposition. Next, if A; to A, commute and

if By to B, commute then
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where Y, = >°7_, zik! for z, = S;_1(A1,...A,). Also,

(A1);(A2);(Ap); =Y 8j-1(Yo,-..Yj-1)X!

=0

J p !
_ Jyl _ J .
=3 sixt=>"s | ][4

=1 =1 =1

Placing this into [3.3:23] we obtain

N J
DI UD I

-1

gp[qu(Aé B; f)]

which is the desired result. O

We can now use this as we did above in the previous sections to compute the polynomial H,,(X)

for § equalling (1 — cosz)/2, sinz, and x¢.

Proposition 3.3.2. Let A = (A1, As,...A,) and B = (B1, By, ...By), where A;, B; € C"*" and
(B; + jI) invertible. Let f = (1 —cosx)/2. If Ay to A, commute and if By to B, commute then

the H,,(X) polynomial is defined as

m

o0 =355 () S G2 ()55 (-

=1 5=l

X! (3.3.25)

H(Bt)J

t=0

where X is a matriz of same dimensions as A;, B;.

Proposition 3.3.3. Let A = (A;, As,...A,) and B = (B1, Ba,...By) where A;,B; € C™*" and
(B; + jI) invertible. Let § =sinx. If A1 to A, commute and if By to By commute then the H,,(X)

polynomial is defined as

m.om s J j+1+q
J)m ) N
= E cos ( ) E 12J (q) (29 —5)™s;

=1 j=l q=0

where X is a matriz of same dimensions as A;, B;.

Proposition 3.3.4. Let A = (A1, As,...A,) and B = (B1, By, ...B,) where A;,B; € C"*" and
(B; + jI) invertible. Let f = x. If Ay to A, commute and if B1 to B, commute then the H,,(X)
polynomial is defined as

-1

XL form=aj

m ; 1)tk ;
>t i:o %(i) (ak)ms] [H?—O(Bt)j

0, otherwise

(0]



where X is a matriz of same dimensions as A;, B;.
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Chapter 4

Li-Yau estimates for elliptic PDEs

Gradient estimates play an important role in understanding the behaviour of geometrical PDEs.
Additionally, these gradient estimates can have useful bi-products that give further information
under different conditions. This additional information can include, but is not limited to, analysis
using ancient solutions, Liouville-type theorems, and Harnack inequalities. These bi-products are
often fairly straightforward to calculate once an estimate is found, but give useful information and
much greater detail about the systems they are in.

The gradient estimates that we see in the current literature are a fairly new area of study
originating largely from Yau [I3I], which uses the maximum principle to find estimates for a
harmonic function, see also [34], [130].

Specifically, Yau showed that if (M",g) is a Riemannian manifold with Ricci curvature
satisfying Ric > —(n — 1)K for some constant K > 0, then if u is a positive harmonic function on

M™, the following inequality holds on a ball of radius R/2 in M™:

Wil (L), (10
u

where C,, is a constant dependent on the dimension n.

Remark 4.0.1. A corollary to this is that if we have non-negative Ricci curvature, Ric > 0, then
every positive harmonic function on M™ is a constant function. These are known as Liouville-type

theorems and will be discussed later.

Li and Yau in [76] extended these ideas to find a gradient estimate for parabolic PDEs. Their
method has since been used to find estimates for both elliptic and parabolic linear and non-linear

PDEs.
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4.1 Cutoff functions and the maximum principle associated
with Li-Yau gradient estimates

One of the fundamental steps in finding gradient estimates is the use of a cutoff function, which
allows the maximum principle to be applied. For this, we choose a cutoff function that only takes
non-zero values inside a ball of radius 2R. The choice of cutoff function determines whether an
estimate is considered to be a Li-Yau or Souplet-Zhang estimate. The difference between these

two types of estimates is whether or not the cutoff function has a dependency on ¢.

Lemma 4.1.1. Let ¢ : Rt = R, ¢ € C2(RT) such that ¢(s) = 1 for s € [0,R], ¢(s) = 0 for
s € [2R,00), and ¢(s) € [0,1]. Then

and

for some positive constant C.

Now let r(x) = d(z,x¢), where d(x,x) is the distance function between z and xy. We then

define ¢ = @(r(x)). Directly from [120] and using co-Bakry-Emery Ricci tensor, we observe that
Apr=p+(n—1)K@2R—1) (4.1.1)

where 1 := max,|q(z,2,)=1 As7(z) and a constant K > 0. This therefore gives

/ 1" 2
NP2V i\

R R?
C Clp+(n—-1)K(2R-1)
> -5 - 7 (4.1.2)

We are also able to calculate Af¢ in a similar way as above for the more general m-Bakry-Emery

Ricci tensor, again using [120];
Asr < (m+n—1)VK coth(VKr) (4.1.3)

which gives

/A //VQ
_ Ay ¢TIVr|

Aro R R2
S C(m+n-— 1)VK coth(vVKr) _C
= R R2
. _Clm- 1)1(%1; RVE) (4.1.4)

With the help of this cutoff function the maximum principle is used. In this setting, the
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maximum principle takes the following form: if u : M™ — R is maximised at p, then

Vu(p) =0 (4.1.5)

Au(p) < 0. (4.1.6)

Further discussion on cutoff functions and PDEs can be found in [110} 1T1].

4.2 Current literature and direction of research

Although the study of elliptic gradient estimates is a new and exciting area of mathematics, a rich
body of literature is fast being developed.

Brighton, [25], took the ideas of Yau’s work and applied them to the elliptic heat equation.
Instead of using h = logu as a transformation (the transformation being a vital step in producing
an inequality where the maximum principle is used), he opted for h = u€ for € € (0,1). This
has now become the standard for estimates of elliptic equations. Here, Brighton finds both an
estimate, and the subsequent Liouville-type theorem, for a positive weighted harmonic function.
A similar estimate is found in [28].

Since the release of [25], the direction the research has taken is to find gradient estimates for
elliptic equations with different non-linearities. Huang and Li in [62] found a gradient estimate
for the elliptic heat equation with logarithmic non-linearity. This uses the Witten-Laplacian and
Bakry-Emery Ricci tensor (see chapter [1| for more information). Other gradient estimates for this
non-linearity are seen in [127], and [64, [97] for when f is a constant.

From these we see two distinct directions. The first is by Abolarinwa in [6] where he takes the
non-linearity in [62] and raises the logarithmic term to the power of @ € R. Depending on the
polarity of a, it produces two different estimates. The other direction was seen by Ma and Dong

in [80], which adds an additional bu(z) term for b € R.

4.3 Li-Yau gradient estimate for a varying coefficient elliptic

PDE

The current literature and interest of research for elliptic estimates is built upon the work of
Brighton, [25]. This found estimates and the resulting Liouville-type theorems for the elliptic heat
equation. Since then, the study into estimates has looked at increasingly difficult non-linearities
and further analysis on these results. We build on this work, mainly investigating logarithmic non-
linearities such as [62) 80, 127]. However, we also move into a different direction by making our

coefficient dependent on z. This is a very common occurrence for gradient estimates of parabolic
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PDEs, but for elliptic PDEs the current literature is lacking. We will introduce two new methods
to find estimates for this style of PDE.

Our research will focus on equations of the form:
Asu(z) + A(z)u(x)logu(x) + B(z)u(z)? =0 (4.3.1)

for functions A(x), B(x), and constant p € R, where u is a positive solution to . Equation
(4.3.1)) exists on the smooth metric measure space (M™, g,e~Fdv), as described in more detail in
chapter [l When A = B = 0, we obtain the case studied by Brighton in [25], when B = 0 and
A is a constant we obtain the case in Huang and Ma [64], and when p = 1 for A, B constants we
obtain the case studied by Ma and Dong in [80].

As said above, in our study for gradient estimates for an equation of this kind, we introduce
two methods which branch off from the work of Brighton. The first uses a maximal function whose
outcome has a value greater than zero. This has the drawback of making Liouville-type theorems
impossible to calculate. The other method we use employs the fact that [Vh| < 1+ |Vh|?. Unlike

the first method, this allows us to find Liouville-type theorems easily.

Theorem 4.3.1. Let (M",g,e~fdv) be an n-dimensional complete smooth metric measure space

with Ricy > —(n — 1)K for a constant K >0 and R > 1. Suppose u is a positive smooth solution

to (14.3.1) in B(xo,2R), and that oy € M™ is fized. Then for any v € B(zo, R), the following

inequality holds:

|Vu|2 1 C7
< — - 1)K A(el 1
- <max | g+ (- DK+ sup [(Afelogu+ 1))

+[(p—1+¢)B]y sup upfl) + Cg(|VA| sup (ulelogul)
B(w0,2R) B(x0,2R)

—1)K(2R -1
+|VB| sup up_H'E) + Clo(u +(n = DK( ))> (4.3.2)
B(z0,2R) R

where Cy, = Cy(€,p,n) are constants such that p = maxXy|dq(z.c0)=1 Dsr(x) (r(v) is the distance

between x and xg on M™), and € € (0,1) is such that

1 4(e — 1
LA

n €en

> 0. (4.3.3)

Here we use the notation for the maz function as Ay = max(A,0).

Theorem [.3.1] is defined over the closed ball with radius 2R. This can be extended to find the

global estimate by sending R — oo:

Corollary 4.3.1. Let (M", g, e_fdu) be a complete non-compact metric space with Ricy > —(n —

1)K for a constant K > 1, € € (0,1), and still apply. If u is a bounded solution to ,
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the global estimate

[Vul?
02

1
< max (2257 Cs ((N — 1)K +sup[(A(elogu + 1)) 4]+ [(p — 1 + €)B] 4 supup—l)
€2u M Mn

+ Cy (|VA| sup(u‘|elogu|) + |VB|sup up_1+€)> (4.3.4)
M M
exists for constants C,, and € € (0,1).

Additionally, we can formulate the following corollaries for when A, B are constants.

Corollary 4.3.2. Take the same assumptions as in Theorem |4.3.1] and (4.5.59). Let A,B be

constant functions. Then for any x € B(xzg, R) the following inequality holds

Vu 2 07 _
[Vl p—1
3 ST + Cg((n —1)K+ sup [(A(elogu+1))1]+[(p—1+€)B]4 sup wu )
u R B(z0,2R) B(z0,2R)
p+ (n—1)K(Q2R—1)
I 010( - ) (4.3.5)

for constants Cy, and € € (0,1).

Corollary 4.3.3. Let (M™, g,e~/dv) be a complete non-compact metric space with Ricy > —(n—

1)K, and u be a positive bounded solution to for A, B constant where still applies.

Then the following global estimate holds

|VU|2 -1
" < Cg((n - 1)K+ S]\]/[JE[(A(EIOgu +1))4]+[(p—1+€)B]ysupu? ) (4.3.6)

2 =
Mn

for constants C, and € € (0,1).

Remark 4.3.1. The proof of Corollaries . [4.39), and is omitted as they are trivial.

Remark 4.3.2. The estimates (4.4.19), (4.3.4), (4.3.9), and hold for the more general
m-Bakry-Emery Ricci tensor, where the —(n—1)K is replaced with —(m—1)K and Af¢ as defined

In Theorem [£:3.T] we dealt with the issue caused by the gradient terms of the varying constants
A(x), B(x) by using a max function. This, however, comes with its own issues, principally that
our inequality will now always have the right hand side greater than or equal to 1/(e2u2¢). We aim
for a sharper result.

If, instead of using max functions, we use that |Vh| < 1+ |Vh|?, we produce a new estimate.
This allows us to deal with the inequality like a quadratic in G = ¢|Vh|?. This can then be solved

straightforwardly.

Theorem 4.3.2. Let (M",g,e~fdv) be an n-dimensional complete smooth metric measure space

with Ricy > —(n — 1)K for a constant K > 0, e € (0,1), and R > 1. Suppose u is a positive
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smooth solution to (14.3.1) in B(xo,2R) and that xo € M™ is fized such that hold. Then

for any x € B(xo, R) the following inequality holds:

|Vu|> 1 n 2 n :
<N e |10+ = =——— 2 4.3.
u?2  “ e\ 20% —ynCy T 2C% — nCsy © (43.7)
for
Q :((n ~ DK+ sup ([A(e tlogu+1)]4) +[(p—1+€)B]y sup upfl)
B(x0,2R) B(x0,2R)
+ (|VA| sup (uflelogul) +€|VB| sup upre) + %
B(wo,2R) B(x0,2R) R
Calpi+ (n— VK2R — 1)]
+ ;
R
and

®:<|VA\ sup (ulelogul) +€|VB| sup up*lJre).
B(z0,2R) B(x0,2R)

Corollary 4.3.4. Let (M", g,e~/dv) be an n-dimensional complete non-compact smooth metric
measure space with Ric; > —(n—1)K for a constant K > 0 and ¢ € (0,1). Suppose u is a positive
smooth solution to on M"™, xg € M"™ such that hold. Then the following global

estimate holds

|Vul? n Q 1 n ?
< — 4+ 4 ——— 4.3.
u2 T\ 20% —ynCy | € T 2C% — ynCy © (438)
for
Q :((n — 1)K +sup([A(e tlogu +1)]4) + [(p — 1 4 €) B4 sup u”fl)
Mm Mn
+ (|VA| sup(u€|elogu|) + €|V B|sup up_1+€)
Mn Mn
and

© :(|VA| sup(u|elog u|) + €| VB|sup up*HE).
M’n/ M‘Il

Next, we produce an estimate similar to that of Yau [130], where the transformation is h = log u.
However, as mentioned in Brighton [25], with this choice a gap appears between the two cases on

the closed ball; consequently, an extra set of parameters must be enforced in the proposition.

Proposition 4.3.1. Let (M™, g,e~fdv) be an n-dimensional complete smooth metric measure

space with Ricy > —(n — 1)K for K > 0 and R > 1. Suppose u is a positive smooth solution to

such that

1
VfVilogu — Alogu — BuP™* < §|Vlogu* for §¢ <O,2) (4.3.9)
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and
VfVlogu — Alogu — BuP~* > 2|V log ul>. (4.3.10)
Then the following holds on B(xq,2R):

|V log u|* <max (1,Cl(|VA| sup (Jlogul) +|VB| sup uP—1+e) —Cy ((n -1)K

B(z0,2R) B(z0,2R)
—1 CS
+ A+ [(p —1)B]; sup u” ) + — (4.3.11)
B(z0,2R) R

for a constant C,, = Cy, (1, n, 6, D) and p := MaXy|q(z,z0)=1 Df7(T).

4.4 Proof of results for elliptic PDEs

We now prove the propositions in section (4.3). As we defined our solution u to be a positive
solution to which means that v : M™ — R*, we can use the Bochner formula. As in

Brighton [25], we use the transformation h = u¢. Using this transform, equation (4.3.1)) becomes

) o 2
Afh+ A(x)hlogh + eBhe P+ (c=1) W:' =0. (4.4.1)
€

Lemma 4.4.1. Let (M™,g,e~7dv) be an n-dimensional complete smooth metric measure space

with Ricy > —(n — 1)K for a constant K > 0 and R > 1. Suppose u is a positive smooth solution

to (14,3,1) in B(xo,2R), ©g € M is fized. Then there exists & such that

1 2(e—-1)

n den

>0 (4.4.2)

and

(=1 (=1 20(-1 _, (4.4.3)

e2n € en

so that the following inequality holds:

VA

G

[
n

1 2
Z > _
SAH(IVRP) 2 =L B

V(IVh?) - ((n — 1)K + A(logh + 1)
+(p—1+ e)Bh61<P—1>> IVh|? - (VAh log h + eVBhf”(P—l)“)Vh. (4.4.4)

Proof of Lemma[.f-1 Let u¢ = h, for € € (0,1). We use the Bochner formula and |V?h| >

%(Ah)27 which will give us an inequality that enables us to find a bound for the gradient.

1
587(IVR?) = [V?h| + (VAgh, Vh) + Ricy (Vh, Vh)

Vv

1
E(Ah)2 + (VAh, Vh) + Ricy(Vh, Vh)
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Taking each of the terms of the inequality above and rearranging, we get

Agh = Ah— (Vf,Vh)

o e—1 |vu|2 €
=e(u)Aru+e(e—1) 2 U
_ 2 _
_ (=D |V:| — Ahlogh — eBh¢ ' (P=D+1,
€

We have used (4.3.1) in the final step. Using the above:

(c — 1) |VA]?

(Vh,V(Ah) = <Vh,V ( .

— Ahlogh — erf“(Pl)“) >

(e—1) |Vh|*
€

2

(e—1)Vh

:7TV(|Vh|2)— VAVhhlogh — A|Vh|[*logh — A|Vh|?
€

— €VBVAR =D _ () — 14 ¢)BRE P=1)|p)?
and

%(Ah)Q :%(Afh +(Vf,Vh))?

(Vf,Vh) — Ahlog h—

n €2 h? € h

1 <(e ~ 12 |VA*  2(e—1)|VhA|?

_ _ 2
eBhe (P=DF1) 4 ((Vf, Vh) — Ahlog h — eBh 1@*1)“) )

Using the equalities above and the lower bound Ricci estimate Ricy > —(n—1)K, K > 0, we can

change the Bochner inequality into

1 oo (=12 (e=1)\IVA*  20e—1)|Vh]?
- > _
2Af<|w|>_< S D VI 2 DIVEE (o, wn)
—Ahlogh—eBhEl(P‘l)“) + @%thvm?)
€

2
+ % <<Vf7 Vh) — Ahlogh — eBhE_l(Pl)H) +

( —(n—1)K — A(logh+1) — (p— 1+ e)B(:c)hE_l(pl)> |Vh|?
- (VAh log h + eVBff”(P—l)“)Vh.

Focusing on the second term of the inequality above, we will look at two cases on the closed

ball y € B(xo,2R). First, consider choosing y such that

2
SV

2 <<Vf, Vh) — Ahlogh — eBhf‘1<P1>+1>. (4.4.5)
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Noting that (¢ — 1) < 0, we can use this delta inequality to achieve

55 (17AF) z(“;f _(e=D) | 20(e 1>> VAl | (e=1)|VA]

€ en h? € h

V(IVh|?)
1 2
+ = <<Vf7 Vh) — Ahlogh — eBhf_l(Pl)H) n
n
( - (n - 1)K — A(logh + 1) — (p —1+ E)Bhel(pl)> ‘Vh‘Q
— (VARlogh + evBRT =D+ v, (4.4.6)

The third term is always positive so we can remove this and still satisfy the inequality. Likewise,

if we choose y such that

2 1
5|V:‘ < (<Vf, Vh) — Ahlogh — eBh® (p71)+1>’ (4.4.7)
then
2
LAV = (17 (- 1) IVAE 2 ) (Vf,Vh) — Ahlogh — eBh¢ (P~ D+l
277 n e*n € h? den ’
2
+ ) @W\WP) +2 <<Vf, Vh) — Ahlogh — eBh61<p—1>+1>
n

- ( —(n—1)K — A(logh+1) — (p— 1 + e)B(ff”(Pl)) |Vh|?
- <VAhlog h+ eVBh€’1<P—1>+1)Vh.

We are going to make the further restriction to keep the inner product term positive. For this we

have

> 0. (4.4.8)

Using this and ¢ % > 0 gives

2 2 2
SAL(VAP) z<(€;$) - (6_1)>|Vh4+2(6_1) <5Vh ) + (tl) V()

€ h? den h h
+ ( —(n—1)K — AQlogh+1) — (p— 1+ e)Bh“(p—l)) |Vh|?

- (VAh logh + eVBhf”@*l)“)Vh. (4.4.9)

4
We also want the coefficient of Wh};l to be positive. This gives

(€=1)° (=1  2(e-1 _, (4.4.10)

e2n € en

Next, we introduce a cutoff function introduced in Lemma, This means it takes a positive

value when inside the ball centre xg, radius 2R, but equivalently 0 outside of this. We also introduce
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a function G which obtains its maximum within this ball of centre xy and radius 2R. This allows

us to use the maximum principle on (4.4.9)) for [Vh|. For convenience, we make the coefficient of

\Vh\

positive. The choice of € must obey d4 4. 8I) and d4 4. IOI) Specifically, we choose § = % as

this means that the last two terms of (4.4.10) cancel. We set C; = @ > 0 for conciseness. Thus

we have:

cz |Vh|4
h?

IVhI

SAH(VAP) > -

V(|Vh|?) - ((n — 1)K + A(logh + 1)
+(p—1+ e)Bhel(p_1)> IVh|% - (VAhlogh + eVBhf’1<P—1>+1)Vh. (4.4.11)

O

Proof of Theorem[}.3.1 Now we will use a cutoff function ¢(s) to allow us to use the maximum

principle on equation (4.4.4).
Let ¢ = ¢(s) be as defined above in Lemma and let G = ¢|Vh|%2. Due to the cutoff

function, G(z1) achieves its maximum somewhere in the open ball B(zg,2R) by the properties of

¢. Taking z1 € B(zo,2R). Let G(z1) > 0, then
VG = ¢V(|Vh|?) + Vé|Vh|? (4.4.12)
and AyG < 0. We then get

0 2pA(IVA*) + [VA*App + 2VV(|VA|?)

: 1
> Cl |th| o) |Vh| (|Vh|2) _ <(n— 1)K+A(logh+1) + (p_ 1+€)Bh67 (p—l)) th|2
1 2
~ (VAnlogh + evBRT V)T 4 Aqfs¢G |V¢<§| G
202 Vh|* Vh
¢>‘ | —201¢| v (Vh2)—2<(n—1)K+A(logh+1)

1 2
+(p—1+eBhe ®7V >|Vh| ¢ — 2(VAhlogh+eVBh6 (p—1) +1)Vh¢+ Afc: W(;Z' G
2 2 h 1

Cl qiz? +201|V |V¢¢ —2<( — 1)K + A(logh +1) + (p — 1+ €)Bh® (p1)>G
A 2
- Q(VAhlogh +evBRe - 1>+1)Vh</> + (;"50 |V¢‘Z G. (4.4.13)

Multiplying both sides by & yields

0 >£% + 20, |Vh| Vo —2 ((n — 1)K + A(logh+1)+ (p— 1+ e)Bhel(p_1)> ¢
n
2
-~ 2<VAhlogh +eVBh - I)H)th +App— 2|V(Z’| (4.4.14)

We need to control the second, third, and fourth terms in the previous inequality. For the second
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term, we will impose Young’s inequality:

Vh

|Vh| i 1 |Vo]?
——— Vo< —\|V < — -
h o< h | ¢‘_2

t e (4.4.15)

G
n?

For the third term, we will use a max function to eliminate the case in which that term is less

than 0. We use the notation f(x); = max(f(z),0):

(n—1)K+ A(logh+1)+(p—1+ e)Bhffl(z)—l)

<(n-1)K+ sup [(AQogh+1))s]+[(p—1+€)B]. sup h¢ @1,
B(z0,2R) B(zo,2R)

We will deal with the fourth term later in the proof. Now rearranging (4.4.13)) and substituting

these in, we obtain

— <2

(20 —ynCh) G (
2n h? —

(- DK+ sup [(Alogh+ 1))+ [(p—1+ Bl sup A7)
B(IQ,QR) B(:E()’QR)

+ 2(VAh log h + eVBhf’I@—l)“)Vh% A+ (

4y +Cy \ |Vo|?
2y ¢

We select v = % Then

G i
Capy <(n+2) J

+2 ((n —1)K+ sup [(A(logh+1))4]
B(x0,2R)

+[(p—1+€B]. sup hﬁ‘“?”) 6+ Q(VAh log h + eVBhE‘WP*U“)Vh%

B(z0,2R)

— As. (4.4.16)

We now need to eliminate the derivative terms of ¢. This is achieved by using the work of [120]

mentioned above; in particular, equations (4.1.1)) and (4.1.2). Solving for G, (4.4.16) becomes

c I
G<h*| 2 +Ci| (n—1K+ sup [(AQlogh+1):]+[(p—1+e)Bl sup he Vo
R B(20,2R) B(z0,2R)
4 Glet (n _;)K(QR - 1”) + Coh? (VAh log h + eVBhE_l(p*1)+1)Vh%. (4.4.17)

Now we deal with the fourth term. We aim to manipulate this term into one where it always
positive but also to deal with the G and |Vh|. We have two cases to look at: the first is when

|[Vh| > 1; if this holds, then we can multiply the fourth term by |Vh| and then cancel out the G.

Cs (VAh log h + eVBhf“(P*l)“) Vh% e (|VA|hlog h+ e\VB|h6_1(”’1)+1> |Vh|2%

§C6(|VA| sup (h|loghl) + €|[VB| sup hf*l(”*”“)cb. (4.4.18)
B(xz0,2R) B(z0,2R)

When 0 < |Vh| < 1, this approach fails. However, we know that |Vh| is bounded by 1. Using a
max function combines these two scenarios into a single estimate.

Substituting back that h = u¢, u < supu, G = ¢e>h? IVul® ond looking at each part of the

w2
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max function individually, we find an estimate for uw. Finally, we restrict « € B(xg, R), since

G(z) < G(x1). This results in ¢ = 1 and gives our estimate as

[Vul?
02

1 ¢
< max <€2u257 2 Cs((n -DK + B@ZIER)[(A(GIOW +1))+]

+[(p—1+¢)B]y sup upfl) + C’g(|VA| sup (u‘lelogul)
B(20,2R) B(x0,2R)

—1)K(2R -1
+|VB| sup up_H'e) + Clo(u +(n— DKQR ))> (4.4.19)
B0 2R) R

O

Next we prove Theorem This follows a very similar path as Theorem but varies

when dealing with the |Vh| term towards the end of the proof.

Proof of Theorem[{.53.4 The proof begins identically to that of Theorem[4.3.1up to (#.4.13). Here,

instead of multiplying by %, we multiply by ¢. We also use that |[Vh| < 1+ |Vh|?.

2 2 N2 B
0 Z%% + 201@V¢G — 2<(n — 1)K + A(logh + 1) + (p — 1 + €)Bh® (p—1)>¢G
1 2
—2(VAhlogh+ VB 0 VM) (14 [Th)6* + A oG —2 IVJ:I o
Then by a similar process to ,
Vh |Vh| VG 1 |Ve?
e > —— > =
h Vo= h Vel = 2h%2 2y ¢
which gives
20 C B
S22 22 _ B p-1)
0=¢ <nh2 h2)+C3G<((” DK + A(logh +1) + (p — 1+ ¢)Bh )¢
_1|Vg?

v o9

- (VAh log h + eVBhE’WP—U“) &,

1 2
- (VAhlothreVBhﬁ‘ (”’1)“>¢+ A — 2|V(Z3 )

Now we control the second and third terms:

A(logh + 1)+ (p— 1+ €)Bhe =1

< sup ([AQlogh+1)]4)+[(p—1+€)]s sup Bhe @
B(z0,2R) B(z0,2R)

and

VAhlogh+ eVBhe =Y < |VA| sup (h|logh|)+¢[VB| sup he @D+
B(IO72R) B(ZE(),QR)
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Our inequality now becomes

207 C
0 ZGQ(T}L; — fT;) - CgG(((TL -1K + B(sugR)([A(logh +1)]4)
Zo,

+(p—1+¢€)y sup Bhe_l(pfl))gb + <|VA\ sup (h|loghl)
B(x0,2R) B(x0,2R)

-1 —1)K(2R -1
£ VB sup newi)gy Oy Gl DRER >]>

B(z0,2R) R? R

_<|VA| sup (h|logh|) +€|VB| sup héfl(p71)+1)¢.
B(z0,2R) B(z0,2R)

This is a quadratic in G which can be solved straightforwardly. Setting

e
T nh2 K2’

Q :((n — 1)K + sup ([A(logh + 1)]+) + [(p —14+ 6)]+ sup Bhﬁ_l(pfl))gﬁ

B(x0,2R) B(x0,2R)
e Hp—1)+1 Cy
+<|VA| sup (h|logh|)+€/VB| sup h° ‘P )d)Jer
B(z0,2R) B(x0,2R) R
Calpi+ (n— VKR~ 1)]
+ R )

and

6 =(IVAl sup (hlloghl)+e[VB| sup h< @-DF)g,
B(x0,2R) Bl 2R)

Solving this gives

Q 1 <\ 3
<3 3% (4\119) : (4.4.20)
Transforming back, simplifying, and restricting our radius as before, we observe the desired result.

O

Remark 4.4.1. It is easy to produce similar corollaries to Theorem[[.3.1 here. For A, B constant,
this method s unnecessary: the gradient terms do mot appear, so we do not need to produce a
quadratic in G. This means that for the case when A, B constant, it will give the same result as

that of Theorem [4.3.1].

Next we prove the Yau style estimate.

89



Proof of Proposition[4.3.1 Let h =logu. Then

A¢h = A(logu) — (Vf,V(logu))
_ Ayu [V

U u?

= —(Ah + Be"P=1)) — |Vh|?

and
(Ah)? =(Ash +(Vf,Vh))*
=|Vh|* = 2|Vh[>(Ah + Be"P=D 4 (Vf, Vh)) + (Ah + BehP~D
+(Vf,Vh))?.

If (4.3.9) then

(AR)? >|Vh|* = 26|Vh|* + (Ah + BeP=Y 4 (Vf,Vh))?

>(1 - 26)|Vh|*.

If then

(Ah)? >|VA[! = (Ah + Be"®=Y 4 (Vf,Vh))? + (Ah + Bel P~
+(V[,Vh))?
>|Vh|*
>(1—20)|Vh[*

Then by use of the Bochner formula and following the proof of Theorem we obtain the desired

result. O
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Chapter 5

Li-Yau and Souplet-Zhang
gradient estimates for parabolic

PDEs

In chapter [4] we focused on Li-Yau estimates for elliptic PDEs. A different type of estimate was
introduced by Souplet and Zhang in [I07]. These estimates are known as Souplet-Zhang estimates,
and are very similar to Li-Yau estimate; the difference is that they use cutoff functions that have

a dependency on time ¢. This means that they are specifically used for parabolic estimates.

Lemma 5.0.1. Fizty € R and T > 0. We choose T € (to —T,to]. Let ¢ : [0,00) x [to—T,to] — R

such that
0<o(rt) <1 (5.0.1)

in [0, R] x [to — T, to] with support, ¢(r,t) = 1 in [0, R/2] x [7,to], and O,é(r,t) = 0 in [0, R/2] x
[to — T, to]. Then

_ Co?
< — .0.2
‘8t¢(r7t)‘ = T—(to —T) (50 )
in [0,00) x [to — T, to] for C >0 and ¢(r,tg — T) = 0 for all r € [0,00). Finally
Ce _ 0.9 107¢] _ Ce
—— < =L <L d <= 5.0.3
R — ¢e - 0 an ¢e - R2 ( )

in [0,00) x [to — T, to], Cc > 0, and € € (0,1).

As with our elliptic estimates, we define the specific case ¢ : M™ x [to — T, tg] — R such that
o(r,t) = ¢(d(z, x0),t) (5.0.4)
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where d(z,y) is the distance function.

Remark 5.0.1. The Li-Yau estimate for an elliptic PDE and the Souplet-Zhang estimate for a
parabolic PDE find an estimate for the gradient term only. However, if we find a Li-Yau estimate
for a parabolic PDE, this estimate includes a time derivative. Examples of this can be seen in

[3,[108]. We later produce one of these estimates.

5.1 Souplet-Zhang estimate for parabolic PDE

Current research has taken the Souplet-Zhang estimate for the heat equation and, as with elliptic
PDEs, found estimates for non-linear parabolic PDEs. Wu has produced several estimates for
non-linear PDEs as well as different analytical procedures from the subsequent results. [124] looks
at the parabolic heat equation, an extension of [107]. Wu also found estimates for non-linearities
of the Yamabe type problem [120], similar to work by Abolarinwa [5]. See also [65] for a similar
estimate for constant f.

Another non-linearity of interest is that of the logarithmic term, which had been looked at by
a variety of authors [7, [33] 84, [125]. Wang and Zheng in [117] didn’t specify their non-linearity
and found estimates for this general parabolic equation.

Our interest is in finding estimates for
(Af - 8t>u(x, t) + A(z, tyu(z, t) log u(z, t) + B(z, t)u(z, t)P = 0 (5.1.1)

which is the corresponding parabolic equation for . This is an extension to the nonlinearities
mentioned above. For B(z,t) =0 and A constant, we obtain the equation studied in [125].

Our first objective is to find a Souplet-Zhang estimate for (5.1.1). Recall that for a parabolic
PDE, the Souplet-Zhang estimate is a spatial-only estimate, focusing only on the gradient term
for u.

Souplet-Zhang estimates are useful tools because they allow further analysis using ancient
solutions. These are solutions taken over all negative time without singularities. We look at these

further in chapter [7]

Theorem 5.1.1. Let (M™,g, e_fdu) be an n-dimensional complete smooth metric measure space
with Ricy > —(n—1)K for K >0 and R > 1 in B(zo, R). Suppose u is a bounded positive smooth
solution to such that 0 < uw < D in Qarr = B(xo,2R) X [to — T,t9) C M"™ X (—00,00),

where xy € M™ is fized. Then there exist constants C,, such that the following inequality holds on
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Qr,1:

[Vul? §(1 log %>2

5 Cy sup |logu\% sup |VA‘%+CQ sup |up*1|% sup |VB\%+C'3(A+)
u

2R,T Q2R,T Q2R,T Q2Rr,T
_ C Crsuplog(%)*
+C4<[(p_]‘)B]++B+) sup (up 1)+R72+06(n_1)K+TD
Cs Co . Cio(py) 1
s o TR T T —1)*K 5.1.2
T BT TR TV (5.1.2)

fort#ty—T.

We follow a similar path laid out in the work by Wu, who used Einstein notation for
directional derivatives: specifically, an orthonormal frame with eq,...,e, at x € M™ with the
covariant differentiations represented by the subscripts 1 < 4,5,k < n in e;,ej,e,. Note that
Vih = hi, Ah = hy, Vi,V;Vih = hyjp.

We use the transform h = log 7, where the constant D is such that 0 < u(z,t) < D and 1 < D.

Then

Aju=De"Ah + De"|Vh|? — De"(V f, V)

=De"Arh + D|Vh|?e"
which gives
Aph — hy + A(z,t)(log D + h) + B(x,t)(De™)P~! +|Vh* = 0. (5.1.3)

Lemma 5.1.1. Let (M™,g,e7dv) be an n-dimensional complete smooth metric measure space
with Ricy > —(n — 1)K for a constant K > 0 and R > 1 in B(xzo, R). Suppose u is a bounded
positive smooth solution to such that 0 < w < D in Qapr = B(x0,2R) X [tog — T,t9) C
M™ x (—00,00), where xg € M"™ is fized. Let h(x,t) be a non-positive function in Qapr,r satisfying

. Then

_ e VAP
w = |Vlog(l —h)|* = a—hpe (5.1.4)
satisfies
2VwVh 5 2VAh(X)
_ > _ _ Y
(Af 8t>w > = 2V + 201 = e =
B 2|Vh|?((log D + h)A + B(Deh)P—1) . 2Ricy(Vh,Vh) (5.15)
(1—h)? (1—-h)? -
for X = (log D + h)VA + AVh + (De")P=1VB + (p — 1) B(Deh)P~1Vh.
Proof. Let
w = |Vlo (1—h)|2—M (5.1.6)
= [Vlog = a_me 1.
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We now calculate

hihij  2h2h;

i — .1.
A TR A AT (5.1.7)
and
A 2ial? L 2hihij;  8hihshis oh2h;;  Ghih?
(1-h)2 (1-h)2 (1-h)»3 (1-h)3 1-h*
Using the Ricci identity h;j; = hj;; + Rijh; we first note that
hiji = filij =(hjj = fihi)i = fijhs
=(Agh)i — fijhi (5.1.8)
from which it follows that
Ajw =Aw — (Vf, Vw)
_ 2|h¢j|2 n 2hi(Agh); 2(Rij + fij)hihj 8hihjhi; " Qh%Afh " 6]7,;1 . (5.1.9)
(I=n32  (1—-h)? (1—h)? (1—=h)*  (1=h)?*  (1-h)!
Also,
2h;(he); 2hZh,
Wy =
(1=h)?  (1-h)?
_2VA(VAfh+X) | 4hih;hi; N 2|Vh|* + 2|Vh|?(Afh + Ah 4 BehP—1) (5.1.10)

(1-h)? (1-h)? (1-h)?
for X = (log D + h)VA + AVh + (De")P=IV B + (p — 1) B(De")P~1Vh. Using (5.1.9) and m

2|h”|2 Shlh]hw 4]’L1h]h” QVh(X) Qh?
(Af_6t>w: 2 v T 12 (112 1_73

(1-"h) (1-h) (1-h) (1-"h) (1-"h)

_ 2h(A(log D + h) + B(DeM)—1) 6h} 2(Ri; + fij)hih;

.11
(1= ) Taom T e o O
With (5.1.7)) we have
B Ahihihs; — AR2
0= 2ujh; + T4E + T (5.1.12)
and

o ijhj _ 4h1h]h1J _ 4hz2
0 ST Rt Al cu art (5.1.13)

Adding (5.1.12)) and (5.1.13) to (5.1.11)), we obtain

. - 2|hl]‘2 4h h; hzy 2wjhj o 2Vh(X) 2h4
(A =0 =G5+ Ay 2 a2 R
_203((log D+ WA+ (D) ond 2Ry fy)hihy
(—hp Gmt ke

(5.1.14)
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Next, we use that

2
2|h;;|? 4dh;h;ih;; 2h} hi; h?
| il + AL i ) — 2(( g4 lh)2> > 0. (5.1.15)

(I1-h)2 @A-=h3 ((1-h)*
Combining the above, we have

2w 2 2h%((log D + + e )P
ih; XVh h2((log D + h)A B(DeM)r—1

(Af—8t>w2 2w;h; +W+2(1—h)w2—(1_h)2— TDE
Ly o
O

Proof of Theorem[5.1.1] We now introduce a cutoff function ¢ by using Lemma [5.0.1
Let t € [to — T\, o], and let ¢(r,t) be the cutoff function defined above. Specifically, let (x1,%1)

be the maximum space-time point of ¢w. Then
Af(gw) <0, V(¢w) =0, (ow); =>0. (5.1.17)

Basic calculations give
(A= a)(6w) = o(As = 0 )w+2V6Vw +w(As - ,)o. (5.1.18)

Combining this with ([5.1.17) and using VéVw = %V(qﬁw) — %w, we find that

2Ry, + fi))hsh;  2XVh
(80 ) o) 20[20 -y 2t s
252 ((log D + h) A + B(Dehyr—1) h
_ T +2V(¢w) Vhi—r
2
—2VoVhw Lh —+ QVQfV(qbw) -2 |vgf| w + w(Af - 8t)¢. (5.1.19)

Then, applying the Ricci identity (R;; + fi;) > —(n — 1)K,

2 h  20XVh  2¢w((log D+ h)A+ B(De")P~1)
26(1 — hjw® 2VGVhw— + e i

|V¢>|2
+2¢(n— 1H)Kw+2——— 3 —w(Ay—0;)o. (5.1.20)
We now need to control the terms on the right hand side. For the first term, we observe that

QVthbw% =2hVow?

<2|h||V|w?

s |h]|V|
d)4

Ch*

RA

<2(¢uw?)%

*qﬁw (5.1.21)
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Note that by the definition of X, it consists of A and B terms, and also contains the gradient
terms of both of these functions. First, we look at the non-gradient terms and also include the

third term in ([5.1.20). We also note that 1 — h > 1. For the A terms, we have

2¢pw(log D + h)A  2¢|Vh|*A < 2¢wA(log D + 1)
1—h (1-h)2 — (1-h)

<2¢pwA(log D + 1)

§é¢w2 + Cp(A4)% (5.1.22)

For the B terms, we split the working into two. Firstly, we see that

B
1-~h

<[(p—1)Bl4 + B. (5.1.23)

((p—l)-l—ﬁ)BS(p—l)B-ﬁ-

With this, we then get

20wB(De™)P~1  2¢|Vh|?B(p — 1)(Deh)P~1 - 2¢wB(De")P~1
—n 1—h)? )

<26w([(p ~ DBly + By ) (Dehyr!

+ 2¢pwB(p — 1)(De)P~!

§%¢w2 + C¢([(P —1)Bl+ + B+)2 sup ((DeM)?(r=1)),

Q2Rr,T

(5.1.24)
Now we examine the gradient terms for A and B which are within X. We start with the VA terms:

2¢(log D + h)VhRV A <2¢| log D + h||VA||Vh]
(1—h)? - (1—h)?

<2¢|log D + h||VAJw?

<2¢iw? (¢ |log D + h||V A|)

1
<—¢uw®+Co sup |logD +h|3 sup |VA|? (5.1.25)
9 Q2r,T Q2Rr,T
Next, the VB terms:
20VhVB(DeM)P—1) 1
PVRV B 62) <—¢w? +Co sup |[VB|3 sup |[(DeM)P=D]|5, (5.1.26)
(1 - h) 10 2R, T Q2R,T

For the fourth term, we have

20(N — DKw <2(n — 1)K¢? ¢7w

§$¢w2 +C(n —1)*¢K>. (5.1.27)
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For the fifth term, we have
2 2
JITOE |y, IVO
¢ ¢2
1
<gou’+0(
C
RA

Vo|?
5
%qu + (5.1.28)

Using that

:¢TAT + |VT|2¢)7-T - ¢7‘<va V’I“>

=0r Ay + [V 2oy, (5.1.29)
we can formulate

fwquS S — [QZSTAfT" + ¢TT|V7"|2]w

<[|¢TT (/’L-‘r + (n - 1)K(R - 1)|¢er

|¢rr|

<otulZl 4 ghulu + (- DE(E-1) -]

1
2

+(n— 1)K (5.1.30)

Lastly,

wat(d)) :¢§w 1

(5.1.31)

Combining the previous terms and using that 1 — A > 1,

gw? <C1¢p sup |log D +h|5 sup |[VA[F +Co¢ sup |(De")P~'F sup [VB|F + Cs(A4)?

2R,T Q2Rr,T Q2R,T Q2Rr,T
2 C C ht
+C1o((p—1)Bl + Bs) sup ((De)2r0) 4 2 4 Con — 120K + —= 22
QZR,T R R
Cs Cy | Cio(py)® 2
_—  — + — — 1)K~ .1.32
Tt TR R +n—1) (5.1.32)
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The inequality above holds at (x1,¢1). Thus

¢2w2(ac7t) §¢2w2($15t1) < ¢w2<$1,t1>

<Ci¢ sup \logD+h\% sup |VA‘%+CQ¢) sup |(Deh)p*1|% sup \VB|%

2R,T Q2R,T Q2Rr,T Q2Rr,T
2 2 m2p—1)y , C59
+Co0( A4+ Cu([(p = DBl + By ) sup (DM?0D) 4 25
C7¢sup h* Cso Cop | Crop(pg)?
—1)2K?2 7 — T - 1)K2
+Coon — 17K+ TIOR8 S SRR (- DK

(5.1.33)

With ¢(z,7) = 1 when d(x,29) < R and % < 1, it follows that

w(z, 1) <gw(z,7) < w(wy,t1)

<C sup |logD + k|3 sup |[VA|5 +Cy sup |(De")P~1|5 sup |VB|5 + Cs(Ay)

Q2R,T Q2r,T Q2r,T Q2Rr,T
C, C- sup h?
, hyp—1 5 7 Sup
+ 04([(p - 1)BJ4 + B+) 553,)T((D6 )+ g Coln = DK + = —
Cs Cop  Cro(py) 1
VR = LY R A — —1)zK. 5.1.34
towin TR T R T (5.1.34)

Transforming back and noting that our choice of 7 was arbitrary,

Vul? 2
| Z| g(l—logg) [Cl sup \logu|% sup |VA|%+C’2 sup |up_1|% sup \VB|%+03(A+)
u D Q2Rr,T Q2R,T 2R, T Q2Rr,T

C C log(%)*
+ 04([(17 —1)B]+ + B+> sup (uP~) + —2 + C(n — 1)K + Crsuplog(5)”

onp 2 R
Cs Cy  Cro(py) 1
O S0 Doli) g gyig]. 1.
tTnan tE TR DK (5.1.35)

5.2 Li-Yau gradient estimates for parabolic PDE

Our estimates so far have been space only gradient estimates; it is possible, though, to also establish
space-time estimates. These estimates are actually Li-Yau estimates [76]. Recent examples can
be found in [II8, 129] for the standard Laplace-Beltrami and in [63] 123 [126] for the Witten-
Laplacian. To achieve these estimates, a slightly different transform is used. As before, h = log %
is the first transform; however, for the second we use F = t[|Vh|?> — A(h; — X)], where X is the
non-linearity. Since the transform contains the time derivative of u, that element will also appear
in our final estimate.

For our Li-Yau estimate, we will use the same scaling and bound as we did in Theorem .
One thing also to note is that we are restricted to only using the more general m-Bakry-Emery

tensor, as there are obstacles in the way of using the oo-Bakry-Emery tensor - see [88] (also
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commented upon in [124] [126]).
Another thing to note is that unlike the Souplet-Zhang estimate for the parabolic equation, the
Li-Yau estimate is only defined over positive time. This means unlike the Souplet-Zhang estimate,

we will not be able to work with ancient solutions.

Theorem 5.2.1. Let (M",g,e~7dv) be an n-dimensional complete smooth metric measure space
with Ricf* > —(m — 1)K for a constant K > 0, m < oo in B(xo,2R) for R > 0 and xo € M".
Suppose that u 1s a bounded positive smooth solution to in Hop o = B(x0,2R) x [0,T] such

that 0 < u < D for D > 1 with Ap > 1 and € € (0,1). Also let

IVA[ < a1, [VB| <,

AfA 2 as, AfB Z b2

for positive constants ai, az, by, ba. Then the following gradient estimate holds on Hp 7:

|Vul? Ut (r—1 mA? mA? _\?
A= = Alogu — BuP~Y) < =20 2.1
" )\( " ogu u ) <5 + 5 (€] (5.2.1)
for
C?+C(m-1)(1+RVK) 1 tCN\?
_ Z _ -1 p—1 2.
Q 2 " + GoDR + M)y +MNp—-1)B)+ ;;;pT uP™ (5.2.2)
12 _
0 =C(mPe N2 (A= 1)%0)" + =90 - 1R
—aQ(logD—i— sup log E) —bo( inf wP™h)_, (5.2.3)
Hop, DJ— Hagr T -
- 1 1 —1
K=(m-1)K — 5[()\ -1)(2A-1)]- — 5[(17 —1)(Ap—1)B]— sup uP™", (5.2.4)
Hogr,1
and
¥ =ai( sup logu(A—1)+ A\, + [Ap — 1|tby sup wP~'. (5.2.5)
Hogr,1 Haog,T

As before, we can find a global estimate from the proposition above.

Corollary 5.2.1. Let (M",g,e fdv) be an n-dimensional complete non-compact smooth metric
measure space with Ricy' > —(m —1)K for K >0, m < oo in M"™ and xg € M™. Suppose that
u 18 a bounded positive smooth solution to in Hyn e = M™ x [0,T'] for T" € RT \ cc.
Also let ay, az, by, ba, D, K, 7, ©, X, p, € be as defined above. Then the following global gradient

estimate holds:

99



2 2 2
- )\(% — Alogu — Bu”_l) Sm)\ ( + AN+ +(AMp—-1)B); sup up_1> + (m; C)

Hyn g1

(5.2.6)

We can also use Theorem ([5.2.1]) to form an estimate for the case where A and B are constants:

Corollary 5.2.2. Let (M™,g,e~'dv) be an n-dimensional complete smooth metric measure space
with Ricf' > —(m — 1)K for a constant K > 0, m < oo in B(zg,2R) for R >0 and xo € M".
Suppose that u is a bounded positive smooth solution to in Hopr = B(x0,2R) x [0,T],
where A and B are non-negative constants, 0 < u < D for D > 1, A\,p> 1, and € € (0,1). Then

the following gradient estimate holds on B(xo, R) x (0,T):

Nl

2 2\2
|Vu‘2‘| —A(= — Alogu — Bur™!) < %AQ + <m; (1—7' (A~ 1)2f<2> (5.2.7)
for
. [C?+C(m—-1)(1+RVK) 1 C\? o1
o= = o gy O+ A= DB); s ]

and
K=(m-1K — %[(A —1)(24-1)]_.

Lemma 5.2.1. Let (M™,g,e7dv) be an n-dimensional complete smooth metric measure space
with Ric’t > —(m—1)K for K >0, m < oo in B(zo,2R) for R >0 and xo € M". Suppose that u
is a bounded positive smooth solution to in Hapr = B(x0,2R) x [0,T] such that 0 < u < D
for D > 1 with Ap > 1 and € € (0,1). Let h = log £ be a non-positive solution to and
F =t[|Vh[*> = X(hy — A(log D + h) — B(De")P~1)]. Then the following inequality holds:
(Ap—0) F z% (IVA? + Ab+ B ht>2 _ % —9(Vh,VF) — 2Ric} (Vh, Vh)

+ 2t[h(A — 1) +log D(A — 1) + A]IVAVRh + At(log D + h)(AfA)

+ (A= 1)(24 — Dt|Vh]? = NAF + 2(\p — 1)tV BVh(DeM)P~1

+(p— 1) (Ap — V)tB|VA[>(De")P~1 + At(A;B)(De" )P~

— XMp — 1)BF(DeM)P1, (5.2.8)
Proof. Let h = log % for D > 1 such that 0 < w < D, and let F satisfy the Li-Yau transformation
F =t[|Vh|]* = A(hy — A(log D + h) — B(De")P~1)] (5.2.9)

where A = A(x,t) and B = B(x,t) are functions of both time and space. By direct computations,
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we have that
AfF =t [Ap(IVRh]*) = AAf(he) + AAfX] (5.2.10)
where X = Ah + BeP=1_ Also,
F, =|Vh|? - )\(ht — A(log D + h) — (Deh)p_l) + t[\Vh\f - /\(htt — Ay(log D + h) — Ah,
— By(De")Pl — B(p— 1)ht(Deh)P—1)], (5.2.11)
and
Athy = hyt — (|VR|?): — Ai(log D + h) — Ahy — By(De™)P~' — B(p — 1)hs(De™)P~, (5.2.12)
and finally,

Afh=—|Vh>+h +X

F 1
=——_—(1-= 2. 2.1
v ( A) VAl (5.2.13)

Thus by (6.3.5), (5.2.11), (5.2.12), (5.2.13), and (5.1.3)

F; F
~MAfhy +2(Vh, VAgh) :f — 5 T2\ = 1)VhVh +2(Vh, VA)
F; F 2
:Tt — 5 — (V. VF) +2(A = 1)(Vh, VX). (5.2.14)

Substituting these into (5.2.10]) and using the Bochner formula (see (1.4.8])),

2(Ash)?
(Aj— ) F >t [(Tf) +2(Vh, VAsh) + 2Ric (Vh,Vh) — AAsh, + AA,»X}

F 2
>— -+ EWW + X — hy)? + 2tRic} (Vh, Vh) — 2(Vh, VF)

+2(A — D)E(Vh, VX) 4+ MA X, (5.2.15)

To find an expanded expression usable for the last two terms of (5.2.15) we first compute the

gradient and Laplacian terms for the terms within X:

V(A(log D + h)) =V A(log D + h) + AVh
A(A(log D + h)) =AA(log D + h) + 2V AVh + AAh

A¢(A(log D+ h)) =(AsA)(log D + h) + (Afh)A+ 2VAVA (5.2.16)
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and

V(B(De™P~1) =VB(De™)P~ + B(p — 1)Vh(De)P~!
A(B(De™P~1)y =AB(De™P~1 + 2(p — 1)VBVA(De")P~1 + B(p — 1) Ah(De")P~1
+ B(p — 1)?|Vh|*(DeM)P~1
Ay (B(De")P~t) =(AsB)(De" )P~ + (Agh)B(p — 1)(De )P~

+2(p — 1)VBVh(De")P~! + B(p — 1)?|Vh|*(De )P~ 1. (5.2.17)
Using these we compute an exact form for the last two terms:

2(\ — D)t(Vh, V(A(log D + h))) + AtA s(A(log D + h))
=2t[h(A — 1) +log D(A — 1) + A]VAVh + At(log D + h)(A;A) — AAF

+t(A—1)(24 — 1)|Vh|? (5.2.18)
and

2\ — D)t(Vh, V(B(De")P71)) + \tA(B(De)P1)
=2(\p — 1)tVBVA(De"P~ + (p — 1)(\p — 1)tB|Vh|*(De)P~1

+ X(A;B)(De"P~t — X(p — 1) BF(De" )P~ (5.2.19)
Thus we can rewrite ((5.2.15) as

(Af—0,)F z% (IVh]> + X — hy)* — g — 2(Vh,VF) — 2tRic?(Vh, V)
+2t[h(A — 1) +log D(A — 1) + A]VAVA + At(log D + h)(AfA)
+ (A =1)(24 — 1)t|Vh|? = MAF 4+ 2(\p — 1)tV BVh(De)P~!
+ (p — 1)(Ap — D)tB|VA[>(De")P~1 4 At(A; B)(De")P~1

— Mp — 1)BF(De)P~1, (5.2.20)
O

Proof of Theorem[5.2.1. We now introduce a cutoff function. This will be as defined as in the
elliptical case; that is, we let ¢(s) € C2(RT) be such that ¢(s) = 1 for s € [0, R] and #(s) = 0 for

s € [2R,00). The function’s output is limited between ¢(s) € [0, 1]. From [25] we also know that

the function &(s) obeys the following useful inequalities:

0> |Z§((:)) > f% (5.2.21)
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and

for some positive constant C. We also let r(z) = d(x, x¢), where d(x,z0) is the distance function.

We then define ¢ = ¢(r(z)). We then also get
Asr < (m+n—1)VK coth(VKR) (5.2.22)

which gives

_ &' Agr n @ |Vr|?

C(m+n—1)VK coth(vVKR) C
= R T R?
> _Clm= 1)](%1; RVE) (5.2.23)

Let 7 € (0,T]. If F < 0, then the proof is trivial, so we assume that max ¢F > 0 for (z,t) € Hap 1.

Now let (x1,t1) for 21 € B(x9,2R) and 0 < t; < 7 be the maximum point of ¢F. We then get
V(pF) = ¢VF + VoF =0, F >0, Ay(oF) <0.
Then
(A - at) (6F) = ¢(A - 8t>F +2VHVE + F(A _ 8t)¢. (5.2.24)
As we are looking at a Li-Yau estimate, we have ¢; = 0. Therefore, using the above, we obtain

0>FA;b+2(Ve, VF) + ¢<Af - 8t)F

Vol
¢2

—2t(m — V)K|Vh[* + 2t[h(A — 1) +log D(\ — 1) + A]VAVh — AAF

2t F
>FApp— 2F +0| (IVAI? +X = hu)* = = = 2(VA, VF)

+ At(log D + h)(AfA) + (A — 1)(24 — 1)t|VR|? + 2(\p — 1)tV BVh(De" )P~
+ (p — 1)(Ap — D)tB|Vh|*(De")P~1 + M(A;B)(De™)P~!

“Ap— 1)BF(Deh)p_1]. (5.2.25)

As A¢¢ was stated previously for the m-Bakry-Emery tensor, we can say:

Cc? 2t 5 2 F
~2F 5+ ¢[E (IVAE +X = k)’ = = = 2(Vh, VF)

C(m—1)(1+ RVE)

0>F |- 2

— 2t(m — 1)K |Vh|? + 2t[h(A — 1) +log D(A — 1) + \][VAVA + M(log D + h)(A; A)
— MAF + (A = 1)(24 — )t|Vh|? + 2(\p — 1)tVBVh(De")P~1

+(p— 1) (\p — D)tB|VA(De")P~1 4 Xt(AsB)(De )P~ — \(p — 1)BF(Deh)P*1] (5.2.26)
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Multiplying by t1¢ and rearranging:

2 —1)(1 VK 1
0> —t0F | € +Cm-DU+ARVE) 1 — Ct,R™'F|Vh|$?
R? t
2t2 2
- <z>t1F[)\A +Ap— 1)B(Deh)p’1} + % [ (IVh]> + X — h)*

+ % ((/\ “1)(2A - Dt + (p— 1)(Ap — DtB(DeM)P~t — 2(m — 1)K) |Vh|2}
— 224 [[h(A 1) +log DA — 1) + \]VA + (Ap — 1)t1VB(Deh)p’1} |Vh|

+ HA2 [(log D+ h)(ApA) + (A fB)(Deh)Pfl} . (5.2.27)
Using the assumptions

VAl < a1, [VB|<b,

AfA>ay, AfB>by

for constants aq, as, by, and by, we can write

C? +C(m—1)(1+ RVE) L1

— CtH,R™'F|Vh|¢?
7 - CtiR™'F|Vh|¢

0> —t,6F

242
—ti¢F [()\A)Jr +(Mp—1)B)4 sup up%] 4 %

Hagr,T

[ (VA2 + X — hy)?

+ % (t[(A —1)(24 - 1)]_ +t{(p— 1)(Ap — 1)B]_ sup uP~' — 2(m — 1)K) |Vh|2}

Hagr T

- 2tf¢[a1( sup logu(A —1) + A)y + [Ap — 1|t1b1 sup upfl} |Vh|

Hogr T Hagr, T

+ ¢2At2 [ag(logD + sup log %), + by( inf up’l)_]. (5.2.28)

Hogr T Hap,1
Using the work of Yau, we will now transform the second and third terms in the above inequality
and make use of the calculations on page 161 and 162 of [76]. This allows us to form and solve a

quadratic in (¢F'). See also [126]. First, we let
y=¢|Vh]*,  z=¢(hs — Alogu — BuP™') (5.2.29)
to give the third and fourth terms as

(VA + X — hy)? — CtymR ™ F|Vh|¢? — ¢mK|Vh|> — ¢2m|Vh|9

= (22— Sy - 22) — (m) Ry — (m)dy (5.2.30)
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for K and 9 as defined above. Next, we use Li and Yau’s calculations:

Cm 1 ~ 1
V=(y—2?>- 7 V2 [y = A2) = mKy —miy?

=(1—€e—8y* —(2—eNyz+ 2° + (ey - Cgﬁ) (y — Az) + 0y2 — mKy

— miy?

:<)\f§>(yf)\z)2+ (1*6757)\71+§)y2+ (17)\+§)\2>z2+ (ey)\gyé>(y)\z)

+ 6y — mKy — mﬁy%. (5.2.31)
By a choice of § = (A —1)2 and e = 2 — 2A\7! — 2(A~! — 1)2 we can state that

V> A2y —x2)? - %V(A — D) Ny = A2+ A2 = 1)2% — mKy — m(\ — 1)9y?, (5.2.32)

where we have used

CTTL1 C
2> —— =11
TR ( )

2272\ = 1)y —

for a different constant C'.
Focusing on the last three terms:
A2\ = 1D)%? —mKy —m(\ — l)ﬂy%

2 ~
SATZA = D22 — (1= A2 (A = 1)%y° — %(1 —e) A2\ - 1) 2 K2

—m()\—l)ﬁy%
1 1 1 1 1 4 3 1 1 1 %
SN 2N =122 — Z(eax"2(N—=1)6=yz) —Z(eam2 z(\N—1)2
>eA"2(A — 1)%y 4(e A= 1)65y ) 4(e m2AE (A — 1) 19)
2 ~
- ’%(1 oA\ — 1)2K2
m? i !
> (-9 TN - 1)2R2 - C’(mge’l)\Q(A - 1)2194) (5.2.33)

for any € € (0,1).

So we rewrite V as

2

V >A"2(¢F)? - %)\Q(A —1)7"Y(¢F) - ’%(1 — )TN (A —1)2K?

1
- C<m86_1/\2(/\ - 1)2194) ° (5.2.34)
Hence, we now have a quadratic in ¢F that we can easily solve:
0 >U(pF)? — t1Q(¢F) — 120 (5.2.35)
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for

2
. 2.
—, (5.2.36)
C?+C(m—-1)1+RVK) 1 tC A2 .
Q= L V| 1)B p 2.37
R2 +t1 (A—l)RQ ( )++( ( ) )+I{S;pTU ) (5 3 )
and
0 =C(mPe N2 (A= 1)%0)" + %(1 —TIA2(A - 1)2K2
faz(logD+ sup log — ) —b( inf wh)_. (5.2.38)
Hap, Hagr, T

Solving this gives the inequality
oF < (Q + (02 +4ve)’)

O+ % (4\1/@) : (5.2.39)

A
e\ww

Now we restrict our estimate onto B(xg, R) x [0,7]. This means our cutoff function ¢ = 1. Since
we chose ¢ € [0, 7] then
sup @F(z,7) < ¢F(x1,t1). (5.2.40)
B(zo,R)

As our choice of 7 was arbitrary, we transform back, and this completes the proof.
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Chapter 6

Gradient estimates involving

time-evolving metric

In the previous estimates, the metric is stationary, and so has no dependency on time. However,
we can produce estimates for a time-evolving metric g(t).

In chapter [I} we discussed two of these metrics: Ricci flow and Yamabe flow. These flows can
be present on Riemannian manifolds. Another flow, which was briefly mentioned but not explored,
is Perelman-Ricci flow. This is a flow specific to a smooth metric measure space and is analogous
to Ricci flow.

Gradient estimates under time-evolving metrics are a new area of research. Most of the
current focus has been on Li-Yau estimates under either Ricci or generalised geometric flow. In
[7], Abolarinwa and Taheri studied the Souplet-Zhang estimates for a parabolic equation with a
powered logarithmic non-linearity on manifolds with time-evolving metric. Here, they specifically

looked at (K, m) Perelman-Ricci flow of the form

10g

39t + Ric¥'(g) = — Ky, (6.0.1)
of 1 dg\

where Tr is the trace and K and m are fixed constants for m > N. For (0, m) super Perelman-Ricci

flow satisfies
1 9g m
29¢ + Ricf'(g) > 0. (6.0.3)

The key step that changes between finding Souplet-Zhang gradient estimates for stationary and
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time-evolving metrics is in the calculation of the time derivative of |Vh|?:

0 2 _ dg
E|Vh| =— achVh—i—QVtht

<2Ric}(Vh,Vh) + 2VhVh; + 2K |Vh|? (6.0.4)

As well as [7], Taheri has also produced more results for a general non-linearity F'(u) under
Perelman-Ricci flow: see [112], 1T3].

In this chapter, we find a Souplet-Zhang estimate under Perelman-Ricci flow, before moving on
to finding Li-Yau estimates under generalised geometric flow. We then look at the specific cases

for Ricci, Yamabe, and Perelman-Ricci flow.

6.1 Souplet-Zhang gradient estimate for a time-evolving
metric under Perelman-Ricci flow

Now we will produce a Li-Yau style estimate for ((5.1.1) under Perelman-Ricci flow. This will be
for a bounded solution w < D. It is preferable not to have this restriction, so we produce a global

estimate afterward, similar to that found in [7].

Theorem 6.1.1. Let (M",g(t), f(t))tcjo,r) be a complete solution to (K, m) Perelman-Ricci flow,
. Let u be a bounded solution in Hop 1 = B(xo, R) X [0,T]. Assuming the other conditions
as Theorem then the following estimate holds on Hp r:

Vul|? 2
[Vl g(l—logg) [C’l sup \logu|% sup |VA|%+C’2 sup |up*1|% sup |VB|%+03(A+)

u? D Hagr,T Har,T Har,T Hagr,T
1y, & Ce Cr(p+)
~1)B]y + B Py =
+ (- DBy + By S (4 B e
Y (n-1)3 K+ CQK} (6.1.1)

fort#ty—T

Proof. We follow a similar proof as (5.1.1)). We calculate as above:

_ 2|hij|2 n th(Afh)i 2(Rij + fi_j)hihj Shihjhij Qh?Afh n 6]7,;1
S (1-h)2 " (1-h)? (1—h)? (L=h)  (1-h)3  (1-h)*

Agw (6.1.2)
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and

Owghih;  2hi(hy); 2h2hy
Gome  a—ne  aoap
LR+ fy) 262 2hi(hy);  2h2hy
(1=h)? (I1-hp (1-h)? @1-h)?

Wt =

(1—=h?  (1-h)? (1—h)? (1—h)?
2|Vh|* 4 2|Vh|?>(Ath + Ah + Beh(e=1)
+ AVAE+ 2 |((1fh; e ). (6.1.3)
Hence we can write the parabolic equation
2w;h; 2XVh
_ > _ 9w h. 375 _ 2 4AVA
(Af 6t)w 2 = 2ugh; + s 20 =W’ - g
_ 2h3((log D + h)A+ B(Deh)P~Y)  2kh? 6.1
(1—h)? (1—h)? -

where we have used (5.1.12)), (5.1.13), and (5.1.15]) from above.

The rest of the proof follows as with a stationary metric, with the addition of the following

inequality during the control stage of the proof:
$Kw <¢*Ko2w
1
<—opw? K2
Sogfwt +C9
O

In our previous estimates, we have bounded u < D, so we are always able to expand our
local estimate to a global one by sending R — oo. Abolarinwa and Taheri showed in [7] that we
can compute a global estimate for the (0, m) super Perelman-Ricci flow without the need for this
bounding. This is done by creating an equation in ¥ = ¢|Vu|? + vu? upon which we apply the

maximum principle.

Proposition 6.1.1. Let (M",g(t), f(t)):cjo,r) be a complete compact solution to (0,m) super
Perelman-Ricci flow, (6.0.3). Let u be a positive solution to where A and B are non-

positive constants and p > 0. Then if u > 1,
lu(, ))? + 2t|Vu(z, t)|* < sup |u(z, 0)]>. (6.1.5)
M’Vl
Proof. Through basic calculations,

(IVul?); <2Rics(Vu, Vu)2k|Vu|? + 2VuV (A ju + Aulogu + BuP)
<2Ricy(Vu, Vu)2k|Vul® + 2VuVA ju + 2VuV (Aulog u + BuP)

<2|Vul? 4+ 2VuV(Aulogu + BuP) + Af(|Vul?) — 2|VZul?. (6.1.6)

109



Above, we have used the Bochner formula to produce the third line. Using Aj(u?) = 2|Vu|? +

2uA pu:

(u?); =2uuy
=2u(Ayu + (Aulog u + BuP))

=2u(Aulogu + Bu?) + A (u?) — 2|Vul?. (6.1.7)
Let U = ¢|Vu|? + nu?. Then we can compute:

U, <t(2|Vul®> +2VuV(Aulogu + BuP) + Ay (|Vul?) — 2|VZul?)|Vul?
+n(2u(Alogu + buP) + Ag(u?) — 2|Vul?)
<AV + (1 + 2kt — 21)|Vu|® + 2tVuV (Aulogu + BuP)

+ 2nu(Aulog u + BuP). (6.1.8)
Choosing n = % and k=0,

U, <A;¥ + 2tVuV(Aulogu + BuP) 4+ u(Aulog u + BuP)

<AV + 2t(A|Vul? logu + A|Vul® + Bp|Vu*u?~") + u(Aulogu + BuP). (6.1.9)
If w > 1, then the logarithmic terms are positive. Hence with p > 0 and A, B <0,
U, < AU (6.1.10)

and we apply the maximum principle for . O

6.2 Li-Yau gradient estimate for geometric flow on a
Riemannian manifold

Li-Yau estimates for time-evolving metrics for parabolic PDEs are also obtainable. Sun found
an estimate for the heat equation in [108], and, later, Abolarinwa found an estimate for the heat
equation with non-linearity of a function of time and space [3]. These estimates require that the

flow is bounded. For this we set

Ric > —Chg, (6.2.1)
—Ca9 <R < Cy, (6.2.2)
IVR| < Cy, (6.2.3)
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for constants C,,, where R is a (0,2) tensor produced by the generalised geometric flow

agij (.T, t) = 2Rij (l‘, t).

Even as the metric evolves, these bounds are preserved.

Remark 6.2.1. The estimates where we have generalised geometric flow as well as Ricci and

Yamabe flow are all done on a manifold opposed to a smooth metric measure space.

Theorem 6.2.1. Let (M™,g(t))icjo,r] be a complete solution to the generalised geometric flow
with Ric > —Chg for C1 > 0, —Cag < R < C3g and |VR| < Cy for C1,C5,C5,Cy > 0, m < 00
in B(xo,2R) for R > 0 and xg € M™. Suppose that u is a bounded positive smooth solution to

5.1.1) in Hopr = B(xo,2R) x [0,T] such that 0 < w < D for D > 1. Also let

VAl > a1, |VB|2>by,

AA<ay, AB<by

for positive constants ay, ag, b1, by. Then the following gradient estimate holds on B(xg, R) x (0, T

with A\,p>1 and € € (0,1):

[Vul? Uy p—1 nA? - nA? -\’
—A(— - - <z 2 2.
02 )\(u Alogu — Bu )7 2Q—|— 5 ) (6.2.4)
for
. C?4+Cn(1+RVK) 1 i tC N2
Q = R2 + E + A+ + [B(p — 1)]+ ;;}15T U -+ m, (625)
. L2
! :C<nse‘1/\2(/\ - 1)2194) + %(1 SOOI = 1)262 + A20(Cs + Cy)?
+ May sup (logu)y + Athy sup uP™!, (6.2.6)
Har,T Hag,T
1 1
= - il - _ (r—1)
& 2n<(/\ 1)Cs + C'ln> +n)\(1 + )\) Jrn)\(l + /\)[B(p D]+ Hs2111?pTu
+ 0B (p—1)% sup w7, (6.2.7)
Har, 1
and

0 = 3v/nCy + 2\ta; + by (p — 1) sup wP~t.

Hogr,T
As generalised geometric flow is a general flow, Theorem will later be used for specific
choices of flow, including Ricci and Yamabe flow. Additionally, for a smooth metric measure space

with f(¢) which is constant in z, this estimate can also be used for Perelman-Ricci flow.

Lemma 6.2.1. Let (M",g(t)):cjo,r] be a complete solution to the generalised geometric flow with
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Ric > —nChg for C1 > 0, —Cag < R < Csg and |[VR| < Cy for C1,C2,C5,Cy > 0, m < o0 in
B(zg,2R) for R >0 and xo € M™. Suppose that u is a bounded positive smooth solution to
in Hypr = B(w9,2R) x [0,T] such that 0 < u < D for D > 1. Let h = log % be a non-positive
solution to and F = t [|[Vh|? = M(h, — A(log D + h) — B(DeM)P=1)]. Then the following

inequality holds:

(a- g)p > _ 2(Vh,VF) + (|Vh|2 By X)2 — 2((\ = 1)C5 + Cn)t| VA2
— 3y/ntCy|Vh| + At (( )A|Vh|2 - 714 + (1 + %)B(p _1)|Vh[2(Det)r
— %B( —1)(De™?~1 + AA(log D + h) + 2VAVh + AB(De")P~!
+ B(p — 1)?|Vh|*(De")P~1 + VB(p — 1)Vh(Deh)p_1>
— (|[VA]? = Xy — X)) = A2n(Cy + C3)2.
Proof. Let h =log 4 for D > 1 such that 0 < u < D, and let F' satisfy the Li-Yau transformation
F =t[|Vh|* = A(he — A(log D + h) — B(De")P~1)] (6.2.8)
where A = A(x,t) and B = B(z,t) are functions of both time and space. By direct computations,
2H(V AR, Vh) =2t(V(hy) — V(|Vh[2) — VX, Vh)
_2(VF,Vh) + 2t[<V(ht), Vh) — (VX,Vh) + MVX, VA) — M(V(hy), Vh)
— 2(VF,Vh) +t[( N(IVA), + (1 — NR(VA, Vh)].
Using this we calculate
AF =t [A(|Vh|2) — MA(hy) — AX)]
—t [2(VAh, VA + 2|V2h|2 + 2Ric(Vh, VA) — MA(he) — AX)}
—t [2<V(ht — |Vh[? = X), Vh) + 2|V2h|? + 2Ric(Vh, Vi) + /\((|Vh|2)t By + xt)
— AR, V2h) — 2A\(V - R — %(Trg R),Vh) + AAX}
— 2(Vh,VF) + 2t [|v2h|2 + Ric(Vh, VR) + (1 — NYR(Vh, Vi) — (R, V2h)
AV R - (Trg R), vm} FMAX + H(|[VA[2), — Ahy + MXy,

and

Fy, = |Vh|? = Ay — X] +t[(|Vh|2)t — N + 2Ky
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where we have set X = A(log D + h) + B(De")P~! for convenience. Next we calculate:

(A - %)F = — 2(Vh,VF) + 2t {|V2h|2 + Rie(Vh, Vh) + (1 — \R(Vh, Vi) — (R, V2h)
_AV-R- %mg R), Vh)| + AAX (VAP ~ A(h, — X).
From our assumptions
IR <|g[*(C2 + C5)?

Sn(Cg + 03)2.
Also, by an application of Young’s inequality

1 1
AR, V)| <5922 + S0 |RP

1 1
§7|V2h|2 + 5)\271(02 + 03)2,

and
1 y 1
V-R— §V(Trg R)| <|g"” (ViR — §V1Rij)\
3
<=
Spglivr
3
SQ\/ECZ-
Finally

V2R > 1 (AR)?

—3

>—(|Vh|? — hs + X)2.

3

Hence we can write:

<A - %)F > — 2(Vh, VF) + —(|Vh|?> = hy + X)% — 2((A = 1)C5 + Cyn)t|Vh|?

L
n
— 3/ntCy|Vh| + MAX — (|Vh|> = Ay — X)) — A2n(Cy + C3)%.
Before being able to use the cutoff function, we need to first access the AX term, as this has the
slightly obscured problem of containing Ah terms:
AX =AA(log D + h) +2VAVh + AAh + AB(De")P~1 + B(p — 1) Ah(De")P~1

+ B(p — 1)?|Vh[*(De™)P~! +- VB(p — 1)|Vh|(De")P~1.
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Focusing first on the AAA term:

AAh =A[|Vh|? — hy + A(log D + h) + B(De)P71]

1/F
=A|Vh|* + A%(log D + h) + AB(De")P~* — A <A (? - |Vh|2> + X)

1 F
=(1+ = )A|VR]? — —A.
(1+5)Avne -5
Similarly for the BAh term:

B(p — 1)Ah(De™P~ =B(p — 1)[|Vh|* = hy + A(log D + h) + (De)P~1](Del)P~1
=B(p — 1)|Vh|*(De")P~! + AB(p — 1)(log D + h)(De")P~1

+ B2(p— 1)2(Deh)20=D) _ B(p— 1)(Dehy—! (i (5~ 1vhP?) + X>

:(1 - %)B(p —1)|Vh|*(DehyP=t — %B(p — 1)(DeM) =D,

So we get

(A - %)F > — 2(Vh,VF) + %(|Vh|2 — Ry +X)? = 2(\ = 1)C5 + Cyn)t|Vh|?

1 F 1
— 3V/ntCy|Vh| + At <(1 + X)A|Vh|2 - A+ (1 + X)B(p —1)|VA2(De)P

— %B(p —1)(De")P~ + AA(log D + h) + 2VAVh + AB(Del)P~1
+B(p—1)*|VA|*(De")P~! + VB(p - 1)Vh(Deh)p1> — (IVA[* = A(hs = X))

- )\271(02 + 03)2.

Now we can finish the proof of Theorem

Proof of Theorem|[6.2.1. Now we can introduce the cutoff function. Fix T > 0 and choose 7 €
(0,7T]. Let ¢ : [0,00) x [0,T] — R be such that

0<g(rt)<1 (6.2.9)

in [0, R] x [0, T] with support, ¢(r,t) = 1 in [0, R/2] x [r,T] and 9,¢(r,t) = 0 in [0, R/2] x [0,T],
and ¢(r,0) = 0 for all r € [0,00). Then

Ce _0rd 079 _ Ce
—— < —< — < = 2.1
RS 5 S 0 and o S (6.2.10)
in [0,00) x [0,T], Ce >0, and € € (0,1). Let ¢ : M™ x [0,T] — R be
_ 7 d(x,],‘o,t)
o(r,t) = (’5(7}2 ) (6.2.11)
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where d(z,y,t) is the distance function. As d(x,xg,t) is Lipschitz continuous, we have |Vd| = 1.

Also

ad(l‘7$0,t) :/Rij(S,S)dS (6.2.12)
ot 8
SO
o, ¢
a —Ead(x,l'o?t)

<VCCs, (6.2.13)

where v is the geodesic connecting x and x¢ under the metric at time ¢;, S is the unit tangent
vector to v, and s is the arc length. See [56] section 12 for more detail. Then, by straightforward

inequalities, we have
—¢F > —/CCsF. (6.2.14)

Further details can be found in [36].

As previously,

/A ”V2
_ WA ¢'|Vr]

A¢ R R?
S _C’n\/?coth(\/?r) _C
- R R?
Cn(1+ RVK
> _(T)' (6.2.15)

Let ¢t € (0,7] and let ¢(r,t) be the cutoff function defined above. Specifically, let (z1,¢1) be the

maximum space-time point of ¢F. Then
A(pF) <0, V(opF)=0, (¢pF)>0. (6.2.16)

Basic calculations give
(A - at) (6F) = ¢(A _ 8t)F +2VOVF + F(A - 6t)q5. (6.2.17)

When F(z1,t1) <0, the proof is trivial, so we consider the case when F(z1,¢1) > 0 for ¢t > 0. In
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this case, we have

t
0>¢| —2(Vh,VF) + gl(|Vh|2 — e +X)2 = 2((A = 1)Cs + Cyn)t, [V

1 F 1
— 3/t Ca|VA| + My ((1 + X)A|Vh|2 AT (1 + X)B(p —1)|Vh[2(Det)r1

F
— FB(p —1)(De™P~! 4 |AA|(log D + h) + 2|V A||Vh| + |AB|(De)P~1
1

+B(p — 1)’[Vh[*(De")P~ + |VB(p ~ 1)|Vh|(D€h)p1>

Vol

— (IVA> = Mhy — X)) = X2n(Cy + C5)? | — 2F7 —VCC3F + FAg.

Multiplying both sides by (¢t1) and rearranging:

2Cty
R

F|Vh|¢>

2
. _¢tl(c +Cng2+ RVE)

+ tf + A+ B(p— 1)(Deh)P—1>F —
1

—2n(A—=1)C5+ Cyn) + n)\(l + %)A

IVh|2>

— ¢t ((Z))\Zn(Cg +C3)2 + M1 |AA|(log D + h) + )\t1|AB\(Deh’)p‘1).

¢2t2
+ | (VA = he + X)? +

- n)\(l + %)B(p —1)(De")P~ 4-nAtyB(p — 1)%(Deh)r?

— 2 (3\/604 — 2A[VA| - A VB|(p - 1><Deh>p1> VA

As with the non-evolving metric, we will let y = ¢|Vh|? and z = ¢(hy — Alogu — Bu?~V). By

basic inequalities,

—2n((A —1)Cs + Cyn) + nA(l + %) + n/\<1 + %)B(p —1)(De")P~1 + nAty B(p — 1)%(Det )P

>—2n((A—1)C3+Cy) — n)\(l + %) - n)\(l + %)[B(p —1)]; sup wP!
Hagr T

—nXty By (p—1)% sup uP~?

Haor,1
=-6
and
—3v/nCy + 201 [VA| + Xt1|VB|(p — 1)(De™)P~! > — 3\/nCy — 2\t1a; — Atiby(p — 1) sup uP~?
Haogr,1

=—.

Following along the same lines as the proof for the time-independent metric, we conclude the proof.

O
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6.3 Li-Yau gradient estimate for specific flows

Theorem focuses on equation on generalised geometric flow. There a limited amount
of research on the area for Li-Yau gradient estimates on this flow for parabolic PDEs, see [3] [108].
Now we are going consider what happens when the flow in question is either Ricci flow or Yamabe
flow. Estimates of this type can be seen in [2, [14, [79] and [I33] respectively.

We start this section by looking at the gradient estimate for under Ricci flow.

Theorem 6.3.1. Let (M™, g(t))¢cjo,1) be a complete solution to the Ricci flow equation with Ric >
—C1g for C1 > 0 and —Cag < Ric < Csg for C1,C2,C3 > 0, m < oo in B(xg,2R) for R > 0
and xg € M™. Suppose that u is a bounded positive smooth solution to in Hopr =
B(z0,2R) x [0,T] such that 0 < u < D for some D > 1. Also let

IVA| > a1, [VB|= b,

AAS(J,27 ABSbQ

for positive constants ay, as, by, ba. Then the estimate holds on B(xg, R) x (0,T] with
04 =0.

Remark 6.3.1. The lack of requirement for Cy is due to Lemma|1.5.1}, in particular the effect of

the contracted second Bianchi identity.

Next, we look at an estimate for Yamabe flow. Zhang in [I33] produced a workable approach,
but we instead alter the method for the generalised geometric flow for the specific case of Yamabe

flow.

Theorem 6.3.2. Let (M",g(t))icjo,r) be a complete solution to Yamabe flow with Ric > —Cig,
—Cog9 < S < Cs3g and |VS| < Cy for C1,Co,C3,Cy >0, m < oo in B(xg,2R) for R >0 and z¢ €
M™. Suppose that v is a bounded positive smooth solution to in Hopr = B(x0,2R) x [0,T]
such that 0 < u < D for D > 1. Also let

IVA| > a1, |VB| > by,

AA<az, AB<by

for positive constants ay, ag, b1, by. Then the following gradient estimate holds on B(xg, R) x (0, T

with A\,p>1 and € € (0,1):

2 2 2 %
|Vulzb| —)\(% —Alogu—Bup_l) < %Q—f— <n>\6> (6.3.1)
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for
C?+Cn(1+RVK) (1+0Cy) %

Q= A B(p—-1 Pl T 3.2
I +o— AL +[Blp )]+;;1?Tu +(/\71)R27 (6.3.2)
B 1 2 A2(n — 9)2
) :c(nge*u?(x - 1)204) gt %(1 ) TIAZ(A = 1)262 + A2n(Cy + Cs)® + %c}
+ Atas sup (logu), + Atby sup uP™!, (6.3.3)
Haog, 1 Haog,T
& :2n((>\ -1)Cs+ Cin+ 1) + n)\(l + l) + n)\(l + l) [B(p—1)]4 sup u®~b
2 A A Hopr
+n\tBy (p—1)% sup uP~?, (6.3.4)

Har, T

and

0 = 2Xta; + Atby(p — 1) sup uP~ L.

Hagr, T

Proof. Let h =log  for D > 1 such that 0 <u < D. Let F' satisfy the Li-Yau transformation
F=t[|Vh|?> = A(hy — A(log D + h) — B(De")P~1)] (6.3.5)
where A = A(xz,t) and B = B(x,t) are functions of both time and space. By direct computations,

2t(V AR, Vh) =2t(V(h;) — V(]Vh[?) — VX, Vh)
— _2(VFE,Vh) + 2t [<V(ht), Vh) — (VX, VA) + MVX, Vh) — \(V(h), V)

= 2VE,VA) + [ (1= \(VR), + (1= A)S|Vh[?
Using this, we can calculate

[A IVA|2) — A(A(hy) — AX)]
- {2 (VAR VH) +2/V2h[2 + 2Ric(Vh, Th) = N(A(hy) — AX)]
=[x

t2(V(he — |Vh|2 = X), VA + 2|V2h|? + 2Ric(Vh, Vh) + )\((|Vh|2)t — By + Xt)

n—
2

— VA, VF) + 2zs[|v2h|2 + Ric(Vh, VA) + (1 — N)S|Vh|> —

2(Vh,VS) + SAh + AAX
Aln —2
%(Vh, vS)

+ ASAh] + MAX + t(|VR[2)e — Mthy + MX,
and F; as before. Next, we calculate
(A - %)F =~ 2(Vh,VF) + 215[|v2h|2 + Ric(Vh, Vh) + (1 — \)S|Vh|?

_A(n—2)

> (Vh,VS) + /\SAh] FMAX — (|VA]2 = A(hy — X)).
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Also, we can calculate that

A2(n —2)?
2
A2(n —2)?
2

1
IA(n —2)(Vh,VS) §§|Vh|2 + |VS|?

1
§§|Vh|2 + Cf.

Hence we can write

1
(A - 9>F > = 2(Vh,VF) + (|Vh|2 —he +X)? = 2(A = 1)Cs + Can — )| VA + MAX

ot
A2(n —2)?

— (14 C)(|VA]* = A(hy — X)) = An(Cy + C3)? — 5

C3.
The rest of the proof follows similarly to the proof of Theorem [6.2.1] O

Finally, we state an estimate for Perelman-Ricci flow. For this flow, we need to be working on
a smooth metric measure space. As yet, there are no pre-existing estimates for a parabolic PDE
under Perelman-Ricci flow. For our estimates, we have chosen f(¢) in our measure to be a function

of t alone, with no dependency on =x.

Remark 6.3.2. Theorems and are also valid on a smooth metric measure space when

f(t) is a function of time alone.

Lemma 6.3.1. Let g(t) be a smooth family of metrics that solve . Then
;0
g7 =T}, =0. (6.3.6)

Proof. As with the generalised geometric flow,

Qk_lakz(5,+i,_i..)+l (35 iﬁ._iﬁ,,)
ot 209 \05 9" 02,9 95,99) T 29 \om 0t9 T o, 969 T am 0899 )

Then at an arbitrary point z € MN, T'¥;(z) = 0. This gives 32-gy.(z) = 0 and then

0 1

i k _ -~

o 9 ) 9 9
21k = ikl 4. AP
ot i =399 (axi 019" a9t T By atg”>‘

Using (6.0-1)

0
ot

iy

’1
S
Il
I

0 )
7(R’LCZ']‘ + Kg”))

0 .
—'(RlCz’l + Kgil) — 8%‘1

ii 0 .
g Jgkl(aixi(chjl + ngl) + 33?]

' ‘ ‘ N1
g7 g (ViRZle + V,Ricy — VIRZCij> - §K9 Ig* (Vg + Viga — Vlgij>

l\D\b—‘l\J\H N

1
g"'g" (2ViRicy - V1S ) — S KgITh.

Since z was arbitrary, we have Ffj (z) =0, and, by the contracted second Bianchi identity, the first

term is also zero. O
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Lemma 6.3.2. Let g(t) be a smooth family of metrics that solve . Then

%Au = Auy + 2(Ric + K, V?u). (6.3.7)

Theorem 6.3.3. Let (M™, g(t), e’f(t)dy)te[o,T] be a complete solution to the Perelman-Ricci flow
with Ricy > —(m — 1)C1g and —Cag < Ricp < Csg for C1,C2,C3 > 0, m < oo in B(xg,2R)
for R > 0 and xg € M™. Suppose that u is a bounded positive smooth solution to n
Horr = B(zo,2R) x [0,T] such that 0 < w < D for D > 1. Also suppose that f(t) is a function

of time alone. Now let

IVA| > a1, |VB|2>by,

AA<ay, AB<by

for positive constants ay, ag, b1, by. Then the following gradient estimate holds on B(xg, R) x (0, T

with A\,p>1 and € € (0,1):

|vu|2 Ut (p—1) ’I?'L)\2 ~ m)\2 ~ 2
(= - - <2 e 3.
> A(u Alogu — Bu )7 0+ |6 (6.3.8)
for
- C?24+C(m-1)(1+RVK) 1 b1 tC N2
Q = R2 + E —+ A+ + [B(p — 1)]+ HSZILI’)T U + m, (639)
~ ~\5  m?
6 :C<m86‘1)\2()\ . 1)2194) + - 9T - 1)2e
+ A (n(Cy + C3)? + K?) + May sup (logu)y + Atby sup uP™* (6.3.10)
Hag,1 Hagr,1
1
& =2m((A— 1)Cs + Cy(m — 1) + K) + m)\(l v X)
1
+ mA(l + 7) [B(p—1)]y sup vP~* + XtB,(p—1)? sup uP™*, (6.3.11)
A Hagr,T Har, T
and

9 = 2\ta; + Mtby(p —1) sup uP~ .

Hap,T
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Chapter 7

Applications of gradient estimates
including Liouville type theorems,
Harnack inequalities, and ancient

solutions

Once a gradient estimate is formed, further analysis can give rise to plenty of additional information:
this can be obtained through Liouville-type theorems, Harnack inequalities, and analysis using
ancient solutions. These theorems and inequalities use the gradient estimates to look at conditions

under which limits and solutions are found.

7.1 Liouville-type theorems for elliptic PDEs

Liouville-type theorems find the conditions under which the solutions to the PDEs are constant
functions. Specifically for our analysis, Liouville-type theorems are looking for values of A and B
which cause our gradient estimate to equal zero, meaning u is a constant function.

Yau in [I30] showed that any positive or bounded harmonic function with a non-negative Ricci
curvature must be a constant function. Together with the following corollary stated in Brighton’s

work [25], we are able to produce a Liouville-type theorem after obtaining the gradient estimate.

Corollary 7.1.1. Let (M",g,e~fdv) be a complete smooth metric measure space with Ricy > 0.

If u is a bounded f-harmonic function defined on M™, then u is constant.

Further reading on Liouville theorems can be found in [77, [122]. For the finite dimensional case,
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see [60 [61], [99]

Proposition 7.1.1. Let (M", g,e~fdv) be a complete non-compact metric space with non-negative
Bakry-Emery curvature. Let A < 0 and B <0, where A, B are constants. Also let p > 1. If u is

a positive solution to such that uw > exp(—1/€), then u is a constant function. Moreover,

(7.1.1)

where W (x) is the Lambert W function.

Proof. Taking the global estimate of Corollary we note that when substituting v > e
and using A,B < 0, the max term gives zero. Combining this with non-negative Bakry-Emery

curvature, we see that u is a constant function. Thus
Aulogu + BuP = 0.

Collecting the u terms onto the left hand side gives

B(p—-1
ulfp logulfp — (pA )
and manipulating the left hand side
elogulfp 10g ulfp — B(pA_ 1) )

Now we make use of the Lambert W function for real values:

logu!™? = W(B(pA_l)>

Note that if YeY = X, then Y = W(X) where W (X) is the Lambert W function of X. It is also

known that exp W(z) = W“(;x). Then solving for u gives:

O

From Proposition 1) if we take u > e*%, then the value of A must be negative for our
Liouville theorems. However, by choosing u = exp(—e~!), the lower bound of u from Proposition

[71.1] then we can be more specific with our choices of A, B, and p.
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Proposition 7.1.2. If u = exp(—e~ 1), then for it to be a solution to
A=eBe (1P (7.1.2)
where B <0 and p > 1.

Proof. Using Proposition ([7.1.1)), we see that when we impose the restriction within that

proposition and taking u as its lower bound, u is constant. Now we can solve (4.3.1)):
g 1 o1
A= (=) + Bl ) =0,
€
Solving for A gives
A= eBeE_l(lfp),
which is the desired result. O

Proposition is for constant A and B, which means that we can use Corollary If
instead we desire to find Liouville-type theorems for varying coefficients, then we require the use

of Theorem [4.3.2]

Proposition 7.1.3. Let u be a positive solution to
Aju(z) + B(x)u(z)? =0 (7.1.3)
with non-negative Bakry-Ricci curvature as defined above. Also, let p > 1 and

B |p(ae.r) = o(RP7Y) sup |VB|=o(RP7119) (7.1.4)
B(wo,R)

as R — oo, where vy > 0 and 7 € (0,7). If u(z) = o[r(x)7], then u is a constant function.

Proof. Fix a point zg and apply Theorem in B(zo, R). With this, we observe

2
[Vu(zo)] <1< — >(O(R(7v)(p1))_O(R(vv)(p1+6)))
e\ 2CY

u(xp)? —ynCy
%
1 n _
2|4 RO—M(p=1+e) ) 715
+e< (20%77102)0( ) ( )
Then letting R — oo, we immediately observe that |Vu(zg,to)| = 0, so, since xg was chosen

arbitrarily, u(z,t) must be a constant function in x .
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7.2 Harnack inequalities and Harnack-type inequalities for
elliptic and parabolic PDEs gradient estimates

Along with Liouville theorems, Harnack inequalities are obtainable from gradient estimates. These
were first introduced by Harnack in [57] and give an upper bound for the supremum of a solution

to a elliptic or parabolic PDE.

Proposition 7.2.1 (Classical Harnack inequality). Let (M™,g) be a closed connected manifold.

Let u be a solution to

Oru = Au (7.2.1)
forue M™ x [0,T]. Then
supu(-,ty) < C}\Eflf u(-,t2), (7.2.2)

Mn

where C' is a constant depending only on t1 and ts.

Further reading can be found in [85, [86l, 89, [I05]. For the unweighted Laplacian, examples
of this can be seen in [4, 129]. We, however, look at the Harnack inequality for (4.3.1]) with the

Witten-Laplacian.

Proposition 7.2.2. Let u be a bounded positive solution to such that u < D and |A| < aq,
[VA| < ag, |B| < b1, and |VB| < by be constants. Then

Yl px), (7.2.3)

u

for a constant function f(X) = f(e,N,a1,a2,b1,b2, D).
Proof. The proof follows from the use of Theorem with the restrictions above. O

Proposition 7.2.3. Let the assumptions of Pmposition hold. Then for solutions u(x) on
B(zg, R), the following Harnack inequality holds:
sup u < VIO qnf g, (7.2.4)
B(wo,R) B(=zo,R)
Proof. Let v be the geodesic connecting x; and zs. This, being the curve of shortest distance, is

at most 2R. Then

log u(x1) — logu(za) <
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Choosing u(x1) = suppg(,,,r) v and u(z2) = infp(s, r) u, taking the exponential, and rearranging

yields the desired result. O

Remark 7.2.1. When looking for a global estimate, Proposition [7.2.3 is not particularly useful

due to the fact that when R — oo, the right hand side of the inequality also becomes unbounded.

Proposition 7.2.4. Let the assumptions of Proposition hold. Then for solutions u on
B(xzg, R), the following Harnack inequality holds:
sup u < VX inf g (7.2.5)
B(zo,R) B(zo,R)

where 0 is the distance between any two points.

Similarly to the above, we can compute a Harnack-type inequality for the parabolic equation
under a time-evolving metric. Examples of these can be found in [2, B 14, 108]. A similar
argument to above is followed, and we again split our working into multiple propositions. First, we
re-represent the findings in theorem for a global estimate and upper bounds for the constants
and functions. After this, we follow a classical method of integrating along a geodesic path on
the complete manifold M™. Before we start, we also define the following: given x1,z5 € M™ and

t1,t2 € (0,T) such that t; < to, we write

to
I‘(xl,x%tl,tg):/ —(t)| dt. (7.2.6)
t1

Proposition 7.2.5. Let (M™, g(t)):e[0,1) be a complete solution to generalised geometric flow with
Ric} > —Chg, —C2g <R < C3g, and [VR| < Cy for C1,Cy,C5,Cy > 0 in M™. Suppose that u is
a bounded positive smooth solution to in M™ x [0,T] such that 0 < u < D for some D > 1

with A\,p > 1. Also let

\VA| > a1, |VB|>by,
AA<ay, AB<be,

A<az, B<bs

for constants ay, as, as, by, ba, bsg. Then the following gradient estimate holds:

1 .
— At < 2 (X) + t2(X) + S za(X) + 16 z(X), (7.2.7)
for z,(X) = zy(a1, a2, as,b1,b2,b3, D, C, X\ €).

Proposition 7.2.6. Let (M™, g(t)):c[0,1) be a complete solution to generalised geometric flow with

Ric} > —Chg and —Ca9 < R < Csg, and |VR| < C4 for C1,C5,C5,Cy > 0 in M™. Suppose that
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u is a bounded positive smooth solution to in M™ x (0,T]. Let h =logu and

oh 1 i
E > f(|Vh|2 — a9 — agt — 7 aj+1t6) (728)

for o, > 0. Then

u(za,t2) _ (2 ~ar a2 a3 o oy Qjy1j o d-1 L d-n
>(2 r tte) — “2(ty — 1) — 2 (2 — ¢2) — 57 ¢
Wzt _(tl) exp( (71, 22,11, t2) a1(2 1) 2a1(2 ) 6o, (tS g )),
(7.2.9)
forO<ti <to<T.
Proof. Let y(t) be the path for t € [t1,t2], and h = logu. Then the time derivative is
d d 0
—h h —h s=
L h(a(0).1) =Vh(3(0), >Chf (1) + b (1), 5)l o=
Oy i
> — [Vh(x( |‘dt ‘+—(|Vh( (D) = a2 — tag = °% — it
2 1 ;
Ll ~ o (0 rtoa+  —agatd),

where in the last line we use that for az? — bz > Za,

a,b > 0. Next, we integrate over the path

from ¢; to to:

ar [*2d 2 2
h(za,ta) — h(x1,t1) > —— —'y(t)‘ dt—/ (a2+ta3+——aj+1t6)dt
4 tl dt tl 041
to 2
(o5} d ‘ 1 a3, o 9 (tg)
> 1 —~(t)] dt — — [ ag(ta —t1) — — (12 — t2) — aylog (=
=7, i) o <a2( 2 —t1) = (ts — i) —aslog t1
Oéj+1j ( i-1 771>
— ts T —t .
6y \2 1 )
By exponentiation, this gives the desired result. O

Proposition 7.2.7. Let (M™, g(t)):e[0,1) be a complete solution to generalised geometric flow with
Ric’}l > —C1g and —Cog < R < Csg, and [VR| < Cy for C1,Co,C3,Cy >0 in M™ for R > 0 and
xo € M™. Suppose that u is a bounded positive smooth solution to in M™ x [0,T] such that

0<u<D for some D >1. Also let

\VA| > a1, |VB|> by,

AASQ27 ABSbQ

for constants a1, az, by, ba. Then the following estimate holds:

u(xa,t to\ — % z z Ziy1] [ i-1 i
(272)>(2) Xexp(F(acl,gzzg,tl,tg)—/\1(162—t1)—2?\(1&5—{{)— Jg)\”(tg — )>

u(xl,tl) tl

(7.2.10)

for0<t)y <ty <T.
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Proof. With the use of Proposition ((7.2.5)) then (7.2.6]) the desired result is achieved. O
Using this, we can find Harnack inequalities for specific geometric flows.

Corollary 7.2.1. Let (M",g(t)):cjo,r) be a complete solution to Ricci flow with Ric} > —Chg
and —Csg < Ric}}“ < C3g for C1,C5,C3 >0 in M™ for R >0 and xog € M™. Suppose that u is a
bounded positive smooth solution to in M™ x [0,T] such that 0 < w < D for some D > 1.
Also let

IVA| > a1, |VB| 2> by,
AA S az, AB S b2
for constants ay, as, by, ba. Then (7.2.10) holds for 0 <t; <ty <T.

Corollary 7.2.2. Let (M™, g(t))iepo,r) be a complete solution to Yamabe flow with Ricf > —C4
and —Cy < S < (s, and |VS| < Cy for C1,C5,C3,C4 > 0 in M™ for R > 0 and z9 € M™.
Suppose that u is a bounded positive smooth solution to in M™ x[0,T] such that 0 < u < D
for some D > 1. Also let

IVA| > a1, |VB|=>by,

AA<ay, AB<b

for constants ay, as, by, ba. Then (7.2.10) holds for 0 < t; <ty <T.

Propositions ([7.2.5) and (7.2.6) are defined on Riemannian manifolds, but similar results can

easily be established on smooth metric measure spaces.

Corollary 7.2.3. Let (M”7g(t)7e_f(t)du)te[oj] be a complete solution to Perelman-Ricci flow
with Ricf > —(m —1)C1g and —Cag < Ric}" < Csg for C1,C5,C3 >0, and m < oo in M™ for
R >0 and zy € M". Suppose that u is a bounded positive smooth solution to in M™% [0,T]

such that 0 < u < D for some D > 1. Also let

‘VA| Zal, |VB| Zbl,

AA§a27 ABSbQ

for constants a1, as, by, by. Then (7.2.10) holds for 0 < t; <ty < T.

Remark 7.2.2. Here f(t) is taken as a function of time alone, allowing the use of Theorem|6.5.5.
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7.3 Analysis using ancient solutions of parabolic PDEs with
gradient estimates

As with the elliptic gradient estimates, we can find Liouville-type theorems; however, these are
linked to ancient solutions. The term ancient solution was coined by Hamilton in [56] in his study
of Ricci flow. These are solutions that can be taken backwards in time without singularities,
te(—oo0,T), TeR.

Within our study of gradient estimates, we use ancient solutions by letting 7' = R and then
taking R — oo. However, when doing this, we need to carefully analyse what happens as t — —oo
to make sure that these are acceptable solutions. We also make use of Landau symbols, which take

care of the non-linearities. Further reading on this can be found in [124] [125] [126].

Proposition 7.3.1. Let u be a positive ancient solution to
(Af - 8t)u(x7 t) + B(x)u(z, )P =0 (7.3.1)
with non-negative Bakry-Ricci curvature. Also, let p > 1 and

Bi|B(xo.r) = o(R™"®=1) sup |VB|=o(RT7PD) (7.3.2)
B(ID,R)

as R — oo where v > 0, and 7 € (0,7). If u(z,t) = o[(r(z) + |t]|)7], then u does not exist.
A proof for this is seen in [126] for a similar equation but we repeat it here for clarity.

Proof. As described in the above, u is a positive ancient solution. Fix a point (xg,%o) and apply
Theorem for R = T in B(zo,R) x (to — R,to]. With A(z) = 0, B(z) # 0, we observe
u(z,t) = o[(r(x) + [t|)7], and we get

|Vu(x0,t0)|2
u(an t0)2

1+/J,+ 1

<C(+1logD —1 to))? | o(REG—N(P-1) .
<C(1 +log og u(zo,t0))* | of )+ 7 7

We selected R > 2 such that R > to. Since u(x,t) = o[(r(z) + [t])7], we have D = o(R7) for D in
Qr.r- Then, letting R — oo, we immediately observe that |Vu(zo, )| = 0, so u(z,t) is a constant
function in z. Since (z¢,to9) was arbitrary, we therefore have that u(z,t) = u(t), a function of ¢

only. This then gives us a renewed equation:

As the left hand side is independent of x, B(x) = B. Also, as p > 1 and (Bp)y = o(R™7?~Y), we

get that B < 0. Solving this gives

u(t)' P = B(1 — p)t +u(0)' 2. (7.3.3)
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Since u is a positive ancient solution we should be able to send t — —oo but then (7.3.3) gives

u < 0, which is a contradiction.

O

Proposition 7.3.2. Let (M",g,e~7dv) be an n-dimensional complete smooth metric measure

space with non-negative Bakry-Ricci curvature. Let u be an ancient solution to
0
(A ;- a)u(x, t) + Au(z, t) log u(z, t) + Bu(z,t) = 0. (7.3.4)

1
If A< 0, B <0 are negative constants and u(x,t) = e® @) “then u(x,t) = u(t) is constant

i x, has a solution
u(t) = A7 T =B (7.3.5)
and is bounded u < 1.

Proof. Fix a point (xg,ty) and apply Theorem for A < 0, B < 0 negative constants and p = 1
for R =T in B(zo, R) x (tg — R, to]. As u(z,t) = e2(r@+t)2) D — o(R2)  Thig gives

|VU(JJO, t0)|2
u(an tO)z

1+/,L+ 1

§0(1+0(R%) — log u(zo, to))? R R2

for large R > 2 depending on ¢, such that R > |tg|. Now, letting R — oo, we see that |[Vu|? = 0,

so u(z,t) = u(t) is constant in x. Using (7.3.4), we write the equation as a function of ¢ alone:
o' (t) = Au(t) logu(t) + Bu(t).
Solving this gives

uft) = A7),

As above, A < 0 and B <0, so u(t) < e’ =1. O

7.4 Further analysis of solutions to PDEs using bounds

In this section we look at two final propositions using the gradient estimates obtained earlier. These
do not fall under the umbrella of any of the previous Liouville-type theorems, Harnack inequalities,
or ancient solutions. These two propositions use the estimates with bounds on the various elements

that make up the PDEs to give bounds on solutions.

Proposition 7.4.1. Let (M™, g,e~fdv) be an n-dimensional complete smooth metric measure
space with Ricf* > —(m — 1)K for K >0, m < oo in B(zo, 2R) for R >0 and xo € M™. Suppose

that w is a positive bounded solution to in Hyg 1 = B(z9,2R) x (0,T], where A and B are
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positive constants, such that 1 < u < D with A\p > 1 and ¢ € (0,1). Also let uy <U and A < a,

B <b. Then the following gradient estimate holds on Hp r:

u< Cyet 1+ (7.4.1)
for z,(X) = z,(a,b,D,U,C, X, €) and n = 1,2. Cyy > 1 is a constant dependent on the values of
DU, A.
Proof. Using additional limits with Theorem we can write the estimate as

[V
u2

U 1
Then we can say
u 1

We can then divide through by A, take the exponential, and rearrange to obtain the desired

result. O

Remark 7.4.1. We take A, B to be non-negative constants in order to ensure that when the
rearrangements in the proof are carried out, we can be sure that zy,zo are both positive. This

makes sure that U > 0, so that with u > 1 inequality stays valid.

Finally we present a bound for the solution u of the elliptical PDE using the Li-Yau gradient

estimate. Estimates like this can be seen in [123] [129].

Proposition 7.4.2. Let (M", g,e~fdv) be an n-dimensional complete non-compact smooth metric
measure space with Ricy" > —(m—1)K for K >0, m < oo in M"™ and zg € M™. Suppose that u

18 a bounded positive smooth solution to
Aju(z) + Au(z)logu(x) + Bu(z)? =0 (7.4.2)

in M™ for A, B constants such that B > 0 and A # 0. Also let ay, az, by, by, D, K, v, ©, A, p, €

be as defined above. Then the following global gradient estimate holds:

u<esp | 2 [T () + (p—1)B), D)
im0 - S e - MH, 1.43)
for A> 0 and
uz e |5 | (- By D)



for A <O0.

Proof. With a combination of Corollary [5.2.1] and [5.2.2]

u A2
|vu2|2 + MAlogu + BuP™') < T)\ (()\A)+ +(M\p—-1)B)y Sj\lﬁ up—l)
m3 22 1
+ m()\ -1 [(m - 1)K — 5(/\ —1)(24 — 1)_},

As the first and last term on the left hand side are strictly positive, we can remove them:

2

A
AAlogu §m2 ((/\A)+ + (AM(p—1)B)4+sup up*1>
M’”/

3
m2\2

_A'_i
2(1—€)"2

O =1)[m—-1)K - %()\— HEA-1)-].

Then by rearranging and exponentiating, and taking note of the sign of A, we achieve the desired

results. O
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